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Introduction

1 What is relative topos theory?

The present PhD thesis deals with the topic of relative topos theory over
a base Grothendieck topos, and in particular with its treatment using the
notions of comorphism of sites and of fibration: it is therefore important to
understand the meaning of the word ‘relative’, and how relative topos theory
has been studied in the past.

To the author’s eye, the word ‘relativity’ can be interpreted in a logical
and a categorical way. For the logical interpretation, consider the example
of modules over a ring. The theory of modules over a ring is classically
axiomatized with two sorts R (the ring) and M (the module), and function
symbols and axioms so that we have a ring (R, +,0,,1), an abelian group
(M,+,0), and the scalar product operation p : R x M — M making M
into an R-module. We can, however, fix the base ring R and focus just on
R-modules. In this case, we have a different axiomatization: we have one
sort M plus function symbols making it into an abelian group (M, +,0), but
the scalar product operation p : R x M — M is substituted by a family
of one-sort operations u, : M — M, one for each © € R, representing the
operation ‘scalar product by z’. In this sense modules over a fixed ring are
an example of a relative mathematical theory: there is a base object, which
provides parameters for the language of our theory.

A categorical interpretation of relativity is what we may call Yoneda’s
paradigm, or Grothendieck’s relative point of view: the study of an object
X in a category C is essentially the study of all the possible points of view
that the universe C grants us from/on the object X - more explicitly, of the
representable functors C(X, —) and C(—, X), and of the coslice X/C and the
slice C/X. In this sense, relativity is the study of the interaction between the
environment C and a fixed object X, with a particular emphasis on those
properties that are stable when a change of base object is performed (for
more on this we suggest Section 3.2.2 of [29]).

The two notions of relativity are not unrelated: for instance, an algebra
A over a ring R can be thought of as a ring homomorphism R — A, i.e. as a
‘point of view’ that R has on A. One very general way of understanding the
relation between the two points of view on relativity is the duality between



‘indexed objects’ and ‘fibred objects’. For instance, for every set X there is
an equivalence

[X, Set| ~ Set/X :

a covariant functor P : X — Set (X being considered as a discrete category)
is associated with the coproduct [] .y P(x) with the obvious arrow to X;
on the other hand, a set h : H — X is associated with the functor X — Set,
x> h1(x) (see Chapterfor more details on this equivalence). The logical
interpretation of relativity - the left-hand term - deals with structures indexed
by the base structure; the categorical interpretation - the right-hand term -
with structures over a base object.

Relative topos theory is quite simply the study of the 2-category Topos/&
of toposes over a fixed base topos &, a point of view which is (at first) closer
to the second meaning of relativity. For instance, Grothendieck toposes are
the main examples of Set-based toposes, since every Grothendieck topos is
endowed with its global sections functor to Set. Nonetheless, Grothendieck
toposes distinguish themselves among other toposes for one fundamental
property: they are equivalent to categories of sheaves over a site. The site
allows for an interpretation of relative topos theory, at least over the base
Set, closer to the first meaning of relativity, since it provides a presentation
in terms of a set of parameters for the whole topos.

Relative topos theory is by no means a new subject. Relative tech-
niques were developed already by the end of the fifties in Grothendieck’s
entourage, and they were in fact the foundation of their whole approach
to algebraic geometry: indeed, every construction or property, be it in the
realm of schemes or in that of Grothendieck toposes, was inevitably tested for
base-change stability. One very good example of this is Hakim’s work [15].
In the same environment, the duality between indexed structures and fibred
structures was introduced and explored [14], along with the notion of stack.
Grothendieck’s student Jean Giraud devoted a great part of his work to the
study of fibrations and stacks, in particular in relation with cohomology (see
for instance [11]). We focus in particular on one of his papers, which has
been a fundamental inspiration for this thesis: the article Classifying topos,
published in 1972 [12]. In this work, Giraud shows that any (lex) stack over
a base Grothendieck topos admits a canonical topology making it into a
comorphism of sites, and that this tool allows for an explicit site-theoretic
description of the pullback of Grothendieck toposes.

We could say that Giraud’s article has it all: the relative topos theory, the
change of base techniques, and the possibility of going from the categorical
interpretation of relativity to its logical interpretation by using stacks as
canonical presentations. Even so, his approach has been seemingly forgotten
in topos theory literature. We propose a possible explanation of how this
happened, by studying the different paths that stacks and topos theory have
taken over the course of the years.
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On the one side, the second half of the sixties and the beginning of
the seventies pushed vigorously towards an elementary theory of toposes,
first hinted by Lawvere’s categorical axiomatization of the topos of sets |25].
The quest for a foundational approach to toposes implied that the notion of
Grothendieck topos, which relies heavily on a universe of sets, was no longer
adept: this led to the introduction of elementary toposes by Lawvere and
Tierney at the end of the decade. Let us focus in particular on the article
Change of base for toposes with generators, published by Radu Diaconescu
in 1975 [9]. Though this article is much more known for the introduction of
Diaconescu’s theorem on the classification of geometric morphisms via flat
functors, it is really a rewriting of Giraud’s paper [12| in the elementary
setting. Diaconescu himself states explicitly in the introduction that

Stmilar results for Grothendieck toposes were known to Giraud
[12], and they served as a guide. However his proofs using descent
techniques were not elementary.

The two articles have a very similar structure and end by providing the
explicit description of the pullback of toposes. In particular, Diaconescu
introduces the notion (in nowaday’s terminology) of bound for a geometric
morphism % — &, and shows that a geometric morphism % — & is bounded
if and only if .7 is a subtopos of a topos of presheaves for an internal category
of &: in other words, .# is a topos of internal sheaves for an internal site
of &. When restricting to bounded toposes, relative topos theory over an
elementary topos & also encompasses both meanings of the words ‘relativity’,
similarly to what happens with Grothendieck toposesﬂ The literature on the
topic of internal sites is somehow sparse, Chapter C2 of [21] being to some
extent the only consistent reference on the subject.

On the other hand, stacks became increasingly object of study of ge-
ometry. That is after all the reason why they were introduced in the first
place (along with toposes): as powerful tools to formalize algebraic geome-
try. Thus we suppose that Giraud’s approach was forgotten because stack
theorists focused on geometry and lost interest in the development of pure
topos theory, while category theorists preferred an elementary approach to
relative topos theory, obtained mainly by exploiting internal categories. A
thorough treatment of the problem of relative toposes in the formalism of in-
ternal categories, started by Diaconescu, can be found in Section 4.3 of |20,
or in Section B3.2 of |21] (where some concepts, such as the concept of torsor,
are introduced in an indexed formalism instead of an internal formalism).

In our perspective, the limit of the elementary approach, which was
prevalent after Diaconescu’s publication, is precisely the assumption that

! As a side note, every geometric morphism between Grothendieck toposes is bounded,
and every topos bounded over a Grothendieck topos is itself a Grothendieck topos: there-
fore, the theory of Sh(C, J)-based Grothendieck toposes coincides precisely with the theory
of toposes bounded over Sh(C, J).
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the base topos is not a Grothendieck topos: indexing over a base topos
is mot computationally manageable, because toposes are huge entities. In-
stead, working with Grothendieck toposes allows to present constructions
and properties at the level of sites, making the results also useful in applica-
tions. Moreover, the passage to internal categories entails a ‘rigidification’ of
the constructions - think about a pseudofunctor becoming a strict functor -
which is cumbersome for many practical uses. It is our hope that providing
relative topos theory with a more site-theoretic formalism will result in more
applications to other areas of mathematics, especially those which benefit
from relative techniques.

2 Structure of the thesis

This thesis is split into eight chapters (introduction excluded) and four ap-
pendices, plus a bibliography, an index of symbols and definitions and the
acknowledgements (for which we felt Italian would be a more fitting linguis-
tic choice). Each chapter and appendix begins with a short introduction
describing its topics. We strove to be as consistent as possible in notation:
in particular, the next section will establish some very basic notations to
be used all throughout the work. The content of the thesis, aside from
some results belonging to the literature on the subject, comes from the two
articles |7] and [8|, written by the author in collaboration with his PhD
supervisor.

Chapter [I] begins by recalling some basic notions about toposes and sites:
we do not dwell on details, and just provide a bird’s-eye view on the subject.
After that we recall the necessary notions of morphism and comorphism of
sites, which provide site-theoretic presentations of geometric morphisms. In
particular, Section concludes the chapter by exploiting (co)morphisms
of sites to present relative geometric morphisms over a base Grothendieck
topos.

Chapter [2] starts by recalling the basic notions in the theory of indexed
and fibred categories. A C-indexed category (Definition is simply a
pseudofunctor

D:C% — CAT.

It must be thought as a class of categories D(X ), each indexed by an object X
in C, and of functors D(y) : D(X) — D(Y) indexed by the arrows y : ¥ — X
of C. Strict functoriality of D is replaced by pseudofunctoriality, meaning
that given two composable arrows y : ¥ — X and z : Z — Y in C the
functor D(yz) is not strictly equal, but equivalent to D(z)D(y). Applying
the well-known Grothendieck construction to D yields a functor

pp:G(D) —C,

iv



which is a Grothendieck fibration (Definition . Finally, D is a stack
(Section with respect to a topology J over C if it satisfies a suitable
generalization of the J-sheaf condition for a presheaf P : C°? — Set. In par-
ticular, we discuss the notion of a Street fibration, which is an equivalence-
stable generalization of Grothendieck fibration. It is well known that many
results holding for Grothendieck fibrations are also true for Street fibrations;
however, it is almost impossible to find their proofs in the literature, which is
why we have devoted some pages to sketching them. For instance, we prove
explicitly the equivalence between the category of cloven Street fibrations
over a category C and that of C-indexed categories (Corollary , the
fibred formulation of Yoneda’s lemma (Proposition and the charac-
terization of (Street) prestacks in terms of Hom-functors (Proposition.
Chapter [2 also deals with localizations of fibrations, which are instrumental
in computing inverse images of fibrations along morphisms of sites, and with
the truncation-inclusion adjunction

ty
e

Sh(C,J) L St°(,J),
S
Jg

describing the connection between sheaves and (small) stacks over a site.

Chapter [3]is devoted to the various notions of colimit in a weak category.
Given a diagram D : C — K into a 2-category, depending on the nature
of the 2-cells in the cocones under R we can speak of lax, oplax or pseudo-
colimits; moreover, these colimits can be conical or weighted by a functor
D : C? — CAT. The interest in colimits is motivated by the fact that
we shall meet many colimits over the course of the tractation: for instance,
we shall study a plethora of adjunctions (in particular, what we will call
the fundamental adjunction of Chapter@ that provide a contravariant hom-
functor with a left adjoint, which thus acts as a colimit functor; moreover,
the inverse image of fibrations can also be described using colimits. The first
section of the chapter recalls the general notion of colimit in a 2-category,
making the definition completely explicit in terms of colimit cocones, and
shows that a result of commutativity of weight and diagram in a colimit holds
(Proposition . Section tackles instead the problem of describing
weighted colimits as conical colimits, a process which we called ‘conification’:
we show that it is possible to conify lax and oplax colimits and pseudocolimits
with a discrete weight. Finally, the last section presents various possible ways
of computing colimits in Cat, based on conification, the commutativity of
weights and diagrams and localizations of fibrations. Similar presentations
for colimits indexed by bicategories can be found in [24].

Chapter [4] deals with the topic of base change, which we mentioned is
one of the aspects that Grothendieck put at the centre of his work. After
recalling what change of base means in the context of sheaves with respect



to a topological space, we start by showing that a functor F' : C — D induces
a functor
F, : Fibp — Fibc

between categories of fibrations, called the direct image: it is usually de-
scribed as a strict pullback along F' in the case of Grothendieck fibrations,
and we show that for Street fibrations it is substituted by a pseudopullback;
in the indexed formalism, it corresponds to mere precomposition with F'
(Proposition . The direct image admits two adjoints: we focus in par-
ticular on its left adjoint, called the inverse image of fibrations, and present
it both from in the fibred and in the indexed formalism in Section [£.2l Sec-
tion [4.3] considers instead the change of base for stacks: the two notions
extend those at the level of fibrations, but in this case one must require that
the functor F satisfy a topological property with respect to the base sites,
namely the continuity of Definition Finally, the last section revisits the
base change functors for sheaves in light of the previous results, describing
them from a fibrational standpoint.

Chapter [f] introduces the fundamental notion of Giraud topos. As we
mentioned earlier, Jean Giraud showed in [12] that by endowing the domain
of a stack G(D) — C with the smallest topology Jp making it into a comor-
phism of sites, the resulting sheaf topos Sh(G(D), Jp) satisfies the universal
property of classifying topos of the stack. The results reported in Chapter
[] show that the whole theory of fibrations fits naturally into the theory of
continuous comorphisms of sites: for any fibration p : D — C, we define its
Giraud topos as the topos of sheaves Sh(D, Jp), where Jp is the smallest
topology on D making p into a comorphism of sites. In particular, in Sec-
tion [5.2] we give a first example of a context in which relative topos theory
benefits from exploiting fibrations and comorphisms of sites: namely, the
site-theoretic description of dependent product functors.

Chapter |§| introduces the fundamental adjunction for a site (C,J), i.e.
an adjunction between (a suitable 2-category of) fibrations over C and the
2-category of toposes over the base topos Topos/Sh(C, J). This adjunction
comes as a generalization of the well-known presheaf-bundle adjunction for
topological spaces, which is recalled in Section [6.1} it also generalizes the
adjoints to the Grothendieck construction, which are presented in Section
[6-2] and generalized to include the interaction between fibrations and comor-
phisms. After presenting the fundamental adjunction in Section [6.3] we show
in the following section that it admits a dualizing object, the canonical stack
of the base site. Finally, in Section we hint at the new point of view
on relative topos theory afforded by the fundamental adjunction and the
hybrid comorphism-fibration formalism. This last section is rather short, for
its content is to be expanded with future publications. Moreover, another
on-going part of this project on relative topos theory is the introduction of
suitable syntax and semantics for stacks, generalizing those of [37] and [35].
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Having reached from the purely category-theoretic notion of relative topos a
purely logical description of the same concept, we will thus have closed the
gap between the two interpretations of relativity mentioned at the beginning
of this introduction.

The last two chapters specialize the previous results to the discrete setting
of sheaves on the base site. Chapter [7]specializes the fundamental adjunction
to sheaves, obtaining a presheaf-bundle adjunction for sites that generalizes
the topological one of Section the same adjunction is specialized further
to preorder categories in Section [7.2] recovering a point-free version of the
topological presheaf-bundle adjunction (probably known to many authors,
but never explicitly stated: see item (ii) of Remark [7.2.3). A feature of the
fundamental adjunction for preorder sites is that it can be described directly
at the level of sites without mentioning toposes, as explained in Section [7.3]

For a topological space X, the presheaf-bundle adjunction

A
~—

Psh(X) 1 Top/X
&1_‘/

allows in particular to describe the sheafification Psh(X) — Sh(X) as the
composite ['oA: the same happens for the discrete-bundle adjunction for sites
and for preorder categories. Following these ideas, in Chapter [§]we apply our
tools in the theory of morphisms and comorphisms of sites to provide site-
theoretic description of the sheafification functor a; : [CP, Set] — Sh(C, J).
The first section provides a description in terms of morphisms of sites, and
the second in terms of equivalence classes of comorphisms of sites. The third
section introduces a novel point of view on sheafification, showing that an
element of the sheafification can be thought of as a ‘locally matching family’
of morphisms of fibrations: this is obtained considering our previous results
on colimits of étale toposes. Finally, Section [8.4] collects all the presentations
of the sheafification functor we acquired in the case of presheaves over a
topological space, and shows their mutual connections.

The four appendices contain some peripheral results. Appendix [A] comes
from |7] and is a pendant of Section It is devoted to describing dependent
products in elementary toposes in a fashion alternative to those found in the
literature, obtained by reducing the use of higher-order constructions to the
bare minimum. Appendix [B]is devoted to universes, and contains a couple
of original results analyzing properties of geometric morphisms, described at
the level of sites by morphisms or comorphisms, that are ‘stable under change
of universe’. Appendix [C] studies general conditions for a map 7 : £ — X
from a set to a topological space to be étale: it results that the topology to
be put on E making 7 étale is determined by the family of open sections we
choose for . We also show that two well-known topologies for spectra of
algebraic theories (the structural sheaf of a ring and of a MV-algebra) can be

Vil



understood in this way. Finally, Appendix [D]collects some technical lemmas
in category theory which we exploit throughout the text.
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3 Notation

Most of the symbols will be defined along the way, and they can be retrieved
using the index of symbols at the end of this work. We only set here some
very basic notations.

Two adjoints forming a geometric morphism f will as always be denoted
by f* 4 f«; we will denote by fi a further left adjoint of f*: when it exists f
is said to be essential.

Natural transformations, and more in general 2-cells in 2-categories, will
be denoted with a double arrows =. We set as convention that a natu-
ral transformation between geometric morphisms « : F' = G is a natural
transformation o : F* = G* between their inverse images.

In the context of a fixed model of set theory, we denote by CAT the
2-category of locally small categories and by Cat the 2-category of small
categories.

Generic categories are denoted with the cursive font (C, D...); in partic-
ular we will use the calligraphic font &, .%... for toposes. Pseudofunctors
will usually be denoted by blackboard letters, such as D : C°? — Cat.

We adopt the standard notations for opposite categories: the opposite
of a 1-category C is denoted by C°P, and the same notation will be used for
the category obtained by reversing the 1-cells of a 2-category; on the other
hand, if C is a 2-category, we shall denote by C the 2-category obtained by
reversing its 2-cells.

Given a category C, the hom-set of arrows A — B is denoted by C(A, B);
similarly, we will denote by K(A, B) the hom-category for two objects in a
2-category K. The only exception to this are categories of functors or of
pseudofunctors, which we denote with square brackets: for instance [A, B] is
the category of functors A — B.

When speaking about an arrow y : Y — X of C as an object of the slice
category C/X (or of a comma category), we will refer to it as [y] in square
brackets; arrows of C/X, on the other hand, will not have a specific notation:
so for instance we write z : [yz] — [y].

X



Chapter 1

Toposes and comorphisms of
sites

This introductory chapter is dedicated to recalling some basic facts about
the theory of sites and toposes, with a special focus on comorphisms of sites.
The main point of view to keep in mind is the following: sites must be
thought as small, computationally manageable presentations of toposes; on
the other hand, toposes must be thought as categorical completions of sites
(and categories). A Grothendieck topos is almost always a huge abstract
entity, but having a site of presentation allows us to reduce the weight of
computations by reasoning in terms of generators: the connection is equiv-
alent to that between a vector space and a basis for it. On the other hand,
a basis of vectors is just a set, while a vector space is rich of all kinds of
interesting properties: in the same way toposes enjoy many properties and
features that other categories lack, therefore building a topos of sheaves from
a category allows us more freedom of movement.

We will not recall any notions of basic category theory, which can be
found in texts such as [27] and [34]; moreover, we will not provide any
reference for results which belong to standard topos theory, since they can
be found in almost every manual: our principal sources were [28] and [21].
The content of the latter sections, dedicated to comorphism of sites, comes
mainly from [6] and [8]: for those results we have always provided the source.

1.1 Sites and Grothendieck toposes

Consider a category C: a presheaf over C is any functor P : C? — Set.
Presheaves over C, along with their natural transformations, form the cate-
gory of presheaves

€%, Set).



Historically, presheaves (and sheaves) over a category were born as gen-
eralizations of the notion of presheaf (and sheaf) over a topological space.
Given a topological space X, a presheaf of sets P over X is given for any
open subset U C X by a set P(U), and for every inclusion of open subsets
V C U by amap pycy : P(U) — P(V), with the extra requirements that
the identities py—y = idp() and pwcy o pycu = pwcu always hold. One
classical example of a presheaf over a topological space is that of continuous
functions with values in R, where P(U) := Top(U,R) and each map p acts
by restriction of the domain. If we denote by O(X) the topology of X, seen
as a posetal category, then presheaves over P are precisely contravariant
functors O(X ) — Set, i.e. presheaves over the posetal category O(X).

The presheaf P is a sheaf if whenever we are given a collection of open
subsets U; C X and data z; € P(U;) compatible when restricted to the
intersections of the opens, the data themselves are restrictions of a unique
datum = € P(|J, U;). This is true for instance in the case of the presheaf of
continuous functions: given a family of opens U; C X, a family of functions
fi : Ui = R which match on the intersections of the opens U; glue to a unique
function UU; — R. The general notion of sheaf over a category C requires
first to provide a concept of ‘covering family’ for objects of C, generalizing
that of open cover, and this yields the notion of Grothendieck topology; once
that is done, a sheaf will be precisely a presheaf whose matching ‘local’ data,
in the sense given by the Grothendieck topology, glue to a global datum.

Given a category C and an object X in C, a sieve S over X is a collection
of arrows with codomain X that is closed under precomposition: more explic-
itly, given an arrow y in S and another arrow z such that cod(z) = dom(y),
the composite y o z also belongs to S. In particular, every object X admits
a maximal sieve maxy, which is the collection of all arrows with codomain
X, and a minimal sieve which is the empty one. The collection of sieves over
an object is closed under arbitrary unions and intersections. Finally, given
an arrow y : Y — X, we can define the pullback sieve of S along v,

y*S:={z:dom(z) > Y |yoz e S}:

A Grothendieck topology J on C is a collection of sieves J(X) for every object
X € C subject to the following axioms:

(1) mazimality: for every X in C the maximal sieve maxx belongs to J(X);
(ii) pullback-stability: ift R € J(X) and y: Y — X then f*R € J(Y);

(iii) transitivity: if S € J(X) and R is a sieve on X such that for every
y € S it holds that y*R € J(domy), then R € J(X).

We will occasionally mention covering families: a J-covering family for an
object X of C is a family of arrows F = {y; : Y; — X | i € I} such that
the smallest sieve containing it, usually called the sieve generated by F' and



denoted by (F'), is J-covering. Grothendieck topologies admit an alternative
formulation entirely in terms of covering families.

Sieves and covering families are to be thought as the generalization of
the notion of open covering for an open subset of a topological space; the
notion of sieve allows us to talk about sheaves as follows. Given a sieve S
over an object X and a presheaf P : C°? — Set, a matching family for P
and S is a collection a := {a, | y € S} indexed by the arrows of S, such that
every ay, belongs to P(domy) and such that the following matching condition
holds: whenever an arrow z is precomposable to y, then a,, = P(2)(ay). An
amalgamation for a is an element a € P(X) such that for every y in S it
holds that a, = P(y)(a).

The couple of a category C and a topology J over it is called a site (C, J).
Given a site (C,J), a presheaf P : C°? — Set is said to be J-separated
when, given a,b € P(X) and S € J(X), if for every y € S it holds that
P(y)(a) = P(y)(b) then a = b: this means that if two elements of P are
locally equal, they must be equal. A presheaf is called a J-sheaf if every
matching family for P and any J-sieve .S admits a unique amalgamation: in
particular, every J-sheaf is J-separate. The full subcategory of [C°P, Set] of
J-sheaves is denoted by Sh(C, J). Topologies can be ordered with respect
to inclusion: then, whenever J C K, it holds that Sh(C, K) € Sh(C, J). In
some cases we will use the French school notations C and C as a shorthand
for respectively [C°P, Set] and Sh(C, J): this is handy whenever there is no
risk of confusion on the topology considered.

A category is a Grothendieck topos if it is equivalent to Sh(C,J) for a
small site (C,.J). Every Grothendieck topos

(i) is complete and cocomplete,

(ii) is a geometric category (implying in particular that it is a regular and
coherent category),

(iii) is extensive,

)
(iv) admits a generating set of objects,
)

(v) admits a subobject classifier, power objects and exponentials,

(vi) is a model for constructive set theory.
Moreover, Grothendieck toposes appear in many flavours:

1. Set, the category of sets, is the archetypal Grothendieck topos: it can
be seen for instance as the topos of presheaves over the one-object
category 1 = {x};

2. the category with exactly one object is also a topos, the topos of sheaves
over any category with respect to its maximal topology (the one con-
taining all sieves): when shall call it the ¢rivial topos and denote it by

{0=1}



3. every localization of a Grothendieck topos is a Grothendieck topos;
4. every slice of a Grothendieck topos is a topos;

5. the category of coalgebras for a lex accessible comonad acting over a
Grothendieck topos is a Grothendieck topos;

6. the category of discrete actions of a topological group is a Grothendieck
topos.

In the definition of Grothendieck topos, it is fundamental to require the
smallness of the presentation site (C,J): indeed, if the underlying category
C is not small, the category of sheaves Sh(C, J) loses most of the proper-
ties listed above. There is however a way to relax this request: a locally
small site (C,J) is said to be small-generated if C admits a small subcat-
egory A which is J-dense [36|, a condition which implies that there is an
equivalence Sh(C, J) ~ Sh(A, J)4). Therefore, in the following we will say
‘site” to mean ‘small-generated site’. In particular, with this point of view
every Grothendieck topos & becomes a site when endowed with its canonical
topology JZ*", and moreover it is equivalent to its topos of JZ*"-sheaves:

& ~ Sh(&, J&™).

We conclude by recalling that sieves in C can be thought as monomorphisms
in [C°, Set], a point of view which we shall exploit from time to time later
on. If we denote by

¢ :C— [CP, Set]

the Yoneda embedding, then a sieve S over X corresponds to a subobject
mg : S — X(X): in particular, the maximal sieve over X is J(X) itself,
while the minimal sieve corresponds to the monic arrow from the initial
object of the topos Ojcor get) ™ & (X), and the operations of intersection
and union of sieves are simply the operations in the lattice of subobjects of
& (X). In particular, given an arrow y : Y — X in C the pullback sieve y*S
over Y is the actual pullback of mg along X (y):

yS —— 8

o
£(Y) — X(X)
*(y)
A matching family {a, | y € S} for P and S is simply an arrow a : S — P in
the topos, while an amalgamation for a is an arrow a : & (X) — P satisfying

the identity @ o mg = a. The presheaf P is J-separated if for every X in C
and every S € J(X) the map

[CP, Set]( X (X), P) ——% [CP, Set](S, P)



is injective, while P is a J-sheaf if it is an isomorphism.

As it is well known, Grothendieck toposes belong to a wider class of
categories, called elementary toposes: an elementary topos is a first-order
description of the main features of Grothendieck toposes that can be formu-
lated without any mention of set theory. However, since the main objective
of this work is to interpret relative topos theory from a site-theoretic point
of view, there will be no need for elementary toposes in the following: thus
we establish the convention that whenever we say ‘topos’ from now on we
will invariably mean ‘Grothendieck topos’ (with the only exception of the
content of Appendix |A).

1.2 Arrows of toposes, arrows of sites

It is well known that a continuous map of topological spaces f : Y — X
induces a pair of adjoint functors

Sh(f)«
4

Sh(X) T Sh(Y),
Sh(7)"

where moreover the functor Sh(f)* preserves finite limits; for more details
on this, see the introduction to Chapter |4 Generalizing to arbitrary toposes
we obtain the notion of geometric morphism. Given two toposes & and %,
a geometric morphism f : & — & is given by two adjoints

where moreover the left adjoint f* preserves finite limits. The functor f,
is called direct image of the geometric morphism, while f* is called inverse
image. A transformation of geometric morphisms « : f = ¢ is given by a
natural transformation « : f* = ¢* (by adjunction, this corresponds to a
natural transformation @ : g, = fi). Toposes, geometric morphisms and
transformations form a 2-category, which we shall denote by Topos. In
the following we will also often use the notion of essential geometric mor-
phism, which is a geometric morphism f such that the inverse image f*
has a further left adjoint, denoted by fi and called the essential image of
f. Toposes, essential geometric morphisms and their transformations form
a sub-2-category of Topos, which we will denote by EssTopos.

The notion of geometric morphism between toposes proves to be the
right notion of arrow between toposes, because it encompasses most of the
canonical functors arising between toposes. Here are some examples:



. every inclusion

ty:Sh(C,J) — [C?, Set]

is the direct image of a geometric morphism, called an embedding or
inclusion of toposes: the left adjoint is called the sheafification functor

ay: [C°?,Set] — Sh(C, J).

Composing the Yoneda embedding & : C — [C°P, Set] with the sheafi-
fication functor a; we obtain in particular the canonical functor

¢;:C — Sh(C, J),

mapping each object of X to its corresponding representable sheaf
y(X).

. every topos & admits exactly one (up to equivalence) geometric mor-
phism to Set: the right adjoint

F@f»:é"—>Set

maps any F in & to the set &(1, FE), and is called the global sections
functor, while the left adjoint

Ag:SGt—)(o@

maps a set S to the coproduct [ ,.g1s. This makes Set into the
terminal object in the 2-category of toposes.

. for every topos & there exists exactly one geometric morphism (up to
equivalence) from {0 = 1} to it, making the trivial topos the initial
object in the 2-category of toposes: the left adjoint & — {0 = 1} maps
everything to the unique object of {0 = 1}, while its right adjoint maps
the unique object to a terminal of &.

. Given an accessible lex comonad T over a topos &, the functor to its

category of coalgebras
& — é"T

is the direct image of a geometric morphism. Such geometric mor-
phisms are called surjections. In particular, surjections and inclusions
form an orthogonal factorization system (one of the many) for geomet-
ric morphisms.

. For every arrow e : E — E’ in a topos &, the pullback functor

¢t &/E — &/E



is part of an adjoint triple

e
PN
g/E < e*
\Jj‘

I

&/E"

i.e. an essential geometric morphism &/F — & /E’. We will come back
to these geometric morphisms in Section [5.2) and in Appendix [A]

Many geometric morphisms can be presented using the sites of definition
for the toposes involved, and this can be done essentially in two ways: using
morphisms of sites or using comorphisms of sites. We begin by recalling
that every functor induces an essential geometric morphism at the level of
presheaf toposes:

Proposition 1.2.1. A functor p : D — C between small categories induces

an adjoint triple
lanpop

VTN
[D°P, Set] +—p* — [C°P, Set] ,
\Jj‘
ranpop
where p* := (— o p°P) and its left and right adjoints are the left and right
Kan extension functors along p°P.

Now, depending on which of the two functors ran,e» or p* we wish to
restrict to sheaves, we obtain the two notions of morphism and of comorphism
of sites:

Definition 1.2.1 [6, Definition 4.7|. Consider two small sites (C,.J) and
(D, K): afunctor p: D — C is (K, J)-continuous if any of the following two
equivalent conditions holds:

(i) the functor p* = (— o p°P) : [C°P, Set] — [DP, Set] maps J-sheaves to
K-sheaves;

(ii) p is cover-preserving, i.e. if S is a K-covering sieve then p(S) is a J-
covering family, and it satisfies the following cofinality condition: for
any K-covering sieve S on an object D and any commutative square

X —— p(F)

f l lp(e’)

p(E) W p(D)



with e and ¢’ belonging to S, there exists a J-covering family {y; : Y; —
X | i € I'} such that for each i there exists a finite zigzag in S

E1 E3 En
R T 772N
E Es E'

€3

€1

and there exist arrows o : Y; — p(E;) such that the diagram below is

commutative:
Y;
p(e) // ‘ \
p(e1) p(es) p(e
-~ et \
p(E1) / p(E3) p(E
/<ao> p<\‘ /p<a2> <3>\ /1 ) plan)
p(E) p(E2) p(E')

When p is continuous, it induces an adjunction

Sh(p)«
~

Sh(C,J) T Sh(D,K),
Y —

Sh(p)*

where Sh(p). is the restriction of p* and Sh(p)* is defined as the composite

Sh(D, K) <& [D, Set] % [C°P, Set] 2L Sh(C, J).

The functor p is a morphism of sites if moreover Sh(p)* preserves finite
limits, i.e. if the adjunction Sh(p)* 4 Sh(p). provides a geometric morphism

Sh(p) : Sh(C,J) — Sh(D, K).
We denote the 2-categories of small-generated sites, morphisms of sites and
their natural transformations by Site.

Remarks 1.2.1. 1. Morphisms of sites can be defined purely in terms of
objects and arrows of the base sites: see Definition 3.2 of [6].



2. Given a topos & and a small category C, every functor A : C — &
induces a pair of adjoints

Ry
4

& T [c°,Set],
Y~ —
Ly

where R4 maps an object E of & to the presehaf &(A(—), E), while L4
is defined on representables as & (X) — A(X). The functor A is flat if
the functor L4 preserves finite limits, i.e. if the adjunction Ly 4 R4 is
a geometric morphism. Given moreover a topology J on C, the functor
A is J-continuous if R4 takes image in Sh(C,J) (implying that the
adjunction L4 - R4 induces a geometric morphism & — Sh(C, J) by
Lemma . We will from time to time refer to flat J-continuous
functors: however, this is a particular case of the notion of morphism
of sites, since functor A : C — & is flat and J-continuous if and only if
it is a morphism of sites A : (C,J) — (&, J&").
We also state an alternative characterization of continuous functors which
we will exploit later:
Lemma 1.2.2. Consider two small-generated sites (C,J) and (D,K): a
functor p : D — C is (K, J)-continuous if and only if for every K -covering
sieve m : R — X(D) the arrow aj(lanyer(m)) of Sh(C,J) is an isomor-
phism.

Proof. This can be proven considering, for every K-covering sieve m : R »—
X (D) and every J-sheaf H, the commutative square of Hom-sets

Sh(C, J)(aslanyer (& (D)), H) —— [D,Set|( X (D), H o p°P)

—oaglanyop (m)i Jr—om

Sh(C, J)(ajlanyes (R), H) ——— [D, Set](R, H o p°?)

The horizontal isomorphisms are given by the adjunction ajolanper = p*ou;.
The left-hand vertical map is an isomorphism if and only if aslanyer (m) is an
isomorphism, while the right-hand one is if and only if H o p°P is a K-sheaf,
i.e. if and only if p is (K, J)-continuous. O

Remark 1.2.2. This result can also be obtained from Exposé II, Proposition
5.3 and Exposé III, Proposition 1.2 of [1].

We now introduce the dual notion of comorphism of sites:
Definition 1.2.2 |21} Proposition C2.3.18]. Consider two small sites (C,.J)
and (D, K): afunctor p : D — C is a comorphism of sites p : (D, K) — (C, J)
if any of the following equivalent conditions is satisfied:



(i) The functor ranyer : [D?,Set] — [C°P,Set| sends K-sheaves to J-
sheaves, i.e. there exists a geometric morphism C, : Sh(D,K) —
Sh(C, J) satisfying ¢;Cp, =~ ranyertf; its inverse image C, is defined
as the composite

Sh(C, J) <2 [P, Set] L [D, Set] 5 Sh(D, K).

(ii) p* : [C°P,Set] — [D°P, Set] maps J-dense monomorphisms to K-dense
monomorphisms (we recall that a monomorphism m is J-dense if a ;(m)
is an isomorphism).

(iii) The functor p satisfies the covering-lifting property, i.e. for every D in

D and every J-covering sieve S over p(D) there is a K-covering sieve
R over D such that p(R) C S.

We denote the 2-category of small-generated sites, their comorphisms and
natural transformations by Com.

In the following, we will not be particularly interested in morphisms of
sites, but we will use continuous functors extensively, and especially contin-
uous comorphisms of sites.

To conclude this section, we recall that every functor whose codomain is
a site can be made into a comorphism of sites in a minimal way:

Proposition 1.2.3 |21, Proposition C2.3.19(i)|. Consider a site (C,J) and
a functor p : D — C: there exists a smallest topology M§ on D such that
p : (D,M%}) — (C,J) is a comorphism of sites. In particular, it is the
smallest topology containing the the family of sieves of the form Sp :={f :
dom(f) — D | p(f) € S} for any D in D and S € J(p(D)).

Example 1.2.1. One particular instance of this minimal topology is when
p: C/X — C is the canonical projection functor: we will denote it simply
by Jx, and one immediately sees that a family of arrows F = {z; : [yz;] —
[y] | © € I} over [y] in C/X is Jx-covering if and only if {z; : dom(z;) —
Y |ieI}is J-covering in C.

The topologies of the form MY satisfy another fundamental property:

Lemma 1.2.4 |6, Corollary 3.6]. Take a comorphism p : (D,K) — (C,J)
and two functors A: D — &, q:E — C: if gA = p then A is a comorphism
of sites (D, K) — (£, M9).

This allows in particular to interpret the association p — M § as part of
an adjunction. Let us denote by Com?® the 2-category of small sites and
their comorphisms, and by Com?®/(C, J) its 2-slice over (C, J) in the sense
of Definition [L4.1l We introduce a 2-functor

& : Cat/C — Com?/(C,J)

by mapping a O-cell [p : D — C] to p : (D,M}) — (C,J): Lemma m
implies that every 1-cell in Cat/C is sent to a comorphism of sites. In fact,

10



for any comorphism p: (D,K) — (C,J), a 1-cell (F,p):[p:D —C] —[q:
&€ — C] in Cat/C corresponds to a 1-cell (F,¢):[p: (D,K) — (C,J)] = [¢:
(€, M%) — (C,J)] of Com®/(C,J), and so we can conclude the following:

Corollary 1.2.5 |8 Corollary 2.10.4]. Consider a small site (C,J): there is
a 2-adjunction (see Definition[3.1.3)

For
—

Com®/(C,J) L Cat/C
K
[}
where For is the usual forgetful functor and & is defined on 0-cells by mapping
[p:D —C| tolp: (D,M)) — (C,J)]. The 2-functor & is also locally fully
faithful, i.e. every functor Cat/C([p],[q]) = Com?®/(C,J)(&([p]),®B([q])) is
full and faithful.

1.3 Presentation of essential geometric morphisms
via continuous comorphisms of sites

We can functorialize the connection between sites and toposes, in order to
describe an adjunction between the 2-category of sites and continuous co-
morphisms and the 2-category of toposes and essential geometric morphisms.
First of all, the passage p — ran,er of Proposition m provides a functor
from Cat to EssTopos, by mapping a small category C to its topos of
presheaves [C°P, Set], and a functor p : D — C to the essential geometric
morphism ranyer. If we wish to extend this to natural transformations we
have to take into account that the involution (—)° reverses their direction,
ie.ifa:p=q:D — C then a? : ¢°? = p°?. This means that there is an
induced natural transformation a* : ¢* = p* : [CP, Set] — [D, Set] acting
as precomposition with P, and thus the functor Cat — EssTopos extends
to a 2-functor
Cat — EssTopos®.

Similarly, if we call Com the category of small-generated sites and their
comorphisms, the association (C,.J) — Sh(C,J) and p — C} describes a
functor Com — Topos; this functor also extends to natural transformations
reversing their direction, and thus we have in fact a 2-functor

C-) : Com — Topos®.

Finally, notice that if p is a (K, J)-continuous comorphism the inverse image
C, = Sh(p). admits a further left adjoint (Cp), := Sh(p)*, i.e. the induced
geometric morphism C), is essential. If we denote by Comy,,,; the 2-category
of sites and their continuous comorphisms, the 2-functor C'(_) restricts to a
2-functor

C-y : Comgy,t — EssTopos®™.

11



Proposition 1.3.1 |6, Theorem 4.20]. Consider a small-generated site (C,J)
and a Grothendieck topos & : there is an equivalence of categories

EssTopos®(Sh(C, J),&) ~ Comeon:((C, J), (&, J&™))
acting as follows:

o An essential geometric morphism F : Sh(C,J) — & is sent to the
functor Fily : C — &, and a natural transformation Q0 : F = G :
Sh(C,J) — & to Qoly, where Q : Gy = F) is the 2-cell induced by
Q: F* = G* on the essential images;

o a (J,J¢™)-continuous comorphism of sites A : C — & is sent to
Cya : Sh(C,J) — Sh(&,J¢") and then composed with the canonical
equivalence Sh(&, J¢™) ~ & ; the same holds for a natural transforma-
tionw: A= B:C—&.

The previous result is evidently describing a 2-adjunction: the left adjoint
is the functor C(_) that we already know, while its right adjoint, which we will
denote by (—)1, maps a topos & to the site (&', J¢*"), an essential geometric
morphism H : & — % to the functors H) and a 2-cell w : H = K of
geometric morphisms to the 2-cell wy : K1 = H, induced on the essential
images. The only thing we need to prove is that H, is in fact a continuous
(Jgm, JF")-comorphism of sites, so that (—); is well-defined; in fact, we will
show that at the level of sheaf toposes it induces precisely the geometric
morphism H, i.e. that there is a commutative diagram

ran Hop

[6°P, Set] — [.Z°P, Set]

] ]

& —1 7
First of all, the adjunction Hy 4 H* 4 H, implies the two equivalences
(= o (H")) ~langer, (—o Hy") =~ lan g=yop,

by Lemma[D.1] It is well known that for any functor A : A — B the identity
lan gop & 4 >~ XA holds, and so in particular we have that, for any X in &
and Y in .%, there are natural isomorphisms

F(Y)oH ~ X(H*(Y)), rangor (& (X)) 2 & (Hy (X))

which express precisely the fact that the adjunction langer (—o H?) A
rangor restricts to the essential geometric morphism H : & — F, ie. that
H is a (Jg™, JF™)-continuous comorphism of sites. One can then verify
that the correspondence is pseudonatural in (D, K) and &, and hence we
obtain the following;:

12



Corollary 1.3.2 [8| Corollary 4.1.1]. There is a 2-adjunction

C)
~
Comg,,; L EssTopos®

()
acting as follows:

e C_y maps a site (C,J) to the sheaf topos Sh(C,J); a continuous co-
morphism of sites A : (C,J) — (D, K) is sent to the essential geometric
morphism Cya : Sh(C,J) — Sh(D, K), and a natural transformation
«a: A= B of comorphisms of sites to C,, : Cp = Cy.

e (—)1 maps a Grothendieck topos & to the site (&,J™), an essential
geometric morphism H : & — F to the continuous comorphism of sites
H : (&,J¢") = (F,JF") and a natural transformation w : H = K
to the natural transformation w : Ky = H,.

Moreover, the functor (=) is 2-full and faithful.

In Section 4.4 of [6] a result similar to Proposition[L.3.1]is sketched, where
essential geometric morphisms F' : Sh(C, J) — Sh(D, K) are presented using
liftings of topologies to presheaf toposes. More precisely, it is shown that
given a site (C,J) there is a topology J on [C°P, Set], called the presheaf
lifting of J, which is the topology coinduced by J along X : C < [C?P, Set]
(in the sense of |6, Proposition 6.11]): the topology J makes X into a
comorphism of sites such that

~

Cy, : Sh(C,J) — Sh([C, Set], J)

is an equivalence of toposes. One can also check that the inclusion

-~

Sh([C?, Set], J) < [[C’?, Set]°?, Set)]
can be seen as the inclusion

K (cop set)

Sh(C,J) < [C?, Set] — = [[C°, Set]?, Set].

Using presheaf liftings of topologies one can prove that essential geomet-
ric morphisms Sh(D, K) — Sh(C, J) correspond to J-equivalence classes of
continuous comorphisms of sites (D, K) — ([C°?, Set], J), where two comor-
phisms of sites to [CP, Set] are J-equivalent if and only if they induce the
same geometric morphism (up to equivalence). The correspondence extends

to natural transformations, and thus we end up with the following:

13



Proposition 1.3.3 [8, Proposition 4.1.2]. There is an equivalence of cate-
gories

EssTopos®(Sh(D, K),Sh(C,.J)) ~ Com

cont

~

(D, K), ([C, Set], J)),

where the category on the right is the category of continuous comorphisms of

sites (D, K) — ([C°P, Set], j) up to J-equivalence, acting as follows:

e an essential geometric morphism F : Sh(D,K) — Sh(C,.J) is sent
to the functor 1yFilg : D — [C°P,Set], which is a (K, J)-continuous
comorphism of sites; a natural transformation w : F = G induces
wr : Gy = Fi, and we map it to the composite Ly o wy o Uk .

~

e a continuous comorphism of sites A : (D, K) — ([C?, Set], J) produces
an essential geometric morphism Sh(D,K) — Sh(|C?,Set|,J) ~
Sh(C, J), and the same holds for natural transformations.

Moreover, the equivalence is pseudonatural in (D, K) and (C, J).

Remark 1.3.1. Combining this result with Proposition we get in par-
ticular an equivalence of categories

Comcont((pa K)v (Sh(ca J)7 Jé%?C,J)))

LJO*(/ ,>aJ07

Com?/, .((D,K),([C,Set],J)).

cont

1.4 Site-theoretic classification of geometric mor-
phisms over a base

Morphisms and comorphisms of sites can also be exploited to obtain site-
theoretic descriptions of geometric morphisms over a base topos: one first
instance of this is Proposition 2.4 of |12, which we shall generalize in various
ways in the present section.

First of all, let us set once and for all the notation for slice 2-categories,
which we will exploit all throughout the work:

Definition 1.4.1. Consider a 1-category C and an object X: by C/X we
shall denote the usual slice category, such that

e objects are arrows y : Y — X of C, and

e arrows z : (w : W — X| — [y : Y — X] correspond to arrows
z: W =Y of C such that yz = w.

If A is a strict 2-category we can perform its 1-categorical slice over an
object A, which we will denote by A/1A. The right 2-categorical notion
for an arbitrary lax 2-category A is that of slice 2-category A/A defined as
follows:
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0-cells are arrows b: B — A;

1-cells from [p : C — A] to [b : B — A] correspond to pairs (c,7y) where
c:C = Bandvy:bc=p;

2-cells from (c,v) to (d,9) : [p] — [b] are 2-cells w : ¢ = d satisfying the
identity § = v(bow).

If we do not require that v in the definition of 1-cell is invertible, we obtain
instead the notion of laz-slice-2-category A /| A(see [32]).

We start by classifying essential geometric morphisms whose domain is
induced by a continuous comorphism of sites:

Proposition 1.4.1. Consider a (K, J)-continuous comorphism of sites p :
(D,K) — (C,J) and an essential geometric morphism E : & — Sh(C, J):
there a pseudonatural equivalence of categories

EssTopos® /Sh(C, J)(Sh(D, K), &) ~ Comeont((D, K), (&, J&™))/E*Lyp
Moveover, this restricts to an equivalence between
EssTopos®/Sh(C, J)(Sh(D, K), &)

and the full subcategory of Comeon:((D, K), (&, J5™))/E*L1p whose 1-cells
are the natural transformations & : A = E*{jp such that the composite

BAZE BB 222

is an isomorphism, where ¢ is the counit of By 4 E*.

Proof. First of all, let us specify how EssTopos® // Sh(C, J)(Sh(D, K), &)
is made. Notice that the presence of <° forces all the 2-cells appearing in the
definition of the lax slice to change direction: so for instance an object would
be a pair (F,¢) : [Cp] — [E], where F' is an essential geometric morphism
Sh(D,K) — & and ¢ a natural transformation Cj = F*E*. However, we
can exploit the presence of the essential images to reverse the direction of 2-
cells: objects of EssTopos® // Sh(C,J)(Sh(D, K), &) are pairs (F, ) with
F : Sh(D,K) — & essential and ¢ : E\F} = (Cp). Similarly, given two
such 1-cells (F,¢) and (G,7), an arrow w : (F,¢) = (G,~) is given by a
natural transformation w : F} = G satisfying the identity v(E) o w) = .
Notice that we can exploit the adjunction Ey 4 E* to obtain from ¢ a
natural transformation @ : F{ = E*(Cp)1: then the identity y(Eiow) = ¢
translates into p = Jw. Finally, notice that Fi,  and w are defined (up to
isomorphism) by their values on the generators of Sh(D, K): i.e., they are
uniquely defined by the composites Fily, p ol and wo fx. But Filk is
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a continuous comorphism of sites presenting F', while E*(Cp)ilx ~ E*{p:
thence we end up with the equivalence

EssTopos® / Sh(C, J)(Sh(D, K), &) ~ Comeon:((D, K), (&, J"™))/E L sp

Now, notice that ¢ : E\Fi = (Cp): can be recovered from @ as ¢ = (o
(Cp))(Ey o @). Restricting again to the generators of Sh(D, K') and setting
¢ := polg, p is an isomorphism if and only if (¢ o £;p)(E) 0 §) is. O

Remark 1.4.1. There is a slight, but innocuous, abuse of notation in the
previous result: we wrote the right-hand term as a slice category of Comycot,
but the functor E*¢;p in general is not a continuous comorphism of sites.
We can also exploit the point of view of J-equivalent comorphisms ex-
pressed in Proposition [I.3:3] in order to obtain a classification of relative
geometric morphisms whose domain and codomain are both induced by con-
tinuous comorphisms of sites:
Proposition 1.4.2. Consider two continuous comorphisms p : (D, K) —
(C,J) and q : (£,T) — (C,J): then there a pseudonatural equivalence of
categories between

EssTopos® J/ Sh(C, J)(Sh(D, K),Sh(E,T))

and

Com[,.,((D, K), (€7, Set], T))/q" kcp.

Moweover, this restricts to an equivalence between
EssTopos®/Sh(C, J)(Sh(D, K), &)

and the full subcategory of Com”, (D, K), ([P, Set],T)/q* X cp whose 1-

cont
cells are the natural transformations 7 : B = ¢* Xcp such that the composite

lanqop oT

"ok
langop B === langerq™ & ¢p R Kep-

is sent by ay to an isomorphism, where ' is the counit of langer - ¢*.

Proof. Let us again use the shorthands Sh(C, J) := C and [C°P, Set] := C.
The previous proposition tells us that

EssTopos® /| C(D, ) ~ Comeon: (D, K), (€, J"))/Calap

which starting from (F, ) provides a natural transformation ¢ : Filg =
Cyl,p. First of all, notice that Cy¢;p = Cyay &ep ~ arq” Xep. Second, set
A = 1pF\fg and consider the composite tp o @ : A = vpapq* Kep: we are
now in &, , and we can perform the pullback of ¢ o p componentwise along
noq* Xep: ¢" Xep = trapg* Xep, where 7 is the unit of ap 4 tp. We obtain
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a natural transformation 7 : B = ¢* X¢p, where B is the functor B : D — g
mapping every object D to the pullback of ¢(D) and 1y« . .(,(py) in [E7, Set].
Notice that the natural transformation w : B = A satisfies the condition that
a7 o w is an isomorphism, since it is the pullback of n: this forces B to be

a (K, T)-continuous comorphism of sites which induces the same geometric
morphism as A, namely F. To see this, we recall that Sh(é’ T) ~ € with
the inclusion ¢4 : Sh(E, T ) < [£°P, Set] being the composite functor X BT
Let us first see that (—oB?): [5"1”, Set| — D restricts to sheaves. For any
T-sheaf W

~

(— 0 B?) X gur(W) := E(B(-),er(W)) = E(arB(—), W)
~ E(apA(=), W)
~ E(A(=),ir(W)),

meaning that (— o BP) o 15 =~ (— o A%) o 17. But the latter functor factors

through 15, since A is (K, f)—contlnuous, and hence so does the first: there-
fore B is (K, f)—continuous. This immediately implies that a (—o BP)is ~
(", which has a right adjoint, and thus B is a comorphism of sites. There-
fore, for any (F,¢) in

w
w

EssTopos® / Sh(C, J)(Sh(D, K),Sh(€,T)),
we may map it to 7: B = p* Xep in

Com(,,.,(D, K), ([€7,Set], T))/q" %cp,

and this provides our equivalence.
Finally, we know that ¢ is an isomorphism if and only if

(Co) Filie 22220 (o Coityp 2225 4y

is an isomorphism, where ¢ is the counit of (C,); - Cj, but a routine com-
putation shows that (e o £;p)((Cy)i 0 @) is the image through a; of

lan q°P oT

glok
langor B =——= langorq* & op —= == Yop.
O

The next result will instead classify all geometric morphisms whose
codomain is of the form [C}], but this time using morphisms of sites:

Theorem 1.4.3. Consider a comorphism of sites p : (D, K) — (C,J) and
a geometric morphism E : & — Sh(C,J): then there is a pseudonatural
equivalence of categories

Topos / Sh(C, J)([E], [Cy]) = Site((D, K), (&, J&™))/E™Lp

which is pseudonatural in both [E] and p.
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Proof. We start by defining the equivalence at the level of objects. An object
of Topos // Sh(C, J)([E],[Cp]) is a pair (F,p) where F' : & — Sh(D, K)
is a geometric morphism and ¢ : F*C; = E*. By Corollary this is
the same as a natural transformation ga; : F*Cja; = E%a;; but since
Cpay ~ agp®, we have for now a natural transformation g oa; : F*agp* =
E*aj. Now, since lanpor - p* we have that — o p* 4 — olanyer by Lemma
and thus ¢ o ay corresponds to a natural transformation ¢’ : F*ax =
E*ajlanyer. Finally, such a natural transformation is uniquely determined
(up to isomorphism) by its values on the generators of Sh(D, K), i.e. by the
composite ¢ := ¢’ o Xp : F*g = E*ajlanyr &p ~ E*(;p. Notice that
F*lg is the flat K-continuous functor D — & that generates the geometric
morphism F', and thus it is indeed a morphism of sites (D, K) — (&, J¢™).

To extend the equivalence to arrows, consider two 1-cells (F,¢) and
(G,7) : [E] — [Cp] and 2-cell w : (F,p) = (G,7), i.e. a natural trans-
formation w : F* = G such that y(w o C;) = ¢. Notice that w is uniquely
defined by its restriction w = w o £ to the generators of Sh(D, K): then a
rapid computation shows that y(w o C}) = ¢ holds if and only if yw = .
Thus the association w — @ defines the equivalence

Topos // Sh(C, J)([F], [Cp]) ~ Site((D, K), (&', Jg™))/E"Lp
on arrows. The pseudonaturality is lengthy but straightforward to check. [J

Remark 1.4.2. Let us make explicit the relationship between the two nat-
ural transformations ¢ : F*Cp = E* and ¢ : F*{x = E*{pp, for it will
come in handy later. Denote by n and € the unit and counit of lanper = p*.
Starting from ¢, we obtain { as the composite

Fly =———— F*ag &p
ﬂF*a;@m&D

F*aKp*lanpop ckp

? e

F*C’;aﬂanpop J:D

ﬂgooaJlanpop £p
E*Ejp — E*aJlanpop J:D
Conversely, start from ¢ : F*{g = E*{;p, which we can see as a 2-cell

F*ag Xp = E*ajlanger &p: then ¢ induces a natural transformation ¢ :
F*ag = E*ajlanyer. We can then consider the composite

Hop* E*ajoe
F*Cpa; = Fragp” i E*ajlangerp* == E*a; :
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its restriction to sheaves (which coincides with its composition with the
functor v : Sh(D,J) — [D,Set]) provides the natural transformation
p: F*Cp = E*.

The components of (E*ajoe)(@op*), and thus those of ¢, can be stated
directly in terms of the components of @ using colimits. Let us start by
considering a representable presheaf X (X):C% — Set: the composite

P(p™ (£(X)))

* * * * Era;(exx))
Fragp® X (X) 2EEOD, gt o (£ (X)) ol Cr00),

E*aJJ:(X)

can be described using the fact in [D°, Set] the presheaf p* X (X) can be
presented as the colimit of representables p*( & (X)) =~ colimy.,(p)—,x £ (D).
First of all, we recall that ¢ (X) is the map

€ x(x) : colimy. p(pyx F(p(D)) = K(X)
induced by the cocone whose y-indexed leg is the map
£(y): £(p(D)) = £(X).
The composite E*a;(e y (y)) is computed thus as the arrow
colimy. p(py—sx E*Ls(p(D)) — E*£;(X),
induced by the cocone whose y-indexed leg is the arrow
E*ly(y) : E*;(p(D)) — E™4;(X).
On the other hand, the arrow
o(p* K (X)) : Fragp® X (X) — E*ajlanyerp™ (& (X))
is the morphism
colimy.,, p)—x F*lx (D) — colimy., py_,x E*¢;(p(D))
induced by colimit property by the maps
o(D) : F*lg (D) — E*L;(p(D)) :
therefore, globally we have that
(B*ay 0 £)(@ 0 p")(£(X)) : Fraxp* £ (X) - Eay £(X)

is an arrow
COhmy:p(D)—)X F*KK(D) — E*EJ(X>

induced by the cocone whose y-indexed leg is the arrow

E*0y(y
J ()

Fox(D) 22 B0,(p(D)) E*05(X).
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If now we take any presheaf H : C? — Set, we can exploit the colimit
H =~ colimge r(x) & (X): then the arrow

(E*ajoe)(pop™)(H): F*C;aJ(H) — E*ay(H)
is a morphism
colimyepr(x) Frakxp™ & (X) — colim,cp(x) E* 4 (X)

induced componentwise by the arrows (E*ajoe)(pop*)( k(X)) we described
above: thus we can conclude that (E*ajoe)(@op*)(H) is induced by colimit
property by the arrows

e(D)

E*¢
0wy Flx(D) 22 B0, (p(D)) 22,

E*l;(X)
indexed by x € H(X) and y : p(D) — X.

The previous results admit an alternative formulation using comma cat-
egories:
Definition 1.4.2. Consider two functors A : A — C and B : B — C:
the comma category (Al B) is the category whose objects are triples (X €
A Y € B, f: A(X) = B(Y)) and whose morphism («, 3) : (X,Y, f) —
(X",Y', f) are pairs of arrows o : X — X' and 8 : Y — Y’ such that
B(B)o f = [ o (o).

The comma category has two obvious canonical projections to A and B

and a natural transformation ¢ : A opgq — B o pp such that o(X,Y, f) is
the arrow f: A(X) — B(Y) (for any object (X,Y, f) of (A} B)):

(AlB) 225 B

| e
A — C
The comma category (A| B) satisfies a strict 2-limit universal property in
CAT: for every other pair of functors Fiy : D — A, Fg : D — B and natural
transformation ¢ : AFy = BFp there is a unique functor F' : D — (Al B)
such that Fiy = paF', Fp = ppF and ¥ = ¢ o F. This universal property
extends immediately to 2-cells.

Using comma categories we can provide an alternative description of the
category Site((D, K), (&, Jg"))/E* L p. Let us set E*£; := A: then a l-cell
[€ : f = Ap] corresponds to a unique £ : D — (1gl A) as in the following
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diagram:

~

and a similar correspondence holds for the 2-cells. We only need to take
into account that we want the composite g€ to be a morphism of sites
(D,K) = (&,J¢"). To do so, we shall exploit the following result:

Theorem 1.4.4 |6, Theorem 3.16|. Consider a morphism of sites A : (C,J) —
(€, K). Consider the topology K on the comma category (1¢] A), whose cov-
ering steves are exactly those whose image in £ s K-covering: then

e the projection m¢ : (1g¢] A) — C is a comorphism of sites,

e the projection wg : (1¢JA) — & is a morphism and a comorphism of
sites inducing an equivalence of toposes,

e the diagram of geometric morphisms

Sh(€, K) ~ Sh((1¢ | A), K)

Sm Cre

Sh(C ,J)
s commutative.

Seeing A as a morphism of sites (C,J) — (&,J¢""), we can apply the
theorem above to obtain an equivalence Sh((le]A), J§*") ~ & that iden-
tifies the geometric morphisms F and Cr.. One verifies immediately that
7 o & is a morphism of sites if and only if £ is, since at the level of toposes
the two functors induce essentially the same geometric morphism, and so we
end up with the following result:

Proposition 1.4.5. Consider a geometric morphism E : & — Sh(C, J) with
corresponding flat J-continuous functor A : C — & and a comorphism of sites
p: (D,K)— (C,J): then there is an equivalence of categories between

Topos / Sh(C, J)([E], [Cp])

and the full subcategory of Site((D, K),((1¢1A), J¢™)) whose objects are
the morphisms of sites § : (D, K) — ((1¢1 A), J&") such that mc 0 & = p.

With the same argument we can also derive the following corollary of

Proposition [I.3.1}
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Proposition 1.4.6. Consider a geometric morphism E : & — Sh(C,J)
with corresponding flat J-continuous functor A : C — & and a continuous
comorphism of sites p : (D,K) — (C,J): then there is an equivalence of
categories between

EssTopos® // Sh(C, J)([C}], [E])

and the full subcategory of Comeont((D, K),((1elA), J5*")) whose objects
are the continuous comorphisms of sites § : (D, K) — ((1elA), J&") such
that ¢ o £ = p.

22



Chapter 2

Fibrations and stacks

As Jean Giraud already made evident in [12], fibrations and stacks are a
fundamental tool to develop relative topos theory: we have collected in this
chapter all the technical tools about them that will be needed in this the-
sis. Unless stated otherwise, all the results in this chapter can be found in
Chapter 2 of [3].

The first section deals with the notions of C-indexed category and Street
fibration. Street fibrations are the equivalence-stable generalization of the
more notorious Grothendieck fibrations (see [33] and its references), therefore
all classical results for Grothendieck fibrations that are equivalence-stable
hold also for Street fibrations: nonetheless, we have provided sketches of
proofs for these results, both to set the notation and as a reference. This
means that in the following, unless stated otherwise, ‘fibration’ will always
mean in the sense of Street. The second section deals with localizations
of fibrations, which will be useful when computing base change functors in
Chapter 4 We will then introduce stacks, both in fibrational and indexed
terms, and in particular the canonical stack of a site; finally, we will analyse
the connection between stacks and sheaves, called the truncation functor,
which can be understood both in terms of an orthogonal factorization system
for geometric morphisms and in terms of one for functors between sites.

2.1 Indexed categories and Street fibrations

Fibrations are best understood as the gluing of information coming from a
C-indexed category, so we start from there. Intuitively, a C-indexed category
is nothing but a presheaf taking values in CAT instead of Set; however, it
proves fruitful to weaken the rigid functoriality of presheaves as follows:

Definition 2.1.1. Consider a category C. A pseudofunctor D : C°? — CAT
is the datum of

e a category D(X) for each object X in C, called the fibre of D over X,
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e a functor D(y) : D(X) — D(Y) for each arrow y : Y — X in C, called
transition morphism,

e a family of natural isomorphisms
o * Ipixy = D(1x),
one for each X in C, and a family of natural isomorphisms
¢y : D(2)D(y) = D(yz),

one for each composable pair y, z of arrows in C, which are the structural
isomorphisms of D,

satisfying the following compatibility conditions: for any y: Y — X

Ory (DY) 0 9%) = ¢y 1, (Y 0 D(y)) = idp(y) : D(y) = D(y),

and foranyw: W - Z, z: Z —>Y,y:Y = X,

P (P20 0 DY) = @y, (D(w) 0 @) : D(w)D(2)D(y) = D(yzw).

In short, a pseudofunctor D : C°? — CAT is functorial up to canonical 2-
isomorphisms; a strict pseudofunctor is a functor D : C°? — CAT in the
usual sense.

A pseudonatural transformation F : D = E consists of the following
data. For every X in C we have a functor Fx : D(X) — E(X) and for every
y : Y — X of C we have a natural isomorphism F, : E(y)Fx = FyD(y)

satisfying the following compatibility conditions: for every X in C
Fx 0 @ox = Fi(¢% o Fx) : Fx = FxD(1x)
and forevery z: Z - Y, y:Y — X,
Fy:(py.0Fx) = (Fz0p,.)(F. oD(y))(E(2) o Fy) : E(2)E(y)Fx = FzD(yz).

If we do not ask the components Fy to be invertible, we have what is called
a laz natural transformation; if moreover we ask that the F,’s go in the
opposite direction, we can suitably adapt the two axioms above to obtain
the definition of oplax natural transformation.

A modification of pseudo-/oplaz/lax natural transformations, denoted by
¢ : F = G, consists for every X in C of a natural transformation {x : Fx =
Gx such that for every y : Y — X the identity

Gy(E(y) o €x) = (§y o D(y)) Fy : E(y)Fx = GyD(y)

is satisfied.
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Pseudofunctors C? — CAT, their pseudonatural transformations and
modifications are respectively the 0-cells, 1-cells and 2-cells of a 2-category
which we shall denote by

[CP, CAT],,s.

If instead of pseudonatural transformations we consider lax natural trans-
formations as 1l-cells we still have a 2-category, denoted by [CP, CAT|;4s;
similarly, if the 1-cells are oplax natural transformations we shall use the
notation [C%?, CAT]piqz-

Pseudofunctors C°? — CAT can also be thought as C-indexed categories;
their pseudonatural transformations are thus called C-indezed functors and
the modifications C-indezed natural transformations. This justifies the more
compact notation Ind¢ for the 2-category [C°P, CAT],s, which we will adopt
whenever the focus is not really on the kind of transformation considered.

If we consider a set I and a I-indexed family of sets {X; | i € I}, there is
an obvious way of gluing them all together: one considers their disjoint union
[l;c; Xi- The original sets can now be retrieved as fibres of the canonical
projection map [[; X; — I. In a similar fashion, the whole information
contained in a C-indexed category D can be glued together in one single
category over C, exploiting the well-known Grothendieck construction:

Definition 2.1.2. Any C-indexed category D : C°? — CAT is canonically
associated to a functor pp : G(D) — C, defined as follows: the objects of G(D)
are pairs (X,U) with X in C and U in D(X), and arrows of G(ID) are pairs
(y,a) : (X, V) = (X,U) wherey : Y — X and a : V — D(y)(U) in D(Y).
The identity arrow of (X,U) is the pair (1x, % (U)), while composition of
arrows is defined by the equation (y,a) o (2,b) = (yz, ¢y, (U)D(2)(a)b). The
functor pp acts by forgetting the second component.

From a C-indexed functor F' : D — E we can obtain a functor G(F) :
G(D) — G(E) such that pgG(F) = pp. We set G(F)(X,U) := (X, Fx(U)),
and for any arrow (y,a) : (Y,V) — (X,U) in G(D) we set G(F)(y,a) to
be the arrow (¢, F,(U) ' Fy(a)) : (Y, Fy(V)) = (X, Fy(U)). Moreover, a C-
indexed natural transformation £ : F' = G is sent to a natural transformation
G(§) : G(F) = G(G) satisfying the identity pg o G(§) = id,p. This means
that G provides a strict 2-functor

G : Indc — CAT/C

which moreover factors through the sub 2-category of strictly commutative
triangles over C.

G(F)
F
FTERS
Dk IE  — 6D [o©GE)
~_ 7 Y
PD C
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Remark 2.1.1. The Grothendieck construction can be performed on a
much wider class of functors, namely that of lax functors D : C? — CAT
and their oplax natural transformations, and one can again obtain a 2-
functor Lax(C?, CAT)opia; — CAT/C: this is implied, though not ex-
plicitly stated, in |19]. For the following results though (in particular the
equivalence in Corollary , it is still necessary to restrict to C-indexed
categories.

As it happened in the example with indexed families of sets, the C-indexed
category I can be recovered from p : G(D) — C: indeed, once fixed X in
C, the fibre D(X) is isomorphic to the collection of objects (X, U) of G(DD)
and of morphisms of the form (1, a) between them. We can similarly recover
each functor D(y).

Example 2.1.1. Let us see some examples of C-indexed categories:

(i) Any presheaf P : C°? — Set can be seen as a particular kind of C-
indexed category which is strict and discrete: that is, it is a strict
functor and its fibres are all discrete categories. In this case one usually
writes [P for G(P) and calls it the category of elements of P: objects
are still pairs (X,U) with U € P(X), and arrows are of the form
y: (Y,V) = (X,U) where y : Y — X and P(y)(U) = V. The functor
pp : [P — C simply forgets the second component. A morphism
of presheaves f : P = @Q is mapped to a functor [f : [P — [Q
operating by sending y : (Y, Py(U)) — (X,U) toy : (Y, fy Py(U)) —
(X, fx(U)). In particular, we remark that [Jk(X) ~ C/X, and that
for y: Y — X, [X(y) (which we shall denote sumply by [y) acts as
the postcomposition functor yo —:C/Y — C/X .

(ii) Given a geometric morphism F : .% — &, we can define a &-indexed
category Ir by sending an object E of & to the category % /F*(E)
and any arrow g : E — E’ in & to the pullback functor .#/F*(E’) —
F |F*(E) along the arrow F*(g) : F*(E) — F*(E'). Applying the
Grothendieck construction to Ir we obtain that G(Ir) is the comma
category (% | F*), with the canonical projection to &.

(iii) If C is a category with finite limits and a canonical choice of pullbacks,
it admits a C-indexed category P : C? — CAT which maps every
object X to the slice category C/X, and every morphism y : ¥ — X
to the pullback functor y* : C/X — C/Y. Applying the Grothendieck
construction one sees that G(IP) = Mor(C), the category of morphisms
of C and their commutative squares, with its structural functor being
the codomain functor cod : Mor(C) — C.

(iv) If we consider a Grothendieck topos & and its identity geometric mor-
phism 1g, the &-indexed category I;, of item (ii) coincides with the
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one in item (iii): it is what we shall call the canonical stack over & (see

Section .

(v) We are always able to build from a C-indexed category D : C? — CAT,
another pseudofunctor DV : C°? — CAT by setting DV (X) := D(X )P
for every X in C, and DY (y) := D(y)° : D(X)? — D(Y)°P. for every
y: Y — X: we will make extensive use of these pseudofunctors in the
following. The notation adopted is consistent with that of |12].

Fibrations over C are introduced by providing an axiomatic description
of functors of the kind G(D) — C:

Definition 2.1.3. Consider a functor p: D — C: an arrow f: A — B in D
is said to be cartesian if for every other h : C'— B and any g : p(C') — p(A)
such that p(h) = p(f)g there is a unique k : C' — A such that p(k) = g and
h = fk.

C p(CO)
Sk N g
h 0 (h)
]£ A ol \ A
7 p(B) W p(A)

Remarks 2.1.2. Let us list here some useful properties of cartesian arrows:

(i) Given a cartesian arrow f : A — B, any other arrow k : C — A is
determined uniquely by the composite fk and the projection p(k) in C.
We will often use this in the following to show that two arrows in the
domain of a fibration are equal.

(ii) If f is cartesian, then fg is cartesian if and only if ¢ is cartesian.

(iii) Consider an arrow = : X — p(U) and two distinct cartesian arrows
a:A—Uandb: B — U with isomorphisms a : X = p(A) and f :
X = p(B) such that x = p(a)a = p(b)3. Exploiting the cartesianity
of both a and b it follows that there is a unique v : A = B such
that by = a and p(y) = Ba~!. This has the immediate consequence
that if z : X — p(U) is an isomorphism, then all its cartesian lifts
(see the following definition) are isomorphisms: this happens because
x admits among its lifts the identity arrow 1y, and all other lifts of are
isomorphic to it.

Definition 2.1.4. A functor p : D — C is called a (Street) fibration if
for every A in D and any = : X — p(A) in C there are a cartesian arrow
f: B — A and an isomorphism 0 : X = p(B) such that p(f)f = x:

TN”

X —— p(4
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The arrow f is called a cartesian lift for x. The fibration p is cloven, or
with cleavage, if for every x and A we have a choice of a cartesian lift Z 4 :
dom(Z4) = A and an isomorphism 6¢ 4 : X — dom(p(Z4)) as above. In
particular, p is a Grothendieck fibration if every x has a cartesian lift f
such that p(f) = x; a Grothendieck cleavage is a cleavage where all the
isomorphisms 67 4 are identities.

Proposition 2.1.1. Consider a C-indexed category D : C°P — CAT: then
p:G(D) — C is a cloven Grothendieck fibration.

Proof. Consider an arrow y : Y — X of C and an object (X,U) in the fibre
of X. Then the arrow (y, Ip @) @ (Y;D(y)(U)) = (X, U) is a cartesian lift
of y: it obviously projects to y, and for any other (h,b) : (Z, W) — (X, U) of
G(D) such that h = yz for some z, then (h,b) = (y,1)(z, goy_;b), and (z, go;’ib)
is a unique lift for z. ]

Remarks 2.1.3. (i) The ‘evilness’ of the definition of Grothendieck fibra-
tion, which explains resorting to Street fibrations, stems from the fact
that the condition p(f) = x on arrows forces the equality p(B) = X
on objects. We will provide in Corollary 2.1.8 an explicit proof later
that Street fibrations are precisely Grothendieck fibrations up to equiv-
alence.

(ii) Given a Grothendieck fibration p : D — C, an arrow is said to be
vertical if its image via p is an identity arrow. In the case of Street
fibrations, we define the ‘non-evil’ version of this as follows: an arrow
is vertical if its image via p is invertible.

(ii) The Grothendieck construction, and the symbol G, will always mean
for us the construction just defined, even when applied to covariant
pseudofunctors. Indeed, it will happen later that we will consider co-
variant pseudofunctors R : C — CAT: by seeing them as C°P-indexed
categories, we will perform the Grothendieck construction to obtain a
category over CP,

pr: G(R) — C.

We stress this, because there is also a notion of covariant Grothendieck
construction for covariant pseudofunctors (cf. Paragraph 2 of [31]), but
it is mot the same as applying the contravariant Grothendieck con-
struction to R, seen as a C°P-indexed category: instead, the covariant
Grothendieck construction associates R with the category over C

P G(RV)? = C.

In general, an opfibration is any functor p such that its opposite p°? is a
fibration: therefore, the functor p;f’v is usually called the Grothendieck
opfibration associated to R.
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We can now define a 2-category of fibred categories over C:

Definition 2.1.5. We will define the 2-category of fibrations over C, denoted
by Fibe, as the sub-2-category of CAT/C defined thus:

0-cells: they are Street fibrations p: D — C;

1-cells: given two fibrations p : D — C and q : £ — C, a morphism of fibrations
is a pair (F, @), where F' : D — £ is a functor mapping cartesian arrows
to cartesian arrows and ¢ is a natural isomorphism ¢ o F = p;

2-cells: given two fibrations [p| and [g] over C and two morphisms of fibrations
(Fy9), (Gi7) = [p] = [g], a 2-cell a : (F, ) = (G,7) is given by a
natural transformation o : F' = G such that ¢ = y(q o a).

In particular, we will denote by cFib¢ the full sub-2-category of cloven fi-
brations. We will denote the (non full) sub-2-category of Grothendieck fibra-
tions by FibCGT, and by U : Fibgr — Fib¢ the inclusion functor; analogously,
cFibCGT will denote the full sub-2-category of FibCGr of Grothendieck fibra-
tions endowed with a Grothendieck cleavage.

Therefore, the Grothendieck construction provides a 2-functor
G : Inde — cFib&".

Let us finally provide the notion of fibre of a Street fibration: to do so
we shall exploit a 2-categorical notion of pullback.

Definition 2.1.6. Given two functors A : A — C and B : B — C, their
strict pseudopullback A x¢ B (using the naming convention of [30]) is the
category whose objects are triples (X, U, f), where X is an object of A,
U is an object of B and f : A(X) = B(U) in C, while morphisms are
pairs (r,s) : (X,U, f) — (Y,V,g9) where r : X — Y, s : U — V and
go A(r) = B(s) o f. There are two forgetful functors from A x¢ B to A and
B and a natural isomorphism o as in the diagram

.AXCB*)B

Ml/l

A—7p—C

The strict pseudopullback A x¢ B satisfies the following universal property:
for every other functors P : D — A and @) : D — B and natural isomorphism
T : AP = BQ there is a unique functor H : D — A x¢ B such that

mpgoH = P, sgo H = @ and 0 o H = 7. Moreover, for any pair of
two such cones (P, Q,7) and (P, Q’,7'), if there are natural transformations
a: P = P and 8 :Q = @ such that 7(A o «a) = (B o )7 then there
exists a unique natural transformation n : H = H’ such that 7401 = « and
mgon=/p.
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Definition 2.1.7. Consider a functor p : D — C: the essential fibre of
p at X, which we will simply call fibre and denote by ID(X), is the strict
pseudopullback

D(X) —— D
l/lpv
1 ——C

where the bottom functor is the constant functor with value X. In other
words, D(X) is the category whose objects are pairs (4,a : X = p(A)),
while given two objects (A, a) and (B, ) in D(X), an arrow v: A — Bin D
satisfying the identity p(y) o o« = § yields an arrow (A, a) — (B, ) in D(X)
(which we still label v : (A, ) — (B, f)).

Remark 2.1.4. Strict pseudopullbacks are stable under isomorphism of cat-
egories but not under equivalence, so one might be concerned with their com-
patibility with the theory of Street fibrations; however, they act as canonical
(and manageable) representatives of pseudopullbacks: indeed, any category
which is equivalent to the strict pseudopullback A x¢ B will be a pseudop-
ullback of A and B, i.e. the induced functor H above will be unique up
to a unique 2-isomorphism, and pseudopullbacks are indeed stable under
equivalence. For more details on this we refer again to [30].

Our first purpose is to show that cloven Street fibrations are equivalent
to pseudofunctors, generalizing the well known result about Grothendieck
fibrations: to do so, we will exploit the definition of fibre just provided to
build from a fibration p : D — C a pseudofunctor D : C°? — CAT.

First of all, let us introduce two families of canonical arrows that exist
for every cloven fibration, relating lifts of compositions of morphisms, which
we will exploit in a moment. Consider y : ¥ — X and z : X — p(U) in
C: we want to compare the two lifts Zyy and zyy. To @E), consider the

arrow Oy oy : Y — p(dom(Zy)) and its cartesian lift 6, o Ydom(zy)’ then

the composite Ty, 0y dom(31) is still cartesian, and moreover it lifts xy,
as the following commutative diagram shows:

Y L y X

eeszoy,dom(’z\U)lZ 2J91N

P(dom (6,1 © Yyom(zy))) — pldom(zy)) —=s p(U)
p(gszOydom(iU))

o —

Hence, there is a canonical isomorphism that compares Ty, oy dom (7))

with Zy;;, which is a unique x;,,¢ : dom(zyy) — dom(@ﬁydom(%)) such

—~ ~ —1
that Zyy = Zu02.U © Ygom @) XewU a0d P(Xey,u) = o, yoydom@u) Py,

30



Let us moreover introduce the notation

Mgy =000 Ydom(z) XawU : dom(zyy) — dom(Zy).

The arrow A, , 4 can be defined alternatively as the unique arrow satisfying
Tudeyv = Yy and p(Ayyv) = Oy oy o H;yIU. Since both Zy and Zyy
are cartesian, A\, y is also cartesian. In particular, it is easy to verify that

the following identities also hold: Ay 1y 4 = ldom(z,), and Az y Adsyz4 =
)\x,yz,A-
Proposition 2.1.2. There is a strict 2-functor J : cFibe — Inde operating
as follows:

0-cells: consider a cloven fibration p : D — C. The C-indexed category

1-cells:

2-cells:

J(p) =D:C% - CAT
is defined on objects by taking every X in C to the fibre D(X), while
fory:Y — X in C the functor D(y) : D(X) — D(Y) is defined as

(4.0) 2 (B.5)] -+ [ (@0m(@0) O p) 22 (doma(Fie). 03.)

where D(y)(w) : dom(ay 4) — dom(é;\yB) is the unique arrow satisfying

the identities @BD(y)(w) =woay, and p(D(y)(w)) = 9/3y739;y17A.
A morphism of fibrations (F,¢) : [p: D — C] — [q : € — C|] produces a
C-indexed functor
3 D= E
built as follows. For every X in C, ﬁg’w :D(X) = E(X) is defined as

3E9 [(4,0) 2 (B,8)] = [<F<A>,so,41a) T (F(B). 05'0)

while for every arrow y : Y — X in C the canonical isomorphism
A’T;F’(p) : ]E(y)jg?’(p) = jg,F’w)]D)(y) is defined componentwise thus: the
arrow -

3579 (A, )+ dom(g aypy)) — F(dom(@ya))

—

1s the unique satisfying the identities F(@A)jg,F’(P) (A, a) = @ZlayF(A)

~(F, _ _
and g(34" (A4,0)) = (e a1 iy

Given a 2-cell of fibrations § : (F,¢) = (G,7) : [p] — [q], the corre-
sponding C-indexed natural transformation
35 . j(F7§0) 3 j(G77)

is defined componentwise as follows: for X in C, the natural transfor-

mation Ji : jgf’m = 3&?’7) is defined componentwise, for every (A, «)

in D(X), as 35 (A, ) = €41 (FA, 03 a) = (GA v ).
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Proof. We only provide the definitions of the relevant structures, but omit
verifications, for they are routine calculations: we stress that all equalities
of arrows in the fibrations are verified by exploiting what we said in Remark
21.2(1).

The arrow D(y) () is well defined, and it is easy to see that its uniqueness
implies that D(y) is a functor. To see that I is a pseudofunctor, the following
canonical natural isomorphisms must be considered: for every X in C, we
define ¢ : I dp(x) = D(1x) componentwise by setting ¢% (4, @) equal to

~—1

(A, ) 24 (dom(@a), Oa.n);

for every z : Z — Y and y : Y — X, we define go]az : D(2)D(y) = D(yz)
componentwise by setting go]az(A, a) equal to

—1
Xay,z,A

(dom(eay,A © Z@A)v eﬁay,Aoz,dom(@A)) — (dom(@A)7 Qayz,A)'

We have already shown that the arrows y are isomorphisms, while a4 is an
isomorphism since it lifts the isomorphism «. Here one needs to check that
they are arrows of the fibres, that their components are natural and that the
identities in the definition of a C-indexed category are satisfied.

For the 3(F*¥) notice that JZ(JF’@ (A, «) is well defined because F' preserves
the cartesianity of arrows: indeed, it is easy to see that since ay 4 lifts ay via
p then F(ayy) lifts gozllay via ¢, and hence it is canonically isomorphic to

cp;llay F(A) The verification that 3% is a pseudonatural transformation
is a matter of calculations.

Finally, the verification that the arrows ffg( (A, ) provide a natural trans-
formation is an explicit check, as is the verification that J¢ is a C-indexed
natural transformation. To conclude, one can check that for every [p] and
[q] as above, we have defined a functor cFibe([p], [¢]) — Ind¢(D,E), that
314D — Idp and that for (F,¢) : [p] = [¢] and (G,7) : [q] = [r], IENES) =
3G 3(F9)  This makes J into a strict 2-functor of 2-categories. O

Though a fibration may admit different cleavages, they are all equivalent,
in the sense that they produce essentially the same pseudofunctor:
Proposition 2.1.3. Given two cleavages for a fibration p : D — C, the

corresponding pseudofunctors obtained by applying J are equivalent up to a
pseudonatural isomorphism.

Proof. Consider f : X — p(A) in C: we will denote by (fA, 0r,4) the cartesian
lift for the first cleavage, and by D the pseudofunctor built from it by applying
J, and similarly by (fa, 0 7,4) the cartesian lift for the second cleavage, and
by D the relative pseudofunctor.
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The proof is straightforward. First of all, D and D behave in exactly
the same way on the objects of C, because the definition of fibre is indepen-
dent from the cleavage, which only affects the construction of the transition
morphisms. But recall that, given y: Y — X and (A4, a) in D(X), we have

D(y)(A, a) = (@Aa eayﬂ)v Iﬁ)(y)(A, a) = (O/Z@A’ eayvA) :

now, since ay 4 and ay, are both cartesian lifts of vy, there is a unique well
defined isomorphism zy(A, @) : (9 4,0ay,4) = (@Y 4,0ay,4) in D(Y), which
provides the components for a pseudonatural isomorphism from D to D. [

We denote by
39 cFib§" = Inde : G
the equivalence between Grothendieck cloven fibrations and pseudofunc-
tors, which appears for instance in [21, Section B1.3]. When working with
Grothendieck fibrations, we obtain essentially the same C-indexed category

whether we apply J or J°7:

Proposition 2.1.4. Consider a cloven Grothendieck fibration p : D — C:
then DG = 3% (p) and D := J(p) are equivalent pseudofunctors. This
extends to 2-natural isomorphism between the 2-functors

cFibe —~— Indc

F

cFib&"
where U 1s the obvious inclusion.

Proof. Since the cleavage for p is a Grothendieck cleavage, all the lifting
isomorphisms 6 are actually identities.

There is an obvious full and faithful functor Hy : D%(X) — D(X)
mapping A to (A, 1,4)) and g : A — B to g: (A, 1y4)) — (B, 1yp)). There
is also a functor Ky : D(X) — D (X) in the opposite direction, which acts
as follows:

[(A,a) 9, (B,B)} — [dom(&A) M) dom(B\B) ,

where by definition D(1x)(g) is the unique arrow satisfying

BeD(1x)(g) = g o da, p(D(1x)(g)) = lx.

A computation shows that each Kx is a quasi-inverse for Hyx and that
they are compatible with the transition functors D(y) : D(X) — D(Y)
and D (y) : DE(X) — DO(Y). In fact, the composites D(y)Kx and
Ky D% (y) are exactly equal. This shows that D& = D,
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To prove that this extends to a pseudoequivalence of 2-functors, we build
for every morphism F : [p] — [g] in cFib§" an invertible modification

pér K", p

5Gr, Fl / \F(F 1)

EGT—HE

where (F,1) is just U(F'). Now, a computation shows that the two pseudo-
natural transformations K436 and 35D K1) are actually equal, and thus

k¥ can be defined as the identity modification. This concludes the proof. [

Corollary 2.1.5. The two functors
IdIndCa jug : Indc — Indc
are equivalent.

Proof. It is immediate: Idpnq, = 367G is a standard result, and we have
just shown that J¢" 22 31, whence T ding, = JUG. ]

The converse is also true, as the following result shows:

Proposition 2.1.6. A cloven fibration p : D — C is equivalent to the
Grothendieck fibration © : G(D) — C. This extends to an equivalence of
pseudofunctors

Ichibcy Uugs : CFibc — CFibc,

i.e. there is an invertible 2-natural transformation UGT = Idcrib, -

Proof. We remark that objects of G(ID) are couples (X, (A, «)), where X is
an object of C and (4, a) an object of D(X), i.e. a: X = p(A) in C.
We begin by defining a functor T': D — G(D) as

[A EN B] — |:(p(A), (A, 1p(A)>) M (p(B), (B, 1P(B))) )

p—

where g : A — dom(@B) is the unique arrow such that p(g)zg = ¢g and
p(g) = Op(g),B: the verification that it is a functor is based on the uniqueness

of the arrow g (notice in particular that 14 = @Al = pa(A, 1,4)), which

implies the preservation of identities). If we suppose that g : A — B is

cartesian, it is also a lift for p(g). This implies that g is an isomorphism and

hence (p(g), g) is a cartesian arrow of G(ID). Moreover, it is immediate to see

that 77" = p, and hence we have a morphism of fibrations (7, 1) : [p] — [n].
We define its quasi-inverse S : G(D) — D as

v, (B,8)) ¥ (x, (A,a))] - [B W, A} .
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One can verify that it is functorial, and also that it maps cartesian arrows
to cartesian arrows: indeed, (y, g) is cartesian if g is an isomorphism, which
means that its image ay4g is also cartesian (as ay 4 is). Finally, there is a
natural isomorphism o : ps => 7 defined componentwise as

pS(X, (A, a)) T, x (A,a))} - [p(A) LN X] .

The two compositions (S,0)(7,1) and (T,1)(S,0) are indeed the two com-
ponents of an equivalence of fibrations.

Now consider again the morphisms (S,0) : G(D) — [p]: we add a super-
script S, ol to specify that they stem from the fibration p. To extend
these data into an invertible pseudonatural transformation we also need for
each (F, ) : [p] — [q] a 2-isomorphism

(S[P] Pl

G(D) ———— [pl
gj(le Hc(FﬁP) l(F,so) :
G(E) (5141 ol g

but the two composites (F, )(S®!, olP) and (519, #l4)GI(F¥) are equal, so
¢ can be set as the identity, and the pseudonaturality axioms are quickly

verified. 0

Combining the previous results, we obtain the equivalence we wanted:
Corollary 2.1.7. The two 2-functors

J: cFibe — Inde, UG : Inde — cFibe

form an equivalence of 2-categories.
As a corollary we obtain a result mentioned multiple times, namely that
Street fibrations are Grothendieck fibrations up to equivalence:

Corollary 2.1.8. A functor p: D — C is a fibration if and only there are
a Grothendieck fibration q : € — C, an equivalence of categories F : D = &
and a natural isomorphism ¢ as in the diagram:

Proof. We have shown previously that if p is a fibration then it is equivalent
to G(D) — C, which is Grothendieck. Conversely, suppose given F' and ¢:
without loss of generality we may assume that F' is the left adjoint of an

35



adjoint equivalence, so that the identities G(¢) = 15" and F(n) = " hold
for the unit and counit of the adjunction. Consider an arrow z : X — p(D)
in C: then the composite @le : X — ¢F(D) admits a cartesian lift f : Y —
F(D) through g. A check shows that the arrow & := n'G(f) : G(Y) — D
is still cartesian, and that = = p(#)pgyq(ey"), making & into a lift for z. O

To conclude, let us consider split Street fibrations. We recall that a
Grothendieck cleavage is said to be a splitting if it is compatible with identi-
ties and compositions, or equivalently if the corresponding indexed category
is a strict functor. By suitably generalizing the notion of splitting, we obtain
an analogous result for Street fibrations:

Proposition 2.1.9. Given a cloven fibration p : D — C, the following are
equivalent:

e The corresponding C-indexed category D : C°? — CAT is a strict func-
tor (i.e. all natural transformations gpﬂ))} and gDRZ are identities);

e the cleavage for p is a splitting, meaning that the following conditions
are satisfied:

(a) for every a: X = p(A), dx = 14;

(b) for every z: Z =Y, y:Y — p(A), yz4 = @\Aey,Azdom(
eyz,A = eey’Az,dom(gA)'

ya) and

This restricts the equivalence cFibe ~ Inde to an equivalence sFibe ~
[CP, CAT], where sFib¢ denotes the full subcategory of cFibe of split fibra-
tions.

Proof. This is immediate recalling the definition of the natural isomorphisms
¢x and ¢, . above. Since p%(A,a) := @y, ¢P is an identity if and only
if the cleavage lifts of isomorphisms are identity arrows. For the second

condition, cp?, (A, a) = X;yl ..4- By the definition of y, it is the identity if and

only if for all choices of a, y and z it holds that ayz, = ays0ay 4% dom(a7.4)
and Oy 4 = 09%‘ azdomay ,» Which is evidently equivalent to the condition
(b) stated above. O

Finally, we present one last capital result in the theory of fibrations, the
fibred form of Yoneda’s lemma:

Proposition 2.1.10 (Fibred Yoneda lemma). Given a cloven Street fibra-
tion p: D — C, there is an equivalence of categories

Fibe(C/X, D) ~ D(X)
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which is pseudonatural in both components, i.e. for anyy:Y — X in C and
(F,¢) : D — & in cFib¢ the two squares

D(X) —~ Fibe(C/X, D) D(X) —~ Fibe(C/X, D)
D(y)i i—OIy F\D(X)JV l(F,so)o—
D(Y) —— Fib¢(C/Y,D) E(X) —— Fibe(C/X, &)

commute up to canonical natural isomorphisms.

Proof. Let us sketch the proof, omitting all computations.

One direction of the equivalence is easy: starting with a morphism of
fibrations (F,¢) : C/X — D, we consider the pair (F([IX]),@[E;] X S
pF([1x])), which is an object of D(X); for a 2-cell a : (F,¢) = (G,7), we
set ajpy (F([lX]),gp[_li]) — (G([lX]),'yﬁ;]) as its image. This definition is
evidently functorial, hence we have a functor ® : Fib¢(C/X, D) — D(X).

The building of the quasi-inverse exploits the cleavage. Consider an ob-
ject (A, : X =5 p(A)) in D(X), then we define a morphism of fibrations
(Fla,a), P(A,a)) : C/X — D as follows:

o we define F(Aﬂ)([y]) = dom(ay 4);
o for z : [yz] — [y] we set F4,4)(2) := Aay,z,A-

Since arrows of the form A are cartesian, this functor maps cartesian arrows
to cartesian arrows. The natural isomorphism ¢4 o) : pF = px is defined

componentwise as ©(4,q)([y]) = 9;3/1 4 PF([y]) = Y and it is indeed natural.

To define our functor on arrows, we consider v : (4,a) — (B,f) in
D(X), i.e. an arrow v : A — B of D such that p(y) = Boa~!. Calling
(F,¢) and (F’,¢") the images of (A, «) and (B, 3) for brevity, we want to

build a 2-cell F, between them. To do so, it is sufficient to see that for
any y : Y — X the identity p(y o ayy) = p(ﬁ;\yB)Gﬂy’BG;yl’A holds: then
by cartesianity there is a unique F,([y]) : dom(ay,) — dom(@B) such
that SygF,([y]) = v o ayy and p(Fy([y])) = H,By,BH;;A- The components
F([y]) define a natural transformation F' = F (it follows from the definition
of the arrows \), and the identity ¢ = ¢'(p o F,) is immediately verified:
thus F, is a 2-cell of Fibe. The uniqueness in the definition of the arrows
F,([y]) assures us that this construction is functorial, hence we have a functor
U :D(X) — Fibe(C/X, D).

Now to show that the two functors are quasi-inverses. Starting from
(A, @) in D(X), consider DU (A, a) = (F(a,0)([1x]), ¢(a,0)([1x])7!) in D(X).
Notice that the arrow a4 : F([lx]) — A is an isomorphism, since it is
a cartesian lift for a, which is invertible. Since moreover o = p(&ta)0q, 4,
it is an isomorphism &4 : (dom(@a),0q.4) — (A, ). It is easy to check
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that it is also natural in (A, «), and hence we have a natural isomorphism
PV = Idpx).

Conversely, start from a morphism of fibrations (F,¢) : C/X — D, con-
sider ®(F,p) = (F([lX]),cp[E;]) in D(X) and then Y®(F,p) = (G,7) :
C/X — D. Notice that for any y : [y] — [1x] in C/X, the arrow F(y) :
F([y]) = F([1x]) is cartesian since F' is a morphism of fibrations; moreover,
a computation shows that it lifts ay: thus there is a unique isomorphism
Ky @ Fly] = dom(agy,), since both lift the same arrow. It is immedi-
ate to check that the ky, are the components of a natural transformation
k : F' = G and that it is in fact an invertible 2-cell k : (F,¢) = (G,7).
The naturality in (F), ¢) is also a straightforward check, so we conclude that
there is a natural isomorphism ¥ = | dFibe(C/X,D)-

Finally, it is lengthy but straightforward to verify that there exist natural
isomorphisms making the squares above commute, and this concludes the
proof. O

Corollary 2.1.11. FEwvery Street fibration is equivalent to a split Street fibra-
tion.

Proof. The fibred Yoneda lemma states precisely that D ~ Fib¢(C/—, D)
and since Fib¢(C/—, D) is a functor it corresponds to a split Street fibration.
O

2.2 Localizations of fibrations

As we already mentioned in the introduction, the operation of base change
for fibrations (see Chapter [4]) can be described using localizations, so it is
meaningful to collect some results about this topic. All these come from
Section 2.8 of [8].

We begin by proving that the category of fibrations is closed under lo-
calization with respect to vertical arrows.

Proposition 2.2.1. Let p: D — C be a fibration, W a class of arrows of D
and jyw the canonical functor D — D[W™Y]. Then the following conditions
are equivalent:

(i) There is a fibration py : DIW 1] — C such that jy is a morphism of
fibrations p — pw:

(i) Every arrow in W is vertical with respect to p and, denoting by pyw the
unique functor (determined by the universal property of the localization)
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D[W_l] — C such that pw o jw = p, jw sends arrows which are
cartesian with respect to p to arrows which are cartesian with respect

to pw -

Proof. (i)=>(ii) Let f be an arrow in W; then jw (f) is an isomorphism by
definition of the localization jy, so pw (jw (f)) is also an isomorphism by
functoriality; but pw (jw (f)) = p(f), so p(f) is an isomorphism, that is, f is
vertical. The fact that jy sends cartesian arrows to cartesian arrow follows
from the fact that jy is a morphism of fibrations.

(ii) = (i) Since every arrow in W is vertical with respect to p, we have
a functor D[W~!] — C such that py o jiy = p. It remains to show that
this functor is a fibration. But this follows immediately from the fact that p
is a fibration by using the fact that jyr sends cartesian arrows to cartesian
arrows. Indeed, the functor jy is essentially surjective by the construction
of D[W 1], and given an arrow ¢ — pw (jw (d)) = p(d) in C and a cartesian
lift g : d — d of it with respect to p, the arrow jy(g) is clearly a cartesian
lift of it with respect to py, by the equality pw o jw = p. ]

In particular, when working with a pseudofunctor D : C°? — Cat and its

Grothendieck fibration G(D), the request that G(D) is localized with respect
to a family W of vertical arrows can be understood as a localization which
already takes place at the level of fibres. In this case, one can verify that
computing the fibration G(ID) and then localizing with respect to W is the
same as performing a fibrewise localization of D and then moving to the
corresponding fibration:
Lemma 2.2.2. Consider a pseudofunctor D : C°? — Cat and suppose given
for each object X in C a class of arrows Sx of D(X) such that each tran-
sition morphism D(y) : D(X) — D(Y) restricts to a transition morphism
D(X)[Sy'] = D(X)[S;']. If D : C? — Cat is the pseudofunctor obtained
by the pointwise localization of D, then G(D) is a localization of G(D) with
respect to all arrows (y,a) : (Y, V) — (X,U) such that y is invertible and a
belongs to Sy .

Proof. We set the notations as in the following diagram (where as usual
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First of all, we know by Proposition that colimyy, (D) ~ G(D), with
ix and 7, the components of its colimit cocone. Notice that by hypothesis
all the squares such as that in the background of the diagram commute
up to isomorphism, and thus there exists an essentially unique functor ¢
simply by the universal property of colimits. Our aim is to show that ¢ is
in fact the localization of G(ID) with respect to the class of arrows (y,a) :
(Y, V) — (X,U) such that y is invertible and a € Sy. Notice that it is
actually enough to show that ¢ localizes with respect to all vertical arrows
(1L,a) : (X,U) = (X,U’) with a € Sx for some X. To show this, consider
a functor h : G(D) — H such that every arrow (1,a) : (X,U) — (X,U")
with a € Sx is inverted: this means that the composite functor hix factors
through D(X). If h inverts the vertical arrows in iy (Sx) for each X in C, we
can therefore build a lax cocone under the diagram D), and thus an essentially
unique functor h : G (D) — H which factors h. This entails that ¢ presents
G(D) as the localization of G(ID) we desired. O

Localizations are conveniently calculated when the class W of morphisms
to be inverted admits a calculus of fractions. The following proposition shows
that if W admits a right calculus of fractions then py is automatically a
fibration and jy a morphisms of fibrations from p to py:

Proposition 2.2.3. Let p : D — C be a fibration and W a class of vertical
arrows of D admitting a right calculus of fractions. Then pw s a fibration
and jw yields a morphism of fibrations from p to pw .

Proof. By Proposition [2.2.1] we only have to show that the canonical functor
jw : D — D[W~!] sends p-cartesian arrows to py-cartesian arrows.

Let f : A — B be a p-cartesian arrow in D. We want to show that
Jw(f) : jw(A) — jw(B) is pw-cartesian. For this, we suppose that g :
pw (Jw (C)) — pw(jw(A)) is an arrow in C and h : jw(C) — jw(B) is an
arrow in D[W 1] such that p(f)og = pw (k). We want to show the existence
and uniqueness of an arrow r : jy (C') — jw(A) such that ¢ = py(r) and
Jw (f) or = h. Let us start with the existence proof.
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Let us represent h as ji (h') o jw (v) ™', where  is an arrow ¢’ — B in
D and v is an arrow C’ — C in W. Since p(f)og = pw(h), composing both
sides with p(v) we get p(f)o(gop(v)) = p(h’), whence, since f is p-cartesian,
there is an arrow (in fact, a unique one) k : C’ — A in D such that fok =1’
and g o p(v) = p(k):

c’ p(C")
h/

k gop(v)=p(k)

A—71 B p(A)

Therefore the arrow jy (k) o (jw (v)) ! satisfies the desired property.

It now remains to prove uniqueness. We shall do so by showing that
any arrow 7 : jw(C) — jw(A) such that ¢ = pw(r) and jw(f)or = h
is necessarily equal to jy (k) o (jw(v))~! in D[W~!]. Let us represent r as
Jw () ojw (V) ", where 7 is an arrow C” — A in D and v is an arrow C” —
C in W. The equality jy (f)or = h in D[W 1] implies, by the construction of
the localization at a class admitting a right calculus of fractions, that we can
find arrows u : C"” — C'in D and z : C"" — C’ such that v ou=voz e W
and the following diagram commutes:

Cl// u C//

:| l”'
for’

2 C

\B

That is, for’ ou = h'oz. Now, consider the arrows 7’ ou and ko z. We
have
p(r' ou) = pw (jw (r )OJW( ) = pw (r o jw (V') o jw (u))
= pw (r o jw(v) o jw (2)) = pw (r) © pw (jw (v)) © pw (Jw (2))
=gop(v)o () p(k) o p( ) p(koz).

Also, as remarked above, fo (r'ou) =h oz = fokoz Therefore, as f is
p-cartesian, we can conclude that v’ ou = k o z. This in turn implies that
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r = jw(k) o (jw(v))~! in D[W 1, since the following diagram commutes:

Cl/l u Cl/

= C

O

Remark 2.2.1. Notice that the family W = Uy Sx in G(D) satisfies
condition (ii) in Proposition [2.2.1]

2.3 Stacks

Consider a site (C,J) and a presheaf P : C°? — Set: in the first chapter we
recalled that P is called a J-separated presheaf (resp. J-sheaf) if for every
object X of C and every J-covering sieve mg : S — X (X), the map

[CP, Set]( X (X), P) —2 [C°P, Set](S, P)
is injective (resp. a bijection). The extension of this definition to the fibra-
tional context is immediate and provides the fundamental notion of stack.

Definition 2.3.1. Counsider a site (C,J) and a fibration p : D — C: then
p is a J-prestack (resp. J-stack) if for every J-sieve mg : S — X(X) the
functor

Fibe(C/X, D) —™% Fibe( [, D)
is full and faithful (resp. an equivalence).

The notion of stack is in fact an expansion of that of sheaf, as established
by the next result.

Proposition 2.3.1 [39, Proposition 4.9]. Given a site (C,J), a presheaf
P : C? — Set is J-separated (resp. J-sheaf) if and only if the fibration
JP —C is a J-prestack (resp. J-stack).

In Section 2.5 we will study in more detail the connection between sheaves
and stacks, which can be formulated in terms of a truncation-inclusion ad-
junction.

Similarly to sheaves, stacks can be defined in terms of matching families
and amalgamations, a definition which is usually more ‘operatively’ useful.
In order to do so, we restrict to cloven fibrations and translate the definition
above into the C-indexed language: given a site (C,J) and a C-indexed cat-
egory D : C°? — CAT, then D is a J-prestack (resp. J-stack) if and only if
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for every sieve mg : S — X(X) the functor
Inde (X (X), D) —=5 Inde(S, D)

is full and faithful (resp. an equivalence), where both J(X) and S are inter-
preted as discrete C-indexed categories. This definition can be made explicit
by specifying what a pseudonatural transformation o : S = D is. It consists
of an object U, € D(Y') for every y € S(Y'), and of a family of isomorphisms
ay . D(2)(Uy) ~ Uy, of D(Z) for every y € S(Y') and every z : Z — Y, such
that the following identities hold for any w: W — Z, 2: Z =Y,y € S(Y)
in C:
ay1y = ¢y (Uy) " D(1y)(Uy) — U,
Qy,zw © @Ew(Uy) = ayzw 0 D(w)(ay,z) : D(w)D(2)(Uy) = Uyzw

The collection o = (Uy, oy, )yes is called a descent datum for D and S. It is
the generalization of a matching family, where the pseudonaturality allows
for some elasticity: for each y : Y — X in S we have an object U, in D(Y'),
and these objects are mutually compatible up to canonical isomorphisms.

The definition of a morphism in the category of descent data, i.e. an
arrow & @ (Uy, oy 2)yes — (Vy, Byz)yes, can be retrieved analogously by
expanding the definition of a modification £ : = S. It is given by an
arrow & : Uy — V, in D(Y') for each y € S(Y'), subject to the condition
By.- o D(Z2)(&y) = &y» 0 ay.. We can therefore consider the category of
descent data for D and S, which we will denote by D(.5).

Now, recall that by the fibred Yoneda lemma for Grothendieck fibrations,
there is a pseudonatural equivalence Ind¢(&(X),D) ~ D(X): then the
functor (— o mg) can be expressed as a functor Lg : D(X) — D(S) acting
on objects as follows:

U € D(X) = (D(y)(X), ¢y (U))yes-

A descent datum (Uy, oy z)yes is effective if it lies in the essential im-
age of Lg, i.e. there are U in D(X) and an isomorphism of descent data
(D(y)(U), @?}Z(U))g ~ (Uy, ay,»)s; the object U is the generalized version of
an amalgamation. We end up with the following definition of (pre)stack:
Definition 2.3.2. Given asite (C, J), a C-indexed category D : C°? — CAT
is called a J-prestack (resp. J-stack) if for every J-sieve S — X (X) the
functor

Lg:D(X) = D(S)

is full and faithful (resp. an equivalence). More explicitly, D is a stack if and
only if for every sieve S of J all descent data for D and S are effective.
Stacks over a site (C,J) form a 2-fully faithful subcategory of Indc,
denoted by St(C,J). In particular, we shall denote by St(&’) the category
of stacks on a topos & with respect to the canonical topology on it. These
2-categories of stacks are Grothendieck 2-toposes in the sense of [38].
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In short, for a stack, compatible local data along the arrows of a covering
sieve S can be glued together into a global datum in the fibre over the
codomain of said sieve, in a similar way to sheaves. We remark that if
the category C has pullbacks, the notion of descent data admits a more
manageable definition using J-covering families, as in |39, § 4.1.2].

A further similarity between stacks and sheaves is the fact that, simi-
larly to the sheafification process for presheaves, there exists a stackification
process for fibrations:

Theorem 2.3.2 |11, Chapter II, Section 2|. Consider a site (C,J). There
exists a 2-functor
sy : Fibe — St(C, J),
called stackification (or the associated stack functor), which is left adjoint
to the inclusion iy : St(C,J) — Fibc.
We will now show that Street fibrations that are prestacks can be charac-
terized via a special class of presheaves, by generalizing the following result:

Proposition 2.3.3 [39, Proposition 4.7|. Consider a small-generated site
(C,J) and a Grothendieck fibration p : D — C with corresponding pseudo-
functor D. For any X in C and any pair of objects A, B in D(X), consider
the presheaf

Hom(A, B) : (C/X)? — Set

defined, for an object [y : Y — X| of C/X, as
Hom(4, B)([y]) := D(Y) (D(y)(A), D(y)(B))..

The fibration p is a prestack if and only if for every X in C and any A and
B in D(X) the presheaf Hom(A, B) is a Jx-sheaf, where Jx is defined as in
Example [1.2.1]

We must first extend the notion of Hom-presheaf to Street fibrations:

Definition 2.3.3. Consider a cloven fibration p : D — C and two objects
(A,a: X = p(A)) and (B,B: X = p(B)) of D(X). We define the Hom-
presheaf

Hom((A4, a),(B,pB)): (C/X)? — Set

as follows:
e forany [y:Y — X]inC/X,
Hom((A4, a), (B, 5))([y]) := D(Y) (D(y) (A, @), D(y)(B, B))) -

More explicitly, elements of Hom((A, a),(B,))([y]) can be seen as
arrows 7 : dom(ay 4) — dom(Byp) such that p(y)0ay,a = 0sy B;
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e for z : [yz] — [y| and v € Hom((4, «), (B, 8))([y]), we define the arrow
Hom((A, «), (B, 3))(2)(7) as the composite X§;7Z’BD(2)(7)XQ?J7Z,A; ex-
plicitly, it is the unique arrow 7' : dom(ayz 4) — dom(gg-/\zB) satisfying
the identities - .

/ByB’Y)‘ay,z,A = ByZB'Y/

—1
p(Y) = 0py2,804,. A-

Remark 2.3.1. Consider Hom((4, ), (B, 3)) : (C/X)°? — Set and a Jx-
sieve S over [y:Y — X]|inC/X.

A matching family for Hom((A, «), (B, 3)) and S consists, for every f €
S, of an arrow 7, : dom(a/y\fA) — dom(ﬂ/y\fB) of D, such that p(yy) =
O3y, BQ;ylf’ 4> with the condition that whenever g is precomposable to f then

Yig = Hom((A, ), (B, 8))(9)(77), i-e. 7f, : dom(ayfga) — dom(Byfgp) is

— —

the unique arrow such that By fpvrAay, r9.4 = BYf9BVfg-
An amalgamation for this matching family is an arrow 7 : dom(ay ) —

dom(@B) such that p(vy) = Hgy,BﬁgylA and that for every f in S the arrow
7vf is the unique arrow such that @B'y)\ay’fﬂ = B/y\fB’yf.

We will also need some technical results about matching families for
Hom-functors.

Lemma 2.3.4 [8, Lemma 2.6.4|. Consider a site (C,J), an arrowy : Y — X
of C and a sieve S € J(Y). Denoting by Sy, (resp. Sp)) the Jy-sieve
over [ly| (resp. Jx-sieve over [y]) whose arrows are those of S, we have
lan yyop (S[1y)) = S}y naturally.

Proof. Consider a presheaf H : (C/X)? — Set. An arrow a : S,,) — H
in [(C/X)%,Set] is a matching family for H and S, i.e. the given for
the arrows 2 : [yz] — [y] in S},) of compatible elements z, € H([yz]). It
is immediate to see this is the same as a matching family for S}, and
H o ([y)°P, providing a natural bijection

[(C/X), Set] (S, H) ~ [(C/Y)?, Set| (S, H o ([y))
which implies S,) = lan ryyop (S)1)- O

From this it follows that all matching families of the Hom-functors can
be interpreted, if we allow a change of slice category, as matching families
over the terminal object of the slice:

Corollary 2.3.5 |8, Corollary 2.6.5]. Consider a site (C,J), a fibration D —
C, a J-sieve S overY and two objects (A, ) and (B, B) of D(X). A matching
family for Hom((A, ), (B, 3)) and S, seen as a Jx-sieve over [y] in C/X, is
the same as a matching family for Hom(D(y)(A, ), D(y)(B, 5)) and the sieve
S seen as a Jy-sieve over [ly] in C/Y. The same holds for amalgamations
of matching families.
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Proof. A rapid computation shows that Hom(D(y)(A4, «),D(y)(B, /3)) is iso-
morphic to Hom((4, ), (B, 3)) o ([y)°, and the claim follows from the pre-
vious lemma. O

The following lemma relates matching families for Hom-functors with
2-cells of fibrations.

Lemma 2.3.6 |8, Lemma 2.6.6]. Consider a site (C,J), a fibration p: D —
C, a J-sieve R over X and two objects (A, a) and (B, ) of D(X). A match-
ing family for Hom((A, «), (B, )) and R, seen as a Jx-sieve over [lx] in
C/X, is the same thing as a 2-cell of fibrations ¥(A,a)ompr = V(B, f)ompg,
where mp : [R < C/X is the canonical inclusion functor. Analogously, an
amalgamation for a matching family as above corresponds to a 2-cell of fi-
brations V(A, o) = V(B, (), i.e. to a morphism (A,a) — (B, ).

Proof. Remember that U(A,a)omp : [R — D operates as follows: every [y]
object of [R, ie. every arrow y in R, is sent to dom(ay ), and every mor-
phism z : [yz] = [y] to Aoy 2,4 : dom(ayz4) — dom(ay,). It is now immedi-
ate to see that the components of a matching family for Hom((A4, «), (B, 3)),
being arrows 7y, : dom(ay,) — dom(é;\g B), provide exactly the components
for a 2-cell of fibrations ¥(A, a) o mp = ¥(B, ) o mp, and viceversa.  []

The following results allow us to prove the characterization of prestacks
in terms of Hom-functors:

Proposition 2.3.7 |8, Proposition 2.6.7|. Consider a site (C, J) and a cloven
fibrationp : D — C. Thenp is a J-prestack if and only if for every X inC and
every (A, a), (B, ) in D(X) the presheaf Hom((A, ), (B, 3)) : (C/X)? —
Set is a Jx-sheaf.

Proof. The proof is a generalization of the usual argument for Grothendieck
fibrations. In the following we will use the notation (F,¢) := ¥(A, «) and
(G7) = W(B, ).

Firstly, by the previous lemma we may reduce to considering matching
families over the terminal [1x] of C/X. So suppose D is a prestack and
consider a J-covering sieve R over X and a matching family for R over
[1x] and Hom((A, ), (B, )). By the previous lemma, the matching family
corresponds to a 2-cell a : (Fig,¢|r) = (G|r,Vr) in Fibc([R,D). If D is
a prestack the functor D(X) ~ Fib¢(C/X,D) — Fibe([R,D) is full and
faithful, therefore « is the image of a unique @ : (A,a) — (B, ), which
corresponds to an amalgamation for the original matching family and hence
the Hom-presheaf we were considering is a Jx-sheaf.

If conversely all Hom-presheaves are sheaves, start by considering (F, ¢)
and (G,7) as above and a 2-cell a : (Fig,¢|r) = (G|r,Vr)- The 2-cell a
corresponds to a matching family for R over [1x] and Hom((A4, «), (B, 3)), by
the previous lemma, and has a unique amalgamation. Such an amalgamation
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corresponds to a unique 2-cell & : (F,¢) = (G,~) extending the original «,
and hence Fib¢(C/X, D) — Fibe([R, D) is fully faithful. O

2.4 The canonical stack of a site

We have seen in Example that C-indexed categories and fibrations can
be built in many ways, for instance from the pullbacks of a category or from
a geometric morphism. It is fundamental to know that every site (C,J) is
canonically associated with a C-indexed category, which is furthermore a
J-stack, as follows:

Definition 2.4.1. Consider a site (C,.J): we can define the C-indexed cate-
gory Sc.z) : C? — CAT by setting

[v 2 x| Sen, [Sh(C, N /6(X) 295 shie, )/, .

Notice that Sic, ) is always well-defined, since there is a canonical choice of
pullbacks in Sh(C, J).

A standard result in topos theory is the equivalence between Sh(C, J) /¢ ;(X)
and the sheaf topos Sh(C/X, Jx), where Jx is the topology of Example[L.2.1]
(cf. Theorem . In this way, the pseudofunctor S(¢ ;) admits an alter-
native description, by setting

S o
[Y EN X} e, [Sh(C/X, Jx) —L% Sh(C/Y, Jy)|

where in particular C’}y acts as — o ([y)? (by continuity of [ y: see Propo-

sition [5.1.3)).

Theorem 2.4.1. The C-indezed category Sc, ) associated to a site (C, J) is
a J-stack, called the canonical stack of (C,J).

We can use both definitions of S sy to describe its associated fibration.

Using the first description of S ), it is immediate to see that the fi-
bration G(S(c, 7)) — C is the comma category (lgn(c,s)4¢s) — C. Indeed,
its objects are arrows h : H — £;(X) of Sh(C,J), and arrows (k : K —
l;(Y)) = (h: H— £;(X)) are pairs (g,y) where g: K - H, y:Y — X
and £;(y)k = hg. In particular, (g,y) is cartesian if the square formed with
h and k is a pullback square in Sh(C, J).

Using the second description, we see that objects of G(S(c, 7)) are pairs
(X,P : C/X? — Set), where X is an object of C and P is a Jx-sheaf.
Arrows of G(Sc, ) are pairs (y,a) : (Y,Q) — (X, P), where y : Y — X in
Cand a: Q= Po([y). In particular, a cartesian arrow of G(Sc ) is of
the form (y,«) : (Y,Q) — (X, P) with a an isomorphism. In the following
we will denote by S¢, 7y both the fibration and the C-indexed category.
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Remark 2.4.1. Using the well-known equivalence & ~ Sh(&, J¢*"), one
can immediately see that the canonical fibration over (&,Jg¢"") coincides
with the fibration cod : Mor(&) — & in Example 2.1.1fiv).

Theorem is a standard result in the theory of stacks, which can be
found for instance as Proposition 3.4.4 of [11]. We will provide two proofs of
it in the sequel. The first one is Corollary@ and views S(¢ ) as the image
along a direct image functor of the canonical stack over Sh(C, J) (which we
must assume to be a stack); the second proof relies on the fundamental
adjunction, and appears as Corollary The canonical stack of a site is a
main protagonist in relative topos theory. It acts as a dualizing object for the
fundamental adjunction, as well as being the ‘stack-theoretic embodiment’
of the base topos Sh(C, J). This means that, when we will consider relative
(pre)sheaf toposes we will consider classes of morphisms of fibrations with
values in S, 7), in the same wat that (pre)sheaf toposes in the usual sense
are functors with values in Set. We will come back to this topic in Section
0.0l

2.5 The truncation functor

We conclude the chapter by studying the relationship between sheaves and
stacks through an adjunction which can be interpreted both at the level of
toposes and of comorphisms of sites. All the results mentioned here appear
in Section 2.7 of [§]. The comparison requires that we focus on stacks with
values in Cat instead of CAT: we shall call them small stacks and denote
their class by St*(C, J).

Proposition [2.3.T] states that a presheaf over C is a J-sheaf if and only if,
when seen as a discrete C-indexed category, it is a J-stack. This provides us
with an inclusion functor

i Sh(C,J) — St5(C, J),

of J-sheaves into the category of small J-stacks. In fact, if we consider the
(2-)adjunction

o
VS

Set 1L Cat,
1

Disc
where Disc maps each set to the corresponding discrete category while g
sends a category to its set of connected components, then j; acts by mapping
a J-sheaf P : C°? — Set to the composite Disco P. By standard categorical
considerations, the functor j; := (Disc o —) admits a left adjoint, and their
adjunction restricts to sheaves and stacks:
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Proposition 2.5.1. Given a site (C,J), there is an adjunction

ty
L

Sh(C,J) L St*(,J),
S~—
Jg
where jj includes J-sheaves into St°(C,J) as small discrete stacks, while
the J-truncation functor t; maps each small J-stack D : C°? — Cat to the
J-sheaf aj(mo o D). In other words, the J-truncation of a stack is computed
by considering its presheaf of connected components and sheafifying it with
respect to J.
In particular, when J is the trivial topology over C, we shall denote the
truncation-inclusion adjunction simply by t¢ - je.

Proof. Since mg - Disc, by standard considerations about adjoints and func-
tor categories (dual to those of Lemma|D.1)) the functor je := (Disco—) has
a left adjoint t¢ := (mp o —). Now consider the commutative diagram

SJ

St*(C,J) L Indc

i #]\jf tcl ]Jc
op
Sh(C,J ) L [C°P, Set]
The identity jc oty = iy o jj is obvious, and by standard arguments about
adjoints (see Lemma [D.5)) one concludes that the composite aj o t¢ o iy

provides a left adjoint to j;. O

Truncation functors also interact well when multiple topologies are at
play:
Lemma 2.5.2. Consider a site (C,J), a further topology K O J and the

diagram
SK

st*(C, K) S st3(C,J)

ti —qu ;K tJ\L ]\]]
h(C,K) = Sh(C, )

LK

w2

Then the following hold:

JIOULK = 1K O JK,
ajoty =tk osk,

ag St o0sK0]y.
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Proof. The first identity is obvious. Since the composites in the second
isomorphism are the left adjoints of those in the first equality, the second
isomorphism must also hold. Finally, the third isomorphism follows from the
second one and the fact that t; o j; = idgnc, - O

So far we have provided an indexed perspective on the truncation func-
tor. We conclude the section by presenting two other possible point of view
of the truncation of stacks, exploiting some tools which will be developed in
the sequel: a topos-theoretic interpretation, which follows from the funda-
mental adjunction of Chapter [6] describes the truncation process using the
(terminally connected, local homeomorphism )-factorization system for essen-
tial geometric morphisms; and a site-theoretic (fibrational) interpretation of
truncation, which exploits instead the relative comprehensive factorization
system of functors, first introduced in [6 Section 4.7].

For the topos-theoretic interpretation, we shall need the adjunction of

Corollary [6.3.9]

A
St(C,J) L EssTopos®“/Sh(C,J),
~_ —
F/

where in particular I maps an essential Sh(C, J)-topos & to the J-stack
EssTopos®/Sh(C, J)(Sh(C/—, J_)), &) : C?? — CAT,

while A" maps a J-stack D : C? — CAT to its Giraud topos Gir (D) —
Sh(C, J) (see Definition [5.1.1). This adjunction can be restricted to small
stacks and relatively small toposes (see Definition .

Consider now the adjunction

L
VS

Sh(C,J) L EssTopos®“/Sh(C,J),
__x
Sh(C,J)/—

where the right adjoint Sh(C, J)/— maps a J-sheaf P to the topos Sh(C, J)/P —
Sh(C, J), and it is full and faithful by Lemma On the other hand, the
left adjoint L maps a topos E : & — Sh(C,J) to the image Ei(1s) of the
terminal object via the essential image. The fact that the two form an ad-
junction follows immediately from Lemma 4.59 of [6].

Remark 2.5.1. Alternatively, we could derive this adjunction from the dis-
crete adjunction of Proposition [7.1.3] by specializing it to J-sheaves and
essential Sh(C, J)-toposes.

By composing the two adjunctions, we can recover j; and t:
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Proposition 2.5.3. Consider the composite adjunction

LoA’
VS

Sh(C,J) L St5(C,J),
~_
IoSh(C,J)/—

then TV o Sh(C, J)/— = jj and Lo N = t;. In particular, the truncation of
a stack D may be defined as either of the two J-sheaves

t1(D) = (Cps )1 (LGir, ()
~ COHm(X,U)EQ(]D)) gJ(X)

Proof. 1t is sufficient to notice that for a J-sheaf P the following chain of
equivalences holds:

(I"oSh(C,J)/—)(P) :=T'(Sh(C, J)/P)
= EssTopos“/Sh(C
~ EssTopos“/Sh(C
~ Sh(C,.J)(¢(), P)
~ P.

,J)(Giry (C/=),Sh(C, J)/P)
,J)(Sh(C, J)/€;(~),Sh(C, J)/P)

The third line is justified since for each X there is a natural equivalence
Giry(C/—) ~ Sh(C,J)/t;(—), by Theorem the fourth line holds by
Lemma, and the final by Yoneda’s lemma. Therefore, the right adjoint
IV o Sh(C, J)/— acts as the inclusion j; : Sh(C,J) — St(C,J), meaning
that the composite L o A’ is isomorphic to the truncation functor t;: by
spelling out explicitly the composite L o A’ we get the first description of
t7(D) in the claim. The second expression is obtained by seeing the terminal
Lgir, () @s the colimit of all the representables in Gir;(D), and exploiting
the commutativity of (Cy, )1 with colimits and the equivalence (Cpy )04, =
£ 5 o pp we have that

tJ(D) ~ (CP]D)! (COlim(XJ])eg(D) [JD(X, U))
~ colimx,v)eg() ((Cpp )1l (X, U))
>~ COhm(X,U)Eg(]D)) EJ(X)

O]

Propositions 4.62 of |6 states that an essential geometric morphism f :
& — F always admits a factorization

sa,
e

&L 7/50,) Z.

o1



into a terminally connected geometric morphism followed by a local homeo-
morphism (see Definition [7.1.2)). In particular, consider a J-stack D : C? —
Cat and its Giraud topos

Cpp : Sh(G(D), Jp) — Sh(C, J),

which is an essential geometric morphism (see Chapter : if we apply the
(terminally connected, local homeomorphism)-factorization to Cy,;, we have
that the object of Sh(C,J) providing the local homeomorphism factor is
(Cpp)1(1gir,(p)), i-e. the J-truncation of D by our last result. Thus from a
topos-theoretic point of view the process of truncating a stack is equivalent
to one of the many factorization systems for geometric morphisms.

The (terminally connected, local homeomorphism)-factorization can also
be presented at the level of sites (cf. |6, Proposition 4.70(ii)]) using the J-
comprehensive factorization of functors, implying a description of the trun-
cation of a stack from a fibrational standpoint.

Definition 2.5.1 [6, Definition 4.67]. Consider a site (C,J). Every functor
p: D — C admits a J-comprehensive (orthogonal) factorization

D P > C

where
e py is the J-sheaf colim(¢; o p) and = its associated discrete J-stack;

e pis a M7-cofinal functor (cfr. |6, Definition 2.23|), where M7 is Gi-
raud’s topology for p; (see Definition |5.1.1)).

Moreover, if p is a continuous comorphism of sites, at the level of toposes
its J-comprehensive factorization induces the (terminally connected, local
homeomorphism)-factorization of Cp,.

By applying this to a J-stack D : C°? — Cat and the corresponding
fibration pp we can immediately conclude the following:

Corollary 2.5.4. From a fibrational point of view, the J-truncation functor
ty:St*(C,J) — Sh(C,J)

acts by mapping a J-stack p : D — C to the second component w in its
J-comprehensive factorization

D u ,J)



Chapter 3

Colimits of categories

We will meet many instances of bicategorical colimits (cf. [19, Chapter 5]),
both when working with base change for stacks and in the context of the
fundamental adjunction. The present chapter, which deals with the content
of Section 2.9 in [§], is devoted to some technical results about pseudocolim-
its, and their computation in Cat: in particular, the explicit description of
pseudocolimits of categories in terms of localizations of Grothendieck fibra-
tions will be useful when describing the inverse image of fibrations in chapter

4

3.1 Bicategorical colimits

Definition 3.1.1. Consider two weak 2-categories C and K, a pseudofunctor
D :C? — CAT and a pseudofunctor R : C — K: the D-weighted lax colimit
of R is an object colim]lem R of K such that there a pseudonatural equivalence

K(colim? R, K) ~ [C, CAT];0.(D, K(R(—-), K)).

D
oplax

Similarly, the D-weighted oplax colimit colim R will satisfy the condition

K(colim? .. R, K) =~ [C%, CAT]opiaz (D, K(R(—), K)).

oplax

If we further restrict to pseudonatural transformations, we obtain the notion
of D-weighted pseudocolimit Colim?s R:

K(colimp, R, K) ~ [C°, CAT],s(D, K(R(-), K)).

Any of these colimits is said to be conical if the weight is the constant
pseudofunctor AT : C°? — CAT with value the terminal category 1: in this
case we will omit mentioning the weight altogether and adopt the notations
colimy,, R, colimgpq, 12 and colim,, RR.
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Remark 3.1.1. In the 2-categorical literature what we have just defined
is usually called bicolimit, while a colimit is an object producing a natural
isomorphism of hom-categories; since we will not have to draw the distinction
between the two concepts anywhere in the sequel, we shall drop the bi- prefix.

The lax/oplax /pseudonatural transformations appearing in the definition
of colimit are called the laz/oplaz/pseudonatural cocones with vertex X under
the diagram R. Let us describe explicitly, for instance, the data of a lax
transformation F': D = K(R—, K) of pseudofunctors from C to CAT. It
consists of:

(i) afunctor Fy : D(X) — K(R(X), K) for every X in C: that is, for every
X in C and every U in D(X) we have a 1-cell Fx(U): R(X) — K in
K, and for every a: U — V in D(X) we have a 2-cell

Fx(U)

/\

HFX(G) K.
\_/‘

Fx (V)

R(X)

(ii) a natural transformation F, for every arrow y : Y — X in C as in the
following diagram:

D(X) — K(R(X), K)
D) % |-er
DY) —— K(R(Y), K).
The component of Fy, at every U of D(X) is a 2-cell Fyy(U) : Fx(X)o

R(y) = Fy(D(y)(U)) of K. Moreover, F, satisfies the same axioms of
a pseudonatural transformation (see Definition [2.1.1]).

We can visualize the cocone F' in K as in the following figure, fory : ¥ — X
inCanda:U — V in D(X):
R(X) «—Y_ R(y)
Fy(U)

Fe) [ 29 )

Fy (D(y)(U))
K

As we can see, the arrows of C produce the usual triangles of the cocone,
while the arrows in each D(X) produce a ‘spindle’ underneath R(X). The
compatibility conditions that said arrows must satisfy, aside from the func-
toriality of Fx, are the following:
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(i) naturality of Fy: for each a: U — V in D(X) and each y : Y — X the
two diagrams

coincide in K.

(ii) lax transformation axioms: up to canonical 2-isomorphisms, for every
y:Y > Xand z: Z — Y in C and every U in D(X) the two diagrams

R(x) <Y ryy S9L Rz)
(
P (D(

) R(y)
Fy(U)
l Fy (D(y)(U))
Fx (U)
K

N y)(V))

Fz(D(2)(D(y)(V)))

and

R(x) &) Rjiz)

P y
K Fz(D(y=)(U))

coincide in . Moreover, up to canonical 2-isomorphisms, the 2-cell
Fi,(U): Fx(U)oR(1x) = Fx(D(1x)(U)) coincides with the identity
of Fx(U).

If we consider an oplazx cocone, what changes is the direction of all the natural
transformations of the kind Fy(U). Finally, if we consider pseudonatural
transformations all the F(U) are natural isomorphisms. In particular if the
weight were Al : C? — CAT we would have no ‘spindle’ underneath each
of the R(X), only triangles: this explains why the said 2-colimits are called
conical.

Colimits can be interpreted as a particular kind of 2-adjoint:

Definition 3.1.2. Consider two 2-categories A and B and two 2-functors
L: A— Band R: B — A: then there is a 2-adjunction L - R if and only
if there is an equivalence

B(L(X),Y)~A(X,R(Y))

pseudonatural in X and Y.
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Thus for instance the existence of weighted lax colimits for a certain
diagram R : C — K can be understood as the existence of a left adjoint,
colim!~) R, to the functor

lax
K(R(=),—): K — [C?, CATj4s, K — K(R(=),K),

As in the 1-categorical context, (limits and) colimits interact well with 2-
adjoints:

Lemma 3.1.1. Left 2-adjoints preserve any kind of bicolimit: more explic-
itly, given two 2-functors L : A — B and R : B — A such that L 4 R, a
category C, two pseudofunctors D : C? — Cat and I : C — A, then

L(colim? I) ~ colim? (L o I),
where o is either lax, oplax or ps.

Proof. This is a consequence for the following chain of natural equivalences,
which hold for every B in B:

B (cohm (Lol), ) ~ [C°, Cat], (D, B((L o I)(-), B))
~ [C°, Cat], (ID A(I(—),R(B)))

N.A(cohm I,R(B)

\_/\_/

:A( cohm I),B

Finally, weights and colimits play a symmetric role in colimits:
Proposition 3.1.2. Consider a category C and two pseudofunctors D :
CP? — CAT and E : C — CAT. There are isomorphisms of categories

(€, CAT) (D, CAT(E(-), K)) = [C, ATyt (E, CAT(D(-), )

(€, CAT gy (B, CAT(E(-), K)) = [C, CATsos (5, CAT(D(-), X))
[CP, CAT],s(D, CAT(E(—),K)) ~ [C, CAT],s(E, CAT(D(—), X))

that are natural in KC. This implies in particular the equivalences

colimP | E ~ colim®,, D, colim®, E ~ colimf, D, colim?s E~ colimgs D.

oplax oplax

Proof. Let us consider the first isomorphism of categories. An object in the
left-hand category is a lax natural transformation F' : D = CAT(E(—), K),
i.e. the given, for every X in C, of a functor Fx : D(X) - CAT(E(X), K),
and for every arrow y : Y — X of a natural transformation

Ix, CAT(E(X),K)

l / l,OE

*> CAT(E

o6



satisfying suitable compatibility conditions.

Consider now any object M in E(X). If we set the rule Rx(M)(—) :=
Fx(—=)(M), where the blank space stands either for an object or an arrow
of D(X), then this defines a functor Rx (M) : D(X) — K. By the def-
inition, it follows that Rx : E(X) — CAT(D(X),K) is a functor if and
only if Fx is a functor. Then we consider for every y : ¥ — X in C
the components of Fy, i.e. the natural transformations F,(U) : Fx(U) o
E(y) = Fy(D(y)(U)): fixing M in E(Y), we obtain arrows F,(U)(M) :
Fx(U)(E(y)(M)) = Fy(D(y)(U))(M) in the category K. Setting R, (M)(U) :
Fy(U)(M) we obtain a natural transformation R,(M) : Rx(E(y)(M)) =
Ry (M) o D(y), and all the natural transformations R, (M) in turn provide
the components of a natural transformation

T \ }OD

= CAT(D K)

K)

The transformation R, is natural if and only if F}, is a natural transforma-
tion. Finally, one can also check that [}, satisfies the axioms of a lax natural
transformation if and only if R, satisfies those of an oplax natural transfor-
mation. A similar correspondence can be established between modifications,
and this proves the first isomorphism of categories. The second and third
isomorphism of categories are proved in the exact same fashion.

Finally, the three equivalences between colimits are a straightforward
consequence of the former three equivalences of hom-categories. O

Remarks 3.1.2. (i) Formula 3.9 of |23, Section 3.1] states the equivalence
colim® D = colim® R in the enriched setting. In particular, it is shown
that both colimits can be computed as the coend of the functor R-D :
C x C? — Cat acting as (R-D)(X,Y) := R(X) x D(Y): thus the
commutativity of the product in Cat, which allows to switch R and
D, is the abstract reason behind the commutativity of weights and
diagrams in colimits.

(ii) Given a small category C and a functor A : C — Set, there is a functor
— ®c A :[C?,Set] — Set

acting as left Kan extension of A along X, i.e. the left adjoint to the
functor

Ry (o) := Set(A(—),e) : Set — [C?, Set]
defined by R4(S) := Set(A(—),S). For any presheaf P : C°? — Set

there is an isomorphism

P®c A= AQco P

o7



of sets (cf. Section 5.1.4 of |5]). The commutativity of weights and
diagrams is thus a generalization of the commutativity of the tensor of
functors. Indeed, if we introduce the notation

—®cE:= coliml(,;) E:[C?, Cat],s — Cat
for the left adjoint of the 2-functor
Cat(E(=),—) : Cat — [C?, Set],,,
we have precisely that

D@CEQE@COPD.

3.2 Conification of colimits

Lax weighted colimits can be ‘conified’, i.e. they can be interpreted as conical
colimits: we will exploit this to compute colimits in Cat, for there is an easy
way of computing lax conical colimits via the Grothendieck construction.

The idea behind conification is simple: if we take a D-weighted lax cocone
under a diagram R : C — CAT, we can open up the spindles under each
node R(X) into triangles, to obtain a conical cocone,

RX) Y Ry) R(X) ——— R(X) «—¥__ R(y)
Fy(U) . w)
Fx(V) & Fx (U) ~ <£(a) Fx(U)

Fx (V)

Fy (D(y)(U))
K

Since the nodes of the ‘conified’ cocone are indexed by the pairs (X, U) where
U belongs to D(X), it is no longer under the diagram R, but under a diagram
over the category G(D) instead. The formal statement of this is contained
in the next results.

Proposition 3.2.1. Consider two C-indexed categories D, & : C°P — CAT,
and by pp : G(D) — C the Grothendieck fibration associated to D: then

[Cop’ CAT]oplaw (D; E) = [g(]D))op’ CAT]oplax(Alv Eo p]%)p)a
[C%, CAT)10,(D, E) = [G(DY), CAT] 100 (AL, E 0 ph ),

where the notation (—)V was introduced in Example|2.1.1|(v).
If moreover D is discrete, i.e. it is in fact a presheaf P : C°P? — Set, then
the equivalences above reduce to

[C%, CAT],s(P,E) = [( [ P)”?, CAT],s(AL,E o pp).

o8



Proof. An oplax transformation F' : D = E is a collection of functors Fy :
D(X) — E(X) indexed by objects X in C and of natural transformations
F, : FyD(y) = E(y)Fx indexed by arrows y : Y — X; on the other side, an
oplax transformation F : Al — E o p° consists of an object F( x,U) € E(X)

for each (X,U) in G(D) and of an arrow F(, o) : F(y,v) — E(y)(F(x,)) for

each (y,a): (Y,V) — (X,U). Starting from F, we can define F' as follows:
F(X,U) = FX(U)a F(y,a) = Fy(U)FY<a) for (y7a) : (Ya V) - (X7 U)

Conversely, starting from F' we can define F' by setting

FX(U) = F(X,U)7 FX(G) = QPIE((F(X,U’))_1F(1X,@H§}(U’)a) fora:U — U,

Fy(U) = F(Z/JD@)(U))

Then F satisfies the axioms of an oplax transformation if and only if F
does; moreover, the associations F' + F and F' +— F can be extended to
modifications, and they provide the isomorphism of categories in the claim.
The second identity follows from the first one by applying the isomor-
phism
[C?, CAT)1, (D, EY) 22 [C, CAT] iz (DY, E),
which can be readily checked, and the equality (E o p]]’spv)v =FEVo Ppy-
The last claim is an immediate consequence of the equivalence we defined
above. If D is a presheaf P, the only arrows in its fibres are identity mor-
phisms, implying that F(y’llD(y)(U)) = F,(U) and hence that F), is invertible
if and only if every F'(, 1, (y)w)) is. Thus F'is pseudonatural if and only if F’
is. 0

Now, if we consider in particular a pseudofunctor R : C — K, an object
K in K and set E := K(R(—), K) : C°? — CAT, the previous result has the
following corollary:

Corollary 3.2.2. Consider a C-indezed category D, with pp : G(D) — C its
corresponding Grothendieck fibration, and a pseudofunctor R : C — K. The
D-weighted laz colimit of R is isomorphic to the conical colimit of R o ppv:

Colim]l%gc R ~ colimyg, (R o ppv).

Similarly, the D-weighted oplax colimit of R is isomorphic to the conical
colimit of R o pp:

D

colime,;q.

R ~ colimpjqz (R © pp).

For a presheaf P : C°? — Set with Grothendieck fibration p : [P — C, the
P-weighted pseudocolimit of R is isomorphic to the conical colimit of R o p:

colim}i R ~ colimy,s(R o p).
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The commutativity of weights and diagrams expressed by Proposition
[3:1:2) can also be expressed in a conified version as follows:

Corollary 3.2.3. Consider two pseudofunctors D : C? — CAT and E :
C — CAT: then

colimyq, (E o ppv ) =~ colimgpjq, (D 0 pi).

Remark 3.2.1. Corollary states that we can conify a pseudocolimit
with a discrete weight. However, this does not hold for a general pseudo-
colimit. To understand this, consider two pseudofunctors D : C°? — CAT,
R :C — CAT and a D-weighted cocone under R as the one on the left: when
we open the spindles of the cocone, we obtain the diagram on the right.

R(X) " R(y)

F0)
Fx(a) \
L/ FX(U)

Fy (D(y)(U))

K

The transformations of the form F(U) are invertible, but in general not
those of the form Fx(a), and hence the cone on the right cannot be the
cocone of a pseudo-colimit. Thus in general none of the colimits

Colim& E, colim,s(E o pp) colim,s(E o ppv)

are equivalent: we shall provide an explicit example of this using Giraud
toposes in Remark This justifies the interest in laxz colimits: the
commutativity of weights and diagrams in their conified expression allows
for some extra elasticity in their expression and their computation.

3.3 Weighted colimits in Cat

Using the Grothendieck construction we can provide an explicit way of com-
puting weighted pseudocolimits in Cat. The starting point is the following
well-known result:

Proposition 3.3.1. Consider a pseudofunctor D : C°? — Cat: then
colimy,, D ~ G(D),
colimpiaz D =~ G(DY)%P.

Proof. The first claim is proved in [19, Section 10.2|, while the second is
sketched for covariant pseudofunctors in the paragraph As an oplaz colimit
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of [31]. The second claim can also be proved as a consequence of the first by
the following chain of natural equivalences:

Cat(colimpq, D, K) = [C, Cat]ypiar (AL, Cat(D(—), K))
= [C, Cat]opias (A1), Cat(D(-),
~ [C, Cat];o, (AL, Cat(D(—),K)")
~ [C, Cat];4; (AL, Cat(DY (-),KP))
~ Cat(colimyq, (DY), KP)

~ Cat((colimy,, (DY), K).

K))

The colimit cocone of G(D) is made of the following triangles:

D(X) bW s D(Y)

Each functor ix : D(X) — G(D) is the usual inclusion of fibres, which maps
an object U to the object (X, U) and acts on arrows accordingly. The natural
transformation i, is defined componentwise, for U in D(X), as the arrow

iy(U) = (y, lpgywy) + (Y, D(y)(U)) = (X, U).

On the other hand, objects of the category G(D")° are still pairs (X, U)
with X in C and U in D(X), but an arrow (y,a) : (X,U) — (Y, V) is indexed
by an arrow y : Y — X and an arrow a : D(y)(U) — V. The colimit cocone

colimpyq, D

is defined as follows: the functor jx maps an object U in D(X) to (X, U), and
acts on arrows accordingly. The natural transformation j, : jx = jy o D(y)
is defined componentwise, for some U in D(X), as

3y(U) = (4, Ipg))) : (X, U) = (Y, D(y)(V)).

Weighted op-/lax colimits can be computed by applying conification (Corol-
lary |3.2.2). Weighted pseudocolimits can be computed instead by localizing
op-/lax colimits, as the next result shows:

61



Proposition 3.3.2. Consider a category C and two pseudofunctors D :
C? — CAT and R : C — CAT. By Corollary[5.2.3 and Proposition [3.1.3,

the following two chains of equivalences hold:

colimy,, (R o ppv ) =~ colim]l%x R~ colimf‘plm D ~ colimpjqz (D 0 pr),

colimpiqz (R © pp) =~ colim?plax R~ colimﬁz D ~ colimyg, (D o prv).

. D . . . .
Then colimy,, R can be presented as a localization of any of the eight categories
above, as follows:

(i) as a localization of colim>, R or of colimp,, R: if

oplax
R(X) ¥ Ry)
Fyu

F,
FU’ é Fy
Foyyw)
colim?plmR

is the colimit cocone of colim]g)plax R (withy:Y - X inC anda:U —

U’ in D(X)), the essentially unique functor Colimﬂg)plaz R — colim?s R
is a localization with respect to the components of each natural trans-
formation of the kind F, . A similar statement holds by considering
the colimit cocone of colim?. R.

(ii) as a localization of colimlt D or of colimfplam D: of

D(X) —2¥ . py)

G
GA/<:bG

R(y)(A)

Ga
LR
colimj,, D

is the colimit cocone of colimf® D (withy : Y — X in C, A in R(Y)
and b : R(y)(A) — A" in R(X)), then the essentially unique functor
colim? D — COHHIE)S R is a localization with respect to the components
of each natural transformation G, 4. A similar argument holds for

nR
colim, ., D.
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(iii) as a localization of colimypjaq (R 0 pp) or of colimye, (R o ppv): if

R(X) R(y)

y
Hix,v)

Hy,vy

R(Y)

colimpiqz (R © pp)

is the colimit cocone of colimypiaq (Ropp) (with (y,a) : (Y, V) = (X,U)
in G(ID)), then the induced functor colimgpeq (R o pp) — Colim?s Risa
localization with respect to the components of each natural transforma-
tion of the kind H, 4y such that (y,a) : (Y, V) — (X,U) is a cartesian
arrow of G(D) (i.e. the component a is invertible). The same consider-
ations hold for colim,, (R o ppv).

(iv) as a localization of colimyq, (D o prv) or of colimypae (D o pr): if

D(X) — DY)
%
Kx,B) Kovn)

colimy, (Do ppv)

is the colimit cocone of colimy,, (Doprv) (with (y,b) : (X, B) = (Y, A)
in G(RY)), then the induced functor colim;q, (D o prv) — colim?s R is
a localization with respect to the components of all natural transforma-
tions of the form K, y) where (y,b) is a cartesian arrow of G(RY) (i.e.
b is invertible). Similar considerations hold for colimypaq (D o pr).

Proof. Ttems (ii) to (iv) will follow from item (i) by showing how the colimit
cocones relate to one another.

(i) Let
RX) Y Ry)
Fyu
_ F. _
FU/ < FU
Fpy) )
colimlgs R

be the colimit cocone of colirn?s R. Notice that, being colim?s R a pseu-
docolimit, the components of each natural transformation Fy(U) are

invertible. There is a (essentially) unique functor ¢ : colim]g)plax R —
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(iii)

(iv)

colim]gs R. It satisfies in particular the identity £ o F),(U) = F(U), and
thus it maps the components of every F,(U) to an invertible map. It is

now obvious that any functor K : Colimﬂgplax R — K to any category K

factors through colim?S R if and only if K inverts all the components

of the natural transformations of the form F,(U): therefore, Colimzﬂf)s R

is obtained as a localization of colimﬂg)plax R with respect to all the com-

ponents of all the natural transformations of the form F,(U).

We can apply the natural equivalences in Proposition in order to

translate the colimit cocone of colimlg)plam R into the colimit cocone of

colim® D: in particular, for any U in D(X) and A in R(Y) the identity
Gy.A(U) = F, y(A) holds. Thus, since colim]g)plax R — colim?s R local-
izes with respect to all the components of the natural transformations
F, v, the functor colimfixﬂ) — colim?s R localizes with respect to all

the components of the natural transformations Gy 4.

We can apply the natural equivalences in Proposition in order to
translate the colimit cocone of Colim?plaz R into the colimit cocone of
colimgpiqz (Ropp). In particular, the natural transformations H (y,a) ar€

defined componentwise, for A in R(Y'), as H(y q)(A) := F, v (A)oFy(A).
D
oplax

components of each Fy r7 it follows that colimgyeq (R o pp) — coliml]?s R
localizes with respect to the components of each H(, ). Finally, we
recall that if a is invertible then F}, is invertible, by functoriality, and
thus localizing with respects to the components of the H, ;) is exactly
the same as localizing with respect to the components of the H(, )
with (y,a) : (Y,V) — (X,U) cartesian in G(DD).

Therefore, since colim R— colim?s R localizes with respect to the

We can apply the natural equivalences of Proposition in order
to translate the colimit cocone of colim D into the colimit cocone
of colimyyy (D o prv ). In particular each natural transformation K, )
is defined componentwise, for U in D(X), as K, (U) := Gp(U) o
Gy, A(U). With considerations similar to those of the previous item, we
can conclude that colim,, (D opgrv) — colim]gs R is a localization with
respect to the components of all natural transformations K, ;) with
(y,b) : (X, B) — (Y, A) cartesian in G(RY).

O

Remark 3.3.1. The previous result is a generalization of the considerations
in Paragraph 6.4.0 of |2, Exposé VI|, where it was first shown that since
G(D) ~ colimyq, D, the category colimys D is the localization of G(ID) with
respect to its cartesian arrows.

By the previous result, to compute explicit a colimit colim?s R in Cat
we can resort to the representation which we deem more fitting or easier
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to compute. The two representations in items (i) and (ii) still maintain the
distinction between weight and diagram; on the other hand, the conified rep-
resentations in items (iii) and (iv) are localizations of the ‘mixed structures’
of the form

colimqg (Do pprv), colimyy,(Roppv), colimypas(Ropp), colimypaq (Do pr).

We will compute explicitly the first of these colimits in the next result, along
with its localization to colim?s R, to show the ‘mixed structure’ at play:

Proposition 3.3.3. Consider two pseudofunctors D : C? — CAT and
R :C — CAT. The colimit

colimyg, (D o ppv)

is equivalent to the category whose objects are triples (X,U, B), with X in
C, U inD(X) and B in R(X), while an arrow

(y,a,0) : (Y,V, A) = (X, U, B)

is indexed by three arrows y : Y — X inC, a:V — D(y)(U) in DY) and
b: R(y)(A) — B in R(X). There is a square

colimyge (D o prv) —+— G(D)

where p is a Grothendieck fibration and q maps p-cartesian arrows to pp-
cartesian arrows. The functor p forgets the second component, the functor
q the third and the diagonal both components. In particular, the square is a
strict pullback.
The functor
colimygz (D o ppv) — colim?s R

acts by localizing colim,, (D o ppv ) with respect to all of the morphisms that
are p-cartesian and that are mapped through q to pp-cartesian arrows: that
is, it localizes with respect to all morphisms (y,a,b) where both a and b are
wnvertible.

Proof. The colimit colim;,, (Doppv) can be computed, by Proposition m
as the Grothendieck fibration associated to the pseudofunctor

G(RV) 2% cor B cAT.

The fibration prv : G(RY) — C° is made of objects (X, B) with B in
R(X), and arrows (y,b) : (X,B) — (Y,A) such that y : ¥ — X and
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b: R(y)(A) — B. Thus the fibration p : G(D o ppv) — G(RY)P is made of
triples ((X, B),U), where (X, B) belongs to G(RY) and U € D(pgv (X, B)) =
D(X), and an arrow

((y:b),a)
is indexed by an arrow (y,a) : (X,B) — (Y,A) in G(R") and another
arrow a : V. — D(pgv (y,0))(U) = D(y)(U) in D(Y): it is obvious that this
description of colim;,, (Doppv ) is equivalent to the one provided in the claim.
The composite functor

G(Doprv) B G(RY )P 222,

acts by forgetting the second and the third components. Notice that it is
not a fibration, as it originates from the composition of the fibration p with
the opfibration p%jv. This functor factors through pp : G(D) — C, and the
factor

q : colimgz (Do ppv) — G(D)

acts by forgetting the third components in colim;q, (D o pgv ).
Finally, if we explicit the colimit cocone

D(X) —2¥ , p(y)

Kyp)
K,
(X,B) Key.a)

colim,, (D o ppv)

we see that the legs act thus,
Kx.p : [U 2, U’} - [(X, v, B) L2, (x, U’,B)] ,
while for each U in D(X) the component of K, ;) at U is the arrow
Ko (U) = |00 D)(0), ) 25 (x. 0.5

We have omitted, for the sake of readability, any reference to the canonical
isomorphisms of the pseudofunctors R and ID. The functor

colimy, (Do ppv) — colim;]?s R

localizes with respect to the components of the natural transformations K, p)
such that (y,b) is cartesian, i.e. with respect to all the arrows (y, 1,b) with
b invertible, but this is the same as localizing with respect to the arrows in
the statement. O



Remark 3.3.2. The pullback square above, which shows the connection
between colimy,, (D o ppv) and G(ID), is a particular instance of the concept
of direct image of a C-indexed category along a functor, which we will analyse

in Section For further details, see Remark [4.1.1)(ii).

Every category C is endowed in particular with the covariant pseudofunc-
tor C/— : C — CAT, which maps each object X to the slice over it. The
previous result has the consequence that weighted pseudocolimits for C/—
can be interpreted as lax colimits of the weight:

Corollary 3.3.4. Consider R : C — CAT/C mapping each X to C/X: then
the D-weighted colimit of R is equivalent to the lax colimit of .

Proof. For the sake of brevity, in this proof we shall denote by K the category
colimyg, (D o ppv ), and also suppress any mention of D’s structural isomor-
phisms. Applying the previous result to R := C/— : C — CAT provides the
following description of KC: objects are triples (X,U € D(X),w : W — X)
with X,W and w in C and U in D(X), and an arrow

Y, V,z: 72 = Y) Y% (X Uw: W = X)

is indexed by two arrows y : Y — X, b: Z — W in C such that wob = yo z,
and a further arrow a : V. — D(y)(U) in D(Y'). We can then define a functor

L:K— G(D)
acting as follows:

OPEO, (W, D(w)(U))

VL) 22 (U )| - |(ZDe)0)
If we denote by S the class of arrows (y,a,b) in K with both components a
and b invertible, then L inverts all arrows in S: if we prove that L satisfies
the universal property of the localization with respect to .S, we can conclude
that

colimyg, D ~ G(D) ~ K[S™!] ~ colim?s R,

by the previous result and by Proposition To show this consider any
functor H : K — A mapping any arrow in S to an invertible arrow in A: we
want to define an essentially unique functor

H:GD)— A

such that HoL = H. This condition forces the definition of H, up to natural
isomorphism: indeed, if we consider the invertible arrows

L(X,U, 1) = (X, D(1x)(U)) L2 (x,0)
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of G(D), they must be mapped via H to isomorphisms

Ho L(X,U,1x) = H(X,U,1x) 2% gex ).
Therefore we can define H as follows: for any (y,a) : (Y,V) — (X,U) in
G(D), we set its image via H as the arrow

HY,V,1y) 2299 X U, 1),
Finally, we prove that HoL =2 H. For this, notice that every object (X, U, w :
W — X) in K admits a canonical morphism

(W, D)), 1) 22 (X, U, w),
which belongs to S: its image via H is therefore an isomorphism

(w7171)
e

HW,D(w)(U), 1) = HW,D(w)(U)) = HoL(X,U,w) H(X,U,w),

and it provides the component in (X, U, w) of a natural isomorphism H oL &
H. O

Remarks 3.3.3. (i) We will provide a further point of view on this re-
sult in Remark by using inverse images of fibrations. It can
also be seen as a consequence of Corollary [6.2.2] which shows that
colim]gs(c /—) =~ G(D) by exploiting the right adjoint of the 2-functor
g.

(ii) Curiously, the localization L : colimyg, (D o prv) — colim?s R ~ G(D)
acts by ‘restriction’ of the diagram, and this because every fibre R(X) =
C/X of R has a terminal object [1x]. First of all, notice that

G(RV) “25 cor

is the opposite of the codomain functor cod : Mor(C) — C: objects in
G(RY) are arrows [w : W — X|, and a morphism (y,b) : [w : W —
X] = [z:Z —Y]is given by two arrows y : Y — X and b: Z - W
such that wob = y o z. The fact that each fibre of R has a terminal
implies that we can define a functor

T:C— G(RY)? = Mor(C)

by mapping every object X to [1x] and every y : Y — X to (y,y) :
[1y] — [1x]. This functor is (a right adjoint and) a section of cod, i.e.
cod o T = id¢: therefore, since ppv = cod?, we can conclude that

colimy,, D ~ colimyg, (D o ppv 0 TP) = colimyy, (Do pgrv) o TP).

We can really think of G(ID) as obtained by restricting the cocone of
colimyg, (D o ppv ) along the functor T'. As we have formulated it, it is
evident that this happens everytime the covariant pseudofunctor R we
consider (not just R = C/—) has fibres with terminal objects.
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Chapter 4

Change of base for fibrations

Sheaves over topological spaces can be ‘moved along’ continuous maps, in a
process known as change of base (see Section for a quick summary on
topological sheaves). More precisely, a continuous map of topological spaces
f: X — Y induces a geometric morphism

Sh(f) : Sh(X) — Sh(Y)
acting as follows:

e given a sheaf P € Sh(X), the direct image of P along f, i.e. the
presheaf Sh(f).(P), is defined for any U C Y open as

e starting from a sheaf @ € Sh(Y'), and denoting by pg : Eg — Y its
étale bundle over Y, we can pull it back along f : X — Y in order to
obtain an étale bundle over X: the corresponding sheaf is the inverse

image Sh(f)*(Q) of @ along f.

This process generalizes to the notion of geometric morphism induced by
a morphism of sites, which we recalled in Definition In the present
chapter we will consider the same kind of change of base processes when
working with fibrations and stacks: a classic reference for these constructions
is provided by Sections 1.2 and I1.3 of [11|. The material presented in this
chapter comes from Chapter 3 of [g].

The generalization of Kan extensions to indexed categories allows to ex-
tend to categories of fibrations and stacks the constructions of the geometric
morphisms induced by morphisms or comorphisms of sites: in particular, in
this chapter we shall provide an explicit description of the inverse image of
fibrations as a pseudocolimit of categories, and as a localization of a partic-
ular fibration of generalized elements. We will also study the relationship
between base change and the relative comprehensive factorization of functors
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introduced in [6], and we will show that pullbacks of Giraud toposes can be
computed at the level of sites, if one adopts the point of view of comorphisms
of sites.

4.1 Direct image of fibrations

The direct image along a functor is the simplest change of base technique
for fibrations, as it is a categorical pullback. Indeed, it is well known that
if ¢ : &€ — D is a Grothendieck fibration, its pullback along a functor F' :
C — D provides a fibration over C. Let us show here that weakening to
pseudopullbacks allows us to talk about the direct image of Street fibrations:

Proposition 4.1.1. Consider a functor F : C — D, a fibration q : € — D
and the strict pseudopullback (cf. Deﬁnition

CXDS*)(‘:

| b

C—>D

the functor p is a fibration over C, called the direct image of ¢ along F', and
is denoted by F*(q); the functor ™ maps p-cartesian arrows to q-cartesian
arrows. In particular, if q is cloven then its inverse image p is also cloven.
Computing the direct image of fibrations over D along the functor F' provides
a 2-functor
F* : Fibp — Fibg,
defined by mapping a morphism (A,«) : [q : € — D] — [r: R — D] to the
functor
F*(A,a) :Cxp&—C Xp R,

defined on objects as F*(A,a)(X,E, f : q(E) = F(X)) := (X, A(E), fag)
and on arrows as F*(A,a)(t,s) = (t, A(s)). Similarly, a 2-cell ’y (A, a) =

(B, B) of morphisms of fibrations is sent to the 2-cell F*(v) : Fy(A,a) =
F.(B, ), defined componentwise by

Fr(X, B, f) = (Le) - (X, A(E), far) = (X, B(E), fBE).

If we consider the pseudofunctor J3([q]) = E, then J(F*([q])) ~ E o F°P:
that is, on D-indezed categories the direct image along F' can be described as
precomposition with F°P.

Proof. Start with an object (X, E, f : F(X) = q(E)) of C xp £ and an
arrow i : Y — X: we want to build a cartesian lift of y with codomain
(X, E, f). To do so, consider the composite arrow f o F(y): F(Y) — q(F)
in D: since ¢ is a fibration, there are a cartesian arrow y : B/ — E in &£
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and an isomorphism g : F(Y) = q(E') such that ¢(y) o g = f o F(y). This
provides an arrow (y,7) : (Y, E',g) — (X, E, f) such that p(y,y) = y, which
is a cartesian lift for y.

It is obvious that if ¢ is cloven then p is also cloven, since a canonical
choice of lifting for ¢ entails a canonical choice of liftings for p. The fact
that F* is a 2-functor is straightforward: in particular, the functor F*(A, a)
exists by the universal property of pseudopullbacks, while the fact that it
preserves cartesian arrows follows from the fact that A does.

Finally, by unwinding the definition of J we have that for an object X
in C the category J(F*([q]))(X) has as objects quadruples

(Y,E,f:F(Y) = q(E),y: X =Y),

where Y belongs to C and E to £. We can associate to each object (E,«a :
F(X) = g(E)) of 3([g))(F(X)) the object (X, F,a,1x) of I(F*(lg]))(X),
and conversely to the object (Y, E, f,~) above one can associate the object
(E,foF(y): F(X) = q(E)) of 3([q])(F(X)). This association extends to
arrows and provides an equivalence J(F™*([q]))(X) ~ J([¢])(F (X)), which is
also pseudonatural in X. We can thus conclude that F* acts on D-indexed
categories as a precomposition 2-functor. O

Remarks 4.1.1. (i) By their very definition, we can now think of fibres
as direct images. Given a fibration p : D — C and an object X in C, the
fibre of p at X is defined as the pseudopullback of p along the functor
from the one-object category,

ex:1—C,

which selects the object X. In short, the fibre of p at X is the domain

of ex ([p])-

(ii) The fact that the pullback of a fibration is still a fibration can be in-
terpreted as a result about the compatibility of pullbacks and colimits.
Indeed, given a pseudofunctor E : D — CAT, by Proposition [3.3.1] we
know that G(E) ~ colim;,, E in CAT, and thus a fortiori in CAT/D.
If now we consider the previous result, we have that for any functor
F : C — D the pseudopullback of colimy,, () along F' is equivalent to
the colimit colimyg, (E o F°P).

(iii) The argument in the previous item allows us to apply arguments about
direct images of fibrations also to the topic of commutativity of weights
and diagrams. Given two pseudofunctors D : C°? — CAT and R: C —
CAT, we know by Corollary [3:2.3] that there exists an equivalence
Colimoplax(RV o pp) =~ colimy, (D o pr). However, we can think of

71



colimy,, (D o pgr) as the fibration associated to the direct image of D
along p%); in other words, we have a pullback diagram

Op Y x
colimye(D o pr) —=—— G(Dopr) —21 P, Gpyor

! L e

colimy,, (D) = » G(D) B > C

If we apply (—)° to the square on the right, it remains a pullback

square, but this time we can see it as computing the pullback of pgr

along the functor pfl’, i.e. the inverse image of R along pfl:
colimyy; (R o pp) — colimyg, (R)

2

E

G(Ropp) — G(R)

(pP)* [pR]i - JPR
GD)? ———f—— C?
Pp

This implies that there is an equivalence of categories
colimy,, (R o pp) =~ colim,, (D o pr)?,

which expresses an alternative form of the commutativity of diagrams
and colimits. Combining this with the identity from Corollary [3.2.3 we
also obtain the further equivalence

colimpiaq (RV o pp) =~ colimy,, (R o pp)?.

4.2 Inverse image of fibrations

We have said that the direct image of fibrations, from an indexed perspective,
is a precomposition functor. Its restriction to presheaves,

(— o F°P) : [D°, Set] — [CP, Set],

was the starting point of the notion of morphism and comorphism of sites
in Section In particular, Proposition shows that — o F°P admits
both a left and a right adjoint, which are the Kan extension functors: the
same happens at the level of indexed categories, providing the notion of
pseudo-Kan extensions.

Proposition 4.2.1. We denote by Ind; the sub-2-category of Ind¢ of pseud-
ofunctors with values in Cat (i.e. ‘small’ C-indexed categories). Consider
any functor F : C — D and the direct image 2-functor

F*:Ind} — Ind?
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which acts by precomposition with F°P. The 2-functor F* has both a left and
a right 2-adjoint, denoted respectively by Langor and Rangop, which act as
follows:

e for any D in D denote by WIQ : (DL F) — C the canonical projection
functor: then for E : C? — Cat, its image Lanpop(E) : DP — Cat is
defined componentwise as

Lanpor (E)(D) = colimy, <(D¢F)°p (r)” T cor By Cat)

The pseudofunctor Lanper(E) is called the inverse image of E along F'.

e for any D in D denote by ™ : (F|1D) — C the canonical projection
functor: then for E:CP — Cat, its image Ranpop (E) : DP? — Cat is
defined componentwise as

ﬂ,/D o
Rangor (E)(D) = lim, <(F¢D)0p )7,

cor E Cat> )

Proof. The approach used to compute enriched Kan extensions in |23 Chap-
ter 4] is still viable in this context. For instance, it is shown loc. cit. that
the left Kan extension LangoprE can be computed componentwise in D as the
pseudocolimit colimg?s(D’F(_)) E; the equivalence with our expression above
results from applying the last part of Corollary and noticing that 71'1{3
is the opfibration corresponding to D(D, F'(—)). O

Consider now the functor
7r : C — cFibp,

which maps every object X in C to the discrete fibration (1p ] F(X)) — D.

We can also think of 77 as a functor with values in Indp, where each X is
mapped to the pseudofunctor (—| F(X)) = D(—, F(X)) : D°? — Cat: with
this in mind, we can improve the pointwise description of inverse images in
the previous result, obtaining a description in terms of weighted colimits of
indexed categories.

Proposition 4.2.2. Consider a functor F' : C — D and a pseudofunctor
E : C? — Cat: the inverse image Lanpor (E) is computed as the weighted
pseudocolimit

colimES(TF).

Proof. This follows from the identity 77(—) = D/F(—) and Yoneda’s lemma:
for every F : D’ — Cat we have the chain of natural equivalences
Indp(colimgs 77, F) ~ Ind¢(E, Indp(7p(—),F))
~ Ind¢(E,Indp(D/F(-),F))

(
~ Ind¢(E,F(F(-)))
~ Indc(E, F*(F)),
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implying that Langop(E) ~ Colim%s TPR. O
Remarks 4.2.1. (i) This result justifies in particular the equivalence
colimg’s C/— ~ colimy,, D
of Corollary [3.3.4 One can easily see that C/— is the functor
T1. : C — cFibg,

and thus the first colimit is the inverse image of pp along the functor
1¢: but obviously direct and inverse images along an identity functor
are identity functors themselves, and hence we have that

colim?s C/— ~ Lan, o [pp] ~ G(D) ~ colimy,, D
as fibrations over C.

(ii) The restriction to small C-indexed categories is needed to ensure the
existence of the colimits involved in the definition of Lanpor. However,
inverse images of non-small indexed categories may still be computable
resorting to small subdiagrams or to cofinality arguments.

The fibrewise description of Langer (E) of Proposition can be recov-
ered from Proposition using evaluation functors. For a fixed object D
of D, the evaluation 2-functor

Evp : cFibp — CAT

maps each fibration ¢ : @ — D to its fibre in D, or analogously, each D-
indexed category F to its fibre F(D). Notice that the 2-functor Evp behaves
as the direct image along the functor ep : 1 — D which selects the object
D in D. From a fibrational point of view this is trivial, because the fibre at
D is computed precisely as the direct image along ep (see Remark (1))
From an indexed point of view, the inverse image of a pseudofunctor F :
D? — CAT along ep is the composite

v 0% por E, c AT,

which via the equivalence [1°7, CAT],s ~ CAT is uniquely determined by
its value F(D). This implies that Evp has both a left and a right adjoint,
i.e. the right and left Kan extensions of Proposition [4.2.1] and thus that it
preserves all kinds of limits and colimits by Lemma [3.1.1] This means that
the following equivalences hold for any diagram I : C — Indp with weight
D:C? — Cat:

Evp(colimp, . (I)) ~ colim;q, (Evp o I),

EVD(COhHl]B)plaz (1)) ~ colim?plaI(EvD ol),
Evp(colimp, (1)) = colim, (Evp o I).
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Thus colimits of any kind are computed fibrewise in Ind%.
Now, we can apply these considerations to diagrams of the kind

2. ¢ I cFibp 225 Set.

Each of these functors takes values in Set, since 72(X) = D(D, F(X)):
indeed, it is the fibre in D of (1p ) F(X)), which is a discrete fibration over
D. Since evaluation functors commute with bicolimits, we have that

LaIlFop (E) (D) = EVD (LanFop (E))

=Ev D(colimgs TF)

Y 1 E (D

=~ colim, (75 )
. ’TD

~ colimyf E,

where the last step holds by the commutativity of weights and diagrams
(see Proposition . But the last colimit is precisely the one defined as
Langor (E)(D) in the proof of Proposition

If we want to compute inverse images explicitly, we can apply the tech-
niques about colimits and localizations developed in Chapters[2]and [3] First
of all, by Proposition the colimit Lanpep(E) ~ colimgs TF is a localiza-
tion of either of the following:

TF

. N . R N .
colimyqy (7F © ppv ) 2 colimyg, 7 = colim; 7, .

E ~ colimypjaq (E 0 pry ),

E F

colimpjaq (TF © PR) ~ colim,jq, TF = colim;F; E ~ colimy, (E o pT}/).

Each of these localizations is performed with respect to the components of
a certain class of natural transformations appearing in the colimit cocone;
moreover, Remark (iii) implies that colim;]fs Tr can also be seen as a
localization of Colimlax(T}/ o pg)°. In particular, we will focus on the de-
scription of the localization

colimy,, (E o pT}/) — colim%s TR

of Proposition [3:3.3] which is based on an application of Proposition [3.3.]]
to explicitly compute lax colimits using Grothendieck fibrations.

Firstly, let us compute the fibrations associated with the functors 7 and
Tl? . If we consider the functor

TF : C— CFibD,

as a functor with values in Cat, a quick computation shows that the opfibra-
tion corresponding to T, i.e. the opposite of the functor Py G(ry) — Cop

(see Remark [2.1.3(1)), is precisely the comma category

mc: (IplF) = C,
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with me forgetting the component in D. The same category is also fibred
over D, by considering the functor

mp: (IplF)—D
which forgets the component in C. In a similar way, each functor
R . C — Set
is associated with the opfibration
78 (D|F)—C.

We are now ready to prove the following:

Proposition 4.2.3. Consider a pseudofunctor E : C°? — Cat and a functor
F :C — D. Consider the category (D] F o pg), whose objects are arrows [d :
D — Fopr(X,U)] and whose morphisms (y,a) : [d : D — Fopg(Y,V)] —
[d: D — Fopr(X,U)| are given by arrows (y,a) : (Y,V) — (X,U) such
that F(y)od = d. Consider the class of arrows

Sp = {[d’} M} [d] ’ (y,a) cartesian in Q(E)} :
then

Lanper (E)(D) ~ (D F o pp)[Sp'].

From a fibred point of view, let p : P — C be a cloven fibration. Consider
the fibration of generalized elements

(Ipd(Fop)) =D

of the functor F o p, whose objects are arrows [d : D — (F o p)(U)] of D,
and a morphism

(e,a):[d : D — (Fop)(V)] = 1[d: D — (Fop)U)]

is given by an arrow e : D' — D in D and an arrow o : V — U in P such
that (F o p)(a)od = doe. Consider the class of arrows

S = {(e,a):[d] —[d] | (e, ) r-vertical, a cartesian in P} :

then
Lanpop([p]) ~ (1D\L(F op))[S_l}

Proof. Proposition [3.3.3 states that we can consider the pullback

D
g

colimyq, (E OP(T}Q)V) —— G(E)
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D
and Colim;f; E is the localization of colim,,(E o p(T}g)v) with respect to

the morphisms that are (7”)-cartesian and are mapped via 7 to pg-
cartesian arrows. Now we can perform the following simplifications: first
of all (71? )W = 7D since it is a discrete functor; secondly, as we mentioned
earlier, the functor p:izj corresponds to the canonical projection

7f  (DLF) = C;

finally, the explicit description of colimy,, (E o p(r?)V) of Proposition (3.3.3

provides, in this case, the category (D] F opg). Therefore, the pullback
above can be rewritten as

(DLF opg) 2 G(E)

Py | [P

TR

Finally, notice that an arrow

[d/:D%FopE(Y,V)] M)—>[(:l:D—)Fop]E(AX,U)]

in (D Fopg) is (7P)-cartesian if and only if (y,a) is pg-cartesian as an
arrow in G(E), which is the same as to say that it is mapped to a pg-cartesian
arrow via the forgetful functor 7&: therefore, Langor(E)(D) is computed
localizing (D] F o pg) with respect to all its arrows whose component in
G(E) is cartesian, i.e. with respect to the class Sp.

Now, if we consider each category (D F op) as the fibre in D of the
pseudofunctor

(=} Fop): D — Cat,

then Lanpop[p](D) is a localization of it; moreover, said localization is com-
patible with transition morphisms, i.e. given g : D’ — D in D, the transition
morphism

—oe:(D|Fop)— (D'|Fop)

restricts to a functor
(DLFop)[Sp'] — (D'LF op)[Sp].

Therefore, we may apply Lemma the fibration associated to the local-
ized pseudofunctor

(=4 Fop)[SC]: D? — Cat

is the localization of the fibration associated to (—| F op) , which is the
fibration of generalized elements

(1p}Fop) = D,
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with respect to the class of arrows
(e,;a):[d : D' — Fp(V)] = [d: D — Fp(U)]

that are wp-vertical (i.e. e is invertible) and such that their component « in
the fibre belongs to Sps. This provides the description of Langor ([p]) in the
statement. O

The categories involved can be summed up in the following diagram:

7I'D

E
(DJFop) ———— (IplFop) — = G(E)
(xDY : 7r’ p

(D] F) s> (IplF) — = ——~ ¢
- D ‘
| e \ lﬂ'p
1 s D

where all the squares are pullbacks since they correspond to the computation

of direct images of fibrations: this implies that all the vertical functors are

fibrations. On the other hand, m¢ = pi]‘)/ is an opfibration, and thus its
F

pullback 7 is also an opfibration. The fibration Langor[p] is the localization
of (1p) F op) at the class of arrows that are r-vertical and whose image via
7 is p-cartesian. Similarly, the single fibre Langor (E)(D) is the localization
of (D] F o p) at the class of arrows whose image via 7 is p-cartesian: notice
that in this case there is no need to consider the vertical arrows, since every

arrow in (D] F o p) is vertical with respect to the unique functor to 1.

Remarks 4.2.2. (i) This approach recovers the fibration Lanper ([p]) first
by localizing a pseudofunctor fibrewise and then by computing the as-
sociated fibration. Alternatively, we could have computed Langor([p])
as the colimit colim?s (7r) of indexed categories, going instead first to
the associated fibration and then localizing it.

(ii) We can obtain the fibrational description of inverse images without
resorting to the indexed formalism, but instead by showing explicitly
the equivalence of categories

cFibe([p], F*[q]) ~ cFibp((1p | F o p)[S~], [q])

forp: P — C and ¢ : @ — D fibrations. The proof goes as follows: by
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definition of pseudopullback, a pair (G, ) as in the diagram

P LZC xp Q
NG
C

corresponds to a pair (G1,71) as in the diagram

A
h{gl l@

D« ©

since q is a cloven fibration we can apply Corollary[6.2.5] and we obtain
a unique pair (Ga,72) as in the diagram

G2

Q

q»

(IplFop)

M

g%

and moreover the functor G5 is a morphism of fibrations. What we said
so far is true for any functor G: one can then verify explicitly that G is a
morphism of fibrations if and only if G5 inverts all arrows in .S, and thus
factors through the localization as a functor G : (1p [ F op) — Q. The
correspondence between G and G describes (on objects) the equivalence
between hom-categories given by the adjunction.

4.3 Change of base for stacks

Starting from two sites (C,J) and (D, K), we now study direct and inverse
images of stacks along a functor F' : C — D. In analogy with the case of
presheaves, the main ingredient is the (J, K)-continuity of F, necessary to
restrict the adjunction langer 4 F* : [DP, Set] — [C°P, Set] to an adjunction
Sh(F)* 4 Sh(F), : Sh(D,K) — Sh(C, J). Indeed, continuous functors are
precisely those whose direct image preserves the property of being a stack,
extending the content of Definition [1.2.1

Proposition 4.3.1. Consider two sites (C,J) and (D,K) and a functor
F :C — D: then F is (J, K)-continuous functor if and only if F* : Indp —
Ind¢ restricts to a 2-functor St(D, K) — St(C, J).

Proof. One implication is obvious: if F* maps K-stacks to J-stacks, in par-
ticular it maps K-sheaves to J-sheaves (see Proposition [2.3.1]), and thus F
is (J, K)-continuous. Now suppose instead that F'is (J, K)-continuous, and
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consider a K-stack E : D°? — CAT: we have to show that Eo F : CP —
CAT is a J-stack, i.e. that for every J-covering sieve m : S — X (X) the
functor

Indc( & (X),Eo FP) =2 Indc(S,E o F°P)

is an equivalence (see Definition[2.3.2)). To do so, we exploit the 2-adjunction
sgLanpop 4 (— 0 FP)if: the functor — o m translates into the functor

Ly : St(D, K)(sgLanpor (£ (X)), E) — St(D, K)(sxLanger (S), E)

acting by precomposition with — o sgLanpor(m). The 2-functors sx and
Langopr act on presheaves respectively like ax and lanpop, and thus s Langop ~
axlanpor. But by Lemmal[l.2.2)the functor F is (J, K )-continuous if and only
if each arrow

aglanpop(m) ~ sxLangpop(m)

is an isomorphism of sheaves, and thus L’ is an equivalence. O

Remark 4.3.1. One can also prove directly that stacks are preserved by
the direct image along continuous functors as follows. We showed in Section
[2.3] that a pseudonatural transformation S = E o F°? can be interpreted as
descent data (Uy, oy 2)yes, i-e. the given of objects U, € E(F(Y")) for every
y:Y — X in S(Y), and of a family of isomorphisms «, . : E(F(2))(Uy) ~
Uy, of E(F(Z)) for every y in S and every z : Z — Y, satisfying suitable
compatibility properties. Since F' is continuous it is in particular cover-
preserving, and hence F'(S) generates a K-covering sieve R over F(X) in
D. Now, starting from the descent data (U, ), one can obtain data
(U}, 'y ) ser for E. Indeed, any arrow f € R is of the kind F/(y)h for some
y € S, and thus we set Uy = E(h)(U,), and the isomorphisms o are then
defined in the obvious way: the fact that this yields well-defined descent
data for E can be proved exploiting the site-theoretic description of (J, K)-
continuous functors in Definition [[.2.1] Since E is a stack, the descent data
(U}, o ) rer admit a ‘gluing’ U’ € E(F(X)), which is also a gluing for the
original descent datum (Uy, v, ») of the indexed category E o F°P. A similar
argument works for morphisms of descent data, proving that the functor
— om in the previous proposition is in fact an equivalence.

We conclude that (J, K)-continuous functors (thus in particular mor-
phisms of sites) induce an adjunction between categories of stacks:

Corollary 4.3.2. Consider a (J, K)-continuous functor F : (C,J) — (D, K):
it induces a 2-adjunction

St(F)*
T
St*(C,J) L St(D,K),
K
St(F).
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to which we shall refer simply by St(F'). The 2-functor St(F), is called the
direct image of stacks along F' and acts as the precomposition

F*:= (-0 F°) :Indp — Indg;

In terms of fibrations, a stack q : € — D is mapped by St(F), to its strict
pseudopullback p : P — C along F. The left adjoint St(F)* is the inverse
image of stacks along I’ and acts as the composite

St°(C, J) “% Indg 225 Inds, 25 St (D, K),
where si denotes the stackification functor and Lanpop can be computed as
in Proposition[{.2.1] In terms of fibrations, a stack p : P — C is mapped by
St(F)* to the stackification of its inverse image Langor ([p]) along F, which
can be computed as in Proposition [.2.3.
In particular, any geometric morphism f : F — & induces a pair of
adjoint functors, denoted by St(f):

St’(6) L St'(7F) .

Proof. The fact that sx o Langoep 0iy is adjoint to St(F'), is a standard argu-
ment about adjunctions (see Lemma . Proposition shows that the
precomposition — o F°P maps stacks to stacks when F' is (J, K)-continuous,
and justifies the description of St(F), in C-indexed terms; its description in
fibrational terms as a pseudopullback comes instead from Proposition [4.1.1
The last claim holds since any geometric morphism f : .% — & is induced
by the morphism of sites f*: (&, J¢"") = (F,JF"). O

As already mentioned in Section an important consequence of this
is the fact that all canonical fibrations are stacks, if those of toposes are:

Corollary 4.3.3. Consider a site (C,J) and set & = Sh(C,J). Suppose
that the canonical fibration S(éa’(]gban) of & is a JF@"-stack: then the canonical
fibration S 5y of (C,J) is a J-stack.

Proof. One can check immediately that the direct image of S, Jsam) along
the morphism of sites

(C,T) s (&, T8,

is the canonical fibration S(¢, 7). But £; is (J, J&*"*)-continuous and the canon-
can

ical fibration S((g’ngan) is a Jg"-stack, thus S 5y is a J-stack. O

In a similar way to morphisms of sites, comorphisms of sites also induce
an adjunction between categories of stacks, this time by restricting the action
of the right Kan extension:
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Proposition 4.3.4. Consider a comorphism of sites F' : (C,J) — (D, K):
it induces a 2-adjunction
(CEH)”
—
St°(D,K) L St*(C,J),

<~ ~—
(C34)«

to which we shall refer by Cgt. The right adjoint (Cf’;t)>k acts by restriction
of the right Kan extension Ranpop (see Proposition to stacks; on the
other hand, the left adjoint (Cgt)* acts as the composite 2-functor

St*(D, K) £ Inds £ Indg 25 St°(C, J),

where F* := (— o F°P) and sy is the stackification functor. Moreover, there

18 an equivalence
(CS1Y* 0 s = 550 F*.

Proof. We only need to show F' is a comorphism of sites if and only if the 2-
functor Ranger : Inde — Indp restricts to a 2-functor (CRF). : St(C,J) —
St(D, K): then standard considerations about adjoints (see Lemma be-
low) imply that (C38)* := s; 0 F* o is left adjoint to (CBF),.

Suppose first that Ranpor maps J-stacks to K-stacks: then in particular
it maps J-sheaves to K-sheaves and hence F' is a comorphism by condition
(ii) of Deﬁnition Conversely, suppose that F' is a comorphism, consider
a J-stack D : C°? — Cat, a K-sieve mg : S — X(D) and the diagram

Indp (& (D), Ranper (D)) — Indc(k(C)o FP,D)

_omsl lfo(msopop) :

Indp(S, Ranpor (D)) —=—— Ind¢(S o FP, D)

where the horizontal equivalences come from the adjunction F* 4 Rangop.
By condition (iv) of Definition the precomposition F* := (— o FP) :
[D°P,Set] — [C°P,Set] maps any K-dense monomorphism to a .J-dense
monomorphism: in other words, if mg : S — X(D) is a K-sieve, then
F*(mg) = (o(mgo F)): So F? »— X(C)o F is J-dense. Since F*(mg)
is J-dense and D is a J-stack, the vertical arrow on the right is an equiva-
lence, hence thus the one on the left is also an equivalence and Rangop (D) is
a K-stack.

The last claim is justified by the fact that both (C$%)* o sx and s; o F*
are left adjoint to if o (CSY), = Ranpoer 0. O

Corollary 4.3.5. Consider a (J, K)-continuous comorphism of sites

F:(C,J)— (D, K).
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It induces o triple of 2-adjoints

(CEO):
RN
St(C,J) «+ (c$6)* — St*(D, K)
\J__/‘
(CE)~
where (C8Y), acts by restriction of Ranpen, (C84)* = St(F). acts by restric-
tion of F* and (C8%), = St(F)* is the composite 2-functor

j Lanpo
St*(C, J) <L Indy =22, Ind3, 255 St°(D, K).
Proof. This is an immediate consequence of the previous results: the action
of Ranpop restricts to stacks since F' is a comorphism, while that of F*
restricts to stacks since F' is continuous. O

4.4 Change of base for sheaves

In Section we introduced the truncation-inclusion adjunction

ty
Sh(C,J) L St3(C,J)
JJ

to describe the connection between J-sheaves and .J-stacks. The same func-
tors relate the action of morphisms and comorphisms of sites on stacks to
their action on sheaves, as follows:

Proposition 4.4.1. Consider a continuous functor F : (C,J) — (D, K).
Then the inverse image Sh(F)* : Sh(C, J) — Sh(D, K) is isomorphic to the

composite functor

( )

Sh(C,J) <% st*(c, J) 2 s¢3(D, K) 55 Sh(D, K).

In particular, denoting by te = je the truncation-inclusion adjunction in the
case of the trivial topology on C, the functor lanpor : [C°P, Set] — [DP, Set]
1s 1somorphic to the composite

LanFop

€, Set] <% Tnds 25 Tnd3, 2 [D, Set).

Proof. Since the 2-functor St(F'), : St(D, K) — St(C, J) acts by precompo-
sition with F'°P its action restricts to that of Sh(F'), on sheaves: but then
we can consider the diagram

tK St(F)*
Sts D,K) J_ St*(C, J)
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and by applying Lemma it follows that the left adjoint Sh(F)* is iso-
morphic to the composite tx o St(F)* o j;. O

Similarly, the geometric morphism induced by a comorphism of sites is
obtained by truncating the adjunction between categories of stacks as follows:

Proposition 4.4.2. Consider a comorphism of sites F' : (C,J) — (D, K).
The inverse image C}, : Sh(D,K) — Sh(C,J) of the geometric morphism
induced by F is isomorphic to the composite functor

( St)*

Sh(D, k) % st*(D, K) ‘L ses(c, 7) 4 sh(c, J).

Proof. Notice that the two inclusions

Sh(C,J) <% [C°, Set] <% Inde, Sh(C,.J) <5 St(C, J) < Indc

are equal, and thus their left adjoints are isomorphic: ajote = 750s;5. But
then the following holds:

tJO(Cgt)*OjK:tJOSJOF*O’L'KojK

HajotcoF" ojpouk.

As we know, the 2-functor F* : Indp — Ind¢ restricts to presheaves: if we
adopt (with a slight abuse of notation) the same symbol for the restriction
F* : [D°P,Set] — [CP, Set], we have thus the isomorphism F*ojp & jeo F™*,
and hence

ajotcoF ojpoix FajotcojecoF ok

Finally, since j¢ is fully faithful with left adjoint ¢¢, the composite t¢ o je =
is isomorphic to the identity functor of [C°P,Set|, and therefore we may
conclude that

t]O(C}S,ﬂt)*OjK gaJOF*OLK %C’}

O]

Finally, we can also study the change of base functors for sheaves from a
fibrational point of view:

Lemma 4.4.3. Let F': C — D be a functor, K a Grothendieck topology on
D and Ui : D — Sh(D, K) be the canonical functor. Then the functor ag o
lanpop : [C°P,Set] — Sh(D, K) admits the following fibrational description:
for any presheaf P on C,

aK o laIlFop(P) = COlim(ZK oFo ﬂ'P).

In other words, ag o lanper (P) coincides with the discrete part of the K-
comprehensive factorization of the composite functor F o wp.
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Proof. From P ~ colim( ¢ o mp) it follows that

aK o lanFop(P) ~akK o lanpop(colim(J:C o 7Tp))
~ colim(ag o lanpop 0 K¢ omp)
~ colim(ag o Xpo Fomp)

~ colim({x o F omp).

The last claim is just the definition of K-comprehensive factorization (see
Definition [2.5.1]). O

Proposition 4.4.4. Let F': (C,J) — (D, K) be a (J, K)-continuous functor:
the inverse image Sh(F)* : Sh(C,J) — Sh(D, K) induced by F (which is
(C'?,t)g when F' is a continuous comorphism of sites) acts by mapping any
J-sheaf P on C, seen as a discrete J-stack wp : [P — C, to the discrete part
of the K-comprehensive factorization of the composite functor F o wp.

In particular, if F is a (J, K)-continuous comorphism of sites (C,J) —
(D, K) then the sheaf (Cp)i(P) = Sh(F)*(P) corresponds to the second com-
ponent of the (terminally connected, local homeomorphism)-factorization of
the geometric morphism Cp o []p:

Sh(C,J)/P —LEMCOM , §h(D, K) /(Cr)i(P)

Hpi lH(CFn(P)
Sh(C, .J) » Sh(D, K)

Cr

Proof. Both Sh(F)* and (Cr); are defined as the composite

Sh(C, J) <2 [cP, Set] 21, [DP, Set] 2% Sh(D, K),

and we showed in the previous result that ax o lanpop acts by mapping
any presheaf P to the discrete part of the K-comprehensive factorization
of F'omp. We also mentioned in Section that the K-comprehensive
factorization of a continuous comorphism of sites p induces the (terminally
connected, local homeomorphism)-factorization of the corresponding geo-
metric morphism Cj,: therefore, from the K-comprehensive factorization of
the continuous comorphism of sites

([P, Jp) ™2 (C,J) & (D, K)

as

([P, Jp) Lo ([(CENP), Jicpypy) —2222 ¢

we can deduce that the (terminally connected, local homeomorphism)-factorization
of the geometric morphism Cror, = Cr o C, is given by

D, K),

Or(Cp(P)
e

Sh(/ P, Jp) 5 Sh([(Cr)(P). Ty () Sh(D, K).
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Finally, from Theorem we recall that Sh([P, Jp) ~ Sh(C,J)/P and
Crp = [[p, and similar identities hold for the K-sheaf (Cr)i(P). O

We have in particular the following description of direct and inverse im-
age, when topologies are trivial:
Proposition 4.4.5. Consider a functor F' : C — D, and two presheaves
P :C? — Set and Q : D? — Set with associated fibrations wp : [P — C
and g : [Q — D.

o The direct image of Q along F' is computed as the strict pullback of mg
along F:

JF(Q) — JQ

e e

C———D

e Consider the fibration r : (1pl F omp) — D, and denote its class of r-
vertical arrows by S: the fibration associated to the presheaf Langop (P)
is computed as the localization 7 : (1p L F owp)[S™'] — D, and the
fibration associated to lanper (P) by taking the second component of the
comprehensive factorization of T:

e | /
(IplFo ’/Tp)[S_l] é: Man pop (P)
f(lanFop(P)).

Proof. The description of the direct image follows directly from its fibrational
definition as a pullback. Notice that the pseudopullback of mp along F' is in
general a Street fibration, but one can show immediately that it is equiva-
lent to the strict pullback of mp along F, which is instead a Grothendieck
fibration.

The description of Langor(P) is the one appearing in Proposition [4.2.3}
Langopr (P) is computed by localizing (1p ] F' o mp) with respect to the class
of its vertical arrows whose component in [ P is cartesian. But, since every
arrow in f P is cartesian, for P is discrete, we conclude that 7 is the fibration
associated with langop (P). Finally, we know by Proposition that the
fibration of langop can be recovered as the truncation of 7, and by Corollary
the truncation functor ¢tp : Indp — [D, Set] acts on fibrations by
mapping to the second component of the comprehensive factorization.  [J
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Chapter 5

Giraud toposes

This chapter explores the idea that fibrations are most proficiently studied,
in a topos-theoretic setting, when they are considered as continuous comor-
phisms of sites. Since this approach stems from Giraud’s article [12], it seems
fitting to adopt the name Giraud topology for the topology associated to a
fibration over a site, and of Giraud topos for the associated topos (which
Giraud called classifying topos loc. cit.). In the first section we shall in-
troduce Giraud topologies along with some basic properties, first presented
in [6]. The second section is dedicated to the particular case of dependent
product functors, which provide a first example of the efficacy of the use of
comorphisms of sites and fibrations in the context of relative topos theory:
the material belongs to Section 3 of [7].

5.1 Fibrations and comorphisms of sites

Definition 5.1.1 |12, §2.2|. Consider a site (C,J) and a fibration p : D — C:
we call Giraud topology for p the smallest topology Jp over D making p into
a comorphism of sites (see Proposition [1.2.3]). The Sh(C, J)-topos

C, : Sh(D, Jp) — Sh(C, J)

will be called the classifying topos of the fibration p, or its Giraud topos, and
it will be denoted by Gir;(p). If D is the Grothendieck fibration associated
to a C-indexed category D we will adopt the notations Jp and Gir (D). In
particular, for a representable presheaf X (X) we introduced in Example
the notation Jx as a shorthand for Jy .

For a generic functor p : D — C, the smallest topology M’ on D making
p into a comorphism of sites may not have an explicit characterization: in
full generality, the best we can do is presenting M § using the pullback-stable
family (i.e. the coverage) of generating sieves Sp mentioned in Proposition
[[.2.3] However, if p is a fibration, its Giraud topology Jp admits a fully
explicit characterization:
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Proposition 5.1.1 |6, Theorem 3.13|. Given a fibration p : D — C, a sieve
R is Jp-covering if and only if the collection of cartesian arrows in it is sent
to a J-covering family through p.

Although we are speaking about Giraud toposes, a size issue needs to be
addressed, because there is no reason for the category Gir (D) to be a topos,
and in particular for the site (D, JJp) to be small or even small-generated.
We will ignore this problem as long as it will not hinder the tractation; in the
context of the fundamental adjunction (Chapter @ we will avoid size issues
altogether by restricting to a suitable class of fibrations, called essentially
J-small (see Definition . However, it is important to remark that in
the context of discrete fibrations there are no problems of size:

Lemma 5.1.2 [8, Lemma 2.10.8|. Given a small-generated site (C,J) and a
presheaf P : C°? — Set, the site ([P, Jp) is small-generated.

Proof. Denote by A — C a small J-dense full subcategory of C. Consider
the full subcategory B < [P whose objects are pairs (A4,U) with A in A:
then B as a set of objects and is locally small, therefore it is small. Now
consider an object (X,U) of [P. Since A — C is J-dense, there exists a
J-covering family {y; : A; — X | ¢ € I} such that each A; belongs to A.
By Proposition the family {y; : (A;, P(y;)(U)) = (X,U) | i € I} is
Jp-covering, and thus B is Jp-dense in [ P. O

There are many results showing how fibrations interact well with the
theory of comorphisms. First of all, fibrations and their morphisms naturally
become continuous comorphisms of sites with respect to Giraud topologies:

Proposition 5.1.3 |6, Theorem 4.44 and Corollary 4.47|. Consider a fibra-
tion p : D — C and a topology J over C. Then p is a (Jp,J)-continuous
comorphism of sites. More generally, given two fibrations p : D — C and
q: & — C and a morphism of fibrations (F, ) : [p] — [q] between them, then
F is a (Jp, Je)-continuous comorphism of sites.

This entails that the functor
& : Cat/C - Com/(C,J)
introduced in Section [I.2] restricts to small fibrations providing a functor
& : Fib; — Comeont/(C, J),
and that a fibration is mapped to its Giraud topos via the composite
Fibs & Comyont/(C,J) —— EssTopos/Sh(C, J).
Giraud topologies can be also used to study some properties of the fibra-

tion at hand. An example of this is the following result, which is a broad
generalization of Proposition 2.1, item (3) of [12]:
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Proposition 5.1.4 |8, Proposition 2.11.3|. Consider a subcanonical site
(C,J) and a cloven fibration p : D — C: then p is a prestack if and only
if its Giraud topology Jp is subcanonical.

Proof. We start by supposing that D is a prestack. Consider a Jp-covering
family R = {f; : dom(f;) — D | i € I'}: then p(R) = {p(fi)} is a J-covering
family of p(D). We will call S the J,(p)-covering family {p(f:) : [p(fi)] —
(1p(py] @ € I} for [1,p)] in C/p(D). Consider now some other object X of D:
a matching family for R and X (X) is the given, for any i € I, of an arrow
a; : dom(f;) — X, subject to the condition that for every span of arrows h
and k such that f;h = f;k it holds that a;h = k.

We start by considering the family of arrows {p(c;) : dom(p(f;)) —
p(X)}. It is easy to verify that they are a matching family for & (p(X)) and
p(R), and hence since J is subcanonical there exists a unique 5 : p(D) —
p(X) such that p(a;) = Bp(fi).

Using 8 we can now ‘move over’ p(D) by considering the Hom-functor
Hom((D, 1,p)), D(B)(X, 1,(x))) = (C/p(D))? — Set. We will now build

—

a matching family for it and S. To do so, notice first that f; and p(f;)p
are both cartesian lifts of p(f;): therefore, there is a unique canonical iso-

—

morphism p; : dom(p(f;),) — dom(f;) comparing them. There is also a

canonical isomorphism o; : dom(c;) — dom(p(cy)y). So we can consider
the composite arrows v; 1= Xg (1), xipi, and a lengthy calculation shows
that they constitute a matching family for Hom((D, 1,(p)), D(8)(X, 1,(x)))

and S: if D is a prestack they admit an amalgamation - : dom(lz(\D) D) —

dom(@?} dom(ﬁx))' Now, if we consider the arrow o defined as the composite

—

98.X dom(Bx)
o emiPX),

— 1

Lpy(o)p

—_— a E
D == dom(Typ) ;) = dom(Fs X goum 5 )

dom(ﬁ x) — X
it is again lenghty but straightforward to see that it provides an amalga-
mation for the matching family {«;}, proving that & (X) is a Jp-sheaf and
hence that Jp is subcanonical.

Conversely, suppose Jp is subcanonical and consider a Jx-covering sieve
S for it and Hom((A,«), (B, 3)). Without loss of generality we may as-
sume that S = {f; : [fi] = [1x] | ¢ € I} covers the terminal object of
C/X, by Corollary so that the matching family consists of arrows
v dom(c;?i 4) — dom(ﬁffi p) satisfying suitable compatibility conditions.
We can now consider the Jp-covering family R = {o?ﬁ 4| i€} over A and
the arrows p; := 571-3% : dom(&}iA) — B. A calculation shows that it is a
matching family for R and X (B), and thus it admits a unique amalgamation
~: A — B, which also proves to be a unique amalgamation for the original
matching family {v;}. Hence all Hom-functors are sheaves and we conclude
that D is a prestack. O
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Example 5.1.1. The request for the fibration p to be a prestack with a sub-
canonical Giraud topology is not enough for J to be subcanonical. Indeed,
consider C to be the arrow category ¢t : 0 — 1, D the empty category and
p : D — C the unique functor. Notice that D corresponds to the discrete
C-indexed category D : C°? — CAT with constant value the empty category.
Now consider on C the topology J whose only non-trivial sieve is the sin-
gleton {t}: it is not subcanonical, since & (0) is not a J-sheaf. D is a sheaf
for this topology, and hence it is a J-stack; moreover, the induced topol-
ogy K on D is the only topology on the empty category, which is trivially
subcanonical.

5.2 Dependent product functors

As announced in the introduction, a nice description of dependent product
functors is a first example of the fruitful application of fibrations and comor-
phisms of sites to relative topos theory. In Appendix [A] we will return to the
dependent product functor from an elementary point of view.

We have already mentioned in Section that an arrow e : E — E' in a
topos & induces an essential geometric morphism

e
TN
cga/E < e*
\J_—/‘

Il

&/E,

where the inverse image e* is defined by pullback of arrows along e. The
direct image [], is called the dependent product along e, while the essential
image ), is called the dependent sum along e; in particular, )  acts by
post-composition with e. When e =!g : E — 1g is the unique arrow to the
terminal object of &, the adjoint triple above is denoted by

e
PEIN
EJE «—E*— &.
L A
Ie

The behaviour of [], is usually described in the literature using the inter-
nal logical structure of the topos. The following result, which sums up the
content of Section 3 of |7, shows instead that from a site-theoretic perspec-
tive dependent products arise quite simply from discrete fibrations, seen as
comorphisms of sites.

Theorem 5.2.1. Consider a site (C,J) and a presheaf P : C°P — Set with
corresponding Grothendieck fibration 7p : [P — C, and denote by Jp its
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Giraud topology. The composite functor

A: [P ¢ sne, ) 2P sne, 7)/as(P)

s flat and Jp-continuous, and it induces an adjoint equivalence of toposes
L% Sh([P,Jp) T . Sh(C,J)/a;(P): R}

e [In the context of presheaves, i.e. when J is the trivial topology over C,
the functor Rp : [C°P,Set]/P — [([P)",Set] is defined on an arrow
[h: H— P] by

Rp[h)(X,U) = hy'(U)

for each (X,U) in [P.

Its left adjoint Lp : [([P)”,Set] — [C°P,Set]/P is defined for a
presheaf W : ([ P)°" — Set as

Lp(W)(X):= || wxv),
UeP(X)

with the structural morphism Lp(W) — P defined by projecting each
component W(X,U) to the element U. The definition of Rp and Lp
on arrows is straightforward.

e The functor R} : Sh(C,J)/a;(P) — Sh([P,Jp) acts on an object
[h:H —aj(P)] of Sh(C,J)/a;(P) as

Rp[h](X,U) = Rplyp(h)(X,U) = {z € H(X) | hx(z) = (np)x(U)},

where np : P — aj(P) is the unit of the adjunction ay = ¢;.

Its left adjoint LY, : Sh([P, Jp) — Sh(C, J)/a;(P) is described for a
presheaf W : [ PP — Set as

J L . W A - .
Lp(W):=colim(fW —= [P = Sh(C, J)/a;(P)) —IECV%)/I(I)I;I}U)EJ(X)

and the structural morphism
Lp(W) = as(P)
s the arrow induced via the colimit’s universal property by the cocone
as(U"): £y(X) = a;(P),

where each U : X (X) — P corresponds to U € P(X) via the Yoneda
lemma.
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Moreover, the equivalence RIJD is pseudonatural in P. More explicitly, given
an arrow f : P — Q in Sh(C,J), the corresponding comorphism of fibra-
tions [f : [P — [Q induces a geometric morphism Cyy: Sh([P,Jp) —
Sh([Q, Jg) which is essentially isomorphic to the dependent product functor
IL., () : Sh(C, J)/as(P) = Sh(C, J)/a;(Q) via the equivalences above: that

18, the square

Sh([ P, Jp) — " Sh([Q.Jo)

Wl

S(C..J)/a,(P) f— Sh(C.)/a,(Q)

s commutative up to natural isomorphism. In particular, the geometric mor-
phism Cy,, : Sh( [P, Jp) — Sh(C, J) is essentially isomorphic to the depen-
dent product functor I, (py: Sh(C,J)/as(P) = Sh(C, J), i.e. the following

triangle is commutative up to canonical isomorphism:

Sh(C, J)/as(P) ——~— Sh([P, Jp)
HaJ(m\ s
Sh(C, )

Proof. The proof of the equivalence in the presheaf case (i.e. when J is the
trivial topology) can be found in |21, Proposition A1.1.7] and the equivalence
for a generic J in |6, Section 6.7]. In particular, one can verify explicitly that
the square

[CoP, Set]/P % [(JP)?,Set]

Lp
(5.1)
aplﬁ”’ R e e

Sh(C,.J)/a;(P) T Sh([P,Jp)

is commutative, where the adjunction ap 4 ¢p is defined on [h : H — P] as
ap([h]) := [as(h)] (cf. Proposition [A.6)).

To prove the pseudonaturality, we start from the presheaf case. For any
presheaf W : (fQ)Op — Set, it holds that

(ffoLo)MX)= || WX, fx(©))
UeP(X)

— Lpo(—o ([H)P)(W)(X)

naturally in X € C, therefore
Lpo(—o([f)®)=f"oLg, Rgo [I; = ran por © Rp. (5.2)
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By Lemma the morphism of fibrations [f : [P — [Q is a co-
morphism of sites with respect to Giraud topologies. Notice also that the
square

(Pt -5 (@, o)
1./4 P./'P
(JP,Ip) —s (JQ, Jo)

of comorphisms is obviously commutative (where JK denotes the trivial
topology on a category A) and thus it induces the commutative square

[(JP)”,Set] — 2% [(1Q)™ , Set]

I I (5.3)

Sh(fpa JP) L Sh(vaJQ)

of geometric morphisms. Combining this with Equation (5.2)), Square (/5.1
and Proposition we conclude that the cube

[(fP) op’ Set] ranrfyop N [(fQ)Op, Set]
LJP A LJQ A
Rp Rq
Sh Crs
R{ R},
C?, Set] /P . [P, Set]/Q

Iy

o

Sh(C, J)/a;(Q)

s

Sh(C, J)/a;(P)

Lo,

is commutative, and the commutativity of the front square states precisely
the pseudonaturality in our claim.

Finally, by taking f equal to the arrow !p : P — 1lgp(c, ) we obtain the
last claim (notice that [(lgn(c,sy) =~ C). O

Remark 5.2.1. It can be easily checked that if P is a J-sheaf then the
functor Lp : [([ P)”,Set] — [C°,Set]/P takes values in J-sheaves |28,
Exercise I11.8(b)|, whence the functor L, is the restriction of Lp along the
canonical inclusions

Lip  Sh([P,Jp) = [([/P)”,Set], tp: Sh(C,J)/P < [C®,Set]/P.
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In particular, if P and @ are J-sheaves, the dependent product [] 5 is
computed regardless of the topological datum of J. This is due to the fact
that, in this case, RIJD and L‘é are restrictions of Rp and Lg respectively.
Thus one can derive an explicit formula of the dependent product for sheaves:
Corollary 5.2.2. Consider a site (C,J), two J-sheaves P and Q and an
arrow f: P — Q. For any arrow h : H — P in Sh(C, J) and for any object
X in C, we have

[1;(h(X) = {(¢,2) | ¢ € Q(X), z € AHX)}

(with the canonical projection to @), where A}}(X) is the set

{ze J] m'®) |y st cod(y) =dom(g), H(Y)(zgp) = Tgor,p(+)p) }
gY =X

pefy H(Q9)(9)

Proof. First of all, by Theorem [5.2.1} for any arrow f : P — @Q of presheaves
we have the chain of equivalences

~ 7J J
[L, = Lo (Crp)eoRp

Sagolgo ran [ fyop © Rpoip
=~ a’Q (] H?r in,
where Hl;r is the dependent product at the level of presheaves. The de-
pendent product [] Fis induced by the comorphism of sites [ f, so in par-
ticular H?r is simply the right Kan extension functor ran [f)er- Its value

ran | yor (R%[R]) can be computed (see e.g. [21, Example A4.1.4]) as

ran gy (RN CX.0) =t (G001 57) = (1 7) 2% set).

The nodes of the diagram are arrows g : (Y, fy (p)) = (X,¢) in [ @, so they
are in fact indexed by couples g : Y — X, p € P(Y) such that fy(p) =
Q(g)(q); the edges of the diagram are the arrows v : Y/ — Y in C such
that ¢ = go~ and P(y)(p) = p/. Notice that ~ is actually an arrow
(Y’ fy(p)) = (Y, fy(p)) by the latter conditions and the naturality of f.
Recalling that R%([h])(Y, p) = hy' (p) for J-sheaves, the above limit is the set
A? (X) in the statement of the corollary. Finally, the coproduct of all these
fibres yields the desired expression of the dependent product [ ,[h]. O

We conclude this section by providing a technical lemma that we will
exploit later, stating that given a J-covering sieve R — X (X), the site
(R, Jr) is Morita-equivalent to (C/X, Jx):
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Lemma 5.2.3. Given a site (C,J) and a J-sieve mp : R — X (X), then
Jmr: (JR,Jr) = (C/X, Jx) induces an equivalence of toposes

Clmpg : Sh([R,Jgr) = Sh(C/X, Jx).
Proof. This is a corollary of Theorem [5.2.1] since the square

Sh([R, Jr) —— Sh(C,J)/as(R)

C}'le ZlnaﬂmR)
Sh(C/X, Jx) —— Sh(C, J)/¢;(X)

commutes up to natural isomorphism, where HaJ(mR) is an equivalence since
ay(mpg) is invertible. O
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Chapter 6

The fundamental adjunction

This chapter is devoted to showing that fibrations and stacks over a base
site (C, J) are adjoint to toposes over the topos Sh(C, J), the so-called fun-
damental adjunction of |8]. This result is a generalization of the classical
presheaf-bundle adjunction for topological spaces, and it is an instance of
the widespread alternative point of view in mathematics between ‘indexed
structures’ and ‘fibred structures’.

In Section we begin by recalling the presheaf-bundle adjunction for
topological spaces, along with some technical results: some further results
about étale maps of topological spaces will appear later in Appendix [C]
Section deals with the adjoints to the Grothendieck construction func-
tor, especially in relation with Giraud topologies. Section introduces the
fundamental adjunction, and Section shows that the canonical stack of
the base site acts as a dualizing object for the fundamental adjunction. Fi-
nally, the last section introduces the notion of relative site motivated by the
previous results.

All results in this chapter, unless stated otherwise, appear in Chapter 5,
Section 6.2 and Chapter 8 of [8].

6.1 The presheaf-bundle adjunction for topological
spaces

In the present section we recall the adjunction A 4 I' between the topos of
presheaves over a topological space X and the category of bundles over X,
as a motivating example for the fundamental adjunction. We also take an
opportunity to analyse some aspects of the adjunction that pave the way for
later developments in the study of preorder sites (see Section .

Given a topological space X, denote by O(X) its poset of open subsets,
the topos Psh(X) := [O(X), Set] is called the category of presheaves (of
sets) over X. The topos of sheaves for the canonical open cover topology

o(x) on O(X) is denoted by Sh(X). On the other hand, if Top is the
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1-category of topological spaces, the 1-categorical slice Top/X is called the
category of bundles over X.

Since O(X) is a poset, there is at most one arrow ¢ : V < U for any
two V and U in O(X) (cf. the beginning of Section [7.2)): therefore, for any
presheaf P over X and any s € P(U) its image P(i)(s) is usually denoted
just by sj;,. We recall that for a presheaf P over X the stalk of P at x € X is
defined as the colimit of sets P, := colimyeyeo(x) P(U). For any s € P(U)
its equivalence class in P, is called germ of s at x and it is denoted s;: then
s € P(U) and t € P(V) have the same germ at € UNV if and only if there
exists W C U NV such that z € W and sy = {j. Of course, any arrow
h: P — @ of presheaves induces an arrow h, : P, — @Q, by the universal
property of colimits.

There is an adjunction (cf. |28] Sections I1.4, 1.5, 11.6])

A
~—

Psh(X) 1 Top/X .

X! —
r

The functor A maps a presheaf P to its bundle of germs, i.e. the canonical
projection map 7p : Ep = [[ cx P — X; on arrows A acts by mapping
h:P—QtoAy:=]lexhas: [Hyex Pr = [yex Qo For any s € P(U) we
can define a map $ : U — Ep sending a point « € U to the germ s,: since

soynivy= J - #w),
A

for any s € P(U) and t € P(V), the sets of the form $(U) are the basis for
a topology over Ep. With this topology one can show that mp and all the
functions of kind Aj, or § are continuous.

The functor I is the local sections functor, assigning to a bundle p : £ —
X the presheaf I', which sends each open set U of X to the set I',(U) of
continuous maps s : U — FE such that pos =iy : U — X: these are called
the sections of p defined on U. More compactly, I';, := Top/X ([i(—],[p]) :
O(X)° — Set. The functor A takes values in the full subcategory Etale(X)
of étale bundles on X (that is, the local homeomorphisms to X), while the
functor I takes values in the full subcategory Sh(X) of Psh(X); in fact, the
adjunction A - T restricts to an equivalence between Etale(X) and Sh(X).

Remark 6.1.1. In particular, the adjunction A 4 I" presents the space Ep
as a colimit of topological spaces over X, since for any bundle ¢ : ¥ — X
we have

Top/X ([Pl [q]) =~ Psh(X)(P, Top/X ([i(-)], [¢]))
~ [(JP)?,Set](1, Top/X ([ir,()], [a])),
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where the last equivalence is a consequence of Proposition [3.2.1] Thus Ep
is the colimit of the diagram D : [P — Top/X mapping every (U, s) to the
inclusion U — X.

We will now provide some pointfree results related to the adjunction
A - T'. The first result states that set-theoretic sections for a bundle of
germs are topological sections if and only if they are locally so:
Proposition 6.1.1. Let X be a topological space, U an open set of X, P a
presheaf on X and s : U — [[,cx Pr a map such that ppos = iy. Then the
following conditions are equivalent:

(i) s is continuous;

(i) there is an open covering {U; — U | i € I} of U such that for each
i € I there ist; € P(UZ), S‘Ui = tl

Proof. We use the fact that the collection of subsets ¢(V) for V € O(X)
and t € P(V) are an open covering and a basis of Ep. Notice that given
z € s71(#(V)) C U, then there must be some v € V such that s(z) = t,.
This implies that z = 7p(s(z)) = 7p(t,) = v, so that s~1(¢(V)) C V, and

s(z) =t,.
First suppose that s is continuous: then the collection of subsets of the
form Z := s71(¢(V)) is an open covering of U, and we have shown above

that s|z = t|z: thus condition (ii) is satisfied.

Conversely, assume (ii). Since the subsets #(V) form a basis, showing
the continuity of s is equivalent to verifying that the inverse image under
s of any of these open sets is open. We will prove this by showing that
s~ 1(#(V)) contains an open neighbourhood of each of its points. Consider
thus y € s~ 1(#(V)): we already know that s(y) = t,, but by our hypothesis
there is also an ¢ € I such that y € U; and s(y) = (¢;),. Since (t;)y = t, there
is an open neighbourhood W; of y such that W; C U;NV and ¢;|w, = t|w,. So
W; is an open neighbourhood of 4 contained in s~ (£(V)), and thus s~ (£(V))
is open. O

The following technical lemma will allow us to show that sections or local
homeomorphisms are always open maps:

Lemma 6.1.2. Let s : U — E be a section of a local homeomorphism
p:E — X on an open set U of X. Then, any open subset V of U can be
covered by a family {V; | i € I} of open subsets V; C V' such that for each
i € I, s(Vi) is contained in an open subset A; of E such that p|a, : Ai — p(4;)
is an homeomorphism onto an open subset p(A;) of X.

Proof. Since p is a local homeomorphism, there is an open covering {4; C
E | i € I} of E such that for each i, p|4, : A; — p(4;) is an homeomorphism
onto an open set p(A;) of X. By taking V; = s71(4;) NV, we thus obtain
an open covering of V satisfying the required condition. O
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Corollary 6.1.3. Consider a topological space X and P in Psh(X): then
any section of the étale bundle Ep — X is an open map.

Proof. Consider an open V' of X and a section s : V — Ep: given a covering
{Vi | i € I} of V as in the previous lemma, s(V') = |J;c;s(Vi), and each
s(V;) is open as it is the inverse image of the open set V; = p(s(V;)) C p(A;)
along the local homeomorphism p|4, : 4; — p(4;). O

Finally, we recall another technical result about open maps:

Lemma 6.1.4. If a continuous map e : E — X of topological spaces is open,
then e=! : O(X) — O(E) admits a left adjoint e|, which acts by mapping
UCFEtoelU)CX.

We now provide two results which hint that the topological presheaf-
bundle adjunction is essentially point-free in nature; we defer all remarks
about them after their proofs. The first result shows that the bundle of
germs for a presheaf P € Psh(X) is a topological site of presentation for
the Giraud topos Gir TS (P) (see Deﬁnition, giving a topos-theoretic

motivation to the relevance of the étale bundle of a presheaf:

Proposition 6.1.5. Let X be a topological space and P a presheaf P on
it. Consider the category [P and endow it with its Giraud topology Jp.
In particular, {(Us,sjy,) — (U,s) | i € I} is Jp-covering if and only if
{U; | i € I} is an open covering of U. Consider the bundle of germs Ep: then
the functor fp : [P — O(Ep) defined by fp(U,s) := 3(U) is a morphism
and comorphism of sites which induces an equivalence of toposes

Cyp : Sh([P, Jp) ~ Sh(Ep).

Moreover, this equivalence is compatible with the canonical geometric mor-
phisms to Sh(X), and it is natural in P.

Proof. To prove that fp is a morphism of sites we use the characterization
of |6, Definition 3.2|, which was divided in four conditions:

(i) fp sends covering families to covering families: indeed, if {(Uj;, s17,)} is
an open cover of (U, s) then U = | J;; U; and thus 3(U) = U;¢; 511, (Us).

(ii) for any W in O(Ep) there is a covering family W; C W such that
for each i there exists a (Uj,s;) in [P such that W; C §;(U;). This is
trivial, because since the sets $(U) form a basis for Ep there is a family
of (Ui, s;) such that W = J,¢; $:(Us).

(iii) for any pair (U, s), (V,t) in [P and every W C 5(U)N#(V) there exist
an open covering {W; | i € I} of W and open subsets U; C U NV such
that s, = tjy, = rs and W; C 73(U;). Since 3(U)NEV) = Uyer si2(2),
where I = {Z € O(X) | ZCUNV, sz =tz}, we can take the U;’s
above as the opens Z, set ry := S|z and Wy .= W nNry(2).
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(iv) The fourth condition concerns parallel pairs of arrows and is trivial in
this case.

To check that fp is a comorphism of sites, consider (U,s) in [P and
an open covering of $(U): without loss of generality we may assume it to
be of the form {t;(V;) | i € I} for (V;,¢;) in [P. We want to show that
there is a Jp-covering family {(Uj;, s;)} of (U, s) such that its image through
fp is contained in the sieve generated by {t;(V;) | i € I}: that is, every
$;(U;) is contained in some t;(V;). First of all, notice that the equality
Uses (Vi) = 3(U) implies immediately that | J,c; V; = U. Now consider any
v € Vj: since (t;)y = (8}y; )v there must be an open neighbourhood W;(v) C V;
of v such that (¢;)w,w) = 8w, (v)- Since each V; is covered by the W;(v), it
follows that they also cover U:, but then the objects (W;(v), (t;)w,()) are a
Jp-covering of (U, s) satisfying the requirement above.

To prove that the induced geometric morphism Cy, is an equivalence,
we will exploit [6, Proposition 7.18|, that states that if fp is a morphism
and comorphism of sites fp : ([P, Jp) — (O(Ep), J(%“(%P)) then it induces
an equivalence of toposes Sh(Ep) ~ Sh( [P, Jp) if and only if it is Jp-full
and J§5(; \-dense. Both notions are defined in |6, Definition 3.2]. The Jp-
fullness is trivial, while J(%“(%P)—density reduces to the §(U) constituting a
basis for Ep.

Finally, the canonical geometric morphism Sh(Ep) — Sh(X) is induced
by the morphism of sites 75" : (O(X), Jg)a(’}()) — (O(Ep), J(CQ“(%P)), but since
mp: Ep — X is a local homeomorphism it is open (see Proposition 2.4.4 of
3]), and therefore 75" admits a left adjoint 7p(—), which by [6, Proposition
3.14] is a comorphism of sites such that Sh(rp"') = Crp(—)-

If we consider an arrow of presheaves h : P — () then Ay is a local
homeomorphism, since g and mp = mg o Ay, are, and hence it is also open.
Once again, this implies that the canonical geometric morphism Sh(A,;l) :
Sh(Ep) — Sh(Eq) is also induced by the comorphism of sites Ap(—) :
O(Ep) — O(Eq). Since the diagrams of comorphisms on the left commute,
they induce the commutative diagrams of geometric morphisms on the right,
and so we conclude the naturality in P of the equivalence obtained:

J

fP Jp *)Sh Ep)

N \ frp \ lswrp)

P Bp Sh([P,Jp) —=— Sh(Ep)
fhl lAh ch/ iCAh
1@ 1% E, Sh([Q, Jo) —=— Sh(Eq)
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Corollary 6.1.6. The two functors

0(X), Set] 2 Top/X ") Topos/Sh(X)

and

_ C_
0(X), Set] L= Fibo ) & Com/(O(X), J&,) — = Topos/Sh(X)

are naturally isomorphic.

We now focus on the sheafification functor Psh(X) — Sh(X), which,
as mentioned in the beginning of the section, is equivalent to the composite
I" o A. The next result shows that it is essentially localic in spirit.

Proposition 6.1.7. Let X be a topological space, U an open set of X, P
a presheaf on X. Then the continuous sections on U for the bundle A(P)
are in a natural bijective correspondence with the homomorphisms of frames
f:O(Ep) — O(U) such that forp' =it = (=)NU. In other words, there
s a natural isomorphism of sheaves

Top/1X(—, Ep) ~ Locale/10(X)(O(—),O(Ep)) : O(X)? — Set,
Moreover, the natural isomorphism is also natural on P.

Proof. Given a continuous map s : U — Ep such that mpos = iy, the frame
homomorphism s~ : O(Ep) — O(U) satisfies s~ o' =i;! = (-)NU.
Conversely, we can show that any frame homomorphism f : O(Ep) — O(U)
satisfying for~! = (=)NU is actually of the form s~! for a unique continuous
section s. First, we notice that the value of a continuous section s at a point
x is uniquely determined by the basic open sets #(V') which contain s(z),
since if s(z) € #(V) then s(z) = t,. In other words, the value of s at z is
uniquely determined by the basic open sets #(V) such that € s~1(#(V)).
Replacing s~ by f we get the recipe for defining the continuous section s ¥
associated with a frame homomorphism f as above, for we set s¢(x) equal to
t, for any t € P(V) such that = € f(#(V)). Let us show that this definition
is well-posed. Firstly, given x € U, the collection of pairs (V,t) such that
x € f(t(V)) is non-empty since, as O(Ep) is covered by the subsets of the
form #(V) and f is a frame homomorphism to O(U), the open U is covered
by the subsets of the form f(#(V)). Secondly, for any such (V,t) it holds
that f((V)) C f(zp'(V)) = VN U, thus f(#(V)) C V and t, is well-
defined. Lastly, we have to check that for any (V,t) and (V’,t') such that
z € f(E(V)) N f(E'(V") it holds that t, = t,. We have that

ivynt(vy=|J w)

wcvnv’
r=tlw=t'|lw

101



and since f is a frame homomorphism it follows that

faVYnrEv = o rem)).

wevnv'
r=tlw=t'|lw
Therefore, there are an open set W C V NV’ and some r € P(W) such that
x € f(r(W)) C W and r = t|y = t'|w; thence t, = r, = t/, as required. The
continuity of the map sy follows from Proposition since, by definition,
it is locally represented by section of P, while its uniqueness follows from the
above remark about its values being determined by the open sets containing
them. Finally, it is immediate to check that for V C U and any h: P — @
the squares

I'(Ap)(U) —— Locale/10(X)(O(U),O(Ep))

l l_o(_m/)

[(Ap)(V) —= Locale/;0(X)(O(V), O(Ep)),

I'Ap —— Locale/10(X)(O(-),O(Ep))
FAhl l—oAgl
I'Ag —— Locale/10(X)(0(-), O(Eq)),

are commutative. The first expresses the naturality of the isomorphism built
above, and the second the naturality in P. O

Corollary 6.1.8. The two functors
Psh(X) & Top/X 5 Psh(X)
and

Psh(X) 2 Top/X 2 Locale/, 0(X) LEecale 10X)O)1])

Psh(X)

are naturally isomorphic.

Remarks 6.1.2. (i) Concretely, the condition fon~! = (=) N U, which
is the dual of mp o s = iy, means that for any open set Z of X,

\ fi(V)=2znU.
VCZzZ
teP(V)

(ii) It is true more generally that, for any topological space X, the open
sets functor O : Top — Locale induces an equivalence of categories
between Etale/X and the category LH/X, where LH is the category
of local homeomorphisms of locales to X and local homeomorphisms
between them, which is a full subcategory of Loc/X (cf. |21, Lemma
C1.3.2(iii)-(v))]).
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(iii) Proposition hints to the independence of the sheafification of a
presheaf P in Psh(X) from the points of X, since it describes sheafifica-
tion as a hom functor of locales. The same localic nature of the sheafifi-
cation process is shown by Proposition [6.1.5} in particular, the functor
fp: [P — Ep extends to an isomorphism of locales Id;,([P) =
O(Ep) (see Section and in particular Remark [7.2.3)), which is ex-
actly the isomorphism induced by the equivalence of localic toposes
Sh(Ep) ~ Sh(fP, Jp).

(iv) Consider P in Psh(X) and the diagram
D: [P— Com/(O(X), o(x))

which maps every object (U, s) in [ P to the comorphism of sites iy/(—) :
(OW), J51r) = (O(X)/U, (J5(%))v) = (O(X), J5(%,). The arrows
5(—) : (OU), Jé“("U)) — (O(Ep), Jéa(%}))) provide a cocone under D.
We will show in the next section that ([ P, Jp) is the colimit of D: there-
fore we have a unique comorphism of sites ([P, Jp) — O(Ep) induced
by the universal property of colimits, which is exactly the functor fp
of Proposition Finally, we will see in Section that when mov-
ing to toposes of sheaves over Sh(X), the colimit cocone for ([P, .Jp)
is preserved: but since Sh( [P, Jp) ~ Sh(Ep), we can conclude that
Sh(Ep) is the colimit in the category of toposes over Sh(X) for the
diagram [P — Topos/Sh(X), (U, s) — [Sh(iy) : Sh(U) — Sh(X)].

6.2 The adjoints to the Grothendieck construction

We proved in Chapter [2] that the 2-functor G : Inde — cFibe is an equiva-
lence of 2-categories: we dedicate this section to showing that by embedding
the codomain cFib¢ into CAT/C the equivalence extends to an adjunction,
and that similar adjunctions arise when considering the inclusion of fibra-
tions into comorphisms of sites using Giraud topologies. In particular, since
the passage D — G(D) is in fact a colimit, this will imply that the Giraud
site associated to a C-indexed category is a colimit in the category of sites
and (continuous) comorphisms.

From now on we shall consider the diagram C/— : C — cFib¢ mapping
Xtopx:C/X »Candy:Y — X to [y:C/Y — C/X; the corresponding
diagram C — Ind¢ operates by mapping X to the presheaf X (X), and y to
the arrow of presheaves X(y). The first thing to remark is that the fibred
Yoneda lemma (Proposition presents a cloven fibration p : D — C as
a D-weighted colimit in cFib¢ of the diagram C/— : C — cFibg:

cFibe(D, X) ~ Inde (D, X) ~ Indc (D, cFibe (C/—, X))
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considering the image of the identity of D via this equivalence, we obtain
the following colimit cocone:

c/x I ey
Fa, a)

FD(y)(A,a>

We recall that the morphism of fibrations (F 4 4), ¥(4,a)) € cFibc(C/X, D)
is defined as follows: F(4q[y] := dom(ayy), for z : [yz] — [y] we set
Fa,0)(2) := Aay,z,4, and finally @(A,a)([ )= HayA To define F, : Fia,q) =
F(B ), notice that the image of yay 4 via p factors through the image of

@B: thus there is a unique F,([y]) : dom(ay,) — dom(ég\/B) induced by
the property of cartesian arrows. Finally, to define the components of F (y Aa)

notice that for [2] in C/Y it holds that Fi4 . [y([z]) = dom(ayz,) and
Fpya,a([z]) = dom(@a%Azdom(@)A): thus we define F(yA,a)([z]) = X;yl,z,A'
Remark 6.2.1. The fact that any cloven fibration is a colimit of the fibra-

tions C/X is an evident generalization of the fundamental result that any
presheaf is a colimit of representable presheaves (since [ & (X) ~C/X).

We now introduce the adjoints to G. The following result introduces the
Grothendieck construction as part of an adjoint triple:

Proposition 6.2.1. Denote by Acar/c the 2-functor

Inde % cFibe 2% CAT/C.
It admits a left adjoint £, defined on objects as
L:[F:D—Cl—|[(—|F):C?” - CAT].
Moreover, if C is small, then the 2-functor
Acar/c : Inde & CAT/C
also admits a right adjoint U'car/c, defined on objects as
Learyje : [F': D — C]— [CAT/C(C/—,[F]) : C*? — CAT].

Proof. These results are mentioned in |31]. One reference where both are
proved in a wider context using coend calculus is [18, Proposition 2.1, Defi-
nition 2.5 and Proposition 3.2|. The restriction on the size of C is needed so
that T'car/c([F]) is a locally small C-indexed category. O
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Since the right adjoint to G is a contravariant hom-functor, we obtain in
particular the following result:

Corollary 6.2.2. Consider a small category C and a cloven fibration D — C
with corresponding pseudofunctor D : CP — CAT: then D is the D-weighted
colimit of the diagram C/— : C — CAT/C, with colimit cocone given by the
Junctors F 4 q).

Remark 6.2.2. Consider a cocone under the diagram C/— with vertex A:

C/X 4

H(A a)

HD(yxA a)
Hp,p)

Let us write explicitly the (essentially unique) functor b : D — A induced by
the universal property of colimits. Knowing that the colimit cocone is given
by the functors F(4 ), and that for every D in D there is a canonical iso-
morphism D ~ F(D’lp(m)([lp( )]), the request that Hy o) =~ hF{4 ) forces
the definition of h. Indeed, h(D) ~ hFp, lp(D))([l (D)]) ~ H(D’lp(D))([lp(D)]),

and hence we can set

hD) == Hp 1, ) ([Lpm)])-

The definition of the action of h on arrows is trickier, but in fact there is
only one possible canonical way of defining, given ¢ : D — E in D, an

arrow h(g) : h(D) — h(E). If we denote by v, : D — dom(;@E) the

unique arrow such that p(g) pvy = g and p(vy) = 0,y 5, We have an arrow

Vg - (D7 1p(D)) - (dOHl(p(g)E), ep(g),E) = D(p(g))(E? 1p(E)) in D(p(D))> then
h(g) is the composite arrow

H HUg([lp(D)]) H
(D,lp(D))([lp(D)]) 7 Hdp9)(Blym) (9)
] 2 e

H(E,lp(E

)>(p(g))

L Hga,:)(p(9)]) Hg ) (Lpm))

So far we have only dealt with raw categories: let us now study the

interaction of the adjoints to G with Giraud topologies by endowing C with
a topology J. For any cloven fibration p : D — C, every leg F(4 ) of the
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colimit cocone
C/X % c/Y
(A a)
F'Y

FD(y)(A,a>
gy

is a (Jx, Jp)-continuous comorphism by Proposition therefore the co-
cone lives in the slice category Come e, /(C, J). What is relevant is that it is
still a colimit cocone, as an immediate consequence of the following lemma:

Lemma 6.2.3. With the notations of Remark[6.2.2, and considering topolo-
gies J on C and T on A:

(i) Suppose that the legs Hpa) and q : A — C are comorphisms of sites:
then h is a comorphism of sites (D, Jp) — (A, T);

(i4) Suppose that all the legs H( 4 oy are (Jypy, T')-continuous functors: then
h is a (Jp,T)-continuous functor.

Proof. (i) Take D in D and R € T(h(D)): since D = Fp1,,)([1p0)])
and hF(DJp(D)) ~ H(D71p(D))’ which is a comorphism of sites, there is a
sieve S € J,(p)([1,(p)]) such that H(D,lpm))(s) C R. But now we recall
that a continuous functor between sites is always cover-preserving |6}
Proposition 4.13]: in particular Fip 1, ) : (C/p(D), Jyp)) = (D, Jp)
is so, and thus the sieve S/ = (F(D,1,p))(5)) is Jp-covering. But then
h(S") C R, up to isomorphism, and hence h is a comorphism of sites.

(ii) Consider a T-sheaf W : A°? — Set: we wish to show that W o h% :
D — Set is a Jp-sheaf. To do so we exploit Lemmal6.3.2]stating that
W o h°P is a Jp-sheaf if and only if every composite W o h°P o F&D )
is a Jx-sheaf: but this is true because hF(4 ) ~ H(4,), Which is a
continuous.

O]

This entails immediately the following results:

Corollary 6.2.4. Consider a small category C and the four 2-functors
Acomy(c.sy : Inde & cFibe 2 Com/(C, J),

Acomen /ey : Inde & cFibe £ Comepnt/(C, J),

[p)—Com/(C,J)(C/—,[p])

Lcom/(c,r) : Com/(C, J) Indc,

) [p)—=Comcont/(C,J)(C/—:[p])

FComcont/(C,J) : Comcom/((f, J Indc
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then there are 2-adjunctions

Acom/(c, 1) Acomgny/(C,J)
! —
Inde L+ Com/(C,J), Inde L Come/(C,J) .
Y~ — Y~ —
Fcomy(c,7) Fcomeont/(C.0)

In particular, given a cloven fibration p : D — C, the site (D, Jp) is the D-
weighted diagram of the functor & o (C/—) : C — Fibe — Comyepnt/(C, J).

Moreover, the forgetful functors
Com,t/(C,J) = Com/(C,J) — CAT/C.

reflect and preserve the D-weighted colimit of & o (C/—).

Proof. Consider a comorphism of sites ¢ : (£,T) — (C,J). By the previous
lemma, the functor

Ind¢(D, CAT/C(C/—,[q])) = CAT/C(G(D), [q])
restricts to a functor
Ind¢ (D, Com/(C, J)(C/—,lq])) = Com/(C, J)(G(D), [q]),

and its quasi-inverse (precomposition with the colimit cocone) obviously re-
stricts to Com too. The same considerations hold for Comyy;. ]

The adjunction £ 4 Acat/c, on the other hand, offers a point of view on
fibrations of generalized elements. Indeed, the composite 2-functor Go£ maps
any functor F' : D — C to its fibration of generalized elements (1¢|F) —
C (see |6, Section 3.4.4]), which by the adjunction satisfies the following
universal property:

Corollary 6.2.5. Let F' : D — C be a functor. Then the fibration 775 :
(1c} F) — C satisfies the following universal property: given a factorization
of F' through a fibration q, i.e. a functor G : D — & such that go G = F,
there is a unique morphism of fibrations x : Wg — ¢ such that G = x oil':
as in the diagram

C

~
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6.3 The fundamental adjunction

We are now ready to formulate our fundamental adjunction, which extends
the adjunctions of the previous sections by showing that for a small-generated
site (C, J) and a cloven Street fibration p : D — C the Giraud topos Gir ;(p) is
a D-weighted colimit in the category of Grothendieck toposes over Sh(C, J).

In the previous section we have considered, for each object (A, «) in the
fibre D(X), the canonical functor

F(A,Oz) C/X — D,

and we have shown that the functors of this form are the legs of a colimit
cocone of categories. Since each functor Fi 4 4) is a morphism of fibrations, it
is also a continuous comorphisms of sites with respect to Giarud’s topologies
(cf. Proposition D and thus it induces a geometric morphism C’F( P
Sh(C/X, Jx) — Gir;(D). To ease the notation, we will denote each Cp,, ,
with C4,q), and for every arrow v : (A, a) — (B, 8) of D(X) we will denote
by Cy : Cpg) = C(a,n) the induced natural transformation. Our goal is
to show that the collection of the geometric morphisms C(y4 o) provides a
colimit cocone of toposes.

Let us now provide two technical results that will come in handy later.
The first result is about the family of functors C’(* Aa)’

Proposition 6.3.1. The functors
— o (Fla,0))” : [D?,Set] — [(C/X), Set]
are jointly conservative, and the same holds for the functors C’E“A )

Proof. Since the functors Cf Ao ACH by restricting the functors —o (F{4,4))?,
the second claim follows from the first one. So consider r : H = K in
[D°P, Set] and suppose that for every X in C and every (A4, a) in D(X) the
arrow 1 o (F{ 4 4))° is invertible. In particular, notice that

—

(r o Fip1,0)([Lpp)]) = r(dom(lyp) ) :

but dom(l/p(\D)D) is canonically isomorphic to D, since both 1/P(\D)D and
1p are cartesian lifts for 1,py, and hence in particular the arrows (r o
Fp1,0))([1pp)]) and 7(D) are canonically isomorphic. This implies that
all components of the natural transformation r are bijective, and hence r is
invertible. O

The second result shows that the property of being a Jp-sheaf over D
can be checked ‘locally’, by moving to the slice categories C/X:

Lemma 6.3.2. A presheaf W : DP? — Set is a Jp-sheaf if and only if
for every X in C and every (A, a) in D(X) the presheaf W o (F(4,4)) is a
Jx -sheaf.
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Proof. Of course if W is a Jp-sheaf then Wo(F(4 4))” =: C’E"A@)(W) isa Jx-
sheaf. Conversely, suppose that all composites as above are Jx-sheaves: we
will build, from a matching family for W and a Jp-covering family R over D,
a matching family for W o (F{ D1, (D)))Op , and then show that if it admits an
amalgamation so does the first one. Consider a Jp-covering family R = {f; :
dom(f;) = D |i € I}, i.e. the datum of a; € W (dom(f;)) satisfying the usual
compatibility condition. By definition of Jp-covering family, all the arrows f;
are cartesian and the projection {p(f;)} is a J-covering family for p(D): we
can then lift it to a J,(p)-covering family S = {p(f;) : [p(fi)] = [1yp)] | i €

I} in C/p(D). Now, notice that f; and p(f;),, are both cartesian lifts of

—

p(fi), and therefore there are canonical isomorphisms v; : dom(p(f;)p) —

—

dom( f;) between their domains. We can define 3; € W(dom(p(fi)p)) =
(Wo F(DJP(D)))OP([p(f?;)]) as B; = W(v;)(ey): it is now immediate to check
that it is a matching family for S and the composite W o (F(DJP(D)))O‘D- Since
W o (F(DJP(D)))OP is a Jy,(p)-sheaf, that matching family admits a unique

amalgamation € W(dom(lz(\D)D)). Finally, since 1;(\1))1j : dom(@D) —
——1

D is an isomorphism, we can consider the element o := W (1lyp),, )(B) €

W (D), which provides an amalgamation for the matching family {a;}. O

Remark 6.3.1. Notice that in both results we could restrict to those func-
tors of the kind F{ D,1,(p))" This is an indication that these propositions, duly
reformulated, would hold also in the setting of Grothendieck fibrations.

What we will show in a moment is that the colimit (D, Jp) =~ colim?s C/—
in Com/(C, J), which we have introduced in the previous section, is pre-

C_
served by the pseudofunctor Com/(C, J) -2 Topos/Sh(C, J)«. To prove
the universal property of colimits we will resort to the adjoint functor theo-
rem for toposes:
Theorem 6.3.3. A functor F': & — F between toposes is a left adjoint if
and only if it preserves arbitrary colimits.

However, we must deal with the size issue already mentioned in Section
.1} nothing grants that for an arbitrary fibration D : C%? — CAT the
category Gir(DD) is a Grothendieck topos, even if the base site is small. To
circumvent this, we propose the following definition:

Definition 6.3.1. Given a small-generated site (C, J), a C-indexed category

D : C? — CAT is essentially J-small if the Giraud site (G(D), Jp) is small-

generated. We will denote by Indg and St” (C, J) the categories of essentially

J-small fibrations and J-stacks.

Remarks 6.3.2. (i) From the point of view of fibrations, we can define
a fibration p : D — C to be essentially J-small if and only if the site
(D, Jp) is small-generated.
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(ii) Lemmal[5.1.2)proved that if (C, J) is small-generated then every discrete
fibration [P — C is essentially J-small. We can extend the proof
technique to any small fibration over C as follows. If we denote by A the
small J-dense subcategory of C, every object X in C admits a J-covering
family y; : A; — X whose domains all lie in A. Then consider the full
subcategory B < G(D) whose objects are of the form (A, U), where A
is an object of A and U € D(A): it is a small category, and every object
(X,U) in G(D) admits a Jp-covering family (A;,D(y;)(U)) — (X,U)
of objects in B (where we used the explicit description of Jp given in
Proposition . Therefore, B is a small Jp-dense subcategory of
G(D).

(iii) We shall see later in Corollary that for every small-generated site
(C,J) the canonical stack S(¢, ) is essentially J-small.
We can now prove that the Giraud topos of an essentially J-small fibra-
tion is a weighted colimit of étale toposes:

Theorem 6.3.4. Given an essentially J-small cloven fibration p : D — C
with corresponding C-indezed category D, the topos Girj(p) is the D-weighted
colimit of the diagram

_ C_
L:¢ Y% cFibe & Com/(C,J) =2 Topos®/Sh(C, J).
More explicitly, for any Sh(C, J)-topos & there is an equivalence between
Topos®/Sh(C, J) (Girs(p), &)
and
Ind¢ (D, Topos®/Sh(C, J) (Sh(C/(—), J-)),&)) .
which moreover is pseudonatural in & .
Proof. In this proof we will adopt the shorthand A= Sh(A, K). There is
no risk of confusion, since we will not consider different topologies over a
same category.

Let us start by considering the pseudonatural equivalence in Yoneda
lemma and compose it with C(_y o &:

D(X) = Fibe(C/X, D) — Topos®/C(C/X,D)

We obtain a transformation, which is pseudonatural in X, acting by mapping
(A, ) in D(X) to the geometric morphism C(4 4, and v : (4,a) = (B, )
to the natural transformation C : C(p g) = C(4,). The pseudonaturality
condition implies the existence for any y : ¥ — X in C of natural isomor-
phisms CZ(,A’Q) : ClaaC Ty = Cb(y)(A,a) satisfying the usual compatibility
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conditions. This provides us with a D-weighted cocone under L with vertex
D, which we call C:

Cb(y)(4,a)

where we are omitting all structural geometric morphisms to C.
We want to show that C is indeed the colimit cocone. More explicitly,
we consider the functor

(—o0): Toposc"/C~ (75,(5’) — Indc (]D),Toposco/g (C/N—, f))

which starting from (F, ) : D& composes it with the legs of the co-
cone C': then C is a colimit cocone if the functor (— o C) is an equivalence
(pseudonatural in &).

To build a quasi-inverse for (—o ('), we start by considering a D-weighted
cone G under L with vertex &

v

Gp(y)(4,)

In the following, we will work with inverse images of geometric morphisms:
this makes things a bit easier, since the behaviour of C’(* ) is simply pre-
composition with the functor (F4,4))?. Therefore, we want to build from

the data of the cocone G an inverse image functor H : & — 15, so that its
composition with the cocone C' results again in G.

Consider an object E of &. We recall that for every D in D it holds that
D ~ F(p 1, ) ([1p)]); from which we infer that

H(E)(D) ~ H(E)F 1., ([Ly))-

Since we want H(E)F(p 1, ) = C(*Aa)(H(E)) to be isomorphic to G?D,lp(m)(E)’

we can set H(FE)(D):= Gipa (D>)(E><[IP(D)])' The definition of H(FE) is a
ip

bit more intricate on arrows. For r : D’ — D in D, if we consider the carte-

—

sian lift p(r), then by cartesianity r must factor through it with a unique
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v 2 D' — dom(];;)D) such that moreover p(v.) = 6,y p, and this pro-

vides an arrow v, : (D', 1p(D/)) — (dom(p(7) ), Qp(mp) = D(p(r))(D, 1p(D)).
Then we can define H(E)(r) as the following composite arrow:

Glp ) (BN

GD1, ) E)NpD)] » Gl ) EN(P(r)])
H(E)(r) oG D1, 0y (E) ([Lpo1)])
JGS(DT’>IP(D>)([1P<D'>])
Gl ) (BN ([Lp(0)]) ST C ComG )0y ) (E)([Lppn)])

A computation shows that H(E) is a functor. It is easier to define H on
arrows: given g: E — E'in &, H(g) : H(E) — H(E') is defined componen-
twise, by setting for D in D the arrow H(g)(D) as

G010 D Lp0)) : Glp 1, ) (BN p0)]) = G(0,1,5) (E) ([1p())-

This defines a natural transformation H(E) = H(E'), and the association
g — H(g) is functorial.

Now, by the very definition of H(F) it holds that for every X in C and
every (B, ) we have C*B,,B)H(E) ~ Gpp)(E). All these are sheaves, and
by applying Lemma we have that H(FE) is a Jp-sheaf.

So far we have built a functor H : & — D such that the cone G is
essentially equivalent to the composite of H with the cone C: we want it to
be the inverse image of a geometric morphism. But this follows from Lemma
since all the functors C(4 ) and Cy ) 0 H =~ G4, preserve finite
limits and arbitrary colimits, and since the C(4 ) are jointly conservative,
it follows that H must also preserve finite limits and arbitrary colimits. By
the adjoint functor theorem for Grothendieck toposes we conclude that H
is the inverse image of a geometric morphism D — &. It is also immediate
to check that it is a morphism in the slice Topos®/C, thus we have defined
the behaviour of the functor

Ind¢(D, Topos“’/év(C/A:, &)) — Topos®/C(D, &)

on objects. To define it on arrows, we start with two cocones G and G’,
corresponding to inverse images functors H : & — D and H : & — D.
An arrow ¢ : G = @ is a modification, and we want to build from it
a natural trasformation n : H' = H of geometric morphisms. To define
7, notice that & corresponds to the given for every (A,«) in D(X) of a
natural transformation 4 ) : G’( Aa) = G(a,a) of geometric morphisms
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(the direction is reversed by the ), satisfying some naturality conditions.
We can set n(F) : H(E) = H(E) : D°? — Set componentwise as

. &D,1 ( >)(E)([1p(D)]) .
NEND) = Gl (E)[Lyp)) —t” Gl BNy

From the definition of modification, n(E)(D) is natural in both components,
and thus provides a 2-cell of geometric morphisms 7 : H = H. O

Remark 6.3.3. If & = Sh(A,T) and all the geometric morphisms G4 o)
are induced by continuous comorphisms of sites, then the morphism H :
Girs(p) — & is induced, up to isomorphism, by the continuous comorphism
of sites h : D — A defined in the proof of Corollary

As a corollary we have that Giraud toposes for presheaves are canonically
seen as conical colimits:
Corollary 6.3.5. Consider a small-generated site (C,J). For any presheaf
P : C? — Set, the topos Gir j(P) is the conical pseudocolimit of the diagram

_ C_
D: [P ¢ Y5 eFibe & Com/(C, J) —= Topos®/Sh(C, J).

In particular, if P is the terminal presheaf we have that Sh(C,J) is the
conical pseudocolimit of the diagram C(_y&(C/—).
If we consider the 1-category Topos/1Sh(C,J), where geometric mor-

phisms are identified up to equivalence, then Giry(P) is also the 1-colimit of
D in Topos/1Sh(C, J).

Proof. The first claim follows from Corollary [3.2.2] which states that conifi-
cation is possible for pseudocolimits with a discrete weight, so that

Giry(P) ~ colimf;(C(,)Qi(C/—)) =~ colimys(C(—)&(C/—)pp).

Its colimit cocone is that of the geometric morphisms

c
Sh(C/X, Jx) v Sh(C/Y, Jy)
m t%(Y,P(y)(s»
Girs(P)

indexed by the objects (X, s) in [P. If in particular we consider the termi-
nal presheaf 1 : C? — Set, it is immediate to see that the corresponding
Grothendieck fibration is the identity functor of C, and thus Sh(C,J) ~
COlimps(C(_)ﬁ(C/—)).

For the last part, consider a 1-cocone G (x4 : Sh(C/X,Jx) — F un-
der the diagram D. In the proof of Theorem [6.3.4] the definition of the
induced geometric morphism H : Giry(P) — % was forced by the condi-
tions G(x5) ~ HC(x ). If we want to build a 1-colimit we must strenghten
them to the equalities G(x ) = HC(xs), and this determines H uniquely up
to isomorphism: thus Girs(P) is a 1-colimit of toposes. O
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Remark 6.3.4. We have already said in Chapter [3| that the two colimits
colimg)s D and colim,(Dopp) are in general different, if D is not discrete. We
provide an explicit example using Giraud toposes. Take C = 1, the terminal
category, and endow it with the trivial topology: then Sh(1, Ji") ~ Set and
D : 1 — Topos®/Set maps the unique object of 1 to Set. Consider now
the category 2 that has two objects 0 and 1 and an arrow ¢ : 0 — 1 between
them: the unique functor p : 2 — 1, is a fibration and the Giraud topology
over 2 is the trivial topology, hence colimgS(D) ~ Sh(2, Jz) ~ [2,Set]. On
the other hand, Dp : 2 — Topos®/Set maps the two objects of 2 to the
topos Set and the unique arrow between them to the identity geometric
morphism of Set, thus colim,s(D o p) ~ Set.

Finally, from Theorem we can deduce the fundamental adjunc-
tion between essentially J-small cloven fibrations over C and toposes over
Sh(C, J):

Corollary 6.3.6. For any small-generated site (C,J), the two pseudofunc-
tors

C_
Artoposee/sn(c.s) : €Fibg 2 Com/(C, J) == Topos®/Sh(C, J)
defined by

D] L2 s £ )| o [[Gins ()] L [Gins (o)

and
FTOpOSCO/Sh(C,J) : ':[‘OIT)OSCO/Sh(C7 J) — Indg

defined by
[E: & — Sh(C, J)] = Topos®/Sh(C, J)(Sh(C/—, J_)),[E]) : C?? — CAT,
up to the 2-equivalence Indg ~ cFibg are the components of a 2-adjunction

AToposco/sh(c,J)
/T

cFib), 1 Topos®/Sh(C,J)
~_ —
1—\ToposCO/Sh(C,J)

Finally, as the 2-adjunction AcaTt/c 7 I'caT/c can be formulated for
sites and continuous comorphisms, so the 2-adjunction Aggposce/sn(c,s)
I'Toposce/sh(c, ) can also be formulated on a smaller class of toposes. Indeed,
since & maps all fibrations in cFibe and their morphisms to continuous
comorphisms of sites, it follows that the geometric morphisms in the image of
Aroposce/sh(c,s) are all essential geometric morphisms, and thus the colimit
cocone lives in EssTopos. Moreover, if we go back to the proof of Theorem
and supposed that all the legs G’(" Aa) of the cone of the inverse images
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preserve arbitrary limits, H does too by Lemma which is to say that
if all the legs G(4,) are essential geometric morphisms then the induced
functor H is an essential geometric morphism. This proves the following
result:

Corollary 6.3.7. There is a 2-adjunction

AEssToposCO/Sh(C,J)
—

cFib{ 1 EssTopos®/Sh(C,.J)
~
FEssToposCO/Sh(C,J)

where, for a cloven fibration p : D — C with corresponding C-indexed category
D,

AEssToposC"/Sh(C,J) (p) = [CPD : GirJ(P) - Sh(c7 '])]
and T'gssToposee/sh(c,s) 5 defined by mapping an essential geometric mor-
phism E : & — Sh(C, J) to the C-indexed category

EssTopos®/Sh(C, J)(Sh(C, J), [E]) : C*? — CAT.

Remark 6.3.5. This could also be derived from the adjunction C(_y 4 (—)
between EssTopos® and Comy,,,; which we introduced in Corollary
Indeed, since C_) is a left adjoint it preserves weighted pseudocolimits: thus

from (G(D), Jp) ~ colim?s (C/—) it follows that
Giry(D) := Sh(G(D), Jp) = colimp, Sh(C/—, J(-))

in EssTopos®. Moreover, the functor C(_) restricts to a functor of slice
categories

Ciy: Com,,,:/(C,J) — EssTopos®/Sh(C, J),

so the diagram Sh(C/—, J_)) has image in the slice EssTopos®/Sh(C, J).
Finally, since the forgetful functor EssTopos®/Sh(C,J) — EssTopos®
reflects colimits, the topos Gir;(ID) is also the colimit of Sh(C/—, J_)) in
EssTopos®/Sh(C, J).

The codomain of the local section functors I' can also be restricted:
Lemma 6.3.8. Given a site (C,J), the functor

I‘Toposc"/Sh(C,J) : Topos®/Sh(C, J) — cFib¢
factors through St(C, J). The same holds for I'gssTopos®®/Sh(c,J)-

Proof. Indeed, consider X inC, mp : R — X(X) in J(X) and any Sh(C, J)-
topos &: then the diagram

Fibe(C/X, T(&)) ——— Topos®®/Sh(C, J)(Sh(C/X, Jx), &)
—Ome‘ —Cmp ‘ 2

Fibe([R,T(&)) —~— Topos®/Sh(C, J)(Sh([R, Jr), &)
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shows that the functor — o [mp is an equivalence, and hence I'(&) is a

J-stack. O

The previous lemma entails that we may restrict the fundamental ad-
junction to stacks, by applying Lemma |D.5
Proposition 6.3.9. There are 2-adjunctions

~
St’(C,J) L Topos®/Sh(C,J),
1’\?/

T
St/(C,J) L EssTopos®/Sh(C,J),
el —
I“/
where

e in both cases the left adjoint acts by mapping a J-stackD : CP? — CAT
to its classifying topos Cpy : Sh(G(D), Jp) — Sh(C, J);
e the right adjoint I' maps a Sh(C, J)-topos & to the J-stack
Topos®/Sh(C, J)(Sh(C/—, J_y),&) : C*? — CAT;

e the right adjoint T" maps an essential Sh(C, J)-topos & to the J-stack
EssTopos®/Sh(C, J)(Sh(C/—, J_)), &) : C?? — CAT.

6.4 The canonical fibration as a dualizing object

A consequence of the fundamental adjunction is that Giraud toposes are
equivalent to particular categories of morphisms of fibrations:

Corollary 6.4.1. Consider a site (C,J) and a C-indezxed category D: then
Giry (D) =~ Indc (D, Si; j))” = Inde (DY, Sic, )

Proof. The notation DY was introduced in Example (v) We also use the
shorthand A for any sheaf topos Sh(A, T). If we denote by C[O] the object
classifier over C (which exists by |21, Example B3.2.9]), then the following
chain of natural equivalences holds:

Giry (D) : = Sh(G(D), Jp)
~ Topos/g(éz/m,g[@])
~ Topos®/C(G(D), C[O])”
~ Ind¢ (D, Topos®/C(C/—,C[O]))°
~ Inde(D,C/— )
~ Indc(JD)V,S(c,J))a
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where we exploited the fact that Inde(DY,E) ~ Inde(D,EY)°P (which is

immediate to check) and that by definition S ) :=C/~. O

Remark 6.4.1. This result generalizes Proposition 2.3 of [12|, where it is
formulated for lex stacks over a lex site.

As a corollary we obtain an alternative proof of the fact that the canonical
fibration S(¢ ) is a stack:

Corollary 6.4.2. The canonical fibration of a site is a stack.

Proof. Consider a site (C,J) and a J-covering sieve mp : R — X(X):
Lemma [5.2.3 showed that

Sh([R,Jg) ~ Sh(C/X, Jx)

via the geometric morphism C,,,. Therefore we have a commutative square

Sh([R, Jg) —— Indc¢(RY,Sc.y)

i o

Sh(C/X, Jx) —— Indc(&(X)V,Sc.)

Finally, it is enough to notice that since both R and k(X)) are discrete they
are left unchanged by (=), i.e. R~ RV and X(X) ~ X (X)V, to conclude
the proof. ]

The equivalence Gir (D) ~ Indc(]DV,S(a 7)) gives us a way of seeing
Jp-sheaves as gluing of local data, since a Jp-sheaf W : G(D)? — Set
corresponds to a morphism of Grothendieck fibrations G(DV) — G(Se,n)
i.e. to the following data:

e for every X in C and U in D(X), a Jx-sheaf Hy : (C/X)? — Set;

e for every U in D(X) and every pair of arrows y : ¥ — X in C and
a: D(y)(U) — V in D(Y), a morphism of presheaves h(, o) : Hy —
Hy o ([y)? such that the association (y,a) — hy, ) is functorial and
moreover whenever a is invertible then h, ,) is invertible.

A similar description of arrows can be given.

Corollary also implies that the canonical stack Sic sy is a dualizing
object between the two categories Inde and Topos®/Sh(C, J), because it
allows us to express both I' and A as hom-functors in S j as the two
following equivalences show:

I‘Toposco/Sh(C’,J) (@@) L= TOpOSCO/Sh(C7 J)(Sh(C/—, J(*))? @(0)
~ Topos®/Sh(C, J)(Sc,7) (), &),
AToposc"/Sh(C,J) (D) : = Giry (D)
>~ Indc(]D)V, S(C,J))'
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6.5 Relative toposes

Given an internal category D of Sh(C,J), its Giraud topos Giry(D) :=
Sh(G(D), Jp) is the topos of internal presheaves for D:

Giry (D) ~ [D°, Sh(C, J)].

This appears for instance as Proposition C2.5.4 of [21]|. Corollary pro-
vides the external intuition for that: if we think of Si¢, 7) as the embodiment
of the topos Sh(C, J) in terms of stacks over C, then we have an immediate
parallelism between the equivalence above and

Giry(D) ~ Inde (DY, S ) -

Thinking of Giraud toposes as toposes of presheaves over a fibration is the
starting point to develop relative topos theory. We provide here some first
results in this direction, from Chapter 8 of [8].

Definition 6.5.1. Let (C,J) be a small-generated site. A relative presheaf
topos over Sh(C, J) is a topos of the form C,; : Gir;(D) = Sh(G(D), Jp) —
Sh(C, J), where D is a C-indexed category.

Remark 6.5.1. In the interest of maximal generality, we do not require D
to be a stack on (C,J), nor to be the C-indexing of an internal category in
Sh(C, J), since indexed categories simultaneously generalize both notions.

As any Grothendieck topos is a subtopos of a presheaf topos, so we
define relative toposes as subtoposes of relative presheaf toposes. We have
already mentioned in the introductory chapter that subtoposes of Sh(C, J)
correspond to the Grothendieck topologies K on C such that J C K, and
this motivates the following definition:

Definition 6.5.2. Let (C,J) be a small-generated site. A relative site
over (C,J) is a pair (D, K), where D is a C-indexed category and K is a
Grothendieck topology on G(D) containing the Giraud topology Jp. Any
relative site corresponds to a site (G(ID), K) endowed with a structure co-
morphism of sites pp : (G(D), K) — (C, J).

Remark 6.5.2. There are some size issues involved in the notion of rela-
tive site. We do not require smallness hypotheses in our definition as, for
technical reasons, it is convenient to be able to work also with large presen-
tation sites. One can resolve such issues either by working with respect to
a bigger Grothendieck universe, or by showing that the relevant sites under
consideration are in fact small-generated (for instance, one can show that
the canonical site of a geometric morphism, in the sense of Definition
is small-generated).

Trivial relative sites are those such that the Grothendieck topology K
coincides with Giraud’s topology Jp: as in the classical setting, they yield
relative presheaf toposes. Accordingly, arbitrary relative sites yield arbitrary
subtoposes of relative presheaf toposes:
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Definition 6.5.3. Let (C, J) be a small-generated site. A relative topos over
Sh(C,J) is a Grothendieck topos & together with a geometric morphism
E:& — Sh(C,J).

Of course, every relative site (D, K) over (C,J) yields a relative topos
over Sh(C, J), by considering the geometric morphism

C,. : Sh(G(D), K) — Sh(C, J).

To prove the opposite implication that any relative topos is the topos of
sheaves for a relative site, we need first to build a fibration from any geometric
morphism f : % — &. In fact this was already done in Example (ii),
where the &-indexed category Iy associated with f is defined on objects by
mapping E of & to the slice topos %/ f*(E), with its transition morphisms
being the obvious pullback functors. In fact, this can be done more generally.
Consider two sites (C, J) and (D, K) and a (J, K )-continuous functor A : C —
D: then we can define a C-indexed category 14 by mapping any X in C to
the slice Sh(D, K)/lk(A(X)), while the transition morphisms are pullback
functors. Notice that the fibration Iy defined from the geometric morphism
f is now a particular instance of this, where we take as continuous functors
the morphism of sites f* : (&, J¢™") — (#,J%"). Every fibration of this
form is in fact a stack:

Proposition 6.5.1. Let A: (C,J) — (D, K) be a (J, K)-continuous functor:
then the fibration 14 defined above is a J-stack. In particular, for every geo-
metric morphism f : F — & the &-indexed category Iy of Example (u)
is a JG"-stack.

Proof. Notice that I4 corresponds to the composite pseudofunctor

cor A%, pov S0, A

where S(p i) denotes the canonical stack for the site (D, K) (see Definition
and Theorem .Then we can exploit the notion of direct image of
fibrations, introduced in Section[4.1} and the fact that the direct image along
a continuous functor maps stacks to stacks (Proposition , to conclude
that T4 is a J-stack. L]

For a geometric morphism f : .% — &, the fibration associated to I is
made as follows: objects over E in & are arrows [u: U — f*(E)] of %, and
morphisms (e,a) : [v:V — f*(E")] — [u: U — f*(F)] are indexed by two
arrows e : B/ — F and a : V — U making the diagram

V —————U

.| J»
F1(B) i 17(E)
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commutative. Cartesian arrows of G(I ) are characterized as those such that
the square above is a pullback square.

Notice that the fibration G(I¢) corresponds in fact to the comma category

(1z ] f*). We have already met this kind of category in Theorem where
we showed that any geometric morphism induced by a morphism of sites
A:(C,J) — (D,K) can be described as the geometric morphism induced
by the fibration (1pJA) — C upon endowing the domain with a suitable
Grothendieck topology K. Applying that in our specific case, we obtain the
following result:
Theorem 6.5.2. Let f : % — & be a geometric morphism. There ex-
ists a Grothendieck topology J¢ over G(Iy) such that the toposes F and
Sh(G(1y), Jr) are equivalent as &-toposes: more specifically, a family {(e;, a;) :
i+ Vi = f*(E)] = [u:U — f(E)] | iel}is Jp-covering if and only if
the family {e; : E; — E | i € I} is epimorphic in &.

Thus the geometric morphism f : F — & presents & as a topos of
relative sheaves over the stack Iy:

F ~ Sh(g(ﬂf), Jf) = Shg(ﬂf, Jf).
We call the Grothendieck topology J; the relative topology of f.

Proof. We apply Theorem to the morphism of sites

fr(&TE) = (F, TF").

The category (1#] f*) can be endowed with a topology J%" such that ms :

(11 f*) — & is a comorphism of sites and 74 : (1#{ f*) — % induces an
equivalence of toposes making the diagram

F —~— Sh(F,J%") —— Sh((15 L [*), TE")

fl sh(") | o

& —~— Sh(&,Jen)

is commutative. Setting J; := JZ" concludes the proof. O

With a similar technique we can show that the S(¢ j) is an alternative
site of presentation for Sh(C, J):

Corollary 6.5.3. Consider an essentially small site (C,J), then the canon-
ical stack e gy Sc,7) — C induces an equivalence of toposes

C”(C,J) : Sh(S(CJ)’ JS(C,J)) = Sh(C, J),

where Jg(w> = Jg‘fq’(‘C’J) in the notation of Theorem m
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Proof. We recall that m 7 : S5y — C was defined as the fibration 7 :

(1sn(c,s)4€s) — C, with m being the canonical projection onto C (cf. Defini-
tion [2.4.1]). The conclusion follows from Theorem by considering the

following diagram:

Sh(C,J) —— Sh((lsn(c,n) +4), SSiic.p)

Sh(¢,) CW(C’J)\L
Sh(Sh(C, J), Jg‘lllr(LC’J)).

O]

We can consider, more specifically, geometric morphisms induced by ar-
bitrary morphisms of sites:

Definition 6.5.4. Given a morphism of sites A : (C,J) — (D, K), the
relative site of A is the site (I4, J¥) (where J§ is equal to the topology
K of Theorem , together with the canonical projection functor w4 :
I4 — C, which is a comorphism of sites (I4, J§) — (C,J). In particular,
for a geometric morphism f : % — &, regarded as a morphism of sites
[ (&, JF") = (F,JF"), we call the site (If-, J}];%m) the relative site of f.
By applying again Theorem we can generalize Theorem to
morphisms of sites as follows:
Theorem 6.5.4. Let A: (C,J) — (D, K) be a morphism of small-generated
sites. Then the geometric morphism Sh(A) induced by A coincides with the
structure geometric morphism Cy., associated with the relative site (14, JX).

Corollary 6.5.5. Every relative topos f : F — Sh(C,J) is of the form Cpy
for some relative site pp : (G(D), K) — (C, J).

Proof. It is sufficient to apply the previous result by seeing f as induced by
the morphism of sites

E can f* can
(C,.T) 5 (Sh(C, ), Ige ) 15 (F, TE™).
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Chapter 7

The fundamental adjunction in
the discrete setting

In the present chapter, we specialize the fundamental adjunction to presheaves:
unless stated otherwise, all the results in this chapter stem from Chapter 6
of [8]. We begin in the first section by restricting the adjunction to presheaves
and sheaves, obtaining a general form of the topological presheaf-bundle ad-
junction that holds for all sites; after that, we consider the particular case of
preorder sites and locales, for which the topos-theoretic data of the funda-
mental adjunction vanishes and the situation can be described at the level of
sites. The general techniques used to study the preorder case are stated to a
general class of sites and (co)morphisms in the final section of the chapter.

7.1 The presheaf-bundle adjunction for sites

Suppose that C is small: then, given any presheaf P : C? — Set, its discrete
fibration [ P is again a small category. Since the image of G in CAT/C is
contained in the sub-2-category of strictly commutative triangles, in partic-
ular presheaves are sent through G to the 1-categorical slice Cat/1C. With
this in mind, we can begin by building an adjunction between presheaves
over C and categories over C as follows:

Proposition 7.1.1. Consider a small category C. The adjunction of Propo-
sition induces an adjunction

Acat/qc
T
[CP Set] 1 Cat/C
~_ —
I'cat/c

where:

e Cat/C is the 1-categorical slice of Cat over C (see Definition ;
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® Acat/,c s the restriction of Acar/c: it maps a presheaf P to the
functor [P — C, and an arrow g : P — Q of presheaves to the functor

Jo:JP = JQ:

® U'cat/c maps a functor p: D — C to the presheaf
Cat/1C(C/—,D) : C? — Set,
and acts accordingly on arrows.

All objects of [CP,Set] are fized points of the adjunction, while the fized
points of Cat/1C are exactly the discrete Grothendieck fibrations over C.

Proof. First of all, we remark that the hypothesis that both C and D are
small is needed to ensure that the image of I'gag/,c is in [C?P, Set].

Given a presheaf P in [C°P?,Set] and a functor p : D — C, we want to
build a natural isomorphism

(%, Set] (P, Cat/1C(C/—. [p])) ~ Cat/1C([ P, [p])-

Consider an arrow of presheaves g : P — Cat/1C(C/—, [p]): it is the given
for each X in C of amap gx : P(X) — Cat/1C(C/X, [p]), so that for each y :
Y — X inC and s € P(X) the naturality condition gx(s)o [y = gy (P(y)(s))
(we recall that [y:C/Y — C/X acts by post-composition with y). Starting
from g, we can define a functor g : [P — D by setting g(X, s) = gx(s)([1x]),
and for every y: Y — X in C and s € P(X)

(V. P@)(s) % (X,9)] =

- [gy(P(y)(S))([ly]) = gx (s)([y]) =2, QX(S)(HX])} :

Using the fact that each gx(s) is a functor over the base C, it follows that g
is also a functor over the base category C.

Conversely, consider a functor h : [P — D over C, an object X in C and
s € P(X): we can define a functor hx(s) : C/X — D over C by setting

1 5 l] = (2P M 1P

and this provides for each X a map hx : P(X) — Cat/1C(C/X,[p]). The
identity hy (P(y)(s)) = hx(s) o [y is easily verified, therefore the maps hx
are the components of a natural transformation h : P — Cat/1C(C/—, [p]).
The two associations g — g and h — h provide the two components of the
natural isomorphism we wanted, showing that Acag/,c 7 Ucat/yc-

For a presheaf P, the unit of the adjunction is the arrow np : P — T'A(P)
such that for every X in C the function (np)x : P(X) — Cat/1C(C/X, [ P)
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maps any s € P(X) to the functor C/X — [P defined on objects as [y :
Y = X]| — (Y,P(y)(s)). One immediately verifies that np is in fact the
isomorphism P = Cat/1C(C/—, [P) given by fibred Yoneda lemma, and
hence every presheaf P is a fixed point.

For any p : D — C the counit e, : [(Cat/1C(C/—,[p])) — [p] is defined
by mapping a pair (X, F : C/X — D) to F([1x]). If ¢, is invertible the
category D is isomorphic to the discrete fibration [(Cat/1C(C/—,[p])). On
the other hand, suppose that p is a discrete fibration, which is to say that
up to isomorphism D is equivalent to the category of elements f P for some
presheaf P over C. Notice that, since all the arrows in a discrete fibration
are cartesian, any functor in I'([P)(X) = Cat/;C(C/X, [P) is in fact a

morphism of fibrations. Thus we have that
I([P)= Cat/:C(C/—, [P) ~Fibe(k(—),P) ~ P,

again by fibred Yoneda’s lemma, implying AT'(P) ~ [P: we conclude that,
if D is a discrete Grothendieck fibration, it is a fixed point of the adjunction.
O

We now move to the topos-theoretic level. We begin by remarking that
in general the hom category between two toposes is not a set, and hence we
have to refine the definition of the right adjoint I'ropos/sh(c,.syeo if we want
it to take values in [C°P, Set]. This is rather immediate:

Definition 7.1.1. We call a geometric morphism F : % — Sh(C, J) small
relative to Sh(C, J) if for any J-sheaf P : C°? — Set the geometric mor-
phisms Sh(C,J)/P — % over Sh(C,J) form a set (up to equivalence of
geometric morphisms): more compactly, if the category

Topos/1Sh(C, J)(Sh(C, J)/P, )

is essentially small. We denote by Topos®/1Sh(C, J) the full subcategory
of the 1-category Topos/1Sh(C, J) whose objects are the small geometric
morphisms relative to Sh(C, J).

Remark 7.1.1. In fact, one can reduce to checking the smallness of all cat-
egories Topos/1Sh(C, J)(Sh(C, J)/¢;(X),.#) for X an object of C, because
the topos Sh(C,J)/P ~ Sh([P,Jp) is a conical colimit of toposes of the
form Sh(C/X, Jx) ~ Sh(C, J)/¢;(X), by Corollary

The adjunction between presheaves and bundles over a topological space
(see Section restricts to an equivalence between sheaves and étale bun-
dles over the space. In a similar way, the presheaf-bundle adjunction for sites
induces an equivalence between the category Sh(C,.J) and a special class of
Sh(C, J)-toposes, namely those that are étale:

Definition 7.1.2. A geometric morphism F : % — & is said to be étale, or
a local homeomorphism , if there is some FE in & such that F' is isomorphic
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to the dependent product geometric morphism [[; : &/E — &. We denote
by Topos®®¢/,Sh(C, J) the 1-category of étale Sh(C, J)-toposes.

Etale toposes are the way in which one can externalize objects of a topos
& as toposes over &, and significantly this process is full and faithful:

Lemma 7.1.2. Consider a topos &: then the functor & — Topos/1& of
1-categories mapping each E in & to [[p: &/E — & and each g : X =Y
to Hg : &/ X — &Y presents & as the full subcategory of étale geometric
morphisms over &. More explicitly, there is an isomorphism

&(X,Y) ~ Topos/1&(E/X,E]Y).

Proof. This is a well known result, but let us sketch the correspondence for
later use. Starting from g : X — Y, we consider the functor ] g+ Viceversa,
consider the arrow Ay : Y — Y X Y in & it is also an arrow Ay : 1g/y —
Y*(Y)of &/Y, where Y* : & — &/Y is the usual functor mapping any Z to
[m:Y x Z — Y]. Now take any F': &/X — &/Y: if we consider the arrow
F*(Ay) : 1g/x — X*(Y),ie. F*(Ay): [1x] = [X xY — X], it is an arrow
(1,g) : X - X x Y of & and this provides our arrow g : X — Y. O

Remarks 7.1.2. (i) It follows that the category Topos®®¢/,Sh(C,.J)
embeds fully inside Topos, /Sh(C, J), and moreover, by definition, ev-
ery étale geometric morphism is essential and thus Topos®@/,Sh(C, .J)
embeds faithfully into EssTopos/1Sh(C, J).

(ii) Every local homeomorphism to Sh(C, J) is small relative to Sh(C, J),
because the geometric morphisms over Sh(C,J) from a local homeo-
morphisms Sh(C, J)/P to a local homeomorphism Sh(C, J)/Q corre-
spond precisely to the arrows P — @ in Sh(C, J).

(iii) Suppose that & ~ Sh(C,J). Since Sh([ P, Jp) ~ Sh(C,J)/a;(P)
by Theorem the previous lemma is telling us that a geomet-
ric morphism Sh([P,Jp) — Sh([Q,Jg) is presented by an arrow
aj(P) — aj(Q). The fact that we can replace geometric morphisms
with arrows in the topos is very important, since it means that we can
‘hide’ the topos-theoretic content of the adjunction and work at a lower
level of complexity. The same happens for topological spaces (see Sec-
tion , where the right adjoint I" can be described as a hom functor
at the level of topological spaces, and more generally for preordered

categories (see Section .

We can now restrict the fundamental adjunction to presheaves, general-
izing to all sites the topological presheaf-bundle adjunction of Section [6.1}

Proposition 7.1.3. Consider a small-generated site (C, J).
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(i) There is an adjunction of 1-categories

Amoposs /i sh(c, )
)
[C? Set] 1 Topos®/1Sh(C,J).
K~
I'Toposs /1 Sh(c,J)

The functor Aqopos/,sh(c,s) 18 the restriction of Apgpes/sh(c,ryeo- It
maps a presheaf P to [Cp, : Sh([P,Jp) — Sh(C,J)] and an arrow

g:P —QtoCpy:Sh([P,Jp) = Sh([Q,Jq). By Theorem |[5.2.1| we
can rephrase this as P [[1, (p) : Sh(C, J)/a;(P) — Sh(C, and

9 I, (g : SH(C, J)/as(P) = Sh(C, J)/a;(Q)

The functor I'poposs /,Sh(c,s) acts like a Hom-functor by mapping an
object [F' : # — Sh(C, J)] of Topos®/1Sh(C, J) to the presheaf

Topos®/1Sh(C, J)(Sh(C, J)/l;(—), F) : C? — Set.

(i) The image of Aropost/,sn(c,s) factors through Topos®¢/Sh(C, .J),
and the image of T'ropos /,sh(c,s) factors through Sh(C, J);

(i1i) for any J-sheaf Q it holds that T'popost/,sn(c,s)([L[1g)) = Q, implying
that the fized points of Topos®/1Sh(C,J) are precisely the étale geo-
metric morphisms, while those of [C°P,Set] are J-sheaves. In particu-
lar, the composite functor I'topos® /;Sh(C,J) M Topos® /1Sh(c,J) S naturally
1somorphic to

ijoay:[C, Set] — Sh(C,J) — [C°, Set];

(iv) the adjunction Aoposs /;Sh(c,s) 7 I'Topost/1Sh(c,s) Testricts to an equiv-
alence ’
Sh(C, J) ~ Topos®€/ Sh(C, .J).

Proof. Let us once again adopt the notation C:= Sh(C, J) for the sake of
brevity, and let us drop the subscripts for A and I'.

(i) This is just a restriction of the adjunction appearing in Theorem m:
indeed, the equivalence of Hom-categories

Topos®/C(A(P),&) ~Ind¢(P,T(&))

appearing there restricts to a bijection of Hom-sets (up to equivalence
of geometric morphisms)

Topos®/1C(A(P), &) ~ [C°?, Set](P,T(&))

because A(P) is a 1-colimit of toposes by Corollary
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(ii) The fact that the image of A factors through Toposétale/g is true by
definition. The image of I is contained in Casa consequence of Lemma
once recalled that a presheaf P is a J-stack if and only if it is a
J-sheaf (see Proposition [2.3.1]).

(iii) Considering an étale geometric morphism [[] : C/Q — C], then

I([[1g)) := Topos®/1C(C/Ls(—).C/Q) =~ C(£;(-). Q) = Q

This implies that A([[[o]) =~ A(Q) ~ [[g], and hence [[],] is a fixed

point for A 4 I'. Conversely, if [F' : . — (] is a fixed point then it
is isomorphic to [,  (r(py))] and hence it is étale. The identity above
also implies that TA(P) ~ I'([[ ], ,(p)}) = as(P), and in particular that
a presheaf P is a fixed point for A 4T if and only if it is a J-sheaf.

(iv) It follows from restricting the adjunction A 4T to its fixed points.
O

7.2 The fundamental adjunction for preorders and
locales

We now specialize the two adjunctions

ACat/lC AToposs/lsh(C,J)
P P
[CP Set] 1L Cat/;C, [CP,Set] L Topos®/1Sh(C,J)
~_ — ~_ —
l_‘Cat/IC 1—‘Toposs/lsh(C,J)

to the case when C is a preorder. The existence of a presheaf-bundle ad-
junction in this context was already hinted by the multiple point-free results
of Section We recall that a preorder can always be interpreted as a
preorder category by setting, for every pair of objects X and Y of C, that
Hom(Y, X) = {+} if and only if Y < X. Moreover, functors between pre-
orders are exactly the order preserving maps. This implies that the category
of small preorders is a full sub-2-category Preord of Cat, whose 0-cells are
small preorder categories.

The first remark is that the functor Acag/, ¢ @ [C, Set] — Cat/1C, which
acts as the Grothendieck construction, factors through Preord/C:

Lemma 7.2.1. Consider a preorder C and a presheaf P : C°P — Set: then
[P is a preorder.

Proof. Consider (X,s) and (Y,t) in [P. A morphism (Y,t) — (X,s) is
indexed by an arrow y : Y — X such that P(y)(s) = ¢t. Hence if C is a
preorder there is at most one such arrow, when ¥ < X and ¢ = s}y, and
thus [P is a preorder. O
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In particular, any slice C/X is a preorder, since it is equivalent to [ J&(X):
as a matter of fact, C/X is precisely the down-set X |={Y €C | Y < X},
with the induced ordering. The following is now an immediate corollary:

Proposition 7.2.2. For any small preorder category C, there is an adjunc-

tion
APreord/l C
—
[CP,Set] 1L Preord/iC
K —
FPreord/l C
where:

e the notation Preord/C is that of Deﬁm’tionm

e both functors Apreord/,c map a presheaf over C to the order-preserving
map [P — C;

® I'preord/ic S a contravariant hom-functor, defined for p : D — C as

I'([p]) :== Preord/,C(C/—, [p]).

Proof. We can consider the natural equivalence
[C, Set](P, Cat/1C(C/—, [p])) = Cat/1C([ P, [p]),

where P : C°? — Set and we choose p : D — C to be a functor between
preorders: since [P and every category C/X are preorders,

Cat/,C(C/~, [p]) = Preord/,C(C/~, [p])

and

Cat/1C([ P, [p]) = Preord/:C([ P, [p]),

the natural isomorphism above becomes
[C?P, Set](P,Preord/1C(C/—, [p])) ~ Preord/,C([ P, [p]).
O

If we want to study the fixed points of Apreora/;c 1 I'Preord/,c We need
to isolate among all morphisms of preorders ) — C those that correspond
to discrete fibrations, and those that correspond to discrete stacks. To do so
we exploit the following technical result:

Lemma 7.2.3. A functor F : A — B is a cloven Grothendieck fibration if
and only if for every A in A the functor

Fa: AJA = B/F(A)

induced by restriction of F has a right adjoint F4 satisfying the identity
FuFA = idg/p(a). Moreover, F is a discrete fibration if and only if the
identity FAF, = id 4,4 1s also verified.
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Proof. The first consequence is well known and can be found for instance
in [13, Theorem 2.10]. In particular, F4 acts by mapping any object [h :
X — F(A)] of B/F(A) to its cartesian lift [h : X — A] in A/A. In particular,
F is discrete if and only if for every h : X — F'(A) there is exactly one arrow
h: X — A such that F(h) = h. This implies that for any arrow y : Y — A
it must hold that FAF([y]) = F(y) = y, since their images via Fj4 are both
[F(y)]. This means that F4 is also a left inverse for Fi4. The converse is
obvious. O

Corollary 7.2.4. A monotone map f : P — C of preorders is a discrete
fibration if and only if for every a in P the monotone map

faoral— f(a)l

defined by restriction of f admits a pseudoinverse f®: f(a) l— a .

Finally, let us suppose that C is endowed with a Grothendieck topology
J, and consider a monotone map of preorders f : P — C satisfying the
equivalent conditions of Corollary the corresponding presheaf P :
C°P — Set is defined by mapping each X in C to the set

P(X):={a€P]| f(a) =X}

moreover, for Y < X the induced map P(X) — P(Y) maps every a € P(X)
to the element f¢(Y) of P(Y): this because f¢(Y) is (the domain of) the
cartesian lift of Y < X with codomain a. Expressing the condition for P to
be a J-sheaf, in terms of matching families and amalgamations, we obtain
the characterization of discrete stacks over a preorder site:

Definition 7.2.1. Consider a preorder site (C,.J). We shall call a monotone
map of preorders f : P — C étale if it satisfies the equivalent conditions
of Corollary More explicitly, if for every a € P there is a monotone
map f* : f(a) {— a ] such that for every b < a and = < f(a) one has
Fo(f(B) = b and f(f2(x)) = .

We shall call f J-étale if it a discrete J-stack. Explicitly, if for every
sieve S € J(X) and every set of elements

{ay e P|Y € 5}

satisfying f(ay) = Y and such that whenever Z <Y then ay = f%(Z2),
there is a unique a € P such that f(a) = X and ay = f*(Y).

We shall denote by Etale(C) the full sub-2-category of Preord/C of étale
posets over C, and by Etale(C, J) the full subcategory of Etale(C) of J-étale
preorders over C.

Remark 7.2.1. Our definition of étale map f : P — C of preorders is a mild
generalization of Definition 5 in [17], where étale maps are defined for posets.
Notice that in [17] f is seen as a map PP — C°P, and thus isomorphisms of
the upper segments = 1T and f(x) 1 are required.
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The following result is now completely tautological:

Proposition 7.2.5. The adjunction of Proposition restricts to the
equivalences

[CP, Set] ~ Etale(C), Sh(C,J) ~ Etale(C, J).
We now specialize to preorder categories the presheaf-bundle adjunction

Aprof/lsh«LJ)_+Fpro§/1Sh«2J)

In this case all the relevant data already live at the level of sites, and this
simplifies in particular the description of aj; however, in order to do so we
will exploit frames and locales. A frame is a distributive lattice with all
joins, and such that meets distribute over infinite joins, i.e.

an (\/ bz-) =\ (anb).

iel iel

A morphism of frames is an operation-preserving map: with this definition
frames form the (2-)category Frame. If we see a frame F' as a preorder
category, its canonical topology corresponds with the join-cover topology:
for a € F, afamily {a; < a|i € I} is Jg"-covering if \/,; a; = a. Moreover,
homomorphisms of frames are exactly the morphisms of sites with respect
to the canonical topologies (see Lemma .

The category Locale of locales is defined as Frame®”. In particular, for
a locale L it is custom to denote the corresponding frame by O(L), while if
g : L — M is an arrow of locales its corresponding morphism of frames is de-
noted by ¢! : O(M) — O(L). This notation reflects the point of view that
locales generalize topological spaces, and frames their topologies. Extending
the definition of topos of sheaves of a topological space, for a locale L we
define its topos of sheaves as Sh(L) := Sh(O(L), Jg)a&)) Similarly, for an ar-
row of locales g : L — M we denote by Sh(g) : Sh(L) — Sh(M) the induced
geometric morphism Sh(g~!) : Sh(O(L), J(%a&)) — Sh(O(M), J(CD“(’}V[))

A localic topos is any topos of sheaves for a locale. Their 2-category is
denoted by LocTopos. The following result, which describes the connection
between locales and toposes, will be of capital importance in the sequel.

Proposition 7.2.6 |28, Chapter IX, Proposition 6.2]. The 2-functor
Sh(—) : Locale — Topos
18 2-full and faithful: that is, there is a pseudonatural equivalence
Locale(L, M) ~ Topos(Sh(L), Sh(M)).

In particular,
Locale ~ LocTopos.
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In the following we shall also exploit ideals. Given a site (C, J), a J-ideal
is a collection Z of objects of C such that the following conditions hold:

(i) if X belongs to Z and there is an arrow Y — X then Y belongs to Z;

(ii) for any X in C, if there exists S € J(X) such that for every arrow in f
the object dom(f) belongs to Z, then X belongs to Z.

In particular, every object X of C generates a principal J-ideal (X) 7, which
is the smallest J-ideal containing X: an element Y of C belongs to (X) if
and only if it admits a J-covering {W; — Y} such that every W; has an
arrow to X. The set of J-ideals of a small site is denoted by Id;(C), and
when C is a preorder it is an alternative presentation site for Sh(C, J):

Lemma 7.2.7 |4, Theorem 3.1|. Consider a preorder site (C,J). Then
Id;(C) is a frame when ordered by inclusion, and

Sh(C, J) ~ Sh(Id;(C)).

In particular, every topos of sheaves for a preorder site is localic.

The passage from preorders to locales of ideals also transforms continuous
comorphisms into morphisms of locales. More explicitly, if A : (D, K) —
(C,J) is a continuous comorphism of preorder sites, the inverse image map
A~1(=) restricts to a morphism of frames g ;' : Id;(C) — Idx (D) such that
the geometric morphisms C'4 and Sh(g4) are equivalent.

One can easily see that for a locale L endowed with the canonical topol-
ogy, a principal J§*"-ideal (a); is just the down-set a |. Moreover, all ideals
are principal, since one can check easily that Z = (\/Z) |, and this has the
consequence that there is an isomorphism of locales

Iszan (L) ~ L.

Next, consider the homomorphism of frames — Aa : L — a | and denote
by 44 : @ L= L the corresponding arrow of locales. An open sublocale of L
is any arrow to L isomorphic to one of the kind i,. The following lemma
shows that, given a preorder site (C,J), for every X in C the comorphism
C/X — C induces an open sublocale inclusion Id;, (C/X) — Id;(C):
Lemma 7.2.8. Consider a preorder site (C,J) and an object X in C. The
fibration C/X — C induces a morphism of locales 1d;, (C/X) — 1d;(C)
which is an open sublocale inclusion.

More explicitly, denote by Sub((X) ) the collection of sub-J-ideals of the

J-principal ideal (X)j: it corresponds to the open sublocale ((X) ) | of the
locale 1d 7 (C). Then Id;, (C/X) and Sub((X)s) are isomorphic as sublocales

of 1d,(C).
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Proof. First of all, we remark that under the equivalence Sh(C, J) ~ Sh(Id;(C)),
every representable £ ;(X) corresponds to the subterminal object £((X) ;) of
Sh(Id;(C)) (cf. Remark 2.6 (a) of [4]). Therefore

Sh(Idy, (/X)) ~ Sh(C/X, Jx) = Sh(C, J) /£;(X) ~ Sh(Id,;(C)) /((X).).

The latter topos, which is still localic, is the topos of sheaves for the locale
of its subterminal objects. But subterminal objects of Sh(Id;(C))/¢({X))
correspond to the subobjects of ¢((X) ), which in turn correspond to the
sublocales of (X) s, and thus we have

Sh(ldy (/X)) =~ Sh(Sub((X).)),
implying Id;, (C/X) ~ Sub((X) ). O

Remark 7.2.2. Let us denote by p : C/X — C the usual fibration, then the
isomorphism of the previous lemma can be made explicit as follows:

R : Sub({X)) = 1ds (C/X), R(K) :=p~ ' (K) = {[Y < X] | Y € K};

R :1d;, (C/X) = Sub((X),), R°NT):== ] J.
J€ld, (C),
TCX)
pH(JI)ET
Finally, let us recall that there is a notion of étale morphism of locales.
A morphism f: L — M of locales is said to be étale if there exist elements
x; in L such that \/, z; = T, and elements y; € M such that f restricts to
isomorphisms of open sublocales x; = y; | (see |3, Definition 1.7.1]). When
denoting by Locale®®™¢ the category of locales and their étale morphisms,
the equivalence of Proposition induces an equivalence

Locale®¢/F(L, M) ~ Topos®®¢/,Sh(F)(Sh(L), Sh(M))

for any three locales F', L and M.
With all these ingredients, we are now ready to formulate the presheaf-
bundle adjunction for preorder sites:

Proposition 7.2.9. For any small preorder site (C, J) there is an adjunction

ALocale/q 1d;(C)
~

[CP Set] 1 Locale/;1d;(C),
K~
ILocale/ 1d4(C)

where:

® Arocale/, 1d,(c) maps a presheaf P : CP — Set to the morphism of
locales gy, : Idj,([P) — 1d;(C) whose corresponding morphism of
frames is 7r]§1 (induced by the (Jp, J)-continuous comorphism of sites
mp: [P —C);
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° FLocale/lldJ(C) acts as a contravariant hom-functor, mapping a mor-
phism of locales g : L — 1d;(C) to

Locale/; Id;(C)(Sub((—)), L) : C®? — Set.

Ezxplicitly, the value of T'(L) at X € C is the set of sections of g over
the open sublocale Sub((X)y) — Id;(C), i.e. the locale morphisms
Sub((X)s) — L making the following diagram commutative:

~, I

1d,(C).

Moreover, the composite functor T'yocale/; 1d,(C) © ALocale/: 1d,(c)(P) corre-
sponds to the sheafification aj(P): for every X in C we have

aj(P)(X) := Locale/ Id;(C)(Sub((X) ), 1d . ([ P)).
The adjunction restricts to an equivalence
Sh(C,.J) ~ Locale®¢/1d,(C).
Proof. We can start by remarking that the functor
Aopos/1sh(c, ) : [C”,Set] — Topos®/1Sh(C, J)

takes values inside the smaller slice category LocTopos/1Sh(C,J): this
is true since every site ([P, Jp) is a preorder site, and hence the topos
Sh( [P, Jp) is localic. On the other hand, given a localic topos & — Sh(C, J),
the legs of every cocone in Topos®/1Sh(C, J)(Sh(C/—,J_)),&), and the
geometric morphism Sh( [P, Jp) — & induced by the universal property of
colimits, will be geometric morphisms of localic toposes too. This means
that the pseudonatural equivalence

[C°?, Set](P, Topos®/1Sh(C, J)(Sh(C/—, J_),&)) ~
~ Topos®/1Sh(C, J)(Sh( [P, Jp), &)
restricts to an equivalence
[C?, Set](P, LocTopos/1Sh(C, J)(Sh(C/—, J_),&)) ~

~ LocTopos/1Sh(C, J)(Sh( [P, Jp), &)

and thus we have an adjunction
AvLocTopos/,Sh(C,J)
>
[C? Set] L LocTopos/;Sh(C,J).

_ —
FLocTop()s/l Sh(C,J)
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Since (C, J) is a preorder site we have
LocTopos/1Sh(C, J) ~ LocTopos/1Sh(Id;(C)) ~ Locale/; Id ;(C)
and we can conclude that there is an equivalence

[C??, Set] (P, Locale/ 1d,;(C)(1d,_,(C/~), L)) ~
~ Locale/; Id;(C)(Id ;. ([ P), L)
proving that Apocalte/; 1d,() ' 'Locale/; 1d,(c)- Lemma provides us
the isomorphism Id;_,(C/—) =~ Sub({—),), justifying the description of

IMLocale/; 14, (c) in the claim of the theorem.
Finally, the chain of known equivalences

Sh(C,.J) ~ Topos®®¢/,Sh(C, J) ~ Locale®®*/1d ;(C)
provides the restriction of the adjunction to sheaves. O

When (C, J) = (L, Ji*") with L a locale, we can exploit the isomorphism
Idjean (L) = L to formulate the adjunction above in the localic case:

Corollary 7.2.10. For any locale L there is an adjunction

ALocale/1 L
0

[O(L)°?,Set] L Locale/{L ,
~_ ~—
1—‘Locale/lL

where:

® Aprocale/;1 maps a presheaf P : O(L)? — Set to the morphism of
locales gy, : 1dj,([P) — L, where wp : [P — C and Jp is Giraud’s
topology induced by the canonical topology Ji*": grp corresponds to the
homomorphism of frames 77131 : L —1dy.([P);

® I'Locale/ 1 acts as a contravariant hom-functor, mapping a morphism
of locales g : M — L to

Locale/1L((—) {,M) : O(L)’ — Set.

Ezplicitly, the value of T'(M) at a certain a € L is the set of sections
of g: M — L over the open sublocale a < L.

Moreover, the composite FLocale/lLALocalehL(P) corresponds to the sheafi-
fication ajean (P), and for any a in L we have

aJEan (P)(a) = Locale/lL(a i, IdJP(fP)).

Remarks 7.2.3.
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(i)

(iii)

In Section we shall describe a general context in which the funda-
mental adjunction restricts from toposes to sites and their morphisms
or comorphisms, mimicking the behaviour of the adjunction in the pre-
order case.

The existence of the adjunction of Corollary is implicit in the
results of |3, Section 2.6] and in the exercises from 9 to 12 of [28, Chap-
ter IX], though in both cases the focus is on the equivalence between
sheaves over the locale and étale mappings to it. We also remark that,
relating the equivalence Sh(L) ~ Etale/L to Sh(C, J) ~ Etale(C, J),
which holds for any preorder site (C,.J), we can conclude that a mono-
tone map of preorders f : P — C is J-étale if and only if the cor-
responding homomorphism of frames f~1 : Id;(C) — Id,,([P) is an
étale arrow of locales.

We can now see how exactly the topological framework connects to the
localic adjunction of the previous corollary. In Proposition we
have seen that for a topological space X and a presheaf P € Psh(X)
it holds that, for any open U of X,

aj(P)(U) ~ Locale/O(X)(O(U),O(Ep)),

where Ep is the étale bundle associated to P. By the last result however
we have that

aj(P)(U) ~ Locale/O(X)(O(U),1d,,(/ P)),

where ([P, Jp) is the Giraud site associated to P. The apparent dif-
ference is immediately explained by noticing that the map

Id;,([P) = O(Ep), T | 3(U)
(U,s)eT

provides an isomorphism between the two locales O(Ep) and Id s, ([ P).
This is in fact an extension of the map fp we defined in Proposi-
tion and indeed that result entails the isomorphism Id, ([ P) ~
O(Ep), since the equivalence

Sh(Ep) ~ Sh( [P, Jp)

of localic toposes restrict to an isomorphism of their locales of subtermi-
nal objects. Thus, even though classically one defines the sheafification
of P € Psh(X) as the local sections of the étale bundle Ep — X,
these considerations show explicitly that there is no need to work in
the topological context, since all the relevant information lives at the
localic level. Finally, we remark that this last consideration is essen-
tially the content of 3| Proposition 2.5.4], where nonetheless there is
no explicit reference to the locale Id;, ([ P) but instead to the locale
of closed subpresheaves of P.
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We conclude this section by remarking that our description of the sheafi-
fication in the localic case is naturally site-theoretic, and that in the case of
topological spaces sheafification can also be described using comorphisms of
sites. First of all, the following holds:

Lemma 7.2.11. Consider two frames L and M. Frame homomorphisms
L — M correspond to morphisms of sites (L, J*") — (M, J53"). In other

words, the 2-functor
L (L Ca”’b)
Frame ——— Site

is 2-fully faithful.

Proof. Since a frame is a category with finite limits, a functor A : L — M
is a morphism of sites if and only if it preserves finite limits and is cover-
preserving: this means that it preserves finite meets and arbitrary joins, i.e.
it is a homomorphism of frames. O

This implies that for a locale L, an element a of L and a presheaf P €
Psh(L) we have

a(P)(a) = Locale/L(a },1d;,([P))
= (L, J§™) /Site((1ds, (P), i (pp))s (a b, Jg2™)-

Suppose now that L = O(X) for a topological space X. Proposition
showed that the local sections of the étale bundle 7 : Ep — X are open
maps, and using Lemma we have that a section s : U — Ep (triangle
on the left) induces two commutative triangles:

U—*3 Ep o <—OEP o) HOEP

N N TN

We already know that the middle triangle is a triangle of morphisms of sites,
and by applying |6, Proposition 3.14], we have that the triangle on the right
is a diagram of comorphisms of sites. In fact, more can be said:

Proposition 7.2.12. For any section s : U — Ep, the comorphism

s1:(O(U), Jo(1r) = (O(EP), J5(,))
(Jca(’}]), Jo(Ep ))—contmuous.

Proof. Consider a sheaf W in Sh(Ep): we want to show that W o s is a
sheaf over U. To do so, consider a family of opens {V; C U | i € I} and
take for every i an element z; € W o s (V;) = W(s(V;)) so that for every
open Z C V;NVj one has x;4z) = ;js(z): we will prove that the elements
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x; are also a matching family for W on the open covering {s(V;) | i € I},
and since W is a sheaf this will imply the existence of an amalgamation
x € W(U;s(Vi)) = W(s(U;V;)). To see that the x;’s are a matching family
for W, we can restrict to considering the basic opens 7(Z) of Ep. First of
all, if 7(Z) C s(V;) and z € Z, there exists y € V; such that r, = s(y), and
thus z = 7(r,) = 7s(y) = y: therefore not only Z C V;, but actually 7 = sz.
If #(Z) C s(Vi) N S(Vj), we have that Zi|i(2) = Ti|s(Z2) = Tj|s(2) = Tjli(Z)>
where the second equality holds by the matching condition for the x;’s. This
proves that the family of the z; is a matching family for the sheaf W and the
covering {s(V;) | i € I'}, and thus it admits the amalgamation x € W (Us(V;))
we needed. O

Lemmashowed that any frame homomorphism f : O(Ep) — O(U)
satisfying i, = fo 77! is of the form s~! for some section s : U — Ep:
this implies that it admits a left adjoint s which by the last result is
a (Jg)a(’;]), J(%‘l(’EEP))—continuous comorphism of sites. Conversely, consider a
(J(Cga(?]), Jéa(%P))—continuous comorphism of sites B : O(U) — O(Ep): then
by [6, Proposition 4.11(iii)] it is cover-preserving, i.e. preserves arbitrary
colimits, and thus it admits a right adjoint which is a morphism of sites
f:O(Ep) — O(U). We can thus conclude the following:

Proposition 7.2.13. Consider a topological space X, an open subset U C X
and a presheaf P € Psh(X): then there are natural isomorphisms

ay(P)(U) := Top/1.X(U, Ep)
~ Locale/O(X)(O(U),O(Ep))
~ (0(X), J5(x))/18ite((O(Ep), J5(i,)), (OU), J5(17)))
~ Comeont/1(O(X), J5(%)) (OU), Jo(r)): (O(EP), J5(E,)))-

Remark 7.2.4. The last line presents a slight abuse of notation. We are
considering the slice category of continuous comorphisms of sites O(U) —
O(Ep) over O(X), but the functor m : O(Ep) — O(X) does not belong
to Comy,,,; since it is not continuous in general. On the other hand, the
comorphism (ig7); is continuous, since it is precisely the discrete fibration
pu: O(X)/U — O(X).

7.2.1 The fundamental adjunction in the language of internal
locales

The presheaf-bundle adjunction for locales also admits a formulation in the
language of internal locales, which has the perk that the base locale is ‘ab-
sorbed’ by the topos we are working in.

First of all, the notion of frame can obviously be interpreted in any topos.
The part of the theory regarding the finitary structure is easily interpreted.
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An internal bounded meet-semilattice in a topos & will be an object L of &
provided with three arrows

1L, 150, LxL 5L,

the interpretations of respectively the top element, the bottom element and
the meet operation, making the obvious diagrams commutative. As per the
infinitary operation of arbitrary joins, it can be interpreted as an arrow

V:2(L)— L,

where 2 (L) = QF is the power object of L (see Appendix: in the internal
logic of &, we think of the arrow \/ as mapping any S C L to its join \/ S € L.
By writing suitable commutative diagrams expressing the usual axioms, we
obtain the notion of an internal frame L in &. A homomorphism of internal
frames f : L — M is an arrow commuting with all the operations. We shall
denote by Frame(&) the category of internal frames of a topos &, and by
Loc(&) = Frame(&)% its category of internal locales.

The following result, first appeared as Proposition 2 in |22, Chapter VI,
83| (cf. also |21, Section C1.6]), shows that internal locales of a localic topos
can be externalized:

Proposition 7.2.14. For any locale L, there is an equivalence of categories
H : Locale/; L = Loc(Sh(L)).

In particular, to a morphism of frames f : L — M 1is associated the internal
locale
H(f): L = Set, H(f)(a) = {m e M | m < f(a)}.

Using the equivalence H we can reformulate the adjunction of Proposition
7.2.2| To do so, take a preorder site (C,.J) and consider the composite

- ALocale/11d(C)
s

A :[C?, Set] Locale/; 1d;(C) 25 Loc (Sh(C, J)) :

the first functor maps a presheaf P : C? — Set to the morphism of
locales gp, : Idy,(/P) — Id;(C), i.e. to the homomorphism of frames
pp' : 1dy(C) — Idj,(JP); the second functor maps g,, to a presheaf
A(P) : C°? — Set which is an internal locale of Sh(C,J). By the defini-
tion of the functor H, we have that for Z in C

A(P)(2) =A{Z €1d,,([P) | pp(T) C (Z) s},

where we use the fact that under the equivalence Sh(C, .J) ~ Sh(Id;(C)) the
element Z corresponds to the principal J-ideal (Z);. In particular, when
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P = X(X) we can exploit Lemma to obtain the following chain of
natural isomorphisms:
A(P)(Z) :=={T €1d;, (C/X) | px(I) € (Z).}
~{Zeld;(C)|ZC(X);n(Z);}
— Sub((X); N (Z))

We end up with the following result:

Proposition 7.2.15. Given a preorder site (C,J), there is an adjunction

AvLoc(sh(c,J))
—

[CP,Set] 1 Loc(Sh(C,J))
K~
TLoc(sn(c,n)

which acts as follows:

o The functor Apoc(sn(c,s)) maps a presheaf P : C? — Set to the inter-
nal locale acting for any X in C as

Aroc(sh(e,7)(P)(X) = MP)(X) ={Z € 1d,, ([ P) | 7p(Z) € (X),}

e The functor T'yoc(sh(c,r)) acts by mapping L € Loc(Sh(C,J)) to the
presheaf
ILoc(sn(c,n)) (L) : CP — Set

which acts as a contravariant hom-functor of internal locales:

I'Loc(sh(c,)) : X = Loc(Sh(C, J))(Sub((—); N (X)), L).

7.3 A site-restrictibility condition for the funda-
mental adjunction

In Section we have shown that, given a locale L, its presheaf-bundle ad-
junction Aroposs/sh(r) 1 I'Topost/,sh(z) induces an adjunction Apgeate/, 7
IMocale/, . (Corollary [7.2.10)): we may think of this as the site-theoretic re-
striction of the topos-theoretic presheaf-bundle adjunction. We represent
both adjunctions in the same diagram, as follows, where Sh is instead the
functor mapping any morphism of locales M — L to its corresponding geo-
metric morphism Sh(M) — Sh(L):
AToposs /1Sh(L)

[O(L)°P, Set] /F Topos®/1Sh(L)

0] —
1—‘Toposs/lsh(L)
'_
I‘Locale/l L ALocale/l L
Locale/ L
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Analysing the proof of the results in Section essentially what made it
possible to obtain from the topos-theoretic adjunction the site-theoretic one
is the fact that the left adjoint Aqpgpess/,sn(r) factors through the functor
Sh : Locale/L — Topos®/1Sh(L), which moreover is full and faithful: this
is essentially an application of Lemma Therefore, for any special class
of sites and (co)morphisms satisfying the same restrictibility property of A
we can apply the same strategy and obtain the following results:

Corollary 7.3.1. Consider a site (C,J) and suppose that there is a functor
A — (C,J)/Site from any category A such that the following hold:

e The composite functor AP — ((C,J)/Site)’ — Topos/Sh(C,J) fac-
tors through Topos®/1Sh(C, J) so that i : A’ — Topos®/1Sh(C, J)
s full and faithful;

e there is a functor A : [C°P,Set] — A such that ATopos® /1Sh(C,J) = iA.

((C,)/Site)? "% Topos/iSh(C, J)

| J

AP «---------y Topos’/1Sh(C, J)

AToposs /i sh(c, )

[C°P, Set] —— Topos®/1Sh(C, J)
i, )
* qop
Then A admits a right adjoint T', and aj(P) ~ TA(P).

Corollary 7.3.2. Consider a site (C,J) and suppose that there is a functor
A — Com/(C,J) from any category A such that the following hold:

e The composite A — Com/(C,J) — Topos/Sh(C,J) factors through
Topos®/1Sh(C, J) so thati: A — Topos®/1Sh(C, J) is full and faith-
Jul;

e there is a functor A : [C°P,Set] — A such that ATopos® /1Sh(C,J) = iA.

C_
Com/(C,J) 2, Topos/1Sh(C, J)

I J

A <--------- Topos®/1Sh(C, J)

Amoposs /i sh(c, )

[C°P, Set] —— Topos®/1Sh(C,J)

2 A
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Then A admits a right adjoint T', and a;(P) ~ TA(P).
Remark 7.3.1. Consider a preorder site (C,.J): we can take as the functor
A — (C,J)/Site the functor

Id;(C)/Frame — (Id;(C), Ji{7c))/Site

mapping f : Idj(C) — L to the same arrow seen as a morphism of sites

f (IdJ(C),Jfg;‘(c)) — (L, J*") (cf. Lemma [7.2.11]), we obtain again the
adjunctions of Proposition [7.2.2] and Corollary [7.2.10|
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Chapter 8

A site-theoretic interpretation
of sheafification

The presheaf-bundle adjunction for sites of Section shows that for any es-
sentially small site (C, J) the sheafification functor a; : [C°P, Set] — Sh(C, J)
can be described as the composite

AToposS/ISh(C,J) FTopos‘s/lsh(C,J)
—rmarT el

[C°P, Set] Topos®/1Sh(C, J) [CP, Set].

Le. for any presheaf P : C°? — Set and X in C we have
aj(P)(X) ~ Topos®/1Sh(C, J)(Sh(C/X, Jx),Sh([ P, Jp)).

The present chapter combines this description of aj; above with the site-
theoretic presentation of relative geometric morphisms developed in Section
Elements of the sheafification can be understood using morphisms and
comorphisms of sites, and in particular we can interpret them as ‘locally
matching families” of morphisms of fibrations. In the last section we will
focus on topological spaces, and show the connections between the various
possible interpretations of the sheafification functor. The content of this
chapter corresponds to Section 6.4 of [8].

8.1 Sheafification via morphisms of sites

We begin by describing the elements in a;(P)(X) using morphisms of sites,
via the following 1-categorical variation of Theorem

Proposition 8.1.1. Consider a comorphism of sites p : (D,K) — (C,J)
and a geometric morphism E : & — Sh(C, J). Denote by Ag the morphism
of sites (C,J) — (&,J¢"™) corresponding to E. Geomeltric morphisms in
Topos/1Sh(C, J)([E], [C}]), i.e. equivalence classes of geometric morphisms
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F making the diagram

Sh(C, J)

commutative up to isomorphism, are in bijective correspondence with equiv-
alence classes of morphisms of sites

Ap: (D, K) — (&,J¢™")

such that there is a natural transformation p : Ap = Agop inducing another
natural transformation @ : F* oaj = E* oajolanyer so that the composite

« E*oajoe

-
F*OaKOp*%E*OaJOIaHPOPOp E*oay

is invertible (where € is the counit of lanyer 4 p* ).
Proof. Theorem [1.4.3] showed the equivalence
Topos / Sh(C, J)([EL, [Cy]) ~ Site((D, K), (£, J&)/ELpp,

stating that a geometric morphism F : & — Sh(D, K) endowed with a
natural transformation ¢ : F* o Cj = E* corresponds to a morphism Ap :
(D,K) — (&, Jg™) of sites endowed with a natural transformation ¢ : Ap =
Apop. Using Remark[T.4.2] we see that ¢ is invertible if and only if @ : Ap =
Apgp satisfies the condition in the claim. Finally, let us consider objects of

Topos/1Sh(C, J)([E], [C})) :

two equivalent geometric morphisms F = F' : & — Sh(D, K) correspond
to equivalent morphisms of sites Ap = Ap @ (D, K) — (&,J¢™), and if
CpF = E then there exists some invertible 2-cell ¢ : F* o C} = E*, and

thus some @ as claimed. O

Using Remark [I.4.2] we have that @ satisfies the claim of the result if and
only if for every presheaf H : C? — Set, if we consider for every X in C the
collection of elements z € H(X) (with "z : X(X) — H the corresponding
arrow of [C°P,Set]) and the collection of arrow y : p(D) — X, the arrows
0y defined as

E*aj("z")

Ar(D) 22 Ap(p(D)) 229 Ap(X) = E*0,(X) E*ay(H)

form a colimit cocone in &. We can condense these considerations in the
following description of sheafification in terms of equivalence classes of mor-
phisms of sites:
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Proposition 8.1.2. Consider a site (C,J) and a presheaf P : C? — Set
with corresponding Grothendieck fibration p : [P — C. For an object X inC,
denote by Bx : C — Sh(C/X, Jx) the flat J-continuous functor associated to
Cpy 1 Sh(C/X,Jx) — Sh(C, J): it acts by mapping any Y in C to the sheaf
L;(Y) o p¥, and accordingly on arrows. The set aj(P)(X) is isomorphic to
the set of equivalence classes of morphisms of sites

A: ([P, Jp) = (Sh(C/X, Jx). JSnic/x.1x))
such that there is a natural transformation
p: A= Bxp

satisfying the following: for every presheaf H : C°P — Set, if we consider for
every Y in C the collection of arrows y : X (Y) — H of [C°P,Set] and for
every (Z,s) in [P the collection of arrows z : Z —'Y , the composites

g AZ,5) 220 By(2) Bx(v) ZXY, gy (m)

form a colimit cocone in Sh(C/X, Jx).

8.2 Sheafification via comorphisms of sites

Elements in a;(P)(X) = Topos®/1Sh(C, J)(Sh(C/X, Jx),Sh([P, Jp)) can
also be described using J-equivalent comorphisms of sites. First of all, we re-
call that any geometric morphism H : Sh(C/X, Jx) — Sh([P, Jp) over the
base topos Sh(C, J) is a local homeomorphism, and thus it is essential. Since
both its domain and codomain are induced from continuous comorphisms of
sites, we apply Proposition to obtain the following:

Corollary 8.2.1. Consider a site (C,J) and a presheaf P : C°? — Set.
Denote by p: [P — C and px : C/X — C the relevant fibrations. Giving a
geometric morphism H such that the triangle

Sh(C/X,Jx) —— Sh([P, Jp)

N G

Sh(C, J)

is commutative (up to equivalence} is the same as gim'ng a continuous comor-
phism of sites B : (C/X, Jx) ([(JP)°P, Set], Jp) up to Jp-equivalence
(see Section , endowed wzth a natural transformation 7 : B = p* Xepx
such that the composite

lan poPOT

oXep
7 i lanyer B ="—=> lanyerp* K ¢epx :> Kepx
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is sent by ay to an isomorphism, where £ is the counit of lanyer = p*. In
particular, for any X in C it follows that aj(P)(X) is isomorphic to the set
of pairs (B, T) as above, where B is chosen up to J-equivalence.

Remark 8.2.1. Recall that for W : (fP)® — Set, (Y,U) in [P and
Z in C then langr(W)(Z) := colimy.z_,qv,i) W(Y,U). We can describe
the natural transformation 7 := (¢’ o kepx)(langer o 7) componentwise as
follows: set [w: W — X] in C/X, so that the component 7([w]) is an arrow
langor B([w]) — X ¢(W) of [C°P, Set]. Its component at Z in C is the unique
arrow

COhmgp:Z—)q(Y,U) B([w])(Yv U) - COhmcp:Z—>q(Y,U) C(Y’ W) - C(Z7 W)

induced by colimit property from the cocone whose leg indexed by ¢ : Z —
q(Y,U) is the arrow

([wh(V,U)

B([w))(Y,U) = CY,w)=5¢c(Z,W).

8.3 Sheafification via matching families of comor-
phisms of sites

A third approach to the sheafification, which is more geometric in spirit,
allows to present any

H € Topos/1Sh(C, J)(Sh(C/A, J4),Sh([P, Jp)) ~ a;(P)(A)

‘locally’” by morphisms of fibrations: that is, one can consider a J-covering
family {gy, : Dy, — A | u € U} such that restricting H to each of the toposes
Sh(C/D,, Jp,) results in a geometric morphism induced by a morphism of
fibrations C/D,, — [P. This point of view connects with the definition
of the elements of aj(P)(A) as locally matching families of elements of P,
which can be found for instance in [6, Proposition 2.19]. The argument goes
as follows:

e we express the topos Sh( [P, Jp) as a colimit of local homeomorphisms
of the kind Sh(C, J)/¢;(p(X, s)): by pulling back the colimit along H
we obtain an expression of Sh(C/A, J4) as a colimit of local homeo-

morphisms of the kind Sh(C, J)/B(X, s);

e cach of the toposes Sh(C,J)/B(X,s) in turn can be expressed as a
colimit of local homeomorphisms of the kind Sh(C, J)/¢;(Ya);

e finally, each topos Sh(C,J)/l;(Y,) can be covered by étale toposes
Sh(C, J)/t;(D,) such that the composite geometric morphisms

Sh(C, J)/£s(Dy) — Sh(C, ) /£5(A)
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and

Sh(C, J)/€;(Du) = Sh(C, J)/€;(p(X, 5))

are induced by arrows g, : D, — A and ¢!, : D, = p(X,s), and thus
by morphisms between the corresponding fibrations.

First of all, we combine Theorem [5.2.1] and Corollary [6.3.5 to obtain the
following:

Lemma 8.3.1. Consider a site (C,J) and a presheaf P : CP — Set: then
the cocone

Sh(C,J)/6;(p(Y. P(y)(5))) 2% Sh(C,7)/0s(p(X. 5))

ln
aJ( s
I, s xw)

Sh(C, J)/a;(P )

is a colimit cocone, where each (X, s) is an object of [P and"s': X(X) — P
is the arrow corresponding to s € P(X) by Yoneda’s lemma.

If we take a geometric morphism H making the triangle

Sh(C,J)/t;(A) —— Sh(C,J)/a;(P)

nw\ T

Sh(C,J)

commutative, by Lemma there exists h : £;(A) — ay(P) such that
H = [],. The inverse image H* corresponds to pulling back along h: in
particular, we shall consider the pullbacks

B(X,s) ‘&

J
b(X,s)J’ - laJ(rsj)

0;(A) — s as(P).

Thus pulling back the colimit in Lemma [8:3.1] along H, we obtain a colimit
cocone

Sh(C,J)/B(Y, P(y)(s)) — Sh(C,J)/B(X,s)

le(X,s)
[y, peyy(o))

Sh(C, J)/t,(A).

By applying again Lemma [8.3.1] we can express each of the étale toposes
Sh(C, J)/B(X,s) as a colimit whose legs are of the kind

Sh(C,7)/0s(Ya) 12 Sh(C, J)/B(X, )
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for all arrows « : £;(Ys) — B(X,s). Notice that by composing colimit
cocones we obtain a jointly epic family of arrows

b(X,s)

0;(Y) 3 B(X,s) 05(A).

Finally, we exploit the following result:

Lemma 8.3.2 |6, Proposition 2.5|. Consider a site (C,J) and a morphism
a:ly(X) = L;(Y): there exist two families of arrows {fy, : Dy — X | u €
U} and {gy : Dy, =Y | uw e U} of C such that {f, | w € U} is J-covering,
Cy(gy) = aoly(fy) and for every span h: W — Dy, k: W — D, in C such
that fuh = fuk we have £;(g,h) = £5(guk).

This lemma states that every arrow between representables is ‘locally
induced’ at the level of the presentation site. We can apply this lemma to
the composite arrows

b(X,s) c(X,s)
— —

y(Y) = B(X,s) ly(A), £;(Y) = B(X,s) ti(p(X,s)) :

by refining enough the J-covering family {f, : D, — Y4} we conclude that
there exist two families {g, : D, = A} and {¢/, : D,, — X}, all indexed by a
set U, such that ¢(X, s)oaol;(fu) = £s(g),) and b(X, s)oaols(fu) = £s(gu).
The diagram

Iay s x00)) = Cres 29l

— Sh(C,J)/t;(Dy) 1 |
e () -
Sh(C, J)/l;(Ya) R
It (ou) I1.
Sh(C, J)/B(X, s) =9 Sh(C, J)/t,(p(X, 5))
oix.o) lHaJUsB

s Sh(C, J)/ts(A) ——— Sh(C.J)/a;(P) +

is commutative, hence for every arrow g, the composite Ho[] 05(gu) is equiv-
alent to the functor C (5" %(gl)) i.e. it is presented by a comorphism of sites.
Moreover, the family of all arrows £;(g,) is jointly epic (since the families
of the arrows b(X,s), a and £;(f,) all are), and hence the family {g,} is
J-covering. We can thus sum up our conclusions as follows:

Proposition 8.3.3. Consider a site (C,J), an object A of C, a presheaf
P :C°? — Set and a geometric morphism H making the diagram

Sh(C/A, J4) —— Sh([P,Jp)

N G,

Sh(C, J)
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commutative (up to equivalence). There is a J-covering family {g, : Dy —
Al ue U} and a family of morphisms of fibrations {G,, : C/Dy, — [P | u €

U} such that each composite geometric morphism

Sh(C/Du, Jp,) L% Sh(C/A, J4) 25 Sh([P, Jp)
1s equivalent to the geometric morphism
Cea, : Sh(C/D,, Jp,) — Sh([P, Jp).

Of course, a geometric morphism H admits multiple presentations in
this way, since one can choose different families {f,}, {g.} and {g,} to
present it at the level of sites. Starting instead from the comorphisms Gy,
one can recover H quite easily: indeed, the geometric morphisms Cg, :
Sh(C/Dy, Jp,) — Sh([P,Jp) form a cocone under the diagram indexed
by the elements of the J-covering family {g,}, which induces a geometric
morphism from their colimit, which is Sh(C/A, J4), to Sh( [P, Jp).

8.4 Sheafification for a presheaf over a topological
space

We conclude this chapter by collecting the various possible descriptions of
the sheafification in the context of topological spaces. Consider a topological
space X and a presheaf P : O(X ) — Set, and denote its sheafification by
a(P). For U in O(X) we have

a(P)(U) = Top/X (U, Ep) (1)
~ Locale/O(X)(O(U), O(Ep)) )
~ (O(X), &) [Site((O(Ep), J&m ), (OU), J&m ) (3)
~ Comeont/ (O(X), Jo(x))(OWU), J51r)), (O(EP), Jo(g,y))  (4)
= Topos®/Sh(X)(S ( ), Sh(Ep)) (5)
~ Topos®/Sh(X)(Sh(U),Sh( [P, Jp)) (5%)
~ Site' ([ P, Jp), (O(U ) Jor)) (6)
~ Com%,((O(U), &), (((f P) Set] ))/'p*iO(X)pU (7)
=~ Locally matching families of Fibyx -), [P) (8)

where the symbol T denotes the morphisms of sites
A ([P Jp) = (OU), J5(1)

satisfying the condition
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1) there is a natural transformation A = i;;' o p, where
( U °b
igt = (-nU): 0(X)— O)

and p : [P — O(X), whose induced natural transformation ¢ :
Sh(A)*ay, = Sh(iU)*aJéa&)lanpop at the level of geometric morphism
is such that the composite

Sh(A)*oay, op*

ﬂmp*

Sh(iy)* oaolan,e o p*
ﬂSh(iU)*oaoa
Sh(ZU)* oa

is invertible (where ¢ is the counit of lanyer = p*) (this results from
Proposition [8.1.2).

On the other hand, the symbol ® states that we consider Jp-equivalence
classes of continuous comorphisms of sites B : O(U) — [([P)°?, Set] with a
natural transformation 7 : B = p* & o(x)pu satisfying the requirement

(*) : the composite

lang,opot g'oXcopx

lan,or o B langer 0 p* 0 Ko opy =————= FKcopx

is sent by a to an isomorphism, where €’ is the counit of lan,er 4 p*

(see Corollary [8.2.1)).

Let us recapitulate how we can go from one form to the other.

The connection between the first four items was already partially ex-
plored at the end of Section [7.2] but we briefly sum it up. To go from
(1) to (2) and (3), we map a section s : U — Ep to s~' : O(Ep) —
O(U) (where morphisms of sites and homomorphisms of frames coincide by
Lemma [7.2.11)); going from (2) and (3) to (1), i.e. reconstructing the section
s: U — Ep from a homomorphism of frames O(Ep) — O(U), is the content
of Proposition Mapping s to s; = s(—) : O(U) — O(Ep) provides
instead a way to go from (1) to (4). Finally, a continuous comorphism of
sites in (4) admits a right adjoint which is a morphism of sites, and so we go
back to (3).

By applying either Sh(—) or C(_) we can go from (1), (2), (3), (4) to (5);
conversely, one can easily go back from (5) to (2) by restricting a geometric
morphism Sh(U) — Sh(Ep) to the locales of subterminal objects.

To go from (5) to (5*) and viceversa it is enough to exploit the equivalence

Sh( [P, Jp) ~ Sh(Ep) of Proposition [6.1.5,
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To go from (5*) to (6), we can simply restrict the inverse image of a
geometric morphism H : Sh(U) — Sh( [P, Jp) to representables; viceversa,
a morphism of sites [P — Sh(U) induces a geometric morphism Sh(U) —
Sh( [P, Jp). The connection between (5*) and (7) is the content of Corollary
while the connection between (5*) and (8) was sketched in Section [8.3]

To conclude, we sketch the explicit connection between the first items and
the last items, without going through the categories of geometric morphisms.

If we start from (1), i.e. from a section s : U — Ep, it is easy to verify
that the corresponding morphism of sites of (6)

As: [P— O(U)
is defined by mapping any object (V,t) of [P to the open s~(#(V)) C U.
The inclusions
sTE(V) ={zcUNV |s(x) =t} CUNV
provide the components of a natural transformation Ag = i(_le satisfying
(). Viceversa, consider a morphism of sites

A ([P, Jp) = (OW), J5(rr))

satisfying (7): we can define a homomorphism of frames f4 : O(Ep) — O(U)
by setting the image of basic opens as

fat(vV)) = Jw cu | w c A1)}

and requiring that f4 preserve arbitrary unions. This allows us to go from
(6) to (2).

Finally, let us connect (1) and (7). Starting from a section s : U — Ep,
we consider the continuous comorphism of sites s(—) : O(U) — O(Ep) ~
Idj, ([ P) of item (4). By considering the corresponding geometric morphism
Sh(U) — Sh(Id,, ([ P)) and applying to it Proposition We obtain that
s corresponds to the continuous comorphism of sites

O(U) % Sh([ P, Jp) < [(/P). Set],

where in particular R maps an open V C U to the union of subterminals

U EJP (VV, ’I“).
WCv,
reP(W)
s.t. sy =r
Conversely, start from B : O(U) — [([P)°,Set| a continuous comor-
phism of sites as in item (7), it induces a geometric morphism F : Sh(U) —
Sh( [P, Jp) whose inverse image acts by mapping a Jp-sheaf H : ([P)? —
Set to the J(%a(%)—sheaf
F*(H): O(U)® — Set, F*(H)(V) :=[([P)?,Set](B(V), H).
By restricting to subterminals we obtain a frame homomorphism Id ;,, ( [ P) ~
O(Ep) — O(U), i.e. an element of (2) and (3).
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Appendix A

Dependent product in
elementary toposes

Dependent products in elementary toposes can be built in various ways (see
the introduction of |7] for a short survey on the matter). Since their existence
for a category & with finite limits is equivalent to & being locally cartesian
closed, and hence cartesian closed, their construction relies heavily on higher-
order constructions. The present appendix presents the content of Section 2
of |7], which proposes a description of dependent products based on reducing
the use of higher-order tools to the bare minimum, as we exploit mainly finite
limits, images and power objects.

Let us set the following notations for this chapter. We shall call & the
base topos, and we shall consider an arrow f : P — @ of & we wish to
describe the dependent product

[I;:&/P—&/Q

by computing its value [[;[h] at an object [A: H — P] of &/P.

We begin by recalling the construction of dependent products for the
topos & = Set (cf. also |28, Theorem 1.9.3]). In this case dependent prod-
ucts are described quite easily, as the name suggests, as products of a family
of indexed sets. First of all, a P-set h : H — P can be seen as the P-indexed
family of sets {h~1(p) }pep: notice that this comes from the categorical equiv-
alence Set/P ~ Set”, which is a particular instance of Theorem [5.2.1] It
follows that the dependent product [],[h] is the Q-set {]];(,)-, h=t(p)}eeo:
while its ‘glued’ form is the set J[ co [T, h=t(p) = Q.

To generalize this construction to an arbitrary elementary topos, we need
to describe it with a suitable formula in the internal language. Notice that
the description above contains set-indexed products and coproducts: what
makes the generalization possible is the fact that all terms are ‘bounded’,
which allows us to represent them in terms of power objects and finitary
products.
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For a set W denote by & (W) its powerset. For a family of sets H; C H
indexed by ¢ € I it holds that

[[H={wePHExI)|Vicl3lzecH(=i)cuw)
i€l
ANVielIVaxeH((x,i) €w=z€ H,;)},

and thus in particular

II v ') ={we2Hx ) |Vpef(g) 3 weH((z,p) € w),
f(p)=q
Vpefl(q) Vo e H((x,p) € w= h(z) =p))}.

The element w belongs to a set parameterized by ¢: since f~'(¢) C P, we
can remove this dependence with the equivalent formulation

[[ »'w={we 2(H xP)|Vpe P(f(p) =q= 3 = € H((x,p) € w)),
f(p)=q
VpePVYxe H((x,p) cw=h(z)=pA f(p)=q)}.

We glue all these fibres together along the indexing given by ) and obtain
the following internal expression for the dependent product.

Proposition A.1. The dependent product Hf[h] is defined by the internal
language formula

Lm=11 II »'w
q€Q pef~1(q)

={(q,w) €Qx P(HxP) |Vpe P (f(p)=q=FzcH((x,p) cw)),
Vp € P Vr € H((z,p) €w = h(z) =pA f(p) = q)}

with structural morphism the projection onto the Q-component.

For a sketch of the proof see |7, Proposition 1.1]. The set-theoretic proof
is constructive and thus holds in any topos, and it relies on the functional
completeness of the internal language of a topos, i.e. the possibility to define
arrows element-wise. Our goal now is to extract from the logical description
above a more categorical construction of the dependent product.

First of all, we recall that in a finitely complete category & ‘the’ power
object of an object X is an object (X)) together with a subobject €x—
X x Z(X) such that for any subobject n : N — X X Y there is a unique
n' Y = Z(X) for which there is a pullback square

N — ¢€x



If & is well-powered (that is, the collection of subobjects of any given object
is a set) this means that &?(X) is the representing object for the functor
Sub(X x —) : &P — Set. The arrow n’ is the classifying arrow for n. The
subobject €x is to be thought internally as the collection of pairs (z,S)
where 2 € X, S C X and z € S; the arrow n’ sends y to {2/ | (2/,y) € N},
so that N is indeed the pullback of € x along 1 x n/. In particular, we denote
by {}x : X — Z(X) the classifying arrow for the diagonal subobject
Ax: X — X x X.

The power-object construction can be made into a contravariant functor
P . &P — &. In the internal language, for any w : X — Y the arrow
P(w): 2(Y) — P(X) operates as the inverse image. It is well known that
a finitely complete category with all power objects is an elementary topos |21}
Sections A2.1-A2.3]; in particular, the subobject classifier is Q@ = Z(1¢).

Remark A.1. In &/Q, the power object of [k : K — @] is the equalizer of
the two arrows

Q x 2(K) 2% 2(K),

(Z(k)e{-}Q) 15 k) P

Q x Z(K) (K) x 2(K) 25 2(K),

where A : Z(K) x Z(K) — Z(K) represents internally the intersection
of subobjects (see |28, Theorem IV.7.1]). The domain of Z([k]) is denoted
by Zqg(k) and is described in the internal language as

Pok) ={(a.5) € Q x 2(K) | S k™' (q)}-

To obtain a categorical construction of [],[h], we split its formulaic de-
scription in Proposition [A-]] into smaller pieces: more precisely, we will find
three subobjects of Q x Z(H x P), which we shall call V¢, (5), Tlf and T%
such that [];[A] is their intersection.

The first piece we are interested in is described internally by the formula

{(gw)e@x P(H xP)|Vpe P (f(p)=q= 3z e H((x,p) €w))}:

we shall call it Vy.1(S), as it can be presented as the image of a certain
object S via an external V functor. First of all, we define

S:={(p,w) e Px PHxP)|3NzeH((x,p) cw)l

a subobject of P x &(H x P) which expresses the functionality of w in the
variable p. In turn, S is obtained starting from the subobject

el .=cpyp— HxPx PHxP):

its classifying arrow, denoted by ¢ : P x &Z(H x P) — £ (H), acts internally
as (p,w) — {z € H | (z,p) € w}. Then notice that internally S is the
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collection of pairs (p, w) such that ¢(p,w) is a singleton, and thus is built as
the pullback
S——

H
’ [eh (A1)
P x P(H x P) —— 2(H).

Now, in the above description of [] f[h] this functionality of w in p is
required for all the p’s in the fibres of f. To address this, we can exploit
the (external) V, functor: in general, for a subobject A »— X and an arrow

g: X—>Y,
Vo(A)={yeY | g '(y) C A}

C A}.
In particular, for f X 1pgxp) : Px P(H x P) = Q x Z(H x P), we obtain
the object

Vix1(S) ={(q,w) € Qx P(HxP)|Vpe P(f(p) = ¢ = Nz € H((z,p) €w))}.
Next, we intersect V¢yq(S) with
T ={(¢.w) € Qx P(Hx P) |Vpe PYzeH ((wp) cw= f(p) =}

which expresses a “fibre condition” relating elements of w and ¢: in fact, recall
that w should be thought of as a tuple in Hpeffl(q) h=1(p). The subobject

Tlf can be described by the equivalent condition w C 7r1§1 f~(q) and thus it

coincides with Zg(fonmp : H x P — Q). Alternatively Tlf =V, (W7), where
7 is the obvious arrow

T:QX €Egxp— QX HXPxPHxXP)—QxPHXP)

and
Wiy —— Hx Px Z(H x P)

_
I I<f7rP71H><P><9(H><P)>
1Q><€g
QX €Egxp —— Q@ x Hx Px P(H x P),

with mp being the canonical projection H x P x #(H x P) — P, is the
subobject of quadruples (g, z, p, w) such that (z,p) € w and ¢ = f(p).
A third subobject we are interested in is

T ={(qw) e Qx P(HxP)|¥YpePVzecH/ ((zp) cw= h(z)=p)},

stating that whenever (x,p) € w, (x,p) also belongs to the graph of h.
Similarly to Tfc , we also have that T =V, (W>), where

Wy —— Q x Hx Z(H x P)
_
I IlQXUH,h)Xl@(pr)

lQXeg
QX €gxp —— Q@ x Hx P x Z(H x P)
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is the subobject of quadruples (g, z, p, w) such that (z,p) € w and p = h(x).

Thus ] ;[h] = Vx1(S) N Tlf N T in the internal language of the topos:
we now give a purely categorical proof of the fact that the object Vs, 1(S) N
T 1f N TQh, with its canonical projection to @, satisfies the universal property
of the object [] f[h]. The proof reduces to the study of certain subobjects of
H x P x K, which will serve as a ‘bridge’ between arrows [f*(k) : f*(K) —
P} — [h] and [k : K — Q] — [[;[h]. Here is how they come into play:
an arrow « : [f*(k)] — [h] is precisely an arrow « : f*(K) — H in &
satisfying the slice condition h o a = f*(k); identifying this arrow with its
graph (o, 1) : f*(K) — H x f*(K) and regarding f*(K) as a subobject of
P x K via the monomorphism (f*(k),k*(f)) : f*(K) — P x K, we obtain
a subobject (mpg,mp,mg) : M — H x P x K satisfying the following
properties:

(i) hompy = mp, i.e. it is a morphism in the slice topos &/ P;

(i) there is an isomorphism m : M = f*(K) such that f*(k)om = mp and
kE*(f) om = mg, i.e. M represents the graph of an arrow f*(K) — H.

In other words, the following diagram is commutative:

ME,Mm <m mp,m > o, f* * <A2)
(mr ml smmpimie) I< PR ()
HxK — HxPxK.

(Lm,h)x1g
On the other hand, any arrow g : K — Z?(H x P) corresponds to a
subobject M of H x P x K, which can be described, using the internal
language, as the collection of triples (z,p,u) such that (z,p) € B(u) and,
categorically, as the following pullback:

M > €HxP
_J
<mH7mp7mK>I I (A.3)
HxPxK-— HxPxZ(HxP)

1H><1P><,8

Lemma A.2. Consider (k,5) : K — Q x Z(H x P) and M classified by
as in square .

(i) (k,B) factors through Tlf if and only if (mg, mp,mg) : M — H x P x
K factors through 157 x (f*(k),k*(f)) : H x f*(K) — H x P x K

(ii) (k,B) factors through T if and only if homy = mp;

(iii) (k,B) factors through ¥¢«1(S) if and only if there is a morphism « :
f(K) — H such that (a, 1) : f*(K) — H x f*(K) is the pullback of
M along g x (f*(4), K*(1))-
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Proof. We preliminarily observe that we have the following rectangle, whose
internal squares are both pullbacks and whose lower composite arrow is 7:

(i)

(iii)

(mpg,mp,mg)

M » » HXx P x K K
_l |
i <ko7rK:1H><1P><ﬁ>i b]ﬁ@
Qx €Egxp —— QX HXPx PHxXxP) —— Qx P(HxP)
1Q><€g

(k,B) factors through Tlf = V,(W1) if and only if its pullback along
7 factors through Wi — @Qx €gxp. By the universal property of
the pullback square defining Wy, 7*((k,)) factors through W; —
Qx €pxp if and only if the composite arrow (komg, 1y X 1p X ) o
(mg,mp,mg) = (komg,mg,mp,Fomg) : M — Q x Hx P x
P(H x P) factors through (fomp, 1pyx p(rxp)) : HXPXx P (H X P) —
Q x Hx P x Z(H x P). Now, if such a factorization exists then it
is necessarily equal to (mg,mp,omg): M — H x P x #(H x P),
and this arrow satisfies the required property if and only if, denoting
by m¢g the canonical projection Q@ x H x P x Z(H x P) = Q, mgo(fo
7P, Lpx p(Hxp)) © (Mmu, mp, Bomk) = mgo(komg, my, mp, Bomy).
But this holds precisely when fomp = komg, i.e. (mg,mp, mg)
factors through 1z x (f*(k),k*(f)) : H x f*(K) — H x P x K.

Similarly to (i), (k,3) factors through T = V¥, (W3) if and only if its
pullback along 7 factors through Wy — @Qx €pgxp, equivalently if
and only if the arrow (ko mg, mpy, mp, B omg) factors through 1¢g x
(I, ) x1pxp) : QxHXP(HXP) = QxHxPxZ(HxP). Now, if
such a factorization exists it is necessarily equal to (komg, mg, fomp),
and this arrow satisfies the required property if and only if, denoting
by 7/ the canonical projection @ x H x P x #(H x P) — P, n'F'o
<k‘ o mK,mH,mp,B o mK> = 7T,P o (1Q X <1H,h> X 13J(HXP)) o <k‘ o
mK,mH,B o mK>, i.e. mp = ho mrpy.

(k, B) factors through Vs, 1(S) if and only if its pullback along f x 1,
fe. (f*(k),Bok*(f)): f*(K)— P x Z(H x P), factors through S —
P x Z(H x P); this happens if and only if there is some o : f*(K) — H
such that {-}yoa = @o (f*(k),80k*(f)) (a is also unique since {-} g
is monic, cf. |21, Corollary A2.2.3]). Now, the arrows {-}y o o and
wo (f*(k),Bok*(f)) are equal if and only if they classify the same
subobject of H x f*(K). It is immediate to see that {-}y o a classifies
(o, 1pe(iy) = [H(K) — H x f*(K), and that o o (f*(k), 8 o k*(f))
classifies the pullback of €yyp— H x P x Z(H x P) along 1y x
(f*(k), B o k*(f)), which coincides (by the pullback lemma) with the
pullback of (mpg,mp, mg) along 1y x (f*(k),k*(f)). So {}goa =
wo (f*(k),Bok*(f)) if and only if the left-hand square in the following
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diagram is a pullback:

JH(K) > M > €EHxP

(a,lf*(K))I (mpyg 7mP7mK>I B I

Hx f(K) »—— HxPxK —— HxPxZ(HxP)
L X (f* (k)K" (£)) 1y x1pxf

O

Notice that the factorization of (k, 3) through V¢.1(S) alone grants the
existence of o. Using the internal language, we can express this condition
as the requirement that for every p € P, if f(p) = k(u) then there exists a
unique x such that (x,p) € B(u). In fact, o : f*(K) — H assigns to each
such pair (p,u) that single z € H. On the other hand, T: 1f and T% provide
the fibre-like conditions which o and S must satisfy.

We can conclude the following:

Theorem A.3. Let h: H — P be an object of &/P. Then, with the above
notation, Hf[h] = Vi (S) N Tlf NTY. More specifically, for any object
k: K — Q of &/Q, there is a natural bijective correspondence between the
arrows [f*(k) : f*(K) — P] — [h] in &/P and [k : K — Q] — [];[h] in
&/Q. This correspondence sends

e an arrow o : [f*(k)] = [h] in & /P to the arrow (k, B) : [k] = Vx1(S)N
T{ﬂTQ}LHQXe@(HXP) in &/Q, where f: K — P(H x P) is the
classifying arrow of the graph of a, regarded as a subobject of HX PX K ;

o an arrow (k,B) : [k] — fol(S)ﬂTlfﬁTQh — QX P(HxP)iné&/Q to
the arrow o : [f*(k)] — [h] in &/ P whose graph in & is the subobject
of H x P x K classified by (3.

Proof. We will show that a subobject (mg,mp,mg) : M — H x P x K
makes diagram commutative, i.e. corresponds to an arrow « : [f*(k)] —
[h] in &/ P, if and only if its classifying arrow 5 : K — Z(H x P) is such
that (k, 3) factors through V1 (S) N Tlf NTY:

k*(f)

T

/ T

Q x #(H x P)

Lemma says that (k,3) factors through T if and only if M satisfies
condition (i) for diagram (A.2)). Lemma tells us that (k,8) factors
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through Tlf if and only if (mpg, mp, mg) : M — H x P x K factors through
L x(f*(k),k*(f)) : Hx f*(K) — HxPxK, while by Lemma[A .2 (k, 8)
factors through V¢, 1(5) if and only if its pullback along 15 x (f*(k), k*(f)) :
H x f*(K) — H x P x K is isomorphic to (o, 1) : f*(K) — H x f*(K).
Therefore, S factors through Tlf and V1 (S) if and only if condition (ii)
for diagram is satisfied. So we can conclude that 5 : K — Vyy1(S) N
T 1f N T2h as a morphism of &/Q corresponds to a unique morphism « :
[f*(k)] = [h] in &/ P and viceversa. The naturality of this correspondence is
immediate, as all the arrows involved in it are defined by universal properties.

O

The pervasive appearance of V in the previous results is not a big step
towards an elementary treatment of the dependent product, but it can be
reduced to more basic structures, namely limits and power objects. To do so
we must recall the definition of the covariant power-object functor (see |21,
pag. 92]): it is defined as & on objects, but it sends an arrow f:Y — X
to the arrow 3f : Z(Y) — Z(X) classifying the image of €y — Y x
2(Y) ELING '@ Z(Y). The notation 3f is justified by the fact that S C Y
issent to {f(y) |y e St ={zre X |y e S (f(y) =x)}. Using the covariant
power object functor, V can be described as follows:

Proposition A.4. Let f:Y — X be an arrow and i : A — Y a subobject
in an elementary topos &. Then Y¢(A) ~ A’ (as subobjects of X ), where A’
s defined by the following pullback square:

A P(A)

[ g
X % Z(X) o (Y)

More explicitly, the vertical arrow Ji : P(A) — P(Y) is the classifying
arrow of the composite subobject

in'@(A)

€ar— AX P(A) ——='Y x Z(A)

and the horizontal arrow Z(f)o{-}x : X — P(Y) is the classifying arrow
of the graph of f.

Proof. Using the internal language, we have:
A'={(z,N) e XxP(A)| [ H(z) =i(N)}={z e X | [~} (x) Ci(A)} =V (A).
O

Distinguishing T: lf and T# we were able to isolate what exactly causes
the induced arrow « : f*(K) — H to yield a morphism in the slice topos
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&/ P; yet, we could have treated the intersection of Tlf and TQh as a whole
from the very beginning: being both Tlf =V, (W1) and T = V,(Ws), their
intersection is V(W7 N Ws) (this holds since V is a right adjoint and thus
commutes with intersections). There is yet another very simple formulation
for Tlf N TZh, in terms of a power object in the topos &/Q:

Proposition A.5. As a subobject of Q x Z(H x P), Tlf NTY is isomorphic
to the composite monomorphism

foh 1ox3((1,h

Po(H L5 Q)™ @ x 2(H) )y Q x 2(H x P).

Proof. By Remark we have that

Po(H L Q)= {(0,5) € Q x P(H) | S C (foh) (g},
and thus

(1@X3(<1,h>)) om =
={(q,w)eQxZ(H x P) | (35)((q,S)€ Z([fh]) Nw = (1,h)(5))}
={(q,w)ERXZ(H x P) |V(z,p)€w (p = h(z) A f(p) = q)}
=1/ N1

O

To conclude, we describe the interaction between dependent products
and subtoposes .#% — &. In general, any geometric morphism ¢ : % — &
induces, for each E € &, a geometric morphism vg : % /¢Y*(E) — &/E
making the following diagram commutative:

9#6"

Hf*(E)T TH?;
T (E) —— 6/E.

The inverse image v}, is defined as ¢} ([h]) := [¢*(h)], while the direct
image ¥p. sends an object k : K — ¢*(FE) to the pullback of 1. (k) along
the unit g : E — ¢¥,*(E) |21, Example A4.1.3]. In particular, when v is
an inclusion ¢ g is also an inclusion |6, Example 5.18|. Let us now consider
a subtopos a i :.% — &. For any arrow f : P — @, the square

e/p ot £10

("P)*l l”Q)*
Z [i*(P) (W Z[1*(Q)
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of inverse images is commutative, since a preserves pullbacks. Therefore, the
square of direct images if also commutative. Notice that if P and @ lie in %,
a(P) = P, a(Q) = Q and (ip)«, (iQ)« are the canonical inclusion functors
induced by the embedding of .# into &.

Summarizing, we have the following result:

Proposition A.6. Leti: ¥ — & be a subtopos and f: P — @ an arrow
in &. Then
ny
E/P ———— &/Q
(). [, (A4)

F[a(P) —— 7 [a(Q)
a(f)
is a commutative diagram of geometric morphisms.
In particular, if f : P — Q is a morphism in ¥, then the dependent
product H? : FIP — F/Q is the restriction of H‘f : 8P — &/Q along
the canonical inclusions F /P — & /P and F/Q — &/Q.
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Appendix B

Some results on Grothendieck
universes

In this appendix we recap some results about Grothendieck universes, our
main interest being the study of geometric morphisms between toposes of
sheaves valued in different universes. The original results in this appendix
appear in [8], and have been developed in view of an application to the study
of the dychotomy between ‘petit’ and ‘gros’ toposes.

Universes were first introduced in the appendix of Exposé I in [1], but
another standard reference is |26]. First of all, a Grothendieck universe is a
set U satisfying the following four axioms:

(i) if x €U and y € x then y € U;
(i) if x,y € U then {z,y} € U,
(iii) if # € U then P(z) € U;

(iv) if I €U, for any map f: 1 — U then (J,c; f(i) € U.

Note that this is called pre-universe in [26], and a universe is a pre-universe
that contains the set w of von Neumann finite ordinals. This latter condition
is equivalent to asking that a universe is not empty, as remarked after Propo-
sition 7 in |1, Appendix|. In short, a universe is a set closed under the usual
set theoretic operations that can be performed on its elements. Universes
can be used to avoid the dichotomy set/class, when dealing with size issues
in category theory: instead of small sets, one can speak about U-small sets,
i.e. sets that are isomorphic to an element of U. If one is given a set which
is not U-small, i.e. which is U-large, one can suppose that there is a wider
universe V containing both said set and i/, and thus ‘widen the horizon’. We
recall though that the assumption that every set be contained in a universe
is a powerful set-theoretic axiom, which implies the existence of a strongly
inaccessible cardinal containing every other chosen cardinal.
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A category C is a U-category if for every pair of objects Y and X of C
the hom-set C(Y, X) is U-small; the category C is locally U-small category in
the terminology of [26]. In a similar fashion, one says that C is U-small if
its set of morphisms is U-small.

Denote by Sety, the topos of U-small sets: then it is a U-category. Given
a further universe V such that & € V (by axiom (ii) we have also U C V) we
have an obvious full and faithful inclusion

Setu — Setv.

For every category C we can consider its U-presheaves, i.e. the contravariant
functors C? — Sety: if C is U-small then [CP, Sety] is locally U-small. If
U €V, a U-category C is also a V-category and we have again a full and
faithful inclusion

[CP, Sety] — [CP, Sety)].

A site (C,J) is called a U-site if it admits a J-dense full subcategory that
is U-small (see |1, Definitions 3.0.1 and 3.0.2]); alternatively one could say
that (C,J) is U-small generated. In particular, the site is U-small if C is a
U-small category. One can speak of U-sheaves on a U-site, thus obtaining
the topos Shy/(C, J). A U-topos is a U-category equivalent to a category of
U-sheaves for a U-site. Moreover, in analogy with the presheaf case, given an
inclusion of universes U C V one can consider the U-site (C,J) as a V-site,
thus producing a full and faithful inclusion of sheaf toposes

Shy(C, J) = Shy(C, J).

Finally, we recall that all usual properties of toposes are true when one works
with universes. For instance, a topos of U-sheaves is closed under Uf-small
limits and colimits. This implies that when one considers the sheafification
functor [C°P, Set] — Shy(C,J), which is defined by colimits, it commutes
with the expansion of universes: that is, we are left with the two (essentially)
commutative squares

Shy(C,J) — [C°,Sety] Shy(C,J) «+L— [C, Sety)]

I ] J J

Shy(C,J) — [C°,Sety] Shy(C,J) «2L— [C, Sety]

This is essentially the content of |1, Exposé II, Proposition 3.6].

As we have anticipated above, our main interest is to study the behaviour
of geometric morphisms with respect to the change of universe. In the follow-
ing we will always assume U € V to be two universes and (C, J) and (D, K) to
be U-sites. Consider two geometric morphisms F' : Shy (D, K) — Shy(C, J)
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and G : Shy(D, K) — Shy(C, J): we will say that G is an extension of F,
or that I is a restriction of G, if the two squares

Shy(D, K) —< Shy(C,J) Shy(D, K) <& Shy(C, J)

J J J J

Shy/(D, K) — Shy(C,J) Shy(D, K) «Z— Shy(C,J)

are commutative up to natural isomorphism. For instance, we can restate
our previous considerations about a; by saying that Shy(C, J) — [C?, Sety]
restricts to Shy/(C,J) — [C°P, Sety]. This holds more in general for any
geometric morphism induced by a morphism or a comorphism of sites:

Proposition B.1. LetU C V be universes and (C,J) and (D, K) be U-sites.

(i) Let F : (C,J) — (D,K) be a morphism of U-sites. Then the F is
also a morphism of V-sites (C,J) — (D, K) and the geometric mor-
phism Shy(F') : Shy (D, K) — Shy/(C,J) is (up to isomorphism) the
restriction of Shy(F) : Shy(D, K) — Shy(C, J).

(i) Let G : (D,K) — (C,J) be a comorphism of U-sites. Then G is also a
comorphism of V-sites (D, K) — (C,J), and the geometric morphism
(Cq)u : Shy (D, K) — Shy(C, J) is given by the restriction of (Cq)y :
Shy(D, K) — Shy(C, J).

Proof. (i) Since both Shy/(F), and Shy(F), act as the precomposition
— o F°P| evidently the former is the restriction of the latter. Moreover,
|1, Exposé II, Proposition 1.5] shows that F' is (J, K)-continuous as
a U-functor if and only if it is (J, K)-continuous as a V-functor, and
that Shy(F)* is the restriction of Shy(F)*. So far we have the two
(essentially) commutative squares

Shy(D, K) Yl shy(c, 7)) Shy(D, K) e sny (e, )

J J J J

Shy (D, K) Yl shy(c, 1) Shy(D, K) 2 shy(c, )

We are left with considerations on the flatness of F': that is, we want to
know whether Shy,(F')* preserves finite limits if and only if Shy(F)*
does. Since Shy/(F)* is a restriction of Shy(F)* one implication is
obvious. For the converse we can resort to the definition of morphism
of sites provided in |6, Definition 3.2|: F'is a morphism of sites as a U-
functor if and only if it satisfies the four requirements of said definition,
which are site-theoretic and thus are independent from the universe of
choice.
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ii) Again, since (Cg)j;, and (Cg)}, both act as the precomposition — o
( ) gal, Gy G)y p p
G°P, the former is a restriction of the latter. Finally, |1, Exposé II,
Proposition 2.3(4)] shows that (Cg)ys is the restriction of (Cq)ypx.
O

The previous proposition is based on the consideration that the proper-
ties ‘being a morphism of sites’ and ‘being a comorphism of sites’ can be
formulated entirely at the level of the sites. We can state this as a general
principle:

Metatheorem B.2. Consider a morphism (resp. comorphism) of U-sites
F:(,J) - (D,K): any property P of Shy(F) (resp. (Cr)y) that is
site-theoretic is stable under extension.

Proof. Suppose that Shy,(F') satisfies a property P if and only if the mor-
phism of sites F' satisfies a site-theoretic property ): that is, () can be
expressed in terms of U-small families of arrows and objects of the U-sites
(C,J) and (D, K). Now consider any wider universe V 3 U: since U-small
sets are V-small, if F' satisfies ) as a morphism of U-sites it obviously satisfies
@ as a morphism of V-sites, and thus Shy (F) satisfies P. O

Notice that the converse may not hold: if the sites are not U-small, we
may have that F' satisfies a property for V-sites (for instance, involving a
sufficiently large set of morphisms) without it satisfying the same property
for U-sites.

On the matter of restrictibility of properties, we can start by remarking
that some constructions on sheaves are preserved and reflected by the in-
clusion Shy(C,J) < Shy(C,J). For instance, it is known that a U/-small
diagram D of U-sheaves in Shy,(C, J), has as co-/limit a U-sheaf, and it co-
incides with the co-/limit calculated in Shy,(C,J). In general, we will call
operation any process through which we can associate to a diagram in a
category a further object, such as the calculation of limits and colimits. We
will say that an operation is stable under restriction if, whenever U € V), the
choice of U-small diagrams of U-sheaves yields a U-sheaf as output. Now
suppose that a a geometric morphism G : Shy,(D, K) — Shy(C, J) admits a
restriction F': Shy (D, K) — Shy/(C, J), and suppose that G satisfies some
property P which can be characterized by operations that are stable under
restriction. Then of course F' satisfies the same property, because the action
of F' on U-sheaves corresponds (up to isomorphism) to that of G, and the
property P, when applied to U-small diagrams of U/-sheaves, yields again
U-sheaves. We end up with the following metatheorem:

Metatheorem B.3. Consider a geometric morphism G : Shy(D,K) —
Shy,(C, J): any property of G that can be formulated in terms of operations
that are stable under restriction is stable under restriction.
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An immediate consequence of these two metatheorems are the two fol-
lowing results:

Proposition B.4. Consider two universes U € V, two U-sites (C,J) and
(D, K), and two geometric morphisms F : Shy(D,K) — Shy(C,J) and
G : Shy(D,K) — Shy(C,J) such that F is a restriction of G. Then the
following holds:

(i) if G is an embedding, F is an embedding;
(i) if G is a surjection, F is a surjection;
(1ii) if G is essential, F is essential;

(iv) if G is local (i.e. Gy has a fully faithful right adjoint G*), F is local;
moreover, F' is the restriction of G' to U-sheaves.

Proof. (i) The geometric morphism G is an inclusion if and only if G,
is fully faithful. Since the two functors Shy(C,J) — Shy(C,J) and
Shy(D,K) — Shy(D,K) are also fully faithful, this immediately
forces Fi to be fully faithful and thus F'is an embedding.

(ii) G is a surjection if and only if G* is faithful. By applying an argument
similar to that of the previous item, we immediately conclude that F*
is faithful and hence F' is a surjection.

(iii) G is essential if and only if G* has a further left adjoint, and this
happens if and only if G* preserves V-small colimits: but this implies
that F* preserves U-small colimits, and thus F' is essential.

(iv) G4 has a right adjoint if and only if G, preserves arbitrary limits: we
then have the same argument as in the previous item. Notice now that
the right adjoint G' of G an be defined as follows: for P € Shy,(C, J),
G'(P) : D? — Set, G'(P)(D) := Shy(C,J)(G.(¢;(D)),P). If P €
Shy,(C, J), a quick computation shows that

G'(P)(D) ~ Shy/(C, J)(F.(¢s(D)), P) = F'(P)(D),

and thus F' restricts G'. Finally, the considerations on the full faith-
fulness of F' are the same as those in the previous items.
O

Proposition B.5. Consider a morphism of U-sites F: (C,J) = (D, K):
(i) Shy(F) is a surjection if and only if Shy(F) is a surjection.
(i) Shy(F) is an embedding if and only if Shy(F) is an embedding.

Consider a comorphism of U-sites F : (D,J) — (C, J):
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(111) (Cp)y is a surjection if and only if (Cr)y is a surjection.

() (Cr)u is an embedding if and only if (Cr)y is an embedding.

Proof. All the restrictions were proven in the previous result. Conversely:

(1)

(i)

Shy/(F) is a surjection if and only if F' is cover-reflecting, by [6, The-
orem 6.3(i)]: since said property is site-theoretic, Shy(F) is also a
surjection.

By [6, Theorem 6.3(iii)], Shy/(F") is an embedding if and only if F :
(C,Jr) = (D,K) is a weakly dense morphism of sites, where Jp is
the topology over C of those sieves that are sent by F' to K-covering
families. In turn, |6, Proposition 5.5| formulates the weak denseness
condition purely in site-theoretic terms, and thus Shy(F) is also an
embedding.

[6, Proposition 7.1] provides a purely site-theoretic description for
(CF)u to be surjective, and thus it is stable under extension.

|6, Proposition 7.6] characterizes the property of (Cr)y to be an in-

clusion quantifying over arrows of the site (D, K) and the presheaf
topos [DP, Sety]: therefore, said property is still satisfied when F' is
considered as a comorphism of V-sites.

O
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Appendix C

Conditions for a generic map
to be étale

Given a topological space X and a function
m:FE— X,

we will analyse in this appendix some set-theoretic conditions under which 7
is an étale map. We have already mentioned in Section that étale spaces
come as colimits of their local sections: and indeed, it is the choice of those
sections that we want to be continuous that forces all the relevant structure
onto 7. This is made very explicit from the following result:

Proposition C.1. /3, Lemma 2.4.7] Consider a local homeomorphism 7 :
E — X: then the topology on E is the final topology making all its local
sections continuous.

Explicitly put, if we consider the family of continuous local sections of 7,
the topology on F is the finest topology making them continuous. As we can
see, the topology on E is canonically defined once we know which sections
are the continuous ones. Moreover, for a local homeomorphism 7 : £ — X
the two following properties always hold:

(i) E is covered by its local sections, i.e. the family of continuous sections
of 7 is jointly epic;

(ii) the continuous sections of 7 are open.

We will see in a moment that assuming these two properties for a certain
class of sections of 7 is enough to build a topology T;rs on F such that 7 is
a local homeomorphism with respect to it. After that, we will confront 75
with another topology J;f , which provides us with a subbase for the étale
topology. Finally, we will consider necessary and sufficient conditions for a
map to be étale. The content of this appendix is essentially that of Sections

6.1.1 and 6.1.2 of [§].
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In general, for an open subset U of X we shall call local section of m at
U any map s : U — E making the diagram

U—5FE

N

commutative. We will denote by Sec(w) the set of pairs (U, s), where U €
O(X) and s : U — E is a local section of 7. Notice in particular that every
section s of 7 is injective, since ms = iy is injective.

First of all, we consider on F the topology of Proposition
Proposition C.2. Consider a topological space X, a map w : E — X of
sets and a collection S C Sec(w) of local sections of w. The collection

S = {WCE|VYUs)eS, s {(W)eOU)}

s a topology on E, and it is the finest topology making all the local sections

in S continuous. Moreover, TS makes  continuous.

Proof. Consider one local section s : U — E of m: the set
Tw,s) ={W C E | s~'(W) € O(U)}

provides a topology over E, which is the finest topology making s continuous.
It follows that the finest topology making all the sections s € S continuous
will be the intersection of the topologies 7y ) over all possible choices of
(U,s) € S, which is

() 7w ={WCE|V(Us)eS, s (W)eOW))y},
(U,s)eS

Le. the topology . 7}5 above. Finally, to prove that 7 is continuous, consider
an open V € O(X): then for every (U, s) € S, we have that s 7~ 1(V) =
i;" (V) := V N U, which is open, and thus 7—1(V) € 75. O

Let us consider the relevant properties for the sections of an étale map
which we listed at the beginning of the section. First of all, joint surjectivity
of § is connected to the openness of 7:

Lemma C.3. Consider 7 : E — X and S C Sec(r) as in Lemma [C.Z: if

the local sections in S are jointly surjective over E then w is open.

Proof. Consider any W € 75 and any (U, s) € S. Notice that if z € s~ (W),
then s(z) € W and thus = = 7s(z) € 7(W): this implies that

U s'ov) ca(w)

(U,s)es
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for every W € 5. Conversely, take x € 7(W), i.e. 2 = 7(w) for some w € W
since the local sections in S are jointly surjective, there is some (U, s) € S
and u € U such that s(u) = w, which implies z = 7s(u) = u € s~ (W).
This proves the opposite inclusion, and since all the s~*(W) are open also
m(W) is open. O

Let us now turn our attention to openness of the sections. Since all
the sections in S should be open with respect to 75, we should in particular
require for every (U, s) € S that s(U) be open in E. Spelling out this request
explicitly we obtain the following condition:

[t] for every (U, s), (V,t) € S the set
t(s(U) ={zreVnU]|s(x)=tx)}
is open in X.

Notice that [f] is in fact the generalization of a well known property of
local homeomorphisms (see for instance |3, Lemma 2.4.6]), the local equality
condition for sections: given two different local sections (U,s) and (U, t)
of m and an element # € U such that s(x) = t(z), there exists an open
neighbourhood W' C U of  such that sy =t .

Lemma C.4. Consider 7 : E — X and S C Sec(r) as in Lemma[C. 4 If S
satisfies [T] then its sections satisfy the local equality condition; the converse
holds if S is closed under subsections, i.e. if (U,s) € S and W C U is open
then (W, sw) € S.

Proof. Suppose that all sections in S are open and consider two sections
(U,s) and (U,t) and € U such that s(z) = t(z): then x € t~1(s(U)),
which is an open subset of U such that sj;-1(s)) = tj;-1(s(v)), and hence the
local equality condition is satisfied.

Conversely, consider two sections (U, s) and (V,t) and an element z €
t~(s(U)): by the local equality condition, applied to the sections (V N
U,sjyru) and (V N U, tyqp) of S, there exists some open neighbourhood
Z CVNU of x such that ¢|; = s;z. This implies that Z C ¢~ '(s(U)) and
hence t~1(s(W)) is open in X. Since this holds for all choices of (U, s) and
(V,t) we conclude that the sections of S are open. O

We are now ready to show that if S satisfies [f] and is jointly surjective
then 7 can be made into a local homeomorphism:

Proposition C.5. Consider a map m : E — X, where X is a topological
space, and a family of local sections S C Sec(m). Suppose that

(i) the local sections of S are jointly surjective, i.e. for every w € E there
exist (U,s) € S and x € U such that w = s(z);
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(ii) S satisfies [T], i.e. for every two sections (U, s) and (V,t) in S the set
tHs(U)) =s1# (V) ={x e UNV | s(x) = t(x)} is open in X.

If we endow E with the topology T;f of Lemma the map m s a local
homeomorphism, and the continuous sections of w are precisely those that
are gluings of subsections of sections in S.

Proof. Consider an element w € E: we want an open neighbourhood W € 7'7}9
of w such that 7(W) is open and 7y is a homeomorphism.

Since the local sections of S are jointly surjective, there exists (U, s) € S
such that w € Im(s). Since the sections of S are open, s(U) is an open
neighbourhood of w. Finally, consider the arrow

msw) : s(U) = 7s(U) =U :

it is continuous and open since it restricts m, which is continuous and open
(by Lemma ; it is also bijective, since it is the inverse of s : U = s(U).
Thus 74y is a homeomorphism.

Finally, consider any continuous section (V,t) € Sec(w) of 7, i.e. such
that ¢ is continuous; since 7 is a local homeomorphism, ¢ is also open by
Corollary If we consider the open subset ¢(V) C E, by the joint
surjectivity of the sections in S we have that there exist (U, s;) € S fori € I
such that t(V) C |, s:(U;). If we consider the opens Z; := s; ' (t(V)) = {z €
UNV | tx) = si(x)} € U; NV, we have that (Z;,sz,) = (Zi,t|z,) is a
subsection both of (U;, s;) and (V,t). Now, for every v € V there exists i € I
and = € U; such that t(v) = s;(x): applying 7 this implies that v = x, thus
v € U; and t(v) = s;(v), so that v € Z;. This tells us that V' is covered by
the opens Z;, and thus the section ¢ : V' — FE is indeed the gluing of sections
t\z, » Zi — E, which are subsections of the sections (Uj, s;) of S. O

Remark C.1. The family & may be completely arbitrary, but there is no
loss in generality if we consider it closed under subsections and gluings, since
such a closure does not affect the induced topology T;rg . Indeed, suppose
that (U,s) € S and call &’ := SU{(W,s)y)} for a subsection (W, sy) of
(U,s): then evidently 75" C 7. Conversely if we take V € 75, we have
that (s;p)"H(V) = s71(V) N W, which is open in W, and hence V € s
so that 75 = T;rsl. Now consider (U;,s;) € S such that for every i, j we
have s;ju,nu; = Sjju;nu;, call U = U;U; and s : U — E the map obtained by
gluing the maps s;. Call 8’ = SU{(U, s)}. Of course, 75" C 7. Conversely,
consider W € 72 in particular, for every i we have s; (W) open in X, and
hence s™H (W) = Ujs; (W) is open in X. Thus W € 75, and again 75 = 75.

Consider a topology O(F) on E making m continuous, and denote by
Cont(m, O(E)) C Sec(w) the class of local sections of 7 that are continuous

when E is endowed with O(E). The last line of Proposition tells us
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that Cont(m, 7'7‘? ) is the closure of & under subsections and gluings. By the
previous remark, we have that
7_;;5 — Tgont(mTf)'
Now, suppose that the topology O(F) over E already makes 7 into a local
homeomorphism: then Proposition states that

O(E) _ Tgont(w,O(E));
if we are given a smaller family of sections & C Cont(mw, O(E)), we have for

sure that
O(E) _ 7_Sont(w,O(E)) C 7_7}5’7

and thus 72 is the biggest topology on E making 7 into a local homeomor-
phism with all the sections in § continuous.

Since 7';5 is an upper bound for the topologies making 7 a local homeo-
morphism, we can wonder which topology could be the lower bound. Such a
topology ¢ must in particular contain as opens all sets s(U) for (U, s). This

leads us to consider on E the topology oS, generated by the subbase
Bs={s(U)C E| (U,s) € S}.

An open set W of o9 is either E or a union of finite intersections of elements
of Bs, i.e. something of the form

w=J ﬂ 5i,j(Uij)

icl \j=1

for (Ujj,si ;) € S. This topology is closer in definition with those usually
considered when studying structural sheaves and spectra for algebraic theo-
ries (we shall recall some examples later).

The first thing that we have to remark is that the continuity of = is
not granted, when F is endowed with Uf . For instance, consider the set
X ={0,1} with the discrete topology, £ = {0, 1} and take 7 : E — X to be
the identity map; then take S to consist only of the section {0} — {0,1}. It
is immediate to see that 0 = {, {0}, {0, 1}}, and hence 7 is not continuous.
On the other hand, continuity of the sections in § is directly related with
the openness condition [{] and the inclusion of ¢ into 72

Lemma C.6. The following are equivalent:
(i) the sections in S are continuous when E is endowed with oS ;
(i1) S satisfies [t], i.e. the sections in S are open with respect to TS ;

(iii) oS C 75,
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Proof. (i)=(ii). Suppose that every section in S is continuous, and consider
two sections (U, s) and (V,t): since s(U) € Bs, we have that t~!(s(U)) is
open in X. As this holds for all choices of (U, s) and (V,¢) in S, we conclude
that S satisfies [f].

(ii)=(iii). Consider a section (U,s) € S and the corresponding basic
open s(U) € Bs. Since [f] holds, for every section (V,t) € S the subset
t=1(s(U)) is open in X, and thus s(U) € 75 by definition of 7. We have
Bs C 72, which implies 05 C 7.

(iii)= (i). Consider a section (U, s) € S and any open W € 0S: since
05 C 72, the subset s~1 (W) is open in X by definition of 7. Since this
holds for every choice of W, the section (U, s) is continuous. O

The opposite inclusion of topologies, on the other hand, does not seem
to enjoy a similar nice characterization, but it is necessary for S to be jointly
epic:

Lemma C.7. The sections in S are jointly epic if and only if the opens in
Bs cover E. If this holds, T,‘f C 07‘?.

Proof. The first consideration is tautological. Consider W € 7°: by defini-
tion, for every section (U, s) € S we have s~1(W) open in X. Now, suppose
that the sections in S are jointly epic: then for every w € W there exists
(U,s) € S and = € U such that s(z) = w. Since z € s(s™'(W)) C W we
have that W is covered by opens of the form s(s~'(W)), which are basic
opens in Bs, we can conclude that W € o2 O

2.
The previous considerations imply the following:

Corollary C.8. Consider a map w : E — X, with X a topological space,
and § C Sec(m) jointly epic and satisfying [f]: then Bs is a subbase for the
topology T;rs.

Proof. If S satisfies [f] then 0 C 75, while if the sections in S are jointly
epic the opposite inclusion holds. O

Notice that if S is jointly surjective and satisfies [f] there is exactly one
possible topology on F making 7w into a local homeomorphism such that
the sections in S are continuous, since any other such topology must be
squeezed between 78 and ¢S (which coincide). The equality of the two
topologies 7'7‘1.3 and U;f alone is in general not enough to deduce that 7 is a
local homeomorphism; it does however imply that its restriction to the joint
image of § is:

Proposition C.9. If 05 = 75, then the composite
7:E= |J s()=>ESX
(U,s)eS
S

is a local homeomorphism when E is endowed with the topology o2 .
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Proof. We can consider S as a family of sections whose domain is F instead
of E: of course then the sections in S are jointly surjective over £. On the
other hand, the inclusion 68 C 75 implies that S satisfies [t], and thus 7 is
a local homeomorphism. O

Let us conclude this section with a couple of further considerations. The
first is that there are some canonical bases for the topology 7'7‘? , which include
Bs whenever S is closed under subsections:

Proposition C.10. Consider 7 : E — X and S C Sec(w) as above, and
suppose that S is jointly surjective and satisfies [f]:

(i) If Ais a base for X, then

BS :={s(V)| (Us) €S, VeA VCU}

is a basis for T;rs ;

(ii) The collection

{s(V) | (U,;s) e S,V CU, V open}

is a basis for 5;

(iii) If S is closed under subsections, Bs is a basis for 75.

Proof. (i) First of all, let us show that B is indeed a basis. If (U,s) € S
and w € s(U) then w = s(z) for some z € U. Since U is open in X,
there must exist some open A € A such that x € A C U, and thus
w € s(A). This implies immediately that the opens in Bf\ cover F
whenever § is jointly surjective. Consider now two sections (U, s) and
(V,t), two basic opens U’, V' € A such that U’ C U and V' C V and
an element w € s(U’) Nt(V'): there must exist some z € t~(s(U)) =
{z € UNV | s(z) = t(x)}, which is open in X by the condition [f], such
that w = s(z) = t(x). Moreover x € U' N V', and hence we can take a
small enough open A € A such that x € A C U'NV'Nt~1(s(U)). This
immediately implies that s)4 = t|4 and w € s(A) C s(U") Nt(V'), and
thus Bi is a basis.

Every open B¢ is open in 75: indeed, if we take (U,s) € S and U’ € A
such that U’ C U, then for every other element (V,¢) € S it holds that
t=1(s(U")) = t71(s(U)) N U’, which is open in X. Therefore, B C 2.
Finally, let us show that every open in T;rs can be covered by opens in
the basis Bf\. If we consider w € W € 75, since S is jointly surjective
there must exist (U, s) € S such that w € s(U), i.e. w = s(x) for some
r € U. By definition of 75, the set s~1(W) C U is open in X, and
thus there must exist a basic open A € A such that z € A C s~ (W),
which implies w € s(A) C s(U).
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(ii) It follows from the previous item, when we take A = O(X).

(iii) If S is closed under subsections it is immediate to see that Bs = Bg( x)-
O

Finally, we show that the request for the existence of a family of sections
S can be formulated in terms of a ‘local bijection’ between the two sets E
and X:

Proposition C.11. Consider a map p: E — X, with X a topological space.
The following are equivalent:

(i) There exists a topology on E such that w is a local homeomorphism;
(i) There exist a family of sets {W; C E | i € I} such that

(a) U;Wi = E;
(b) for every i, myy, : Wi — m(W;) is bijective and m(W;) C X is open;
(c) for everyi,j eI, m(W;NW;) C X is open.
Proof. (i)=(ii) is obvious: if 7 is a local homeomorphism then E is en-
dowed with O(E) = 7Gont(mO(E), Every w € E belongs to s(U) for some

continuous section (U, s) € Cont(m, O(E)), and 4y : s(U) — U is a home-
omorphism. Moreover, one easily verifies that

n(s(U) Nt(V)) =t~ (s(V)),

which is open in X.
(ii)=(i). We can set U; := m(W;) C X and

—1

T,
SiZUZ’—>Z Wi‘—>E:

then one immediately sees that S = {(Uj, s;) | ¢ € I} is a family of sections
for m which is jointly surjective. Finally, a quick calculation shows that

T(Wi N W;) = 57 (s;(U;)),
which is open by hypothesis: this means that S also satisfies [f], and thus
the topology 75 over E makes 7 into a local homeomorphism. O
Algebraic spectra and their structural sheaves

As an application of the previous results, we consider two famous cases of
spectra of algebraic theories, and show that the usual topologies on their
structural sheaves can be recovered using canonical classes of local sections.
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Consider a commutative ring R. We recall that the spectrum Spec(R)
is defined as the set of its prime ideals. It can be endowed with the Zariski
topology, whose base is that of opens of the kind

D(a) := {p € Spec(R) | a ¢ p}

for every a € R. Now, consider the set

E = H Ry, = Spec(R),
peSpec(R)

where 7 is the canonical map sending each component Ry to p. It is well
known (see for instance |16, pag. 70]) that the set E can be topologized so
that the projection 7 is a local homeomorphism: the corresponding sheaf
Spec(R)°? — Set is the structural sheaf of the ring R. The topology O(E)
on FE is induced by the base

B={B(a,9) :={lgly € Ry | p € D(a)} | a € R, g € Rla™ "]},

where [g], denotes the class of g seen as an element of the localization Rj.
What we can remark now is that O(E) can now be understood as induced
by the canonical class of sections

S={s;:D(a) »E|a€cR, geRla", sy(p):= gy} C Sec(r).

We notice immediately that B(a,g) := sq(D(a)), and therefore B = Bs.
The sections in S are obviously jointly epic: every h € Ry, is a fraction of the
kind z/y where y ¢ p, and thus h = [z/ylp, = 5./, (p) for s,/ : D(y) — E.
We can also show that S satisfies [f]. To do this consider any two sections
Sg/an + D(a) = E and s, ym : D(b) — E, and take

P €5 jpn(52/an(D(a)) = {p € D(a) N D(B) | [w/a"]y = [2/b™]p} :

since [x/a™], = [2/b™], in Ry, there exists w ¢ p such that wzd™ = wza™.
Now, notice that p also belongs to the open D(wab) = D(w) N D(a) N D(b);
conversely, if q € D(wab) then

[x/a"]q = [wxb™ /wab™]q = [wza" /wa™b™]q = [2/0™]q,

which means that D(wab) C s;/lbm(sm/an (D(a))). Therefore, we have that
the subset sz_/lbm (82/an(D(a))) is open in Spec(R). Applying Proposition
we conclude that 75 makes 7 into an étale space over Spec(R); on the other
hand, since S is obviously closed under subsections we can apply Proposition
[CI0[to conclude that B, as defined above, is a basis for E. In this way, taking

the sheaf of cross-sections of this bundle, we recover the structure sheaf of
A, as described in |16].
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We now turn our attention to spectra of MV-algebras. We recall that an
MV-algebra (see for instance |10]) is an abelian monoid (A, ®,0) endowed
with a further 1-ary operation — satisfying the axioms ——x = z, x @ (=0) =
=0 and ~(-x D y) Dy = =(-y ® x) ® z. In particular we set 1 := —0.
Any MV-algebras admits an order relation < defined by = < y if and only
if there exists z € A such that x & z = y. We will also make use of the
derived operation x © y := —(—z @ y): in particular, x < y if and only
if x ©y = 0. Finally, there is a binary distance operation d, defined by
d(z,y) = (zoy) & (yox).

An ideal of A is a submonoid I C A such that if y € I and z < y then
x € I. The ideal [ is said to be prime if it is strictly contained in A, and
moreover for every x and y in A either x ©y € I or y© x € I. Every ideal
I of A provides a congruence ~y on the elements of A, defined by x ~ y if
and only if d(z,y) € I. The quotient by said congruence is denoted by A/I.

We define the spectrum of A to be the set Spec(A) of prime ideals of A.
For each a € A, we define W (a) := {I € Spec(4) | a € I}. One immediately
checks that W(0) = Spec(A), W(1) = 0 and W(a) N W(b) = W(a @ b),
and thus the sets W (a) are a basis for a topology over Spec(A). We now
introduce the set

E = H AJT T Spec(A).
IeSpec(A)

It can be endowed with a topology making it into an étale space over Spec(A),
induced by the class of global sections

S={a:Spec(A) - E |ac A, a(I) = [alr}.

Said sections are of course jointly epic over E. As per the condition [t], one
can check that for a pair of sections a and b one has

b~ (@(Spec(A))) = W(d(a,b)),

which is open in Spec(A): thus the topology 75 makes 7 into a local home-
omorphism. Applying Proposition we have that the topology T;rs is
generated by the basis

B (a) | acay = (b(W(a))la € A, be A}.

We thus recover, by taking the sheaf of cross-sections of this bundle, the
structure sheaf of A, as constructed in [10].
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Appendix D

Technical lemmas in category
theory

Adjunctions between functor categories

Lemma D.1 |34, Proposition 4.4.6]. Consider a pair of adjoint functors
FAHG:A— B. For any category C there is an adjunction

(—oF)

VS

B,C] T [AC].

~__

(—0G)
Corollary D.2. Consider a reflective subcategory a i : A < C and another
category F. For any pair of functors F,G : A = %, there is a natural
bijection

[A, Z|(F,G) = [C, F|(Fa,Ga)

Proof. We recall that a right adjoint is full and faithful if and only if the
counit of the adjunction is a natural isomorphism (see for instance [34}
Lemma 4.5.13|): thus the counit € of a 44 is a natural isomorphism. There-
fore we have the chain of natural bijections

A, Z)(U,V) = [A, Z|(Uai, V) 2 [C, ] (Ua, Va)

where the bijection on the left is just composition with Ue, while the bijection
on the right comes from the previous lemma. O

Joint conservativity and preservation of co-/limits

Lemma D.3. Consider a functor F' : A — B and a family of jointly conser-
vative functors C; : B — C;. Suppose that A, B and all the C; have (co)limits
of shape I, and that all the functors C; and C;F preserve said (co)limits:
then F' also preserves said (co)limits.
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Proof. We prove this for colimits, but the argument is the same for lim-
its. Consider a diagram D : 7 — A and consider in B the unique ar-
row m : colim(FD) — F(colimD). If we apply C; we obtain C;(m) :
Ci(colim(F D)) — C;F(colim D): but both C; and C;F commute with lim-
its of shape Z, thus C;(m) is equivalent up to canonical isomorphisms to
the identity of colim(C;F'D). Since the functors C; are jointly conservative
this immediately implies that m is an isomorphism, and hence F' preserves
colimits of shape 7. O

Restriction of adjunctions to full subcategories

Lemma D.4. Consider the diagram of 2-categories

A

/A

Q ~.

where i is 2-fully faithful. If iA ~ A, then T :=T'i is a right adjoint to A,
and TA ~TA. The same holds for 1-categories and i fully faithful.

Proof. It is immediate by the following chain of pseudonatural equivalences
(resp. natural isomorphisms):

A(X,Ti(Y)) ~ B(A(X),i(Y)) ~ B(iA(X),i(Y)) ~ C(A(X),Y).

Lemma D.5. Consider a diagram of 2-functors

L
A 1
R

7

—

R/

V)

and suppose R = io R': then Loi - R'.
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