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Abstract: We first prove De Giorgi type level estimates for functions in W(Q), @ ¢ RN, with ¢ > N > 2. This
augmented integrability enables us to establish a new Harnack type inequality for functions which do not
necessarily belong to De Giorgi’s classes as obtained in Di Benedetto-Trudinger [10] for functions in W'2(Q).
As a consequence, we prove the validity of the strong maximum principle for uniformly elliptic operators of
any even order, in fairly general domains in dimension two and three, provided second order derivatives are
taken into account.
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1 Introduction

One of the most powerful tools in the study of partial differential equations and nonlinear analysis is without
any doubts the Maximum Principle (MP in the sequel). It turns out to be fundamental in obtaining existence,
uniqueness and regularity results in the theory of linear elliptic equations, as well as to establish qualitative
properties of solutions to nonlinear equations. We mainly refer to [22] for classical results and historical devel-
opment, where suitable applications also to the parabolic and hyperbolic cases are discussed. Let us merely
mention that the roots of MP date back two centuries in the work of Gauss on harmonic functions, up to the
ultimate version of Hopf [16], and then further extended in the seminal work of Nirenberg [20], Alexandrov
[2] and Serrin [24], within the foundations of modern theory of PDEs.

The underlying idea is simple: positivity of a suitable set of derivatives of a function induces positivity of the
function itself. This is elementary true for real functions of one variable which vanish at the endpoints of an
interval where —u”(x) > 0 and the validity can be extended to second order uniformly elliptic operators for
which a prototype is the Laplace operator:

(1.1)

~Au=f, inQcRY, N=2
u=0, onoQ

for which we have
f20=u=20inQ.
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Surprisingly, this is no longer true when considering higher order elliptic operators such as the biharmonic
operator A%:

2. .
{A u=f, inQ (12)

u=9%-0, onoQ.

Indeed, in this case in general one has
fz0=u=0inQ.

This is a well known fact as long as the domain Q is not a ball, for which the positive Green function was
computed by Boggio [6] and which keeps on being positive for slight deformations of the ball [25]. As deeply
investigated in [11] and references therein, the lack of the positivity preserving property is due to the appear-
ance of sets carrying small Hausdorff measure (see [15]) where u < 0 and apparently without robust physical
motivations. Recently the loss of the MP has been established in [1] also in the case of higher order fractional
Laplacians. This paper is a step forward a better understanding of this phenomena and at the same time gives
some general principle in order to recover the validity of the MP in the higher order setting.
Let us briefly recall some physical interpretation of (1.1)-(1.2). Indeed, (1.1) is modeling, among many other
things, a membrane whose profile is u which deflects under the charge load f and clamped along the bound-
ary 0Q. This is the case in which tension forces prevale on bending forces which can be neglected because
of the “thin” membrane. However, the model does not suite the case of a “thick” plate in which bending
forces have to be taken into account. Here higher order derivatives come into play which yield (1.2). As one
expects for (1.1), and there this is true by the MP, upwards pushing of a plate, clamped along the boundary,
should yield upwards bending: this is false for (1.2) in contrast to some heuristic evidences in applications
(see e.g. [17] and references therein).
Our point of view here, roughly speaking, is that approaching the boundary, where the bending energy carries
some minor effect because of the clamping condition, tensional forces can not be neglected for which the
contribute of lower order derivatives may restore the validity of the MP. As a reference example, consider the
following simple model:
2 : N
{A u-~yAu=f, inQcR", v=20 (1.3)

_ ou _
u-a—"f—o, onoQ.

Clearly for v = 0 one has (1.2) whence formally as v > oo, in a sense one may expect that (1.3) inherits some
properties of (1.1).

As we are going to see, this is the case and for the more accurate model (1.3) surprisingly the MP holds true,
for fairly general domains, provided v = v > 0, which is essentially given in terms of Sobolev and Poincaré
best constants. Let us state our main result in the case of (1.3) though it extends to cover the general case of
uniformly elliptic operators of any even order, see Corollary 5.1.

Theorem 1.1. Let Q c RN, N = 2, 3, be an open connected and bounded set, with sufficiently smooth boundary
and which satisfies the interior sphere condition. Let u € H(Z) (Q) be a weak solution to (1.3), where f € L*(Q),
f=20inQand |{x : f(x) > 0}| > 0. Then, there exists v > O (Which depends on the diameter of Q, Sobolev and
Poincaré best constants but does not depend on f), such that for v > ~o one has u > 0 in Q.

As a consequence of Theorem 1.1, the operator A% - ~A, which in addition to (1.2) contains the contribute of
lower order derivatives, turns out to be a more natural extension of (1.1) to the higher order setting.

Overview. In Section 2 we prove some preliminary estimates which will be the key ingredient to prove in
Section 3 a new Harnack type inequality. Indeed, in the higher order case, it is well known how truncation
methods fail [11]. Our approach here is to demand some extra integrability on the function entering the Har-
nack inequality in place of being solution to a PDE, which usually yields Caccioppoli’s inequality and the
solution belongs to the corresponding De Giorgi class. In [10] the authors prove a Harnack type inequality
just for functions with membership in some De Giorgi classes. Here we drop this assumption though we as-
sume more regularity in terms of integrability which however enables us to prove De Giorgi type pointwise
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level estimates. In Section 5 we apply the results obtained to prove the strong maximum principle for polyhar-
monic operators of any order, which contain lower order derivatives, in sufficiently smooth bounded domains
which enjoy the interior sphere condition. This is done by a limiting procedure starting from compactly sup-
ported functions and then extending the results and estimates to the solutions of higher order PDEs subject
to Dirichlet boundary conditions. Those boundary conditions are in a sense the natural ones as the higher
order operator in this case does not decouple into powers of a second order operator. In one hand the result
we obtain is a first step towards the investigation of qualitative properties of higher order nonlinear PDEs,
such as uniqueness, optimal regularity, symmetries and concentration phenomena [5,7, 13,18, 19, 21, 23, 26].
On the other hand, we are confident the tools introduced here may reveal useful also in different higher order
contexts, such as parabolic problems, in the study of the sign of solutions to quasilinear equations and in the
higher order fractional Laplacian setting [4, 8, 14].

This research started in 2010 when Theorem 1.1 was settled by the first named author in the form of conjecture
in a conference in Pisa. New advances towards the results in this paper have been made in 2014 during the
first visit of Louis Nirenberg in Varese, then in New York 2015, Pisa 2016 and Varese again in 2017 (his last
trip), occasions in which Louis has further stimulated this research during long discussions of which we
keep nostalgic memories. Goodbye Louis!

Notation. In the sequel we will use the following basic definitions:

- Bl(xp, r) denotes the ball in RY of center at x, and radius r;

- wy is the volume of the unit ball in RV;

— dg denotes the diameter of the bounded set Q in RN,

— | - | applied to sets denotes the Lebesgue measure in RN otherwise it is the Euclidean norm in RN with
scalar product (-, -);

- A*(xg,k,1):={x: x € B(xg, 1), ux) > k};

- (u-Ik)*':=max{u-k, 0};

— {f > 0} denotes the set {x € Q : f(x) > 0};

- Q satisfies the interior sphere condition if for all x € 0Q there exists y € Q and ro > 0 such that B(y, rg) C
Qand x € 0B(y, ro);

— cand C denote positive constants which may change from line to line and which do not depend on the
other quantities involved unless explicitly emphasized;

- W™P(Q)is the standard Sobolev space endowed with the norm | - [|5, , = Zoq al<m ([ D%ul5s

- Wg"P(Q) is the completion of smooth compactly supported functions with respect to the norm | - ||m,p;

- the critical Sobolev exponent p* := NI_Vﬁp, 1<p<N/m.

2 Preliminaries

Let @ ¢ RN, N > 2, be an open bounded set with sufficiently smooth boundary. The following holds true

Lemma2.1. Letu € WH{(Q), t > Nand 1 < s < N. Then there exists c(s, t) > 0 such that forallk € R, xo € Q
and p € (0, r) where 0 < r < dist(xq, 0Q) the following holds

(u—k)s* dx < Er(s:itl’);? |A* (xo, k, r)\(l"%)% / w-ktdx +rt / |Vu|" dx . )

A*(Xo,k,p) A*(Xo,k,r) A*(Xo,k,r)
Proof. Consider a standard cut-off function 6 e C5*(R") given by

1, x € B(xo, p)
O(x) = (2.2)
0, x & B(xo, 1),
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such that 0 < O(x) < 1 and |VO(x)| < rfp'

As WHH(Q) & W$(Q), one has from Sobolev’s emedding and Hélder’s inequality

(u- k)s* dx < / |(u - k)@(x)|5' dx

A*(x0,k,p) A*(xo0,k,1)

IN

o(s) / V=K 6]F dx

A*(xo0,k,1)

N

< o(s) |A" (xo, k, |11 / Vi -k 6] dx
A+ (xo,k,T)

c(s, ) |A* (xo, k, |15

IN

ﬁ / W=k dx + / vl dx
A*(xo,k,1) A*(xo,k,r)

O

Remark 2.1. The condition 0 < r < dist(xg, 0Q), namely that x lies in the interior of Q, is crucial to extend to
the whole RY the function (u - k)©. Therefore when x, approaches 0Q, necessarily r = r(x,) tends to zero.

Lemma2.2. Letu € WH{(Q),t >N =2and1 <s < N.Letl, k € Rsuchthatl > k,xo € Qandr < dist(xg, 0Q).
Then for all p € (0, r) one has

C(t) |A+(XO, k’ r)|ﬁ

(u-D)?*dx < 2D (u-k)* dx 23)
A*(xo,1,p) r=p)» A*(xo,k,r)
2p-1)
pt
W= dx + rt / vl dx|
A*(xo,k,T) A*(xo,k,r)
2 s\s 2p-q 2qN(p - 1)
where =1——+(1—7 — ,S = and2 < q<2p,p>1.
4 q t>s rq NQp-q)+2q(p-1) a<<pp

Proof. Let xg € Q, r < dist(xg, 0Q) and for simplicity let us write A*(k, r) in place of A*(xo, k, r).
Forl,k ¢ Randp < (0, r), since A*(1, p) c A*(k, p) we have

/ w=1? dx< / w-1? dx. (2.4)
A*(L,p) A*(k,p)
Let g > 2 for which one has
i
/ WK dx < |A*(k, p)|" % / w-17 dx| . (2.5)
A+ (k,p) A+ (k,p)

Let now p > 1 and 2 < g < 2p and estimate by Holder’s inequality

q 2p-q
2p 2p

/ u-K7 dx < / (u-k)? dx / (u—k)% dx
A*(k,p) A+ (k,p) A+ (k,p)
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2p

¢ a0 e o / (u-K)? dx

= 40-1)
(r=p)» 4+ (k,p)
ap-1)
tp
. / w-kdx +rf / |Vul' dx , (2.6)
A+(k,r) A*(k,1)

where in the last inequality we have used Lemma 2.1 with s* = %. Combine (2.5) and (2.6) to get

s)2(p-1)
w-k? dx = SLLLI e po-pro-piy / (-1 dx
4+{k,p) repr )
2p-1)
0
. / w-ktdx + 1 / |Vu|' dx . @7
A+(k,7) At(k,r)

O

In what follows we will use the following result from [3] in order to prove a version of the well known Poincaré
inequality.

Theorem 2.1 (Theorem A. 28, p. 184 in [3]). Let u € WY1(B,), such that u > 0 and |{x : u(x) = 0}| = ‘g".

Then
%
1
(lg/u1 dx < C/Wu| dx, (2.8)

B,

where ¢ = c¢(N) depends only on the dimension N.

Lemma 2.3. Let u € W"P(B;) be such that [{x : u(x) = 0}| = 21, withp > - and N = 2. Then, the following
holds

p

/|u\p dx | < ca)I\%,pNI\_,1 r /|Vu\p dx | , (29)

where ¢ = ¢(N) is the constant in (2.8).

Proof. Apply Theorem 2.1 to the function |u|?, taking p > ;- and N > 2, to get
N
N N-1
N- N-1 N N-1
/|u|1’ dx = / (|u|pT1) " odx < cvT /|v (|u|pT) | dx
B, B, ,
N
N-1

- | [ oMt e v ax

r

N
- ettt (M) | [ ax

N
N-1



660 —— Daniele Cassani and Antonio Tarsia, Maximum principle for higher order operators DE GRUYTER

N =t
— N-1 _
= c¥1p¥T (LNl) /\u|p(%’%)(wu|pﬁ 17 dx
' (N1 1y N 1N
N N p’/N-1 p N-1
— N-1 "
< CNT piT (%) / ulP dx : /|Vu\p dx |B,| 77 .
Since
N-1 1\ N _, 1N
N p) N-1 pN-1
we have
1N 1N
p N-1 _N_ p N-1

3 A Harnack type inequality

Next we derive a De Giorgi type level estimate (see [3, 12]) for functions u € W%{, t > N = 2 which will be
the key ingredient in establishing a new Harnack type inequality. Let us emphasize that in De Giorgi’s theo-
rem [9], level estimates hold for u € W2 which is a solution to a uniformly elliptic second order equation
with bounded and measurable coefficients. As a consequence, Caccioppoli’s inequality holds and u € W2
belongs to the corresponding so-called De Giorgi class. Later, Di Benedetto and Trudinger relaxed the frame-
work and in [10] they merely assume u € W'? belonging to some De Giorgi class. Here, we further improve
the setting, without requiring any of those previous assumptions, though demanding for some augmented
integrability which turns out to be necessary, as it is well known, functions in whN@Q), Q c RV, may not be
bounded.

Theorem 3.1. Letu € W(Q), t > N = 2, Q c RY be open and bounded set with sufficiently smooth boundary
0Q.Forallk e R,y € Q, r > 0 such that r < dist(y, 0Q), the following holds

sup u < k +d, (3.3
B(y, %)
where
£p-1) £0-1
tpn 2n
d= 5 uG) - k" dx +r' / IVu)|* dx / ) -k dx | AT N7
" \arin A+{k,p) +{k,p)

Remark 3.1. Here we write for simplicity A*(k, p) in place of A*(y, k, p) and c = c(t, p, &, n, 6) is a positive
constant which depends on the parameters p > 1, t > N obtained in Lemma 2.2, while ¢ > 0,1 > 0,0 > 1 are
defined by suitable equations stated in the proof.

Proof of Theorem 3.1. Let us set:

Il,p) = / lu-17? dx,

A*(1,p)
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20-1)
pt
M(r,k,t,p) = «c(t) / |u—k\t dx + 1t / |Vu|t dx ,
*(k,r) A+ (k,r)

where c(t) is the constant of (2.3). For all [, k € R, such that ! > k and for all p € (0, r), one has

* s 1
|A™(1, p)| < - K2 I(k, p) (3.2
and clearly |A*(1, p)| < |A*(k, p)|, for | > k.
Set
@, p) = I, p)* |A*(L p)I", (3.3)
then from (3.2) and (2.3) we have
1 0 &
D, p) < @(k,r)” M(r, k, t, p)°, (3.4)

(r-p)%% (- k2

where 1, &, 0 > 0 satisfy the following algebraic equations

£,
Z4+n = 6§
p (3.5)

Bé = On

from which we have 8> - 8/p - B = 0 and we take 6 = §; given by

6, - 1/p++/1/p? + 4P (36)

5 .

As one can easily check 8, > 1,forall2 < g<2p,t>Nand1<s<N.
From (3.4) we are done provided we prove that for all k € R and r < dist(y, 0Q) there exists d > 0 satisfying

cD(k+d,£)=0,

which in turn by (3.3) yields

" AV
A (k+d,§)‘ - 0.
Next we proceed by using the iterative scheme from the proof of De Giorgi’s theorem. For m € N set

r r d

'm=>5 + Sy km=k0+d—2—m,
where the parameter d > 0 has to be chosen in the sequel and ko = k. The idea is to exploit the inequality
(3.4) with r = ry and p = 41 where the sequence {rm}nmen is decreasing so that B(ry;+1) C B(rm). On the
other hand {km } ey is increasing, and we set in (3.4) [ = k.1 and k = k. With this choice we obtain from

(3.4) the following inequality

22(‘”’%1)(m+2)¢'+2(m+1))1

®(km+1; rm+1) < -1 (D(km, rm)e M(rm, km, t’ p)£~ (3-7)
r25 ¢ g
Now multiply (3.7) by 2™ 1y > 0 and set
lI,m = ZHmCD(km, rm) (3.8)
to obtain form (3.7)
2L”(m+2)§+2(m+1)11
‘Pm+1 < 2 ! 2]1[1”"(1*9)] lIIrQn M(rm, km, ty p){- (3~9)

=y
25 ¢ dn
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Let us choose u > 0 to avoid the dependence on m in the first factor in the right hand side of (3.9), namely

(p-1)
~ 275 +2n

M= 6.1 (3.10)

and thus (3.9) becomes

24%{?2;%;1 24%{+2q+y

[l i 7 § 0 1
2@{ d2r[ llUmM(rmykm, t!p) < rz%{ dz)l lymM(r’k();typ) .

Vi1 <

Set
24%%”{+2r1+y

A = T Ley M(r, ko,t,p)f,

]
so that for all m € N one has

At this point we choose d > 0 such that

=1, (3.11)
and by induction on m € N we have
YWy, forallmeN.

Finally by (3.8) we obtain
1
‘D(km, rm) < 2}17”1 (p(ko, r)

and the proof is complete by letting m > co.
O

Remark 3.2. It is important to note that in Lemma 2.2 as t > N one has 8 > (p — 1)/p so that 6, > 1in (3.6).
As a consequence, from (3.10) one has pu - oo and this, as expected, prevents the result to hold.

Next we prove the following Harnack type inequality

Theorem3.2. Letu € Wh{(Q), t > N = 2, and Q c RY be an open bounded set with sufficiently smooth
boundary 0Q. Let B(xq, r) C Q, then there exists a constant ¢ > 0, which depends only on N, such that

§p1 §06-1)
n tp 2n
sup u < inf u + cr[(%+¥)(9"1)] / |Vul' dx / |Vul® dx . (312
B(xo, %) B(xo,7) .
(xo0,7) (xo0,7)
Proof. Set M = sup u, m = min u, and let
B(xo,7) B(xo,71)
I = {k: ke(m, M): |{x: X € B(xg, 1), u(x) > kH < M},
L= {k: ke(m, M): |{x: x e B(xo,1), u(x) > k}| zw(gﬂ} .
If I # () then we prove for all k € I; the following
§p-1 £6-1)
n tp 2n
] .
sup u < k + c AG+2)e-1l / |Vul' dx / |Vul® dx . (3.13)

B(xo, L
Go-3) (x0,7) (x0,7)
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Indeed, by Theorem 3.1 we have for all k € I

&p-1 £(6-1)
n

P 2n
(p-1 -1
sup us k+cr‘%\A+(k, r)|9T / lu-k|* dx + r* / |Vul' dx / lu- k| dx
B(x0,%)
*+(k,r) A+(k,r) +(k,r)
(3.14)
Since k € I; one has
[{x: () - k)" =0} = L(Xg’ 0l
and apply Lemma 2.3 to the function (u(x) - k)* to get
} } H
lu(x) - k> dx | = / I(u(x) - k) 1> dx | <c(N)r / |Vul? dx |
*(k,r) (xo0,7) (x0,1)
H : :
/ lux) - k| dx | = / (ux) - dx | <c)r / |Vul' dx
*(k,r) (x0,1) (x0,1)

In the case I, # 0, forall k € I, set h = -k and v(x) = —u(x). Thus h € (-M, —-m) and the following holds

|{x: x €Bxo,r): u(x) > k}| = |{x: x € Blxo, 1) : —u(x) < -k}|

= |{x: x € B(xg, 1) : v(x) < h}{ > M.
Therefore, the function v enjoys (3.13), namely
§p-1 §0-1)
n tp 2n
£
sup vs h + cAGHED) / |Vv|* dx / [Vv|* dx . (3.15)
B(xo,%)
(x0,7) (x0,7)
From
sup v=- inf u
B(x0,%) B(xo,%)
and (3.15) we have
£p1 £0-1)
n tp 2n
£
~ inf us -k + cAGr2ED)] |Vul' dx |Vu|? dx
B(xo,%) .
(x0,1) (x0,1)
As a consequence, for all k € I, we get
sp-1 §0-1)
n tp 2n
£ _
ks inf u+ crGrOD / \Vu|" dx / |Vul* dx . (3.16)
B(xo,%)
(xo,7) (x0,1)

Next we distinguish three cases, precisely:

I, # @ and I, = (. In this case any k € (m, M) belongs to I, for which (3.13) which holds for all k € I, it holds
for k = m as well;

I = 0and I, # (. In this case any k € (m, M) belongs to I,, and thus (3.16) which holds for all k € I,, in
particular holds for k = M;
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I, # and I, # (. In this case we consider inf I, and sup I, and it is standard to prove there exists a unique
ko = inf I; = sup I, which enjoys both (3.13) and (3.16) and the theorem follows.
O

In order to state the next result let us introduce the following

Definition 3.1. Let Q be an open setin RN, N = 2 with non-empty and sufficiently smooth boundary and which
enjoys the interior sphere condition. Let x € 0Q and consider balls of radius r, Bx(r) C Q which are tangent in
the interior to 0Q at point x and let 5(x) = sup r. We define the narrowness index of Q as follows:

6= inf 6(x). (3.17)
x€0Q

Theorem 3.3. Let @ ¢ RN, N > 2 be open, connected, with sufficiently smooth boundary and which enjoys
the interior sphere condition. Let & be the narrowness index of Q as in Definition 3.17. Let Xmax and X i, be
respectively a local maximum and local minimum for u € W-{(Q), t > N.

Then, there exists h € Nand r € (0, 6), such that

§o-1) §6-1
tpn 2n

U(Xmax) < UKmin) + ¢ hr(EHOD / uG|’ dx / VU dx| . Ga8)
Q Q

with ¢ = ¢(N) provided by Thorem 3.2 and where in particular h depends only on dist(Xmax, 0Q), dist(X,in, 0Q)
and 8.

Proof. Let r > 0 be such that:

for all x € B(xpin, r) C Q one has u(x) = u(xin);

B(Xmin, 1) C Q;

B(xmax,1) C Q .

Consider the arc g : [0, 1] > Q such that g(0) = Xy, and g(1) = xmax. Let tg = 0 < ... t, = 1 be a partition of
[0, 1] such that setting x; = g(t;) one has

B(x,-,%)mB(le,%)#@, i=0,....,h-1 (3.19)

and where r is such that B(x;, r) C Q.
By Theorem 3.2 we have

£p-1) £6-1)
tpn 2n
£ _
sup u < u(Xpin) + cr(T%)(e D / |Vu(x)|’ dx / |Vu(x)\2 dx R
B(xo,%) -
(xo0,7) (xo0,7)
which we rewrite in the following form
Vx € B (xo, %) ,  u(x) € u(xpin) + No, (3.20)
where we have setfori =0,..., h
£p-1) £o-1)
tpn 2n
N;:=c / [Vu(x)|" dx / \Vu(x)|2 dx

(xi,7) (xi,7)

Now inequality (3.20) in particular holds for

r r
XEB (xl, 5) NB (xo, 5)
and thus
inf u<u(x)<ulxppy) + No . (3.21)

B(xi.5)
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By applying iteratively Theorem 3.2 we end up with

sup U < U(Xpin) + Np + -+ + Ny + Ny,
B(Xps1, %)

which completes the proof.
O

Remark 3.3. One may wonder what happens if in the construction of Theorem 3.3 we consider a sequence of
balls with increasing radius and center converging to a point on the boundary of Q. For this purpose consider
{Xn}nen C Q converging to a point x- € 0Q. Consider balls of center x, and radius rn such that:

(i) B(xn,rn) C Q;

(ii) rn < dist(xn, 0Q) = dist(xn, Xoo);

(ii)) Btn, 51 1 B0ne1, 51) # 0.

Applying to this sequence the reasoning carried out in the proof of Theorem 3.3 where Xo = Xmax, we get
77(6-1)

o G+d)e-n [ 1
UXmax) € U(Xoo) + CZ ryl 2 5 /f(x) dx U(Xmax).
n=0
o,

We would get a contradiction if the above series converge. Actually as we are going to see this is not the case.
Consider B(xn, %) and B(xp,1, "5*) and let C € 0B(xn, 3-) N 0B(xp41, "5*) and D its projection on the segment
with endpoints A = xn and B = xp.1. Set AD = pn, DB = pp.1, So that considering the triangles ADC and CDB

2
rn+1

4

- pﬁﬂ, and then

r2 2
one has Z” -pn=

r Tns

n p n+l p 1
T °
n+l+p 1 _p

AT

a a
We can apply Kummer’s test to the series with general terms an = (%” + pn) and b, = (%" - pn) ,a >0,

oo

an bpi1

Ap+1 bn

1 .
,foralln € N, and E B +oo We obtain E an = +oo. From an < r% we have
n
n=0 n=0

from which since

4 Towards the Positivity Preserving Property

Next we apply the results so far obtained to prove the strong maximum principle for the biharmonic operator
perturbed by the Laplacian for compactly supported data. As we are going to see, here it comes for the first
time the restriction on the Euclidean dimension N < 4 and the fact that we deal with the solution to a PDE.
Precisely, this section is devoted to proving the following

Theorem 4.1. Let Q ¢ RN, N =2, 3 bean open and bounded set, with sufficiently smooth boundary and which
enjoys the interior sphere condition. Let u € W*2(Q) N H3(Q) be a solution to

A% u(x) - vAulx) = f(x), x€Q, (4.)

where~ > 0, f € L?(Q), f = 0in Q and |{x : f(x) > 0}| > 0. Moreover, f(x) = 0 on Q \ Q,, with Q1 a bounded
subset of Q such that dist(0Q1, 002) > 0. Then, there exists v > O such that for all v > ~q the solution to (4.1)
satisfies u(x) > 0, forall x € Q.
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Assuming the hypotheses of Theorem 4.1 we have the following preliminary lemmas:

Lemma 4.1. The following holds true

supu > 0. (4.2
o

Proof. By multiplying (4.1) by u and integrating by parts

' 2 ' 2 3 .
!Z|Au(x) dx + ~ Z [Vu(x)|” dx = Q/f(x)u(x) dx < sglpu Q/f(x) dx (4.3)

O

In order to apply the Harnack inequality established in Section 3 we next estimate first order derivatives of
the solution to (4.1). Though from one side elliptic regularity yields enough summability, on the other side we
need estimates which are uniform with respect to the parameter ~, and for this reason we restrict ourself to
dimensions N < 4.

Lemma 4.2. There exists a constant ¢ = c(N) > 0 which does not depend on ~ in (29) such that

2

IVullgiq < cd i / FOut) dx |
0]

forany t >2 when N = 2 and for t = 6 when N = 3.

Proof. Since u = Vu = 0 on 00, one has

[ a0 ax = S [ 1gucof dx - [ [p?ucol? dx.
Q Q

ij=19
By Sobolev’s embedding, Poincaré inequality and from (4.3), when N = 3 and t = 6 we have,

2

C
IV ul| gy < i IVullp2g) + cslID?ull2(q) < cllD?*ull2(q) = cllAul| 2y < ¢ / FOO ulx) dx
(0]

Similarly when N = 2 and ¢ = 1 we obtain

1

2
Cs

2 2 2 2
IVulle) < 25 IVl + esdhlID?ull () < cdlID?ul () = cdg|Aul (g < cd) / FOOu(x) dx
t
Q Q
O

Proof of Theorem 4.1. Let Xmax be an absolute maximum point for u in Q; and X, a local minimum for u in

.5 §0-1) &p-1) § &
-1 -1 N p-1
a= + ,b=(2+=](6-1),c=22——
2n 2np ('1 2 ) ( ) np
From (30) of Theorem 3.3, (36) and Lemma 4.2 we have

ke (JafOOu0:) dx)*

(4.4)
7%(9—1)

b 4l3(
U(Xmax) € U(Xpin) + ChT dQ

§6-1) " §b-1) < 1.If supu > 1 then we have

where a =
2n 2np Q

(f_Qf(X) dx>a u(Xmax)

436D

2(3-
U(Xmax) < U(Xpin) + Ch1® d[d G-N)lc



i)

DE GRUYTER Daniele Cassani and Antonio Tarsia, Maximum principle for higher order operators =—— 667

The thesis follows as ~ is large enough. If supu < 1, let k > 0 be such that ksupu = 1. Set wy(x) := ku(x),
0 0
which satisfies

wi € WH2(Q) N H3(Q)
(4.5)
A2wi(x) - vAwi(x) = kf(x), x€Q,

Peforming the change of variable x = sy, with s > 0, vi(y) = wi(sy), g(¥) = f(SY), Ymin = 22, Ymax = X2, we
obtain

Vi € W42(Qs) N HA(Qs)

(4.6)
Avi(y) - ys2 Aviy) = s kg(y), y € Qs,
where Qs = {y : y=x/s, x & Q}.Nextapply (4.4) to the solution of (4.6) to get
NI [23-N)lc (fﬂs g(x) dx)a Vi(Ymax) I
Vi(Ymax) < Vi(Ymin) + ch (g) <?) 7%(0_1) peri @.7)
With respect to the original variables it reads as follows
[23-N]c a
b (dg\'" (fo(X) dX) U(Xmax)  k®
u(xmax) < umin) + ch (g) <T) 7%(0—1) g(N+3)a * (4.8)

Let us now observe that thanks to the interior sphere condition, the number h of balls covering the path from
Ymax t0 Ymin does not depend on the parameter s. The same happens for the parameter k. Thus we choose the
parameter s such that

a
m%zv% =1, (4.9)
namely the thesis of the theorem follows for all
D
y > cat g HO-Mled) ( / Ji69) dx) , (4.10)
Q

and thus g is the right hand side of (4.10) with optimal constant c. When v = ~ we just get the weak inequal-
ityu=0. O

5 The validity of the strong maximum principle for higher order
elliptic operators

In this section we first prove Theorem 1.1 for which we have to remove the restriction to compactly supported
data of Theorem 4.1. Then, we will extend the result obtained to polyharmonic operators and to more general
uniformly elliptic operators of any even order with constant coefficients.

Proof of Theorem 1.1. Consider the following family of sets {Qm } men such that for all m € N satisfy:
am CQn1 C §m+1 C

) U, Qm=Q;
iil) {xeQ: [{f>0}>0}N0 # 0
iv) dist(0Qm,00Q) > 0as m > oo.
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Let ym be the characteristic function of Qm

1, x € On,
Xm(x) =
0, x¢ Qn.
and set
. 1 xm(x)
gm(X) o S(X) mz f(X)7 X € Q’ (51)
where

mz

S0 - 3 Xm0,
m=1

converges pointwise on . Moreover, notice that g € L2(Q).
Next consider the following problems

um € W4? N H3(Q)
(5.2)
A?um(x) = yAum(x) = gm(x), x € Q,

where by construction gm(x) = 0 for x € Q \ Qm and thus by Theorem 4.1 there exists v, > 0 such that for all
~ > ym, one has um(x) > 0, forall x € Q, m € N.

It is crucial here that by (4.9) and (4.10) the parameter v, does not depend on h, namely does not depend on
the distance of the maximum point of u, from the boundary (recall the proof of Theorem 3.3). Indeed, this
prevents y, to blow up and actually remain bounded since from (4.10)

2n
aAza D 21
Z6-1) ai(ﬂfl)

o = e dfﬁ{[%o—wncm} /gm(x) dx i d;ﬁ{[%e—mmb} / fx) dx e
On Q
Therefore, for all v > 7., and for all m € N one has
um(x)>0, xeQ (5.3)
Finally, we prove that the function N
v) = um() (54)
m=1
solves the following
ve W2 nH(Q)
(5.5)

A%v(x) - vAv(x) = f(x), x € Q
and thus by (5.3) we conclude that for all v > v and for all x € Q one has
v(x)>0.

By uniqueness of the solution to the Dirichlet problem (4.1) the Theorem follows. Hence, it remains to show
that vim > v € W*2 N H3(Q) which is a solution to (5.5).

Set
m m
fmzng szzui-
i=1 i=1
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By Lebesgue’s dominated convergence fi, - f in L?(Q2) and notice that v,, solves the following

Vm € W2 N H3(Q)

(5.6)
A2V (x) = yAvm(X) = fm(x), x € Q.
Thus for all m, I € N we have
-v; € W2 N H}(Q)
(5.7)
A2 [Vin(x) = V(0] = yA[vm(X) = vi(0)] = fin(x) - f1(x)
and multiplying by vin — v; and integrating by parts we get
/ Avm0) - V]2 dx < / ) - Fi0OP dx
Q Q
which together with the equation (5.6) yields
[ 1871vn0 - iO0IP dx < €27 +2) [ 0 -0 dx.
0 0
Thus {vin} is a Cauchy sequence in W*2(Q) which converges to v € W*2(Q), the solution to (5.5). O

Remark 5.1. Observe that in (5.5) the solution can be normalized dividing the equation by [, f dx > 0, so that
the parameter ~ identified in (4.10) does not depend effectively on f.

What we have seen so far naturally extends to polyharmonic operators of any order and more in general to
uniformly elliptic operators of any even order as established in the following

Corollary 5.1. Letu € W?™2 W(’)"’Z(Q), m = 2 be the solution to the following equation
D)™ Azm(D)ux) - vA2(x, D)u(x) = f(0), x € Q, (5.8)

where f € L*(Q),
AomD) = Y anD*?
lal=|Bl=m
and
n
Az (x, D) = Z Djla;;(x)D;],
i,j=1
are uniformly elliptic operators on 2, namely there exist v, > 0 and vy > 0 such that for all ¢ ¢ RN and x € Q
n
vml[E1P™ s YT agpg™P, villdl? <Y ay0&é;,
|a|=|B|=m ij=1

with a,s € R and a;j(x) € L=(Q). Then, there exists vo > 0 such that for all v > ~o one has u(x) > 0 for all
x e Q.

Proof. We have to estimate intermediate derivatives of suitable order avoiding the dependance on ~. Multi-
plying the equation (5.8) by u and integrating by parts we get

/ > aggDu(x) DPu(x) dx + v / Z a;;()Du()Du(x) dx < /f(X)u(X) dx < [Ifll 2o 1ullwp oy -

|a|=[B|=m i,j=1
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By the ellipticity condition and Garding’s inequality one has

2 2
nluligiay + Willulfygegoy = [ 1761 GOl d
Q

together with Poincaré’s inequality
Vm““”%vg'(o) < c(N, Q)/ \f(x)|2 dx .
Q

We conclude by the Sobolev embedding theorem as follows:
If N < 2(m - 1) one has Vu € L(Q), for all t = 1 and in particular for ¢ > N and

Vull ey = cllullwme) = cllf i) s

If N=2m-1onehas Vu € L{(Q) with t = 4m - 2 and

Vulla) < cllullwma) < clifli2q) »

where the constant ¢ does not depend on .
O

It is well known from [11] that the positivity preserving property of the ball for polyharmonic operators carries
over to small deformations of the ball. Actually on those domains what we have proved yields the positivity
preserving property of the ~-perturbed polyharmonic operator for all v > 0. For simplicity let us state the
result in the case of the biharmonic operator:

Corollary 5.2. Let Q@ c RY be an open bounded domain such that for all f € L>(Q) with f > 0 and {xeQ:
f(x) = 0}| = 0, the solution u € W*? N Wg*(Q) to

Au=f (59)

enjoys u(x) > 0, a.e. in Q. If there exists vo > O such that the solution v € W*2 n W3'*(Q) to
A*v-yAv=f (5.10)
enjoys v(x) > 0, a.e. in Q, then for all v € [0, vo) the solution w € W*? n WS’Z(Q) to A*w., — yAw., = f enjoys

w,(x) > 0, a.e.in Q.

Proof. Setw; = v + (1 - T)u, ¢ = T7o, hence A2w; — yzAw; = f. For T = 0, wy is a solution to (5.9) whence
for T = 1, wr enjoys (5.10) and then w; > O a.e. in Q for all T € [0, 1]. By uniqueness of the Dirichlet problem
wr = w, and the claim follows.

O

From Corollary 5.2 we also have

Corollary 5.3. Let @ c R" be an open bounded domain such that for all f € L*(Q) withf > O and |{x € Q :
f(x) = 0}| = 0, the solutionu € W*? N WS’Z(Q) to A’u = f enjoys u(x) > 0, a.e. in Q. Then, if N = 2, 3, we have
forally € [0, +o0) that w., > 0.
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