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A R T I C L E I N F O A B S T R A C T

Editor: Clay Córdova The first analytic solutions representing baryonic layers living at finite baryon density within a 
constant magnetic field in the gauged Skyrme model are constructed. A remarkable feature of 
these configurations is that, if the Skyrme term is neglected, then these baryonic layers in the 
constant magnetic background cannot be found analytically and their energies grow very fast 
with the magnetic field. On the other hand, if the Skyrme term is taken into account, the field 
equations can be solved analytically and the corresponding solutions have a smooth limit for large 
magnetic fields. Thus, the Skyrme term discloses the universal character of these configurations 
living at finite Baryon density in a constant magnetic field. The classical gran-canonical partition 
function of these configurations can be expressed explicitly in terms of the Pearcey integral. 
This fact allows us to determine analytically the Stokes lines of the partition function and the 
corresponding dependence on the baryonic chemical potential as well as on the external magnetic 
field. In this way, we can determine various critical curves in the (𝜇𝐵−𝐵𝑒𝑥𝑡) plane which separates 
different physical behaviors. These families of inhomogeneous baryonic condensates can be also 
dressed with chiral conformal excitations of the solutions representing modulations of the layers 
themselves. Some physical consequences are analyzed.
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1. Introduction

Non-perturbative effects of Quantum Chromodynamics (QCD) play a fundamental role in the low-energy processes of strong 
interactions since the color confinement prevents from describing the low energy limit of systems of quarks through perturbative 
approaches [1–3]. The unknown behavior of strong interactions in this regime makes the understanding of certain phenomena a 
hard task; it is the case, for instance, of the internal structure of Neutron Stars. Indeed, the intermediate layers of these objects are 
known to be composed by particular states of baryonic matter, called Nuclear Pasta [4–11]. Here, baryons appear to be deformed 
and organized in ordered arrays with different shapes, which reminds of pasta (for instance, they can form tubes, which reminds of 
spaghetti states, or layers, which reminds of lasagna states, or balls, which remind of gnocchi states, and so on). Their formation is due 
to the competition of non-perturbative QCD effects and Coulomb interactions. An analytical description of these interactions is, by 
now, out of reach; for this reason, they are generally studied employing numerical simulations [4–7,12,13]. With these methods, it 
is possible to characterize the general structures of nuclear pasta and some of its physical properties. The problem of the numerical 
simulations lies in the fact that the results are limited by the necessity of a huge computational power; for instance, the introduction of 
external interactions and the study of these nuclear structures in curved space-time is a hard task (see, for instance, [13]). Alternative 
methods require a more fundamental analysis of the non-perturbative aspects of QCD. An example is provided by the Lattice QCD 
(LQCD), in which the quark fields are represented by lattice sites and gluons by the links between them [14–23]. When the lattice is 
infinitely large, the non-perturbative effects arise. As shown in the cited works, LQCD leads to remarkable results, but the non-linear 
nature of QCD prevents an analytical description; moreover, the numerical results yield the so-called sign problem. For this reason, it 
is not very effective in the study of the phase diagrams of QCD at finite temperatures.

Recent results show that an analytical description of structures of baryons is possible, considering the non-perturbative effects 
of QCD as properties of some topological spaces; this link is a known fact that has been studied for decades by many authors 
[24–30]. A remarkable example is represented by the Skyrme model, which has been shown to represent an Effective Field Theory 
(EFT) for strong interactions, providing a good description of both single baryons and multi-baryonic systems [31–55]. The main 
difficult encountered in this representation is represented by the complicated shape of the equations of motion (known as the Skyrme 
equations), which requires the introduction of an ansatz in order to obtain analytical solutions.

Our interest focuses on nuclear pasta structures description; in this scope, we refer to the works [39–55], in which two particular 
ansätze have been introduced. The main goal of these ansätze is to reduce the Skyrme equations to one ODE, which allows describing 
the properties of these baryonic structures through analytical tools. They are based on two parameterizations of the flavor group 
𝐺; namely, the exponential parameterization and the generalized Euler parametrization (for more details on the generalized Euler 
parameterization see, for instance, [56–58] and references therein). The employment of the first parameterization is shown to 
describe a system in which the energy and the baryonic charge concentrate in tubes and, for this reason, are called baryonic tubes. 
Their shape can be reconducted to the nuclear spaghetti states; therefore, the aforementioned ansatz is called spaghetti ansatz. The 
second is suitable for the description of baryonic layers, which shape is conductible to the nuclear lasagna states; as for the previous 
case, the ansatz obtained using the Euler parameterization will be called lasagna ansatz. In [59], these ansätze have been extended 
showing that they can be used to describe the thermodynamical characteristics of nuclear pasta, obtaining interesting differences 
2

between the Non-Linear Sigma model (NL𝜎M), which is obtained from the Skyrme model omitting the Skyrme term, and the Skyrme 
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model. More specifically, the NL𝜎M allows for conformal solutions; whereas, in the Skyrme model, chiral conformal solutions are 
founded. This is a remarkable result since it allows studying the thermodynamics of these baryonic structures from the computation 
of the partition function.

The techniques to construct analytic inhomogeneous condensates in the above references also work when the Skyrme model is 
minimally coupled to Maxwell field [54,55]. The exact solutions describing baryonic layers and the tube together with the corre-

sponding Maxwell fields generated by the U(1) Skyrme current have been found by answering the following question: how should 
one choose the ansatz for the Maxwell potential to keep the solvability properties of the ungauged ansatz in a sector with non-

zero Baryonic charge? This question has a unique answer discussed in [55]. These exact solutions of the gauged Skyrme - Maxwell 
system are Baryonic layers and tubes together with their electromagnetic field. However, there are important cases (from neutron 
stars [60] to heavy Ions collisions [61,62]) in which the external electromagnetic fields are much stronger than the electromag-

netic fields generated by the inhomogeneous Baryonic condensates. When this happens, it is natural to ask: how intense external 
electromagnetic fields deform the inhomogeneous Baryonic condensates of the low energy limit of QCD? It could appear that when 
the electromagnetic field is an external fixed background field, it should be easier to handle the problem of finding inhomogeneous 
condensates. Indeed, one may think that the problem of analyzing only the gauged Skyrme field equations in the given background 
field is easier than the problem (analyzed and solved in [55]) of constructing analytic baryonic layers and tubes together with their 
electromagnetic fields generated in a self-consistent way. Unfortunately, this is not true as in those references [55] the ansatz for the 
electromagnetic field is fixed uniquely by requiring a force-free condition [55]. On the other hand, when there is a strong external 
electromagnetic field, it is necessary to adapt the ansatz for the SU(2)-valued Skyrme field to the external fixed electromagnetic field 
(which, in general, will not be force-free) and not the other way around. Consequently, a relevant goal is to generalize the approach 
in [55] in order to describe inhomogeneous Baryonic condensates in strong external electromagnetic fields. The fact that the solution 
to this technical problem is very far from obvious becomes quite clear if one observes that, until now, no exact analytic Baryonic 
condensates in an external constant magnetic field has been found. Therefore, one of the main goals of the present paper is to find 
explicitly inhomogeneous Baryonic condensates living within strong external electromagnetic fields.

The present work aims to study the behavior of baryonic structures able to describe the nuclear pasta behavior when an external 
magnetic field is applied. This analysis is motivated by the relevance in astrophysics of the interactions between strong magnetic 
fields and baryonic structures, such as in the Magnetars [63,64]. We considered the spaghetti and lasagna ansätze in both the NL𝜎M 
model and the Skyrme model in order to depict the role of the Skyrme term when the soliton is exposed to external solicitations. 
Indeed, it is shown that the equations in NL𝜎M lose coercivity when the external field becomes big [65]. Nevertheless, when the 
Skyrme term is added, a solution can be always defined, at least in the case of baryonic layers. In particular, in the latter, the solution 
can be found using analytical tools. A remarkable property of this solution consists in its independence on the value of the external 
field; for this reason, we are going to call it as universal solution.

A remarkable byproduct of our analysis is that we can compute exactly the classical gran-canonical partition function associated 
with these families of Baryonic layers in a constant magnetic field in terms of the Pearcey integral. The Pearcey integral is well 
known in optics and has been studied in detail in connection with the Stokes phenomenon and resurgence. Thus, our exact solutions 
allow us to compute exactly the Stokes lines of the gran-canonical partition functions in the 𝜇𝐵 − 𝐵ext plane. Taking into account 
the difficulties of lattice QCD when dealing with the Baryonic chemical potential, the present analytic results which provide explicit 
expressions for critical lines separating different physical behaviors are especially important.

1.1. Notation and characteristics of the model

Let us introduce the main, general characteristics of the considered system. As anticipated in the previous sections, our model is 
based on the definition of particular ansätze which allows us to solve analytically the Skyrme equations for a multi-baryonic system 
at finite density. The last requirement is satisfied whether the system is confined in a finite space volume (say, a box). Following the 
notation introduced in [54,55], the metric is described by

𝑑𝑠2 = −𝑑𝑡2 +𝐿2
𝑟 𝑑𝑟

2 +𝐿2
𝜃
𝑑𝜃2 +𝐿2

𝜙
𝑑𝜙2. (1)

Here, the variables 𝑟, 𝜃 and 𝜙 represent dimensionless space variables, with ranges

0 ≤ 𝑟 ≤ 2𝜋 , 0 ≤ 𝜃 ≤ 𝜋 , 0 ≤ 𝜙 ≤ 2𝜋 . (2)

The spatial dimensions are collected in the quantities 𝐿𝑖, which take constant values and define the size of the box.

The interaction with an external 𝑈 (1) field is described by the Lagrangian

𝐿 = Tr
[
𝐾

2

(̂𝜇̂𝜇 + 𝜆

8
𝐺̂𝜇𝜈𝐺̂

𝜇𝜈
)]

, (3)

where

̂𝜇 =𝜇 −𝐴ext
𝜇 𝑈−1 [𝑇 ,𝑈 ] , 𝐺̂𝜇𝜈 =

[̂𝜇, ̂𝜈

]
. (4)

𝑈 represents the Skyrme field, which is given by a map

3+1
3

𝑈 ∶ℝ →𝐺, (5)
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where 𝐺 is a simple, compact Lie group, describing the underlining flavor group of quarks. 𝜇 is the ungauged left current, which 
takes the form

𝜇 =𝑈−1𝜕𝜇𝑈 =
𝑑𝑖𝑚(𝐺)∑
𝑖=1

𝑖
𝜇𝑇𝑖, 𝑇𝑖 ∈ 𝔤. (6)

Here 𝔤 stands for the Lie algebra associated with the flavor group 𝐺 and 𝑇𝑖 are the names of the generators of 𝔤. When 𝐺 ≡ 𝑆𝑈 (2), 
the Lie algebra is denoted by 𝔰𝔲(2) and 𝑇𝑖 are represented by the Pauli matrices. Notice that when 𝐴ext

𝜇 → 0, the Lagrangian matches 
the ungauged one. The external field is defined along a specific direction in the Lie algebra of the flavor group 𝐺, given by the 
element 𝑇 ∈ 𝔤 ≡ 𝐿𝑖𝑒(𝐺). Since the source of the coupled field is considered to be external to the system, the value of 𝐴ext

𝜇 does not 
undergo the equations of motions (or, better, it can be interpreted as a solution of some Maxwell equations). In particular, we are 
interested in the behavior of nuclear pasta in the presence of a constant, strong magnetic field. In this scope, the potential 𝐴ext

𝜇 is 
taken as a linear function of the space variables with 𝐴ext

0 = 0. This way, the electric and magnetic fields are defined respectively by

𝐸𝑖 = 𝐹 0𝑖 = 0 and 𝐵𝑖 = 1
2
𝜖𝑖𝑗𝑘𝐹𝑗𝑘 = 𝑐𝑜𝑛𝑠𝑡., (7)

where 𝐹𝜇𝜈 = 𝜕𝜇𝐴
ext
𝜈 − 𝜕𝜈𝐴

ext
𝜇 is the field strength. As we are going to analyze in the following sections, the Skyrme equations are 

further simplified when the magnetic field undergoes some particular conditions. These conditions must be specified case by case.

1.1.1. The properties of the gauged Skyrme model

The contribution of the external field to the Skyrme equations takes the general form

∇𝜇

(̂𝜇 − 𝜆

4
[
𝐺̂𝜇𝜈 , ̂𝜈

])
= 0, (8)

where ∇𝜇 represents the covariant derivative

∇𝜇𝑉
𝜇 =𝜕𝜇𝑉

𝜇 + [𝜇 −𝐴ext
𝜇 𝑈−1𝑇3𝑈,𝑉 𝜇]

=𝜕𝜇𝑉
𝜇 + [̂𝜇 −𝐴ext

𝜇 𝑇3, 𝑉
𝜇]. (9)

We know from [39–50,54,55] that the solutions to the ungauged case can be found through the pasta ansätze, which are defined 
in such a way that the Skyrme equations reduce to one ODE. Now, a question arises spontaneously: Is it possible to find similar 
(or equal) ansätze that preserve the baryonic tubes or layers shapes also when the external field is present? As we will see in the 
following sections, this question does not have a trivial answer; in particular, when the treated case concerns the baryonic tubes.

The difficulty of analyzing how the external field affects the shape of nuclear pasta has been already emphasized in the introduc-

tion. In this scope, it is necessary to study the behavior of the energy and baryonic densities.

The energy-momentum tensor is defined in the usual way (see, for instance, [54,55]), substituting the uncoupled quantities with 
the hatted ones. Namely,

𝑇𝜇𝜈 = −𝐾

2
Tr

(
̂𝜇̂𝜈 −

1
2
𝑔𝜇𝜈̂𝛼̂𝛼

+ 𝜆

4
(𝑔𝛼𝛽𝐺̂𝜇𝛼𝐺̂𝜈𝛽 −

1
4
𝑔𝜇𝜈𝐺̂𝛼𝛽𝐺̂

𝛼𝛽 )
)
, (10)

from which the energy density is derived (𝜌𝐸 = 𝑇00).

The baryon charge is computed using

𝐵 = ∫


𝜌𝐵, with 𝜌𝐵 = 1
24𝜋2 Tr( ∧ ∧), (11)

where  is the spatial region spanned by the coordinates at any fixed time 𝑡. Here, a comment is in order. In [55] a general definition 
of the gauge invariant baryonic charge is given, and it involves a non-trivial contribution of the gauge field, namely,

𝜌̂𝐵 = 𝜌𝐵 + 3𝜀𝑖𝑗𝑘𝜕𝑖[𝐴𝑎
𝑗Tr(𝑘(𝑇𝑎 +𝑈−1𝑇𝑎𝑈 ))

−𝐴𝑎
𝑗𝐴

𝑏
𝑘
Tr(𝑇𝑎𝑈

−1𝑇𝑏𝑈 )]. (12)

However, in the present paper 𝐴ext
𝜇 is a fixed external background, so it cannot be included in the definition of the topological 

baryonic charge of the Skyrmion. For this reason, for the gauged baryonic density we take 𝜌̂𝐵 = 𝜌𝐵 . However, notice that the 
external field contribution still enters through the solution to the equations of motion.

1.1.2. The non-linear Sigma model vs. the Skyrme model

We underline the importance of the Skyrme term, which defines the difference between the NL𝜎M (which is represented by the 
4

Skyrme model with 𝜆 = 0) and the Skyrme model. The Skyrme term was originally introduced to stabilize the topological structure 
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of a single soliton defined in ℝ3 [31–35]. As studied in [54], this phenomenon is also observed when the structures of baryons are 
considered over a finite space volume, defining a characteristic scale for nuclear pasta.

One of the aims of this paper is to analyze the role of the Skyrme term when an external field is introduced. In the following 
section, this issue will be considered for both the exponential and Euler parametrization. In both cases, for 𝜆 = 0 the equations of 
motion become unsolvable when the external field is very strong (tends to infinity). On the opposite, when 𝜆 ≠ 0, the equations 
of motion are always solvable. This fact is particularly evident in the Euler parameterization, which admits an ansatz that reduces 
the Skyrme equations to an ODE and keeps the layer’s shape; this ansatz determines a universal solution, in the sense that it is 
independent of the external field (thus, it exists when the external field is zero, finite or infinite). The case of the baryonic tubes is 
quite different and harder to be solved (at least, analytically). It seems that the introduction of an external field does not allow for 
solutions that keep the baryonic tube structure, leading to incompatible sets of equations.

2. Baryonic layers coupled to an external magnetic field

To emphasize the role of the Skyrme term in the stability of the Skyrmion, we are going to compare the NL𝜎M, which Lagrangian 
is defined by (3) with 𝜆 = 0, to the Skyrme model (with 𝜆 ≠ 0). The Euler parameterization is very suitable for describing baryonic 
layers. Following [55], we make the ansatz

𝑈 = 𝑒Φ𝜅𝑒𝜒𝜁 𝑒Θ𝜅 , (13)

where, for now, 𝜒 , Θ, and Φ are general functions of space-time (a more specific ansatz on these functions will be defined in the 
following steps). 𝜅 is an element of 𝔤 which can be written as

𝜅 =
𝑟∑

𝑗=1
(𝑐𝑗𝜆𝑗 + 𝑐∗𝑗 𝜆̃𝑗 ), (14)

where 𝜆𝑗 and 𝜆̃𝑗 are eigenmatrices of the simple roots 𝛼𝑗 and −𝛼𝑗 respectively. The quantities 𝑐𝑗 are complex numbers that can be 
chosen arbitrarily in a set of allowed values, which aim to guarantee the periodicity of the exponential of 𝜅. The matrix 𝜁 belongs to 
the Cartan subalgebra of 𝔤 (see [55,57,58]). With this choice of 𝑈 , the left current becomes

𝜇 = 𝑒−𝛼𝜅𝑒−𝜉𝜅
[
𝜕𝜇𝛼(𝜅 − 𝜅̂)

+ 𝜕𝜇𝜉(𝜅 + 𝜅̂) + 𝜕𝜇𝜒𝑓
]
𝑒𝜉𝜅𝑒𝛼𝜅 , (15)

where

𝛼 = 1
2
(Θ −Φ), 𝜉 = 1

2
(Θ +Φ) (16)

and 𝜅̂ = 𝑒−𝜒𝜁𝜅𝑒𝜒𝜁 . As shown in [46,53,55], in the ungauged model the baryonic layers are obtained when the following orthogonality 
conditions are applied

𝜕𝜇Φ𝜕𝜇Θ= 𝜕𝜇Φ𝜕𝜇𝜒 = 𝜕𝜇Θ𝜕𝜇𝜒 = 0. (17)

If 𝜒 = 𝜒(𝑟), the equations of motions (independently on the value of 𝜆) reduce to one second order ODE (namely, 𝜒(𝑟)′′ = 0). In the 
presence of an external field, we expect that the ansatz (17) has to be modified to get explicitly solvable equations. Furthermore, 
we cannot expect to be able to reduce the equations just to one ODE. The latter would be the optimal situation, but it could 
be incompatible with the presence of external fields. In what follows, we will see in the case of the Euler parameterization, the 
reduction of the equations of motion to one ODE is possible but it is not obvious if it is the same when the baryonic tubes are 
considered.

2.1. Baryonic layers solutions in the NL𝜎M

Let us consider the Lagrangian of the NL𝜎M

𝐿 = 𝐾

2
Tr

(̂𝜇̂𝜇
)
. (18)

When the external field is zero and the conditions (17) are applied, the equations of motions simplify to

𝜕𝜇𝜕
𝜇𝜒 − sin(𝜒)

(
𝜕𝜈𝛼𝜕

𝜈𝛼 − 𝜕𝜈𝜉𝜕
𝜈𝜉

)
= 0, (19)

𝜕𝜇𝜕
𝜇𝛼 = 0 and 𝜕𝜇𝜕

𝜇𝜉 = 0. (20)

In [55], the functions 𝛼 and 𝜉 have been chosen as

𝑞 𝑝
(

𝑡
)

5

𝛼 =
2
𝜃 −

2 𝐿𝜙

−𝜙 , (21)
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𝜉 = 𝑞

2
𝜃 + 𝑝

2

(
𝑡

𝐿𝜙

−𝜙

)
, (22)

where 𝑝 and 𝑞 are integers. Moreover, 𝜒 = 𝜒(𝑟). This way, (20) are automatically satisfied and (19) reduces to 𝜒 ′′(𝑟) = 0.

The external field can be introduced by using (4), where we choose 𝑇 = 𝜅 as 𝑈 (1) gauge direction for the field 𝐴𝜇 . This is 
equivalent to saying that the hatted quantities are obtained simply by replacing 𝜕𝜇𝛼 → 𝜕𝜇𝛼−𝐴𝜇 in the ungauged terms. This remains 
true for the external field, with 𝐴𝜇 = 𝐴ext

𝜇 (in Appendix C general equations for the Skyrme model have been obtained using the 
ansatz (13). The analogous equations for the NL𝜎M are obtained by imposing 𝜆 = 0). Now, one may wish to conserve the advantages 
of the orthogonality conditions (17) also in the gauged case. In this scope, we consider the following ansatz for the external field

𝐴ext
𝜇 𝜕𝜇𝜒 = 0. (23)

Hence, the gauged equations take the form

𝜕𝜇𝜕
𝜇𝜒 − sin(𝜒)

(𝜈𝜈 − 𝜕𝜈𝜉𝜕
𝜈𝜉

)
= 0, (24)

𝜕𝜇𝜇 = 0 and 𝜕𝜇𝜕
𝜇𝜉 = 0, (25)

where 𝜇 =𝐴ext
𝜇 − 𝜕𝜇𝛼. Notice that now the second term of (24) does not vanish when the choices (21) and (22) are applied, due to 

the presence of the external field.

The condition (23) and the first equation of (25) are satisfied by the choice

𝐴ext
𝜇 =

(
0,0,𝐴ext

𝜃
(𝑟),𝐴ext

𝜙
(𝑟)

)𝑇
, (26)

where 𝐴ext
𝜃

(𝑟) and 𝐴ext
𝜙

(𝑟) are linear functions of 𝑟, to give a constant external magnetic field, see (7):

𝐵⃗ext =
(
0,−𝜕𝑟𝐴

ext
𝜙

(𝑟), 𝜕𝑟𝐴ext
𝜃

(𝑟)
)𝑇

. (27)

Let us define

𝑃 (𝑡, 𝑟, 𝜃,𝜙) =𝜈𝜈 − 𝜕𝜈𝜉𝜕
𝜈𝜉. (28)

With our ansatz, 𝑃 (𝑡, 𝑟, 𝜃, 𝜙) ≡ 𝑃 (𝑟), where

𝑃 (𝑟) =𝐴ext
𝜇 𝐴ext,𝜇 − 𝑞

𝐿2
𝜃

𝐴ext
𝜃

+ 𝑝

𝐿2
𝜙

𝐴ext
𝜙

. (29)

Thus, the system of equations (24) and (25) becomes a second order ODE for the profile 𝜒 ,

𝜒 ′′(𝑟) − sin(𝜒)𝑃 (𝑟) = 0. (30)

Notice that 𝑃 (𝑟) is a second-order polynomial in 𝑟. (30) does not allow us to define an analytical expression of the solution. 
Anyway, it is possible to define the expression for the energy density and the baryonic density, which shows that the shape of the 
baryonic layer is conserved. Moreover, the total baryonic charge can be computed exactly, since it only depends on the boundary 
conditions.

2.1.1. The energy density and baryonic charge

The energy density is given by (10). With our ansatz, it takes the form

𝜌𝐸 = 𝐾

2
‖𝑐‖2{8𝑝2

𝐿2
𝜙

+
𝜒 ′ 2

𝐿2
𝑟

+ 𝑞2

𝐿2
𝜃

+ 4𝑃 (𝑟) sin2
(𝜒

2

)}
. (31)

The baryonic density 𝜌𝐵 is given by (11), which becomes

𝜌𝐵 = −‖𝑐‖2
4𝜋2 𝑝𝑞 𝜕𝑟 cos(𝜒). (32)

As expected, it is a divergence, so its integral over the space variables depends only on the boundary conditions, which have been 
fully studied in [55]. An explicit computation leads to

𝐵 = 2𝐼𝜂‖𝑐‖2, with 𝐼 = 𝑝𝑞𝑛, (33)

where 𝑝, 𝑞 and 𝑛 are integers. This is the usual form for the baryonic charge in the ungauged case, which takes integer values (see 
[55]).

2.1.2. The large external magnetic field limit

Let us look at the behavior of the ODE when the external field becomes very large. Let us call
6

𝐴ext
𝜃

= 𝑎𝜃𝑟+ 𝑏𝜃 and 𝐴ext
𝜙

= 𝑎𝜙𝑟+ 𝑏𝜙. (34)
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When the coefficients 𝑎𝜃 and 𝑎𝜙 becomes much larger than 1∕𝑟, for nonzero 𝑟, the function (29) tends to

𝑃 (𝑟)→ 𝑃𝑙(𝑟) = (𝑎2
𝜃
+ 𝑎2

𝜙
)𝑟2. (35)

This way, equation (30) loses coercivity. We will see in the next section that the introduction of the Skyrme term saves the situation; 
in particular, it is always possible to find an analytical solution for the Skyrme equations also for big values of the external field.

2.2. Baryonic layers solutions in the Skyrme model

Let us consider the complete Lagrangian of the Skyrme model given in (3). The complete equations obtained for the ansatz (13)

are reported in Appendix C.

It is straightforward to show that the same choices defined in the previous section, summarized in the equations (21), (22), (26)

and 𝜒 = 𝜒(𝑟), can be used to reduce the Skyrme equations to one ODE for the profile 𝜒(𝑟), which can be expressed as

𝜒 ′′

{
1 + 𝜆

[
𝑃 (𝑟) + 𝑞2

4𝐿2
𝜃

]}
− sin(𝜒)

(
1 − 𝜆

4
𝜒 ′ 2

)
𝑃 (𝑟)

− 𝜆 sin(𝜒) cos(𝜒)
{(

𝑃 (𝑟) + 𝑞2

4𝐿2
𝜃

)
𝑞2

4𝐿2
𝜃

−
[ 𝑞

2𝐿2
𝜃

(
𝐴ext

𝜃
− 𝑞

2

)
+ 𝑝

2𝐿2
𝜙

𝐴ext
𝜙

]2}
= 0, (36)

where 𝑃 (𝑟) is the same as in (29). This equation can be analytically solved if a further condition is imposed. Indeed, the last two 
lines of (36) are zero when

𝑝∕𝐿2
𝜙
= 𝑞∕𝐿2

𝜃
. (37)

When this condition is applied, the first equation reduces to

𝜒 ′′

𝐿2
𝑟

{
1 + 𝜆

[
𝑃 (𝑟) + 𝑞2

4𝐿2
𝜃

]}

− sin(𝜒)

(
1 − 𝜆

4𝐿2
𝑟

𝜒 ′ 2

)
𝑃 (𝑟) = 0. (38)

The solution is given by

𝜒(𝑟) =

√
4𝐿2

𝑟

𝜆
𝑟+ 𝜒0, (39)

where 𝜒0 is an integration constant. The boundary conditions necessary for the existence of the solution require that 𝜒(0) = 0 and 
𝜒(2𝜋) = 𝜋. The first condition imposes that 𝜒0 = 0; moreover, the second condition is satisfied when 𝜆

𝐿2
𝑟

= 16, which means that the 
constant of the model 𝜆 and 𝐿𝑟 are not free. We are going to call (39) as universal solution, since it does not depend on the external 
field value.

Other solutions, different from (39), can be considered, which do not require that 𝜆∕𝐿2
𝑟 = 16; these solutions are piecewise-

linear, with slope 
√

4𝐿2
𝑟∕𝜆, and zero elsewhere. The only necessary condition in this case is that the slope of each linear part is 

bigger than the slope of the solution which does not present constant pieces. In the latter, we know that a necessary condition is 
𝜆∕𝐿2

𝑟 = 16; thus, in particular, the slope becomes 
√
1∕4. In the piecewise-linear solutions, the linear parts must undergo the condition √

4𝐿2
𝑟∕𝜆 >

√
1∕4, which reads 𝜆∕𝐿2

𝑟 < 16.

It is worth noticing here that all these solutions exist only with 𝜆 ≠ 0. Moreover, they are all independent of the value of the 
external field. This means that they always exist, even when the external field is zero or takes big values. As we are going to see in 
the next paragraph, this set of solutions defines baryonic layers; thus, it is remarkable the fact that the presence of the Skyrme term 
saves the existence of baryonic layers when the external field is very big. This is not an obvious result; for instance, as we are going 
to observe, in the case of the baryonic tubes the situation becomes more complicated.

In the following paragraphs, we are going to use this result to analyze the main characteristics of the gauged baryonic layers.

2.2.1. The energy density and baryonic charge

The energy density associated with the solution of the Skyrme equations is

𝜌 =𝐾 ‖𝑐‖2{8𝑝2 + 𝑞2 +
𝜒 ′ 2

+ 4𝑃 (𝑟) sin2
(𝜒 )}
7

𝐸 2 𝐿2
𝜙

𝐿2
𝜃

𝐿2
𝑟

2



Nuclear Physics, Section B 1000 (2024) 116477S.L. Cacciatori, F. Canfora and F. Muscolino

+ 𝐾

2
‖𝑐‖2𝜆(

2𝑝2

𝐿2
𝜙

){[(
𝑃 (𝑟) + 𝑞2

2𝐿2
𝜃

)
− 2𝜌𝜕

𝜌𝜉

]
sin2(𝜒) +

𝜒 ′ 2

𝐿2
𝑟

}

+ 𝐾

2
‖𝑐‖2𝜆{[(

𝑃 (𝑟) + 𝑞2

4𝐿2
𝜃

)
𝑞2

4𝐿2
𝜃

− (𝜌𝜕
𝜌𝜉)2

]
sin2(𝜒) +

[
𝑃 (𝑟) sin2

(𝜒

2

)
+ 𝑞2

4𝐿2
𝜃

]
𝜒 ′ 2

𝐿2
𝑟

}
. (40)

The baryonic charge remains of the form (32); the contribution brought by the Skyrme term is considered through the solution to 
the Skyrme equations. Nevertheless, the usual choice of the boundary conditions, defined by (C.2), leaves the shape of 𝐵 unchanged.

2.2.2. The thermodynamics of the universal solution

As discussed above, under certain conditions, it is always possible to find a universal solution to the Skyrme equations. Let us 
consider the case in which 𝜆∕𝐿2

𝑟 = 16. Thus, the solution is represented by

𝜒(𝑟) = 𝑟

2
. (41)

Moreover, when the only non-zero component of the external potential is the 𝜃-component, Φ(𝑢) is not necessarily a linear function 
of 𝑢. Let us define 𝐴ext

𝜃
= ℎ𝑟 + ℎ′, where ℎ and ℎ′ are arbitrary constants. This way,

𝐵⃗ext = (0,0, ℎ) (42)

and

𝑃 (𝑟) = 1
𝐿2

𝜃

[
ℎ2𝑟2 + ℎ

(
2ℎ′ − 𝑞

)
𝑟+ ℎ′(ℎ′ − 𝑞)

]
(43)

Collecting the terms relative to the external field contribution and imposing that ℎ′ = 0 for simplicity, the energy density takes 
the form

𝜌𝐸 =𝜌0 + ℎ𝑟𝜌1 + ℎ2𝑟2𝜌2, (44)

where

𝜌0 =𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
1 + 𝜆

8𝐿2
𝑟

+ 𝑞2𝜆

2𝐿2
𝜃

sin2
(
𝑟

2

)]
+ 𝑞2

4𝐿2
𝜃

(
1 + 𝜆

8𝐿2
𝑟

)
+ 1

8𝐿2
𝑟

}
, (45)

𝜌1 = −𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
𝑞𝜆

𝐿2
𝜃

sin2
(
𝑟

2

)]
+ 𝑞

𝐿2
𝜃

sin2
(
𝑟

4

)(
1 + 𝜆

8𝐿2
𝑟

)}
, (46)

𝜌2 =𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
𝜆

2𝐿2
𝜃

sin2
(
𝑟

2

)]
+ 1

𝐿2
𝜃

sin2
(
𝑟

4

)(
1 + 𝜆

8𝐿2
𝑟

)}
. (47)

It is worth noticing that the presence of the terms proportional to sin2
(

𝑟

4

)
in 𝜌1 and 𝜌2 change the periodicity of the energy density, 

which, in particular, becomes 4𝜋-periodic. This situation is represented in Fig. 1, where the energy density at different values of ℎ is 
depicted for 0 ≤ 𝑟 ≤ 2𝜋. It appears evident that the energy density loses its periodicity. However, for small values of ℎ it conserves 
approximately the shape of the layer. For this reason, we are going to consider this displacement from the periodic solution as a 
perturbation. In future work, we are going to analyze the impact of the back-reaction on this behavior of the energy density: it is 
expected that the skyrmion tends to conserve its shape and contrast the external field, maintaining the periodicity. The dependence 
of the total energy on the external field can be formulated by integrating 𝜌𝐸 over the volume of the box. Namely,

𝐸 =𝐿𝑟𝐿𝜃𝐿𝜙 ∫ 𝜌𝐸𝑑𝑟𝑑𝜃𝑑𝜙. (48)

An explicit computation leads to the following form for the total energy, where we used the condition 𝑝 = 𝑞 imposed by Eq. (37)

𝐸(𝑞;ℎ) = 64𝐾𝐿‖𝑐‖2𝜋2
4∑

𝑖=1

[
Σ𝑖(ℎ)

]
𝑞𝑖, (49)

where

Σ0(ℎ) =
𝜋

4𝐿2
𝑟

+ ℎ2 8𝜋
𝐿2

𝜃

(𝜋2 + 6), (50)

Σ1(ℎ) = −ℎ

[
6
𝐿2

𝜃

(4 + 𝜋2)
]
, (51)

Σ (ℎ) = 3𝜋 + 6𝜋
𝜋 + ℎ2 16𝐿

2
𝑟𝜋 2𝜋2 − 3

, (52)
8

2
𝐿2

𝜃
𝐿2

𝜙
𝐿2

𝜙
𝐿2

𝜃
3
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Fig. 1. Here is shown the energy density of the universal solution of baryonic layers for different values of ℎ when 0 ≤ 𝑟 ≤ 2𝜋. The upper Figure represents the 
uncoupled case, with ℎ = 0 In the lower Figure, the uncoupled solution is compared to the other cases with ℎ ≠ 0. The parameters have been set to the following 
values: 𝐿𝑟 =𝐿𝜃 =𝐿𝜙 = 1, 𝐾 = 2, ‖𝑐‖2 = 1, and 𝑝 = 𝑞 = 1.

Σ3(ℎ) = −ℎ
16𝐿2

𝑟𝜋
2

𝐿2
𝜙
𝐿2

𝜃

, (53)

Σ4(ℎ) =
8𝐿2

𝑟

𝐿2
𝜙
𝐿2

𝜃

𝜋 (54)

and (𝑞; ℎ) indicates the dependence on the parameters 𝑞 and on the coefficient of the gauge field ℎ (the relation 𝜆

16𝐿2
𝑟

= 1 has been 
used).

The baryonic charge is obtained by integrating the baryonic density

𝜌𝐵 = ‖𝑐‖2
8𝜋2 𝑝𝑞 sin

(
𝑟

2

)
, (55)

which gives

𝐵(𝑝, 𝑞) = ‖𝑐‖2
2

𝑝𝑞 (56)

In the most general case, the expression for the partition function can be written as follows

 =
∑
𝑝,𝑞

exp
{
−𝛽

[
𝐸(𝑝, 𝑞;ℎ) − 𝜇𝐵𝐵(𝑝, 𝑞)

]}
, (57)

where 𝛽 = 1∕𝐾𝐵𝑇 (𝑇 rbeing the temperature) and 𝜇𝐵 is the chemical baryonic potential.

By assuming 𝐿𝜃 = 𝐿𝜙 = 𝐿 and the usual condition 𝑝 = 𝑞, and using the expression (49) and (55), the partition function thus 
becomes

𝑞 = exp
{

− 𝛽‖𝑐‖2[
2 2

4∑
𝑖 𝑞2

]}

9

× 2𝐾𝐿𝑟𝐿 𝜋
𝑖=1

Σ𝑖(ℎ)𝑞 −
2

𝜇𝐵 . (58)
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2.2.3. The dependence on the external field

We want to analyze in detail the behavior of the partition function in terms of the external field. We can write  in the form

 =
+∞∑

𝑞=−∞
exp

{
− 𝛽

𝜂34

[(
𝜂4𝑞 +

𝜂3
4

)4
+
(
𝜂̃2𝜂4 −

3
8
𝜂23

)
𝜂24𝑞

2

+
(
𝜂1𝜂

2
4 −

1
16

𝜂33

)
𝜂4𝑞 + 𝜂0𝜂

3
4 −

𝜂43
256

]}
, (59)

where

𝜂𝑖 = 2‖𝑐‖2𝐾𝐿𝑟𝐿
2𝜋2 Σ𝑖(ℎ), for 𝑖 = 0,1,2,3,4, (60)

𝜂̃2 = ‖𝑐‖2 [2𝐾𝐿𝑟𝐿
2𝜋2 Σ2(ℎ) −

𝜇𝐵

2

]
= 𝜂2 −

‖𝑐‖2𝜇𝐵

2
. (61)

Strictly speaking, our model is valid at low energies and, therefore, for small values of the temperature, aka large 𝛽. In this situation, 
for fixed values of all parameters, there are just one or a few dominating terms of the series and all others are exponentially smaller. 
One has simply to look for the absolute minimum of the quartic exponent as a function of the discrete variable 𝑞. On the other side, 
we need to consider such exponent as a function of ℎ and 𝜇𝐵 , which makes our aim much harder to accomplish. Nevertheless, we 
can observe that considering instead small values of 𝛽 would allow us to replace the sum over 𝑞 with an integral, simpler to analyze 
from this viewpoint. At least for large values of ℎ and/or 𝜇𝐵 , as we will see, this can be analyzed using the usual saddle point 
approximation, more or less, the same saddles we have just mentioned for the low-temperature case, at least for values of energies 
such that the solitonic solution still survives. For these reasons, our strategy will be to pass to the description in the limit of the 
continuum, and only at the end we will comment on which changes we do expect at low energies.

After the substitution

𝜂4𝑞 ⟶ 𝑞′ −
𝜂3
4

, (62)

the partition function at low temperatures is therefore described by the integral

 =

+∞

∫
−∞

𝑑𝑞′

𝜂4
exp

{
− 𝑎

[
𝑞′ 4 + 𝑏𝑞′ 2 + 𝑐𝑞′ + 𝑑

]}
, (63)

where

𝑎 = 𝛽

𝜂34

, 𝑏 = 𝜂̃2𝜂4 −
3
8
𝜂23 ,

𝑐 = 𝜂1𝜂
2
4 +

𝜂33
8

−
𝜂̃2𝜂4𝜂3

2
,

𝑑 = 𝜂0𝜂
3
4 −

3𝜂43
256

+
𝜂̃2𝜂4𝜂

3
3

16
−

𝜂1𝜂
2
4𝜂3

4
. (64)

Since the saddle points of the exponent in the integrand are relevant both in the discrete and in the continuum limit, before a more 
systematic analysis of this integral, let us first tell more about the stationary points. We expect that different values of the parameters 
𝑏 and 𝑐 can determine regions of different phases of the baryonic layers. On the other hand, since all parameters are real, the 
contribution of the saddle points is influenced by their real or complex nature in general. They are solutions of the cubic equation

4𝑧3 + 2𝑏𝑧+ 𝑐 = 0, (65)

which has discriminant Δ = 𝑐2 + (2𝑏∕3)3. For Δ < 0 there are 3 real solutions, while for Δ > 0 there are one real and 2 complex 
conjugate solutions. Δ = 0 corresponds to the coalescence of at least two saddle points. It thus determines the caustic curve

𝑏3

27
+ 𝑐2

8
= 0, (66)

which separates different phases of the baryonic layer. Indeed, since both 𝑏 and 𝑐 depend linearly on 𝜇𝐵 with ℎ-dependent coefficient, 
(66) determines a relation between the chemical potential and the magnetic field, given by a cubic equation of the form

0 = 𝑐1(ℎ)[𝜇3
𝐵
+ 𝑐2(ℎ)𝜇2

𝐵
+ 𝑐3(ℎ)𝜇𝐵 + 𝑐4(ℎ)], (67)

for given functions 𝑐𝑗 (ℎ). The detailed expression for this cubic can be found in App. D. Notice that for 𝑏 > 0 Δ is always positive so 
the caustic must belong in the 𝑏 ≤ 0 region. Moreover, in the equation, only ℎ2 appears explicitly, so we can restrict to consider only 
positive values of ℎ. The exact shape of the caustic curve thus depends on the existence of real roots of the cubic, therefore, from the 
10

sign of its discriminant. In App. D, it is shown that the discriminant is positive for 0 ≤ ℎ ≤ ℎ̄, with
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Fig. 2. Here we show the regions separated by the caustic. The lines represent the branches of the caustic and the shaded parts are the regions in which Δ is negative. 
The parameters have been set to the following values: 𝐿𝑟 =𝐿𝜃 =𝐿𝜙 = 1, 𝐾 = 2, ‖𝑐‖2 = 1, and 𝑚 = 1.

ℎ̄ = 4
𝜂4
𝜂̂3

√
𝜂̂1
𝜂̂3

, (68)

where 𝜂̂𝑗 = 𝜂𝑗∕ℎ, 𝑗 = 1, 3, are constants. Therefore, for ℎ < ℎ̄ it appears only one branch of the caustic, while a second double upper 
branch appears for ℎ ≥ ℎ̄, as represented in Fig. 2.

In each portion of this phase space (63) may have different asymptotic behaviors when 𝑏 and 𝑐 are running toward infinity in 
different directions, possibly manifesting the Stokes phenomenon. Let us briefly recall that from a mathematical point of view the 
Stokes phenomenon appears each time one is solving a differential equation (system) presenting at least one irregular singular point. 
The asymptotic behavior of any solution near the singular point has not a definite behavior but depends on different angular sectors 
approaching the point, separated by the so-called Stokes walls. A very simple explanation of this phenomenon can be found in [66]. 
The prototype case of such phenomenon is given by the Airy function that, despite being an entire function, presents a complicated 
asymptotic behavior at infinity.1 To fix our conventions, let us recall that what happens is that at infinity the Airy function takes 
the form 𝐴𝑖(𝑧) = 𝑐1𝑢1(𝑧) + 𝑐2𝑢2(𝑧), where 𝑐𝑗 are constants, while 𝑢𝑗 are polydromic functions. Thus, the 𝑢𝑗 are separately defined 
on a cut plane and transformed according to a nontrivial monodromy after a change of phase of 2𝜋 around infinity. However, 𝐴𝑖 is 
monodromic, hence, after such phase rotation, it must be described by a new combination of the 𝑢𝑗 , to preserve the monodromy. 
Therefore, the constant 𝑐𝑗 has to change (discontinuously, being constants) under such an operation. This is essentially the Stokes 
phenomenon. During the phase rotation, one crosses lines that determine the main change of the asymptotic behavior of the function: 
along certain lines one has a maximal monotonic decrease or increase of the modulus of the functions (essentially when one of the 
two functions dominates), along other lines one has an oscillating behavior (where the two functions have comparable modulus). We 
call the former the anti-Stokes lines and the latter the Stokes lines. If 𝑢𝑗 ∼ 𝑒𝜙𝑗 , then anti-Stokes lines are defined by 𝐼𝑚(𝜙1 − 𝜙2) = 0, 
while the Stokes lines are defined by 𝑅𝑒(𝜙1 − 𝜙2) = 0. In literature, one easily meets both these and the opposite convention (where 
the notion of Stokes and anti-Stokes are interchanged). In practice, the (anti-)Stokes lines represent walls, crossing which different 
saddle points enter the game in determining the asymptotic behavior in a saddle point approximation. This is largely studied in the 
mathematical literature, whenever one has to tackle the asymptotic expansion of solutions of differential systems [67] [68] [69]

[70], and it has several applications. For example, it appears as a tool in Topological Quantum Field Theories (see e.g. [71], [72]

and references therein), in mirror symmetry and related topics [73], in Chern-Simons theory [74], in Bridgeland stability [75], in 
Quantum Cohomology [76], etc.

A particular field of application of interest for the present application is resurgence theory [77]. In this case, indeed, one uses Borel’s 
resummation methods to deal with diverging infinite series, then determining quantitative relations between perturbative and non-

perturbative data. Since saddle points typically catch non-perturbative information, here is where the Stokes phenomenon plays a 
major role. In this way, Stokes lines provide a contact between perturbative and non-perturbative regimes and we have to expect that 
they do not change sensitively in passing from one regime to the other. Since Skyrme theory is a low-energy effective description 
of QCD, we thus expect that analyzing the Stokes phenomenon in the Skyrme regime gives interesting information in the full QCD 
regime and vice versa.

To analyze our specific case, it is convenient to consider the change of variable 𝑞 = 𝑎
1
4 𝑞′. In this way, (63) takes the form

 = 𝑒−𝑖 𝜋8

𝜂4𝑎
1
4

(𝑥, 𝑦), (69)

where

1 Indeed, the phenomenon was discovered by G.G. Stokes in [87], [88] by studying the Airy integrals arising in the computation of the intensity of light near a 
11

caustic, [89].
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Fig. 3. Stokes’ lines and anti-Stokes’ lines in the complex 𝑥-plane. Crossing the Stokes lines the function passes from an algebraic/oscillating behavior to an exponen-

tially growing regime. In restricting to real variables we see that negative values exactly belong to an anti-Stokes line (maximally growing). Here 𝜙 =arg(𝑥).

(𝑥, 𝑦) = 𝑒𝑖
𝜋
8

+∞

∫
−∞

𝑑𝑞 exp
{

− 𝑞4 − 𝑥𝑞2 + 𝑖𝑦𝑞

}
, (70)

is the Pearcey’s integral, as redefined in [78], with

𝑥 = 𝑎
1
2 𝑏 and 𝑦 = 𝑖𝑎

3
4 𝑐. (71)

As we already mentioned, we are working for small values of 𝑎. Therefore, in general, we expect 𝑥 and 𝑦 to be small. Nevertheless, 
nothing prevents us from considering high values of ℎ and/or 𝜇𝐵 enough to still have large values of 𝑥 and 𝑦. Since these are exactly 
the cases where the Stokes phenomenon is expected to arise, here we consider exactly such a situation. Since the Pearcey integral 
has been largely studied, we can easily analyze its behavior in the regions of our interest by referring to the suitable literature, see 
App. E.

Asymptotic expansion for |𝒙|→∞. When |𝑥| → ∞ with bounded 𝑦, one gets a uniform qualitative behavior in the complex 𝑥
plane, in the sense that Stokes lines do not depend on 𝑦. A representation is provided in Fig. 3.

Asymptotic expansion for |𝒚|→∞. When |𝑦| →∞ with bounded 𝑥, we have an almost uniform qualitative behavior, now in the 
complex 𝑦 plane. Recall that the Pearcey integral is an even function of 𝑦. A representation of the Stokes lines is provided in Fig. 4.

Asymptotic behavior around the caustic curve. In this case, we get that near the cuspid, for large 𝑥, it is dominating an 
exponentially growing mode. Aside from it, two other modes, decaying exponentially at infinity, have an oscillating character where 
Δ > 0, while are algebraic in Δ < 0. This behavior is quite different than the one in [79], where he gets instead three oscillating terms 
with decay 𝑥−

1
2 for 𝛼 > 0 and one oscillating term and two exponentially decaying for 𝛼 < 0. This is the behavior at 𝑥 = |𝑥|𝑒−𝑖 𝜋4 in 

our coordinates. Notice that it is exactly this difference in the phase that makes the difference. Indeed, the always oscillating mode 
in [79] is the one corresponding to the critical point 𝑧1, and it is oscillating only for the above phase. As soon as 𝑥 = |𝑥|𝑒−𝑖𝜙 with 
0 < 𝜙 < 𝜋

4 (which is still in the region of the definition of their expansion as well as ours), the two results agree, and this mode 
becomes exponentially growing.

An important remark. In our setting we considered the extension of the 𝑥 and 𝑦 variables to complex values. This led us to 
meet the Stokes phenomenon, which, however, appears to be related to physical situations only when we restrict ourselves to real 
values. However, our model is understood to describe low-energy QCD at finite temperatures. It is a known fact that in a full non-

perturbative setting, that is in lattice computation, a real chemical potential is problematic, and the solution consists of replacing 
it with a pure imaginary chemical potential [80]. More in general, in [81] it has been shown that from the partition function with 
a purely imaginary chemical potential one can get a complete picture of the phase space. In [82], the same technique combined 
with numerical computation has been used to get a complete description of the Roberger-Weiss transition. Therefore, we conclude 
that the above discussions of the Pearcey integral remain physically valid for generically complex 𝑥 and 𝑦 parameters since they just 
12

correspond to an imaginary chemical potential.
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Fig. 4. Stokes’ lines and anti-Stokes’ lines in the complex 𝑦-plane. The dark sectors correspond to exponential growth, while the light sector to exponential decay. The 
dashed lines are not Stokes lines but transition lines in the sense of Poincaré, see [78]. Here 𝜙 = arg(𝑦). Notice that in our specific case 𝑦 = 𝑖𝑎

3
4 𝑐 is purely imaginary, 

so in the exponential growing case, and, because of the symmetry, there is no trace of the Stokes transition in passing from positive to negative values.

Fig. 5. In this picture is represented the Free Energy in terms of the external field for different values of the magnetic moment 𝜇. Here, 𝛽 = 10−4 . It can be noticed 
that for certain values of the external field ℎ, the free energy takes negative values.

2.2.4. Free energy and susceptibility

The previous analysis of the partition functions allowed us to study the behaviors of the physical properties of the skyrmionic 
layers. In particular, in this section, we are going to analyze the free energy 𝐹 (ℎ) and the susceptibility 𝜒(ℎ) in terms of the external 
field ℎ, the temperature 1

𝛽
, and the magnetic moment 𝜇.

In Fig. 5, different plots of the free energy in terms of the external field ℎ and for different values of the magnetic moment 𝜇
are represented. Here, it is important to observe that the function 𝐹 (ℎ) takes negative values when ℎ becomes big. It is necessary to 
point out that our model must be considered in the range of small values of the external field since we are neglecting the internal 
back-reaction of the skyrmion, which will be the subject of future works.

In Fig. 6, it is depicted the behavior of the susceptibility in terms of the external field for 𝛽 = 10−4. It is evident that 𝜒 takes 
positive values for small ℎ. It can be due to different reactions of the skyrmion at different values of the external field, but it is worth 
remarking, as discussed in the perspectives, that we have not yet fully included the back reaction here.

3. Chiral conformal field theory of baryonic layers from the Skyrme model

In [59], the authors introduce an extension of the ansatz (21) and (22), which consists in a generalization of the function Φ(𝑡, 𝜙). 
Indeed, let us observe that the orthogonality conditions (17) are preserved when Φ(𝑢) is a general function of 𝑢 = 𝑡∕𝐿𝜙 −𝜙. To keep 
track of the contributions brought by this generalization, we write
13

Φ(𝑢) = Φ̃(𝑢) + 𝑝𝑢, (72)
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Fig. 6. In this picture is represented the susceptibility in terms of the external field for different values of the magnetic moment 𝜇. Here, 𝛽 = 10−4 . For small values 
of ℎ, it takes positive values and becomes negative after a certain limit.

where Φ̃(𝑢) corresponds to the general function of 𝑢 and the last term has the usual form of the old Φ. The introduction of the new 
term Φ̃(𝑢) leads to the definition of a chiral conformal field theory (CCFT), as stated in [59]. In this section, we want to study the 
contribution of the conformal part to the partition function under the action of the eternal field (in [59], this possibility has been 
analyzed in the context without an external field).

In section 2.2, we defined some conditions that lead to a significant simplification of the Skyrme equations. In particular, we 
considered the condition (37). When the conformal term is added, a stronger condition is necessary. Indeed, the polynomial 𝑃 (𝑟)
that appears in (36) (and that have been introduced in (28)) takes a more general form

𝑃 (𝑡, 𝑟,𝜙) =𝐴ext
𝜇 𝐴ext,𝜇 − 2𝜕𝜇𝛼𝐴ext,𝜇, (73)

where the dependence on 𝑡 and 𝜙 is enclosed in Φ(𝑢), contained in 𝛼, and the dependence on r is due to 𝐴ext
𝜇 . Differently from the 

other case (with Φ̃ = 0), the dependence on 𝑡 and 𝜙 does not cancel. Therefore, also when 𝑝∕𝐿2
𝜙
= 𝑞∕𝐿2

𝜃
, the last term of (36) does 

not cancel. To re-conduce the Skyrme equation to the simplified form (38), we need the further condition 𝐴ext
𝜙

= 0. This way,

𝑃 (𝑡, 𝑟,𝜙)→ 𝑃 (𝑟) =
𝐴ext

𝜃

𝐿2
𝜃

(
𝐴ext

𝜃
− 𝑞

)
, (74)

and the Skyrme equations are simplified to

𝜒 ′′

𝐿2
𝑟

{
1 + 𝜆

[
𝑃 (𝑟) + 𝑞2

4𝐿2
𝜃

]}

− sin(𝜒)

(
1 − 𝜆

4𝐿2
𝑟

𝜒 ′ 2

)
𝑃 (𝑟) = 0. (75)

Notice that also this case we can find the usual universal solution analyzed in the previous section.

Let us discuss how the baryonic charge, the energy density, and the partition function generalize to the conformal case.

First of all, it is straightforward to observe that the conformal term does not contribute to the baryonic charge. Indeed, the baryonic 
density can be written as

𝜌𝐶𝐶𝐹𝑇
𝐵

= 𝜌𝐵 + ‖𝑐‖2
8𝜋2 𝑞𝜕𝜙Φ̃ sin

(
𝑟

2

)
(76)

where 𝐶𝐶𝐹𝑇 labels the conformal baryonic density and 𝜌𝐵 has been defined in (F.10). We can consider some periodic conditions over 
the function Φ̃. Namely,

Φ̃(𝑡,𝜙 = 0) = Φ̃(𝑡,𝜙 = 2𝜋), (77)

𝜕𝜙Φ̃(𝑡,𝜙 = 0) = 𝜕𝜙Φ̃(𝑡,𝜙 = 2𝜋). (78)

This way, the integral over 𝜙 of Φ̃ cancels.

Let us discuss the generalization of the energy density. It takes the usual general form defined by Eq. (44), but with

𝜌0 =𝐾‖𝑐‖2{
[
1 + 𝜆

8𝐿2
𝑟

+ 𝑞2𝜆

2𝐿2
𝜃

sin2
(
𝑟

2

)]
+ 𝑞2

4𝐿2
𝜃

(
1 + 𝜆

4𝐿2
𝑟

)
+ 1

16𝐿2
𝑟

}
, (79)

where

 = 1 (
(𝜕 Φ̃)2 + 𝜕 Φ̃𝜕𝑖Φ̃

)
+ 𝜕 Φ̃ 𝑝 + 𝑝2

. (80)
14

4 𝑡 𝑖 𝑡 𝐿𝜙 2𝐿2
𝜙
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Thus, the function Φ̃(𝑢) contributes only inside the factor . The integration of the energy density over the volume leads to the 
following form of the total energy

𝐸(𝑞;ℎ,𝑚) = 2𝜋2𝐾𝐿𝑟𝐿𝜃𝐿𝜙‖𝑐‖2
⋅

4∑
𝑖=1

[
𝑒0Σ̃𝑖(ℎ) + Σ𝑖(ℎ)

]
𝑞𝑖, (81)

where Σ𝑖(ℎ) take the same form as in eqs. (50) to (54) and

Σ̃0(ℎ) = 3𝜋 + ℎ2 8𝐿
2
𝑟𝜋

𝐿2
𝜃

[
2𝜋2 − 3

3

]
, (82)

Σ̃1(ℎ) = −ℎ
8𝐿2

𝑟𝜋
2

𝐿2
𝜃

(83)

Σ̃2(ℎ) =
4𝐿2

𝑟

𝐿2
𝜃

𝜋, (84)

Σ̃3(ℎ) = Σ̃4(ℎ) = 0. (85)

Moreover,

𝑒0 =
1
2𝜋

2𝜋

∫
0

𝜕𝑡Φ̃2 + 𝜕𝑖Φ̃𝜕𝑖Φ̃ 𝑑𝜙. (86)

Notice that Φ̃(𝑢) = 0 implies 𝑒0 = 0. As already proposed in [59], the terms 𝑒0 can be quantized, giving the following form of the 
partition function

 =
∞∑

𝑞=−∞
exp

{
− 𝛽‖𝑐‖2[2𝐾𝐿𝑟𝐿

2𝜋2
4∑

𝑖=1
Σ𝑖(ℎ)𝑞𝑖 − 𝑞2

2
𝜇𝐵

]}

×
∞∑
𝑛=0

𝛿(𝑛) exp
{

− 2𝛽𝐾𝐿𝑟‖𝑐‖2𝜋2𝑛

4∑
𝑖=1

Σ̃𝑖(ℎ)𝑞𝑖

}
, (87)

where 𝑛 and the sum over it derive from the quantization of 𝑒0 and 𝛿(𝑛) is the degeneracy on each state 𝑛. Once more, we consider 
the conditions 𝐿𝜙 =𝐿𝜃 and 𝑝 = 𝑞.

4. Baryonic tubes coupled to an external magnetic field

In the previous sections of this paper, we defined the analytical solutions of baryonic layers immersed in an external, constant 
magnetic field using the lasagna ansatz. In this section, we guess whether this is also possible when the spaghetti ansatz is used. 
Unfortunately, we did not succeed in finding analytical solutions to the Skyrme equations. Indeed, as we are going to explain in the 
following sections, the terms introduced by the external field prevented us from decoupling the Skyrme equations. Any tentative 
simplification (for instance, by imposing new conditions of the external field of another ansatz on the Skyrme field parameters) led 
to incompatibilities of the Skyrme equations. This precludes us from giving a satisfactory analysis of the physics of baryonic tubes 
under the action of an external field, but we were able to outline some important properties of the main quantities, such as the role 
of the Skyrme term and the behavior of the energy density.

As it is known from [31–55], the exponential parameterization is suitable to describe baryonic tubes. We recall here the spaghetti 
ansatz, defined by

𝑈 (𝑡, 𝑟, 𝜃,𝜙) = exp(𝜒(𝑟)𝜏1), (88)

where 𝜏1 = 𝑛 ⋅ 𝑇 = 𝑛1𝑇1 + 𝑛2𝑇2 + 𝑛3𝑇3. The ansatz is specified by

𝑛 = (sinΘcosΦ, sinΘsinΦ, cosΘ) (89)

Θ= 𝑞𝜃, Φ= 𝑝

(
𝑡

𝐿𝜙

− 𝜙

)
, 𝑝, 𝑞 ∈ℕ . (90)

The matrices 𝑇𝑖 define a basis of a three-dimensional subalgebra of 𝔤 = Lie(𝐺). They can be normalized in such a way as to satisfy

[𝑇𝑗 , 𝑇𝑘] = 𝜀𝑗𝑘𝑚𝑇𝑚, Tr(𝑇𝑗𝑇𝑘) = −2𝐼𝐺,𝜌𝛿𝑗𝑘, (91)
15

where 𝐼𝐺,𝜌 is called the Dynkin index (see [55,83]). This ansatz satisfies the orthogonality conditions
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𝜕𝜇Φ𝜕𝜇Φ= 𝜕𝜇Φ𝜕𝜇Θ= 𝜕𝜇Φ𝜕𝜇𝜒 = 𝜕𝜇Θ𝜕𝜇𝜒 = 0, (92)

which are necessary to reduce the system of Skyrme equations to one ODE. With a direct computation, one can show that the 
introduction of an external field along 𝑇 = 𝑇3 contributes through the shift

𝜕𝜇Φ→ 𝜕𝜇Φ+𝐴ext
𝜇 . (93)

Let us call 𝜇 =𝐴ext
𝜇 + 𝜕𝜇Φ. It is worth noticing here that this shift breaks part of the conditions (92). Indeed, 𝜇𝜇 ≠ 0 (before the 

translation, 𝜕𝜇Φ was a null vector). This does not allow us to uncouple the equations of Θ and 𝜒 and, as a consequence, 𝜕𝜇𝜒𝜕𝜇Θ ≠ 0. 
For this reason, it is not possible to consider the two functions depending on different space-time variables; thus, let us define 
𝜒 = 𝜒(𝑟, 𝜃) and Θ =Θ(𝑟, 𝜃). One can try to simplify the equations by choosing 𝐴ext

𝜇 in different ways. For instance, the conditions

𝜇𝜕
𝜇Θ=𝜇𝜕

𝜇𝜒 = 0, (94)

allow keeping part of the conditions (92). The explicit form of the external field is given by

𝐴ext
𝜇 = (0,0,0,𝐴𝜙(𝑟, 𝜃))𝑇 , (95)

which defines a magnetic field along 𝜃 and 𝑟. Notice that, in this case, the magnetic field lies perpendicular to the tubes; thus, one 
can expect that it breaks the symmetry of the system. A second possibility is to choose 𝐴ext

𝜇 in such a way to define a magnetic field 
along the tubes. For example,

𝐴ext
𝜇 = (0,0,𝐴𝜃(𝑟),0)𝑇 . (96)

Notice that in both cases the external field has been chosen in such a way that

𝜕𝜇𝜇 = 0. (97)

The problem with this choice lies in the fact that all the conditions (92) can be no longer satisfied, but it leads to an advantage. 
Indeed, as discussed better below, we want to conserve the baryonic tube shape of the soliton; in this scope, the energy density and 
the baryon density should be constant in 𝜙: we can always choose Φ = 𝑝(𝑡∕𝐿𝜙 − 𝜙) and one of the three Skyrme equations must 
become trivial; otherwise, it is not possible to find a solution to the system.

In the following sections, we will not analyze both these situations in detail, but we will describe the general problem and the 
properties for 𝜆 = 0 and 𝜆 ≠ 0. Moreover, in Appendix A we propose an alternative form of the external field, in which its direction 
in the Lie algebra of the flavor group depends on the space-time coordinates. In this case, it becomes really simple to reduce 
the Skyrme equations to an analytically solvable ODE (in particular, the usual universal solution appears). We called it The flavor 
oscillating spaghetti. In any case, a better characterization of the baryonic tube solution requires, probably, a better understanding of 
the spaghetti ansatz geometry.

4.1. Baryonic tubes solutions in the NL𝜎M

As already defined above, the Skyrme model with 𝜆 = 0 defines the NL𝜎M. The general equations can be written as (see Ap-

pendix C)

𝜕𝜇𝜕
𝜇𝜒 − sin𝜒

(
𝜕𝜇Θ𝜕𝜇Θ+ sin2 Θ𝜇𝜇

)
= 0, (98)

(1 − cos𝜒)𝜕𝜇𝜕𝜇Θ+ sin𝜒𝜕𝜇𝜒𝜕𝜇Θ

− (1 − cos𝜒) sinΘcosΘ𝜇𝜇 = 0, (99)

sin𝜒 sin2 Θ𝜕𝜇𝜒𝜇

+ 2(1 − cos𝜒) sinΘcosΘ𝜕𝜇Θ𝜇 = 0, (100)

where only the condition (97) on 𝜇 has been considered (in particular, it is independent on the choice (95) and (96). We can make 
the following observations.

First of all, to get baryonic tubes, we can use the ansatz Φ = 𝑝 
(
𝑡∕𝐿𝜙 − 𝜙

)
. Indeed, this cancels the dependence from 𝜙 in the 

energy density. As already mentioned, the other functions cannot take the form of the ansatz (89), since the terms introduced by the 
external field couples the equations, but we can impose the following orthogonality conditions

𝜕𝜇𝜒𝜕𝜇Φ= 𝜕𝜇Θ𝜕𝜇Φ= 0, (101)

which means that 𝜒 and Θ are functions of only 𝑟 and 𝜃. In this case, the energy density is

𝜌𝐸 =𝐾‖𝑐‖2{𝜇𝜇(1 − cos𝜒) sin2 Θ

+ 1
𝜕𝜇𝜒𝜕𝜇𝜒 + (1 − cos𝜒)

(
𝜕𝜇Θ𝜕𝜇Θ

)}
. (102)
16

2



Nuclear Physics, Section B 1000 (2024) 116477S.L. Cacciatori, F. Canfora and F. Muscolino

Secondly, when the ansatz (95) is applied, the last equation (100) is automatically satisfied, due to the conditions (92) and (97). 
On the other hand, when (96) is applied, all the three equations are non-trivial, but one of them should be redundant, since the 
equation depends only on 𝜒 and Θ.

Thirdly, when the external gauge field becomes big, the equation (98), (99) and (100) loose coercivity. This fact has also been 
encountered in the baryonic layers case. We are going to show that the Skyrme term saves the consistency of the Skyrme equations 
and also for the spaghetti ansatz.

It is worth mentioning here that the energy density diverges for a growing external field. This is predictable since the external 
fields contribute to the energy of the systems. This behavior has also been observed for the baryonic layers. The main difference 
here consists in the fact that the solutions of the equations of motion necessarily depend on the external field (we need to remember 
that the baryonic layers allow for a universal solution, independent from the external field). Thus, one may expect that the tube 
configuration’s energy density (and so the total energy) diverges faster than the layers configuration’s energy. If this is the case, the 
baryonic tubes become less stable than the baryonic layers and a configuration transition could appear. Those types of transitions 
were also considered in [54].

4.2. Baryonic tubes solutions in the Skyrme model

The contribution of the Skyrme term to the general equations for the exponential parameterization is reported in Appendix C, 
where the condition (97) can be applied. It is straightforward to show that the first two observations considered in the previous 
section for the NL𝜎M remain valid. The main advantage of the introduction of the Skyrme term consists in the fact that the high 
limit of the external field can now be considered. With a direct computation, one can observe that the Skyrme equations take the 
following form

sin𝜒 sin2 Θ
{
𝜇𝜇 + 𝜆

4
[
(𝜕𝜇𝜒𝜕𝜇𝜒)(𝜈𝜈) − (𝜕𝜇𝜒𝜇)2

]
+ 𝜆(1 − cos𝜒)

[
(𝜕𝜇Θ𝜕𝜇Θ)(𝜈𝜈) − (𝜕𝜇Θ𝜇)2

]}
− 𝜆

2
𝜕𝜇

[
(1 − cos𝜒) sin2 Θ(𝜈𝜈)𝜕𝜇𝜒

]
+ 𝜆

2
𝜕𝜇

[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜈)𝜇

]
= 0, (103)

(1 − cos𝜒) sinΘcosΘ
{
𝜇𝜇 + 𝜆

4
[
(𝜕𝜇𝜒𝜕𝜇𝜒)(𝜈𝜈) − (𝜕𝜇𝜒𝜇)2

]
+ 𝜆

2
(1 − cos𝜒)

[
(𝜕𝜇Θ𝜕𝜇Θ)(𝜈𝜈) − (𝜕𝜇Θ𝜇)2

]}
− 𝜆

2
𝜕𝜇

[
(1 − cos𝜒)2 sin2 Θ(𝜈𝜈)𝜕𝜇Θ

]
+ 𝜆

2
𝜕𝜇

[
(1 − cos𝜒) sin2 Θ(𝜕𝜈Θ𝜈)𝜇

]
= 0, (104)

𝜕𝜇

{[
(1 − cos𝜒) sin2 Θ𝜇

]
+ 𝜆

4
[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜕𝜈𝜒)𝜇

]
− 𝜆

4
[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜈)𝜕𝜇𝜒

]
+ 𝜆

2
[
(1 − cos𝜒)2 sin2 Θ(𝜕𝜈Θ𝜕𝜈Θ)𝜇

]
− 𝜆

2
[
(1 − cos𝜒)2 sin2 Θ(𝜕𝜈Θ𝜈)𝜕𝜇Θ

]}
= 0. (105)

Also in this case, we tried different ways to find solutions to these equations, but we did not succeed.

As for the previous case, the energy may be considered growing faster than the solution with the lasagna ansatz. Thus, a transition 
between the two configurations could happen. The point of transition could depend on the parameter 𝜆. In this case, the energy 
density takes the general form

𝜌𝐸 =𝐾‖𝑐‖2{𝜇𝜇(1 − cos𝜒) sin2 Θ
[
1 + 𝜆

2
(1 − cos𝜒)𝜕𝜇Θ𝜕𝜇Θ+ 𝜆

4
𝜕𝜇𝜒𝜕𝜇𝜒

]
+ 1

2
𝜕𝜇𝜒𝜕𝜇𝜒

+ (1 − cos𝜒)
[
𝜕𝜇Θ𝜕𝜇Θ+ 𝜆

4
(
𝜕𝜇𝜒𝜕𝜇𝜒𝜕𝜈Θ𝜕𝜈Θ− (𝜕𝜇𝜒𝜕𝜇Θ)2

)]}
. (106)

5. Discussion and perspectives

We have considered a comparison between the Skyrme model and the NL𝜎M (which is represented by the Skyrme model with 
𝜆 = 0) in the presence of an external electromagnetic field. We used both the exponential and the Euler parametrization for the 
ansatz. Interestingly, in both cases, the equations of motion for the pure NL𝜎M become unsolvable when the external field is very 
strong (tends to infinity). Instead, for 𝜆 ≠ 0, the equations of motion are always solvable. Specifically, the Euler parameterization 
ansatz reduces the Skyrme equations to an ODE and keeps the layer’s shape. This determines a universal solution, that is independent 
of the external field, therefore existing in all cases when the external field is zero, finite, or infinite. For baryonic tubes, the situation 
is quite different since the equations of motion are difficult to be solved analytically. However, it seems that introducing an external 
field hampers the existence of solutions that keep the baryonic tube structure, leading to incompatible sets of equations. One may 
wonder why these topological solutions disappear in the limit when 𝜆 = 0. The answer is not new in nonlinear equations and can be 
read from equation (39). We see that the solution is proportional to the inverse square root of the coupling constant, so compensating 
the coupling in the interactions and giving finite energy contribution terms independent on 𝜆.

In particular, we concentrated on the thermodynamics of the universal solution, when also a possibly complex Baryonic chemical 
potential is included. Very interestingly, a quite rich Stokes phenomenon structure appears, manifesting different phases of the 
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Baryonic structure. Interestingly, such a manifestation of resurgence appears in such a concrete model. In particular, our calculations 
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come back to the Stokes phenomenology for Pearcey integrals in all possible cases. To this end, we have approximated infinite sums 
with integrals. It will be interesting in future work to study the Stokes phenomenon directly for the series. However, we have reasons 
to think of a priory that we should not expect any qualitative changes w.r.t. the integral case. Nevertheless, such computations could 
become interesting for more precise quantitative predictions. To this end, however, we need first to further improve our model by 
including some corrections we neglected here.

One of the most important issues is that we neglected back reactions in the presence of the external field. For example, consider (31). 
This expression represents the energy density inside the box. Assuming the topological configuration is not destroyed, only gauge 
transformations compatible with the boundary conditions are allowed for the internal field, while arbitrary gauge transformations are 
allowed for the external gauge field. This means that an additional contribution must compensate for the effect of the external field 
through polarization, through the distribution of charges along the boundary, and then generate a compensating internal field. We did 
not include such polarization effects here, to avoid further technical complications to already involved mathematical computations. 
We mean to study them separately in future work.

Another issue deserving attention regards the solutions in 2.2, for 𝜆∕𝐿2
𝑟 < 16. In this case, the first derivative in 𝑟 is discontinuous 

and the second derivative gives delta distributions at the discontinuities. Stokes’ theorem thus requires the insertion of brane sources 
located at the discontinuities. This kind of solution therefore deserves a more detailed study by including brane sources’ contributions. 
Here, we limited our analysis to the case reported in Appendix F, but further details going beyond the aim of the paper will be the 
subject of future work.

Finally, similar considerations as above can be done for the analysis we presented in Sec. 2.2.4. Here the problem is that the back-

reaction may probably give an important contribution to 𝐹 and 𝜒 also for small values of ℎ, since it is expected to be of the order 
of the external field. Therefore, it is not really negligible. This issue deserves further investigation, presently under consideration. 
Furthermore, we preferred to leave the analysis of these physical quantities in terms of the temperature for future work, with the 
aim of including also the contribution back-reaction. Indeed, as already discussed above, the internal reaction of the skyrmion 
is important in order to determine the value of the external field that breaks our solutions, but also to study the possible phase 
transitions and the behavior of the critical temperature in terms of the external field.
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Appendix A. The flavor-oscillating spaghetti

In this section, we want to show how the baryonic tubes can easily survive in an external field when the direction in the Lie 
algebra of the flavor group of the external field depends on the position in space-time. Indeed, as discussed in the paper, the choice 
of 𝑇 = 𝑇3 causes a translation of 𝜕𝜇Φ → 𝜕𝜇Φ − 𝐴ext

𝜇 . Since 𝜕𝜇Φ is a light-like vector, which has been chosen to cancel some terms 
in the ungauged case, this translation causes the presence of those terms. A solution could be the choice of a direction that does not 
lead to this type of translation. An example is provided 𝑇 = 𝜏3, where 𝜏3 derives from the notations introduced in [54,55]. Namely,

𝜏1 = sinΘ(cosΦ𝑇1 + sinΦ𝑇2) + cosΘ𝑇3, (A.1)

𝜏2 = 𝜕Θ𝜏1 = cosΘ(cosΦ𝑇1 + sinΦ𝑇2) − sinΘ𝑇3, (A.2)

𝜏3 =
𝜕Φ𝜏1
sinΘ

= −sinΦ𝑇1 + cosΦ𝑇2. (A.3)

Remember that 𝜏1 has also been used in the definition of 𝑈 in (88). This way, the contribution of the external field to the left current 
18
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̂𝜇 =𝑈−1𝐷𝜇𝑈 = 𝜇 −𝐴ext
𝜇 𝑈−1 [𝜏3,𝑈]

. (A.4)

With a direct computation, one finds that

𝑈−1 [𝜏3,𝑈]
= sin𝜒𝜏2 − (1 − cos𝜒)𝜏3. (A.5)

On the other hand,

𝜇 = 𝜕𝜇𝜒𝜏1 + 𝜕𝜇ΦsinΘ
[
sin𝜒𝜏3 + (1 − cos𝜒)𝜏2

]
+ 𝜕𝜇Θ

[
sin𝜒𝜏2 − (1 − cos𝜒)𝜏3

]
. (A.6)

Thus, the external field causes a translation of 𝜕𝜇Θ. Let us call 𝜇 =𝐴ext
𝜇 − 𝜕𝜇Θ. Using the conditions

𝜕𝜇Φ𝜕𝜇Φ= 0 and 𝐴ext
𝜇 𝜕𝜇Φ=𝐴ext

𝜇 𝜕𝜇𝜒 = 0, (A.7)

the equations are simplified to

𝜕𝜇𝜕
𝜇𝜒

[
1 + 𝜆

2
𝜈𝜈 (1 − cos𝜒)

]
−𝜇𝜇 sin𝜒

(
1 − 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

)
= 0, (A.8)

𝜕𝜇𝜇 = 0 and 𝜕𝜇𝜕
𝜇Φ= 0. (A.9)

The above conditions and the last two equations are automatically satisfied with the usual choices

𝐴ext
𝜇 = (0,0,𝐴ext

𝜃
(𝑟),0), (A.10)

Φ=Φ(𝑢) and Θ= 𝑞𝜃. (A.11)

This way, one can choose 𝜒 = 𝜒(𝑟) and reduce the equations to a second-order ODE

𝜒 ′′
[
1 + 𝜆

2
𝜈𝜈 (1 − cos𝜒)

]
−𝜇𝜇 sin𝜒

(
1 − 𝜆

4𝐿2
𝑟

𝜒 ′ 2(𝑟)

)
= 0, (A.12)

which admits a universal solution, independent of the value of the external field.

The main problem linked to this type of description is the fact that the direction of the external field in the space of the Lie 
algebra of the flavor group depends on the space-variable 𝜙. Usually, the coefficients of the 𝑇𝑖 is the definition of 𝜏1 (which in the 
ansatz (88) have been called 𝑛𝑖, as defined in (89)) are recognized with the three charged pions, 𝜋± and 𝜋0 [31–35,38]. It is easy to 
see that when 𝑇 = 𝑇3, the neutral pion corresponds to 𝑛3. In this case, the flavor of the neutral pion oscillates, since the direction of 
the external field oscillates. This is a strange fact and, for this reason, we reported the treatment of this model here in the Appendix, 
excluding it from the “official” computations.

Appendix B. On the equations of motion

For the baryonic tubes, a simple calculation gives

𝑈−1𝜕𝜇𝑈 =𝜕𝜇𝜒𝜏1 + sin𝜒𝜕𝜇𝑛
𝑗𝑇𝑗

+ (1 − cos𝜒)𝜕𝜇𝑛𝑗𝑛𝑘𝜖𝑗𝑘𝑙𝑇𝑙. (B.1)

Similarly,

𝑈−1𝑇3𝑈 − 𝑇3 =(1 − cos𝜒)(𝑛3𝑛𝑗𝑇𝑗 − 𝑇3)

+ sin𝜒𝜖3𝑗𝑘𝑛
𝑗𝑇𝑘. (B.2)

After some manipulations we then get

̂ =𝜕𝜇𝜒𝜏1 + sin𝜒
(
𝜕𝜇𝑛

𝑗 − 𝜖3𝑘𝑗𝑛
𝑘𝐴ext

𝜇

)
𝑇𝑗

+ (1 − cos𝜒)
(
𝜕𝜇𝑛

𝑗 − 𝜖3𝑘𝑗𝑛
𝑘𝐴ext

𝜇

)
𝑛ℎ𝜖𝑗ℎ𝑙𝑇𝑙. (B.3)

On the other hand, we have also

𝜕𝜇𝑛
𝑗 = 𝜕𝜇Θ𝜕Θ𝑛

𝑗 + 𝜕𝜇Φ𝜖3𝑘𝑗𝑛
𝑘, (B.4)
19
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̂ =𝜕𝜇𝜒𝜏1 + sin𝜒
(
𝜕𝜇Θ𝜕Θ𝑛

𝑗 + 𝜖3𝑘𝑗𝑛
𝑘(𝜕𝜇Φ−𝐴ext

𝜇 )
)
𝑇𝑗 + (1 − cos𝜒)

(
𝜕𝜇Θ𝜕Θ𝑛

𝑗 + 𝜖3𝑘𝑗𝑛
𝑘(𝜕𝜇Φ−𝐴ext

𝜇 )
)
𝑛ℎ𝜖𝑗ℎ𝑙𝑇𝑙. (B.5)

Therefore, we can write ̂ =[𝜕𝜇Φ −𝐴ext
𝜇 ]. Hence, for

𝑉 𝜇 ≡ ̂𝜇 − 𝜆

4
[
𝐺̂𝜇𝜈 , ̂𝜈

]
, (B.6)

we can write the equations of motion as

𝜕𝜇𝑉
𝜇 + [̂𝜇, 𝑉

𝜇] =𝐴ext
𝜇 [𝑇3, 𝑉 𝜇]. (B.7)

The l.h.s. is thus obtained easily from the equations of motion without external field, by shifting 𝜕𝜇Φ, while in the r.h.s., 𝑉 𝜇 is still 
a function of 𝜕𝜇Φ −𝐴ext

𝜇 but the extra term 𝐴ext
𝜇 seems to break this scheme.

However, we can prove that this is not the case in the following way. The point is that in 𝜕𝜇𝑉 𝜇 we have to do the shift before taking 
the derivative, but since 𝑉 𝜇 is a functional of Φ, through 𝑛𝑗 , after deriving we get new 𝜕𝜇Φ terms. We show that, because of gauge 
invariance of the action, these new terms pair with the r.h.s. of the above equations giving once again the usual shift. To this aim, 
let us first explore a bit the gauge transformations. These are given by

𝑈 ⟼ 𝑒𝛼𝑇3𝑈𝑒−𝛼𝑇3 , (B.8)

𝐴ext
𝜇 ⟼𝐴ext

𝜇 + 𝜕𝜇𝛼. (B.9)

Applying this to ̂ gives 𝑒𝛼𝑇3 ̂𝑒−𝛼𝑇3 , so the lagrangian is gauge invariant. An elementary calculation shows that the gauge transfor-

mation of 𝑈 simply gives the translation Φ ⟼Φ + 𝛼. This explains why 𝐴𝜇 appears in the combination 𝜕𝜇Φ −𝐴ext
𝜇 in ̂: it is the 

only possible gauge invariant combination. Now, let us write the functional dependence of 𝑉 𝜇 :

𝑉 𝜇 = 𝑉 𝜇[𝜒,Θ,Φ, 𝜕𝜇𝜒, 𝜕𝜇Θ, 𝜕𝜇Φ−𝐴ext
𝜇 ]. (B.10)

Since the combination 𝜕𝜇Φ −𝐴ext
𝜇 is gauge invariant, and given the effect of gauge transformations, we can write

𝑉 𝜇 =𝑒Φ𝑇3𝑉 𝜇[𝜒,Θ,0, 𝜕𝜇𝜒, 𝜕𝜇Θ, 𝜕𝜇Φ−𝐴ext
𝜇 ]𝑒−Φ𝑇3

=𝑒Φ𝑇3𝑉
𝜇

0 𝑒−Φ𝑇3 . (B.11)

Therefore,

𝜕𝜇𝑉
𝜇 =𝑒Φ𝑇3𝜕𝜇𝑉

𝜇

0 𝑒−Φ𝑇3 + 𝑒Φ𝑇3𝜕𝜇Φ[𝑇3, 𝑉
𝜇

0 ]𝑒−Φ𝑇3 , (B.12)

and so

𝜕𝜇𝑉
𝜇 −𝐴ext

𝜇 [𝑇3, 𝑉 𝜇] = 𝑒Φ𝑇3𝜕𝜇𝑉
𝜇

0 𝑒−Φ𝑇3𝑣 +𝑒Φ𝑇3 (𝜕𝜇Φ−𝐴ext
𝜇 )[𝑇3, 𝑉

𝜇

0 ]𝑒−Φ𝑇3 , (B.13)

as we wanted to prove. This shows that the equations gauged with 𝐴ext
𝜇 are obtained from the ungauged ones by shifting 𝜕𝜇 by −𝐴ext

𝜇
everywhere.

The same calculations work for the baryonic layer solutions. In this case a gauge transformation shifts Φ →Φ + 𝛽, Θ →Θ − 𝛽, so 
only the combination 𝛼 is affected by the gauge transformation, with 𝛼 → 𝛼 − 𝛽. Therefore, in this case, it necessarily must appear 
everywhere in the gauge invariant combination 𝜕𝜇𝛼 +𝐴ext

𝜇 .

Appendix C. General form of the Skyrme equations

In this section, we report the general form of the Skyrme equations (i.e., with 𝜆 ≠ 0) for both the Euler and exponential parame-

terization.

C.1. The Euler parameterization

In the case of Euler parameterization, we remember that the Skyrme field is written as

𝑈 = 𝑒Φ𝜅𝑒𝜒ℎ𝑒Θ𝜅 . (C.1)

Since we are considering the general equations, without taking any ansatz on the function representing the Euler angles, 𝜒 , Θ, and 
Φ depend in a generalized way on the space-time variables. The only ansatz is taken on the matrices 𝜅 and ℎ, which are the same as 
the ones defined in Section 2. As deeply analyzed in [55], the map (C.1) describes a closed cycle when the boundary conditions on 
Φ, Θ and 𝜒 are chosen in such a way that

0 ≤Φ ≤ 𝜂𝜎2𝜋, 0 ≤Θ ≤ 𝜂2𝜋, (C.2)
20

0 ≤ 𝜒 ≤ 𝑛𝜋, (C.3)
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where 𝜎 = 𝜂 = 1 for odd-dimensional representations of the elements of the Lie algebra 𝔤 and 𝜎 = 1
2 and 𝜂 = 2 for even-dimensional 

representations (which means that 𝜎 = 1
𝜂
).

With these choices, the Skyrme equations take the form

𝜕𝜇𝜕
𝜇𝜒

{
1 + 𝜆

[𝜇𝜇 sin2
(𝜒

2

)
+ 𝜕𝜇𝜉𝜕

𝜇𝜉 cos2
(𝜒

2

)]}
− sin(𝜒)

(
1 − 𝜆

4
𝜕𝜇𝜒𝜕𝜇𝜒

)(𝜈𝜈 − 𝜕𝜈𝜉𝜕
𝜈𝜉

)
− 𝜆 sin(𝜒) cos(𝜒)

[𝜇𝜇𝜕𝜈𝜉𝜕
𝜈𝜉 −

(𝜇𝜕
𝜇𝜉

)2]− 𝜆
{
sin2

(𝜒

2

)
𝜕𝜇𝜇𝜈𝜕

𝜈𝜒 + cos2
(𝜒

2

)
𝜕𝜇𝜕

𝜇𝜉𝜕𝜈𝜉𝜕
𝜈𝜒

+ sin2
(𝜒

2

)[𝜇𝜕
𝜇
(𝜈𝜕

𝜈𝜒
)
− 𝜕𝜇𝜒𝜕𝜇

(𝜈𝜈
)]

+cos2
(𝜒

2

)[
𝜕𝜇𝜉𝜕

𝜇
(
𝜕𝜈𝜉𝜕

𝜈𝜒
)
− 𝜕𝜇𝜒𝜕𝜇

(
𝜕𝜈𝜉𝜕

𝜈𝜉
)]}

− 𝜆

4
sin(𝜒)

[(𝜇𝜕
𝜇𝜒

)2 − (
𝜕𝜇𝜉𝜕

𝜇𝜒
)2] = 0, (C.4)

4 sin
(𝜒

2

){
sin

(𝜒

2

){
𝜕𝜇𝜇

[
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

]
− 𝜆

4
[
𝜕𝜇𝜕

𝜇𝜒𝜕𝜈𝜒𝜈 + 𝜕𝜇𝜒𝜕𝜇
(
𝜕𝜈𝜒𝜈

)
−𝜇𝜕𝜇

(
𝜕𝜈𝜒𝜕𝜈𝜒

)]}
+ cos

(𝜒

2

){
𝜆

2
sin(𝜒)𝜕𝜇𝜇𝜈𝜕

𝜈𝜉 − 𝜆

2
sin(𝜒)

[
𝜕𝜇𝜕

𝜇𝜉𝜈𝜈 + 𝜕𝜇𝜉𝜕
𝜇
(𝜈𝜈

)
−𝜇𝜕

𝜇
(𝜈𝜕

𝜈𝜉
)]

+ 𝜆 cos(𝜒)
[
𝜕𝜇𝜒𝜇𝜈𝜕

𝜈𝜉 − 𝜕𝜇𝜒𝜕𝜇𝜉𝜈𝜈
]
+ 𝑏𝜕𝜇𝜒𝜕𝜇𝜉

}}
− 4cos

(𝜒

2

){
cos

(𝜒

2

){
𝜕𝜇𝜕

𝜇𝜉
[
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

]
− 𝜆

4
[
𝜕𝜇𝜕

𝜇𝜒𝜕𝜈𝜒𝜕𝜈𝜉 + 𝜕𝜇𝜒𝜕𝜇
(
𝜕𝜈𝜒𝜕𝜈𝜉

)
− 𝜕𝜇𝜉𝜕

𝜇
(
𝜕𝜈𝜒𝜕𝜈𝜒

)]}
+ sin

(𝜒

2

){
𝜆

2
sin(𝜒)𝜕𝜇𝜕𝜇𝜉𝜈𝜕

𝜈𝜉 − 𝜆

2
sin(𝜒)

[
𝜕𝜇𝜇𝜕𝜈𝜉𝜕

𝜈𝜉 +𝜇𝜕
𝜇
(
𝜕𝜈𝜉𝜕

𝜈𝜉
)
− 𝜕𝜇𝜉𝜕

𝜇
(𝜈𝜕

𝜈𝜉
)]

+ 𝜆 cos(𝜒)
[
𝜕𝜇𝜒𝜕𝜇𝜉𝜈𝜕

𝜈𝜉 − 𝜕𝜇𝜒𝜇𝜕𝜈𝜉𝜕
𝜈𝜉

]
− 𝜕𝜇𝜒𝜇

}}
= 0, (C.5)

4 sin
(𝜒

2

){
cos

(𝜒

2

){
𝜕𝜇𝜇

[
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

]
− 𝜆

4
[
𝜕𝜇𝜕

𝜇𝜒𝜕𝜈𝜒𝜈 + 𝜕𝜇𝜒𝜕𝜇
(
𝜕𝜈𝜒𝜈

)
−𝜇𝜕𝜇

(
𝜕𝜈𝜒𝜕𝜈𝜒

)]}
− sin

(𝜒

2

){
𝜆

2
sin(𝑏𝜒)𝜕𝜇𝜇𝜈𝜕

𝜈𝜉 − 𝜆

2
sin(𝜒)

[
𝜕𝜇𝜕

𝜇𝜉𝜈𝜈 + 𝜕𝜇𝜉𝜕
𝜇
(𝜈𝜈

)
−𝜇𝜕

𝜇
(𝜈𝜕

𝜈𝜉
)]

+ 𝜆 cos(𝜒)
[
𝜕𝜇𝜒𝜇𝜈𝜕

𝜈𝜉 − 𝜕𝜇𝜒𝜕𝜇𝜉𝜈𝜈
]
+ 𝜕𝜇𝜒𝜕𝜇𝜉

}}
+ 4cos

(𝜒

2

){
sin

(𝜒

2

){
𝜕𝜇𝜕

𝜇𝜉
[
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

]
− 𝜆

4
[
𝜕𝜇𝜕

𝜇𝜒𝜕𝜈𝜒𝜕𝜈𝜉 + 𝜕𝜇𝜒𝜕𝜇
(
𝜕𝜈𝜒𝜕𝜈𝜉

)
− 𝜕𝜇𝜉𝜕

𝜇
(
𝜕𝜈𝜒𝜕𝜈𝜒

)]}
− cos

(𝜒

2

){
𝜆

2
sin(𝜒)𝜕𝜇𝜕𝜇𝜉𝜈𝜕

𝜈𝜉 − 𝜆

2
sin(𝜒)

[
𝜕𝜇𝜇𝜕𝜈𝜉𝜕

𝜈𝜉 +𝜇𝜕
𝜇
(
𝜕𝜈𝜉𝜕

𝜈𝜉
)
− 𝜕𝜇𝜉𝜕

𝜇
(𝜈𝜕

𝜈𝜉
)]

+ 𝜆 cos(𝜒)
[
𝜕𝜇𝜒𝜕𝜇𝜉𝜈𝜕

𝜈𝜉 − 𝜕𝜇𝜒𝜇𝜕𝜈𝜉𝜕
𝜈𝜉

]
− 𝜕𝜇𝜒𝜇

}}
= 0, (C.6)

with 𝛼 = 1
2 (Θ −Φ), 𝜉 = 1

2 (Θ +Φ).

C.2. The exponential parameterization

The general equations for the exponential parameterization are obtained considering the following form for the Skyrme field

𝑈 (𝑡, 𝑟, 𝜃,𝜙) = exp(𝜒𝜏1), (C.7)

with, as defined in Section 4,

𝜏1 = 𝑛 ⋅ 𝑇 = 𝑛1𝑇1 + 𝑛2𝑇2 + 𝑛3𝑇3 (C.8)

𝑛 = (sinΘcosΦ, sinΘsinΦ, cosΘ). (C.9)

As for the baryonic layers, here, 𝜒 , Θ, and Φ are general functions of the space-time variables. Here, the boundaries are defined by

0 ≤Φ ≤ 2𝑝𝜋, 0 ≤Θ ≤ 𝑞𝜋, (C.10)

0 ≤ 𝜒 ≤ 𝑛𝜋, (C.11)

with 𝑛, 𝑝 and 𝑞 integers. The Skyrme equations are

𝜕𝜇𝜕
𝜇𝜒 − sin𝜒

(
𝜕𝜇Θ𝜕𝜇Θ+ sin2 Θ𝜇𝜇

)
− 𝜆

4

{
sin𝜒

[
(𝜕𝜇𝜒𝜕𝜇𝜒)(𝜕𝜈Θ𝜕𝜈Θ) − (𝜕𝜇𝜒𝜕𝜇Θ)2

]
+ sin𝜒 sin2 Θ

[
(𝜕𝜇𝜒𝜕𝜇𝜒)(𝜈𝜈) − (𝜕𝜇𝜒𝜇)2

]
+ 4sin𝜒(1 − cos𝜒) sin2 Θ

[
(𝜕𝜇Θ𝜕𝜇Θ)(𝜈𝜈) − (𝜕𝜇Θ𝜇)2

][ ] [ ]

21

− 2𝜕𝜇 (1 − cos𝜒)(𝜕𝜈Θ𝜕𝜈Θ)𝜕𝜇𝜒 + 2𝜕𝜇 (1 − cos𝜒)(𝜕𝜈𝜒𝜕𝜈Θ)𝜕𝜇Θ
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− 2𝜕𝜇
[
(1 − cos𝜒) sin2 Θ(𝜈𝜈)𝜕𝜇𝜒

]
+ 2𝜕𝜇

[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜈)𝜇

]}
= 0, (C.12)

(1 − cos𝜒)𝜕𝜇𝜕𝜇Θ+ sin𝜒𝜕𝜇𝜒𝜕𝜇Θ− (1 − cos𝜒) sinΘcosΘ𝜇𝜇

− 𝜆

4

{
(1 − cos𝜒) sinΘcosΘ

[
(𝜕𝜇𝜒𝜕𝜇𝜒)(𝜈𝜈) − (𝜕𝜇𝜒𝜇)2

]
+ 2(1 − cos𝜒)2 sinΘcosΘ

[
(𝜕𝜇Θ𝜕𝜇Θ)(𝜈𝜈) − (𝜕𝜇Θ𝜇)2

]
− 𝜕𝜇

[
(1 − cos𝜒)(𝜕𝜈𝜒𝜕𝜈𝜒)𝜕𝜇Θ

]
+ 𝜕𝜇

[
(1 − cos𝜒)(𝜕𝜈𝜒𝜕𝜈Θ)𝜕𝜇𝜒

]
− 2𝜕𝜇

[
(1 − cos𝜒)2 sin2 Θ(𝜈𝜈)𝜕𝜇Θ

]
+ 2𝜕𝜇

[
(1 − cos𝜒) sin2 Θ(𝜕𝜈Θ𝜈)𝜇

]}
= 0, (C.13)

𝜕𝜇

{[
(1 − cos𝜒) sin2 Θ𝜇

]
+ 𝜆

4
[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜕𝜈𝜒)𝜇

]
− 𝜆

4
[
(1 − cos𝜒) sin2 Θ(𝜕𝜈𝜒𝜈)𝜕𝜇𝜒

]
+ 𝜆

2
[
(1 − cos𝜒)2 sin2 Θ(𝜕𝜈Θ𝜕𝜈Θ)𝜇

]
− 𝜆

2
[
(1 − cos𝜒)2 sin2 Θ(𝜕𝜈Θ𝜈)𝜕𝜇Θ

]}
= 0. (C.14)

Appendix D. The caustic curve

Since the parameters 𝜂1, 𝜂3 depend linearly on the magnetic field ℎ, we find convenient to introduce the constants 𝜂̃𝑖, 𝑖 = 1, 3, so 
that

𝜂1 = −ℎ𝜂̃1, 𝜂3 = −ℎ𝜂̃3. (D.1)

If we further introduce 𝑦 ≡ 𝑦(𝜇, ℎ) by

𝑦 = 𝜂4𝜂̃2 −
3
32

𝜂̃23ℎ
2, (D.2)

because of (61), 𝑦 is linear in 𝜇𝐵 , and the cubic (67) takes the form

𝑦3 − 27
8

ℎ2𝜂̃3

(
𝜂̃1𝜂

2
4 −

𝜂̃33ℎ
2

27

)
𝑦

+ 27
8

(
ℎ2𝜂̃21𝜂

4
4 +

5
32

𝜂̃1𝜂̃
3
3𝜂

2
4 −

𝜂̃63

211

)
= 0. (D.3)

The discriminant of this cubic is

Δ𝑦 =
36

220
ℎ4(16𝜂̃1𝜂24 − 𝜂̃33ℎ

2)3. (D.4)

It is positive for small ℎ, negative for large ℎ, changes sign at (recalling 𝜂̃𝑗 > 0 for 𝑗 = 1, 3)

ℎ̄ = 4

√
𝜂̃1
𝜂̃3

𝜂4
𝜂̃3

, (D.5)

and vanishes at ℎ = 0. For ℎ < ℎ̄ there is only one branch, while a second branch appears at ℎ ≥ ℎ̄. Since there are no further zeros 
of Δ𝑦, the two branches cannot intersect. To understand the shape of the caustic in the (ℎ, 𝑦) plane, it is convenient to determine 
explicitly an expression for the solutions at ℎ ∼ 0, ℎ →∞ and ℎ ∼ ℎ̄.

For ℎ = 0 the unique solution is 𝑦 = 0 (triple degenerate). For small ℎ, one then immediately finds that the unique solution is

𝑦0 = −3
2
𝜂̃

2
3
1 𝜂

4
3
4 ℎ

2
3 +𝑂(ℎ2). (D.6)

For the other cases, it is convenient to use Cardano’s formula

𝑦𝑖 = 𝜔𝑖−1
(
− 𝑞

2
+
√

Δ𝑦

) 1
3 + 𝜔̄𝑖−1

(
− 𝑞

2
−
√

Δ𝑦

) 1
3
, (D.7)

𝑖 = 1, 2, 3, where 𝜔 = 1
2 (−1 + 𝑖

√
3), and we have written (D.3) in the form 𝑦3 + 𝑝𝑦 + 𝑞 = 0. For very large ℎ we have

𝑞 ≈ − 27
214

𝜂̃63ℎ
6, (D.8)

Δ𝑦 ≈ − 36

220
𝜂̃93ℎ

10. (D.9)√

22

Therefore, |Δ𝑥| is smaller than 𝑞 and we can write
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𝑦𝑖 ≈ 𝜔𝑖−1
(
− 𝑞

2

) 1
3

(
1 −

2𝑖
√|Δ𝑦|
3𝑞

)
+ 𝑐.𝑐., (D.10)

where 𝑐.𝑐. means complex conjugate. More explicitly:

𝑦∞,1 =
3
16

𝜂̃23ℎ
2 +𝑂(1), (D.11)

𝑦∞,2 = − 3
32

𝜂̃23ℎ
2

⎛⎜⎜⎜⎝1 −
32

𝜂̃
3
2
3

√
3ℎ

⎞⎟⎟⎟⎠+𝑂(1), (D.12)

𝑦∞,3 = − 3
32

𝜂̃23ℎ
2
⎛⎜⎜⎜⎝1 +

32

𝜂̃
3
2
3

√
3ℎ

⎞⎟⎟⎟⎠+𝑂(1). (D.13)

To understand to which branch this solution belongs, it is sufficient to analyze the solutions in ℎ > ℎ̄, very near to ℎ̄. Since now Δ𝑦

is very small, the expressions (D.10) are still valid but with different values of 𝑞 and Δ𝑦:

𝑞

2
≈

(
9𝜂̃1𝜂24
2𝜂̃3

)3

, (D.14)

Δ𝑦 ≈ − 36

217
ℎ̄3𝜂̃33(ℎ− ℎ̄)3. (D.15)

Therefore, we get

𝑦ℎ̄,1 = −
9𝜂̃1𝜂24
𝜂̃3

+𝑂((ℎ− ℎ̄)2), (D.16)

𝑦ℎ̄,2 =
9𝜂̃1𝜂24
2𝜂̃3

⎛⎜⎜⎜⎝1 −
√
2𝜂̃

9
2
3 ℎ̄

3
2√

366𝜂̃31𝜂
6
4

(ℎ− ℎ̄)
3
2

⎞⎟⎟⎟⎠+𝑂((ℎ− ℎ̄)2), (D.17)

𝑦ℎ̄,3 =
9𝜂̃1𝜂24
2𝜂̃3

⎛⎜⎜⎜⎝1 +
√
2𝜂̃

9
2
3 ℎ̄

3
2√

366𝜂̃31𝜂
6
4

(ℎ− ℎ̄)
3
2

⎞⎟⎟⎟⎠+𝑂((ℎ− ℎ̄)2). (D.18)

We see that 𝑦ℎ̄,2 and 𝑦ℎ̄,3 coincide at ℎ = ℎ̄ so belong to the new branch. 𝑦ℎ̄,1 necessarily belongs to the branch of 𝑦0. Since the two 
branches cannot intersect and 𝑦ℎ̄,1 is below 𝑦ℎ̄,2 and 𝑦ℎ̄,3, we infer that 𝑦∞,3 belongs to the branch starting from ℎ = 0, while 𝑦∞,2
belongs to the lower part of the second branch and 𝑦∞,1 belongs to the upper part of the second branch. We considered the branch 
starting at ℎ̄ as a unique branch, being connected, but we remark that its upper and lower part form a cusp in ℎ = ℎ̄, since there

𝑑𝑦ℎ̄,2

𝑑ℎ

|||||ℎ=ℎ̄

=
𝑑𝑦ℎ̄,3

𝑑ℎ

|||||ℎ=ℎ̄

= 0. (D.19)

From this analysis, we can easily reconstruct the picture in the (ℎ, 𝜇𝐵)-plane simply by using (D.2) and (61). It then follows that 
the simple branch results to be above while the double branch is below. Notice also that from (D.6) and (61) we get for the simple 
branch that it starts from

𝜇𝐵 = 4𝐾𝐿𝑟𝐿
2𝜋2 Σ2(ℎ,𝑚)

(
3𝜋
𝐿2

𝜃

+ 6𝜋
𝐿2

𝜙

)
with an infinite positive slope. Finally, we can notice that the caustic is necessarily confined in the region where 𝑏 < 0. By writing 
𝜂2 = 𝜂

(0)
2 + 𝜂

(1)
2 ℎ2, where 𝜂(𝑖)2 are positive constants, we see that such condition corresponds to

‖𝑐‖2
2

𝜇𝐵 ≥ 𝜂
(0)
2 +

(
𝜂
(1)
2 − 3

8
𝜂̃23
𝜂4

)
ℎ2. (D.20)

From the expressions relating the 𝜂s to the Σ(ℎ, 𝑚)s, we see that the parenthesis is positive when

Σ(1)
2 Σ4 −

3
8
Σ̃2
3 > 0, (D.21)

where analogously to the 𝜂s, we have defined Σ3 =∶ Σ̃3ℎ and Σ2 ∶= Σ(0)
2 + Σ(1)

2 ℎ2. From the expressions (F.12)–(F.16), we see that 
23

the positiveness is never satisfied.
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Finally, it is interesting to notice that the lowest component of the double branch is definitely decreasing. Indeed, from the expression 
for 𝑦∞,1 we get

‖𝑐‖2
2

𝜇𝐵,∞,1 = 𝜂
(0)
2 +

(
𝜂
(1)
2 − 9

32
𝜂̃23
𝜂4

)
ℎ2. (D.22)

As above, for 𝑚 ≥ 1 the expression in parenthesis results to be always negative, therefore, for large ℎ such a lower component 
becomes negative.

Thus, we see that the qualitative shape of the caustic in the (ℎ, 𝜇𝐵) plane is universal, it does not depend on the specific values of 
the parameters. A representative picture is shown in Fig. 2.

Appendix E. The Pearcey integral

Here we recall the main properties of the Pearcey integral (70), expressed in the variable 𝑥 and 𝑦, introduced in [78], related to 
the standard 𝑋 and 𝑌 variables by 𝑥 =𝑋𝑒−𝑖 𝜋4 , 𝑦 = 𝑌 𝑒𝑖

𝜋
8 . For any fixed value of 𝑥 and 𝑦, we can expand the exponentials 𝑒−𝑥𝑞2 and 

𝑒𝑖𝑦𝑞 in power series to get

(𝑥, 𝑦) = 1
2
𝑒𝑖

𝜋
8

∞∑
𝑛=0

∞∑
𝑚=0

(−1)𝑚

𝑚!(2𝑛)!
Γ
(
𝑚+ 𝑛

2
+ 1

4

)
𝑥𝑚𝑦2𝑛, (E.1)

which converges in any compact polydisc. Therefore, the interesting cases arise when 𝑥, or 𝑦, or both become very large. Even if a 
complete treatment is still lacking, these cases are well-studied in the literature, and we report here the main results.

Large 𝑥 expansion. An exhaustive analysis of the asymptotic behavior of the Pearcey integral for large 𝑥 at any fixed value for 
𝑦 can be found in [78]. One has to distinguish two cases. For | arg(𝑥)| ≤ 𝜋

2 one finds the complete asymptotic expansion

(𝑥, 𝑦) ∼
√

𝜋

𝑥
𝑒𝑖

𝜋
8 𝑆1(𝑥, 𝑦), (E.2)

𝑆1(𝑥, 𝑦) =𝑒−
𝑦2
4𝑥

∞∑
𝑚=0

(−1)𝑚𝑎𝑚(𝑦2∕4𝑥)
𝑚!𝑥2𝑚

, (E.3)

𝑎𝑚(𝑧) =2−4𝑚𝐻4𝑚(
√

𝑧), (E.4)

where 𝐻𝑛 is the 𝑛-th Hermite polynomial.

For | arg(−𝑥)| < 𝜋

2 one finds

(𝑥, 𝑦) ∼
√

𝜋

𝑥
𝑒𝑖

𝜋
8

[
𝜎(𝑥)𝑆1(𝑥, 𝑦) + 𝑖

√
2𝑒

𝑥2
4 𝑆2(𝑥, 𝑦)

]
, (E.5)

𝜎(𝑥) = − sign arg(−𝑥), (E.6)

𝑆2(𝑥, 𝑦) =
∞∑

𝑚=0

(𝑦2∕8𝑥)2𝑚

𝑚!

[
𝑃 (2𝑚, 𝜉) cos 𝜉

−𝑄(2𝑚, 𝜉) sin 𝜉
]
, (E.7)

𝑃 (2𝑚, 𝜉) =
𝑚∑

𝑘=0

(−1)𝑘(2𝑚+ 2𝑘)!(2𝜉)−2𝑘

(2𝑘)!(2𝑚− 2𝑘)!
, (E.8)

𝑄(2𝑚, 𝜉) =
𝑚−1∑
𝑘=0

(−1)𝑘(2𝑚+ 2𝑘+ 1)!(2𝜉)−2𝑘−1

(2𝑘+ 1)!(2𝑚− 2𝑘− 1)!
, (E.9)

𝜉 =𝑦
(
−𝑥

2

) 1
2
. (E.10)

The main ingredient here is the exponential 𝑒
𝑥2
4 in (E.5). From it, we see that when | arg(−𝑥)| < 𝜋

4 the Pearcey integral grows 
exponentially far away from the origin, while after crossing the half-lines arg(𝑥) = ±3

4𝜋 it oscillates with a dominating algebraic 
behavior. Such half-lines are Stokes lines in the complex 𝑥 plane, independently on 𝑦, as 𝑦 stays bounded. A constant discontinuity 
appears at arg(𝑥) = 𝜋, and for arg(𝑧) = ± 𝜋

2 we have a transition from a double function contribution (𝑆1 + 𝑆2) to a single function 
contribution (𝑆1): these three half-lines are anti-Stokes lines.2
24

2 It is worth remarking here that our convention on Stokes lines is the opposite of that in [78].
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Large 𝑦 expansion. The case of bounded 𝑥 and large |𝑦| is carefully developed in [84].3 Since the Pearcey integral is even in 𝑦, 
it is sufficient to consider the region arg(𝑦) ≤ 𝜋

2 . In this case, one gets

(𝑥, 𝑦) =
⎧⎪⎨⎪⎩
𝑃1(𝑥, 𝑦) + 𝑃2(𝑥, 𝑦) +𝑂(𝑒−1.38077|𝑦| 43 ) if | arg(𝑦)| ≤ 𝜋

8 ,

𝑃1(𝑥, 𝑦) if − 𝜋

2 ≤ | arg(𝑦)| < − 𝜋

8 ,

𝑃2(𝑥, 𝑦) if
𝜋

8 < | arg(𝑦)| ≤ 𝜋

2 ,

(E.11)

where

𝑃𝑘(𝑥, 𝑦) ∼
√

𝜋∕3

2
5
6 𝑦

1
3

exp

[
3
(𝑦

4

) 4
3
𝑒−(−1)

𝑘2𝑖 𝜋3 − 𝑥
(𝑦

4

) 2
3
𝑒−(−1)

𝑘𝑖 𝜋3 + 𝑥2

6

][
𝑚∑

𝑛=0
𝑒(−1)

𝑘(2𝑛+1)𝑖 𝜋6
𝐴𝑛(𝑥)

𝑦
2
3 𝑛

+𝑂( 1
𝑦2𝑚+3

)

]
, (E.12)

and

𝐴𝑛(𝑥) =
𝑛∑

𝑟=⌊ 𝑛+1
2 ⌋

2𝑟−𝑛∑
𝑙=0

(−1)𝑛+𝑙𝑎𝑛,𝑟,𝑙(𝑥)𝑐2𝑟+𝑛−𝑙(𝑥), (E.13)

𝑎𝑛,𝑟,𝑙(𝑥) =
(−1)𝑟𝑥𝑙2

4
3 (2𝑟−𝑛−𝑙)

𝑘!(2𝑟− 𝑛− 𝑙)!(𝑛− 𝑟)!
, (E.14)

𝑐2𝑟+𝑛−𝑙(𝑥) =
𝑥𝑛

3𝑛2
𝑛
3

⌊ 𝑛
2 ⌋∑

𝑘=0

(
3
2𝑥2

)𝑘
𝑛!

𝑘!(𝑛− 2𝑘)!
. (E.15)

From this, one can infer that there is a Stokes line along the real half-line arg(𝑦) = 0, and two anti-Stokes lines at arg(𝑦) = ±3
8𝜋.

Large parameters near the caustic. This case is considered in [79]. The analysis, despite being valid also for certain complex 
value, are not as complete as in the previous case and allows us to do just a partial analysis, which is however interesting since 
it concerns the case when 𝑥 and 𝑦 are real. The key fact is that in such a situation the number of saddle points contributing to 
the asymptotic expansion depends on the sign of the discriminant Δ: when positive, only one saddle point contributes, while when 
negative, three saddle points contribute. The delicate question is what happens at the caustic. Since the discriminant can change 
sign only for negative 𝑏, it follows that it is sufficient to consider the case of large negative 𝑥. To use the results in [79], it is 
worth mentioning that there is a further different convention for the Pearcey integral. If we call 𝑃 (𝑋, 𝑌 ) the standard definition and 
𝑃𝐾 (𝑋, 𝑌 ) the one in [79], then we have

(𝑋𝑒−𝑖 𝜋4 , 𝑌 𝑒𝑖
𝜋
8 ) = 𝑃 (𝑋,𝑌 ) = 1√

2
𝑃𝐾 (𝑋,

𝑌√
2
). (E.16)

The analysis in [79] (se also [85]) is done for real 𝑋, 𝑌 , while we are interested in real 𝑥 and purely imaginary 𝑦, which correspond to 
complex 𝑋 and 𝑌 . In particular, we are exactly at the boundary of the region of the validity of their analysis, see the comment below 
formula (2.2) in [79]. Since we are not sure to stress their results to the boundary, it is convenient for us to repeat the calculation in 
our case.

As in [79], the interesting situation is near the points where the caustic changes sign, and, when 𝑥 is real, also in our case, this 
happens when 𝑥 is large and negative. Thus, we change 𝑥 → −𝑥 and consider 𝑥 positive. The caustic is along 𝑦2 = 8

27𝑥
3, so we are 

interested in the large 𝑥 behavior of

𝑄(𝑥,𝜇) = (−𝑥,𝜇𝑥
3
2 ), (E.17)

where we set

𝜇 =
√

8
27

− 𝛼, (E.18)

and 𝛼 is a small real parameter. When 𝛼 is positive there are three real critical points, while when 𝛼 is negative there are one real and 
two complex conjugate critical points. It is convenient to do the calculations for positive 𝛼 and then consider analytic continuation. 
After a simple change of coordinates, we can write

𝑄(𝑥,𝜇) = 𝑒𝑖
𝜋
8
√

𝑥∫
ℝ

𝑒−𝑥2(𝑧4−𝑧2+𝜇𝑧)𝑑𝑧. (E.19)

The critical points of the quartic polynomial in 𝑧 are

𝑧1 = −
√

2
3
sin

(
𝜋

3
+𝜙

)
, (E.20)
25

3 We agree with their conventions on Stokes lines.
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Fig. 7. The integration path is deformed from the real axis to the union of the two curves Γ1 and Γ2 . The red lines indicate the displacing of the real solutions 
𝑧1 < 0 ≤ 𝑧2 ≤ 𝑧3 when 𝜙 varies from 0 to 𝜋∕6.

𝑧2 = −
√

2
3
sin (𝜙) , (E.21)

𝑧3 =
√

2
3
sin

(
𝜋

3
−𝜙

)
, (E.22)

where 𝜙 is such that |𝜙| ≤ 𝜋

6 and is defined by

𝜙 = 1
3
arcsin

(
𝜇

√
27
8

)
. (E.23)

Notice that when 𝛼 → 0 then 𝜙 → 𝜋

6 and the two positive roots coincide at 𝑧2 = 𝑧3 = 1∕
√
6. Taking into account this fact, it is 

convenient to deform the integration contour to Γ = Γ1 ∪ Γ2, where Γ𝑗 are depicted in Fig. 7.

From the picture, we see that in this way, we can always deform Γ1 so that it passes through 𝑧2 and 𝑧3, while Γ1 passes through 
𝑧1. It is convenient to separate things in this manner to have better control of what happens when the two positive critical points 
merge.

We first analyze the integral along Γ1. Following [79], it is convenient to consider a sequence of changes of variables. First, we 
introduce the shift 𝑧 = 𝑡 + 1√

6
so that the exponent becomes

𝑧4 − 𝑧2 + 𝜇𝑧 =∶ 𝑔(𝑡, 𝛼) + 1
9
− 𝛼√

6
, (E.24)

with

𝑔(𝑡, 𝛼) = 𝑡4 + 4√
6
𝑡3 − 𝛼𝑡. (E.25)

Then, we introduce a second change of variable 𝑢 = 𝑢(𝑡), defined by

𝑔(𝑡, 𝛼) = 𝑢3

3
− 𝜁𝑢+ 𝜂. (E.26)

Here, we want the change of variables to be smooth at the points 𝑡𝑗 = 𝑧𝑗 −
1√
6
, 𝑗 = 2, 3. Taking the derivative of the above expression 

w.r.t. 𝑢, we get

𝜕𝑡(𝑡, 𝛼)
𝑑𝑡

𝑑𝑢
= 𝑢2 − 𝜁. (E.27)

The only possibility for 𝑑𝑡

𝑑𝑢
to be finite and non-zero at 𝑡2 and 𝑡3 is that, correspondingly, 𝑢 = ±𝜁

1
2 . We choose the plus sign to 

correspond to 𝑡3. Therefore, we get

𝜁
3
2 =3

4
[𝑔(𝑡2, 𝛼) − 𝑔(𝑡3, 𝛼)], (E.28)

𝜂 =1
2
[𝑔(𝑡2, 𝛼) + 𝑔(𝑡3, 𝛼)]. (E.29)
26

By solving (E.26), one then gets
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𝑢(𝑡, 𝛼) =2𝜁
1
2 sin𝜓, (E.30)

𝜓 = 1
3
arcsin 3(𝜂 − 𝑔(𝑧, 𝛼))

2𝜁
3
2

. (E.31)

From this one can show that the change of variable is analytic not only around the critical points but along the whole path Γ1 −
1√
6
. 

In the new coordinate 𝑢 the contribution of the Γ1 curve to 𝑄 is therefore

𝑄1(𝑥,𝛼) = 𝑒𝑖
𝜋
8
√

𝑥𝑃1(𝑥,𝛼), (E.32)

where for large values of 𝑥 we have

𝑃1(𝑥,𝛼) ∼ 𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

)
∞∑
𝑛=0

𝑥−2𝑛
⎡⎢⎢⎣𝑝𝑛(𝛼)∫𝐶 𝑒

−𝑥2
(

𝑢3
3 −𝜁𝑢

)
𝑑𝑢+ 𝑞𝑛(𝛼)∫

𝐶

𝑢𝑒
−𝑥2

(
𝑢3
3 −𝜁𝑢

)
𝑑𝑢

⎤⎥⎥⎦ , (E.33)

where 𝑝𝑛 and 𝑞𝑛 as exactly as defined in (3.7) of [79], and 𝐶 is the path starting at 𝑒𝑖
2
3 𝜋∞ and ending at +∞. The integrals along 𝐶

are easily expressed in terms of Airy functions so that we get

𝑃1(𝑥,𝛼) ∼ − 𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

)
𝜋

𝑥
2
3

(
𝐵𝑖(𝜁𝑥

4
3 ) + 𝑖𝐴𝑖(𝜁𝑥

4
3 )
) ∞∑

𝑛=0
𝑥−2𝑛𝑝𝑛(𝛼)

− 𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

)
𝜋

𝑥
4
3

(
𝐵𝑖′(𝜁𝑥

4
3 ) + 𝑖𝐴𝑖′(𝜁𝑥

4
3 )
) ∞∑

𝑛=0
𝑥−2𝑛𝑞𝑛(𝛼), (E.34)

where the prime indicates derivative w.r.t. the argument. In particular, we find

𝑝0(𝛼) =
1√
23

3
4

+𝑂(𝛼), (E.35)

𝑞0(𝛼) =
1

4
√
23

1
4

+𝑂(𝛼). (E.36)

Now, let us consider the contribution of the path Γ2. In this case, it is convenient to introduce the coordinate 𝑡 such that 𝑧 = 𝑡 + 𝑧1 so 
that

𝑧4 − 𝑧2 + 𝜇𝑧 = 𝑧41 − 𝑧21 + 𝜇𝑧1 +
1
2
𝑡2(12𝑧21 − 2) + 4𝑡3𝑧1 + 𝑡4.

In looking for the steepest descent paths, after putting 𝑡 = 𝑥 + 𝑖𝑦, we determine the curves where the polynomial in 𝑡 has zero 
imaginary part. This gives

0 = −4𝑦3(𝑥+ 𝑧1) + 𝑦(4𝑥3 + 12𝑥2𝑧1 + 𝑥(12𝑧21 − 2)). (E.37)

This is easily solved, keeping into account that 𝑧21 ≤ 1
2 . The curves are depicted in Fig. 8.

We see that it is not possible to deform Γ2 to the red curve since it would need to cross hills. However, we can deform it to the 
red curve until the point −𝑧1 and then to the upward dashed half-right line. In computing the saddle point approximation we then 
see that for large 𝑥 only the red line component contributes to the integral, while the remaining part gives exponentially smaller 
results. The contribution of the Γ2 curve to 𝑄 is therefore

𝑄2(𝑥,𝛼) = 𝑒𝑖
𝜋
8
√

𝑥𝑃2(𝑥,𝛼), (E.38)

where

𝑃2(𝑥,𝛼) ∼𝑒−𝑥2ℎ(𝑧1)
√

𝜋

6𝑧21 − 1

[
1+

+ 1
𝑥2

(
15𝑧21 −

3
4

)
+…

]
, (E.39)

ℎ(𝑧) =𝑧4 − 𝑧2 + 𝜇𝑧. (E.40)

Putting it all together, we are now able to analyze the asymptotic behavior of the Pearcey integral around the caustic. To this aim, it 
is convenient to recall the following asymptotic expressions for the Airy functions (see [86]):

𝐴𝑖(𝑠) ∼ 1
𝑒−𝜉

∞∑
(−1)𝑘

𝑐𝑘
, | arg(𝑧)| < 𝜋, (E.41)
27

2
√

𝜋𝑠
1
4 𝑘=0 𝜉𝑘
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Fig. 8. The red line represents the steepest descent line passing through 𝑧1 (i.e. 𝑡 = 0). The blue lines represent real curves for the exponent. The dark region represents 
valleys at large 𝑡 while the light regions are the hills.

𝐴𝑖′(𝑠) ∼ − 𝑠
1
4

2
√

𝜋
𝑒−𝜉

∞∑
𝑘=0

(−1)𝑘
𝑑𝑘

𝜉𝑘
, | arg(𝑧)| < 𝜋, (E.42)

𝐵𝑖(𝑠) ∼ 1√
𝜋𝑠

1
4

𝑒𝜉
∞∑
𝑘=0

𝑐𝑘

𝜉𝑘
, | arg(𝑧)| < 𝜋

3
, (E.43)

𝐵𝑖′(𝑠) ∼ − 𝑠
1
4√
𝜋
𝑒𝜉

∞∑
𝑘=0

𝑑𝑘

𝜉𝑘
, | arg(𝑧)| < 𝜋

3
, (E.44)

where

𝜉 = 2
3
𝑠
3
2 , (E.45)

and

𝑐0 =𝑑0 = 1, 𝑑𝑘 = −6𝑘+ 1
6𝑘− 1

𝑐𝑘, (E.46)

𝑐𝑘 =
Γ(3𝑘+ 1∕2)

(54)𝑘𝑘!Γ(𝑘+ 1∕2)
. (E.47)

We will also need:

𝐵𝑖(𝑧𝑒±
𝜋
3 𝑖) ∼

√
2
𝜋

𝑒∓
𝜋
6 𝑖

𝑧
1
4

[
sin

(
𝜉 + 𝜋

4
∓ 𝑖

2
log2

) ∞∑
𝑘=0

(−1)𝑘
𝑐2𝑘

𝜉2𝑘
− cos

(
𝜉 + 𝜋

4
∓ 𝑖

2
log2

) ∞∑
𝑘=0

(−1)𝑘
𝑐2𝑘+1

𝜉2𝑘+1

]
, (E.48)

𝐵𝑖′(𝑧𝑒±
𝜋
3 𝑖) ∼

√
2
𝜋
𝑒∓

𝜋
6 𝑖𝑧

1
4
[
cos

(
𝜉 + 𝜋

4
∓ 𝑖

2
log2

) ∞∑
𝑘=0

(−1)𝑘
𝑑2𝑘

𝜉2𝑘
+ sin

(
𝜉 + 𝜋

4
∓ 𝑖

2
log2

) ∞∑
𝑘=0

(−1)𝑘
𝑑2𝑘+1

𝜉2𝑘+1

]
, (E.49)

which are valid when | arg(𝑧)| < 2
3𝜋. Let us write the final result in the form

𝑄(𝑥,𝛼) ∼ − 𝑒𝑖
𝜋
8
√

𝑥𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

)[
𝜋√
63

1
4

1

𝑥
2
3

(𝐵𝑖(𝜁𝑥
4
3 ) + 𝑖𝐴𝑖(𝜁𝑥

4
3 )) + 3

1
4 𝜋

4
√
6

1

𝑥
4
3

(𝐵𝑖′(𝜁𝑥
4
3 ) + 𝑖𝐴𝑖′(𝜁𝑥

4
3 ))

]

+ 𝑒𝑖
𝜋
8 𝑒−𝑥2ℎ(𝑧1)

√
𝜋
2

1√ +… . (E.50)
28

6𝑧1 − 1 𝑥
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Since ℎ(𝑧1) < 0 for any 𝛼, we see that the term in the second line (𝑄2(𝑥, 𝛼)) is always dominating. The first line, instead, contributes 
in different ways according to the sign of 𝛼. For 𝛼 > 0, 𝜁 is real, and using the above formulas for the Airy functions we get

𝑄1(𝑥,𝛼) ∼ − 𝑒𝑖
𝜋
8√
𝑥

√
𝜋

6
1 −

√
3𝜁

(3𝜁)
1
4

𝑒−𝑥2ℎ(𝑧3). (E.51)

Here ℎ(𝑧3) is positive, so this term decays exponentially like a Gaussian.

For 𝛼 < 0 instead oscillating modes appear. In this case, 𝜁 = |𝜁 |𝑒𝑖 𝜋3 and we get

𝑄1(𝑥,𝛼) ∼ − 𝑒𝑖
𝜋
8√
𝑥
𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

) ⎡⎢⎢⎣
√

𝜋𝑒𝑖
𝜋
4

3
3
4 |𝜁 | 14 sin

(2
3
|𝜁 | 32 𝑥2 + 𝜋

4
− 𝑖

2
log2

)
−

√
𝜋𝑒−𝑖 𝜋

12 |𝜁 | 14
3

1
4 4

cos
(2
3
|𝜁 | 32 𝑥2 + 𝜋

4
− 𝑖

2
log2

)⎤⎥⎥⎦
− 𝑒𝑖

𝜋
8√
𝑥
𝑒
−𝑥2

(
1
9 −

𝛼√
6
+𝜂

)
𝑖

√
𝜋𝑒−𝑖 𝜋

12

2
√
63

1
4

(
1 −

√
6|𝜁 | 12 𝑒𝑖 𝜋6

4

)
𝑒−𝑖 23 |𝜁 | 32 𝑥2 . (E.52)

Finally, for 𝛼 = 0 we have 𝜁 = 0 and 𝜂 = 6−
1
2 3−

1
4 , therefore we find

𝑄1(𝑥,𝛼) ∼ − 𝑒−𝑖 𝜋8 𝑒

−𝑥2
⎛⎜⎜⎝ 1
9 +

1√
63

1
4

⎞⎟⎟⎠ 𝜋√
63

1
4

⎛⎜⎜⎝ 1

3
1
3 Γ( 13 )

+ 𝑖
1

3
2
3 Γ( 23 )

⎞⎟⎟⎠ 1

𝑥
1
6

. (E.53)

Appendix F. The piecewise-linear solutions

In this section, we want to give an insight into the case when the condition 𝜆∕16𝐿2
𝑟 = 1 is not satisfied.

The requirement to satisfy the imposed boundary conditions is
𝜆

16𝐿2
𝑟

< 1. (F.1)

With this condition, the universal solution takes the form

𝜒(𝑟) =
{

0 for 0 ≤ 𝑟 ≤ 𝑟0(𝑚),
𝑚

2

[
𝑟− 𝑟0(𝑚)

]
for 𝑟 > 𝑟0(𝑚),

(F.2)

where 𝑚 =
√

16𝐿2
𝑟∕𝜆 is the slope of the solution and 𝑟0(𝑚) is the intersection between the non-zero part of the solution and the 

𝑟-axis, which depends on 𝑚. In particular, it takes values

𝑟0(𝑚) = 2𝜋
(
1 − 1

𝑚

)
. (F.3)

When the condition 𝜆∕16𝐿2
𝑟 = 1 is satisfied, 𝑚 = 1 and 𝑟0(1) = 0. This way, equation (F.2) is a general formulation for the condition 

𝜆∕16𝐿2
𝑟 ≤ 1 (i.e., 𝑚 ≥ 1). It is worth noticing here that this is not the only solution, but other solutions can be defined by alternating 

the constant parts and non-constant parts in an infinite number of combinations. It would correspond to pieces of baryonic layers, 
leading to a discontinuous form of the energy density. For this reason, we considered only the solution (F.2). In this more general case, 
the energy density takes the form (44), but each 𝜌𝑖 has an additional dependence on the parameter 𝑚. In particular, for 0 ≤ 𝑟 ≤ 𝑟0(𝑚), 
the expressions are4

𝜌0 =𝐾‖𝑐‖2( 𝑝2

2𝐿2
𝜙

+ 𝑞2

4𝐿2
𝜃

)
, (F.4)

𝜌1 = 0, (F.5)

𝜌2 = 0. (F.6)

On the other hand, for 𝑟 > 𝑟0(𝑚),

𝜌0 =𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
1 + 𝜆𝑚2

8𝐿2
𝑟

+ 𝑞2𝜆

2𝐿2
𝜃

sin2
(

𝑚(𝑟− 𝑟0(𝑚))
2

)]
+ 𝑞2

4𝐿2
𝜃

(
1 + 𝜆𝑚2

4𝐿2
𝑟

)
+ 𝑚2

16𝑏2𝐿2
𝑟

}
, (F.7)

𝜌1 = −𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
𝑞𝜆

𝐿2
𝜃

sin2
(

𝑚(𝑟− 𝑟0(𝑚))
2

)]
+ 𝑞

𝐿2
𝜃

sin2
(

𝑚(𝑟− 𝑟0(𝑚))
4

)(
1 + 𝜆𝑚2

8𝐿2
𝑟

)}
, (F.8)

4 Once again, this is true up to the insertion of brane sources at the boundaries, as required by the Stokes theorem (or, equivalently, by the boundary conditions 
29

required to make the variational principle available).
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𝜌2 =𝐾‖𝑐‖2{ 𝑝2

2𝐿2
𝜙

[
𝜆

2𝐿2
𝜃

sin2
(

𝑚(𝑟− 𝑟0(𝑚))
2

)]
+ 1

𝐿2
𝜃

sin2
(

𝑚(𝑟− 𝑟0(𝑚))
4

)(
1 + 𝜆𝑚2

8𝐿2
𝑟

)}
. (F.9)

The baryonic density can be computed in a very similar way, giving

𝜌𝐵 =

{
0 for 0 ≤ 𝑟 ≤ 𝑟0(𝑚)‖𝑐‖2
8𝜋2 𝑚𝑞𝜕𝜙Φsin

(
𝑚(𝑟−𝑟0(𝑚))

2

)
for 𝑟 > 𝑟0(𝑚),

(F.10)

which integral gives the usual integer value of equation (56). Thus, as for the energy density, the baryons accumulate in peaks that 
become sharper for bigger values of 𝑚, preserving the baryonic charge 𝐵. Notice that in the region corresponding to the density 
(F.4) there are no baryons, but the energy density is nonzero (and independent of the external field). This energy thus corresponds 
to mesonic fluctuations.

The total energy can be written as

𝐸(𝑞;ℎ,𝑚) = 2𝜋2𝐾𝐿𝑟𝐿𝜃𝐿𝜙‖𝑐‖2 4∑
𝑖=1

Σ𝑖(ℎ,𝑚) 𝑞𝑖, (F.11)

where, this time,

Σ4(ℎ,𝑚) =
8𝐿2

𝑟

𝐿2
𝜙
𝐿2

𝜃

𝜋

𝑚3 , (F.12)

Σ2(ℎ,𝑚) =
3𝜋
𝐿2

𝜃

+ 6𝜋
𝐿2

𝜙

+ ℎ2 16𝐿2
𝑟𝜋

𝐿2
𝜙
𝐿2

𝜃
𝑚3

[
2𝜋2 − 3
3𝑚2 + 2𝜋2

(
1 − 1

𝑚

)]
, (F.13)

Σ0(ℎ,𝑚) =
𝜋𝑚2

4𝐿2
𝑟

+ ℎ2 8𝜋
𝐿2

𝜃
𝑚

[
3𝜋2

(
1 − 1

𝑚

)
+ 1

𝑚

(
2 − 1

𝑚

)
+ 𝜋2

𝑚2

]
, (F.14)

Σ3(ℎ,𝑚) = −ℎ
16𝐿2

𝑟𝜋
2

𝐿2
𝜙
𝐿2

𝜃
𝑚3

(
2 − 1

𝑚

)
, (F.15)

Σ1(ℎ,𝑚) = −ℎ
6

𝐿2
𝜃
𝑚

[ 4
𝑚

+ 𝜋2
(
2 − 1

𝑚

)]
. (F.16)

It is straightforward to check that when 𝑚 = 1 these quantities reduce to eqs. (50) to (54). The partition function takes the form

 =
∑
𝑞

exp
{

− 𝛽‖𝑐‖2[2𝐾𝐿𝑟𝐿
2𝜋2

4∑
𝑖=1

Σ𝑖(ℎ,𝑚)𝑞𝑖 − 𝑞2

2
𝜇𝐵

]}
, (F.17)

where, again, we used the condition (37) with 𝐿𝜃 = 𝐿𝜙 = 𝐿. This allows us to determine the thermodynamic properties of the 
baryonic layers. In this scope, we need to explicitly compute the sums over 𝑞. This has already been studied for the ungauged case 
in [59].

Appendix G. The polarization effects

In this section, we discuss the possibility of considering an electromagnetic field generated from the polarization effects induced 
by the external field. In this scope, we suppose that to preserve its existence, the skyrmion generates a backreaction that cancels 
the external magnetic field in the boundaries. This gives rise to an internal electromagnetic field, whose behavior can be defined as 
solutions to the Maxwell Equations.

Let us choose the usual ansatz, with

𝛼 = 𝑞

2
𝜃 − 𝑝

2

(
𝑡

𝐿𝜙

−𝜙

)
, (G.1)

𝜉 = 𝑞

2
𝜃 + 𝑝

2

(
𝑡

𝐿𝜙

−𝜙

)
, (G.2)

𝜒 = 𝜒(𝑟). (G.3)
30

Let us suppose that the induced internal field takes the form
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𝐴𝜇 =
(
−
𝐴𝜙

𝐿𝜙

(𝑟),0,𝐴𝜃(𝑟),𝐴𝜙(𝑟)
)𝑇

. (G.4)

This way, the Skyrme equation for the profile 𝜒(𝑟) becomes

𝜕𝜇𝜕
𝜇𝜒

{
1 + 𝑏2𝜆

[(
𝐴2

𝜃

𝐿2
𝜃

− 𝑞

𝐿2
𝜃

𝐴𝜃

)
sin

(
𝑏𝜒

2

)
+ 𝑞2

4𝐿2
𝜃

]}
− 𝑏 sin(𝑏𝜒)

(
1 − 𝑏2𝜆

4
𝜕𝜇𝜒𝜕𝜇𝜒

)(
𝐴2

𝜃

𝐿2
𝜃

− 𝑞

𝐿2
𝜃

𝐴𝜃

)
= 0. (G.5)

Notice that it admits a linear solution

𝜒(𝑟) =

√
4𝐿2

𝑟

𝑏2𝜆
𝑟. (G.6)

The Maxwell equations for the gauge field (G.4) may be rewritten as follows

𝐴′′
𝜃

𝐿2
𝑟

− 𝐾

2
‖𝑐‖2{( 𝑞

2
−𝐴𝜃

)[
8 sin2

(𝜒

2

)(
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

)
− 2𝜆 cos2(𝜒) 𝑞2

4𝐿2
𝜃

]}
= 0 , (G.7)

𝐴′′
𝛼

𝐿2
𝑟

− 𝐾

2
‖𝑐‖2{(

𝑝𝑞 −𝐴𝛼

)[
8 sin2

(𝜒

2

)(
1 + 𝜆

4
𝜕𝜈𝜒𝜕𝜈𝜒

)
+ 2𝜆 sin2(𝑎𝜒) 𝑞2

4𝐿2
𝜃

]}
= 0 , (G.8)

where, using the notation of [55],

𝐴𝛼 = 𝑝𝐴𝜃 + 𝑞𝐴𝜙. (G.9)

As discussed in [55], these equations can be always re-conduced to a Hill equations form. In particular, when the linear solution for 
𝜒 is considered, they become Wittaker-Hill equations. Indeed, they may be written as

𝐴′′
𝑖 +

[
Λ𝑖 + Γ𝑖 cos(2𝜔) + Δ𝑖 cos(4𝜔)

]
𝐴𝑖 = 0, (G.10)

with 𝑖 = 𝜃, 𝛼 and

Λ𝜃 =
𝐾

2
‖𝑐‖2( 𝜆𝑞2

4𝐿2
𝜃

− 4

)
,

Γ𝜃 = 2𝐾‖𝑐‖2, Δ𝜃 =
𝐾

2
‖𝑐‖2 𝜆𝑞2

4𝐿2
𝜃

, (G.11)

Λ𝛼 = −𝐾

2
‖𝑐‖2( 𝜆𝑞2

4𝐿2
𝜃

+ 4

)
,

Γ𝜃 = 2𝐾‖𝑐‖2, Δ𝜃 =
𝐾

2
‖𝑐‖2 𝜆𝑞2

4𝐿2
𝜃

, (G.12)

𝜔 =
𝜒

2
. (G.13)

Appendix H. Supplementary material

Supplementary material related to this article can be found online at https://doi .org /10 .1016 /j .nuclphysb .2024 .116477.
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