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Abstract. Let p be a prime. Following Snopce-Tanushevski, a pro-p group G is

called Frattini-resistant if the function H 7→ Φ(H), from the poset of all closed

topologically finitely generated subgroups of G into itself, is a poset embedding. We

prove that for an oriented right-angled Artin pro-p group (oriented pro-p RAAG) G

associated to a finite directed graph the following four conditions are equivalent: the

associated digraph is of elementary type; G is Frattini-resistant; every topologically

finitely generated closed subgroup of G is an oriented pro-p RAAG; G is the maximal

pro-p Galois group of a field containing a root of 1 of order p. Also, we conjecture

that in the Z/p-cohomology of a Frattini-resistant pro-p group there are no essential

triple Massey products.

1. Introduction

Let p be a prime number. In the paper [24], Ilir Snopce and Slobodan Tanushevski

introduced the notion of Frattini-resistant pro-p group. Given a pro-p group G, let

Φ(G) denote the Frattini subgroup of G. Then G is said to be Frattini-resistant if the

following condition is satisfied: for every pair of topologically finitely generated closed

subgroups H1 and H2 of G, one has

Φ(H1) ⊆ Φ(H2) if, and only if, H1 ⊆ H2

(cf. [24, § 4]). Besides being interesting on its own, this property is particularly relevant

in Galois theory, as the maximal pro-p Galois group of a field containing a root of 1 of

order p is Frattini-resistant — as shown by Snopce-Tanushevski (cf. [24, § 7]), and as

we will recall below.

Our aim is to study Frattini-resistance for oriented right-angled Artin pro-p groups

associated to directed graphs. By a directed graph (or digraph, for short) Γ we mean

a pair of sets Γ = (V, E) — we tacitly assume that V ∩ E = ∅, and that V is finite —

where V is the set of vertices of Γ, and E is the set of edges of Γ, with

E ⊆ V × V ∖ { (v, v) | v ∈ V }

(see, e.g., [5, § 1.10]). Given a pair of vertices v, w ∈ V, if (w, v) ∈ E but (v, w) /∈ E the

edge (w, v) is said a special edge, while if both (w, v), (v, w) lie in E , we say that (w, v)

and (v, w) are ordinary edges. A vertex which is the second coordinate of a special edge
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is said to be special. For example, the diagrams

(1.1) v1 v2
• ◦oo

��
◦

OO

44 ◦

ff HH

tt

v4 v3

and v1 v2
• ◦oo

◦

OO

◦

ff

v4 v3

represent the same digraph with four vertices: in the first diagram every edge is repre-

sented as an arrow going from the first coordinate to the second, while in the second

diagram we identify the ordinary edges joining the same pair of vertices, and we repre-

sent them as a single “headless” edge, so that only the special edges are represented as

arrows. Moreover, the special vertex is the black one.

The oriented right-angled Artin pro-p group (oriented pro-p RAAG for short) associ-

ated to a digraph Γ = (V, E) and to a p-power q = pf with f ≥ 1 — and f ≥ 2 if p = 2

— is the pro-p group with pro-p presentation

G =

〈
v ∈ V | wuw−1 =

{
u1+q if (w, u) is special,

u if (w, u) is ordinary,
∀ (u,w) ∈ E

〉
.

The family of oriented pro-p RAAGs is very rich: inside it, one may find all finitely

generated free — and free abelian — pro-p groups, pro-p completions of discrete RAAGs,

certain families of p-adic analytic pro-p groups and even some finite p-groups (see, e.g.,

[3, § 1]). Recently, oriented pro-p RAAGs have been object of study, especially from a

Galois-theoretic perspective (see, e.g., [2–4,21,26]). Our main goal is to characterize the

oriented pro-p RAAGs which are Frattini-resistant, in terms of the associated digraph.

Theorem 1.1. Let Γ = (V, E) be a digraph, and for q = pf (with f ≥ 2 if p = 2) let G

be the oriented pro-p RAAG associated to Γ and to q. The following are equivalent.

(i) Γ is a digraph of elementary type.

(ii) G is Frattini-resistant.

A digraph Γ = (V, E) is said to be of elementary type if it satisfies the following

conditions: every edge joining a special vertex and another vertex is an arrow pointing

at the special vertex — roughly speaking, every special vertex is a “sinkhole” — (e.g.,

the only special vertex, v1, in the digraph (1.1), is a sinkhole); and for every induced

subgraph Γ′ of Γ, either

(a) Γ′ has at least two distinct connected components,

(b) or Γ′ has an ordinary vertex which is adjacent to all other vertices of Γ′.

As an example, the digraph represented in (1.1) is not of elementary type, as the induced

subgraph with vertices v1, v2, v4 satisfies none of the conditions (a)–(b) above. Also,

consider the two digraphs with geometric representations

(1.2) v1 v2
• ◦oo

��
◦

OO

// •
v4 v3

and v1 v2
• ◦

◦

OO

◦
v4 v3
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The first digraph is of elementary type, while the second is not as the special vertex v1
is not a sinkhole. Digraphs of elementary type may be constructed starting from single

vertices as “bricks”, and performing elementary operations, namely disjoint unions and

“coning” (see [3, § 2.4] and § 3.2 below).

From Theorem 1.1 we may deduce some interesting corollaries. The first one may be

seen as the translation, in terms of Frattini-resistance, of the “oriented pro-p version”

of a famous result of C. Droms on discrete RAAGs (see [7]).

Corollary 1.2. Let Γ = (V, E) be a digraph, and for q = pf (with f ≥ 2 if p = 2) let G

be the oriented pro-p RAAG associated to Γ and to q. The following are equivalent.

(i) G is Frattini-resistant.

(ii) Every topologically finitely generated closed subgroup of G occurs as an oriented

pro-p RAAG associated to some digraph.

The proof of Corollary 1.2 relies on the characterization of oriented pro-p RAAGs

satisfying “Drom’s condition” (ii) proved by S. Blumer, Th.S. Weigel and the author in

[3].

The second corollary we obtain from Theorem 1.1 involves the realizability of an

oriented pro-p RAAG as the maximal pro-p Galois group of a field. Given a field K,

its maximal pro-p Galois group GK(p) is the Galois group of the maximal pro-p Galois

extension of K — or, equivalently, the maximal pro-p quotient of the absolute Galois

group of K. Characterizing those pro-p groups which occur as the maximal pro-p Galois

group of a filed is one of the main open problems in Galois theory (see, e.g., [1,3,18,19]).

Recall that a pro-p group G is said to complete into a 1-cyclotomic oriented pro-p

group if there exists a continuous G-module M , isomorphic to Zp as an abelian pro-p

group, such that for every closed subgroup H of G, the natural cohomology maps

(1.3) H1(H,M/pnM) −→ H1(H,M/pM),

induced by the epimorphism of continuous H-modules M/pnM ↠M/pM , is surjective

for every n ≥ 1 — here we consider the continuous G-modules M/pnM as continuous

H-modules in the obvious way —, see, e.g., [19, § 1]. It is well-known that the maximal

pro-p Galois group of a field containing a root of 1 of order p, together with the pro-p cy-

clotomic character, completes into a 1-cyclotomic oriented pro-p group (see Example 2.9

below).

By [3, Thm. 1.1], an oriented pro-p RAAG completes into a 1-cyclotomic oriented

pro-p group if, and only if, the associated digraph is of elementary type. Also, Snopce-

Tanushevski proved that a pro-p group which completes into a 1-cyclotomic oriented

pro-p group is Frattini-resistant (see [24, Thm. 1.11]). Hence, combining these two

results with Theorem 1.1 yields the following.

Corollary 1.3. Let Γ = (V, E) be a digraph, and for q = pf (with f ≥ 2 if p = 2) let G

be the oriented pro-p RAAG associated to Γ and to q. The following are equivalent.

(i) G is Frattini-resistant.

(ii) G completes into a 1-cyclotomic oriented pro-p group.

(iii) G occurs as the maximal pro-p Galois group of a field containing a root of 1 of

order p.
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Corollary 1.3 suggests that Frattini-resistance is a rather restrictive property for pro-

p groups, and it may provide a powerful tool to study maximal pro-p Galois groups of

fields. In particular, we believe that further investigations in this direction will lead to

the discovery of new obstructions for the realization of pro-p groups as maximal pro-p

Galois group.

Another cohomological property of maximal pro-p Galois groups which has been

thoroughly studied in recent years is the presence of essential Massey products in the

Z/p-cohomology of these pro-p groups. Massey products in the Z/p-cohomology of a pro-

p groupG are multi-valued maps which associate a sequence of elements of H1(G,Z/p) to
a subset of H2(G,Z/p), and they generalize the cup-product: for an overview on Massey

products in the Z/p-cohomology of maximal pro-p Galois groups see, e.g., [16, 17] and

references therein. E. Matzri proved that if K is a field containing a root of 1 of order

p, then there are no essential triple Massey products in the Z/p-cohomology of GK(p)

— see [11, 13] —, i.e., whenever the subset of H2(GK(p),Z/p) which is the value of a

Massey product of a sequence of length 3 of elements of H1(GK(p),Z/p) is not empty,

it contains 0. Employing a result of W. Dwyer, it is possible to translate this property

into purely group-theoretic terms, see § 7.1 below. This property was used to produce

new examples of pro-p groups that do not occur as maximal pro-p Galois groups of fields

containing a root of 1 of order p (see [17, § 7]).

We suspect that Frattini-resistance is strictly stronger than this cohomological prop-

erty.

Conjecture 1.4. Let G be a Frattini-resistant pro-p group. Then there are no essential

triple Massey products in the Z/p-cohomology of G.

In § 7.2 we formulate Conjecture 1.4 in group-theoretic terms.

2. Frattini-resistance and 1-cyclotomicity

2.1. Frattini-resistant pro-p groups. Let G be a pro-p group. From now on, every

subgroup ofG will be tacitly assumed to be closed with respect to the pro-p topology, and

sets of generators, and presentations, of pro-p groups will be intended in the topological

sense. Also, all morphisms between pro-p groups — including morphisms from a pro-p

group to a finite p-group — will be tacitly assumed to be continuous.

Given two elements x, y ∈ G, we adopt the notation

xy = x · y · x−1 and [x, y] = xy · y−1 = xyx−1y−1.

Given a positive integer n, one has the normal subgroups

Gpn

=
〈
xpn

| x ∈ G
〉

and G′ = ⟨ [x, y] | x, y ∈ G ⟩ .

Finally, the Frattini subgroup of G is Φ(G) = Gp ·G′. The quotient G/Φ(G) is a Z/p-
vector space, and a basis of this quotient yields a minimal generating set of G (cf., e.g.,

[6, Prop. 1.9]). We remark that if G is a finitely generated pro-p group, then also Φ(G)

is finitely generated, and the dimension of G/Φ(G) is finite (cf., e.g., [6, Prop. 1.14 and

Thm. 1.17]).

Thus, one may formulate the definition of Frattini-resistant pro-p group as follows:

G is Frattini-resistant if the assignment H 7→ Φ(H) yields a homomorphism of partially

ordered sets from the partially ordered set of finitely generated subgroups of G into itself
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(cf. [25, Def. 1.1]). Another notion introduced by Snopce-Tanushevski, tightly related

to Frattini-resistance, is the following (cf. [24, Def. 1.1].

Definition 2.1. A pro-p group G is said to be Frattini-injective if, given two finitely

generated subgroups H1, H2 of G, Φ(H1) = Φ(H2) implies that H1 = H2.

It is easy to see that if G is Frattini-resistant, then it is also Frattini-injective (cf.

[24, Cor. 4.3]). A first, easily checked, property enjoyed by Frattini-resistant (and

Frattini-injective) pro-p groups is that they are torsion-free (cf. [24, § 1]).

Example 2.2. Let G be a pro-p group, and suppose that g ̸= 1 is an element of G

yielding non-trivial torsion, i.e., gp
k

= 1 and gp
k−1 ̸= 1 for some k ≥ 1. Then

1 = gp
k

=
(
gp

k−1
)p

∈ Φ({1}) = {1} but 1 ̸= gp
k−1

/∈ {1},

and therefore G is not Frattini-resistant. Also, it is not Frattini-injective, as Φ(⟨gpk−1⟩)
and Φ({1}) are equal.

One has the following handy characterization of Frattini-resistant pro-p groups (cf.

[25, Prop. 2.1]). For the reader’s convenience, we recall briefly its proof, as presented

by Snopce-Tanushevski.

Proposition 2.3. Let G be a pro-p group. The following are equivalent:

(i) G is Frattini-resistant;

(ii) if an element x ∈ G satisfies xp ∈ Φ(H) for some finitely generated subgroup

H ⊆ G, then x ∈ H.

Proof. Suppose that G is Frattini-resistant, and let x ∈ G and H ⊆ G be such that

xp ∈ Φ(H). Then Φ(⟨x⟩) = ⟨xp⟩ ⊆ Φ(H), and hence ⟨x⟩ ⊆ H.

Conversely, suppose that condition (ii) is satisfied, and let H1, H2 be two subgroups

of G such that Φ(H1) ⊆ Φ(H2). Then for every x ∈ H1 one has xp ∈ Φ(H1) ⊆ Φ(H2),

and therefore x ∈ H2 by condition (ii). Thus H1 ⊆ H2. □

Example 2.4. A free abelian pro-p group G is Frattini-resistant. Indeed, for any finitely

generated subgroup H ⊆ G, one has

Φ(H) = Hp = { hp | h ∈ H } ,

and hence if gp ∈ Φ(H), for g ∈ G, then gp = hp for some h ∈ H. Thus, 1 = gph−p =

(gh−1)p, which implies that g = h as G is torsion-free.

Example 2.5. The Heisenberg pro-p group

G = ⟨ x, y, z | [x, y] = z, [x, z] = [y, z] = 1⟩
= ⟨ x, y | [x, [x, y]] = [[y, [x, y]] = 1⟩

is not Frattini-resistant. Indeed, let H be the subgroup of G generated by x, yp. Then

[x, yp] = zp, and

H = ⟨ x, yp, zp | [x, yp] = zp, [x, zp] = [yp, zp] = 1⟩ ,

so that zp ∈ Φ(H), but z /∈ H.
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One may employ direct products with free abelian pro-p groups to produce new

Frattini-resistant pro-p groups, but only under certain restrictions: the following propo-

sition is due to Snopce-Tanushevski, cf. [25, Thm. A] — we recall that a pro-p group G

is said to be absolutely torsion-free if for every subgroup H, the abelianization H/H ′ is

a free abelian pro-p group, cf. [27].

Proposition 2.6. Let G1, G2 be two non-trivial pro-p groups, and set G = G1 × G2.

Then G is Frattini-resistant if, and only if, and only if, both G1, G2 are absolutely

torsion-free, and at least one of the two factors is a free abelian pro-p group.

2.2. 1-cyclotomic oriented pro-p groups. Let 1 + pZp denote the multiplicative

group of principal units of the ring of p-adic integers Zp — i.e.,

1 + pZp = { 1 + pλ | λ ∈ Zp }.

If p ̸= 2 then 1 + pZp ≃ Zp as an abelian pro-p group.

Given a pro-p group G, an orientation of G is a homomorphism θ : G → 1 + pZp,

and the pair (G, θ) is called an oriented pro-p group (cf. [22]; oriented pro-p groups

were introduced by I. Efrat in [9] with the name “cyclotomic pro-p pairs”). An oriented

pro-p group (G, θ) comes endowed with a canonical continuous G-module Zp(θ), which

is isomorphic to Zp as an abelian pro-p group, with the action given by

g.λ = θ(g) · λ for every g ∈ G, λ ∈ Zp(θ).

Conversely, if G is a pro-p group and M is a continuous G-module, isomorphic to Zp as

an abelian pro-p group, then the action of G onM induces an orientation θ : G → 1+pZp

by θ(g)m = g.m for every m ∈ M , and M ≃ Zp(θ) as a continuous G-module.

Now consider the epimorphisms of continuous G-modules

Zp(θ)/p
nZp(θ) // // Zp(θ)/pZp(θ) ,

induced by the canonical projections Z/pn ↠ Zp, for every n ≥ 1 — observe that the

G-module Zp(θ)/pZp(θ) is isomorphic to the trivial G-module Z/p. These epimorphisms

induce in cohomology the natural maps

(2.1) H1(G,Zp(θ)/p
nZp(θ)) −→ H1(G,Z/p).

An oriented pro-p group (G, θ) is said to be 1-cyclotomic if the maps (2.1) are surjective

for every n ≥ 1, and also for every subgroup H of G, replacing G with H and Zp(θ)

with Zp(θ|H) in (2.1).

Remark 2.7. The cohomology group of degree 1, H1(G,Z/p), is the group of homomor-

phisms of pro-p groups G → Z/p. Hence, one has an isomorphism of discrete Z/p-vector
spaces H1(G,Z/p) ≃ (G/Φ(G))∗, where the latter is the Z/p-dual of G/Φ(G) (cf., e.g.,

[23, Chap. I, § 4.2]).

We say that a pro-p group G may complete into a 1-cyclotomic oriented pro-p group

if there exists an orientation θ : G → 1+pZp such that the oriented pro-p group (G, θ) is

1-cyclotomic. In [24, Thm. 1.11], I. Snopce and S. Tanushevski prove that pro-p groups

which may complete into 1-cyclotomic oriented pro-p groups are Frattini-resistant (with

a condition if p = 2).
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Proposition 2.8. Let (G, θ) be a 1-cyclotomic torsion-free oriented pro-p group, and

suppose that Im(θ) ⊆ 1 + 4Z2 if p = 2. Then G is strongly Frattini-resistant.

One of the most relevant examples of 1-cyclotomic oriented pro-p groups — and

of Frattini-resistant pro-p groups — is provided by Galois theory (cf. [12, § 4] and

[19, § 2.4]).

Example 2.9. Let K be a field containing a root of 1 of order p (and also
√
−1 if p = 2),

and consider its maximal pro-p Galois group GK(p). The pro-p cyclotomic character θK
of GK(p) is the orientation θK : GK(p) → 1 + pZp satisfying

g(ζ) = ζθK(g) for every g ∈ G and ζ ∈ K̄×
s of order pk

for some k ≥ 1 (here K̄s denotes the separable closure of K). Since we are assuming

that
√
−1 ∈ K if p = 2, then in this case Im(θK) ⊆ 1 + 4Z2. The oriented pro-p group

(GK(p), θK) is 1-cyclotomic, and therefore the maximal pro-p Galois group GK(p) is

Frattini-resistant.

3. Digraphs

3.1. Digraphs and special digraphs. Let Γ = (V, E) be a digraph. Recall that the

vertices that are the second coordinate of a special edge are special (and we represent

them with black bullets); conversely, the vertices that are not special are called ordinary

vertices (and we represent them with white bullets). One has the following notions for

digraphs.

(a) An induced subdigraph of Γ is a digraph Γ′ = (V ′, E ′) such that V ′ ⊆ V, and
E ′ = E ∩ (V ′ × V ′); and moreover, a vertex v ∈ V ′ is special, respectively

ordinary, whenever it is a special, respectively ordinary, vertex of Γ.

(b) A special vertex w ∈ V is called a sinkhole if (u,w) is a special edge of Γ

whenever u ∈ V is another vertex which is joined to w.

(c) Γ is a special digraph if every special vertex is a sinkhole.

For example, the digraph represented in (1.1) and the left-side digraph in (1.2) are

special digraphs, while the right-side digraph in (1.2) is not, as v1 is not a sinkhole.

Remark 3.1. (a) Henceforth, if Γ = (V, E) is a digraph and (u, v), (v, u) ∈ E are

ordinary edges, then we will identify them, and we will say that u, v are joined

by a single ordinary edge, with an abuse of notation. Moreover, we will call

digraphs without special edges “undigraphs” (cf. [20, Rem. 2.3]).

(b) In [3], a digraph is — uncorrectly — called an “oriented graph”, while an actual

oriented graph is a digraph without ordinary edges (cf., e.g., [5, p. 28]). Hence,

all results of [3] on “oriented graphs” (and associated oriented pro-p RAAGs),

should be read as results on digraphs (and associated oriented pro-p RAAGs).

It is straightforward to see that a digraph is special if, and only if, none of the

following occurs:

(3.1) x

⊛ // • // •
z y

or x

⊛ // • ⊛

z y
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— no matter whether the bottom vertices are joined or not (here we use ⊛ to represent

vertices which are not necessarily ordinary nor special) — cf. [3, § 2.3] or [20, § 2.2].

Altogether, all possible cases of induced subdigraphs with three vertices which prevent

a digraph to be special are seven: namely, for each of the two representations in (3.1)

one has four possible cases — z, y are disjoint; or joined by an ordinary edge; or joined

by a special edge, either (z, y) or (y, z) —, and the two representations

x
◦ // • // •
z y

and x
• // • ◦dd
z y

yield the same case, with the “roles” of the vertices x, y, z permuted cyclically (see § 5

below).

3.2. Digraphs of elementary type. One has the following two operations with di-

graphs.

(a) Given two digraphs Γ1 = (V1, E1) and Γ2 = (V2, E2), their disjoint union is the

digraph Γ = (V, E) with

V = V1 ∪̇ V2 and E = E1 ∪̇ E2.

(b) Given a digraph Γ = (V, E), the cone ∇(Γ) = (V∇(Γ), E∇(Γ)) of Γ is the digraph

obtained by adding a “new” ordinary vertex to Γ, and joining it with all ordinary

vertices of Γ, via ordinary edges, and with all special vertices of Γ via special

edges: namely,

V∇(Γ) = { u } ∪̇ V,
E∇(Γ) = { (u, v), (v, u), (u,w) | v, w ∈ V, v ordinary, w special } ∪̇ E ,

where u is the “new” vertex (which we call the tip of the cone).

Definition 3.2. A digraph Γ = (V, E) is of elementary type if it may be obtained by

iterating disjoint union and cones starting from a subset V0 of V.

Example 3.3. Let Γ = (V, E) be the left-side digraph in (1.2). Then Γ is of elementary

type, and it may be constructed as follows: we start with the disjoint vertices v1 and

v3, which are special, then we make the cone with the ordinary vertex v3 as the tip, and

finally we make the cone of the resulting digraph with the ordinary vertex v4 as tip.

v1 v3
• •

⇝ v1 v3
• v3 •

◦
88ff

⇝ v1 v3
• v3 •

◦
88ff

◦

ZZ DD

v4

In this case V0 = {v1, v3}.
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Example 3.4. Consider the digraph Γ = (V, E) with geometric realization

v1 v2 v3
◦

��

• ◦

��
• ◦

OO

oo // •
v4 v5 v6

Then Γ is of elementary type, and we construct it as follows: we start with V0 =

{v2, v4, v6}, first we make separately the cones ∇({v4},∅) and ∇({v6},∅) with tips

respectively v1 and v3, then we take the disjoint union of the two cones and of ({v2},∅),

finally we make the cone of the disjoint union with tip v5.

v4 v2 v6
• • •

⇝ v4 v2 v6
• • •

◦

OO

◦

OO

v1 v3

⇝ v4 v2 v6
• • •

◦

OO

◦

OO

v1 v3
◦

WW GGOO

v5

The definition of digraph of elementary type given in the Introduction is equivalent

to Definition 3.2.

Proposition 3.5. A digraph Γ = (V, E) satisfies Definition 3.2 if, and only if, it is

special and for every induced subdigraph Γ′ of Γ, either

(a) Γ′ has at least two distinct connected components,

(b) or Γ′ has an ordinary vertex which is adjacent to all other vertices of Γ′.

Proof. First, suppose that Γ satisfies Definition 3.2. Since all new vertices added with

the procedure described in the definitions are the tips of the cones, and thus ordinary

vertices, all special vertices of Γ are in the starting set V0. Moreover, these vertices are

disjoint, and whenever we add the tip u of a cone, the edge joining u the special vertices

in V0 are special edges with u as first coordinate. Hence, every special vertex of Γ is a

sinkhole, and thus Γ is a special digraph.

Now let Γ′ = (V ′, E ′) be a proper induced subdigraph of Γ. We proceed by induction

on the number of vertices of Γ. Since Γ satisfies Definition 3.2, either Γ = Γ1 ∪̇ Γ2

for two proper subdigraphs Γ1,Γ2, or Γ = ∇(Γ̄) for some proper subdigraph Γ̄ of Γ.

Clearly, in both cases the digraphs Γ1,Γ2, and Γ̄, satisfy Definition 3.2, and they have

less vertices than Γ: therefore, by induction their induced subdigraphs satisfy one of the

two conditions (a)–(b).

• If Γ = Γ1 ∪̇ Γ2, either Γ
′ is the disjoint union of two non-trivial induced subdi-

graphs respectively of Γ1 and Γ2 — and hence Γ′ satisfies condition (a) —, or

Γ′ is an induced subdigraph of Γi with i ∈ {1, 2} — and hence it satisfies one

of the two conditions (a)–(b) by induction;

• if Γ = ∇(Γ̄) with tip u, either u ∈ V ′ — and hence Γ′ satisfies condition (b)

with the ordinary vertex u —, or Γ′ is an induced subdigraph of Γ̄ — and hence

it satisfies one of the two conditions (a)–(b) by induction.



10 CLAUDIO QUADRELLI

Conversely, suppose that Γ is a special digraph, and that every induced subdigraph

satisfies one of the two conditions (a)–(b). In particular, Γ itself satisfies one of the two

conditions (a)–(b).

• If it satisfies condition (a), then Γ = Γ1 ∪̇Γ2 for two proper subdigraphs Γ1,Γ2;

• if it satisfies condition (b) with an ordinary vertex u ∈ V, and if w ∈ V is a

special vertex, then (u,w) ∈ E is a special edge, as w is a sinkhole (because Γ

is a special digraph), and hence Γ = ∇(Γ̄) with tip u, where Γ̄ is the induced

subdigraph of Γ whose vertices are V ∖ {u}.
In both cases, the digraphs Γ1,Γ2, and Γ̄, satisfy one of the two conditions (a)–(b), and

we may deconstruct them as done with Γ. Altogether, iterating the disassembly of Γ,

we see that Γ satisfies Definition 3.2. □

In analogy with special digraphs, one has the following characterization of digraphs

of elementary type (cf. [3, Prop. 2.14]).

Proposition 3.6. Let Γ = (V, E) be a special digraph. Then Γ is of elementary type if,

and only if, none of the following occurs as an induced subdigraph:

(a) a graph with geometric realization

(3.2) x y

◦ ◦

◦ ◦
w z

or x y z w

⊛ ◦oo ◦ // ⊛

— here the two dotted arrows in the right-side diagram mean that (y, x), (z, w) ∈
E, and these two edges may be ordinary or special;

(b) a graph with geometric realization

(3.3) z x y

◦ // • ◦oo
.

4. Oriented pro-p RAAGs

4.1. Oriented pro-p RAAGs and special digraphs. Let Γ = (V, E) be a digraph,

and for a p-power q — henceforth we will always tacitly assume that q = 2f with f ≥ 2

if p = 2 — let G be the associated oriented pro-p RAAG. One may define an orientation

θΓ : G → 1 + pZp by

θΓ(v) =

{
1 + q if v is a sinkhole,

1 if v is not a sinkhole.

Hence, Im(θΓ) ⊆ 1 + 4Z2 if p = 2.

Remark 4.1. Let Γ = (V, E) be a digraph, and for a p-power q let G be the associated

oriented pro-p RAAG.

(a) There exists an orientation θ : G → 1 + pZp such that the natural maps (2.1)

are surjective for every n ≥ 1, if, and only if, Γ is a special digraph, and the

unique orientation satisfying this property is θΓ (cf. [3, Thm. 4.9]).
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(b) If Γ is an undigraph, then every associated oriented pro-p RAAG does not

depend on the choice of q, and it is isomorphic to the pro-p RAAG (i.e., the pro-

p completion of the discrete RAAG) associated to Γ considered as a simplicial

graph.

Lemma 4.2. Let Γ = (V, E) be a digraph, and for some p-power q let G be the associated

oriented pro-p RAAG.

(i) If a vertex v ∈ V is an element of G yielding non-trivial torsion, then Γ is not

a special digraph.

(ii) If Γ is a special digraph, v1, v2 ∈ V are disjoint vertices, and there exists a third

vertex w ∈ V which is joint to both v1, v2, then the subgroup of G generated by

v1, v2 is a 2-generated free pro-p group.

Proof. (i) Suppose that Γ is a special digraph, and let Γv = ({v},∅) be the induced

subdigraph of Γ whose only vertex is v. The oriented pro-p RAAG associated

to Γv is the free pro-p-cyclic group ⟨v⟩ ≃ Zp. By [3, Prop. 4.11], the inclusion

{v} ↪→ V induces a monomorphism of pro-p groups ⟨v⟩ ↪→ G, and therefore v is

a torsion-free element of G.

(ii) This statement is [3, Lemma 6.4].

□

4.2. Oriented pro-p RAAGs and torsion. The following examples, dealing with

oriented pro-p RAAGs associated to digraphs that are not special, will be useful for the

proof of Theorem 1.1.

Example 4.3. Let Γ = (V, E) be the non-special digraph with geometric representation

y

•

��
•

44

•kk
x z

The oriented pro-p RAAG associated to Γ and to a p-power q is

G = ⟨ x, y, z | [x, y] = yq, [y, z] = zq, [z, x] = xq, ⟩ ,

which is a finite p-group, as shown by J. Mennike (cf. [23, Ch. I, § 4.4, Ex. 2(e)]). In

particular, the oriented pro-p RAAG associated to a single vertex (which is isomorphic

to Zp) is not a subgroup of G (cf. [3, Ex. 4.7]).

Example 4.4. Let Γ1 = (V, E1) and Γ2 = (V, E2) be the non-special digraph with

geometric representation respectively

x
•

•

44

◦

jj

kk

y z

and x
•

•

44

◦kk

y z
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Given a p-power q, the oriented pro-p RAAG associated to q and to one of the two

graphs is

G = ⟨ x, y, z | [x, y] = yq, [y, z] = zq, [x, z] = zϵq ⟩ ,
where ϵ = 1 if G is associated to Γ1, and ϵ = 0 if G is associated to Γ2. Then [yq, z] =

z(1+q)q−1; on the other hand, one computes

[[yq, z]] =
[
xyx−1y−1, z

]
= x

(
y
(
x−1

(
y−1zy

)
x
)
y−1

)
x−1 · z−1

=

(((
z(1+q)−1

)ϵ(1+q)−1)1+q
)ϵ(1+q)

· z−1

= z1 · z−1 = 1.

Since (1+ q)q−1 = (1+ q2+ q3(q−1)/2+ . . .)−1 ̸= 0, in both cases z yields non-trivial

torsion. In particular, the oriented pro-p RAAG associated to the digraph Γ′ = ({z},∅)

is not a subgroup of G.

By Example 2.2, the oriented pro-p RAAGs of the above examples are not Frattini-

injective nor Frattini-resistant.

Remark 4.5. One could prove that the oriented pro-p RAAGs in Examples 4.3–4.4

are not Frattini-injective using [24, Thm. 1.2], as these pro-p groups are p-adic analytic

(cf., e.g., [24, § 3]).

4.3. Oriented pro-p RAAGs of elementary type. In analogy with Proposition 3.6,

one may characterize oriented pro-p RAAGs associated to digraphs of elementary type

in terms of subgroups (cf. [3, Prop. 6.3]).

Proposition 4.6. Let Γ = (V, E) be a special digraph, and for some p-power q let G

be the associated oriented pro-p RAAG. Then Γ is of elementary type if, and only if, G

has no subgroups isomorphic to the oriented pro-p RAAGs associated to a digraph with

geometric realization as in (3.3), or

(4.1) x y

◦ ◦

◦ ◦
w z

or x y z w

◦ ◦ ◦ ◦

The main theorem of [3] states the following.

Theorem 4.7. Let Γ = (V, E) be a digraph, and for q = pf (with f ≥ 2 if p = 2) let G

be the oriented pro-p RAAG associated to Γ and to q. The following are equivalent.

(i) Γ is a digraph of elementary type.

(ii) Every finitely generated subgroup of G occurs as an oriented pro-p RAAG asso-

ciated to some digraph.

(iii) G may complete into a 1-cyclotomic oriented pro-p group.

(iv) G occurs as the maximal pro-p Galois group of a field containing a root of 1 of

order p, and θΓ coincides with the pro-p cyclotomic character.

Hence, from Theorem 4.7 and from Proposition 2.8, one deduces the implication

(i)⇒(ii) of Theorem 1.1.
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Corollary 4.8. Let Γ = (V, E) be a digraph of elementary type, and for q = pf (with

f ≥ 2 if p = 2) let G be the oriented pro-p RAAG associated to Γ and to q. Then G is

Frattini-resistant.

Also, Corollary 1.2 follows by Theorem 1.1 and the equivalence (i)⇔(ii) of Theo-

rem 4.7, while Corollary 1.3 follows by Theorem 1.1 and the equivalence (i)⇔(iii)⇔(iv)

of Theorem 4.7.

To prove the implication (ii)⇒(i) of Theorem 1.1, we will proceed with a case-by-case

analysis, showing — in the next two sections — that every induced subdigraph which

prevents a digraph from being of elementary type gives rise to pro-p groups that are not

Frattini-resistant.

5. Non-special digraphs and Frattini-resistance

The goal of this section is to prove the following.

Proposition 5.1. Let Γ = (V, E) be a digraph, and for a p-power q let G be the asso-

ciated oriented pro-p RAAG. If G is Frattini-resistant, then Γ is a special digraph.

So, let Γ = (V, E) be a digraph. Recall that the seven possible cases of induced

subdigraphs with three vertices that prevent Γ from being a special digraph are: the

three triangle-graphs yielding torsion

(5.1) x y

•
&&

•xx

•

88

z

x y

• •xx

◦

88ff

z

x y

• •xx

◦

88

z

(as shown in Examples 4.3–4.4); the two triangle-graphs

(5.2) x y

• ◦

◦

ff

z

x y

• •

◦

88ff

z

and the two line-graphs

(5.3) z x y

◦ // • ◦
z x y

◦ // • // •
We split the study of non-special digraphs in these three cases.

5.1. Triangle subdigraphs yielding non-trivial torsion. Suppose that Γ has an

induced subdigraph Γ′ = (V ′, E ′) as in (5.1) Let H be the oriented pro-p RAAG asso-

ciated to q and to Γ′. Then by Examples 4.3–2.2, H yields non-trivial torsion. Now

consider the homomorphism H → G induced by the inclusion V ′ ↪→ V. Then in all cases

z is a non-trivial element of H — and hence also a non-trivial element of G — yielding

non-trivial torsion. We have just proved the following.

Proposition 5.2. If Γ has an induced subdigraph as in (5.1), then G is not Frattini-

resistant.
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5.2. Non-special triangle digraphs. Now suppose that Γ has an induced subdigraph

Γ′ = (V ′, E ′) as in (5.2). If G has non-trivial torsion, then clearly it is not Frattini-

resistant by Example 2.2.

Therefore, we may suppose that G is torsion-free. Then the subgroup of G generated

by x, y is a 2-generated free abelian pro-p group — i.e., it is isomorphic to Z2
p —, and the

subgroup generated by z is a 1-generated free abelian pro-p group — i.e., it is isomorphic

to Zp — and it is normalized by x and y. Altogether, the subgroup of G generated by

V ′ is ⟨z⟩⋊ ⟨x, y⟩ ≃ Zp ⋊Z2
p, and therefore every element g lying in it may be written in

a unique way as

(5.4) g = xλ1yλ2zλ3 for some λ1, λ2, λ3 ∈ Zp.

Now set t = yz. Then

(5.5) [x, t] = xyzy−1x−1z−1 =

{
zq in the first case

zq(1+q) in the second case.

Let H be the subgroup of G generated by x and t, and let N be the subgroup generated

by t and zq. Then N is isomorphic to Z2
p in the first case, and to Zp ⋊ Zp in the

second case, and moreover by (5.5) it is a normal subgroup of H. In particular, one has

H = N ⋊ ⟨x⟩. Thus, every element g of H may be written as

(5.6) g = xλtµ1zqµ2 = xλ(yz)µ1zqµ2 for some λ, µ1, µ2 ∈ Zp.

By (5.5), one has that zq(1+q), and hence also zq — recall that 1 + q is invertible in Zp

—, belongs to Φ(H). By (5.4), zqp
−1

may not be written as in (5.6), and hence it does

not belong to H. Therefore, G is not Frattini-resistant.

We have just proved the following.

Proposition 5.3. If Γ has an induced subdigraph as in (5.2), then G is not Frattini-

resistant.

Remark 5.4. The oriented pro-p RAAGs analyzed in this subsection are p-adic analytic

(cf., e.g., [24, § 3] and Remark 4.5). Hence, one may use also [24, Thm. 1.2], to show that

such an oriented pro-p RAAG is not Frattini-injective, and thus also neither Frattini-

resistant.

5.3. Line-graphs. Finally, suppose that Γ has an induced subdigraph Γ′ = (V ′, E ′)

as in (5.3). If G has non-trivial torsion, then clearly it is not Frattini-resistant by

Example 2.2.

Therefore, we may suppose that G is torsion-free. Let H be the subgroup of G

generated by x, y, z, let H1, H2, and V be the subgroups of H generated respectively

by x, z, by x, y, and by y, z. Since we are assuming that G — and thus also H — is

torsion-free, H1 and H2 are both isomorphic to Zp ⋊ Zp. Since

yx =

{
xy in the 1st case

x1+qy in the 2nd case
and zx = xz(1+q)−1

,

every element g of H may be written as g = xλu for some u ∈ V and λ ∈ Zp.

The following lemma is the “non-special directed analogous” of Lemma 4.2–(ii), and

its proof follows the strategy of [3, Lemma 6.4].



DIGRAPHS, FRATTINI-RESISTANCE AND PRO-p GALOIS GROUPS 15

Lemma 5.5. The subgroup V is a 2-generated free pro-p group.

Proof. Set X = ⟨x⟩. Since G is torsion-free, X ≃ Zp. Consider the second-countable

pro-p tree T = (VT, ET) where

VT = { gH1, gH2 | g ∈ H } , ET = { gX | g ∈ H } .

Then H acts naturally on T by h.(gHi) = (hg)Hi, with i = 1, 2, and h.(gX) = (hg)X

for every h ∈ H. The stabilizers in V of an edge gX and of a vertex gHi are

StabV (gX) = V ∩ gX, and StabV (gHi) = V ∩ gHi, i = 1, 2.

It is straightforward to see that V ∩ gX = {1}, and thus the stabilizer in V of any edge

of T is trivial. Also, this implies that

V ∩ gH1 = V ∩ ⟨gz⟩ and V ∩ gH2 = V ∩ ⟨gy⟩,

and thus these intersections are either trivial or isomorphic to Zp. Since StabV (gX) =

{1} for any g ∈ H, by [14, Thm. 5.6] H is isomorphic to the free pro-p product of some

stabilizers StabV (gHi), i ∈ {1, 2}, and of a free pro-p group. Hence, altogether H is

isomorphic to the free pro-p product of free pro-p groups — in fact, it cannot be but

the free pro-p product of StabV (H1) = ⟨z⟩ and StabV (H2) = ⟨y⟩ —, and thus it is a

free pro-p group. □

Now set t = zy. Then

(5.7) [x, t] =

{
[x, z] = zq in the first case

xzx−1−qz−1 = x−qz(1+q)1+q−1 in the second case.

Observe that (1+ q)1+q − 1 is an element of Zp which is divisible by q but not by qp, as

(1 + q)1+q = 1 +

(
1 + q

1

)
q +

(
1 + q

2

)
q2 + . . .

= 1 + (1 + q)q +
q(1 + q)

2
q2 + . . .

Hence, in the second case [x, t] = x−qzλq, where λ is an invertible element of Zp.

Let K be the subgroup of H generated by x, t. By (5.7), zq belongs to Φ(K), as

[x, t], xq ∈ Φ(K).

We claim that zqp
−1

/∈ K. Let W be the subgroup of K generated by t, zq. Since V

is a free pro-p group and W ⊆ V , also W is a free pro-p group, namely, the free pro-p

group generated by t and zp. It is easy to see that every element g of K may be written

as

g = xλu for some u ∈ W, λ ∈ Zp,

as done for the elements of H. Now, if zqp
−1 ∈ K, then zqp

−1

= xλu with λ and u as

above. Since u, zqp
−1 ∈ V , this implies that xλ ∈ V , so that λ = 0, and zqp

−1

= u ∈ W .

Consequently, zq = up, which is impossible as W is the free pro-p group generated by t

and zp.

This proves the following.

Proposition 5.6. If Γ has an induced subdigraph as in (5.3), then G is not Frattini-

resistant.

Altogether, Propositions 5.2–5.3–5.6 prove Proposition 5.1.
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6. Digraphs of elementary type and Frattini-resistance

The goal of this section is to prove the following.

Proposition 6.1. Let Γ = (V, E) be a special digraph, and for a p-power q let G be

the associated oriented pro-p RAAG. If G is Frattini-resistant, then Γ is of elementary

type.

Altogether, Proposition 6.1 and Proposition 5.1 yield implication (ii)⇒(i) of Theo-

rem 1.1.

So, let Γ = (V, E) be a special digraph. Recall that if Γ is a special digraph, but

not a digraph of elementary type, then by Proposition 3.6 G has a subgroup which is

isomorphic to an oriented pro-p RAAG associated to the special digraph (3.3), or to the

oriented pro-p RAAG associated to one of the undigraphs as in (4.1).

As done in § 5, we proceed analyzing the two cases separately.

6.1. The special line-digraph. Suppose that G has a subgroup which is isomorphic

to the oriented pro-p RAAG associated to the special digraph (3.3) and to q. Such a

pro-p group is 〈
x, y, z | xy = y1+q, xz = z1+q

〉
= V ⋊ ⟨x⟩,

where V = ⟨ y, z ⟩, which is a 2-generated pro-p group by Lemma 4.2–(ii), and it is

torsion-free.

If q = pf with f ≥ 2 let H be the pro-p group generated by x, y, z. Otherwise, if

q = p, let H be the subgroup of G generated by y, z and by xλ where λ ∈ Zp is such

that (1 + p)λ = 1 + p2 (such λ exists because 1 + p generates 1 + pZp, and p divides

λ). We write x̃ = x and q′ = q if f ≥ 2, and x̃ = xλ and q′ = p2 if q = p. Altogether,

H = V ⋊ ⟨x̃⟩, and xy = y1+q′ , xz = z1+q′ .

Now set t = yz−1 and v = yq
′p−1

, and let K be the subgroup of H generated by

x̃, t, v. Since
x̃t = y1+q′z−1−q′ = vptz−q′ ,

also zq
′ ∈ K, and moreover

[x̃, t] = vptz−q′t−1 = vp
[
t, z−q′

]
z−q′ ,

so that zq
′
belongs to Φ(K), too.

We claim that zq
′p−1

/∈ K. To show this, first we prove the following.

Claim. The subgroup W of H generated by v, t, zq
′
is the 3-generated free pro-p group

on these three elements.

Proof of the claim. Since V is a 2-generated free pro-p group, V is the free pro-p group

generated by y and t = yz−1.

Clearly, the subgroup ⟨v, t⟩ is not pro-p-cyclic, as t is not a power of y, and vice versa.

Hence, it is a 2-generated free pro-p group. Now suppose that ⟨v, t⟩ = W , so that

zq
′ ∈ ⟨v, t⟩. Then

zq
′
= tα1vβ1tα2vβ2 · · · = tα1yq

′p−1β1tα2yq
′p−1β2 · · ·
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for some αi, βi ∈ Zp. On the other hand,

zq
′
= (t−1y)q

′
= t−1yt−1y · · · t−1y︸ ︷︷ ︸

q′ times

,

and thus one has two ways — which are distinct, as q′p−1 ̸= 1 — to write zq
′
as an

element generated by y and t. But this is a contradiction, as V is the free pro-p group

generated by y and t. Thus, zq
′
/∈ ⟨v, t⟩, and W is the 3-generated free pro-p group

generated by v, t, zq
′
. This proves the claim. □

To conclude, suppose for contradiction that zq
′p−1 ∈ K. Since K = W ⋊ ⟨x̃⟩, one

may write zq
′p−1

= x̃λw for some λ ∈ Zp and w ∈ W , and therefore

zq
′
=
(
zq

′p−1
)p

=
(
x̃λw

)p
= x̃pλw′ for some w′ ∈ W.

Since zq
′ ∈ W , one deduces that λ = 0, and thus also zq

′p−1 ∈ W . But then zq
′
is a

p-power of an element of W , which contradicts the fact that W is the free pro-p group

on v, t, zq
′
. Hence zq

′p−1

/∈ K, and we have just proved the following.

Proposition 6.2. If Γ is not of elementary type and G has a subgroup which is an

oriented pro-p RAAG associated to the digraph (3.3), then G is not Frattini-resistant.

6.2. The square-undigraph and line-graphs. We are left with the two last cases,

namely, G contains a subgroup which is the oriented pro-p RAAG associated to one of

the two undigraphs (4.1).

Suppose first that G contains a subgroup H which is the oriented pro-p RAAG

associated to the square undigraph with vertices x, y, z, w — namely,

H = ⟨ x, y, z, w | [x, y] = [x,w] = [z, y] = [z, w] = 1 ⟩
= ⟨ x, z ⟩ × ⟨ y, w ⟩.

Since the two factors are 2-generated free pro-p groups by Lemma 4.2–(ii), none of them

is free abelian, and hence H is not Frattini-resistant by Proposition 2.6.

Suppose now thatG contains a subgroup which is the oriented pro-p RAAG associated

to the line-undigraph with vertices x, y, z, w — namely, such a subgroup is

⟨ x, y, z, w | [x, y] = [y, z] = [z, w] = 1 ⟩

— and let H be the subgroup of G generated by y, z, xz and t, where t = xw. Since

tzt−1 = xz, H is the HNN-extension of the subgroup H1 = ⟨y, z, xz⟩ with t, acting as

an isomorphism ⟨z⟩ ≃ ⟨xz⟩ (cf. [26, Proof of Thm. 3.3]). In particular,

H =
〈
y, z, zx, t | [y, z] = [y, xz] = 1, [t, z] = xz · z−1

〉
= ⟨ y, z, t | [y, z] = [[t, z], y] = 1 ⟩ .

Now consider the subgroup V of H (and of G) generated by t, yz, yp, zp. Then V is the

HNN-extension of the subgroupH1 = ⟨yp, zp, (xz)p, yz⟩ with t, acting as an isomorphism

⟨zp⟩ ≃ ⟨(xz)p⟩. One has

[t, zp] = (xz)
p · z−p = (xz)

p (
yp · y−p

)
· z−p = (xz · y)p · (yz)−p,

as y commutes with z and xz. Since [t, zp], (yz)p ∈ Φ(V ), also (xz · y)p lies in Φ(V ). We

claim that xz · y /∈ V .



18 CLAUDIO QUADRELLI

Indeed, consider the normal subgroup N of H generated by y, z, and set NV = N∩V :

namely, H/N ≃ V/NV ≃ ⟨t⟩. Then

N =
〈

tky, tkz | k ∈ Z,
[
tky, t

k

z
]
=
[
tky, t

k+1

z
]
= 1

〉
,

and analogously

NV =
〈

tku | k ∈ Z,
[
tku, t

k

u′
]
=
[
tkyp, t

k+1

zp
]
= 1, u, u′ = yp, zp, yz

〉
.

The abelianization N/N ′ is the free abelian pro-p group with basis

BN =
{ [

t,(k) , y
]
N ′,

[
t,(k) z

]
N ′ | k ∈ Z

}
,

where

[a,(0) b] = b, [a,(k) b] = [a, [a, . . . [a, [a︸ ︷︷ ︸
k times

, b]] . . .]] for k > 0,

and [a,(k) b] = [a−1,(−k) b] for k < 0; and analogously NV /N
′
V is the free abelian pro-p

group with basis

BNV
=
{ [

t,(k) , u
]
N ′

V | u = yp, zp, yz, k ∈ Z
}
.

We underline that BN and BNV
are subsets, of N/N ′ and NV /N

′
V respectively, con-

verging to 1 — i.e., any open normal subgroup U ⊆ H contains all but a finite number

of elements of BN and BNV
—, as such a subgroup U contains all commutators of or-

der bigger or equal to n, for some n (because H/U is a finite p-group, and hence it is

nilpotent).

Within the free abelian pro-p group N/N ′ one has

(6.1) xzyN ′ = yN ′ · zN ′ · [t, z]N ′,

and therefore, (6.1) is the only way to express the coset of xzyN ′ using the basis BN .

Now suppose that xz · y ∈ V . Since xz · y ∈ N , one has xz · y ∈ NV , and therefore one

may write the coset of xz · y in NV /N
′
V as

(6.2) xzyN ′
V =

∏
k∈Z

[t,(k) y
p]

αkN ′
V · [t,(k) zp]

βkN ′
V · [t,(k) yz]

γkN ′
V

for some αk, βk, γk ∈ Zp. Since N ′ ⊇ N ′
V , and since

[t,(k) yz] ≡ [t,(k) y][t,(k) z] and [t,(k) u
p] ≡ [t,(k) u]

p

modulo N ′ for every k ∈ Z and u ∈ N , from (6.2) one obtains the following equality in

the free abelian pro-p group N/N ′:

xzyN ′ = ypα0+γ0N ′ · zpβ0+γ0N ′ ·
∏
k ̸=0

[t,(k) y]
pαk+γkN ′ · [t,(k) z]

pβk+γkN ′.

By (6.1), one should have

pα1 + γ1 = 0 and pβ1 + γ1 = 1,

but then p(β1 − α1) = 1, a contradiction, as p ∤ 1. Thus, xz · y /∈ V . This completes the

proof of the following.

Proposition 6.3. If Γ is not of elementary type and G has a subgroup which is an

oriented pro-p RAAG associated to one of the two undigraphs (4.1), then G is not

Frattini-resistant.
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Altogether, Propositions 6.2–6.3 give Proposition 6.1.

7. Massey products and Frattini-resistant pro-p groups

7.1. Triple Massey products and upper-unitriangular representations. For n ≥
2 let Un denote the group of n × n upper unitriangular matrices with entries in Z/p,
namely,

Un =




1 a1,2 a1,3 · · ·

1 a2,3
. . .

. . .
...

1 an−1,n

1

 | ai,j ∈ Z/p


⊆ GLn(Z/p).

The center Z(Un) of Un consists of those matrices whose only non-0 entry — besides

the main diagonal — is in the top-right corner, namely,

Z(Un) =




1 0 · · · 0 b

1 0 0
. . .

. . .
...

1 0

1

 | b ∈ Z/p


.

The group Un is a finite p-group, and thus it is also a pro-p group.

Let G be a pro-p group, and consider Z/p as a trivial G-module, as done in § 2.2.

Recall that H1(G,Z/p) is the Z/p-vector space of all homomorphisms of pro-p groups

G → Z/p (cf. Remark 2.7). Let ρ : G → Un be a homomorphism, and for i = 1, . . . , n−1,

let ρi,i+1 denote the projection of ρ onto the (i, i+1)-entry of ρ. Then ρi,i+1 : G → Z/p
is a homomorphism, and thus it is an element of H1(G,Z/p). Analogously, if ρ̄ : G → Un

is a homomorphism, and for i = 1, . . . , n− 1, ρ̄i,i+1 denotes the projection of ρ onto the

(i, i+ 1)-entry of ρ, then ρ̄i,i+1 : G → Z/p is a homomorphism, and thus an element of

H1(G,Z/p).
Given a sequence α1, . . . , αn of length n of (non-necessarily distinct) elements of

H1(G,Z/p), the subset of H2(G,Z/p) which is the value of the Massey product associated

to the sequence α1, . . . , αn is denoted by ⟨α1, . . . , αn⟩. One has the following “pro-p

version” of the result of W. Dwyer in [8] (cf., e.g., [12, Lemma 9.3], see also [10, § 8]).

Proposition 7.1. Let G be a pro-p group, and for n ≥ 2 let α1, . . . , αn a sequence of

length n of (non-necessarily distinct) elements of H1(G,Z/p).
(i) The n-fold Massey product ⟨α1, . . . , αn⟩ is not empty if there exists a homomor-

phism

ρ̄ : G −→ Un+1/Z(Un+1)

satisfying ρ̄i,i+1 = αi for all i = 1, . . . , n.

(ii) The n-fold Massey product ⟨α1, . . . , αn⟩ vanishes — i.e., contains 0 — if there

exists a homomorphism

ρ : G −→ Un+1

satisfying ρi,i+1 = αi for all i = 1, . . . , n.
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Hence, there are no essential n-fold Massey products in the Z/p-cohomology of G if for

any sequence α1, . . . , αn of length n of (non-necessarily distinct) elements of H1(G,Z/p),
either there are no homomorphisms ρ̄ : G → Un+1/Z(Un+1) as in statement (i) of Propo-

sition 7.1, or there is a homomorphism ρ : G → Un+1 as in statement (ii) of Proposi-

tion 7.1.

Remark 7.2. The group U3 is isomorphic to the Heisenberg group modulo p, namely

(7.1) U3 = ⟨A,B,C | [A,B] = C, Ap = Bp = [A,C] = [B,C] = I3 ⟩,

where

A =

 1 1 0

1 0

1

 , B =

 1 0 0

1 1

1

 , C =

 1 0 1

1 0

1

 .

Now let G be a pro-p group. Given a sequence α1, α2, α3 of length 3 of elements

of H1(G,Z/p), non–necessarily distinct, then there exists a homomorphism ρ̄ : G →
U4/Z(U4) as in statement (i) of Proposition 7.1 if, and only if, there exist two homo-

morphisms τ, τ ′ : G → U3 satisfying

τ(x) ≡ Aα1(x)Bα2(x) mod ⟨ C ⟩ and τ ′(x) ≡ Aα2(x)Bα3(x) mod ⟨ C ⟩

for all x ∈ G.

7.2. Triple Massey products and Frattini-resistance. Let Γ = (V, E) be a digraph,
and for a p-power q let G be the associated oriented pro-p RAAG. By [3, Cor. 1.2–(ii)],

if Γ is of elementary type — and hence, if G is Frattini-resistant —, then there are no

essential n-fold Massey products in the Z/p-cohomology of G for every n > 2. In fact, by

[20, Thm. 1.1], there are many more digraphs whose associated oriented pro-p RAAGs

yield no essential n-fold Massey products, than digraphs yielding Frattini-resistant pro-p

RAAGs: for example, for every undigraph — and thus also the undigraphs (4.1), which

are not of elementary type — the associated oriented pro-p RAAGs yield no essential

n-fold Massey products for any n > 2 (see also [2, Thm. 1.1]).

Therefore, within the family of oriented pro-p RAAGs associated to digraph, Frattini-

resistance is far more restrictive than the absence of essential n-fold Massey products

for every n > 2. This suggests to formulate Conjecture 1.4, which — by Proposition 7.1

and Remark 7.2 — may be formulated in group-theoretic terms as follows.

Conjecture 7.3 (Reformulation of Conjecture 1.4). Let G be a Frattini-resistant pro-p

group, and let α1, α2, α3 be (non-necessarily distinct) homomorphisms G → Z/p. If

there exist two homomorphisms of pro-p groups τ, τ ′ : G → U3 satisfying

τ(x) ≡ Aα1(x)Bα2(x) mod ⟨ C ⟩ and τ ′(x) ≡ Aα2(x)Bα3(x) mod ⟨ C ⟩

for all x ∈ G, then there exists a homomorphism ρ : G → U4 satisfying ρi,i+1 = αi for

i = 1, 2, 3.

Remark 7.4. By Proposition 2.8, a positive answer to Conjecture 1.4 would provide

a new proof of the recent result of A. Merkurjev and F. Scavia [15, Thm. 1.3], which

states that pro-p groups which may complete into a 1-cyclotomic oriented pro-p group

yield no essential triple Massey products in Z/p-cohomology.
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In fact, we suspect that Conjecture 1.4 may be true not only for triple Massey prod-

ucts, but also for n-fold Massey products for every n ≥ 3... but maybe such a question is

too daring — and a positive answer would provide a positive solution to the Massey van-

ishing conjecture for maximal pro-p Galois groups formulated by J. Minač and N.D. Tân,

see [16, Conj. 1.1] —, so we do not formulate it as a conjecture on its own, but we just

whisper it.
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[16] J. Minač and N.D. Tân, The kernel unipotent conjecture and the vanishing of Massey products for

odd rigid fields, Adv. Math. 273 (2015), 242–270.

[17] , Triple Massey products and Galois theory, J. Eur. Math. Soc. (JEMS) 19 (2017), no. 1,

255–284.

[18] C. Quadrelli, Two families of pro-p groups that are not absolute Galois groups, J. Group Theory

25 (2022), no. 1, 25–62.

[19] , Chasing maximal pro-p Galois groups via 1-cyclotomicity, Mediterranean J. Math. 21

(2024), Paper No. 56.

[20] , Digraphs, pro-p groups, and Massey products in Galois cohomology, Rocky Mountain J.

Math. (2024). To appear, available at arXiv:2403.01464.



22 CLAUDIO QUADRELLI

[21] C. Quadrelli, I. Snopce, and M. Vannacci, On pro-p groups with quadratic cohomology, J. Algebra

612 (2022), 636–690.

[22] C. Quadrelli and Th.S. Weigel, Profinite groups with a cyclotomic p-orientation, Doc. Math. 25

(2020), 1881–1916.

[23] J-P. Serre, Galois cohomology, Corrected reprint of the 1997 English edition, Springer Monographs

in Mathematics, Springer-Verlag, Berlin, 2002. Translated from the French by Patrick Ion and

revised by the author.

[24] I. Snopce and S. Tanushevski, Frattini-injectivity and maximal pro-p Galois groups, 2020. Preprint,

available at arXiv:2009.09297.

[25] , Frattini-resistant direct products of pro-p groups, J. Algebra 622 (2023), 351–365.
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