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Simultaneous near-field and far-field spatial quantum correlations in the high-gain regime
of parametric down-conversion
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We study the spatial correlations of quantum fluctuations that can be observed in multimode parametric
down-conversion in the regime of high gain. We investigate both a type-l and a type-ll phase-matching
configuration: in the latter case spatial correlations at the quantum level are shown to exist both in the
near-field and in the far-field zones of the down-converted light. In the stationary and plane-wave approxima-
tion we treat the problem analytically. A stochastic model is solved numerically to obtain quantitative results
beyond this approximation. The finite transverse size and pulse duration of the pump beam and other features
of the system, such as spatial walk-off and diffraction are taken into account, and we show that correlations
beyond the standard quantum limit exist for values of parameters consistent with realistic experiments.
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[. INTRODUCTION applied to explain the outcomes of “two-photon entangled
imaging” experiments. These exploit the entanglement of the
The spatial aspects of correlations of quantum opticatwo-photon state in order to retrieve information from an
fluctuations have been the object of several studies in thebject inserted in the path of one of the photons by detecting
past[1-11. In general they show up in nonlinear optical the position of its twin4]. Both geometrical and coherence
processes, typically wave-mixing phenomena which involveaspects of the physics underlying these two-photon imaging
a large number of spatial modes of the electromagnetic fieldXPeriments have been carefully examifge 10].
From the middle of the 1990s there has been a renewal of N this paper we focus on spatial correlations in the oppo-
attention because of new potential applications which exploitit€ régime, where the number of photons per mode in the
the quantum properties of the field for image processing oPm'tted_ field can be quite large, and their detectllc.)n givesrse
multichannel operations. Examples are quantum holograph con_tlnuous photocurrents. Under these conditions t_he per-
[12], the quantum teleportation of optical imagds], and urbative approach used in Ref8,4] fails and an analytical

the measurement of small displacements beyond the RagXpPression of the output state can be formulated only within

leigh limit [14]. An overview of this relatively new branch of the stationary and plane-wave pump approxima(RweA.

oo f hich th . ) Recently, in the PWPA framework we used a multimode
quantum optics, for which the nanggiantum imagingvas  eory in order to demonstrate that PDC is able to display
coined, can be found in Ref15].

o , correlation effects in the spatial domain, both when photon-
The process of frequency down-conversion is part'CU|a”ynumber[16,17_| and polarizatiorj18] measurements are con-
suitable for this kind of application because of its large emis<jgered. In these papers it is shown that the correlations of
sion bandwidth in the spatial frequency domain. We considegyantum origin, usually investigated in the photon-counting
parametric down-conversia’DC) taking place in a crystal regime, survives in a regime of high gain where a large num-
with a second-order nonlinearity set in a traveling-wave conper of photons are emitted in each mode. In particular, the
figuration. In this process the photons of a high-intensitytheory predicts noise reduction well below the shot-noise
pump field are split into pairs of photons of lower energy andevel for the difference in the number of photons measured in
momentum through the nonlinear interaction with the me-the far-field from two detection are&s andR, correspond-
dium. Since no signal field is injected, down-conversion ising to couples of phase-conjugatggnal and idler modes.
initiated only by vacuum fluctuations that equally cover all In other terms, the photon numbers measured over the two
spatial and temporal frequencies. The fluorescence pattedetection areas are identical even at the quantum level. This
that arises has therefore the angular spectrum determined Iphenomenon finds its explanation at the microscopic level in
phase-matching conditions, and depends only on the lineahe conservation of the photon transverse momentum which
dispersion properties of the nonlinear material. is fulfilled in each elementary down-conversion process: for
The spatial aspects of quantum correlations in PDC haveach photon detected in, say, afeg the detection of its
been initially studied mainly in the low-gain regime. In this twin in R, is ensured by this law. The same kind of spatial
case, the mean number of photons per mode is small contorrelations have also been extensively investigated in the
pared to unity and single-photon pairs can be resolved iontinuous wavécw) pumped optical parametric oscillators,
time by the detectors. Information on spatial quantum correwhere the down-conversion efficiency is enhanced by en-
lations can therefore be obtained directly from coincidenceclosing the nonlinear crystal inside an optical resongitt.
measurements. A detailed theory has been developed in order Here we shall give a description of the photon-number
to evaluate the two-photon coincidence rate using a pertusspatial correlations that can be observed in a traveling-wave
bative method to determine the two-photon entangled stateonfiguration, both in type-lI and in type-ll phase-matching
generated in the nonlinear procg8s. This theory has been conditions. In the second case, we shall focus our attention
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on the spatial correlation property of PDC displayed in thecw pump approximation. It is based on a multimode input-
near field, a problem that we never analyzed before. Theutput formalism, first introduced in Reff22] for a type-I
signal and idler beams are found to exhibit quantum correcrystal at degeneracy, which is here extended to a type-I|
lated photon-number fluctuations when measured from dePhase-matching configuration.

tection areas that image the same portion of the beam cross In Sec. IV we give a qualitative description of the phase-
section. Twin photons are indeed generated simultaneousfatching mechanism that determines both the photon-
and they remain localized in a limited region of space as |On@umber distributic_)n an_d the c.haracteristic banQWidths of the
as they are observed close to the crystal. This “position endown-converted field, illustrating thereby the differences be-

tanglement” of the generated photon pairs can be seen as th¥€en type-I and type-Il phase matching.
near-field counterpart of the momentum entanglement which ' Sec. V we define the quantities that can be measured
can be observed in the far field. However, we shall see thatxPerimentally and that put in evidence the quantum nature

for a realistic crystal length the measurement of near-fiel®f the spatial correlations in which we are interested. Their

correlation is strongly affected by propagation effects, in par_analytical expressions are derived within the PWPA, which

ticular diffraction and spatial walk-off. We shall propose a Will be used to interpret the results of the numerical model.
procedure to overcome at least partially this problem. The last part of the papéBec. V) is devoted to present

It should be noticed that the existence of correlations bottil® numerical results obtained for two particular crystals
in the near and in the far field of PDC is known in the With different phase matchingtype | and type I1. The
literature in the coincidence counting regirfig0]. It has ~ amount of correlation that may be achieved is evaluated as a
been used in two-photon imaging experimefts and has function of different parameters that can be varied experi-
been recently emphasized in a more general cofiiéjt In mentally, such as the size of the pump beam waist and the

this work we focus on aspects that are specific of the highSize Of the detectors.
gain regime, because we study the spatial correlation func-

tions of the photon number, determining the condition under  ||. CLASSICAL DESCRIPTION OF THE PROCESS
which the signal-idler correlation beats the standard quantum o N
limit. We decompose the electric field in the superposition of

The observation of photon-number correlation phenomihree quasimonochromatic wave packetenoted withEo,
ena in the high-gain regime of PDC is also the aim of anF1, andEy) of central frequencies)y, ;, andw,, corre-
experiment presently performed at the University of InsubriaSPonding to the pump, signal, and idler fields, respectively.
in Como. In this experiment photodetection takes place byfhese frequencies are taken to satisfy the energy-
means of a high quantum efficiency charged coupled devicgonservation conditiom; + w,= wo. Assuming the mean di-
(CCD) camera, which is able to resolve photon number flucy€ction of propagation is the direction, and denoting with
tuations that are below the standard quantum I[@@. The  x=(x,y) the coordinate vector in the transverse plane, we
pump field is a high-power picosecond laser pulse that proean write
vides energy for a large number of down-converted photons,
in a co_nfigyration such that the plane-wave and cw pump Ej(z,i,t)ocAj(z,i,t)e‘kiz*“”i%c.c. (j=0,1,2, (1)
approximations are very raw. Here we shall present a realis-
tic description of the system, based on a numerical model . .
that includes the finite duration and the transverse size of th¥Nerekj=n;;/c is the wave number of waveat the car-

pump pulse. Other features of the system that are relevafie! frequency along theaxis (for an extraordinary wave the

from an experimental point of view, such as spatial and temt€fraction indexn; depends on the propagation direction, a

poral walk-off, different kinds of linear dispersion and phase-ProPerty leading to spatial walk-offTo simplify the notation

matching (type-1 and type-Il crystals are included in the we have ignored the vectorial character of the three fields,

model. It is important to investigate how they affect the spaN€ir polarization being determined by the kind of phase-

tial quantum correlation phenomena predicted by the plang?@tching conditions that are met inside the crystal. _
wave pump theory, also in order to identify the best condi- Within the paraxial and slowly varying envelope approxi-
tions under which they can be observed in the experiment. A1ation, the propagation equations for the signal and idler
numerical evaluation of the far-field photon-number correla>-) field envelopes and the pump field envelope can be
tion function is presented in Ref21] in the case of a type-I Written in the form[23]

crystal at degeneracy. In Ref21], which treats down-

conversion within a classical framework, the shape of the A, oA i aZAj A, i,
Ise included into th ical model is taken f — Tk =+ 5k —5 —pj o — 5 - VIA
pump pulse included into the numerical model is taken from gz et T2N 2 9y 2k L
experimental data and the obtained signal-idler correlation !
peak displayed between symmetrical point reproduces well =gAAFe 207 (j1=1,2;#1), (2a)
the correlation measured experimentally.
The paper is organized as follows. In Sec. Il we briefly _ ) .
introduce the theoretical model used to describe PDC within dAo A T 9Py Ay T _,
; L —t+ko——+ 5Kg —po—— 5. ViAo
a classical framework. The quantum description of the sys- Y gt 279 52 ay  2kg *
tem is illustrated in Sec. Ill, where a fully analytical treat- _
ment is developed in the framework of the plane-wave and =—gAAe' 07 (2b)
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The driving terms on the right-hand side describe the wavevalid within the framework of the paraxial and quasimono-
mixing process due to the second-order nonlinearity of thehromatic approximations. With this definition

medium, the coupling constamt being proportional to the

effective second-order susceptibilig?} characterizing the L(zx,t)=al(z,x,t)a(z,xt) (j=1,2) (5)
down-conversion procesd =k;+k,—Kq is the collinear : . :

phase mismatch of the central frequency components. g the photon flux density operator associated with wjaite
~ Linear propagation |s_descr|b,ed by the Ihs of these EAU3xpectation value gives the mean number of photons cross-
tions: the terms proportional th =(dk;/dw),-, andkj  ing a region of unit area in the transverse plane. In the linear
=((92kj/(9a>2)w=,‘,j lead to temporal walk-off between the regime the field operators obey the same equations as the
different waves and group-velocity dispersion, respectivelycorresponding classical quantities. For our purpose, it is use-
while the terms containing the first- and second-order derivaful to introduce the Fourier transforms of the field envelopes
tives in the transverse coordinates() are responsible for With respect to time and to the transverse plane coordinates:
spatial walk-off and diffraction, respectively; indicates the
walk-off angle of wavg, determined by the anisotropy of the . dx dt . .
crystal (the walk-off direction is taken along thg axis). aj(zquQ):jZ \/:t’ﬂlj(Z.X,'t)ef'q'“'Qt (j=1,2).
Linear losses are neglected, so that the three waves exchange 2ar 6
energy but their total energy is conserved. 6)

In Sec. VI A we shall also consider the special case of a, . . — .
type-l phase-matched crystal where the signal and the idIeAr‘ S|mjlar definition holds also for the Fourier component
fields have the same polarization and are observed close fo(z,d,{2) of the classical pump field envelope. The propa-
the degenerate frequenay,= w,= wy/2. Under these con- gation equations2a) take then the form
ditions the signal and idler fields are no more distinguishable
and the down-converted field must be described by a single &aj(z7a,ﬂ)
slowly-varying envelopeA(z,x,t) satisfying the following Tz
propagation equation:

. . . dg’ [ dQ’

=i5;(q,0)a;(z,q,Q)+oe o | ——

A OA i 9PA oA i . om | oo
- W, VU2pA— * A—iApz 2
(92+k (9t +2k [?tz pl(?y ZKVLA (TAoA e 0, ) ) . R
3) XAo(z,9—0q",Q2—-Q")a/(z,—q',— Q")
which is readily obtained from Eq$2a) by dropping the (j1=1,2;j #1), 7
S-l indicesj,l, which denote different polarizations and/or
carrier frequencies in the nondegenerate case. where

In a single-pass configuration with crystal length on the
order of a few millimeters, the amplitudes of the down- ) 1 1
cc_)nverted field remain sma!l _W|th respect to the pump am—5j(q,Q):kj’Q+ Ek;’g2+p1qy_ E(q§+ q§) (j=1,2),
plitude and the nonlinear driving term in the rhs of Egp) j
can be neglected. The pump depletion due to down- ®)
conversion and absorption is indeed of small entity, unless . .
extremely high intensity laser sources are used. We shai$ the quadratic expansion &f,(w;+(,q)—k; aroundq

therefore work within the parametric approximation that—=g (=0, andk;,(w; +Q,9)= \/k]?(wj +Q,q) — g2 denotes

treats the pump as a known classical field which propagateg . , component of the vector associated with thej(Q);
linearly inside the crystal, while the down-converted fields | - "\ oo 001 particular the walk-off anglecan b]e

are quantized according to rules that are briefly illustrated ir_P . -
the following section. identified asdk;/dq, calculated forg=0,2=0. A more de-

tailed derivation can be found ii,24).
Equations(7) contain the convolution integral in Fourier
IIl. QUANTUM DESCRIPTION IN THE PARAMETRIC space of the S-I field envelope with the pump field envelope.
APPROXIMATION Within the undepleted pump approximation, the latter can be

We need now to substitute the classical signal and idlefXPressed as
fields with operators. Making the formal substitution for the R o R
field envelopesA,(z,x,t)—a;(z,x,t) (j=1,2), we impose Ao(2,0,Q)=e"0@N?A,(2=0,9,0), (9a)
the following commutation rules at equal[1]:
1 1
N N IO 5 L/ N eY T (n2 2
[ai(z.x.1).a] (2 X' t')]= 8 5(x—X) 8(t—t"), 90(0:) =kofd + 5 Ko7+ pacly— 5 (Gt ).

[ai(z,x,1),8(zX',t)]=0 (i,j=1,2), (4) (=12 (9b)
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thez=0 plane being taken at the input face of the crystal. In 8,(9,Q) = 81(—q,—Q)— A,
. ] ]l I

the following we shall assume that the pump pulse has a Uz(&,Q)=exr{|
Gaussian profile both in space and time, of beam wajst

and time durationry atz=0:

2 C

x| coshT(—q,—Q)l]
Ao(z=0X,1) = (2m)¥2A e~ ¢ ¥IMGe 175 (1)
CA(-q,-Q) .
In Fourier space we have then the expression +i msml‘(l“[—q,—ﬂ]lc) ;
- A 3 _ g —0)—
Ao(z=04,0) =212 ZF’ G IE R Vz(a,Q)=ex+ 9,(9,Q)—61(—q,— Q) A0I }
5625w, 2 c
(11
Xx—P  SinhI[—d,-Q]ly), (15
where I(—q,—-Q) ¢
5QO: 2/W0, 5(1)0: 2/7'0 (12) and

denote the bandwidths of the pump in the spatial frequency
domain and in the temporal frequency domain respectively.

- [ A(Q,Q)?
rQ,Q)= og—(qT), (169

Let us now consider the limit of the PWPA approxima-

tion, in whichwg and r; tend to infinity and

A(2,0,Q)—(2m)¥2A,8(q) 5(Q).

A(Q,Q)=Ag+ 81(9,Q) + 82— q,— Q) ~Ky,(q,Q)
+Kop(— 0, — Q) — Ko, (16b)

13

op=0A,. (1690

Under this condition, Eqs(7) couple only pairs of phase-

conjugated modesﬁ(Q)l and (-g,—Q), and can be
solved analytically. The unitary input-output transformations

Itis important to note that the gain functiobls andV; given
by Eg. (15) satisfy the following unitarity conditions:

reolimjg th_e field opefators at the output face _of the crystal |Uj(a,Q)|2—|Vj(a,Q)|2=1 (i=1,2 (173
a; (q.Q)=a;(z=1..,9,Q2) to those at the input face

aj"(q,Q)=a;(z=04,Q) take the following form:

U1(0,Q)Vo(—q,— Q) =Uy(—q,— Q)V4(q,Q),
(17b

a2"(0,0)=U1(q,2)a'(q,0) +V1(q,2)a3'" (=4, Q),  which guarantee the conservation of the free-field commuta-

tion relations(4) after propagation.

a5"'(q,Q)=U,(q,0)a5(q,0)+V,(q,Q)al (- q,—- Q),

with

Ul(ci,Q)zexr{

X

i(sl(ci,n)—éz(—d.—m—Ao

2

coshiT'(q,0)l ]

4

(14 IV. MEAN INTENSITY DISTRIBUTION

In the following we shall consider measurements either in
the near-field or in the far-field zones of the nonlinear crystal.
In order to simplify the notation we shall omit the explicit
dependence of the fields on tkecoordinate: when specifi-
cation is explicitly needed, the measured quantities will be
labeled with7 or 7', which will denote the near-field and
the far-field detection planes, respectivébee scheme of
Fig. 1(@]. The analytical results given here and in the next
sections are all obtained within the PWPA: on the one hand,

AGG.Q they generalize those illustrated in Rgf7] for a type-I crys-
+i Lsinur(ﬁ,ﬂ)lc) , tal at degeneracy to a type-ll phase-matching configuration;
2I'(q,Q) on the other hand, they provide a good starting point to in-

terpret the results of the numerical model that includes the

- - pulse shape and the finite cross section of of the pump beam.
Vi(G Q)zex;{i 91(9,€) — 3 _q'_Q)_A0| } A more general input-output formalism that goes beyond the
' 2 ¢ PWPA is developed in Appendix A.
With a stationary and plane-wave pump the near-field in-
% ‘fp Sinfif(ﬁ,ﬂ)lc), tensity distributionjn the output plane of the crystal clearly
(q,Q2) does not depend onandt, because of the system invariance
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®) %y © q
R, T
O e
do
a9 i
T-dc =
R1 % R1 | qo
g
TYPE Il TYPE |

FIG. 1. Scheme for the observation of down-conversion in the far-field @n&he lens(not shown in the figureis located az=1
+f. (b) and(c) display the phase-matching curve$) in the spatial frequency plane for a typed) and a type-kc) crystal, respectively.
The symmetrical black squard®;, and R, indicate the locations of the detectors from which maximal signal-idler correlation can be
measured.

with respect to translation in time and in the transverse planeother hand, in type-Il crystals the signal and idler waves are
Using input-output relation€l4) and recalling that the input characterized by different polarizations and frequency dis-

fields are the vacuum states, we obtain easily persion relations, so tha®,=(); remains finite even for
. w1= w,. The spatial bandwidtly, gives the range of trans-
> dQ dg > 2 verse wave vectors for which the gain spectrM(ﬁ 0)?
{0} = f ﬁf (27)2 Vi(q, Q)" (j=1,2. is close to its maximum value, sif(or,| ), when thejth field

(18)  is observed at a given frequeney;+ () [the gray region
shown schematically in Figs.(d) and 1c) for Q=0]. We
The function |VJ-(<§,Q)|2 gives the contribution of mode remark that 14,l, andqq are about the same order of mag-
(a,Q)j to the total photon flux of beari and is usually nitude as .Io_ng ab. remains in the miIIimete( range. .
referred to as its spectral gain. On the other hand, in the For definiteness we assume that the far field is observed in
far-field planer’ the spatial Fourier modes are resolved spathe focal plane of a thin lens of focal lengtivhich performs
tially and the photon distribution reflects thalependence of the Fourier transformation of the field from the output face

, ) - of the crystal(the so-calledf-f system. The field operators
these spectral functions. From the expressionl'¢f,(2)

) : in the focal planer’ atz=1.+2f [see Fig. 1a)], which we
given by Eqgs(16), we see that down-conversion occurs most . - .
. . = denote withb, 5(x,t), are related to those in the output plane
efficiently for the modes satisfying the conditiax(g,(2) '

, ; of the crystal by the following Fresnel transformation:
<20,. Using Eqs(16b) and(8), the phase mismatch accu-

mulated during propagation can be written in the form - . e g
bj(x,t)=f dx'h;(x,x")a"(x",1), (21a
- ’ ’ Q Qz q)2(+q§
A(Qaﬂ)lc:A0|c+Sgr[kl_k2]§+m_quy_ 7 R O
0 0 0 hi(X,X")= ——exp em/Axx i=12, (21b
19 %X = 3 pexp (j=12, (21b
where we assumed that the signal wave is ordinarily polarwhere\;=2mc/w; (j=1,2) are the free-space wavelengths
ized, so thap,;=0, and we introduced the parameters corresponding to the carrier frequencies. Using the input-
output relations(14) and unitarity relations(17) we can
\/f 1 2 evaluate the mean intensity distribution of the two fields with
d=Vi Q=7 Qo=\/—7—> the following approximate expression:
le |k1_k2||c (ki +ka)le
(20)

- 1 (dQ— . .,
_ ('j(X,t)%'%S(TJ E|V,—(X,Q)| (j=12, (22
wherek=2k,k,/(k;+ks). These determine the characteris- diff

tic pandwidths Of. PDC both in the t(_amporal frequency do'Where we introduced the barred gain functions defined in real
main and in spatial frequency domain. In the type-l phase:

X ' . ; . . space
matching configuration we will consider in Sec. VI A, both P

the signal and the idler waves are ordinarily polarized and __ _ 2. . 21

are observed close to degeneracy, i.e.dgE w,= wg/2. In Uj(x,Q)= Uj(ﬁX,Q>, Vj(X,Q)ZVJ(ﬁX,Q),
this special case the temporal bandwidth is determined by J !
Qo=05=V1U|K]l|, sincek;(w)=ky(w) implies thatQ} (j=1,2), (23)

=, Far from frequency degeneracy the emission spectrum .

has a much narrower bandwidth, on the orded=Qg  andS{};=(\;f)%/Sa (j=1,2), denotes the resolution areas
which is about two to three orders of magnitude smaller tharin the far-field plane at the S-I wavelengths, wii being

Qg (for a typical crystal length of few millimeteysOn the the area characterizing the dimension of the system in the
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transverse plane. As is shown in REE7], Eq. (22) can be (a) (b) (©)
obtained by assuming that a pupil of a®a> 1/g2 is put on
the crystal exit face. Assuming that the transverse dimen
sions of the crystal are large compared to the pump wWaist,
can be identified with the effective cross section area of the
pump beam. Equatiof22) represents a good approximation
provided the pump beam shape changes negligibly during
propagation in the crystal and behaves therefore as a pla
wave. This happens when the Rayleigh length characterizing
the Gaussian pump beam divergenzgs= mw3/\o, and its
analog characterizing dispersiony;s,= 75/2kp, are much
longer than the crystal lengthy. The same conditions can AS0 A0
also be written in terms of the pump spatial and temporal
bandwidths(12) as FIG. 2. Typical far-field pattern from down-conversion in a
type-II crystal, assuming observation is performed at the degenerate
fJo I dwg frequencyli.e., at\;=\,). They are obtained for decreasing values
o <1, Qo <l (29) of the collinear phase-mismatch paramefgy, which makes the
radius of the rings shrinks to zero. The pump pulse duratioty is
=1.5 ps, the pump beam waist V&, =664 um (5qy/qe=0.05),
and the parametric gain is,l.=4.

A =99y

At the considered carrier frequencies and w, the gain
functionst(d,Q=O) are maximal and perfect phase match-
ing is achieved when the equationg =q,Q0=0)=0 are

Nof
satisfied, with the plus sign for field 1, and the minus sign (qxaqy)_’zi(quqy) for field 2,
for field 2 [see Eqs(15) and(16b)]. More explicitly, as can T
be seen using expressioh9), they can be written as (12)_

it is easily seen that the ring radig N1 f/2mqg, and
L 5 their distance from the axis,y& =\, ,f/27qc, are gener-
~p,leq ) (25) ally different except when observation is performed at fre-
2 2cH0 . . o _ _
quency degeneracyi.e., for A\;=\,). In a type-l phase
matching configuration these rings are concentric, since there
Provided thatAgl.>—%p3l2q5, we have therefore two Iis no spatial walk-off between the two fields,(=0) and the

circles of radiugyg and centered atgf=0,g,=*qc), with ~ radial symmetry of the system is preserved.
Figures 2 and 3 illustrate the kind of far-field patterns that

—1, 1 =1k (268 can be obtained from a single pump pulse at frequency de-
dc=2p2lclo™ 2KpP2, generacy in a type-l and a type-II crystal, respectively. They
are obtained by numerical integration of the classical field

q% [ 1 equations(2), with a white input noise which simulates the
— _ 2 . . .
Gr=0o \/ Aolct —=\/KAo+ 7(kpz)". (26D vacuum fluctuations that trigger the process, as will be de-
Yo scribed in Sec. VI. The pump pulse duration is 1.5 ps and the
large waist conditiondgqy<<q is fulfilled. In the type-Il case
They are plotted in Figs. (b,0), respectively, for a type-ll  the width of the rings is determined by the interval of fre-
and a type-I phase-matching configuration. Modes close tguencies of the numerical grid. In the examples shown in
these circles withingo (gray annuli in the figuregive a  Fig. 2 the grid acts as a 15 nm box-shaped interference filter.
non-negligible contribution to the down-converted field. In In the type-| phase-matching case, being at frequency degen-
the detection plane they give rise to characteristic couples of
rings which have been observed in many experiments on
parametric down-conversiofsee, e.g., Refs[25-27). It
should be stressed that, without any spectral filtering, emis-
sion occurs on a very wide range of wavelengths and emis-
sion angles, as allowed by the phase-matching conditions
(see, e.g., Refs[26,9]). However, from an experimental
point of view, a particular couple of rings can always be
selected with the use of frequency filters centered at the cho-
sen frequencies®; andw,= wy— w,. Noting that there is the
following mapping between the spatial frequency plane and
the far field plane:

2
q
=+

9

gy 1 ?
q_ziipﬂcqo) =Aglct

ASO

FIG. 3. Far-field pattern in a type-l crystal at the degenerate
N f
1 : frequency for collinear(a) and noncollinear(b) phase-matching.
, ,qy) forfield 1, 2 quency
(G, Gy) — 2 (A qy) @7) 70=1.5 ps, 84y /o= 0.05 Wo=920 um) ando,l.=4.
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R, experiment described in Ref26], they do not allow any
%&M spectral measurement due to the very low resolution power
Az g T _AQ’ of the device in the time domain. They simply measure the
1|2 total number of incoming photons down-converted in each
, single pump shot, and the measurement tirgean be iden-
n\\c:]“ tified with the pump pulse duration. We introduce therefore
A2f Az the operators corresponding to the number of photons col-
of ﬂ of E lected by the two detectors in the finite-time window
xP=, > L= R, [—Ta/2,T4/2]:
S
PBS U | E g )
L : N]-=j de dt Ii(x,t) (j=1,2). (29
z=l-Az 4 z=1, Rj ~Tdl2

FIG. 4. Detection scheme to measure spatial correlations in thdhe measurable quantity capable of displaying the quantum
near field. A polarizing beam splitt¢PBS separates the S-1 beams. nature of the photon-number statistics in the spatial domain
Their near fields, at the plane:z=I.—Az, are imaged by two is the variance of the photon-number differente, =N,
lenses [L andL’) onto the pixel detector®, andR,, which lie in —N,, which can be written in the form
the plane conjugate to plane. Az and Ay indicate the spatial
shifts applied to the optical devices that are necessary to optimiZQ(gN_)2>:<|\|+)+<;(5N1)2;>+<;(5N2)2;>—2< SN16N,).
the measurement. (29

eracy, the two rings merge into one that contains both signaéN;=N;—(N;) and SN_=N_—(N_) denote the photon-
and idler modes. Moreover, in this case the width of the ringsiumber fluctuation operators associated WthandN _ and

in the spatial frequency plane is determined by the naturahe colon “:” denotes normal orderingn.o, for the expec-
bandwidthqg, since the temporal frequency interval used intation values. In Eg(29) the shot-noise contribution, i.e., the
the numerical simulations is small compared to the charactotal number of photons intercepted by the two detector
teristic temporal bandwidtky, [as pointed out in the discus- (N, )=(N;)+(N,), has been explicitly separated from the
sion following Eqgs.(20), in the type-l configuration at de- term that describes the field correlations. We define
generacy the temporal bandwidth is much larger than in the

type-Il configuration. R e T4/2
s g L (:5Ni5Nj:>=f dxf dx’f ‘ dtf ‘
R R;

~Tgl2  J-Tyl2
V. NEAR- AND FAR-FIELD CORRELATIONS .o
_ o N Xdt'Gjj(x,t,x",t")  (i,j=1,2), (30
We now define explicitly the quantities that can be mea-
sured in an experiment in order to put in evidence the S-|yhere
correlations in the spatial domain we are investigating. We
assume that the signal and idler beams are spatially separated LT N (G 21N/l (v
in the detection plgne and are measured over two detection 9 TX )= CHGDLOAE))=(li(x.D)
areas, which we denote witR; andR,. x(lj(i’,t’)) (,j=1,2 (31
In the far field, correlations find their origin in the conser-
vation of the transverse momentum of the generated photogre the n.o. self- and cross-photon number correlation func-

pairs. Therefore, in order to find maximal correlatiéf,and  tions of the S-I beams. Notice that in the nondegenerate case

R, must correspond to couples of phase-conjugate_ mOde&fype Il or type | far from frequency degeneraaye have

such as those indicated with the black squares in Fig®. 1 GG 1)) =K )15(X ',t))

and ](C?' qu simplicity, in order to a\{oid the heavy .notations . %Ne’ no%/v fo’cus. on tﬁe 'anazlytice’ll re.sults that can be de-

:hat arise ('jf)‘li)‘z’twe sha_ll dr_esttr_lct \?;;:L "’:Eilys'sdtf the duced from the PWPA. We shall consider explicitly only the

Pr(ra]quency _egetnera %case, mtrl]ca N9 % b 1 gahn |2' . case of type-ll phase matching. The case of type |, at least in
ase-conjugate modes are then mapped by the 1ens N0y o, field, can be described with a similar treatment and

symmetrical points in planer’ according to relation27) has been already discussed in Réf7]. Assuming that the

andR, andR, must be takep symmetrlqal. . detection timeT, is large compared to the coherence time
On the other side, near-field correlations arising from the Q; 1, as is usually the case, we have
0 1

position entanglement of the twin photons are expected to pé&eoh™
observed ifR; andR, occupy the same region of the near-

field plane. In practice a type-ll phase-matching configura—<;5Ni5Nj 1>“Tdf d;f dx’ Gij()z’)Z"on) (i,j=1,2),
tion should be considered, so that the use of a polarizing Ri R

beam splitter and lens systems allows the imaging of the S-I (32)
near fields on two physically separated detection plases .
detection scheme illustrated in Fig).. 4 whereG;j(x,x',2=0) is the Fourier transform of function

If the detectors are the pixels of a CCD camera, as in th€31) with respect tot—t’ (notice that in a cw regime this
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function depends only ot—t’). Next, the Gaussian charac- 1 d0 L

ter of the field statistics allows to express fourth-order corre- { SN16N,) -/ :S_-j ﬁj dx|U (X, Q) V,(—x,— Q)|
lations in terms of second-order correlatidisee Appendix dirt R (36b)
A, Eg. (A5b)] In this way the photon-number correlation

defined by Eq(30) in a planez can be written as the photon- | order to obtain these expressions, both unitarity relations

number correlations defined by E@O) in a planez as (173 and(17b) must be used, together with the fact that the
integration areaR; andR, are taken symmetric with respect
(:6N;ON; ), = Tdf dxf dx’ f_|r(2)(x x',Q)|? to the origin. We then easily get
((ONDZ) -+ (0N 2 1 — 2( N1 SN v
Q1o - ((ONDZ) 5o+ (ON2)Z:) 0 = 2( N1 ON)
_ 2

where = Sdnff 277,[ dX|V1 X Q)| (374

r}?()?,i',ﬂ):J dre”"*(al(z,x,t+ na;(z,x’ 1)) =—(N.)p, (37b

(=12 (343 which implies((sN_)?)..=0, as follows from Eq(29). A

more rigorous approach to the issue concerning the finite
resolution of the system is given in Appendix B, where we
rx.x’,0)= f dre ' %7(a,(z,x,t+ nay(z,x' 1)), derive an approximate solution of the propagation equations
(34D which include the finite pump dimensions in lini24). It is
shown that the widths of the far-field correlation peaks are
are the only correlation spectra of the S-I fields which do nofndeed on the order okgits= (A f/27) 500, the resolution
vanish when the input field is in the vacuum state. We aslength determined by the pump beam waigt
sumed here implicitly that propagation in free space occurs In the near-field planer (atz=1.), using Eqs(14) and
without losses. (4) we obtain the expressions

In the far-field planer’, the self- and cross-correlation

functions are given by TI(%.X.0) = q e 19 V(G Q)2 (j=1,2),
_ I (277)2 J
rmx,x",Q)=8(x—x")|V;(x,Q)[* (j=1,2, (383
(359
dq .- - -
T{Z0(x,x", Q)= — 8(x+ X ) U1(X,Q)Va( —X, — Q) r{oxx,Q)= f ——ela-x)
(35b) (2m)
as can be inferred using the Fresnel transformati@ts In XU1(q,Q)Vy(—q,-Q), (38D

this case, both correlation functions displaysdike peak, _ .
located atx’ =X for the self-correlation, and at’ = — x for whjch depend only on the offset between the two poirts,

the cross correlation. Thé-like character of the correlations —X’, as a consequence of the invariance of the system with
derives from the unphysical assumption that the transversi€spect to translations in the transverse plane which follows
dimensions of the system are infinite. In REE7], which ~ from the PWPA. Provided that the typical scale of variation
deals only with far-field correlations, the transverse size oPf the function appearing under the integrals in E@3a

the system was taken into accounposterioriby consider- and (38D is qo, we expect that these correlations are local-
ing a finite apertureS, placed at the crystal output face, ized in a region of size

assuming a condition equivalent to E@4) is met. With this _

approach, we found that far-field correlations are localized Xeon=1/q0~ VI /K, (39
within the resolution area determined by the size of this ap-

erture[that is, Syiis=(\f)?/S, with the f-f lens systerh @ quantity that can be identified with the transverse coher-
This procedure also eliminates the cumbersome divergenci@ce length of the down-converted fields. This finite correla-
arising from the singularity of the spatidlfunctions, allow-  tion length comes from the spread out of the generated pho-
ing the formal substitution&(>2=O)Hllsdiff as has been fONs due to diffraction, which increases proportionally to the
done in Eq.(22). By integrating over two symmetric detec- square root of the propagation distance; we can therefore

tion pixels of area much larger than this resolution length, w xpect that thg detection areas must be larger th_an th.'s co-
obtain erence area in order to measure good correlations in the

near field.
(:(8Np)2:) o =(:(6Np)%) 1 We incidentally note that the cross-correlation function
I'y, displays a localized peak, which in the near field is lo-

f f dXVy(X,0)|% (369 cated at’ =x [Eq. (38b)], while in the far field it is located
“Sainr) 27 at x'=—x [Eq. (35D)]. The x—+x’ correlation in the near
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field reflects the entanglement in positions of the twin pho-We first note that if the detection areas are reduced well
tons, while thex— —x’ correlation in the far field comes below the coherence ared,,, the fluctuations oN_ ap-
from their entanglement in momentum. proach shot noise. Indeed, in the lintd&x;,, we can re-
For what concerns the near field, let us consider more iplaceH,4(q,q’) with H,,(q,q) =d*(27)* in Egs.(41a and
general what happens in a generic plane of coordinatese  (41b), from which it can be verified that the correlation terms
to the crystal output face. As is shown schematically in Fig.scales agi*/x?,, while the shot-noise contribution scale as
4, we consider a measurement in which the signal and thg2/x2_(to evaluate this scaling it should be noted that for a

idler fields are separated with a polarizing beam spllttef
|xedQ the area irg space where the gain functions are not
placed beyond the crystal. The two lentesndL’ put in the negligible is on the order 010 1/X00h) On the other hand,

signal and idler arms perform the imaging of planento
two distinct detection planegote that we have here two |fhthe dbetecnon areas are large enough with respesf g,
the substitutions

2f-2f lens systems, while in the case of the far-field mea-

surement considered previously we had a siriglesysten). 42
The S-1 photons are collected by means of two square pixel Hij(a,ar)_) 8(q—q) (43)
detectorR; andR,, centered at positioriél andiz, respec- m)?

tively. The propagation from the crystal exit faze | to the
detection planes can be described by a Fresnel transform
tion of form (21a with the kernel

an be used for evaluating both E41a and Eq.(41b); this
eads to vanishing fluctuations in the measurememt ofas
for the far-field cas¢again, unitarity relation$l7) must be
- . used in order to obtain this reshlHowever, the condition
p{ |x—x’|2), (400  large enough is more stringent for cross correlation than for
)\(Z_ l c) . . . >
self-correlation. Let us first consider the casel. and x;
where inessential phase factors due to the presence of thex,. The function appearing under the integral in E4a
lenses have been omitted. By using this transformation insidis always positive. By contrast, the function appearing under
Eqgs.(34a and(34b) we can calculate explicitly each term on the integral in Eqg.(41b) is an oscillating function, which
the rhs of Eq.(29). By performing explicitly the integration becomes positive only for an infinite pixel size, when limit

—i
)\(z—lc)

h(x,x")=

over the square pixel areas in E§3), we obtain (43 is strictly achieved. This feature tends to lower
(8N16N,), with respect td: (6N;)2), and{:(6N,)%),. As
. N2 | a8 sy a consequence of this behavior the fluctuationdNof will
<'(5N') )z Tdf dqj dg'Hi(a.9") therefore exceed shot noise, as it can be easily inferred from

40 expression29). As a matter of fact, as we shall see in Sec.
X f > V@)@ o) VI C, x;=Xx, andz=1, are not the better choices to minimize
m the fluctuations oN _ , and special care in the positioning of

the detectors is necessary in order to compensate both the

(1=12), (413 effect of diffraction and the spatial walk-off between the S-I
fields, which are included by the phase of the function
<5N15N2>22de dg | dg'Hqa.q’ )J _Ul(q Q) U1(a.2)Va(=g,— D). .

Finally we note that if the losses of the detection process

— - — s TR, 2 are taken into account, the ideal regifléN _)?)=0 must be

XVy(—q,~Q)UI(q", Q)V3(=q',—Q), replaced with
(41b
((N_)%)=n(1—n)}(N,), (44)
(N, ),=2T dzf dq dQ| Vi(q,0 )2, (410 n denoting the finite quantum efficiency of the detectors.
+/z d (277_)2 2 j

VI. NUMERICAL RESULTS

where the functionsd;; depend on the square pixel side ) )
and on their relative positions through the relations We now present the results obtained from the numerical

model that includes the effects of the finite pump. The quan-
. ~(ae—a)) (a,—q,)d tum averages in which we are interes(@é., mean photon
11(9,9")=(d/2m)* sinc 5 é Ty , numbers and photon-number correlatipreve evaluated
through a stochastic method based on the Wigner represen-
tation. With respect to other representations in phase space,
o \Nz—1,) the Wigner representation presents the advantage that the
Hi9,q")= exp( 2—°( q'?) c-number stochastic equations equivalent to the equations for
™ the field operatorg2) do not contain Langevin noise terms

(423

o L . (because of linearity and the absence of dissipatom are
+i(q—q’)- (xl—x2)> H.(q.,9'). (42  therefore identical to the classical propagation equat{@ns
The statistical character of the quantum fields is therefore
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wholly contained in the stochastic input fielsee, e.g., Ref.
[28] for more detailed discussipnWe therefore proceed as
follows:

(1) We generate the input field with the appropriate phase-
space probability distribution, which is a Gaussian white
noise with zero mean, corresponding to the vacuum state in
the Wigner representatidi29].

(2) We perform the numerical integration of Eq3). We
use a split-step algorithfi30] which integrates separately
the terms describing linear propagation and the term describ-
ing the wave-mixing process: the former are integrated in
Fourier space, the latter in real space.

(3) The obtained output fields are used to evaluate the
correlation functions of interest. The procedure must be reit-
erated a sufficiently large number of times, so that the sto-
chastic averages performed become good approximations to
the corresponding quantum expectation values. Furthermore,
some corrections are usually necessary in order to convert
them to the desired operator orderitge Wigner represen-
tation yields quantum expectation values of symmetrized op-
erator products

A. Far-field correlation in a type-| crystal at degeneracy

We first focus our attention on far-field correlations that
can be observed in a type-l crystal with emission close to FIG. 5. Near-fieldleft) and far-field(right) patterns obtained for
degeneracythe case illustrated in Fig.)3Since there is no  8qq/qe=0.05 (corresponding to a pump beam waigg= 920 wm
spatial and temporal walk-off between the signal and thén the LBO casg (a), 64p/qo=0.1 (Wo=460um) (b), and
idler modes, the most significant parameters in play are thédo/do=0.3 Wo=150 um) (c), oplc=4 andry=1.5 ps.

spatial bandwidthgy= Vk/I. and the the ring radiu
P o= Ve 9 TaAlSR - idith 5g=2Mw,, both in the near-field and in the far-field

=kA,, which are determined by the crystal length and the . : - :
collinear phase-mismatch parametisee Egs.(20) and planes. In the near field, the intensity follows the Gaussian

- rofile of the pump and displays a noisy spot pattern with a
ijGb)]' T(:g Iarg%extepht, the ?na:ys? thatl we h?\fe perf.‘()jrmelgharacteristic wavelengthr/qg. In the far field, the inten-
V\(/) es ?]O” ehpen on efpart|cutr?r ype- _fgrys a con? L%rg ity peaks(white spots in the figurgsalways appear in sym-

© shall, nowever, reter o the Speciic case o metrical pairs as in the plane-wave pump case illustrated in

(LiB3Os: lithium triborate set in the type-l configuration Fi
) . . g. 3b). However, these become broader and broader as the
described, e.g., in Ref§25,26. The pump field operates at pump beam waistv, beam is reduced. Their size in the

\o=532 nm and propagates in the¥ crystal plane forming observation planer’ is on the order of the resolution length

an angle with theX axis close to 11°, for which collinear imposed by the finite transverse size of the pump beam

phase matching at d.egenerac_y is achieved. In order to evalWaist i.e., Xgiri=\f/2m8q,. The following quantitative
ate the characteristic bandwidths and walk-off parameterévalu'ation’s Iof the amoount of correlation included

given by Eq._(2_0), we h_ave used the Sel_lmeler OIISperSIonconsider only one transverse dimension in space, since
re_zlatl_on coefficients, which can be found in RE23]. an- .a full two-dimensional (2D) calculation (two transverse
S'de”ng,? crystal length Of, 5 mm, the coherence time ISdimensionsttime) would have required an exceedingly long
Teon=o =~0.01 ps. Assuming the pump pulse has a dura—CPU calculation time for our computer.

tion of about 1.5 ps, as in the experiment described in Ref. g0 insight can be gained by looking at the n.o. photon-

[26], the ratio 5wy /€, is as small as 10?. The analytical o - =0 .
results obtained within the plane-wave and cw pump ap_number correlatio: SN(x) ON(x):)..» between two pixels

proximation are therefore expected to provide good insighfentered ak andx’, defined by an expression similar to Eq.
as long as the ratiéqq/do remains small compared to unity. (30 which refers to the type-Il phase-matching configura-
The temporal/spatial walk-off between the signal and thdion. The vectorsx andx’ denote here the positions of the
pump field is negligible unless the pump pulse time/beamwo pixel detectors in the transverse platigpically two
waist is exceedingly small, a situation we do not considerpixels of a CCD camejatheir size being determined in the
since it is too far from the ideal plane-wave pump liriitt ~ simulation by the spatial step of the numerical grid. In the
would prevent the observation of any spatial quantum corredegenerate case considered here the indigeare dropped
lation effects. since the signal and idler fields are not distinguishable. Inte-
Figure 5 displays the intensity distribution obtained nu-gration in time is performed over an interva@}, which is
merically from a single integration of the propagation equa-taken larger than the pump pulse timg= 1.5 ps, so that all
tions, for increasing values of the pump beam spatial bandthe down-converted photons generated by a single pump
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FIG. 6. Far-field correlations: SN(X) 5N(>Z’):>,T, is plotted as a function of, for increasing values of the rati#gg/q,. In (a) the mean
photon-number distribution profile is also shoyawtted ling. x’ =3.6X%, is kept fixed in the region of maximum gain. The other parameters
are the same as in Fig. 5.

pulse are collected by the two detectors. Its (dDe trans- However, the amount of noise M_ depends on the ac-
verse dimensioiitime) numerical evaluation is plotted in tual size of the detectors used to probe the correlation. We
Fig. 6 as a function ofx, keeping x’ fixed at x’ have evaluated numerically the varianceNof for two sym-

=(\f/27)qr, where the gain is maximum, and for different metric detection areas, by varying the size of the detectors as
values of the rati®dqq/qo. Thex coordinate is normalized to could be obtained in practice by grouping several pixels of a
Xo=Af/2m7qq, the spatial scale of the photon-number distri-CCD. The results are shown in Fig. 7, where the different
bution in the far-field plane. According to these simulations,lines correspond to different values of the rafig,/q,, that

the widths of the two peaks are on the orderxgf;s, the is, to different values of the pump beam waist. Fluctuations
resolution length imposed by the pump beam transverse dare well below shot noise when the detector sizs larger
mensions. The correlation peakyat —x’, left in the plots  thanxyifs, that is, ford/xq> 8qq/qe, Which in turn implies

of Fig. 6, is always higher than the correlation peak on thehat the detection size must be larger than the width of the
right atx=x'. In a similar way as was shown in Sec[see correlation peaks. These simulations show that the localized
Egs. (29 and (37)], this particular behavior of the n.o. cor- character of the correlation predicted by the plane-wave
relation function indicates the possibility that the fluctuationspump theory is well preserved as long as the pump beam
of N_=N;(x)—N,(x’) vanish when measured from two Waist is not too small. Only in the worst case considered,
with  699/99=0.5, the noise reduction factor

symmetrical pixels(i.e., takingx=—x'). Indeed, for two :
y P ( g ) ((N_)?),.,/{N_), is never close to zero unless the detec-

disconnected pixels we have

<(5N—)2>:<N+>+<:[5N(X)]2:>+<:[5N(XI)]2:> ——5q,/9,=0 (plane-wave pump)
N - 1.0 —v— 89,/,=0.05 (w,=920um)
—2{SN(x)SN(x")), (45) 5 s, —e— 505/0;=0.1 (W,=460um)
5 0.81 & —o— 30,/0,=0.2 (W,=230um)
- - ) < “a —a— 80,/0,=0.5 (W,=90um)
where (N, )=(N(x)+N(x")) represents the shot noise for S 0.6 s
N_; therefore, since((6N_)?) is always a non-negative E &“&
quantity, the following inequality holds: 2 04 \ \, fa,
@D N, A
" o1 >\12 o7\72 g0z \ %\%w»«; " i,
2(8N(X) N(X)) = (:[ SN(X)12:) = (:[ IN(X") %) =(N.,). RneseensrTens -~
(46) T TEERen ey
o 1.0
In particular, when the equality sign holds in E¢6), the %o
ma>_<imum amount of correlation between poil_atsmd X" is ~ FIG. 7. Far-field correlation in type K(SN_)?), /(N ), is
achieved, implying thus a complete suppression of the noisglotted as a function of the detector size for different values of
of N_. 80o/0g. The other parameters are the same as in the Fig. 6.
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1.0- C. Near-field correlation in type-Il crystals
: —=— 39,/q,=0.05 (w,=664um) ) . . ) )
8 ] —a—50,/q,=0.1 (w,=332um) A main advantage of the type-Il configuration lies in the
8 08 =/ ——580,/q,=0.2 (W,=166um) fact that the signal and idler fields have different polariza-
s ] h T 90/,=0.5 (W,=bbw ions and can therefore be manipulated more easily. In par-
5 06l 89,/0,=05 (wy=66um) t d therefore b pulated ly. In p
ke ; ticular, it is possible to measure their mutual correlation in
S )
3 a4l y e near field after they have been physically separated by a
¢04A\ th field after they h b h Il ted b
é o \k *'\H\ N polarizing beam splitter, as shown schematically in Fig. 4.
S 0.2 N . %wmn The lensed andL’ shown in the figure simply perform the
-\_“AMM:*‘“H . 2f-2f imaging of the “near-field plane”r onto the two
0.0 —rtarees detection planes. For the moment, we only assume that plane

0 1 7 is located at some coordinatanside the crystal. The S-I

field self- and cross-correlation functions, which in the
FIG. 8. Far-field correlation: the rati®(dN_)?), /{N.), is plane-wave pump limit haV? expressm(ﬁﬁ@ and (38D,
plotted as a function of the detector siddor increasing value of display pronounced peaks faf=Xx. In particular, the cross-

the ratio 8do/qo. The parametric gain isyl.=4. The negative  correlation peak of';15(x,X',Q) describes the position en-
value of the collinear phase mismataiyl.=—0c/do=—74.4, IS tanglement of the $I photons, which are generated in pairs
such that the radii of the ringsz vanish. in the same region of the crystal. The width of the peaks is
on the order of the coherence length,,= 1/q, defined in

tors cover the whole width of the ring pattern. It should beEq. (39). It reflects the spread out of the generated photons
noted that a further increase of the rafig,/q, would lead due to diffraction, which increases proportionally to the
to single-mode emission: the inverse of this ratio providessquare root of the propagation distance. In addition, depend-
indeed an estimation of the number of spatial modes that aré@g on the phase-matching conditions, twin photons can be
efficiently amplified when the field is observed at a fixedemitted noncollinearly with an aperture angle on the order of

temporal frequency. ar=20r/K, qr being the radius of the rings in Fourier space
given by Eq.(26). This introduces a further indeterminacy on
the order ofagl ./2=qr/qoXcon iN the relative positions of
B. Far-field correlation in type-Il crystals the twin photons measured in the near field. We expect there-
For the case of a type-ll phase-matching configurationfore that the two macroscopic fields display identical fluctua-
we shall consider explicitly the system described in Reftions when observed from the same region of the near-field
[26]: a 1.5-ps high-intensity laser pulse is injected in aplane, provided that the detection arégsandR; are larger
4-mm-long beta barium borat8BO) crystal cut for type-Il  than the indeterminacy introduced by these propagation ef-
phase matching. In the example we consider the pump ifects. However, for crystal lengths on the order of a few
oriented at an angle close to 48.2° with respect to the crystanillimeters this indeterminacy can be as large as several tens
axis and PDC is observed around the degenerate wavelendi hundreds of micrometers, so that a substantial portion of
A1=\,=704 nm with a 10-nm interference filter. For the the two beams must be intercepted in order to measure sig-
chosen parameters, the radii of the two rings vanish, nificant correlation in the quantum domain. We shall see with
which is the situation illustrated in Fig(®. As for the type-I & specific example that this difficulty can be at least partially
configuration, we investigated the momentum correlatiorPVErcome. _ _ _
that can be observed in the far-field plamé by considering The_ role of sp_atlal walk-off is more _subtle to determine.
two symmetrical detection areas. The varianceNof nor- ~ AsS pointed out in Ref[31], the Poynting vectors of the
malized to shot noise is plotted in Fig. 8 as a function of thePhase-matched modes, which determine the photon fluxes of
detector sized and for different values of the pump beam the signal and idler beams, generate two cones that have the
waist. The result is similar to that obtained for the type-1Same axis inside the crystal. To verify this point explicitly,
crystal configuration illustrated in Fig. 7: fluctuations areWe consider the Poynting vectors associated with two par-
well below shot noise only ifl is larger than the character- ticular modes of the signal and idler fields &t=0 with
istic resolution length of the systemy;;s=\f/2m5q,. We  transverse wave vectogy andd,. Within the paraxial ap-
note that the number of temporal modes that are amplified bproximation their directions are determined by tttevo-
the crystal is much lower than in the degenerate type-l condimensional angles
figuration, since in this case temporal walk-off between the

- -

signal and idler fields reduces drastically the emission band- - T - Q2 -

width Q. Indeed, for the picosecond pump pulse we con- RERN a2:k_2+f’2' (47)
sidered heredwq/Qq is in the order of the unity for the

type-ll configuration, against the 0.02 value found for the R

type-l LBO crystal at degeneracy, for which temporal walk-where p,=(0,— p,) indicates the walk-off direction of the
off is not present. The numerical simulations show that thigdler field (the minus sign is due to the fact that in the chosen
feature of type-1l phase matching does not affect spatial correference frame the walk-off is oriented opposite to yhe
relations, but simply lowers the number of generated photomxis, p, andp, being assumed to be positivéor the modes
pairs per pulse. propagating along the axis of the signal and idler cones, we
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5 3 ol g plane-'wave pump (optim?zed)
0 N analytical solution (optimized)
8 a —a— pulsed pump (not optimized)
% \A —a— pulsed pump (optimized)
'-5' 24 hY
= \A\
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FIG. 9. Near-field correlation: the rati(oN_)2), /(N ), is AZ/AZOpt
plotted as a function of the detector size. The parameters of the
pulsed Gaussian pump ame,=332um (6Go/qo=0.1) and r, FIG. 10. Near-field correlation: contour plot of the ratio

=15ps Pwo/Q=1.14); the gain isoyl.=3 andqr=0. The  ((sN_)2),/(N.), in the (Az,Ay) plane calculated according to
simulations performed applying diffraction and walk-off compensa-the PWPA theory. The minimum in the center corresponds to the
tion (squaresare well below the one performed without optimiza- valyes given by Eqg48).

tion (white trianglg. The dashed line corresponds to the analytical

solution obtained in the PWPA, given by Eqg9) and (41). chosen in order to minimize the dependencegoandq’ of

the phase of the integrand in E@1b), maximizing in this

have g,=(0,—qc) and g,=(04c) with gc=1Lkp,, from  Way the photon-number cross correlatiaiN;No). This is
which we see that the corresponding Poynting vectors aréchieved by taking
collinear with a; = a,= (0,— K,/ (k; + k) p5). As a result, if tanho | ny+n,
the near field is measured directly on the crystal output face Azyp=
z=1., walk-off does not contribute to the indeterminacy in
the relative position of the twin photons. It should be tanho-.|

. p'c
stressed, however, that free propagation beyond the crystal AYop=—5—1—palc. (48b)
occurs at angles which are simply proportional to the trans- 20l

verse wave vector of the phase-matched mOde.S’ since in m?r?deed, with these values dfy and Az the phase factor of
space the Poynting vector and tkeector directions again

coincide. Outside the crystal, the signal and idler emissiorh® functionHi5(q,q") defined by Eq(42b) nearly cancels

cones are therefore oriented along different directions witHEhe p;f]fse of the gfgin f““_‘;_ti%” g)rodu_ct apt)]pearing in the rhs of
an aperture anglexc=2qg/k™=k/k®p,, as illustrated g (41b), as can be verified by using the approximate ex-

schematically in Fig. (B), and give rise to separate rings in pression
the far field k") =2m/\;=2m/\, denote here the wave
number of the S-I fields in free space at the carrier frequen-

20—p|c 2nln2 IC, (486)

ardU1(9,Q)Va(—q,—Q)UT(q",Q)Vi(—q',— Q)]

cies. In the simulation illustrated in Fig. 9, we consider the tanho . .

type-1l BBO crystal in the same conditions described in Sec. ~ Za—l[A(q,Q)—A(Q’yQWc, (493
VI B. The near-field coherence lengthis,,=16.6 um and pe

gr=0. The plot displays the noise reduction factor tanho| 9?—q’2
((N_)?./{(N.),, evaluated numerically as a function of =— ——| palAy— )+ ——|, (49b)
the 1D detector sizd. If the near-field observation plane 207plc Yo

coincides with the output face of the crystalzatl. (white
circle), we see that the fluctuations are significantly reduce
only whend is about 15 times larger thax.,,. The im-
proved resuli(black squargshas been obtained by imaging .\ \valk-off.

onto the detection planes a plane inside the crystakdt, The plot of Fig. 10 displays the variance if normal-

— Az rather than the crystal output face. Furthermore, thqzed to shot noise in theAz, Ay) plane, as calculated from

arrays of pixel detectors in the signal and idler arms arg=4s (41). In this exampled is onlv twice the coherence

shifted withdrespect tof eaclrll otﬁher by a dri]stalzt;lap in the |e?19.t[(1 )();ohz 16.6 um \Fl)vhi]e AyOpt); 47.5um and Az,

transverse direction of walk-off. Notice that this is a 1D _ ;o : _ -

simulation, and the quantitiesy and Az correspond to the =407 um (with oplo=3). The fluctuations are well above
. : . - shot noise everywhere except in the narrow diagonal region

guantitiesx; —Xx, andl.—z, respectiv§ly, which appears in ground the point £ Zope, AYop, where((SN_)?) . /(N.),

definition (42b) of the functionH5(q,q’). Az andAy are  =0.3. Outside this region, the self-correlation becomes

hich holds in the high-gain region of the spatial frequency
%/Iane. These shifts of the detection S-1 planes are necessary
in order to minimize the effects of both diffraction and spa-
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much larger than the cross correlation and the variance alown-converted photons form macroscopic fields. The quan-
N_ rapidly exceeds the shot-noise level. This means that forum origin of the S-1 correlations, which lie in the position
such small detectors a highly precise imaging of the neaand momentum entanglement of the twin photons building
field determined by Eqg48) is therefore necessary in order up the two beams, can be best demonstrated in a type-Il
to observe some noise reduction effect. phase-matching configuration where both near-field and far-
Although the previous results rely on a detailed descripfield measurements can be implemented. We showed numeri-
tion of the relative phases of the signal and idler fields, wecally that spatial far-field correlations of quantum origin are
can give them a more intuitive explanation based on thebservable when the pump beam waist is in the millimeter
particle picture. range and the detection areas are larger than the resolution
(1) In the low-gain regime ¢,l.<1), photon pairs are area of the system. Near-field correlations seem more diffi-
generated uniformly along the crystal. In this case the choiceult to observe experimentally since propagation tends to
Az~I./2 lowers the effect of diffraction and noncollinear destroy the position entanglement of the generated photon
propagation, since the mean propagation distance that photgairs. We proposed a detection scheme that allows to opti-
pairs must undergo to reach the imaging plandrom the  mize their measurement by compensating the detrimental ef-
point in which they are created is minimized. The factorfect of diffraction. These results are strongly related to a
depending on the refractive indices takes into account thaecent paper of ourgl9], which discusses the topic of en-
photons propagate in a dense medium rather than in fre@ngled imaging and extends this technique to the macro-
space. scopic domain. The simultaneous presence of spatial en-
(2) On the other hand, the fields imaged from a generidanglement in both the near and the far field plays a crucial
plane inside the crystal lying at distande from the output role in the analysis of Ref19]. In this paper we provide a
face can be obtained by a virtual free space back-propagationore quantitative analysis of the level of quantum correla-
from planez=1, to planez=1.—Az. As already mentioned, tion which is present in the far field on the one hand and in
free space propagation leads to an angular divergence of ttilee near field on the other.
signal and idler beams with a mean aperture angle equal to
ac~p, along the walk-off direction. The signal and idler ACKNOWLEDGMENTS

hotons are therefore pulled apart a distadog= acA . L . .
P P b ! %chz The authors thank Ottavia Jedrkiewicz, Paolo Di Trapani,

~p,Az when observed in plane=1.—Az. In order to com- ) : .
pensate this effect the two detection areas must be separatXanun Jiang, and Eric Lantz for helpful comments and dis-

; - ; : ions. This work was supported by the European FET
by the same distance along the thaxis. This explains why cussions .
the value ofAy for which the fluctuations are minimized in Project QUANTIM (Quantum Imaging and by INTAS

a given imaging plane is proportional &z, as appears from Project No. 01-2097. M.B. acknowledges financial support

the cigar shaped region of low fluctuations along the diagolcrorn the Danish Technical Research Cour€iTVF).

nal direction illustrated in the contour plot of Fig. 10. In
particular, forAz= Az, walk-off is compensated by taking
Ay=acAz,,= p;l /2 and we obtain thereby the shifts given  The finite pump pulse bandwidth in space and in time
by Eqgs.(48a and(48b) for the limit ol <1. generates coupling between all modes of the S-I field, dete-

(3) The factor depending on the gain parameter in Eqriorating thereby the perfect correlation between tﬁﬁﬂ()l

(483, which decreases agyl. increases, can be understood - . . .
by noting that in a high-gain regime most of the photon pairsand (—9,—£), modes. In this section we generalize the

are generated in the last part of the crystal, because of Ipput-output formalism of the PWPA to the finite pump case.

cascading effect. Hence in order to minimize the propagati0|J1npUt'olult.pUt transfofrmatlo_nél.4) are replaced by the more
distance from the point where they are created to the plangenera Inear transtormation:
7, this plane should be taken closer and closer to the crystal

APPENDIX A: INPUT-OUTPUT FORMALISM

exit face as the gain is increased. al(z,c],Q)zf da’f dQ'[Uy(2;,9,9:9'Q")
Thanks to this procedure, the noiseNn is considerably
lowered with respect to measurements performed at pane xa(q+q’,Q+Q")+V,(,9,9;9",9Q")
=|. with aligned detection areas.e., with Az=Ay=0).
Although valueg48g and48b) have been evaluated within XaiznT(_aJrﬁ',_QJrQ')], (Ala)

the plane-wave pump approximation, the numerical simula-

tions demonstrate that the procedure works well even when . - - -

the pump has a finite size. It should also be emphasized that az(z,q,Q)zf dq’f dQ'[V,(z,9,2;9",Q")
both shifts(48a and(48b) proved to be equally necessary in

order to obtain this improvement. xal''(—gq+q',—Q+Q’)

+Uy(2,0,0;0'Q)al(q+q",Q+ Q)]
(Alb)

VIl. CONCLUSIONS

The results of this paper demonstrate that PDC is able to
display spatial correlation effects at the level of quantumwhich express the fields in a generic plarieside the crystal
fluctuations even in a regime of high gain, i.e., when thein the form of a convolution integral with the input field
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Fourier modes"(q,Q)=a;(z=04,Q), j=1,2. From Egs. GAX X )
(7), we can obtain a fully equivalent set of equations for the

propagation kernels: =(af(zx,0a](z,x' ,t)a;(z,x' 1" )a(z,x,1))
(26,0607 —(a(zx,Hai(zx,H))(al(zx' t")aj(zx't')) (A5a)
0z

T " Y 2 " Y 2
; > e RPN —i =|(a(z,x,t)a;(z,x",t +|{(aj(z,x,t)a;(z,x’,t .
=i16,(0,Q)U(2:,,0;q",Q )+ ge 140 (ai (zx,Daj(z.x" . t")|*+[(ai(z.xDay( &Sb)

dq” QN // n n
J AO(Z q".Q")V5 (24" 6,0 In the last identity we made use of the general property char-

acterizing fields with Gaussian statistics, which allows to
-Q:q +d~’Q/ +Q"), (A2a)  Write the fourth-order field correlations as a sum of the prod-
ucts of the second-order correlation functidese, e.g., Ref.
[32]). We now consider explicitly the transformations relat-
ing the S-I fields in the planes where detection is performed,

to those on the crystal output faca)"(q,t):

IV2(2,9,9,9",Q")
0z

=i8,(0,0)Vx(2,9,Q,q", Q)+ ge 122
dq'/ d0” a,-(z,)?,t)=j da hj()z,a)a]put(a,t)
f Ao(Z q",Q")

o .- = | dx'hj(x,xHa™(x',t) (j=1,2, (A6
XUz, ~G,0" - Qd'+G",0'+Q7). (A2D) Janiarsn G-1a. e

The equations for the remaining kernélg andl/, can be  \ith
obtained by interchanging indices 1 and 2, and the following
initial conditions must be fulfilled: .

.- ax’ . -- ..
- - - . = — _@ld-X . 4

Vi(z=0:9,02:9",2")=0 (j=1,2). (A3b)  propagation outside the crystal can include several optical
devices, such as lenses and polarizing beam splitters, and can
It can be shown that the solutions of this set of equationgake different paths for the signal and idler bearsse

satisfy the relations scheme of Fig. # We shall assume, however, that it occurs
without losses and this latter condition implies that the
f dé”f dO"[U(2:G,Q2:9"—§,Q"— Q) Fresnel kernel#;(x,q) satisfy the relation

XU (2,0,0:9"-9", Q"= Q") = Vi(z,9, 00" S
- o dehf(x,q)hj(x,q)=6(q—q) (1=12, (A8
+q,Q"+Q)V5 (,9,Q;9"+q",Q"+ Q)]

:5((3'_5)5(9_9'), (Ada)  which can be obtained by requiring that the commutation
rules (4) are preserved in the transformation. When the de-

. .. tection timeT is much longer than the coherence tifg*,
f dq,’f dQ"U(z,9,Q2;9"—q,Q" - Q) the photon-number self- and cross-correlations measured
over two detection ared®; andR,, as defined by Eq30),

XVy(2,0,Q:9"+q", Q"+ Q) can be written as

- d””f dQ"Vi(z:0,0:9"+q,Q"+Q -
f g 1z0.207+q ) <:(5N1)2:>Z=fdﬂfd9'f dxf dx’

. Ry Ry

XUy(2;0,2;9"—q",Q"=Q"), (Adb)

ad [ adrht (idns(<.d)

2

which generalize the unitarity conditiond7) beyond the
case of plane wave and cw pump.

The normally ordered photon-number correlation function x(a ““‘(q 0)ald “t(q Q"))
in a generic transverse plazecan be written as

(A9a)
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(5N15N2>Z=JdQJdQ’J diJ dx’
Ry Ry

G | Ay (X, ) ho(.6)

2

x(a%'Y(q,0)as"(q’",Q"))| , (A9b)

where we used relatiofA6) in order to express the second-
order field correlations appearing in Eé5b) in terms of

the output field operators OUt(q Q), j=1,2. The correlation

functions of the output flelds can be expressed in terms of th

propagation kernels defined by Eé&\1a) evaluated at plane
=l. as

(a3""(q.0)a"(q". Q")

=fd§<f dte(@-a)x-i@-0tx (| g 0:x 1)

XVi(le;q',Q"%,1), (A103)
(a"(g.0)a3"(q",0")
=f dif dte (@ a) X i@ Dy (| g0t
XVy(leiq', QiX), (A10D)

<a0Ut q Q)aout q Q' )> <a§-)UIT(q Q)aout q QO )> 0

(A10c)
with
e - da dt o)
U(z;q,0;x,t =J_f —__gld - x-ialt
S T N T
XU(z,9,02;9',Q") (j=12).
(A11)

A similar definition holds for the function®;(z;q,Q;x,t),
j=1,2. In caseR; and R, intercept all the photons of the

signal and idler fields generated in the down-conversion pro

cess, it can be shown that the variancéNof=N;— N, van-
ishes if condition(A8) is fulfilled (i.e., if free propagation
occurs without lossgs However, in general such a result

does not hold if the two detectors collect photons only from

finite portions of the two beams.

APPENDIX B: APPROXIMATE SOLUTION IN THE
QUASISTATIONARY REGIME

PHYSICAL REVIEW A 69, 023802 (2004

erence frame comoving with the pump field envelope, whose
coordinates are related to the original laboratory coordinates
through the linear transformatiori=t—kgyz, y'=y+pgz.

In Fourier space this corresponds to multiplying the Fourier
components of the S-I field envelopes by (ko®*rody)z
More precisely we consider the transformation

—ko2—poQy |2 aj(z,ﬁ,ﬂ)

aj (zq O)= ex;<

(1=12, (B1)

Where the constant phase fac®ro? has been added in
order to eliminatee'*0? from the convolution term in Egs.

(A2). Input-output transformation®\1a) and unitarity con-
ditions (A4) still hold for the transformed kernels

U'i(z,q,9:9',.Q")

e [

V' (:0.0:9,Q")

Ay
- —koQ— poly|Z

)Uj(z;ﬁ,ﬂ;ﬁ’,ﬂ’), (B2a)

A - -
=eXD<i 70_k(,)Q_p0qy Z)V;(z;q,ﬂ;q’,ﬂ’)
(j=1,2, (B2Db)
which satisfy the propagation equations
auy (z,0,Q;q9',Q")
Jz
i6,(q,0)U,’ (29,99’ Q')+f dqﬁf aa’
=i6y(q, z,9,9;9', -
1 q 1 q q 20 \/Z
X ei 56(d”'0,,)on(Z: O,a”,Q”)
Xvé*(z;c—iu_d"ﬂu_ﬂ;c—i/+d’//,Q/+QN), (B3a)
V' 5(2:0,9,9',Q)
0z
185(0,0)V 5(2,0,Q.,9' Q’)+J da” [ a7
=1 1 Z; ) ) ) -
2 q 2 q q 24 \/ﬁ
Xe 55(&”,0”)2A0(Z: O,auyﬂn)
XVi*(z,0"-0,Q"-Q;0'+q",.Q'+Q").  (B3b)

In this appendix we derive an approximate analytical so-The explicit form for the propagation of the pump fie()

lution of the propagation equatiorig) assuming the spatial

has been used and we defined the new detuning parameters

and temporal frequency bandwidths of the pump are small

but finite; more precisely we assume that conditi@¥ are
satisfied.
It is useful to write the propagation equations in the ref-

5/(4,Q)= (1=12,

(B4a)

Ag
+5(q Q)= pody— ko
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S(6.0) = K02 B4b

0(a, )= 5ko TR (B4b)
Remembering the hypothesis that the pump envelope Fourier
transform at planez=0 has the Gaussian forrfll) with
800<<qp and Swy<<Qy, we can now apply the following
approximations.

(1) The phase term in the convolution integrals can be
neglected, since&c’,(ﬁ,ﬂ)lc is at most on the order of
max(893/g5,6w3/Q3) in the region where the Fourier trans-
form of the pump envelope is not negligible.

(2) We expect that the propagation kernels defined by Eq.
(Ala) are characterized by the slow variation scaig,(2)
in their unprimed arguments, while they are strongly peaked

in the origin of the primed variable spacg’(Q2'), in which

PHYSICAL REVIEW A69, 023802 (2004

.. 51(9,Q)— 8y(—q,— Q)
U’l(z;q,Q;x,t)=exr{i 19 22( i z

xU(z;ﬁ,Q;i,t),

- N 5/ —’,Q _5, __,,_Q
V/l(z;Q,Q;x’t):eX%i 1(0,42) 22( q )Z}

XV(z;,9,0;%,1),

.. 85(q,Q)—8,(—q,—Q
Uz'(Z;q,Q;X,t)=eXp{i 2(0,Q2) 21( q )Z}

XU(z;—q,— Q;—X,—t),

they have a much faster variation scale. This assumption is
justified by the form of the solutions of Eqd3) obtained in

the PWPA Iimit. As 8qp/9o—0 and dwq/Qy—0, the
primed propagation kernels satisfying initial conditidAs)

take indeed the simple form:

.. 55(q,Q)—84(—q,— Q
Vé(z;q,Q;x,t):ex;{i 2(d 21( a )z}

xXV(z;—q,—Q;—X,—1), (B7)
U (z,9,Q;9",Q")
A with
= ’ . 0 ’ Lz
=4(q")6(Q )EXP(I 7—koﬂ—poqy Z)Uj(z,q,ﬂ),
B5 U(z; *,Q;i,t =—+—| coshl’ »,Q,f,t z
(B5a) ZAQXD= (0. 0.%,1)
Vi(z9,0;9',Q") AQQ)
+i——=——=—sinhl'(q,Q,x,t)z|,
-, , 40 + 2T'(9,Q,%,t)
=0(q") (" )exp i| 5 — Ko —pody (2| Vj(z,0,Q),
2
(B8)
(B5b)

1 oAYXt)

where the gain functiondJ;(z;q,Q) and V;(z;q,Q) are V(z,q,Q;x,t) = sinil(q,Q,x,t)z,

given by Eqgs.(15), with |, being replaced by the coordi-
nate. This latter hypothesis allows us to neglect the depen-
dence org” and()” in the first argument of the kernels in the
convolution integrals at the rhs of Eq€83a) and (B3b).
With these approximations, we obtain a system that can be
solved analytically and which acquires its simplest form
when written for the kernels Fourier transformed in their

(2m)32(q,Q,x,t)

primed argumentgsee definition(A11)]:

a5 (q,Q;x,t)

= =i 85(0, U, Q;X, 1)+ Ay(z=0X,t)

XVy* (=g, —Q;—X,—1), (B63)
V' 5(q,0,%,t)

= =i 85(q, Q) V5 (6, Q,X,t) + cAy(z=0x,t)

XU (—q,—Q;—X,—t), (B6b)

The solution of this system satisfying initial conditiof#s3),
which now read U/ [ (z=0;q,Q;x,t)=1/(2m)%2, V/(z
=0;q,Q;x,t)=0, (j=1,2), are

. R A(q,Q)2
I'(q,Q;,xt)= \/a%%(x,t)—%, (B9)
A(9,0)=681(q,9)+ 85(—q,— Q)

=Ag+56,(q,Q)+8,(—q,— Q). (B10)

Clearly, aséqq,dwg—0 these function lose their depen-

dence on the space-time coordinateist)( and we recover
the PWPA solution expressed by E@$5) and (16). In the
more general case in which the ratiégy/qe and 6qq/9q

are small but finite, the self-correlation functioA10a) is
peaked af]’ = g, while the cross-correlation functidA10b)

is peaked at]’ = —q, the width of both peaks being on the
order of §qq. This is more clearly seen by considering the
special limit in whichl.—0 and the gain parameterA .
remains a finite quantity. In this case the effects of linear
propagation, such as diffraction, dispersion and walk-off, be-
come negligible and the propagation kern@s8) lose their
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daJda

(B11a

dafda'

(B11b)

dependence og and() [as can be inferred from the fact that  (:(N1)?:) .. ={:(N»)?:) ./

the characteristic bandwidths defined in E20) go to infin-

ity asl.—0]. The correlation functiong§A10a) and (A10b) =J’ dQJ’ dQ’J dq| dq’
are then simply the Fourier transforms of sine and cosine Q1 Q
hyperbolic functions ofrAq(x,t)!., calculated irg—q’ and

in ci+ﬁ’, respectively. We also verified that these approxi-
mate solutions look very similar in shape to those obtained
with the complete numerical mode&dee Fig. 6, although for (5N, 6N) /:J' dQJ' dQ,f da da,
the chosen crystal length of 4 mm, propagation effects are far i Q Q
from being negligible.

Considering the specific case of a far-field measurement X<agut(q Q)aout(q )y,
with the f-f lens system described in Sec. V, the Fresnel
kernels defined by EqA6) take the form

2
< out‘r(q Q)aout q Q' ))

2

where Q, and Q, indicate the regions in the spatial fre-
quency plane corresponding to the two symmetrical detec-
tion areas R; and R, according to the mappingf
.. .. 2@ [ . 2w —2mINFX. Knowing that((éN,)z)—>0 asR;, Ry,—», the
hy(X,q)=ha(x,q) = =~=56| q— 37X localization of the cross- and self-correlation functions
(AlOa) and (AlOb) on a area on the order afg3, for q’
—q andq = —q, respectlvely, guarantees that nearly com-
plete noise reduction is achieved if the area of the two de-
as can be verified by substituting expressi@fb) into Eq.  tectors is large compared to the resolution area determined
(A7). Equations(A9) reduce then to by the pump beam waist, that iSyis; = (A f/27)?5q3.
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