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In this paper, we present a construction for the compact form of the exceptional Lie
group E¢ by exponentiating the corresponding Lie algebra ¢4, which we realize as
the sum of f,, the derivations of the exceptional Jordan algebra J; of dimension 3
with octonionic entries, and the right multiplication by the elements of J; with
vanishing trace. Our parametrization is a generalization of the Euler angles for
SU(2) and it is based on the fibration of E¢ via an F, subgroup as the fiber. It makes
use of a similar construction we have performed in a previous article for F,. An
interesting first application of these results lies in the fact that we are able to
determine an explicit expression for the Haar invariant measure on the Eg group
manifold. © 2008 American Institute of Physics. [DOI: 10.1063/1.2830522]

I. INTRODUCTION

The standard model (SM) provides a very good description of elementary particle physics.
However, despite its success, there are reasons to go beyond it, for example, the recent discovery
of neutrino oscillations, the fine tuning of the mixing matrices, the hierarchy problem, the diffi-
culty in including gravity, and so on.

A starting point could be the fact that the renormalization flow of the coupling constants
suggests the unification of gauge interactions at energies of the order of 10'> GeV, which can be
improved (fine tuned) by supersymmetry. It is natural to expect the gauge group G of the grand
unification theory (GUT) theory to be a simple group. Obviously, at low energies, the GUT model
must reproduce the SM physics, so that not only G should contain SU(3).X SU(2); X U(1)y (the
SM gauge group) but it should also predict the correct spectra after spontaneous symmetry break-
ing. The increasing accuracy in the analysis of particle spectra imposes even more restrictions in
the possible choices for G. For example, it is already known that the current estimate for the lower
bound of the proton lifetime rules out some of the GUT model candidates. Recently, the particular
structure of the neutrino mixing matrix seems to suggest that a good candidate for a GUT could be
based on the semidirect product between the exceptional group E‘é and the discrete group S4.3’6

In general, while the local properties of group G, which for a Lie group are all encoded in the
corresponding Lie algebra, are enough to perform a perturbative analysis, in order to obtain
nonperturbative results, such as instantonic calculations or lattice simulations, a knowledge of the
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entire group structure is required, in particular, of the invariant measure on the group in a suitable
global parametrization. There are many ways to give such an explicit expression for the Haar
measure on a Lie group. However, for large dimensions, it becomes quite hard to find a realization,
which is able at the same time to provide both a reasonably simple form for the measure and an
explicit determination for the range of the angles. In this paper, we solve this problem for the
exceptional Lie group E¢, by constructing a generalization of the Euler parametrization, with a
technique we have introduced in Ref. 2 and fully developed in Ref. 1. In Sec. II, we explain how
the ¢ algebra can be represented using a theorem due to Chevalley and Schafer. The construction
of the group and the determination of the corresponding Haar measure is made in Sec. III.

Il. THE CONSTRUCTION OF THE ¢ ALGEBRA

Our starting point for the construction of the exceptional algebra ¢4 is a theorem due to
Chevalley and Schafer™’ which we rewrite here for convenience.

Theorem 2.1: The exceptional simple Lie algebra §, of dimension 52 and rank 4 over K is the
derivation algebra ® of the exceptional Jordan algebra J of dimension 27 over K. The excep-
tional simple Lie algebra ¢g of dimension 78 and rank 6 over K is the Lie algebra

D+{Ry}, TrY=0, (2.1)

spanned by the derivations of § and the right multiplications of elements Y of trace 0.

We will refer to Ref. 8 for the notations. Then, the exceptional Jordan algebra is the algebra
J. For our purposes, K will be R or C. The right multiplication is Ry(X)=Y°X and the trace is the
sum of diagonal elements. The exceptional Jordan algebra is 27 dimensional, just like the principal
fundamental representation of eg.

In our previous paper,1 we determined the algebra of derivations ® and used it to obtain an
irreducible representation of the exceptional algebra f,. To obtain a representation of e4, we only
need to determine the matrix representation of Ry. This is a very simple task and we solved it in
R?7 with the product inherited from J; by means of the linear isomorphism

®:J; — RY, A D(A),

ap
p(oy)
p(0y)
D(A) = , (2.2)
as
p(o3)
as
where A is the Jordan matrix,
ay 01 0y
ES
A=|o, ay 03], (2.3)
ES ES
0, 03 daj

and p is the linear isomorphism between the octonions O and R® given by1

7

p:0—R, o0=0"+2 oli;— plo),
i=1

'See Ref. 1 for more details.
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W N —_ j=]

p(0) = (2.4)

S S & © ¢ < < ¢
o »n

~

After choosing a 26 dimensional base of traceless Jordan matrices, we used the MATHEMATICA
program in Appendix A to find the matrices which complete the base for f, to a base for the whole
¢g algebra. In particular, if we work in the real case, we obtain the split form of ¢4, with signature
(52, 26). However, multiplying the 26 added generators by i, we find that the algebra remains real,
but the Killing form becomes the compact one.

lll. THE CONSTRUCTION OF THE GROUP Eg

A. The generalized Euler parametrization for Eg

To give an Euler parametrization for E4, we start by choosing its maximal subgroup. It is
H=F,, the group generated by the first 52 matrices. Let P be the linear complement of f, in es. We
then search for a minimal linear subset V of P, which, under the action of Ad(F,), generates the
whole P. Looking at the structure constants, we see that V can be chosen as the linear space
generated by cs3,c79. Note that they commute.

If we then write the general element g of E¢ in the form

g=exp(h)exp(v)exp(h), hhef, veV, (3.1)
we have a redundancy of dimension 28. As argued in Ref. 1, we expect to find a 28 dimensional
subgroup of F,, which, acting by adjunction, defines an automorphism of V. This can be done by
noticing that V commutes with the first 28 matrices ¢;, i=1,...,28, which generate an SO(8)
subgroup of Fj.

We found convenient to introduce the change of base

~ 1 3
C53 += 56‘53 + \76'70, (32)
~ 3 1
0= = 5 Cs53+ 3¢70- (3.3)
Thus, we have
g[xl, . ,X7g] = B[xl, . ,X24]€X25E53€X26E70F4[X27, . ,X78],

where B=F,/SO(8). We chose for F, the Euler parametrization given in Ref. 1 so that we found
for B,

B[.Xl g een ,X24] = BF4[.X] b eae ,X]6]Bg[xl7, . ,.X23]8X24C45, (34)

where

BF4[)C1, . ,.xls] = Bg[.xl, e ,X7]€x8c4SBS[X9, . ,X14]€x15530(3x16c22, (35)

Bg[xl, ,x7] = ¢"193¢%2616¢73€150746350%5C5016C1 Y7630 (3.6)
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Bg[xq, ... ,xg] = €5153¢%2°16¢73C15¢ 4835055 %6 1 (3.7)

and the tilded matrices are the ones introduced in Ref. 1.

B. Determination of the range for the parameters

To determine the range of the parameters, we will use the topological method we have
developed in Ref. 2. Let us first determine the volume of E4 by means of the Macdonald formula.

1. The volume of Eg

The rational homology of the exceptional Lie group E; is that of a product of odd dimensional
spheres,]0 H*(E6)=H*(HI-6=IS‘11'), with*

di=3, dy=9, dy=11, d,=15, ds=17, dg=23. (3.8)

The simple roots of E4 are

ri=L;+Lo, (3.9)

r2=L2—L1, (310)

r3=L3—L2, (311)

r4=L4—L3, (312)

r5:L5—L4, (313)

Ly—L,—Ly—Ly—Ls+\3L

o= 1~ Ly— L3 24 5 6’ (3.14)

where L;, i=1,...,6, is an orthonormal base for the Cartan algebra. The volume of the fundamen-
tal region is then

2
Vol(fg,) = o (3.15)

Indeed, we computed the 36 positive roots, all having length \E. They have exactly the structure
given in Ref. 8, with L,=e,, the canonical base of R°. The Macdonald formula®"! gives for the
volume of the compact form of Ejg,

-
V3217, g2

Vol(Eg) = o7 —
M) =30 55 7 1

(3.16)

2. The invariant measure on Eg

With the chosen generalized Euler parametrization, the invariant measure on E4; decomposes
into the product of the measure of F, and the one on M =E¢/F,. The invariant measure on F, was
computed in Ref. 1 so that we need to compute here only the induced measure on M.

Using the notation of Ref. 1, let us define

Ty = Tp(e 26100725538y, ... xas | d(Blxy, . .. Xxpy)e?25553€726570) ) (3.17)

where p is the projection on the subspace generated by c;, j=53,...,78. The metric induced on
M by the bi-invariant metric on Eg is then
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1
dst, =— gTr(JM ®Jy), (3.18)

and the invariant measure on Eg is then

26
dpg, = |det(15;4,.)|d,LF4H dx;, (3.19)
I=1
where Jj,; is the 26 X 26 matrix defined by
26
Jy= >, Fhaie (3.20)
ij=1
with cii a base {553,570,6'54, e 3C695C71 ot ,C78} of P.

, it is convenient to introduce the notations

In order to compute |det(J{w,-)

olx,y,z]= £5¢45Y530%C70, (3.21)
J, =0 dw, (3.22)
Jo == By'dB, (3.23)
-1
Jr,= BildBy,. (3.24)
so that
Tulxrs - X06] = @[04, X5, %06 Bol X1, X031 g [x, 16l Bo X1, - xa3] @l xag, X0, 206]
+ 0[X24,505. X061 To[x17, ... 03] [ x04. X5, %06] + T [ X24,X05.X06] (3.25)

Some remarks are in order now.

(I) The following relations are true:

€3¢ %53 = cos acy + sin acy 6, (3.26)

if L=45,...,52. Moreover, ¢7, commutes with ¢;, I=45,...,52,71,...,78, and with
Cs53.
(2) ¢s3 and Cyy commute with the so(8) algebra generated by the matrices ¢;, 1
=1,...,21,30,...,36.
(3) The adjoint action of ¢*24%45 on the above so(8) algebra generates in addition the matrices ¢,
J=46,...,52.
(4) From J F, € f4 and By C Fy, it follows that

Jr, = B5'Jp,Bo € fs.

(5) The adjoint action of w on the f, matrices generates all the remaining matrices of ¢g. In
particular, the projection of w‘chw, L=1,...,52,on ¢, J=54,...,69, is different from zero
only if L=22,...,29,37,...,44.

(6) The adjoint action of the SO(8) group, corresponding to the above so(8) algebra, gives a
rotation both on the indices 1={22,...,29} and J={37, ... ,44}. More precisely,

SO(8)'¢,SO(8) = Ri¢;, (3.27)
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SO(8)~'¢,S0(8) = R¥cy, (3.28)
where L runs from 22 to 29 and K runs from 37 to 44, and R ,ﬁ are both orthogonal matrices.

To verify these, it suffices to note that

X

. . X .
eAc; A = cos —¢; * sin —¢; , (3.29)
2 24
x X
e™Ac A = cos 3¢ + sin 2, (3.30)

where A=1,...,21,30,...,36, 1,1, €{22,...,29}, J,J, €{37,...,44}. In particular, det(R®R)
=1.
From the first three points, we see that the matrix J,, takes the form

A 0 O
M=% C 0], (3.31)
* %k D
where on the rows we indicate the coefficients of dx; with I=1,...,26 starting from the bottom

and on the columns the projections on ¢, c¢;, following the order A=53,70, L
=71,...,78,54,...,69. The asterisks indicate the elements which do not contribute to the deter-
minant,

detJy,=det A det C det D.

In particular, A is a 3 X3 block obtained by projecting J,, on ¢s3,C79,c7;. Point 1 implies

1 0 0
A=(0 1 0 , (3.32)
0 0 Sin X253
so that
det A = sin xys. (3.33)

The C block is a 7 X 7 matrix obtained by projecting w™'Jow on cg, K=72,...,78. From point 1,
it follows that it can be obtained by multiplying the projection of e™24%45Jqe™24%5 on ¢y, L

=46,...,52, by sinx,s. If we call C the matrix corresponding to such a projection, we find
det C=sin’ x,5 det C. The determinant of C can be computed directly and gives

det C = sin x,( COS Xy COS Xy, SiN* Xy, SiN* x5 cOs* X3 sin’ xyy sin’ xy5. (3.34)

The D block requires some further discussion. It is a 16X 16 matrix obtained by projecting
o lJ B, @on ¢y, [=54,...,69. First, from points (4) and (5) of our remarks, we see that only the ¢,
4

with L=22,...,29,37,...,44 in 7 F, contribute to the determinant. Let us define the 16 X 16 matrix
U with

US = = 1Tr(w ' cpoc), (3.35)

A=22,...,29,37,....,44, (3.36)



012107-7 Mapping the geometry of the E5 group J. Math. Phys. 49, 012107 (2008)

B=54,...,69. (3.37)

Moreover, let D be the matrix obtained by projecting J, F,0ncy with L=22,...,29,37,...,44, and

o 3
0:= 0 7) (3.38)

where R and R are the rotation matrices defined at point (6). Then, we can deduce from points
(4)—(6) that

det D=det(U- Q- D) =det UdetD. (3.39)

The matrix U and its determinant are easily computed. Indeed, we have

—
w e w—cos<@>sin<§x +)ﬁ)c +sin(@>sin<ﬁx —Jﬁ)c + -
2 > 5 Y26t T, |l > 5 267 7, €69 )

r/_ /
-1 Xag) . [V3 X25 (X4 . [ V3 X35
@ Crz3 =—COS 7 SIn| ——Xp¢+ —— |C57—S1Nn S ?)C26 - 7 Ces+ ° 7,

/— /—
o leyw= cos(@)sin(ﬁx +)ﬁ>c sin(@)sin<ﬁx @)c 4 e
240 =— 2 - 2%~ 68 ,
2 27T g )70 2 2

-
-1 Xog ) . (V3 X25 [ %24 . \E X25
® Cysw =COS 7 SIN| —— X+ —_ |C55+ 81N 7 SIN| ——Xpg— < [Cezt+ ",

2 2 2 2
I
X V3 X C[x V3 X5
@ Crew =—COS| — |SIn 7.X26 + Cs59 — SIN| —— |SIN 7)626 - > Ce7t N

’/_ /_
1 Xoq\ . (V3 X5 [ Xoa) . [ V3 X5
® Cy7 =COS SIN| ——Xpe + ? Cs5g + SIn SIN| ——Xp6— - |Ceet """,

!/_ /_
w e w—cos<@>sin<ﬁx +@)c +sin<@>sin(ﬁx )ﬁ)c + -
= 26 26~ 64 ,
28 > 5 €56 > 5 Y267,
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!f_ /—
1 (K24 L [N X25 Xog ) . (V3 X35
W Cyow=—S81N| — |SIN| ——Xps+ —_ |C57+ COS| — |SIN| ——Xp6— - |Ces5+ s
2 2 2 2 2 2
!”_ /—
W Cqw sin<@>sin(—x +@>c +cos(@)sin(ﬁx @)c +
410 == 26 58 26~ 66 >
2 2 2 2 2 2
!f_ /—
1 [ Xoa) L [V X5 Yo . [ V3 X5
W Cgppw=—S8IN| — |SIN| ——Xps+ —_ |C50+ COS| — |SIN| ——Xp6— - |Cg7+ s
2 2 2 2 2 2
r”_ ’,_
W ' Cup3w sin<@>sin(\—x + 25>c +cos(@)sin(\’—x @)c +
$30=- 26 60 26~ 68 >
2 2 2 2 2
[~
NECATN RS Xo5 4\ . (V3 X25
@ Cyq=—SIN| —— |SIN| T Xpq + Cg1 +COS| — |sIn X6~ < |Ceo + s
2 2 2 2 2

where ellipses stay for terms which vanish when projected on ¢z, B=54,...,61,70,...,78. From
these, it follows

.8 \’E X25) . g \’E X25
det U = sin 7x26+7 sin| —xa6 =27 ). (3.40)

At this point, we need to compute det D. This can be done by noticing that J, F, coincides exactly
with the current J,; of F, in Ref. 1. We then find

~ . X16 X16 . . . .
det D =27 sin"® By cos’ > sin x4 cOs x5 oS Xq sin” x¢ cos* x; sin x5 sin’ xg

X $in x| COS X153 COS X14 Sin® x4 cos® x5 sin® x;5. (3.41)

We can finally write down the invariant measure on the base space,

duy =27 sin x, cos x5 cos xg sin” xq cos* x; sin® x; sin’ xg

. . . .15 X16 X16
X $in Xy, COS X13 COS X4 sin” x4 cos® x;5 sin® x;5 sin'> > cos’ o
. 2 2 4 -7
X sin Xp0 COS Xp1 COS Xpp SIN™ Xpp SIN™ Xp3 COS™ Xp3 SINT Xy
I ~
. g V3 X5 | . g V3 Y25
X sin® xps s1n8<7x26 ey sin® 56 - (3.42)

Note that the periods of the variables are 47 so that one should take the range x;=[0,4] for i
=1,2,3,,9,10,11,17,18,19. However, as in Ref. 1, it is easy to show directly from the param-
etrization that they can all be restricted to [0,27]. The range of x; is then

X1 € [09277]3 Xy € [0,277], X3 € [09277]’ X4 € [0,77],

™7 0.7 0.7 [0,4]
X5 € 2»23 Xg € 32’ X7 € ,2, Xg € LT,

X9 € [0727T]7 X0 € [0,277], X1 € [05277-:]’ X2 € [Oa 7T],
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o T w w
X13 €[~ E?E > X4 € O’E > X5 € 0’5 > X6 € [0977-]’ (343)

x;7 €[0,27], x13€[0.27], x19€[0,27], x5 € [0,7],

o T w w
Xo1 €| — 595 s X € O?E s> X3 € 035 » Xoq € [O’ﬂ-:L

™ X25 X25
X 0,— [, —==xp=—F.
= [ 2] Vi o ® s
The remaining parameters x;, j=27,...,78, will run over the range for F,, as given in Ref. 1. The
volume of the whole closed cycle V so obtained is then
\E. 217, 742
Vol(V) = Vol(F duy=—r—— . 3.44
V) (4)JR Mm 310.55.73. 11 ( )
where R is the range of parameters x;, i=1,...,26. This is the volume of Eg, so that we cover the

group exactly once.”

IV. CONCLUSIONS

In this paper, we have performed an explicit construction for the compact form of the simple
Lie group Eg. This is particularly interesting because recently it has been argued that this group
could be the most promising for unification in GUT theories.™® To parameterize the group, we
have used the generalized Euler angle method, a technique we introduced in Refs. 2 and 1 to give
the most simple expression for the invariant measure on the group, while at the same time still
being able to provide an explicit expression for the range of the parameters. Both these require-
ments are necessary in order to minimize the computation power needed for computer simulations,
for example, of lattice models.

Our results can be easily extended to the GUT group E‘é X S,. Also, a modified Euler param-
etrization could be applied to evidentiate the subgroups related to the correct symmetry breaking,
see Ref. 3. Finally, our parametrization could be used for a straightforward geometrical analysis of
the exceptional Lie group E¢ and its quotients.
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APPENDIX A: THE ¢g MATRICES

The matrices we found using MATHEMATICA, and orthonormalized with respect to the scalar
product {a,b):= —éTr(ab), was computed by means of the followings programs.

The MATHEMATICA program

9% % % % the octonionic products

ZObviously, there is a subset of vanishing measure which is multiply covered.
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QQ[1, 1]=e¢[1];  QQ[I, 2]=¢[2]; QQ[1, 3]=¢[3];
QQ[1, 4]=e[4];  QQ[1, 5]=¢[5]; QQ[1, 6]=¢[6];
QQ[L, 7]=¢[7]; QQ[L, 8]=¢[8]; QQ[2, 1]=¢[2];
QQ[2, 2]=-e[1]: QQ[2, 3]=e[5]: QQ[2, 4]=¢[8];

QQ[2, 5]=-¢[3]; QQI2, 6]=¢[7]; QQ[2, 7]=-¢[6];
QQ[2, 8]=-e[4]; QQI3, 1]=¢[3]; QQI3, 2]=-¢[5];
QQ[3, 3]=-e[1]; QQI3, 4]=e[6]: QQ[3, 5]=¢[2];
QQ[3, 6]=-e[4]: QQI3, 7]=¢[8]: QQ[3, 8]=—-¢[7];
QQ[4, 1]=¢[4]; QQ[4, 2]=-¢[8]: QQ[4, 3]=-¢[6];
QQ[4, 4]=-e[1]; QQ[4, 5]=¢[7]: QQ[4, 6]=¢[3];
QQ[4, 7]=-e[5]: QQ[4, 8]=e[2]: QQ[5. 1]=¢[5];
QQ[S, 2]=¢[3]; QQ[S, 3]=-e[2]; QQ[5, 4]=—-¢[7];
QQ[S, 5]=-e[1]; QQ[5, 6]=¢[8]; QQ[5, 7]=e[4];
QQ[5, 8]=-e[6]; QQ[6, 1]=€[6]; QQ[6, 2]=—¢[7];
QQ[6, 3]=e¢[4]; QQ[6, 4]=-¢[3]: QQ[6, 5]=-¢[8];
QQ[6, 6]=-e[1]: QQ[6, 7]=e[2]: QQ[6, 8]=¢[5];
QQ[7, 1]=¢[7]; QQ[7, 2]=e¢[6]; QQ[7, 3]=-¢[8];
QQ[7, 4]=¢[5]; QQ[7, 5]=-e[4]; QQ[7, 6]=-¢[2];
QQ[7. 7T]=-e[1]: QQ[7, 8]=¢[3]: QQ[8, 1]=¢[8]:
QQI8, 2]=e¢[4]; QQ[8, 3]=¢[7]; QQ[8, 4]=-e[2];
QQI8, 5]=e¢[6]; QQ[8, 6]=-¢[5]; QQI8, 7]=-¢[3];
QQ[8, 8]=—e[1];

% % % % the Jordan algebra product
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Qm[x , y_] = Sum[Sum[x[[i]ly[[;]1]QQLi, j]. {i. 8}], {j. 8}]

QP[x_, y_] := {Coefficient{ Qm[x, y], e[1]], Coefficient{ Qm[x, y], e[2]],
Coefficient{ Qm[x, y], e[3]], Coefficient{Qm[x, y], e[4]],
Coefficient{Qm[x, y], e[5]], [Qm[x, y], e[6]], Coefficient{Qm[x, y], e[7]],
Coefficient{ Qm[x, y], e[8]]}

OctP[a_, b_] := {{Sum[QP[Part[Part[a, 1], i], Part[Part[b, i], 1]], {i, 3}],
Sum[ QP[Part[Part[a, 1], i], Part[Part[b, i], 2]], {i, 3}],
Sum[QP[Part[Part[a, 1], i], Part[Part[b, i], 3]], {i, 3}1},
{Sum[QP[Part[Part[a, 2], i], Part[Part[b, i], 1]], {i, 3}],
Sum[QP[Part[Part[a, 2], i], Part[Part[b, i], 2]], {i, 3}],
Sum[ QP[Part[Part[a, 2], i], Part[Part[b, i], 3]], {i, 3}1},
{Sum[QP[Part[Part[a, 3], i], Part[Part[b, i], 1]], {i, 3}],
Sum[QP[Part[Part[a, 3], i], Part[Part[b, i], 2]], {i, 3}],
Sum[QP[Part[Part[a, 3], i], Part[Part[b, i], 3]], {i, 3}1}}

OctPS[a_, b_] := 1/2(OctP[a, b]+ OctP[b, a])

% % % % correspondence between the Jordan algebra and R?’

FF[AA_] := {Part[{Part[ Part[Part[ AA, 1], 1], 1]}, 1], Part[{Part[Part[Part[ AA, 1], 2], 1]}, 1],
Part[{Part[ Part[Part AA, 1], 2], 2]}, 1], Part[{Part[Part[Part[ AA, 1], 2], 3]}, 1],
Part[{Part[ Part[ Part AA, 1], 2], 4]}, 1], Part[{Part[Part[Part[ AA, 1], 2], 5]}, 1],
Part[{Part[ Part[Part AA, 1], 2], 6]}, 1], Part[{Part[Part[Part[ AA, 1], 2], 71}, 1],
Part[{Part[ Part[Part[AA, 1], 2], 8]}, 1], Part[{Part[Part[Part[AA, 1], 3], 1]}, 1],
Part[{Part[ Part[ Part{ AA, 1], 3], 2]}, 1], Part[{Part[Part[Part[AA, 1], 3], 3]}, 1],
Part[{Part[Part[Part[ AA, 1], 3], 4]}, 1], Part[{Part[Part[Part[AA, 1], 3], 5]}, 1],
Part[{Part[ Part[ Part{ AA, 1], 3], 6]}, 1], Part[{Part[Part[Part[AA, 1], 3], 7]}, 1],
Part[{Part[ Part[ Part[ AA, 1], 3], 8]}, 1], Part[{Part[Part[Part[ AA, 2], 2], 1]}, 1],
Part[{Part[ Part[Part[ AA, 2], 3], 1]}, 1], Part[{Part[Part[Part[AA, 2], 3], 2]}, 1],
Part[{Part[Part[Part{ AA, 2], 3], 3]}, 1], Part[{Part[Part[Part[AA, 2], 3], 4]}, 1],
Part[{Part[Part[Part[ AA, 2], 3], 5]}, 1], Part[{Part[Part[Part[AA, 2], 3], 6]}, 1],
Part[{Part[ Part[Part[ AA, 2], 3], 7]}, 1], Part[{Part[Part[Part[ AA, 2], 3], 8]}, 1],
Part[{Part[ Part[ Part AA, 3], 3], 1]}, 1]}
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FFi[vv_] := {{{Part[vv, 1], 0, 0, 0, 0, 0, 0, 0}, {Part[vv, 2], Part[vv, 3], Part[vv, 4],
Part[vv, 5], Part[vv, 6], Part[vv, 7], Part[vv, 8], Part[vv, 9]},
{Part[vv, 10], Part[vv, 11], Part[vv, 12], Part[vv, 13], Part[vv, 14], Part[vv, 15],
Part[vv, 16], Part[vv, 17]}}, {{Part[vv, 2], —Part[vv, 3], —Part[vv, 4],
—Part[vv, 5], —Part[vv, 6], —Part[vv, 7], —Part[vv, 8],
— Part[vv, 9]}, {Part[vv, 18], 0, 0, 0, 0, 0, 0, 0}, {Part[vv, 19], Part[vv, 20],
Part[vv, 21], Part[vv, 22], Part[vv, 23], Part[vv, 24], Part[vv, 25], Part[vv, 26]}},
{{Part[vv, 10], —Part[vv, 11], —Part[vv, 12], —Part[vv, 13], —Part[vv, 14],
—Part[vv, 15], —Part[vv, 16], —Part[vv, 17]}, {Part[vv, 19], — Part[vv, 20],
—Part[vv, 21], —Part[vv, 22], —Part[vv, 23], —Part[vv, 24], — Part[vv, 25],
— Part[vv, 26]}, {Part[vv, 27], 0, 0, 0, 0, 0, 0, 0}}}

% % % % construction of the matrices

MT = {{{mt[1], 0, 0, 0, 0, 0, 0, 0}, {mt[2], mt[3], mt[4], mt[5], mt[6], mt[7], mt[8], mt[9]},
{mt[10], mt[11], mt[12], mt[13], mt[14], mt[15], mt[16], m{[17]}}, {{mt[2], —mt[3],
-mt[4], —mt[5], —mt[6], —mt[7], —mt[8], —mt[9]},

{mt[18], 0, 0, 0, 0, 0, 0, 0}, {mt[19], mt[20], mt[21], m{[22], mt[23], mt[24],
mt[25], mtf[26]}}, {mt[10], —mt[11], —mt[12], —mt[13], —mt[14], —mt[15],
-mt[16], —mt[17]}, {mt[19], — mt[20], —mt[21], — mt[22], —mt[23], —mt[24],
—mt[25], - mt[26]}, {~mt[1]-mt[18], 0, 0, 0, 0, 0, 0, 0}}};

h = Array[hh, 27];
M = Array[mm, {27, 27}];
imm = FF[OctPS[MT, FFi[h]]];
Do[Do[mm[i, j] = Coefficient[Part[imm, i], Part[h, j]], {i, 27}], {j, 27}]
Do[econi[j] = D[M, mtj]], {j, 26}];
Mno[1] =econi[ 1];
Do[Do[AA[j, i]=0, {i, 26}], {j, 26}]

Do[Do[AA[], i] = — Tr[econi[j] . Mno[i][/Tr{Mno[i] . Mno[i]], {i, j — 1}];Mno[j] = econi[j]
+Sum[AA[j, i]Mnoli], {i, j— 1}], {j, 2, 26}]

Do[Mnno[i] = - \r%Mno[i]/Sqrt[Tr[Mno[i] .Mno[i]]], {i, 26}];
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9% % % % rotation to give the irreducible 26 representations

xxx ={{1,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0, 0,
-1,0,0,0,0,0,0,0,0, 0}/Sqrt[2],
{0,1,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0},
{0,0,0,1,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0, 0, 0,0, 0, 0, 0, 0, O},
{0,0,0,0,1,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0},
{0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0},
{0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,1,0,0,0, 0,0, 0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0, 0,0, 0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0,0, 0,0, 0, 0, 0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0,0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0,0, 0,0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},
{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0,0, 0, 0, 0, 0, 0, —2}/Sqrt[6],
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1, 0, 0, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0, 0, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 1, 0, 0, 0, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 1, 0, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0, 1, 0, 0, 0},
{0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0,0, 0,0, 0,0, 0, 0, 1, 0, O},
{0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0, 0, 0,0, 0, 0,0, 0, 0, 0, 0, 1, 0},
{1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 1,0, 0, 0,0, 0, 0, 0, 0, 1}/Sqrt[3]};

Do[cc[i +52] = XXX . Mnno[i] . Transpose[ XXX], {i, 26}];

The matrices cc[i], i=53,...,78, so obtained, must be added to the 52 matrices cc[i] determined
in Ref. 1 to give a base of the ¢4 algebra.

APPENDIX B: STRUCTURE CONSTANTS

The structure constants sg are defined by [C;,C J]=EZ(8=lsij k- We checked that the coeffi-
cients s,jK==s,'§ are completely antisymmetric in the indices. We write only the nonvanishing
terms, up to symmetries, which are not yet written in Ref. 1,
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_1 __1 __1 __1
$1,5455= 2> 51,5658 = " 725 S15761= 2> $1,5960= " 2>
__1 _1 _1 _1
$1,62,63= ~ 2> S1,64,66 = 2> 51,6569~ 2> S1,67.68= 2>
=—1 _1 _1 __1
Sin2=—14 S25456= 73, $25558= 73, $25759= " 3>
__1 __1 __1 _1
§2,60,61 =~ 2> $2,62,64= " 25  52,63,66= " 12> 52,6567~ 2>

1 1 1
$26860=73> Sa7i3=— L, S35458=73, S$35556=— 13-

1 1 1
$3,57,60= " 2>  $35961 =72, 536266~ 72> 53,6364~ 2>

©I—

1 1
536568= "% $367.69= 3%, S3mm3=—1, S4s457=

1 1 1 1
845561 = 73> S45659= 73> S45860= 73> S46265= 32

1 1 1
$4,63,60= " 72> 4646777 2> 546668~ 2> S471,74= L,

1 1 1 1
855461 = 2> 555557= " 2> 855660~ 2> 555859~ 72

B =

1 1 1
$562,69= 2> 556365 " 25 556468 2> 55,6667 =
1 1 1
Ssra=—1, Ses450=3, S65560=—72> 65657=" 73>
__1 _1 __1 __1
56,5861 =~ 2> 56,6267 2> $6,63,68= 2> S6,6465= " 2>

1 1 1
56,6669 =~ 2>  56,73,74= — I, s7s5458= 2> §75556= 7 2>

1 1 1
$757.60= 73> $75961=" 73> 576266=" 73> $7.6364= 73>
__1 _1 =—1 __1
$7,6568= " 2> 576769~ 72> 771,757~ 1, S85456= " 72>
__1 __1 __1 __1
58,5558 = — 2> 8857597 72> 58,60,61= " 2> 86264~ 72>
__1 __1 __1 ——1
58,63,66 = ~ 2> 986567 12> 586869~ "2, S87275=" 1,

1 1 1 1
$954,55= 73> 59,5658 =" 125 $957,61= 72> §9,59.60= 2>

1 1 1 1
59.62,63= 2> 59,6466 = " 25 596569~ 2> 59,67.68= 2>

- =1 _1 __1

S973,75= L, 8105460 = 2> 5105559 = 2>  $10.56.61 =~ 2>

1 1 1 1
$10,57,58= ~ 2> $10,62,68 = 25 $10,63,67= 2>  510,64.69= ~ 2>
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__1 -1 =1 =1
5106566 =~ 2> $10,7475=~ Ls  S11,5459= 2> 11,5560 = 2>

1 1 1 1
$11,56,57 =~ 2> S11,58,61 = 25 S11,62,67= — 2> S11,63.68= ~ 2>
_1 __1 =—1 _1
S11,64,65= 2> S11,66,69= ~ 2> S11,71,76 =~ 1, S12,5460= 3>
__1 __1 _1 _1
$12,5559= 2> $12,56,61 =~ 2> 5125758 = 2>  $12,62,68= 2>
__1 __1 _1 ——1
$12,63,67= ~ 2> 12,6469~ " 2> 5126566 = 2> S12,7276 = 1,
__1 _1 __1 __1
S13,5457= — 2> 8135561 = 2> $1356,59 =" 2> S13,5860= 2>
__1 _1 __1 _1
S13,62,65= ~ 2> S13,63,69 = 2>  S13.64,67= 2>  $13,66,68 = 2>
——1 _1 __1 __1
$13.73,76 = — 1y 8145456 = 25 5145558 = 2> S14,57.59= " 2>
_1 _1 __1 __1
$14,60,61 = 2> S14,62,64= 2> 5146366 = — 2> S14,6567= " 2>
_1 -—1 _1 _1
5146869~ 2> S147476 =~ 1, Si155461= 3, S155557= 32>
_1 __1 _1 _1
$1556,60= 2> 5155859 = " 25  S1562,69= 2>  515,63.65= 2>
_1 __1 =—1 _1
$15,64,68 = 2> S1566,67= " 2> 5157576 =~ L, 8165460 = 2>
__1 _1 __1 __1
$16,5559 =~ 2> $16,56,61 = 2>  516,57,58= — 2> $16,62,68= " 2>
_1 __1 _1 =—1
516,63,67= 2> 516,64,69= ~ 2> 5166566 2> S16,71,77 =" 1,

1
$17,56,57= — 2>  S17,5861 = 2>

[SIES

1
$17,5459= 2>  §17,5560 =~

1 1
$17,64,65= ~ 2> $17,66,69= 2>

[SIES

1
$17,62,67= ~ 2> S17,63,68 =~
=—1 _1 _1 __1
Siznr=—1 Si185461 =72, S185557= 2>  S18,56,60= " 2>
_1 _1 _1 __1
518,58,59 = 2>  518,62,69= 2> 518,63,65= 2> S18,64,68= " 2>

1 1 1
518,6667=72> S187377=— 1, S195458==173, 5195556=" 73>
__ 1 __ 1 __1 __1
$19.57,60= ~ 2> $19,59,61 =" 2>  519,62,66 =~ 2> 519.63,64= ~ 2>

1 1 1
5196568 == 3> S1967.60=" 72> S197477=— 1, S205457= 7,

1 1 1 1
$20,5561 =~ 2>  $20,56,59 = " 2> $20,58,60= ~ 25 $20,62,65= 2>
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1 1 1
$20,63,60=" 35  520,64.67=" 35 5206668=" 35 $207577=—1,

1 1
2> $21,5960= " 2>

1 1
$21,54,55= 32> 921,56,58 = 2>  $21,57,61

1 1 1 1
$21,62,63= 2> 521,64,66= 2> 521,6569= 2> 521,67,68= 2>

1 3 1
$217677=— 1, S225361= 3> $2261,70=— 2> $226278=— 3>
__1 __1 _1 __1
$22,63,74= T 2> S226477= 7 2> 52265727 2>  $22,66,76= ~ 2>
_1 _1 _1 __1
8226775 2> 5226873 2> 5226971 =72, $235357= " 3>
__98 _1 __1 __1
$2357,70= " 2> 52362747 5> 5236378 T 2> 8236476 = " 2>
__1 _1 _1 __1
$23,6571= 7 2> 92366,77= 2> $23,67,73= 2> $23,6875= " 2>
_1 __1 __3 _1
$23,69,72= 2> 5245360 = T 2>  $2460,70= " 2> 246277 2>
_1 __1 _1 __1
$24.63,76 = 2> 524,648 = T 2> 82465757 2>  824,66,74= T 2>
__1 __1 _1 _1
$24,67,72= 2> 24,6871 = " 2> $24,69,73= 25 $255355= 2>
_83 __1 _1 __1
$255570= 2> 82562727 T 2> $256371 = 72> 52564757 " 2>

1 1 1 1
$256578= 2> $2566,73 = 25 $25.67,77= ~ 2> $2568,76 = 2>

1 1 3 1
$2568,74= 2> 8265359 =" 25 $265970= " 25 5266276 = 2>

1 1 1 1
$26,63,77= " 2> 52664747 2> 52665737 " 2> 5266678~ " 2>

1 1 1 1
$26,67,71 =~ 2> 92668727 2>  926,69,75= 2> 9275358~ 2>

3 1 1 1
$27,5870= 2> S$27.62,75= " 2> $27,6373= " 2, 2764727 2>

1 1 1 1
82764777 2> $27,66,71 = 2> $27,67,78= T 2> 827.6874= " 72>

1 1 3 1
$27,69,76 = 2> 528,53,56 = 2>  §28,56,70= 2> 286273~ " 2>

1 1 1 1
2> 286471 =725 5286576 = " 2> 52866727 " 3>

$28,63,75 = =
_1 __1 _1 __1
$28,67,74= 2> 528,68,78 = T 2> $2869,77 = 2> 9295354= " 72>
__3 __1 __1 __1
$205470= " 2> 8296271 =" 2> $296372= " 72> 5296473= 7 72>
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__1 __1 __1 __1
$206574= ~ 72> $2966,75= " 2> 5296776 = " 2> 5296877~ ~ 2>

1 1 1 1
$29,69,78= ~ 2> §30,54,61 = 25 $30,5557= 2> $30,56,60 = " 2>
__1 __1 _1 _1
$30,58,59 =~ 2> 930,62,69= — 2> 530,63,65= 2> $30,64,68= 2>
_1 =—1 __1 __1
$30,66,67= 2> $30,71,78 =~ L S315457= 773, 8315561 = 2>
_1 __1 __1 __1
$31,56,59 = 2> §31,58,60 = ~ 25 S31,62,65= ~ 2> 531,630 " 2>
_1 __1 -—1 __1
$31,64,67= 2>  S31,66,68= — 2> S31,7278=— L, 8§325460= " 3>
__1 __1 __1 __1
$32,55,50 = 7 2> 9325661 = " 2> 5525758 = " 2> 32,6268 " 2>
__1 __1 __1 =——1
$32,63,67= T 2> $32,64,69= " 2> 5326566— " 2> 93273,78= 1,
_1 _1 __1 _1
$33,5455= 3>  93356,58= 2> 9335761 = " 2> 9335960 2>
_1 _1 __1 _1
$3362,63= 2>  933,64,66 = 2> 33,6569 — 2> 5336768 2>
——1 __1 _1 __1
$33,7478= — 1y 8345450 =775, 8345560~ 2> $34,5657= " 2>
__1 __1 _1 __1
8345861 = 7 2> 8346267 " 2> 5346368~ 2> S34,6465= " 2>
__1 =—1 _1 _1
$34,66,69= ~ 2> 347578 =~ 1, 8355458= 73, 8355556= 2>

1 1 1 1
$35,57,60 =~ 2> 9355961 =" 2> $3562,66 = 2> 53563,64= 2>

1 1 1
8356568 =~ 2> 935,67,60— — 2> 5357678 = I, s$365456= 2

1 1 1 1
$36,55,58 = ~ 2> 936,57,59 = 25 $36,60,61 = " 2>  536,62,64 = 2>
__1 _1 __1 —-_1
$36,63,66 = — 2>  936,6567— 2> 5366860 " 2> 936,77,78= — 1>
—_1 __1 _1 _1
$375362=— L, 8375471 = 773> 8375572735 $37,56,73= 72>
_1 _1 _1 _1
$37,57,74= 2> $37,5875= 25  $37,59,76 = 2>  $37,60,77 = 2>
_1 =——1 __1 __1
$3761,78= 2> S3853.63= " 1 S385472= 775, 8385571 =" 72>

1 1 1 1
§38,56,75= 2>  $38,57,78 = T 2> §385873= 2> §385977= 7 2>

1 1 1
$38.60,76 = 2>  S3861,74= 2> S395364=— L, S395473=—73,
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1 1 1 !
$39,5575= 2>  $39,56,71 =" 2> 5395776 =" 2> 5395872= 7 3>
_1 _ 1 1 -1
$3959.74= 35 396078 =" 35 $39.61,77= 3> 5405365=— 1,
__1 _1 _1 1
$40,5474= = 72> 5405578 = 72> $40,56,76 = 2> 540,57,71 =" 2>

1 1 1 1
5405877= " 3> S405073= 72> S406075= 725 S4061.72= 7 2>

1 1
Satszee ="l Saisa75=—73, Sa5573=773 S415672= 7>
_1 _ 1 _ 1 1
S4157,77= 2>  S41,5871= " 72> 5415978 =" 3> 541,60,74= " 3>
_1 -1 1 1
S41,61,76 = 2> S42,5367= — Ls S425476= T 25 S42,5577% 2>
—_1 _1 _1 1
$425674= " 2> S4257,73= %> S42,5878 =73 5425971773
__ 1 1 - 1
$42,60,72= " 2> S4261,75= " 73> S435368=— 1, S435477=— 73,
__1 _1 1 1
$43,5576 =~ 2> 435678 = 2> S4357,75= T 2> 54358747 2>
_1 _ 1 _ 1 -
$435972= 3> S43.6071=" 7> S436173=— 73> Saas3e0=—1,
__1 _ 1 _ 1 1
5445478 =72 S445574= 773> S445677= 772, S4451.72= 735
__1 _1 1 1
5445876 = — 3> S44,5975= 3>  S44,60,73 = 2> S44.61,71 =" 2>
__1 _ 1 _ 1 1
$45,5371 =7 2> S4554627 720 S4555637 T30 S455664 7 20
__1 _ 1 _ 1 1
$4557,65= " 25 5455866 =" 2> §455967= " 2> 54560,68= " 2>
3
77

1 1 !
S4561,60= 72> 5457071= 7 $46,53,72= " 3>  S465463= 7 2>

1 1 1 1
546,5562= 2> 546,56,66 = 2>  546,57.69 = 2> 5465864 = " 3>

1 1 1 3
546,59,68= 3> $46,60,67= " 2> S46,61,65=" 2> 54670,72= " 73>

1 1 1 1
$475373= "2, Sa75464=7 73> S475566= " 25 S47.5662= 2>

1 1 1 1
8$475767= 72, S475863= 2> S475065= 7 2>  S47,60.69= 2>

1 3 | ]
S4761,68= " 2> S47,7073= T 2> S485374= T 2> S4854,65= T 2»

1 1 1 1
$48,55,60 = " 2> S48,56,67= 2> S4857,62= T 2> 48,5868 = 2>
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1 1 1 3
$48,59,64 = 2> 548,60,66 = — 2> 948,61,63= 2> $4870,74= " 72 >

1 1 1 1
$49,53,75= 7 2>  549,54,66 = T 2> 5495564 = 2> 549,56,63= " 2>

1 1 1 1
$49,57,68= ~ 2> 4958627 2> 9495969 = 2>  549,60,65= 2>

1 3 1 1
$49.61,67= ~ 2>  $49,70,75= " 2>  850,53,76 = " 2>  §50,54.67= 2>

1 1 1 1
$50,55,68 = ~ 2> $50,56,65 = 25 $50.57.64 = 2> $50,58,69 = " 2>

1 1 1 3
550,59,62= 2> §50,60.63 = 2>  $50,61,66 — 2>  $50,70,76 = ~ 72 »

1 1 1 1
§51,53,77= 2> S51,5468= " 2> 8515567~ 2> §51,56,69 = " 2>

1 1 1 1
$51,57,66 = 2> 551,58,65= — 2> $51,59,63= " 2> 551,60,62= 2>

1 3 1 1
S51,61,64 = 2>  551,70,77= — 2>  $52,5378 = T 2> 8525469~ " 72>

1 1 1 1
§52,55,65= 2> $52,56,68= — 2> $5257,63= " 2> 5525867~ 2>

1 1 1 3
$52,59,66 =~ 2> $52,60,64 = T 2>  552,61,62= 2> §52,70,78 =" 7 -
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