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CHAPTER

Introduction

The aim of this thesis is to deeply investigate the link between multigrid methods, fast itera-
tive solvers for sparse ill-conditioned linear systems, and subdivision schemes, simple iter-
ative algorithms for generation of smooth curves and surfaces. The main goal is to improve
the convergence rate and the computational cost of multigrid methods taking advantage of
the reproduction and regularity properties of underlying subdivision.

Multigrid methods. Multigrid methods are fast iterative solvers for sparse and ill-conditioned
linear systems

Anx:bn, Aneq:nxn, bneq:n, (1.1)

where usually A, € C"*" is assumed to be symmetric and positive definite. A basic two-grid
method (TGM) combines the action of a smoother and a coarse grid correction: the smoother is
usually a simple iterative method such as Gauss-Seidel, weighted Jacobi or weighted Richard-
son [3,70]; the coarse grid correction amounts to solving the residual equation exactly on a
coarser grid. A V-cycle multigrid method solves the residual equation approximately within
the recursive application of the two-grid method, until the coarsest level is reached and there
the resulting small system of equations is solved exactly [8,9,48,71].

The algebraic multigrid (AMG) method has been designed for the solution of linear systems
of equations (1.1) whose system matrices are symmetric and positive definite [63]. The AMG
method exploits the algebraic properties of the system matrix A, in (1.1) and constructs the
coarser system matrices preserving the algebraic properties of A,. Recently [2,3,5,6,15,34,42,
69], AMG methods have been defined for the d-level circulant matrix algebra, and extended to
other matrix algebras and to the class of d-level Toeplitz matrices.

The grid transfer operators, called prolongation P and restriction R, define the coarse grid
correction and they are an essential part of any multigrid method. The choice of these operators
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is crucial for the definition of a convergent and optimal ! multigrid method and becomes
cumbersome especially for severally ill-conditioned problems or on complex domains. A
common choice is to define the prolongation and the restriction from the coefficients of the
d-variate trigonometric polynomials p and r, respectively. Usually, P and R are defined
as d-level circulant or d-level Toeplitz matrices of appropriate order generated by p and
r, respectively. This way, the properties of the grid transfer operators are encoded in the
trigonometric polynomials p, r and, thus, the effectiveness of the coarse grid correction can be
analyzed in terms of the properties of p and r.

In the case of algebraic TGMs, the Galerkin approach, namely r = cp, c € (0, +00), is usually
used. The sufficient conditions for the convergence of the TGM are then defined in terms of
the order of the zeros of the trigonometric polynomial p [5,31,34,42,43,67,69]. More precisely,
let f be the d-variate trigonometric polynomial associated to the d-level circulant or Toeplitz
system matrix A, in (1.1). Suppose that f vanishes only at x, € [0,27)% and it is strictly positive
everywhere else. Then, a sufficient condition for the convergence of the TGM is that

. Ipy)I?

(i) Xg{l{) ) < +00 Vye Q) \{x},

(i) Y. Ipx*>0, vx e [0,2m)4,
yeQ(x)

where Q(x) < [0,27)¢ is a finite set depending on x € C? whose structure is defined accordingly
to the selected projection strategy. The symbol approach is a generalization of the LFA [31],
which is a classical tool for the convergence analysis of multigrid method applied to linear
systems of equations (1.1) derived via discretization of a constant-coefficients differential
operator.

For the algebraic V-cycle method, different grid transfer operators can be defined at each
recursive step. Thus, we have a set of trigonometric polynomials pj, r;. Due to the Galerkin
approach, namely r; = ¢jpj, c; € (0,+00), the coarser matrices are still d-level circulant or
d-level Toeplitz matrices. Under the hypothesis that the associated symbol f; vanishes only
atx; € [0,2)¢ and all f; are strictly positive everywhere else, a sufficient condition for the
convergence of the V-cycle method is that the trigonometric polynomials p; satisfy

lpjy)l
m——— < 400

() 2w Vye Q) \ {x},
(1.2)
(i) Y. Ipj®I*>0, vxe [0,2m)%.
yeQ(x)

We remark that the V-cycle conditions (i) and (ii) are well-known in the multigrid community
for standard up-sampling strategy with the factor 2 in each coordinate direction (2, 3]. The
generalization of the V-cycle conditions (i) and (ii) in the case of arbitrary up-sampling
strategy is presented in chapter 3, subsection 3.5.3.

!1.e. the convergence rate is linear.



Subdivision schemes. Subdivision schemes are efficient recursive tools for generating smooth
curves and surfaces and they are used in many fields ranging from computer graphics to signal
and image processing. The starting point of the subdivision algorithm is a scalar sequence
of control points in £(Z%). At each recursive step, a new sequence is defined by applying
simple, linear and local refinement rules to the sequence defined at the previous recursive
step. The structure of the refinement rules depends on an expansive dilation matrix M € 24*¢,
p(M™1) < 1, which determines also the rate of the refinement process. In this thesis, we
consider refinement rules whose coefficients are the same at each subdivision level. Thus, the
refinement coefficients can be stored in a Laurent polynomial a, called subdivision symbol.

Attaching the data refined at the k-th subdivision level to the grid M~*Z¢, we can inter-
preter the subdivision process as a generation of “denser” data sequences. If the dilation M and
the refinement coefficients are chosen appropriately, these increasingly denser data sequences
will approach a continuous (or smoother) d-variate function.

The limit of a convergent subdivision scheme applied to the specific starting data called
the delta sequence, defines the so-called basic limit function. It is well-known that the basic
limit function satisfies a refinement equation defined by the dilation M and its integer shifts
build the foundation of a multiresolution analysis [11, 39].

If the starting data are sampled from a function 7 belonging to the space I1, of d-variate
polynomials of total degree less than or equal to g, it is natural to ask if the subdivision limit is
an element of the same space and, if yes, under which assumptions this limit coincides with 7.
Such properties of subdivision are called generation and reproduction of the functional space
I1,4, respectively. Certain algebraic properties of the symbol a characterize the properties of
generation and reproduction of the functional space I1,. A convergent stationary subdivision
scheme generates the space I if the associated symbol a satisfies ([11,59]) the zero conditions

D*a(e)=0, VeeEy\{l1}, vyeN¢ |ul<gq,

where we denote by D* the u-th directional derivative and || := y; +... + ug. The finite set Ey,
is defined accordingly to the dilation M. Moreover, in order to guarantee the reproduction of
polynomials of total degree less than or equal to s < g, the symbol a should additionally satisfy
([12,20])

d yi—1

DFa)=|detM|[] [] ti-¢»), T=(1,....,Ta) R, yeN§, |pl<s.
i=14;=0

The parameter T € R? is the shift-parameter appearing in the parametrization associated with
the subdivision scheme

tD@) =t 0)+ M *a, tP0)=t*Pw0)-MFr, 20 =0, acz? k=o0.

The choice of T € R? affects neither the convergence nor the polynomial generation property
of the scheme, but its choice is crucial to guarantee the maximum degree of polynomial
reproduction s.

Thesis overview. The thesis is organized as follows:
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Chapter 1. We introduce the notation used throughout the thesis. Then, we describe circulant,
d-level circulant, Toeplitz and d-level Toeplitz matrices and we recall a few of their well-
known properties. Indeed, due to the matrix algebra structure, AMG methods have been
defined for circulant and d-level circulant matrices (see chapter 3); nevertheless, they
can be generalized to the class of Toeplitz and d-level Toeplitz matrices for our numerical
experiments (see chapters 5 and 6). Finally, we present the Richardson, Jacobi and
Gauss-Seidel iterative methods, which are used to define the smoother in the multigrid
procedure (see chapter 3).

Chapter 2. First, we define the algebraic multigrid method (AMG) and report the well-known
results about its convergence and optimality using the approach of Ruge-Stiiben in [63].
Then, we define the AMG method for circulant [15,34] and d-level circulant [5] matrix
algebra with general up-sampling strategy. We relax the necessary conditions for the
convergence of the TGM, see Theorem 3.7, and provide the first result, see Theorem 3.8,
about the convergence of the V-cycle method generalizing the approach in [2, 3] for the
standard up-sampling strategy. We conclude the chapter providing some well-known
examples of grid transfer operators which already hint to a possible connection between
AMG and subdivision.

Chapter 3. We introduce stationary subdivision and we describe some of its important proper-
ties, such as interpolation, generation and reproduction of polynomials. We also provide
the tools and methods proposed in the literature for the analysis of stationary subdivision
schemes. Then, we present the first analysis of subdivision based multigrid. Especially,
we construct grid transfer operators in the multigrid procedure from the symbols of
certain subdivision schemes and we analyze the subdivision properties which guarantee
the convergence and optimality of a multigrid method. We highlight that polynomial
generation property plays a fundamental role in our analysis, see Theorem 4.4, together
with the stability of the basic limit function, see Theorem 4.5, and zero conditions of the
subdivision symbol, see Theorem 4.7.

Chapter 4. We construct univariate and bivariate grid transfer operators from the symbols
of well-known subdivision schemes and we test their efficacy on several numerical ex-
amples. In the univariate setting, we consider the symbols of binary and ternary primal
pseudo-splines. In the bivariate setting, we consider well known approximating and in-

terpolating subdivision schemes with dilation M = ( 0 m)’ m = 2,3, such as symmetric

2-directional box splines and binary and ternary Kobbelt subdivision schemes. Due to
the symmetry of this dilation matrix, our numerical tests for the anisotropic Laplacian
problem fail (see subsection 5.4.3), leading to the need of grid transfer operators defined

2 0
from the symbols of anisotropic subdivision schemes with dilation M = ( 0 m)’ m>2.

. o . . e e 2 0
Chapter 5. We focus on bivariate subdivision schemes with anisotropic dilation M = ( 0 m)’

m > 2. We construct a family of interpolatory subdivision schemes which are optimal in



terms of the size of their support versus their polynomial generation properties. Then, we

0 3
depending on parameters (J, L) characterized by a fixed degree of polynomial generation

2] —1 and an increasing degree of polynomial reproduction 2L+1, L =0,..., J—1. Finally,
we define grid transfer operators from the symbols of our new families of anisotropic
subdivision schemes and test their applicability for AMG on several numerical examples.
Especially, we consider the anisotropic Laplacian problem and overcome the conver-
gence problems observed in the symmetric context in chapter 5.

20
construct a new family of approximating subdivision schemes with dilation M = ( )






CHAPTER

‘Notation and ‘Background

The aim of this introductive chapter is to fix the notation used through the thesis and to
introduce the tools that will be widely used in the next chapters for the definition and the
analysis of subdivision based multigrid. Especially, in section 2.1, we fix the key notation about
matrices, sequences and functional spaces. Section 2.2 concerns multi-index notation and it
exploits the multi-index operations that will be used in the next chapters. In section 2.3, we
define unilevel and multilevel circulant and Toeplitz matrices and we recall the basic results
about their properties. Finally, in section 2.4, we recall the definition of standard iterative
methods from literature.

2.1 NOTATION

* N s the set of all positive integers and Ny = Nu {0},

%

For K € {Z, R, C}, K™ is the linear space of n x n matrices with coefficients in the field

K.

* For Ke{Z, R, C}, K" is the linear space of n x 1 column vectors with coefficients in the
field IC.

* Given A€ ™", we denote by

* AT the transpose of A,
* A" the conjugate transpose of A,

* Aj(A), j=1,...,n, the eigenvalues of A,

.....
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% rank(A) the rank of A,
% det(A) the determinant of A.

* Given A € K", we say that
% Ais Hermitian if A= A%,
* Ais symmetricif A= AT,
* Aisunitary if AA* = A* A = I,,, where I, € Z""*" is the identity matrix of order n,

* A s positive definite if A is Hermitian and x* Ax > 0 for all x€ K",

* A s positive semi-definite if A is Hermitian and x* Ax >0 for allxe K"
* Given A, B e K" we say that

* A< Bif B— Ais positive definite,
* A=< Bif B— Ais positive semi-definite.

1
* If Ae K™ is Hermitian positive semi-definite, A2 is the nonnegative square root of A
and

*

Xl = | A2XIl, = \/x*(A2)* AZx,  Vxe K™
* We denote by

% (2% the space of complex sequences indexed by Z4, namely
(@ ={p=tp@ec:aecz},

where p(a) denotes the a-th element of the sequence p,
% 0o(Z% c ¢(Z%) the space of sequences with finite support,

% CLoo(Z%) < (2% the space of bounded sequences equipped with the norm

Iplleo = sup Ip(@)l,  VpE loo(Z.

acz4

* C(RY), C([0,2m)%) are the spaces of continuous functions defined over R4 and [0,27)%,
respectively.

* i€ Cis the imaginary unit, namely i? = —1.
* @ is the Kronecker product.

d
* GivenneNZ, we define N(n) = [ n; € N,.
i=1



2.2. Multi-index notation

2.2 MULTI-INDEX NOTATION

Let p = (uy,...,14q) € I\Ig. We say that g is a d-index of length |p| = 1 +... + p1g. Let e; € RY,
i=1,...,d, be the i-th unit vector of R?, namely

e,-(k):él-,k, k=1,...,d.

We denote by D¥ the mixed partial derivative D, ... Dy?, where D}/, i = 1,...,d, is the deriva-
tive of order u; along the direction e;, namely

f® - f(x—he;)
h )

D{[f =De,(D¢'f),  De,f(x)=lim xeRY,  feCH®?).
Let p=(uy,...,1q) € Ng andv=(vy,...,vg) € N4 be two d-indexes. The d-indexes operations
©Y, pv and p/v are always intended component-wise, namely

p"z(u‘ljl,...,u:id)el\lg, pv:(,ulvl,...,,udvd)el\lg, p/v:(,ul/vl,...,ud/vd)ed;l)d.
Letz=(z1,...,24) € (C\{oh? and p = (Uy,..., Lq) € 7%, We define

n_ o Ha
z" =2z z, eC.

2.3 UNILEVEL AND MULTILEVEL CIRCULANT AND TOEPLITZ MATRICES

In this section, in subsections 2.3.1 and 2.3.2, we shortly introduce circulant and Toeplitz matri-
ces, respectively. Then, in subsections 2.3.3 and 2.3.4, we briefly describe d-level circulant and
d-level Toeplitz matrices, respectively. Our interest is motivated by theoretical and numerical
needs. Indeed, in chapter 3 we define an algebraic multigrid method for circulant and d-level
circulant matrices. Circulant and d-level circulant matrices build a matrix algebra, and the
definition and the analysis of the algebraic multigrid exploit the matrix algebra structure. Even
if the theoretical analysis of multigrid is done in the case of circulant and d-level circulant
matrices, the resulting multigrid methods are applicable also for solving more general linear
systems of equations, in particular, those with Toeplitz and d-level Toeplitz system matrices
(see chapters 5 and 6). We recall that the discretization of ODEs and PDEs with constant
coefficients define Toeplitz and d-level Toeplitz matrices.

2.3.1 CIRCULANT MATRICES

Let n € N. We say that a matrix A € C"*" is circulant if it satisfies

b(0) b(n-1) b(2) b(1)
b(1) b(0) b(n-1) b(2)
A= : b(1) b(0) : , b(a) e C, a=0,....,n—1.
b(n-2) . bn-1)
b(n-1) b(n-2) b(1) b(0)
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A circulant matrix A is determined by a finite sequence of coefficients
b={b(a)eC:a=0,...,n—1}€ly(2).

More precisely, the entries of the matrix A satisfy

A= (b(((x—ﬁ) modn))

a,ﬁ=0,...,n—1.

Let f: [0,27) — C be a trigonometric polynomial of degree c € N, namely

f@) =Y a@e®, xel0,2m).
ac”Z
lal=c

The finite sequencea={a(a) eC: a € Z, |a| < c} € £y(Z) collects the Fourier coefficients of f
defined by

27 .
ala) = — fx)e ' *dx, aczZ, la| < c.
271 Jo

From the finite sequence a of the Fourier coefficients of the trigonometric polynomial f, itis
possible to define a circulant matrix A = C,(f) € C"**" by

Cn(f) = (a((a -pB) modn) +a(((a - B) modn)—n))

a,ﬁzO,...,n—l’

where we assume a(a) = 0, Va € Z such that |@| > c. We say that the matrix C,(f) is the
circulant matrix of order n generated by f. For instance, let

f(x)=5+2e*—e®* +4e72%  xe0,27), 2.1)
be a trigonometric polynomial of degree ¢ = 3. The non-zero Fourier coefficients of f are
a0 =5, a(l)=2, a3 =-1, a(-2)=4.

Thus, the matrices Cs(f), Cg(f) become

503 0 2 5 0 4 -1 0 2
2 5 0 4 -1 O
25030
5x5 0 2 5 0 4 -1 6x6
Cs(H=]0 2 5 0 3[ec™  cs(f) = e %,
-1 0 2 5 0 4
30250
030 2 5 4 -1 0 2 5 0
0O 4 -1 0 2 5
We define the cycling permutation matrix Z, € C"**" of order n by
0 O 01
1 0 00
Z,=|o - 2.2)
1 00
0 0 10

10



2.3. Unilevel and multilevel circulant and Toeplitz matrices

Then, the circulant matrix C, (f) satisfies

Co(f)= ) al@Zy, Zy=Zy--Zy.
——

ae”Z )
la|=c a times

Due to a(a) = a(—a), |a| < ¢, the matrix C,(f) is Hermitian.
We denote by F,, € C"*"" the Fourier matrix of order n, i.e.

F, = — ( ‘iM) 2.3)
" n © a,p=0,..,n—1 '
The matrix F, is symmetric and unitary. Any circulant matrix C,, (f) satisfies ( [26])
2nw
Co(f) = ExDn(DEL,  Ap(H)= diag f(x{")ec™",  xIP=="+. (2.4)
a=0,...,n—1 n

Thus, f(x&”)), a=0,...,n—1, are the eigenvalues of C,(f).
Most of the properties of C,(f) are encoded in the trigonometric polynomial f. Due to (2.4),

* if f isreal, then C,(f) is symmetric,
* if fisreal and f = 0, then C,(f) is positive semi-definite,

* if fisreal, f=0and f(xfx")) #0,a=0,...,n—1, then C,(f) is non-singular.

2.3.2 TOEPLITZ MATRICES

Let n € N. We say that a matrix A € C"**" is Toeplitz if it satisfies

b(0) b(-1) -+ b2-n) b(l-n)
b(1) b(0) b(-1) b2 -n)
A= : b(1) b(0) : , b(a) € C, a=1-n,...,0,...,n-1.
b(n-2) b(-1)
b(n-1) b(n-2) .- b(1) b(0)

A Toeplitz matrix A is determined by a finite sequence of coefficients
b={b(a)eC:a=1-n,...,0,...,n—1}€ ¢y(2).

More precisely, the entries of the matrix A satisfy

A= (b(a—ﬁ))

a,ﬁzO,...,n—l.

As for the circulant case, it is possible to establish a relationship between Toeplitz matrices
and trigonometric polynomials. More precisely, let f be a trigonometric polynomial of degree

11



Chapter 2. Notation and Background

ceN.Leta={a(a)eC:aeZ |a|<c}ely(Z) be the collection of the Fourier coefficients of f.
For n > ¢, it is possible to define the Toeplitz matrix A = T,,(f) by

T,(f) = (a@-p)

where we assume a(a) =0, V a € Z such that |a| > c. We say that the matrix 7, (f) is the Toeplitz
matrix of order n generated by f. For instance, let f be defined as in (2.1). Then, the matrix
T5(f) becomes

eCc™”
a, f=0,...,n-1 ’

5 0400
2 5040
Ts(H)=| 0 2 5 0 4 |eC™>.
-1 0250
0 -1 025

For a € Z, |a| < n, we define the matrix ]ﬁ{") e 2" by

1, -v=a,
];“)(ﬁ,y):{ h=y , B,y=0,..,n—1. (2.5)
0, otherwise,

Then, the Toeplitz matrix T, (f) satisfies
To(f)= Y. a@];.

ae”Z
lal<c
Similarly to circulant matrices, most of the properties of T},(f) are dictated by the behavior of
the trigonometric polynomial f. Indeed, the following properties are satisfied ( [72]):
* if f isreal, then T}, (f) is Hermitian,
* if f isreal and even, then T} (f) is symmetric,
* if fisreal and f = 0, then T}, (f) is positive semi-definite,

* if fisreal, f =0 and f vanishes on a set of Lebesgue measure 0, then T},(f) is positive
definite.

2.3.3 d-LEVEL CIRCULANT MATRICES

Letd eN, d > 1. A d-level circulant matrix can be “recursively” defined as a circulant block
matrix with (d — 1)-level circulant blocks. For instance, let d = 2 and n = (11, n») € N°. The
bi-level circulant matrix A, € C™"™*™M"2 ig n; x n; block circulant with circulant blocks of size
ny X np, namely

Ay Apr 0 A A
Ay Ay Ap Ap
A= Al A() . ,
Apy-2 e Apa
Anl—l An1—2 e Al AO

12



2.3. Unilevel and multilevel circulant and Toeplitz matrices

where A, € C"2*"2 o =0,...,n; — 1, are circulant matrices.
Let f: [0,2m)% — C be a d-variate trigonometric polynomial of total degree c € N, namely

, d
fx = Z a(a) e‘“T'X, al x= Z a;xi, x€ [0,2m)4.
i=i

acz
lal<c

Leta={a(@)eC:acZ% |al<cle ﬁo(Zd) be the finite sequence of the Fourier coefficients of
f, namely

ala)

= (Zn)df df(x)e_i“T'xdx, aczZ? la| < c.
[0,27)

Then, the d-level circulant matrix of ordern = (n,,...,n4) € N generated by f is defined by

d
Ca(f)= ) a@z®ec™N,  N=Nm=[]n,

acz i=1
l|<c

where Z\" = (Z,,)" ®...® (Z,,)% € CV*N and Z,, e C"*™, i =1,...,d, is the cycling permu-
tation matrix of order n; defined by (2.2). Due to a(e@) = a(—a), || < ¢, the matrix Cy(f) is
Hermitian.

Defining the d-dimensional Fourier matrix F;, of order n by

Fn=Fp, ®...® F,, eC"*N (2.6)

where F,, € C"*", i =1,...,d, is the unidimensional Fourier matrix of order n; defined by
(2.3), the matrix Cy (f) satisfies

Calf) = Fabn(NFS,  An(f)= diag f(x®)ecNV, @D
0<a<n-1
where
N 2Tma;
Xgl):(x((l’il)r-..;x((;;d))ecd, xt(lrll'l):—l) l:]-”d
n;

and0<a <n-1meansthat0<a; <n;-1fori=1,...,d (assuming the standard lexicographic
ordering).
The properties of Cy, (f) are encoded in the trigonometric polynomial f. Especially, if f is real,

f=0,and f (xg')) #0,0 < a <n-1, then Cy(f) is positive definite.
2.3.4 d-LEVEL TOEPLITZ MATRICES

Letd €N, d > 1. Similarly to the d-level circulant case, a d-level Toeplitz matrix is a Toeplitz
block matrix with (d — 1)-level Toeplitz blocks. For instance, let d =2 and n = (n, np) € NZ2. The

13
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bi-level Toeplitz matrix A, € C"1"2*™"2 jg n; x n; block Toeplitz with Toeplitz blocks of size
ny x Ny, namely

AO A—l e AZ—m Al—m
Ay Ay A, A,
A= A1 AO .. ,
Ap -2 Ay
Al’ll—l An1—2 U Al AO

where A, € C"2*"™ a=1-my,...,0,...,n; — 1, are Toeplitz matrices.
Let f be a d-variate trigonometric polynomial of total degree c € N, and let

a={a(@eC:acZ%|al<cle oz,

be the finite sequence of the Fourier coefficients of f. Forn = (ny,...,ng) € N%, .nllindn,- > c,
1=1,...,

the d-level Toeplitz matrix of order n generated by f is defined by

d
Tu()= Y a@jPec™N, N=Nwm=[]n;,

acz4 j=i
la|<c

where J\¥ = W e... ®]§f;d) e CV*N and ],(f:") € C"*" j=1,...,d, is the Toeplitz matrix of
order n; defined by (2.5).
The properties of T, (f) stated at the end of subsection 2.3.2 hold also for T, (f). Especially, if f

isreal, f =0, and f vanishes on a set of Lebesgue measure 0, then Ty (f) is positive definite.

2.4 ITERATIVE METHODS

In this section, we shortly explain the main idea behind the construction of iterative methods.
Then, in subsections 2.4.1, 2.4.2 and 2.4.3, we present Richardson, Jacobi and Gauss-Seidel
methods, respectively. These three methods are well-known stationary iterative methods from
literature.

Iterative methods are widely used for the solution of large systems of equations

Apx=b,, A, eC™ b,eC”, neN.

They generate a sequence of approximate solutions which, under appropriate hypothesis on
the system matrix A, converges to the exact solution X = A,,'b,, € C". We underline two critical
aspects of iterative methods:

* they involve the system matrix A, only in the context of matrix-vector multiplication,

* their efficacy focuses on how quickly they converge to the exact solution.

14



2.4. Iterative methods

A large class of iterative methods is based on the matrix splitting
Ap = M; — Ny, My, Nne(tnxn’
where M,, is non-singular and “easily” invertible. Indeed, we have

~— M,x=N,X+b, (2.8)

— X=M,'N,x+M,'b,.
Using (2.8), an iterative method generates a sequence of iterates {x¥ € C" : k € N}, defined by
x® D = MIN X 4 Mo, = Vx® 4 M b, V= MIN, e, x@ec. (2.9)

The convergence of an iterative method depends on the spectral properties of the iteration
matrix V,,. Indeed, for k € N, we define e® =x—x*) € C" the error at the k-th iterate. Then, we
have

ekt _x _ y(k+D)

— Ve =...= k160 e —x_x©
n ’ *

Thus, Ve® e C", we get
lime®]=0 < pVy)<l.
k—oo

Next, we introduce the well-known iterative methods of Richardson, Jacobi and Gauss-
Seidel. We assume that the system matrix A, is positive definite, thus 0 < 1;(A;) <--- < 1,(A4n)
and p(A;) = A,(A,). We define

An(Ap)

K(Ap) = 1Al A = A
n

where the last equality is due to A, being positive definite. The value K(A,,) is called condition
number of the system matrix A, and gives a bound on how inaccurate the solution will be after
approximation. If K(A,) >> 1, thatis A,(A,) <<1or A,(A;) >> 1, the linear system A,x=b,
is said to be bad conditioned. In this case, whenever the data A, or b, are effected by errors, it
is impossible to find an accurate approximation of the solution x.

2.4.1 RICHARDSON

The Richardson method [61] is defined by the matrix splitting A, = M;, — N,,, where M, = I,
is the identity matrix of order n and N, = I,, — A,. Given the starting guess x € C", the
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Richardson method defines

x®D = MNP 1 M,
= (I - Ax" +b,,
=x® 4 (b, - Anx(k))
= x® 4 &)

where we denote by r® =b,, — A,x® the residual of the k-th iterate.

Introducing a relaxation parameter w € R*, it is possible to define the weighted Richardson
method by the splitting A, = MY — N?, where M® = w™'I,, and N? = w™'I,, — A,. Thus, we
have

xFD = (M) I Nex® + (M2) b,

(k)

=ww I, - A)x*® +wb,

=x® 4+ w(b, - Anx(k))

=x® 4 r®,

The relaxation parameter w € R* weights the contribution of the residual r'® to the definition
of the iterate x**V. The iteration matrix becomes

VO =(M?)INY = I, —wA,. (2.10)

The parameter w should be chosen in order to guarantee the convergence of the method. More
precisely, w should ensure that

PV = pUy - wAp) = 11— wA (A < 1.
Taking w = 1,(A,) ! > 0, we get

_ Al(An)

=1-K(A,) L.
An(Ap) (4n)

1>p(V9) =1
Thus, the worse is the condition number of A,,, the slower is the Richardson method.

2.4.2 JACOBI

The Jacobi method [51] is defined by the matrix splitting A, = M,, — N,,, where M,, = D, is the
diagonal matrix with diagonal entries of A, namely

a(l,1)
D, = e Cc™™" (2.11)
a(n,n)
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2.4. Iterative methods

and N, =D, — A, =—(L, + Uy,), where L,, and U}, are the lower and upper triangular parts of
A, respectively, namely

0 0 0
a2, 1) 0
Lp=|a@3,1) a@B,2) . olec™", (2.12)
: 0 0
a(n,1) a(mn,2) --- a(n,n—1) 0
0 a(1,2) --- a(l,n-1) a(l,n)
0 0 :
Un=1|0 an-2,n-1) an-2,n) eCc"", (2.13)
: 0 an—-1,n)
0 0 0

Notice that A, =D, + L, + U,,.
Let A, be positive definite, thus the diagonal matrix D, is invertible. Given the starting
guess X € C", the Jacobi method defines
x50 = M Nx® + M, ',
=D\ (D,-A)x¥ +D.'b,
= (I,-D,;'A)x% + D 'b,,.

Similarly to the Richardson method, introducing the relaxation parameter w € R”, it is
possible to define the weighted Jacobi method by the splitting A,, = M}, — N/, where M}, =
o 1D, and N =w D, — A,. Thus, we have

xFD = (M) I Nex® + (M2,
=wD (w D, - Ax® + D, 'b,
= (I,-wD,;'A,)x® + wD;'b,
=1 -w)x® + (I, -D,'A)x* + D;'b,).

.

~~

y[k+1)

From the latter, we can interpreter the iterate x**1 as a mean with weight w between the
previous iterate X and the iterate y**? defined by the standard Jacobi method. The iteration
matrix becomes

VY= (M) N = I,,-wD}' Ay (2.14)

If the system matrix A, is strictly diagonally dominant, i.e.

la(@, )| > ) la(a,B), a=1,...,n,

B=1
pra

17



Chapter 2. Notation and Background

and w € [0, 1], then the weighted Jacobi method is convergent. Indeed, we have

n

w a(a, p)
ala, a)

‘+|1—w|)<w+1—w:1.

Let a € N. The a-th entry of the new iterate x’** can be computed by

a-1 n
x5 (@) = 1 bu(a)— Y a(a, B)x* (B) - > a(a, B)x® (ﬁ)).

ala, a) f=1 f=a+1

Notice that the computation of x**V (a) does not use the most recently available information
x**1(B), B=1,...,a—1. To overcome this issue, the Gauss-Seidel method has been introduced.

2.4.3 GAUSS-SEIDEL

The Gauss-Seidel method [45] is defined by the matrix splitting A,, = M,, — N,,, where M,, =
D,+L,and N, =D,+L,— A, =-U,,with D, in (2.11) and L, U, in (2.12). Given the starting
guess x© e C", the Gauss-Seidel method defines

xE D = M Nx® + M, ',
=—(Dy+ Ly 'Ux® + (D, +L1L,)"'b,.

The iteration matrix becomes
Vy=M,'N,=—(Dp+Ly) 'U,. (2.15)

Let A, be positive definite. Then, the Gauss-Seidel method is convergent. We omit the proof
and refer e.g. to [46].
Let a € N. The a-th entry of the new iterate x**1 can be computed by

a-1 n
@)=L (b @- Y a@px® V- Y a@pxbp).
ala, a) p=1 B=a+1

Notice that the computation of x**1) (@) uses the most current estimation of x**1, namely
x*kD(g), p=1,...,a—1.
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CHAPTER

flgebraic multigrid

In this chapter, we define and analyze the algebraic multgrid for circulant and d-level circulant
matrices. First, in sections 3.1 and 3.2, we introduce the algebraic two-grid method and V-cycle
method, respectively, for the solution of linear systems of equations

Ax=b,, A, eC™", b, eC”, (3.1)

where the system matrix A, is positive definite. We give a proper description of the algebraic
multgrid methods and recall the well-known results about their convergence and optimality
following the theory in [63]. Then, in sections 3.3 and 3.4, we focus on algebraic multigrid
methods for circulant and d-level circulant matrices, respectively. The description we are going
to present is characterized by a downsampling/upsampling strategy with the factor m e N,
m = 2, for the circulant matrix algebra, and with the factor m € N m;=2,i=1,...,d, for
the d-level circulant matrix algebra. For the “standard” cases m =2 and m = (2,...,2) € N9,
the definition of the algebraic multgrid methods is well-understood and the corresponding
convergence theory has been fully investigated, see [2, 3, 69]. In our general setting, the
definition of the algebraic multgrid methods is extremely recent and the convergence analysis
is still incomplete. In [6,34], the authors provide sufficient conditions for the convergence and
optimality of the two-grid method. In section 3.5, we slightly relax these conditions, see (ii) of
Theorem 3.7, as preparatory result for the analysis carried out in chapter 4. Then, we provide
sufficient conditions for the convergence of the V-cycle method, see Theorem 3.8. At the best
of our knowledge, Theorem 3.8 is the first result concerning the convergence of the V-cycle
method for circulant and d-level circulant matrices with general downsampling/upsampling
strategies. Finally, in subsection 3.5.4, we give a few examples from literature of grid transfer
operators which already hint at the possibility of a connection between algebraic multigrid
and stationary subdivision.
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Chapter 3. Algebraic multigrid

3.1 ALGEBRAIC TWO-GRID METHOD

A basic two-grid method (TGM) combines the action of a smoother and a coarse grid correction
operator: the smoother is often a simple iterative method such as Gauss-Seidel, weighted
Jacobi or weighted Richardson [3, 70]; the coarse grid correction operator amounts to solving
exactly the residual equation associated to the approximation computed by the smoother on a
coarser space where the smoother is ineffective.

Let np € N be a positive integer. To design two-grid methods for solving linear systems of
the form (3.1) with positive definite system matrices A,,, we define

* ny €N, n; < ng the dimension of the coarse space at which we project our problem,

* the grid transfer operator P, € C"*™, usually called prolongation, which is a full-rank
rectangular matrix, rank(Py,) = n;, and

* aclass V(-) of iterative methods of the form (2.9).

In the following, we define the coarse grid correction operator by the Galerkin approach,
which is characterized by the following two conditions:

* the restriction is the conjugate transpose of the prolongation, i.e., P,’;O,
* the coarser matrix is defined by Ay, = P, Ap,Pp,-

Let Vn_pre, Vn,post be some iterative methods from V(-) and vpre, Vpost € No, be the numbers
of pre- and post-smoothing steps, respectively. The TGM method determines a sequence of
iterates

k . k+1) _ v Vpost k 0
XPe™:keN}, X =TGM(V, e Vil Sost Pro) (X)), X\ e C™,

nop,post’ no

where the mapping TGM : C™ — C'™ is defined by

TGM(Vpppre Vanpost: Prs) (Xng )

o, post’
1. Pre-smoother: ng]) = V,Zﬁff)re (nglf)))
2. Residual on the fine grid: r%f)) =by, - Anox%’?
3. Projection of residual on the coarse grid: rE,kl) =Py, r%’?
4. FError equation: ngklﬂ) = A,lr %kl)
5. Correction of the previous smoothed iterate: ngfl) = XE,]? + Py ngClJrl)
6. Post-smoother: X%EH) = V,Vlf;f;tost (nglf)ﬂ))

For the sake of clarity, we depict the action of steps 2. — 5. in the following diagram.
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3.1. Algebraic Two-grid method

k k k+1 k
cm: r%o) =by, - Anox(no) x(ng )= XE%) + Pnoxgjl

(k) _ (k)
{rm - P;klorno

(k+1) _ p-1..(k)
an - Al’l

CIZ] .

1 In)
Steps 2. — 5. in the above algorithm define the coarse grid correction (CGC) operator on C™ by

— * * -1 *
XN = CGCrx,  CGCpy = Iy — Py Ayl Pl Ang = Ing — Py (Pt AngPry) Priy Angr k€N

no no’

. . . Vv V. . . .
Define Vi, pre, Ving,post the iteration matrices of V) pre, Vngfgost, respectively. The global iteration

matrix of the TGM is then given by
TGM = (‘/no'post)vpost CGCnO (Vno,pre)vpre. (3.2)

Theorem 3.1 is a well-known result from [3, 63], which provides sufficient conditions for
convergence of TGM. To formulate Theorem 3.1, we define D, € C"*"™ to be the diagonal
matrix with the diagonal entries of A,.

Theorem 3.1. Let ng, ny € N, nyg > ny, Ay, € C"*"™ positive definite, Vng,pre’ Vno)post e V(),
Vpre» Vpost € No and Py, € C"*™  rank(Py,) = ny. If

(i) 3apre >0 independent of ny such that

Vpre 2 2 Vpre 2 no
1 (Vi pre) " Xng I, = 1%nola,,, = @prell (Vi pre) " Xuolp - VX €€, (3.3)

(i) Fapost > 0 independent of ny such that

v 2 2 2
”(Vno,post) posrxno ”A"O = ”xno ”A"O - apostllanHA% ) VXp, € c™, (3.4)
0

(iii) Ay > 0 independent of ny such that

min X, — Pu, V5, <ylxnlly , VX, €C™, (3.5)
yeC”l no no
defined
A pre A post
8 pre = —L 8 post =
pre ’ post ’
Y Y
then 6 poss < 1 and
1 - 5 oSt
ITGM] 4, <] —22
0 1+ pre

Conditions (3.3) and (3.4) are called pre-smoothing and post-smoothing properties, respec-
tively, while condition (3.5) is called approximation property.

Theorem 3.1 defines sufficient conditions for the convergence of the two-grid methods,
since the norm of the iteration matrix of the latter is less than 1. The beauty of Theorem 3.1
displays in the following two properties:
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Chapter 3. Algebraic multigrid

Optimality: due to apre, Apost, ¥ being independent of g, the number of iterations needed
to reach a given accuracy € € R* is bounded from above by a constant independent of
(but, possibly depending on €).

Simplicity: pre-smoothing, post-smoothing and approximation properties depend exclu-
sively on the choice of pre-smoother, post-smoother and grid transfer operator, re-
spectively. The possibility to analyze smoothers and coarse grid correction separately
simplifies the convergence analysis of the two-grid method, whose iteration matrix (3.2)
is simultaneously defined by them.

3.2 ALGEBRAIC V-CYCLE METHOD

If n is large, then the numerical solution of the linear system at Step 4. in the TGM could
be computationally expensive. In this case, one usually applies a multigrid method based
on several, possibly different, grid transfer operators. A V-cycle multigrid method solves the
residual equation approximately within the recursive application of the two-grid method,
until the coarsest level is reached and there the resulting small system of equations is solved
exactly [8,9,48,71].

Let ¢ € N be the depth of the multigrid method. We define a strictly decreasing sequence
ng>ny >-->ng_1>neg>0ofintegers nj €N, j=1,...,¢. Foreachnj, j=0,...,0 -1,
one chooses the grid transfer operator Pnj € CMixnj+1, rank(Pn].) = nj41. Using the Galerkin
approach, we define the projected matrix at level j of the multigrid method by

Anjor = Ppy AnyPrjy j=0,.,0-1.

Let an’pre and an,post, j=0,..., -1, be some iterative methods from V(-) and vpye, Vpost € No,
be the numbers of pre- and post-smoothing steps, respectively. For a fixed s € N, the Multigrid

method (MGM) generates a sequence of iterates {ng)) € C™ : k e N} defined by

xN*D = MGM(Ppy, Ang, b, 5,0)(x'),  xPec™,

0
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3.2. Algebraic V-cycle method

where the mapping MGM : R — R0 is defined iteratively by

MGM(Py;, Ap, by, s, ) (x3)))

Ifj=¢ then x,'"=A;lby,

Else
. k) _ )V (k)
1. Pre-smoother: Xn; = Vi pre (an)
. . o *) _ (k)
2. Residual on the j-th grid: ry; =bp; — ApXy,
3. Projection of residual on the (j + 1)-th grid: rg?ﬂ P;;jr%j)
4. Recursion:
(k+1) _
Xpiyy = 0
forr=1tos
(k+1) _ (k) . (k+1)
an+1 - MGM(Pnj+1’Anj+1’rnj+l’s’] + 1)(xnj+1 )
5. Correction of the previous smoothed iterate: xsqk.“) = xgj.) + P,,jx;’jj})
. (k+1) _ v3Vpost (k+1)
6. Post-smoother: Xn, =Vl post (xn, )

(3.6)
The choice s =1 corresponds to the well-known V-cycle method [71]. The iterative structure of

V-cycle is depicted in the following figure.

cro cho

j:;\\\\ ///ﬁ:i(

cm cm

cn cn

Py 7 Prgy

If ¢ = 1, then the V-cycle reduces to the TGM, since the structure consists of one fine space
C™ and one coarse space C™. Similarly to the TGM, at each level j =0,...,¢ —1 of the V-cycle
method, one defines the corresponding coarse grid transfer operator on C"/ by

-1 * * =1 5%
CGCpj = In; = Pn; Ay, Py Ay = In; = Py, (PnjAnj Py;) Pp An;. (3.7

nji1

For j=0,...,¢ -1, define V, jpres Va j,post the iteration matrices of an,pre’ an,post’ respectively.
The global iteration matrix of the V-cycle method is MGM = M GM,, where

MGM, =0e ",
MGM; = (Vi post) ™™ (Iny = Py (Inge, = MGMj1) AL, Py Ay | (Vi pee) ™, =€~ 1,...,0.

nj+1
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The following result is the analogous of Theorem 3.1 for the V-cycle method. We refer to [63]
for more details.

Theorem 3.2. Let ¢ €N, ng > ny > --->np_1 >np >0,n; €N, j=0,...,0, Ay, € C"*" posi-
tive definite and v pre, Vpost € No. Let, for j =0,...,0 -1, an,pre, an,post eV(), Py, € crixnjs,
rank(Py;) = njy1 and CGCy; from (3.7). If, for j=0,...,¢ -1,

(i) Aa; pre> 0 independent of nj such that

Vpre 2 2 . Vpre 2 nj
[ (an,pre) Xn; ”A"j = ||Xn]~ ”Anj aj prel (an,pre) Xn; ”A%zj’ Vxnj eC", (3.8)

(i) 3aj post > 0 independent of nj such that

4 2 2 2 i
“ (Vl’lj.POSt) pOStxnj ”A"j = ”an ”Anj - ap08t||xl’lj ”A% o Vxnj € G:nj) (39)
]

(iii) 3y ;>0 independent of nj such that

2 2 i
ICGCnxn 5, <vjI%n, 5, Vxn, €C™, (3.10)
i
defined
. & j,pre ) & j post
6pre = min L, 6p03t = min L
j=0,..,0-1 ’)/j j=0,...,0-1 ’)/j
then 6 poss < 1 and
1-6 oSt
IMGMIl 5,,, < | —=—
1+6pre

Conditions (3.8) and (3.9) are called pre-smoothing and post-smoothing properties, respec-
tively, while condition (3.10) is called approximation property.

3.3 ALGEBRAIC MULTIGRID FOR CIRCULANT MATRIX ALGEBRA

In this section, we assume that the system matrix A, € C"*" in (3.1) is circulant. It is well-known
that the analysis of multigrid for circulant matrices depicts well the properties of multigrid
in the case of positive definite Toeplitz system matrices and allows to use the matrix algebra

structure.
Let n = m* with m € N, m =2 and k € N. Suppose that A, = C,,(f) is the circulant matrix of
order n defined using the Fourier coefficients

1 2m X
a(a) = —f f(x)e ' **dx, aez, lal < c,
21 Jo

of the trigonometric polynomial f: [0,27) — C

f=Y a@e*™, xelo,2m),

ae”Z
lal=c
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3.3. Algebraic multigrid for circulant matrix algebra

of degree ¢ < n (see chapter 2, subsection 2.3.1). Let us suppose that the trigonometric
polynomial f isreal, f =0 and

2na
f(xgrn))7£0’ xén):T, a=0,...,n-1.

Hence, C,(f) is positive definite.

Remark 3.1. If f(x&”)) =0 for some x&”), a €10,...,n—1}, the matrix C,(f) is singular. In this
case, the matrix A, can be defined as a sum of C,,(f) and a rank-one correction such that A,
is positive definite. Such correction, due to Strang, has been considered in the convergence
analysis in [3]. However, it leads only to unnecessary complication of the notation, since the
convergence results are not affected by such rank-one correction. Moreover, in applications,
A, is usually positive definite due to incorporated boundary conditions. Therefore, similarly
to the analysis based on the LFA [31], the successive papers on the convergence analysis of
multigrid methods for circulant matrices have neglected such a correction (see e.g. [2]). We
follow this standard approach and refer the interested reader to 3] for more details on rank-one
corrections.

In the case of circulant system matrices A, = C,(f), the grid transfer operators also have a
special structure. Let £ €N, 1 < ¢ < k — 1, be the depth of the V-cycle method. We define

Py, = Coy(pp Ky €CM50, py=mtl,j=0,..,0-1, (3.11)

where pj is a certain trigonometric polynomial and Ky,;,, € C"/*1*" is the downsampling
matrix of factor m

1 Om—l

1 01
Knjm = m N , 0pe1=1(0,...,0) e Ng* 1, (3.12)

1 Om—l

For j =0,...,¢ -1, the operator Knj,m allows to express the Fourier matrix of order nj1, i.e.
Fnj+1 in (2.3), in terms of the Fourier matrix of order nj, i.e. Fn]. in (2.3), see [34]. Indeed, Fnj
and Kj,, satisfy the following packaging property

1 .
Knj,anJ-:\/—m(Fn,-H o FnjH)E(C”JH | (3.13)

m times

This simple relation is the key step in defining multigrid methods for circulant matrices, since
it allows us to obtain circulant matrices A, jo at the lower levels. Indeed, we denote the set of
m-corners of x € [0,27) by

2
Qm(x):{x+ﬂ (m0d2ﬂ):a:0,...,m—1}, #Qp(x) = m.
m
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Chapter 3. Algebraic multigrid

The set Q,,(x), x € [0,27), is the set of frequencies on the fine grid which correspond to the
same frequency on the coarse grid. It has been proved in [34] that

N 1
Anj+1 = Pn]Al’l]Pn] = an_,.l(fj]'+l)) ﬁ+l(x) = E Qz(x)f‘j(y)lp](y)lz X € [0)27[); (314)
yelimy;

where f; are the trigonometric polynomials associated with the circulant matrices A,; =
Cn;(f), j=0,...,¢,and fo = f.

3.4 ALGEBRAIC MULTIGRID FOR d-LEVEL CIRCULANT MATRIX ALGEBRA

In this section, we define an algebraic multigrid for d-level circulant matrices generalizing, via
a Kronecker product argument, the definition of the algebraic multigrid for circulant matrices
in section 3.3.

Letn=m*withm= (m;,...,mg) eNY, m; 22,i=1,...,d, and k= (ky,..., kq) €N, k; >0,
i=1,...,d. We recall that the multi-index operation is intended component-wise, namely

mK = (mfl,...,msd) e N4,

We assume that the system matrix in (3.1) is the d-level circulant matrix

d
Ap=Cp(Hec™N,  N=Nm=[]n,
i=1

of order n generated by the d-variate trigonometric polynomial f: [0,27)¢ — C of total degree
¢ < min n;. See chapter 2, subsection 2.3.3, for all the details.

i=1,...,

We assume that f isreal, f =0 and

y 2na;
FEMz0,  x= (I, a0, xP =T @;=0,,m-1,  i=1,....d.
n;
Hence, Cy, (f) is positive definite. If the latter property is not satisfied for some «; € {0,...,n; — 1},
i=1,...,d, weremand to the observations in Remark 3.1.
Similarly to the circulant case, when the system matrix in (3.1) is d-level circulant, the grid
transfer operators are defined accordingly. Let /€N, 1 </ < min k;— 1, be the depth of the

i=1,..,d
multigrid procedure. We define the coarser spaces of V-cycle as

n;=(m 7, omi N end, j=o,...0 (3.15)

We can interpreter the definition of the coarser spaces in (3.15) as follows: for j =0,...,¢ -1,
the coarser space n;, is obtained from the finer space n; reducing the dimension in each
coordinate direction i by a factor m;, i =1,...,d. For j =0,...,¢ — 1, the grid transfer operator
Pp; atthe j-thlevel of V-cycle is defined by

d

Pn; = Ca;(p)) Ky € CVPNM, - Nj= N(nj) = _Hlm Dis (3.16)
l:
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21
(x,y +37) (x+7,y +37)
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Figure 3.1: Example of Q(x) [0,27)% withm = (2,3).

where pj is a certain trigonometric polynomial. The matrix Kn;m € CNi+1*Nj in (3.16) is the
d-level downsampling matrix of factor m

Knjrm:K(nj)l;ml ®"‘®K(nj)dvmd’ (3.17)

where K, Dimis i =1,...,d, is the “univariate” downsampling matrix of factor m; in (3.12).
Similarly to the circulant case, for j =0,...,¢ -2, the d-level downsampling matrix Ky, m in
(3.17) satisfies the following packaging property (see [5])

1

d—Fnj+1 an+1,my
\/ Hizl m;

where F, I F, j+1 are the d-dimensional Fourier matrix of order nj, n;,; defined in (2.6) and

Knjm Fn, = (3.18)

N; N;
znj+1,m:(l(nj+l)1 | . I(nj+l)1)®"'®(l(nj+1)d | ... I(nj+1)d)€C j+1xNj

n'g n'g

m, times mg times

Property (3.18) links the space of frequencies at the coarser level j + 1 and the space of fre-
quencies at the finer level j, j =0,...,¢ —2. Moreover, it allows us to obtain multilevel circulant
matrices Ap,, at the lower levels. In order to properly explain the latter statement, we define

the set of m-corners of x € [0,27)¢ by

2na
Qm(x):{ye[o,zmd FYi=Xxi+ !

i

(mod2n),ai:0,...,m,~—1,i:1,...,d}. (3.19)

The set QO (X), x€ [0, 2m)% determines the frequencies on the finer grid which correspond to
the same frequency on the coarser grid. Notice that #Q, (X) = ]'[;fl=1 m;. Figure 3.1 illustrates a
bivariate example of Qp, (x) in (3.19).
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Chapter 3. Algebraic multigrid

It is well-known [3, 6, 69] that

N 1
Anj+1 :PnjAannj :an+1(ﬁ+l)) f‘j+l(x):d— Z f](Y)|P](Y)|2, X€ [O)ZH)d)
i=1 M yeQm(%)
(3.20)
where f; are the trigonometric polynomials associated with the d-level circulant matrices

Anj :an(fj),jZO,...,f—l, andf():f-

3.5 CONVERGENCE AND OPTIMALITY ANALYSIS

In this section, we provide a convergence analysis of the algebraic multigrid methods defined
for circulant and d-level circulant matrices with general downsampling/upsampling strategy.
Our aim is to translate pre-smoothing, post-smoothing and approximation properties in
Theorem s 3.1 and 3.2 in the circulant and d-level circulant matrix algebra context. We state
the results only in the case of d-level circulant matrix algebra. By slight abuse of notation, the
case d =1 corresponds to the case of circulant matrix algebra.

The following analysis is structured as follows. In subsection 3.5.1, we recall the main results
about pre- and post-smoothing properties for both two-grid method and V-cycle method. In
subsections 3.5.2 and 3.5.3, we focus on the approximation property for two-grid method
and V-cycle method, respectively. We split the analysis between two-grid method and V-cycle
method since the approximation property (3.5) for the two-grid method and the approximation
property (3.10) for the V-cycle method are not equivalent. Indeed, condition (3.10) defines
grid transfer operators for the V-cycle method which are more powerful than those defined by
condition (3.5) for the two-grid method. Here and in the following, we adopt the notation of
section 3.4.

3.5.1 SMOOTHING PROPERTY

In this subsection, we focus on pre- and post-smoothing properties in Theorem 3.1 and
Theorem 3.2. We notice that if the smoothers V,, e, V,, o5 € V() satisfy (3.3) and (3.4) for
Vpres Vpost € Ng and Ap = Cy(f) € CV*N | then they satisfy also (3.8) and (3.9) for v; pre = Vpre,
Vjpost = Vpost and An; = Gy, (fj) € CNi*Ni, j=0,...,¢ - 1. This means that a “good” smoother
for the two-grid method is also a “good” smoother for the V-cycle method. Thus, we need to
focus only on the smoothing properties (3.3) and (3.4).

First, we focus on the weighted Richardson method in V(-), see chapter 2, subsection 2.4.1.
As the following result shows, using appropriate weights, weighted Richardson smoother fulfills
pre- and post-smoothing properties [2, 70].
Proposition 3.3. Let ng € N%, f: [0,2m)? — C non-negative and not identically zero, Apy =

Nox N, + Wpre Wpost .
Chny (f) e CMoxo, Wpre» Wpost € R™, VNo,pre’ VNo,post in (2.10), Vpre, Vpost € No. If

2

0 < Wpre, Wpost < ———
pre» Wpost ’
Il oo
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3.5. Convergence and optimality analysis

then there exist & pre, @ posr > 0 independent of Ny such that the pre-smoothing property (3.3) and
the post-smoothing property (3.4) are satisfied.

Now, we focus on the weighted Jacobi method in V(:), see chapter 2, subsection 2.4.2.
Let Ap, = Cp, (f) € CNo*No be the d-level circulant matrix of order ny € N4 generated by the
d-variate trigonometric polynomial f: [0,27)¢ — C. Let Dy, € CNo*MNo e the diagonal matrix
with diagonal entries of Ay,. Since Ay, is d-level circulant, we have Dy, = a(0)Iy,, where
a(0) € C is the 0-th Fourier coefficient of f and Iy, is the identity matrix of order Ny. If f is
non-negative and not identically zero, then a(0) > 0. Thus, the iteration matrix of the weighted
Jacobi method in (2.14) becomes

V@ = Iy, — @D Any = Ing — — Ang.
0 0 0 0 0 a(o) 0

Thus, weighted Jacobi method with weight w € R* is equivalent to weighted Richardson method

with weight % € R*. The following result is a direct consequence of Proposition 3.3.

Proposition 3.4. Let ng € N¢, f:10, 2m? - C non-negative and not identically zero, Ap, =
X Wpre W pos .
Ciy () € TN, ) 051 € R, Ve e VNO”ypgst in (2.14), Vpre, Vpost € No. If
2a(0)

0 < Wyre, Wpost < ———
pre» Wpost )
Il e

then there exist & pre, @ post > 0 independent of Ny such that the pre-smoothing property (3.3) and
the post-smoothing property (3.4) are satisfied.

Finally, we focus on the Gauss-Seidel method in V(-), see chapter 2, subsection 2.4.3.

Proposition 3.5 ( [63]). Let ng € N4, f: [0,2m)¢ — C non-negative and not identically zero,
Ang = Cny (f) € CNONo Ve, Ving post i (2.15), Vipre, Vpost € No. Then, there exist & pre, & post > 0
independent of Ny such that the pre-smoothing property (3.3) and the post-smoothing property
(3.4) are satisfied.

3.5.2 APPROXIMATION PROPERTY FOR TWO-GRID METHOD

In this subsection, we focus on the approximation property (3.5) in Theorem 3.1 for the
two-grid method. In [5, 34, 69], the authors provide well-known sufficient conditions for the
convergence of the two-grid method for the solution of linear systems of equations (3.1) whose
system matrices are d-level circulant. We report those conditions in Theorem 3.6. To do so, for
x € [0,2m)%, we define the set of m-mirror points of x by

Q) := Qm ) \ {x},

where Q(x) is defined by (3.19).
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Chapter 3. Algebraic multigrid

Theorem 3.6. Let f and p be real d-variate trigonometric polynomials such that f (x¢) =0 and
fx) >0,x€[0,2m)%\ {xo}. If p satisfies

_IpyP
|
X (%)

() <+o0  Vye QL (),

(ii) Y. IpwlP>0, Vxel0,2m?,
YEQm (X)

then Pp = Cy(p) KnT m Satisfies the approximation property (3.5).

For the definition of the grid transfer operator Py, condition (ii) in Theorem 3.6 appears
unnecessary if we admit that Py, is rank deficient. We slightly relax the assumptions of The-
orem 3.6 following the analysis in [6]. These conditions are easy to check for any given grid
transfer operator P,. Our simplification in Theorem 3.7 replaces (ii) in Theorem 3.6 by an
even simpler condition, see (i) in Theorem 3.7.

Theorem 3.7. Let f and p be real d-variate trigonometric polynomials such that f (x¢) = 0 and
fx) >0,x€[0,2m)%\ {xo}. If p satisfies

Ip(y)l?
% F(x)

(D) < 400 Vye Ql,(X),

(ii) |p&xo)?>0,

then Py = Cy(p) KnT g Satisfies the approximation property (3.5).

Proof. The proof consists of three steps. The first and second steps are borrowed from [69]
and [5], thus we only state them shortly. We present in detail the proof of the main step, Step 3.

Step 1: Let a(0) = f . fx)dx > 0. By Theorem 3.4 in [5], (3.5) is equivalent to
[0,27)

2m)d

3y>0 independent ofn = (mi,..., ng) such that IN—Pn(P;:Pn)_lP;:ﬁ%Cn(f), (3.21)
a

with N=Nm) =%, n;.

Step 2: Define m = ]'[;.7121 m;. Forxe [0,2m)%, let Yo =Va(X) € [0,2m)% a=0,...,m—1, be the
elements of the m-corner set QO (x) in (3.19). Define the row vectors p[x], f[x] € C}*™ by

P = (pYa))gcqemr and  fIX:=(F¥a))pcqemr-

By Theorem 3.4 in [5], (3.21) is equivalent to

Jy >0 independentofn= (ny,...,ny) such that I;— P -pix] <t diag (fIx1),
[ppaf, 2@
(3.22)

for all x € [0, 27)%.
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3.5. Convergence and optimality analysis

Step 3: We follow the approach of Bolten et alt. in [6]. To prove the claim, we show that
assumptions (i) and (ii) imply (3.22). To do so, we need to show that the 7 x ;7 matrix

_ pI" - pIx]
|pall;

R[x] := (diag (f[x]))_% (I,;l ) (diag (f[x]))_%

is well-defined, i.e. we can bound the modulus of its entries R[x](a, §) by

|RIX] (@, B)| < ﬁ <co  vxel0,2m¢, @, B=0,.,m-1. (3.23)

Note that, for a, $ =0,...,m —1, the entries R[x](«, f) of R[x] are given by

p(Ya)p(yp)

R[X](a)ﬂ):_ ’ a#ﬁy

VIvOfye Y Ipyl?

yeQm(X)

yeQm(yp)

RIxI(B,p) = , a=p.
fop Y IpyP?
VEQm (X)

In the following, we consider two cases: X € Qpy, (Xg) and X ¢ QO (Xo).

Case 3.a: If x € QO (Xp), then by (3.19), Qn(Xe) = Qm(X). Moreover, if x € QO (Xg), then [ €
{0,...,m—1} such thatys =xo and f(yg) =0. If a # §, then by (i), the order of the zero of \/7
at yg matches the order of the zero of p aty,. If a = §, then again by (i) with

Y pwliF= Y IpwlF

yeQm (yp) y€Qm (%o)

the order of the zero of f at ys matches the order of the zero of Z |p(y)|2. It is left to show
VEQum(yp)
that Z Ip(y) I> > 0. Then all the entries of R[x], X € Qm (Xo), are well-defined. The identity

XEQm (X)

Om(X0) = Qm (%) and (i) imply that p(y) =0 for ally € Q. (x9). Thus, by (ii), we get

Y opwlP= Y IpwP=Ipxo)l>0.

yeQm () Y€Qm (Xo)

Case 3.b: We assume next that x ¢ Q. (Xg). First, we notice that if x ¢ Q, (Xg), then xg ¢ Qm (X)
and f(yg) #0, 6=0,...,/m—1, since f has a unique zero at xo by hypothesis. Thus, we only
need to study the properties of Z Ipy)l°.

YEQm (%)

If Y Ip(yl*>0,then|R[xl(a,B)| <ocoforanya,f=0,..,§-1.
YEQm (X)
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Chapter 3. Algebraic multigrid

If )y | p(y)|? = 0, then we need to study the behavior of its zeros. To do that, we first
YEQm (X)
define, for a d-variate trigonometric polynomial £, the function 6};: [0,2m)% — N such that
0,X = q,%x€[0,2m)%, g €N, if and only if

DFh®) =0, peN? |ul<g-1, and IveN? |v|=q, D h(X) #0, (3.25)

i.e. g € Nis the order of the zero of h at x. We rewrite the entries R[x](«, ) @, =0,...,m—1, of
RI[x] in (3.24) and get

ha,ﬁ x)

JF ¥ fyp hx)

hp(x)
fxp) hx)’

Rx](a, B) = —

RxI(B,p) =

where

hx:= Y Ipwl
VEQR (X)

=Y IpyP
VeQm(yp)

ha,p(X) := p(ya) p(yp).

To prove the boundedness of R[x](«, ), a, f =0,...,m —1, we show that
Hhﬁ(x) > 0,(x), and Gha,ﬁ(x) = 0,(x).

Recall that we consider the case when h(x) = 0, then p(y) = 0 for all y € O (x). Thus, for
©:= min )Gp(y), we have 0;,(x) = 20. Due to Qy, (yp) © Qm(x) we get 0,(x) = 26. Similarly,

YEQm (X

O, 5(X) = 20. And, thus, the claim follows. [ |

Theorem 3.7 deals with a d-level circulant matrix C,(f) whose generating function f has
a single zero at xg € [0,2m)?. If f has an additional zero at some point x; ¢ Q. (xo), then we
choose a trigonometric polynomial p which satisfies (i) of Theorem 3.7 fory € Q! (xo) UQL, (x1)
and (ii) of Theorem 3.7 for xy and x;. Then, the corresponding P,, = C,(p) K,{ m also satisfies
the approximation property (3.5). The proof of the latter is a straightforward generalization of
the proof of Theorem 3.7 and is omitted. If f has an additional zero at some point x; € Q. (o),
then we choose a different downsampling factor m € N4, m # m, so that X] ¢ Q;i(x()).

3.5.3 APPROXIMATION PROPERTY FOR V-CYCLE METHOD

For the V-cycle, according to the convergence and optimality results in [3], the assumptions of
Theorem 3.7 should be strengthen to guarantee that the corresponding coarse grid correction
operators satisfy the approximation property (3.10). The appropriate modifications of the
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3.5. Convergence and optimality analysis

assumptions of Theorem 3.7 were given in [69] for the circulant case d = 1 with m =2 and
in [2] for the multilevel circulant case withm = (2,...,2) € N%. The following Theorem 3.8 is
the generalization of Theorem 3.7 to the case of generic m € N¢.

Theorem 3.8. Let fo, pj, j =0,...,¢ — 1, be real d-variate trigonometric polynomials such that
fo(x0) =0 and fy(x) > 0,x € [0,2m)%\ {Xo}. Let fj, j =1,...,€~1, bereal trigonometric polynomials
defined as in (3.20) and such that fj(x;) =0, f;(x) >0,x€ [0,2m)% \ x;}. If, forj=0,...,0 -1, p;
satisfy

. lpjy)l

(1) Xﬁl&l]m +00 VYEQ;H(X])»

(i Y IpjypP > 0 vxe [0,2m)%,
yEQm (X)

then Ap; in (3.20) and CGCy; in (3.7) satisfy the approximation property (3.10).
Before proving Theorem 3.8, we would like to comment on its hypothesis. Let j € {0,...,¢ —
1 If f;(x;) =0, fj(x) >0 forxe [0,271)% \ {x;} and p; satisfies (i) and (ii) of Theorem 3.8,
then [6, Remark 3.3] guarantees that f;,;(x) = 0 if and only if
X =Xj41 1= mX;(mod27n) = (m;x;(mod2n),..., mgxs(mod2r)) T

Moreover, the order of the zero of fj,; atx;,; coincides with the order of the zero of f; atx;
and fj+1(x) >0 forx € [0,2m)\ X1}

Proof. The proof consists of two steps: the first one is borrowed from (3], the second one is
similar to Step 3 of the proof of Theorem 3.7. Let j € {0,...,¢ —1}.

Step 1: By [3, Proposition 16], Ay, in (3.20) and CGCy; in (3.7) satisfy the approximation
property (3.10) if and only if 3y; > 0 independent of n; = ((n;),..., (n;)4) such that

d
In; = Py (Py Pn )" Py <7Cay(f),  Nj=N))= _1‘[1(nj)i, (3.26)
1=
where
By, := an(ﬁj)KnT]_ym eCNiNm pix) = pi®y/fi®,  xel0,2m)?
Step 2: To prove the claim, we show that (i) and (ii) imply (3.26). As shown in Step 3 of the

proof of Theorem 3.7, (3.26) holds true if and only if the entries of the matrix R[x] in (3.24) are
bounded in modulus, where, for y,,ys € Qm(x), X € [0,2m)4, a,f=0,...,m—1,

Piya)Pj(yp)
R[X](ayﬁ):_ ) a#ﬂ)
VO fiye Y 15wl
yEQm(x)
> 1B (3.27)
Y€ (yp)
RIXI(B,B) = —, a=p.
fiyp) Y 1piypi
yeQm(X)

33



Chapter 3. Algebraic multigrid

Substituting the definition of p; into (3.27), we get

Pi(ya)p;jyp)
Y IpiwPfiy

YEQm x)

Y IpiwliEfiy (3.28)
RIXI(B, ) = —om¥? 5
X , = , a = B.
fiyp) Y. Ipi3Pfiy

YEQm (X)

Rxl(a,p) = -

We split the analysis of quantities in (3.28) into two cases: X € QO (X;) and x ¢ Oy (X;).

Case 2.a: If x € Qy (X;), then by (3.19), O (X;) = Qm(X). Thus, the hypothesis f;(x;) =0and (i)
imply that

Y piwPfim= Y IpiPfim=Ip;)PfixN+ Y. IpiIPfiy) =0. (3.29)

YEQm (X) Y€Qm (X;) VEQm, (x;)
We define 5
hx):= ) Ipi®Ifiwy,
YEQm (%)
he®):= Y. IpiWIEfiy),
YEQL (Vp)
. 2
hy p®) = filyp) D IpiWIfim,
YEQm (%)

hapX):=pjya)p;jlyp).
Then, we can rewrite R[x](a, f), @, =0,...,m—1, as

ha, B x)
h(x)

hp(x)
hf. ﬁ(X)

R

To prove the boundedness of R[x](a, f) a,f =0,...,m — 1, we show, for 0 as in (3.25), that
Hha_ﬁ(x)zeh(x) and Bhﬁ(x) Zthjyﬁ(x).

Note first that (i) and (3.29) guarantee that the order of the zero of & at x is the same as the
order of the zero of f; atx;. Namely, for © := Bf]. (x), we have 0,(x) = ©. Due to (i), QhM (x) = 0.
Thus, O, ; (%) = 0(%). Since x € O (x;), there exists Be{0,...,m—1}such thaty; =x;. If f = B,
then, by (i) and (3.29), Hhﬁ x) = th]_ﬁ (x) = 20. Otherwise, Ghﬁ x) = thjlﬁ (x) =0.

Case 2.b: We assume next that x ¢ Qn (X;). First, we notice that, if x ¢ O (x;), then x; ¢ QO ().
Since f; has a unique zero at x; by hypothesis, we have f;(yg) #0, 5 =0,...,m — 1. Thus, we

only need to study the properties of Z lpi(y) 2 fi(y). Since f; has a unique zero at x; by
YEQm (%)
hypothesis, by (ii), we obtain

Y IpiWEfiy >o0.
YEQm (X)
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Figure 3.2: Plot of the univariate generating functions f9 /| f9 |, in (3.31) with g =1,2,3 in
the reference interval [0, 7].

And, thus, the claim follows. [ |

3.5.4 EXAMPLES OF GRID TRANSFER OPERATORS

In this subsection, we present some well-known examples (3,9, 31, 48, 71] of grid transfer
operators designed for the solution of linear systems of equations (3.1) derived from the
discretization of elliptic PDEs. More precisely, let d € N and g € N. Consider the 24 elliptic
d-variate problem

d
D7y
i=1

periodic boundary conditions on  0Q.

0 d
5 3V X =gx), xeQ=(0,1)%

X; (3.30)

2q
1
The system matrix in (3.1) is obtained via finite difference discretization of order 24 of (3.30)
on a grid on [0,1]¢ of n; subintervals of size h; in each coordinate direction i = 1,...,d. It

is well-known [68], that in this case the system matrix in (3.1) is the d-level circulant matrix
Cu(f9), of order n = (11, ..., ny) € NY, generated by the d-variate trigonometric polynomial

d
9% =Y @-2cos(x)?,  x=(x1,...,x7) € [0,2m)%. (3.31)
i=1

The generating function f9 in (3.31) vanishes at xo = 0 with order 2¢ and it is positive on
0,2m)%. See Figures 3.2 (d =1) and 3.3 (d = 2).

In the case d =1 [9,48,71], the first univariate grid transfer operator defined for the solution
of the univariate Laplacian problem, i.e. g =1 in (3.30), is the so-called linear interpolation.
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0 o 0 o

(a)Case q = 1. (b)Case q =2.
Figure 3.3: Plot of the bivariate generating functions f‘P/| f\9 |, in (3.31) with q =1 (a) and

q =2 (b) in the reference interval [0, 7t]°.

The linear interpolation grid transfer operator Py; in (3.11) with the downsampling factor
m = 2 is defined by the trigonometric polynomial
p(l)(x) =1+cos(x), x€[0,2m), (3.32)
or, equivalently, by its Fourier coefficients
pV={z 1 3}

For j =0,...,¢ -1, given the coarser error en,, € C"i+1, the components of the finer error
— ni
en, =Ppen € C"i are computed by

enj+1 (a))

3(en;u, (@) +ep,, (@+1),

aef0,...,nj—1},
e, 2a+1) o

where we assume that e, (nj+1) = 0. Thus, all the entries of the coarser error e, are also
present in the finer error e,;. See Figure 3.4.
The trigonometric polynomial p in (3.32) belongs to a family { p/) : J € N} of trigonomet-
ric polynomials
1+ cos(x)
2

each of which defines the grid transfer operators Pp; in (3.11) with the downsampling factor
m=2.

The trigonometric polynomial p" in (3.33) has a zero of order 2J at 7 = Q}(0) and it
is positive in [0,27) \ {z}. See Figure 3.5. We highlight that, for J = ¢, the trigonometric
polynomial p(n in (3.33) satisfies (i) and (ii) of Theorem 3.8 with d = 1 and with respect to
the generating function fy = 9 in (3.31). Indeed, since f?(0) =0 and ¥ (x) > 0, x € (0,27),

J
p”)(x)=2( ) . x€(0,2m), (3.33)
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— ¢ ————— ¢ ———— ¢ 06—
njyq
(a)Coarser errorey;,, € C"*

— o — & O — & o — & —O0— & ——
(b)Finer errorey,,; € cni

Figure 3.4: Action of the linear interpolation grid transfer operator on the coarser error ey,
(black dots in (a)) for the definition of the finer error e,; (black and white dots in (b)).

Figure 3.5: Plot of the trigonometric polynomials p /|| pY |« in (3.33) with J = 1,2,3 in the
reference interval [0, ].
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(a)Case J = 1. (b)Case J = 2.

Figure 3.6: Plot of the trigonometric polynomials pU"? || pV") ||, in (3.34) with J =1 (a) and
J =2 (b) in the reference interval [0, 7>

then [34, Proposition 4.1] guarantees that every f;, j =1,...,¢—1, in (3.14) vanishes only at 0
with the same order as the one of the zero of fy, i.e. 2q. Thus, we set p; = pP,j=0,...,0-1.

In the bivariate setting (d = 2), a family of grid transfer operators P, in (3.16) with the
downsampling factor m = (2,2) has been defined [3,31]. The associated trigonometric polyno-
mial p/) is the tensor product of the univariate trigonometric polynomial p in (3.33) with
itself, namely

J
pUD (x), %) = 4 (”COS(’C”ZHCOS(”)) ,x=(x1, 1) €[0,2m)2. (3.34)

The trigonometric polynomial pV-/ in (3.34) vanishes at Q(, ,, (0) = {(0,7), (x,0), (x,7)} with
order 2/ and it is positive in [0,2m)%\ {x; =7, X, =7}. See Figure 3.6. Notice that, for J = g, the
trigonometric polynomial p"/) in (3.34) satisfies (i) and (ii) of Theorem 3.8 with respect to
the generating function fy = 9 in (3.31). Indeed, since f?(0) = 0 and f? (x) > 0, x € (0,27)?,
then [6, Lemma 3.2 guarantees that every f;, j = 1,...,¢ —1, in (3.20) vanishes only at 0 with
the same order as the one of the zero of f;, i.e. 2g. Thus, we set p; = pV/, j=0,...,0 - 1.

The grid transfer operators defined in this subsection are actually well-known station-
ary subdivision schemes, see chapter 5. Indeed, Step 3. in (3.6) can be interpreted as the
lowpass branch of a wavelet decomposition. For j =0,...,¢ — 1, at the j-th level of V-cycle,
the convolution with the lowpass filter is the multiplication by the matrix Cp;(p;)* and the
downsampling by m is done via multiplication by the matrix Ky, m. If the smoother works
well, then the residual is smooth and the highpass branches of the wavelet decomposition
contain no additional information and are omitted. The reconstruction is done as usual by
upsampling via multiplication by KnTj,m and by convolution via multiplication by Cy; (p;). It
is well-known that upsampling and convolution amount to one step of subdivision scheme
with the corresponding subdivision matrix Pp;. It is then natural to study conditions on the

38



3.5. Convergence and optimality analysis

corresponding subdivision symbols p; that will guarantee convergence and optimality of the
corresponding multigrid methods.
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CHAPTER

Stationary subdivision and algebraic multigrid

In this chapter, we analyze the link between algebraic multigrid and stationary subdivision. As
already mentioned at the end of chapter 3 in subsection 3.5.4, it is possible to identify the d-
variate grid transfer operators which appear in the definition of the algebraic two-grid method
and V-cycle method with d-variate subdivision schemes. In section 4.1, we introduce d-variate
stationary subdivision and list the well-known results on their convergence, interpolation and
polynomial generation properties. The link between multigrid and subdivision is presented in
section 4.2. We highlight that the definition and analysis of subdivision based multigrid appear
for the first time in [14, 15].

4.1 STATIONARY SUBDIVISION

Let M € Z%*4 be a dilation matrix, namely all its eigenvalues are in the absolute value greater
than 1. Let p = {p(@) € R : @ € Z%} € £((Z%) be a finite sequence of real numbers. The dilation
M and the mask p are used to define the subdivision operator Sp: ¢ (z% — ¢(z%), which is a
linear operator such that

(Spe) (@) = Y. pla—MP)c(p), aecz? cet@?. 4.1)
pezd

A subdivision scheme S, with dilation M and mask p is the recursive application of the sub-
division operator S, in (4.1) to some initial sequence ¢© = {9 (a) : @ € 29} € £(Z) of real

numbers, namely
D =8, keN,. 4.2)

Notice that ¢k+V) = Spc(k) == (Sp)k“c(o).
Since the subdivision scheme S, generates sequences c® e ¢z%), k =0, a natural way to
define a notion of its convergence is to attach the data ¢® = {c¥ (@) : @ € 2%}, k = 0, to the

41



Chapter 4. Stationary subdivision and algebraic multigrid

o [e]
(o] o

o o o o o o o o o o OO0 00O OOOO QO O pOOOOOOO

(a)Starting sequencec®) = & (b)After one step of subdivision ¢V = Sp6

B2 N

(¢)Basic limit function ¢ = S3°6

Figure 4.1: Basic limit function of the binary 4-point Dubuc-Deslauries subdivision scheme

parameter values tP = (M *a:aez, k=0, and to require that there exists a continuous
function F o : R — R depending on the starting sequence ¢”’ such that, for sufficiently large
k, the values of F« at the parameter values t® are “close” enough to the data c,

Definition 4.1. A subdivision scheme Sy, is convergent if for any initial data c € (7% there
exist a uniformly continuous function F, € C(R%) such that

lim sup
k=00 yezd

F (M‘ka) - (Sl’fc) () ‘ =0.

The particular choice of the initial data 8 = {84, : @ € Z¢} defines the so-called basic limit
function ¢ = Fg. Figure 4.1 shows the basic limit function of the univariate binary 4-point
Dubuc-Deslauriers subdivision scheme [37] defined by

m=2, p={-15 0 & 1 & 0 —1 }. (4.3)

Figure 4.2 shows the basic limit function of the bivariate anisotropic linear subdivision scheme
[14] defined by

11111
20 6 3 2 3 6
_ 2x2 _l1 2 2 1
M—(O 3)€Z . op=[12121} (4.4)
11111
6 3 2 3 6

Since the mask p € £((Z%) is a finite sequence, ¢ is compactly supported [39]. It is well-
known [39] that the basic limit function ¢ satisfies the refinement equation

b= Y pl@dpM--a). 4.5)

acz4

Thus, due to the linearity of Sy, for any initial data c € (°2Z%, ¢c= Z c(@)d(-— a), we have
acz4

Fc:klggosgc: Y c(a)klggosga(-—a)z Y c@¢(--a).

acz4 aczd
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)
)
//\

{

o

//
.

.

(a) Starting sequencec® = & (b) Basic limit function ¢ = Sy°8

Figure 4.2: Basic limit function of the anisotropic linear subdivision scheme

For more details on the properties of the basic limit function, see the seminal work of Cavaretta
etal. [11] and the survey by Dyn and Levin [39].

Most of the properties of the subdivision scheme S, can be investigated studying the
Laurent polynomial

p@= ) p@z®, z%=z"-..-z}% z=(z1,...,29) € (C\{0D?, (4.6)

acz4

called the symbol of the subdivision scheme. For instance, a well-known necessary condition
for the convergence of Sp, is p(1) = |det M|. With respect to the previous examples, the symbol
of the univariate binary 4-point Dubuc-Deslauriers subdivision scheme defined by (4.3) is
given by

9 1 5

1 5 9 1
Z)=——z 3+ —z 1+ —z-—Z=———(1+2*0-4z+7° , zeC\{0}, 4.7
p(2) 16 16 16 16 162 3( )4 ) {0}, 4.7

and the symbol of the bivariate anisotropic linear subdivision scheme defined by (4.4) is given
by

p(z) = 1z1 2y +lzl_1z2_1+1z1_1+lzl_lzz+lzl_lz§
3 2 3 6

1 o 2 2 1,

+—z2 +-2, t1+=-20+-2;
3 3 3 3

+ L 24 L i L + = L + = L o)
—212, 212, z z212 2125
6 142 3 142 2 1 3 142 6 142

1

= S(L+21)°(1+ 22 + 25)°, z=(z21,22) € (C\ {0}

621z2
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4.1.1 INTERPOLATORY SUBDIVISION

In this subsection, we shortly describe interpolatory subdivision. We say that a subdivision
scheme S, with dilation M and mask p is interpolatory if, given any starting sequence c®e
¢(7%), all the entries of the k-th refined sequence c¢© € £(Z%) are also entries of the (k +1)-th
refined sequence c**V € ¢(29), k = 0. More precisely,

D (Ma) = (Spe®| My =P (@),  Vaez?.

The interpolation property can be interpreted in terms of the mask of the subdivision scheme
[39,55]. A subdivision scheme Sp, with dilation M and mask p is interpolatory if its mask p
satisfies

p0) =1 and pMa)=0, Vae(Z\{0ph?. (4.9)

In [19], in the case of dilation matrix 21;, where I; is the identity matrix of order d, the
authors characterize the interpolation property of subdivision in terms of the corresponding
subdivision symbol. Their result can be easily extended to the case of diagonal anisotropic
dilation matrix

m
M = ez®™4d  m;=2, i=1,...,d. (4.10)
mg

We denote by I', #I" = |det M|, the complete set of representatives of the distinct cosets of
7%/ M7? containing 0 = (0,...,0) € Z¢ and we define the set

Ey = { e i2nM Ty Y is a coset representative of 741 mMT 74 }, #Ey = |detM|,  (4.11)
containing 1 = (1,...,1) € Z%. If the dilation M is diagonal (4.10), then the set I' is defined by
r= {y: ViyeeYd) €Z% 71 €10, mi—1}, i = 1,...,d}, (4.12)
and, due to M = M7, the set E;; becomes
En = {e‘iZ”M’lY ye r},

. ot (4.13)
:{fz(él,...,fd)e[R :éi:e mi’YiE{Oy---ymi_l})i:1)---;d}

The result of Theorem 4.1 is well-known in case of dilation matrix 21, see [19]. We include the
prove for dilation (4.10) for reader’s convenience.

Theorem 4.1. A convergent subdivision scheme Sy, with dilation (4.10) is interpolatory if and
only if

Y p(Exz)=|detM|, Exz=(Erz1,...,8a2a),  z€(C\{0DY
éeEy
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4.1. Stationary subdivision

Proof. Let Sp be a convergent subdivision scheme with dilation M and mask p. By [13], the
subdivision symbol p satisfies

p@= Y p@zf= Y Y pMa+pzM*, ze(C\0)%

acz4 aczdyel

Thus, we get

Y pExz)= ) Y Y pMa+pExa)M*,

eEy ¢€Ey qezd YET

= Z Z ZP(Ma+Y)(§1z1)(M“+Y)1...(fdzd)(Mcﬂy)d,
$€Ey qezd YET

= izE Zd er(Ma +7) (ziM““’)l ...Z;MMYM)(fiMMy)l _._S;;Maﬂf)d)’
€EEM @eZbYE

— Z Z Zp(Ma+Y)ZMa+YfMa+Y,

$eEy aczd yel
Z Zp(M(X+Y)ZMa+Y Z £Ma+)f,
aczdyel §eEy

Y Y pMa+y)ZM sp, ., spuy= Y, EMETY, ze(€\0)4
aczdyel $€Em

(4.14)
We focus on sg,,,y in (4.14). Let M be diagonal (4.10). By (4.13), & € E) is of the form

b1 _izn P

E:(e_iZ”m_l,...,e ’”d), i €{0,...,m; -1}, i=1,...,d.

Due to
Ma+ mia;+y mgag+y 9% Y
{ ay_flll 1_“5‘dd d_flln_’rd_zy’

we have sg,, 0 =#Ep = [det M| and

mp—1

B mg=1_ . pg
seyy= Y &=Y (e‘lz”m_ll)Y1--- ) (e ‘Z”mfz)y”’:o, Y=01,...,ya) ET\{0}, (4.15)
§eEym $1=0 Ba=0

where the last equality holds true due to (4.12), ¥ # 0 and

m;—1

i

—ionPivyi
(e lznm) :0) Yizl)---)mi_l’ izl""’d'

Bi=0

Then, (4.14) becomes
Y p(é-z)=Idet M| Y pMa)zM“.

§eEym aczd

The claim follows by the fact that a subdivision scheme S, is interpolatory if and only if its
mask p satisfies the interpolation property (4.9).
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Let us consider the univariate binary 4-point Dubuc-Deslauriers subdivision scheme. Its
mask in (4.3) satisfies the interpolation property, namely

p0) =1, p2a) =0, aeZ\{0}.
Moreover, its symbol (4.7) satisfies the identity in Theorem 4.1. Indeed, we have
I=1{0, 1}, E; ={1, -1}, p(z) +p(-2z)=2.

Let us consider the bivariate anisotropic interpolatory subdivision scheme. Its mask in (4.4)
satisfies the interpolation property, namely

p(0,0)=1, p(Ma) =p2a;,3a2) =0, a=(ay,a) € (Z\{0})>.

Its symbol (4.8) satisfies the identity in Theorem 4.1. Indeed, we have
0) (0) (0) (1) (1) (1
=1L G001 s
EM = { (1) ) (e—i2/37[) ) (e—i4/37[) ) ( 1 ) ) (e—i2/37-[) » (e_i4/3n) }, #EM — 6’

—12/37IZ2)

and

—i4/37122)

p(z1,22)+p(z1,€ +p(z1,e +p(~21,22)+p(~21,6 723 2)+ p(~21,e 437 2,) = 6.

4.1.2 GENERATION AND REPRODUCTION PROPERTIES

We now introduce the concepts of polynomial generation and reproduction. The property of
generation of polynomials of degree g is the capability of a subdivision scheme to generate the
full space of polynomials up to degree g, while the property of reproduction of polynomials
of degree ¢ is the capability of a subdivision scheme to produce in the limit exactly the same
polynomial from which the initial data is sampled. It is easy to see that reproduction of
polynomials of degree g implies generation of polynomials of degree q.

Definition 4.2. Let g € Np. A convergent subdivision scheme Sy, generates polynomials up to
degree q if

forany meIl;, 3ce ¢(z% such that Z c(a)p(-—a) =melly.

aczd

The property of polynomial generation has been studied e.g. by Cabrelli et al. in [10],
Cavaretta et al. in [11], Jetter and Plonka in [52], Jia in [53,54], Levin in [59]. Definition 4.2 can
be interpreted as follows: a convergent subdivision scheme S, generates polynomials up to
degree g if the space I1, is contained in the span of the integer shifts of its basic limit function
(P(-—a@) : acZ%).

Algebraic properties of the symbol p characterize the polynomial generation property of
subdivision.
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Theorem 4.2 ( [13]). Let q € Ng. A convergent subdivision scheme S, generates polynomials up
to degree q if and only if

DFp(e)=0, VeeEy\{l}, peNd, |u<gq. (4.16)

Thus, the property of polynomial generation of a convergent subdivision scheme Sy, is
strictly related to the behavior of the subdivision symbol p(z) and of its derivatives at the
“special” points Ep \ {1}. Conditions in (4.16) are also known as zero conditions of order q + 1.
We say that a subdivision symbol p(z) satisfies the zero conditions of order g + 1 if and only if
the associated mask p satisfies the sum rules of order g + 1, namely

Y pMa)r(Ma)= ) py+Ma)a(y+Ma), Vyel\{0},nell,. 4.17)

acz4 acz4
In the univariate setting, Theorem 4.2 is equivalent to requiring that the symbol p(z) of the

subdivision scheme S, of dilation m € N, m = 2, has the following factorization

p@)=(1+z+22+-+2"N" b2), zec\{o}, (4.18)

for some Laurent polynomial b(z) such that b(1) = m~9, i.e. p(1) = m. For instance, the
univariate binary 4-point Dubuc-Deslauriers subdivision scheme defined by (4.3) generates
polynomials up to degree g = 3. Indeed, its symbol in (4.7) satisfies

_ 4 _ 1 B 2 _l_ -3
p(z2)=0+2) b(2), b(z) = _1623(1 4z + z°), b(l)—8—2 , zeC\{0}.

In addition, we consider the binary cubic Bspline subdivision scheme defined by

m=2, p={} 1 314} .19)
Its symbol satisfies

1 1 3 1 1 1 1
p(z):gz‘2+§z‘1+z+5z+§z2:(1+z)4b(z), b(2) =2, b(l):§:2_3, zea:g(;),)

thus it generates polynomials up to degree g = 3.

In the bivariate setting, we lose the factorization property (4.18). Nevertheless, in case of
diagonal dilation matrix M (4.10), Theorem 4.2 can be reformulated in terms of ideals [64],
leading to an equivalent decomposition property. Let g € Ny and define

Jgi=<Q—-z™MM Q-2 p=(u1, ) NG, lpl =g +1>.
Jq is the ideal of all bivariate polynomials p(z;, z2) which satisty
DMp(e)=0, VeeEy, VYwmeN:, |ul<gq.

We recall that, given two ideals 7, Z of the commutative ring C[z,, z2], their quotient ideal is the
set J :Z={peClz, 2] : p-ZcJ}anditisitself an ideal of C[z;, z2]. Moreover, if 7 = 7 (V)

47



Chapter 4. Stationary subdivision and algebraic multigrid

and Z = Z(W) are the ideal associated to two affine varieties V, W c C2, the quotient ideal
J : I is the ideal associated to the difference of varieties V'\ W ( [23]). Thus, the quotient ideal

I, = Jg @ <(Q-zDMA-2)":p=(u,u) eNg, lpl=g+1>

is the ideal of all bivariate polynomials p(z, z2) which satisfy (4.16). Consequently, a con-
vergent subdivision scheme generates polynomials up to degree g if and only if its symbol
p € L,. For instance, the bivariate anisotropic interpolatory subdivision scheme defined by
(4.4) generates polynomials up to degree g = 1. Indeed, we have

Jr=<(1-20)"(1-2)" : p= (i, p2) NG, 1pl =2 >
=< (-2 +2))" (1 -22) A+ 22+ 25))" : p= (w1, 1) NG, |l =2 >

Thus, the symbol (4.8) of the bivariate anisotropic interpolatory subdivision scheme belongs
to Z,. Finally, if for g, r € Ng, p1 € Z; and p € Z;, then py - p2 € Zg4r+1-

The definition of the polynomial reproduction property differs from the definition of
the polynomial generation property as the before mentioned property depends on the so-
called sequence of parameter values. Let T = (11,...,T4) € RY. The parameter values td =
1t (@) eR? : @e 79}, k =0, are defined recursively by

tPa@) =t®P0)+ M *a, tPoO)=t*Vo-Mm%r, P0=0 acz? k=0
4.21)

Definition 4.3. Let g € Ny. A convergent subdivision scheme Sy, reproduces polynomials up to
degree g with respect to the parameter values (4.21) if

forany € Il, and ¢ = {ﬂ(t(o)(a)) Tac€ Zd} VAol Y c@¢(-a)=mell,.
aez4
Definition 4.3 is more restrictive than Definition 4.2 since we require that the subdivision
limit is exactly the same polynomial 7 from which the initial data c is sampled. Conti and
Hormann [20] and Charina et al. [13] proved that the property of polynomial reproduction is
characterized in terms of the subdivision symbol.

Theorem 4.3. Let q € Ny. A convergent subdivision scheme Sp with parameter values (4.21)
reproduces polynomials up to degree q if and only if

d pi—1
DFp()=IdetM|[] [] ¢i—¢:) and DFp(e)=0, VeeEym\{1}, peNf, |ul<gq.
i=1 ;=0
(4.22)
Theorem 4.3 implies that, in order to have the maximum degree of polynomial reproduction,
it is necessary to choose the parameter 7 € R in (4.21) carefully.
In the univariate case, if the subdivision mask p is symmetric, i.e. p(a) = p(—a), or interpo-
latory, then 7 = 0 is the optimal choice ( [20]). Thus, (4.22) becomes

p(1)=m,
DFp(1)=0, ueNy, 1<u<g,
DFp(e)=0, VeeEpy\{1}, pneN, 0<u<gq.
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-3 -1 1 3 -3 -1 1 3

(a)4-point Dubuc-Deslauriers scheme (b) Cubic Bspline scheme

Figure 4.3: Subdivision limits of the univariate binary 4-point Dubuc-Deslauriers subdivision
scheme (a) and of the univariate binary cubic Bspline subdivision scheme (b). The starting data
¢ (blue) is sampled from the cubic polynomial n(a) = a® + a? —4a -8 €1l3, a € Z.

Therefore, in the univariate symmetric or interpolatory setting, Theorem 4.3 is equivalent to
requiring that the symbol p(z) of the subdivision scheme S, of dilation m € Z, m = 2, has the
following decomposition [20, 38]

p(z)=m+(1-27"c(z), zeC\{0}, (4.23)

for a suitable Laurent polynomial c¢(z). For instance, the univariate binary 4-point Dubuc-
Deslauriers subdivision scheme defined by (4.3) reproduces polynomials up to degree g = 3.
Indeed, its mask is interpolatory and symmetric and its symbol (4.7) satisfies

1+4z+ z2

a7 2EC\o),

p@)=2+1-2"cz), ca=-
where the Laurent polynomial c(z) is not divisible by (1 — z). The binary cubic B-spline sub-
division scheme defined by (4.19), instead, reproduces only polynomials up to degree g = 1.
Indeed, its mask is symmetric and its symbol (4.20) satisfies

1+6z+22

5 2€C\{0),
V4

pe)=2+1-2)°clz), cla)=
where the Laurent polynomial c(z) is not divisible by (1 — z). Figure 4.3 shows the subdivi-
sion limits of the univariate binary 4-point Dubuc-Deslauriers subdivision scheme and of
the univariate binary cubic B-spline subdivision scheme applied to a starting sequence c”
sampled from a cubic polynomial. Figure 4.3 illustrates that the univariate binary 4-point
Dubuc-Deslauriers subdivision scheme reproduces cubic polynomials, while the univariate
binary cubic Bspline subdivision scheme generates cubic polynomials.
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In the bivariate case, if the subdivision mask p is symmetric, i.e.

p(“l; aZ) = p(al) _aZ) = p(_alr aZ) = p(_al) _aZ))
or interpolatory, then T = 0 is the optimal choice ( [13]) and (4.22) becomes

p() = |det M|,
DFp(1)=0, pmeN¢ 1<|ul<gqg,
DFp(e)=0, VeeEy\{1}, pmeNi, 0<|ul<gq.

Thus, in the bivariate symmetric or interpolatory setting, Theorem 4.3 is equivalent to requiring
that
p@—IdetM| € <(1-z)"(1-2)":p=(u1,p) NG |pl=qg+1>,

or, equivalently, that the symbol p(z) of the subdivision scheme Sp, with dilation M has the
following decomposition

H
p(z1,22) = Idet MI+ Y (1-21)" (1 - 2)P" cpp(z1, 22), (21,22) € (C\{0})?,
h=0 (4.24)

ap, Pr € No, anp+PBn=qg+1, h=0,..., H,

for suitable Laurent polynomials c,, h =0,..., H (we require in (4.24) that at least one pair
an, Pr € Ny satisfies ay, + B, = g+ 1). Identity (4.24) is a natural generalization of the univariate
identity (4.23).

Remark 4.1. We are interested in symmetric subdivision schemes due to the use of vertex
centered discretization for our multigrid numerical examples in chapters 5 and 6.

4.2 SUBDIVISION BASED MULTIGRID

In this section, we analyze the connection between algebraic multigrid and subdivision. To
do so, we assume that the dilation matrix M € 79*4 ig diagonal (4.10) and, for j =0,...,¢, we
define the coarser spaces n; of V-cycle in (3.15) accordingly. Let j € {1,...,/}and c€ 00(Z%) be
a finite sequence with support contained in the d-dimensional “hypercube”

2 e |22
2 yeeoy 2 2 JEERS] 2 .

g g
(nj)1 entries (nj)q entries

d
Define the vector ¢ € R/, Nj=Nm;j) = [[(nj; by
i=1

o= (e, ey jope) ), oy o
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4.2. Subdivision based multigrid

_ 2 0
The vector ¢ contains all the entries of the finite sequence c. For instance, let d =2, M = ( 0 3)

andn; = (2%,3%) = (8,9). Let
c:{c(al,ag)ER:a1:—3,...,4,azz—4,...,4}€€0(Zz), supp(c) ={-3,...,4} x{—4,...,4}.
Then, the vector ¢ € R’ is defined by

C=(c(=3,—4) - c(=3,4) - - cl4,—4) - c@4,9)".

The action of a subdivision operator Sy, in (4.1) with dilation M and mask p on the sequence
cis “equivalent” to the action of the grid transfer operator Py, in (3.16) on the vector ¢. The
corresponding Py; in (3.16) is defined by the d-variate trigonometric polynomial p whose
Fourier coefficients are the entries of the mask p. Indeed, the action of both Sp and P, ; can be
interpreted as upsampling with the factor M and m, respectively, and convolution with the
mask p. The new refined sequence e = Spc € ¢ (z%) is a finite sequence with support contained
in the d-dimensional “hypercube”

{_{(nj—l)l_lJ {(nj—l)lJ}X...X{_{(nj—l)d_lJ {(nj—l)dJ}
2 yeoe 2 2— yeooy —2 .

[ J [ J

gl . gl .
(nj-1)1 entries (nj-1)g entries

d
Then, the vector e € RNi-1, Nj_1=Nmj_) = l_[(nj_l)i, which contains all the entries of
i=1
e, satisfies e = PnjE. Thus, it is natural to ask lif and how the reproduction and regularity
properties of a stationary subdivision scheme, or equivalently the algebraic properties of
the associated symbol, define a convergent two-grid method and V-cycle method. Under
appropriate hypothesis, we answer these questions in subsections 4.2.1 and 4.2.2, respectively.
Here and in the following, we use the notation introduced so far for algebraic multigrid, see
chapter 3, sections 3.4 and 3.5, and for stationary subdivision, see section 4.1, with diagonal
dilation matrix M € Z4*4 (4.10).

4.2.1 SUBDIVISION FOR ALGEBRAIC TWO-GRID METHOD

In this section, we relate the algebraic properties of the trigonometric polynomial f defining
the system matrix A,, see chapter 3, section 3.4, with the algebraic properties of the subdivision
symbol p in (4.6). Under the assumption that the trigonometric polynomial f has a zero at
X = 0, Theorem 3.7 has an equivalent subdivision formulation, see Theorem 4.4. We, thus,
focus on the case x( = 0, since it is of practical interest, see e.g. chapter 5. To state Theorem 4.4,
we use Laurent polynomial formalism and talk about the subdivision symbol p in (4.6).

Theorem 4.4. Let f be a real d-variate trigonometric polynomial such that f(x) > 0,x € (0,2m)%,
and

DFF0)=0, |pl<g-1, and IveN? |vl=q, DYf(0)#0.
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Chapter 4. Stationary subdivision and algebraic multigrid

Assume that the subdivision scheme Sp with dilation M and symbol p as in (4.6) is convergent.
If Sp generates polynomials up to degree [g] — 1, then the corresponding grid transfer operator
Py, satisfies the approximation property (3.5).

Proof. By Theorem 4.2 and due to convergence of Sy, the symbol p satisfies

() DEpe)=0 IpI=<[§]-1, VeeEy\(1)={e @M T yer\(0}},

d (4.25)
(ii) pQ)=I|detM| =[] m;.
i=1

To prove the claim, we show that (i) and (ii) in (4.25) imply conditions (i) and (ii) of
Theorem 3.7. Indeed, for

z=e X= (e_ixl,...,e_ixd) e(C\{oh?, x=(x1,..., %) €RY,

the Laurent polynomial p is a 27-periodic trigonometric polynomial. Thus, we write p(y) :=
pe™¥),ye [0,27)%. From (4.11) and (3.19),

Ey\{1}={eV:yeQ (0},

i

, d 2na; .
Q,0)=0n0)\{0}=1ye[0,27) yi=—,a;=1,....m;—1i=1,...,d ¢,
m

conditions (i) and (ii) in (4.25) become

(i) DMpy)=0 |pl<[3]-1, VyeQp0),
(ii) p(0) =|detM],

which imply assumptions (i) and (ii) of Theorem 3.7. |

4.2.2 SUBDIVISION FOR ALGEBRAIC V-CYCLE METHOD

If fo(0) =0 and fy(x) >0, x € 0,21)4, then [5, Lemma 3.2] guarantees that every fj, j =
1,...,¢ -1, vanishes only at 0 with the same order as the one of the zero of f;. Thus, we use
pj=p,j=0,...,0 —1.1If p satisfies

m Pyl

+ Vye Q' (0),
B < 400 y€ Q,,(0)

then condition (i) of Theorem 3.8 is satisfied.

Recall, from (3.7), that one of the main ingredients in the definition of CGCy; are the
grid transfer operators Py; = Cy; (p)KnTj,m. We view again p as the symbol of a convergent
subdivision scheme Sp. Our goal is to identify subdivision schemes S, whose symbols p satisfy
assumptions of Theorem 3.8 for xy = 0.
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4.2. Subdivision based multigrid

Theorem 4.5. Let f be a real d-variate trigonometric polynomial such that f(x) > 0,x € (0,2m)¢,
and

DFf0)=0, |pl<qg-1, and IveN? |v|=g, DYf(0)#0.

Assume that the subdivision scheme Sp with dilation M and symbol p as in (4.6) is convergent.

If
(i) Sp generates polynomials up to degree q — 1,

(ii) the basic limit function ¢ of Sp is £>°-stable, i.e. there exist constants 0 < A< B < oo such
that
Allello < <Blele,  Veel™@?,

Y c@p(--a)

aezd

Loo(R4)

then the approximation property (3.10) is satisfied.

Proof. To prove the claim we show that condition (i) is equivalent to (i) of Theorem 3.8
and that property (ii) implies (ii) of Theorem 3.8. The equivalence of (i) follows by the same
argument as in the proof of Theorem 4.4. Next we show that, if the basic limit function ¢ is
¢{*°-stable, then condition (ii) of Theorem 3.8 is satisfied. Define the Fourier transform of a
continuous, compactly supported function ¢ by

. d
Px) = fd(p(t)e_“T'xdt, thx=) fix;, x=(x1,...,x3) € R4,
R i=1

Define also

My = Y Ipx+2ra))?, xeR?

aczd

Note that, due to the Poisson summation formula, we have

) d
My = Y dl@e @ X, d(a):fRd<p(t)(p(t—a)dt, a’ x=Y aix;, x=(x1,...,xq) €R?

a€Zd i=1

The compact support of ¢ implies that Il is a trigonometric polynomial. Next, we take the
Fourier transforms of both sides of the refinement equation (4.5) and obtain

p (e_iM_lx) d(M'x), xeR%
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Chapter 4. Stationary subdivision and algebraic multigrid

Then, by (4.12) and following the steps in [73], we write @ =y + MB, Yy €T, p € Z%, and get

My = Y lpx+2wa)

aczd
_ Zd m‘p (e—iM‘l(x+2na))‘2 B s 21)
_“EZ 1 —iM 2y ) [2 L ,
_rerw p(e ) ﬁEZZJ‘P(M x+27(y + MP)))|
:%m p(e—iM’l(x+2ﬂY)) 2ﬁ§d|cf)(M‘1(x+ zny)+2ﬂﬁ)|2
:Yerm p(e—iM’l(x+27TY)) ZH(/, (M 'x+27p),  xeRC

It was proved in [56] that a continuous, compactly supported function ¢ is £°°-stable if and
only if
sup |px+27a) >0, VxeR? (4.26)
acz4

This is equivalent to [Ty (x) >0, Vx € RY. Thus, we have

>

- 2
p(e_lM (’”2’”’))‘ >0, VxeR?,
yerl

Since, for . . .
z=e X=(e",...,eTMe C\{oh¢, x=(x1,..., %) €R?,

the Laurent polynomial p is a 27-periodic trigonometric polynomial, we write
px :=pe™, xe[0,2m

Thus, the claim follows by the definition of the set of m-corners Qp, (3.19),

Y p(Mtx+2ap)|= Y [p(M'x+2aMy)|= Y IpwE>0, VxeR%
yer yel ¥€Qm ()

Therefore, (ii) of Theorem 3.8 is also satisfied. [ |

If ¢ is not given explicitly or (ii) of Theorem 4.5 is difficult to check, one can use an
alternative criterion which guarantees the validity of condition (ii) of Theorem 3.8.

Proposition 4.6. Let p be a d-variate trigonometric polynomial and M € Z%*¢ in (4.10). If
lp(e™)|>0, vxeM '[-mnl4,

then 5
p(e_i(”z”M_lY))‘ >0,  Vxel0,2m). 4.27)

)3

yell
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4.2. Subdivision based multigrid

Proof. To simplify the argument, we first rewrite (4.27) in an equivalent way. Forx € [0,27)¢,
we have

y p(e—i(x+2nM—lr))‘2 _ mil mdz—l 5 b(@e ™ (m+2l) i (xd+%) 2 o
yel Y1=0 Ya=0 qezd

Using the substitution y, =y; +1, i =1,...,d, the latter inequality is equivalent to

2
—ia;

plae

2my) . 2”)’/,1
X1+— —lag|XxXg+
) L g iRt g

my mg

Y=l v,=1 acz¢
21 (2m1—2)n)

—— | x...x

ny nm

>0,

Vxe

2n 2mg— 2)71)
md’ mg '

Straightforwardly, due to the 2n-periodicity of p, the previous inequality is equivalent to

playe i@ [+ ) L gt xa Tt o

=1 va=1 aezd

b4 (2m1—1)n) b4 (2md—1)n)
Ve |-—, —[x...x |-—— —].
ny n; mg mgq
Let
b4 (2m1—1)n) [ b4 (Zmd—l)n)
X€|-—— —|x..x |—, ——|.
my n mgq Mmgq

There exists k= (ky,..., kz) ez?, k;i€{0,...,m;—1},i=1,...,d, such that

[(Zkl—l)n (2k1+1)n) [(Zkl—l)n (2k1+1)n)
X€E , X ...X% , .
n

my my my

Deﬁne[:m—k:(ml—kl,...,md—kd)ezd.Then[l-e{l,...,mi},i: 1,...,d, andxi+2;—f"€
-z l), i=1,...,d, dueto

mi’ m;

(Zki - (Zki + 1)
<x; <

=X;

m m;
Cm;—-1n QRk;—1)m 2n/¢; 2nl; (k;i+1nm 2nl; (Cm;+1n
= + < Xxj+ < + =
mj mj mj mj m;j mj mj
b4 2nl; 7w
——<Xx;+ < — (mod 2m).
m m; m;

Thus, x+27M 10 € M~ [—m,7]1¢. By hypothesis, we get

‘P (e—i(x+27rM‘1€)) ’2 _ Z —ia; (xﬁ%) ..o l@a [M*’%) ’ >0,

aczd

p(a)e
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Chapter 4. Stationary subdivision and algebraic multigrid

which yields the claim

% % Y p(a)e"‘“l(x“’zz_yll) ...e‘lad(xd+%) >0, vxe [0,2m)°.
71=1 Ya=1 acz4

Hypothesis of Proposition 4.6 is a simplified version of the so-called Cohen’s condition. This
condition was first introduced by Cohen in [18] and then it was analyzed in depth regarding
wavelets and orthonormality by Daubechies in [24].

Definition 4.4. Let M € Z%*4 be a dilation matrix. We say that a d-variate trigonometric
polynomial p satisfies the Cohen’s condition with respect to M if there exists a compact set
K c R satisfying

(i) K contains a neighborhood of 0,

() U (K+27na)=RY,

acz4

(iii) (K+27ma)n K = @ whenever a #0,

and such that there exists kg > 0 for which

. ko .
Ip(e™)|>0,  vxe w7k

j=1

Remark 4.2. 1f a compact set K R4 satisfies conditions (/i) and (iii) in Definition 4.4, we say
that K is congruent to [, 7] 4 modulo 27. In Proposition 4.6, we require that the trigonometric
polynomial p satisfies Cohen’s condition with the special choices K = [, 714, ko = 1. Indeed,
the dilation M in (4.10) satisfies M = M " .

Finally, using the result of Proposition 4.6, we get the following Theorem .

Theorem 4.7. Let f be a real d-variate trigonometric polynomial such that f(x) > 0,x € (0,2m)¢,
and
DFf(0)=0, |pl<qg-1, and IveN |v|=q, D f(0)#0.

If the symbol p in (4.6) satisfies
(i) zero conditions of order q,
(ii) |p (e_i")| >0, Vxe M l[-x, 74,

then the approximation property (3.10) is satisfied.

Proof. We have already shown in the proof of Theorem 4.5 that assumption (i) is equiv-
alent to condition (i) of Theorem 3.8. By Proposition 4.6, Cohen’s condition implies (4.27).
Note that (4.27) is equivalent to (ii) in Theorem 3.8. [ |
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CHAPTER

Grid tranufer operatora from stationary subdivision
achemes

This chapter is dedicated to the construction of univariate and bivariate grid transfer operators
from stationary subdivision symbols.

In section 5.1, we define two classes of univariate grid transfer operators from the well-
known symbols of symmetric binary (m = 2) and ternary (m = 3) pseudo-splines, see subsec-
tions 5.1.1 and 5.1.2 respectively. We test the efficiency of our univariate pseudo-splines grid
transfer operators in section 5.2.

In section 5.3, we define bivariate grid transfer operators from the symbols of approxi-

20 30
mating and interpolatory subdivision schemes with dilation M = (0 2) and M = (0 3). The

numerical examples in section 5.4 test the validity of our bivariate subdivision based grid trans-
fer operators. Especially, in subsection 5.4.3, we highlight a critical drawback of our bivariate
subdivision based grid transfer operators that we will overcome in chapter 6.

5.1 UNIVARIATE GRID TRANSFER OPERATORS FROM PRIMAL PSEUDO-SPLINES
In this section, we define grid transfer operators from well-known subdivision symbols of
pseudo-splines introduced in [25]. Recall that we only consider symmetric symbols, i.e. we

restrict our attention to primal pseudo-splines. This is due to the use of vertex centered
discretization in section 5.2.

5.1.1 BINARY PRIMAL PSEUDO-SPLINES

We start our discussion by introducing the family of binary primal pseudo-spline schemes.
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Chapter 5. Grid transfer operators from stationary subdivision schemes

Definition 5.1 ([25]). Let Je Nand L€ {0,...,J —1}. The binary primal pseudo-spline scheme

Sp,; of order (J, L) is defined by its symbol
L
J-1+k
prL(2) =207 (2) q;.1(2), qr.(2) =) ( r )5k(z), zeC\{0},
k=0
where ) )
o(z) = (1+2) and 6(z):—(1_z) .
4z 4z

These pseudo-spline schemes range from B-splines to Dubuc-Deslauries schemes. When
L =0, the symbol in Definition 5.1 is the symbol of the B-spline subdivision scheme of order
2J—1and, when L = J—1, one gets the symbol of the (2])-point Dubuc-Deslauries interpolatory
subdivision scheme. For more details on binary pseudo-splines see [25, 35, 36, 60].

Next, we give several examples of grid transfer operators derived from symbols of binary
primal pseudo-splines of order (/,0), namely binary B-splines of order 2] — 1. The symbols p; o
and py o have already been used in multigrid literature [31,69] as well as the classical cubic
interpolation py; (see [71]).

Example5.1. Let J e Nand L = 0. Then, we have g;(z) = 1. Thus, from Definition 5.1, we get

(1 + z)?
4z

J
P],O(Z)=2( ) , zeC\{0}.

Set z=e ¥, x € R. Then, the symbols p; ¢ become trigonometric polynomials

1+cosx

]
, x€[0,2m),
> ) [ )

prolx)=2 (

that are used to define the grid transfer operators in (3.11). Notice that the trigonometric
polynomial pj  coincides with the trigonometric polynomial p'” defined in (3.33). For readers
convenience, we also present the corresponding masks. For J = 1,2, 3, they are given by

pLO:%{l 2 1}, pzyozé{l 4 6 4 1}, p3_0:3i2{1 6 15 20 15 6 1}.

Note that we use the corresponding grid transfer operators for our numerical examples in
Tables 5.1 and 5.3. <

Less known are grid transfer operators which we derive from symbols in Definition 5.1 for
L#0.

Example5.2.Let J=2,L=1,and J =3, L€ {1,2}. Then, from Definition 5.1, using standard
trigonometric identities, we get

1
p21(x) = T (16 + 18cosx —2cos(3x)),
1
p31(x) = 128 (110 + 144 cos x + 24 cos(2x) — 16 cos(3x) — 6¢cos(4x)),

1
P32(0) = 5= (256 +300cos x —50cos(3x) + 6¢cos(5x)), x € [0,27).
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5.1. Univariate grid transfer operators from primal pseudo-splines

= P20

P21
P30
— P31
P32

(a) Binary pseudo-splines (b) Ternary pseudo-splines

Figure 5.1: Symbols of the grid transfer operators defined in (a) by primal binary pseudo-splines
and in (b) by primal ternary pseudo-splines in the reference interval [0, r].

The corresponding masks are

- li1 091690 -1}
P217 76 ’
1
=—1-3 -8 12 72 110 72 12 -8 -3g,
P31 =551 }
1
ps2=—43 0 -25 0 150 256 150 0 -25 0 3}.
™ 256
Note that the corresponding grid transfer operators also appear in Tables 5.1 and 5.3. <

The symbols of the binary grid transfer operators proposed in Examples 5.1 and 5.2 are
plotted in Figure 5.1 (a) for the reference interval [0, ].

The justification that primal pseudo-spline symbols define good grid transfer operators
is given by Theorem 4.5. The convergence of the corresponding subdivision schemes has
been proved by Dong and Shen in [36]. The special structure of the symbols in Definition 5.1,
i.e. the presence of the factor (1 + 2)%, implies that the corresponding schemes of order (/, L)
generate polynomials up to degree 2/ —1forevery JeN, L=0,...,/—1, see Theorem 4.2. Thus,
(i) of Theorem 4.5 is satisfied. Therefore, it is left to show that the corresponding basic limit
functions are ¢°°-stable. In [35], the authors addressed this issue. We present an alternative
proof of £*°-stability of primal pseudo splines for completeness. To do that, we first recall that
in [60], the author showed the following.

Lemma 5.1. Let Sy, be a convergent binary subdivision scheme with associated symbol
1+2\" 2
p(z)=2 T z q(z), r=1, ze C\{0}.
Ifq(e™*) > 0 for all x € R, then the basic limit function ¢ of Sp is £ -stable.

The result of Lemma 5.1 is used in the proof of Proposition 5.2.
Proposition 5.2. Let Je N and L€ {0,..., ] —1}. The basic limit function ¢ of Sp, , is £*°-stable.
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Chapter 5. Grid transfer operators from stationary subdivision schemes

Proof. By Definition 5.1, the symbol p; 1 of the primal pseudo-spline scheme Sy, of order
(J, L) is of the form required by Lemma 5.1, with

L]-1+k (1-2)2
q(z):zq],L(z)zz( . )(— 4;

k
) ) ze C\{0},
k=0

i.e.

P B T AN L(J-1+k) . op(x
qle )—I;)( K )sm (5)—1+Z K sin (5)>0, VxelR.

Thus, (ii) of Theorem 4.5 is also satisfied and it implies the following result.

Proposition 5.3. Let f be a real trigonometric polynomial such that f(x) >0, x € (0,27), and
D*f(0)=0, u=0,....,q-1, DIf0)#0, geN.

The grid transfer operator derived from the symbol pi421,1, L € {0,...,[q/2] — 1}, satisfies the
approximation property (3.10).

5.1.2 TERNARY PRIMAL PSEUDO-SPLINES

In section 5.2, in the case of PDE discretizations via isogeometric approach with high order
B-splines, we show that the grid transfer operators derived from the binary primal pseudo-
spline schemes lead to computationally expensive multigrid methods. On the contrary, if we
use the ternary primal pseudo-spline schemes, the number of multigrid iterations decreases
drastically.

The recursive definition of ternary pseudo-splines was introduced in [20]. Their explicit
form can be found in [60].

Definition 5.2. Let Je Nand Le N, L =2L'+ 1,1 < L < J. The ternary primal pseudo-spline
scheme S, , of order (J, L) is defined by its symbol

P/L
5 ~J+1 ~ ~ U J+k sk
P2 =36"" (242, @)=}, L 0@ zeCho),
k=0
where
1 2 - 1-2)2
= TEE ad S AT
3z 3z

Similarly to the binary case, when L = 1, the Laurent polynomial p;; in Definition 5.2 is the
symbol of the ternary B-spline subdivision scheme of order J and, when L = J, J odd, one gets
the symbol of the ternary (J + 1)-point Dubuc-Deslauries interpolatory subdivision scheme.

Next, we show how to derive grid transfer operators from symbols of some ternary primal
pseudo-spline schemes.
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5.1. Univariate grid transfer operators from primal pseudo-splines

Example5.3. Let ] e N and L = 1. Then, we have §;(z) = 1. Thus, from Definition 5.2, we
obtain the following symbols of primal pseudo-splines of order (J, 1), i.e symbols of the ternary

B-splines of order J,
J+1

1+ z+ 22
_ , zeC\{0}.

pj1(z) =3 ( 32

Set z = e7'*, x € R. Using simple trigonometric identities, we get the trigonometric polynomials

1+2cosx

J+1
) , x € [0,2m).
3

pja(x)=3 (

The corresponding masks for linear (J = 1), quadratic (J = 2) and cubic (J = 3) ternary B-splines
are

fm:%{l 2 3 2 1, fm:%{l 3676 3 1},

1
133,1:5{1 4 10 16 19 16 10 4 1f.

Note that we use the corresponding grid transfer operators to obtain results in Tables 5.2 and
5.4. <

Further examples are obtained for / €N, J odd, and L = J, in the following example. These
correspond to the ternary (J + 1)-point Dubuc-Deslauries interpolatory subdivision schemes.

Example5.4. Let ] = 3,5 and L = J. From Definition 5.2, we derive the trigonometric polyno-
mials

1
P33(x) = 5(81 +120cos x + 60 cos(2x) — 10 cos(4x) —8cos(5x)),

1
Ps5(x) = %(729 +1120cos x + 560 cos(2x) — 140 cos(4x) — 112 cos(5x) + 16 cos(7x) + 14 cos(8x)),

x€[0,2m).

The corresponding masks are

1
Pss=g {4 -5 0 30 60 81 60 30 0 -5 —4},

1
P55 = 9 {7 8 0 =56 —-70 0 280 560 729 560 280 0 -70 -56 0 8 7}.
Note that the corresponding grid transfer operators are also used in Tables 5.2 and 5.4. <

The symbols of the ternary grid transfer operators proposed in Examples 5.3 and 5.4 are
plotted in Figure 5.1 (b) for the reference interval [0,77]. We use Theorem 4.7 to show that
ternary pseudo-splines lead to appropriate grid transfer operators. Note that we could also
use Theorem 4.7 in subsection 5.1.1. To check the assumptions of Theorem 4.7, we need the
following auxiliary lemma.
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Chapter 5. Grid transfer operators from stationary subdivision schemes

Lemma5.4. Let JeNand LeN, L=2L"+1,1< L < ]J. The symbol p; 1. of the ternary primal
pseudo spline scheme of order (], L) in Definition 5.2 satisfies
T

|prr(e™)]|>0,  Vxe [—g»g]- (5.1

Proof. Consider
pro(e®)=36"" (™) Gyr(e™) =3B (0 Qx),  x€[0,27],

where a

- ~ 1+e 1% 4 em2iv) /T
A+ (X))

B]+1(.7C) =0 (e ) = (T)

and

L k
~ - = J+k (4 . 2 (X )
— ix) _ = 212 .
Q) :=qyr(e™) kgzo( ‘ ) 7 sin (2)
Note that By, (x) vanishes only at ——2?? and —2?:’. Thus, to check condition (5.1), it suffices to
show that |Q(x)| > 0 for all x € [-%, Z]. The latter holds due to

- Lo(j+k\(4  ,xy\F Lo(J+k)(4\F o x
Q(x) =kZ:0( . ) (gsm (5)) = 1+kX::1( v ) (5) sin (5) >0, VxeR.

|
By Definition 5.2, the presence of the factor (1+z+z in the symbols p; 1 shows that the
ternary pseudo spline-schemes of order (/, L) generate polynomials up to degree J, for every
JeNand LeN,L=2L"+1,1< L < ], see Theorem 4.2. This, together with p; (1) = 3 by
definition, implies that p;  satisfies the zero conditions of order J + 1. Thus, Theorem 4.7
implies the following proposition.

2)]+1

Proposition 5.5. Let f be a real trigonometric polynomial such that f(x) >0, x € (0,2n), and
DFF0)=0, u=0,...,g-1, DIf(0)#0, g €N.

The grid transfer operator derived from the symbol py_1,1, L=2L"+1€{1,...,q -1}, satisfies
the approximation property (3.10).

5.2 UNIVARIATE NUMERICAL EXAMPLES

In this section, in subsections 5.2.1 and 5.2.2, we illustrate the univariate theoretical results of
Propositions 5.3 and 5.5 with numerical examples of the algebraic Galerkin approach applied to
certain Toeplitz matrices. On the other hand, in practical applications, the variable coefficient
case is often of interest and the algebraic Galerkin approach could be computationally expen-
sive. Indeed, using the algebraic Galerkin approach, the bandwidth of the coarser matrices A, J
is approximately the double of the bandwidth of the grid transfer operator (see |2, Proposition
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5.2. Univariate numerical examples

2]). Thus, it can be large for high order grid transfer operators. Therefore, in subsection 5.2.3,
we present also an example of the geometric approach for PDEs with variable coefficients.

We consider sequence of starting linear systems A,x = b, for different n. In subsection 5.2.1,
we use a finite difference discretization of the biharmonic elliptic PDE problem. In subsection
5.2.2, we consider the isogeometric approach for the Laplacian problem. In both cases, we
have PDEs with constant coefficients with homogeneous Dirichlet boundary conditions, hence
the system matrices A, are positive definite with a Toeplitz structure. According to (3, 34], we
have to change the definition of the grid transfer operators in (3.11). Namely, let n = mF -1,
keN.ForfeN,1</?¢<k-1,define

nj=m7-1, j=o0,...,¢ (5.2)

and .
Py ()= Tn;(P) Z g € C91001, j=0,...,0-1, (5.3)
where T, (p) € C"*" is the Toeplitz matrix of order n; generated by the trigonometric polyno-

mial p (see chapter 2, subsection 2.3.2) and ?nj, m € C"\+1* is the downsampling matrix with
the factor m defined by

Om—l 1 Om—l

— 1 Om—l X —
Znjm = N , 01 =00,...,00eN*™ L (5.4)

1 Om—l

In the binary case, we solve the coarse grid system exactly when the dimension of the coarse
gridis ny = 22 _1=3and, in the ternary case, when n, = 32-1=8.

In subsection 5.2.3, we consider linear systems A,x = b,, derived via finite difference
discretization from Laplacian with non-constant coefficients with homogeneous Dirichlet
boundary conditions. In this case, the corresponding system matrices A,, are tridiagonal
positive definite, but we lose the Toeplitz structure. Nevertheless, for /e N, 1</ < k-1,
n = m* — 1, the properties of A, allow us to define the dimension n j and the grid transfer
operator Pp; atlevel j asin (5.2) and (5.3), respectivelly. To solve the linear systems A,x =by,
we use geometric multigrid method, which we briefly describe in subsection 5.2.3. We solve
the coarse grid system exactly when the dimension of the coarse grid is n, =23 — 1 =7 in the
binary case, and n, = 32 — 1 = 8 in the ternary case.

In all examples, we use as pre- and post-smoother one step of Gauss-Seidel method. The
zero vector is used as the initial guess and the stopping criterion is |[rsl»/|xoll» < 10”7, where
r; is the residual vector after s iterations and 1077 is the given tolerance.

5.2.1 FINITE DIFFERENCE APPROXIMATION FOR THE BIHARMONIC OPERATOR

The first example we present arises from the discretization of the biharmonic elliptic PDE
problem with homogeneous Dirichlet boundary conditions, namely
d4
—y(x) =gx), x€(0,1),
it y(x) = g(x) 0,1

w(0) =w(1) =0,
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Subdivision n=219-1 n=21-1 n=22-1 generation
scheme iter conv. rate iter conv. rate iter conv. rate degree
p1,0 (Linear Bspline) 617 0.9742 744 0.9785 801 0.9800 1

p2,0 (Cubic Bspline) 40 0.6647 43 0.6846 45 0.6979 3

p2,1 (Interp. 4 point) 19 0.4275 23 0.4937 26 0.5351 3

p3,0 (Quintic Bspline) 30 0.5784 35 0.6285 41 0.6741 5

P31 19 0.4258 22 0.4748 24 0.5063 5

p3,2 (Interp. 6 point) 13 0.2798 13 0.2879 14 0.3080 5

Table 5.1: Binary subdivision schemes for biharmonic problem

Subdivision n=3%-1 n=3"-1 n=3%-1 generation
scheme iter conv. rate iter conv. rate iter  conv. rate degree
p1,1 (Linear Bspline) 462 0.9656 864 0.9815 1057 0.9841 1

P2,1 (Quadratic Bspline) 72 0.7990 63 0.7742 50 0.7217 2

3,1 (Cubic Bspline) 67 0.7858 80 0.8167 87 0.8308 3

P33 (Interp. 4-point) 46 0.7017 47 0.7090 53 0.7368 3

P53 30 0.5824 31 0.5878 30 0.5814 5

Ps,5 (Interp. 6-point) 39 0.6594 39 0.6604 40 0.6644 5

Table 5.2: Ternary subdivision schemes for biharmonic problem

For the discretization, we use finite differences of order 4. It leads to the linear systems A,x=b,,,
where A, = T,,(f) is the Toeplitz matrix of order n generated by the trigonometric polynomial

f(x) = (2—-2cosx)?, x€1[0,2m).

Note that f has a 4-fold zero at x = 0. Thus, by Propositions 5.3 and 5.5 with g =4, the binary
pseudo-spline symbols from Example 5.1 (with J = 2), the ternary pseudo-spline symbols from
Example 5.3 (with J = 3) and all symbols from Examples 5.2 and 5.4 can be used to define
the corresponding grid transfer operators. To define b,,, we choose x = (x(1),...,x(n)) € C",
x(@)=aln,a=1,...,nand setb,, := A,xe C".

Tables 5.1 and 5.2 show how the number of iterations and convergence rates for the V-cycle
change with increasing dimension 7.

Tables 5.1 and 5.2 illustrate the importance of the polynomial generation property (zero
conditions) that, by Theorems 4.5 and 4.7, ensures the correct choice of the grid transfer
operator. The subdivision schemes with the symbols p1 o, p1,1 generate polynomials of degree
1. The lack of the appropriate degree of polynomial generation leads to dramatic increase of
the number of iterations. For ternary schemes, p,; generates polynomials of degree at most
2 and so it does not satisfy the assumptions of Theorem 4.7 for g = 4. Nevertheless, such
conditions are only sufficient and they could be further relaxed (see e.g. [69]). Moreover, the
quadratic B-splines are very effective as grid transfer operators for ternary methods as shown
also in the next example.

We observe that the number of iterations necessary for convergence of the V-cycle is larger
in the ternary case (see Table 5.2) than in the binary case (see Table 5.1). This happens, since,
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5.2. Univariate numerical examples

at each Coarse Grid Correction step, we downsample the data with the factor m and the larger
is m the more information we lose. Thus, the number of iterations required for convergence is
larger for m = 3. Nevertheless, in our tests, the CPU time is comparable in both cases, since the
length of the V-cycle iteration is shorter in the ternary case (m = 3).

5.2.2 ISOGEOMETRIC ANALYSIS FOR THE POISSON OPERATOR

In the second example, we consider the Laplacian problem with homogeneous Dirichlet
boundary conditions, namely

d2
—ﬁw(x) =g(x), x€e(0,1),

w(0) = y(1) =0.

We consider the isogeometric approach with collocation by splines for the discretization of the
above problem, see [32]. We fix the integers v, u > 0 and define the spline space

W:{seC"‘l([O,ll) : s|[y . EHy,YZO,...,v—l,s(O):s(l):O}

)

the finite dimensional approximation space of dimension n = dim W = v + u—2. As a basis for
W, one chooses the B-splines B;”] 210,11 = R, y=2,...,v+u—1of degree u as explained in [7].
These are defined over the uniform knot sequence of length v+2pu +1

hh==t1=0<1fyo < <ty <l=tyips1 = = bys2u+l,

where

\.<

ty+}’+1:_! Y:]-)'-'rv_]-)

<

and the extreme knots have multiplicity i + 1. We recall that the B-splines B)[,” 10,11 — R are
defined recursively by

1 X € [t )t +]_))
B(x) = Ll =1,...,v+2u,
Y 0 otherwise, ¥ H

and

ty+m+l —X B[m_l] (x)

X—1r
[m] _ ) [m—1]
BY (x) = B}, (x) + 1

ty+m_ ty ty+m+1 - ty+1
y=1...,(v+w+pu—m, m=1,..., 1,

where we set the fractions with zero denominators to be equal to zero. Next, one defines the
set of collocation points, the so-called Greville abscissae,

t +1+t+2+"'+t+
Ty = Y r Y”, Y=2,...,v+u—1.

7
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Subdivision ©n=3 ©n=10 ©n=16 generation

scheme iter conv. rate iter conv. rate iter conv. rate degree

p1,0 (Linear Bspline) 8 0.1111 16 0.3360 126 0.8798 1

p2,0 (Cubic Bspline) 8 0.1111 13 0.2757 126 0.8799 3

p2,1 (Interp. 4 point) 8 0.1111 13 0.2758 126 0.8799 3

p3,0 (Quintic Bspline) 8 0.1111 13 0.2758 126 0.8798 5

P31 8 0.1111 13 0.2759 126 0.8798 5

p3,2 (Interp. 6 point) 8 0.1111 13 0.2759 126 0.8798 5

Table 5.3: Binary subdivision schemes for isogeometric Laplacian problem

Subdivision ©u=3 ©n=10 ©n=16 generation
scheme iter conv. rate iter conv. rate iter conv. rate degree
p1,1 (Linear Bspline) 31 0.5910 25 0.5247 48 0.7078 1
P2,1 (Quadratic Bspline) 30 0.5847 19 0.4271 49 0.7124 2
P3,1 (Cubic Bspline) 29 0.5739 16 0.3617 49 0.7120 3
P33 (Interp. 4-point) 30 0.5853 17 0.3731 49 0.7118 3
Ps,3 28 0.643 16 0.358 49 0.7137 5
Ps,s (Interp. 6-point) 30 0.5831 16 0.3523 49 0.7120 5

Table 5.4: Ternary subdivision schemes for isogeometric Laplacian problem

This choice is crucial for the stability of the discrete problem, see [4] for more details. The
solution ¥yy € W of the interpolation problem

—yl@) =81y, yY=2,..,v+u-1,

written in the Bspline basis of 1V leads to

A= (- (B @aw), ., eCm

For p1 = 2, it is possible to split the above matrix into A, = T, (f*) + R, where T, (f") is a
Toeplitz matrix with symbol

M) =@2-2cos0)h™(x), W)=Y

ae”Z

(ZSin(x/Z) +an

p—=1
) , x€]0,2m), (5.5)
x+2an

and RL” 'is a low rank correction term, see [33]. The symbols for the grid transfer operators are
chosen as in Example 5.2.1. To define b,;, we choose the exact solution

X = (x(l),...,x(n))T eC”, x(a)=sin (SM) +sin(nm), a=1,...,n,
n-1 n-—1

and setb, := A,xe C".
Tables 5.3 and 5.4 show how the number of iterations and convergence rates for the V-cycle
change with increasing p and fixed 7. The starting dimension of the linear systems are nn = 29— 1
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5.2. Univariate numerical examples

Figure 5.2: Symbols f[“] / IIf[“] lloo for p € {3,10,16} in the reference interval [0, n].

and n = 3% -1 in the binary and the ternary cases, respectively. For small y, the results in Tables
5.3 and 5.4 mimic the ones from Example 5.2.1. Note that, in this case, even the grid transfer
operators defined from the subdivision symbols p; o, p1,1 and p,,; behave well, as the order of
f¥ at zero is m = 2 in this case. Thus, Propositions 5.3 and 5.5 are also applicable for these
symbols. However, when p increases, the results in the binary and ternary cases differ. This is
the case, since the symbol f [ in (5.5) has a numerical zero at 7 whose order increases when U
increases, see Figure 5.2. In fact, by [33], hM (1) in (5.5) converges to 0 exponentially when u
goes to infinity. The symbols p;; also vanish at 7 for /=1 and L€ {0,...,/—1}, which is the
source of further ill-conditioning. Note that the ternary symbols p; ; do not vanish at 7 and,
hence, lead to more stable methods for increasing u. Figure 5.3 illustrates the symbols fj[lﬁ],

J=0,...,3, defined by (3.14) of the Toeplitz matrices A,; = T, ( fj[lﬁl) using the trigonometric
polynomial p associated to the 4-point interpolatory subdivision scheme p» ; in the binary
case (m = 2) (a) and to the 4-point interpolatory subdivision scheme ps 3 in the ternary case
(m =3) (b). We observe that the coarse symbols fj[w], j=1,...,3, donot vanish at . The grid
transfer operator defined from the ternary subdivision symbol p3 3 is more powerful than the
grid transfer operator defined from the binary subdivision symbol p- ;. Indeed, for the ternary
subdivision symbol p3 3, atlevel j =1, the value fl[ls] () is close to the maximum of the coarse

symbol f1[16] (x), x € [0, 7], and, at level j =2, it holds f2[16] (m) = m[gx] f2[16] (x). For the binary
xe|0,m

subdivision symbol p, ;, atlevels j = 1,2, it holds f].[w] m) < IT%(?X] fj“G] (x). On the contrary, for
xe|0,T

small y, the ternary symbols are not at all a good choice for the definition of a grid transfer
operator (compare Tables 3 and 4). Indeed, the grid transfer operators associated to binary
subdivision schemes reduce the ill-conditioning in the high frequencies of the error (where the
smoother is ineffective) already at level j = 1.
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Chapter 5. Grid transfer operators from stationary subdivision schemes

0.5 1 1.5 2 25 3 3.5
(a) Binary case. (b) Ternary case.

Figure 5.3: Symbols fj[w], j=0,...,3 defined by (3.14) using the binary 4-point scheme p; (a)
and the ternary 4-point scheme ps3 3 (b) in the reference interval [0, 7].

5.2.3 FINITE DIFFERENCE APPROXIMATION OF THE NON-CONSTANT COEFFICIENTS POISSON
OPERATOR

In this example, we consider the Laplacian with non-constant coefficients with homogeneous
Dirichlet boundary conditions

d d
Tdx (“(x)aw (x’) =8, re @D, (5.6)
w(0)=w(1)=0.

The function a(x), x € [0, 1], is strictly positive and its behavior influences the conditioning
of the problem. The oscillatory behavior of a(x), x € [0, 1], affects the convergence rate of
geometric multigrid. We illustrate this phenomenon with multiple examples.

In order to solve the linear system A,x =b,, derived from the discretization of problem (5.6),
we use the geometric multigrid method. Let n = mk—1, meN, m=2,fixleN 1<l<k-1
and define n; €N, j=0,...,7¢, asin (5.2). At the j-th recursion level of the V-cycle, we compute
the matrix A,; by discretizing problem (5.6) using finite differences of order 2 on a uniform grid
of [0,1] of size hj = 1/(nj +1). For the fixed prolongation operator P, J in (5.3), the restriction
operator is defined by %P;j in order to preserve the right scaling. For more details, we refer
to [71].

To define b,;, we choose the exact solution

x= (x(1),...,x(m) T eC™, X(a):sin(Zn(a—_ll))+sin(l3%), a=1,...n,

andsetb, := A,xe C".
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5.3. Bivariate grid transfer operators from symmetric subdivision schemes

Subdivision a(x)=x*+e a(x)=e* a(x) =1+sin(Grx)-sin(7nx) + €
scheme iter conv. rate iter conv. rate iter conv. rate

p1,0 (Linear Bspline) 9 0.1484 9 0.1533 44 0.6919

p2,0 (Cubic Bspline) 10 0.1731 10 0.1753 52 0.7331

po,1 (Interp. 4 point) 8 0.1264 8 0.1239 40 0.6656

p3,0 (Quintic Bspline) 12 0.2473 12 0.2545 60 0.7643

P31 9 0.1454 9 0.1431 41 0.6719

p3,2 (Interp. 6 point) 8 0.1295 8 0.1273 40 0.6647

Table 5.5: Binary subdivision schemes for Laplacian with non-constant coefficients (€ = 107°)

Subdivision a(x)=x%+¢ a(x)=e* a(x)=1+sin(Gnrx)-sin(7nx) + €
scheme iter conv. rate iter conv. rate iter conv. rate

p1,1 (Linear Bspline) 11 0.2254 11 0.2279 19 0.4196

P2,1 (Quadratic Bspline) 12 0.2491 12 0.2476 26 0.5307

P31 (Cubic Bspline) 14 0.3007 14 0.2993 34 0.6197

P33 (Interp. 4-point) 10 0.1991 10 0.1995 13 0.2705

P53 12 0.2453 12 0.2427 18 0.3965

Ps,5 (Interp. 6-point) 11 0.2107 11 0.2104 14 0.3053

Table 5.6: Ternary subdivision schemes for Laplacian with non-constant coefficients (€ = 107°)

Tables 5.5 and 5.6 show how the number of iterations and convergence rates for the V-cycle
change for different a(x), x € [0, 1]. The starting dimension is fixed, n = 2l _1andn=3"-1
for binary and ternary pseudo splines, respectively. Parameter € € (0, 1) guarantees the strict
positivity of function a(x), x € [0, 1]. In the numerical examples, € = 107°.

The results of Tables 5.5 and 5.6 also illustrate the impact of the function a(x), x € [0, 1].
When a(x) is strictly positive and non-oscillatory, such as a(x) = x> + ¢ or a(x) = e*, our
numerical results are equivalent to the ones for a(x) = 1. On the other hand, the case of strictly
positive and oscillatory a(x), such as a(x) =1 +sin(5zx) - sin(77x) + €, can be better handled
by ternary primal pseudo-splines. Especially, ternary interpolatory pseudo-splines define the
grid transfer operators Py, as in (5.3), which lead to the best results. The most competitive
grid transfer operators P, are the ones defined from the ternary pseudo-spline ps 3, which is
the ternary interpolatory 4-point subdivision scheme. These grid transfer operators not only
improve the convergence rate. They are also extremely competitive from the computational
point of view. In fact, the small number of non-zero coefficients in their stencil decreases the
computational cost of restriction and prolongation.

5.3 BIVARIATE GRID TRANSFER OPERATORS FROM SYMMETRIC SUBDIVISION
SCHEMES

In this section, we define bivariate grid transfer operators from symbols of bivariate sym-

metric subdivision schemes with dilation M = (2 0

. 30
0 2) (binary) and M = ( 0 3) (ternary). We
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distinguish between approximating and interpolatory subdivision schemes.

5.3.1 SYMMETRIC BINARY 2-DIRECTIONAL BOX SPLINES

The box splines were introduced in [28], while their several basic properties were given in [27].
Since then, many interesting and important results on box splines have been found. See [17]
for detailed summary and other references. We focus on the bivariate 2-directional symmetric
box splines. Indeed, in [3,31], the authors proposed a family of grid transfer operators defined
from symmetric trigonometric polynomials satisfying properties (i) and (i) of Theorem 3.8
for standard binary cutting m = (2,2). These grid transfer operators are equal to the ones
defined from the symbols of the bivariate 2-directional symmetric box splines. Thus, this
subsection highlights that our subdivision based multigrid analysis is consistent with the
algebraic multigrid analysis based on matrix algebra symbols and it shows that different
approaches lead to the definition of the same grid transfer operators.

Definition 5.3. Let J € N. The 2-directional symmetric box spline subdivision scheme Sp, of

order J with dilation M = ( O) is defined by its symbol

2
0 2

1+ 21)%(1 + 22)?
16Z1Z2

J
P](z)=4( ) ,  z=(z1,2) € (C\{0}2

Let J € N. The symbol P; in Definition 5.3 is defined as the tensor product of the symbol
pro of the univariate binary B-spline subdivision scheme of order 2/ — 1 in Definition 5.1 with
itself. We set

z=e %= (e_‘xl, e_lxz), x = (x71, %) € R%.

Then, the symbols P; become trigonometric polynomials

(1+cosxy)(1+cosxy)

P =4
7(X) 2

J
) . x=(x1,x) € [0,2m)%,

that are used to define the grid transfer operators in (3.16). Notice that, for J € N, the trigono-
metric polynomial P; coincides with the trigonometric polynomial p” defined in (3.34). For
readers convenience, we also present the corresponding masks. For J = 1,2, they are given by

1 1 21
Pi=-12 4 2|,
4 1 21
1 4 6 4 1
1 4 16 24 16 4
P,=—|6 24 36 24 6|.
64 4 16 24 16 4
1 4 6 4 1
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We use Theorem 4.7 to show that 2-directional symmetric box splines lead to appropriate
grid transfer operators. Let J € N. The 2-directional symmetric box spline subdivision scheme
Sp, in Definition 5.3 generates polynomials up to degree 2] — 1, see Theorem 4.2, and its
symbol satisfies by definition P(1) = 4. Thus, Sp, satisfies the zero conditions of order 2J and
condition (i) of Theorem 4.7 is satisfied. Moreover,

P, (e_i") _ 4((1 +cosxy)(1+ cosxz))] - (i)]_l >0,

_ T n]Z
4

Vx=(x1,x e[——,—
(x1, Xx2) 232

Thus, also condition (i) of Theorem 4.7 is satisfied. We proved the following proposition.

Proposition 5.6. Let f be a real bivariate trigonometric polynomial such that f(x) > 0, x €
(0,27)%, and

DFF0)=0, meNZ, |ul<g-1, and IveN:, |v|=q, DYf(0)#0, geN.

The grid transfer operator derived from the symbol Py, ] = [q/2], satisfies the approximation
property (3.10).

5.3.2 BIVARIATE BINARY INTERPOLATORY SUBDIVISION SCHEMES

In this subsection, we define bivariate binary interpolatory grid transfer operators. We report a
couple of well-known bivariate interpolatory subdivision schemes and define a new bivariate
interpolatory subdivision scheme. The grid transfer operators defined from the symbols of the
interpolatory subdivision schemes presented in this subsection are of practical interest for our
numerical examples in section 5.4.

The first interpolatory subdivision scheme we present is Kobbelt’s subdivision scheme
[58], which is a tensor product scheme based on the univariate binary 4-point interpolatory
subdivision scheme with the symbol p, ; in Example 5.2. The symbol of Kobbelt’s scheme is

z=(z1,22) € (C\{0})?, (5.7)

_((1 +z1)(1+z2))4 (1-421+2)(1 -4z, + 25)

4
k) = zf 4 4

3
2

and the corresponding mask is

1 0 -9 -16 -9 0 1

0O 0 0 0 0 0 0

L |9 0 81 144 81 0 -9
—— |-16 0 144 256 144 0 -16 (5.8)

261 9 0 81 144 81 0 -9

0O 0 0 0 0 0 0

1 0 -9 -16 -9 0 1

The second interpolatory subdivision scheme we present is the Butterfly subdivision
scheme [40]. The Butterfly subdivision scheme is one of the first interpolatory subdivision
schemes defined for surfaces and it is the generalization of the univariate 4-point interpolatory
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subdivision scheme with the symbol p, ; in Example 5.2 to a bivariate 3-directional mesh. The
symbol of the butterfly scheme is

B@) = ;13_(1+zl)(1+z2).b(z)’ z=(21,22) € (C\ {0))?, (5.9)
z] 2, 2 2

where
1
b(z) = 1—6((—232‘;’) + (—zg’ +22§+z§’ —z%)z‘fnL (z§+4z§ +4z§ —zz)z‘;’+
(—zy+4zy+425+ )5+ (—5y + 2 +220 - )z — 22), b, 1) =1,

and the corresponding mask is

(5.10)

0
0
o o0 -1 0 2 0 -1
0o 0o o0 o0 -1 -1 0

Finally, we construct a new bivariate interpolatory 3-directional subdivision scheme Sp.
This scheme has not yet appeared in either subdivision or multigrid literature. The symbol of
our new subdivision scheme Sp is

4 1+ 1+ 1+
P2) = §zg'( zzl)( ZZZ)( zzlzz)-b(z), 2= (21,22) € (C\{O})?, (5.11)

where

1 4 3 2N 4
b(z) = @((—184@ +184z, —19925) 2} +
(1842, +1525 +1992,) Z3 +
(—199z5 + 1525 + 156225 + 152, — 199) 22+
(19925 + 1525 +184) z; +

(-199z5 + 1842, —184)),  b(1,1) =1,

and the corresponding mask is

~184 0 -15 -199 0 0 0
O 0 0 0 0 0 0
L -1 0 1778 1791 30 0 o
P=—|-199 0 1791 3184 1791 0 —-199 (5.12)
31841 v o 30 1791 1776 0 -15
o 0 0 0 0 0 0
0 0 0 —199 —15 0 —184
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Straightforward computation shows that the subdivision scheme associated with P is conver-
gent and generates polynomials up to degree 3.

We use Theorem 4.5 to show that Kobbelt’s subdivision scheme Sy, Butterfly subdivision
scheme Sp and our 3-directional subdivision scheme Sp lead to appropriate grid transfer
operators. Indeed, S, Sg, Sp subdivision schemes generate polynomials up to degree 3.
Moreover, they are interpolatory subdivision schemes and, thus, by [12, Proposition 1.3], their
basic limit functions are £°°-stable. We proved the following proposition.

Proposition 5.7. Let f be a real bivariate trigonometric polynomial such that f(x) > 0, x €
(0,27)%, and

DFF0)=0, peN3, |ul<qg-1, and IveN:, |vi=qg, D f(0)#0, 0<g<4.

The grid transfer operators derived from the symbols K in (5.7), B in (5.9) and P in (5.11) satisfy
the approximation property (3.10).

5.3.3 SYMMETRIC TERNARY 2-DIRECTIONAL BOX SPLINES

In this subsection, we present the symmetric ternary 2-directional box splines.

Definition 5.4. Let J € N. The ternary 2-directional symmetric box spline subdivision scheme

Sp, of order J with dilation M = (3 g) is defined by its symbol

(14+2z+ zf)z(l + 22+ z§)2

2.2
812122

J
P](z)=9( ) ,  z=(z1,2) € (C\{0}2

Let J € N. Similarly to the binary case, the symbol P; in Definition 5.4 is defined as the
tensor product of the symbol p,;_1,; of the univariate ternary B-spline subdivision scheme of
order 2] — 1 in Definition 5.2 with itself. We set

z=e X= (e_ixl, e_ixz), X = (X1, x2) € R?.
Then, the symbols P; become trigonometric polynomials

(1+2cosxp)(1+2cosxp)
9

2]
f’f(x)=9( ) . X=(x1,%) €[0,2m)?,

that are used to define the grid transfer operators in (3.16). For readers convenience, we also
present the corresponding masks. For J = 1,2, they are given by

o

-

Il

|
—_— N W N -
N =N
w oy O oW
N = N
DN W N =
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1 4 10 16 19 16 10 4 1
16 40 64 76 64 40 16
10 40 100 160 190 160 100 40 10
) 1 16 64 160 256 304 256 160 64 16
»=——|19 76 190 304 361 304 190 76 19].
729 16 64 160 256 304 256 160 64 16
10 40 100 160 190 160 100 40 10
4 16 40 64 76 64 40 16
1 4 10 16 19 16 10 4 1

We use Theorem 4.7 to show that ternary 2-directional symmetric box splines lead to
appropriate grid transfer operators. Let / € N. The ternary 2-directional symmetric box
spline subdivision scheme Sp in Definition 5.4 generates polynomials up to degree 2] -1,
see Theorem 4.2, and its symbol satisfies by definition P(1) = 9. Thus, Sg ; satisfies the zero
conditions of order 2/ and condition (i) of Theorem 4.7 is satisfied. Moreover,

- . 1+2cosx)(1+2cosxp) |\ 4y\2] T T2
Pj(e_lx)—9(( IL( 2)) 29(—) >0, Vx:(xl,xg)e[—g,g

Thus, also condition (ii) of Theorem 4.7 is satisfied. We proved the following proposition.

Proposition 5.8. Let f be a real bivariate trigonometric polynomial such that f(x) > 0, X €
(0,27m)?, and

DFf0)=0, peN3, |ul<qg-1, and IveN:, |vi=qg, D"f(0)#0, qgeN.

The grid transfer operator derived from the symbol Pj, ] = [q/2], satisfies the approximation
property (3.10).

5.3.4 BIVARIATE TERNARY INTERPOLATORY SUBDIVISION SCHEMES

In this subsection, we define bivariate ternary interpolatory grid transfer operators. We present
several ternary interpolatory subdivision schemes from subdivision literature which reproduce
polynomials up to degree 3. The grid transfer operators defined from their symbols are of
practical interest for our numerical examples in section 5.4.

The first ternary interpolatory subdivision scheme we present is the ternary Kobbelt’s

subdivision scheme Sjc,. The subscript 3 refers to the dilation M = (3 g) and distinguish Sic,
from the “standard” Kobbelt’s subdivision scheme Sy with dilation M = (g (2)) defined by its

subdivision symbol in (5.7). The ternary Kobbelt’s subdivision scheme Sk, is a tensor product
scheme based on the univariate ternary 4-point interpolatory subdivision scheme with the
symbol p3 3 in Example 5.4. The symbol of Si, is

9 (Q+z+2)(1+2+20))" (4—11z +42%) (4 — 112, +422)

: , z=(z1,2) € (C\{0O})?,
zfzg 9 9

Ks(z) =
(5.13)
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5.3. Bivariate grid transfer operators from symmetric subdivision schemes

and the corresponding mask is

16 20 0 —120 —240 —324 —240 —120 0 20 16
20 25 0 —150 —300 —405 —300 —150 0 25 20
o o0 0o 0 ©0 ©0 0 0 0 0 0
~120 —150 0 900 1800 2430 1800 900 0 —150 —120
. |-240 -300 0 1800 3600 4860 3600 1800 0 -300 -240
Ky=——|-324 —405 0 2430 4860 6561 4860 2430 0 —405 —324|. (5.14)
6561 | 540 —300 0 1800 3600 4860 3600 1800 0 —300 —240
~120 —150 0 900 1800 2430 1800 900 0 —150 —120
o o0 0 0 ©0 ©0 ©0 0 0 0 0
20 25 0 —-150 —-300 —405 —300 —150 0 25 20
16 20 0 —120 —240 —324 —240 —120 0 20 16

The second S, and the third Sy, ternary interpolatory subdivision schemes we present
are taken from [49]. The subscript j = 3,4 in Sy, refers to the topology of the bivariate mesh
underlying the subdivision scheme. More precisely, the interpolatory subdivision scheme Sy,
is defined over a bivariate j-directional mesh, j = 3,4. The symbols of S7,, and Sy, are

9 (Q+z1+2)(1+2+25)

5,5 9

‘bj(@), j=3,4, z=(z21,2)€(C\{0})?  (5.15)
214

Hjz) =

where
1
bs3(z) = 8_1((_225 —220)28 + (—228 +32) — 25+ 23 — 22)) z] +
(—Zz§5 - zg + 7z§5 +3z§3 + Zzé1 —4z§)z§5 + (zg +?>z;5 + IOZS + 9z§L + 723 —4z§)zf+
(—Zz; +Zzg5 + 9z§’ + llzg1 + 9z§’ + 22% —2Z2)Zil+
(—4zg + 7z§ + 9231 + 10z§ +3z§ + zz)zf + (—423 +2z§1 +3z§’ + 7z§ —2p— 2)zf+

(—22;+ 25— 25 +322—2)z1 + (=225 —229)),  b(1,1) =1,
and

1
5 4_ 3.8 5, ,4_ 34,7
b4(z):a((—zz—ZZz—zz)zl+(—zz+zz—zz)zl+
5, 4 37,6 8_ 7 6 5 4 3 2 5
(225 + 25, +225)2) + (—2y — 2y + 22, + 725, + 122, + 725 + 225 —2p — 1) z] +
8, ,7,,6 5 4 3,2 4
(=225 + 25+ 2y +122, + 52, + 122, + 25 + 2o —2)z] +
(—zg—z;+222+7zg+1223+7z§+22§—zz—1)zf+(22§+z§+2z§’)zf+

(—zg+z§—z§’)zl+(—z§’—22§—z§’)), b(1,1)=1.

75



Chapter 5. Grid transfer operators from stationary subdivision schemes

The corresponding masks are

0O -2 -4 -4 -2 0 0 O

0
0
4 -4 0 8 8 0 -4 -4 0
4 -1 8 26 32 26 8 -1 —4 0
(|2 -4 8 32 56 56 32 8 -4 -2 0
Hi=— |0 -1 0 26 56 81 56 26 0 -1 0 [, (5.16)
8l1og 2 -4 8 32 56 56 32 8 —4 -2
0 0 -4 -1 8 26 32 26 8 -1 —4
0 0 0 -4 -4 0 8 8 0 -4 —4
0 0 0 0 -2 -1 —4 -1 -4 -1 -2
0 0 0 0 0 0 -2 -4 -4 -2 0
and
0 0 0 -1 -3 4 -3 -10 0 0
0 0 0 2 -3 -5 -3 20 0 0
0 000 0 0 0 00 0 0
1 -2 0 9 24 30 24 9 0 -2 -1
|3 -3 0 24 42 60 42 24 0 -3 -3
Hy=—|-4 -5 0 30 60 81 60 30 0 -5 —4 (5.17)
8l1 .3 3 0 24 42 60 42 24 0 -3 -3
1 -2 0 9 24 30 24 9 0 -2 -1
0 000 0 0 0 000 0
0 0 0 -2 -3 -5 -3 20 0 0
0 0 0 -1 -3 -4 -3 10 0 0

We use Theorem 4.5 to show that the subdivision symbols of Sk, Sy;, and S, lead to
appropriate grid transfer operators. Indeed, Sk, S, and Sy, subdivision schemes generate
polynomials up to degree 3. Moreover, they are interpolatory subdivision schemes and, thus,
by [12, Proposition 1.3], their basic limit functions are ¢°°-stable. We proved the following
proposition.

Proposition 5.9. Let f be a real bivariate trigonometric polynomial such that f(x) > 0, X €
(0,27m)?, and

DFf0)=0, peN3, |ul<qg-1, and IveN:, |vi=qg, D f(0)#0, 0<qg<4.

The grid transfer operators derived from the symbols K3 in (5.13) and Hj, j = 3,4, in (5.15)
satisfy the approximation property (3.10).

5.4 BIVARIATE NUMERICAL EXAMPLES

In this section, we illustrate the bivariate theoretical results of Propositions 5.6, 5.7, 5.8 and 5.9
with several numerical examples.
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5.4. Bivariate numerical examples

In subsection 5.4.1, we use a finite difference discretization of the biharmonic elliptic PDE
problem with homogeneous Dirichlet boundary conditions. The system matrix Ay is positive
definite with a bi-level Toeplitz structure. According to [3, 5], similarly to section 5.2, we have
to change the definition of the grid transfer operators in (3.16). Let k = (ky, k») € N2 and £ € N
such that £ <min{k;, k»} — 1. Define

n=(m 7 -1,m¥ 7 -1),  Nj=Nmj)=m)in),  j=0,...¢ (5.18)

and .
Poy(p) = Tn(P) Zpy m €CV0H1, 0 j=0,.,0-1, (5.19)

where Ty, (p) € CNi*Ni is the bi-level Toeplitz matrix of order n i generated by the bivariate
trigonometric polynomial p (see chapter 2, subsection 2.3.4) and

an,m = Z(nj)1,m1 ® Z(l’lj)z,l’ﬂg € CNJHXNj’
is the bi-level downsampling matrix with the factor m with Z, Dim; € C+Vixnj)i in (5.4),
i=1,2.

On the other hand, in practical applications, the variable coefficient case is often of inter-
est and the algebraic Galerkin approach could be computationally expensive. Therefore, in
subsection 5.4.2, we present an example of the geometric approach for the bivariate Laplacian
problem with variable coefficients and homogeneous Dirichlet boundary conditions. The sys-
tem matrix A, is derived via finite difference discretization of order 2 and minimal bandwidth.
Thus, it is symmetric block tridiagonal with symmetric tridiagonal blocks and positive definite,
but we lose the bi-level Toeplitz structure. Nevertheless, for j =0,...,¢ — 1, the properties of
Ap allow us to define the dimension nj and the grid transfer operator Pp; atlevel j asin (5.18)
and (5.19), respectively.

Finally, in subsection 5.4.3, we present another example of the geometric approach for
the bivariate anisotropic Laplacian problem with anisotropy along one of the coordinate axis
and homogeneous Dirichlet boundary conditions. The system matrix Ay, is derived via finite
difference discretization of order 2 and minimal bandwidth, thus it is positive definite with a
bi-level Toeplitz structure. For j =0,...,¢ — 1, we define the dimension n; and the grid transfer
operator Py, atlevel j as in (5.18) and (5.19), respectively. We use the geometric approach
shortly described at the beginning of subsection 5.4.2.

In all examples, we use binary m = (2,2) and ternary m = (3, 3) coarsening, thus

nj=m7-1,m"7-1), m=23 N=Nmp)=(m*7-1)° j=o0,..,¢
Forn = (m* -1, mF —1) = (n, n), to define by, we choose the exact solution X € C"*" as

x(1,1) x(1,n)

x(n,1) - X(n,n)
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Chapter 5. Grid transfer operators from stationary subdivision schemes

x(a, B) = sin (SM) + sin (5m

n—1

), a,B=1,...,n,

Wecompute
x=(x(1,1) - x(m,1) x(1,2) - xX(1,2) - - x(,n) - x(m,m) eC”

and set b, := Apx € C". We solve the coarse grid system exactly when the dimension of the
coarse grid is Ny = (23 -1)2 = 49 in the binary case and N, = (3%3-1)2 =676 in the ternary
case. For the numerical examples, the zero vector is used as the initial guess and the stopping
criterion is ||rgl»/|lxgll, < 1077, where r; is the residual vector after s iterations and 107 is the
given tolerance.

5.4.1 BIHARMONIC ELLIPTIC PDE

The first bivariate example we present arises from the discretization of the biharmonic elliptic
PDE problem with homogeneous Dirichlet boundary conditions, namely

0* o0*
@w(m@w(x) =gx), x = (x1,X2) €Q=(0,1)?
1 2
v =0 x € 0Q).

For the discretization, we use finite differences of order 4. It leads to the linear systems
ApX = by, where A, = Ty (f) is the bi-Toeplitz matrix of order n € N? generated by the bivariate
trigonometric polynomial

fX) =(@2-2cosx1)®+(2-2cosx2)?,  x=(x1,x) € [0,2m)%.

Note that f has a 4-fold zero at x = 0. Thus, by Propositions 5.6, 5.7, 5.8 and 5.9 with g =4,
the 2-directional binary and ternary symmetric box spline symbols in Definition 5.3 and 5.4,
respectively, with J = 2 and the interpolatory symbols K in (5.7), B in (5.9), P in (5.11), K3 in
(5.13)and Hj, j = 3,4, in (5.15) can be used to define the corresponding grid transfer operators.

Tables 5.7, 5.8 and 5.9 show how the number of iterations and convergence rates for the
two-grid and V-cycle change with increasing dimension n.

Similarly to subsection 5.2.1, Tables 5.8 and 5.9 illustrate the importance of the polynomial
generation property (zero conditions) that, by Theorems 4.5 and 4.7, ensures the correct choice
of the grid transfer operator. Indeed, the binary and ternary 2-directional symmetric box
splines with symbols P; and P;, respectively, generate polynomials of degree 1. The lack of
the appropriate degree of polynomial generation leads to dramatic increase of the number
of iterations. The larger is the dimension of the system matrix, the larger is the number of
iterations needed to reach the required tolerance. The degree of polynomial generation which
ensures convergence and optimality is lower for the two-grid method than for the V-cycle,
see condition (i) of Theorem 3.7. Thus, for the two-grid method, the grid transfer operator
associated to the binary 2-directional symmetric box spline with symbol P; performs as well as
the other grid transfer operators associated to binary subdivision schemes generating cubic
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5.4. Bivariate numerical examples

Subdivision n=(26-1,26-1) n=(2"-1,2"-1) n=(28-1,28-1) generation
scheme iter  conv. rate iter  conv. rate iter  conv. rate degree
Sp, 20 0.4331 19 0.4167 18 0.4076 1
Sp, 13 0.2808 13 0.2782 13 0.2784 3
Sk 13 0.2790 13 0.2778 13 0.2775 3
Si 16 0.3503 14 0.3077 13 0.2831 3
Sp 26 0.5373 23 0.4937 20 0.4453 3

Table 5.7: Binary bivariate subdivision schemes for biharmonic problem with two-grid method.

Subdivision n=(2%-1,26-1) n=(2"-1,2"-1) n=(28-1,28-1) generation
scheme iter  conw. rate iter  conw. rate iter  conwv. rate degree
Sp, 68 0.7873 117 0.8710 195 0.9205 1
Sp, 18 0.4032 23 0.4910 27 0.5452 3
Sk 15 0.329 15 0.3340 15 0.3402 3
SB 27 0.5427 31 0.5913 29 0.5698 3
Sp 107 0.8602 135 0.8874 144 0.8939 3

Table 5.8: Binary bivariate subdivision schemes for biharmonic problem with V-cycle.

Subdivision n=03*-1,3"-1) n=(3"-1,3-1) n=(35-1,35-1) generation
scheme iter  conw. rate iter  conw. rate iter  conv. rate degree
Sp, 47 0.7067 97 0.8459 221 0.9296 1
Sp, 47 0.7058 48 0.7141 61 0.7677 3
N 45 0.6988 51 0.7267 52 0.7309 3
S, 51 0.7282 70 0.7939 65 0.7791 3
S, 45 0.6986 56 0.7496 57 0.7535 3

Table 5.9: Ternary bivariate subdivision schemes for biharmonic problem with V-cycle.

polynomials, see Table 5.7. The best performing grid transfer operators are the ones associated
to the symbols K in (5.7) and K3 in (5.13) of the binary and ternary Kobbelt’s subdivision
schemes Sx and Sk, respectively. Indeed, Sx and Si, are both interpolatory subdivision
schemes. After the smoothing steps, the error eﬂ? € CNi in the k-th iterate xﬁ,’? € CNi at the
j-threcursive step, k=0, j =0,...,¢, is smooth. Numerical evidence shows that interpolatory
grid transfer operators are more powerful than approximating grid transfer operators in the

decomposition step of a smooth error eﬂ? from the finer grid n; to the coarser one n;,; and

in the reconstruction step of a smooth error eﬁ,’%l from the coarser grid n;, to the finer one

n;. Tables 5.8 and 5.9 also illustrate that grid transfer operators associated to tensor product
subdivision schemes, such as the binary and ternary 2-directional symmetric box splines
Sp . and S By J = 1,2, and the binary and ternary Kobbelt’s subdivision schemes Sy and Sk,
perform better than the other grid transfer operators. Indeed, tensor product subdivision
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Chapter 5. Grid transfer operators from stationary subdivision schemes

Figure 5.4: Plot of P(e™™)/|Plloo, X € [0, 7%, with P in (5.11).

schemes are defined over a bivariate 2-directional mesh. The topology of a 2-directional mesh
is equivalent to the topology of the starting rectangular grid ny on which the biharmonic
problem is discretized to obtain the starting linear system Ap, X = by,. Finally, the grid transfer
operator associated to the symbol P in (5.11) defines an optimal V-cycle, meaning that the
number of iterations needed to reach a given accuracy is bounded from above by a constant
independent from the dimension of the starting linear system. Nevertheless, the convergence
rate is extremely high. This phenomena relates to the behavior of the trigonometric polynomial
P(e ™), x € [0,27)?, see Figure 5.4. Indeed, P (e~™) vanishes also on a whole curve contained
in (0,)2. This fact leads to a further ill-conditioning of the problem on the coarser levels, as
itis evident in Figure 5.5, where we can observe the increasing of the ill-conditioning in the
high-frequencies going down on the coarser levels. We point out that, using the geometric
multigrid, the grid transfer operator associated to the subdivision scheme Sp is extremely
competitive (see next subsection).

5.4.2 LAPLACIAN WITH NON-CONSTANT COEFFICIENTS

We consider the bivariate Laplacian with non-constant coefficients with homogeneous Dirich-
let boundary conditions

— = = = ?
{V(aw)(x) gm,  x=(x,x)€Q=(01) (5.20)

v(x) =0, x € 0Q.

We briefly describe the 2-dimensional geometric multigrid method for the linear systems
Anx = by, ne€N?, derived via discretization of the problem (5.20). Let ke Nand £ eN, 1< /¢ <
k—1.For j=0,...,¢, we define

n;=(nj,n)=m""7-1,m"7-1), m=23  Nj=Nm)=m"7-1?

and an as a uniform grid on [0, 112 of n j subintervals of size hj = 1/(n; + 1) in each direction.
Then, at the j-th recursion level of the V-cycle, we compute the matrix Ay, by discretizing
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T 0 T 0

(a)Starting symbol fy (b) Coarser symbol fi at level 1

0 T 0

T

(c) Coarser symbol f> at level 2 (d) Coarser symbol f3 at level 3

Figure 5.5: Symbols fj, j =0,...,3 defined by (3.20) using the trigonometric polynomial p(x) =
P(e™) with P in (5.11) in the reference interval [0, ]2,

the problem (5.20) using finite differences of order 2 on the grid Qpn;. Thus, the matrices Ap;,
J=0,...,¢, have dimension N; x N;. The prolongation operators are defined as in (5.19) with
m = (2,2) in the binary case and m = (3, 3) in the ternary case. The restriction operators are
#P;j, for j=0,...,0-1.

By Propositions 5.6, 5.7, 5.8 and 5.9, the symbols of the bivariate subdivision schemes
introduced in section 5.3 define suitable grid transfer operators for our problem. Tables 5.10
and 5.11 show how the number of iterations and convergence rates for the V-cycle change for
different diffusion coefficients a(x, x»), namely

2
a (x1,X2) = xi +e*?,
ax(x1,x2) =1+sin(Bnx;) -sin(bwxy) + ¢,

az(xy, x2) = 1+sin(7mwxy) + (xp — 0.5)4 +¢€, (x1,x2) €10, 1]2.
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Subdivision ay (x1, x2) ar(xy, xo) az(xy, x2) generation
scheme iter conv. rate iter conv. rate iter conv. rate degree
Sp, 9 0.1400 10 0.1770 35 0.6295 1
Sp, 13 0.2770 14 0.3159 52 0.7319 3
Sk 8 0.1234 9 0.1430 29 0.5688 3
Sn 8 0.1252 8 0.1244 29 0.5709 3
Sp 9 0.1500 9 0.1533 29 0.5726 3

Table 5.10: Binary bivariate subdivision schemes for Laplacian with non-constant coefficients

Subdivision ay (x1, x2) ar(x1, xo) as(x1, xo) generation
scheme iter conv. rate iter conv. rate iter conv. rate degree
Sp, 16 0.3649 16 0.3611 29 0.4421 1
sz 19 0.4130 18 0.4073 25 0.5120 3
Sk, 17 0.3753 17 0.3718 19 0.4191 3
S, 17 0.3759 17 0.3721 19 0.4193 3
Su, 17 0.3752 17 0.3718 19 0.4191 3

Table 5.11: Ternary bivariate subdivision schemes for Laplacian with non-constant coefficients

Parameter ¢ € (0,1) guarantees the strict positivity of all these functions. In the numerical
examples, € = 107°. The starting grid is fixed to be ng = (2’ — 1,27 — 1) in the binary case and
ng = (3°—1,3° - 1) in the ternary case.

The results of Tables 5.10 and 5.11 also illustrate the influence of the functions a;, j = 1,2,3,
on the behavior of multigrid. In both binary and ternary case, when a(x, x2) = as(xy, x2),
(x1,%2) € [0,1]%, the best performing grid transfer operators are the ones associated with the
interpolatory subdivision schemes, namely binary Kobbelt’s subdivision scheme Sy, Butter-
fly subdivision scheme Sz and our new subdivision scheme Sp (binary case), and ternary
Kobbelt’s subdivision scheme Sic, and S%j, j = 3,4, subdivision schemes (ternary case). In the
binary case, the advantage of using our new scheme is the computational efficiency of the
corresponding grid transfer operations. Indeed, due to the geometric approach, the matrices
An;, j=0,...,¢, are independent of the grid transfer operators and the computational cost of
the restriction and prolongation depends only on the number of nonzero entries of the corre-
sponding operators. Therefore, since the mask P in (5.12) has 19 nonzero entries while the
masks K in (5.8) and B in (5.10) have 25 nonzero entries, each iteration of the V-cycle method
with the grid transfer operator associated to our new subdivision scheme Sp is cheaper than
one V-cycle iteration with the grid transfer operators associated to Kobbelt’s and Butterfly
subdivision schemes. Similarly, in the ternary case, the mask K3 in (5.14) has 81 nonzero
entries, the mask H3 in (5.16) has 79 nonzero entries and the mask H,4 in (5.17) has 65 nonzero
entries. Thus, each iteration of the V-cycle method with the grid transfer operator associated
to the subdivision scheme Sy, is cheaper than one V-cycle iteration with the grid transfer oper-
ators associated to the ternary Kobbelt’s Si, and Sy, subdivision schemes. Finally, similarly
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5.4. Bivariate numerical examples

to the univariate case, the grid transfer operators associated to ternary subdivision schemes
are robuster than the grid transfer operators associated to binary subdivision schemes when
the function of the diffusion coefficients is highly oscillating (see the column for the function
az(xp, x2) in Tables 5.10 and 5.11).

5.4.3 ANISOTROPIC LAPLACIAN

The last example we present arises from the discretization of the bivariate anisotropic Laplacian
problem with Dirichlet boundary conditions, namely

2 2

0
— e =YX -y =gKx), = (x1, Q=(0,1)?%
€ axfw(x) axgw(X) g(x) X =(x1,x2) € 0,1) (5.21)

vx =0 x € 0Q.

The parameter € € (0,1] in (5.21) is called anisotropy. If € = 1, we get the bivariate isotropic
Laplacian problem. If € << 1, the problem becomes strongly anisotropic. We focus our
attention on the latter case [71].

We use the geometric approach and the corresponding notation shortly introduced at the
beginning of subsection 5.4.2. Using finite difference discretization of order 2 and minimal
bandwidth, for j =0,..., ¢, the system matrices An; = Ty, ( fj(g)) € CNVi*Nj are the bi-level Toeplitz
matrices of order n; generated by the bivariate trigonometric polynomials

fj(g) (x) = %(8(2 —2c0sx1) + (2—2c08x2)), X = (x1, %) € [0, 27)2. (5.22)
J

We use as pre- and post-smoother one step of Gauss-Seidel method for j =1,...,¢, and 2 steps
of Gauss-Seidel method for j = 0. In this example, we increase the tolerance in the stopping
criterion from 107 to 107°.

Tables 5.12 and 5.13 show how the number of iterations and convergence rates for the
V-cycle change when the starting grid ng becomes finer and the anisotropy € in (5.21) decreases.
The number of iterations needed to reach the exact solution is large for € = 1072 and drastically
increases when the anisotropy decreases to 1073, Indeed, if € << 1, the symbol f] © in (5.22)
is numerically close to 0 on the entire line x, =0, for all j =0,...,¢ (see Figure 5.6). Due to
this pathology, when the anisotropy ¢ goes to 0, the number of iterations necessary for the
convergence of the V-cycle method rises because the symbol vanishes on a whole curve and
hence conditions (i) and (i) of Theorem 3.8 cannot be satisfied together [44].

In [44], in order to handle the anisotropy along the x; -axis, the authors propose to use semi-
coarsening in the direction perpendicular to the anisotropy; i.e. in the x»-axis direction. We
propose to use a multigrid method based on anisotropic subdivision schemes with dilation M =

2 0 . . . . . .
( 0 m)’ m e N, m = 3 odd. In this case, the difference between the two coordinate directions is

encoded in the dilation matrices M. Indeed, the coarsening strategy of such multigrid method
cuts more in the x,-axis direction than in the x;-axis direction. Thus, it fights the anisotropy of
the problem with the anisotropy of the dilation, or - equivalently - with the anisotropy of the
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. Subdivision ng=02"-1,2"-1) ng=02%-1,28-1) generation
Anisotropy . .
scheme iter conv. rate iter conv. rate degree
Sp, 75 0.8571 80 0.8658 1
Sp, 82 0.8686 86 0.8744 3
e=107% S 61 0.8273 76 0.8585 3
Sp 62 0.8301 76 0.8586 3
Sp 62 0.8300 76 0.8586 3
Sp, 294 0.9616 284 0.9603 1
Sp, 295 0.9617 281 0.9599 3
e=1073 Sk 253 0.9555 251 0.9551 3
S 253 0.9555 251 0.9552 3
Sp 253 0.9555 251 0.9552 3

Table 5.12: Binary bivariate subdivision schemes for the anisotropic Laplacian problem with
€=107%,1073.

. Subdivision ng=3*-1,3*-1) ng=3-1,3"-1) generation
Anisotropy . .
scheme iter  conv. rate iter  conv. rate degree
Spl 105 0.8958 119 0.9077 1
sz 101 0.8922 120 0.9083 3
e=107% Sk, 98 0.8888 116 0.9053 3
S, 98 0.8888 116 0.9053 3
Sy, 98 0.8888 116 0.9053 3
Spl 343 0.9670 404 0.9719 1
sz 332 0.9659 393 0.9711 3
e=1073 Sk, 312 0.9638 318 0.9644 3
S, 312 0.9638 319 0.9645 3
Sy, 312 0.9638 318 0.9644 3

Table 5.13: Ternary bivariate subdivision schemes for the anisotropic Laplacian problem with
€=1072,1073.
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(a)Isotropic Laplacian: € = 1 (b) Strongly anisotropic Laplacian: € = 1072

Figure 5.6: Plot of fo(e)/ I fO(E) oo ON the reference interval [0,7)? for different values of € € (0,1].

cutting strategy. To the best of our knowledge, in subdivision literature, families of subdivision

0
not been defined yet. In the next chapter, we define two families of subdivision schemes

with such dilation matrix M. First, we study their regularity and generation properties. Then,
we construct anisotropic grid transfer operators from their symbols capable of defining a
convergent V-cycle method for isotropic and anisotropic Laplacian problems.

2 0
schemes with dilation M = ( m)’ m €N, characterized by certain regularity properties have
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CHAPTER

{iniactropic stationary subdivision achemes and grid
tranufer operatora

In this chapter, motivated by the numerical experiments of chapter 5, subsection 5.4.3, we
explore the realm of bivariate anisotropic subdivision schemes with dilation

2 0

M:(O m

), meN, ged (2,m)=1. (6.1)

We propose two types of families of anisotropic subdivision schemes: approximating and
interpolating (see sections 6.1 and 6.2, respectively). Our results and numerical experiments
show that both families lead to efficient grid transfer operators. Nevertheless, the computa-
tional cost of the multigrid based on interpolatory grid transfer operators is minimal due to the
fewer non-zero coefficients in the corresponding subdivision rules. Indeed, our interpolatory
subdivision schemes are constructed to be optimal in terms of the size of the support versus

. . . . o . . 20
their polynomial generation properties. Similar constructions in the case of M = ( 0 2) are

done in [50], but they are not applicable for anisotropic multigrid. Cotronei et al. in [22]
and Sauer in [66] propose a general strategy to compute d-variate interpolatory subdivision
symbols with dilation M € Z%*¢ based on the Smith factorization of M. In case of diagonal
dilation M in (6.1), this strategy defines the symbols of interpolatory bivariate subdivision
schemes as the tensor product of univariate subdivision symbols with dilation 2 and m. The
corresponding masks have more non-zero coefficients as the ones we propose and, thus, the
computational cost of the associated multigrid is higher. To study the dependence of the effi-
ciency of multigrid on the reproduction/generation properties of subdivision, we also define a
family of approximating schemes. Our construction resembles the one given in [21] for the

family of bi-variate pseudo-splines with dilation M = (3 g) Our goal, for compatibility of
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

our numerical experiments with approximating and interpolating grid transfer operators, is
to define approximating schemes that have the same support as the interpolating ones and
matching polynomial generation properties. We do not claim to have constructed a new family
of anisotropic pseudo-splines.

6.1 ANISOTROPIC INTERPOLATORY SUBDIVISION

In subsection 6.1.1, we start by introducing the family of univariate interpolatory Dubuc-
Deslauriers subdivision schemes. These will be a basis for our bivariate construction in subsec-
tion 6.1.2.

6.1.1 UNIVARIATE CASE

In [29], Deslauriers and Dubuc proposed a general method for constructing symmetric in-
terpolatory subdivision schemes of dilations m € N, m = 2. The smoothness analysis of their
schemes was conducted by Eirola et al. in [41]. Recently, Diaz Fuentes proposed in his master
thesis [30] a closed formula for computing the mask of the interpolatory Dubuc-Deslauriers
subdivision schemes for any dilation m e N, m = 2.

Definition 6.1. Let m € N, m = 2, and J € N. The univariate (2])-point Dubuc-Deslauriers
interpolatory subdivision scheme S,,, ; of dilation m is defined by its symbol

me1 ] (1) 2] -1 ( 5) -
=1+ —J+1-— mpre C\{0},
am,j(2) 5:21 ﬁ:_Z]H (2]—1)!(e/m—,6)(]—,5 ! m ZJZ S

where for any x € R, (x), is the Pochhammer symbol defined by

(X)o:=1, and Xpi=xx+1D)---(x+£€-1), /eN.

For reader’s convenience (as [30] is in Spanish), we recall the main ideas in [29] behind the
construction of symmetric interpolatory subdivision schemes and repeat a few computations
from [30] conducted in order to obtain the symbols a,, ; in Definition 6.1. Without loss of
generality, we focus on the case m =2/ + 1, ¢ € N. The latter choice plays a role only in the
definition of the range of € in (6.2). Indeed, if m = 2¢, ¢ € N, the range of ¢ is slightly different.
Nevertheless, a change of variable at the end of computation leads to the same formula in
Definition 6.1 for even and odd dilation m.

Letc={c(y)eR:yeZ}e¢(Z) and fix an integer a € Z. Let

c=f{cy):a-J+1<sy<a+]lely(2)
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6.1. Anisotropic interpolatory subdivision

be 2] consecutive elements of ¢ centered in c(a). There exists a unique polynomial 7 € I1p;_;
of degree 2] — 1 which interpolates ¢ at the integers {a — J + 1,...,a@ + J}, namely

a+] J
T[(t) — Z Ca’(ﬁ)ﬁgh—]+l,2]—l)(ﬂ — Z Ca(ﬁ+ a)L'(BC:——a]+1,2]—1)(t)’
p=a—-J+1 p=—J+1
Lyl 0 = Uﬁ 7V tem
y=a—J+1 ,3—)’
Y#P

Forfefa—-J+1,...,a+]}, E;“‘HLZ]_D is the Lagrange polynomial of degree 2] — 1, centered
in B, defined on the 2/ nodes {a — J +1,...,a + J}, and satisfies

Ly Ve =65, ecla—T+1..,a+]},
In order to define the subdivision operator S,,, ;, we define its action on the finite sequence c*

by

(Sa,, €9 (Mma+e) = ﬂ(a + i)
: m

J £
= Yy ple-/+h2eh (a + E)c“(ﬂ +@)  (bydefinition of )

6=TF+1 B+a
a+]
= Z am,7(ma—B)+¢€)c(P) (by definition of subdivision operator)
B=a—-J+1
J -1 -1
= Y aps(-mp+e)c*(P+a), =" ,...,m )
f=—J+1 2 2
(6.2)
For e =01in (6.2), (Sa,, ") (ma) = n(a) = c*(a), thus a,, ;(mP) = 640.
For € # 0 in (6.2), using simple properties of Eg"_] 12771 (e get
_ pla—J+1,2]-1) €
am,](—mﬁ+£)—£ﬁ+a (OH—E)’
— £CJ+12)-D) £
=Ly —
L 2]-1
_ (=1 J a1 i) '
2J-Die/m-p)\J-p mjay
Definition (6.1) follows from property
m—1 J
am,y(2) =) amj@z=) ) am j(—mp+e)z "PTE, zeC\{0}.
aeZ e=0 f=—J+1

By construction, for any m e N, m = 2, and J € N, the univariate (2/)-point Dubuc-Deslauriers
interpolatory subdivision schemes of dilation m generate and reproduce polynomials up to
degree 2] — 1. We recall that S,,, , is the unique univariate subdivision scheme of dilation m
such that
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

* itis interpolatory,
* it generates polynomials up to degree 2] —1,
* its mask a,, y is symmetric and has support {1-mJ,...,mJ—1}.

Example6.1. Let m=2 and J =1,2,3. The masks ay 1, a2 2, ap 3 of the binary 2-, 4- and 6-point
Dubuc-Deslauriers interpolatory subdivision schemes are defined by

a;=1{; 1 %},

__1 9 _1

32,2—{ 6 0 1 3 O 16}’

_ {3 _25 75 75 _25
a2,3»—{256 0 —55%6 0 153 1 128 0 —556 O

N—

e

756}
<

Example6.2. Let m =3 and J = 1,2,3. The masks a3 1, a3 2, a3 3 of the fernary 2-, 4- and 6-point
Dubuc-Deslauriers interpolatory subdivision schemes are defined by

a1={; § 1 35 3},
33,22—84—1 —%0 % % 1 g_g % 0_8% _;_1}’
as3={z5 72 0 ~7% 75 O 735 29 | %% 5 0 ~73 ~7m 0 75 7}
<

6.1.2 BIVARIATE CASE

From the family of univariate interpolatory Dubuc-Deslauriers subdivision schemes we build
a family of bivariate interpolatory subdivision schemes with dilation matrix M in (6.1) using
the approach from [21].

Definition 6.2. Let J € N. The anisotropic interpolatory subdvision scheme S,,, ; of order J and
dilation matrix M in (6.1) is defined by its symbol

J-1 J-2
an, ;@)=Y ap k(21 A a1 (22) = Y, Gp,j—k-1(21) Am 41 (22), 2= (21,22) € (C\{0D)?,
k:O k:O

where ay i, an, i are the symbols of the univariate (2k)-point Dubuc-Deslauriers interpolatory
subdivision schemes in Definition 6.1 of dilation 2 and m, respectively.
Definition 6.2 is justified by the following result.

Proposition 6.1. Let ] € N and M in (6.1). The anisotropic subdvision scheme Sa,, , in Definition
6.2 is interpolatory.

Proof. Let J €N. By Theorem 4.1, in order to prove Proposition 6.1, we need to show that
m—1 m—1

sj@) =Y amy(z1,5z) + Y, am (21, Ejz) = detM|=2m, z=(z1,2) € (C\{0})?,
Jj=0 Jj=0
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6.1. Anisotropic interpolatory subdivision

2mi
for¢; = e m’, j=0,...,m—1. Since Sa,; and S,,, ; are univariate interpolatory subdivision
schemes of dilation 2 and m respectively, Theorem 4.1 guarantees that their symbols satisfy
m—1
asj(z1)+azj(—z)=2  and Y amy(&jz) = m.
j=0
By Definition 6.2, we have

m m-

J-1 -1 J-2 1
s1@) =) arj-1(21) Y. amps1€z2) = Y apj-k-1(21) Y Amer1(Ej22)
k=0 j=0 k=0 j=0

J-1 m-1 J-2 m=1
+Y ar k(=21 Y, Amin1€jz)— ) A -k-1(=21) ) Ami+1(j22)
k=0 Jj=0 k=0 Jj=0
J-1 =
=m Z (az,j-k(z21) + az -k (—21)) —m Z (az,7-k—1(21) + ap j_-1(—21))
k=0 k=0

=2mjJ-2m(J—-1)=2m.
[

Further properties of the interpolatory subdivision schemes S,,, ; in Definition 6.2 are
analyzed in subsections 6.1.3 (reproduction), 6.1.4 (minimality of the support) and 6.1.5 (con-
vergence).

6.1.3 REPRODUCTION PROPERTY OF SaMJ

In this section, we show that the anisotropic interpolatory subdivision schemes S,,, ; in Defini-
tion 6.2 reproduce polynomials up to degree 2] — 1.

Proposition 6.2. Let ] e N and M in (6.1). The anisotropic interpolatory subdivision scheme
Say,; in Definition 6.2 reproduces polynomials up to degree2] — 1.

Proof. By (4.24), in order to prove Proposition 6.2, we need to show that the symbol a, ;
can be decomposed as

H

apy@=2m+ Y (1-2)% (1-2)Preppn@,  z=(z1,22) € (C\{0O}?,
h=0 (6.3)

@p, Pr € No, anp+pPn=2], h=0,..., H,

for some H € N and some suitable Laurent polynomials cys 7, h =0,..., H. We require that
at least one pair ay, B, € Ny satisfies aj, + f, = 2], otherwise the subdivision scheme S, ,
reproduces polynomials of degree strictly higher than 2/ — 1. We recall that for any k € N,
the univariate (2k)-point Dubuc-Deslauriers interpolatory subdivision schemes Sa, ;, Sa,, , in
Definition 6.1 with dilation 2 and m, respectively, both reproduce polynomials up to degree
2k —1. Thus, from (4.23), their symbols a; i, a,, r can be written as

a1(2) =2+ (1 - 2% by 1 (2),

(6.4)
ami(2)=m+1 -2 by (2, zeC\{0},
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

for suitable Laurent polynomials b, i, by, k. By Definition 6.2, using factorization (6.4), there
exist Laurent polynomials b j_k, by k+1, K=0,...,J =1, such that

J-1 J-2
am @ =) az5-k(21) A is1(22) = Y Ao, j——1(21) Ay k41 (22)
k:0 k:o
J-1
=Y [2+=202 P by iz (m+ (1= 2024 by g (22)
k=0
J-2

-y (2 +(1—z)2U" kD bz,]—k—l(Zl)) (m + (1 — zp) 2+ bm,k+1(22))-
k=0

Rearranging the terms in the above expression, we obtain

J-1 J-1
amy@ =2mj+m Yy 11—z by ;1 (z1)+2 ) (1-22)* %V by, 141 (20)
k:0 k:O
= 20—k 2(k+1
+Y 1=z =202 Vb, 1 1(21) byks1(22)
k=0

Jj-2 Jj-2
—2mJ-D-mY Q-2 Vb, (@) -2 Y (1= 2" "V by 1 (22)

k=0 k=0
J-2
-y - 21)2UFD (1 = z,)2Wk+D) by, j—k-1(21) by, ic+1(22)
k=0
=2m+m(l- Z1)2] bgy}(zl) +2(1- 22)2] bm,](ZZ)
J-1
+ Y (11— 22U R - zy)?**+D by, 1k (21) b, kc+1(22)
k=0
J-2
-y - 2020700 = )28 D by st 1(20) s (22)
k=0
2]
=2m+) (1-z)*(1 —2)Phepg (@)
h=0
where
2] h:0, 0 hzoy
0 h: 1, 2] h: 1)
ap = Bn=
2(J-h+2) he{2,....,]+1}, 2(h-1) hef{2,...,]+1},
2J-h+1) he{J+2,...,2]}, 2(h—-J-1) he{J+2,...,2]},
and
mby j(z1) h=0,
me ](Zz) h= 1,
Cm,y,h(2Z) = '
by r—n+2(21) by, p-1(22) he{2,...,]+1},

—boor-ne1(21) byyn-j-1(z2) he{J+2,...,2]}.
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6.1. Anisotropic interpolatory subdivision

Note that
2] he{0,1,J+2,...,2]},

ah+ﬁh:{2]+2 hef{2,...,]J+1}.

Thus, the claim follows. [ |

By Theorem 4.3, an equivalent way to check the reproduction property of the anisotropic
interpolatory subdivision scheme S,,, ; in Definition 6.2, J €N, is to compute the u-th deriva-
tives of the subdivision symbol ay; ; with g€ N2, 1 < |u| < 2] -1, and to verify that they vanish
at 1, namely

Dfap ;(1)=0, meN, 1<|ul<2]-1.

Let us illustrate this fact on an example with J = 3. The subdivision symbol a3 of the
anisotropic interpolatory subdivision scheme S,,, , in Definition 6.2 is

2 1

ams@ = ar3_k(21) Ami+1(22) = Y Ap3-k-1(21) Ay k+1(22)
k:() k:0

= a2,3(21) am,1(22) + a22(21) Am,2(22) + az,1(21) Am,3(22)

—azp(21)am,1(22) = Az (2) Amp(22), 2= (21,22) € (C\{0})?,
where ay i, an, i are the symbols of the univariate (2k)-point Dubuc-Deslauriers interpolatory
subdivision schemes S, ,, Sa,, , in Definition 6.1 with dilation 2 and m, respectively. In order

to show that the anisotropic interpolatory subdivision scheme S,,, , reproduces polynomials
up to degree 2] — 1 =5, we need to show that

Dfay3(1)=0, meNZ,  1<|ul<5.

Let = (i1, 42) € N3 such that 1 < |p| < 5. Then, we have

2 j01 Atz 1 M1 Atz
D"aM,s(l):];) T az,s_k(l)mam,kﬂ(l)—kzo i @23-k-1 (D)~ Gk (1)
= 1 2 = 1 2
am darz dam dar: am darz
:dz” az3(1)—;- am1(1)+dz‘“ aZ'Z(l)dz”Z am2(1) + i 6121(1)d am,3(1)
1 2 1 2 1
am darz am ar

7 azz(l)d z am,1(1) = i az'l(l)dzfz am,2(1).

If ui #0, i = 1,2, due to the reproduction properties of the univariate (2k)-point Dubuc-

Deslauriers interpolatory subdivision schemes S,, ,, Sa,, ., k = 1,2,3, we have
am arz r
ap S—k(l)_am k+1(1) =0, =0,1,2
2 pz
dz}' dz,
dt dar

a2,3—k—1(1)mam,k+l(l) =0, k=01

H1
dz; >
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

If yy =0and up €{1,...,5}, we get

p 2 JH2 ZI: drz
D%ap3(1) =2 ) —rami+1(1) =2 ) —amk+1(1)
k=0 dzg‘z k=0 dzgz
arz 6.5
:Zmdm,s(l) (6:5)

2
=0,

where the last equality holds true due to the fact the 6-point Dubuc-Deslauriers interpola-
tory subdivision schemes S,,, , reproduces polynomials up to degree 5. Similarly for u, =0
and u; €{1,...,5}. Thus, the anisotropic interpolatory subdivision scheme S,,, , reproduces
polynomials up to degree 5.

Therefore, the combination of the univariate Dubuc-Deslauriers interpolatory schemes in
Definition 6.2 is chosen in a special way to guarantee the identity (6.5). This special structure
is also reflected in (6.3).

6.1.4 MINIMALITY PROPERTY OF S,

In [50], Ron and Jia constructed a family of interpolatory subdivision schemes with dilation
2 0

matrix M = ( 0 2) and minimal support. The first aim of this subsection (see Proposition

6.3) is to generalize the result of Ron and Jia to our setting with dilation matrix M in (6.1).
Then, in Theorem 6.4, using Proposition 6.3, we show that Definition 6.2 provides a closed
formula for the symbols of the minimally supported interpolatory subdivision schemes. Note
that the existence of such interpolatory schemes follows from the unique solvability of the
corresponding interpolation problem. We are interested in providing a closed formula for their
masks.

Proposition 6.3. Let ] € N. There exists a unique interpolatory subdivision scheme with dilation
matrix M in (6.1) whose mask cy;,; satisfies

(i) cp,y has support

{(ay,@2) €72 : mlay|+2|laz| <2mJ—-2+mic{1-2],....2] -1} x{1—-mJ,...,mJ—1},

(ii) €,y is Symmetric,
(iii) Scy,,; reproduces polynomials up to degree2] — 1.

Before proving Proposition 6.3, we present a constructive example in order to clarify the
technical steps of the proof.

Example6.3. Let ] = 3 and M = diag(2,3) (i.e. m = 3). We construct a mask ¢y 3 such that

cua(ag,az) =0, V(ay, ) ¢ {(ay, az) € 7% : 3lay| + 2]z <19} c {-5,...,5} x {-8,...,8},
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6.1. Anisotropic interpolatory subdivision

and the associated subdivision scheme S, , with dilation M is interpolatory, symmetric and
reproduces polynomials up to degree 2] — 1 = 5. Notice that this size of the support is dictated
by the desired polynomial reproduction property of the scheme we want to construct.

Step 1. We fix the support of the mask cjs,3 (unknown entries are denoted by *)

O O OO % ¥ ¥ ©O O OO
O O OO % ¥ ¥ OO OO
O O O % % % % ¥ O O O
O O % ¥ ¥ ¥ ¥ ¥ ¥ OO
O O % % % ¥ ¥ ¥ ¥ ©O O
O % ¥ X ¥ ¥ ¥ ¥ ¥ * O
¥ ¥ K ¥ KX X ¥ ¥ ¥ ¥ ¥
¥ ¥ K ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
P O A T T S
¥ ¥ K ¥ X X ¥ X ¥ ¥ %
E I . T R SR
O ¥ ¥ ¥ ¥ K ¥ ¥ ¥ x O
O O % % ¥ ¥ ¥ ¥ ¥ OO
O O % ¥ ¥ ¥ ¥ % ¥ OO
O O O % % ¥ ¥ ¥ O OO
O O OO ¥ ¥ ¥ OO OO
O O OO % ¥ ¥ ©O O OO

Step 2. We impose the interpolatory conditions cy;3(0,0) = 1
(a1, az) € Z*\ {0}

cm3(2ag,3az) =0, Va =

O O OO % ¥ ¥ O O OO
O O OO ¥ ¥ ¥ OO OO
O O OO % © %x ©O O OO
O O % ¥ ¥ ¥ ¥ ¥ ¥ OO
O O % % % ¥ ¥ ¥ ¥ ©O O
O O % O % O© % O % © O
* ¥ K ¥ X X ¥ ¥ ¥ ¥ ¥
¥ ¥ K ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
¥ O % O ¥ =% O % O %
R T S T S S
R R O T T R
O O ¥ O ¥ O % O % O O
O O % ¥ ¥ ¥ ¥ ¥ ¥ ©O O
O O % ¥ ¥ ¥ ¥ % ¥ OO
O O OO ¥ O % OO OO
O O O O % ¥ ¥ © O OO
O O OO % % ¥ ©O O OO

Step 3. We define the remaining coefficients of c);3 symmetrically and such that they
guarantee the property of polynomial reproduction of polynomials up to degree 2/ —1 =5. The
latter condition leads to invertible systems of equations (one interpolation problem for each
submask). They yield
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0 0 0 0 0 0 5 5 25| 5 s 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 37 5% O —%iz ~3se 6 35 oz 0 s 3 0 0 0O
0 0 0 O 0 0 0 0 0 0 0 0 0 0 0 0 O
74 g _J21 _ 605 y 20809 20809 | 75 | 20809 20809  _ 605 _ 121 o 4 7 _
1458 729 2916 11664 93312 46656 128 46656 93312 11664 2916 729 1458
. 8 9 6 _70 g 280 560 1 560 280 o _70  _56 o 8 7
729 729 729 729 729 729 729 729 729 729 729 729
7 4  _l21 _ 605 ) 20809 20809 | 75 | 20809 20809 y _ 605 _ 121 o 4 _7_
1458 729 2916 11664 93312 46656 128 46656 93312 11664 2916 729 1458
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 5% 5 25| w5 a5 0 0 0 0 0 0

Notice that the main column and row of cj; 3 are the univariate binary a, 3 and ternary as 3

6-point Dubuc-Deslauriers masks defined in Examples 6.1 and 6.2, respectively.
Proof. [of Proposition 6.3] Recall by (4.12) that

I={(kj)eN2:ke{0,1}, j€{0,...,m—1}}

<

is a complete set of representatives of the distinct cosets of Z2/MZ?. Every interpolatory mask
areproduces polynomials up to degree 2 — 1 if and only if it satisfies the sum rules of order 2/,

i.e. by (4.17)

Y a(k+2ay,j+maz)(k+2a)" (j+ maz)™ =6y,
aez?
(k, j) €T\ {(0,0)},

=, ) NG +pp <2J - 1, a=(ay,a) €z

Notice that, for (k, j) = (0,0),

Y a(2a, mag)(2a1)’“ (maz)uz =00 1= (U1, 42) € N% Tt pp=2J-1,

aeZ?

is automatically satisfied if we assume the interpolatory property (4.9) of a.
The construction of the mask ¢ y satisfying (i) - (iii) is splitin 3 Steps.
Step 1 (support size). We set cps j(a1,a2) =0, Va = (a1, az) € 72 such that

lail>2] -1, las| >m]—1, mlap|+2|az| >2mjJ -2+ m.

Thus, condition (i) is satisfied.
Step 2 (interpolation). We impose the interpolatory conditions

e y(0,00=1,  cpyRa, may) =0, Va=(ay,a)eZ*\{0}.

Thus, (6.7) is satisfied.
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6.1. Anisotropic interpolatory subdivision

Step 3 (symmetry and polynomial reproduction). The system of equations in (6.6) naturally
splits into #I' — 1 = 2m — 1 separate linear systems of equations, one for each (k, j) e ' =
I'\{(0,0)}. Imposing the symmetry of cys, 7, the number of unknowns in the systems of equations
(6.6) for (k, j) e "\ {(1,0)} can be reduced by a factor of 2. The corresponding J(J+1) x J(J + 1)
system matrices are invertible, which we prove in Step 3.a. We treat the case (k, j) = (1,0)

separately, due to the special symmetry of the corresponding submask. This case is analyzed
JU+1) y JUJ+1)

in Step 3.b and the corresponding

Step 3.a. Let (k, j) e T"\ {(1,0)}.
Symmetry in a;: we only need to determine the coefficients cys j(k + 21, j + may) for
a = (a1,az) € Ng x Z and such that (ii) is satisfied, i.e.

system matrix is also invertible.

0<k+2a;=<2]-1, O0<l|j+maxl=mJ-1, 0<sm(k+2a,)+2|j+may|<2mjJ-2+m. (6.8)

We call A the set of the indices in (6.8). We first determine the geometric structure and the
cardinality of A. First, we consider the inequality 0 < k+2a; <2/ —1in (6.8). Since k€ {0,1},
we have

1+k
} O<a;<Jj—1.

O<k+2a,<2]—1 < 05a1s1—[7

Next, we focus our attention on the inequality 0 < |j + maz| < mJ — 1 in (6.8). We observe that
j+may=0 < a, =0, thusforeveryje{l,...,m—1}wehave

» for as =0:

1+
Osj+mar=mj-1 < Osazs]—[Wq — 0O=sax=s/-1,

» for as <0:

O<—j—-ma=mj-1 < 0<—azs]+{]7J — l<-ay=<].

Finally, we analyze the last inequality 0 < m(k +2a;) + 2|j + may| <2mJ -2+ min (6.8). Let
a1 €1{0,...,J—1}. Then, we have

* for as =0:

{1+j—‘ {l—kJ
Osar<J—a;- + ,
m

Osm(k+2a))+2(j+maz)<2mj-2+m << 5
— 0O0<say<J—-a;—-1,

» for as <0:

O<m(k+2a;)-2(j+maz)<2mj-2+m < 0<—ags]—a1+v%J+r%kJ,
— l<-arx<]—-a;.

97



Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Combining the above observations, we get
A:{a:(al,az)el\loxz:05041s]—l,al—/’sazsl—al—l}.

Thus, the cardinality of the set A is

J-1
#A= Z 20-a)=JU+1),

a1:0

i.e. the number of unknowns in (6.6) for fixed (k, j) e "\ {(1,0)} is J(J + 1). Moreover, due to
the symmetry in a4, (6.6) is automatically satisfied for odd p,. Therefore, we solve

Y a(0,j+maz)du,0(j+maz)®+2 ) al2a1,j+ maz)(Zal)zul (j+ma)* =60 k=0
gex}), ae;é}),
1= a)

Y a(k+2ay, j+maz)(k+2a1) (j+maz)*® = 16,0 k#0,
acA
(6.9)
with pe M ={(u, 2) €Nj : 0 <24 + pp < 2] — 1}. We notice that #M = #A = J(J +1), i.e. the
corresponding system matrix is indeed a square matrix.
Symmetry in a;: it allows us to reduce the total number of linear systems in (6.9). Note that
the systems in (6.9) for j€ {1,...,22}and m— j e {2, ..., m—1} are equivalent, indeed

Y a(k+2ay, m— j+may)(k+2a:)* (m— j+may)*

ac A
= Y a(k+2a;,—j+ mlaz+ 1) (k+2a)* (= j + m(az + 1)
ac A
=Y a(k+2p1,—(j+mpB))(k+ 2[51)2”1 (=(j + mB)", (P1, B2) = (a1, —ax—1),
PeBB
= (D" Y a(k+2B, j+mpa)(k+2B1) (j + mB2)*?,
peB
where
B={B=(f1,2)eNgxZ:0=p1<]-1,p—-J<Po<]-p1-1}.
Thus, we only need to consider the case j € {1,..., mT'l }. The corresponding square matrix

((k+20¢1)2“1 (j+ mag)uz)
(a1,a2)€A, (u1,42)EM

is non-singular [65, Theorem 3.3]. Therefore, for any j € {1,...,’"7_1 }, the linear system of
equations (6.9) is uniquely solvable and its solution is

C k+2ay,j+ma ) .
( M, ( 1] 2) (@Laned
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6.1. Anisotropic interpolatory subdivision

Step 3.b. Let (k, j) = (1,0). Due to the symmetry in a; and a3, (6.6) reduces to the following
system of equations

1
Y a(1+2a;,0)(1+2a1)* 6,042 Y a(l+2a;, may)(1+2a,)*! (maz)z“zzgﬁﬂ,o, peM,

acA, acA,
ao =0 ao #0

(6.10)
where
A ={(aj,a)eN;: 0<a;<J-1,0<sap<J—aj—1},

M ={(uy, 2) NG : 0 <2y +2up < 2] —1}.

We notice that # A" =#M' = J(J +1)/2. By [50, Lemma 4.1], the square matrix

((1 +20¢1)2”1 (mag)zuz)
(a1,a2)e A, (p1,p2)eM’

is non-singular. Therefore, the linear system of equations (6.10) is uniquely solvable and its
solution is

(o 1+2a;, ma ) .
( MJ( ! 2) (ay,a2)e A’

We notice another special property of the masks ¢,y in Proposition 6.3.

Remark6.1. Let J € N. Since the mask a, ; of the univariate binary (2/)-point Dubuc-Deslauriers
interpolatory subdivision scheme S,, ; in Definition 6.1 satisfies the sum rules of order 2/, the
solution of (6.10) is given by

ag,](l +20§1), ay = 0,

a=(a,aeA.
0, az # 0)

CMJ(I +2a1, may) = {

Analogously, the solution of (6.9) for (0, j) eI/, j€{1,...,m—1}, is given by

am,(j+mayz), a;=0,

a=(a,az) €A,
Or al#oy

cm,yCay, j+may) = {

where a,,  is the mask of the univariate (2])-point Dubuc-Deslauriers interpolatory subdivi-
sion scheme S,,, , with dilation m in Definition 6.1.

We now show that the masks in Definition 6.2 and the ones obtained in Proposition 6.3
actually coincide.

Theorem 6.4. Let ] e N and M in (6.1). The mask ayy,j of the anisotropic interpolatory subdvi-
sion scheme S,,, , in Definition 6.2 satisfies

(i) apgj has support

{(a1,a2) € 7% : mlay| +2|az| <2mJ—-2+m}c{1-2],...,2] -1} x{1—-m]J,...,mJ] -1},
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

(ii) apg,j is symmetric,
(iii) Say,, reproduces polynomials up to degree2] — 1.

Proof. Step 1. Condition (ii) follows directly from Definition 6.2 and from the symmetry of
the univariate masks ay , a,, 5, h = 1,...,J, in Definition 6.1.
Step 2. Condition (iii) follows directly from Proposition 6.2.
Step 3. We focus our attention on condition (i) . The univariate masks a j,, a,,,5, h€1{1,...,J},
in Definition 6.1 have supports {1 —-2#h,...,2h—1}and {1 —mh, ..., mh - 1}, respectively. Thus,
for k=0,...,J—1, the masks associated to the symbol

a2, )-1(2) A e+1(22), 2= (21,22) € (C\{0})?,
in the first sum in Definition 6.2 have support
Sr={1-200-k),...,20-k) -1} x{l1-m(k+1),...,m(k+1)—1}.
Moreover, for k=0,...,/—1, we have
mlail+2lazl <m(2U—-k)—-1)+2(mk+1)-1)=2mJ-2+m,  (a1,a2) € Sk.

Thus, the mask associated to the symbol
J-1
Y arj-k(z1) Amp+1(22),  z=(z1,22) € (C\{0})?,
k=0

in Definition 6.2 has support
A={(a, @) € Z% : mlag| +2|azl <2mj -2+ m}c{1-2],....2] =1} x {1 -m],...,m] - 1}.

Using the same argument, the support of the mask associated to the symbol

J-2
Yy k-1(21) i (22),  z=(21,22) € (C\{0})?,
k=0
in Definition 6.2 is contained in .A, so that the support of the mask ay,, ; satisfies (7). |

6.1.5 CONVERGENCE OF CERTAIN SaM,,

In this section, we only analyze convergence of the schemes used in section 6.4. In [16], Charina
and Protasov presented a detailed regularity analysis of d-variate anisotropic subdivision
schemes. Especially, their results allow us to use the algorithm in [47] for the exact computation
of the Holder regularity of an anisotropic subdivision scheme.

Definition 6.3. A convergent subdivision scheme S, with dilation M and mask p has Holder
regularity a € (0, 1] if its basic limit function ¢ has Holder exponent @, namely

ap=sup{ae©1]: Ip(+h) - Pl < ClhI% heR? ],
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6.1. Anisotropic interpolatory subdivision

The main ingredient of the regularity analysis in [16] is the so-called joint spectral radius [62],
which is a generalization of the classical notion of spectral radius of one square matrix to a
finite (or compact) set of square matrices.

Definition 6.4. Let V = {V},..., V;} cRN*N | N e N, be a finite set of square matrices. The joint
spectral radius of V is defined by

p() = lim max{ IV, - Vj """ : Vi, eV, i= 1.k},

The limit in Definition 6.4 always exists and does not depend on the choice of the matrix
norm ( [62]). For practical interest (see Section 6.4), we check the continuity and compute the

2
Holder regularity of some elements of the family S,,, , with M = ( 0

first define the set V. The size of the elements of } depends on the support of the basic limit
function and the cardinality of the set Q in (6.12).

Let J € N and ¢a,, , be the basic limit function of the anisotropic interpolatory subdvision
schemes S in Definition 6.2. By [10, Proposition 2.2 and (2.7)-(2.8)], we have

0
), m =3,5. To do so, we
m

ap,j
5] .
supp ¢a,,, < K =1 x€ R?:x= ZM_]akj, @), € supp ap,; c R%. (6.11)
j=1

Since ¢,,, , is compactly supported, K is a compact set. Thus, due to [10, Lemma 2.3], there
exists a minimal set Q < Z? such that

KcQ+100,1°= | (w+10,1). (6.12)

we)

The minimality of Q reads as follows: if there exists Q = Z? such that K = Q +[0,1]%, then Q 2 Q.
We refer to [10] for more details.

Let N = #Q. By (4.12), T = {(k, J) EN(Z) :ke{0,1}, je{0,...,m—1}} is a complete set of
representatives of the distinct cosets of Z>/MZ?. Notice that #I" = 2m. For every y € T, we
define the transition matrix

Ty = (aM_](Ma —b+ Y))a,ﬁeo'

We denote T = { Ty : y €T’} the set of all the transition matrices. Notice that #T =2m. For
every y € I, the rows and columns of T, are enumerated by the elements from the set Q,
thus T, € RN*N_ By construction, the entries of any column of Ty sum up to 1, thus T) has
eigenvalue 1 (i.e. there exist vo # 0 € RN such that T, yVo = Vo). This property of 7 implies
([10,53]) the existence of certain invariant subspaces of 7 crucial for the definition of the set
V. To determine these invariant subspaces, we define the vector-valued function

v: 0,112 — RY,
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Now we are able to define the following subspaces of RV
U = span {v(y) - v(¥) : x,y € [0,1]*},
Uy = span {v(y) - v(® : x,y€[0,11%, y—x= (a,0), a e R}, (6.14)
Uy = span {v(y) - v(®) : x,y€ [0,11%, y—x= (0, 8), Be R},
invariant under 7. Notice that U}, U, contain differences in the directions of the eigenvectors
of M. Finally, we define
V=Tly={Ty|v:yel}, Vi =Vly, and Vo =Vly,.

The following statement is a direct consequence of Theorem 1 in [16].

Theorem 6.5. Let ] € N. The basic limit function ¢a,, , of the anisotropic interpolatory subdvi-
sion scheme S,,, , in Definition 6.2 belongs to C (R?) ifand only if p(V) < 1. In this case, ¢ has
the Holder exponent

Xpay,; = min{logllz pO),10g; ), p(V2) }

In order to properly end this section, we would like to answer a few questions which naturally
arise after reading of the above analysis:

QI. How to determine the spaces U, U; and U (¢a,,, is not known analytically)?
Q2. How to determine the sets V, V; and V,?

The questions Q1. and Q2. will be answered in the following Example.

20
Example6.4.Let J=1and M = (0 3). The anisotropic interpolatory subdvision scheme S, |

in Definition 6.2 has the mask

N =N
w o w
N DN

1 1
ap,1 = = 2 2
6 1 1

Since the support of the basic limit function is a subset of [-1, 112 (see Figure 6.1 and (6.11)),
we determine Q = {—1,0}%, N = #Q = 4. For

0) (0) (0) (1) (1) (1
TR A A
the corresponding transition matrices are

1 000 2100 3200

T_12300 T_11200 T_lOIOO
©CO=6l 102 0] OO=6l 21 4 2/ 027613 2 6 4|

2 3 46 1 2 2 4 010 2

2 010 4 2 2 1 6 4 3 2

7oo_1[4623 ool 241 2 oo 10201

WW=loo 10| ®7gloo0o2 1) 276l 0 0 3 2

0 023 0 01 2 0 001
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6.1. Anisotropic interpolatory subdivision

/

///////
Y\

//////////////4

Figure 6.1: Basic limit function of the anisotropic interpolatory subdvision schemes Sa,,,, M =
diag(2, 3).

Let us compute the spaces U, U; and Us.
Space U: the transition matrix T{o,0) has eigenvalue 1 with respect to the eigenvector vy =
(0,0,0,1)”. To determine U, we proceed as follows using Algorithm 1 from [16].

Step 1. We define W = span { T)vo—vy : y e\ {0} }.

Step 2. We compute recursively
WD = w®y span { ,w® :wP ew®, yerl, 1<k<N-1

until dim (W®) < dim (W&+D),
Step 3. We define U = W,

Notice that the constraint 1 < k < N — 1 makes sense since

N
UcW={w=(wi,...,wy) eRY: Y w;=0}={weR¥:wll}, dimW=N-1.
i=1

In our case,

U = span { T(o,1yvo — Vo, T1,00v0 — Vo, T1,1)Vo — Vo }

1 0 0
1 0 . _
= span o | o | 1 , dim U = 3.
-1 -1 -1

Space U : In order to determine U;, we use the algorithm above with a different starting
vector. By (6.14), we compute vy = v((1,0)) — v((0,0)), l[vpll; = 1. By definition (6.13) and due to
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Pay, (@) =6q0, Vace 72, we have

¢aM,1((1’0)+(_1y_1)) 0
(1,0) +(-1,0) 1
v((1,0)) = (¢aM,1 ((1,0) + w)) _ Pay, ( ) _ cR*,
@ | gy, ((1,00+(0,-1)) 0
Pay, ((1,0)+(0,0)) 0
Pay, ((-1,-1) 0
_ _| Pana(LO) | _[0] s
0((0,0) = (ay, @) = o) |=[o]e®
(,baM,l ((0)0)) 1
Similarly to the computation of U with vy = (0,1/2,0,-1/ 2)T we obtain
1 0
0 1 .
U1 = Span { T(O,I)VO —Vp, T(O,Z)VO —Vo} = Span 1|’ 0 , dim U1 =2.
0 -1

Space U,: In order to determine U», by (6.14), we compute vy = v((0,1)) — v((0,0)), Ivoll; = 1.
Following the procedure described for the construction of U;, we have vy = (0,0,1/2,-1/2) r
and

1 0
-1 0 .
U2 = span { T(O,I)VO —Vp, T(LO)VQ —Vo} = span 0 , 1 , d1m Ug =2.
0 -1
Note that U = U; J Us.
Let us compute the set ).
Step 1. We extend U cR*, dim U = 3, to R* choosing
1 0 0 1
0 1 0 0
4 _
R* = span o | o | 1 1] o
-1 -1 -1 0
Step 2. We define the matrix S
1 0 01
_ 0 1 00 4x4
5= 0 o 10 |F
-1 -1 -1 0
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6.2. Anisotropic approximating subdivision schemes

By construction, the matrix S is invertible and, thus, we can compute the matrices
-1 4x4
By =S8 T, SeR™™, Y eT.

The matrices By have a block structure. More precisely, the square upper-left block of B, of
size dim U x dim U is the restriction of T to U, namely

1 0 0] -5 2 1 0] -4 3 2 0] -3
2 3 0| 2 1 20 1 0 10/ 0

_1 _1 _1
Boo=5|1 0 2/ 1| BonZs|o -1 2f 2 PBe2Zs| L1 2 2| 3
000 6 0 00 6 0 00 6
20 —4 3 1 1] -2 4 2 0
13 -1| 4 0 -1 2 11 -1(0

—1 _1 _1
Buo=3| ¢ o o|" Bav=5| Ly _; 1| ol Bu2=%| L, _» 0
00 0 6 0 6 0 0 6

Finally, V is the set of the restrictions of 7)., y € T', to U. In our case,

(1 00Y) (2 10y, (3 20

v:{-zso,-120,-010,
®l102)%0-12/% -1 22
(20 1y, (3 1 1Y), 4 2 1
13 <12 0o 2 1|2 -1 1 }
®loo 1)% -1 -1 1)% 2 2 1

Now, let us focus on the construction of V;, V». Since Uy, U, are invariant subspaces under V,
we can directly compute the restrictions 7 |y, and 7T |y,, respectively. Thus, we can apply the
same algorithm used to determine V and we get
bslo 1]
) 6 .

P R HH RS

Notice that #V, #V, <6 since Uy N Us # @. <

In Table 6.1, we check the continuity and compute the Hoélder regularity of S,,,, with
M e {diag(2,3), diag(2,5)} and J € {1,2} following the procedure presented in Example 6.4.
To compute the joint spectral radius, we use the software jsr-pathcomplete from the joint
spectral radius matlab toolbox [57] based on [1].

3 2
01

10
1 2

21
01

6.2 ANISOTROPIC APPROXIMATING SUBDIVISION SCHEMES

In this section, we consider only the dilation matrix M = ( ) The aim of this section

0 3
is to provide a family of approximating subdivision schemes as reference schemes for our
multigrid examples (see Propositions 6.11 and 6.13). Especially, in Section 6.4, we show that
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Dilation matrix Subdivision scheme (V) (V1) p(Va) ay

vo[? 0 Sans 0.50000 0.50000 0.33333 1
“lo 3 Sans 0.50000 0.50000 0.33333

Mvo[? 0 Sans 0.50000 0.50000  0.20000
“lo 5 Sans 0.50000 0.50000  0.20000

Table 6.1: Continuity and Hélder regularity of Sa,, , (Theorem 6.5).

20
for M = ( 0 3) the interpolatory subdivision schemes in Definition 6.2 are computationally

superior to the approximating subdivision schemes that we define in this section. We first
introduce a family of symmetric four-directional box splines, see Definition 6.5, then we define
a new family of symmetric four-directional approximating subdivision schemes, see Definition
6.6.

Definition 6.5. Let J € N. The anisotropic symmetric four-directional box spline Sg, of order J

and dilation matrix M = (é g) is defined by its symbol

J12]

/2
(1+z1)2 (1+zg+z§)2)u ]((2+zg+z1zz+2z1z§)(2z1+zz+z1zz+2z§) L

4Z1 9Z§ 3621 Z%

B](z):6(

forz=(z1,22) € (C\ {0}

In order to understand the definition of the symbols By, J € N, in Definition 6.5, we need to look

closely at the “basic” Laurent polynomials By and B,. For J = 1, the symbol B; in Definition 6.5

becomes

(1+21)2 (1+ 25 + 25)?
4z, 9z5

Bi(z) =6 ,  z=(z1,2) € (C\{0})%

The factors (1 + z1)%/(4z1) and (1 + 2z, + 25)*/(9z5) are called first and second direction and they
are the symbols of the univariate binary and ternary linear B-splines, respectively. Thus, the
subdivision scheme Sg, generates polynomials up to degree 1 (by a tensor product argument)
and its mask B; is symmetric and minimally supported,
12321
1
)
1=5 24642
12321

For J = 2, the symbol B, in Definition 6.5 becomes

)2

A+21)2 (1 +22+25) 2+ 22+ 2122 +22125) 221 + 22 + 21 22 + 225)
4z; 9z5 362125 ’

z=(z1,22) € (C\ {0}

By(z) =6
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6.2. Anisotropic approximating subdivision schemes

The factor (2 + zp + 2122 + 221 25) (221 + 22 + 21 22 + 225) (3621 25) represents the product of the
so-called third and fourth directions. We computed such a symbol B, in order to guarantee
that the subdivision scheme Sg, generates polynomials up to degree 3 (Proposition 6.7) and its
mask B, is symmetric and minimally supported,

02 918 23 189 20
4 16 40 64 76 64 40 16 4
8 28 62 92 106 92 62 28 8
4 16 40 64 76 64 40 16 4
02 918 23 189 20

216

Finally, the definition of such a symbol By, J € N, in Definition 6.5, guarantees that the subdivi-
sion scheme Sg, generates polynomials up to degree 2] — 1 (Proposition 6.7) and its mask By is
symmetric.

In order to prove Propositions 6.7 and 6.8, we need an auxiliary Lemma.

Lemma 6.6. Let ] € N. The Laurent polynomial B; in Definition 6.5 satisfies

(131 oy
Bj(z)=6 ( 2 )(—1)119“) (z1) b2 (2,),

=\ IR
bW (z)) = ((”Zl)z)j_j ((1 z )2)]
1 4z 4z,
J=i 22\ J
(1+ 25 + 25)* (1-25)
b%(z-?):( 22 ? ) ( > ) z=(z1,25) € (C\ {0}
9z; 9z;

Proof. We observe that the product of the third and the fourth directions can be written as

R+2+2122+22125) 221+ 22+ 2122 +225)  (1+21)2 U+22+25)°  (1—21)*(1—25)?

362125 4z, 9z5 362125

Using this identity, for z = (z1, z2) € (C\ {0})?, we can rewrite the Laurent polynomial B; in
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Definition 6.5 as

A I
(I+202 (+20+292)\ 2 (14 20)2 (I+z+2)° (1-20*0-25)° 2]
4z 9z2 4z 9z2 36z1z§

B (2) :6(

P ;
26((1+zl)2(1+z2+z§)2) é(t J)( 1)]((1+zl)2 (1+2;+22) )lZJ J(u—zl)zu-zg)z)f
[

4z; 9z2 4z, 972 362125

2 2

DI~

o & (B Ly at Atz 2 Ta-z2a-z2)
izo\ J 4z 9z5 362125
:6[5 12) (_1)]((1+z) )’ J(u z)z) (1+z+292) 7 (1-22)2)
izo\ J 4z 4z 9z5 9z5
A
& 3] J @ @)
=63 | |/ by e b ).
Jj=0

Proposition 6.7. Let ] € N. The anisotropic symmetric four-directional box spline Sg, of order |
in Definition 6.5 generates polynomials up to degree2] — 1.
Proof. We proceed by induction.
Step 1. For ] = 1, the base case is trivial due to a tensor product argument.
Step 2. Let us suppose that for any J > 1, Sg, generates polynomials up to degree 2] —1. We
want to show that Sg,,, generates polynomials up to degree 2(J + 1) —1 = 2] + 1. By definition,
the symbol of the anisotropic symmetric four-directional box spline Sg,,, satisfies the recursive
formula
Bj(21,22) - gBi(21,22), J even,
Bji1(z1,22) =
Bj(z1,22) - Q(z1,22),  Jodd,

where
2+ 22+ 2122+ 22125) (221 + 22 + 2122 + 2z2)

Z1,22) =
Q(z1, 22 362,22
For J even, Sg; € Z»;-1 by induction and Sg, € Z by Step I, thus, Sg,,, € Z2+1.
For J odd, we cannot apply the same argument as before since Q(z;, z2) does not vanish on
Ey\{(, D} LetaeN?, |@| <2]+1. Applying the Leibniz formula to Bj;; we get

D(al,az)B]+1(z1,Z2) Z Z (

B1=0 B2=0

(IB )D(ﬁl’ Z)B](Zl 2) - D(Gfl Br,az— ﬁZ)Q(Zl 2). (6.15)
2

The following analysis is splitin 2 steps: || =2J and || = 2] + 1.
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6.2. Anisotropic approximating subdivision schemes

Step 2.a. Let || € N2, || = 2J. From (6.15), by induction, we get
D@2 B (21, 25) = D' By(21, 22) - Q(21, 22).
By straightforward computation, we have
Q(e) =0, cc { (1,82/3”1), (1,e4/3”i), (-1,1) }’

thus . )
D(al,az)B]+1(£) — 0’ c€ { (1,62/37[1), (1,64/37[1), (_1’ 1) } .

Now we need to study the behavior of D@2 B, (¢), i.e. the behavior of D'**?) B/ (¢), for

cc EM\ { (1, 1)’ (1,62/37“), (1’e4/37li), (_1, 1) } — { (_1’e2/37'[i)’ (_1’e4/37li) } .

W.l.o.g., we focus our attention on € = (—1, e2/3”i). By Lemma 6.6, for odd J, we get
(a1,a2) z ]_1 an . a ¥)
a1, J
D™ By(z1,20) = 6}20 i (-1 ocl b]](Z ) gz b]](Zz), (6.16)

thus, in order to compute D*"%2) B;(¢g), we need to study separately the behavior of

a () dfr da-p .
m b}lj(z) - Z ( 1) (1+21)?77 — g a-2)?)
dz z1=—1 ﬁl le z1=—1 lel ! z1=—1
and
dez @ (a,\ dPz Ad%2—B2
az b(]Z)(ZZ) — Z 2 (1+2» +Z2)2(] b)) -9 Z22](1 ZZ)Z]) ,
dz J Z=e23m =0 B2 dzﬁ Zp=e2/37i dzgz_ﬁ zp=e2/37i
. J-1
for j=0,..., 5.

Noticethatforanyje{0,...,%},wehave2(]—j)E{]+ 1,...,2]}.
Casel:Letcn€{O,...,]}.ForanyﬁlE{0,...,a1}andforanyje{0,...,%},wehave,61 <a; <

J<2(J—j). Thus,
dap

dzf1

(14272077 =0,

le—l

and we get D(“l'“z)B](e) =0
Case2:Leta;e{J+1,...,2]}. Thenas, =2] —a; €{0,..., ] — 1}. Using the same argument as

before, for any 8, € {0,...,a2} and forany j € {0,...,];—1}, we get
db: .
(1+ 25 + 25)2U)) =0.
dz§2 2, =e2/3

Thus, from (6.16), we get D(“l'“Z)BJ(e) =0for|a|=2].
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Step 2.b. Let |a| € N2, |@| = 2] + 1. From (6.15) and Step 2.a., we get
D@9 B; . (21, 25) = DYV By (21, 2) - Q(z1, 22).

Thus, similarly to Step 2.a., we need to study the behavior of D*%2) B}, | (¢), i.e. the behavior
of D@92 B;(g), for

We notice that

* a1 €1{0,...,J}: for any 5, e{0,...,a1}andforanyjE{O,...,];—l},wehaveﬁl <sa1<J<

20-7,

* are{J+1,....2]+1}ax=2]+1—-a; €10,..., ]}, thus for any 8, € {0,..., a2} and for any
j€{0,....,51}, wehave o <ap < J <20 - j).

Thesis follows from the same argument of Step 2.a. |

Proposition 6.8. Let J € N. The anisotropic symmetric four-directional box spline Sg, of order |
in Definition 6.5 reproduces polynomials up to degree 1.

Proof. In order to prove Proposition 6.8, by Theorem 4.3 and Proposition 6.7, we need to

show that
(i)  Bj;1,1)=|detM]| =6,

(ii) D*B;(1,1)=0, VaeNZ:|al =1,
(iii) D*Bjy(1,1)#0 for some @ € N3 : || = 2.
(i) By Definition 6.5, By(1,1) =6.
(ii) Let @ = (1,0), |&| = 1. Using Lemma 6.6 and noticing that b}z}(l) =0for j=1,...,[J/2], the
(1,0)-th directional derivative of B evaluated at (1, 1) becomes

4] (L%J

. d
(1,0) — _1)J 6] 2
DMB;1,1)=6) j)( 1) dzlb”(zﬂl b?1)

& a=17]]
_d (a+z?
T dzn 4z ) z21=1
:6]((1+zl)2)]_1 (1+Zl_(1+zl)2) = 0.
4z, z=1\ 221 4zf 21=1
=0

Analogously for ¢ = (0,1), || = 1.
(iii) Let & = (2,0), || = 2. We show that D@9 Bj(1,1) # 0. Using the previous argument, we get

. ((1+zl>2)]
dZ% 421

=3J.

z1=1

D*YB;(1,1)=6
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6.2. Anisotropic approximating subdivision schemes

Remark 6.2. Let J € N. The convergence of the anisotropic symmetric four-directional box
spline Sg, in Definition 6.5 follows by standard argument involving the smoothing factors.

We are now ready to define the family of anisotropic symmetric four-directional approxi-
mating schemes.

Definition 6.6. Let J €N, L€ {0,..., ] —1}. The anisotropic symmetric four-directional approxi-

mating scheme Sy, , of order (J, L) and dilation matrix M = (3 g) is defined by its symbol

L

By =Y Bj_i(z1,22) ) ¢, 61(2))62(22),  z=(21,22) € (C\ {0},
i=0 j=0
where ) 5
(1-2) (1-2)
S1(z)=——20  by(zp) = ———2,
1(21) 162% 2(22) 27z§’

and the coefficients c(]l’] ) are computed recursively as the solution of the system of equations

DR=D2DB, 1 (1,1)=68;9, j=0,...,i, i=0,...,L—1. (6.17)

Proposition 6.9. Let J € N, L € {0,...,]—1}. The anisotropic symmetric four-directional ap-
proximating scheme Sg, , of order (], L) in Definition 6.6 generates polynomials up to degree
2]-1.

Proof. By Proposition 6.7, for i = 0,..., L, the symmetric four-directional box spline
SB,_; € L3j-2i-1. By definition,

.. . ]
0 =I1s ]:(— ) € Joi1cToiq.
1(21) 2(22) 162% 2723 Joi-1< Loy

Since the ideal 7, k € N, is closed under addition, we have
i o ,
). C;L])51(Zl)l_]52(22)] € Lri-1.
j=0

We recall that, if the subdivision symbols py, p» satisty py € Z; and p» € Zg,, g1, g2 € N, then
pl * pz € Iq1+q2+1. ThUS,

i

Bj_i(z)- ) C(]i'j)51(21)i_j52(22)j €Zoy-1,

j=0
which implies
L i it .. .
By (z) = Z B;_iz- Z C]l'] 01(z1) 162 (20)! belongsto Zy;_4,
i=0 j=0
i.e. Sg,, generates polynomials up to degree 2] — 1. |
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Remark 6.3. Let JeN, Le {0,...,]—1}. The convergence analysis of the anisotropic symmet-
ric four-directional approximating scheme Sg;, in Definition 6.6 can be done similarly to
subsection 6.1.5.

Finally, we conjecture that for any J €N, L€ {0,...,J—1}, the anisotropic symmetric four-
directional approximating scheme Sg, , in Definition 6.6 reproduces polynomials up to degree
2L+1, and we actually verified this fact for J < 10. Notice that, if L = J—1, then Sg, , , generates
and reproduces polynomials up to the same degree 2/—1. Contrary to the univariate case, in the
bivariate case this property does not imply that the subdivision scheme Sg, ,_, is interpolatory.
Indeed, its mask B; ;_; does not satisfy the interpolatory condition (4.9). See Examples 6.8 and
6.9, for the masks B, ; and B3 5.

6.3 SUBDIVISION, MULTIGRID AND EXAMPLES

In this section, we provide grid transfer operators from the symbols of the anisotropic interpo-
latory and approximating subdivision schemes introduced in sections 6.1 and 6.2, respectively.
Especially, in subsection 6.3.1, we focus on the anisotropic interpolatory subdivision schemes

2 0
Say,;» J €N, in Definition 6.2, with dilation M = (0 m)’ m = 3,5. We prove that the symbols

of Sa,,, define appropriate grid transfer operators for the correct choice of the order J (see
Proposition 6.10). In subsection 6.3.2, we focus on the anisotropic approximating subdivision
schemes Sg,, J €N, in Definition 6.5 and Sg,;, J€N, L€ {0,...,J -1}, in Definition 6.6, with

dilation M = (3 g) First, we prove that the symbols of the anisotropic box splines Sg, define

appropriate grid transfer operators for the correct choice of the order J (see Proposition 6.11).
Then, we focus on the approximating schemes Sg, ;. We explain how to determine the coeffi-
cients c(]l’] ' in Definition 6.6. Then, for practical interest (see section 6.4), we verify that the
symbols of Sg,,, J =1,2,3, L€ {0,...,] — 1}, satisfy conditions (i) and (ii) of Theorem 4.7 (see

Proposition 6.13).

6.3.1 INTERPOLATORY GRID TRANSFER OPERATORS

The following result is a direct consequence of Theorem 4.5.

Proposition 6.10. Let f be a real bivariate trigonometric polynomial such that f(x) >0, x €
(0,27m)?, and

DFf0)=0, peN3, |ul<qg-1, and IveN:, |vi=qg, DYf(0)#0, qgeN.

The grid transfer operator derived from the symbol ayy,j, ] = [q/2], in Definition 6.2 satisfies the
approximation property (3.10).

Proof. Let ] = [q/2]. By Proposition 6.2, the anisotropic interpolatory subdivision scheme
Say;; in Definition 6.2 generates polynomials up to degree 2] —1 = g — 1. Thus, by Theorem 4.2,
condition (i) of Theorem 4.5 is satisfied. Moreover, S,,,, is an interpolatory subdivision
scheme and, thus, by [12, Proposition 1.3], its basic limit function is £*°-stable. Thus, (ii) of
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6.3. Subdivision, multigrid and examples

Theorem 4.5 is also satisfied. [ |

In Examples 6.5 and 6.6, we give several examples of masks of the anisotropic interpolatory

- . 0 20 . .
subdvision schemes S,,, , with M = (O 3) and M = (0 5), respectively. The corresponding
grid transfer operators are used in our numerical experiments.

0
0 3
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

anisotropic interpolatory subdvision scheme S,,, , in Definition 6.2 are

1l 13 212 3 1 1
105 105 2 5 10 5 10
-1 1 2 3 4 4 3 2 1
av1=(35 5 5351553535 |
1l 13 212 3 1 1
105105 25 10 5 10
1 1 3 1 1 1 3 1 1
6 0 0 0 0 -5 —3 ~8 ~2 "1 2 s ~aw s 0 O 0 0 0
0 0 0 0O 0 O 0 0 0 0 0 0 0 0 O 0 0
2 _ 7 _ 4 _3 g 241 249 747 241 9 241 747 249 241 (o _ 3 _ 4 _ 7 _2
125 ~250 125 125 U 32000 1000 2000 500 16 500 2000 1000 2000 125 ~125 250 125
ayo=| -4 _7 _8 _6 ( 2 56 8 108 108 8 56 22 o _6 _8 _ 7 _ 4
M,2 125 125 125 125 125 125 125 125 125 125 125 125 125 125 125 125
_2 _ 7 _ 4 _3 (g 241 249 747 241 9 241 747 249 241 ( _3 _ 4 _ 7 _ 2
125 250 125 125 2000 1000 2000 500 16 500 2000 1000 2000 125 125 250 125
0 0 0 0O 0 O 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 3 1 1 1 3 1 1
0 0 0 0 0 ~80 0 80 20 16 20 80 40 80 0 0 0 0 0
<

6.3.2 APPROXIMATING GRID TRANSFER OPERATORS

. . . 2 0) . . .
In this section, we focus our attention on the case M = ( 0 3). First, we look at the anisotropic

symmetric four-directional box splines Sg,, J € N, from Definition 6.5.
Proposition 6.11. Let f be a real bivariate trigonometric polynomial such that f(x) >0, X €
(0,272, and

DMF0)=0, peN?, |ul<g-1, and IveN:Z, |vl=q, Df(0)#0, geN.
The grid transfer operator derived from the symbol By, ] = [q/2], in Definition 6.5 satisfies the
approximation property (3.10).

Proof. Let J = [q/2]. By Proposition 6.7, the anisotropic box spline Sg, from Definition
6.5 generates polynomials up to degree 2]/ — 1 = g — 1. Thus, by Theorem 4.2, condition (i) of
Theorem 4.7 is satisfied.

Moreover, for x = (x1, x2) € [0,27)?, the symbol B; in Definition 6.5 satisfies

By(e™™) =650 B ),

1 21[4]
1) +cosx; (1+2cosxy 2
B, (x) = 5 ( ) )
3
B(Z) _ 1 X1 2 X1 X1 2 X1 [%J
I (x) = 5 cos(?)+ cos(?—xz) (cos(?)+ cos(?+x2)

First, we notice that

spon=(2(2))

I
2

NI~

1

]—(3)[ >0, Vx=(x x)e[—ff]x[—ff (6.18)
9 ’ b2 2’2 3’31/ '
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6.3. Subdivision, multigrid and examples

Then, using trigonometric identities, we observe that

4]

1
B}z) x) = (E(cos X1(4cosxs +5) +4cosxs +4cos(2xy) + 1))

) ) (6.19)
z(%(o+4-%—4-%+1))bj:(1—18)[§J, VXE[—%,%]X[—%,%].
By (6.18) and (6.19), we get
i) (2112 AN
Bye )26(5) (E) >0, VXE[—E,E] x[—g,g , (6.20)
and (/i) of Theorem 4.7 is also satisfied. N

Example6.7. Let ] = 1,2,3. The masks of the anisotropic box splines Sg, in Definition 6.5 are

11111
6 3236
12 2 1
Bi=135153|
11111
6 3236
0 L 1 1 23 1 1 1 g
108 24 12 216 12 24 108
1 2 5 8 19 8 5 2 1
54 27 27 27 54 27 27 27 B4
B,—| 1 7 31 23 5 28 31 7 1
2 27 54 108 54 108 54 108 54 27
1l 2 5 8 19 8 5 2 1
54 27 27 27 54 27 27 27 B4
11 1 23 1 1 1 g
108 24 12 216 12 24 108

and
0 1 13 7 5 23 53 23 5 7 13 1 0
3888 7776 1296 432 1296 2592 1296 432 1296 7776 3888

1 7 55 71 5 65 49 65 5 71 55 7 1
1044 1044 3888 1944 72 648 432 648 72 1944 3888 1944 1944
1 47 323 379 25 313 233 313 25 379 323 47 1
786 3888 7776 3888 144 1296 864 1296 144 3888 7776 3888 486
B.=| L 17 113 43 25 103 229 103 25 43 113 17 1
3 324 972 1944 324 108 324 648 324 108 324 1944 972 324

1 47 323 379 25 313 233 313 25 379 323 47 1
186 3888 7776 3888 144 1296 864 1296 144 3888 7776 3888 486

1 7 55 71 5 65 49 65 5 71 55 7 1

1944 1944 3888 1944 72 648 432 648 72 1944 3888 1944 1944

1 13 7 5 23 53 23 5 7 13 _1 0
3888 7776 1296 432 1296 2592 1296 432 1296 7776 3888

<

Now, we look at the anisotropic approximating subdivision schemes Sg,,, J€ N, L €
{0,...,J -1}, in Definition 6.6.

Lemma 6.12. Let ] € N. The symbols By 1, of the anisotropic approximating subdivision schemes
Sp;;, L€10,...,] -1}, in Definition 6.6 satisfy forz = (z1, z2) € (C\ {0})?
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

(i) forJ=1:B;o(@) = B)(@),
(ii) for ] =2:Bj1(z) = Bj(2) + Bj_1(2)(J61(21) +2]62(22)),
(iii) for ] =3:
B;2(2) =B;(2) + By @) (J61(21) + 2J62(2))

+B)»(@) ](] 1)

51(e? + (210 -2+ 2| 2 ])01z00a(2) + T2 + 162020

where By, k € Ny, is the symbol of the 2-directional box spline Sg, in Definition 6.5.

Proof. (i) Let Je Nand L = 0. The symbol of the anisotropic approximating subdivision
scheme Sg, , in Definition 6.6 becomes

Bjo@ =c"B;(@),  ze(C\{0}?

where By is the symbol of the anisotropic symmetric four-directional box spline Sg; in Def-
inition 6.5. By (6.17), the coefficient C(O'O) € R is computed as the solution of Bj((1) = 6. By

definition, B;(1) = 6 and, thus, we get c 0 9 = 1. We recall that Sg ;0 = SB; reproduces polynomi-
als up to degree 1.

(ii) Let JeN, J =2, and L = 1. The symbol of the anisotropic approximating subdivision
scheme Sg, ,, in Definition 6.6 becomes

Bj1(2) = ¢ Bj(@) + B;1 (@) ()61 (21) + ¢ V62 (22),

2 2
(10)(1 z1) B (1,1)(1_23)

c . z=(21,22) € (C\{O})%
1622 274

=Bjo(@)+Bj_1(2)|—

Since S, , reproduces polynomials up to degree 1 and 61(z1), 62(z2) € Jh, then S, | reproduces

at least polynomials up to degree 1. By (6.17), the coefficients c(1 0) (]1’1)

the solution of D®YB; (1) =0 and D®? B, ; (1) = 0, respectlvely Due to

€ R are computed as

D®B; ) =-3(c"” -, and DO?By,(1)=-4(c""-2)),

we get

(1 0) _ =7, C(]1,1) =2].

By straightforward computations, SB ;1 reproduces polynomials up to degree 3.
(iii) Let JEN, J=3,and L = 2. For z = (21, 2,) € (C\{0})?, the symbol of the anisotropic
approximating subdivision scheme Sg,,, in Definition 6.6 becomes

By2(@) =" B;@) + B; 1 @) (V81 (21) + V2 (2)
+ By _2@)(cV61(21)% + ¢V (21)82(22) + ¢V 82 (22)°),

1-22)" (1-22)%(1-23)° (1-23)"
- B +B (2 0) ( 1 + 2,1) 1 2 + (2,2) 2
1@t B2 @G g T 432222 1 72048
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6.3. Subdivision, multigrid and examples

Since Sg,, reproduces polynomials up to degree 3 and 6, (21)?,81(21)02(22), 82(22)? € T3, then
Sp,, reproduces at least polynomials up to degree 3. By (6.17), the coefficients c(jz’o), C(]2,1), CSZ’Z) €
R are computed as the solution of D“YB;,(1) =0, D®?B;,(1) = 0 and DY B;,(1) = 0, re-
spectively. Due to

DO B, (1) = (2620 - JU -+ ),

2

817
2,2) _ 9.1 _ _on__|Z
D®?By,(1) =2c"Y -4 -2) 3[2J,

DY B;,(1) =16(c?” - J2] + 1)),

we get
JU+1) 4.7
V== fl=yu-v+z|z] P =sesrn.
By straightforward computations, Sg,, reproduces polynomials up to degree 3. |

In general, for every J€N, L€ {0,..., N — 1}, we use the procedure described in the proof of
Lemma 6.12 to compute the coefficients c(]l’] ) in Definition 6.6. In Examples 6.8 and 6.9, we
give several examples of masks of the anisotropic symmetric four-directional approximating
schemes Sp, , in Definition 6.6 with J =2,3, L€ {1,..., ] — 1}. We recall that the anisotropic sym-
metric four-directional approximating scheme Sg, , in Definition 6.6 is equal to the anisotropic
symmetric box spline Sg, in Definition 6.5. Thus, the masks of Sg, ,, J = 1,2,3, are equal to the

masks of Sg,;, J = 1,2,3, in Example 6.7.
Example6.8. Let ] =2 and L =1. By (ii) of Lemma 6.12, for

z=e™=(e M| e €\[0DE,  x=(x1,x0) € (0,27,
the symbol B, ; in Definition 6.6 becomes a trigonometric polynomial

By (e‘i") - Bg(e_ix) +B (e‘i") b1 (X),

by (x) =26, (e_ixl) + 46, (e_ixz) = % sin® x; + g sin® (ng),

that is used to define the grid transfer operator in (3.16). We notice that the symbol B, ; satisfies
(i) of Theorem 4.7. Indeed, by (6.20), we have

2 T T
+6-2:0=2->0,  ¥x=(n,xme -2 x[-33]
9 2’2 3’3
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

The corresponding mask is

1 1 1 1 1
0 0 0 8 —24 T16 —24 I8 0 0 0
1 1 1
0 0 108 0 -3 0 108 0 0
-2 _5 o 8 & 9 8 8 g _ 5 _2
81 ~ 162 132 216 16 216 432 162 81
Bi=| _-4 _5 _1 10 20 28 20 10 1 _5 _4
2,1 81 ~81 54 27 27 21 21 27 54 8 81
_2 _5 o 8 8 9 8 8 o _5 _2
81 162 132 216 16 216 432 162 81
1 1 1
0 0 108 0 0 -3 0 0 108 0 0
1 1 1 1 1
0 0 0 —48 ~34 ~16 —24 "8 0 0 0
<
Example6.9. Let J =3 and L =1. By (ii) of Lemma 6.12, for
z=e ™= (e e ) e@\(0DY,  x=(n,x)€0,2m?,

the symbol Bj ; in Definition 6.6 becomes a trigonometric polynomial

Bs: (e""‘) — B (e‘i") + Bg(e_ix) bs,1 (%),

b1 (x) = 351(e_1x1) + 662( ‘xz) i sin® xp + gstGxZ),

that is used to define the grid transfer operator in (3.16). We notice that the symbol B3 ; satisfies
(i) of Theorem 4.7. Indeed, by (6.20), we have
. 272 1 2 1 4
Bsile™|=6-=] -—+6-=-—- 0=—>0, X)) € |-=, = x|-=,=]. 6.21
sae™) (9) 180918 243 = (1, %2) [ ] [ - (6:21)

Let J=3 and L=2. By (iii) of Lemma 6.12, for
z=e ™= (e e e @\ (0D, x=(m,x) € 0,27,
the symbol B3, in Definition 6.6 becomes a trigonometric polynomial
B3 (e_ix) =Bs (e_ix) + B (e_ix) b3 (x),
b3 (x) = 66%(e_1x1) + 23—2 0, (e_ixl) 6o (e_ixz) +21 6§(e_ix2)

3 .4 22, 53 112 3
= —sin” x; + — sin” x; sin ( )+—sm ( xg),
8 81 2 243 2

that is used to define the grid transfer operator in (3.16). We notice that the symbol Bs , satisfies

(i) of Theorem 4.7. Indeed, by (6.20) and (6.21), we have
: 4 2 4 T 7 T
Bssle ™| = —+6-=-0=— >0, ) e |-, = x [-2, 2.
3'2(e ) 243 9 243 = b x2) [ 2’ 2] [ ]

The corresponding masks are
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Let g €N, g < 4. By Proposition 6.9, for J =2,3, L€ {1,...,] — 1}, the anisotropic symmetric
four-directional approximating schemes Sp, ; in Examples 6.8 and 6.9 generate polynomials
up todegree2J—1=qg—1=3. Thus, (i) of Theorem 4.7 is satisfied. Moreover, their symbols
satisfy (ii) of Theorem 4.7. We proved the following result.

Proposition 6.13. Let f be a real bivariate trigonometric polynomial such that f(x) >0, X €
(0,27)%, and
DFf0)=0, peN;, |ul<qg-1, and IveN;, |vi=qg, D f(0)#0, 0<qg<4.

The grid transfer operator derived from the symbols B, 1, Bs,1, B3 » in Definition 6.6 satisfy the
approximation property (3.10).

6.4 NUMERICAL RESULTS

In this section, we illustrate the theoretical results of Propositions 6.10, 6.11 and 6.13 with two
bivariate numerical examples of the geometric multigrid method applied to certain multilevel
Toeplitz matrices. In both examples, using the notation introduced in chapter 5, section 5.4,
we have

m=@2,meN?, m=2 k=(k,k)eN’,  ¢=min{k;, kx}—-1€N.
The choice ¢ = min{k;, ko } — 1 implies that the V-cycle has full length. For j =0, ..., ¢, we define
nj=@h 7 -1,m2 -1,  Nj=Nmj) =@ -1mkT -1,

and Qy; as a grid of [0, 1)2 of 25177, mk2=J subintervals of size (h;); =2/751, (h;), = m/~* in the
coordinate directions xj, x», respectively. For j =0, ..., ¢, the j-th matrix Ap i is computed by
discretizing a given continuous problem on the j-th grid Qp; using always the same discretiza-
tion formula. Notice that matrices Ay;, j =0,...,¢, have dimension N; x N;. The prolongation

1
operators are defined as in (5.19) with m = (2, m). The restriction operators are Z—P;;j, for
m

j=0,....0-1.
Let n = ng. To define b, € CV, N = n;n,, we choose the exact solution X € C2*™ on the
starting grid n as

x(1,1) x(1, ny)
X= ,
x(ny, 1) o X(np, )
x(a, B) :sin(SM)+sin SM), a=1,....,np, =1,...,ny,
ny — n — 1

Wecompute
x=(x(1,1) - x(mg,1) x(1,2) - X(13,2) - - x(L,m) - x(ng,np) ecV

and set by, := Apx € CN.
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6.4. Numerical results

6.4.1 BIVARIATE LAPLACIAN PROBLEM

The first example we present arises from the discretization of the bivariate Laplacian problem
with Dirichlet boundary conditions, namely

RE 0
_ I = , = » Q=(0,1 2’

o2V W o gv® =g, x=(nx)e0=01 (6.22)
Yloa =0.

Using finite difference discretization of order 2, for j = 0,...,¢, the system matrices An; =
Tn;(fj) € RN *Nj are the bi-level Toeplitz matrices of order n j generated by the bivariate
trigonometric polynomials

fj(x):L(Z—Zcosxl)+ (2—2cosxy), x = (x1,X2) € [0,27)2.

(hj)7

2

Notice that f; vanishes at 0 with order 2, thus by Propositions 6.10, 6.11and 6.13, the masks
defined in Examples 6.5, 6.6, 6.7, 6.8 and 6.9 can be used to define the corresponding grid
transfer operators. For an appropriate comparison, we use also Kobbelt’s subdivision scheme
S, the Butterfly subdivision scheme S and our new subdivision scheme Sp introduced in
chapter 5, subsection 5.3.2.

For the numerical experiments, we use as pre- and post-smoother one step of Gauss-Seidel
method. The zero vector is used as the initial guess and the stopping criterion is [|r|l»/[[rgll» <
1077, where r; is the residual vector after s iterations and 107 is the given tolerance.

We define the starting grid ny in agreement with the dilation matrix M, namely

2 0 nyg=02"-1,2"-1), Case 1,
-for M = :
0 2 no=(2%-1,28-1), Case 2,
ng=02"-1,3*-1), Case 1,
-for M = 2.0 : 0= )
0 3 ng=02%-1,3°-1), Case?2,
2 np=@2°-1,5-1), Casel,
-for M = O: 0 (9 A )
0 5 np=02%-1,5*-1), Case2,

Table 6.2 shows how the number of iterations and convergence rates for the V-cycle change
when the starting grid nyo becomes finer. The results in Table 6.2 support our theoretical analysis,
as they show that subdivision schemes with different dilation matrices and appropriate degree
of polynomials generation define grid transfer operators capable of guaranteeing convergence
and optimality of the corresponding V-cycle method. The grid transfer operators defined
2 0 .

0 2) perform better than the grid transfer
operators defined from the anisotropic subdivision schemes. This happens since the bivariate
Laplacian problem in (6.22) is symmetric with respect to the two coordinate directions. If

from the subdivision schemes with dilation M = (
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Dilation Subdivision Case 1 Case 2 Generation
matrix scheme iter conv. rate iter conv. rate degree
s 0 Sk 6 0.0661 7 0.0746 3
M= (0 2) SB 7 0.0760 7 0.0807 3
Sp 7 0.0831 7 0.0810 3
Say, 28 0.5573 23 0.4958 1
Say 26 0.5297 22 0.4777 3
Saus 26 0.5347 23 0.4893 5
M= (2 0) SB,, 33 0.6082 26 0.5298 3
0 3 SB,, 26 0.5298 22 0.4477 3
SBs, 41 0.6718 35 0.6272 5
SB;, 24 0.5096 22 0.4787 5
SB;, 26 0.5347 23 0.4893 5
M= (2 0) Say; 38 0.6529 45 0.6969 1
0 5 Say 38 0.6532 40 0.6774 3

Table 6.2: Bivariate subdivision schemes for the Laplacian problem.

. . o . - 20
we use grid transfer operators derived from subdivision schemes with dilation M = ( 0 2) or,

equivalently, grid transfer operators defined from the downsampling matrix with the factor
m = (2,2), we preserve the symmetry of the problem at each j-th step of the V-cycle, j =0,...,¢.
Moreover, in case of grid transfer operators derived from subdivision schemes with dilation

2
m=|;
m = (2, m) and the larger is m the more information we lose. Thus, the number of iterations
required for convergence is larger for m > 2. Finally, we notice that there is no crucial difference
between polynomial generation and reproduction properties for convergence and optimality
of the V-cycle method.

0 . . .
m)’ at each Coarse Grid Correction step, we downsample the data with the factor

6.4.2 BIVARIATE ANISOTROPIC LAPLACIAN PROBLEM

The second example we present arises from the discretization of the bivariate anisotropic
Laplacian problem with Dirichlet boundary conditions (5.21).

Using finite difference discretization of order 2, for j = 0,...,¢, the system matrices An; =
Tnj (fi) € CNi*Nj are the bi-level Toeplitz matrices of order n; generated by the bivariate
trigonometric polynomials

E
——(2-2cosx]) + (2-2cosxz), x=(x1,X) € [0,2m)>.

fOx =
J (hj)? (hj)3

Letm=(2,2) eN? k= (k,k) eN? and £ = k— 1. For j =0,..., /¢, the j-th grid of the V-cycle
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6.4. Numerical results

is symmetric, namely
nj=" -12/ -1,  (h1=(hj,=2"%7,

Thus, we can rewrite the trigonometric polynomials f] © j=0,...,¢as
[Pm) =225D(e2-2c05x1) + (2-2c05x)),  x=(x1, %) € 10, 27)%,

If e << 1, the symbol f].(g) is numerically close to 0 on the entire line x, =0, for all j =0,...,¢
(see chapter 5, subsection 5.4.3)
Letm = (2, m) e N?, m > 2, and define k = (kj, k») € N? such that

kgzmax{kEN:mk—ISZkl—l}.
We can rewrite the polynomials f] .(5), j=0,...,¢,as

£

fj(f)(x) = 0 %(2—2cosx1)+ j)g (2-2cosxy),
! (s(h,-)%
(hp3\ (hj)?3

N )
_ p2Ue=)) (8 2

(2—2cosxp) + (2—Zcosx2)),

] (2—2cosxy)+(2—- 2cosx2)),
m2(ka—
22(k1—j)

= m?tke=0) (gj (2—2cosxp) + (2—2(:osxg)), £j= x = (x1,X2) € [0,2)°.

=& 2Ue-)
The value ¢ represents the anisotropy of the discretized problem (5.21) on the j-th grid Qp; of
the V-cycle, j =0,...,¢. Especially, we have

€j=

22(k1—j) m2( 22(k1—(j—1)) ) m2
4

€2 - 4 g T g S ey JEben b (6.23)

This means that the matrix An; = Tn,(f;) at the j-th level of the V-cycle is less anisotropic than
the matrix Anj_1 = Tnj_1 (fj-1) at the (j — 1)-th level of the V-cycle, j =1,...,¢. Motivated by
this property and the observations related to the standard Laplacian problem in subsection
6.4.1, we propose a multigrid strategy which combines both anisotropic and symmetric cutting
strategies. More precisely, we define the starting grid ny by

ng=0R—1,m"-2% -1,  hen, (6.24)
and we choose k = (k;, k») € N? such that

kgzmax{kel\lzmh-Zk—lszkl—l}.
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

We fix £ = min{k;, h+ k»} — 1, in order to guarantee a V-cycle method with full length. Then,
we define the j-th order of the V-cycle by

(zkl_j_l’mh_j.zkz—]_), j:(),...,h,
n;= R .
Tl eh-icy2k-U-M_1)  j=h+1,..,¢.

Finally, we construct the grid transfer operators Pp; from the symbols of subdivision schemes

with dilation M = (3 r(:l) for j =0,..., h, and from the symbols of subdivision schemes with

20
dilation M = ( 0 2) for j=h+1,...,¢. Especially, for our numerical experiments, we use the

bi-linear interpolation grid transfer operator defined from the symbol P; in Definition 5.3 for
j=h+1,...,¢. If we choose h € N properly, due to (6.23), we can handle the anisotropy of
the problem in # steps of the V-cycle. Thus, for j = h+1,...,¢, a symmetric cutting strategy
performs better than an anisotropic cutting strategy.

For the numerical experiments, we use as pre- and post-smoother one step of Gauss-Seidel
method for j =1,...,¢, and 2 steps of Gauss-Seidel method for j = 0. The zero vector is used as
the initial guess and the stopping criterion is [|r|l»/[|rgll» < 1072, where r; is the residual vector
after s iterations and 107 is the given tolerance.

We define the starting grid ny by (6.24), namely

2 0 np=02"-1,2"-1), Casel,
-for M = : 8 8

0 2 np=02%-1,22-1), Case2,

2 0 ng=(2"-1,3%2-23-1), Casel,
-for M = :

03 ng=(28-1,32.24-1), Case2,

2 0 ng=02%-1,5-22-1), Case 1,
-for M = : g 5 o3

0 5 ny=(2%-1,5%.25-1), Case 2,

Tables 6.3 and 6.4 show how the number of iterations and convergence rates for the V-cycle
change when the starting grid ny becomes finer and the anisotropy ¢ in (5.21) decreases. The
results support our theoretical analysis. Especially, the grid transfer operators defined from the

2 0
anisotropic subdivision schemes with dilation M = ( 0 3) perform better than all the other

grid transfer operators. Indeed, after 2 steps of downsampling with the factor m = (2, 3), the
anisotropy of the problem increases by a factor ?—é ~ 5. Moreover, when we downsample the
data with the factor m = (2, 3), we lose less information than when we sample the data with the
factor m = (2,5). Among the grid transfer operators defined from the anisotropic subdivision

. — 20 . . .
schemes with dilation M = ( 0 3), we pay special attention to the interpolatory ones. The

advantage of using the anisotropic interpolatory subdivision schemes is the computational
efficiency of the corresponding grid transfer operations. Indeed, the matrices A, I j=0,...,¢,
are independent of the grid transfer operators and the computational cost of the restriction and
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6.4. Numerical results

Dilation Subdivision Case 1 Case 2 Generation
matrix scheme iter conv. rate iter conv. rate degree
s 0 Sk 61 0.8273 76 0.8585 3
M= (0 2) SB 61 0.8274 76 0.8586 3
Sp 61 0.8274 76 0.8586 3
Say, 14 0.4315 16 0.4807 1
Say 14 0.4307 16 0.48 3
Saus 14 0.4312 16 0.4806 5
M= (2 0) SB,, 13 0.5145 16 0.4780 3
0 3 SB,, 14 0.4307 16 0.48 3
SBs, 14 0.4363 17 0.5003 5
SB;, 13 0.4112 15 0.4633 5
SB;, 14 0.4312 16 0.4806 5
M= (2 0) Say; 20 0.5623 25 0.6307 1
0 5 Say 21 0.5719 26 0.6385 3

Table 6.3: Bivariate subdivision schemes for the anisotropic Laplacian problem with e = 1072,

prolongation depends only on the number of nonzero entries of the corresponding operators.
Therefore, since for a fixed J € N, the mask ay;,; of the interpolatory subdivision schemes
Say;; in Definition 6.2 has less nonzero entries than the masks By, L =0,...,J -1, of the
approximating subdivision schemes Sg, ; in Definition 6.6, each iteration of the V-cycle method
with the interpolatory grid transfer operator associated to S,,, , is cheaper than one V-cycle
iteration with the approximating grid transfer operators associated to Sg, , . Finally, we notice
that there is no crucial difference between polynomial generation and reproduction properties
for convergence and optimality of the V-cycle method.

2
Tables 6.3 and 6.4 justify the use of the dilation matrix M = ( 0 g) in our analysis. Note that

20
the schemes with M = ( 0 5) have a slower convergence rate, which is influenced by the larger

support sizes of their masks and by the less efficient approximation caused by inappropriate
coarsening of the mesh in the y direction.
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Chapter 6. Anisotropic stationary subdivision schemes and grid transfer operators

Dilation Subdivision Case 1 Case 2 Generation
matrix scheme iter conv. rate iter conv. rate degree
2 0 Sk 253 0.9555 251 0.9551 3
M = (0 2) Sp 253 0.9558 251 0.9551 3
Sp 253 0.9556 251 0.9551 3
Sau 33 0.7051 44 0.7694 1
Say 33 0.7050 44 0.7695 3
Sans 33 0.7050 44 0.7697 5
M= (2 0) SB,, 30 0.6813 42 0.7592 3
0 3 S, 33 0.7050 44 0.7695 3
SB3_0 30 0.6807 41 0.7540 5
SB;, 31 0.6893 43 0.7641 5
Ss,, 33 0.7050 44 0.7697 5
M= (2 0) Say, 62 0.8301 69 0.8462 1
05 Sans 62 0.8304 70 0.8479 3

Table 6.4: Bivariate subdivision schemes for the anisotropic Laplacian problem with e = 1073,
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CHAPTER

é

Multigrid and subdivision appeared on the mathematical horizon in the second half of the
XX century and they immediately gained popularity due to their attractive features. Multigrid
methods are fast iterative solvers for sparse large ill-conditioned linear systems of equations
derived, for instance, via discretization of PDEs in fluid dynamics, electrostatics and continuum
mechanics problems. Subdivision schemes are simple iterative algorithms for generation of
smooth curves and surfaces with applications in 3D computer graphics and animation industry.
Both multigrid methods and subdivision schemes are very attractive due to their efficiency to
users and researchers, who analyze in depth their properties and several applications.

This thesis presents the first definition and analysis of subdivision based multigrid methods.
First, we focus on algebraic multigrid methods for circulant and d-level circulant matrix
algebra with general downsampling/upsampling strategy m € N, m = 2, in the circulant case
and m = (my,...,my) € N9, m; =2,i=1,...,d, in the d-level circulant case. In chapter 3,
using the symbol approach and the formalism of trigonometric polynomials, we define new
sufficient conditions for the convergence and optimality of two-grid and V-cycle methods, see
Theorem 3.7 and Theorem 3.8. We highlight that Theorem 3.8 is the first result concerning the
convergence of the V-cycle method for circulant and d-level circulant matrices with general
downsampling/upsampling strategies.

To establish the link between multigrid and subdivision, we consider stationary primal
univariate and d-variate subdivision schemes with dilation m € N, m = 2, in the univariate
case and

my
M= - ez my=z2, i=1,..d,
mq

in the d-variate case. In chapter 4, we construct grid transfer operators in the multigrid
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Chapter 7. Conclusion

procedure from the symbols of certain subdivision schemes and we analyze the subdivision
properties which guarantee the convergence and optimality of the corresponding multigrid
method. We highlight that polynomial generation property plays a fundamental role in our
analysis, see Theorem 4.4, together with the stability of the basic limit function, see Theo-
rem 4.5, and zero conditions of the subdivision symbol, see Theorem 4.7. Such a catalog of
the grid transfer operators based on subdivision schemes with well-known properties allows to
simply choose the appropriate grid transfer operator for solving a specific problem.

The theoretical analysis carried out in chapter 4 is supported by univariate and bivariate
numerical experiments in chapter 5 for both algebraic and geometric multigrid. The numerical
tests show that, if the degree of polynomial generation is high enough, then the degree of
polynomial reproduction does not affect the convergence of the corresponding multigrid.
Indeed, if the grid transfer operators are defined from subdivision schemes with the same
degree of polynomial generation but with different degrees of polynomial reproduction, the
convergence rates of the corresponding V-cycle methods are the same. In the geometric
multigrid tests, the grid transfer operators defined from interpolatory subdivision schemes are
more competitive than the grid transfer operators defined from approximating subdivision
schemes. The advantage of using interpolatory schemes is the computational efficiency of the
corresponding grid transfer operations. Indeed, due to the geometric approach, the coarser
matrices An;, j =1,..., ¢, are independent of the grid transfer operators and the computational
cost of the restriction and prolongation depends only on the number of nonzero entries of
the corresponding operators. For schemes with the same degree of polynomial generation,
the mask of an approximating subdivision scheme has more nonzero entries than the mask
of an interpolatory subdivision scheme. Moreover, if a subdivision scheme is interpolatory,
then the corresponding basic limit function is stable and the hypotheses of Theorem 4.5 are
automatically satisfied.

The numerical tests concerning the bivariate anisotropic Laplacian at the end of chapter 5
o . . e e 2 0
lead to the need of bivariate anisotropic subdivision schemes with dilation M = ( 0 m)’ m>2.

In chapter 6, using the formalism of Lauren polynomials, we construct a family of interpolatory
subdivision schemes with such dilation M which are optimal in terms of the size of the support
versus their polynomial generation properties, see Proposition 6.4. As reference schemes
for our numerical tests, we propose two families of approximating subdivision schemes char-
acterized by certain polynomial generation and reproduction properties, see Definition 6.5
and Definition 6.6. The numerical tests at the end of chapter 5 confirm the validity of our
theoretical analysis in chapter 4.

Several research directions for future research involve dual and primal non-stationary mul-
tivariate subdivision based multigrid. The fascinating connection between such subdivision
schemes and multigrid has not been explored and guarantees to enhance multigrid methods
with new, efficient, subdivision based procedures.
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