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Abstract—This paper proposes a new accuracy evaluation
method within a behavioral comparison strategy which uses interval type-2 fuzzy sets and derived operations to model reference
data and define soft accuracy indexes. The method addresses
the case in which grades of membership, collected by surveying
experts, will often be different for the same reference pattern,
because the experts will not necessarily be in agreement. The
approach is illustrated using simple examples and an application
in the domain of biomedical image segmentation.

I. I NTRODUCTION
Soft models for classification have had an enormous impact
in many fields of application. The most common solutions
adopt fuzzy or hybrid, neuro-fuzzy frameworks for modeling
the gradual transition from membership to non-membership
in intrinsically vague classes [1]–[4]. In some situations, a
hardening process is performed, after a soft stage, for the
production of final useful results. In other cases, the grades
of membership are directly used as final results or as partial,
but semantically defined outcomes, furtherly processed in
subsequent decision-making phases. In the context of remote sensing image classification, for example, the grades of
membership in a given land cover class are correlated with
the percentages of coverage within pixels and constitute the
final result of unmixing procedures [5]. In MRI brain tumor
segmentation, the final grade of membership in infiltrative
tumor classes, represents the extent of the infiltration and is
used in further analysis to select the most appropriate treatment
and to plan the best surgical approach [6]. Furthermore,
content based filtering techniques that make use of soft text
classifiers, provide list of grades that can be used directly
by the subsequent phases of the filtering processes [7]. The
accuracy evaluation procedures for all these cases must be
based on soft accuracy statements to keep track properly of
the uncertainty expressed in classification and/or reference data
[6], [8]. Even though a large number of evaluation criteria
and accuracy indexes for classification have been proposed in
the literature, the extension of the notion of crisp matching
to that of soft matching has received lot less attention so
far. In most cases the measures of accuracy employed in the
evaluation of a soft classification, are usually those derived
for the evaluation of “crisp” classification outputs. But when
conventional measures of classification accuracy are applied,

soft classification outputs are hardened and the comparison
limited to crisp reference data. This procedure causes a loss
of information, unacceptable for those applications that consider grades of memberships their final outputs. The accuracy
derived does not necessarily reflect how correctly the strength
of class membership has been partitioned among the classes.
Accuracy is generally assessed empirically by selecting a
sample of reference data and comparing their actual class
assignments with those provided by the automated classifier. In
many relevant contexts, a direct objective measure of reference
standard representative of true classification is not logistically
feasible and accuracy assessment is performed according to
behavioral comparison strategies [9], [10]. Automated results
are then compared with those produced by experts to decide if
the automated classifier can be considered an acceptable substitute of human operators. Basing on a behavioral comparison
strategy, the evaluation involves two important components:
first the choice of appropriate accuracy indexes and second, the
definition of a suitable reference standard through combining
expert classification judgments. The most appropriate way to
carry out both these aspects is still under investigation [10]
especially in case of soft classifications applied to complex domains with stringent requirements of reliability. Soft accuracy
has been studied by some researchers [11], [8] [12], [6], but the
results of their studies have not been widely adopted. Fuzzy
accuracy indexes derived from confusion matrix [13] and a
fuzzified version of Jaccard Similarity Coefficient oriented to
spatial overlap evaluation in image segmentation studies are
proposed in our previous works [8], [6]. The second aspect
involved in behavioral comparison concerns the creation of
a reference standard representative of a common agreement
and involves fusion strategies of expert reference data. The
underlying assumption is that the merged result would be more
accurate and representative of a common agreement, with
respect to the exact sought classification than each individual
inputs. Majority Voting is the widespread used rule to fuse
classification results [14], but more sophisticated methods
have also been proposed and applied in many context such
as biomedical image segmentation studies. A well-known
technique based on the Expectation Maximization framework,
called STAPLE, is initially proposed by Warfield et al. [9],
and used in a variety of studies. However, these solutions

naturally apply to crisp classification results and force a unified
reference data representation without considering the inherent
uncertainty at the base of the disagreement among expert
judgments.
This paper proposes a new accuracy evaluation method
within a behavioral comparison strategy which uses interval
type-2 fuzzy sets (IT2 FSs) and derived operations [15], [16]
to both model reference data derived from experts that not
all agree, and define soft accuracy indexes. The proposed
framework extends the applicability of the traditional confusion matrix method and derived indexes to the evaluation of
soft classifiers. The solutions investigated in this paper are
an extension of those presented in a previous work [8] in
which an accuracy assessment method based on type-1 fuzzy
sets (T1 FSs) was illustrated. The extended method, proposed
in the present work, specifically addresses the case in which
grades of membership, collected by surveying experts, will
often be different for the same reference pattern, because
the experts will not necessarily be in agreement. The high
level of inter, intra-variability in expert judgments creates
limitations in using T1 FS framework that not have enough
degrees of freedom to model disagreement in reference data
and to compute unified similarity indexes. Using T1 FS-based
accuracy assessment, arbitrary fusion procedures or multiple
evaluations based on individual inputs must be necessarily
managed. Expert inter, intra- variability must be conceived
as a further level of uncertainty that can be properly modeled
using IT2 FS-based framework.
II. IT2 F UZZY CONFUSION MATRIX
A confusion or error matrix [13] is a square array of numbers set out in rows and columns which express the number of
sample units assigned to a particular category relative to the
actual category (Table I). It provides a detailed assessment of
the agreement between reference data and classification data
at specific locations, together with a complete description of
the misclassifications registered for each category.
TABLE I: Error matrix with pmn representing the number
of sample units assigned to m category relative to the actual
category n
Class.
Data
1
2
...
q

Reference Data
1
p11
p21
p31
pq1

2
p12
...
...
pq2

...
...
...
...
...

We let Rn be the set of reference data assigned to class
n, and Cm the set of classification data assigned to class
m (with 1 ≤ n ≤ Q, 1 ≤ m ≤ Q). The element of
the error matrix in row m and column n, pm,n , represents
the cardinality of the intersection set Rn ∩ Cm . We now
consider soft classifiers and assume that during the accuracy
evaluation process, gradual class assignments are extracted
from a group of experts who may not all agree in all the
steps of the reference estimation process and may provide
different gradual class memberships for the same pattern. In
the most general case, even the soft classifier may produce
more than one gradual class assignment for each pattern.
It is the case, for example, of a semi-automated classifier
that bases classification on multiple ambiguous user defined
seeds. We address these situations by modelling reference
en
and classification data as IT2 fuzzy sets (we denote them R
e
and Cm respectively). Letting X the sample data set (discrete
universe of discourse), selected for the accuracy evaluation
procedure and Q the number of classes, the process by which
experts assign the element x ∈ X to actual category n and
the soft classifier assign it to classes m, produces two IT2
en (reference data) and C
em (classification data)
Fuzzy sets R
respectively, expressed as follows [15] :
en =
R

µRen (x, u)/(x, u) =

en
x∈X u∈J R
x

X X

1/(x, u)

en
x∈X u∈J R
x

(1)
em =
C

X X

X X

µCem (x, u)/(x, u) =

x∈X u∈J Ce m
x

1/(x, u)

x∈X u∈J Ce m
x

n
o
en , C
em .
where u ∈
⊆ [0, 1], W = R
We can also express (1) and (2) as

(2)

JxW

en = 1/F OU (R
en )
R

(3)

em = 1/F OU (C
em )
C

(4)

The footprint of uncertainty (FOU) of Rn and Cm conveys
the uncertainty of their primary memberships and it is defined
as

q
p1q
p2q
...
pqq

The columns usually represent the sample elements assigned
to corresponding actual categories (reference data), while the
rows indicate the sample elements assigned to corresponding
classes by the classifier (classification data). The diagonal elements show the number of sample elements which have been
classified correctly, while off-the-diagonal elements represent
misclassifications.
When dealing with conventional hard classification, reference and classification data are assumed to be crisp sets.

X X

en ) =
F OU (R

[

JxRn = {(x, u) : u ∈ [0, 1]}

(5)

JxCm = {(x, u) : u ∈ [0, 1]}

(6)

e

∀x∈X
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[

e

∀x∈X

JxRn and JxCm can be also expressed as
o
n
en
(x),
...,
µ
(x)
∀x ∈ X
JR
=
µ
e
x
e
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R

(7)

n
o
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JC
= µCe (x), ..., µCem (x) ∀x ∈ X
x
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e
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n

m

where µW (x) and µW (x) (with W = {Rn , C m }) are upper
membership function (UMF) and lower membership function
(LMF) respectively.
en ) provides a unified representation of expert judgFOU(R
ments, preserving at the same time their inherent inter-, intravariability. This representation creates the premise to overcome
the difficulty of performing accuracy evaluation separately, one
for each expert, and to eliminate the drawback of managing
multiple evaluation scores or fusing expert judgments arbitrarily as in the case of T1 FS-based representation. We use
operators and uncertainty measures of IT2 FSs to formalize the
f and to derive accuracy
notions of IT2 fuzzy error matrix M
indexes [15] [16]. Consistently with the conventional crisp
case and with the T1 FS-based method, the assignment to the
f(m, n) involves the computation of the cardinality
element M
en ∩ C
em . According to Mendel et al.
of the intersection set R
[15] intersection between reference and classification data set
is defined, ∀x ∈ X, as
o
n
en ∩ C
em = 1/ µ (x) ∧ µ (x), ..., µ e (x) ∧ µ e (x)
R
e
e
R
C
n
m
Rn
Cm
(9)
The global value of the generic element in row m and
column n of the IT2 fuzzy error matrix M is obtained by
computing the cardinality of the IT2 FS intersection. The
cardinality of T2 FSs has been proposed with a variety of
operations [16], and each can be considered in our context.
However, we orient our choice to formulations that are conceived as extension of the cardinality adopted in the previously
proposed T1 FS-based error matrix [8]. According to De Luca
and Termini [17] the cardinality of a fuzzy set A, also called
the power of a T1 FS, is defined as the sum of all membership
grades, i.e.,
pDT (A) =

N
X

µA (xi )

(10)

i=1

III. ACCURACY I NDEXES
The confusion matrix can be used as a starting point for a
series of descriptive statistical techniques. From the IT2 confusion matrix, accuracy indexes that meet specific objectives
g
may be derived. The simplest index is overall accuracy OA
which is conventionally computed by dividing the sum of the
major diagonal by the total number of elements in the error
matrix. Proceedings by extending the above concept to the IT2
FS-based framework, we obtain the following formulation for
g index:
the corresponding OA
PQ f
g = Pi=1 (M (i, i))
(14)
OA
Q g e
j=1 AC(Rj )
For individual categories, we obtain, the producer accuracy
g
P
A, related to errors of omission (underestimation), together
g
with the user accuracy U
A, related to errors of commission
(overestimation) as follows:
f(i, i)
M
g
P
Ai =
g R
ei )
AC(

(15)

f(i, i)
M
g
U
Ai =
g C
ei )
AC(

(16)

g P
g
g
All these measures, OA,
A and U
A, are limited to the
range [0,1] and assume the value of 1 in case of complete
match.
A. Illustrative Examples
We compare class assignments provided in reference and
classification data for elements (x1 ; x2 ), for a two class
(q1 ; q2 ) problem. Reference data are provided by two experts
(e1 ; e2 ). Two cases are considered distinguished by a different
level of matching.
• Case A Perfect Matching

where N is the number of elements in the domain of A.
Assuming this formulation, Szmidt and Kacprzyks interval
e is
cardinality [18] for an IT2 FS A
h
i
(11)
PSK = pDT (µAe), pDT (µAe)

e1 ) = JxR1 + JxR1 = 0.5, 0.7 + 0.0, 0.5
F OU (R
2
1

A useful concept in our context is the average cardinality
e proposed by Vlachos and Sergiadis [19], which
(AC) of A,
is defined as the average of its minimum and maximum
cardinalities, i.e.,

e2 ) = JxCe2 + JxCe2 = 0.3, 0.5 + 0.5, 1.0
F OU (C
1
2

e =
AC(A)

pDT (µAe) + pDT (µAe)

(12)
2
Specializing the above concepts to our context we define
the assignment of the generic element in row m and column
f as
n of the IT2 fuzzy error matrix M
f(m, n) = AC(R
en ∩C
em ) =
M

pDT (µ e

em
R n ∩C

)

+ pDT (µRen ∩Cem )
2

(13)

e

e

e2 ) = JxRe2 + JxRe2 = 0.3, 0.5 + 0.5, 1.0
F OU (R
1
2
e1 ) = J Ce1 + J Ce1 = 0.5, 0.7 + 0.0, 0.5
F OU (C
x1
x2

The symbol + denotes the union.
The above expressions formalize the fact that expert e1
provides the following gradual assignments:
• for the element x1 → q1 : 0.5; q2 : 0.3;
• for the element x2 → q1 : 0.0; q2 : 0.5.
Expert e2 provides the following gradual assignments:
• for the element x1 → q1 : 0.7; q2 : 0.5;
• for the element x2 → q1 : 0.5; q2 : 1.0.
The classifier produces for x1 and x2 two classification
results (we may hypothesize that this is due to two different
parameter setting) that show a perfect match with the expert
assignments.

•

Case B Under/Overestimation

IV. A N APPLICATION IN REAL DOMAIN

e1 ) = JxR1 + JxR1 = 0.3, 0.5 + 0.5, 0.7
F OU (R
1
2
e

e

e2 ) = JxRe2 + JxRe2 = 0.5, 0.7 + 0.3, 0.5
F OU (R
1
2
e1 ) = JxCe1 + JxCe1 = 0.0, 0.3 + 0.3, 0.5
F OU (C
1
2
e2 ) = JxC2 + JxC2 = 0.7, 1.0 + 0.5, 0.7
F OU (C
1
2
e

e

The above expressions means that expert e1 provides
•
•

for the element x1 → q1 : 0.3; q2 : 0.5;
for the element x2 → q1 : 0.5; q2 : 0.3.

Expert e2 provides
•
•

for the element x1 → q1 : 0.5; q2 : 0.7;
for the element x2 → q1 : 0.7; q2 : 0.5.

The classifier working with the first parameter’s configuration,
provides
•
•

for the element x1 → q1 : 0.0; q2 : 0.7;
for the element x2 → q1 : 0.3; q2 : 0.5.

Using the second configuration, the classifier provides
•
•

for the element x1 → q1 : 0.3; q2 : 1.0;
for the element x2 → q1 : 0.5; q2 : 0.7.

The fuzzy accuracy measures computed for Case A and
Case B are reported in Table II. Matching values in the error
matrix are computed using equation (9) and (13). Accuracy
indexes are obtained by applying equations (14), (15), (16).
In Case A the individual grades coincide, implying that
g P
g
g
the measures, OA,
A and U
A for all classes, are equal
to 1. In Case B a condition of mismatch is introduced; as
g is less than 1, as is the P
g
expected, the OA
A measure
g
corresponding to the underestimated classes (P
A1 = 0.55)
g
and U
A measure corresponding to the overestimated class
g
(P
A2 = 0.68). The results obtained in these simple examples
demonstrate that the accuracy measures derived from the
IT2 fuzzy confusion matrix adequately reflect how closely
reference and classification data distribute gradual strength in
class membership.
TABLE II: IT2 fuzzy error matrices with accuracy descriptive
measures for two cases of (a) perfect match, (b) mismatch.
Reference Data
Class. Data
Casa A
e1
C
e2
C

e1
R

e2
R

0.85
0.65

0.65
1.15

Total Grades

0.85

1.15

Case B
e1
C
e2
C

0.55
1.0

0.55
1.0

Total Grades

1.0

1.0

Total
Grades

0.85
1.15

0.55
1.45

Accuracy Indexes
g
OA=1
g
P
A1 =1
g
P
A2 =1

g
U
A1 =1
g
U
A2 =1

g
OA=0.77
g
P
A1 =0.55
g
P
A2 =1

g
U
A1 =1
g
U
A2 =0.68

To verify the effectiveness of the IT2 fuzzy accuracy measures proposed when applied to real data, we perform the accuracy evaluation of a soft classifier in the domain of biomedical
image segmentation. Because of the difficulty in establishing
a standard for this type of data, accuracy assessment is usually
addressed using a group of experts to manually trace the
boundaries of the regions of interest [10]. Automated results
are then compared with those produced by manual labeling
to decide whether the automated segmentation algorithm can
be considered an acceptable substitute for human operators.
Considering first the comparison of hard segmentations, the
minimal problem of assessing the agreement between two
binary maps R and S, which indicate reference and segmented
data respectively, is done by measuring the number of pixels
(or voxels) that both in R and S are labeled Object or
Background, the number of voxels in R labeled Object and
in S labeled Background and vice-versa. These measures can
be accommodated in a 2X2 confusion matrix shown in Table
III.
TABLE III: 2X2 Confusion Matrix assessing the agreement
between two binary maps whose elements are labeled Object
(Obj) and Background (Bkg)
Obj
Bkg

Obj
p11
p21

Bkg
p12
p22

Basing on matrix in Table III, a large number of similarity
indexes have been proposed in the literature to compare image
segmentations [10] and measure their spatial overlap. Due to
the large number of zeros in the binary maps, the Jaccard
coefficient (JC) [20] is preferred to the simple overall accuracy
index (OA) as it only evaluates the amount of overlap of the
foreground (object) component. The JC index can be derived
as follows:
p11
(17)
p11 + p12 + p21
Reformulating the JC index as derived from the IT2 fuzzy
f that accommodates object and backconfusion matrix M
ground values as in the matrix in Table III, we obtain:
JC =

f =
JC

f(1, 1)
M
f(1, 1) + M
f(1, 2) + M
f(2, 1)
M

(18)

We use this similarity index together with the above defined
g
g
P
A and U
A indexes to evaluate the accuracy of an automated
segmentation of magnetic resonance (MR) brain images based
on Fuzzy Connectedness [21]. The dataset used in our experiment, is composed of four FLAIR MR grey-scale volumes
with the following acquisition parameters:
• grey-scale: 12 bit depth
• volume size: [432 x 432 x 300]
• slice thickness: 0.6 [mm]
• spacing between slices: 0.6 [mm]
• pixel spacing: (0.57, 0.57) [mm]

repetition time: 8000 [ms]
ECHO time: 282.89 [ms]
All volumes are altered by the presence of glial tumors.
The objective of the segmentation is the delineation within the
image data of pathological tissues (Object) and healthy tissues
(Background). A team of five medical experts is asked to segment axial slices of these volume data by employing an image
annotator [22]. The manual delineation process is affected by
several levels of uncertainty related to the infiltrative nature
of the pathology that causes smooth boundaries, imprecision
in the annotation tool and different expert advices. For each
image data, we obtain two sets of five different manually
labeled soft maps for Object and Background respectively.
Basing on them, two IT2 FSs are constructed, representing the
reference data for the two classes concerned. Figure 1 shows
the support of the five soft maps delineating the Object area,
obtained by manual labeling and the corresponding soft map
obtained by the automated Fuzzy Connectedness segmentation
when processing one slices of an MRI volume.
•

•

Fig. 1: From left to right: support of the Object maps manually
traced by five experts and Object map produced by the
automated segmentation.
f index and P
g
Table IV(a) shows the values of the JC
A and
g
U A indexes related to the Object category. These values are
obtained by comparing automated results with reference data
produced by experts. The accuracy values are computed by
using equations (18), (15) and (16) respectively. Alternative
evaluation procedures have been developed for this application
in order to demonstrate the value and the advantages of the
proposed measures as compared with other approaches. Table
IV(b) shows the Jaccard (JC), Producer (PA) and User (UA)
accuracy indexes computed according to the accuracy assessment method based on T1 FSs as proposed in our previous
work [8]. By applying this method, the comparison between
reference and automated results produces five accuracy values,
one for each expert involved in the behavioral comparison. In
Table IV(c) conventional crisp indexes (JC, PA and UA) are
listed. These values have been computed by hardening classification and reference data sets, and then performing traditional
crisp matches. Conventional procedure delimits mismatch to
the comparison with reference data produced by the expert
3, detecting only a condition of underestimation (JC=0.66;
PA=0.66; UA=1.0). T1 FS-based procedure finds misclassifications in the comparison with reference data produced by the
experts 3, 4 and 5. In more detail the T1 FS-based procedure
registers underestimation errors for the comparison with expert
3 (JC=0.55, PA= 0.69, UA=1.0) and both underestimations

and overestimations for the comparison with experts 4 and 5
(OA=0.69, PA=0.69, UA=0.92). Category indexes indicate that
the underestimated areas are larger than those overestimated.
The IT2 fuzzy evaluation procedure unifies the five individual
comparison in a single comparison and assigns just one score
f = 0.60), overestimations
to quantify global similarity (JC
g
f = 0.83) respectively.
(U
A = 0.98) and underestimations (JC
The accuracy indexes obtained by the three accuracy assessment procedures have been evaluated and compared by
the experts that investigated additional clinical findings for
the cases under study and acquired new insights about the
distribution of healthy and pathological tissues in MR images.
The comparative analysis of the accuracy evaluation indexes
concluded that best results were obtained by the IT2 FS-based
procedure. Conventional crisp measures are unable to detect
completely the misclassifications occurred due to the loss of
information on the distribution of the gradual strengths in class
assignments caused by the hardening process. T1 FS-based
accuracy evaluation framework works better detecting both
underestimation and overestimation errors, but it is unable to
fuse indexes derived from each expert in a single representative
common index. This makes the interpretation of results difficult. The IT2 FS-based evaluation produces accuracy results
that the experts judged reliable. Furthermore, single accuracy
values representative of a common agreement, have been
obtained and this facilitates the interpretation of the results for
subsequent analysis and the application of ranking procedures
when validation procedures involve several classifiers.
(a) IT2 accuracy indexes
f
JC
0.60

g
P
A
0.83

g
U
A
0.98

(b) T1 accuracy indexes
Expert
Expert
Expert
Expert
Expert

1
2
3
4
5

JC
1.0
1.0
0.55
0.69
0.69

PA
1.0
1.0
0.69
0.69
0.69

UA
1.0
1.0
1.0
0.92
0.92

(c) crisp evaluation
Expert
Expert
Expert
Expert
Expert

1
2
3
4
5

JC
1.0
1.0
0.66
1.0
1.0

PA
1.0
1.0
0.66
1.0
1.0

UA
1.0
1.0
1.0
1.0
1.0

TABLE IV: Accuracy evaluation performed by comparing the
Object map produced by the automated segmentation with
Object reference maps, using Jaccard, Producer and User
accuracy indexes derived from IT2 FS-based (a), T1 FS-based
(b) and crisp (c) procedures.
V. C ONCLUSION
In this paper, we proposed a new accuracy evaluation
method within a behavioral comparison strategy. It is based
on the IT2 fuzzy set theory and is conceived as generalization of the conventional and T1 fuzzy set-based method of

accuracy evaluation based on confusion matrix. It is designed
for those situations in which classification and/or reference
data are expressed in multi-membership form and histogram
of values are associated with single class assignments. We
have demonstrated the suitability of the IT2 fuzzy sets and
derived operations in accuracy assessment by defining a IT2
fuzzy confusion matrix and deriving global and category
indexes by uncertainty measures for IT2 fuzzy sets. As seen
in our experimental context, the proposed method consistently
reflects how close are gradual memberships in reference and
classification data. Ambiguity and/or disagreement in the assignment of grades are efficiently managed by using IT2 fuzzy
sets. This representation allows to formally derive concise
evaluation indexes that are especially useful in comparative
studies and that can be otherwise obtained by prolonged and/or
arbitrary analysis. Future work contemplates the use of other
measures, such as measure of fuzziness, to address complementary questions in the accuracy evaluation process such as
at what level of fuzziness/vagueness is the IT2 fuzzy set-based
comparison performed. We also plan to better investigate the
solutions proposed in biomedical image segmentation and in
other domains characterized by the use of soft classifiers such
as content-based filtering and text classification. The present
work focused on the evaluation of soft classifications. The
idea of using IT2 FSs to model uncertainty in the evaluation
procedures may have interesting application in other domains
such as control, information retrieval and decision making.
These domains adopt specific accuracy indexes and it is
interesting to investigate how they may be reformulated in
an attempt to model inherent uncertainties in the validation
processes.
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