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ABSTRACT

We study the self-adjoint Hamiltonian that models the quantum dynamics of a one-dimensional three-body system consisting of a light
particle interacting with two heavy ones through a zero-range force. For an attractive interaction we determine the behavior of the eigenvalues
below the essential spectrum in the regime ¢ << 1, where ¢ is proportional to the square root of the mass ratio. We show that the n-th eigenvalue
behaves as E, (¢) = —a* + |aa|a’e” + O(e), where a is a negative constant that explicitly relates to the physical parameters and o, is either the
n-th extremum or the n-th zero of the Airy function Ai, depending on the kind (respectively, bosons or fermions) of the two heavy particles.

Additionally, we prove that the essential spectrum coincides with the half-line [ %, +00).

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0287840

I. INTRODUCTION

We consider two heavy particles (both bosons or fermions) of mass M and one light particle of mass m in one dimension. Let x; and x;
denote the coordinates of the heavy particles, and x3 denote the coordinate of the light particle. The Hilbert space of the system is L2 (R*) or
L#(R?), i.e., the subspace of square integrable functions that are either symmetric (if the heavy particles are bosons) or antisymmetric (if the
heavy particles are fermions) under the exchange of the coordinates x; and x;:

Lﬁ/f(Rs) = {‘P € LZ(R3) . ‘P(xl,xz,x3) = (+)b/f‘1’(xz,x1,xa)},

where (+)p := + and (+)f:= —.
We assume that the heavy particles do not interact between themselves and that they interact with the light particle through a contact
interaction. We introduce, heuristically, the Hamiltonian

Y ___Lzaz_izaZ_izaz +B8(x3 — x1) + PO(x3 — x2)
1= o O = o O = o O+ fO(xs — =)

Here f8 is real valued and represents the interaction parameter, and 8(x3 — x1), 8(x3 — x2) denote the Dirac delta distributions supported on
the coincidence planes of the heavy particles with the light particle:

IT; := {(x1,%2,%3) ER3:x3:x1} and I, := {(x1,%2,x3) €R3|x3 =x}.
To proceed, we pass to units in which 72 = 1 and define the Jacobi coordinates

B M(x1 + x2) + mx3

X1+ X2
Xem = 5
Mo

)

, X =X — X2, y=x3-—
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Mtot:2M+m, [A—M .
tot

In Jacobi coordinates, the Hamiltonian H:, acts in the Hilbert space of square-integrable functions ¥ such that W(xumX,y) =
(+)be¥ (Xoms =, y) and takes the form (we abuse the notation and continue to denote the Hamiltonian by H,)

bf 1 2 1o 1 5 _
Hyp = Mt Ok, M O 2 0y +B(y — x/2) + BO(y + x/2).

Neglecting the coordinates of the center of mass and keeping the previous notation, we consider the Hilbert space
Lie(R®) 1= {y e L*(RY) : y(%9) = (Dwry(-2)}

and the coincidence lines
I = {(xy) € R?: y=x/2} and IL = {(xy) € R?: y=-x/2}. (1.1)

Additionally, since we consider the regime m/M << 1, we define the rescaled Hamiltonian
H' = 87 - 8; +ad(y—x/2) + ad(y + x/2)
where the small parameter ¢ < 1 is defined by

2
oo
M
and « is kept fixed (independent of £); we remark that H" is to be considered as an operator in the Hilbert space Li¢(R?). At a heuristic level,
the Hamiltonian H?/ fis given by H}Q/ ) ‘u(Hgfl - Kfm), where K., = —ﬁ“ Oﬁm represents the kinetic energy of the center of mass and «
relates to 8 through the formula a = 2uf.

The operator Hf/ f can be characterized as the self-adjoint, bounded from below, operator associated to the closed and bounded from
below quadratic form

B H' (R?) nLE¢(R?) - R

B (w) = [, &0y (en)l +10wiey)Pax2a [ ly(ss/2)l s
R R

see Proposition 2.14.
We point out that functions in the domain of H® have to satisfy a boundary condition on the coincidence planes IT; and II, [as defined
in Eq. (1.1)]; more precisely, they are regular outside IT; and IT,, continuous on IT; and I, and

(—% xw+ayw)(x, (x/2)+)—(—% xw+ayw)(x, (x/2)7) = ay(x,x/2) forae. xeR, (12)

(x/2)* denoting the right (respectively, left) limit. A similar condition holds true on the coincidence plane IT, and is obtained as a consequence
of the bosonic or fermionic symmetry. The left hand side in the previous equation represents (up to a normalization factor) the jump of the
normal derivative relative to 292 + 6)% across Iy, see also Remark 2.10.

Our main result is the following:

Theorem 1.1. Let « € R and € > 0. Then,

o(H™) = 00 (H') = [0, +00) if a>0,

1.3
U(H}f/f) c [, +00), am(HE/f) = [— +oo) if a<O. 43

4+&
Moreover, if a <0, for any fixed integer n > 0 there exists € > 0 sufficiently small such that H has at least (n + 1) simple isolated eigenvalues

2
2 b/f  bif b/f o
-« <E£,{) <E£,/1 < .4.<E€,/,, <-—7,
4+¢

such that
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bif 2 bif 22/3
ES,/k=—(X +5k/0c£/ +0(e), forall k=0,...,n,
where
b £
Sk = — 02 Sk = —02k+1>

and the interlacing negative numbers oy

o< O41 <02k <0941 < ... <02<01 <00 <0,
are either the extrema or the zeros of the Airy function Ai, i.e., Ai’ (03) = 0 or Ai(0gx41) = 0.

The first part of Theorem 1.1 [Eq. (1.3)] characterizes the bottom of the spectrum and the essential spectrum for arbitrary values of the
mass ratio &. The second part establishes the validity of the Born-Oppenheimer approximation and provides the asymptotic behavior of the
isolated eigenvalues in the small mass ratio limit.

The Born-Oppenheimer approximation, introduced in Ref. 8 in the early years of quantum theory, was developed as a method for deriv-
ing the molecular structure from quantum mechanical principles. We do not attempt to provide an overview of the extensive mathematical
literature on this topic. For an accessible introduction and references to both classical and recent developments, we refer the reader to the
reviews (Refs. 24 and 27).

In the context of zero-range interactions, the study of the quantum systems of three or more non relativistic bosons interacting via
contact interactions in dimension three is plagued by the so-called ultraviolet catastrophe, see Refs. 30, 31, and 43 This singular behavior
also appears in systems consisting of two or more bosons or fermions interacting with a particle of a different nature (see, e.g., Ref. 21, and
Refs. 7, 12-14, and 45 for the fermionic case). Overcoming this issue typically requires the introduction of nonlocal modifications and/or
effective three-body interaction terms, see, e.g., Refs. 6, 19-22, and 37 and references therein. This problem affects also the study of a many
particle system in three spatial dimensions within the Born-Oppenheimer framework, see, e.g., Ref. 22.

However, these difficulties do not arise whenever one considers particle systems in one spatial dimension, see, e.g., Refs. 5 and 23.
Nevertheless, even in this case, the standard mathematical procedure to prove the validity of the Born-Oppenheimer approximation (as
given, e.g., in Ref. 11) does not work, for this reason we use the general scheme developed in Ref. 28.

Let us remark that the eigenvalue expansion given in Theorem 1.1 conforms with the one obtained (for the bosonic case) by Akbas and
Turgut in Ref. 2; their approach is more aligned with theoretical physics literature and does not present a rigorous proof of the validity of the
Born-Oppenheimer approximation. In the same spirit a first insight into the two-dimensional case is provided in Ref. 3.

Related to our work is the study of the spectrum of the Laplacian in dimension two with §-interactions supported on two crossing lines,
see, e.g., Ref. 18, or on an almost straight line, see, e.g., Ref. 17; even though, by the nature of the problem, in these works there is no account of
the fermionic or bosonic symmetry. We mention also Ref. 34, where the case of §’-interactions supported on two crossing lines is considered.

After completing our work, Nicholas Raymond drew our attention to Ref. 16 addressing the analysis of the discrete spectrum for the
Laplacian in dimension two with a §-interaction supported on a broken line, similar to Refs. 17 and 18. The analysis in Ref. 16 also makes use
of a dimensional reduction argument and is closely related to the study of the Born-Oppenheimer approximation; by using bounds on the
quadratic form, it results in an asymptotic expansion for the eigenvalues similar to the one given in Theorem 1.1.

A. Outline of the proof of Theorem 1.1

We first define the Hamiltonian H"" by means of standard tools from the theory of self-adjoint extensions of symmetric operators
and provide a formula for its resolvent. This is done in Theorem 2.12, within the approach developed in Ref. 35. This allows a precise
characterization of its essential spectrum which is also relevant for the proof of the second part of Theorem 1.1.

The Born-Oppenheimer approximation is based on the idea that the dynamics of the system factorizes in a fast dynamics, relative to the
light particle, and a slow one, describing the evolution of the heavy particles subsystem. We fix the relative position x of the heavy particles
and study the spectrum of the light particle Hamiltonian A, associated to the quadratic form

be:H'(R) > R

be(w) = [ 1/ ()P dy + alu(x/2)P + alu(=x/2)P".

Note that h, is the Hamiltonian in dimension one with two delta interactions centered in y = x/2 and y = —x/2, see Ref. 4. Functions in the
domain of hy are regular outside the points y = +x/2, continuous in y = +x/2, and satisfy the boundary conditions

W ((x/2)") =/ ((x/2)7) =au(x/2)  and  u'((-x/2)") -/ ((~x/2)") = au(-x/2).

For a <0, hy has non empty discrete spectrum and the lowest eigenvalue, denoted by —A¢(x), and the corresponding normalized
eigenfunction, y2°, can be explicitly computed.
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To extract an effective contribution from the light particle component, we use the projection on the eigenfunction y£° (more precisely,
the direct integral of a family of projections). This procedure produces an effective Hamiltonian for the heavy particles subsystem. We follow
closely the very versatile and general approach developed in Ref. 28. By doing so we reproduce and rewrite, in a slightly different way, some
key estimates from that paper, giving simpler expressions for the bounds (see Propositions 4.5 and 4.7, and Lemma 4.8 compared with Ref.
28, Theorems 1.1 and 2.5, and Proposition 2.6).

To relate the Hamiltonians H'" and h,, we observe that given any function ¢ € H'(R?), for a.e. x€R, its x-section ¢.(y) = ¢(x.y)
belongs to H' (R). Moreover, there holds

BY(9) = [LEodtonlax+ [blpdds Ve Hy(R)

As a result, for any arbitrary mass ratio e and « < 0 we infer o(H.'") ¢ [-a?, +00), see Proposition 4.1.
To proceed further, we notice that y£© can be regarded as a function of two variables, denoted by y*°, with the obvious identification
vP9(x,y) = yE°(y); we introduce the orthogonal projection

P:L(RY) - L'(RY),  Pg(xy) = v (x.9) fo(x),

where
fo) = [ ¥ 0)g(y) dys

additionally we set P* := 1 — P and point out that P leaves invariant both L} (R?) and L7 (R?).
It turns out that the quadratic form

D(BY) = Hyp(R*)  BY(9) = B (Pg) + BY(P*¢)

is well-defined, closed and bounded from below (see Remarks 4.2 and 4.4), and so, it defines a self-adjoint operator H E/ f

We provide estimates regarding the relations between the resolvent sets of H>' and H?® and the difference between their resolvents (see
Lemma 4.8 for the detailed statements). Note that for technical reasons, in Secs. IV-VI we prefer to work with positive definite quantities. To
this end, we shift quadratic forms and operators by a*. Specifically, all operators denoted by H and . - regardless of superscripts or subscripts
- satisfy the relation .# = H + a”. An analogous convention holds for quadratic forms: Q = B+ a” and g = b + «’. Translating the results back
to the original setting is straightforward.

Next we need to identify the effective Hamiltonian for the heavy particles subsystem. The operator HY'f can be written as a direct sum
with the following spectrum:

B =HNeHN.,  o(E)c[-o+oo),  o(HYL.) c[-o’/4,+00).

For the study of the eigenvalues at the bottom of the spectrum (near —a?), the most relevant operator is H-'5. We observe that, by means of a
unitary map, the Hamiltonian HY'S, can be reduced to an effective one dimensional operator on the heavy particles subsystem

2
DEHSYT) IR (R) A L2g(R)  HETYS - _82% o+ €R
X

where —o(x) is the lowest eigenvalue of /1, and e*R(x) := ¢ Ja |Oxy® O(x, ¥)[*dy is a perturbative potential term (see Remark 5.1). We remark
that unlike the smooth potential case, ran( PID(H"")) ¢ D(H?'"), because P¢ does not satisfy the boundary condition (1.2). For this reason,
contrarily to what is done in Ref. 28, it is not possible to identify HY%, with the compression PH"'*P, which is not well defined.

Finally, to conclude the proof of the second part of Theorem 1.1, we prove that for any fixed integer n > 0 there exists ¢ > 0 sufficiently

small such that H, Sffb/ "has at least (n + 1) simple isolated eigenvalues which satisfy

E:fib/f - —a’+ sz/fa2£2/3 +0(¢), forall k=0,...,n,
where s?'" are the same numbers as in Theorem 1.1. This result follows immediately from Theorem 5.9 shifting the spectrum by the constant a?.
The proof of Theorem 5.9 is based on the seminal paper Ref. 40. We remark that with respect to the case studied in Ref. 40, where the potential
is smooth, in our analysis the potential term —Aq is only piecewise smooth, it is continuous, but not differentiable at x = 0. Additionally, —Ao is
linear around x = 0, rather than quadratic, as in the smooth case. For this reason the eigenvalue expansion involves zeros and extrema of the
Airy function, a result already pointed out in Refs. 2 and 16.

The paper is organized as follows. In Sec. 11, we characterize the Hamiltonian H" and its essential spectrum. In Sec. 111, we study the
Hamiltonian of the light particle, denoted by h,, and we give a complete description of its spectrum. In Sec. IV, we carry out the dimensional
reduction following the approach of Ref. 28. In Sec. V, we analyze the effective Hamiltonian £ := HeP/t
its essential spectrum. Finally, Sec. VI contains the proof of Theorem 1.1.

+a? and its eigenvalues below
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B. Notation
-x=(xy) eR%.
-k=(kp) eR%.

- We denote by .Z f or f the Fourier transform of f, defined as:

A L i —ik-x
P = - [ e y(dx

or

o)== [ ey

The inverse Fourier transform is denoted by .#~' f or f.

- The L*(R")-norm and scalar product are denoted simply by || - | and (-, -} respectively; norm and scalar product in different Hilbert spaces
are denoted by an appropriate subscript.

- The symbol f denotes either b (bosonic) or f (fermionic), with the corresponding value (+), defined as (+), = + and (+)¢ = —.

- H'(R"), v € R, denotes the usual Sobolev space of order v; Hhv(]Rz) = H'(R*) n LE(RZ), v>0.

- H = nu H"

- (- -)#v2v denotes the (anti-linear with respect to the first variable) H*"(R")-H*"(R") duality pairing extending the scalar product in L*(R™).

- S(R™) denotes the space of Schwartz functions.

- #(X,Y) denotes the Banach space of bounded linear operators between the two Hilbert spaces X and Y; we use the shorthand notation
% (X) = #(X,X). The operator norm is denoted by | - |.

- D(L) denotes the domain of the linear operator L; ker(L), ran(L) denote its kernel and range respectively.

- p(L), (L) denote the resolvent and the spectra of L.

- 0ac(L), 05c(L), 0ess(L), 0p(L), 04(L) denote the absolutely continuous, singular continuous, essential, point and discrete spectra of L.

- L|V denotes the restriction of the linear operator L to the linear subspace V c D(L).

- If Qs a sesquilinear form in a Hilbert space X, we use the same notation for the associated quadratic form Q(y) = Q(y, y).

- C5° (R™) denotes the set of smooth and compactly supported functions from R” to C.

- Ay == max{0,1}.

Il. H! As A Self-Adjoint Extension

In this Section we start working in the usual Hilbert space L*(IR?). Our first aim is to construct the resolvent of a one-parameter family
of self-adjoint extensions of the restriction of the free Hamiltonian

0 212 0 202 2
D(H,) := H(R"), H = -£°0; - 0),

to the subspace of functions vanishing on the contact subset IT = IT; U IT,. This family models interacting Hamiltonians describing zero-range
interactions between the particle 1 and 3, and between the particle 2 and 3, without taking into account either bosonic or fermionic symmetry.
Successively, in Sec. II B, we compress such self-adjoint Hamiltonians onto the subspace

Li(R) = {y e ’(R*) : y(xp) = (+)y¥(-x7)},

where f = b in the bosonic case, j = f in the fermionic case, and (+), = +, (+)¢ = —. This procedure gives Hamiltonians modeling the same
zero-range interactions with the additional constraint that particles 1 and 2 are either bosons or fermions. Such Hamiltonians correspond to
sesquilinear forms in Lﬁ (R?), with domain H; (R*) = H'(R*) n Lﬁ (R?), of the kind

Big.w) = [ £OF(xy)0w(ny) + 85 (x)0yy(x)dx+ 2 [ 5(s.5/2) w(s.s/2)ds.

A. Building a resolvent
For any ¢ € S(R?) we define 7, (resp. 72) as the trace of ¢ on IT; (resp. I1,); explicitly,

(me)(s) = ¢(s,5/2),  (29)(s) = ¢(=s,5/2),  seR

The maps 71 and 7, have unique extensions to bounded and surjective linear operators (which we denote by the same symbols)

n:H'(R) > H(R), n:H'(R?) - H*(R)
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for any v > 1/2. Note that Cg° (R) c ran(z;) and Cg° (R*\IT;) c ker (7;) are both dense in L*(R?),j = 1,2.
We define the bounded linear operator

T:H'®R) > H?R)eH A (R), T¢=ndond v>1/2

Note that C5° (R\{0}) x C5°(R\{0}) c ran(7") is dense in L*(R) @& L*(R) and C° (R*\IT) c ker ( 7") is dense in L*(R?).

Remark 2.1. The linear operator 7 is not surjective whenever v > 1; indeed,
ran(7T) € {51 oL eH A (R)ye H *(R) : £(0) = fz(o)} ¢ H'A(R) @ H'A(R).

Therefore, our successive construction of a self-adjoint extension of the symmetric operator H.|ker (77) does not embed into the framework
of standard boundary triples theory. In particular, this prevents the use of the spectral results given, e.g., in Theorem 3.3 in Ref. 9. We provide
analogous results adapted to our framework in Lemma 2.17 below.

Recalling that the resolvent set p(H{) of the self-adjoint operator HY, is C\[0, +0o0), for any z € C\[0,+00) we define the resolvent
operator

R)(z):= (H. -2)"".
Obviously
R)(z) : H'(R*) - H'*(R?),  v>0,
is a continuous bijection for all z € C\[0, +o0) and it extends to a continuous bijection (which we denote by the same symbol),
R)(z) :H'(R*) - H"*(R?), wv<o.
For any z € C\[0, +o0) we define the bounded operator
Ge(z) : H'(R?) > H'PP(R) @ H'A(R),  Ge(z) = TR (2),  v>-3/2
One has
Gy =Gy @ Gae(@ys G2t H'(®) > HP[R),  Gu(e) = 1R, j= 1.2

Note that ran(Gj¢(z)) = H"**/%(R); however, by Remark 2.1, ran(G¢(z)) g H""/%(R) @ H***(R) whenever v > —1.
We define the bounded operator

Ge(2) = Ge(2)" : H'(R) @ H'(R) > H'™/*(R?),  v<o,

where the adjoint is defined in terms of the H™"(R?)-H"(R?) duality (taken to be anti-linear with respect to the first variable) which extends
the L* (R?) scalar product. We remark that G(z) is also represented as

Ge(2)(610&) = Gre(2)b1 + Goe(2)Ei Go(2) 1 H'(R) > H™P(RY),  Gie(2) = Gie(2)".
In particular, for all z € C\[0, +00) and for all v < 3/2 there holds
Gie(z) € 2(L(R),H'(R?)),  G.(z) € #(L*(R) ® L’(R),H"(R?)),

and so
ran(Gje(z)|L*(R)) < H/* (R?),  ran(Ge(2)|L*(R) ® L*(R)) < H*/*" (R?), (2.1)

where H>/*~(R?) := Nyes2HY (R?).

Remark 2.2. Since ker (') is dense in L*(IR?), there follows that

ran(G.(z)|L*(R) ® L*(R)) n D(H?) = {0}, (2.2)
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see Remark 2.8, 2.9, and Theorem 2.1 in Ref. 35. Indeed, suppose that (2.2) is false. Then there exist Q € (L*(R)\{0}) @ (L*(R)\{0}) and
¢ € L*(R*)\{0}, such that R?(z)¢ = G.(z)Q. Hence, for all y € L*(R?) one would have

(SR W) 2y = (Q TRS(é)]//)LZ(R)e)LZ(R)'

Since, R?(z) maps L*(R?) onto H*(R?) and the set { f € H*(R*) : 7 f = 0} is dense in L*(R?), there follows ¢ = 0, leading to a contradiction.

Remark 2.3. We note the following expressions for the integral kernels of the relevant operators in Fourier transform:

eik- (x—x")

R (x,x';z) = dk;

1
(n)? Jr K +p* -z

. B . ’ A B . ’
et(k+2)se ik-x’ et( k+2)se ik-x’

. , 1 . , 1
Gr(sxin) = [ di Galsxsz)= o [ dk;
e(5X52) (27'[)2 R &2k +p2 -z 26(5,X52) (27'[)2 R 2k +p2 -z

— ikx —i(—k+2)s
eth 1(k+ ethe 1( k+2)s

G L' / k; G L' / dk.
re(x.52) = 2n)? Jre &k* +p? - 2e(x32) = (271)2 B &k +pi -z

By the properties of the operators 71, 72 and 7, and by the mapping properties of the operators G¢(z) and Gj.(z) there follows that the
following operators are well defined and bounded for any z € C\[0, +o0):

sz)e(z) :HV(R) - HVH(R), ng,s(z) = Tng,g(Z) Z,] = 1,2; v>-—1
and
M.(z): H'(R) @ H'(R) - H""'(R) @ H'"'(R),  M.(z) := TGe(z), v>-L

In particular, My;.(z) € 2 (L*(R)) and M, (z) € # (L*(R) ® L*(R)).
M (z) can be represented as the block operator matrix

Miie(z) Mize(2)

M@ = aa(2) Mane(2) |

Lemma 2.4. For any z,w € C\[0, +o0) there holds

Ge(z) - Ge(w) = (z - w)Ge(2)RY (W) = (z - w)Ge(w)RY(2), (2.3)
Ge(2) - Ge(w) = (z— w)RY(w)Ge(2) = (z - w)R(2)Ge(w), (2.4)
M, (2) - Me(w) = (z - w)Ge(w)Ge(2) = (2 - w)Ge(2)Ge (w). (2.5)

Proof. The relations (2.3) follow by applying 7T to the resolvent identity
R{(2) = R} (w) = (2~ w)R} ()R} (w) = (2~ w)R; (w)R; (2). (2.6)
The relations (2.4) follow by evaluating (2.3) in z and 1 and taking the adjoint. Finally, by applying 7 to (2.4), one obtains (2.5). ]

From now on, the operators G (z), G¢(z) Me(z) are to be intended as bounded operators acting from L*-spaces to L>-spaces and with
the previously stated regularity properties whenever restricted to smaller subspaces.

We note the following expressions for the integral kernels of the operators My;(z) in Fourier transform (as usual we denote the integral
kernels and the operators by the same symbol):

1 ei(k+§)(sfs')
2n)* Jr2 &K+ p* -z

ei k+ % ):efi(fk+ Lz’ )s’

1 (
dk; Mize(s,s'32) = /
12:(5:532) (271)2 R?

Miie(s,s'52) = dk;

e +p’ -z

1 ei(—k+§)se—i(k+§)s' , ei(—k+§)(s—s')
dk; Me(s,s'52) = /
(n)Y? e &k +pt-z 22 ) @2n)?Jr 2 +p* -z

Maie(s,5'32) =
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Indeed, by the changing variable k — —k, it is easy to convince oneself that M11,:(s,5"; z) = May(s,5'; z) and M1, (5,5 2) = Ma1e(s, s 2),
for this reason we introduce the notation

, , , 1 ei(k+§)(s—s')
My (s,552) == Mi1e(s,552) = Maze(s,552) = / dk;
R

2n)* Jvt &k +p* -z
, , , i (k4 8)s pmi( K+ 2)s
Moge(s:5552) = Mize(s,532) = Mare(s,552) = (2n)? fRz K+ p -z de

The suffixes “d” and “od” stand for “diagonal” and “off-diagonal” respectively. With this notation one has

_ Md,s(z) Mod,e(z)
Me(Z) - |:Mod,s(z) Md,s(z) ]
We point out the following identities, z € C\[0, +o0):
1 Ek+p/2)P .
M@ = o [ e = Ma@ED, 27)
1 [ q(k+p/2)é(~k+p/2 )
(1, Moae(2)€) = I fR , ( :f Iiz )f;z _:P / )dk = (Moae(2)1, €). (2.8)
Since for all E,E € L*(R) @ L*(R) there holds
<§’M5(Z)E)LZ(]R2)®L2(R) = (&1, My (2)&1) + (8, My (2)6) + (82, Mou o (2)E1) + (E1, Moae (2)&2), (2.9)
we deduce that
M(z) = M(zZ)*  zeC\[0,+00) (2.10)

[we remark that this property follows by construction since M(z) = T(TR2(z))* = TR () T *1.
Note that the bounded operator

i +M,(z) : I*(R) ® L*(R) - L*(R) ® L*(R), aeR\{0}, z e C\[0, +c0)

enjoys the same properties (2.5) and (2.10) as M (z).
In the forthcoming Proposition 2.6 we will prove that for A large enough 1 + M, (1) is invertible with bounded inverse. In the proof we
will use a well known result recalled in the following remark.

Remark 2.5. Let 5 be a Hilbert space and T : D(T) c s — 5 be a self-adjoint operator. If there exists a positive constant ¢ such that
(u, Tu) yp| > c|ul’y  YueD(T), (2.11)

then, T is injective, surjective, and has (self-adjoint) inverse bounded by 1/c. To see that this indeed the case, note that, by the Cauchy-Schwarz
inequality, Eq. (2.11) implies
[ Tull s> cllull p ~ YueD(T). (2.12)

So T is injective, which in turn implies ran(T) = . Hence, for any v € /7, there exists a sequence {u, } € D(T) such that | Tu, — v| s — 0.
By the lower bound (2.12), there follows that {u, } is a Cauchy sequence in .7 and so it converges to u,, € 7. Since T is closed, u,, € D(T) and
Tu, = v. Hence, T is also surjective, and has inverse bounded by 1/c.

Proposition 2.6. Let o € R\{0} and & > 0, then there exists Ao, > 0 such that for all A > Ao the operator + + M (-A) is invertible in L*(R)
with bounded inverse.

Proof. By Remark 2.5, it is enough to prove that there exists A4, such that for all A > A4 there holds

(E,($+Ms(—/\))5> salEP VEe (R @ IA(R),

for some positive constant c;.

6%:1Z:¥T 920 Kem 8T
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We point out the following identities [see Egs. (2.7) and (2.8)]:
: 1 1 Ol
My (- :f sz dkd:f dv;
(6 Mac(=1)%) R|£(V)| Rﬂszk2+4(v—k)2+/1 Y R /4£2v2+(4+52)/1 v

Mo (08 =2 [ [ 1()s() dvdy,

(4+)(V + v'z) +2(4-)w +4A

Hence, in Fourier transform, M, .(—A) is the multiplication operator for

My Ay =t (2.13)

4V + (4+ A
and M,,.(-7) is the operator with integral kernel

2 1

M v's-A) = = .
ods ) T(4+)(VP+v)+2(4- ) + 44

Both M;.(-1) and M,;.(—A) are bounded. Indeed,

1
[Mae (M) € ——==:

(4+€)A

and M,y (1) is a Hilbert-Schmidt operator, hence it is also compact and bounded. To see that this is indeed the case notice that (4 + &) (+* +
v2) +2(4 - ) > 2min(e?,4)(v* + /%), hence

2
. 4 1 1
Moae(v,v'; =) dvdv’ < f—d = i (A

_[Rz| ae(n s —A)[" dvdv nz( r 2min (€5,4)7* + 41 v) 2min (¢%,4))

1
Moge(=1) | < [ Mpge(—A N/
Moac DI < M (D s <[ 5o

(E,ME(—/\)E)Lz(Rz)Mz(R)‘ < C¢|E|*/~/A. The latter bound gives
N

o (-5

for A > Age = (C‘goc)2 , which concludes the proof. m]

So that

By Eq. (2.9) there follows that there exists C; > 0 such that

—_2 —_2
)HzH > allg]

Proposition 2.6 leads to the following (for notational simplicity, here and below we avoid to explicitly indicate the a-dependence; notice
that the case a = 0 gives the free Hamiltonian)

Theorem 2.7. Let a € R, £ > 0 and z € C\[0, +o0). Then the linear operator in L*(R*) defined by
D(H.) = {¢ c H*" (R*) : g + aGe(2) To « H'(R?)},
(He-2)¢:= (H; - 2) (¢ + aGe(2) T) (2.14)

is a z-independent, bounded-from-below, self-adjoint extension of the symmetric operator H|ker (T). _

Furthermore, the operator 1 + a Ml(z) : L*(R) @ L*(R) — L*(R) @ L*(R) has a bounded inverse for all z € p(H;) n C\[0, +00) and the
resolvent of H. is given by

Re(z) = R)(2) - aGe(2) (1 + aMe(2)) 'Ge(z)  zep(He) nC\[0, +00).
Proof. The case a = 0 is trivial. Let & # 0. By Theorem 2.1 in Ref. 35, the bounded linear operator

Re(-A) : L*(R*) - L*(R*) A > Age
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-1
Re(-1) = R°(-A) - Ge(—/\)(l + MS(—A)) Ge(-A) (2.15)
o
is the resolvent of the self-adjoint extension H, > ~Aq of HY|ker (7") defined by

~ 1 -1
B {¢ L) §= ¢~ G-V + MD)) Toon 9 eD(HS)};
He:DcL*(R?) - L*(R?),  (He+MA)¢:= (H +1)¢_y. (2.16)
The definition of H, is independent of A; for any fixed A, the decomposition of ¢ in D(H.) is unique. For the reader’s convenience, we

sketch the proof of Theorem 2.1 in Ref. 35, referring to Ref. 35 for the details. By the properties (2.6) and (2.3)-(2.5) (see page 115 in Ref. 35)
there follows that R.(—1) satisfies the relation

Re(-1) =Re(—p) = (u = VDR(-VDRe(=p)  Aopt > Aae. (2.17)

Hence, it is a pseudo-resolvent. Re(~) is the resolvent of a (closed) operator if and only if it is injective (see Theorem 4.10 in Ref. 41). Re(~A)
is indeed injective, since R:(—1)y = 0 would imply

RI(-N)y = Ge(-1)Q

with Q= (1 + Mg(—/\))_l(f}g(—)t)l//, but this implies y = 0 by Remark 2.2. By the self-adjointness of the operator R.(~1) there follows that
D:= ran(ﬁg(—)t)) is dense, and independent of A because of the resolvent identity (2.17); moreover, the closed operator H, = Re(—-A)™" = A is
self-adjoint, because Re(~1)* = Re(~A). By Remark 2.2 the decomposition of ¢ in D is unique. If ¢ € D(H{) nker (7") one has ¢ = ¢_, and
H:¢ = Ho:¢ by Eq. (2.16). _

Then, by Theorem 2.19 in Ref. 10, the resolvent formula (2.15) extends to all z € p(H,) N C\[0, +o0) and

- {¢ eI2(RY): §= o @g(z)(é N Mg(z))i Tés ¢ eD(HS)},

(E’e -2)¢ = (Hg - 2z)¢..

The definition of H, is independent of z and, for any fixed z, the decomposition of ¢ in D is unique. Notice that D ¢ H 32 (R?) by the mapping
properties of G¢(z) [see (2.1)].

Let us now show that D = D(H.). Since, by (2.4), ran(G.(z) -~ G.(w)) € D(H?) = H*(R?), it is enough to prove D = D(H.) whenever
the z appearing in the definition of D(H,) belongs to p(H.) n C\[0,+00). Given ¢ € D, one has T¢ = T¢p. — a Me(2) (1 + a M(2)) ™" T ¢z,
which entails 7¢ = (1+aM.(z))™" T¢.. Hence, ¢, = ¢ + aGe(z) T¢; this gives D ¢ D(H.). Vice versa, given ¢ € D(H,) and defin-
ing ¢, € H*(R?) by ¢.:= ¢+ aGe(z) T¢, one has T¢ +aM.(2)T¢ = T¢., which gives T¢ = (1+aM(z))”" T¢.. Hence, ¢ = ¢, —
aG(2)(1 + aM,(z)) ™" T¢.; this entails D(H,) ¢ D. Therefore, D = D(H). Furthermore, the previous calculations also give

(He-2)¢ = (HL - 2)(¢p+aGe(2) T$),  zep(He) nC\[0,+00). (2.18)

To conclude, let us show that (2.18) holds true even whenever z € C\[0, +0). Given any w € p(H.) n C\[0, +0), one has, by (2.18) and (2.4),
(He - 2)p = (He - w)p + (w - 2)¢ = (H ~w)(¢ + aGe(w) T) + (w - 2)¢
= (HY - w)(¢+aGe(2) T9) + a(H - w)(Ce(w) — Ge(2)) Th + (w - 2)¢
= (H{ - w)(¢+aGe(2) T) + (w - 2)aGe(2) T + (w - 2)
= (H; - 2)(¢ + aGe(2) T$).
o

Remark 2.8. Introducing the adjoint 7* : H™"*/*(R) @ H™"*/*(R) — H™"(R?), v > 1/2, which provides, whenever &, @ & € L*(R) @
L*(R) the tempered distribution 7*& @ & € S'(R?) acting on a test function f € S(R?) as

(T ae&)f = [[5Of(ss/2)ds+ [&()f (-s.5/2)ds,
R R
one has G.(z) = R)(z) T*. The latter entails the distributional identity

(—525,% - Byz - Z)Gg(z)& obL=THokh (2.19)
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and so, by (2.14), for any ¢ € D(H.) one gets
Hep = (-€07 - 0))p+aT" T¢. (2.20)

Notice that, unless ¢ € ker (7), neither of the two tempered distributions on the right hand side of the latter equation is in L?(R?) but their
sum is. Moreover, since supp (7 *& @ &) = I, one has

Hep(x) = (—826,% - 6;)¢(x) fora.e. x in R*\IL

Proposition 2.9. Let
B:: H'(R*) x H'(R*) ¢ I*(R*) x I*(R*) - C
be the sesquilinear form
Be(9.9) = £(0:0,0:9) + (8,9, 0,9) + a((119, 119) + {120, T29) ).
Then
Be(9:9) = (9. Heg) Vo eH' (R*), V¢ eD(He).
Proof. For the sesquilinear form B corresponding to HC, there holds
Bl(9.4) = (p.H$)  VoeH (R'), VoeH (R)
and
Bi9:9) =((-€0: = )9, 9101 = (9 (€0 = )91 Vo e H'(R),
where (-, -)v,.» denotes the (anti-linear with respect to the first variable) H*'(R*)-H™"(R?) duality extending the scalar product in L*(R?).
Then, defining ¢. := ¢ + aGe(z) T¢, by (2.19) and since both ¢ and G (z) T'¢ belong to H*/*~(R?) c H'(R?), one gets
(9. Het) = (9. (He — 2)¢) +2(9.¢) = (92 (H ~2):) +2(9.¢)
= (B! =2)(9.¢:) + 2(9.¢) = B (9.9) + a( B - 2) (9, Ge(2) T)
= Bi9:9) +alg, (€0 - 8} - 2)Ge(2) T§) 11
= B(9.¢) + alg, T T)ur1 = Be(9.9) + a({rig.9) + (129, 129))
= Be(9,9).

O

Remark 2.10. Since Gj¢(z) corresponds to the single-layer operator for the elliptic operator £0 + 8)% + z relative to the line IT;, by the

jump and regularity properties of the single-layer potentials one gets an alternative characterization of the self-adjointness domain of H; in
terms of boundary conditions:

D(H.) = {¢ e B> (R?) : ¢ = g1 + 2. ¢y € H*(RA\IL), [1]. ¢y = amyp, j= 1,2},

where [, ]¢; denotes the jump across IT; of the normal derivative relative to 0% + 8} The boundary condition on IT; is written explicitly in
Eq. (1.2).

B. The compression of H,, onto Lhz(]Rz)

In this section we introduce the bosonic and the fermionic symmetries. Recall that the symbol y denotes either b (bosonic) or f
(fermionic), with the corresponding value (+), defined as (+), = + and (+)¢ = —.
At first, notice that

6%:1Z:¥T 920 Kem 8T

R)(z): Li(R®) > H{(R*)  VzeC\[0,+c0). (2.21)
We define the operator
S:H'(R*) = H'(R*), v>0,  (Sy)(x%y):=y(-xy), (2.22)
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and the orthogonal projector
1(+2)hs L(R”) — L*(RY), ran( 1(+2)n5) = L;(R?). (2.23)

Lﬁ (R?) enjoys the property

Sy = (+)yy VweLﬁ(Rz).
One has

1S =1, 8 =1,
Gz,g(z) = GLg(Z)S, Gz,g(z) = SG],E(Z).
Noticing that

1y = (+)y2y VI/IEHE(RZ),

from now on we pose
and introduce the bounded operators
Ge(2) : Li(R) > L*(R),  Ge(2) = TR (2) = Gie(2) Ly (R?),

1(+)sS
2

G:(2) : L*(R) - L;(R?), Ge(z) = Ge(2)" = Gre(2),

M(z) : L*(R) » L*(R),  M.(z) := 1Ge(2).

Remark 2.11. To avoid a too heavy indexing, we avoided to use the symbol fj to distinguish the bosonic and fermionic versions of the
operators G¢(z), G:(z) and M.(z). We trust that the reader will not be confused by this abuse of notation.

With such definitions one has
M) =1 61(0) = § (MG NTSG1(2)) = 5 (161D (+ ) G(2))
= 5 (M (2) ()Mo ().
Then, by such relations, one gets
G =Gy e (6w, Yy e Li®),
G2 @ ((138) = Grel@E(+)Gau(2)E = (L(9)G1()E =262,
ML) 0 (4):6) = 2015 © (+):Mc(2)D)),

(1+aMe(2) €@ ((+)4) = (1 +2a Me(2)) & @ ((+)y(1 +2a Me(2)) '),
Therefore, for all y € LE(Rz) and for all z € p(H,) n C\[0, +o0) one obtains

Re(2)y = R(2)y - aGe(2) (1 + aMe(2)) ' Ge(2)y
= RU(2)y - 20 Ge(2) (1 + 2a Me(2)) ' Ge(2) v (2.24)
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Hence, by (2.21), Rf(z) := Rg(z)\L (R?) is a pseudo resolvent in L (Rz) furthermore, by the analogous propertles for Re(z), one has that
R (z) is injective and (R h(z)) = R 5 (z) Therefore, RJ(z) is the resolvent of a self-adjoint operator HY in Lh (R?) which, by construction, is
given by the compression of H, onto L? (R ), i.e.,

A - XS A < fp (i (e,

H) = 5
By Theorem 2.19 in Ref. 10, the resolvent formula (2.24) extends to all z € C\[0, +00) n p(HJ).

Theorem 2.12. Let a € R, ¢ > 0 and z € C\[0, +00). Then the linear operator in Lﬁ(RZ) defined by

D(HY) := {w € H"(R) : y + 2aGe(2)y € Hg(RZ)},

(HE = 2)y = (H = 2)(y + 20Ge(2) 7y)

is a z-independent, bounded-from-below, self-adjoint extension of the symmetric operator HC| ker (T\HHZ(RZ))
Furthermore, the operator 1 + 2aM,(z) : L*(R) — L*(R) has a bounded inverse for all z € p(H}) n C\[0, +oc0) and the resolvent of HJ is
given by
RI(z) = R)(2) - 2aG:(2) (1 + 2aMc(2)) " Ge(2) zep(HM) nC\[0, +00). (2.25)

By Remark 2.8, one gets

Remark 2.13. Introducing the adjoint 7~ cHVY2(R) > HY(R?), v> 1/2, which provides, whenever & e L*(R), the tempered
distribution 7*¢ € S’(R?) acting on a test function f € S(R?) as

(O = [€) fss/2)ds,
one has G,(z) = RY(2)7*. The latter entails the distributional identity
(=07 - 8; - 2)Ge(2)E = 1°¢
and so, by (2.20) and by T *¢ @ & = 277, one gets
Hby = (€07 - 8 )y + 2a " 1y.

By Proposition 2.9 there follows

Proposition 2.14. Let
BY: H(R*) x Hy(R*) ¢ L;(R?) x Lj(R*) - C (2.26)

be the sesquilinear form
B9 ) = €(0:9. ) + (D9, ) + 2a{g, 7). 227)
Then
Bi(g.y) = {p.Hly) Vg eH(R"), Yy e D(H).

C. The spectrum of H}

The next proposition allows to build functions in D(H}) given & € L*(R). It will be helpful in the characterization of the spectrum of
H, see Lemma 2.17 below. We premise the following result, whose proof is the same as that of Lemma 2.4, since G.(z) = TR2(2), G(z) =
(R (2))* and M(2) = 7Ge(2).

Lemma 2.15. For any z,w € C\[0, +00), there holds

Ge(2) = Ge(w) = (2= w)Ge(2) R (w) = (2 = w) Ge(w)RL (2),

Ge(2) - Ge(w) = (z = w)RY(w)Ge(2) = (z - w)RY(2)Ge (w), (2.28)

6%:1Z:¥T 920 Kem 8T
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Me(2) = Me(w) = (z -~ w)Ge(w)Ge(2) = (2 -~ w) Ge(2) Ge(w). (2.29)
Proposition 2.16. (i) For any w, z € C\[0,+00) and y € D(HJ), defining

Yz = ¥ + 2aGe(2) 1Y,

one has
(HE —w)y = (H - w)y: - (z - w)2aGe(2) 7y

(ii) For any w € C\[0, +00), z€ p(H{) N C\[0, +00) and & € L*(R), defining

P = R (2)Ge(w)E,
one has

(HE = w) b = Ge(2) (1 + 2aMe(2)) " (1 + 2aM, (w))&.

Proof. (i) By the action of H, on its domain, one has

(HE —w)y = (H - 2)(y +2aGe(2)7y) + (2 - w)y
= (H; = 2)y: + (z - w) (y: - 2aGe(2)1y)
= (H? - w)y. - (z - w)2aGe(2) Ty
(ii) By (2.25), (2.29), and (2.28), one gets
(Hsh — W) = (Heh = 2)Gug + (2= W)Pu = Ge(w)§ + (2 - W) o
= Ge(w)& + (z - w)RA(2) Ge(w)E - (2 — w)2aGe(2) (1 + 2aMe(2)) " Ge(2) Ge (w) €
= Ge(2)E ~ Ge(2) (1 + 2aM,(2)) 7' (1 + 2aM,(z) — 1 - 2aM,(w))&
= Ge(2) (1 + 2aM:(2)) " (1 + 2aM, (w) )&,

Lemma 2.17. Let A > 0. Then,
(i) -Aea,(HY) ifand only if 0 € 0,(1 +2aM:(-1));
(i) —A € oess(HY) if and only if 0 € 0ess(1 + 2aM:(~))).
Proof. At first, let us notice that —1 € p(H?).
(i) Letye D(Hsh) be an eigenvector of H/! with eigenvalue —A. By Proposition 2.16(i),
0=(HS + )y = (H + 1) (v + 2aG:(2)1y) — (2 + 1)2aG.(2) 1y, Vz € C\[0, +00).
This gives
¥+ 2aGe (-M) 7y = 2a(Ge(=A) — Ge(2)) 1y — 2a(z + 1) R (-1) Ge(2) 7.
Applying 7 to both sides and taking into account (2.29), one gets
(1 +2aM,(-1)) 1y = 2a(Mc(-A) = Me(2)) 7y — 2a(z + 1) G (1) Ge(2) 7y = 0.

On the other hand, assume that there exists £ € L*(R) such that (1 +2aM.(-A))& = 0. Then, by Proposition 2.16(ii), ¢_ ¢ =
R (2)Ge(~M)E, z e p(H) N C\[0, +00), is an eigenfunction with eigenvalue —A.
(i) Let {y,} be a singular Weyl sequence for (HJ, 1), i.e., y» € D(HY), |y, | = 1, y,~0, and |(HS + A)yu| — 0. Arguing as above, one
gets, for any z € C\[0, +c0),

Ge(-1) (HE + M)y, = TRS(—/\)((HS +A) (Y + 2aGe(2) 1Y) + (2 + /\)Z(XGE(Z)TV/”)
= 7(Yn + 2aGe(2)Tyn) + (2 + 1)20Ge(-1) Ge(2) 9
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= (14 2aM, (1)) 79y — 2a(Me(~A) — Me(2)) 19 + 20z + 1) Ge (-1) G (2) 79
= (1+2aM:(=1)) 1y

and so (1 + 2aM.(-A))ty, — 0. Let us now show that 7y, _.0.

Defining Yn := ¥u + 2aG.(2)Tyn € th (R?), one has, for any f € H"2(IR?*) and for any z € C\[0, +o0),

((H+ Dy R(2)f) = ((H, = 2)ynes R(2) f) + (A = 2) (¥ R (2) f)
= (Yner fleam2 + (A= 2) (Y RI(2) £ ).

This gives y, 0 in H*(R?) and so, by 7€ 2 (H*(R*),L*(R)) and by 7y, = (1 + 2aM:(2)) ' T¥n.z, one gets 1y, -0 in L*(R). To get a
singular Weyl sequence for (1 + 2aM:(-1),0) we need to normalize 7y,, so we need to show that |7y, | does not converge to zero. Let us
assume that this is not the case. Then, by Proposition 2.16(i), there follows | (HY + 1)yx.:| = 0, and, by |y, | = 1, one would have ly,.l -1,

but this is impossible because, by taking as singular Weyl sequence v, /||y, ., it would imply — € Oess(HY).
To conclude, we consider a singular Weyl sequence {,}, ||€,]| = 1, £,~0, and |(1 +2aM.(-1))¢&, || — 0. By Proposition 2.16(ii), the
sequence {§,}, ¢n = RI(2)Ge(-1)&,, z€ p(HI) nC\[0,+00) is such that ¢, .0 and |(HS + 1)@, — 0. We are left to prove that |¢, |

does not converge to zero. Let us assume that this is not the case. By R(z) = R1(z) + 2aG:(z)TR)(2), there follows ¢, + 2aGe(2) 7, =
R2(2)Ge(~A)&,. Thus,

(HE +0)gn = (H = 2)($n + 206Ge(2)70) + (2 + s = Ge(-D)&s + (2 + A,

and so G¢(-1)¢&, — 0. This contradicts the bounded invertibility of 1 + 2aM;(z), which is equivalent to the existence of ¢; > 0 such that
[(1+2aMe(2))E,| = c:|&,| = c.. Indeed, by (2.29), one obtains

0 < [[(1+2aMe(2)) 8l < [[ (1 +2aMe(=2))En | + 2la] | (Me(2) = Me(=1))a|
= [ (1 +2aM(=1))8x Ge(2)Ge(—1) -

Lemma 2.18. Foralle>0and a € R, [0,+00) C 0pss(HY).

Proof. The idea is to construct a singular Weyl sequence supported away from the coincidence lines, which also serves as a singular
sequence for the free Hamiltonian. Let y be a C° (R?), spherically symmetric function, such that y(x) = 0 forall |x| > 1 and ||y| = 1.
For n > 1, define a sequence of functions:

)

n

An(x) = x, = (31,0).

Note that for any n > 1, the support of y, (x) lies in an open disk, which we denote by Dj, centered at x, with radius R = #. In particular,
X,,(x) vanishes on the coincidence lines y = +x/2. Next, for # > 1, we define

—i

yn(x) = (x) k= (e V/A/2,\/A)2),
and
WEI = I(Z)hs N>

with the orthogonal projection M‘L defined in Eqgs. (2.22) and (2.23).
Note that for any n > 1, the support of y,, lies in the open disk D, while the support of Sy, lies in an open disk centered at x, = (-3#,0)
with radius R = n. The supports of v, and Sy, are disjoint and both functions vanish on the coincidence lines y = £x/2. By construction,

[w|| = 1, furthermore, y} € D(H") n D(H;) and HJy} = H)y, and we have [we use the notation V¢ = (e0x¢, 0,¢)]:
ICHS =Nyl = [(H = V)i
< (L =Dyl = | 2(Texn) - (7ee™) + (He e ™
<2V Vel + | Hexl

SCS(\//_\+1).
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In the last inequality, we used the fact that y € C§°(R?), so its gradient and Laplacian are bounded. Therefore,

lim | (H - 1)y = 0.
Finally, for any ¢ € LE (R?) one has, by the Cauchy-Schwarz inequality and by the dominated convergence theorem,

2
dx — 0.

(6.4 = 9wl < 2 Area(Dy) [ o0on(*2>)

n

Therefore y, .0 and this concludes the proof.
We conclude this section with a result that is a part of Theorem 1.1.
Theorem 2.19. Foralle >0

o(HY) = [0, +00) a>0

GESS(Hsh): [_ tx: +oo) a <0,

Proof. By Lemma 2.18, [0, +00) € 0¢ss(H{) for any a € R.

If & > 0 the quadratic form associated to H,! is positive definite, hence c(H) € [0, +00) S 0ess(HY) € o(H) which concludes the proof

in the case « > 0.

Let o < 0 and A > 0. Since M, (1) is compact (see the proof of Proposition 2.6), by the Weyl criterion (see, e.g., Sec. XIII 4, Lemma 3,
in Ref. 36), there follows
Tess (1 + 2aMe(=A)) = Oess (1 + & (Mo (1) (+)yMoae (—1))) = Oess (1 + aMy(-1)).
By (2.13),1 + aMy,(=A) is unitarily equivalent to the multiplication operator M, , corresponding to the function
o
fre(s) =1+ ————.
48 + (4 + )N
Hence,
Oess(1 + 2aM:(-1)) = aess(f\\/IM) = 0(1’\7[;&) =range(fi.)=|1- L,l .
V(4 + )M
By Lemma 2.17 there follows that, given 1 > 0, -\ € aess(Heh) ifand only if 0 € [1 - (l"‘l vk 1]. This gives aess(Hgt‘) = [74‘%, 0) U [0, +00).
4+ €
O

I1l. THE HAMILTONIAN FOR THE LIGHT PARTICLE

Following Sec. II 2 1 in Ref. 4 (see also Sec. 8.5 in Ref. 42), we introduce the self-adjoint Hamiltonian 4, modeling a delta-interaction of a
1D quantum particle with two centers placed at points —x/2 and x/2. The operator h, depends on a real parameter « associated to the strength

of the interaction; for notational simplicity, we prefer not to explicitly indicate such a dependency. One has
D(hy) = {ue H (R\{+x/2}) nH' (R) : [t ](£x/2) = au(+x/2)},

heu(y) =-u"(y)  forae yeR\{zx/2},

where [u'](y) denotes the jump of the derivative u’ across y.
Furthermore, the sesquilinear form associated to h, is given by

be: H'(R) x H' (R) c L*(R) x L*(R) - C

be(u,v) = (', 0" + ait(x/2)v(x/2) + air(—x/2)v(-x/2).

(3.1)

(3.2)

(3.3)

(3.4)

J. Math. Phys. 67, 053503 (2026); doi 10.1063/5.0287840
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A. The spectrum of hx
For any z € C\[0, +0c0) we denote by r°(z) the resolvent of the self-adjoint Laplacian in L?(R) with domain H*(R); its integral kernel is

oy =i S c\[0 Im+/Z > 0
r(y-ysz) =i Wz z€C\[0,+00), Im+/z>0.

Moreover, for any z € C\[0, +00) we set:
&(2): PR) > C g(2u= (P (2)u) (x/2), (I (2)u) (-x/2) );
&(2):C* > *(R), 8(2) =2:(2)",

(&(2) (0, 0)(3) = (= x/22) 0+ ' (y + x/22) o,
and

mi(2):C > my(z) = ——| o
x(2): (D=5 Z e

For all z € C\[0, +00) and for all & € R such that det(1 + « m«(z)) # 0, the resolvent of h is given by

(he=2)"" = "(2) — agu(2) (1 + ams(2)) "' g ).

The values z = —A < 0, such that det(1 + am,(z)) = 0 equivalently, such that
2
(oc + 2\/X) = oczefzﬂ M, (3.5)

correspond to the eigenvalues of hx. Obviously, (3.5) has no solution for & > 0. For « < 0, Eq. (3.5) admits one or two solutions according to
the values of « and x. We summarize the spectral properties of 4, in the following

Lemma 3.1.
(1) Uac(hx) = Ue:s(hx) = [0; +°°);

(i) osc(hx) = 6
(iii)
@ a>0
0p(hx) = 04(he) =4 {=Ao(x)} @ <0, |x <2/l
{-2o(x),-M(x)} a<0, |x|>2/|a]

To better describe the behavior of the eigenvalues with respect to x, we introduce the Lambert W-function, defined as the solution of the
equation
W(x)ew(x) = x.
As consequence of such a definition, one gets the following

Lemma 3.2. Let a < 0. The functions Ay and A, are represented as

W( o]l x] e la‘z‘x‘ ) |0(‘ g
Ao : R = (0,+00), ()= —2 722,
Jxd 2
W(_M e e ) o ?
A R\[=2/|a),2/[a]] > (0,+00),  hi(x) = # Sl E
(i) both Ay and A, are even functions;
(i) /4 <do(x) <a® 0<Ai(x)<a?/4
(iii) 20(0) = o, lim,—, (s2/jap), 11 (x) = 0, limyssoodo (x) = limyssoodi (x) = a?/4;
(iv) Ao is strictly decreasing on (0, +00), A is strictly increasing on (2/]a], +00);
J. Math. Phys. 67, 053503 (2026); doi: 10.1063/5.0287840 67, 053503-17
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2
by
a=-1
—a=-2

5L

FIG. 1. Plot of the eigenvalues of the light-particle Hamiltonian as functions of x: —Ay is represented by the solid line; —A4 by the dashed line.

(V) Ao € C7(R\{0}), A € C= (R\[-2/|a], 2/a] ]).

Remark 3.3. Even though A; (x) = 0 is a solution of (3.5), zero is not an eigenvalue of the Hamiltonian k.. To prove that this is indeed the
case, assume on the contrary that there is eigenfunction uo such that hiuo = 0. This means that on R\{+3 }, we have —uy = 0. Any function in
D(hy) that satisfies such an equation must be equal to zero on (—co, 5] and [ 5, +c0). Also, it has to be linear on [-3, 5], i.e., uo(x) = Ax+ B
for some constants A and B. By imposing the continuity and the boundary conditions required in D(h) there follows that it mustbe A = B = 0.

By Lemma 3.2, there follows that —A¢ reaches its minimum for x = 0,

min (~1o(x)) = ~Ao(0) = -a,

and —\; reaches its infimum for |x| - +oo,

‘ |lim -hi(x) = —a’/4.
X|—>+o00

We compare the eigenvalue —A(x) and —11(x) for the values & = —1, -2 in Fig. 1.
By Lemmata 3.1 and 3.2 there follows the following theorem

Theorem 3.4. Forall « > 0 and x € R, the quadratic form b, and the associated self-adjoint operator hy are non-negative. For all « < 0 and
x€R, —&? is a lower bound for the quadratic form by and for the associated self-adjoint operator h,.

For later use, we introduce the normalized eigenfunction corresponding to the lowest eigenvalue of h, (see, e.g., Refs. 4 and 2):

WE(y) = N(x)(e—ﬁo(x) 5291 4 VR () \x/z+y\), (3.6)

where N(x) is the normalization constant given by

1/2

) VAo(x)
N(x) = 2(1+e*\/mlﬂ(l+\/}Lo(x)|x|)) ' 7

6%:1Z:¥T 920 Kem 8T
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Further,
Pegi= (0, ) v (3.8)

denotes the corresponding spectral projection. We point out that N(x) and 20 are even in the parameter x.

IV. REDUCTION TO AN EFFECTIVE HAMILTONIAN FOR THE HEAVY PARTICLES SUBSYSTEM

We provide a dimensional reduction of H, Et‘ following the abstract scheme in Ref. 28. At first, we need to introduce the convenient notion
of section of a function: given any ¢ € L*(R?), its x-section is defined by ¢_(y) := ¢(x, y). One has that, for a.e. x€R, ¢_is measurable and
square integrable; furthermore, the function x — [¢x |2z, is square integrable and

1813ty = [ 164152 ey

Note that, by abuse of notation, we used the same symbol to denote an element in L*(R) and any of its representatives.
Similarly but less obviously (see, e.g., Sec. 5.6 in Ref. 29), for a.e. x € R, the x-section ¢, of any ¢ € H' (R?) is an absolutely continuous
function having a square integrable derivative, the function x > |/¢x[ ;1 () is square integrable and

2 2 2
81y = [ 109 CeanPaxs [ gl i

Then, we consider the closed, lower bounded sesquilinear form b defined in (3.3) and (3.4) and the associated lower bounded self-adjoint
operator h, in L*(R) defined in (3.1) and (3.2).

Recalling the definition of B in (2.26) and (2.27), by the discussion above, b.(¢_, v, ) is well defined for any pair of functions (¢, y) €
H; (R?) x Hy (R*) and

Big.y) = [ £0p(x0)0u(xp)dx+ [ bulgnys)dx. (41)

This identification, together with Theorem 3.4 gives the following result which completes Theorem 2.19.

Proposition 4.1. Forany e >0 and a <0, o(HY) c [-a?, +00).

To proceed, we define the orthogonal projection P in L*(IR?) associated to the projection Py defined in Eq. (3.8):

P:L(R) > L*(R*)  (P¢), := Peox.
Additionally we set
Pli=1-P

For later convenience, sometimes we regard y2° as a function of two variables, denoted by y*°, with the obvious identification y*°(x,y) =
¥59(y). With this notation, one has

PLA(RY) » L(RY),  P(xy) = v (x.9) fo(x),

where
fox) = [ 9P Cen)dny) dy = (100

Let us point out the inequality

2
ol < [ (L W0GnN6Canldy) drs [ 192 6515 ey x = 19051y

Remark 4.2. Notice that, since ¢ is an even function with respect to the x variable, f4 is an even function whenever ¢ € L (R*) and is
an odd function whenever ¢ € L?(R?). Hence, P is an orthogonal projector in Lﬁ (R?) as well.

Lemma 4.3. (i) P is a bounded operator in H'(R?); (ii) the commutator [0y, P] : H'(R?) c L*(R?) - L*(R?) extends to a bounded
operator in L*(R*) and

|[8x PII <6,

6%:1Z:¥T 920 Kem 8T
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with
1/2
. z(sup i \axw‘”(x’ynzdy)
x€R

and the bound 8 < 4|a|.

Proof. In the course of the proof, for the sake of brevity, we will often omit the dependence on x in N(x) and A¢(x). From the formula
(3.6), one gets

O™ (5.9) = NV sgn(x/2 = y)eV M2 s (a2-4 )R 1),

and so
10 )Py 2B VM i V)
R
1+ e Viok _ /15 x|V
=Ao
14+ Viok Vo \x|e_\/’mx‘
<Ap < 062.
Hence,
2
L8 Pocplax= [ (o™ o) drdy
2
< (sup / |8y1//BO(x>)’)| d)’) ||f<l>HiZ(R)
xeR JR
< (XzHngiz(Rz).
Defining
Fo) = [ (00(0)) (s
one has
2 é

Ifoll < 5114l

Since
0P = (09" ) fo + ¥ s + ¥ Forps

there holds

. 5 .
10:Pgll < [(89™) foll + 1™ Foll + 17 F o0l < Sl + ol + 10:0] < (1+ O[B4 a2y,
In a similar way, one obtains
[0 P1g = (0:9™) fo +v"F 5,
and

[[6x P1g]l < 8¢l

We are left to prove the bound on 8. From the formula (3.6), one can explicitly compute 9,y

4 I/
5x1[/Bo(x,y) =%w30 3 2]\\7/)‘;_(|x/2 _y|e—\//mx/2—y\ +|x/2 +y|e-\/@lx/z+y|)
—— 0

BO

9 93°

- N\Z/A_O (sgn (x/2 —y)e_\/mx/z_y‘ +sgn (x/2 +y)e_‘/mx/2+y‘) .

5O
93
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Computing the norm of (p{3 © one obtains
o= (V)
91 N/
From Eq. (3.7), by a straightforward calculation there follows
<ﬁ i )
N (R, T (hoe + i
N 2\/_ (\/_|x| + e\/>|x| + 1)
We notice that
0(2 2
Ao(x) = 77 (Jer|x/2) x>0
with
W(xe™)
=ty
v(x) . +
Hence,
V)| _ |V (ax/2)
v(ax/2) |
From the identity W (x) V™ — x x>0, we infer
v(x) = e 41
Hence,
Vi) 1
v(x) - exv(x) rx
Y|, ol
2V 4
Recalling also that v/A¢ < |&|, we infer
V)’
(o2 )| e vl

2<\//1_0|x| + eVl 4 1) - 2(\//\_0|x\ + eVl 4 1) 4’

12
where we used the inequality 2(%::1) < i, 5> 0. We deduce that

N’ 2 az
BO 2
<5 ad e ”LZ(&dy):(ﬁ) =%

Next we focus attention on (pg °,

H ”2 (I\mo)2 (1 " (\//\_;|x‘)3e—\/folx\ +(1 +\/A_o|x|)e_\/f°|x‘)

4(A )5/2
(A(,))Z 1+ (\/)Tg\xl)l e—\/)t(,\x| +(1 " /_AO‘xDe—\//mx\ (A/)Z

= < 0( >
207 1a eV ST VR (o)

where in the latter step we used the bound |Ag/A¢| < |a] that can be easily obtained from the bound (4.2).

(4.2)
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We conclude with a bound on ||¢5°.

2
19207 NV (R R

_@ 1- e_\/’mxl + \//1_0|x|e_\/’mx| Ao 2
4 14 eV | \//1_0|x|e—\//mxl

Summing up we obtain || d,y?°| < Z;:l ||(pfOH < 2|aland 8 < 4|a. O

Remark 4.4. By Remark 4.2 and by point (i) in Lemma 4.3, P is a bounded operator in Ha (R?).

By Proposition 4.1 there follows that —a” is a lower bound for the quadratic form B and for the associated self-adjoint operator H}.
Preferring to work with non negative quadratic forms and operators, we define the sesquilinear form

gx(1,0) = by (u,0) + o
with corresponding self-adjoint, non-negative operator h, + «*. Then, we define the sesquilinear form Q! with D( Q!) = H; (R?) by
Ql(g.y) = BHp.y) + ' (9 ¥) a2y = [R £0:9(x,y) Oy (. y) dx + fR (92 y)dx. (4.3)
The corresponding non-negative self-adjoint operator is
LYV =Hb + o
By Remarks 4.2 and 4.4, the following sesquilinear form in LE (R?) is well defined:

D(OY) = H;(R*)  O¢,y):= QX (P¢, Py) + QP ¢, P y).

Proposition 4.5. For all ¢,y € H;(RZ) there holds

Q4 gy - Dx(o)] < 260(v/ Q@) Iyl + 191/ Diw) )

Proof. By the definition of Q! there follows
Ql(ey) - Qi(g.w) = QU(P, P'y) + QU(P 9, Py).
Defining S¢ := —iedx, since gx( Psu, Pxu) = gx( Pxu, Pxu) = 0, by Definition 4.3, there follows

Q¢ y) — QN y) =(Se P, S PHy) + (S P* ¢, S Py)

(SePp, Se(1 = P)w) + (Se(1 - P)o, S: Py)
(

(

Se P, Seyr) + (Se, Se Py) — 2(Se P, S Py)
[Se> P1¢, Sey) + (PSe$, Seyr)
+(Se¢, Se Py) — 2([Se, P1§, Se Py} — 2( PS¢, Se Py).

6%:1Z:¥T 920 Kem 8T

Note that
~2(PSe¢, Se Py) = - 2(Se¢, PS: Py)

=~ 2(8:4.[P.S:]Py) - 2(8:4.5. P’y)

=2(S:¢, [Se, P1Py) — 2(Se$, S: Pyr),
and

(PSed, Sev) = (Ses PSey) = ~(Seh [Ser PIy) + {Seh, S: Py,
Hence,
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Ql(¢v) - Qb ¥) =([Se> P1§, Sew) + (=(Se, [Ses Ply) + (Se¢h, S Py))
+ (Se, Se Py) = 2([Se, P1g, S Py) + (2(Ses [Ses PIPy) - 2(Se, S Py))
=([Se> P Sew) = (e, [Se, Py) — 2([Se, P, Sc Py) + 2(Ses, [Se P Py)
=([Se> P16, Se P ) = (Se [Se, P1P ) = ([Ses Pl S Py} + (Seh, [Se, P Py).

By Lemma 4.3, this gives

| Q4 (g, y) - Do y)|
< ed(ledxgl (| Pyl + [ Pyl) + | ¢l (ledx Py + [ed: Py])).

By the obvious inequality a + b < 2\/a® + b%, there follows
|Qi(¢.v) - Qi)

<2e3(Ie0ugl/1Pwl” + | Pyl + 191y e Pyl + Jedi Pyl )

<265(\/QH@Ivl + 191/ QW) )

where in the latter inequality we used the fact that the quadratic form g, is non-negative. O
In the next Lemma we recall several results from Ref. 28.

Lemma 4.6 (Lemmata 2.2 and 2.3 in Ref. 28). The quadratic form Ol is closed, non-negative, and determines a unique self-adjoint, non-
negative operator Z8 in Lﬁ (R?). Furthermore,

@
Z=ZheZl,.. o(Z)=0Zir)va(Z!,),
where
Zhy D(Zhy)  ran( PILA(R?)) — ran(PILA(RY)),
20, D(Z0,.) c ran(PHLE(R?)) > ran(P*|L; (R?));
(ii) _ R
(v, Zipy) = QU(Py, Py) 20, Yy e D(Zly),
(1 Zy) = QUP Y Py 2inf (L) +a* = 2, Yy e D(ZL)
Proposition 4.7. ForallA € R, ¢ € D(ZS), and v € D(Z2Y), there holds
(¢ (Z = Ny) = (£ - Doyl
< 285(||1VH\/(H(~=5/’2h =001+ A1l + 181/ (12 - Dyl + Ayl vl )
Proof. Forall ¢ € D(Z}), there holds
QI($) = (9 (& ~ 1)) + A9l
Hence,

Qi(9) < (I(£F-1)g] + Ael9l) 9.
Similarly, for all y € D(ZZ}),
QL) < (IZF =1yl +Aely]) vl

6%:1Z:¥T 920 Kem 8T
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Forall ¢ € D(£}) and y € D(ZZ}), there holds
(6. (Z0 - 1y) = (L -1)g.9) = (9. Zly) - (Z9y) = () - QLD y).
Hence,
(6. (2= Dw) - (£ - Doy
< 268( Iy 1/(1C2E =gl + - 191) 191 + 19/ (1CZE - Dl + Al I )

Lemma 4.8. (i) Defining
de = de(1) ==dist (A, 0(£")),  and  de=de()) :=dist (A, 0(Z)),

one has

{Ae [0,+00) N p(Z) : 4¢ A <1}C{Aep($“) d(A)>d(A)}

\/_ d()L) 2

(ii) For any A € p(Z2) n p(ZZ}), one has

by (b)) iw/l( h) Tlifis2
[[EZED)) (ZI-1) |S286(25 i 1+dg +d,; 3 1+E£ .

Proof. In Proposition 4.7 set y = (28 — 1)7'¢, then
917 = ((Z - (2 - 1) "¢)|
<2122 - 1) ol (12 Dol + A gl)lo]

+ 1/ (Iol+ X1 @ZE- Do) @E 179l )

At

<zs6¢(§¢((ﬂ BESAENEINE (1 = )
Vi B .
7 Dgliol + LI iy 2 (142

€

<285¢(

SZ&W(

Vi Dpllol +2loly| + (143 )

£

) —

The latter inequality gives

o1 < [((22 - 09 (Z2-2)° ¢>!+2w|¢(§\/(ﬁ—wnugbnmb (1+%) )

£

From which there follows,

£

ol < 12 - A>¢+ze8( Vi Dgllol +2lol| (14 %))

Defining
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de| ¢
one has
2 282
(s+—£6 ) _sAS 21—@ 1+Q.
\/i dS ds ds
If
458 A+ 1
——\/1l+=<z
V. . 2

then the following inequality must be satisfied

Hence,

d 1 d.
LoV > = —— ¢ > = 0
¢ )9l 16715 75 Il % Il >

which implies A € p(£!) and the bound on de. We remark that if 1 < 0, the statement is trivial since (—o0,0) c p(.Z}).
To prove the bound on the resolvents difference, let §, x € LE (R?),
o=(L -1y and v=(ZI -7y,
and apply Proposition 4.7 to obtain

| (8 -0 =@ -0 )]

caes 121ty { IR+ 312 A 7))

+ 1 -0V (I A @ZE- DTN EE-0 7 )
1 1 At 1 1 A .
gm(l\ [ (1+2) dﬁ| (%) )lellllxll-

i=((& -0 =& -0

To conclude, take

6%:1Z:¥T 920 Kem 8T

so that
- - - 1 1 A 1 1 A
LN = (@2 -0y <268 = —(1+—*)+— 7(1+;) )
A A T EE s AV L A\ A L B T
O
V. THE EFFECTIVE HAMILTONIAN
We begin by a rewriting of the quadratic form Q¥(Pg, Py) associated to the operator Z4 ,, given in Lemma 4.6, i.e.,
QU(Py. Py) = [, E0 R fi)dx+ [ ax(yi®viVhfy dx.
We point out the identity
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Lo nawsa- [Firia [( o0 td)es o

©|| = 1. Also we notice that

where we used [, ¥P90,4P°dy = 0, which is a consequence of the normalization condition |y

q(¥2920) = =do(x) + o

Hence,
b _ 277 1 2 o\F
QU(Py. Py) = [ (Fifi+(V+& RFsy) dx
with
(o) )
V(x) = -do(x) +a’ = - 2|x| e IR
and

R(x) = [ |0 (60l dy

Remark 5.1. Let us define
BR)={f e PR): f(x) = (+)y f(-0)}  HL(R):= H'(R) n H(R)
and

Uso : ran(PIL;(R)) > L}(R),  Uso(y*’fy) = fy.
By [y°] = 1,
Wb L) = [ ROV fy () d = (o o)
i.e., Upo preserves the scalar product. It is a bijection with inverse Ugé f = 1//3 0 f; hence, Ugo is unitary and
ran( P\Lﬁ(Rz)) ~ Lﬁ(R).
By the previous Remark, Q3(7P-, PP-) identifies with the sesquilinear form in LE (R) defined by
DQ™) = H(®) < HIR), Q™ (f.0)= [+ (V+ 2 R)fgdx
Since V + ¢’R is a bounded potential, the associated self-adjoint Hamiltonian in Lﬁ (R) is given by
D(£™) = H{(R) =H*(R)nL}(R) &= —52;7; +V+ER

Now, we analyze the spectrum of

We note that:

(i) VisevenonRR;

(i) 0<V(x)<2a%
(iii) V(0) =0, and limesso0 V(x) = 20’
(iv)  V is strictly increasing on (0, +00);

J. Math. Phys. 67, 053503 (2026); doi 10.1063/5.0287840
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Furthermore, by

(W(ye?)+y)* 4" =-8y’ + 0(y"), y<1,

there follows
V(x) = |0c|3|x| + O(xz), |x| «< 1. (5.1)

To proceed, we set A := &' and define
2

d
Ly = A2 -R=—— + AV (5.2)
dx
Denoting by L the self-adjoint operator in L*(R) defined by the same differential expression as LY, since (V — %ocz) is bounded and vanishes
as |x| - +oo one has (see, e.g., Theorem 3.8.2 in Ref. 38)

b & 3, 3 2,2
Oess (L) S Tess(La) = Oess —EJrZ(xA = ZocA,+c>o.

Since Ly is in the limit point case at both ends +oo, its eigenvalues are simple (see, e.g., Sec. 10 in Ref. 44); hence the eigenvalues of L} are
simple as well.
We denote by EE‘M, n=0,1,2,..., the eigenvalues of LEx below the essential spectrum, numbered in increasing order

0<llg<thy<<li, <.
The behavior as A > 1 of such eigenvalues is provided in the following
Theorem 5.2. For any fixed integer n > 0 and sufficiently large A, L} has at least n + 1 simple isolated eigenvalues and
e?\,n = eE,A4/3 +0(A), 62 = e, ef, = emtls

where ey denotes the (k + 1)-th eigenvalue of the closure K' of the essentially self-adjoint operator

. - . a4
D(K") = C°(R), K':= et | |-

We prove this theorem by Barry Simon’s approach presented in Ref. 40, where the author considered the case with a smooth, bounded
from below potential. We adapt his strategy to our situation, where the potential is not differentiable at the origin. The proof of Theorem 5.2
follows from the combination of Lemma 5.7 and 5.8.

For later use, we recall several properties of the eigenvalues and eigenfunctions of K'. We refer to Sec. 6.10 in Ref. 39 for the details (in

particular, see Egs. 6.10.9, 6.10.10, 6.9.1, and 6.9.2 in Ref. 39; in the notation there, 02, = Gni1 and o241 = Ont1).
Lemma 5.3. The solutions ¢ € L*(R) of the eigenvalue equations
K'¢r = e k=0,1,2,....
can be written in terms of the Airy function Ai as

20 (x) = ConAi (|| x| + 02k ), n=0,1,2,..., (5.3)

G2n+1(x) = Consrsgn(x)Ai (|| x| + 02041), n=0,1,2,..., (5.4)

where the C’s are normalization constants, the 02,’s and 02,+1’s interlace,

<041 <02y <...<01<0p<0,

and are the extrema and the zeros of the Airy function respectively [i.e., Ai’(624) = 0 and Ai(024+1) = 0]. The eigenvalues

O<60<81<€2<...<8k<....
are given by

€r = |O‘k| 062.

6%:1Z:¥T 920 Kem 8T
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Remark 5.4. Note that L*(R) = LZ(R) @ LZ(RR), this is equivalent to decomposing any function in L*(R) in the sum of its even and odd
parts. Hence, one has

Kl _ Klb ® Klf

By Lemma 5.3, {e5, ¢} := {e2, ¢2n} and {e}, ¢!} := {eans1, $ans1} are the eigensystems of K'® and K' respectively.

Remark 5.5. For x > 1 the Airy function Ai behaves as (see, e.g., Sec. 10.4 in Ref. 1)

_20

Ai(x) = e (1 0()), (5.5)

1
2/l
Remark 5.6. By Ref. 25, one has the bounds

3 2/3
< Ogn41 < —(g (4””’3)) .

37 3 5 i
- = (4n+3) + = arctan ———
8 2 187(4n + 3)

Then, by 02411 < 024 < 02(n—1)+1, One obtains
2/3 2/3
3 3 5 3
- —n(4n+3)+7arctan7 gahsf(—”(zm—l)) .
8 2 187(4n + 3) 8

As a first step toward the proof of Theorem 5.2, we define an auxiliary self-adjoint operator L} to compare with LY; it is defined as
L= AV U KM UL, (5.6)
where the unitary operator U, in Lﬁ(R) is defined by (U, f)(x) := A f(A2/3x). Foranyy € C5°(R) n Lﬁ(]R) one has
Ly (x) = 9" (x) + A% ey ().

Notice that, by (5.6), the spectrum of A 3L}\t‘ is independent of A; by Lemma 5.3 and Remark 5.4, the eigensystem of L}\h is given by
{AY3el, Upghi ).

We introduce a cut-off function on a suitable scale of A. Let j € C¢°(R) n L*(R) with 0 < j < 1, even, and j(x) = 1 for |x| < 1and j(x) = 0
for |x| > 2. Define:

J1(x) = j(Ax), (5.7)

and let

Jo(x) =\/1-T1(x)  (Jo+Ji=1).

We point out that both J, and J; depend on A, to simplify the notation we omit this dependence. We also remark that in the definition of J;,
see Eq. (5.7), any exponent between 1/3 and 2/3 would work.

We first point out that, by the Taylor expansion of V, taking into account the fact that J is supported on |x| < 2/A", there follows that
Ji (L4 = L)), =7, (A*(V - |a’[x]) )], is a bounded operator in L (R) and its norm satisfies the bound

1 (LY = LA)T = 10, (A2 (V = Lo l]) )11 < ClTL (A%)T, | = O(A). (5.8)

A. Lower bound

To establish a lower bound for Zf‘\,n, we use the IMS (Ismagilov, Morgan, Morgan-Simon, see Refs. 26, 32, and 33) localization technique
(see, for instance, Lemma 3.1 in Ref. 40 or Chap. 11 in Ref. 15):

Lemma 5.7. Suppose that LY has n + 1 eigenvalues below the essential spectrum. Then

B> AP0 A> 1L (5.9)

6%:1Z:¥T 920 Kem 8T
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Proof. Denote P}! the orthogonal projection of the n-dimensional subspace spanned by the first # eigenvectors of L)!. Our goal is to
prove
Ly > efAY + Fi + O(A), (5.10)

where F! is the symmetric operator
Fi = T (LY - enA*)PY,.

We remark that FJ has finite rank at most equal to #. As usual, inequalities of the form of (5.10) have to be understood in the sense (y, L y/) >
A |y + (y, Fiy) + O(A) forall y e D(LY).

Inequality (5.10) implies (5.9). This is easily seen by noticing that one can choose a normalized vector y in the span of the first n + 1
eigenvectors of L} such that y € ker Fi. For such y we obtain

B> (v Liy) 2 elAY? + 0(A)

which implies (5.9).
Let us first recall the IMS localization. Since Jo and J; are smooth and 102 +J,% =1, one has
1 1 o
L =Y - ()
i=0 i=0

Therefore, we can re-write L} as

1
LY = JoLAJo + LA, + 7, (Lh - L), - S (0)™ (5.11)

i=0

From the definition of J, and J,, there follows the bound on the operator norm:

> /)

=0(A). (5.12)

By the definition of the orthogonal projection P}!, there follows
Ly = LEPY + LY (1-P)) = FY + A" P + L) (1-P)) = FY + €A™,
with
B = (L}\h - eEA4/3)P}\h.

Hence,
JiLAT, = B+ ehA*y)2 (5.13)

The latter inequality can be understood as an inequality for (,J, L)\, y) for all y € D(LY), since w € D(LY) implies J;y € D(L}}).
Also, we need a control on the support of Jo. Since V is even and increasing for x > 0, by the expansion (5.1), one gets

Cc

V(x) > V(1/AY?) > e

on supp (Jo),

2
for some positive constant ¢ and A large enough. Hence, since — ;17 is a positive definite operator, one has

ToLiJo > cA*2(Jy)? > et A (J,)% (5.14)

for A large enough. Taking into account (5.11), together with (5.8) and (5.12)-(5.14), the inequality (5.10) follows m]

B. Upper bound

To obtain the upper bound, we use the Rayleigh-Ritz variational principle. In this approach, we take the scaled eigenfunctions of K'¥ as
trial wave functions for L}

Lemma 5.8. For any fixed integer n > 0 and sufficiently large A, L} has at least n + 1 simple isolated eigenvalues and

B, < APel + o(A). (5.15)
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Proof. Recall that the functions ¢}’s in (5.3) and (5.4) are the orthonormal eigenfunctions of K'# corresponding to the eigenvalues e}.
Therefore, the UAng,’s are the orthonormal eigenfunctions of L}\t‘, that is

Ly (Ungh) = A el (Ugh).
Defining
= 1UA¢Ez

and taking into account the asymptotic behavior of the Airy functions, see Eq. (5.5), one has

(W YB) = S + O(™), (5.16)
for some positive constant c. Furthermore, by
1
LA = S (LA + L) + (1)
by (5.16) and (5.12), one obtains
el +éf "2
R e R G N
v L S J(wh v + (Unglh (1) Ul ) 51

=AYl 8 + O(A).
Therefore, by (5.8),

(v Lyh) = (¥l LiyE) + O(A) = A el + O().

Let us fix 1 > 0. We want to apply the Rayleigh-Ritz variational method, however, since the vectors {y}"_; are not orthonormal [but almost
orthonormal, see Eq. (5.16)], we proceed as follows Noticing that the y}’s are linearly independent by the Gram-Schmidt algorithm we
construct a set of orthonormal eigenfunctions {§! }/-, which, by construction, still satisfy Eq. (5.17), that is

(P8, LAh) = A el 6um + O(A). (5.18)

Then, a direct application of the Rayleigh-Ritz variational method (see e.g. Th. XIIL3 in Ref. 36), taking as trial space the span of {4}, gives

the upper bound ¢} ,, < A*ell + O(A). The fact that g (L %) € [2a’ A%, +00) and Eq. (5.18) guarantee that there are at least 1 + 1 eigenvalues.
O
Our main result on the eigenvalues of Z™ is given in the following

Theorem 5.9. For any fixed integer n > 0 and & > 0 sufficiently small, the £5™ has at least n + 1 simple isolated eigenvalues. The (n + 1)-th
eigenvalue is given by

6‘25” =shole?? + O(e), (5.19)
where sn := |02u| and sf |02n+1| and the negative numbers oy are defined in Lemma 5.3.

Proof. Denote by ZE\M the eigenvalues of the self-adjoint operator [compare the following definition with Eq. (5.2)]
=N =1 +R

The eigenvalues ZE‘M satisfy the lower bound (5.9), because R is positive. Moreover, the Zﬂm’s satisfy the upper bound (5.15), because in the
Rayleigh-Ritz variational approach [see Eq. (5.18)] R gives a contrubution of order 1. Hence, for any fixed integer 1 > 0, T} has at least 1 + 1
simple isolated eigenvalues, and 74, , = Al + O(A). Noticing that 25 = nglh/g we obtain the expansion (5.19). ]

VI. PROOF OF THEOREM 1.1

The result in Eq. (1.3) about the essential spectrum is part of Theorem 2.19. The lower bound on the spectrum in the same equation
follows immediately from Theorem 3.4 and Eq. (4.1).

Fix 7 > 0. By Theorem 5.9, one can take ¢ so small that 2™ has n + 1 eigenvalues, éffg“,éiff”, ., &M These are also eigenvalues for
25 ., as a matter of fact they are the lowest eigenvalues (ordered in increasing order) of 74, and of -2, see Lemma 4.6. Choose ¢, > 0 so that

&M< < &M and do(ul,) > e, where ull, = &80 — 6% Since (ul, — 65) 7! is the lowest eigenvalue of (uf,, — Z8)7!,

&,n—1
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- = min (v (6l -ZH7Ty).

yeL2 () |yl-1

/

By Lemma 4.8 (i), possibly for smaller ¢, there holds ul,, € p(£}) and de(u,,) > c,e*/°. Let us define &1, through the relation

(=67 = inf  (y,(ul. - 2D 7My).
ye (=), Jyl=1

3+e 2
442

By the spectral mapping theorem, either &1, is an eigenvalue of Zf or &, = infg.ss(Z1), where, by Theorem 2.19, inf gess (Z0) =
By the bound on the resolvent difference in Lemma 4.8 (ii), there exists ¢, > 0 such that

| (S — )™ = (8 -7 <l
Therefore,
68 — e < e |6k — ulal |65 = ] < et |88 = 651 + et
< e, — &M 4 26N
This inequality and Theorem 5.9 give
&, = &M 0(7) = sha®e + 0(e).

This shows that &1, < infoess(Z) whenever ¢ is sufficiently small; hence, &}, is an eigenvalue below the essential spectrum of .. One can
repeat the argument above for any k = 0, . . ., , and, by the inequalities

é‘fgh—Ek£4/3§éflk§éf)f£h+éks4/3 k=0,...,n

eé‘ifil+6k,1£4/3séigh—ék£4/3 k=1,...,n
which hold true for e small enough, there follows that &1, is the (1 + 1)-th eigenvalue. The proof is then concluded by o,(H) = 04(Z}") - .
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