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1 Introduction

“Super-mathematics” has quite a long history, starting from the pioneering papers by
Martin, [1, 2] and Berezin, [3, 4], before the discovery of supersymmetry in physics.! After
its appearance in physics in the 70s, however, supergeometry has caught more attention
in the mathematical community, and corresponding developments appeared not only in
numerous articles but also in devoted books, see e.g. [6]-[15]. In most of the concrete
applications of supersymmetry, like in quantum field theory or in supergravity, algebraic
properties play a key role, whereas geometry has almost always a marginal role (apart from
the geometric formulation of superspace techniques; see further below). This is perhaps
the reason why some subtle questions in supergeometry (see for example [12]) have not
attracted too much the attention of physicists and, as a consequence, the necessity of
further developments has not been stimulated.

!Even though anticommutation was proposed yet previously by Schwinger and other physicists, see [5]
for a more detailed account.



String theory makes exception. Perturbative super string theory is expected to be
described in terms of the moduli space of super Riemann surfaces, which results to be
itself a supermanifold. However, some ambiguities in defining super string amplitudes at
genus higher than one suggested, already in the 80s, that the geometry of such super moduli
space may not be trivially obtained from the geometry of the bosonic underlying space [16].
More than twenty years of efforts have been necessary in order to be able to unambiguously
compute genus two amplitudes; c¢fr. e.g. the papers by D’Hoker and Phong [17]-[27], which
also include attempts in defining genus three amplitudes, without success but renewing the
interest of the physical community in looking for a solution to the problem of constructing
higher genus amplitudes. Through the years, various proposals have been put forward,
see e.g. [28]-[48].

However, most of such constructions were based on the assumption that the supermod-
uli space is projected (see below for an explanation), but a careful analysis of perturbative
string theory and of the corresponding role of supergeometry [49]-[53] suggested that this
could not be the case. Indeed, it has been proved in [54] (see also [55]) that the supermoduli
space is not split and not projected at least for genus g > 5. Obviously, such result gave
rise to new interest in understanding the peculiarities of supergeometry with respect to the
usual geometry, in particular from the viewpoint of algebraic geometry.

A second framework in which supergeometry plays a prominent role is the geometric ap-
proach to the superspace formalism, centred on integral forms (discussed e.g. in [56-58]; see
below), whose application in physics can be traced back to [49, 59]. Superspace techniques
are well understood and used in quantum field theory, supergravity as well as in string
theory (see e.g. [60, 61]). They provide a very powerful method to deal with supersym-
metric multiplets and to determine supersymmetric quantities, such as actions, currents,
operators, vertex operators, correlators, and so on. However, even when the superspace
formulation exists, it is often difficult to extract the component action. This occurs often
in supergravity, in which the superdeterminant of the supervielbein is needed for the con-
struction of the action, making the computation pretty cumbersome in a number of cases.
On the other hand, the so-called “Ectoplasmic Integration Theorem” (EIT) [62]-[65] can
be used in order the extract the component action from the superspace formulation.

Generally, supermanifolds are endowed with a tangent bundle (generated by commut-
ing and anticommuting vector fields) and with an exterior bundle; thus, one would naively
expect the geometric theory of integration on manifolds to be exported tout court in super-
symmetric context. Unfortunately, such an extension is not straightforward at all, because
top superforms do not exist, due to the fact that the wedge products of the differentials
df (0 being the anticommuting coordinates) are commuting, and therefore there is no
upper bound on the length of the usual exterior d-complex. In order to solve this prob-
lem, distribution-like quantities §(df) are introduced, for which a complete Cartan calculus
can be developed. Such distributions 6(df) then enter the very definition of the integral
forms [66]-[71], which are a new type of differential forms requiring the enlargement of
the conventional space spanned by the fundamental 1-forms, admitting distribution-like
expressions (essentially, Dirac delta functions and Heaviside step functions). Within such
an extension of the d differential, a complex with an upper bound arises, and this latter can



be used to define a meaningful geometric integration theory for forms on supermanifolds.
In recent years, this led to the development of a complete formalism (integral-, pseudo-
and super- forms, their complexes and related integration theory) in a number of papers
by Castellani, Catenacci and Grassi [58, 73, 74].

In [73], the exploitation of integral forms naturally yielded the definition of the Hodge
dual operator % for supermanifolds, by means of the Grassmannian Fourier transform of
superforms, which in turn gave rise to new supersymmetric actions with higher derivative
terms (these latter being required by the invertibility of the Hodge operator itself). Such
a definition of % was then converted into a Fourier-Berezin integral representation in [75],
exploiting the Berezin convolution. It should also be recalled that integral forms were
instrumental in the recent derivation of the superspace action of D = 3, N = 1 supergravity
as an integral on a supermanifold [76].

Furthermore, in [74], the cohomology of superforms and integral forms was discussed,
within a new perspective based on the Hodge dual operator introduced in [73]. Therein, it
was also shown how the superspace constraints (i.e., the rheonomic parametrisation) are
translated from the space of superforms Q®l% to the space of integral forms Q™) where
0 < p < n, with n and m respectively denoting the bosonic and fermionic dimensions
of the supermanifold; this naturally let to the introduction of the so-called Lowering and
Picture Raising Operators (namely, the Picture Changing Operators, acting on the space of
superforms and on the space of integral forms), and to their relation with the cohomology.

In light of these achievements, integral forms are crucial in a consistent geometric
(superspace) approach to supergravity actions. It is here worth remarking that in [58] the
use of integral forms, in the framework of the group manifold geometrical approach [77, 78]
(intermediate between the superfield and the component approaches) to supergravity, led
to the proof of the aforementioned EIT, showing that the origin of that formula can be
understood by interpreting the superfield action itself as an integral form. Subsequent
further developments dealt with the construction of the super Hodge dual, the integral
representation of Picture Changing Operators of string theories, as well as the construction
of the super-Liouville form of a symplectic supermanifold [79].

A third context in which super geometry may be relevant is mirror symmetry. In [80],
Sethi proposed that the extension of the concept of mirror symmetry to super Calabi-Yau
manifolds (SCY’s) could improve the definition of the mirror map itself, since superman-
ifolds may provide the correct mirrors of rigid manifolds. Such a conjecture has been
strengthened by the works of Schwarz [84, 85] in the early days, but it seems to have been
almost ignored afterwards, at least until the paper of Aganagic and Vafa [86] in 2004,
in which a general super mirror map has been introduced and, in particular, it has been
shown that the mirror of the super Calabi-Yau space P3!* is, in a suitable limit, a quadric
in P33 x P33, This is a quite interesting case, since these SCY’s are related to amplitude
computations in (super) quantum field theories, see e.g. [87]. Since then, a number of stud-
ies on mirror symmetry for SCY’s has been carried on, see for example [88]-[91]. However,
a precise definition of SCY is currently missing, and, consequently, the definition of mirror
symmetry and its consequences is merely based on physical intuition.



The aim of the present paper is to provide a starting point for a systematic study
of SCY’s, by addressing the lowest dimensional case: SCY’s whose bosonic reduction has
complex dimension one.

In section 2 we collect some definitions in supergeometry and introduce the projective
super spaces, which will play a major role in what follows. We will not dwell into a detailed
exposition, and we address the interested reader e.g. to [11] and [12] for a mathematically
thorough treatment of supergeometry. We also recall that an operative exposition of su-
pergeometry, aimed at stressing its main connections with physics, is given in [49)].

In section 3 we will be concerned with the geometry of the projective super space
P12 and of the weighted projective super space WIP’;S Cech and de Rham cohomology
of super differential forms are computed for these super varieties: here some interesting
phenomena occur. Indeed we will find that on the one hand one there might be some
infinite-dimensional Cech cohomology groups as soon as one deals with more than one odd
coordinate (as in the case of ]P’1|2); on the other hand this pathology gets cured at the level
of de Rham cohomology, where no infinite dimensional groups occur. Our interest in these
two particular supermanifolds originates from the fact that, together with the class of the
so-called N=2 super Riemann surfaces (N = 2 SRS’s) which will be shortly addressed in
what follows, P2 and W}P’zg are indeed the unique (non-singular) SCY’s? having reduced
manifold given by P'. These are therefore the simplest candidates to be considered, as one
is interested into extending the mirror symmetry construction in dimension 1 to a super
geometric context, pursuing a task initially suggested in [80]. Moreover, despite we keep
our attention to the case n|m = 1|2 we also provide the de Rham cohomology of projective
super spaces having generic dimension.

In section 4 we will then construct the mirrors of the projective super spaces P2 and

WIF’%S, following a recipe introduced in [86]. Moreover, we will show that, surprisingly, by

means of the mirror construction, P2 actually gives a concrete example of N = 2 SRS.

Finally, the main results and perspectives for further developments are discussed in
section 5, whereas an appendix is devoted to illustrating the coherence of the adopted rule
of signs.

2 Supermanifolds and projective super spaces

2.1 Definitions and notions in supergeometry

In general, the mathematical basic notion that lies on the very basis of any physical super-
symmetric theory is the one of Zs-grading: algebraic constructions such as rings, vector
spaces, algebras and so on, have their Zo-graded analogues, usually called in physics super
rings, super vector spaces and super algebras, respectively.

A ring (A, +, -), for example, is called a super ring if (A, +) has two subgroups Ay and
Aq, such that A = Ay ® A1 and

A;- Aj C A(i+j)m0d2 Vi, j € Zo. (21)

2In the sense specified further below.



The generalisation of vector spaces to super vector spaces, as well as of algebras to super
algebras, follows the same lines.

Given an homogeneous element with respect to the Zs-grading of a super ring, we can
define an application, called parity of the element, as follows:

0 a € Ag
ar— |a ::{1 ac A (2.2)

Elements such that |a| = 0 (a € Ap) are called even or bosonic, and elements such that
la| =1 (a € A;) are called odd or fermionic.

It should be pointed out that so far no supersymmetric structure has been related to
any super commutativity of elements, provided by the super commutator, i.e. a bilinear
map acting on two generic homogeneous elements a, b in a super ring A, as follows:

(a,b) —s a-b— (=1)lalllp . q. (2.3)

By additivity, this extend to a map [-,-]: A x A — A.

By definition, a super ring is super commutative if and only if all the super commutators
among elements vanish (or in other words, if and only if the center of the super ring is the
super ring itself); thus, on the homogeneous elements it holds that a - b = (—1)'“"“’| b-a,
for all a € A;,b € A; with i € Zs. Supergeometry only deals with this class of super
rings, allowing for anti-commutativity of odd elements. This has the following obvious
fundamental consequence: all odd elements are nilpotent.

A basic but fundamental example of super commutative ring (actually alge-
bra) is provided by the polynomial superalgebra over a certain field k, denoted as
klz1,...,2p,01,...,04], where x1,...,z, are even generators, and 6,...,0, are odd gen-
erators. The presence of the odd anti commuting part implies the following customary
picture for this super algebra:

k[wl, . ,a:p,91, . ,Hq] = ]{7[.731, oo ,LL’p] Rk /\[91, ces ,Qq] (2.4)

which makes apparent that the theta’s are generators of a Grassmann algebra. Even and
odd superpolynomials might be expanded into the odd (and therefore nilpotent) generators

as follows
q q
Peven(x, 9) = fo(x) + Z fij (m)ezﬂj + Z fijkl(m)eieﬂkel + ... (2.5)
i<j=1 i<j<k<l=1
q q
Poga(x,0) = > fi(x)0i+ > fije()0:i0;0) + ... (2.6)
i=1 i<j<k=1
where the f’s are usual polynomials in k[z1,...,zp] and we have written 6;0; instead of

0; A 0; for the sake of notation.

As one wishes to jump from pure algebra to geometry, in physics it is customary to
consider a supermanifold M of dimension p|q (that is, of even dimension p and odd dimen-
sion q) as described locally by p even coordinates and ¢ odd coordinates, as a generalisation



of the standard description of manifolds in differential geometry. Even if this is feasible [49],
due to the presence of nilpotent elements, in supergeometry it is preferable to adopt an al-
gebraic geometric oriented point of view, in which a supermanifold is conceived as a locally
ringed space [11, 12, 14, 54].

Within this global point of view, we define a super space M to be a Zo-graded locally
ringed space, that is a pair (|M|], Oy/), consisting of a topological space |M| and a sheaf of
super algebras Oy over | M|, such that the stalks Oy, at every point x € || are local
rings. Notice that this makes sense as a requirement, for the odd elements are nilpotent and
this reduces to ask that the even component of the stalk is a usual local commutative ring.

Morphisms between super spaces become morphisms of locally ringed spaces, i.e. they
are given by a pair

(&, 0%) = (14], Onr) — (1], On), (2.7)

where ¢ : | M| — |2(| is a continuous function and ¢* : Opr — $. Oy, is morphism of sheaves
(of super rings or super algebras), which needs to preserve the Zs-grading.

Clearly, Q4 contains the subsheaf 7, of ideals of all nilpotents, which is generated
by all odd elements of the sheaf: this allows us to recover a purely even super space,
(||, Oar | Tar ), which is called reduced space Myeq underlying M. There always exists a
closed embedding M;eq — M, given by the morphism (id)ag, i*) : (| M|, Oarf Top ) = (1], Oy),
where it : Oy — id|M|*0M [ Tar = Oat | Tar-

A special super space can be constructed as follows: given a topological space |M| and
a locally free sheaf of Oja-modules £, one can take Oy to be the sheaf A*E£Y: this makes
Oy out of a super commutative sheaf whose stalks are local rings. Similarly to [54], super
spaces constructed in this way are denoted as S(|M|,E).

Examples of this construction are affine super spaces APla .= G(AP, (’)ig ): in this case,
AP is the ordinary p-dimensional affine space over A and Oyp is the trivial bundle over it.
Super spaces like these are common in supersymmetric field theories, where one usually
works with RPI9 or CPl4.

A supermanifold is defined as a super space which is locally isomorphic® to &(|M]|, &)
for some topological space |M| and some locally free sheaf of Oy, -module €£.

Along this line of reasoning, then, one recovers (out of a globally defined object!) the
original differential geometric induced view that physics employs, in which a real super-
manifold of dimension p|q locally resembles RPl4 and, analogously, a complex supermanifold
of dimension p|q locally resembles CPle, defined above: the gluing data are encoded in the
cocycle condition satisfied by the structure sheaf.

Given a supermanifold M, we will call Meq the pair (|M|, Oar /J,,), which is an
ordinary manifold conceived as a locally ringed space of a certain type: as above, a closed
embedding Meq — M will always exist.

It is here worth pointing out that, on the contrary, the definition of supermanifold does
not imply the existence of a projection M — M;eq: this would correspond to a morphism
of (id‘m,ﬁ) (M), Oag) — (|M],Oar / Ty ), where m# is a sheaf morphism that embeds

3In the Zs-graded sense: here indeed isomorphisms are isomorphisms of super algebras.



Oar | Tae into Oap; moreover, one should also endow the sheaf Qg with the structure
of sheaf of Oy ,-modules. When such a projection exists, the supermanifold is said to
be projected. Conceiving a supermanifold in terms of the gluing data between open sets
covering the underlying topological space, the projectedness of such a supermanifold implies
the even transition functions to be written as functions of the ordinary local coordinates
on the reduced manifold only: there are no nilpotents (e.g. bosonisation of odd elements)
at all. Obstruction to the existence of such a projection for the case of the supermoduli
space of super Riemann surfaces has been studied in [54] and it is an issue that has striking
consequences in superstring perturbation theory, as mentioned in the introduction.

A stronger condition is realised when the supermanifold is globally isomorphic to some
local model &(|], ). Such supermanifolds are said to be split. If this is the case, not
only the even transition functions have no nilpotents, but the odd transition functions can
be chosen in such a way that they are linear in the odd coordinates. This bears a nice
geometric view of split supermanifolds: they can be globally regarded as a vector bundle
€ — Meq on the reduced manifold having purely odd fibers, as the above definition of
supermanifold suggests by itself.

2.2 Projective super spaces and weighted projective super spaces

The supermanifolds known as (complex) projective super spaces, denoted by P™ have
been discussed extensively in the literature and introduced from several different points
of view, both in mathematics and in physics, being of fundamental importance in twistor
string theory.

In most cases, complex projective spaces are regarded as a quotient of the super spaces
C™™ by the even multiplicative group C*, so realising a super analogue of the set of homo-
geneous coordinates [X7:...: X, :©1:...:0,] obeying [X1:...: X, :01:...:0,] =
AX7 ot AXy,  AO1 1 ...t ABy,], where A € C* (see for example [49, 54]). In contrast
with this global construction by a quotient, a popular local construction realises P™I™ mim-
icking the analogous constructions of P" as a complex manifold, namely by specifying it as
n + 1 copies of C™™ glued together by the usual relations. This construction relies on the
possibility to pair the usual bosonic local coordinates with ¢ fermionic anticommuting local
coordinates: such an intuitive approach can be made rigorous using the functor of points
formalism [15]. A more rigorous treatment, connecting the requested invariance under the
action on C* with the structure of the sheaf of super commutative algebra characterising
the projective super space, can be found in [56].

An elegant construction of the projective super space consistent with the notions in-
troduced above is given in [12]. P™™ can actually be presented as a (split) complex super-
manifold, as follows. We consider a super C-vector space V =V @V} of rank n+ 1|m. As
one can imagine, the topological space underlying the super projective space coincides with
the usual one and it is given by the projectivization of the even part of V, called simply
[P". This tells that P" can be covered by n + 1 open sets {U; }i=o,... n, characterised by

Up=1{[Xo:...: Xp] €P": X; £ 0}, (2.8)



in such a way that one can form a system of local affine coordinates on U; given by
A= X j /X, for j # i. Intuitively, as above, we would like to have something similar for
the odd part of the geometry: this is achieved by realising a sheaf of super algebras on P”,

as follows:

m £
Ui —> (@ AW @ opn(—n) (U). (2.9)
/=0

This is isomorphically mapped to the structure sheaf Opnm of the projective super space,
by a map induced by
, ©
VY @ Opn (—1)(U;) 2 04 @ X; 1 — 00 = ?“ € Opnim (Uy), (2.10)
i

is a section of Opn(—1)

where it should be stressed that O, is a generator for V}¥, X
over U; and the 9&1), where a = 1, ..., m are promoted to local odd coordinates over U; for
the projective super space P™.
This construction makes apparent that, in the notation introduced in the previous
section, PM™ = &(P™, V; ® Opn(1)).
One can also read out the transition rules on U; N Uj, even and odd, that are usually
written as:
o) =2, o = (2.11)
% i
In the language of morphisms of ringed spaces, we would have an isomorphism
(¢UmUja¢¥JimUj) (Ui Uy, Opnim (Us) u;) — (Ui N Uy, Opnimn (Uj) L1,), (2.12)
with ¢y,nu; + Ui N Uj — U; N Uj being the usual change of coordinate on projective space
and gb%mUj : Opnim (Ujjlu,) = ((d)UimUj)*OPn\m) (Uilu, ), so that
0y _ 2 -
(¢UmUj)* (Zk ) = G (<Z5UmUj)* (903)) = T (2-13)

2

)
S,

N
S
<
=

We note, incidentally, that the cocycle relation is indeed satisfied.

Before proceeding further with our treatment, we here generalise a little the construc-
tion above, allowing us to deal in a somehow unified way with the weighted projective
super spaces, as well. We will actually be interested in the case in which the odd part
of the geometry carries different weights compared to the even part, which is made by an
ordinary projective space.

Since above we considered V = Vi & V1 to be a super C-vector space, then it yields a
well defined notion of dimension, namely n + 1|m, and one can actually take a basis for it.
Focusing on the odd part, we take {©q}a=1,. m as a system of generators for V;. Then,
we might realise a more general sheaf of super algebras by

U, — /.\ (é @X (03] Opn(—wa)> (Uz) (2.14)
a=1



In other words, each odd variable has been assigned a weight w,,, which affects the transition

functions: the ordinary case of P™™ is recovered assigning w, = 1 for each a = 1,...,m.
We will call this space weighted projective super space and we will denote it by

WPZLT...,wm)’ where the string (wi, ..., wy,) gives the fermionic weights. In this paper, we

will be particularly concerned with low dimensional examples of projective and weighted
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projective super space, namely P'2 and W]Pé), whose geometry will be studied in some

details in the following section.

2.3 Vector bundles over P!, Grothendieck’s theorem and cohomology of
Opn (k)-bundles

In this section we recall and comment a classification result due to Grothendieck, which will
then be exploited to study projective super spaces whose reduced space is P'. Moreover,
for future use, the cohomology of Opn(k)-bundles is given.

The main result about vector bundles on P! is that any holomorphic vector bundle &
of rank n is isomorphic to the direct sum of n line bundles and the decomposition is unique
up to permutations of such line bundles, that is :

£ éopl(ki), (2.15)
=1

where the ordered sequence k; > ko > ... > k, is uniquely determined (see [92] for a
complete proof). We will refer at it as Grothendieck’s Theorem. Basically, it states that
the only interesting vector bundles on P! are the line bundles on it, which in turn are all
of the form Op1 (k) for some k € Z (recall that Pic(P!) = Z).

Concretely, since every (algebraic) vector bundle over C is trivial, the restriction of a
vector bundle £ over P! of rank n to the standard open sets Uy = {[Xo : X1] : Xo # 0} = C
and Up := {[Xo : X1] : X1 # 0} = C is trivial. Choosing the coordinates z := % on Uy
and w = i((—i’ = % on Uj, an isomorphism &|y,— C)]?l" |, is equivalent to an isomorphism

of Op1(Uy) = C[z]-modules, as follows:
$0 : £(Up) — Op1 (Up)®" = C[2]*". (2.16)
Analogously, the following isomorphism of Op: (Uy) = C [zfl]—modules holds:
¢1: E(U1) — Op (U1)®" = C [271]"". (2.17)

Clearly, two such isomorphisms ¢; and ¢, yields to an automorphism ¢; o ¢} : C[t]*" —
Clt]®™ where t = z for i =0 and t = 27! for i = 1, so ¢; 0 ¢} determines an invertible n x n
matrix, having coefficients in C[¢].

The composition ¢g; = ¢g o gbl_l gives the glueing relation between the two trivial
bundles over Uy and U;: it is again given by an invertible n x n matrix having coefficient
in C[z,27!], with determinant z¥ for some k € Z, up to a non-zero constant. Thus,
classifying rank n vector bundles over P! corresponds to classifying invertible matrices
M € GL(n,C[z, 2 !]) up to the following equivalence:

M(z,27Y ~ A(z)M(z, 2 Y)B(z™Y) A(z) € GL(n,C[z]), B(z™') € GL(n,C[z71]).



By a theorem due to Birkhoff, M(z,27!) belongs to the same class of a diagonal matrix
My = diag(zkl, ce zk") where k; € Z. Therefore any bundle over P! is isomorphic to a
direct sum of line bundles Op1 (k1) & ... B Op1 (ky).

By looking at vector bundles over P! as sheaves of locally free Opi-modules, the the-
orem reduces the problem of computing sheaf cohomology over P! to computing the sheaf
cohomology of Opi1 (k), which is well-known. In general, for & > 0 one has H°(P", Opn (k)) =

Clzxo, - - -, xn](k), the degree-k linear subspace of the polynomial ring, therefore
k+n (n+k)!

RO(P™, Opn (k) = = k> 2.1
and if & < 0 one has H"(P", Opn(k)) = <x6° coemln iy <0, YN i = k>(c. It is an
exercise in combinatorics to see that

kl—1
™ (P, Opn (k) = <|k‘_|n_1> k<0, [k >n+1. (2.19)

These results will be used to compute the cohomology in the following section.

3 The geometry and cohomology of P'I? and WIP’?S

3.1 Super Calabi-Yau varieties

The physical approach to Calabi-Yau geometries in a supersymmetric context is based on
the differential geometric point of view, defining a super Calabi-Yau manifold (SCY) as a
Ricci-flat supermanifold. Indeed, a generalisation of tensor calculus to a supersymmetric
context exists, making use of the notion of super Riemannian manifold, super curvature
tensor and super Ricci tensor.

The crucial observation concerning projective super spaces is that there exists a gen-
eralisation of the Fubini-Study metric to the supersymmetric context. Considering P™™,
one can define the super Kahler potential

K= log Z XZ)_Q + f: @jéj (31)

everywhere on P"™ which reduces to the ordinary Fubini-Study potential as one restrict
it to the underlying reduced manifolds. Locally, on a patch of the projective super space,
it takes the form

n

K*® =log Z 2iZi + Z Gjéj . (32)
i1 =1

Notice that, in this complex differential geometric context, the variables are paired with
their anti-holomorphic counterparts, as customary in theoretical physics.
The super Kéhler form is defined in the local patch to be

Q.= 00K® or analogously QF := 8AOBKSdXAdXB (3.3)
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where 0 and 0 are the holomorphic and anti-holomorphic super derivatives; we refer to the
appendix A for details. Then, the super metric tensor is simply given by

HZB = 0405K°, (3.4)
and the Ricci tensor reads
Ricyp = 040z log (BerH?). (3.5)

Notice that, in comparison to the ordinary complex geometric case, the unique modification
is that the determinant of the metric has been substituted by the Berezinian [11, 49] of the
super metric.

Remarkably, as one chooses the projective super spaces of the form Pt for n > 1
(note that POI' = CO'), endowed with the super Fubini-Study metric defined as above,
then one gets a vanishing super Ricci tensor!

We stress that, as it is common in the context of super geometry, even an easy cal-
culation might present some difficulties, due to the anti-commutativity of some variables.
One needs to establish and keep coherent conventions throughout the calculations. As an
example, a detailed computation of the vanishing of the super Ricci tensor in the case
of P12 is reported in appendix A. The same calculation can be easily generalised to any
P+l for n > 2.

Actually, defining a SCY manifold by requiring that its super Ricci tensor vanishes
turns out to be a very strong request. Moreover, it is not that useful, for it is often hard
to write down super metrics for interesting classes of supermanifolds: for example, there is
not straightforward generalisation of the super Fubini-Study metric to the case of weighted
projective super spaces. Moreover, by the result in [88] a Ricci-flat Kéhler supermetric
on WIP’%; does not exist. Still, it is possible to give a weaker, but certainly more useful,
definition:

Definition 1 We say that an orientable super projective variety X is super Calabi- Yau if
its Berezinian sheaf is trivial, that is Berx = Ox.

It is here worth remarking that this definition is again the super analogue of the usual
algebraic geometric definition of an ordinary CY variety, that calls for a trivial canonical
sheaf. Indeed, the Berezinian sheaf is, in some sense (see [11, 12, 49]), the super analogue of
the canonical sheaf, since the sections of the Berezinian transform as densities and they are
the right objects to define a meaningful notion of super integration, i.e. the Berezin integral.
In other words, then, a SCY variety is one whose Berezinian sheaf has an everywhere non-
zero global section.

We now start using of Grothendieck’s Theorem in order to prove the triviality of the
Berezinian sheaf of the supermanifolds P2 and WIP’%S, and hence to confirm that they are
both SCY varieties. To compute the cohomologies, we will consider the varieties as split
supermanifolds; in this case, this amounts to consider the total space of vector bundles
over P! (the reduced manifold, having odd fibers). Then, we will achieve the splitting into
line bundles over P! and we will compute their cohomology.
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We start considering P2,  Following the above line of reasoning, we have two
patches, namely U, and U,: switching from one patch to the other yields the following

transformations
w— z = %
¢0 — 0y = ? . (3.6)
o1 — b =3

The structure sheaf, Opi )2, is therefore locally generated by

Op12(Uz) = ) = (1,00, 61, 6061 (3.7)

<1>OP1‘2(UZ >OP1(UZ)’

where in the last equality we are conceiving it as a locally free Opi-module. Considering the
transformation rules in the intersection, we find the following factorisation as Opi-modules:

Op1i2 = Op1 @ Opl(—1)®2 @ Op1(—2). (3.8)

Notice that the cohomology can be readily computed as h° (]P’”Q, Op12) = 1 and
RL(PU2, Oppo) = 1.

Using a notation due to Witten [49], the Berezinian sheaf over P12 is locally generated
by an element of the form

Berpi2(Us) = ([dz|dfo, d6,]) (3.9)

Op1)2(Uz)’

Under a coordinate transformation, call it ®, taking local coordinates w|¢g, 1 to 2|6y, 61
as above, the Berezinian transforms as

[dw|d<b0, dgbl] — [dZ|d90, d@l] = Ber(@)[dw|d¢g, dd)l] (3.10)

Therefore one gets:

—1/w? 0 0 9
Ber | | —0p/w? 1/w 0 = L =—1 (3.11)
9 1/w-1/w
—01/w* 0 1/w

This trivial transformation implies the triviality. More precisely, viewing Berpi2 as a Opi-
module, one finds the following factorisation:

Berpij2 = Op1 @ Opl(—l)@Q ® Op1(—2) = Op1j2, (3.12)
and under the correspondence 1 — [dz|dfy, df;], one has
BETPHQ = OPHQ, (313)

as expected. The cohomology is obviously the same as the one of the structure sheaf.
One can reach the same conclusions for the structure sheaf and the Berezinian sheaf

of WP

2) remembering that in such a case one has transformations of the following form

1
{w_”’_g; . (3.14)
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Again, one finds that the Berezinian has a trivial transformation on the intersection and
we have a correspondence 1 — [dz|df] and an isomorphism

B

11 = OWIF’IH' (315)

er.
WP ) @)

This confirm that also the weighted projective space W]P’%g is a SCY wvariety, in the

weak sense.

3.2 The sheaf cohomology of differential and integral forms

To a large extent, generalisation of the ordinary commuting geometry to the richer context
of supergeometry is pretty straightforward and it boils down to an application of the “rule
of sign” [11, 12]. One issue stands out for its peculiarity: the theory of differential forms and
integration. The issues related to this topic have been recently investigated by Catenacci
et al. in a series of papers (here we will particularly refer to [56]) and reviewed by Witten
in [49]. Below, we briefly sketch the main points, addressing the reader to the literature
for details of the constructions.

As one tries to generalise the complex of forms (2°,d®) to supergeometry using the
I-superforms {d#'};c; constructed out of the 6%, then it comes natural to define wedge
products such as df' A ... A dO" to be commutative in the df’s, since the #’s are odd
elements. This bears a very interesting consequence: the complex of superforms (22, d?)
is bounded from below, but not from above! For example, superforms such as (df*)" :=
dO' A ... NdE" do make sense and they are not zero, such as their bosonic counterparts. The
troublesome point is that there is no notion of a top-form, therefore a coherent notion of
“super integration” is obtained only at the cost of enlarging the complex of superforms and
supplementing it with the so-called integral forms. Using the notation of [56], the basic
integral form are given by {3(d6%)}ic; and its higher derivatives {6(™ (d6%)}sc;, for n > 0
(the degree of the integral form). Here the use of the symbol § should remind the Dirac
delta distribution — and indeed an integral form satisfies similar properties [56] —: it sets
to zero terms in df® and therefore, in some sense, it lowers the degree of a superform. For
this reason, an integral form is assigned a non-positive degree: in fact, in the context of
supergeometry one can also have forms with a negative degree. This fact can be better
understood considering an example. Let us take the super space C22, and consider the
following superform

ws = dz1dz(d6?)* 6P (doh), (3.16)

where the wedge products are understood. Then dz;dzs(d6?)* carries a degree of 6, while
the integral form 5(2)((1«91) lower the degree by 2, so as a whole, we say that ws has degree 4
and we signal the presence of an integral form (of any degree) by saying that it has picture
number equal to 1. Therefore, this enlarged complex of superforms is characterised by two
numbers, the degree of the form n and their picture number s. The degree of the superform
is the homogeneity degree in the differentials lowered by the total degree of the integral
forms appearing in the monomial, whereas the picture number is the total number of the
integral forms appearing in the monomial, regardless their degree. For example, we have
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that w, € Qg;;hs:l. Notice, incidentally, that the picture number cannot exceed the odd
dimension of the supermanifold and operators linking complexes having different picture
numbers — called picture changing operators — can be defined.

In [56], the sheaf cohomology of superforms and integral forms of P! has been studied,
proving that just by adding an anti-commuting dimension, the cohomology becomes far
richer. There is, though, a substantial hole in the literature: no sheaf cohomology of
superforms and integral forms has ever been computed for supermanifolds having extended
supersymmetry, that is more than one odd dimensions. In this scenario the computation of
the cohomology for the case of P2 acquires value, besides being an example of cohomology
of a SCY variety.

We will see indeed that as soon as one has more than a single odd dimension, when
the picture number is middle-dimensional (that is, it is non-zero and not equal to the
odd dimension of the manifold), then one finds that the space of superforms is infinitely
generated and its cohomology may be infinite-dimensional!

This result calls, from a mathematical perspective, for a better understanding of the
(algebraic) geometry of the complex of superforms and integral forms. Moreover, on the
physical side, the possible usage and purposes of forms having middle-dimensional picture
number should be investigated and clarified.

We now proceed to compute the sheaf cohomology of superforms of P!2. In order to
elucidate our method, we will carry out the computation in some details for the first case,

"0 . e then leave to the

namely for the space of superforms having null picture number, 5,

reader all the other cases, that follow the same pattern.

As a Opij2-module, Q;;?Q is locally generated by:

Q0,(U,) = ({d0ydyYico,...ny {d2dBd6T Y0, 1)

-, (3.17)

Op1)2(Uz)”

By looking at it as a (locally free) Opi-module, we can find the transformations of its gen-
erators. The first block of generators transform as (up to unimportant constants and signs)

% n—i 1 7 n—i 1 i— n—i 1 n jn—1—1
doider " = qusodqsi + Wgﬁodwd% Yaph =" + W(ﬁldwdqﬁodqbl 1=
7 n—1i 1 7 n—i 1 7 n—1—1
Oodbpdoy " = Wﬁﬁod%d% + W%Qﬁldwﬁbod% =
% n—1u 1 7 n—i 1 i— n—1i
01d0idoT " = ng)ldqﬁodgﬁl + W%mdwd% Ydp
j —1 1 7 n—i
9091d96d9? - W¢O¢ld¢0d¢l .

The second block, instead, has only diagonal terms:

: . 1 ) .
dzdfyddy ™ = o dwdgidg] T,

: . 1 . .
Oodzdg}deT 7 = W%dwd%dgf)’f*lﬂ,

. 1 1 . 1
Oy dzd0?doT I = — 3 P1dwdgydo] =,

1 1 P el
0001dzd0ldoT 7 = — b1 dwddyddy 1=
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where we recall that ¢ = 0,...,n and j = 0,...,n — 1. Before proceeding further, we
n;0
P2

dimp,, Qi) =4(n+1) +4n = 8n +4 (3.18)

observe that, for n fixed, looking at 2 as a Opi-module, there are

terms in the factorisation; indeed, this is the dimension as a vector bundle/locally free
sheaf of Opi1-modules.

We will pursue the strategy to group together pieces having similar form, evaluating
their transformations and afterwards factorising them into a direct sum of line bundles
over P! by means of Grothendieck’s Theorem, by treating the off-diagonal terms in the
transition functions matrix: we recall that, in the notation above, we will be free to perform
C[w]-linear operations on the columns and C[1/w]-linear operations on the rows.

To this end, we now focus on the diagonal terms that do not need any further in-
vestigation: we will get n + 1 terms and n standing-alone terms out of Qoeldﬁédﬁ?_i and
dzdﬁéd@?_l_j , so these contribute to the factorisation with terms of the form

Op1(—n — 2)%" " @ Op1 (—n — 1)®". (3.19)

So we are left with 8n +4 — (n 4 1) —n = 6n + 3 terms to give account to.

The other terms need some careful treatment. We start dealing with the terms
coming from the transformation of d%dﬂ?ii: these couples with the ones coming from
Oodzd6)de} "7 and 6,dzd6}de] 7 whenever i = J in the pairing with Oodzd6)dgy '~
and whenever i = j + 1 in the pairing with 01dzd96d9?717] . Since this holds true in the

casei = 1,...,n—1, we need to consider n—1 identical 3 x 3 matrices of the following form:
L/w™ 1 /w1 /wmt! 0 1/wn*t 1/ wnt?
0 1w 0 L R Y T I N
0 0 1/w? 0 0 1/wt?

0 1/wn+1 1/wn+1 1/wn+1 0 1/wn+1
_1/wn+1 1/wn+2 0 Cﬂgb l/wn+2 _1/wn+1 0 ’
0 0 1/wt? 0 0 1/w™t?

1/wntt 0 1/w™H 1/wntt 0 1/wmtt
Vw2 —1wrt o | TR gt —1en? |
0 0 1/w™t? 0 0 1/w™t?
1/wnt! 0 1/wmtt 1/wnt! 0 0
0 —1jw™t —1jpnt? | =5 0 —1/w! —1jw*? |,
0 0 1/w™+? 0 0 1/w™+?
1/wtl 0 0 1/w™tt 0 0
0 —1jwtt —1jnt? | et 0 —1/w™l 0
0 0 1/w™t? 0 0 1/w™t?

So this bit contributes with terms of the following form:

Op1 (—n — 1)®2"2 @ Op1 (—n — 2)®7! (3.20)



to be added to the previous ones. This boils the number of the remaining pieces down to
6n+3—(3n—3) =3n+6.

It is here worth pointing out that we have not given account for some terms in the
counting above yet: we need indeed to consider separately 4 terms that group into two
identical 2 x 2 matrices. Indeed the term ¢ = 0 of dGédO?*i, that is df7, couples to the
term j = 0 (which was left out from the counting above) into the term GlddegdG?flfj ,
that is Oldzdﬁlnfl. This gives a 2 X 2 matrix of the form:

1/w™ 1/w™t! Cr—uCh 0 1/wntt

0 1/wt? —1 w1/ t2 )7

0 1/wntt Cy3Ch 1/wntt 0
1w 1t — w2 —1/wrtt |

1/wnt! 0 Re—1/why (1 Jwn 0
1/wn+2 _1/wn+1 0 _1/wn+l :
The very same holds true in the case i = n for d@éd@{“i, that is dffj, and in the case j =n

for Bodzd6}dd} "7, that is §odz681. So, we have a pair of identical contributions that
sums up to the ones already accounted:

Op1 (—n — 1)1, (3.21)

All in all, this adds up 4 terms to the counting above, leaving us with 3n + 2 terms to be
still accounted for.

The terms Godfjdf? " and 6;d6;d67 " couple with the last term, 6pfydzd6)dd} "7, in
the cases i = 0,...n — 1 for §ydfdf} " and in the cases i = 1,...,n for 61d0id67 ", for all
j. Therefore we have 3n identical 3 x 3 matrices of the form:

1/,wn+1 0 1/wn+2 1/wn+1 0 1/wn+2
0  1/w"t!1/wnt? fazfn —1/wtt 1 /w0 ,
0 0 1/w"t3 0 0 1/w"*3
1/wntt 0 1/w"t? /w0 1/w"t?
1w 1wt 0 C1=§> 0 1wt 0 |,
0 0 1/w"t3 0 0 1/w"t3
1/wn+1 0 1/wn+2 0 0 1/wn+2
0 1wl 0 G 0 1wt 0 |,
0 0 1/,wn+3 l/wn+2 0 l/wn+3
0 0 1/w™t? /w2 0 0
n+1 C1+Cs n41
0 1/w 0 — 0 1l/w 0 ;
1/wn+2 0 1/wn+3 1/wn+3 0 1/wn+2
/w2 0 0 T Jwt2 0 0
0 1/w™t 0 1 Rs 0 1/w™tt 0

w3 0 1 w2 0 0 1/w"t?
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Consequently, we have the following contribution to the factorisation:
Op1 (—n — 1)®" @ Op1 (—n — 2)®*", (3.22)

Notice that we have to take into account separately the terms corresponding to ¢ = n for
00dfdo7 " and to i = 0 for 0;dAydO7 ", yielding an identical (diagonal) contribution of the
form Opi(—n — 1)%2.

These last 2n+ 2 terms complete the enumeration. Summing it all up, we are therefore
ready to write down the whole factorisation for n > 0:

9;1?2 &~ Opl(—n —_ 2)@471 @ Opl(—n o 1)694n+4.

Finally, we can count the dimensions of the cohomology groups:

RO(Qp,) =0,  hY(Qp),) = 8n® + 8n. (3.23)

This terminates the discussion of the differential forms with null picture number. All the
other cases, having non-null picture number are treated in an analogous way, by remem-
bering the transformation of the integral forms of type 6 (d6?) [56]. Below, we list their
factorisation as Opi-modules.

The space of superforms having maximal picture number and degree is locally gener-
ated by

1;2
me(Uz) = <dz‘5(d90)5(d91)>(9p1‘2(Uz)' (3.24)
Its transformation among the two charts yields the factorisation
0y, = Op1 @ Opi (—1)%2 @ Op1 (—2) = Opapa. (3.25)

Thus, we can easily compute the dimensions of the cohomology groups, which are exactly
the same as the ones of the structural sheaf:

RO =1, RN = 1. (3.26)

It is not surprising that this is the same as the Berezinian line bundle over P'I2: indeed,
elements of this sheaf are in some sense the supersymmetric analogues of the ordinary top-
form for a manifold, and we (Berezin-)integrate them, as one can integrate sections of the
Berezinian sheaf. These two peculiar supersymmetric sheaves are fundamental in theory
of integration on supermanifolds.
We are left with the group Q;llf, for n > 0 (which deserve some attention and book-
n;0

keeping such as me). It is locally generated by

Q;“f(Uz) = ({69 (do)6 "~ (db1) }izo,...;n, d2{6D (d)5 "1 (d91>}j:0,..‘,n+1>opll2(Uz)y

which give the following factorisation

Q2 = Op1 (n + 1) @ Opi (n) 416 & Opa (n — 1).
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The dimensions of the cohomology groups then read

RO =8(n+2)(n+1),  AHQE) =0. (3.27)

Summarising, we have the following results for all cohomologies:

(1 n=0 m=0
. >0,m=0
RO(QT) = e 3.28
1 n=1 m=2
(1 n=0 m=0
. 8n(n+1) n>0m=0
1 n;m )
Q) = 2
WO =1 L (3.29)
1 n=1m=2

Notice that so far we have not carried out the computation of superforms having picture
number equal to 1: as anticipated, these are infinitely generated as a locally free sheaf, and
they give infinite dimensional cohomology.

The generators read

Qs (U2) = ({69(dbo) by Yien, d={60F) (d6o)dor Yien,

PI\Q
{69(d61)doy ™ ien, dz{6WD (db1)do Yien) . (3.30)
PH2(Uy)
This is factorised as
P (0 (—n - 1) @ O (—n)), (3.31)
€N
and it yields h%(Q;75*") = 0, while, remarkably, h°(Q%,) = h1(Q5,*) = oo!
Similarly, one finds
Qi (U2) = ({81 (dBo)do }iew, dz{01m D (d6o)db} }ien,
{6U0n (d61)d0f Yien, dz{6"TD (d61)d0} Yien),, , (3.32)
pl2(U,)
having factorisation
P (028 (n| - 1) ® OF(|n])) (3.33)

€N

which again gives infinite dimensional cohomology.

The computation of the cohomology of WIP%S is much easier, and it can be performed
following the same lines as above. Also, having no middle picture number, there are no
infinitely generated modules, and no infinite cohomologies.

~ 18 —



By means of Grothendieck’s Theorem, the complete sheaf cohomology can be computed

to read
1 n=0 m=0
. 0 n>0m=0
RO(QM™ ) = ’ 3.34
( WPzg) n+6 n<0, m=1" ( )
! n=1 m=1
(1 n=0,m=0
n;m 8n n>0,m=0
hl(QW’Pm): 0 _ . (3.35)
@) n<0, m=1
0 n=1m=1

By the way, we signal a pathology, which looks like it may apply to any weighted projective
11
(2
indeed it has analogous factorisation and cohomology — one finds instead that the sheaf

space. While the Berezinian sheaf is isomorphic to the structural sheaf of WIP,), — and

of the “top-superform” lell is not! To see this, it is enough to check the different
(2)
factorisation and therefore the different cohomologies: one finds indeed that hl(Qg{,?Plll) =1
(2)
. 1;1
while hl(QWPg;) =0.

1)1

() and P12

3.3 De Rham cohomology of WP

After calculating the sheaf cohomology of superforms on the super varieties WIF’%; and

P2, we now aim at computing their holomorphic de Rham cohomology.

Before we start, a remark on the adopted notation is due: given a supermanifold M,
we will denote its de Rham cohomology groups as ng%m(M ), where n refers to the usual
degree of the forms and m refers to their picture number.

We also stress that the boundary operator of the complex acts as d : Ag’{;m — AZ[H;m,
where A;}m is the freely generated module of the n-forms having fized picture number
m that are defined everywhere, that is A" = H O(Q';[m) In other words, the boundary
operator d does not change the picture number of the form, and it just raises the degree
of the form, so — as in ordinary, purely bosonic geometry — we are just moving hori-
zontally on the complex, and we cannot jump from one complex to the other, by picture
changing procedure.

For clarity’s sake, we start from the end of the treatment of the previous subsection,
and we compute the de Rham cohomology of the weighted projective super space WP?;,
whose sheaf cohomology of superforms is always finite. We will adopt a cumbersome but
effective method, that has the advantages to display explicitly a basis of generators for the
various de Rham groups. This is remarkable, for it possibly sets a more concrete ground
for the observations in [82] and especially in [83], where it is observed that the BRST
cohomology of a (super) A-model is isomorphic to the cohomology of the superforms on
the target space, that is on a supermanifold M.
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The starting point to compute the de Rham cohomology of the weighted projective
super space W]P’%li is to look at its zeroth Cech cohomology, computed above. This ac-
tually yields two immediate results. The first one is that ng? (WIF’%';) = C, and it is
generated by the constant function 1. The second result that can be easily obtained is
that ngg (W]P’ég) = 0 for n > 0; in fact, Cech cohomology guarantees that there are no
everywhere defined forms of degree n > 0.

Let us now consider Hé}% (WP%;) Cech cohomology states that there is one everywhere

defined form, locally given by dzé(o)(dﬁ), that generates the group: this is also trivially
closed because in particular d(6(™(df)) = 0 (see [56]). Thus, the natural question arises

whether dz6(°)(df) is exact or not. To answer this, one needs to look at HO(Q@;}QH) = (.
(2)
In this case, it is easy to see that

dz6©) (d) = d(z6(d9)), (3.36)

where 260 (df) e HO(QO ! 1‘1) so the form is exact and one obtains HdR (WP%';) 0.
(2)

We now focus onto the de Rham cohomology connected to H ”31(W]P’g‘2;) = Cint6,
where n < 0. Let us consider a generic form expanded as it belongs to a freely-generated

module over Opi1. We have that:

= (Fo(z) + 0F1(2)) 6" (d0) + (Go(2) + 0G1 (2)) d=z6" 1 (d6)
= (W2 Fy(1/w) + pw" Fi(1/2)) 6 (dg)+
+ (~w™ Go(1/w) + ¢ (" Fy(1/w) — 0" T Gi(1/w))) dws" TV (dg)  (3.37)

where Fy, F1,Go, G1 are polynomials. By changing the coordinates to U,, we find that
the form remains everywhere defined if and only if deg Fp = n + 2,deg F1 = n,deg Gy =
n + 1,deg G = n, where G1 has the constraint that the coefficient of its highest degree
monomial is equal to the coefficient of the highest degree of Fj, which indeed yields a total
of 4n + 6 free parameters, as already computed above. So far, this is nothing but another
method to find the zeroth-dimensional Cech cohomology, without using Grothendieck’s
Theorem, as done in [56] for the case of PH'. On one hand, this method is certainly not
efficient — especially as one needs to deal with more than one fermionic dimension -; on
the other hand, in the context of the de Rham cohomology, it should be stressed that it
has the advantage to make explicit the basis of the zeroth cohomology group of everywhere
defined forms.

However, we should point out that a careful analysis of the various pieces involved in
the computation carried out by exploiting Grothendieck’s Theorem would have led to the
same result in term of the basis of the space of everywhere defined forms. In the present
treatment, we opted for this more cumbersome method, as long as the computations are
easy-to-follow.
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The most interesting group is the zeroth one: we find that deg Fy = 2,deg F} =
0,deg Gy = 1,deg G1 = 1, and explicitly it holds that

Fo(z) = az* + bz +c, (3.38)
Fi(z) = (3.39)
Go(z) = (3.40)
Gl(z) (3.41)
Grouping together the terms having the same coefficients, we obtain the following basis:
a — 6O (d) — 0d=z6") (d0), (3.42)
b — 200 (dh), (3.43)
¢ — 2260 (dp), (3.44)
d — 06 (dp), (3.45)
e — dz6M(dh), (3.46)
f = zdz6M(dh). (3.47)
Thus, one can verify that the module of the closed forms is generated by
Zga (WP (L) = (95 (d6), dz6D (d6), 2dz0) (d6)) 0. (3.48)
Actually, the forms dz6()(df), zdz6(") (df) are easily seen to be exact; indeed:
=200 (df) = d (25<1>(d0)) , (3.49)
2d=60 (df) = d (;%(5(1)@9)) , (3.50)

and both the forms on the right-hand sides are everywhere defined, that is they belong to

H O(Q;W;ll‘l) One can then conclude that Hg}% (WIP’%;) = C, and the group is generated by
(2)

the closed form 65()(4).
Writing explicitly the forms, we can see that all the other groups H;}% (WIF’;S) for

n > 0 are trivial: one finds that Z7; iR (W]P’(I)) is actually non-zero — there are closed forms

—, but ZgRl (WP;'%) gP} (W]P’E';) , namely that all closed forms are exact and do not

contrlbute to the de Rham cohomology. Summing it all up, we have:

1 n=0, m=0
n;m 11y 0 n>0,m=0
mgg(We) =9 M T (3.51)
0 n#0, m=1.

We now proceed to consider the holomorphic de Rham cohomology of P'2: again, the
starting point will be to look at the forms defined everywhere. By recalling the results on
the sheaf cohomology of superforms obtained above, we see that H, o O(IP1|2) C and it is
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generated by the constant function 1, and ngg (]P’1|2) = 0 (indeed, there are no globally
defined forms).

Let us now consider the case n = 1, m = 2 — corresponding, as observed, to a kind of
top-form —: the relative group is locally generated by the superform dz8© (d6,)6© (d6,),
which extends globally: this is certainly closed and moreover, one can easily see, it is exact,
for d(26((d)6© (db,)) = dz6© (d0y)6® (dfy) and 26 (dby)5© (db;) € HO(QgDﬁQ) This
implies that H}2(P'?) = 0

Next, we consider the groups Hg; (P'2) for n < 0. The most interesting case is given
by H, o 2(IP’”Q) the relative Cech cohomology group has dimension 16 and we will study it
carefully. We should be considering forms of the kind

w = (Fo(z) + F1(2)00 + Fa(2)01 + F3(2)0061)0 (d60)6 (doy)+
(Go(2) + G1(2)00 + G2(2)01 + G3(2)0061)dz6 (d6,)6™M) (do;)+
(Ho(2) + Hy(2)00 + Ha(2)0 + Hs(2)0001)d=z6™M (d6;)6 (db,),

where the F’s, G’s and H’s are all polynomials, whose degree is identified as above, by

)
)

studying whenever the form remains defined everywhere under a change of local chart, say
from U, to U,.
There are 10 closed forms:

Z92(P12) = (6 (dBp)5) (dby), Bd=5 (dBp)3 D (dh1), 01d251D (d6) 5 (dbs),
006 (d)6 ) (dby), 066 (do)6 ) (dby), 2d=6) (dBy) 5™ (db, ),
dz6©) (d00)6™M (db,), zdz6™M (dB)6) (dhy), dz6™) (d6y)6 @ (d,),
0 0
61620 (d60)3"") (d61)), ,

The unique closed form that it is not exact is 0816 (dfy)d®) (dfy), which is therefore a
generator for the group H{7 (P'?) =cC.
Indeed, considering for example the closed form dzd™ (d6y)6(°) (d6,), one has:

dz6M (d00)6 ) (dby) = d(—0,d=z6" (dbo)6™M (d6y)), (3.52)

where d6;6™)(df;) = —5(°)(df;) has been used.

As in the case of the weighted projective super space, proceeding in the negative degree
sector, one finds that the closed forms are all exact, and we have Hgg (P'2) = 0 for n < —1.
This is ultimately to be connected to the dimension of the space H O(ngm) for n < —1,
and in turn to the transformation properties of the integral forms, giving rise to a huge

space of globally defined forms.

We now consider the space of everywhere defined forms having picture number equal
to 1, which is somehow the most sensitive one, because, as we have seen above, it yields to

an infinite dimensional sheaf cohomology. Before proceeding further, we recall that 9;53 i1
is infinitely generated as a locally free sheaf, and its generators read
Qi (U2) = ({67 (dbo)db;* Yien, dz{60+D (dbo)d6y ™ }ien,
{69(d61)doy ™ ien, dz{6WD (db1)doy Yien) : (3.53)

Pl2(Uy)

- 292 —



The factorisation is
P (0L (—n - 1) & O (—n)) . (3.54)
€N
Firstly, we observe that there are no globally defined forms for n > 0. Thus, it follows that
the de Rham cohomology is HggO;l(Pl‘Q) =0.
Secondly, all the other modules, for n < 0, gives an infinite dimensional zeroth (Cech)
cohomology group.
As usual, we start analysing the n = 0 module. Since the generators read

0;1
Q )

0 (U2) = ({89 (dBo)d6} yien, dz{60D (dbo)do} }ien,

{60 (d61)dbf }ien, d={8HD (d1)dbG }ien) (3.55)

)
PlI2(U,)

we can just deal with the first two blocks, and the other ones are symmetric up to the
exchange 0y < 0.

For the sake of convenience, let us consider separately the case ¢ = 0 and 7 > 0, for
some attention is requested as one deals with ¢ = 0 in the transformations.

In this case, ¢ = 0, one has:

w = (Fo(z) + 00F1(2) + 01 F5(2) + 0001 F3(2))0 (db)+ (3.56)
(Go(2) 4 00G1(2) + 01G2(2) + 001 G3(2))dz0") (dby). (3.57)

From Cech cohomology computations, we expect 4 free parameters that yield:

HOQ%!

o) Limo= (260 (dbo) — dz8") (dby), 5 (dby), 005 (dby), dz6V) (dby)).  (3.58)

The last three forms are closed, but only 6y6(°)(dfy) is not exact, indeed
6O (dhy) = d(—0p61M (dby))  dz6M(d) = d(261) (dby)) (3.59)

and —000() (dby), 260V (dy) are globally defined. Analogously, we have that 6,5 (d6;) is
closed and not exact, therefore it is non-zero in the quotient.
In the case i # 0, one is led to consider the transformation of

w = (Fo(z) + F1(2)90 + F2(Z)01 + Fg(z)eoel) 5(1)(d¢90)d921+ (3.60)
(Go(2) + G1(2)00 + Ga(2)01 + G3(2)0061) dz6HD (dbg)db:. (3.61)
One has:
HOQ,) Lizo = (26 (dBo)db} + 01dz01 (dBo)dO} + 03d26" (dbo)dei™, 61 (dbo)doy,

0000 (d0o)db + 0150~V (dBy)d0i ", dz6Y) (dby)d} ). (3.62)

It can then be seen that () (dfp)dd: and dz60+1) (dfy)de; are closed forms for every i > 1,
but they are also exact, because

8D (dho)dot = d(—0,60F1) (dby)de?), dz6D (dfy)do: = d(26%HY (dby)do?),

so there is no contribution to the cohomology.

~93 -



This applies to each n < 0, so there are no closed and not exact forms, and the complete
holomorphic de Rham cohomology of P'12 reads

(1 n=0, m=0,

0 n>0,m=0,

: 2 n=0,m=1
hn,m PI‘Q — 9 ) 3.63
ar () 0 n#0, m=1, (3.63)

1 n=0, m=2,

0 n#0, m=2.

The generators of the non-trivial groups are

HS}S(IPHD) = <1>0P1, (3.64)
HYL(PY12) = (0,50 (dby), 0260 (dB,)) O (3.65)
Hajo (P') = (0026 (261)6")(d6)) o, (3.66)

As anticipated above, this is an interesting result, showing that the infinite dimensionality
of Cech cohomology is cured at the level of the de Rham cohomology, which is the relevant
one for physical applications, since it is connected to the physical observables and it enters
the evaluation of correlation functions [83]. We would expect this kind of behaviour to be
a feature of supermanifolds with more than one fermionic dimension.

3.4 The complete de Rham cohomology of P"I™

For completeness’ sake as well as for future reference, we write down the whole holomor-
phic and real de Rham cohomology for general projective superspaces P™™. This can be
computed by using the same tedious direct method as above (see also [56]).

In the holomorphic case, one gets (notice that for j = 0, i cannot be negative)

(™ . .
HZI}J%(Pmm): C\J z.—O, ]‘—O,...,m, (3.67)
0 1#£0, 7=0,...,m.
In the real case, one obtains instead
(™ _ -
H;}%(an): R\i/ =2k, k=0,...,n, j=0,...,m, (3.68)
0 1=2k+1, k=0,....,.n—1, 7=0,...,m.

The generators in the holomorphic case are given by a straightforward generalisation of
the case P2 displayed above. In the real case, they are

wi,1; = Nwpg ® /\ 000 (dbe), (3.69)
tel;

where I; C {0,1,...,m} has cardinality j, and wrg is the ordinary Fubini-Study form.
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3.5 Automorphisms and deformations of P1lI™

The method developed for the computation of the cohomology of projective super spaces
over P! easily allows us to evaluate the cohomology of the super tangent space, as well.
Calculating the super Jacobian of the change of coordinates, we get

0. = —w’dp +w Yy _ ¢i0y, (3.70)
=1
0p, = w0y, (3.71)

with ¢ = 1,...m. The super tangent sheaf is locally generated by the following elements:

Tprn U, = <5z, {050:} 1=(jr iy £00, } =1, {6509, )L

J=(j1,...,jm)>OP1 v’ (3.72)

where J = (j1,...,Jm) is a multi-index such that |J| = 1,...,m and j; = {0,1}. For
example, we can have elements like this: 61030, = 0 7—(1,0,1,0...,0)0-- Thus, the total number
of generators is (m + 1) - 2™.

These have the following transformation rules:

0. = —wdy +w Y _ ¢i0y,

=1
1 [J]—1 m
0,0: = <w> 6 | —w +§¢i8¢i
0o, = w0y,
1\ -1
9]891 = <w> ¢J8¢,i, (3.73)

where we stress that, depending on J, many terms might be zero in the transformation of
050, (namely, all the terms in the sum over ¢ such that i € J).

Using Grothendieck’s Theorem as above, one can compute the zeroth cohomology
group of the tangent sheaf, whose dimension is:

WO (Tpaim) = (m +2)° = 1+ G 2 (3.74)

Notice that (m + 2)? — 1 is just the number of generators of the Lie algebra associated
to the super group PGL(2|m), which is the supersymmetric generalisation of the ordinary
Mobius group PGL(2,C), the automorphisms group of the projective line P*.

It is worth noticing the presence of the “correction” 4, 2, which, incidentally, makes its
very appearance in the case of the super CY variety P2, This correspond to the presence
of a further global vector field, (locally) given by 016020, € H®(Tpi2), which clearly does
not belong to s((2]2), the Lie algebra of PGL(2|2), as already noticed in [13] and more
recently in [72].

Integrating this global vector field, we get the “finite” version of the automorphism
Y P12 5 P2 called a “bosonisation” in physics; locally, it is given by:

VYlu.: (2,01,602) — (2 + 0162,61,6), (3.75)
Ylu,: (W, 1, 02) — (W — P12, P1, P2). (3.76)
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Before we go on, it is important to stress that among all the projective super spaces prim
— not only among PU™ — the case of P!? represents, remarkably, a unique exception:
indeed, it is the only case in which the automorphism group is larger than PGL(n+1|m, C),*
unlike to what stated in [72]. For reduced dimension 1 this exception has been first observed
in [13], page 41.

This and other issues will be the subject of a forthcoming paper, where different
methods to compute the cohomology of projective super spaces in a more general setting
will be introduced and discussed.

As for the deformations, given by h!(Tpijm ), one finds
R (Tpiim) = (m+2) [(m+2) + (m — 4)2™ ] — (m —2)2" ! — 1, (3.77)

We can see therefore that P11, together with P13 and the super CY variety P2 are rigid as
they have no deformations, while in the case m > 4, we start finding a non-zero h!(Tpijm ).
For instance, for m = 4 we find h'(Tpia) = 19. We leave to future works a careful
investigation of the structure of these deformations.

4 A super mirror map for SCY in reduced dimension 1

In [80] the conjecture has been put forward that the puzzle of mirror of rigid (ordinary) CY
manifolds could be solved by enlarging the relevant category for mirror symmetry, including
also super manifolds, in particular SCY manifolds. Later on, triggered by previous studies
in [93] and [87], Aganagic and Vafa proposed a path integral argument to obtain the
mirror of Calabi-Yau supermanifolds as super Landau-Ginzburg (LG) theories [86]: the
construction is exploited to compute the mirror of SCY manifolds in toric varieties and in
particular to compute the mirror of the “twistorial” (actually super) Calabi-Yau P31* [87].
Remarkably, after a suitable limit of the Kahler parameter ¢, the mirror has a geometric
interpretation: indeed, it is a quadric in the product space P33 x P33 and it is again a
SCY manifold.

Since we are interested into enlarging the mirror symmetry map for elliptic curves to a
supersymmetric context, here we will apply the construction of [86] to the case of bosonic
dimension equal to 1 and reduced manifold given by P!, i.e. to the two SCY’s P'? and
WIP’%S In doing that, in contrast with [86], we will not need to take any limit of the Kéhler
parameter: in fact, a further geometric investigation, carried out by some suitable change
of coordinates, shows that P12 is actually self-mirror and it is mapped to itself. The mirror
of the weighted projective super space W]P)g; instead is not a geometry.

Before proceeding to the actual computation, it should be here remarked that a further,
mathematically oriented, analysis needs to be carried out. Despite the effort in [86], many
issues are still unsettled, as for example the role of the Kéahler parameter ¢. It is indeed a
matter of question how to define, mathematically and in full generality, a super analogue
of the ordinary Ké&hler condition, and therefore how to identify a super Kéahler variety.

“The bosonic reduction of PGL(n + 1|m).
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4.1 Mirror construction for P2

Following [86], we construct the dual of the LG model associated to P'2: it turns out this
is given by a o-model on a super Calabi-Yau variety in P! x P!, which is again a SCY
variety given by P12, In other words, P}? gets mapped to itself!

We will focus on the holomorphic part of the (super)potential, where Xy, Y; for I = 0,1
are bosonic/even super fields and ny, x for I = 0,1 are fermionic/odd super fields (i.e., the
lowest component of their expansion is a bosonic field and a fermionic field, respectively),
while ¢ is the Kahler parameter, mentioned above. This is given by

1 1
W12 (X, Y, 1, §) = / [[ PviDX:DniDx 16 (Z(YI - X1) — t>

I=0 =0
1
- exp {Z e YT pe X 4 eX’mX[} .
=0
By a field redefinition,
X1 = X1 + Yy, Yi=Y1+Y, (4.1)

the path-integral above can be recast as follows:
1
/ DYyDXoDY1DXy [ [ DiiDxi6 (Yo — Xo + Y1 — X1 — t)
1=0

- exp {€7Y0 + €*XO + e*?l*YO + ein*YO + eiXOT]OXO + 771X167X17YO} .
Integrating in Xy, the delta imposes the following constraint on the bosonic fields:
Xo=Yo+ (Y1 - X)) —t. (4.2)

Plugging this inside the previous path integral one gets

1
/ DYyDY1DX; [ [ DuDixsexp {e—YO + e YorM=X)+t 4 o=Vi-Yo 4 e—Xl—YO}
I1=0

—Yo—(Y1—X1)

noxo + 771X1€_X1_Y0} .

- exp {e

The fermionic DnyDyxo integration reads
/DUODXO exp {efyof(Yer)HWoXo} =
_ /DUODXO€—Y0—(Y1—X1)+t (14 noxo) = —e~ Yo~ (i=Xu)+t. (4.3)
and therefore one obtains that
- / DYyDY1 DX DDy Yo~ M—X)+t

- exp {e‘YO (1 + e~ M=X)+t 4 e_Y1 + e_X1 + 771X16_X1> } .
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e~ Y0 might be interpreted as a multiplier, and we perform the coordinate charge
e Y0 = A, DYy = —A"'DA, (4.4)
such that the integral reads
/ AT'DADY, DX Dy Dy Ae™ V1= X0)+t

- exp {A (1 4o M= XOt 4 Vi g =K 771X1€_X1>} .
Finally, by performing another field redefinition, namely

X1 o g} D:I:]_

=T, DXl = —T, (45)
1
> ~ D
eV — 21y, DY, = _%’ (4.6)
1
n = %, Dn = 1D, (4.7)

we notice that the Berezinian enters the transformation of the measure! In fact, the path-
integral acquires the following form:

Dy Dz,

Weijz = /DAxl(xle)Dm (yre') exp {A (1 +€'yr + 21 + z1y1 +71ixa) }

= /DADylpxlDﬁlDX1et exp {A (1 +elyy + 1 + 21y + ﬁle)} . (4.8)

By noticing that the factor e’ is not integrated over, and performing the integration over
the Lagrange multiplier A, one obtains that the theory is constrained on the hypersurface

1 +a; + a1y +9x +efyr = 0. (4.9)
By redefining the field §; = 1 + y1, a more symmetric form can be achieved:
L+ z191 +7x + €' (g1 — 1) = 0. (4.10)
Casting the equation in homogeneous form, we have
P x P 5 XYy + X1 Y1 + 7y + e (XoY1 — XoYp) = 0. (4.11)

This is a quadric, call it Q, in P! x P!, with homogeneous coordinates [Xo : X : 7]
and [Yy : Y1 : x] respectively, and it is a super Calabi-Yau manifold. In the following
treatment, we will drop the tildes and we will just call the homogenous coordinates of the

super projective spaces [Xo : X1 :n] = [Xo: Xy : 7] and [Yo : Yy : 9] = [Yo : Y1 : x]. We
now re-write the equation for Q in the following form:
Xo((1 — €)Yy +e'Y1) + X1Y1 +nx = 0. (4.12)
Setting
(Yo, Y1) = (1 — €)Y +e'V1, (4.13)
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it is not hard to see that the reduced part Q.eq in P! x P! is obtained just by setting the
odd coordinates to zero, as

P! x P! © Xo (Yo, Y1) + X1Y1 =0, (4.14)

and one can realize that Q,eq = P'.
We are interested into fully identifying Q as a known variety; to this end, we observe
that, as embedded into P x P it is covered by the Cartesian product of the usual four

open sets:
Uox Vo ={[Xo:X1:m]: Xo#0} x{[Yo:Y1:x]:Yo#0}, (4.15)
Upx Vi ={[Xo: X1:n]: Xo#0} x {[Yo:Y1:x]: Y1 #0}, (4.16)
U xVo=A{[Xo:X1:n]: X1 #0} x{[Yo:Y1:x]: Yo #0}, (4.17)
U xVi={[Xo:X1:n]: X1 #0} x{[Yo:Y1:x]: Y1 #0}. (4.18)

Qred N{Xo=0}=1[0:1] x[1:0] € Uy x Vp, (4.19)
Qred N{X1 =0} =[1:0]x[L:1—e" €UyxVp, (4.20)
[1:—€f]x[0:1] € Uy x Wi, (4.21)

QredaN{Xo=X1 =1} =[1:1] x[e"+1:e' -1 €Uy x W. (4.22)

0
]
o,
D)
—
S
I
[es)
—
I

Therefore, we would like to find a suitable change of coordinates allowing us to use fewer
open sets. It turns out that one can reduce to use only two open sets. Indeed, by switching
coordinates to

Yy = (Yo, Y1), Y{:=M, (4.23)
X{ = X, X1 =Xy, (4.24)
n =, X =X (4.25)
the equation for @ becomes
XY+ X1Y] +1'x = 0. (4.26)

Then, by exchanging Y with Y{ and dropping the primes for convenience, one obtains the
following equation for Q:

XoY1 + X1Yo +nx = 0. (4.27)

Since
Qrea N {X() = 0} = Qrea N {Yb = 0} = [0 : 1] X [0 : 1] e Uy x Vi, (4.28)
Qred N{X1 =0} = QreaN{Y1 =0} =[1:0] x [1:0] € Uy x V, (4.29)
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this change of coordinates allows us to cover Q by just two open sets, namely by:

Ug :=Qn (U x V), (4.30)
Vo = QN (U; x V). (4.31)

Therefore, by choosing the following (affine) coordinates:

Xi Y1 n X
U . = — = — 9 = — 9 = — 432
T X Ty T xe TTw (4.32)
Xo Yo n X
V : — — = — = 433
Q w Xl y U le 3 ¢0 Xl ) ¢1 Yl ; ( )

the following two affine equations for Q of Ug and Vg are respectively obtained:

Ug: z+u+6ub =0, (4.34)

Vo: w+wv—¢op1 =0, (4.35)

describing lines in C22. We notice that these two equations are glued together using the
relations

1 1

= - =-, 4.36

w=2, w=o (436)

$o = —wbp, ¢1 = vbs. (4.37)

Finally, we would like to characterise the variety Q by its transition functions, in order to
identify it with a known one. By the previous equation, we may take as proper bosonic
coordinates u and v, as

Z=—-Uu— 9091, (4.38)
w=—v+ Po1. (4.39)

We already know that v = % and ¢ = %1, so we still have to deal with ¢q:
90 (90 Ho(u — 9091) . 00u . @

= _= = = = — = 4.4
%o z u ~+ 6o (u+ 0p61)(u — 6p61) u? u’ (4.40)

implying that the variety @ C P! x P! is actually nothing but P!I2.

This shows that the super mirror map proposed by Vafa and Aganagic makes the
supermanifold P'1? self-mirror, actually it is mapped to itself. This goes along well with
what holds for elliptic curves: indeed, an elliptic curve is the mirror of another elliptic curve.

4.2 P2 as a N = 2 super Riemann surface

We recall that a N = 2 super Riemann surface is, by definition, a 1|2 complex super-
manifold M such that the super tangent sheaf Tj; has two 0|1 subbundles D; and Do,
locally generated by vector fields Dy, Do that are integrable, i.e. D? = fD; for some odd
function, and Dy ® Do, D1, Do generate T at any point. We address the interested reader
to [81] and [50] for details, as well as to the more recent articles [82] and [83] for further
developments and some physical interpretations.
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Below, we will show that P2 is indeed a N = 2 super Riemann surface. In order to
find the needed 0|1 line bundles D; and D2, we adopt the method proposed in [50] at page
107, namely we will find two maps p; : P2 X1 and po : P2 Xo, with X1, X5 two
suitable 1|1 supermanifolds, and we will define D; as the sheaf kernel of the differential
dp;i @ Tpi2 — piTx,. These two maps can immediately be determined from the model of
P12 contained in P! x P! found in the previous section, in which we computed the mirror
of P12, Indeed, we can set X; = X5 = P! and the map p; equal to the restriction of the
i-th projection 7; : Pt x P11 — P to P2, In order to give explicit local calculations of
the vector fields Dy, Do that generate the line bundles Dy, Dy and to show that they have
all the required properties, we can exploit egs. (4.34) and (4.35) of the open sets Ug and
Vo as sub-supermanifolds of the open affine A22 P % P with coordinates z,u, 6, 61.
For example, from the equation

z+u+6s61 =0

in A2, we see that

p1(z,u,00,01) = (z,60) (4.41)
p2(za u, 90; 01) — (U, 91) (442)

Then, D; has sections given by those vector fields a0, 4+ 30, + 70, + d0p, that vanish on
the elements z, 0y, z + u + 0g6;. This implies a = v =0 and § = 06y, and therefore they
are multiples of

Dy = 891 + 000,

Similarly, one finds that the vector field
Dy = 0y, — 610,

generates all the vector fields on Ug that vanish on w, 61, z + u+ 6p6,. Since D; and D>
vanish on z+wu+6p0;, they are tangent vector fields on Ug that, by construction, generate
the kernels D; and D, of the differentials dp; and dps. The reader can easily check that
D? = D3 =0, and that

{D1, D3} = D1Dy + D3D; = 0y, — 0y;

moreover, this latter is equal to 8, when evaluated on an element of Oy,. Since u is a
bosonic coordinate for Ug, one ralizes that {D1, D2}, D1, Dy generate Tp12 at any point of
Ug. Similar formulas can be obtained for the open Vo.

4.3 Mirror construction for WIF’%;

In the case of weighted projective super space, we need to evaluate the following (su-
per)potential in order to find the dual theory:

W. = | (DYiDYs)DXDyDxs (Vi + Ya — 2X — t)
WP, o)
- exp {e_yl +e 2 e (1 + nx)} . (4.43)
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Performing the integration in the fermionic variables, one obtains

w 11
WEP (1 1)2)

- /(DYlDYQ)DXe_XcS (Y1+Y,—2X —t)
cexp{e M +e 2 +e N} (4.44)

Next, we can integrate the field X. Up to factors to be removed by the normalisation, the
delta yields to the following result:

WWCP1|1 = /(DYlDYg)e_Yl/2_Y2/2 exp {e_Yl +e Y2 4 e_Yl/Q_Y2/2+t/2} ) (4.45)
(1,1]2)

We can then define the new variables
yi=e V2 =12 (4.46)

The measure changes as —%y; IDy; = DY;, and therefore, up to factors in the normalisation,
one gets

Wancet,, = / (Dy1Dys) exp {yf +ys+ e 2y1y2} - (4.47)
One can then state that in the case of W]P’?g one does not get directly a geometry. However,
we can further introduce the new variables A and x, defined by

Y1 = Y2, Y3 = A, (4.48)

in such a way that, omitting an inessential constant factor, the final result can be achieved:

W i
WEP (1112

= /(DxD)\) exp {)\ (:E2 +1+ et/QCB)} : (4.49)

Thus, A is a multiplier and the geometric phase reduces to two points parametrized by t.
This is a zero dimensional bosonic model in accordance with the results of Schwarz [84].

5 Conclusions

In the present paper we have investigated some basic questions about super Calabi-Yau va-
rieties (SCY’s). We have introduced a very general definition of a SCY, which encompasses
a large class of varieties, including the usual Calabi-Yau manifolds and several projective
super spaces. We then restricted our analysis to the SCY with complex bosonic dimension
1, proving that — beyond the usual elliptic curves — it contains the class of N = 2 Super

zg As a byproduct

of the mirror map construction, we realised at the very end that P2 is indeed a N = 2

Riemann Surfaces (SRS’s) and the projective super spaces P2 and WP

SRS: this provides a concrete realisation of a N = 2 SRS by a map — the mirror map
— into the Cartesian product of two copies of P'. A comment is in order here. In the
present paper we have referred to [50] for the definition of N = 2 SRS: in this case, the
proof of triviality of the Berezinian bundle is given in [82]. Nevertheless, there exists a
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more general definition of N = 2 SRS given in [81]. To the best of our knowledge, it is not
completely obvious that the two definitions do actually coincide: indeed the definition of
N =2 SRS in [81] includes the definition in [50] and, as a consequence, this should imply
that all the N = 2 SRS’s in [50, 82] and [83] are holomorphically split. Still, we feel like
this topic deserve some more study.

Next, we have computed the super cohomology groups, which include integral forms,
showing that for extended supersymmetric varieties a puzzle arises: when the picture
number is not maximal nor vanishing, then the corresponding Cech cohomology groups
are infinitely generated. Surely, this result will deserve a much deeper investigation; for
instance, it would be interesting to understand if it enjoys a geometrical interpretation.
Anyway, remarkably, we have shown that this kind of pathology is cured whenever one
considers the de Rham cohomology of superforms, which is always finite, even when the
corresponding group in Cech cohomology is infinite-dimensional. The same phenomenon
occurs in arbitrary dimension n|m as we have seen by explicitly computing the de Rham
cohomology of P™I™_ The computation of the sheaf cohomology also allowed us to deter-
mine the automorphisms of P2 and WPgl), which, on the other hand, are rigid manifolds.
It is interesting to note that for SCY with fermionic dimension larger than 1, the auto-
morphism supergroup is never larger than the superprojective group. As announced, a
more systematic analysis of the automorphism group will be presented in a separate paper.
Finally, we have applied the mirror map defined by Aganagic and Vafa in [86], showing
that P2 is self-mirror (and, indeed, mapped to itself), whereas WIP’&% is mapped to a zero
dimensional bosonic model.

Even though we have chosen to investigate an apparently elementary framework, we
realize that highly non-trivial aspects appear and some questions remains unanswered. For
example, we have not been able to provide a suitable definition of Kéhler structure (or
Kéhler moduli space) for SCY varieties. On one hand, SCY’s of bosonic dimension n =1
having P! as reduced space are simple enough in order to allow a complete analysis, as
well as to shed some light on new interesting properties of supermanifolds; on the other
hand, they are too simple for providing a rich list of examples hinting to suitable solutions
to the unanswered questions. The natural prosecution would then be to include properly
the whole class of N = 2 super Riemann surfaces, that are indeed SCY’s with bosonic
dimension 1, and, more interestingly, to analyse SCY’s with bosonic dimension 2, i.e. super
K3 varieties.

Despite the results discussed above, we still cannot take our definition of SCY man-
ifold as a definitive one. At the moment, indeed, the triviality of the Berezinian bundle
alone appears as a provisional condition, maybe allowing for too many varieties to belong
to the class. From this point of view, our definition might be considered as a pre-SCY

condition. In this context, one might wonder whether the existence of a Ricci-flat metric

11
. . . . . . (2)’ o .

not even exist. This seemingly suggests that Ricci-flatness is not the natural condition to

is a natural condition to add, but in some meaningful example, such as WP it does

add to the triviality of the Berezinian bundle. These and other topics are currently under
investigation.
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A Super Fubini-Study metric and Ricci flatness of P'I2

We take on the computation of the super Ricci tensor for P2 starting from the local form,
say in U, of the K&hler potential, given by

K° = log(l + 2z 4+ 9151 + 929_2). (Al)

This can of course be expanded in power of the anticommuting variables as in [80], but it
is not strictly necessary to our end.

In the following we will adopt this convention: we use latin letters 4, 7, ... for bosonic
indices, Greek letters a, 3, ... for fermionic indices and capital Latin letters A, B, ... will
gather both of them. The convention on the unbarred and barred indices goes as usual.

The holomorphic and anti-holomorphic super derivatives are defined as follows (in the
local patch):

0= 0.dz + Oy, db,, 9 := 0zdz + 0_dbs, (A.2)

where a,&@ = 1,2: in other words we have 0 = 04dX” and 0 = 8AdXA with
dXA = (dz|d6y,dfs) and dX* = (dz|dfy,dfs). Tt is important to stress that while the
holomorphic derivative 0 acts as usual from the left to the right, the anti-holomorphic
derivative 0 acts from the right to the left instead (even if it is written on left of the
function acted on). We also stress that d and 0 behave as a standard exterior derivative
d on forms. As such the derivatives “do not talk” at all with the forms and only acts on
functions, while the forms in  or d are moved to the right and in turn do not talk to the
functions acted by the derivatives. This means that, for example, considering the local
expression for a (holomorphic) 1-form acted on by 0, we will find:

A(f(z|61,601)d0y) = (8 f(2|61,61))dXBdb;. (A.3)

Coherently, we will never consider expression of the kind dX? f(z]0)df;, so that we will
never have to commute or anti-commute a form with a function to get =+f(z|0)dX?db;:
forms and functions just don’t talk to each other and the form in 0 and O are moved
the right.

We now define the super Kéahler form as

Q° == 00K*® or analogously Q° = 8AOBKSdXAdXB. (A.4)
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The super metric tensor H? 5 can then be red out of it, similarly to the ordinary complex
geometric case:

H:ZB = 0405K°. (A.5)

We now deal with the derivative of the super Kéhler potential K®. Remembering that 0z
acts from the right, it is straightforward to check that:

zdZ + 91d9_1 + 02(152

0-K*® = 0210g(1 + 27 + 010, + 0o0,) = . 2
B 5108(1 + 22 + 0101 + 6262) 1+ 22 + 6,0, + 020,

(A.6)

We now have a product of functions: since we are dealing with anti-commuting objects we
need to make a careful use of the generalized Leibniz rule

a(f-g) = (0f)- g+ (=)W f . (ag). (A7)

We will put f = zdz + 01df1 + 02dfs and g := 1/(1 + 2Z + 010, + 0205) in the following
computation.

While the first bit of the 0 derivative is pretty straightforward and simply gives

1

Of) - g — _ —
(f) g 14 2Z + 6101 + 020,

(dzdz + db1df, + db2dbs) (A.8)

the second contribution need some extra care: to avoid errors, we may split the derivatives
in 0 by linearity, bearing in mind the non-trivial commutation relation in the generalised
Leibniz rule above.

We have the following contribution from (—1)I9I71f . (9g):

z _ 91 —~ 02 =
| ————————= | dzd | ——————= | dzdf , | —————=——= | dzdb
0 <1+\zl2+92> =40 (1+|z|2+02> 21 +0 <1+Izl2+92) e

o —‘Z‘dedi — ledzdél — Qggdzdég

B (1+ |22 + 62)? (4.9)

where we have written 62 := 616, +620,. Notice, incidentally that the minus signs above do
not come from the commutation relation, but just from the derivative: the commutation
relation gives contribution when 0y, is involved

2 _ th 5 0o 7]
on () e+ on () 0+ o (e )

 —261d61dz + 6,0,d6,d0, + 020,d6,d6,
B (14 |22 + 62)*
%<Zmem<‘h>M%+%<&sz@
14 |z|% + 62 2\ 1+ |22 + 62 2\ 1+ |22 + 62
 —2602d62d7 + 050,d02d8, + 020500505
B (14 |22 + 62)* ‘

: (A.10)

(A.11)
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Putting together all the pieces we have:

DOK*® = (1 4+ 0%)dzdz + (1 + |2|* + 2610, + 0202)d0;d6,+

(14 2|2 4 62)° {
+ (14 |2|? + 0101 + 20202)dO2dBs — 017dzd0,+

— O9zdzdly — Zéldeldi — Zégdggdi + 92§1d01d§2 + 9192d02d§1 ,

so the supermetric reads

Hyp=| =201 |1+ |2* + 2010, + 020, 020, : (A.12)
—Zég 91@2 1+ ‘Z|2 + 91@1 + 292@2

Using the metric one can generalise the expression for the Ricci tensor one has in ordinary
complex geometry, by substituting the determinant with the Berezinian:

Ric,5 = 0405 log (Ber H?) . (A.13)

So the first thing we need to evaluate to prove the (super) Ricci flatness of P12 is the
Berezinian of the super metric above.

We recall that in general, considering a generic square matrix X valued in a super
commutative ring, we have

Ber(X) = det(A) det(D — CA™'B) (A.14)

where A, B, C, D are the blocks as enlightened above. Notice that A and D are even while
B and C' are odd.

We underline that in our case, to make sense out of the expression above we have to
look at CA~!'B as Kronecker product, as follows:

CA™'B— A"'. C®B, (A.15)

A~ consisting of a single even element.
We start from the computation of A~ - C ® B. We have:

1+ 62 -
A7l = Al
(G rrewr) (A0
_ 1 —z0,
C= TR er <—z92>’ (A-17)
1
B = (—61z, —052). (A.18)

(1+]2]2 +62)2
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This leads to:

1 —20
-1, _ _1 0.5 0.3
A C®B (1+WX1+VP+0%2<—d&>®(Gﬂ’ 022)
‘2’2 9151 0251

STt )1+ [ 1 2 (4.19)

9192 9252

where the overall minus sign comes from the commutation relation of the theta’s. It is
actually convenient to multiply (1 4 62)~! out: first of all we observe

1

2 4

where 6% := 610,0205. So the product above becomes:

919_1 — 94 929_1

2
A C®B=- 12 (A.21)
1 21 p2)2 B -
WHEET 00, 0,0, 08
Therefore one has the following expression:
1
D-CA'B=
¢ (14 |22+ 62)2
) 1+ ‘Z|2 + (2 + |Z’2)019_1 + 9252 — |Z|294 (1 + |Z’2)920_1
(1 + ’2’2)9192 1+ ‘Z‘Q + 6161 + (2 + ’2‘2)9292 — ‘2’294 '
We now need to evaluate the determinant of the square matrix above:
1 _
D-CA™'B)= L+ 2% + (1 + |27
det( C ) u+pP+Wﬂk +1217)° + (1 + |2]7)0161
(L4 [22)(2 4 [22)8202 + (1 + [21%)(2 + [2[1)0161 + (1 + |2[*)8202+
0 (2 22200 = 2021+ )00 + (14 [2)% (A.22)

where we have isolated on different lines the zeroth, quadratic and quartic contribution in
the theta’s. We can simplify a little the expression above to get:

(L+ PP
T+ + 0"

det(D — CA™'B) =

3412, 644l
1+ 0° + 0%1. A.23
T+ =20 T AP (4.25)

To evaluate the full Berezinian we need to invert the determinant we just got. This yields:

1 3+ |22 6 + 4]2|? + |2|*
=(1 ZroHt - 2o T T g4, A.24
oD —caip) ~ LHEEHOI =T TEREEE (A.24)
Putting together the pieces, we can evaluate the full Berezinian:
1 2 2\2 1 2 9 4 2 4
Ber(ry < AFIPHOPO4P [ o 2 o dlzP ety
(1+]2?) 1+ |z] (1+]z2?)
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Remembering that Ric,z = 0405 log(Ber(H?)), since we have found that Ber(H?®) = 1,
this leads us the the conclusion:

P2 is Ricci-flat and therefore it is a super Calabi-Yau manifold in the strong sense.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] J.L. Martin, Generalized classical dynamics, and the “classical analogue” of a Fermi
oscillator, Proc. Roy. Soc. Lond. A 251 (1959) 536.

[2] J.L. Martin, The Feynman principle for a Fermi system, Proc. Roy. Soc. Lond. A 251
(1959) 543.

[3] F.A. Berezin, Canonical operator transformation in representation of secondary quantization,
Dokl. Akad. Nauk SSSR 137 (1961) 311 [Sov. Phys. Dokl. 6 (1961) 212].

[4] F.A. Berezin, The Method of Second Quantization, Nauka, Moscow, (1965), tranlation:
Academic Press, New York (1966), second edition, expanded: M.K. Polivanov ed., Nauka,
Moscow (1986).

[5] A. Karabegov, Y. Neretin and T. Voronov, Felix Alexandrovich Berezin and his work,
arXiv:1202.3930 [INSPIRE].

=

D.A. Leites, Introduction to the theory of supermanifolds, Usp. Mat. Nauk 35 (1980) 3.

=

A. Rogers, Supermanifolds Theory and Applications, World Scientific, Singapore (2007).

=)

C. Bartocci, U. Bruzzo and D. Herndndez-Ruipérez, The Geometry of Supermanifolds,
Kluwer Academic Publishers, Dordrecht (1991).

[9] B. DeWitt, Supermanifolds, Cambridge University Press, Cambridge (1992).

[10] G.M. Tuynman, Supermanifolds and Supergroups, Kluwer Academic Publishers, Dordrecht
(2004).

[11] P. Deligne and J.W. Morgan, Notes on Supersymmetry, in Quantum Fields and String: A
Course for Mathematicians, Vol 1, AMS (1999).

[12] Yu.I Manin, Gauge Fields and Complex Geometry, Springer-Verlag (1988).

[13] Yu.I Manin, Topics in Noncommutative Geometry, Princeton University Press (1991).

[14] V.S Varadarajan, Supersymmetry for Mathematicians: an Introduction, Courant Lecture
Notes, AMS (2004).

[15] C. Carmeli, L. Caston and R. Fioresi, Mathematical Foundations of Supesymmetry,
European Mathematical Society (2011).

[16] J.J. Atick, G.W. Moore and A. Sen, Some Global Issues in String Perturbation Theory, Nucl.
Phys. B 308 (1988) 1 [INSPIRE].

[17] E. D’Hoker and D.H. Phong, Two loop superstrings. 1. Main formulas, Phys. Lett. B 529
(2002) 241 [hep-th/0110247] [INSPIRE].

— 38 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1098/rspa.1959.0126
http://dx.doi.org/10.1098/rspa.1959.0127 
http://dx.doi.org/10.1098/rspa.1959.0127 
https://arxiv.org/abs/1202.3930
http://inspirehep.net/search?p=find+EPRINT+arXiv:1202.3930
http://dx.doi.org/10.1016/0550-3213(88)90043-0
http://dx.doi.org/10.1016/0550-3213(88)90043-0
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B308,1%22
http://dx.doi.org/10.1016/S0370-2693(02)01255-8
http://dx.doi.org/10.1016/S0370-2693(02)01255-8
https://arxiv.org/abs/hep-th/0110247
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B529,241%22

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

E. D’Hoker and D.H. Phong, Two loop superstrings. 2. The chiral measure on moduli space,
Nucl. Phys. B 636 (2002) 3 [hep-th/0110283] InSPIRE].

E. D’Hoker and D.H. Phong, Two loop superstrings. 3. Slice independence and absence of
ambiguities, Nucl. Phys. B 636 (2002) 61 [hep-th/0111016] [INSPIRE].

E. D’'Hoker and D.H. Phong, Two loop superstrings 4: The cosmological constant and
modular forms, Nucl. Phys. B 639 (2002) 129 [hep-th/0111040] [INSPIRE].

E. D’Hoker and D.H. Phong, Lectures on two loop superstrings, Conf. Proc. C 0208124
(2002) 85 [hep-th/0211111] [INSPIRE].

E. D’'Hoker and D.H. Phong, Asyzygies, modular forms and the superstring measure. I, Nucl.
Phys. B 710 (2005) 58 [hep-th/0411159] [INSPIRE].

E. D’Hoker and D.H. Phong, Asyzygies, modular forms and the superstring measure II, Nucl.
Phys. B 710 (2005) 83 [hep-th/0411182] [InSPIRE].

E. D’'Hoker and D.H. Phong, Two-loop superstrings. V. Gauge slice independence of the
N-point function, Nucl. Phys. B 715 (2005) 91 [hep-th/0501196] [INSPIRE].

E. D’'Hoker and D.H. Phong, Two-loop superstrings VI: Non-renormalization theorems and
the 4-point function, Nucl. Phys. B 715 (2005) 3 [hep-th/0501197] [INSPIRE].

E. D’Hoker and D.H. Phong, Complex geometry and supergeometry, hep-th/0512197
[INSPIRE].

E. D’'Hoker and D.H. Phong, Two-Loop Superstrings. VII. Cohomology of Chiral Amplitudes,
Nucl. Phys. B 804 (2008) 421 [arXiv:0711.4314] [INSPIRE].

S.L. Cacciatori and F. Dalla Piazza, Two loop superstring amplitudes and Sg representations,
Lett. Math. Phys. 83 (2008) 127 [arXiv:0707.0646] [INSPIRE].

S.L. Cacciatori, F. Dalla Piazza and B. van Geemen, Modular Forms and Three Loop
Superstring Amplitudes, Nucl. Phys. B 800 (2008) 565 [arXiv:0801.2543] [INSPIRE].

S.L. Cacciatori, F. Dalla Piazza and B. van Geemen, Genus four superstring measures, Lett.
Math. Phys. 85 (2008) 185 [arXiv:0804.0457] [INSPIRE].

F. Dalla Piazza, More on superstring chiral measures, Nucl. Phys. B 844 (2011) 471
[arXiv:0809.0854] [INSPIRE].

F. Dalla Piazza, D. Girola and S.L. Cacciatori, Classical theta constants vs. lattice theta
series and super string partition functions, JHEP 11 (2010) 082 [arXiv:1009.4133]
[INSPIRE].

S. Grushevsky, Superstring scattering amplitudes in higher genus, Commun. Math. Phys. 287
(2009) 749 [arXiv:0803.3469] [INSPIRE].

S. Grushevsky and R. Salvati Manni, The vanishing of two-point functions for three-loop
superstring scattering amplitudes, Commun. Math. Phys. 294 (2010) 343 [arXiv:0806.0354]
[INSPIRE].

S. Grushevsky and R. Salvati Manni, The superstring cosmological constant and the Schottky
form in genus 5, Am. J. Math. 133 (2011) 1007 [arXiv:0809.1391] [INSPIRE].

R. Salvati-Manni, Remarks on Superstring amplitudes in higher genus, Nucl. Phys. B 801
(2008) 163 [arXiv:0804.0512] [INSPIRE].

-39 —


http://dx.doi.org/10.1016/S0550-3213(02)00431-5
https://arxiv.org/abs/hep-th/0110283
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B636,3%22
http://dx.doi.org/10.1016/S0550-3213(02)00432-7
https://arxiv.org/abs/hep-th/0111016
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B636,61%22
http://dx.doi.org/10.1016/S0550-3213(02)00516-3
https://arxiv.org/abs/hep-th/0111040
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B639,129%22
https://arxiv.org/abs/hep-th/0211111
http://inspirehep.net/search?p=find+EPRINT+hep-th/0211111
http://dx.doi.org/10.1016/j.nuclphysb.2004.12.021
http://dx.doi.org/10.1016/j.nuclphysb.2004.12.021
https://arxiv.org/abs/hep-th/0411159
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B710,58%22
http://dx.doi.org/10.1016/j.nuclphysb.2004.12.020
http://dx.doi.org/10.1016/j.nuclphysb.2004.12.020
https://arxiv.org/abs/hep-th/0411182
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B710,83%22
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.042
https://arxiv.org/abs/hep-th/0501196
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B715,91%22
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.043
https://arxiv.org/abs/hep-th/0501197
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B715,3%22
https://arxiv.org/abs/hep-th/0512197
http://inspirehep.net/search?p=find+EPRINT+hep-th/0512197
http://dx.doi.org/10.1016/j.nuclphysb.2008.04.030
https://arxiv.org/abs/0711.4314
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B804,421%22
http://dx.doi.org/10.1007/s11005-007-0213-8
https://arxiv.org/abs/0707.0646
http://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,83,127%22
http://dx.doi.org/10.1016/j.nuclphysb.2008.03.007
https://arxiv.org/abs/0801.2543
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B800,565%22
http://dx.doi.org/10.1007/s11005-008-0260-9
http://dx.doi.org/10.1007/s11005-008-0260-9
https://arxiv.org/abs/0804.0457
http://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,85,185%22
http://dx.doi.org/10.1016/j.nuclphysb.2010.11.010
https://arxiv.org/abs/0809.0854
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B844,471%22
http://dx.doi.org/10.1007/JHEP11(2010)082
https://arxiv.org/abs/1009.4133
http://inspirehep.net/search?p=find+J+%22JHEP,1011,082%22
http://dx.doi.org/10.1007/s00220-008-0635-x
http://dx.doi.org/10.1007/s00220-008-0635-x
https://arxiv.org/abs/0803.3469
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,287,749%22
http://dx.doi.org/10.1007/s00220-009-0967-1
https://arxiv.org/abs/0806.0354
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,294,343%22
http://dx.doi.org/10.1353/ajm.2011.0028
https://arxiv.org/abs/0809.1391
http://inspirehep.net/search?p=find+J+%22Am.J.Math.,133,1007%22
http://dx.doi.org/10.1016/j.nuclphysb.2008.05.009
http://dx.doi.org/10.1016/j.nuclphysb.2008.05.009
https://arxiv.org/abs/0804.0512
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B801,163%22

[37]

[38]

[39]

[40]

[41]

[42]

[43]

A. Morozov, NSR Superstring Measures Revisited, JHEP 05 (2008) 086 [arXiv:0804.3167]
[INSPIRE].

A. Morozov, NSR measures on hyperelliptic locus and non-renormalization of 1,2,3-point
functions, Phys. Lett. B 664 (2008) 116 [arXiv:0805.0011] [INSPIRE].

M. Matone and R. Volpato, Superstring measure and non-renormalization of the three-point
amplitude, Nucl. Phys. B 806 (2009) 735 [arXiv:0806.4370] InSPIRE].

E. Fuchs and M. Kroyter, Analytical Solutions of Open String Field Theory, Phys. Rept. 502
(2011) 89 [arXiv:0807.4722] [INSPIRE].

M.R. Gaberdiel and R. Volpato, Higher genus partition functions of meromorphic conformal
field theories, JHEP 06 (2009) 048 [arXiv:0903.4107] [INSPIRE].

P. Dunin-Barkowski, A. Morozov and A. Sleptsov, Lattice Theta Constants versus Riemann
Theta Constants and NSR Superstring Measures, JHEP 10 (2009) 072 [arXiv:0908.2113]
[INSPIRE].

C. Poor and D.S. Yuen, Binary Forms and the Hyperelliptic Superstring Ansatz, Math. Ann.
352 (2011) 1 [arXiv:0911.4545] [INSPIRE].

M. Matone and R. Volpato, Getting superstring amplitudes by degenerating Riemann
surfaces, Nucl. Phys. B 839 (2010) 21 [arXiv:1003.3452] [INSPIRE].

P. Dunin-Barkowski, A. Sleptsov and A. Stern, NSR superstring measures in genus 5, Nucl.
Phys. B 872 (2013) 106 [arXiv:1208.2324] [INSPIRE].

M. Matone, Eztending the Belavin-Knizhnik ‘wonderful formula’ by the characterization of
the Jacobian, JHEP 10 (2012) 175 [arXiv:1208.5994] [INSPIRE].

M. Matone, Modular Invariant Regularization of String Determinants and the Serre GAGA
principle, Phys. Rev. D 89 (2014) 026008 [arXiv:1209.6049] [iNSPIRE].

G.S. Danilov, Calculation of multi-loop superstring amplitudes, Class. Quant. Grav. 33
(2016) 235012 [arXiv:1511.01659] [INSPIRE].

E. Witten, Notes On Supermanifolds and Integration, arXiv:1209.2199 [INSPIRE].

E. Witten, Notes On Super Riemann Surfaces And Their Moduli, arXiv:1209.2459
[INSPIRE].

E. Witten, Superstring Perturbation Theory Revisited, arXiv:1209.5461 [INSPIRE].

E. Witten, More On Superstring Perturbation Theory: An Quverview Of Superstring
Perturbation Theory Via Super Riemann Surfaces, arXiv:1304.2832 [INSPIRE].

E. Witten, Notes On Holomorphic String And Superstring Theory Measures Of Low Genus,
arXiv:1306.3621 [INSPIRE).

R. Donagi and E. Witten, Supermoduli Space Is Not Projected, Proc. Symp. Pure Math. 90
(2015) 19 [arXiv:1304.7798] INSPIRE].

R. Donagi and E. Witten, Super Atiyah classes and obstructions to splitting of supermoduli
space, arXiv:1404.6257 [INSPIRE].

R. Catenacci, M. Debernardi, P.A. Grassi and D. Matessi, Cech and de Rham Cohomology of
Integral Forms, J. Geom. Phys. 62 (2012) 890 [arXiv:1003.2506] INSPIRE].

R. Catenacci, M. Debernardi, P.A. Grassi and D. Matessi, Balanced superprojective varieties,
J. Geom. Phys. 59 (2009) 1363 [arXiv:0707.4246] [INSPIRE].

40 —


http://dx.doi.org/10.1088/1126-6708/2008/05/086
https://arxiv.org/abs/0804.3167
http://inspirehep.net/search?p=find+J+%22JHEP,0805,086%22
http://dx.doi.org/10.1016/j.physletb.2008.05.002
https://arxiv.org/abs/0805.0011
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B664,116%22
http://dx.doi.org/10.1016/j.nuclphysb.2008.08.011
https://arxiv.org/abs/0806.4370
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B806,735%22
http://dx.doi.org/10.1016/j.physrep.2011.01.003
http://dx.doi.org/10.1016/j.physrep.2011.01.003
https://arxiv.org/abs/0807.4722
http://inspirehep.net/search?p=find+J+%22Phys.Rept.,502,89%22
http://dx.doi.org/10.1088/1126-6708/2009/06/048
https://arxiv.org/abs/0903.4107
http://inspirehep.net/search?p=find+J+%22JHEP,0906,048%22
http://dx.doi.org/10.1088/1126-6708/2009/10/072
https://arxiv.org/abs/0908.2113
http://inspirehep.net/search?p=find+J+%22JHEP,0910,072%22
https://arxiv.org/abs/0911.4545
http://inspirehep.net/search?p=find+J+%22Math.Ann.,352,1%22
http://dx.doi.org/10.1016/j.nuclphysb.2010.05.020
https://arxiv.org/abs/1003.3452
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B839,21%22
http://dx.doi.org/10.1016/j.nuclphysb.2013.03.008
http://dx.doi.org/10.1016/j.nuclphysb.2013.03.008
https://arxiv.org/abs/1208.2324
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B872,106%22
http://dx.doi.org/10.1007/JHEP10(2012)175
https://arxiv.org/abs/1208.5994
http://inspirehep.net/search?p=find+J+%22JHEP,1210,175%22
http://dx.doi.org/10.1103/PhysRevD.89.026008
https://arxiv.org/abs/1209.6049
http://inspirehep.net/search?p=find+J+%22Phys.Rev.,D89,026008%22
http://dx.doi.org/10.1088/0264-9381/33/23/235012
http://dx.doi.org/10.1088/0264-9381/33/23/235012
https://arxiv.org/abs/1511.01659
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.01659
https://arxiv.org/abs/1209.2199
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2199
https://arxiv.org/abs/1209.2459
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.2459
https://arxiv.org/abs/1209.5461
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.5461
https://arxiv.org/abs/1304.2832
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.2832
https://arxiv.org/abs/1306.3621
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.3621
https://arxiv.org/abs/1304.7798
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.7798
https://arxiv.org/abs/1404.6257
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.6257
http://dx.doi.org/10.1016/j.geomphys.2011.12.011
https://arxiv.org/abs/1003.2506
http://inspirehep.net/search?p=find+J+%22J.Geom.Phys.,62,890%22
http://dx.doi.org/10.1016/j.geomphys.2009.07.002
https://arxiv.org/abs/0707.4246
http://inspirehep.net/search?p=find+J+%22J.Geom.Phys.,59,1363%22

[58]

[59]

[60]

[61]

[62]
[63]

L. Castellani, R. Catenacci and P.A. Grassi, Supergravity Actions with Integral Forms, Nucl.
Phys. B 889 (2014) 419 [arXiv:1409.0192] [INSPIRE].

N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism
for the superstring, JHEP 09 (2004) 047 [hep-th/0406055] [INSPIRE].

J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press,
Princeton, U.S.A. (1992), pg. 259.

S.J. Gates, M.T. Grisaru, M. Roc¢ek and W. Siegel, Superspace Or One Thousand and One
Lessons in Supersymmetry, Front. Phys. 58 (1983) 1 [hep-th/0108200] [INSPIRE].

S.J. Gates Jr., Ectoplasm has no topology: The Prelude, hep-th/9709104 [INSPIRE].

S.J. Gates Jr., M.T. Grisaru, M.E. Knutt-Wehlau and W. Siegel, Component actions from
curved superspace: Normal coordinates and ectoplasm, Phys. Lett. B 421 (1998) 203
[hep-th/9711151] [INSPIRE].

S.J. Gates Jr., Ectoplasm has no topology, Nucl. Phys. B 541 (1999) 615 [hep-th/9809056]
[INSPIRE].

S.J. Gates Jr. and G. Tartaglino-Mazzucchelli, Ectoplasm and Superspace Integration
Measure for 2D Supergravity with Four Spinorial Supercurrents, J. Phys. A 43 (2010)
095401 [arXiv:0907.5264] [INSPIRE].

T. Voronov and A. Zorich, Integral transformations of pseudodifferential forms, Usp. Mat.
Nauk 41 (1986) 167.

T. Voronov and A. Zorich, Complex of forms on a supermanifold, Funktsional. Anal. i
Prilozhen. 20 (1986) 58.

T. Voronov and A. Zorich, Theory of bordisms and homotopy properties of supermanifolds,
Funktsional. Anal. i Prilozhen. 21 (1987) 77.

T. Voronov and A. Zorich, Cohomology of supermanifolds, and integral geometry, Sov. Math.
Dokl. 37 (1988) 96.

A. Belopolsky, New geometrical approach to superstrings, hep—th/9703183 [INSPIRE].

A. Belopolsky, Picture changing operators in supergeometry and superstring theory,
hep-th/9706033 [INSPIRE].

R. Fioresi and S. Kwok, The Projective Linear Supergroup and the SUSY-preserving
automorphisms of P11, arXiv:1504.04492.

L. Castellani, R. Catenacci and P.A. Grassi, The Geometry of Supermanifolds and New
Supersymmetric Actions, Nucl. Phys. B 899 (2015) 112 [arXiv:1503.07886] [INSPIRE].

L. Castellani, R. Catenacci and P.A. Grassi, Hodge Dualities on Supermanifolds, Nucl. Phys.
B 899 (2015) 570 [arXiv:1507.01421] INSPIRE].

L. Castellani, R. Catenacci and P.A. Grassi, The Hodge Operator Revisited,
arXiv:1511.05105 [INSPIRE].

L. Castellani, R. Catenacci and P.A. Grassi, The Integral Form of Supergravity, JHEP 10
(2016) 049 [arXiv:1607.05193] [INnSPIRE].

L. Castellani, R. D’Auria and P. Fré, Supergravity and superstrings: A geometric perspective,
in 3 volumes, World Scientific, Singapore (1991), pg. 1375-2162.

— 41 —


http://dx.doi.org/10.1016/j.nuclphysb.2014.10.023
http://dx.doi.org/10.1016/j.nuclphysb.2014.10.023
https://arxiv.org/abs/1409.0192
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B889,419%22
http://dx.doi.org/10.1088/1126-6708/2004/09/047
https://arxiv.org/abs/hep-th/0406055
http://inspirehep.net/search?p=find+J+%22JHEP,0409,047%22
https://arxiv.org/abs/hep-th/0108200
http://inspirehep.net/search?p=find+J+%22Front.Phys.,58,1%22
https://arxiv.org/abs/hep-th/9709104
http://inspirehep.net/search?p=find+EPRINT+hep-th/9709104
http://dx.doi.org/10.1016/S0370-2693(97)01557-8
https://arxiv.org/abs/hep-th/9711151
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B421,203%22
http://dx.doi.org/10.1016/S0550-3213(98)00819-0
https://arxiv.org/abs/hep-th/9809056
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B541,615%22
http://dx.doi.org/10.1088/1751-8113/43/9/095401
http://dx.doi.org/10.1088/1751-8113/43/9/095401
https://arxiv.org/abs/0907.5264
http://inspirehep.net/search?p=find+J+%22J.Phys.,A43,095401%22
https://arxiv.org/abs/hep-th/9703183
http://inspirehep.net/search?p=find+EPRINT+hep-th/9703183
https://arxiv.org/abs/hep-th/9706033
http://inspirehep.net/search?p=find+EPRINT+hep-th/9706033
https://arxiv.org/abs/1504.04492
http://dx.doi.org/10.1016/j.nuclphysb.2015.07.028
https://arxiv.org/abs/1503.07886
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B899,112%22
http://dx.doi.org/10.1016/j.nuclphysb.2015.08.002
http://dx.doi.org/10.1016/j.nuclphysb.2015.08.002
https://arxiv.org/abs/1507.01421
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B899,570%22
https://arxiv.org/abs/1511.05105
http://inspirehep.net/search?p=find+EPRINT+arXiv:1511.05105
http://dx.doi.org/10.1007/JHEP10(2016)049
http://dx.doi.org/10.1007/JHEP10(2016)049
https://arxiv.org/abs/1607.05193
http://inspirehep.net/search?p=find+EPRINT+arXiv:1607.05193

(78]

[79]

[80]

[81]

[82]

L. Castellani, P. Fré and P. van Nieuwenhuizen, A Review of the Group Manifold Approach
and Its Application to Conformal Supergravity, Annals Phys. 136 (1981) 398 [INSPIRE].

L. Castellani, R. Catenacci and P.A. Grassi, Integral representations on supermanifolds:
super Hodge duals, PCOs and Liouwville forms, Lett. Math. Phys. 107 (2017) 167
[arXiv:1603.01092] [iNSPIRE].

S. Sethi, Supermanifolds, rigid manifolds and mirror symmetry, Nucl. Phys. B 430 (1994) 31
[hep-th/9404186] [INSPIRE].

G. Falqui and C. Reina, N = 2 super Riemann surfaces and algebraic geometry, J. Math.
Phys. 31 (1990) 948 [inSPIRE].

B. Jia, Topological String Theory Revisited I: The Stage, Int. J. Mod. Phys. A 31 (2016)
1650135 [arXiV:1605.03207] [INSPIRE].

B. Jia, Topological o-models On Supermanifolds, Nucl. Phys. B 915 (2017) 84
[arXiv:1608.00597] [INSPIRE].

A.S. Schwarz, o-models having supermanifolds as target spaces, Lett. Math. Phys. 38 (1996)
91 [hep-th/9506070] [INSPIRE].

A.S. Schwarz and O. Zaboronsky, Supersymmetry and localization, Commun. Math. Phys.
183 (1997) 463 [hep-th/9511112] [INSPIRE].

M. Aganagic and C. Vafa, Mirror symmetry and supermanifolds, Adv. Theor. Math. Phys. 8
(2004) 939 [hep-th/0403192] [INSPIRE].

E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun. Math.
Phys. 252 (2004) 189 [hep-th/0312171] [INSPIRE].

M. Rocek and N. Wadhwa, On Calabi- Yau supermanifolds, Adv. Theor. Math. Phys. 9
(2005) 315 [hep-th/0408188] [INSPIRE].

C.-h. Ahn, Mirror symmetry of Calabi- Yau supermanifolds, Mod. Phys. Lett. A 20 (2005)
407 [hep-th/0407009] [INSPIRE].

R. Ahl Laamara, A. Belhaj, L.B. Drissi and E.H. Saidi, On local Calabi- Yau supermanifolds
and their mirrors, J. Phys. A 39 (2006) 5965 [hep-th/0601215] INSPIRE].

R.S. Garavuso, L. Katzarkov, M. Kreuzer and A. Noll, Super Landau-Ginzburg mirrors and
algebraic cycles, JHEP 03 (2011) 017 [Erratum ibid. 08 (2011) 063] [arXiv:1101.1368]
[INSPIRE].

P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley (1978).

A. Neitzke and C. Vafa, N = 2 strings and the twistorial Calabi- Yau, hep-th/0402128
[INSPIRE].

— 492 —


http://dx.doi.org/10.1016/0003-4916(81)90104-4
http://inspirehep.net/search?p=find+J+%22AnnalsPhys.,136,398%22
http://dx.doi.org/10.1007/s11005-016-0895-x
https://arxiv.org/abs/1603.01092
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.01092
http://dx.doi.org/10.1016/0550-3213(94)90649-1
https://arxiv.org/abs/hep-th/9404186
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B430,31%22
http://dx.doi.org/10.1063/1.528775
http://dx.doi.org/10.1063/1.528775
http://inspirehep.net/search?p=find+J+%22J.Math.Phys.,31,948%22
http://dx.doi.org/10.1142/S0217751X16501359
http://dx.doi.org/10.1142/S0217751X16501359
https://arxiv.org/abs/1605.03207
http://inspirehep.net/search?p=find+EPRINT+arXiv:1605.03207
http://dx.doi.org/10.1016/j.nuclphysb.2016.11.025
https://arxiv.org/abs/1608.00597
http://inspirehep.net/search?p=find+EPRINT+arXiv:1608.00597
http://dx.doi.org/10.1007/BF00398301
http://dx.doi.org/10.1007/BF00398301
https://arxiv.org/abs/hep-th/9506070
http://inspirehep.net/search?p=find+J+%22Lett.Math.Phys.,38,91%22
http://dx.doi.org/10.1007/BF02506415
http://dx.doi.org/10.1007/BF02506415
https://arxiv.org/abs/hep-th/9511112
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,183,463%22
https://arxiv.org/abs/hep-th/0403192
http://inspirehep.net/search?p=find+J+%22Adv.Theor.Math.Phys.,8,939%22
http://dx.doi.org/10.1007/s00220-004-1187-3
http://dx.doi.org/10.1007/s00220-004-1187-3
https://arxiv.org/abs/hep-th/0312171
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,252,189%22
http://dx.doi.org/10.4310/ATMP.2005.v9.n2.a4
http://dx.doi.org/10.4310/ATMP.2005.v9.n2.a4
https://arxiv.org/abs/hep-th/0408188
http://inspirehep.net/search?p=find+J+%22Adv.Theor.Math.Phys.,9,315%22
http://dx.doi.org/10.1142/S0217732305016683
http://dx.doi.org/10.1142/S0217732305016683
https://arxiv.org/abs/hep-th/0407009
http://inspirehep.net/search?p=find+J+%22Mod.Phys.Lett.,A20,407%22
http://dx.doi.org/10.1088/0305-4470/39/20/022
https://arxiv.org/abs/hep-th/0601215
http://inspirehep.net/search?p=find+J+%22J.Phys.,A39,5965%22
http://dx.doi.org/10.1007/JHEP03(2011)017
https://arxiv.org/abs/1101.1368
http://inspirehep.net/search?p=find+J+%22JHEP,1103,017%22
https://arxiv.org/abs/hep-th/0402128
http://inspirehep.net/search?p=find+EPRINT+hep-th/0402128

	Introduction
	Supermanifolds and projective super spaces
	Definitions and notions in supergeometry
	Projective super spaces and weighted projective super spaces
	Vector bundles over P**1 , Grothendieck's theorem and cohomology of  O(P)**n (k)-bundles

	The geometry and cohomology of P**(1|2) and WP**(1|1)(2)
	Super Calabi-Yau varieties
	The sheaf cohomology of differential and integral forms
	De Rham cohomology of WP(2)**(1|1) and P**(1|2)
	The complete de Rham cohomology of P**(n|m)
	Automorphisms and deformations of P**(1|m)

	A super mirror map for SCY in reduced dimension 1
	Mirror construction for P**(1|2)
	P**(1|2) as a N=2 super Riemann surface
	Mirror construction for WP (2)**(1|1)

	Conclusions
	Super Fubini-Study metric and Ricci flatness of P**(1|2)

