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Abstract

This thesis focuses on the analysis of di�erent variational approaches for solving inverse
problems. In the first part, we examine the graph Laplacian operator within an ¸

2
≠ ¸

q

framework, where q Æ 1. A key challenge in using this linear operator is its dependence on
an initial reconstruction, which can be obtained through a general reconstruction method.
However, we demonstrate that, under very weak assumptions on the chosen reconstruction
method, the resulting strategy is both convergent and stable, achieving high–quality final
reconstructions. Additionally, we analyze the fractional graph Laplacian operator, showing
that the use of fractional powers can surpass the standard approach by providing more
detailed final images.

The second part of this thesis considers a more general framework, where the optimiza-
tion problem consists of the sum of a di�erentiable term and a non–smooth but convex
term. The variable metric approach we propose results in a convergent method that fixes
a priori the number of nested iterations required to compute inexact approximations of
the proximal gradient step. We also introduce an iterated Tikhonov–based strategy, which
accelerates convergence while maintaining high-quality reconstructions. In the context of
image deblurring, the variable metric approach can be reinterpreted as a right precondition-
ing strategy. Therefore, the final section is devoted to the analysis of a left preconditioning
approach.
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Introduction

Inverse problems typically arise when we seek to retrive information about internal or oth-
erwise hidden data from external measurements. Such situations occur in various fields
such as medicine, biology, engineering, and astronomy [16, 85]. A classic example is X-ray
tomography [88, 68, 112, 113], where we aim to infer information about the internal state
of tissues using data collected by measuring the intensity variations of X-ray beams as they
pass through the patient. In general, given a system and its input, the forward problem
involves computing the output. In the case of tomography, the forward problem consists of
calculating the intensity variations of X-ray beams, which can be measured directly by a
detector. The true challenge, however, lies in determining the absorption coe�cient of the
object from the measured data. This is the inverse problem, where the goal is to compute
either the input or the system itself, given the other two quantities.

Another common issue in the class of inverse problems is the restoration of blurred and
noisy images [82]. The operator associated with the forward problem, known as the blur
operator, introduces blur by convolving the “true” object with a specific kernel called the
Point Spread Function (PSF). The PSF essentially describes how the pixel intensities of an
image are mixed to produce the blur. In real-world applications, the PSF may be measured
or sometimes be unknown, leading to what is referred to as blind deconvolution. However,
for the purposes of this thesis, we assume the PSF is given. Image deblurring involves several
crucial aspects that must be carefully considered. For instance, when capturing a picture of
an object, we represent only a finite region of the scene, excluding elements outside the field of
view (FOV). If the image is blurred, pixels near the boundary may be significantly influenced
by elements outside the FOV, which need to be inferred to achieve sharp reconstruction.
Imposing Boundary Conditions (BCs) helps approximate what is outside the FOV. In this
thesis, we assume periodic BCs, meaning the image repeats itself outside the FOV. This
choice is primarily motivated by the fact that BCs a�ect the structure of the blur operator
A. In the case of periodic BCs, we can exploit the Fast Fourier Transform (FFT) to reduce
the computational cost of recovering the true object. Nonetheless, the quality of the final
reconstruction can be further improved by adopting more sophisticated and realistic BCs,
such as reflective [105] and anti-reflective boundary conditions [131].

Another crucial aspect of inverse problems is that, in almost every situation, we do not
have access to the true measurement of the output of the forward model but rather some
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imprecise and noisy observations. In X-ray tomography, for instance, the intensity variation
is a�ected by the accuracy of the detector. In image deblurring, noise can come from various
sources, such as fluctuations during the recording process or background photons.

To better define this class of problems, in the early 20th century, Hadamard introduced the
concept of ill-posed problems. A linear problem is considered well-posed if it satisfies the
following

Definition 0.0.1 (Hadamard). A problem is well-posed if the solution:

(i) exists;

(ii) is unique;

(iii) depends continuously on the data.

If at least one of Hadamard’s conditions is not satisfied, the problem is said to be ill-posed.
Violations of conditions (i) and (ii) are typically less problematic, as in real-world appli-
cations we are often working with data corrupted by noise. In such cases, the notion of a
solution can be relaxed, and if the solution is not unique, we can impose additional con-
straints (e.g., minimal norm) to recover uniqueness. In contrast, violations of condition (iii)
pose significant numerical challenges, as the discretization of continuous ill-posed problems
give rise to severely ill-conditioned systems. To address this, several regularization tech-
niques have been proposed, such as Tikhonov’s method [135] and its generalizations, Trun-
cated Singular Value Decomposition (TSVD) [37], and iterative regularization methods (e.g.,
Landweber, conjugate gradient, etc.) [16]. These topics, along with a brief introduction to
the image deblurring problem and Computed Tomography (CT), will be partially covered
in Chapter 1.

In the last decade, there has been growing interest in nonlocal models and techniques from
graph theory [72, 73, 119, 7]. Typically, in the classical general Tikhonov framework, the
regularization operator is chosen as a discretization of first- or second-order Euclidean dif-
ferential operators [129, 61]. However, recent works have further investigated graph-based
approaches in the context of image deblurring and computerized tomography, exploiting the
graph Laplacian as a regularization operator [20, 29, 19, 103]. The primary drawback of the
graph-based approach is that the graph Laplacian operator depends on an initial approx-
imation of the true solution. A key challenge lies in constructing the graph from a signal
that accurately approximates the main features of the true solution. However, the avail-
able data are often heavily corrupted by noise. Consequently, the graph constructed from
such noisy data may lead to poor outcomes in imaging tasks like deblurring or tomographic
reconstruction.

In Chapter 2, we address this issue by considering an ¸
2

≠ ¸
1 variational model that employs

the graph Laplacian as the regularization operator. Notably, we maintain the dependence of
the graph Laplacian on a preliminary approximation of the solution, which can be obtained
using any reconstruction method from the literature. This allows the regularization term to
be both data-dependent and adaptive to the observed noise. This introduces an additional
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layer of complexity to the theoretical analysis of the method. Nevertheless, we have demon-
strated that the proposed strategy constitutes a valid regularization method, and we have
rigorously established both its convergence and stability properties.

In Chapter 3, we extended the analysis of the graph Laplacian operator by considering its
fractional power. Recently, fractional di�erential operators have been investigated for en-
hancing di�usion, particularly in denoising problems [5, 141]. Moreover, the fractional graph
Laplacian has recently attracted the attention within the community working on complex
networks [15, 21], as it allows for the exploration of non-local dynamics that can spread in-
formation across the graph. The main drawback of this strategy is that the fractional graph
Laplacian is a full matrix even if the graph Laplacian is sparse. Therefore, approximation
tools need to be explored to perform computations with the fractional graph Laplacian.
To reduce the computational cost associated with the graph-based operator, we employed
a spectral approximation strategy proposed in [134]. This approach involves using a few
iterations of the Lanczos algorithm to obtain a good approximation of a filtering function
of the graph Laplacian, thus significantly improving computational e�ciency.
To test its performance, we considered an ¸

2
≠ ¸

q model [46, 63, 95, 83] with q Æ 1, incor-
porating the fractional graph Laplacian as the regularization operator.

The second part of this thesis focuses on convex optimization for regularized ill-posed prob-
lems. We consider more general models consisting of the sum of two terms: one is typically
di�erentiable, while the other is convex but non-smooth. This type of model is central to
several inverse problems in imaging, such as deblurring, denoising, super-resolution, and
others [8, 16, 44, 58]. Among the various first-order methods used to solve such problems,
proximal-gradient methods [12, 54, 56] are particularly advantageous. They o�er mild-to-
moderate accuracy while keeping the computational cost per iteration low. However, these
methods come with two practical limitations. First, when the chosen step length is too
small, convergence to the desired solution can be slow. One potential solution is to accel-
erate the scheme either by computing the proximal-gradient step using a variable metric
that incorporates some second-order information of the di�erentiable part [24, 49, 71, 98],
or by introducing an extrapolation step that leverages information from previous iterations
[11, 117]. Second, proximal-gradient methods assume that the proximity operator of the
non-smooth term can be computed in closed form. This assumption is not valid for several
important regularization terms, such as Total Variation and overlapping group Lasso [8]. In
Chapter 4, we review key results from convex analysis and smooth and non-smooth opti-
mization, along with a brief introduction to proximal-gradient methods and their inexact
variants.

In Chapter 5, we focus on proximal–gradient methods that combine acceleration techniques
based on variable metrics and extrapolation, while allowing for inexact proximal evalua-
tions. We address the issue of potentially underestimating the step length parameter by
employing a backtracking procedure [12] that dynamically computes it. Furthermore, the
use of a variable metric in the computations aims to capture some second-order information
of the smooth part of the objective function. Practical choices include the Hessian matrix or
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its regularized versions [99, 142], as well as Hessian approximations based on Quasi-Newton
strategies [71, 86, 89, 98]. The extrapolation parameter is computed according to a pre-
determined sequence, initially proposed for smooth problems by Nesterov [114] and later
successfully adapted to non-smooth problems by Beck and Teboulle [12]. This approach
guarantees an optimal O(1/n

2) convergence rate for the function values. An additional ad-
vantage of the proposed method is that it computes a fixed number of primal-dual iterates to
approximate a variable metric proximal-gradient step, taken from the extrapolated iterate.
From a theoretical standpoint, we prove the convergence of the sequence of iterates towards
a minimum point of the problem, under a relaxed monotonicity assumption on the scaling
matrices and a shrinking condition on the extrapolation parameters.

Lastly, in Chapter 6, we demonstrate that, in the context of the image deblurring problem,
the variable metric approach can be interpreted as a right preconditioning strategy applied
to the linear system of equations associated with the blurring problem. In this light, we
analyze the left preconditioning approach, which results in a faster and more computationally
e�cient method compared to the standard method. However, a significant drawback of
adopting this strategy is the alteration of the data fidelity norm in the model, which is
induced by the chosen preconditioner. As a result, the solution obtained using the left
preconditioning approach may di�er from that achieved with the standard variable metric
strategy. To address this issue, we propose introducing non-stationarity in the preconditioner
to recover the original norm in the data fidelity as the iterations progress.
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The Graph Laplacian operator
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Inverse Problems in imaging

and Regularization

The first chapter of this work is primarily intended to provide preliminary knowledge about
inverse problems and regularization. To this end, the first section reviews some standard
concepts from numerical linear algebra, such as the Singular Value Decomposition (SVD)
theorem and related results. This will help in understanding why inverse problems are
challenging to solve and why näıve solutions are inadequate, necessitating the use of regu-
larization techniques like variational models.

In this thesis, we will consider two types of inverse problems arising in imaging applications:
image deblurring and X-ray computed tomography. Summarizing all the theory related to
these two cases in just a few pages would be impossible. However, in Sections §1.2 and §1.3,
we will highlight all the significant details that will be used in later chapters. In particular,
we will describe how the forward problem is modeled and how to handle the inverse, ill-posed
system. We will utilize the previously introduced SVD to derive useful information about the
behavior of certain quantities, such as the noise that corrupts all available data. By the end
of Section §1.3, the necessity for strategies to solve ill-posed problems will become evident.
Consequently, Section §1.4 will introduce standard regularization techniques, transforming
the previously ill-posed problems into well-posed ones (according to Hadamard’s definition
(0.0.1)).

The last section will be devoted to the central concept of this initial part: the graph Laplacian
operator. We will describe in detail how to construct this operator by associating a graph
with an image in the most natural way. Additionally, we will discuss the various definitions
of the graph Laplacian and its di�erent variants. By the end of Section §1.5, it will be clear
how valuable this operator can be when incorporated into a variational problem designed to
solve an ill-posed problem.

1.1 Preliminaries

Before devoting ourselves to the description of the image deblurring problem, we summarize
some useful theoretical results that will be employed throughout this manuscript. For further
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CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

details and a more comprehensive analysis, the reader is referred to [74] and [133].

Definition 1.1.1. Let A œ Cm◊n with m Ø n. We define the singular values of A as

‡i =


⁄i, i = 1, . . . , n, (1.1)

where ⁄i are the eigenvalues of A
H

A.

Remark 1.1.2. Because A
H

A is positive semidefinite, we can rearrange the singular values
in nonincreasing order that is

‡1 Ø ‡2 Ø . . . Ø ‡n Ø 0.

In particular, we notice that

ÎAÎ2 =
Ò

fl(AHA) =


⁄1 = ‡1.

Theorem 1.1.3. Let A œ Cm◊n, then there exist the decomposition

A = U�V
H

, (1.2)

where U œ Cm◊m and V œ Cn◊n are unitary matrices, while � œ Rm◊n is a rectangular
diagonal matrix with diagonal elements the singular values of A arranged in nonascending
order.

Remark 1.1.4. If A œ Cm◊n has rank(A) = r with r < min(m, n), then the singular values
of A are such that

‡1 Ø ‡2 Ø . . . Ø ‡r > ‡r+1 = . . . = ‡n = 0.

Definition 1.1.5. Let A œ Cm◊n with rank(A) = r with r < min(m, n). We define the
compact SVD of A as

A = Ur�rV
H

r
=

rÿ

i=1
‡iuivH

i
, (1.3)

where ui œ Cm, i = 1, . . . , m, and vi œ Cn, i = 1, . . . , n, are the columns of U and V ,
respectively.

Remark 1.1.6. With the same assumptions in the Definition 1.1.5 we have that

• Im(A) = span{u1, . . . ur},

• Ker(A) = span{vr+1, . . . , vn}.

In a similar way we have that

Definition 1.1.7. Let A œ Cm◊n with rank(A) = r Æ min(m, n) and let A = U�V
H its

7



CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

SVD. We define the truncated SVD (TSVD) of A of order s Æ r the matrix

As =
sÿ

i=1
‡iuivH

i
.

Using the SVD, we can define the pseudo inverse A
† of A œ Cm◊n. In particular, if m = n

and A has full rank, then A
† coincide with A

≠1.

Definition 1.1.8. Let A = U�V
H

œ Cm◊n, with rank(A) = r Æ min(n, m). Then we
define the pseudo inverse of Moore-Penrose as

A
† = V �†

U
H

, (1.4)

where

�† =

S

WWWWWWWWU

1
‡1

. . .

1
‡r

0
. . .

T

XXXXXXXXV

n◊m

. (1.4 bis)

Definition 1.1.9. Let A œ Cm◊n. The condition number of A is defined as

µ2(A) = ÎAÎ2ÎA
†
Î2. (1.5)

Remark 1.1.10. If A œ Cm◊n has rank(A) = r Æ n, then

µ2(A) = ‡1
‡r

. (1.6)

1.2 Image deblurring

Blurred images are a common issue that can arise for a variety of reasons, the most common
being when we take a picture with a camera and the lenses are out of focus. Besides the ob-
vious applications in personal photography, this can be a significant problem in astronomical
imaging and the medical field.

In the following pages, we will describe how images can be modeled using mathematical
tools and how a blurred image relates to a sharp one. For the sake of completeness and
clearness, the model problem will be derived in the 1D case (the case of signals). However,
since we are mainly interested to image restoration problems (2D case), we will highlight
the crucial di�erences between the two cases when necessary.

8



CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

1.2.1 The model problem

A digital image is composed of pixels, each assigned an intensity value that characterizes the
color of a small area of the scene. The more pixels we have, the better will be the resolution
of the image. If we imagine to associate each pixel’s intensity value with an element of a
large matrix, it makes sense to represent a gray scale image with a matrix X œ Rm◊n, where
N = mn is the total number of pixels. The values of X lie within the range [0, 255], where
zero corresponds to a black pixel and 255 to a white one. For notation, X œ Rm◊n represents
the true, sharp image, while B œ Rm◊n denotes the recorded blurred image. Furthermore,
we will use x = vec(X) to indicate the vector representation of the matrix X, that is,

X =
Ë
x1 . . . xn

È
≈∆ x = vec(X) =

S

WWWWU

x1

x2
.
.
.

xn

T

XXXXV
œ RN

.

A first crucial assumption is that the blurring process is linear and can be formalized as
the convolution between a particular kernel, known as the Point Spread Function (PSF),
and the true image. This assumption is justified as, in many situations, blur is indeed
linear or can be well-approximated by a linear model. From a theoretical perspective, once
we discretize the convolutional operator, the image deblurring problem involves solving the
linear system

Ax = b,

where A œ RN◊N is the so-called blurring operator, and b (resp. x) is the vector repre-
sentation of B (resp. X). However, in real-world applications, the blurred image B, and
consequently its vector representation b, is a�ected by some noise E. This may come from
various sources, such as fluctuations during the recording process or approximation errors
when representing the image with a limited number of digits. Therefore, the observed image
can be expressed as

B = B
exact + E,

which implies
b = vec(B) = vec(Bexact) + vec(E) = bexact + e,

where bexact = Axgt for the ground truth image xgt = vec(Xexact). The presence of noise,
combined with the ill-posed nature of the problem, makes the image reconstruction task
di�cult to solve. One might think that the näıve solution

xnäıve = A
†b,

where A
† is the pseudo-inverse of A, will yield the desired reconstruction. However, this ap-

9



CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

proach fails because the näıve solution can be split into the two following components

xnäıve = A
†b = A

†bexact + A
†e, (1.7)

and the final reconstruction will be dominated by the influence of the inverted noise A
†e.

Indeed, from the definition (1.1.5) of the compact SVD, we have that

A
† =

rÿ

i=1

1
‡i

viuH

i
,

where r = rank(A). Using this expression to compute the inverse of the noise, we obtain
that

A
†e = V �†

U
He =

rÿ

i=1

uH

i
e

‡i

vi. (1.8)

To understand why the inverted noise (1.8) dominates the näıve reconstruction (1.7), it is
important to note that the following properties generally hold for image deblurring prob-
lems:

• The values |uH

i
e| are small and nearly uniform across all i;

• A is severely ill-conditioned, meaning that the singular values ‡i decay to zero without
any significant gap. Consequently, the condition number of A

µ2(A) = ‡1
‡r

is very large and ‡i approaches the machine precision when i approaches r.

• Singular vectors corresponding to the smallest singular values represent highest fre-
quency information.

This implies that the coe�cients uH

i
e

‡i

increase as i increases, which in turn severely degrades
the quality of the final reconstruction. This analysis suggests one potential solution: the use
of the TSVD to eliminate the high-frequency components of the inverted noise. However,
given that the singular values of the blurring operator A decay to zero without any significant
gap, it is crucial to determine the optimal number of singular values to retain. A more
widely used approach involves introducing regularization techniques that aim to reduce the
problem’s sensitivity to perturbations in the collected data. The main idea, as will be
described in Section §1.4, is to replace the original ill-posed problem with a nearby well-
posed one.

This introductive part shows that the image deblurring problem is not as straightforward
as one might expect. Various factors can influence the di�culty of recovering a sharp image
from a blurred and noisy observation. In later chapters, we will present some variational
approaches that provide good approximations by exploiting di�erent strategies in the reg-
ularization technique. However, to better understand what comes next, it is essential to
have a clear idea of all the relevant elements that play a crucial role in the image deblurring

10
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(a) Point source (b) PSF

Figure 1.1: An example of point source and point spread function.

process.

1.2.2 The blurring operator A

This section is devoted to this purpose. We will define di�erent types of Point Spread
Functions (PSFs) and demonstrate how the blur operator is derived from the discretization
of the convolutional process. We will also discuss the structure that the blur operator might
inherit from the boundary conditions imposed on our problem and how it is related to the
PSF. A more complete and comprehensive analysis about image deblurring problem can be
found in [82]. In the previous section, we introduced the idea that the blurring process is
linear, essentially consisting of a convolution between a specific kernel and the true image. In
the discrete case, this can be formalized as a linear system of equations, where the blurring
process is captured by the blurring operator A. This establishes a direct relationship between
A and the PSF used in the process.

Point Spread Function (PSF)

The blurring process essentially involves spreading the brightness of each pixel across its
neighboring ones and the PSF describes how this occurs. Suppose a blurring phenomenon
takes place, and we can replicate the exact process on random images. Now, consider a
completely black image with just one bright pixel. The resulting blurred image will show
the brightness of that pixel spread over its neighboring pixels, as illustrated in Figure 1.1.
The image with just one non-black pixel is referred to as the point source, while the resulting
blurred image is the PSF.

Mathematically, the point source corresponds to the canonical basis vector ei, which is an
array of zeros except for the ith component, which has a value of 1. This also implies that

11
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the blurring process
Aei =

Ë
a1 a2 . . . an

È
ei = ai

returns the ith column of the blurring operator. If we repeat this for all i, we obtain the
entire blurring matrix A.

In what follows, we assume that the PSF is spatially invariant, meaning that all pixels
are blurred in the same way. Moreover, we observe that the PSF is confined to a small
area around its center, which is the pixel location of the point source. This implies that
blurring is typically a local phenomenon, allowing us to conserve storage by representing
the PSF with a matrix K of smaller dimensions than the original image. In some cases,
the PSF can be described analytically and constructed from a function rather than through
experimentation. For instance, the elements Ki,j of the PSF array for out-of-focus blur are
given by

Ki,j =

Y
]

[

1
fir2 if (i ≠ k)2 + (j ≠ l)2

Æ r
2
,

0 otherwise,

where (k, l) is the center of K, and r is the radius of the blur. In the case of atmospheric tur-
bulence, the PSF can be described as a two-dimensional Gaussian function whose elements
are given by

Ki,j = exp

Q

a≠
1
2

C
i ≠ k

j ≠ l

DT C
s

2
1 fl

2

fl
2

s
2
2

D≠1 C
i ≠ k

j ≠ l

DR

b ,

where s1, s2, and fl determine the width and orientation of the PSF, which is again centered
at the element (k, l). Further details and examples aobut PSF can be found in [82].

The blurring process

For the sake of notational simplicity, we just consider the 1≠dimensional problem. The
assumptions of locality and spatial invariance of the PSF, impose a particular structure
on the blurring operator A. Indeed, these imply that the convolutional kernel K(x, s) is
invariant by translation and, by recalling that a blurred image can be obtained by convolving
a PSF with a true image, we can formalize the blurring process as

b(s) =
⁄

b

a

K(s ≠ t)x(t)dt, (1.9)

where s œ [a, b]. Discretizing (1.9) on the N grid points ti = a + ih with h = b≠a

N
, we

obtain
b(ti) =

⁄
b

a

K(ti ≠ t)x(t)dt. (1.10)

Using the rectangle rule on the same grid points, we have

b(ti) ¥ h

N≠1ÿ

j=0
K(ti ≠ tj)x(tj). (1.11)

12
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Because ti ≠ tj = (i ≠ j)h, let
Ki≠j = hK((i ≠ j)h)

and substituting in (1.11), we obtain

b(ti) ¥

N≠1ÿ

j=0
Ki≠jx(tj), i = 0, . . . N ≠ 1.

This can be rewritten as the linear system

S

WWWWU

b0

b1
.
.
.

bN≠1

T

XXXXV

¸ ˚˙ ˝
b

=

S

WWWWU

K0 K≠1 . . . K≠N+1

K1 K0 . . . K≠N+2
.
.
.

. . .
.
.
.

KN≠1 KN≠2 . . . K0

T

XXXXV

¸ ˚˙ ˝
A

S

WWWWU

x0

x1
.
.
.

xN≠1

T

XXXXV

¸ ˚˙ ˝
x

, (1.12)

where xj = x(tj) and bj = b(tj) for j = 0, . . . , N ≠ 1. The coe�cients {Kj}j=≠N+1,...,N≠1

are the elements of the PSF. As we have seen before, in Figure 1.1, the PSF is confined in a
small area and so has a much smaller dimension than the real image. This means that we
can assume that only the coe�cients Kj for j = ≠l, . . . , l are non zero for some 0 < l <

N

2 .
Moreover, we already noted that when we consider a source point near the edge then some
pixels of the PSF may be outside the boundary. For this two reasons, defining as wj and
yj the pixels in the original scene that are actually outside the field of view, the complete
linear system is

S

WWWWU

b0

b1
.
.
.

bN≠1

T

XXXXV
=

S

WWWWWU

Kl . . . K0 . . . K≠l 0 . . . 0

0 Kl . . . K0 . . . K≠l

. . .
.
.
.

.

.

.
. . .

. . .
. . .

. . . 0
0 . . . 0 Kl . . . K0 . . . K≠l

T

XXXXXV

S

WWWWWWWWWWWWWWWWWWU

y0
.
.
.

yl≠1

x0
.
.
.

xN≠1

w0

. . .

wl≠1

T

XXXXXXXXXXXXXXXXXXV

. (1.13)

Boundary conditions

With straightforward computations we have obtained an explicit representation of the blur-
ring problem. Unfortunately, the linear system (1.13) is underdetermined. Moreover, since
images represent just a limited portion of a scene that extends forever in all directions, we
could have problems to recover some details of the real image near the boundaries. Consider
for instance a point source that has the bright pixel close to the boundary. Then, in the
corresponding PSF some pixels may be outside the field of view that is we are loosing some
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informations.

To overcome this problem, we have to assume certain conditions about the behavior of the
sharp image outside the boundary. There are many di�erent types of boundary conditions
that can be assumed. In the following discussion, we will focus primarily on zero Dirichlet
and periodic conditions. However, it is worth mentioning the existence of reflective and
anti-reflective boundary conditions [60, 115, 131], or other strategies for dealing with the
boundary e�ects [67, 17], which often achieve better reconstructions near the boundary .
With the zero boundary conditions, we assume that the sharp image is black outside the
boundary. This can be interpreted as embedding the real image X in a larger one that
is

X̃ =

S

WU
0 0 0
0 X 0
0 0 0

T

XV .

Zero boundary conditions are particularly e�ective when considering astronomical images,
where there are only a few bright pixels representing stars or planets while the rest of the
image is black. Under this assumption, we can rewrite the blurring operator A in (1.13)
as

A =

S

WWWWWWWWWWWWWWWU

K0 K≠1 . . . K≠l 0 . . . 0

K1 K0 K≠1 . . . K≠l

. . .
.
.
.

.

.

.
. . .

. . . 0

Kl

. . . K≠l

0
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . . K≠1

0 . . . 0 Kl . . . K1 K0

T

XXXXXXXXXXXXXXXV

. (1.14)

Note that, with zero Dirichlet boundary conditions, the matrix A assumes a Toeplitz struc-
ture, where the coe�cients are derived from the elements of the PSF. Thus, boundary
conditions impose structures on the blurring operator.

Another possible choice is to assume that the image X repeats itself in all directions. These
are called periodic boundary conditions, which can be interpreted as the sharp image X

being repeated outside the field of view, that is

X̃ =

S

WU
X X X

X X X

X X X

T

XV .

This assumption implies a specific relationship between the pixels inside and outside the
field of view, namely

yj = xN+j≠l and wj = xj , ’j œ {0, . . . , l ≠ 1}.
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By incorporating this relation into the underdetermined linear system (1.13), we can rewrite
the linear operator A as

A =

S

WWWWWWWWWWWWWWWWWWWWWWWWWU

K0 K≠1 . . . K≠l 0 . . . 0 Kl . . . K1

K1 K0 K≠1 . . . K≠l

. . .
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . .

. . . Kl

Kl

. . .
. . .

. . . 0

0
. . .

. . .
. . .

. . .
.
.
.

.

.

.
. . .

. . .
. . .

. . . 0

0
. . .

. . .
. . . K≠l

K≠l

. . .
. . .

. . .
. . .

.

.

.

.

.

.
. . .

. . .
. . .

. . .
. . . K≠1

K≠1 . . . K≠l 0 . . . 0 Kl . . . K1 K0

T

XXXXXXXXXXXXXXXXXXXXXXXXXV

. (1.15)

Under periodic boundary conditions, the blurring operator A acquires a circulant structure.
This is particularly advantageous from a computational perspective, as circulant matrices
can be diagonalized using the Fourier transform, allowing matrix–vector products involving
A to be computed e�ciently.

So far, all computations and analyses have been restricted to the 1D case. In two dimensions
these ideas can be extended similarly, with a slight modification in the structure of A.
Specifically, with zero Dirichlet boundary conditions, the blur operator A becomes a block
Toeplitz with Toeplitz blocks (BTTB), while with periodic boundary conditions, it becomes
a block circulant with circulant blocks (BCCB).

Remark 1.2.1. BCCB matrices can be diagonalized using the 2-dimensional Fourier trans-
form. This also allows us to define the 2-dimensional Fast Fourier Transform (FFT2).

To conclude this brief introduction to the image deblurring problem, we show that, given a
PSF and assuming periodic boundary conditions, we can compute the spectral decomposition
of the blur operator A straightforwardly. For notational simplicity, let F2 denote the 2-
dimensional Fourier matrix. Since A is BCCB, we can write

A = FH

2 �F2, (1.16)

where � is a diagonal matrix containing the eigenvalues of A. To compute all the diagonal
elements of �, we note that

A = FH

2 �F2 =∆ F2A = �F2 =∆ F2a1 = �f1 = 1
Ô

N
⁄,

where ⁄ = (⁄1, . . . , ⁄N ) is the vector of eigenvalues and a1 and f1 are the first columns
of A and F2, respectively. Thereby, to obtain the spectral decomposition, we only need to
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compute
Ô

NF2a1. From (1.15), we observe that the first column of A is simply a circular
shift of the coe�cient array of the PSF. In the 1D case, given the PSF as

PSF = [0, . . . , 0, K≠l, . . . , K0, . . . , Kl, 0, . . . , 0] ,

the circular shift of the components with respect to the center of the PSF K0, is given
by

Circshift(PSF, K0) = [K0, . . . , Kl, 0, . . . , 0, K≠l, . . . , K≠1] .

In the 2D case, we shift the components in both directions. If the PSF with center [2, 2] is
defined as

PSF =

S

WU
K11 K12 K13

K21 K00 K23

K31 K32 K33

T

XV ,

then its circular shift becomes

Circshift(PSF, K00) =

S

WU
K00 K23 K21

K32 K33 K31

K12 K13 K11

T

XV .

1.3 Computed Tomography (CT)

In medical imaging, Computed Tomography (CT) is a diagnostic procedure that combines
X-ray and computer technology to analyze the inside of the body. CT imaging provides
detailed informations of various body parts, including bones, muscles, and organs. The
fundamental concept involves reconstructing the interior of the patient using multiple one-
dimensional slices of the object of interest. These slices are obtained by passing several
parallel X-ray beams through the object. The acquired data are based on the variations in
X-ray intensity. Specifically, let I0 be the initial intensity of each X-ray beam. As the beam
passes through the object, its intensity may be reduced due to the presence of di�erent
tissues. The intensity that we measure at the end, I1, represents the attenuation of the
beam. To gain a comprehensive understanding of the object’s geometry, we can repeat
these measurements from di�erent angles. Collecting all the intensity variations for each
X–ray beam at each angle yields what is known as the sinogram of the object. In Figure
1.2 we depicted this process. The dark gray rectangle represent the radiation source that
emits a beam of X–ray (dashed lines) that go throught the object placed in the center
of the circumference. On the opposite part of the radiation source we have the radiation
detector. It basically measures the di�erence of intensity for each X—ray beam, caused by
X–ray attenuation through tissues, yielding to the blue curve. This will correspond to one
column of the right hand side image. In order to obtain the full sinogram we need to rotate
the system source–detector around the central object. Before describing the mathematical
model for X–ray tomography, we need some simplifying assumptions. The real task of CT
problem is to reconstruct an image that represents what is called the attenuation coe�cients
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Figure 1.2: A schematic rapresentation of the CT acquisition process. The operator R represents
the Radon transform, which will be mathematically defined in Section 1.3.2.

of the interior of a patient. Since this is a quantity that is strictly related to the density of
the item we are considering, detailed information about the internal density of the object are
needed. However, these are nearly impossible to recover by merely inspecting the sinogram.
For this reason, we will assume that

• All X–ray beams are monochromatic. That is photons propagates with the same energy
and at the same frequency;

• X–ray beams have zero width;

• X–ray beams are not subject of refraction and di�raction. That is they do not scatter
or bend when in contact with surfaces.

Even if these assumptions are not entirely accurate, for our purpose they are su�ciently
close to reality.

1.3.1 Beer’s law and X-ray tomography

Now that the idea of the physical model for CT problem is clear, we are going to take a closer
look to the mathematical aspect. Let xgt œ Rn be the attenuation coe�cient, we indicate
the proportion of photons absorbed at a distance s œ R2 from the origin as xgt(s).

In CT problem, we know the initial and final intensities, I0 and I1, of a single beam. What
we want is to being able to use these information to determine the attenuation coe�cient
over the path of the beam. The physics governing the absportion of X–rays by tissues is
described by the Beer–Lambert law

dI(s)
ds = ≠xgt(s)I(s)ds. (1.17)
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Let I(s0) = I0 be the initial intensity at s0, we can solve equation (1.17) for a generic point
s œ R2 to obtain

I(s) = I0 exp
A

≠

⁄

L[s0,s]
xgt(z)dz

B
,

where L[s0, s] represent the trajectory of the X–ray from s0 to s. Moreover, let I(s1) = I1

be the final intensity at s1 we obtain

ln
3

I0
I1

4
= exp

A
≠

⁄

L[s0,s1]
xgt(z)dz

B
. (1.18)

Since I1 is measured in the detector and I0 is known by design, we aim at reconstruct-
ing the attenuation coe�cient xgt from the intensity measurements g(t) = ln

1
I1
I0

2
, where

t œ R represents the measured ray’s position. As anticipated, to tackle this problem e�-
ciently, di�erent data are collected from various angles by rotating the source around the
object.

Before we dive deeper into solving equation (1.17), let us first introduce the coordinate
system we will use. The Cartesian coordinate system struggles with handling vertical lines
that have an infinite slope, while the polar coordinate system is not well-suited for systems
that rely on parallel lines. In the following, we introduce what is called a point normal
parametrization for a line. Let a, b, c œ R with a, b ”= 0, we represent a line l in R2 with the
standard equation

a
Ô

a2 + b2 + b
Ô

a2 + b2 = c
Ô

a2 + b2 .

Since Ê =
1

aÔ
a2+b2 ,

bÔ
a2+b2

2
lay on the unit circle S

1, there exist ◊ œ [0, 2fi] such that
Ê = (cos ◊, sin ◊). Let t = cÔ

a2+b2 we can parametrize a line l in R2 by means of t and ◊

namely
lt,◊ = {z œ R2 : Èz, (cos ◊, sin ◊)Í = t}. (1.19)

Figure 1.3 (a) o�ers a visual illustration of how we parametrized the set of all lines. The
idea is the following: given the distance t of the line l from the origin and the angle ◊ that
t have to form with the horizontal axis, the points z on the line are all and only those
whose projections along the direction of Ê = (cos ◊, sin ◊) have magnitude t. Figure 1.3 (b)
illustrates an alternative way to define a parametrization for a line l in R2. Let ◊ œ [0, 2fi]
and, as before, consider a point Ê = (cos ◊, sin ◊) on the unit circle S

1. The idea behind
this parametrization is based on the observation that the vector Ê

‹ = (≠ sin ◊, cos ◊) is
orthogonal to Ê. Therefore, given a distance t œ R, we can describe all the points of the line
lt,◊ as a linear combination of the vector tÊ and Ê

‹, formally

lt,◊ = {(t cos ◊ ≠ c sin ◊, t sin ◊ + c cos ◊) : c œ R}. (1.20)
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(a) (b)

Figure 1.3: Illustration of two di�erent parametrizations for a line l œ R2.

1.3.2 The Radon transform and Central slice theorem

We are now ready to introduce the core results in X–ray tomography that will be used to
recover the attenuation coe�cient xgt in equation (1.18).

Definition 1.3.1 (Radon Transform). Let t œ R, ◊ œ [0, 2fi], and f be a continuos function
defined on R2. Then, the Radon transform (Rf)(t, ◊) of f is defined as

(Rf)(t, ◊) =
⁄ Œ

≠Œ
f(t cos ◊ ≠ c sin ◊, t sin ◊ + c cos ◊)dc. (1.21)

For a medical imaging problem, it is reasonable to further assume that the function f

has compact support as we are only concerned with finite areas (or slices) of an object.
For example, in X-ray tomography, we deal with finite slices of an object, which implies
that the attenuation coe�cient must be equal zero outside some finite region. The Radon
transform allow us to determine the total density of a certain function f along a given
parametrized line lt,◊. The integral Rf(t, ◊) represent the right hand side of the Beer–
Lambert equation (1.18). In other words, the measured data ln

1
I0
I1

2
corresponds to the

Radon transform of the attenuation coe�cient xgt along the line L[s0, s1]. Therefore, for
our purposes, it is essential to find an inversion formula.

To this end, we need two additional key results. Before presenting them, we briefly recall
the definitions of the Fourier transform and the Fourier inversion theorem.

Definition 1.3.2 (1–D Fourier transform). Let f œ L
1(R) be an absolutely integrable func-

tion on R. For all › œ R, we define the 1–D Fourier transform F1f of f as

(F1f)(›) =
⁄ Œ

≠Œ
f(x)e≠2fii›xdx.
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Definition 1.3.3 (Schwartz space). Let f : Rn
æ R and let –, — be two multiindexes. Let

ÎfÎ–,— = sup
xœRn

|x–
D

—
f(x)|, D

— = ˆ
|—|

ˆx
—1
1 . . . ˆx

—n

n

.

The Schwartz space S onto Rn is defined as the functional space

S(Rn) := {f œ C
Œ(Rn) : ÎfÎ–,— < Œ, ’–, —}.

Definition 1.3.4. Let f œ L
1(R), we define the inverse Fourier transform F

≠1
1 of f as

(F≠1
1 f)(x) = 1

2fi

⁄ Œ

≠Œ
f(›)e2fii›xd›.

Theorem 1.3.5 (Fourier inversion theorem). Let f œ S(R), then

F
≠1
1 (F1f)(x) = f(x). (1.22)

All this results and definition can be extended to a general dimension n although for our
purposes we will only utilize the two–dimensional analogs.

Definition 1.3.6 (2–D Fourier transform). Let f œ L
1(R2). For all › = (›1, ›2) œ R2, we

define the 2–D Fourier transform F2f of f as

(F2f)(›) =
⁄ Œ

≠Œ

⁄ Œ

≠Œ
f(x, y)e≠2fii(x›1+y›2)dxdy. (1.23)

Definition 1.3.7. Let f œ L
1(R2), we define the 2–D inverse Fourier transform F

≠1
2 of f

as
(F≠1

2 f)(x) = 1
4fi2

⁄ Œ

≠Œ

⁄ Œ

≠Œ
f(›1, ›2)e2fii(x›1+y›2)d›1d›2.

We can now state and prove the central slice theorem that will give us a remarkable rela-
tionship between the two dimensional Fourier transform and the one dimensional Fourier
transform of the Radon transform.

Theorem 1.3.8. Let f œ L
1(R2). Then, for all fl œ R and ◊ œ [0, 2fi] we have that

(F2f)(fl cos ◊, fl sin ◊) = (F1Rf)(fl). (1.24)

Proof. From the definition of the 2–D Fourier transform, we have

(F2f)(fl cos ◊, fl sin ◊) =
⁄ Œ

≠Œ

⁄ Œ

≠Œ
f(x, y)e≠2fiifl(x cos ◊+y sin ◊)dxdy. (1.25)
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Figure 1.4: A schematic rapresentation of the Fourier central slice theorem.

Recalling the line parametrization (1.20), we implement the change of variables

x(t, c) = t cos ◊ ≠ c sin ◊ y(t, c) = t sin ◊ + c cos ◊,

obtaining that the determinant of the Jacobian of the transformation is given by

det
C

ˆx

ˆt

ˆx

ˆc

ˆy

ˆt

ˆy

ˆc

D
= 1.

Moreover, from the first interpretration (1.19), we know that t = x cos ◊+y sin ◊. Combining
all together, we can rewrite the right hand side of Equation (1.25) as

⁄ Œ

≠Œ

⁄ Œ

≠Œ
f(t cos ◊ ≠ c sin ◊, t sin ◊ + c cos ◊)e≠2fiitfldtdc.

Since e2fiitfl has no dependence on c we can rearrange the integral as
⁄ Œ

≠Œ

3⁄ Œ

≠Œ
f(t cos ◊ ≠ c sin ◊, t sin ◊ + c cos ◊)dc

4
e≠2fiitfldt,

and the thesis follow by noting that the inner integral is the Radon transform Rf(t, ◊) of f ,
while the outer integral coincide with the 1–D Fourier transform.

The previous theorem states that the one-dimensional Fourier transform of a projected
function (the Radon transform) is equal to the two-dimensional Fourier transform of the
original function, evaluated along the slice through the origin that is parallel to the line on
which the function was projected. This concept is depicted in Figure 1.4. On the left side,
we report the space domain where the original function f is defined, along with its Radon
transform. In the central part, we show the 1-D Fourier transform of Rf(t, ◊), and finally,
on the right side, the 2-D Fourier domain completes the picture.
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1.3.3 Filtered Back projection

In this last part, we finally provide a strategy to reconstruct the attenuation coe�cient of
an object. Recall that, from a physical perspective, the Radon transform Rf(t, ◊) gives us
the total density of the object f along a line l(t, ◊). This is determined by measuring the
initial and final intensities of an X-ray beam as it passes through the object along that line
(Beer-Lambert law). By repeating this process for multiple di�erent lines, we can create a
single slice of the object. Moreover, by varying the angle ◊ of the X-rays, we can generate
the complete sinogram of the object. If we were then able to somehow backprojecting these
densities onto the plane, we can recreate our original object.

The most straightforward approach is to average the values of Rf(t, ◊) over all the lines
passing through a specific point. For a given angle ◊ œ [0, 2fi], and defining the direction
Ê = (cos ◊, sin ◊), the line in the family {lt,◊ : t œ R} that passes through a point (x, y) is
given by t = È(x, y), ÊÍ. Thus, the back-projection formula is defined as

BR(x, y) = 1
fi

⁄
fi

0
Rf(x cos ◊ + y sin ◊, ◊)d◊. (1.26)

Backprojecting in only a few directions ◊ is an extremely inaccurate way of reconstructing
even a simple object. However, even if we significantly increase the number of backprojec-
tions, the recreated image still su�ers from a considerable amount of noise. In fact, regardless
of how many directions we use for backprojection, we will not be able to perfectly recon-
struct our image using the backprojection formula stated in equation (1.26). To make this
process more e�ective, we need to find a way to filter out some of the noise that the back-
projection formula introduces, thereby achieving a clearer and more accurate representation
of our object. To accomplish this, we define the filtered backprojection.

Theorem 1.3.9. Let f œ L
2(R2) be an absolute integrable function defined on R2. Then,

f(x, y) = 1
2B

!
F

≠1
1 [|S|F1(Rf(S, ◊)]

"
(x, y). (1.27)

The important factor in equation (1.29) is given by the |S| multiplier that occurs between
the Fourier transform and its inverse. We call this additional term a filter to the Radon
transform, giving us the name for the filtered backprojection formula. However, is not easy
to deal with equation (1.27). Fully expanded it would include several infinite integrals and
it would be nice if we could somehow further simplify this to a more useful form. To this
aim, suppose that there exist some function Ï(t) whose Fourier transform is equal to |S|,
i.e. F1Ï(S) = |S|. Then, we can rewrite the filtered backprojection formula (1.27) as

f(x, y) = 1
2B

!
F

≠1
1 [F1ÏF1(Rf(S, ◊))]

"
(x, y).

Let ı indicates the 2D convolution operator and let f, g œ L
1(R) then, from the convolution
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theorem, we know that
(F1f)(›) ı (F1g)(›) = F1(f ı g)(›). (1.28)

Applying equation (1.28) to our filtered back projection formula lead us to obtain the final
formulation

f(x, y) = 1
2B (Ï ı R) (x, y). (1.29)

Many others aspects could be considered and analyzed. For instance, we can only compute
an approximation of the filtered backprojection formula (1.29) because there is no function
Ï whose Fourier transform is exactly equal to the absolute–value function. To partially
overcome this problem one can introduce the concept of band limited function. This would
allows us to explore some classical filters used in X–ray tomography like the Ram–Lak and
the Hann filters. More detailed information on these topics can be found in [68]. For
our purposes, we conclude this introductory section on X–ray tomography with a final
observation.

In the previous section, we discussed how the image deblurring problem was modeled by the
convolution between a kernel (PSF) and the image xgt that we aim to recover. Similarly, we
noted that the CT problem is defined by the Radon transform of the attenuation coe�cient
that we want to reconstruct. In both cases, the convolution operator and the Radon trans-
form are integral operators and since we cannot work directly in a continuous framework,
we must discretize these operators. This clearly leads to ill-posed problems, which can be
formalized in both cases by the linear system of equations

Ax = b,

where A could represent the blur operator, in the image deblurring problem, or the dis-
cretization of the Radon transform, in the CT problem. Similarly, the observed data b
could represent the blurred image corrupted by noise or the intensity measurement of the
X-ray beam a�ected by measurement errors. Lastly, the solution x that we seek to recover
could be the true image or the attenuation coe�cient of an object. However, even though
both problems can be described by a linear system, the dimensions of the involved operator
depend on di�erent factors. For image deblurring, the dimensions are influenced by the
number of pixels in the ground truth image. In the CT problem, the dimensions depend
on the number of rays nd considered for each angular scan and the number n◊ of sampled
angles. Modern medical protocols tend to minimize the number of projection angles due
to their relationship with patient radiation exposure, which greatly a�ects A by making it
non-injective in practice. This brings us back to the problem already observed in the case
of image deblurring, which is the need for specific techniques to solve these types of inverse
problems.

23



CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

1.4 Regularization

From previous sections we understand that ill–posed problems may arise in many di�erent
circumstances and näıve strategies can not be applied to recover the original image xgt œ Rn

due to the presence of some perturbation in the collected data. Image deblurring, CT, and
many other inverse problems we could aim at solving can be formalized with the linear
system of equations

Ax = b”
, (1.30)

where A œ Rm◊n is typically a severely ill-conditioned operator, b”
œ Rm represents the

measured data corrupted by some noise ÷
”

œ Rm, and x œ Rn denotes the unknown image
we would like to recover. We further assume that the measured data b” satisfies

b” = b + ÷
”
, Î÷

”
Î Æ ”, (1.31)

where b œ Rm represents the unobserved, noise–free data, and ” > 0 serves as an upper
bound of the noise level. The first challenge in solving the linear system (1.30) is that a
solution may not exist, or there could be infinitely many possible one. To guarantee at least
the existence of a solution, we replace the linear system in (1.30) with the least-squares
problem

arg min
xœRn

ÎAx ≠ b”
Î

2
2. (1.32)

Problem (1.32) can also be derived from (1.30) by following a maximum likelihood statistical
approach [132], assuming that the noise in the data is Gaussian.

Although a solution to (1.32) exists, it may not be unique. To achieve uniqueness, one
possible strategy is to select the solution with the minimum norm among all potential
solutions. In the noise–free case, this would be given by x† = A

†b. However, this approach
is impractical because, in reality, we do not have access to the noise-free data b, and in the
presence of noise, the minimum norm solution x† coincides with the naive one. Moreover,
since our problem does not depend continuosly on the data, it is clear that we need a
proper strategy to compute approximate solutions that are less sensitive to fluctuation in the
observation. Let xgt œ Rn be the real image such that Axgt = b, from classical perturbation
theory we know that

Îxgt ≠ xÎ2
ÎxgtÎ2

Æ µ2(A)Î÷
”
Î2

ÎbÎ2
.

Since the condition number of the operator A is typically large, this implies that the com-
puted solution x may be far from the real one xgt. For image deblurring, an intuitive
strategy, suggested by the analysis of the inverse of the noise described in the first section,
is to use the TSVD to discard all singular values of the blur operator A below a certain
tolerance. Although it is easy to compute the TSVD solution xT SV D for di�erent trunca-
tion parameters k, the need for the SVD of A, or at least the computation of the leading
k singular values and vectors, makes this method computationally overwhelming for large-
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scale problems. Therefore, there is a need for other regularization strategies that are better
suited for large computational problems.

1.4.1 Tikhonov regularization

The most successful and widely used regularization method is the Tikhonov regularization
[135]. It explicitly incorporates the regularity requirement in the formulation of the problem.
In its simplest form, the regularized solution x⁄ is defined as the solution of the penalized
minimization problem

min
xœRn

ÎAx ≠ b”
Î

2
2 + ⁄ÎxÎ

2
2. (1.33)

The functional we aim at minimizing in (1.33) is defined by the summation of two terms.
The first one, ÎAx ≠ b”

Î
2
2, is called the data fidelity term and measures the goodness–of–fit,

that is how well the solution x predict the collected data b”. Clearly, if the data fidelity term
is too large then the solution x cannot be considered as a good approximation of the real
one. However, we should not make the residual too small, as this may result in overfitting
the noise in the data. The second term in (1.33) is called the regularization term and it
measures the regularity of the solution [80]. In general, it can be chosen in many di�erent
ways since it encodes prior information about the true solution [47]. The balance between
the two terms is controlled by the regularization parameter ⁄ > 0. The larger we choose it
the more weight is given to the regularization. On the other hand, the smaller the ⁄, the
more importance is given to the data fidelity term resulting in solution that are less regular.
For instance, if ⁄ = 0 we obtain the näıve solution that will be completely corrupted by the
presence of the noise. The minimization of a functional, as in (1.33), which can be expressed
as the sum of a data fidelity term and a regularization term, can be approached using a
maximum a posteriori framework [70], always starting from the problem (1.30).

The regularized solution of problem (1.33) can be explicitely computed. Indeed, by di�er-
entiating both terms, we obtain that

x⁄ = (AT
A + ⁄I)≠1

A
T b”

. (1.34)

Further insights about the Tikhonov solution x⁄ can be obtained using the SVD of the blur
operator A. Indeed, let A = U�V

H be the SVD of A, we have

x⁄ = (V �T �V
H + ⁄V V

H)≠1
V �T

U
Hb”

= V (�T � + ⁄I)≠1�T
U

Hb”

= V �⁄�†
U

Hb”
,

where �⁄ œ Rn◊n is the diagonal matrix with

(�⁄)i,i =

Y
]

[

‡
2
i

‡
2
i

+⁄
, i = 1, . . . , r,

0 i = r + 1, . . . , n,

(1.35)
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where r = rank(A). If we insert the singular values and vectors, we get

x⁄ =
rÿ

i=1

3
‡

2
i

‡
2
i

+ ⁄2

4
uT

i
b”

‡i

vi.

Tikhonov regularization can be categorized as a filtering method. In general, this class of
regularization methods produces solutions xreg that can be represented as a filtered SVD
expansion of the form

xreg =
rÿ

i=1
Ïi

uT

i
b”

‡i

vi,

where Ïi are the filter factors associated with the method. In the case of Tikhonov regu-
larization, this corresponds to a low-pass filter. Specifically, for a fixed ⁄, the filter factors
Ïi are close to 1 when ‡i is large, preserving the low-frequency components, while Ïi ¥ 0
when ‡i is small, thereby eliminating the high–frequency components.

Remark 1.4.1. The TSVD can be seen as a filtering method with filter factors defined as

Ïi =

Y
]

[
1, if i Æ s

0, if i > s

,

where the parameter s indicates the number of singular values we want to keep.

It is well known that it is often possible to improve the quality of the regularized solution
determined by Tikhonov regularization by replacing problem (1.33) with

min
xœRn

ÎAx ≠ b”
Î

2
2 + ⁄ÎLxÎ

2
2, (1.36)

where L œ Rs◊n is called regularization matrix. The minimization problem (1.33) is com-
monly referred to as Tikhonov regularization in standard form, while (1.36) is re�erd to as
Tikhonov regularization in general form. Let N (L) and R(L) denote the null space and the
range of the linear operator L, we assume that L is chosen so that

N (L) fl N (A) = {0}.

The assumption that the intersection between the null spaces of the blur operator A and the
regularization matrix L is trivial is necessary to ensure that problem (1.36) admits a unique
solution for any ⁄ > 0. Popular choices for the regularization matrix L include framelet
operators and di�erential operators [129, 61, 45, 38]. Recently, fractional di�erential oper-
ators have also been explored to enhance di�usion, particularly in the context of denoising
problems [5, 141]. In the following chapters, we will select L to be the graph Laplacian of
properly constructed graph obtained from a given approximation of the true image. We will
demonstrate how accurate the reconstruction can be when the regularization term encodes
the correct information. Additionally, we will explore a fractional extension of the graph
Laplacian operator that can achieve even more accurate reconstructions.
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1.4.2 Iterative regularization methods

The regularization methods discussed so far are designed for problems where it is feasible
to compute the SVD or compute the Tikhonov solution via the least squares formulation
(1.36) solving the associated linear system. However, many real world applications lead to
large matrices where these factorization are too computational and time demanding. The
essence of an e�ective regularization method lies in performing matrix–vector multiplications
avoiding any factorization of the operators involved to minimize the overall computational
costs. Moreover, one should be able to select the regularization parameter ⁄ without solv-
ing the problem from scratch for each new parameter. This two requirements lead to the
introduction of iterative regularization methods where the number of iterations plays the
role of regularization parameter. This implies that in the early stage the filtered solution
xk tends to become increasingly accurate approximation of the exact solution. However, at
later stages, the iterates start to diverge from the sharp image and instead converge to the
näıve solution. This behavior is called semiconvergence and if we are able to interrupt the
iteration at the right moment, then we obtain a large–scale regularization method.

Landweber method

The prototypical iterative regularization algorithm for least–squares problem is the Landwe-
ber method [93, 62]. This is the simplest gradient descent algorithm for solving problem
(1.33). It can also be interpeted as the Richardson method applied to the normal equa-
tions

A
H

Ax = A
Hb”

,

and its iterations read as
xk+1 = xk + –A

H(b”
≠ Axk). (1.37)

If – œ (0,
2

‡
2
1
), then the Landweber method is convergent since the spectral radius of I ≠

–A
H

A is smaller than one. As done for the Tikhonov regularization, we can get further
insights about the behavior of the Landweber algorithm by interpreting it as a filtering
method. Taken

x0 = 0
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as initial value and exploting the iterations (1.37), we have

xk+1 = (I ≠ –A
H

A)xk + –A
Hb”

= (I ≠ –A
H

A)[(I ≠ –A
H

A)xk≠1 + –A
Hb”] + –A

Hb”

= (I ≠ –A
H

A)2xk≠1 + (I ≠ –A
H

A)–A
Hb” + –A

Hb”

= . . .

= (I ≠ –A
H

A)k+1 x0¸˚˙˝
=0

+–

kÿ

i=0
(I ≠ –A

H
A)i

A
Hb”

= –

kÿ

i=0
(I ≠ –A

H
A)i

A
Hb”

.

Substituting the SVD form A = U�V
H in the above computations, we obtain

xk+1 = –

kÿ

i=0
(I ≠ –V �T

U
H

U�V
H)i

V �T
U

Hb”

= –

kÿ

i=0
V (I ≠ –�T �)i

V
H

V �T
U

Hb”

= V MkU
Hb”

, (i)

where Mk = –
q

k

i=0(I ≠ –�T �)i�T
œ Rn◊m. Since rank(A) = r, we can use the compact

SVD to write

Mk =
C

Nk 0
0 0

D
, Nk = –

kÿ

i=0
(Ir ≠ –�T

r
�r)i�T

r
œ Rr◊r

. (ii)

To conclude, set

�̃k = –

kÿ

i=0
(Ir ≠ –�T

r
�r)i�T

r
�r

= diag
j=1,...,r

(◊(k)
j

), (iii)

where

◊
(k)
j

= –

kÿ

i=0
(1 ≠ –‡

2
j
)i

‡
2
j

= 1 ≠ (1 ≠ –‡
2
j
)k+1

. (iv)

Thus, replacing (ii) and (iii) in equation (i), we can rewrite the Landweber iterative scheme
as

xk+1 = V MkU
Hb” = V

C
�̃k 0
0 0

D

¸ ˚˙ ˝
�k

�†
U

Hb”
, (1.38)
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Lemma 1.4.2. Let A œ Rm◊n be a matrix such that rank(A) = r < min(n, m) and – œ1
0,

2
‡

2
1

2
. Set x0 = 0 and let {xk}kœN ™ Rn be the sequence of points by the Landweber

iterations. Then,
lim

kæ+Œ
xk = A

†b”
.

Proof. Since x0 = 0 by assumption, the sequence of points xk can be expressed as in equation
(1.38). To conclude, observe that, since – œ

1
0,

2
‡

2
1

2
, it follows

|1 ≠ –‡
2
j
| < 1, j = 1, . . . , r.

Thus, from equation (iv), we have

lim
kæŒ

◊
(k)
j

= 1, j = 1, . . . , r,

which concludes the proof.

Iterated Tikhonov

A slightly more sophisticated iterative regularization method is the Iterated Tikhonov algo-
rithm. .

Let x0 be an avaiable approximation of the minimal norm solution x† and consider the
minimization problem

min
xœRn

ÎAx ≠ b”
Î

2
2 + ⁄Îx ≠ x0Î

2
2. (1.39)

If no approximation of x† is known, we can set x0 = 0, reducing problem (1.39) to the
standard Tikhonov formulation (1.33). By defining the initial residual vector r0 and the
error approximation h as

r0 = b”
≠ Ax0, h = x†

≠ x0,

we can rewrite the initial problem (1.39) as the variational problem

min
hœRn

ÎAh ≠ r0Î
2
2 + ⁄ÎhÎ

2
2. (1.40)

Therefore, with a suitable choice of the regularization parameter ⁄ > 0, if we are able to
compute an approximate solution h1 of (1.40), we can obtain an improved approximation
x1 of x† by simply defining

x1 = x0 + h1. (1.41)

Once the first refined approximation x1 is computed, we can iterate this procedure by
computing the new residual vector r1 = b”

≠ Ax1 and solving problem (1.40) again with r1

replacing r0, to obtain a new approximation of the error h2. Repeated application of this
refinement strategy defines what is called the Iterated Tikhonov method. The iterations can
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be compactly expressed as

xk+1 = xk + (AH
A + ⁄I)≠1

A
Hrk, k = 0, 1, . . . , (1.42)

where I œ Rn◊n is the identity matrix, and they can be terminated with the aid of some
stopping criteria.

Remark 1.4.3. By making explicit the residual vector in (1.42), we have

xk+1 = xk + (AH
A + ⁄I)≠1

A
H(b”

≠ Axk), k = 0, 1, . . . .

Thus, the iterated Tikhonov method can be interpreted as a preconditioned version of the
Landweber method in which the damping parameter – in (1.37) has been replaced by the
preconditioner P = (AH

A + ⁄I)≠1 [120].

Similar preconditioning strategies can be explored also for other Krylov methods or using
other filtering techniques [79, 14].

Remark 1.4.4. The iteration matrix T associated with the scheme (1.42) is given by

T = I ≠
!
A

H
A + ⁄I

"≠1
A

H
A.

Therefore, since the spectral radius satisfies fl(T ) < 1 for all ⁄ > 0, we can conclude that
the iterated Tikhonov method is convergent.

All the previous analysis was conducted considering the standard form of the Tikhonov
model (1.39). However, in [31], the author extends the formulation of the iterated Tikhonov
regularization to include a general penalty term. From this perspective, the new iteration
scheme is written as

xk+1 = xk + (AH
A + ⁄L

H
L)≠1

A
Hrk, k = 0, 1, . . . , (1.43)

where L is the regularization operator. Unfortunately, the convergence of this iterative
method is not as straightforward as in the standard case, and additional assumptions on A

and L are required.

Remark 1.4.5. Note that in both the standard and generalized cases, the matrix P
≠1 =

!
A

H
A + ⁄L

H
L

"
(or P

≠1 =
!
A

H
A + ⁄I

"
in the standard case) represents the Hessian matrix

of the regularized least squares problem. Thus, the damping parameter – is replaced with a
second–order method.

The choice of the regularization parameter ⁄ in the iterated Tikhonov method is important
to accelerate the convergence without spoiling the quality of the computed solution, and
many strategies have been proposed in the literature [77, 57]. In general, there are two
main strategies for selecting the regularization parameter. The simpler one, consider ⁄ to be
independent from the number of iterations k and the iterative method is said to be stationary.
On the other hand, in the non–stationary case, the value of ⁄ changes at each iteration [78].
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In many applications the non–stationary version of the iterated Tikhonov regularization has
been found to give more accurate approximations of x† and often even faster convergence
than its stationary version [77]. A commonly used choice for the regularization parameter
in the non–stationary case is to consider a geometric sequence, namely,

⁄k = ⁄0q
k
, ⁄0 > 0, 0 < q < 1, k = 0, 1, . . . . (1.44)

Although we will not address them in this thesis, there exist sophisticated Krylov methods,
such as Conjugate Gradient and others, that possess regularization properties similar to
those described here[76, 41].

1.4.3 Choosing the regularization parameter

We have at our disposal several di�erent regularization methods. However, the main thing
we are still missing is a reliable and automated technique for choosing the regularization
parameter, i.e. s, for TSVD, or ⁄ in the case of Tikhonov regularization [78, 81, 124].
What we would like is an e�cient, and reliable method for computing the regularization
parameter which does not require the computation of the SVD, which is infeasible for large
problems. Unfortunately, such a method has yet to be found. What we have at our disposal
is a collection of strategies which, under certain conditions, will provide a good estimate of
the regularization parameter. However, all of them can and possibly will occasionally fail
to produce good results. Any method developed for choosing the regularization parameter
shoud seek to minimize the error in the regularized solution. For a better understanding on
how the error is influenced by this choice, we will take a closer look at the approximation
error. For simplicity, the outset for our discussion is the Tikhonov regularization.

Recall from the previous section that the filtered solution of the Tikhonov regularization is
given by

x⁄ = V �⁄�†
U

Hb”
, (1.45)

where the diagonal matrix �⁄ is the filtering matrix defined in equation (1.35). We recall
that the observed data consists of an exact signal plus some additive noise, i.e.,

b” = Axgt + ÷
”
.

It follows that the error in the Tikhonov regularized solution (1.45) is then given by

xgt ≠ x⁄ = xgt ≠ V �⁄�†
U

Hb”

= xgt ≠ V �⁄�†
U

H
Axgt ≠ V �⁄�†

U
H÷

”

= V (I ≠ �⁄)V Hxgt¸ ˚˙ ˝
�xbias

≠ V �⁄�†
U

H÷
”¸ ˚˙ ˝

�xpert

.

The first term �xbias in the above expression is called the regularization error and it comes
from the introduction of the filtering in the reconstruction. The second error term �xpert,
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is the perturbation error and it is due to the inversion and filtering of the noise component
in the data. The main purpose of regularization techniques is to prevent this perturbation
error from blowing up in magnitude and corrupting the solution.

The goal of the regularization parameter ⁄ is to balance the size of the two errors term
�xbias and �xpert. Precisely, if ⁄ is chosen very small, then all the filter factors Ïi are
close to 1. Thus, the filtering matrix �⁄ is close to the identity matrix and �xbias is small
while �xpert is large. On the opposite, if ⁄ is chosen to be large, then many filter factors Ïi

are small and hence �xpert will be also small but since �⁄ will not be close to the identity
anymore, then �xbias will be large. Thus, we would like to compute a proper value for the
regularization parameter ⁄ that balances the action of the two error terms.

To this aim, the simplest method is the discrepancy principle and it basically requires to
choose ⁄ such that

ÎAx⁄ ≠ b”
Î2 < ·Î”Î2, (1.46)

where ” is the noise level defined in (1.31) and · is a user–defined parameter and is usually
chosen as · = 1.01. Due to its simplicity, the discrepancy principle is often the favored
parameter–choice method in theoretical analysis of regularization methods, that is when
proving that a regularized solution converges to the exact solution as the noise level ” æ 0.
Moreover, it requires only an e�cient root finder for the problem in equation (1.46). The
main drawback of the discrepancy principle is that we often do not know Î”Î2 exactly
but maybe we just know a rough estimate. Unfortunately, the quality of the computed
regularization parameter ⁄ is very sensitive to the accuracy of the estimate of the noise. In
particular, a too small estimate can lead to dramatic undersmoothing while too large values
can cause oversmoothing in the solution.

A di�erent strategy for computing the regularization parameter looks for the value of ⁄

such that Ax⁄ predicts the noise–free data b as well as possible. It is possible to carry
out the derivation of this method and the easiest way is by considering the TSVD filtering
method. However, we do not report all the analysis here which can be found with further
details in [81]. The main question is: how can we estimate the regularization parameter for
a given problem in which the noise–free observation b is not available? In cross validation,
one separates the given data into two sets ad uses one of the sets to compute a solution
which is then used to predict the elements in the other set. For example, we could leave out
b

”

i
, the ith element of b”, and then compute the Tikhonov solution based on the reduced

problem
x(i)

⁄
=

1
(A(i))T

A
(i) + ⁄In≠1

2≠1
(A(i))T b”,(i)

,

where A
(i) and b”,(i) are the shortened version of A and b” with the ith row and element,

respectively, left out. Then, we can use x(i)
⁄

to predict the element b
”

i
that was left out

via the “missing” row of A, through the expression A(i, :)x(i)
⁄

. Leaving out some technical
arguments, the goal is then to choose the regularization parameter ⁄ such that it solves the
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minimization problem

min
⁄

1
m

mÿ

i=1

3
A(i, :)x⁄ ≠ b

”

i

1 ≠ hi,i

4
,

where x⁄ is the Tikhonov solution, and hi,i are the diagonal elements of the matrix A(AT
A+

⁄I)≠1
A

T .

Unfortunately, the diagonal elements hi,i will change if we permute the rows of A, and thus
the solution depends on the particular ordering of the data. The method of Generalized Cross
Validation (GCV) was introduced to remedy this inconvenience, by replacing each diagonal
element hi,i with the average of the diagonal elements. Thus, the simplified minimization
problem takes the form

min
⁄

1
m

mÿ

i=1

3
A(i, :)x⁄ ≠ b

”

i

1 ≠ trace(A(AT A + ⁄I)≠1AT )/m

42
. (1.47)

Negletcting a factor m, the GCV parameter–choice method for Tikhonov regularization thus
takes the form

⁄GCV = min
⁄

ÎAx⁄ ≠ b”
Î

2
2

(m ≠
q

n

i=1 Ïi)
2 .

1.5 The Graph Laplacian

In the previous section, we introduced and analyzed di�erent regularization strategies to
reduce the sensitivity of reconstructions from the presence of noise. In the next two chapters,
we will explore di�erent variational models designed to achieve better results compared to
the standard methods discussed so far. However, the core structure of all these variational
models will be based on the general Tikhonov regularization framework, that is

min
xœRn

ÎAx ≠ b”
Î

2
2 + ⁄ÎLxÎ

2
2.

In this final section, we will focus on a specific choice for the regularization matrix L, which
will play a crucial role in the subsequent chapters within a broader framework. The e�ective-
ness of this linear operator is rooted in the natural connection between images and graphs.
Furthermore, we will demonstrate how to intuitively encode valuable image information
within the graph structure, resulting in an e�cient regularization operator.

1.5.1 Graph Theory

An unweighted graph is a pair G = (P, E), where P is the vertex set and E ™ P ◊ P is the
set containing all the edges. A graph G is said to be undirected if (i, j) œ E implies that
(j, i) œ E, otherwise we say that the graph is directed. Sometimes, a graph G is associated
with a measure Ê : E æ R+ which associates each edge of the graph with a unique positive
value that is referred to as the weight of the edge. This leads us to the following

Definition 1.5.1. A weighted graph over a vertex set P is a quadruple G = (P, E, w, µ)
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given by:

• A nonnegative edge-weight function w : E æ [0, Œ) that satisfies

i) Symmetry: w(p, q) = w(q, p) for every p, q œ P ;

ii) No self-loops: w(p, p) = 0 for every p œ P .

• A positive node measure µ : P æ (0, Œ).

The definition of weighted graph can be relaxed, for instance, by allowing non-symmetric
edge-weight functions and self-loops. We will say that two nodes are connected if w(p, q) > 0,
and in that case we write p ≥ q. A finite walk is a finite sequence of nodes {pi}

k

i=0 such
that w(pi, pi+1) > 0 for i = 0, . . . , k ≠ 1. A subset Q ™ P is connected if for every pair of
nodes p, q œ Q there is a finite walk such that p0 = p, pk = q, and each pi belongs to Q. A
connected subset Q ™ P is a connected component of P if it is maximal with respect to the
ordering of inclusion.

Let G = (P, E, w, µ) be an undirected, weighted and connected graph with neither multi–
edges nor self–loops. Assuming that |P | = n, where |A| is the cardinality of the set A, i.e.,
n is the number of nodes in G, we define the function spaces

VP := {x | x : P æ R}, E := {Ï : E æ R}.

Assuming an implicit ordering of the elements in P , it is clear that VP ƒ Rn. Hence, we use
the same notation for finite-dimensional vectors, even when referring to elements x œ VP .
For a parameter r œ [0, 1], we defined the inner products on VP and E (and hence inner
product norms Î · ÎVP

and Î · ÎE) as

Èx, yÍVP
:=

ÿ

pœP

x(p)y(p)µ(p)r
, ÈÏ, �ÍE := 1

2
ÿ

p,qœP

Ï(p, q)�(p, q)w(p, q).

Then, the graph variants of the gradient and Laplacian operators are defined as

Definition 1.5.2. The graph gradient Ò : VP æ E and the graph Laplacian � : VP æ VP

associated to the weighted graph G = (P, E, w, µ) are defined by the actions

(Òx)
p,q

:=

Y
]

[
x(q) ≠ x(p), if (p, q) œ E,

0, otherwise,

and

�x(p) := 1
µ(p)r

ÿ

qœP

w(p, q) (x(p) ≠ x(q)) . (1.48)

Remark 1.5.3. The graph Laplacian operator (1.48) is positive, semi–definite, and self–
adjoint with respect to VP , and it does not depend on the ordering (or labeling) of the elements
in vertex set P . Moreover, the graph variants of the gradient and Laplacian operators are
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related via
Èx, �yÍVP

= ÈÒx, ÒyÍE .

We can rewrite the graph Laplacian operator (1.48) in a more compact way. Indeed, given a
weighted graph G = (P, E, w, µ), it can be represented it by means of the so called adjacency
matrix. Let again be |P | = n, then we denote the adjacency matrix � œ Rn◊n of the graph
G as

�p,q =
I

w(p, q) if (p, q) œ E,

0 otherwise.

Let D denote the degree matrix, a diagonal matrix with elements given by

Dp,p = deg(p) =
ÿ

qœP

�p,q, p œ P,

and let D denote the diagonal matrix whose elements are defined as Dp,p = µ(p). Then, the
graph Laplacian can be defined as the linear operator

� = D
≠r(D ≠ �). (1.49)

The choice of r is important. Suppose that µ(p) = deg(p), then, for r = 0, � = D ≠ � is the
standard unnormalised (or combinatorical) Laplacian. For r = 1, we obtain the so called
random walk Laplacian. There is also an important Laplacian not covered by this definition:
the symmetric normalised Laplacian � := I ≠ D

≠ 1
2 �D

≠ 1
2 .

1.5.2 Graph associated to an image

In this section, we will explore the relationship between images and graphs, and how the
information contained within an image can be encoded into the graph Laplacian opera-
tor.

Given an image X œ Rn◊m, we aim to construct a weighted graph G = (P, E, w, µ) as-
sociated with it. Since an image consists of a grid of pixels, it is natural to identify each
pixel as a node in the graph. Specifically, we can represent each pixel as an ordered pair
p = (i, j) œ Z2, where i = 1, . . . , n and j = 1, . . . , m. In this way, the set of nodes P

corresponds directly to the set of pixels in the image. To fully define the weighted graph, we
need to specify two additional components: the weight function w : E æ R, which assigns
a weight to each edge e œ E connecting two nodes, and the node measure µ : P æ (0, Œ),
which assigns a positive measure to each node in the graph. We would like to design those
functions in order to capture the relationships bewtween neighboring pixels. Indeed, they
can be designed to reflect various image features, such as intensity di�erences, spatial prox-
imity, or other characteristics, making the graph representation a powerful tool for image
analysis.
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Distance-based graph creation

Given a finite set of nodes P = {p | p = 1, . . . , n}, fix a distance dist(·, ·) on the set P and a
nonnegative function hd : R æ [0, +Œ) such that hd(0) = 0. Then it follows that

wd(p, q) := hd(dist(p, q))

is an edge-weight function on P since wd satisfies Definition 1.5.1. It is based on the geo-
metric properties of P induced by the distance dist(·, ·). The magnitude of the connections
between two nodes p and q is then regulated by hd. Fix now an element x œ VP , another
nonnegative function hi : R æ [0, +Œ) and finally define

wx(p, q) := wd(p, q)¸ ˚˙ ˝
geometry

· hi(|x(p) ≠ x(q)|)¸ ˚˙ ˝
x intensity

. (1.50)

The edge-weight function (1.50) depends on both the “physical” distance between two nodes,
thanks to wd, and the “variation of intensity” of x, thanks to hi(|x(p) ≠ x(q)|). This dual
dependence has a twofold e�ect: it can separate nodes that reside in di�erent and unrelated
regions of the space, and it weights the magnitude of the connections depending on the
di�erence of intensities of x.

Now choose any strictly positive function, which may depend on x,

µx(p) > 0 ’ p œ P. (1.51)

Therefore, following Definition 1.5.1, for any fixed x œ VP , we have defined a graph G, on
the set P , induced by x. We will write then �x to indicate the associated graph Laplacian,
as in equation (1.48).

Our aim is to construct a graph Laplacian operator associated to an image that will work
as a regularization operator. Because of what we said before, an intuitive choice for the
geometry part of the weight function (1.50) is to take wd(p, q) dependent on the “physical”
distance between pixels, that is

dist(p, q) := Îp ≠ qÎ1 and hd(t) := 1(0,R](t),

where 1(0,R] is the indicator function of the set (0, R] and R is a control parameter that tells
the maximum distance allowed between two pixels to be neighbors. If 0 < Îp≠qÎ1 Æ R, then
p and q are connected with an edge of magnitude 1, that is wd(p, q) = 1. To enhance more
connections between neighbouring pixels, another possible choice is to replace the ¸

1–norm
with the ¸

Œ–norm. For better understanding of how to construct a graph Laplacian on an
image, in the following we will just consider the ¸

1–norm case.

To understand how to define the intensity term in the definition (1.50) of the weight function,
recall that a gray-scale image is given by the light intensities of its pixels. That is, a gray-

36



CHAPTER 1. INVERSE PROBLEMS IN IMAGING AND REGULARIZATION

Figure 1.5: Simple outline of how to build a graph from an image x. To be read from left to right.
Left: a 7 ◊ 7 pixels image made by orange-like and blue-like square pixels. The color intensity of
each pixel is given by the pixel-wise evaluation of a function x. Center-left: each pixel corresponds
to one node, represented by a black circle. Since the pixels are disposed on a grid, each node
can be associated to an ordered pair in Z2. Center-right: the geometric edge-weight function wd in
eq. (1.50) is given by 1(0,1](Îp≠qÎ1), that is, two nodes p, q are connected if and only if Îp≠qÎ1 = 1,
and in that case the magnitude of the connection is one. Right: the magnitude of an edge between
two nodes is then weighted by hi(Îx(p)≠x(q)Î) œ (0, 1], where hi(t) = exp{≠t2/‡2} is the Gaussian
function. The role of hi is to measure the di�erence of intensity between two adjacent pixels, and
it is close to zero when two pixels have very di�erent color intensities. This is represented by the
di�erent thicknesses of the edges connecting two adjacent pixels, where a thick edge means a very
similar color intensity and a thin edge means a very di�erent color intensity.

scale image can be represented by a function x œ VP such that x(p) œ [0, 1], where 0 means
black and 1 means white. A common choice to weight the connection of two di�erent pixels
by their light intensities is to use the Gaussian function, that is

hi(t) := e≠ t2
‡2 , ‡ > 0.

The reason lies in the relationship between the heat kernel and the discretization of the
Laplacian on a manifold. See [40, 73, 103] for applications of the Gaussian function to
define the weights of the graph Laplacian. We arrive then at the definition of the edge-
weight function in (1.50), applied to our case, that is

wx(p, q) = 1(0,R](Îp ≠ qÎ1)e≠ |x(p)≠x(q)|2
‡2 . (1.52)

The values of ‡ only modify the shape of the Gaussian weight function: small values of ‡

correspond to a tight distribution, while larger values result in wider curves. This means
that we can control how close the intensity of two pixels should be in order to obtain
strong connections. Conversely, R influences the sparsity of the graph Laplacian operator
controlling the number of connections between neighbouring pixels. Specifically, a larger
R leads to a denser matrix, which implies that each matrix-vector product requires more
computations. However, the useful values of R are usually small. Indeed, it is unlikely that
pixels that are on opposite side of an image are correlated in some way. It is more common
that the stronger correlation are in a limited neighbour of each pixel. For these reasons,
standard choices for these parameters are R Æ 5, to keep the computational cost low at
each iteration, and ‡ Æ 10≠3 to avoid strong connections between uncorrelated pixels whose
intensities are su�ciently close to each other. These choices are used, for instance, in [3].
For an even better understanding on how this strategy works, in Figure 1.5, we outlined how
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to build a graph from an image x. To make it as simple as possible we just choose R = 1
so each pixels have connections with just its first neighbours. Looking at Figure 1.5, note
that if one replace the ¸

1–norm with the ¸
Œ one in the definition of the edge weight function

(1.52), then we would also have diagonal connections between pixels. This is clearly useful
because pixels on the diagonal could be still related to the pixel considered and consequently
we can encode more information of the image in the graph.

Briefly, to conclude, consider the case of colored images, that is a little bit di�erent. For ex-
ample, in the RGB representation, the color of a pixel is given by the combination of the light
intensities of three channels R(ed), G(green), and B(lue). Therefore, in principle a colored
image should be regarded as a function x : P æ R3, where x(p) = (xR(p), xG(p), xB(p))
is a vector-valued function whose elements represent the light intensities for each channel.
However, it is common to assume that the ill-posed operator A acts independently on each
channel, and therefore the regularization is made on each channel separately. If for some
reason this assumption can not be made, then we can simply modify the definition (1.50) in
the following way:

wx(p, q) := wd(p, q) · hi(Îx(p) ≠ x(q)Î),

where Î · Î is any appropriate norm in R3.

38



The graphLa+� method

In this chapter we investigate a variational method for ill-posed problems, named graphLa+�,
which embeds a graph Laplacian operator in the regularization term. In Section §1.5, we
highlighted the natural connection between graphs and images. However, one of the main
drawbacks of using the graph Laplacian operator in imaging problems is that it requires the
computation of an initial reconstruction. Ideally, we would like to incorporate information
about the true solution directly into the regularization term. Unfortunately, the observed
image b” is completely corrupted by noise, and in the case of the image deblurring prob-
lem, we also have to deal with blur. Even worse, in the CT problem, the pixels of the
sinogram provide no direct information about the attenuation coe�cient of the object we
aim to reconstruct. The novelty of this method lies in constructing the graph Laplacian
based on a preliminary approximation of the solution, which is obtained using any existing
reconstruction method �� from the literature. In this way, the regularization term is both
dependent on and adaptive to the observed data and noise. This introduces an additional
layer of complexity in the theoretical analysis of the method. Nevertheless, we have been able
to demonstrate that graphLa+� is a valid regularization method, and we have rigorously
established both its convergence and stability properties.

While the first part of this chapter will be devoted to the theoretical analysis of the method,
in the latest part we present selected numerical experiments in 2D computerized tomography,
wherein we integrate the graphLa+� method with various reconstruction techniques �,
including Filter Back Projection (graphLa+FBP), general Tikhonov (graphLa+Tik), Total
Variation (graphLa+TV), and a trained deep neural network (graphLa+Net). The graphLa+�
approach significantly enhances the quality of the approximated solutions for each method
�. Notably, graphLa+Net is outperforming, o�ering a robust and stable application of deep
neural networks in solving inverse problems.

2.1 The model setting

Since we are dealing with inverse problems, the model problem we considered is the one
already introduced in (1.30) that is the linear system of equation

Ax = b”
, (2.1)

39



CHAPTER 2. THE graphLa+� METHOD

where A : X ƒ Rn
æ Y ƒ Rm reprensents a discretized version of a linear operator that is

inherently ill–posed. Given a fixed xgt œ Rn and let b := Axgt, we want to recover a good
approximation of the ground-truth xgt from a noisy observation b” of b such that

b” := b + ÷
”
, Î÷

”
Î Æ ”,

where ÷
”

is a random perturbation and ” > 0 is the noise intensity. To solve our model
equation some regularization strategy is needed and therefore we consider the standard
variational problem

x”

⁄
œ arg min

xœX

;
1
2ÎAx ≠ b”

Î
2
2 + ⁄ÎLxÎ1

<
, (2.2)

where L is a linear mapping, characterized by the property that

ker(L) fl ker(A) = {0}, (2.3)

as described in Section §1.4.1. Di�erently from the previous chapter, in the following, we
will consider the ¸

1–norm in the regularization term instead of the standard ¸
2–norm. As

a regularization operator we would like to consider the distance–based graph Laplacian op-
erator introduced in Section §1.5 as done in [20, 29, 19]. Generally speaking, embedding a
graph-based operator in the regularization term acts as a guiding mechanism for the overall
regularization process. This operator helps in identifying the “correct” neighborhood to
concentrate the reconstruction e�orts on, by capturing specific features that can be inferred
from the observed signal b”. Initially, a graph structure G is constructed from a discretized
signal to incorporate features such as interfaces and discontinuities. This discrete space,
which heavily depends on the signal itself, can provide more insights into the neighborhood
where xgt resides than a flat manifold like the Euclidean space. Then, by choosing a suit-
able graph operator L, the optimization process in equation (2.2) is oriented towards the
(supposed) neighborhood of xgt.

As anticipated, the key point is to construct the graph from a signal that closely approx-
imates the primary features of xgt. In [103], it was observed that generating the graph G

directly from the observed and noisy data b” results in poor outcomes for imaging tasks such
as deblurring or tomographic reconstruction. This is because b” exists in a di�erent domain
compared to xgt. To address this, we apply an initial preprocessing step, transforming b”

to �(b”), and subsequently constructing a graph from �(b”). This preprocessing step in-
volves a reconstruction map � : Y æ X, from the space of observations Y to the domain X

where xgt lives. This can be achieved, for example, by employing a standard Tikhonov filter
(1.34) or the Filter Back Projection (FBP) method (1.29), depending on the inverse prob-
lem to handle. In this context, a very interesting choice for �� is represented by the class
of Deep Neural Networks (DNNs). They are characterized by a vast number of trainable
parameters that are optimized by minimizing a loss function over a large dataset. With the
exponential growth in dedicated computational power, DNNs have achieved state-of-the-art
performance across a range of applications. However, the use of DNNs in solving ill-posed
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inverse problems comes with significant drawbacks, particularly concerning stability and
their “black-box” nature. Firstly, DNNs are often sensitive to data perturbations and have
a tendency to produce hallucinations, i.e. false yet realistic-looking artifacts, see [6, 51].
Secondly, the complexity of their internal mechanisms, which involve millions of parameters
and nonlinear mappings, makes them challenging to understand or explain [136]. These is-
sues contribute to a general skepticism about the reliability of DNNs, especially in real-world
scenarios like medical imaging, where accuracy, stability, and reliability are critical.

To define the novel graphLa+� method, the initial preprocessing step involves selecting a
family of reconstructor maps

�� : Y æ X,

where � = �(”, b”) is a family of parameters that can depend on ” and b”. It is important
to note that the pair (��, �) is very general and may not be a convergent regularizing
method. As detailed in the last part of Section §1.5, a grayscale image can be regarded
as a function x : P æ Rn, where P is the set of nodes of the graph associated to x œ Rn.
Therefore, let

�”

� := ��(b”) œ X ƒ VP ,

we can define the graph Laplacian induced by �”

� and we will denote it by ��”

�
. The

graphLa+� method consists of computing a minimizer of (2.2) with L = ��”

�
, that is,

x”

�”

�,⁄
œ arg min

xœX

;
1
2ÎAx ≠ b”

Î
2
2 + ⁄Î��”

�
xÎ1

<
. (2.4)

X Y

xgt

x0 xsol

�”

�

x”

�”

�,⁄

y

y
”

K

÷

�

graphLa+�
” æ 0

” æ 0

Figure 2.1: A schematic representation of the graphLa+� method. The reconstructors �� do
not necessarily need to be a regularization method, and this is represented by the piecewise linear
path of �”

� as ” goes to 0. However, when combined with the graph Laplacian in the Tikhonov
method (2.2), it generates a convergent and stable regularization operator, that is, graphLa+�,
which is represented by the smooth red path.

In the next section we will demonstrate that under certain, albeit very weak, hypotheses,
graphLa+� is a convergent and stable regularization method in the limit as ” æ 0. The key
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ingredients of this analysis will be the properties of the graph Laplacian operator. Informally
speaking, it helps to “chain” the reconstructors �� in the original and well-established
regularization method (2.2). For these reasons, and due to the minimal assumptions about
��, it becomes feasible to select reconstructors that may not be convergent regularizing
methods or those whose regularization properties lack rigorous proof yet show empirical
e�ectiveness in certain applications, like for instance DNNs. Owing to the influence of
the graph Laplacian, the overall graphLa+� method maintains regularization and stability
regardless. In Figure (2.1), we depict a visual representation of the method.

All the methodology and theory we develop herein apply broadly and are not limited solely to
ill-posed inverse problems in imaging. However, to provide a complete analysis of the method
and its performances, we will focus on 2D computerized tomography applications.

2.2 Theoretical Analysis

This part will be devoted to the theoretical analysis of the graphLa+� method. As a baseline
assumption, we say that the unperturbed observation b œ Y ƒ Rm is the realization of the
action of A on an element xgt œ X. That is,

Hypothesis 2.2.1. There exists xgt such that Axgt = b.

Consider now a family of operators {�� : Y æ X} which we generally refer to as reconstruc-
tors. We do not need to assume that �� is necessarily linear, and with � œ Rk we denote
all the parameters on which it depends. This family of reconstructors is at the core of our
graphLa+� method. It has the very important role of giving a first approximation of xgt,
since upon this approximation we will construct the graph Laplacian operator. Although
we would like to keep the reconstructor �� as general as possible, we need to enforce some
(weak) regularity.

Hypothesis 2.2.2. There exists an element x0 œ X and a parameter choice rule � =
�(”, b”) such that

Î��(”,b”)(b”) ≠ x0Î2 æ 0 as ” æ 0.

The above Hypothesis 2.2.2 will guarantee that the graphLa+� method is a convergent
regularization method. Additionally, stability will be proved by further assuming that

Hypothesis 2.2.3. Let b” and � := �(”, b”) be fixed, and {”k} and {b”k } be sequences
such that ”k æ ” and b”k æ b” for k æ Œ. Writing �k := �(”k, b”k ), then

�k æ � and Î��k
(b”k ) ≠ ��(b”)Î2 æ 0 for k æ Œ.

In the next two examples, we make clear that the above assumptions are pretty weak and
they can be satisfied by several large classes of reconstructors. In particular, the pair (��, �)
does not need to be a convergent regularization method.
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Example 2.2.4. A simple example of a family of reconstructors that satisfies Hypothe-
sis 2.2.2 is the case when we identify them with a single, (locally) Lipschitz continuous
operator. That is, fix � © �̂ for every ” and b”, and choose an operator ��̂ such that
Î��̂(b1) ≠ ��̂(b2)Î2 Æ LÎb1 ≠ b2Î2. Thanks to equation (2.1) and the Lipschitz condition,
Hypothesis 2.2.2 is then verified with x0 := ��̂(b). In the same way, Hypothesis 2.2.3 is
verified again by the Lipschitz property of ��̂ and because �̂ is fixed and independent of k.

The situation of the preceding example will occur later, when ��̂ is implemented as a trained
DNN.

Example 2.2.5. A less trivial family of reconstructors that satisfy Hypothesis 2.2.2 is the
one given by any typical regularization operators. Let � œ (0, Œ) and �� be continuous,
and A

† be the usual Moore-Penrose pseudo-inverse of A. Fix x0 := A
†b and observe that

Ax0 = b, since b œ range(A) by Hypothesis 2.2.1. By definition of regularization operator,
there exists a parameter choice rule � = �(”, b”) such that

sup{Î��(”,b”)(b”) ≠ x0Î2 | b”
œ Y, Îb”

≠ Ax0Î2 Æ ”} æ 0 as ” æ 0,

and Hypothesis 2.2.2 is then verified. About Hypothesis 2.2.3, this is a bit more involved
and depends on the regularization method itself and the parameter choice rule. For instance,
consider a standard Tikhonov reconstruction method, that is

��(b) :=
!
A

T
A + �I

"≠1
A

T b,

where � œ (0, Œ). Let � = �(”, b”) defined by the discrepancy principle (1.46). Then,
�k æ � = �(”, b”) for k æ Œ. Setting

T
k = (AT

A + �kI)≠1 and T = (AT
A + �I)≠1

,

it holds that

Î��k
(y”k ) ≠ ��(b”)Î2 Æ Î(T k

≠ T )AT b”k Î2¸ ˚˙ ˝
I

+ ÎT A
T (b”

≠ b”k )Î2¸ ˚˙ ˝
II

.

Now,

I Æ |� ≠ �k|ÎT
k
ÎÎT A

T
ÎÎb”k Î2 Æ

|� ≠ �k|

2�k

Ô
�

Îb”k Î2 æ 0,

and

II Æ Î(AT
A + �I)≠1

A
T

ÎÎb”
≠ b”k Î2 Æ

1
2
Ô

�
Îb”

≠ b”k Î æ 0.

Before turning to the theoretical analysis of the graphLa+� method, consider the regular-
ization term R(x, b”) := Î��”

�
xÎ1 of equation (2.4). Firstly, as anticipated, unlike typical

regularization methods, R depends not only on x but also on the data b”. This complicates
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any attempt at studying the convergence of equation (2.4) for ” æ 0.

Indicating with w�”

�
the edge-weight function defined in (1.50) with x replaced by �”

�, we
have that minimizing R means to force x”

�”

�,⁄
to be constant on the regions where w�”

�
(p, q)

is “large”. Indeed, this is a direct consequence of the graph Laplacian definition (1.48)
implying

|��”

�
x(p)| = 1

µ�”

�
(p)

------

ÿ

qœP

w�”

�
(p, q)(x(p) ≠ x(q))

------
.

More simply, we can say that R helps to distinguish the regions of uniformity from the
regions of interfaces. In intuition, once �”

� reconstructs the region of interfaces in xgt, the
final solution x”

�”

�,⁄
will be a good approximation of the ground truth xgt, even though �”

�
deviates from xgt in other aspects.

Lastly, the ¸
1-norm in R is introduced to enforce sparsity and preserve discontinuities on

the approximated solution x”

�”

�,⁄
. This is mainly in view of the imaging applications we will

consider. However, all the theory developed here works with the ¸
1-norm replaced by any

¸
r-norm for r > 1.

2.2.1 Existence of solution and well–posedeness of graphLa+�
In the previous section we focused on the choice of the family of operators �� and we
introduced all the necessary assumptions that will be used to prove convergence and stability
of the graphLa+� method. Moreover, we also commented on the choice of the regularization
term in the variational problem (2.4). Despite everything, we need a definition of solution
for equation (2.1). Under Hypothesis 2.2.2, let x0 and � = �(”, b”) be such that

x0 := lim
”æ0

��(”,b”)(b”). (2.5)

Definition 2.2.6. We call xsol a graph-minimizing solution with respect to x0, defined
in (2.5), if Axsol = b and

Î�x0xsolÎ1 = min{Î�x0xÎ1 | x œ X, Ax = b}. (2.6)

Remark 2.2.7. A graph-minimizing solution xsol is a pre-image of b which minimizes the
functional R(x) = Î�x0xÎ1. If the operator K is injective, then there exists one and only
one graph-minimizing solution and xsol = xgt, thanks to Hypothesis 2.2.1. However, in
general, xgt is not necessarily a graph-minimizing solution when K is not injective. Loosely
speaking, a graph-minimizing solution is an approximation of the (inaccessible) ground-truth
with respect to some a-posteriori information encoded in x0, as per equation (2.5).

Let us indicate with w�”

�
and w0 the edge-weight functions in equation (1.50) induced by

�”

� and x0, respectively. To make our analysis work, we need three last hypotheses which
are related to properties of w�”

�
and ��”

�
.
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Hypothesis 2.2.8. For every p, q œ P , w�”

�
(p, q) > 0 if and only if w0(p, q) > 0.

The following lemma is an immediate consequence of the above hypothesis.

Lemma 2.2.9. Under Hypothesis 2.2.8, there is an invariant subspace V ™ VP such that
ker(��”

�
) = ker(�x0) = V for every �”

�.

Proof. The null space of a generic graph Laplacian, as per equation (1.48), is given by the
subspace of functions which are constant on the connected components of the node set P ,
see for example [90, Lemmas 0.29 and 0.31]. By Hypothesis 2.2.8, it is easy to check that
a sequence {pi}

k

i=0 is a walk with respect to w�”

�
if and only if it is a walk with respect to

w0. Therefore, all the connected components of P , identified by w�”

�
and w0, are invariant.

This concludes the proof.

The invariant subspace V replaces ker(L) in the typical null-space condition (2.3), invoked
for functionals of the form (2.2).

Hypothesis 2.2.10. ker(A) fl V = {0}.

The last assumption we need is on the intensity function hi in equation (1.50) and the node
measure µx in equation (1.51).

Hypothesis 2.2.11. For every fixed p œ P , the function hi and the map x ‘æ µx(p) are
Lipschitz continuous.

The above hypotheses are not di�cult to check in practice. In the numerical experiments
we will provide specific choices of equations (1.50) and (1.51), and we will show that all the
previous assumptions are satisfied.

In the following we will always assume that all the previous assumption hold true. In order to
prove the existence and uniqueness of the graph-minimizing solution and the well-posedness
of the variational problem (2.4), we define the functional

�(x) := 1
2ÎAx ≠ b”

Î
2
2 + ⁄Î��”

�
xÎ1. (2.7)

Recall that a (nonnegative) functional � : X æ [0, Œ) is coercive if �(x) æ Œ for ÎxÎ æ Œ,
where Î · Î can be any norm on X ƒ Rn. Thanks to Hypothesis 2.2.10, we can prove the
following

Lemma 2.2.12. � is coercive for every fixed ⁄ > 0 and ” Ø 0.

Proof. Let V be the invariant ker(��”

�
) from Lemma 2.2.9, and let us indicate with fi and

fi‹ the projection into V and V
‹, respectively. In general, it holds that

inf
uœV

‹

u ”=0

Î��”

�
uÎ1

ÎuÎ1
Ø “1 > 0. (2.8)
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Since ker(A) fl V = {0} by Hypothesis 2.2.10, then it also holds that

inf
vœV

v”=0

ÎAvÎ2
ÎvÎ2

Ø “2 > 0. (2.9)

Fix a sequence {xj} such that ÎxjÎ2 æ Œ. We want to show that �(xj) æ Œ. Clearly, for
j æ Œ

ÎxjÎ2 æ Œ if and only if ÎfixjÎ
2
2 + Îfi‹xjÎ1 æ Œ.

There are two cases:

(i) limj Îfi‹xjÎ1 = Œ;

(ii) lim infj Îfi‹xjÎ1 Æ c < Œ and limj ÎfixjÎ
2
2 = Œ.

If we are in (i), then by equation (2.8) we have that

⁄“1Îfi‹xjÎ1 Æ ⁄Î��”

�
fi‹xjÎ1

Æ
1
2ÎAxj ≠ b”

Î
2
2 + ⁄Î��”

�
xjÎ1 = �(xj). (2.10)

On the other hand, if we are in the (ii) case, then by equation (2.9) we obtain

“2
4 ÎfixjÎ

2
2 Æ

1
4ÎAfixjÎ

2
2 Æ

1
2ÎAxj ≠ b”

Î
2
2 + ⁄Î��”

�
xjÎ1 + 1

2ÎAfi‹xj ≠ b”
Î

2
2

= �(xj) + 1
2ÎAfi‹xj ≠ b”

Î
2
2. (2.11)

Moreover, from (ii) it also follows that lim infj ÎAfi‹xj ≠ b”
Î

2
2 is bounded. Passing to the

lim inf in both equations (2.10) and (2.11) conclude the proof.

Remark 2.2.13. The result in Lemma 2.2.12 still holds if we replace �”

� with x0 in �. The
proof remains unchanged in this case.

Proposition 2.2.14. There exists a graph-minimizing solution xsol.

Proof. Let
c := inf{Î�x0xÎ1 | x œ X, Ax = b},

which is well-defined thanks to Hypothesis 2.2.1. Therefore there exists a sequence {xj}

such that Axj = b for every j and limj Î�x0xjÎ1 = c. In particular, there exists c1 > 0
such that

Î�x0xjÎ1 Æ c1 for every j. (2.12)

There are two possible cases:

(i) ÎxjÎ2 Æ c2 for some c2 > 0, for every j,

(ii) there exists a subsequence {xjÕ}, such that limjÕ ÎxjÕÎ2 = Œ.
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If we are in case (i), then by compactness and continuity arguments we can conclude that
there exists xsol such that

lim
jÕ

xjÕ = xsol and

Y
]

[
Axsol = b,

Î�x0xsolÎ1 = c,

that is, xsol is a graph-minimizing solution with respect to x0.

Suppose now we are in case (ii). By Lemma 2.2.12 and Remark 2.2.13, �(xjÕ) æ Œ for
any fixed ⁄, ”. Since ÎAxjÕ ≠ b”

Î
2
2 = Îb ≠ b”

Î
2
2 Æ ”

2 for every j
Õ, it follows necessarily that

limjÕ Î�x0xjÕÎ1 = Œ. This leads to an absurdity in light of (2.12).

Proposition 2.2.15. For every fixed ”, ⁄ > 0 and b”
œ Y , there exists a solution x”

�”

�,⁄
for

the variational problem (2.4).

Proof. From Lemma 2.2.12, the nonnegative functional � is coercive on a finite dimensional
vector space. By standard theory, there exists a minimizer, see for example [10, Proposition
11.15].

Corollary 2.2.16. If A is injective, then xsol and x”

�”

�,⁄
are unique.

Proof. The uniqueness of xsol is straightforward. On the other hand, the uniqueness of
x”

�”

�,⁄
is derived from the fact that if A is injective then the functional x ‘æ ÎAx ≠ b”

Î
2
2

is strongly convex. This property leads to the strong (and therefore strict) convexity of �.
According to [10, Corollary 11.9], the desired result follows.

Remark 2.2.17. Without the injectivity property, uniqueness can fail. The main culprit
is the ¸

1-norm in the regularization term. However, it is possible to achieve uniqueness in
a less stringent manner, namely, for every b” outside a set of negligible measures. The
approach should be in line with [42, 4], but adapted to this specific context. That being said,
relaxing the assumptions to regain the uniqueness of the solution falls beyond the scope of
the current work.

2.2.2 Convergence and Stability analysis

We are almost ready to prove convergence and stability of the graphLa+� method. As we
will see, the main di�culty is given by the regularization term R(x, b”), which depends
on the observed data b”. Therefore, all standard techniques can not be applied straight-
forwardly. A crucial role will be played by the following two lemmas, which guarantee
uniform convergence of ��”

�
, and a special uniform coercivity property for the � functional

of equation (2.7).
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Lemma 2.2.18. Let � = �(”, b”) and x0 be defined as in Hypothesis 2.2.2. For every
x œ X it holds that

Î��”

�
x ≠ �x0xÎ1 Æ cÎxÎ1Î�”

� ≠ x0Î2 æ 0 as ” æ 0,

where c is a positive constant independent of x.

Proof. Indicating with k
”

pq
the elements of the matrix K

” := ��”

�
≠ �x0 , then

Î��”

�
x ≠ �x0xÎ1 Æ ÎK

”
ÎÎxÎ1 =

Q

amax
qœP

ÿ

pœP

|k
”

pq
|

R

b ÎxÎ1, (2.13)

where ÎK
”
Î is the induced matrix 1-norm. Making explicit now the values of k

”

pq
, we have

ÿ

pœP

|k
”

pq
| = |k

”

qq
| +

ÿ

pœP

p”=q

|k
”

pq
|

=

--------

ÿ

¸œP

¸ ”=q

w�”

�
(q, ¸)

µ�”

�
(q) ≠

w0(q, ¸)
µ0(q)

--------
+

ÿ

pœP

p”=q

-----
w�”

�
(p, q)

µ�”

�
(p) ≠

w0(p, q)
µ0(p)

-----

Æ

ÿ

pœP

p”=q

-----
w�”

�
(p, q)

µ�”

�
(q) ≠

w0(p, q)
µ0(q)

----- +
ÿ

pœP

p”=q

-----
w�”

�
(p, q)

µ�”

�
(p) ≠

w0(p, q)
µ0(p)

----- , (2.14)

where in the last inequality we used the symmetry of the edge-weight functions w�”

�
and

w0. To simplify the notation, define

t”,p,q := |�”

�(p) ≠ �”

�(q)|, t0,p,q := |x0(p) ≠ x0(q)|.

Let us observe that, for every fixed triple p, q, l œ P ,
-----
w�”

�
(p, q)

µ�”

�
(l) ≠

w0(p, q)
µ0(l)

----- = wd(p, q)

-----
hi(t”,p,q)
µ�”

�
(l) ≠

hi(t0,p,q)
µ0(l)

-----

= wd(p, q)
µ�”

�
(l)µ0(l)

---µ0(l)hi(t”,p,q) ≠ µ�”

�
(l)hi(t0,p,q)

--- . (2.15)

Let us recall now that, by Hypothesis 2.2.11, we have

|hi(t”,p,q) ≠ hi(t0,p,q)| Æ L
Õ
|t”,p,q ≠ t0,p,q|, |µ�”

�
(l) ≠ µ0(l)| Æ L

ÕÕ
l
Î�”

� ≠ x0Î2. (2.16)
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By adding and subtracting the auxiliary term µ0(l)hi(t0,p,q), it holds that
---µ0(l)hi(t”,p,q) ≠ µ�”

�
(l)hi(t0,p,q)

--- Æ µ0(l)|hi(t”,p,q) ≠ hi(t0,p,q)| + |µ�”

�
(l) ≠ µ0(l)|hi(t0,p,q)

Æ L
Õ max

l

{µ0(l)}|t”,p,q ≠ t0,p,q| + max
l

{L
ÕÕ
l
} max

p,q

{hi(t0,p,q)}Î�”

� ≠ x0Î2.

(2.17)

Let us bound now |t”,p,q ≠ t0,p,q|:

|t”,p,q ≠ t0,p,q| =
--|�”

�(p) ≠ �”

�(q)| ≠ |x0(p) ≠ x0(q)|
--

Æ
--!�”

�(p) ≠ x0(p)
"

+
!
x0(q) ≠ �”

�(q)
"--

Æ
--�”

�(p) ≠ x0(p)
-- +

--�”

�(q) ≠ x0(q)
--

Æ 2Î�”

� ≠ x0Î2. (2.18)

Therefore, denoting with

µ
”

:= min
l

{µ�”

�
(l)}, µ0 := min

l

{µ0(l)},

µ0 := max
l

{µ0(l)}, LÕÕ := max
k

{L
ÕÕ
l
}, hi := max

p,q

{hi(t0,p,q)},

and using equations (2.17) and (2.18) into equation (2.15), we have
-----
w�”

�
(p, q)

µ�”

�
(l) ≠

w0(p, q)g(”, x0)
µ0(l)

----- Æ wd(p, q)2L
Õ
µ0 + LÕÕ hi
µ

”
µ0

Î�”

� ≠ x0Î2. (2.19)

Now, define

d := max
p,q

{wd(p, q)}, Ÿ := max
q

{card{p œ P | wd(p, q) ”= 0}} .

Then, combining equations (2.14) and (2.19), for every fixed q it holds that

ÿ

pœP

|k
”

pq
| Æ

2
!
2L

Õ
µ0 + LÕÕ hi

"

µ
”

µ0
Î�”

� ≠ x0Î2
ÿ

pœP

wd(p, q)

Æ
2dŸ

!
2L

Õ
µ0 + LÕÕ hi

"

µ
”

µ0
Î�”

� ≠ x0Î2. (2.20)

Finally, from equation (2.16) and Hypothesis 2.2.2, there exists ”0 such that

µ
”

Ø
1
2µ0 for every 0 Æ ” Æ ”0,

and by defining

c :=
4dŸ

!
2L

Õ
µ0 + LÕÕ hi

"

µ2
0

,

the thesis follows from (2.13) and (2.20).
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Remark 2.2.19. The constant c may depend on the dimension n. However, by selecting
appropriate values for wd, hi and µx, which vary based on specific applications, it is possible
to make c independent of the dimension n of the vector space VP ƒ X. For example, if
we fix the edge-weight function wd independently of n and set µx © µ with µ > 0 as a
positive constant for every x, then dŸ becomes independent of n and LÕÕ = 0, thereby making
c independent of n as well. In the numerical experiments the chosen edge–weight function
and node measure ensure that c is independent of n.

Lemma 2.2.20. Let � = �(”, b”) be the parameter choice rule as in Hypothesis 2.2.2
and let ”k æ 0. Write �k := �(”k, b”k ) and fix ⁄ > 0. For any sequence {xk} such that
lim sup

k
ÎxkÎ2 = Œ, then

lim sup
k

1
2ÎAxk ≠ bÎ

2
2 + ⁄Î��”

k

�
k

xkÎ1 = Œ.

Proof. Let V be the invariant null space from Lemma 2.2.9. Define

“k := inf
uœV

‹

ÎuÎ1=1

Î��”
k

�
k

uÎ1 > 0 and “0 := inf
uœV

‹

ÎuÎ1=1

Î�x0uÎ1 > 0.

By Lemma 2.2.18, it holds that

’ u œ V
‹ s.t. ÎuÎ1 = 1, Î�x0uÎ1 ≠

“0
2 Æ Î��”

k

�
k

uÎ1 for k Ø N = N(“0).

Therefore, it follows that
“k Ø

“0
2 ’k Ø N(“0).

In particular, there exists “̂ > 0 such that

Î��”
k

�
k

xÎ1 Ø “̂Îfi‹xÎ1 ’ x, ’ k.

The rest of the proof follows like in Lemma 2.2.12.

The next theorem presents a convergence result for the graphLa+� method (2.4). The
overall proof follows a fairly standard approach even though, since the regularizing term in
equation (2.4) depends on the data b” as well, it involves a few nontrivial technical aspect.
We will use a slight modification of the notation introduced in equation (2.7). Specifically,
we define

�k(x) := 1
2ÎAx ≠ b”k Î

2
2 + ⁄kÎ��”

k

�
k

xÎ1.

Theorem 2.2.21 (Convergence). Assume that ⁄ : (0, +Œ) æ (0, +Œ) satisfies

lim
”æ0

⁄(”) = 0, (2.21a)

lim
”æ0

”
2

⁄(”) = 0. (2.21b)
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Fix a sequence {”k} such that

lim
kæŒ

”k = 0, Îb”k ≠ bÎ2 Æ ”k,

and set ⁄k := ⁄(”k). Let � = �(”, b”) be the parameter choice rule as in Hypothesis 2.2.2,
and set �k := �(”k, b”k ). Then every sequence {xk} of elements that minimize the functional
(2.4), with ”k and �k, has a convergent subsequence. The limit xsol of the convergent
subsequence {xkÕ}is a graph-minimizing solution with respect to x0, and

lim
kÕ

Î��”
kÕ

�
kÕ

xkÕÎ1 = Î�x0xsolÎ1.

If xsol is unique, then xk æ xsol.

Proof. The sequence {xk} is well-posed thanks to Proposition 2.2.15. Fix a graph-minimizing
solution xsol as in Definition 2.2.6, which exists because of Proposition 2.2.14. Then, by def-
inition, it holds that

�k(xk) Æ �k(xsol) Æ
”

2
k

2 + ⁄kÎ�x0xsolÎ1 + ⁄kcÎxsolÎ1Î�”k

�k
≠ x0Î2 æ 0 (2.22)

as k æ Œ, where the last inequality comes from Lemma 2.2.18, and the convergence to zero
is granted by equation (2.21a). Therefore, ÎAxk ≠ b”k Î

2
2 æ 0, and in particular

ÎAxk ≠ bÎ2 Æ ÎAxk ≠ b”k Î2 + ”k æ 0 as k æ Œ. (2.23)

Since
⁄kÎ��”

k

�
k

xkÎ1 Æ �k(xk),

then by equations (2.21b) and (2.22), we get

lim sup
k

Î��”
k

�
k

xkÎ1 Æ Î�x0xsolÎ1. (2.24)

Let ⁄
+ := max{⁄k | k œ N}. Then, combining equations (2.23) and (2.24), it holds

1
2ÎAxk ≠ bÎ

2
2 + ⁄

+
Î��”

k

�
k

xkÎ1 Æ c < Œ,

and from Lemma 2.2.20 we deduce that {xk} is bounded. Therefore, there exists a conver-
gent subsequence {xkÕ} which converges to a point xú. The limit point xú satisfies Axú = b
thanks to equation (2.23). Moreover, by the boundedness of {xkÕ} and the uniform conver-
gence granted by Lemma 2.2.18, we infer that

Î�x0xú
Î1 = lim

kÕ
Î��”

kÕ
�

kÕ
xkÕÎ1.
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Applying equation (2.24), we finally get

Î�x0xú
Î1 = lim

kÕ
Î��”

kÕ
�

kÕ
xkÕÎ1 Æ Î�x0xsolÎ1 Æ Î�x0xú

Î1.

That is, xú is a graph-minimizing solution. If the graph-minimization solution is unique,
then we have just proven that every subsequence of {xk} has a subsequence converging to
xú, and therefore xk æ xsol by a standard topological argument.

For the proof of the stability result we need a couple of preliminary lemmas.

Lemma 2.2.22. For all x œ X and b”k1 , b”k2 œ Y , we have

�k1(x) Æ 2�k2(x) +
..b”k1 ≠ b”k2

..2
2 +

.....(�
�

”
k1

�
k1

≠ �
�

”
k2

�
k2

)x

.....
1

Proof. By standard p-norm inequalities, it holds

�k1(x) = 1
2ÎAx ≠ b”k1 Î

2
2 + ⁄Î�

�
”

k1
�

k1

xÎ1

Æ ÎAx ≠ b”k2 Î
2
2 + Îb”k1 ≠ b”k2 Î

2
2 + ⁄Î�

�
”

k1
�

k1

xÎ1

Æ 2�k2(x) + Îb”k1 ≠ b”k2 Î
2
2 + Î(�

�
”

k1
�

k1

≠ �
�

”
k2

�
k2

)xÎ1.

Lemma 2.2.23. Let ”k, �k, and � defined as in Hypothesis 2.2.3. It holds that

Î��”
k

�
k

x ≠ ��”

�
xÎ1 Æ cÎxÎ1Î�”k

�k
≠ �”

�Î2 æ 0 as k æ Œ,

where c is a positive constant independent of x.

Proof. The proof is similar to Lemma 2.2.18 using Hypothesis 2.2.3.

Theorem 2.2.24 (Stability). Let now b” be fixed and {”k} and {b”k } be sequences such
that ”k æ ” and b”k æ b” for k æ Œ. Then every sequence {xk} with

xk œ arg min
xœX

;
1
2ÎAx ≠ b”k Î

2
2 + ⁄Î��”

k

�
k

xÎ1

<
,

has a converging subsequence {x
k

Õ } such that

lim
k

Õ
x

k
Õ œ arg min

xœX

;
1
2ÎAx ≠ b”

Î
2
2 + ⁄Î��”

�
xÎ1

<
.

Proof. Because xk is a minimizer of �k, we have

�k(xk) Æ �k(x), ’ x œ X. (2.25)
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Choose now a vector x̄ œ X. By applying the previous equation to x = x̄ and using twice
Lemma 2.2.22, it follows that

�(xk) Æ 2�k(xk) + Îb”
≠ b”k Î

2
2 + Î(��”

�
≠ ��”

k

�
k

)xkÎ1

Æ 2�k(x̄) + Îb”
≠ b”k Î

2
2 + Î(��”

�
≠ ��”

k

�
k

)xkÎ1

Æ 4�(x̄) + 3Îb”
≠ b”k Î

2
2 + 2Î(��”

�
≠ ��”

k

�
k

)x̄Î1 + Î(��”

�
≠ ��”

k

�
k

)xkÎ1

Æ 4�(x̄) + 3Îb”
≠ b”k Î

2
2 + (2Îx̄Î1 + ÎxkÎ1)Î�”

� ≠ �”k

�k
Î2,

where we used Lemma 2.2.23 in the last inequality. Arguing as in the proof of Theo-
rem 2.2.21 and adapting Lemma 2.2.20, it is possible to show that {xk} is bounded. From
Hypothesis 2.2.3, and since b”k converges to b”, then there exist k0 œ N such that

M := 4�(x̄) + 1 Ø �(xk), ’ k Ø k0.

Thus, for all ⁄ > 0, the set

M⁄(M) := {x œ Rn
|

1
2ÎAx ≠ b”

Î
2
2 + ⁄Î��”

�
xÎ1 Æ M}

is sequentially pre-compact with respect to the norm topology. Additionally, since the
sequence (xk) is contained in M⁄(M) for k Ø k0, it possesses a converging subsequence.

Now let (x
k

Õ ) denote an arbitraty subsequence of (xk) that converges to x̃ œ D with respect
to the norm topology. By continuity, it holds

1
2ÎAx ≠ b”

Î
2
2 = lim

k
Õ

1
2ÎAx

k
Õ ≠ b

k
Õ Î

2
2.

Moreover, since Î��”
k

�
k

· Î1 is at least lower semicontinous, we have

1
2ÎAx̃ ≠ b”

Î
2
2 + ⁄Î��”

�
x̃Î1 Æ lim inf

k
Õ

1
2ÎAx

k
Õ ≠ b

k
Õ Î

2
2 + ⁄ lim inf

k
Õ

Î�
�

”
k

Õ
�

k
Õ

x
k

Õ Î1

Æ lim sup
k

Õ
ÎAx

k
Õ ≠ b

k
Õ Î

2
2 + ⁄Î�

�
”

k
Õ

�
k

Õ

x
k

Õ Î1

Æ lim
k

Õ

1
2ÎAx ≠ b

k
Õ Î

2
2 + ⁄Î�

�
”

k
Õ

�
k

Õ

xÎ1

= 1
2ÎAx ≠ b”

Î
2
2 + ⁄Î��”

�
xÎ1, x œ D.

This implies that x̃ is a minimizer of �.

2.3 Experimental setup

In the previous section, we conducted a theoretical analysis of the graphLa+� method,
where, after some e�ort, we established the convergence and stability of the method under
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certain assumptions. However, before we demonstrate the performance of this strategy in
2D Computerized Tomography applications, several key details must be clarified.

First, while we have discussed the behavior of the solutions of the variational model (2.4), we
have not yet explained how to compute these solutions in practice. Indeed, when dealing with
variational problems of the form (2.4), a variety of optimization techniques can be employed
depending on the structure and properties of the problem. Common methods may include
gradient-based algorithms or proximal gradient methods, among others. Each technique has
its advantages, such as handling non-di�erentiable terms, exploiting convexity, or ensuring
convergence properties. The choice of the optimization method often depends on the specific
features of the variational model considered, including the nature of the regularization and
fidelity term. To compute approximate solutions for our specific problem (2.4), we used the
Majorization-Minimization (MM) algorithm with a Generalized Krylov Subspace (GKS)
strategy to reduce the computational cost. This algorithm, that will be described in the
next chapter, is particularly e�ective in handling problems where the objective function can
be decomposed into simpler surrogate functions that majorize the original function, allowing
for more manageable iterative minimization steps.

The formulation of the variational model relies also on the construction of the graph Lapla-
cian operator, which is determined by the choice of the edge-weight function and the node
measure. These elements must be carefully selected to satisfy the conditions outlined in
Hypothesis 2.2.8, 2.2.10, and 2.2.11. Furthermore, in our initial discussion about the family
of reconstructors �� : Y æ X, we suggested that deep neural networks (DNNs) could be
a promising choice. Since we employ a DNN in our numerical examples, it is necessary
to describe its architecture and how it is utilized within this framework. This section will
address all these remaining details to provide a comprehensive understanding before moving
on to the experimental results.

2.3.1 Graph Laplacian construction

In this work, we consider a distance-based graph Laplacian operator, as detailed in Section
§1.5. The proper functioning of this operator critically depends on the choice of the edge-
weight function, wx, and the node measure, µx. Since the convergence and stability of the
graphLa+� method, as established in Section 2.2, rely on several hypotheses, it is crucial to
define wx and µx in such a way that all these assumptions are met.

For the numerical experiments, to compute the graph Laplacian operator we use the follow-
ing

wx(p, q) = 1(0,R](Îp ≠ qÎŒ)e≠ |x(p)≠x(q)|2
‡2 , µx(p) = µx :=

Û ÿ

p,qœP

w2
x(p, q). (2.26)

The two following propositions show that, with those choices, both Êx and µx grant the
validity of Hypothesis 2.2.8, 2.2.10 and 2.2.11. Moreover, to conclude this part, the final
corollary will show that the constant c that appears in Lemma 2.2.18 is independent from
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the dimension n of the vector space VP ƒ X = Rn.

Proposition 2.3.1. The edge-weight function Êx ensures the validity of Hypothesis 2.2.8,
and of Hypothesis 2.2.10 when A represents the discrete Radon operators introduced in Sec-
tion §1.3.

Proof. Using the same notation as in equation (1.50) and (2.26), since hi(t) = e≠ t
2

‡2 > 0 for
every t, then Êx(p, q) > 0 if and only if wd(p, q) > 0. From the choices in equation (2.26),
wd(p, q) = 1(0,R](Îp ≠ qÎŒ) and is independent of x. This proves Hypothesis 2.2.8.

It is immediate to check that the whole set of pixels P is connected with respect to wd, and
therefore is connected with respect to wx, for any x. As a consequence, indicating with V

the invariant subspace in Lemma 2.2.9, it holds that V = ker(�x) = {t1 | t œ R} for any
x, where 1 œ VP is the constant function 1(p) = 1 for every p œ P . For a proof, see [90,
Lemmas 0.29 and 0.31].

Since A is a discrete Radon operator, then A1 > 0 for any possible configuration of A, such
as the number of angles na or the number of pixels nd of the detector. This is due to the fact
that each row of A represents line integrals. In particular, this means that ker(A)flV = {0},
which is Hypothesis 2.2.10.

Proposition 2.3.2. Êx and µx satisfy Hypothesis 2.2.11.

Proof. We need to show that hi and x(p) ‘æ µx(p) in equation (2.26) are Lipschitz. The first
part is trivial, since hi(t) = e≠ t

2
‡2 is a smooth function with bounded derivative for every

‡
2

> 0.

Let us observe now that µx(p) = ÎWxÎF for every p œ P , where Wx is the adjacency matrix
associated to wx and Î · ÎF is the Frobenius norm. Therefore, for any x, y œ VP and any
p œ P , it holds

|µx(p) ≠ µy(p)| = |ÎWxÎF ≠ ÎWyÎF | Æ ÎWx ≠ WyÎF . (2.27)

A generic element of Wx ≠ Wy in position (p, q) is given by

wx(p, q) ≠ wy(p, q) = wd(p, q) (hi(|x(p) ≠ x(q)|) ≠ hi(|y(p) ≠ y(q)|)) .

Using the same arguments as in (2.16) and (2.18) of Lemma 2.2.18, it is possible to show
that

|wx(p, q) ≠ wy(p, q)| Æ 2wd(p, q)LÕ
Îx ≠ yÎ2,

where L
Õ is the Lipschitz constant of hi. From equation (2.26), it holds

d = max
p,q

{wd(p, q)} = 1,

max
qœP

{card{p œ P | wd(p, q) ”= 0}} = max
qœP

{card{p œ P | Îp ≠ qÎŒ Æ R} ≠ 1} = Ÿ,

55



CHAPTER 2. THE graphLa+� METHOD

where Ÿ = (2R + 1)2
≠ 1. Therefore, we have

ÎWx ≠ WyÎF =
Ûÿ

qœP

ÿ

pœP

|wx(p, q) ≠ wy(p, q)|2 Æ 2L
Õ
dŸ

Ô
nÎx ≠ yÎ2,

and from equation (2.27) we conclude that x ‘æ µx(p) is Lipschitz with constant L
ÕÕ =

2L
Õ
dŸ

Ô
n, for every p œ P .

Corollary 2.3.3. With the choices in equation (2.26), the constant c in Lemma 2.2.18 is
independent of n.

Proof. Using the same notation as in the proof of Lemma 2.2.18, it is an almost straight-
forward application of Proposition 2.3.2. Indeed, with the choices in equation (2.26) we
have

d = 1; Ÿ = (2R + 1)2
≠ 1 hi = 1, L

ÕÕ = 2L
Õ
Ÿ

Ô
n,

where L
Õ is the Lipschitz constant of hi. Recalling that x(p) œ [0, 1], then infp{µx(p)} Ø

ne
≠‡

≠2 and sup
p
{µx(p)} Æ n for every x, and from equation (2.20) we can fix

c = 2Ÿ (2nL
Õ + 2L

Õ
Ÿ

Ô
n)

n2e≠2‡≠2 ,

which is uniformly bounded with respect to n.

Let us remark that with the choice of µx in equation (2.26), even if the Lipschitz constant of
x ‘æ µx(p) increases with n thanks to Corollary (2.3.3) and Lemma 2.2.18, the convergence
of ��”

�
for ” æ 0 is uniform with respect to n. This reflects the observations made in

[19], where it was introduced the node measure in equation (2.26) to uniformly bound the
spectrum of I+�T

x �x with respect to the dimension n, and guarantee then a fast convergence
of the lsqr algorithm.

2.3.2 DNN and graphLa+Net

Among all the possible choices for the family of reconstructors ��, we propose to use a
DNN. In this case, the set of parameters � contains matrices and vectors, which are the
building blocks of DNNs. Informally speaking, a DNN is a long chain of compositions of
a�ne operators and nonlinear activation functions. The set of parameters � is then trained
by minimizing a loss function over a large number of data as it will be detailed in the next
section. When considering �� as a DNN, we specify it by calling the method graphLa+Net.
A first overview of graphLa+Net was proposed in [22].

Note that, in principle, it is possible to make the network parameters � independent on the
noise level ” by training it multiple times for di�erent values of ”. However, this is rarely done
in practice due to the significant amount of time and energy consumption it would require.
This limitation has always been a crucial challenge in employing DNNs for regularizing ill-
posed problems, as it necessitates the estimate of an optimal noise level ” which is suitable
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for di�erent applications. Additionally, opting for ” = 0 is generally not a good choice due
to the typical high sensitivity of DNNs to the noise, as observed in [110, 6, 66].

Nonetheless, the regularizing property of graphLa+� e�ectively addresses this issue. In the
subsequent discussion, we will consider DNNs as reconstructors with a fixed �̂, where �̂
has been trained over a noiseless dataset. As will be shown in the numerical examples, the
resulting graphLa+Net is not only regularizing and stable but also significantly superior in
performance, despite the inherent instability of the original DNN.

The architecture

The considered DNN is a modified version of the U-net, detailed in [128], called Residual
U-net (ResU-net) and it was proposed in [65]. The structure of this modified U-net is illus-
trated in Figure 2.2. U-net is a widely recognized multi-scale Convolutional Neural Network
architecture, known for its e�ectiveness in processing images with global artifacts. This fully
convolutional network features a symmetrical encoder-decoder structure, employing strided
convolutions to expand its receptive field. The encoder layers’ strides create distinct levels
of resolution within the network. Each level comprises a fixed number of blocks, where a
block consists of a convolutional layer with a fixed number of channels, followed by batch
normalization and a ReLU activation function. The number of convolutional channels is
doubled at each successive level, starting from a baseline number in the first layer. In the
ResU-net case, the network is designed with four levels and a baseline of 64 convolutional
channels. As mentioned, in the U-net neural network, the decoder mirrors the encoder but
uses upsampling convolutional layers in place of strided convolutions. Furthermore, to pre-
serve high-frequency details, skip connections link the final layer of each encoder level to the
corresponding first layer of the decoder. Instead, for the ResU-net have reconfigured the skip
connections to work as additions rather than concatenations, a strategy aimed at reducing
the total number of parameters. Moreover, we introduce a residual connection that links the
input and output layers directly, which implies that the network learns the residual mapping
between the input and the expected output. The importance of the residual connection has
been observed in [75], where the authors proved that the residual manifold containing the
artifacts is easier to learn than the true image manifold.

The considered DNN is Lipschitz continuous by construction. Once the optimal param-
eters �̂ are estimated during the learning phase, the resulting DNN can be employed as
a reconstructor �, which remains Lipschitz continuous. Consequently, Hypothesis 2.2.2 is
satisfied, as highlighted in Example 2.2.4. In general, the Lipschitz constant L depends
on several factors and can be large, which may impact the uniform convergence of ��”

�
in

Lemma 2.2.18. However, in the numerical experiments, no such issues were observed, and
the overall stability of the graphLa+Net method was excellent.
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Figure 2.2: A diagram of the ResU-net architecture.

2.4 Numerical experiments

We evaluate the graphLa+� algorithms using two distinct image datasets of X–rays CT.
The first is the COULE dataset, which comprises synthetic images with a resolution of
256 ◊ 256 pixels. These images feature ellipses and lines of varying gray intensities against a
dark background. This dataset is publicly available on Kaggle [64]. The second dataset is a
subsampled version of the AAPM Low Dose CT Grand Challenge dataset, provided by the
Mayo Clinic [108]. It contains real chest CT image acquisitions, each also at a resolution of
256 ◊ 256 pixels.

To simulate the sinogram b”, we consider na di�erent angles evenly distributed within
the closed interval [0, 179], where na = 60 in the experiments with COULE dataset and
na = 180 in the experiments with Mayo dataset. The sinograms are generated using the
IRtools toolbox [69].

(a) True image xgt (b) Sinogram

Figure 2.3: (a): Example of a xgt image from COULE dataset. (b): The resulting sinogram

In Figures 2.3 and 2.4, we present an example of the true image and its resulting sinogram
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(a) True image xgt (b) Sinogram

Figure 2.4: (a): Example of a xgt image from Mayo dataset. (b): The resulting sinogram

of size nd ◊ na, where nd = Â
Ô

2nÊ is the number of pixels of the detector. To simulate
real-world conditions, we add white Gaussian noise ÷

”
to the sinogram at an intensity level

of Á, indicating that the norm of the noise is Á times the norm of the sinogram. In particular,
we compute b” as:

b” = b + ÁÎbÎ
÷

”

Î÷
”
Î

.

For the DNN described in the previous section, we randomly selected 400 pairs of images
from COULE and 3,305 pairs of images from Mayo as training sets, all of the form (xgt, b).
Indeed, following the discussion outlined in Section §2.3.2, we trained the DNN over the
training sets in a supervised manner without extra noise. The process involves finding �̂
that minimizes the Mean Squared Error (MSE) between the predicted reconstruction ��(b)
and the ground-truth solution xgt that is

�̂ = arg min
�

1
n

Î��(b) ≠ xgtÎ
2
2.

Once the training process is completed, we set � © �̂. We did not apply any regularization
technique in the training phase. Since the ResU-net architecture is fully convolutional, the
input required by the network is an image. Hence, the input sinogram b has to be pre-
processed through a fast algorithm mapping the sinogram to a coarse reconstructed image,
such as FBP [110, 87] or a few iterations of a regularizing algorithm [111, 65]. For those
experiments, we choose the FBP. The networks have been trained on an NVIDIA RTX
A4000 GPU card with 16Gb of VRAM, for a total of 50 epochs and a batch size of 10,
arresting it after the loss function stopped decreasing. We used Adam optimizer with a
learning rate of 0.001, —1 = 0.9, and —2 = 0.999, in all the experiments.

This section is divided into two parts, each of which concentrate on di�erent tests for a spe-
cific dataset. In both scenarios, we rigorously examined the performance of the graphLa+�
method to provide a comprehensive analysis of the method’s robustness and adaptability.
More in detail, we consider a wide range of reconstructors �, including FBP (graphLa+FBP),
general Tikhonov (graphLa+Tik), Total Variation (graphLa+TV), and the trained DNN
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(graphLa+Net) described in the previous Section §2.3.2. In all cases, the ground truth
images xgt are drawn outside of the training sets defined for the DNN. In particular, for the
general Tikhonov method, we solved the variational problem

arg min
xœRn

1
2ÎAx ≠ b”

Î
2
2 + ⁄ÎLxÎ

2
2, (2.28)

where L is defined as the finite di�erence approximation of the 2D gradient. To compute
approximate solutions of (2.28), we used a Krylov subspace strategy, searching for a solution
within a lower–dimensional subspace (n = 50). We estimated an appropriate value for
the regularization parameter ⁄ using the Generalized Cross Validation (GCV) criterion
(1.47).

On the other hand, for the Total Variation method, we replace the ¸
2–norm in (2.28) with the

¸
1–norm. Although this di�ers from the standard definition of the TV operator introduced

in [129], it still enforces sparsity in the coe�cients of the gradient of the solution. For this
and all the other cases, other than general Tikhonov, we used a Majorization–Minimization
strategy combined with a Generalized Krylov Subspace approach, as proposed in [95]. This
algorithm will be described in detail in the next chapter. Our implementation incorporates
a restarting strategy for the Krylov subspace [36], along with an automatic estimation of
the regularization parameter ⁄ using the discrepancy principle (1.46). This value of ⁄ may
di�er significantly from the one used to compute the initial reconstruction ��(b) for some
reconstructor ��.

For comparison, we will include the reconstruction achieved by our method using the ground
truth image xgt as a first approximation, labeled as graphLa+xgt. This serves as an upper
bound reference for the e�ectiveness of all the graphLa+� methods.

The quantitative results of our experiments will be measured by the Relative Reconstruction
error (RRE) and the Peak Signal-to-Noise Ratio (PSNR), where

RRE(x) := Îxgt ≠ xÎ
2

ÎxgtÎ2 , PSNR(x) := 20 log10

3
255

Îxgt ≠ xÎ

4
,

and by the Structural Similarity Index (SSIM) [139]. Finally, all the numerical tests are
replicable and the codes can be downloaded from [1].

2.4.1 Example 1: COULE

In this first example, we tested our proposal on an image of the COULE test set acquired by
na = 60 projections, a detector shape of nd = Â256

Ô
2Ê, and corrupted with white Gaussian

noise with level intensity of 2%. Note that, since n = 2562 = 65536 and m = nd ·na = 21720,
then m π n, meaning that the problem is highly sparse. Regarding the parameter selection
for the edge-weight function in equation (2.26), we chose R = 5 and ‡ = 10≠3.

The quality of the reconstructions achieved with di�erent operators � is presented in Ta-
ble 2.1. The upper part display the values of the initial reconstructors �, while the middle
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Initial reconstructors � RRE SSIM PSNR
FBP 0.1215 0.1220 18.3101
Tik 0.0622 0.3280 24.1306
TV 0.0450 0.6793 26.9320
Net 0.0205 0.9396 33.7714
graphLa+�
graphLa+FBP 0.0364 0.6419 28.7701
graphLa+Tik 0.0352 0.8874 29.0812
graphLa+TV 0.0228 0.9697 32.8313
graphLa+Net 0.0156 0.9724 36.1128
graphLa+xgt 0.0063 0.9820 43.9905
Other comparison methods
ISTA 0.1769 0.8682 25.3177
FISTA 0.1776 0.8883 25.2839
NETT 0.0302 0.7531 30.4040

Table 2.1: Quality of initial and final reconstruction for di�erent � for the COULE dataset.

part shows the values obtained by combining graphLa+� with the corresponding initial re-
constructor �. To provide a more comprehensive and complete analysis of the performance
of our proposal, we also tested three other solvers. Given that the ground truth is sparse,
we considered an ¸

2
≠ ¸

1 problem with a Haar wavelet regularization operator and applied
both FISTA and ISTA. Since both algorithms heavily depend on the choice of a proper
steplength, we computed it by estimating the Lipschitz constant of the operator A

T
A us-

ing ten iterations of the power method. Lastly, we considered a regularization DNN-based
method called NETT [101], where the convolutional DNN is trained to reduce the artifacts.
The main regularization parameter is tuned by hand in order to get the possible best out-
come. The NETT method achieved better results than the proximal methods in terms of
both RRE and PSNR. Moreover, the middle part of Table 2.1 shows that graphLa+TV and
graphLa+Net are the optimal choices.

Notably, the graphLa+� method results in a substantially greater improvement across all
metrics for all initial reconstructors �, with the highest performance attained by graphLa+Net.
As further confirmation, Figure 2.5 displays the reconstructions obtained for di�erent �. The
level of details and sharpness in the graphLa+Net image is incomparable with all the other
methods, besides graphLa+TV, that achieve similar performance.

As a final investigation into the capabilities of our proposal, we tested the stability of the
method against varying noise intensity. In Figure 2.6, we present the PSNR and SSIM values
for various levels of noise. Similar to the previous analysis, the purple line represents the
reconstruction obtained by utilizing the true image xgt to compute the graph Laplacian. No-
tably, even though our neural network was trained with a 0% noise level, the graphLa+Net
method consistently outperforms all other cases across all noise levels. Additionally, Fig-
ure 2.6 shows that the integration of the graph Laplacian with the DNN serves as an e�ective
regularization method, in contrast to the standalone application of the DNN. Indeed, while
the accuracy of the DNN does not improve as the noise intensity approaches zero, pairing
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(a) FBP (b) Tik (c) TV (d) Net

(e) graphLa+FBP (f) graphLa+Tik (g) graphLa+TV (h) graphLa+Net

Figure 2.5: Initial and final reconstructions using graphLa+� method for di�erent ��.

it with the graph Laplacian results in a significant accuracy improvement, consistent with
the e�ects of a regularization method.
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Figure 2.6: PSNR and SSIM for di�erent levels of noise and di�erent reconstructors �� for the
COULE dataset.

2.4.2 Example 2: Mayo

In this second example, we test our proposal on an image of the Mayo test set acquired
by na = 180 projections, a detector shape of nd = Â256

Ô
2Ê, and corrupted with white

Gaussian noise with level intensity of 1%. Regarding the parameter selection for the edge-
weight function in equation (2.26), we chose R = 5 and ‡ = 2 ◊ 10≠4, except for the
graphLa+Net method for which we used R = 3 and ‡ = 10≠3.

The Mayo dataset reflects a real-world scenario, indeed the ground truth images xgt, used
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for generating sinograms and for comparison, are not the actual true images. Instead, they
are reconstructions obtained from varying numbers of projections and multiple iterations
of an appropriate reconstruction algorithm, inherently containing some level of noise. Con-
sequently, comparing metrics for a fixed level of additional noise, as done in Table 2.1, is
a bit less informative. Instead, it is still interesting to evaluate the graphLa+� method
across di�erent reconstructors �� and various levels of noise intensity using both PSNR
and SSIM metrics. As previously noted in the COULE example, the graphLa+Net method
consistently outperforms all other cases, even if the neural network was trained with a 0%
noise level. In Figure 2.8, we present a visual inspection of some of the reconstructions.
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Figure 2.7: PSNR and SSIM for di�erent levels of noise and di�erent reconstructors �� for the
Mayo dataset.

Notably, the graphLa+Net image exhibits the sharpest quality compared to all other cases,
and being very close to the upper limit given by graphLa+xgt. As additional confirmation,
in Figure 2.9 we zoom on the central part of the considered image. In this way, we can
clearly note that the graphLa+Net approach achieves also an extraordinary quality of detail
in the reconstruction.

2.5 Conclusions

In this chapter, we introduced and analyzed a novel regularization method that utilizes the
distance–based graph Laplacian operator constructed from an initial approximation of the
solution provided by a reconstructor ��. We demonstrated that, under certain, albeit very
weak, assumptions on the reconstructor ��, the graphLa+� method is both convergent and
stable. The proposed numerical examples showed that graphLa+� significantly improves the
quality of reconstructions for any initial reconstructor �. Furthermore, by taking advantage
of the regularization properties of graphLa+�, we proposed using a DNN as the initial re-
constructor ��. This new hybrid method, called graphLa+Net, combines the regularization
benefits of a standard variational approach with the high accuracy of a DNN. The result is
a stable regularization method that achieves superior accuracy.
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(a) True image xgt (b) Tik (c) TV (d) Net

(e) graphLa+xgt (f) graphLa+Tik (g) graphLa+TV (h) graphLa+Net

Figure 2.8: Initial and final reconstructions using graphLa+� method for di�erent ��.

(a) True image xgt (b) graphLa+Tik (c) graphLa+TV (d) graphLa+Net

Figure 2.9: Zoom in of the central lower part for di�erent methods.
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Future work will focus on refining the choice of the edge-weight function wx, including
developing an automatic rule for estimating its parameters. Anticipating the topic of the
next chapter, a natural extension of this work, both in theory and in practice, would be to
consider the fractional graph Laplacian operator in place of the standard one. As we will
see, the use of a fractional exponent enhances the di�usion of information throughout the
graph, leading to improved reconstructions.
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The fractional graph

Laplacian

This is the final chapter of the first part of this work, which focuses on the graph Laplacian
operator. Here, we consider a more general regularization approach by substituting the
original problem with the ¸

2
≠ ¸

q functional, where q Æ 1. This type of model penalizes the
distance between the measured data and the reconstructed data while promoting sparsity in
some features of the computed solution. We further propose to use the fractional Laplacian
of a properly constructed graph in the ¸

q term to compute highly accurate reconstructions
of the desired images.

A simple model is employed with a fully automatic method that does not require the tuning
of any parameters. This method is used to construct the graph, and enhanced di�usion on
the graph is achieved by using a fractional exponent in the Laplacian operator. Since the
fractional Laplacian is a global operator, i.e. its matrix representation is completely dense,
it cannot be explicitly formed and stored. To overcome this limitation, we propose replacing
it with an approximation in an appropriate Krylov subspace. This approach can be viewed
as an extension of the graphLa+� method. Indeed, if one sets q = 1 for the regularization
term and eliminates the fractional exponent by setting it to one, the method reduces to the
graphLa+� method with a fixed family of reconstructions ��.

In the final part of the chapter, we demonstrate, from a theoretical perspective and under
reasonable assumptions, that the algorithm serves as a regularization method. To evaluate
the performance of the fractional version of the graph Laplacian, selected numerical examples
in image deblurring and computer tomography are presented.

3.1 The model problem

Using the same notation as before, we consider here the ¸
2

≠ ¸
q regularization

arg min
xœRn

1
2ÎAx ≠ b”

Î
2
2 + ⁄

q
ÎLxÎ

q

q
, (3.1)
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where A œ Rm◊n is the discretization of an integral operator, e.g., a blurring matrix, b”
œ

Rm collects some measurements that we assume are corrupted by errors, and x œ Rn is an
unknown two-dimensional image with n pixels. L œ Rs◊n represent a general regularization
operator, ⁄ > 0 is the regularization parameter and 0 < q Æ 2. We define ÎxÎ

q

q
=

q
n

i=1 |xi|
q

and we refer to this quantity as ¸
q-norm, even though, if q < 1, this is not a norm since it

does not satisfy the triangular inequality. A Bayesian justification of (3.1) was given in [32],
while its application to statistics was explored in [33].

When q Æ 1, the ¸
q-norm approximates the so-called ¸

0-norm that counts the non-vanishing
entries of a vector. Therefore, in this case, it is beneficial to select the regularization operator
L such that Lx† is as sparse as possible. It was shown in [35] that, if Lx† is sparse, the quality
of the computed solutions increases as q approaches 0. Popular choices are framelet operators
and di�erential operators. Fractional di�erential operators have also been investigated to
enhance di�usion, in particular with denoising problems [5, 141].

Clearly, a widely used choice for selecting L is to consider the graph Laplacian of a properly
constructed graph obtained from a given approximation of x†; see, e.g., [19, 30, 91, 100,
107, 118, 134, 140]. In our case, we replace the standard definition of the graph Laplacian
with its fractional extension. The fractional graph Laplacian has recently attracted the
attention of the community working on complex networks [15, 21]. It allows to explore
non-local dynamics that can spread the information in the graph. The drawback of this
strategy is that the fractional graph Laplacian is a full matrix even if the graph Laplacian is
sparse. Therefore, approximation tools need to be explored to perform computations with
the fractional graph Laplacian operator. In this direction, the spectral approximation of the
graph Laplacian proposed in [134] is very useful and will be employed in our method. In
detail, the authors explore the use of the Lanczos method for filtering signals on graphs and
observe that only few Lanczos iterations are su�cient to obtain a good approximation of a
filtering function of the graph Laplacian.

In this chapter, we expand the algorithmic proposal in [30]. In the latter, the authors first
constructed an approximation of the solution of (1.32) with Tikhonov regularization, i.e., by
setting q = 2 in (3.1). Starting from this approximation they constructed a graph Laplacian
to use as a regularization operator in (3.1) with q < 1. Here we improve this method as
follows. We employ an improved algorithm for the minimization of (3.1) recently proposed
in [36]. Moreover, instead of considering the standard graph Laplacian �, we consider the
fractional extension �– with – > 0, where the graph is computed by the approximation
of x† obtained by �. In practice, we add a further step to the algorithm proposed in [30]
updating the graph and forcing enhanced di�usion by a fractional exponent. Since in our
case the reconstructor �� is fixed, we can relax the notation from that used in the previous
chapter by simply indicating with � the graph Laplacian operator.

Finally, we prove that the proposed method is a regularization method, i.e., that the com-
puted solutions converge to the exact one as ” æ 0 under some suitable assumptions.
Though we have two parameters ⁄ and – to estimate, the proposed approach is completely
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automatic. This is achieved by combining the Discrepancy Principle (DP) (1.46) and the
whiteness residual principle (see [96]) which requires that the residual Ax ≠ b” is as white
as possible.

3.1.1 The MM–GKS strategy

The Majorization Minimization (MM) algoritm has been developed for the general class of
¸

p
≠ ¸

q regularizations. However, in (3.1), we set p = 2 even though the algorithms proposed
in [83] allow for a general 0 < p Æ 2. Note that, the graphLa+� method is nothing more
than the MM–GKS strategy applied to problem (3.1) with L = ��”

�
and q = 1.

Since for q Æ 1, the minimized functional in (3.1) is non-smooth, as a first step we substitute
it with a smooth approximation. Let Á > 0 be a fixed parameter and denote by

�q,Á(t) =
1

t2 + Á2
2q

.

Assuming that Á is small enough, we can approximate ÎxÎ
q

q
by

ÎxÎ
q

q
¥

nÿ

i=1
�q,Á(xi), x œ Rn

.

Note that the function on the right-hand side is everywhere di�erentiable, while the one on
the left is not di�erentiable if at least one of the components of x vanishes. Therefore, we
substitute problem (3.1) by

min
xœRn

JÁ(x), (3.2)

where

JÁ(x) = 1
2ÎAx ≠ b”

Î
2
2 + µ

q

sÿ

i=1
�q,Á((Lx)i).

The MM algorithm constructs a sequence {xk}
kœN that converges to a stationary point

of JÁ. Let xk be the current approximation of the solution of (3.2), the MM method first
determines a quadratic functional Q (x, xk) that majorizes JÁ everywhere and that is tangent
to it in xk. Then, the new iterate xk+1 is the minimizer of Q (x, xk).

Given JÁ and xk one can construct infinitely many quadratic tangent majorants Q (x, xk).
In [83] the authors proposed two choices. We describe here the so-called fixed majorant. The
name derives from the fact that, in the one-dimensional case, it coincides with a parabola
whose leading coe�cient does not depend on xk. Fix Á > 0, let uk = Lxk and

Êk = uk

A
1 ≠

3
(u(k))2 + Á

2

Á2

4q/2≠1B
,

where all operations are meant element-wise, then,

Q(x, xk) = 1
2ÎAx ≠ b”

Î
2
2 + µÁ

q≠2

2
!
ÎLxÎ

2
2 ≠ 2 ÈÊk, LxÍ

"
+ c,
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f(x)

xxk xk+1

Q(x, xk)

Q(x, xk+1)

Figure 3.1: Schematic rapresentation of the MM algorithm.

where c is a constant that does not depend on x. Note that Q (x, xk) is a quadratic tangent
majorant of JÁ in xk; see [83]. The approximation xk+1 is obtained by minimizing Q with
respect to x, i.e.,

xk+1 = arg min
xœRn

.....

C
A

‹
1/2

L

D
x ≠

C
b”

‹
1/2Êk

D.....

2

2

, (3.3)

where ‹ = µÁ
q≠2. Therefore, we solve the least squares problem (3.3) at each iteration.

A schematic rapresentation for a 1D model problem of the MM strategy is depicted in
Figure 3.1.

An approximate solution of (3.3) can be computed in a subspace of Rn of fairly small
dimension. Let Vk œ Rn◊k̂ be a matrix with orthonormal columns. Assuming that the
columns of Vk span the search subspace, we look for a solution of the form

xk+1 = Vkyk+1, (3.4)

where yk+1 is obtained solving

yk+1 = arg min
yœRk̂

.....

C
AVk

‹
1/2

LVk

D
y ≠

C
b”

‹
1/2Êk

D.....

2

2

. (3.5)

Note that (3.5) is obtained by plugging x = Vky in (3.3). Since the matrices AVk and LVk

have more rows than columns, we can compute just the first k̂ rows of R and the first k̂

columns of Q in their QR factorizations. This is called economic (or economy-size) QR
factorization. These factorizations read

AVk = QARA with QA œ Rm◊k̂
, RA œ Rk̂◊k̂

,

LVk = QLRL with QL œ Rs◊k̂
, RL œ Rk̂◊k̂

,

(3.6)

where QA and QL have orthonormal columns and RA and RL are upper triangular. Plugging
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the decompositions (3.6) in (3.5), we obtain

yk+1 = arg min
yœRk̂

.....

C
RA

‹
1/2

RL

D
y ≠

C
Q

T

A
b”

‹
1/2

Q
T

L
Êk

D.....

2

2

,

which can be solved with direct methods since k̂ π n;

Computing the residual of the normal equation associated with (3.3) and recalling that
xk+1 = Vkyk+1, we obtain

rk+1 = A
T (AVkyk+1 ≠ b”) + ‹L

T (LVkyk+1 ≠ Êk).

Following [138], at each iteration, we expand the search subspace by adding to the basis Vk

the normalized residual, i.e.,

Vk+1 = [Vk, vk+1], vk+1 = rk+1/ Îrk+1Î2 .

Note that, in exact arithmetic, vk+1 is orthogonal to the space spanned by the columns
of Vk.

Since the following computations are exactly the same for both matrices A and L, we can
describe them using a generic matrix C œ {A, L}.

Following [55], the QR factorizations of CVk+1 is computed by updating the QR factorization
CVk = QCRC , cf. (3.6), according to

CVk+1 = [CVk, Cvk+1] = [QC , qC ]
C

RC rC

0T
·C

D
,

where

ṽk+1 = Cvk+1, rC = Q
T

C
ṽk+1,

q̃C = ṽk+1 ≠ QCrC , ·C = Îq̃CÎ2, qC = q̃C/·C ,

We now briefly discuss the strategy proposed in [36] to reduce the computational cost of
the MM algorithm. The authors observed that in real applications only a few vectors
of the Krylov subspace are actually used and that most of the coe�cients of yk almost
vanish. Therefore, they propose to restart the space every r iterations. More in details, if
k © 0 mod r we set

Vk = xk/ÎxkÎ2 œ Rn
.

We compute CVk and its economic QR factorization is easily obtained as

CVk = QCRC , with QC = CVk/ÎCVkÎ2 and RC = ÎCVkÎ2,

We then proceed with the iterations as in the MM method. In [36] the authors proved that
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the obtained algorithm is a descent method, i.e., it holds

JÁ (xk+1) Æ JÁ (xk) .

Moreover, there exists a converging subsequence x(kj). Extensive numerical experience,
however, suggests that the whole sequence converges and there is no need to consider sub-
sequences.

Remark 3.1.1. A commonly used stopping criterion halts the iterations of the method when
the di�erence between two consecutive iterates is smaller than a prescribed tolerance “, that
is

Îxk+1 ≠ xkÎ2
ÎxkÎ2

< “.

However, thanks to equation (3.4), it is not necessary to compute both xk+1 and xk directly.
Instead, we can consider the di�erence between their projections onto the Krylov subspace,
namely .....yk+1 ≠

C
yk

0

D.....
2

ÎykÎ2
< “.

This allows us to perform all computations within the lower-dimensional subspace, applying
equation (3.4) only to compute the final solution.

3.2 Fractional graph Laplacian

This part is devoted to the analysis of the fractional graph Laplacian operator and, in
the last part, we will demostrate that putting it all together, the resulting algorithm is a
regularization algorithm. Before all of this, recall that the definition of graph that we are
using is based on the physical distance between pixels and on the intensity of each of them.
In the same way as in the graphLa+� method, from now on the edge–weight function wx

and the node measure µx will be defined as in equation (2.26), that is

wx(p, q) = 1(0,R](Îp ≠ qÎŒ)e≠ |x(p)≠x(q)|2
‡2 , µx(p) = µx :=

Û ÿ

p,qœP

w2
x(p, q).

In this way we can rewrite the graph Laplacian operator � as

� = D ≠ �
Î�ÎF

,

where � is the adjacency matrix associated to the considered graph and D is the degree
matrix (see Section §1.5). Since wx is symmetric so are the adjacency matrix � and the
graph Laplacian �. Moreover, the graph Laplacian is a positive semi-definite operator, i.e.
’x œ Rn, xT �x Ø 0, and it is also stochastic by rows. Thus, we have that

ker(�) ´ span{1},
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where 1 is the constant vector with all components equal to one. This property will be
exploited later when we will describe how to approximate the fractional power of �.

3.2.1 Initial reconstruction

As already discussed, the choice of the initial approximation of x† that we use to construct
the graph Laplacian � plays a crucial role. In this case, we compute an initial reconstruction
by solving (3.1) with L defined as the finite di�erence approximation of the 2D gradient,
which is

L =
C

L1 ¢ I

I ¢ L1

D
with L1 =

S

WWWWU

≠1 1
. . .

. . .

≠1 1
1 ≠1

T

XXXXV
, (3.7)

where ¢ is the Kronecker product and I is the identity matrix. The size of the two square
matrices L1 and I depends on the size of the image x† to restore. For simplicity, if we
assume that x†

œ Rn◊n, then the matrices L1 and I have the same size of x†. Therefore, the
matrix L œ R2n

2◊n
2 is extremely sparse. To compute an approximate solution to problem

(3.1) with L defined as in (3.7), we employ the GKS strategy, similar to what was done for
problem (3.3), exploiting equation (3.4). To compute a proper value of the regularization
parameter ⁄, we use the GCV strategy (1.47).

On the other hand, in the MM iterations (3.3) we consider a non-stationary ⁄k (and in turn
‹k) and we use the discrepancy principle (1.46) to determine the regularization parameter.
Specifically, at each iteration k, we select ⁄k such that

ÎAxk+1 ≠ b”
Î2 = ·”,

with · > 1. In [35] the authors proved that such ⁄k exists and the iterates converge (up
to subsequences) to a certain x̂ that satisfies the DP as well. In particular, exploiting
again equation (3.4), we apply the discrepancy principle to determine the regularization
parameter ⁄k in the Krylov subspace of dimension k̂ [92]. For completeness, we report all
the computations in Algorithm 1.

After computing an initial approximation ‚x of x†, we use ‚x to construct the graph Laplacian
�. Note that by construction � is symmetric and hence in Algorithm 1 the only operation
involving � is the matrix-vector product. Moreover, since � is a sparse matrix, the matrix-
vector product can be computed e�ciently with a linear cost in n. Therefore, the same
Algorithm 1 can be used to solve the ¸

2
≠ ¸

q problem in (3.1) with � as regularization
operator. We report the computations in Algorithm 2.

3.2.2 Krylov approximation of �–

To further improve the quality of the reconstruction xú obtained by Algorithm 2, we con-
struct a new graph based on xú and we take the –-th power of the new graph Laplacian
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Algorithm 1: Nonstationary ¸
2

≠ ¸
q

Input : A, b”, ”, q, L, x0, Á, · , K, r, “

Construct V0 œ Rn◊k̂ such that V
T

0 V0 = I;
Compute and store AV0 and LV0, and their economic QR factorizations AV0 = QARA;
LV0 = QLRL;

for k = 0, 1, . . . , K do
if (k © 0 mod r) and (k ”= 0) then

Vk = xk/ÎxkÎ2;
Compute and store AVk;
RA = ÎAVkÎ2;
QA = AVk/RA;
Compute and store LVk;
RL = ÎLVkÎ2;
QL = LVk/RL;

u(k) = Lxk;

Êk = u(k)
3

1 ≠

1
(u(k))2+Á

2

Á2

2q/2≠14
;

yk+1 = arg miny ÎRAy ≠ Q
T

A
b”

Î
2
2 + ‹

(k)
ÎRLy ≠ Q

T

L
ÊkÎ

2
2, where ‹

k is such that
ÎRAyk+1 ≠ Q

T

A
b”

Î2 = ·”;

if
....yk+1 ≠

5
yk

0

6....
2

Æ “ÎykÎ2 then

exit;
rk+1 = A

T (AVkyk+1 ≠ b”) + ‹L
T (LVkyk+1 ≠ Êk);

vk+1 = rk+1/Îrk+1Î2;
Vk+1 = [Vk, vk+1];
AVk+1 = [AVk, Avk+1];
LVk+1 = [LVk, Lvk+1];
Update the QR factorizations of AVk+1 and LVk+1;

xú = Vkyk+1;
Output: xú
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� in order to better di�use the information along the graph. Finally, we solve the ¸
2

≠ ¸
q

problem in (3.1), for fixed – > 0, with �– as regularization operator.

However, we are now faced with the following issues, �– is a full matrix and hence it
cannot be explicitly formed, therefore, it has to be approximated. Moreover, we have to
provide an automatic rule for the computation of a suitable value for –. In what follows,
we firstly describe how to perform matrix-vector products with �–. A possible strategy to
automatically estimate proper values of the fractional exponent – will be described in the
second to last part of this section.

Let – > 0, we wish to solve

arg min
x

1
2ÎAx ≠ b”

Î
2
2 + ⁄

q
Î�–xÎ

q

q
. (3.8)

Recall that, by construction, � is symmetric and positive semidefinite, hence it is possible
to determine an orthonormal basis of eigenvectors of �. Let µj Ø 0 be the eigenvalues of �
for j = 1, . . . , n, and let Q be the matrix formed by the eigenvectors of �, then

�– = Q�–
Q

T
, (3.9)

where �– = diag (µ–

1 , . . . , µ
–

n
), is symmetric and positive semidefinite. Unfortunately, it is

computationally too expensive to compute the spectral decomposition of �.

We now discuss how we implement the MM algorithm when applied to the minimization
(3.8). The only di�erence with Algorithm 1 is in the computation of the matrix-vector
products with �– and (�–)T

. Since �– is symmetric and positive semidefinite as �, it is
su�cient to discuss how to implement the matrix-vector products with �– without explicitly
constructing the matrix �–.

We distinguish the case – œ N and – œ R+
\ N. In the first case, if – = 1, there is nothing

to discuss, therefore, we assume – > 1. Since � is sparse, it is computationally attractive
to perform the matrix-vector product as

�–x = �(�(. . . (�x)))¸ ˚˙ ˝
– times

,

instead of to explicitly form the matrix �–.

If – œ R+
\ N, since n ∫ 1, we cannot either explicitly form the matrix �– or compute its

spectral decomposition (3.9). Therefore, following the proposal in [134], to compute �–x
for a given x, we project the problem in the Krylov subspace

Kd(�, x) = span
)

x, �x, . . . , �d≠1x
*

,

where we assume d π n small enough so that the dimension of Kd(�, x) is d. Using d steps
of the Lanczos algorithm (see, e.g., [74]), with starting vector x, we obtain the following
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relation
�Vd = Vd+1Td+1,d,

where Vd+1 œ Rn◊(d+1) has orthonormal columns that spans the space Kd+1(�, x) and
Td+1,d œ R(d+1)◊d is of the form

Td+1,d =

S

WWWWWWWWWWWWWU

–1 —2

—2 –2 —3

—3
. . .

. . .

. . .
. . . —d≠1

—d≠1 –d≠1 —d

—d –d

—d+1

T

XXXXXXXXXXXXXV

.

We use the matrix Td,d, i.e., the leading d ◊ d block of Td+1,d, to approximate the matrix-
vector product �–x as

�–x ¥
!
VdTd,dV

T

d

"– x

=
!
VdU�U

T
V

T

d

"– x

= VdU�–
U

T
V

T

d
x,

where Td,d = U�U
T is the eigenvalue decomposition of Td,d, that exists since Td,d is sym-

metric. If d π n the computation of U and � can be performed with small computational
burden.

Algorithm 2: Graph Laplacian ¸
2

≠ ¸
q

Input : A, b”, ”, q, L, x0, Á, · , K, r, “, ‡, R, d

Compute, using Algorithm 1 with inputs A, b”, ”, q, L, x0, Á, · , K, r, the
approximation x̂;

Construct the adjacency matrix

�p,q =
I

e≠( ‚Xp1,p2 ≠ ‚Xq1,q2 )2
/‡ if 0 < Îp ≠ qÎŒ Æ R,

0 otherwise,

where x̂ = vec
1

X̂

2
, p and q are the lexicographic indexes of p =

#
p1, p2

$T and

q =
#
q1, q2

$T , respectively;
Construct the diagonal matrix Dp,p =

q
n

q=1 �p,q;
� = D≠�

Î�ÎF

;
Compute, using Algorithm 1 with inputs A, b”, ”, q, �, x0, Á, · , K, r, the
approximation xú, where every product with � is performed using sparse matrices;

Output: xú
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3.2.3 The fractional exponent –

According to the analysis and the numerical results in [134], only a few iterations of the
Lanczos method are su�cient to obtain a good approximation of the graph Laplacian, in
particular, when a filtering function is applied to it. Therefore, the dimension d of the
Krylov subspace introduced in the previous subsection is not crucial and even a small d is
enough to obtain a good approximation. For instance, we fix d = 10 in the numerical results
for di�erent applications (deblurring and computer tomography) and images of di�erent
sizes.

In (3.8), we need to determine two parameters, the regularization parameter ⁄ and the
fractional parameter –. Moreover, we would like to ensure that our choices guarantee that
the obtained algorithm is a regularization method. Due to the Bakushinskii veto [9], in
order to construct a regularization method, we need to assume that an accurate estimate of
the norm of the noise ” is available.

We proceed as follows. Let 0 < –min < –max be two fixed values and let J œ N be given.
We define

–j = –min + j
–max ≠ –min

J
, j = 0, 1, . . . , J.

For each j we consider the minimization problem

x⁄ = arg min
x

1
2ÎAx ≠ b”

Î
2
2 + ⁄

q
Î�–j xÎ

q

q
.

We would like to select ⁄ so that the discrepancy principle is satisfied. This can be done
a posteriori, as described in [34], by trying several values of ⁄ and selecting the largest one
such that ÎAx⁄ ≠ b”

Î2 Æ ·”. However, this may become computationally expensive if J

is large or if many values of ⁄ are considered. Therefore, we follow the strategy proposed
in [35] and described in Algorithm 1, where the only di�erence is that every multiplication
with �–j is performed using the Lanczos algorithm as described above. Therefore, for each
–j , we compute a xj such that

ÎAxj ≠ b”
Î2 = ·”, j = 0, . . . , J.

We now discuss how we select the solution xj . Following the idea in [34, 96], we wish to
select xj using the residual whiteness principle. Ideally, if xj = x† for a certain j, then
rj = b”

≠ Axj = ÷
”

and, therefore, rj would be white since ÷
”

defined in (1.31) has this
property. We propose to select j such that rj is as white as possible. We consider the
measure of whiteness, introduced by Lanza et al. [96], defined by

W(r) = Îr ı rÎ
2
2

ÎrÎ4
2

, (3.10)

where ı denotes the two-dimensional convolution. The computation of W(r) can be per-
formed cheaply thanks to the convolution theorem. Let F be the discrete Fourier matrix,
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then
W(r) = Î |Fr|

2
Î

2
2

ÎFr4Î2
,

where | · | denotes the modulus of a complex number and the operations are meant element-
wise. Using the function W we compute

‚j = arg min
j

W(rj)

and select our approximate solution as xú = x‚j . All the computations are summarized in
Algorithm 3.

Algorithm 3: Fractional Graph Laplacian ¸
2

≠ ¸
q

Input : A, b”, ”, q, �, x0, Á, · , K, r, “, ‡, R, –min, –max, J , d

Compute the approximation x̂, using Algorithm 2 with inputs A, b”, ”, q, �, x0, Á, · ,
K, r, ;

Construct the adjacency matrix

�p,q =
I

e≠( ‚Xp1,p2 ≠ ‚Xq1,q2 )2
/‡ if 0 < Îp ≠ qÎŒ Æ R,

0 otherwise,

where x̂ = vec
1

X̂

2
, p and q are the lexicographic indexes of p =

#
p1, p2

$T and

q =
#
q1, q2

$T , respectively;
Construct the diagonal matrix Dp,p =

q
n

q=1 �p,q;
� = D≠�

Î�ÎF

;
for j=1,. . . ,J do

Compute the approximation xj , using Algorithm 1 with inputs A, b”, ”, q, �–j , x0,
Á, · , K, r, where every product with �–j is performed using d steps of Lanczos, as
discussed above;

◊j = F
!
b”

≠ Axj

"
;

wj = Î|◊j |2Î2

Î◊jÎ4 ;
‚j = arg minj{wj};
xú = x‚j ;
Output: xú

3.2.4 Theoretical results

Before we turn to the last part on numerical tests, we now discuss some theoretical properties
of our method. In particular, we wish to show that Algorithm 3 is a regularization method,
i.e., that, if ”j √ 0 as j æ Œ, denoting by xú

j
the solution obtained with data b”j , where

Îb ≠ b”j Î2 Æ ”j , then
lim sup

jæŒ
Îxú

j
≠ x†

Î2 = 0.
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In order to prove this, as it was done in [35], we need to assume that A œ Rm◊n is of full
rank, that m Ø n, and that b œ R(A). This ensures that the least squares solution of

min
x

ÎAx ≠ bÎ2

is unique and coincides with x†. If A is not of full rank, one may consider the slightly
modified problem

min
x

Î ÂAx ≠ ÂbÎ2,

with
ÂA =

C
A

◊I

D
and ÂA =

C
b
0

D
,

where I œ Rn◊n denotes the identity matrix and ◊ œ R+ is a small number. This usually
does not change the numerical results, especially if ◊ is smaller than the machine precision,
and we do not consider this modification in our computations.

We are now in a position to show our main result.

Theorem 3.2.1. Let A œ Rm◊n be of full column rank with m Ø n and let b œ R(A). Let
)

b”j

*
jœN µ Rm be a sequence of vectors such that

Îb”j ≠ bÎ2 Æ ”j ,

with ”j √ 0 as j æ Œ. Denote by xú
j

the output of Algorithm 3 with input data b”j , then
there exists a converging subsequence

)
xú

jk

*
jkœN such that

lim sup
jkæŒ

Îxú
jk

≠ x†
Î2 = 0,

where x† = A
†b.

Proof. The proof is similar to the one in [35]. Let us first observe that, by construction, for
all j œ N, we have

ÎAxú
j

≠ b”j Î2 = ·”j .

Using the fact that

ÎAxú
j

≠ b”j Î2 Ø
--ÎAxú

j
Î2 ≠ Îb”j Î2

-- Ø ÎAxú
j
Î2 ≠ Îb”j Î2,

we have

ÎAxú
j
Î2 Æ ÎAxú

j
≠ b”j Î2 + Îb”j Î2

= ·”j + Îb”j ≠ b + bÎ2

Æ ·”j + Îb”j ≠ bÎ2 + ÎbÎ2

Æ (1 + ·)”j + ÎbÎ2. (i)
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Let ‡n denote the smallest singular value of A. Since we assumed that A is of full column
rank and m Ø n we have that ‡n > 0, therefore

ÎAxÎ2 Ø ‡nÎxÎ2 ’x œ Rn
. (ii)

Combining these two inequalities (i) and (ii), and the fact that ”j is monotonically decreasing,
we obtain

Îxú
j
Î2 Æ

(1 + ·)”1 + ÎbÎ2
‡n

, ’j œ N,

i.e., that the sequence
)

xú
j

*
jœN is uniformly bounded. Since

)
xú

j

*
jœN is uniformly bounded,

it admits a converging subsequence
)

xú
jk

*
jkœN. In particular, we obtain

0 Æ lim sup
jkæŒ

Îxú
jk

≠ x†
Î2 Æ lim sup

jkæŒ

1
‡n

ÎAxú
jk

≠ Ax†
Î2

= lim sup
jkæŒ

1
‡n

ÎAxú
jk

≠ bÎ2 = lim sup
jkæŒ

1
‡n

ÎAxú
jk

≠ b”j
k + b”j

k ≠ bÎ2

Æ lim sup
jkæŒ

1
‡n

)
ÎAxú

jk
≠ b”j

k Î2 + Îb”j
k ≠ bÎ2

*

Æ lim sup
jkæŒ

1
‡n

(1 + ·)”jk
= 0

which concludes the proof.

3.3 Numerical experiments

In this final section we show some numerical examples obtained using the fractional graph
Laplacian. We compare our results with the methods proposed in [35] and [30]. The ¸

2
≠ ¸

q

TV algorithm proposed in [35] is Algorithm 1 where the operator L is the gradient defined
in (3.7). The ¸

2
≠ ¸

q algorithm with graph Laplacian proposed in [30] is Algorithm 2 up
to the modification of the restarting strategy described in Section 3.1.1, which reduces the
computational time without deteriorating the quality of the restored image. The initial
approximation x̂ used to construct the graph in Algorithm 2 is computed solving the ¸

2
≠ ¸

2

TV method, i.e., the minimization problem (3.1) with q = 2 and L being the gradient defined
in (3.7). This solution x̂ can be computed by the fast Fourier transform for image deblurring
or by a generalized Krylov subspace method [125], where the regularization parameter ⁄ is
estimated by the generalized cross validation (1.47).

As it was shown in [35], the quality of the reconstructions increases as q approaches 0. How-
ever, a too small value of q may lead to numerical instability. Hence, we set q = 0.1.

Lastly, for our fractional graph Laplacian ¸
2

≠ ¸
q method we use Algorithm 3 according to

the following strategy:

1. compute an initial reconstruction x̂ by solving the ¸
2

≠ ¸
2 TV problem;
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2. construct the graph associated to x̂ and compute a better reconstruction xú by Algo-
rithm 2 (¸2

≠ ¸
q graph Laplacian);

3. construct the graph associated to xú and compute a new reconstruction by Algorithm
3 (¸2

≠ ¸
q fractional graph Laplacian).

Vast numerical experience suggests that this combination of the three algorithms reliably
products extremely accurate approximate solutions. Moreover, thanks to the projection in
the GKS and Krylov subspace as well as the restart technique employed, the computational
cost of the procedure is reasonable and the computations can be easily performed on any
machine.

As already done for the graphLa+� method, we compare the strategies above in terms of
accuracy using the Relative Restoration Error (RRE) and the Peak Signal to Noise Ration
(PSNR) that we recall are defined as

RRE(x) = Îx ≠ xgtÎ2
ÎxgtÎ2

, PSNR(x) = 20 log10

3
255

Îx ≠ xgtÎ2

4
.

Moreover, we consider also the Structure SIMilarity index (SSIM), introduced in [139]. The
definition of the SSIM is extremely involved, here we simply recall that this statistical index
measures how structurally similar two images are, in particular, the higher the SSIM the
more similar the images are, and its highest achievable value is 1.

We will consider two di�erent applications: a deblurring problem and a X–rays Computer
Tomography (CT) reconstruction.

We set the restarting parameter r = 30 and the smoothing parameter Á = 10≠1. We would
like to stress that the results obtained by the algorithm is not very sensitive to the choice
of this parameters. Regarding the edge—weight function wx, the coe�cient of sparsity was
chosen as R = 5 while we set ‡ = 10≠3 for the variance. Lastly, we stop the iterations of all
considered algorithms as soon as either

Îxk+1 ≠ xkÎ2
ÎxkÎ2

Æ 10≠4

or the maximum number of iterations, i.e., K = 500, is reached.

3.3.1 Example 1

In our first example we consider a 256 ◊ 256 pixels image of the Hubble space telescope.
We blur it with a PSF of dimension 9 ◊ 9 pixels and we add white Gaussian noise such
that Î÷

”
Î2 = 0.01ÎbÎ2. We say that, in the case, the noise level is 1%. We crop the image

to simulate realistic data and boundary e�ects; see, e.g., [82]. Since the image has a black
background we impose zero boundary conditions. Figure 3.2 shows the true image, the PSF,
and the observed picture.

In Figure 3.3 we report the reconstructions obtained using the considered methods. In
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(a) (b) (c)

Figure 3.2: Example 1. (a) true image (238 ◊ 238 pixels), (b) PSF (9 ◊ 9 pixels), (c) blurred
image corrupted by 1% of white Gaussian Noise (238 ◊ 238 pixels).

(a) (b) (c)

(d) (e) (f)

Figure 3.3: Example 1. Reconstructions obtained with four di�erent methods. (a) ¸2 ≠ ¸2 with
TV, (b) ¸2 ≠¸q with TV, (c) ¸2 ≠¸q with the graph Laplacian by Algorithm 1. (d)-(e)-(f) ¸2 ≠¸q with
the fractional graph Laplacian by Algorithm 3 with fractional exponent – = 1.5, 1.6, 2 respectively.

81



CHAPTER 3. THE FRACTIONAL GRAPH LAPLACIAN

Figure 3.3(a) we show the approximate solution obtained with the ¸
2

≠ ¸
2 model with TV

regularization, while, in Figure 3.3(b), we report the reconstruction obtained with the ¸
2
≠¸

q

model, like before, with L being the TV operator (Algorithm 1). In Figures 3.3(c) and 3.3(d)
we consider the standard graph Laplacian (Algorithm 2), that is – = 1, and the fractional
graph Laplacian with – = 1.5 in the ¸

2
≠ ¸

q setting (Algorithm 3), respectively. We also
report the results obtained with – = 1.6 and – = 2 in Figures 3.3(e) and 3.3(f). Although
visual inspection seems to suggest that there are no di�erences with the case – = 1.5, the
computed reconstructions achieve a higher value of the PSNR and the SSIM respectively.
The considered statistics for the numerical results obtained with the four di�erent methods
are reported in Table 3.1.

(a) (b) (c)

(d) (e) (f)

Figure 3.4: Example 1. Blow-up on the frontal part of the Hubble: (a) original image, (b) ¸2 ≠ ¸q

TV, (c) ¸2 ≠ ¸q graph Laplacian, (d)-(e)-(f) ¸2 ≠ ¸q fractional graph Laplacian with – = 1.5, 1.6, 2,
respectively.

In Figure 3.4 we show a blow-up of the lower-right part of the image. We observe that, if one
can properly choose the fractional exponent –, then it is possible to accurately reconstruct
the details of the image. To this aim, we compute the value of the fractional exponent –

using the residual whiteness principle (3.10).

Figures 3.5(a) and 3.5(b) depict the behavior of PSNR and SSIM, respectively, for di�erent
values of the fractional parameter –. These two measures are used to evaluate the accuracy
of the computed solutions, we recall that high values of these quantities correspond to
more accurate reconstructions. We highlight with a red asterisk the value of the fractional
exponent computed using the residual whiteness principle. We observe that this criterion
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0.5 1 1.5 2 2.5 3

31.4

31.6

31.8

32

(a)
0.5 1 1.5 2 2.5

0.948

0.949

0.95

0.951

0.952

(b)

0.5 1 1.5 2 2.5 3

0.079

0.08

0.081

0.082

0.083

0.084

(c)
0.5 1 1.5 2 2.5 3

5.2

5.4

5.6

5.8

10
-5

(d)

Figure 3.5: Example 1. Behavior of (a) PSNR, (b) SSIM, (c) RRE, and (d) residual whiteness
W, for di�erent values of the fractional exponent –.

provides a fairly accurate estimate of the optimal value, i.e., the one that maximizes the
two functionals. Moreover, we can observe that, in this case, the choice of a fractional
exponent di�erent from 1 improves the quality of the results with respect to – = 1. This
means that the fractional graph Laplacian can be a better regularizer than the standard
graph Laplacian, provided that one can estimate the fractional exponent properly. Finally,
Figures 3.5(c) and 3.5(d) report the RRE and the residual whiteness function for di�erent
values of –. As before, the red asterisk denotes the minimizer of the functional (3.10), which
is also close to the value that minimizes the RRE.

3.3.2 Example 2

(a) (b)

Figure 3.6: Example 2. (a) true image (128 ◊ 128 pixels, (b) observed sinogram corrupted with
2% of white Gaussian noise (181 ◊ 180 pixels).
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The second example is a CT reconstruction problem. We construct this example using
the IRtools toolbox [69]. The original image is the Shepp-Logan Phantom of dimension
128 ◊ 128 pixels, it is shined with 181 parallel beams at 180 equispaced angles between 0
and fi. Moreover, we perturb the sinogram b œ R181◊180 with white Gaussian noise ÷

”
with

noise level 2%, i.e., Î÷
”
Î2 = 0.02ÎbÎ2. The real image and the observed sinogram are shown

in Figure 3.6.

(a) (b)

(c) (d)

Figure 3.7: Example 2. Reconstructions obtained with four considered methods. (a) ¸2 ≠ ¸2 with
TV, (b) ¸2 ≠ ¸q with TV, (c) ¸2 ≠ ¸q with graph Laplacian, and (d) ¸2 ≠ ¸q with fractional graph
Laplacian with – = 0.5.

In Figure 3.7 we compare the di�erent reconstructions obtained with the same methods
we used for the deblurring example. We follow the same strategy described before for the
deblurring problem and we set the parameters of Algorithm 3 as in the previous example.
Despite the fact that the initial approximation provided by the ¸

2
≠ ¸

2 method, reported in
Figure 3.7(a), is not very accurate, since its SSIM is only 0.6378, our proposal was able to
provide an almost optimal reconstruction, reported in Figure 3.7(d), that achieves a SSIM
value of 0.9929. All the artifacts present in the first approximation have been completely
removed in the final reconstruction. The numerical results obtained for the four di�erent
cases can be found in Table 3.1.

In Figure 3.8 we reported the PSNR, SSIM, RRE, and values of the whiteness residual W

for di�erent values of –. We observe that the quality of the reconstruction strongly depends
on the choice of the fractional exponent. A red asterisk highlights the value of – that
minimizes W in (3.10). Once again, we note that this strategy provides extremely accurate
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Table 3.1: Quality of the computed reconstructions for the considered methods.

Example Method RRE SSIM PSNR

Example 1

¸
2

≠ ¸
2

TV 0.1318 0.8695 27.49
¸

2
≠ ¸

q
TV (Alg. 1) 0.0933 0.9114 30.49

¸
2

≠ ¸
q

– = 1 (Alg. 2) 0.0857 0.9445 31.23
¸

2
≠ ¸

q
– = 1.5 (Alg. 3) 0.0783 0.9521 32.02

¸
2

≠ ¸
q

– = 1.6 0.0782 0.9524 32.03
¸

2
≠ ¸

q
– = 2 0.0791 0.9529 31.92

Example 2

¸
2

≠ ¸
2

TV 0.1468 0.6378 28.88
¸

2
≠ ¸

q
TV (Alg. 1) 0.0539 0.9593 37.58

¸
2

≠ ¸
q

– = 1 (Alg. 2) 0.0560 0.9878 37.24
¸

2
≠ ¸

q
– = 0.5 (Alg. 3) 0.0396 0.9926 40.27

0.5 1 1.5 2

37.5

38

38.5

39

39.5

40

(a)
0.5 1 1.5 2

0.986

0.988

0.99

0.992

(b)

0.5 1 1.5 2

0.04

0.045

0.05

0.055

(c)
0.5 1 1.5 2

6.5

7

7.5
10

-5

(d)

Figure 3.8: Example 2. Behavior of (a) PSNR, (b) SSIM, (c) RRE, and (d) residual whiteness
W, for di�erent values of the fractional exponent –.
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values for –.

3.4 Conclusions

In this chapter, we developed an algorithm for solving some ill-posed image reconstruction
problems. The main innovation of this strategy is the use of a fractional exponent in the
graph Laplacian within the regularization term to di�use information across the graph.
This significantly improves the quality of the computed reconstructions, as demonstrated in
the last section, where various selected numerical examples were analyzed. Moreover, the
algorithm is entirely automatic and, given a reasonably accurate estimate of the noise level
corrupting the data, does not require any parameter tuning. From a theoretical standpoint,
we were also able to demonstrate that the proposed method is a regularization method, and
we have also analyzed its theoretical properties in detail.

Potential extensions of this method could involve its application to non-linear problems or
scenarios with di�erent types of noise, such as impulse noise or Cauchy noise. Furthermore,
the fractional graph Laplacian could be integrated into other optimization schemes since the
Krylov approximation described in Subsection 3.2.2 ensures that the computational cost of
evaluating the fractional power is not excessively high.
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Convex Optimization
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Principles of convex

optimization

When dealing with inverse problems, a crucial aspect is identifying the most appropriate
variational model for the specific problem at hand. In the previous section, we discussed
general Tikhonov-based models using the ¸

q “norm” for regularization, where 0 < q Æ 1. To
compute approximate solutions, we employed the MM-GKS method, although, in principle,
any other suitable solver could have been applied.

In what follows, we will consider a more general framework. Specifically, we aim to solve
problems of the form

arg min
xœRn

F (x) = arg min
xœRn

f(x) + g(x), (4.1)

where f is assumed to be di�erentiable, while g is convex but potentially non-smooth. Such
problems frequently arise in numerous applications, including image deblurring, computed
tomography, and others. For example, the graphLa+� method can be traced back to (4.1)
by simply setting

f(x) = 1
2ÎAx ≠ b”

Î
2 and g(x) = Î��”

�
xÎ1.

In this second part we will indicate with only Î · Î the ¸
2
≠ norm without specifying the

subscript index any more. The combination of a smooth term f and a non-smooth convex
term g allows for a wide range of regularization strategies, making this formulation highly
versatile in practical applications.

In the first part of this section, we will revisit some important definitions and key results from
convex analysis that will be used throughout the remaining chapters. Understanding these
fundamental concepts is essential, as they provide the theoretical foundation for optimization
techniques in convex settings. Next, we will focus on the simpler scenario where F is
supposed to be di�erentiable. In this case, we introduce and analyze the gradient descent
method and further extend this by discussing its preconditioned version, which can o�er
improved convergence rates under certain conditions.

Finally, we will examine standard approaches for solving (4.1) in the non-smooth case, such
as the well-known Fast Iterative Soft-Thresholding Algorithm (FISTA). While FISTA and
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similar proximal gradient methods are widely used for problems with non-smooth terms, they
present notable drawbacks that limit the use of certain regularization terms, such as the TV.
To address this limitation, we conclude by introducing inexact primal-dual methods, which
o�er a more flexible and robust framework for solving convex optimization problems.

4.1 Convex Analysis

As anticipated, in this initial section, we will briefly introduce the concept of convexity and
some related results. Convexity is a fundamental concept in optimization, especially when
dealing with non-smooth optimization problems.

From a notational perspective, we define:

R = R fi {+Œ}, R≠ = R fl (≠Œ, 0], R+ = R fl [0, +Œ), R++ = R fl (0, +Œ).

Definition 4.1.1 (Relative interior). Let C µ Rn be a set. We define the relative interior
of C as

relint(C) := {x œ C | ÷ ‘ > 0 s.t. B(x, ‘) fl a�(C) µ C} ,

where B(x, ‘) is the ball centered in x with radius ‘ while a�(C) is the a�ne hull of C.

Definition 4.1.2 (Proper function). A function f : Rn
æ R is said to be proper if and

only if
÷ x œ Rn such that f(x) ”= +Œ.

We define P :=
)

f : Rn
æ R : f is proper

*
.

Definition 4.1.3 (E�ective domain). The e�ective domain of a function f œ P is the set

dom(f) := {x œ Rn : f(x) < Œ}

Definition 4.1.4 (Coercive function). A function f œ P is said to be coercive if and only
if

lim
ÎxÎæ+Œ

f(x) = +Œ.

Definition 4.1.5 (Lower semi-continuous function). A function f : Rn
æ R is said to be

lower semi-continuous (lsc) at the point x œ Rn if and only if

f(x) Æ lim inf
yæx

f(y),

or, equivalently, if and only if ’ {xk}
kœN µ Rn that converges to x,

f(x) Æ lim inf
kæŒ

f(xk).

A function f : Rn
æ R is said lsc if and only if it is lsc at every point x œ Rn.
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x

y

strictly convex

x

y

convex

x

y

non–convex

Figure 4.1: Example of non–convex, convex and strictly convex functions.

Definition 4.1.6 (Lipschitz continuous function). A function f : Rn
æ Rm is said to be

L-Lipschitz continuous with constant L œ R++ if and only if

Îf(x) ≠ f(y)Î Æ LÎx ≠ yÎ ’x, y œ Rn
.

Definition 4.1.7 (Convex function). A function f œ P is said to be convex if and only if

f(⁄x + (1 ≠ ⁄)y) Æ ⁄f(x) + (1 ≠ ⁄)f(y) ’x, y œ dom(f), ’⁄ œ [0, 1]. (4.2)

Moreover, f is said strictly convex if and only if

f(⁄x + (1 ≠ ⁄)y) < ⁄f(x) + (1 ≠ ⁄)f(y) ’x, y œ dom(f), x ”= y, ’⁄ œ (0, 1). (4.3)

In Figure 4.1 we reported an example of a non–convex function, a convex function and a
strictly convex function.

Definition 4.1.8 (Convex set). A set S ™ Rn is convex if for any two points x, y œ S and
any ⁄ œ [0, 1], the point ⁄x + (1 ≠ ⁄)y is also in S.

Definition 4.1.9 (Epigraph). The epigraph of a function f : R æ R is the set

epi(f) = {(x, t) œ Rn
◊ R : f(x) Æ t}

Proposition 4.1.10 (Convexity of a function and convexity of its epigraph). A function
f œ P is convex if and only if its epigraph is a convex set.

Lemma 4.1.11 (Operations that preserve convexity). Let f, g œ P be convex functions,
then

1. f + g is convex;

2. –f is convex for – œ R++;

3. f(Ax + b) is convex for A œ Rm◊n, b œ Rm;

Corollary 4.1.12. f(x) = ÎAx + bÎ
2 is convex for A œ Rm◊n, b œ Rm.
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Lemma 4.1.13 (Operations that preserve strict convexity). Let f œ P be a strictly convex
function and let g œ P be a convex function, then

1. f + g is strictly convex;

2. –f is strictly convex for – œ R++;

3. if A œ Rm◊n is injective, f(Ax + b) is strictly convex for b œ Rm;

Definition 4.1.14 (Strongly convex function). A function f œ P is said strongly convex
of parameter µ > 0 (or µ-strongly convex) if and only if ’x, y œ dom(f) and ’⁄ œ [0, 1] it
holds

f(⁄x + (1 ≠ ⁄)y) Æ ⁄f(x) + (1 ≠ ⁄)f(y) ≠
⁄(1 ≠ ⁄)

2 µÎx ≠ yÎ
2
.

We can observe that a strongly convex function is also strictly convex and that a strictly
convex function is also convex.

Lemma 4.1.15 (Operations that preserve strong convexity). Let f œ P be a µ-strongly
convex function and let g œ P be a convex function, then

(i) f + g is µ-strongly convex;

(ii) –f is –µ-strongly convex for – œ R++;

(iii) Given b œ Rn, h(x) = f(x + b) is µ-strongly convex.

Proposition 4.1.16 (Characterization of strongly convex functions). A function f œ P is
µ-strongly convex if and only if g(x) = f(x) ≠

µ

2 ÎxÎ
2 is convex.

Proposition 4.1.17 (Growth of strongly convex functions). Let f œ P be a µ-strongly
convex function and x̄ œ arg minxœRn f(x), then

f(x) Ø f(x̄) + µ

2 Îx ≠ x̄Î
2

’x œ Rn
.

In the upcoming part, we will briefly focus on smooth optimization and line search methods.
For a more comprehensive and detailed analysis, we refer the reader to [116, 104, 18].

4.1.1 Smooth Optimization

As anticipated, as a preliminary step, we focus on the simplest minimization problem

arg min
xœRn

f(x), (4.4)

where f is a di�erentiable function. This will allow us to introduce one of the most standard
strategies for solving such problems: the gradient descent method. Before proceeding, it is
crucial to establish the conditions under which a solution exists and how it can be character-
ized. To this end, we will first review some fundamental definitions and key results.
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Definition 4.1.18. Let f : � ™ Rn
æ R. A point xú

œ � is said to be a global minimum if

f(x) Ø f(xú), ’x œ �.

Definition 4.1.19. Let f : � ™ Rn
æ R. A point xú

œ � is said to be a local minimum if
÷‘ > 0 such as

f(x) Ø f(xú), ’x œ B(xú
, ‘) fl �.

Moreover, if
f(x) > f(xú) ’x œ B(xú

, ‘) fl �,

then xú is said to be a strictly local minimum.

Definition 4.1.20. Given x œ � ™ Rn, a vector d œ Rn is said to be an admissible direction
at x if ÷–̄ such that

x + –d œ � ’– œ (0, –̄).

The following results will give necessary conditions for a point to be a minimum.

Lemma 4.1.21. Let f : � ™ Rn
æ R, f œ C

1
� and let xú

œ � a local minimum of f . Then,
for all admissible direction d œ Rn at xú we have

Òf(xú)d Ø 0.

If xú is an interior point of �, then

Òf(xú) = 0.

Lemma 4.1.22. Let f : � ™ Rn
æ R, f œ C

2
� and let xú

œ � a local minimum of f . Then,
for all d œ Rn admissible direction at xú such that Òf(xú) = 0, we have

dT
Hf (xú)d Ø 0,

where Hf (x) is the Hessian matrix of f .

Remark 4.1.23. If xú
œ � is an interior local minimum, then Hf (xú) is positive semidef-

inite.

Lemma 4.1.24. Let f : � ™ Rn
æ R, f œ C

2
� and let xú

œ � be an interior point. If

(i) Òf(xú) = 0,

(ii) Hf (xú) is positive definite,

then xú is a strictly local minimum.

So far, we have not assumed the function to be convex, but only required to be su�ciently
smooth. However, when convexity is introduced, we can derive additional insights about
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the behavior of the function and its minimizers. For instance, numerical methods typically
converge to local minima, and in the presence of convexity, we can determine when a local
minimum is guaranteed to be a global one.

Lemma 4.1.25. Let � be a convex set and f : � ™ Rn
æ R, f œ C

1
�. Then, f is convex if

and only if
f(y) Ø f(x) + Òf(x)(y ≠ x), ’x, y œ �. (4.5)

Lemma 4.1.26. Let � ™ Rn be a convex set and f : � ™ Rn
æ R, f œ C

2
�. Then f is

convex if and only if Hf (x) is positive definite for all x œ �.

Remark 4.1.27. If Hf (xú) is positive definite then f is locally convex in xú. Indeed,
because of continuity, there exist ‘ > 0 such that for all x œ � = B(xú

, ‘) we have that
Hf (x) is positive semidefinite.

Theorem 4.1.28. Let � ™ Rn be a convex set with at least an interior point and let
f : � æ R, f œ C

2
� and convex. Then

1. Local and global minimum coincide,

2. The set of all minimum points is convex.

4.1.2 Line search method

One crucial aspect we did not mention yet, is how to actually compute solution of our initial
problem (4.4). To this aim, two main strategies can be considered:

• Let p(0)
œ Rn be what is called a descent direction for the function f . Then, it

is possible to search along the direction p(0) for a new point that achieves a lower
function value. Once the minimum of f along p(0) is found, a new descent direction
p(1) can be selected, and the same strategy can be repeated. The optimal step size –0

along p(0) can be determined by solving the one-dimensional minimization problem

min
–

f(x + –p(0)).

This leads to a sequence of points given by

x(k+1) = x(k) + –kp(k)
,

which, under suitable assumptions, will converge to a stationary point of f .

• Consider a specific model that closely approximates the function f , for which the
minimum can be computed. After determining this minimum, a new approximation
can be defined in the neighborhood of the resulting point, and the same strategy
is repeated. The MM strategy introduced in Section 3.1.1 follows this approach by
approximating the objective function at each step with a tangent quadratic majorant.

The first class of methods are known as line-search methods, which we will describe in
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the following pages. The second class are referred to as trust-region methods. To provide
a comprehensive analysis of line-search methods, we begin by properly defining a descent
direction for a function f . This will naturally leads to the introduction of the gradient
descent methods.

Definition 4.1.29. Let f : Rn
æ R be a continuous function and x œ Rn. A vector p œ Rn

is said to be a descent direction for f at x if ÷ –̄ > 0 such that ’ 0 < – < –̄ we have that

f(x + –p) < f(x).

Lemma 4.1.30. Let f : Rn
æ R, f œ C

1 and p œ Rn. If

Òf(x)T p < 0,

then p is a descent direction for f at x.

Remark 4.1.31. If Òf(xk)T p(k)
< 0, for all k > 0, then at each step we can move along

the direction p(k) achieving lower function values, provided that –k is small enough.

There are many di�erent possible choices for the descent direction p(k). The simplest one
is to choose

p(k) = ≠Òf(x(k)). (4.6)

Indeed, thanks to Lemma (4.1.30), we know that p(k) in (4.6) is a descent direction for f at
x(k) since

Òf(x(k))T p(k) = ≠Òf(x(k))T
Òf(x(k)) = ≠ÎÒf(x(k))Î2

< 0.

More in general, given a positive definite matrix Pk, we can choose

p(k) = ≠P
≠1
k

Òf(x(k)). (4.7)

This is again a descent direction for f at x(k) since we have that

Òf(x(k))T p(k) = ≠Òf(x(k))T
P

≠1
k

Òf(x(k)) = ≠ÎÒf(x(k))Î2
P

≠1
k

< 0.

Di�erent choices for the matrix Pk lead to di�erent methods:

• If Pk = I, then p(k) = ≠Òf(x(k)) and these are called Gradient methods and they
di�er in the choice of –k. These are first order methods and they converge linearly
provided some conditions on the step–length – are satisfied.

• If Pk = Hf (x(k)), then we obtain the so called Newton methods that are second order
methods and have a quadratic rate of convergence although is just local.

• If Pk ¥ Hf (x(k)), then we have the Quasi-Newton methods.

More generally, when the gradient of f is premultiplied by a positive definite matrix P , the
resulting method is referred to as a preconditioned gradient descent method.
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(a) (b)

(c)

Figure 4.2: An illustration of the Armijo and curvature conditions applied to a one–dimensional
problem.

The last aspect that remains to be determined is how to properly select the steplength –k,
which is a delicate issue in line search methods. Indeed, underestimating the steplength can
result in slow convergence toward the minimum, while overestimating –k may prevent the
method from converging. To address these issues, stronger assumptions on the steplength
are often required, such as the so-called Armijo conditions and Wolfe conditions.

Definition 4.1.32 (Armijo condition). Let f : Rn
æ R be a di�erentiable function at

x œ Rn. Let p œ Rn be a descent direction at x for f . Fix c1 œ (0, 1). The Armijo condition
is satisfied for – > 0 if

f(x + –p) Æ f(x) + –c1Òf(x)T p. (4.8)

Definition 4.1.33 (Wolfe conditions). Let f : Rn
æ R be a di�erentiable function at

x œ Rn. Let p œ Rn be a descent direction at x for f and fix c1 œ (0, 1) and c2 œ (c1, 1).
The Wolfe conditions are satisfied for – > 0 if

i) f(x + –p) Æ f(x) + –c1Òf(x)T p

ii) Òf(x + –p)T p Ø c2Òf(x)T p.

Note that the first condition is the Armijo condition while the second condition is called
curvature condition.

95



CHAPTER 4. PRINCIPLES OF CONVEX OPTIMIZATION

Indicate with „(–) and l(–) the right and left hand side respectively of condition (4.8), it is
possible to rewrite condition (ii) in Definition 4.1.33 as

d
d–

„(–) Ø
c2
c1

d
d–

l(–).

In Figure 4.2 we report the Armijo and Wolfe conditions for the estimate of a proper value
of the steplength –. However, in practice, it is usually used just the Armijo condition (4.8)
combined with a backtracking approach. The idea is to fix initial values of the steplength
–k = –̄ and fl œ (0, 1). Then, while „(–) < l(–), we multiply –k by fl until condition (4.8)
is not satisfied.

To conclude this brief introduction about smooth optimization and line search methods, we
recall two results on the Wolfe conditions.

Theorem 4.1.34. Let f : Rn
æ R, f œ C

1. Let p(k) be a descent direction at x(k), and
assume that f is bounded below along the ray {x(k) +–p(k)

, – > 0}. Then if 0 < c1 < c2 < 1,
there exist intervals of steplengths satisfying the Wolfe conditions in Definition 4.1.33.

Theorem 4.1.35. Let f : Rn
æ R and x(0)

œ Rn such that f œ C
1
� where

� = {x œ Rn : f(x) Æ f(x(0))}.

Consider x(k+1) = x(k) + –kp(k), where p(k) is a descent direction for f at x(k) and –k

satisfy the Wolfe conditions (i) and (ii) in Definition (4.1.33). Furthermore, suppose that
Òf(x) is L–Lipschitz continuous. Then,

+Œÿ

k=0
cos2(◊k)ÎÒf(x(k))Î2

< +Œ,

where ◊k is the angle between the gradient of f and p(k), i.e. it is such that

cos(◊k) = ≠Òf(x(k))T p(k)

Îp(k)ÎÎÒf(x(k))Î
.

Remark 4.1.36. From Theorem 4.1.35 follows that

lim
kæ+Œ

cos2(◊k)ÎÒf(x(k))Î2 = 0.

If cos2(◊k) Ø ” > 0 for all k, then we have that

lim
kæ+Œ

ÎÒf(x(k))Î2 = 0,

that is the sequence {x(k)
} converges to a stationary point. To guarantee that the stationary

point is a minimum we need further assumptions on the Hessian matrix.
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4.2 Non–smooth Optimization

When the function g in (4.1) is nondi�erentiable, the optimization techniques analysed in
the previous section become inadequate. Among the several numerical strategies designed to
address (4.1) in the non–smooth case, proximal–gradient methods [52, 54] have earned a great
popularity in the last years for their simplicity and low computational cost per iteration,
which make them particularly suited for large-scale optimization problems. Such algorithms
deal with the functions f and g separately, by alternating a forward gradient step on the
di�erentiable (possibly nonconvex) term f with a backward proximal step onto the convex
non–di�erentiable term g. In particular, the backward step requires the evaluation of what
is called the proximal operator, which is nothing else than the generalization of the notion
of projection onto a convex set to a general convex function.

In what follows we will firstly recall the main notion concerning subdi�erential calculus and
the proximity operator followed by an overview of proximal–gradient methods and related
convergence results for the convex case.

4.2.1 Subdi�erential calculus

Definition 4.2.1. The conjugate function f
ú : Rn

æ R of a convex function f : Rn
æ R

is defined as
f

ú(y) = sup
xœRn

yT x ≠ f(x).

The biconjugate function f
úú : Rn

æ R of f is defined as f
úú := (fú)ú, i.e.

f
úú(y) = sup

xœRn

yT x ≠ f
ú(x).

Example 4.2.2. The conjugate of the indicator function ÿ� of a non empty set � ™ Rn is

ÿ
ú
�(y) = sup

xœ�
yT x, ’ y œ Rn

,

namely the support function of �. In particular:

• if � is the nonnegative orthant, then ÿ
ú
Rn

+
= ÿRn

≠
;

• if � is a linear subspace, then ÿ
ú
� = ÿ�‹ .

Example 4.2.3. Consider f(x) = ⁄ÎxÎ where ⁄ œ R+. Then

f
ú(y) = sup

xœRn

yT x ≠ ⁄ÎxÎ

= sup
tœR+

A
sup

ÎxÎ=1
yT (tx) ≠ t⁄ÎxÎ

B

= sup
tœR+

t(ÎyÎ ≠ ⁄),

97



CHAPTER 4. PRINCIPLES OF CONVEX OPTIMIZATION

where the last equality is obtained by recalling that ÎyÎ = supÎxÎ=1 yT x. Therefore

f
ú(y) =

Y
]

[
0, if ÎyÎ Æ ⁄

Œ, otherwise
= ÿB(0,⁄)(y).

Example 4.2.4. Let f(x) = 1
2 xT

Ax + bT x, where A œ Rn◊n is a symmetric positive
definite matrix and b œ Rn. Then the conjugate function of f is

f
ú(y) = sup

xœRn

yT x ≠ f(x) = sup
xœRn

5
≠

1
2xT

Ax + (y ≠ b)T x
6

© Ï(x).

Since Ï is concave and di�erentiable, its maximum is attained in the unique point xú
œ Rn

such that ÒÏ(xú) = 0, that is xú = A
≠1(y ≠ b). Then

f
ú(y) = Ï(xú) = 1

2(y ≠ b)T
A

≠1(y ≠ b). (4.9)

Proposition 4.2.5. Suppose that f : Rn
æ R is given by a separable sum of convex func-

tions, i.e.

f(x) =
rÿ

i=1
fi(x(i)),

where fi : Rni æ R is convex for i = 1, . . . , r, x(i)
œ Rni , and

q
r

i=1 ni = n. Then

f
ú(y) =

rÿ

i=1
f

ú
i

(y(i)), ’ y œ Rn
, y(i)

œ Rni , i = 1, . . . , r.

Proof. From the definition of conjugate function we have

f
ú(y) = sup

xœRn

A
yT x ≠

rÿ

i=1
fi(x(i))

B
= sup

xœRn

A
rÿ

i=1
y(i)T

x(i)
≠ fi(x(i))

B

=
rÿ

i=1

A
sup

x(i)œRn

y(i)T

x(i)
≠ fi(x(i))

B
=

rÿ

i=1
f

ú
i

(y(i)).

Lemma 4.2.6. Let f : Rn
æ R be a convex function and f

ú : Rn
æ R its conjugate

function. Then the following inequalities hold true:

(i) (Fenchel’s inequality) f
ú(y) + f(x) Ø yT x, ’x, y œ Rn.

(ii) f(x) Ø f
úú(x), ’ x œ Rn.

Proof. (i) It is an immediate consequence of the definition of conjugate function.
(ii) The Fenchel’s inequality and the definition of biconjugate function lead to the following
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relations:

f(x) Ø yT x ≠ f
ú(y) ’x, y œ Rn

≈∆ f(x) Ø sup
yœRn

yT x ≠ f
ú(y) ’x œ Rn

≈∆ f(x) Ø f
úú(x) ’x œ Rn

.

Theorem 4.2.7 (Biconjugate theorem). If f : Rn
æ R is a lower semicontinuous and

convex function then f
úú = f .

Definition 4.2.8. [127, Definition 8.3] Let f : Rn
æ R and x œ dom(f). The Fréchet

subdi�erential of f at x is the set

ˆ̂f(x) =
;

v œ Rn : lim inf
yæx,y”=x

1
Îx ≠ yÎ

(f(y) ≠ f(x) ≠ (y ≠ x)T v) Ø 0
<

.

The limiting-subdi�erential (or simply subdi�erential) of f at x is defined as

ˆf(x) = {v œ Rn : ÷ {yk}kœN ™ Rn
, vk œ ˆ̂f(yk) ’k œ N such that

yk æ x, f(yk) æ f(x) and vk æ v}.

Finally, we define dom(ˆf) = {x œ dom(f) : ˆf(x) ”= ÿ}.

Remark 4.2.9. The above definition implies that ˆ̂f(x) ™ ˆf(x) for all x œ Rn, where the
first set is convex and closed while the second one is closed [127, Theorem 8.6].

Lemma 4.2.10. Let f : Rn
æ R be a proper, convex function. Then for any x œ dom(f)

ˆ̂f(x) = ˆf(x) = {v œ Rn : f(y) Ø f(x) + (y ≠ x)T v, ’y œ Rn
}. (4.10)

Proof. See [127, Proposition 8.12].

Remark 4.2.11. Lemma 4.2.10 asserts that, when the function is convex, both the Fréchet
and limiting-subdi�erential in Definition 4.2.8 coincides with the usual subdi�erential of
convex analysis [126, p. 214] also known as Fenchel subdi�erential.

Example 4.2.12. Let f(x) = |x|. By using Lemma 4.2.10, it is easy to see that

ˆf(x) =

Y
___]

___[

{1}, if x > 0

[≠1, 1], if x = 0

{≠1}, if x < 0.

Note that the subgradient of f is an interval at the origin (see Figure 4.3).

Example 4.2.13. Consider the indicator function ÿ� of a non empty, convex set � ™ Rn.
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By directly using equation (4.10), we have

ˆÿ�(x) = {v œ Rn : vT (y ≠ x) Æ 0} = N�(x),

where N�(x) denotes the normal cone to the convex set � at the point x œ � [126, p. 15].

Proposition 4.2.14 (Subgradient of a di�erentiable function). Let f : Rn
æ R be a proper

convex function. If f is di�erentiable at x œ Rn, then

ˆf(x) = {Òf(x)}. (4.11)

Proposition 4.2.15 (Subgradient of a sum). Let f1, f2 : Rn
æ R be proper convex func-

tions. Then
ˆf1(x) + ˆf2(x) ™ ˆ(f1 + f2)(x). (4.12)

Moreover, if relint(dom(f1)) fl relint(dom(f2)) ”= ÿ, then

ˆf1(x) + ˆf2(x) = ˆ(f1 + f2)(x). (4.13)

Proposition 4.2.16 (Subgradient of a scalar multiple). Let f be a proper convex function
and ⁄ œ R++. Then

ˆ(⁄f)(x) = ⁄ˆf(x). (4.14)

Proposition 4.2.17 (Subgradient of composition with linear mapping). Let f : Rn
æ R

be a proper convex function and A œ Rm◊n. Then,

ˆ(f ¶ A)(x) ∏ A
T

ˆf(Ax), ’x œ dom(f). (4.15)

If exist x0 such that Ax0 œ relint(dom(f)), we have

ˆ(f ¶ A)(x) = A
T

ˆf(Ax), ’x œ dom(f). (4.16)

In the nondi�erentiable case, it is possible to formulate the necessary optimality condition
for a point to be a minimum of a function f in terms of its subdi�erential. The following
result is the analogous of the di�erentiable case.

Proposition 4.2.18. Let f : Rn
æ R be a proper function.

(i). If x œ Rn is a local minimizer of f , then 0 œ ˆf(x).

(ii). If f is also convex, x œ Rn is a global minimizer if and only if 0 œ ˆf(x).

Proof. (i) If x is a local minimizer, then there exists fl > 0 such that f(y) Ø f(x) for all
y œ B(x, fl), which implies that 0 œ ˆ̂f(x). Remark 4.2.9 allows to conclude the proof.
(ii) The implication from left to right follows from item (i), while the converse is obtained
by substituting v = 0 in Lemma 4.2.10.
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(a) (b)

Figure 4.3: Visual representation of the subgradient of f(x) = |x|.

Definition 4.2.19. A point x œ Rn is stationary for a function f : Rn
æ R if x œ dom(f)

and 0 œ ˆf(x).

4.2.2 The proximal operator

The notion of proximal (or proximity) operator was first introduced by Moreau in [109].
Here we give its most general definition with respect to a symmetric positive definite ma-
trix.

Definition 4.2.20. The proximity operator associated to a function f : Rn
æ R in the

metric induced by a symmetric positive definite matrix P œ Rn◊n is defined as

proxP

f
(x) = arg min

zœRn

f(z) + 1
2Îz ≠ xÎ

2
P

, ’x œ Rn
. (4.17)

Remark 4.2.21. When P = In, we write proxIn

f
= prox

f
.

Note that, in general, proxP

f
: Rn

æ Rn is a multi-valued map, and it might also happen that
proxP

f
(x) = ÿ at some point x œ Rn. However, existence and uniqueness of the proximal

point may be guaranteed under convexity and lower semicontinuity assumptions.

Proposition 4.2.22. If f : Rn
æ R is proper, convex and lsc, then proxP

f
(x) exists and is

unique for all x œ Rn and

y = proxP

f
(x) ≈∆ P (x ≠ y) œ ˆf(y). (4.18)

Proof. The function Ï(z) = f(z) + 1
2 Îz ≠ xÎ

2
P

is strictly convex and, thus, it admits at
most one minimum point. Furthermore, since Ï is also strongly convex, it is coercive and
therefore the minimum point exists and is unique. By applying the first order optimality
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condition to the convex function Ï, we have

y = proxP

f
(x) ≈∆ 0 œ ˆÏ(y) (item (ii) of Proposition 4.2.18)

≈∆ 0 œ ˆf(y) + P (y ≠ x) (Proposition 4.2.15)

≈∆ P (x ≠ y) œ ˆf(y).

Remark 4.2.23. By setting w = P (x ≠ y) in equation (4.18), it follows that w œ ˆf(y)
if and only if y = proxP

f
(y + P

≠1w).

Example 4.2.24. The proximal operator of the indicator function ÿ� with � ™ Rn non
empty, closed and convex set, coincides with the projection operator onto �, indeed

proxP

ÿ�(x) = P�,P (x) = arg min
zœ�

Îz ≠ xÎ
2
P

.

Proximity operators are therefore a generalization of projection operators.

The proximal operator allows to give a further equivalent definition of stationary point for
problem (4.1), in analogy with what already known for the di�erentiable case.

Proposition 4.2.25. Let F : Rn
æ R be as in problem (4.1), where f is a continuously

di�erentiable function on an open set �0 ´ dom(g) and g is proper, convex and lsc. Fix
– œ R++ and let P œ Rn◊n be a symmetric positive definite matrix. Then

xú is stationary for f ≈∆ xú = proxP

–g
(xú

≠ –P
≠1

Òf(xú)).

Proof. By item (ii) of Lemma 4.2.15, we have ˆF (xú) = {Òf(xú)} + ˆ(xú). Therefore, the
following equivalences hold:

0 œ ˆF (xú) ≈∆ 0 œ – ({Òf(xú)} + ˆg(xú))

≈∆ ≠–Òf(xú) œ ˆ(–g)(xú).

The thesis now follows by recalling Remark 4.2.23.

Definition 4.2.26. Let f : Rn
≠æ R be a proper, convex function. The resolvent of the

subdi�erential ˆf with respect to the symmetric positive definite matrix P is the mapping
(In + P

≠1
ˆf)≠1 : Rn

æ Rn defined as

(In + P
≠1

ˆf)≠1(x) =
)

y œ Rn : x œ (In + P
≠1

ˆf)(y)
*

, ’ x œ Rn
.

Proposition 4.2.27. Let f : Rn
æ R be a proper, convex and lsc function and P a sym-

metric positive definite matrix. Then

(In + P
≠1

ˆf)≠1(x) = proxP

f
(x), ’ x œ Rn
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and thus (In + P
≠1

ˆf)≠1 is single-valued.

Proof. By Definition 4.2.26 of resolvent, we have

y œ (In + P
≠1

ˆf)≠1(x) ≈∆ x œ (In + P
≠1

ˆf)(y) = y + P
≠1

ˆf(y)

≈∆ (x ≠ y) œ P
≠1

ˆf(y)

≈∆ P (x ≠ y) œ ˆf(y)

≈∆ y = proxP

f
(x),

where the last equivalence follows from (4.18).

From now on, we denote by S+(Rn) the set of all n◊n symmetric positive definite matrices.
We use DÎ ™ S+(Rn) to indicate the subset of matrices whose eigenvalues belong to the
interval [Î, Œ), and we denote by D

µ

Î
™ S+(Rn) the subset of matrices whose eigenvalues

belong to the interval [Î, µ].

Remark 4.2.28. If P œ D
µ

Î
, then we have

ÎÎxÎ
2

Æ ÎxÎ
2
P

Æ µÎxÎ
2
, ’ x œ Rn

, (4.19)

and likewise
µ

≠1
ÎxÎ

2
Æ ÎxÎ

2
P ≠1 Æ Î

≠1
ÎxÎ

2
, ’ x œ Rn

. (4.20)

Lemma 4.2.29. Let f : Rn
æ R be a proper, convex and lsc function and P œ D

µ

1
µ

. Then
the proximal operator proxP

f
is Lipschitz continuous with constant µ

2, i.e.

Î proxP

f
(x) ≠ proxP

f
(x̃)Î Æ µ

2
Îx ≠ x̃Î, ’x, x̃ œ Rn

. (4.21)

Proof. Setting y = proxP

f
(x) and ỹ = proxP

f
(x̃), the following relations are obtained by

applying (4.18) to y and ỹ, respectively:

f(z) Ø f(y) + (z ≠ y)T
P (x ≠ y) ’ z œ Rn

f(z̃) Ø f(ỹ) + (z̃ ≠ ỹ)T
P (z̃ ≠ ỹ) ’ z̃ œ Rn

.

Choosing z = ỹ, z̃ = y and combining the two inequalities yields

!
x ≠ proxP

f
(x) ≠ x̃ + proxP

f
(x̃)

"T

P
!
proxP

f
(x) ≠ proxP

f
(x̃)

"
Ø 0,

or equivalently

..proxP

f
(x) ≠ proxP

f
(x̃)

..2
P

Æ (x ≠ x̃)T
P

!
proxP

f
(x) ≠ proxP

f
(x̃)

"
.
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Since P œ D
µ

1
µ

and by using the Cauchy-Schwarz inequality, we obtain

..proxP

f
(x) ≠ proxP

f
(x̃)

..2
Æ µ

2 ..proxP

f
(x) ≠ proxP

f
(x̃)

.. Îx ≠ x̃Î

and thus the thesis holds.

Proposition 4.2.30. Suppose that f : Rn
æ R is given by a separable sum of convex func-

tions, i.e.

f(x) =
rÿ

i=1
fi(x(i)),

where fi : Rni æ R is proper, convex and lsc for i = 1, . . . , r and
q

r

i=1 ni = n. Then

prox
f
(x) =

rŸ

i=1
prox

fi
(x(i)) =

1
prox

f1(x(1)), . . . , prox
fr

(x(r))
2

, ’ x œ Rn
.

Example 4.2.31 (¸1≠norm). Consider f(x) = ⁄ÎxÎ1 with ⁄ œ R++, where ÎxÎ1 =
q

n

i=1 |xi| is the ¸1≠norm. Since f is a separable function in x = (x1, . . . , xn), the proximal
operator of f can be computed component-wise as

(prox
f
(x))i = prox

⁄|·|(xi), i = 1, . . . , n.

From the equivalence (4.18) we have

yi = prox
⁄|·|(xi) ≈∆ xi ≠ yi œ ˆ(⁄| · |)(yi)

≈∆ yi = xi ≠ wi, wi œ ˆ(⁄| · |)(yi)

and by computing the subdi�erential ˆ(⁄| · |), we obtain

(prox
f
(x))i =

Y
___]

___[

xi ≠ ⁄, if xi > ⁄

0, if xi œ [≠⁄, ⁄]

xi + ⁄, if xi < ≠⁄

= sign(xi) max{|xi| ≠ ⁄, 0}, i = 1, . . . , n,

= (T (⁄, x))i.

This is the so-called soft-thresholding (or shrinkage) operator.

Proposition 4.2.32 (Moreau decomposition). Given a proper, convex, lsc function f : Rn
æ

R, its conjugate f
ú : Rn

æ R, – œ R++, and P a symmetric positive definite matrix, the
following identity holds

proxP

–f
(x) + –P

≠1 proxP
≠1

–≠1fú(–≠1
Px) = x, ’x œ Rn

.

Proof. The Moreau decomposition follows from the properties characterizing the subdi�er-
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ential and the conjugate of a function. Indeed, given x œ Rn, let y = proxP

–f
(x). In the

light of equation (4.18) and Lemma 4.2.35, we obtain

y = proxP

–f
(x) ≈∆ –

≠1
P (x ≠ y) œ ˆf(y)

≈∆ y œ ˆf
ú(–≠1

P (x ≠ y)).

By setting w = –
≠1

P (x ≠ y), the last di�erential inclusion becomes

x ≠ –P
≠1w œ ˆf

ú(w)

or, equivalently
P

≠1 !
–

≠1
Px ≠ w

"
œ ˆ(–≠1

f
ú)(w).

Applying again equation (4.18) yields

x ≠ y = –P
≠1 proxP

≠1

–≠1fú(–≠1
Px),

which concludes the proof.

Example 4.2.33 (¸2≠norm). Let f(x) = ⁄ÎxÎ with ⁄ œ R++. By the Moreau decomposition
we have

prox
f
(x) = x ≠ prox

fú(x), ’ x œ Rn
.

From Example 4.2.3, it is known that f
ú = ÿB(0,⁄). Thus prox

fú(x) = PB(0,⁄)(x) = ⁄x/ÎxÎ

and in conclusion

prox
f
(x) =

Y
]

[

1
1 ≠

⁄

ÎxÎ

2
x, if ÎxÎ > ⁄

0, if ÎxÎ Æ ⁄.

Note that, when n = 1, the above formula reduces to the scalar soft-thresholding operation
seen in Example 4.2.31.

Example 4.2.34 (Composite functions). Let f(x) = h(Wx), where W œ Rm◊n, m Ø n, is
a semi-orthogonal matrix, i.e.,

W
T

W = ‹In, ‹ > 0,

and g : Rm
æ R is a proper, convex, lsc function. A simple application of equation (4.18)

shows that
proxP

f
(x) = ‹

≠1
W

T proxP

‹h
(Wx).

Hence, in this special case, when proxP

h
has a simple closed-form expression, so does proxP

f
.

As an example, any function f(x) = ÎWxÎ with W semi-orthogonal has an explicit formula
for its proximal operator. However, it is important to note that, for a general matrix W ,
there is no explicit expression of proxP

f
in terms of proxP

h
and W .

We conclude this part on the proximal operator by stating a result that connects the subd-
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i�erential of a function with its proximal operator.

Lemma 4.2.35. Let f : Rn
æ R be a proper convex lsc function. For all –, — œ R++ the

following statements are equivalent:

(i). x = prox
–f

(x + –y),

(ii). y œ ˆf(x),

(iii). f(x) + f
ú(y) = yT x,

(iv). x œ ˆf
ú(y),

(v). y = prox
—fú(y + —x).

4.2.3 Proximal gradient methods

The structure of the objective function F in (4.1) can be e�ectively exploited by the class
of proximal-gradient or forward-backward (FB) algorithms [13, 12, 54]. These are first-
order iterative methods that alternate, at each iteration, a forward gradient step on the
di�erentiable part f , followed by a backward proximal step on the convex, non-smooth term
g. The general iterative scheme of these methods is given by

xk+1 = prox
–kg

(xk ≠ –kÒf(xk)), k = 0, 1, 2, . . . , (4.22)

where –k œ R++ is a scalar steplength. In the subsequent discussion and related convergence
results, we will always assume that the proximal operator of g is known in its exact form.
This poses a crucial drawback for proximal gradient methods, as, in real-world applications,
the proximity operator of the non-smooth term is often not computable in closed form.
For instance, when considering image deblurring or X-ray tomography, the widely used TV
regularizer does not have a closed-form expression for its proximity operator. In the last part
of this chapter, we will explore how we can eventually overcome this issue by introducing
inexactness in the computation of the proximal operator.

Before delving into our overview of proximal-gradient methods, we will provide two di�erent
interpretations of the iterative method in (4.22).

• Fixed point algorithm: from Proposition 4.2.25, we know that a necessary condition
for xú

œ Rn to be a solution of (4.1) is

xú = prox
–g

(xú
≠ –Òf(xú))

= (In + –ˆg)≠1(In ≠ –Òf)(xú) (Proposition 4.2.27).

Hence xú is a stationary point of (4.1) if and only xú is a fixed point for the forward–
backward operator (In + –ˆg)≠1(In ≠ –Òf). Then (4.22) can be seen as the sequence
generated by the fixed point algorithm applied to (In + –ˆg)≠1(In ≠ –Òf).

• Quadratic approximation: the FB iteration (4.22) can also be interpreted as the
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minimization of a reasonable local approximation of the objective function. Indeed,
some algebra shows that

x(k+1) = prox
–kg

1
x(k)

≠ –kÒf(x(k))
2

= arg min
xœRn

1
2–k

Îx ≠ (x(k)
≠ –kÒf(x(k)))Î2 + g(x)

= arg min
xœRn

f(x(k)) + Òf(x(k))T (x ≠ x(k)) + 1
2–k

Îx ≠ x(k)
Î

2

¸ ˚˙ ˝
:=q–

k
(x)

+g(x) (4.23)

= arg min
xœRn

h–k
(x). (4.24)

Thus, at each iteration, we see that the function f is being replaced by the local
quadratic approximation q–k

, i.e., the linearized part of f regularized by a quadratic
proximal term, which measures the local error in the approximation.

When the objective function F is convex, the convergence analysis of the scheme (4.22) is
strictly related to the fundamental key property

F (xk+1) Æ h–k
(xk+1), ’ k œ N. (4.25)

In other words, the steplength –k must be chosen in such a way that the local approximation
h–k

majorizes the approximated function F at the proximal point xk+1. To this aim, we
will assume that Òf is L≠Lipschitz continuous with L œ R++, i.e.,

ÎÒf(x) ≠ Òf(y)Î Æ LÎx ≠ yÎ, ’x, y œ Rn
. (4.26)

In this way, we just need to relate the steplength –k to the Lipschitz constant L of Òf , as
suggested by the following

Lemma 4.2.36 (Descent lemma). Let f : Rn
æ R be a continuously di�erentiable function

satisfying equation (4.26). Then

f(y) Æ f(x) + Òf(x)T (y ≠ x) + L

2 Îx ≠ yÎ
2
, ’ x, y œ Rn

.

Proof. Let h : R æ R be such that h(t) = f
!
x + t(y ≠ x)

"
, for all t œ R. The chain rule
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yields dh(t)
dt

= Òf
!
x + t(y ≠ x)

"T (y ≠ x). Moreover, we have

f(y) ≠ f(x) = h(1) ≠ h(0) =
⁄ 1

0

dh(t)
dt

dt =
⁄ 1

0
(y ≠ x)T

Òf
!
x + t(y ≠ x)

"
dt

Æ

⁄ 1

0
(y ≠ x)T

Òf
!
x) dt +

----
⁄ 1

0
(y ≠ x)T

!
Òf

!
x + t(y ≠ x)

"
≠ Òf(x)

"
dt

----

Æ

⁄ 1

0
(y ≠ x)T

Òf
!
x) dt +

⁄ 1

0
Îx ≠ yÎ · ÎÒf

!
x + t(y ≠ x)

"
≠ Òf(x)Î dt

Æ (y ≠ x)T
Òf

!
x) + Îx ≠ yÎ

⁄ 1

0
LtÎx ≠ yÎ dt

= (y ≠ x)T
Òf

!
x) + L

2 Îx ≠ yÎ
2
.

A direct consequence of Lemma 4.2.36 is that condition (4.25) is automatically guaranteed
whenever –k œ (0, 1/L]. When the Lipschitz constant of Òf is known, one could simply
select

–k = 1
L

’k œ N.

However, when the steplength is underestimated the speed of convergence of proximal gra-
dient method is drastically reduced. On the other hand, if the Lipschitz constant L is not
known or cannot be easily computed, such a di�culty may be overcome by employing a
backtracking condition based on the descent Lemma 4.2.36. More in details, once fixed the
values L0 œ R++, fl > 1, the parameter –k is selected as:

–k = 1
Lk

, (4.27)

where Lk = fl
ik Lk≠1 and ik is the smallest nonnegative integer such that

f(x(k+1)) Æ f(x(k)) + (x(k+1)
≠ x(k))T

Òf(x(k)) + Lk

2 Îx(k+1)
≠ x(k)

Î
2
, (4.28)

where x(k+1) is computed by means of (4.22) combined with (4.27). It should be noted that
the above backtracking strategy is well-defined since, thanks to Lemma 4.2.36, condition
(4.28) is always satisfied for Lk Ø L.

We conclude this part on proximal gradient methods with two particular instances of the
iterative scheme (4.22) applied to the optimization problem

arg min
xœRn

f(x) + ⁄ÎxÎ1, (4.29)

where f represents a general di�erentiable data fidelity term whose gradient is L≠Lipschitz
continuous and ⁄ is the regularization term.
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Iterative Soft Thresholding Algorithm (ISTA) Firstly, recall from Example 4.2.31
that the proximity operator of the ¸

1 norm is the soft thresholding operator T . Therefore,
when we apply the iterative forward–backward scheme (4.22) to problem (4.29), we obtain
the following iterative scheme

xk+1 = T (–k⁄, xk ≠ –kÒf(xk)). (4.30)

This method is known as the Iterative Soft Thresholding Algorithm (ISTA). In Algorithm 4,
we summarize ISTA along with the backtracking strategy described earlier.

Algorithm 4: ISTA with backtracking
Choose the starting point x0 œ dom(g) and let L≠1 œ R++, fl > 1.
FOR k = 0, 1, 2, . . .

STEP 1. Compute the smallest nonnegative integer ik such that Lk = fl
ik Lk≠1 satisfies

f(xk+1) Æ f(xk) + (xk+1 ≠ xk)T
Òf(xk) + Lk

2 Îxk+1 ≠ xkÎ
2
.

STEP 2. Compute

xk+1 = T

3
⁄

Lk

, xk ≠
1

Lk

Òf(xk)
4

.

END

To provide a full account about the ISTA iterative scheme, we summarize some convergence
results in the following

Theorem 4.2.37. Let F : Rn
æ R be as in problem (4.1), where f is convex, continuously

di�erentiable and satisfies Assumption 4.26, and g is proper, convex and lsc. Suppose that
(4.1) admits at least one solution. Let {xk}kœN be the sequence generated by Algorithm 4.
Then, let L be the Lipschitz constant of Òf , if –k = – œ (0,

1
L

], there holds:

(i) the sequence {xk}kœN converges to a solution of problem (4.1).

(ii) F (xk) ≠ F (xú) Æ
Îx0≠xúÎ

2–k
= O( 1

k
) for any solution xú.

Morevoer, if f or g are strongly convex with parameters µf , µg > 0, and let µ := µf + µg,
then

F (xk) ≠ F (xú) + 1 + –µg

2–
Îxk ≠ xú

Î
2

Æ Ê
k

(1 + –µg)Îx0 ≠ xú
Î

2–
,

where Ê = 1≠–µf

1+–µg

< 1.

Fast ISTA (FISTA)

Though appealing for their simplicity, proximal-gradient methods often exhibit a slow speed
of convergence. This is a common issue shared by all first order methods, both in di�er-
entiable and non-di�erentiable settings. In the literature, two significant strategies have
been devised to accelerate forward-backward schemes: adding an extrapolation step and
adopting a variable metric in the computation of the proximal operator. In what follows,
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we will consider the first strategy applied to the ISTA algorithm, while the variable metric
approach will be analyzed in the next chapter.

An acceleration strategy was first introduced by Nesterov in [114], initially suited for gradi-
ent methods and subsequently extended to proximal-gradient methods. The idea consists of
adding a preliminary step, called the extrapolation step, to the iterative scheme under con-
sideration. Namely, the accelerated version of a forward-backward scheme is given by

Y
]

[
x̄k = xk + “k (xk ≠ xk≠1) ,

xk+1 = prox
–kg

(x̄k ≠ –kÒf(x̄k)) ,

(4.31)

where “k is the extrapolation parameter. If we define

“
F IST A

k
= tk ≠ 1

tk+1
,

Y
]

[
t0 = 0

tk+1 = 1+
Ô

1+4t
2
k

2

, (4.32)

and we apply the iterative scheme (4.31) to problem (4.29) with “k = “
F IST A

k
, we obtain

the so called Fast Iterative Soft Thresholding Algorithm (FISTA)
Y
]

[
x̄k = xk + “

F IST A

k
(xk ≠ xk≠1) ,

xk+1 = T (–k⁄, x̄k ≠ –kÒf(x̄k)) .

(4.33)

In Algorithm 5 we resumed the FISTA method implemented with the backtracking strategy
proposed before.

Algorithm 5: FISTA with backtracking
Choose x0 œ dom(g), L≠1 œ R++, fl > 1. Set x≠1 = x0.
FOR k = 0, 1, 2, . . .

STEP 1. Compute the extrapolated point

x̄k = xk + “
F IST A

k
(xk ≠ xk≠1)

STEP 2. Compute the smallest nonnegative integer ik such that Lk = fl
ik Lk≠1 satisfies

f(xk+1) Æ f(x̄k) + (xk+1 ≠ x̄k)T
Òf(x̄k) + Lk

2 Îxk+1 ≠ x̄kÎ
2
.

STEP 3. Compute

xk+1 = T

3
⁄

Lk

, x̄k ≠
1

Lk

Òf(x̄k)
4

.

END

As done for the ISTA iterative scheme, we conclude this part by resuming a convergence
result for its accelerated version.

Theorem 4.2.38. Let F : Rn
æ R be as in problem (4.1), where f is convex, continuously

di�erentiable and satisfies Assumption 4.26, and g is proper, convex and lsc. Suppose that
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(4.1) admits at least one solution. Let {xk}kœN be the sequence generated by Algorithm 5.
Then, let L be the Lipschitz constant of Òf , if –k = – œ (0,

1
L

], there holds:

(i) the sequence {xk}kœN converges to an optimal solution of problem (4.1).

(ii) For every k Ø 1:

f(xk) ≠ f(xú) Æ
2Îx0 ≠ xú

Î
2

–(k + 1)2

for any optimal solution xú.

4.2.4 A Nested Primal–Dual method (NPD)

From now on and throughout the rest of the thesis, we will slightly change the notation.
Specifically, we will use Rd and Rd

Õ in place of Rn and Rm, respectively. This change is
primarily due to our intention to use a double index notation, where n will serve as one of
the two indices, thereby enhancing clarity and understanding.

In the last part of the previous section, we addressed the problem of slow convergence
of proximal gradient methods towards the minimum point of our initial problem (4.1) by
introducing acceleration techniques such as extrapolation. However, a crucial issue with
these first-order iterative methods is that the proximity operator of the non-smooth term g

in (4.1) is always assumed to be known in its exact form. As noted earlier, this is a strong
assumption since it cannot be satisfied in many real-world problems. In this part we will
consider the accelered version of [48] proposed in [26].

In the following, we will describe a possible remedy to this issue. Since the analysis can be
carried out more easily in a more general framework, we will consider the model

arg min
xœRd

f(x) + h(Wx), (4.34)

where f , h, and W are defined such that:

Hypothesis 4.2.39.

(i) f : Rd
æ R is convex and di�erentiable with an L-Lipschitz continuous gradient;

(ii) h : Rd
Õ

æ R is a proper convex lsc function;

(iii) W œ Rd
Õ◊d and there exists x0 such that Wx0 œ relint(dom(h));

(iv) Problem (4.34) has at least one solution.

We remark that the assumption on W is needed to guarantee that the subdi�erential rule
ˆ(h ¶ W )(x) = W

T
ˆh(Wx) holds, so that we can interpret the minimum points of (4.34) as

solutions of appropriate variational equations, as stated below.

Lemma 4.2.40. [48, Lemma 3.1] Under Hypothesis 4.2.39, a point x̂ œ Rd is a solution of
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problem (4.34) if and only if the following conditions hold
Y
]

[
Òf(x̂) + W

T ŷ = 0,

ŷ = prox
—–≠1hú(ŷ + —–

≠1
W x̂),

’ –, — > 0. (4.35)

From now on, the optimization problem (4.34) will serve as our reference model, and we will
always assume that Hypothesis 4.2.39 is satisfied. Using the biconjugate Theorem 4.2.7, our
model problem (4.34) can be equivalently reformulated as the convex–concave saddle point
problem

min
xœRd

max
yœRdÕ

L(x, y) © f(x) + yT
Wx ≠ h

ú(y), (4.36)

where L(x, y) denotes the primal-dual function. A solution of (4.36) is any point (x̂, ŷ) œ

Rd
◊ Rd

Õ such that

L(x̂, y) Æ L(x̂, ŷ) Æ L(x, ŷ), ’ x œ Rd
, ’ y œ Rd

Õ
. (4.37)

Formulation (4.36) will be particularly useful when we will state the convergence results
of the so-called Nested Primal-Dual methods (NPD). This class of algorithms is especially
beneficial when the proximity operator of the non–smooth term h ¶ W cannot be computed
in closed form. Indeed, if we can compute the proximal operator of the Fenchel convex
conjugate h

ú, then we can approximate prox
h¶W

(a) for a generic point a œ Rd as stated in
the following

Theorem 4.2.41. Let f, g and W be defined as in problem (4.34) under Hypothesis 4.2.39.
Given a œ Rd, – > 0, 0 < — <

2
ÎW Î2 , and y0

œ Rd
Õ , consider the dual sequence {yk

}kœN µ

Rd
Õ defined as follows

yk+1 = prox
—–≠1hú

!
yk + —–

≠1
W (a ≠ –W

T yk)
"

, ’k œ N. (4.38)

Then there exist ŷ œ Rd
Õ such that

(i) limkæŒ yk = ŷ;

(ii) prox
–h¶W

(a) = a ≠ –W
T ŷ.

Proof. Set â = prox
–h¶W

(a). From the definition of proximity operator the di�erential
inclusion characterizing the proximal point â is

â ≠ a + –W
T ŷ = 0, with ŷ œ ˆh(W â). (4.39)

Using Lemma 4.2.35, the above variational equation can be equivalently written as

â = a ≠ –W
T ŷ, with ŷ = prox

—–≠1hú
!
ŷ + —–

≠1
W â

"
, (4.40)

where –, — > 0 and h
ú is the Fenchel convex conjugate of h. By replacing the first equation
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of (4.40) into the second one, we obtain

ŷ = prox
—–≠1hú

!
ŷ + —–

≠1
W (a ≠ –W

T ŷ)
"

, (4.41)

that is, ŷ is a fixed point of the operator T (y) = prox
—–≠1hú

!
y + —–

≠1
W (a ≠ –W

T y)
"
.

Consequently, the dual sequence {yk
}kœN defined in (4.38) can be interpreted as the fixed–

point iteration applied to the operator T . In turn, this implies that if {yk
}kœN converges,

then it must converge to a fixed point ŷ of T . Finally, let us consider the minimum dual
problem

arg min
yœRm

–
≠1

3
1

2–
Îa ≠ –W

T yÎ
2
4

¸ ˚˙ ˝
:=�(y)

+–
≠1

h
ú(y). (4.42)

We see that the objective function in (4.42) is given by the sum of a convex and di�erentiable
part �(y) plus a convex term h

ú and, in addition, the gradient of � can be written as

Ò�(y) = ≠–
≠1

W (a ≠ –W
T y).

Therefore, we have yk+1 = prox
—–≠1hú(yk

≠ —Ò�(yk), namely the sequence {yk
}kœN can

be seen as the forward–backward method applied to (4.42). Since 0 < — <
2

ÎW Î2 and ÎWÎ
2

is the Lipschitz constant of Ò�, it follows that {yk
}kœN converges to a vector ŷ satisfying

(4.41), which conluced the proof.

Remark 4.2.42. Note that by combining items (i) and (ii) of Theorem 4.2.41 it holds that

prox
–h¶W

(a) = lim
kæŒ

a ≠ –W
T prox

—–≠1hú(yk + —–
≠1

W (a ≠ –W
T yk)).

Hence, we can compute an approximation of the proximal operator of h ¶ W by a finite
number of steps of a primal-dual procedure, provided that the operator prox

—–≠1hú and the
matrix-vector product with the linear operators W and W

T are easily computable.

Since we no longer require the exact evaluation of the proximity operator, these methods
are also referred to as inexact proximal-gradient methods, and their iterative scheme can be
defined as Y

]

[
x̄n = xn + “n (xn ≠ xn≠1) ,

xn+1 ¥ prox
–ng

(x̄n ≠ –nÒf(x̄n)),
(4.43)

where we replace the equality sign in (4.22) with the approximation symbol ¥.

Let kmax be the maximum number of inner iterations used to compute the dual sequence
(4.38). Recalling that L is the Lipschitz constant of the gradient of f , the resulting NPD
algorithm is summarized in Algorithm 6. In the implementation, a “warm-up strategy”
is also considered, meaning that each inner primal-dual loop is “warm started” with the
outcome of the previous one. As shown in [26], this strategy is su�cient to guarantee the
convergence of the iterates to a solution of (4.34), provided the accuracy in the proximal
evaluation is preset.
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Algorithm 6: Nested Primal-Dual (NPD) method
Choose x≠1 œ Rd, x0 = x≠1, ykmax

≠1 œ Rd
Õ , 0 < – <

1
L

, 0 < — <
1

ÎW Î2 , kmax œ N.

For n = 0, 1, . . .

1. Choose “n Ø 0 and compute the extrapolated point

x̄n = xn + “n(xn ≠ xn≠1).

2. Set y0
n

= ykmax
n≠1 .

3. Compute kmax primal-dual iterates:
For k = 0, 1, . . . , kmax ≠ 1

xk

n
= x̄n ≠ –Òf(x̄n) ≠ –W

T yk

n

yk+1
n

= prox
—–≠1hú(yk

n
+ —–

≠1
Wxk

n
).

4. Compute xkmax
n

= x̄n ≠ –Òf(x̄n) ≠ –W
T ykmax

n
.

5. Compute the next iterate as

x̃n = 1
kmax

kmaxÿ

k=1
xk

n
.

To conclude this brief overview of the NPD method, we state, without proof, a theoret-
ical result concerning the convergence of the iterates generated by Algorithm 6. This is
Theorem 2 in [26], and its proof can be found therein.

Theorem 4.2.43 (Convergence of NPD). Suppose that f, h, and W satisfy Assumption 4.2.39.
Let {(xn, y0

n
)}nœN be the primal-dual sequence generated by the NPD Algorithm 6 with

–n = – œ (0,
1
L

] and —n = — œ (0, ÎWÎ
≠2) for all n œ N. Suppose also that the iner-

tial parameters {“n}nœN satisfy

Œÿ

n=0
“nÎxn ≠ xn≠1Î < Œ. (4.44)

Then, the following statements hold:

(i) the sequence {(xn, y0
n
)}nœN is bounded;

(ii) the sequence ({xn, y0
n
)}nœN converges to a solution of (4.36) and therefore the primal

sequence {xn}nœN converges to a solution of the initial problem (4.34).
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A NPD Iterated Tikhonov

Method

In the previous chapter, we described the proximal gradient approach used to solve a regu-
larized convex optimization problem of the form

arg min
xœRd

f(x) + h(Wx), (5.1)

with f , h, and W satisfying Hypothesis 4.2.39. These methods are widely employed in imag-
ing applications and can be accelerated by adopting variable metrics and/or extrapolation
steps. However, when the proximity operator of h cannot be computed in closed form, an
approximation is needed. To this aim, a nested primal–dual solver is often implemented.
One crucial issue in the inexact computation of the proximal operator is the computational
bottleneck that arises when increasing accuracy in the computation is required.

In what follows, we propose a nested primal–dual method for the e�cient solution of regu-
larized convex optimization problems. Our proposed method approximates a variable metric
proximal–gradient step with extrapolation by performing a prefixed number of primal–dual
iterates, while adjusting the steplength parameter through an appropriate backtracking pro-
cedure. Choosing a prefixed number of inner iterations allows the algorithm to maintain a
low computational cost per iteration.

The first part of this chapter is devoted to the description of the proposed method and its
theoretical analysis. We prove the convergence of the sequence of iterates to a solution of
the considered problem under a relaxed monotonicity assumption on the scaling matrices
and a shrinking condition on the extrapolation parameters. In the last part, we investigate
the numerical performance of our proposed method by equipping it with a scaling matrix
inspired by the Iterated Tikhonov method. The numerical results demonstrate that the com-
bination of such scaling matrices and Nesterov-like extrapolation parameters yields e�ective
acceleration towards the solution of the problem.

115



CHAPTER 5. A NPD ITERATED TIKHONOV METHOD

5.1 The variable metric strategy

As anticipated, in our proposal we consider proximal–gradient methods where acceleration
techniques based on both variable metrics and extrapolation are combined and inexact
proximal evaluations are allowed, namely

Y
]

[
x̄n = xn + “n(xn ≠ xn≠1),

xn+1 ¥ proxPn

–nh¶W
(x̄n ≠ –nP

≠1
n

Òf(x̄n)),
’ n Ø 0, (5.2)

where –n > 0 and Pn œ Rd◊d are, respectively, the steplength parameter and the symmetric
positive definite scaling matrix, proxPn

–nh¶W
is the proximal operator of –nh¶W with respect

to the norm induced by Pn, and “n Ø 0 is the extrapolation parameter.

The parameters –n and Pn define the variable metric with respect to which the proximal–
gradient point xn+1 in (5.2) is computed. While –n represents the inverse of a local Lipschitz
constant of the gradient that is dynamically computed through a backtracking procedure
[12, 23], the matrix Pn aims at identifying some second order information of the smooth
part of the objective function. Practical choices for Pn include the Hessian matrix or its
regularized versions [99, 142], Hessian approximations based on Quasi-Newton strategies
[71, 86, 89, 98], or diagonal matrices obtained by the split gradient strategy for nonnegatively
constrained problems [25, 27, 94]. The extrapolation parameter “n, as for the case of NPD,
is computed according to the prefixed sequence formerly proposed for smooth problems by
Nesterov [114] and then successfully adapted to nonsmooth problems by Beck and Teboulle
[12], which guarantees an optimal O(1/n

2) convergence rate for the function values.

Similarly to what was done for the NPD method in Section §4.2.4, the proximal operator
with a metric defined by a symmetric positive definite matrix Pn can be approximated by an
appropriate sequence of primal–dual iterates. This is typically achieved by means of a nested
iterative solver, which is applied, at each iteration, to the minimization problem associated to
the computation of the proximal–gradient point. Provided that the Fenchel convex conjugate
h

ú has an easy-to-compute proximal operator, then the primal–dual routine involves only
the computation of Òf(xn), prox

hú and the matrix-vector products with W, W
T

, P
≠1
n

[27,
48, 137]. The following result generalizes the one derived in Section §4.2.4 for the NPD
method by taking into account the presence of the scaling matrix Pn.

Lemma 5.1.1. Suppose that h : Rd
Õ

æ R fi {Œ} and W œ Rd
Õ◊d satisfy Assumption

4.2.39(ii)-(iii). Let P œ Rd◊d be a symmetric positive definite matrix and a œ Rd. Choose
– > 0, 0 < — < 2/ÎWP

≠1
W

T
Î, y0

œ Rd
Õ , define the sequence

yk+1 = prox
—–≠1hú(yk + —–

≠1
W (a ≠ –P

≠1
W

T yk)), ’ k Ø 0, (5.3)

and its limit ŷ = limkæŒ yk. Then we have

proxP

–h¶W
(a) = a ≠ –P

≠1
W

T ŷ. (5.4)
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Proof. Let â = proxP

–h¶W
(a), which is equivalent to writing

â = arg min
xœRd

1
2–

Îx ≠ aÎ
2
P

+ h(Wx).

By applying Lemma 4.2.40 to the above minimization problem, we obtain the following
system of variational equations

â = proxP

–h¶W
(a) ≈∆

Y
]

[
P (â ≠ a) + –W

T ŷ = 0

ŷ = prox
—–≠1hú

!
ŷ + —–

≠1
W â

"

≈∆

Y
]

[
â = a ≠ –P

≠1
W

T ŷ

ŷ = prox
—–≠1hú

!
ŷ + —–

≠1
W â

"
.

(5.5)

Consider the sequences {ak
}kœN and {yk

}kœN (with arbitrary y0) given by
Y
]

[
ak = a ≠ –P

≠1
W

T yk

yk+1 = prox
—–≠1hú

!
yk + —–

≠1
Wak

" k = 0, 1, . . . , (5.6)

or equivalently

yk+1 = prox
—–≠1hú

!
yk + —–

≠1
W (a ≠ –P

≠1
W

T yk)
"

, k = 0, 1, . . . .

In virtue of (5.5), the sequence {yk
}kœN can be interpreted as a fixed-point iteration applied

to the operator
T (y) = prox

—–≠1hú(y + —–
≠1

W (a ≠ –P
≠1

W
T y)). (5.7)

By Banach fixed-point theorem, the sequence {yk
}kœN converges to a fixed-point of T pro-

vided that T is a contraction. Since the operator prox
—–≠1hú is non-expansive, we have

ÎT (y) ≠ T (x)Î Æ Îy ≠ x + —–
≠1(–WP

≠1
W

T x ≠ –WP
≠1

W
T y)Î

= Î(I ≠ —WP
≠1

W
T )(y ≠ x)Î

Æ ÎI ≠ —WP
≠1

W
T

ÎÎy ≠ xÎ,

so T is a contraction as long as ÎI ≠ —WP
≠1

W
T

Î < 1. Since P is symmetric, it holds
ÎI ≠ —WP

≠1
W

T
Î = fl(I ≠ —WP

≠1
W

T ), where fl(·) denotes the spectral radius of a matrix,
and hence T is a contraction if and only if 0 < — < 2/ÎWP

≠1
W

T
Î. Therefore, {yk

}kœN
converges to a fixed-point ŷ of T , and by continuity, the sequence ak also converges to the
point â = a ≠ –P

≠1
W

T ŷ. Thus (5.5) yields the thesis.

We can distinguish between two di�erent approaches in the literature for computing an
approximation of the proximal gradient point. On the one hand, as anticipated, one could
require increasing accuracy, which means that the number of inner iterations of the nested
solver grows unbounded as the outer iterations proceed [27, 71, 86, 123, 137]. The main
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drawback of this approach is that the computational cost per iteration may increase in an
unsustainable manner, leading to a computational bottleneck in a few iterations. On the
other hand, one could compute the approximated proximal–gradient point by means of a
prefixed number of inner iterations, while employing an appropriate starting condition for the
inner solver; this is advantageous in order to keep the computational cost per iteration low
and fixed. Some methods exploiting this latter approach are available in the literature; see
e.g. [11], which considers an inexact version of the popular FISTA that corresponds to (5.2)
with Pn equal to the identity matrix, “n selected according to Nesterov’s sequence, and xn+1

computed through a prefixed number of primal–dual inner iterates with null initialization
for the inner solver; [48], where the scheme (5.2) is presented without extrapolation nor
variable metrics and is equipped with a prefixed number of primal–dual inner iterates, which
are warm-started with the outcome of the previous outer iteration; [26], where the authors
generalize the algorithm in [48] by adding an extrapolation step.

Nonetheless, to the best of our knowledge, a method of the form (5.2) equipped with a
prefixed number of inner iterations that include simultaneously variable steplengths, metrics,
and extrapolation, has yet to be proposed in the literature.

5.2 A nested primal–dual variable metric method

In this section, we propose and analyse our nested primal–dual variable metric method
for solving problem (4.34). The resulting scheme can be considered as a variable metric
proximal–gradient algorithm with extrapolation, where the proximal operator is approxi-
mated by means of a prefixed number of primal–dual steps. Note that our proposed method
generalizes the one in [26], by including a backtracking procedure for the steplength and the
selection of a variable scaling matrix.

5.2.1 The proposed method

We report our proposed method in Algorithm 7. It requires the choice of the prefixed
number of primal–dual iterates kmax œ N, the initial guesses x0 = x≠1 œ Rd, ykmax

≠1 œ Rd
Õ ,

the parameters ‘, ” œ (0, 1), an approximation of the Lipschitz constant L≠1 > 0 and the
metric parameters Î > 0, –≠1 = ‘/L≠1, P≠1 œ DÎ .

In Step 1, we choose the extrapolation parameter “n Ø 0 and compute the extrapolated
iterate x̄n according to (5.8), whereas Step 2 is devoted to the choice of the scaling matrix
Pn œ DÎ .

At Step 3, we initialize the approximation of the Lipschitz constant Ln as the value computed
at the previous iteration, the primal steplength as –n = ‘/Ln, the dual steplength as —n =
‘/ÎP

≠1
n

ÎÎWÎ
2, and the initial dual iterate as y0

n
= ykmax

n≠1 , i.e., the inner primal–dual loop
is warm-started with the outcome of the loop at the previous iteration. Such a warm-start
strategy is borrowed from the works [26, 48] and is crucial to guarantee the convergence of
the algorithm.
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Algorithm 7: Nested Primal-Dual Variable Metric method
Choose kmax œ N, x≠1 œ Rd, x0 = x≠1, ykmax

≠1 œ Rd
Õ , ‘ œ (0, 1), ” œ (0, 1), L≠1 > 0,

Î > 0, –≠1 = ‘/L≠1, P≠1 œ DÎ , —≠1 = ‘/(ÎP
≠1
≠1 ÎÎWÎ

2).

For n = 0, 1, . . .

1. Choose “n Ø 0 and compute the extrapolated point

x̄n = xn + “n(xn ≠ xn≠1). (5.8)

2. Choose Pn œ DÎ .
3. Set in = 0, Ln = Ln≠1, –n = ‘/Ln, —n = ‘/(ÎP

≠1
n

ÎÎWÎ
2), y0

n
= ykmax

n≠1 .
4. Compute kmax primal-dual iterates:

For k = 0, 1, . . . , kmax ≠ 1

xk

n
= x̄n ≠ –nP

≠1
n

Òf(x̄n) ≠ –nP
≠1
n

W
T yk

n
(5.9)

yk+1
n

= prox
—n–

≠1
n hú(yk

n
+ —n–

≠1
n

Wxk

n
). (5.10)

5. Compute xkmax
n

= x̄n ≠ –nP
≠1
n

Òf(x̄n) ≠ –nP
≠1
n

W
T ykmax

n
.

6. Compute

x̃n = 1
kmax

kmaxÿ

k=1
xk

n
. (5.11)

7. If f(x̃n) Æ f(x̄n) + Òf(x̄n)T (x̃n ≠ x̄n) + Ln

2 Îx̃n ≠ x̄nÎ
2
Pn

Go to Step 8.
Else

Set in = in + 1, Ln = Ln≠1/”
in , –n = ‘/Ln and go to Step 4.

8. Set xn+1 = x̃n.

Steps 4-7 define the backtracking procedure that is needed for adaptively computing the ap-
proximation of the Lipschitz constant Ln, the corresponding steplength –n and the next it-
erate xn+1. First, we compute kmax primal–dual iterates according to Lemma 5.1.1 (Step 4).
More precisely, equations (5.9)-(5.10) represent kmax iterations of the primal–dual method
(5.3) with a = x̄n ≠ –nP

≠1
n

Òf(x̄n), – = –n, P = Pn and — = —n; then, in virtue of Lemma
5.1.1, the sequence {xk

n
}

kmax≠1
k=0 can be considered as approximating the proximal–gradient

point proxPn

–nh¶W
(x̄n ≠–nP

≠1
n

Òf(x̄n)). Next, we compute an additional primal iterate xkmax
n

(Step 5) and average the primal iterates {xk

n
}

kmax
k=1 over the number of inner iterations (Step

6). Finally, we check a backtracking condition based on Lemma 4.2.36 (Step 7); if the con-
dition is satisfied, then we accept the average of the primal iterates as the next iterate (Step
8), otherwise we increase Ln by a factor 1/” and repeat the backtracking procedure.

Remark 5.2.1. Note that the backtracking procedure at Steps 4-7 terminates in a finite
number of steps, as the backtracking condition at Step 7 is accepted whenever Ln Ø L/Î (see
Lemma 4.2.36). Furthermore, the sequence {–n}nœN is nonincreasing thanks to Step 3 and
the backtracking procedure at Steps 4-7. Note that {–n}nœN is also bounded away from zero:
indeed, either Ln < L/Î and hence –n > ‘Î/L for all n Ø 0, or otherwise let n

ú
Ø 0 be the

first iteration such that Lnú Ø L/Î; in the latter case, if n
ú = 0, then Lemma 4.2.36 and

Steps 7-8 of Algorithm 7 imply –n = –0 for all n Ø 0, otherwise it must be ”Lnú < L/Î and
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thus –n Ø –nú > (‘”Î)/L for all n Ø 0. In conclusion, the following inequalities hold:

0 < min
;

–0,
‘”Î

L

<
Æ –n Æ –n≠1 Æ –≠1, ’ n Ø 0. (5.12)

5.2.2 Convergence analysis

In this section, we perform the convergence analysis of Algorithm 7. Under suitable condi-
tions on the extrapolation parameter and the scaling matrix, we show that the sequence of
iterates {xn}nœN converges to a solution of problem (4.34). To proceed with the convergence
proof, we first present some technical lemmas that will be essential for the analysis of the
proposed algorithm.

Lemma 5.2.2. [48, Lemma 3.3] Let Ï : Rd
æ R fi {Œ} be proper, convex, and lsc, and

x, e œ Rd. Then the equality y = prox
Ï

(x + e) is equivalent to the following inequality:

Îy ≠ zÎ
2

Æ Îx ≠ zÎ
2

≠ Îx ≠ yÎ
2 + 2Èy ≠ z, eÍ + 2Ï(z) ≠ 2Ï(y), ’ z œ Rd

.

Lemma 5.2.3. [130, Lemma 1] Let {an}nœN, {bn}nœN, {cn}nœN be sequences of real non-
negative numbers, with {bn}nœN being a monotone nondecreasing sequence, satisfying the
following recursive property

a
2
n

Æ bn +
nÿ

k=1
ckak, ’ n Ø 1. (5.13)

Then the following inequality holds:

an Æ
1
2

nÿ

k=1
ck +

Q

abn +
A

1
2

nÿ

k=1
ck

B2R

b

1
2

, ’ n Ø 1. (5.14)

Lemma 5.2.4. [122] Let {an}nœN, {bn}nœN and {cn}nœN be sequences of real nonnegative
numbers such that an+1 Æ (1 + bn)an + cn and

qŒ
n=0 bn < Œ,

qŒ
n=0 cn < Œ. Then, the

sequence {an}nœN converges.

For our purposes, we define the sequence of matrices {Dn}nœN ™ Rd
Õ◊d

Õ as

Dn = IdÕ ≠ —nWP
≠1
n

W
T

, ’ n Ø 0. (5.15)

Note that, by construction, the matrix Dn are real and symmetric since Pn œ DÎ . Moreover,
we can prove the following.

Lemma 5.2.5. Let {Dn}nœN be the sequence of matrices defined as in (5.15) with —n =
‘

ÎP
≠1
n ÎÎW Î2 , ‘ œ (0, 1). Then, for all n Ø 0, Dn is a real symmetric positive definite matrix

and its eigenvalues are bounded away from zero by a constant independent of n.
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Proof. We just need to prove that Dn is positive definite and, since it is symmetric, it is
su�cient to show that ⁄min(Dn) > 0. In this respect, we have that

⁄min(Dn) = 1 ≠ —n⁄max(WP
≠1
n

W
T )

= 1 ≠ —nÎWP
≠1
n

W
T

Î

Ø 1 ≠ —nÎP
≠1
n

ÎÎWÎ
2

= 1 ≠ ‘ > 0, ’ n Ø 0, (5.16)

where the first inequality follows from the submultiplicative property of the spectral norm
and (4.20), and the last equality is due to the choice of —n in Algorithm 7. The final result
holds because ‘ œ (0, 1).

Based on the previous result, we can consider the norm induced by Dn, i.e.,

ÎyÎ
2
Dn

= Î(I ≠ —nWP
≠1
n

W
T ) 1

2 yÎ
2

= yT (I ≠ —nWP
≠1
n

W
T )y

= ÎyÎ
2

≠ —nÎP
≠ 1

2
n W

T yÎ
2
, ’ y œ Rd

Õ
. (5.17)

We now discuss the assumptions needed on the inertial parameters {“n}nœN and the scaling
matrices {Pn}nœN in order to ensure the convergence of Algorithm 7.

Hypothesis 5.2.6. (i) The sequence of inertial parameters {“n}nœN of Algorithm 7 com-
plies with the following condition

Œÿ

n=0
“nÎxn ≠ xn≠1Î < Œ. (5.18)

(ii) The sequence of scaling matrices {Pn}nœN of Algorithm 7 is chosen so that

Pn ∞ (1 + ’n≠1)Pn≠1, ’ n Ø 0, where ’n≠1 Ø 0,

Œÿ

n=0
’n≠1 < Œ. (5.19)

Remark 5.2.7. Condition (5.18) is the same assumption required for the convergence of
the NPD method in Theorem 4.2.43. It can be easily implemented in practice, as it depends
only on the past iterates xn, xn≠1. As observed in [26], (5.18) has the practical e�ect of
“shrinking” the inertial parameter when the iteration number n is large.

In a similar fashion, condition (5.19) is forcing the matrices {Pn}nœN to converge to a
symmetric positive definite matrix at a su�ciently fast rate controlled by the parameters
sequence {’n}nœN. Such a condition can be easily enforced if one selects the scaling matrix
as a diagonal matrix, computed according to a specific update rule such as the Majorization–
Minimization strategy or the Split-Gradient decomposition [24, 25, 49], and then constrains
its elements to an interval of diminishing size.
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Remark 5.2.8. If condition (5.19) is assumed to be satisfied, then [53, Lemma 2.1] and
(4.20) yield the following matrix relations

((1 + ’n≠1)Pn≠1)≠1
∞ P

≠1
n

∞
1
Î

Id. (5.20)

Since the spectral norm is monotone [50, Ex. 2.2-10], the above relation implies

Î Æ
1

ÎP
≠1
n Î

Æ
1 + ’n≠1

ÎP
≠1
n≠1Î

.

Consequently, the parameters {—n}nœN satisfy the following inequalities

0 <
‘Î

ÎWÎ2 Æ —n Æ (1 + ’n≠1)—n≠1, ’ n Ø 0. (5.21)

Remark 5.2.9. Regarding the sequence of matrices {Dn}nœN, we derive the following in-
equalities

ÎyÎ
2
Dn

= ÎyÎ
2

≠ —nÎW
T yÎ

2
P

≠1
n

Æ ÎyÎ
2

≠
—n

1 + ’n≠1
ÎW

T yÎ
2
P

≠1
n≠1

=
(1 + ’n≠1)ÎyÎ

2
≠ —nÎW

T yÎ
2
P

≠1
n≠1

1 + ’n≠1

=
ÎyÎ

2
Dn≠1

+ ’n≠1ÎyÎ
2 + (—n≠1 ≠ —n)ÎW

T yÎ
2
P

≠1
n≠1

1 + ’n≠1

Æ ÎyÎ
2
Dn≠1 + ’n≠1ÎyÎ

2 + (—n≠1 ≠ —n)ÎWÎ
2

Î
ÎyÎ

2

Æ

3
1 + ’n≠1

1 ≠ ‘
+ (—n≠1 ≠ —n)ÎWÎ

2

Î(1 ≠ ‘)

4
ÎyÎ

2
Dn≠1 ,

where the first inequality follows from (5.20) and the last one is due to the combination of
(4.19) and (5.16). In conclusion, there exists a sequence {’̃n≠1}nœN such that

Dn ∞
!
1 + ’̃n≠1

"
Dn≠1, ’ n Ø 0, where ’̃n≠1 Ø ’n≠1 Ø 0,

Œÿ

n=0
’̃n≠1 < Œ. (5.22)

Lemma 5.2.10. [53, Lemma 2.3] Let {Pn}nœN ™ D
µ

Î
be a sequence of scaling matrices

satisfying Assumption 5.2.6(ii). Then, there exists P œ DÎ such that limnæŒ Pn = P

pointwise.

The following result contains some crucial descent inequalities involving the primal–dual
function L and the iterates generated by Algorithm 7. The proof of this result is similar to
the one of [26, Lemma 7], although some modifications are needed in order to address the
presence of the variable metric and the backtracking procedure on the steplength –n, which
were absent in [26]. Unlike in [26], the inequalities are not given for a generic primal–dual
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sequence, rather they specifically hold at the iterates obtained by averaging the primal and
dual inner iterates of Algorithm 7.

Lemma 5.2.11. Suppose that Assumption 4.2.39 holds. Let {(xn, y0
n
)}nœN be the primal-

dual sequence generated by Algorithm 7, and let (x̂, ŷ) œ Rd
◊ Rd

Õ be a solution of the
primal-dual problem (4.36).

(i) Define the sequence of dual iterates {ỹn}nœN as

ỹn = 1
kmax

kmax≠1ÿ

k=0
yk+1

n
, ’ n Ø 0. (5.23)

Then, for all n Ø 0 and for all xÕ
œ Rd, we have

L(xn+1, ỹn) + 1
2–n

Îxn+1 ≠ xÕ
Î

2
Pn

Æ L(xÕ
, ỹn) + 1

2–n

Îx̄n ≠ xÕ
Î

2
Pn

≠
1
2

3
1

–n

≠ Ln

4
Îxn+1 ≠ x̄nÎ

2
Pn

. (5.24)

(ii) For all n Ø 0 and for all yÕ
œ Rd

Õ , we have

L(xn+1, yÕ) + –n

2—nkmax
Îy0

n+1 ≠ yÕ
Î

2
Dn

Æ L(xn+1, ỹn) + –n

2—nkmax
Îy0

n
≠ yÕ

Î
2
Dn

≠
1

kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

. (5.25)

(iii) For all n Ø 0, for all xÕ
œ Rd and yÕ

œ Rd
Õ , we have

L(xn+1, yÕ) + 1
2–n

Îxn+1 ≠ xÕ
Î

2
Pn

+ –n

2—nkmax
Îy0

n+1 ≠ yÕ
Î

2
Dn

Æ L(xÕ
, ỹn) + 1

2–n

Îx̄n ≠ xÕ
Î

2
Pn

+ –n

2—nkmax
Îy0

n
≠ yÕ

Î
2
Dn

≠
1
2

3
1

–n

≠ Ln

4
Îxn+1 ≠ x̄nÎ

2
Pn

≠
1

kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

. (5.26)

Proof. (i) We start by observing that

xn+1 = x̃n = 1
kmax

kmax≠1ÿ

k=0
xk+1

n

= 1
kmax

kmax≠1ÿ

k=0
(x̄n ≠ –nP

≠1
n

Òf(x̄n) ≠ –nP
≠1
n

W
T yk+1

n
)

= x̄n ≠ –nP
≠1
n

Òf(x̄n) ≠ –nP
≠1
n

W
T ỹn. (5.27)
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Then, we can proceed from the value L(xÕ
, ỹn) as follows:

L(xÕ
, ỹn) = f(xÕ) + ÈWxÕ

, ỹnÍ ≠ h
ú(ỹn)

Ø f(x̄n) + ÈxÕ
≠ x̄n, Òf(x̄n)Í + ÈWxÕ

, ỹnÍ ≠ h
ú(ỹn)

= f(x̄n) + Èxn+1 ≠ x̄n, Òf(x̄n)Í ≠ Èxn+1 ≠ xÕ
, Òf(x̄n)Í

+ ÈWxÕ
, ỹnÍ ≠ h

ú(ỹn)

Ø f(xn+1) ≠
Ln

2 Îxn+1 ≠ x̄nÎ
2
Pn

≠ Èxn+1 ≠ xÕ
, Òf(x̄n)Í

+ ÈWxÕ
, ỹnÍ ≠ h

ú(ỹn),

where the first inequality follows from the convexity of f , and the second one is based on
the backtracking condition at Step 7 of Algorithm 7. By summing and subtracting the term
W

T ỹn in the second argument of the scalar product Èxn+1 ≠ xÕ
, Òf(x̄n)Í, we can extend

the chain of inequalities as below:

L(xÕ
, ỹn) Ø f(xn+1) ≠

Ln

2 Îxn+1 ≠ x̄nÎ
2
Pn

≠ Èxn+1 ≠ xÕ
, Òf(x̄n) + W

T ỹnÍ

+ ÈWxÕ
, ỹnÍ + Èxn+1 ≠ xÕ

, W
T ỹnÍ ≠ h

ú(ỹn)

= f(xn+1) + Èxn+1, W
T ỹnÍ ≠ h

ú(ỹn)

≠
1

–n

Èxn+1 ≠ xÕ
, Pn(–nP

≠1
n

Òf(x̄n) + –nP
≠1
n

W
T ỹn)Í

≠
Ln

2 Îxn+1 ≠ x̄nÎ
2
Pn

= L(xn+1, ỹn) + 1
–n

Èxn+1 ≠ xÕ
, Pn(xn+1 ≠ x̄n)Í ≠

Ln

2 Îxn+1 ≠ x̄nÎ
2
Pn

= L(xn+1, ỹn) + 1
2–n

Îxn+1 ≠ xÕ
Î

2
Pn

+ 1
2–n

Îxn+1 ≠ x̄nÎ
2
Pn

≠
1

2–n

Îx̄n ≠ xÕ
Î

2
Pn

≠
Ln

2 Îxn+1 ≠ x̄nÎ
2
Pn

,

where the second equality follows from (5.27) together with the definition of L in (4.36),
and the third one is due to the application of the three-point equality

Îa ≠ cÎ
2
Pn

= Îa ≠ bÎ
2
Pn

+ Îb ≠ cÎ
2
Pn

+ 2Èa ≠ b, Pn(b ≠ c)Í,

with a = xÕ, b = xn+1, c = x̄n. By rearranging the various terms, we get (5.24).
(ii) Starting from the value L(xn+1, yk+1

n
) and applying Lemma 5.2.2 with Ï = —n–

≠1
n

h
ú,
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v = yk+1
n

, u = yk

n
, e = —–

≠1
n

Wxk

n
and z = yÕ, we get

L(xn+1, yk+1
n

) = f(xn+1) + ÈWxn+1, yk+1
n

Í ≠ h
ú(yk+1

n
)

Ø f(xn+1) + ÈWxn+1, yk+1
n

Í ≠ h
ú(yÕ) ≠ Èyk+1

n
≠ yÕ

, Wxk

n
Í

+ –n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2 + –n

2—n

Îyk

n
≠ yk+1

n
Î

2

= L(xn+1, yÕ) + Èyk+1
n

≠ yÕ
, W (xn+1 ≠ xk+1

n
)Í

≠ Èyk+1
n

≠ yÕ
, W (xk

n
≠ xk+1

n
)Í

+ –n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2 + –n

2—n

Îyk

n
≠ yk+1

n
Î

2
. (5.28)

From Step 4 of Algorithm 7 and (5.27), we also have the following relations

xn+1 ≠ xk+1
n

= –nP
≠1
n

W
T (yk+1

n
≠ ỹn) (5.29)

xk

n
≠ xk+1

n
= –nP

≠1
n

W
T (yk+1

n
≠ yk

n
).

Plugging the above relations inside (5.28) yields

L(xn+1, yk+1
n

) Ø L(xn+1, yÕ) + –nÈW
T (yk+1

n
≠ yÕ), P

≠1
n

W
T (yk+1

n
≠ ỹn)Í

≠ –nÈW
T (yk+1

n
≠ yÕ), P

≠1
n

W
T (yk+1

n
≠ yk

n
)Í

+ –n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2 + –n

2—n

Îyk

n
≠ yk+1

n
Î

2
. (5.30)

Note that the first scalar product in the previous inequality can be lower bounded as follows

ÈW
T (yk+1

n
≠ yÕ), P

≠1
n

W
T (yk+1

n
≠ ỹn)Í = 1

2ÎP
≠ 1

2
n W

T (yk+1
n

≠ yÕ)Î2

+ 1
2ÎP

≠ 1
2

n W
T (yk+1

n
≠ ỹn)Î2

≠
1
2ÎP

≠ 1
2

n W
T (ỹn ≠ yÕ)Î2

Ø
1
2ÎP

≠ 1
2

n W
T (yk+1

n
≠ yÕ)Î2

≠
1
2ÎP

≠ 1
2

n W
T (ỹn ≠ yÕ)Î2

,

whereas the second one can be rewritten as

≠ÈW
T (yk+1

n
≠ yÕ), P

≠1
n

W
T (yk+1

n
≠ yk

n
)Í = ≠

1
2ÎP

≠ 1
2

n W
T (yk+1

n
≠ yÕ)Î2

≠
1
2ÎP

≠ 1
2

n W
T (yk+1

n
≠ yk

n
)Î2

+ 1
2ÎP

≠ 1
2

n W
T (yk

n
≠ yÕ)Î2

.

By inserting the previous relations inside (5.30) and recalling the definition of Dn and Î ·ÎDn

125



CHAPTER 5. A NPD ITERATED TIKHONOV METHOD

in (5.15)-(5.17), we come to

L(xn+1, yk+1
n

) Ø L(xn+1, yÕ) ≠
–n

2 ÎP
≠ 1

2
n W

T (ỹn ≠ yÕ)Î2

+ –n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2
Dn

+ –n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

. (5.31)

We proceed as follows

L(xn+1, ỹn) = L

A
xn+1,

1
kmax

kmax≠1ÿ

k=0
yk+1

n

B

Ø
1

kmax

kmax≠1ÿ

k=0
L(xn+1, yk+1

n
)

Ø L(xn+1, yÕ) ≠
–n

2 ÎP
≠ 1

2
n W

T (ỹn ≠ yÕ)Î2

+ 1
kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2
Dn

+ –n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

Ø L(xn+1, yÕ) ≠
1

kmax

kmax≠1ÿ

k=0

–n

2 ÎP
≠ 1

2
n W

T (yk+1
n

≠ yÕ)Î2

+ 1
kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk+1
n

≠ yÕ
Î

2
≠

–n

2—n

Îyk

n
≠ yÕ

Î
2
Dn

+ –n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

,

where the first inequality is obtained by concavity of L(xn+1, ·), the second one from applying
(5.31), and the third one follows from the definition of ỹn and the concavity of ≠ÎP

≠ 1
2

n W
T (·≠

yÕ)Î2. We further extend the above chain of inequalities as done below

L(xn+1, ỹn) Ø L(xn+1, yÕ) + 1
kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk+1
n

≠ yÕ
Î

2
Dn

≠
–n

2—n

Îyk

n
≠ yÕ

Î
2
Dn

+ –n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

= L(xn+1, yÕ) + –n

2—nkmax
Îykmax

n
≠ yÕ

Î
2
Dn

≠
–n

2—nkmax
Îy0

n
≠ yÕ

Î
2
Dn

+ 1
kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

= L(xn+1, yÕ) + –n

2—nkmax
Îy0

n+1 ≠ yÕ
Î

2
Dn

≠
–n

2—nkmax
Îy0

n
≠ yÕ

Î
2
Dn

+ 1
kmax

kmax≠1ÿ

k=0

–n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

,

where the first inequality has been obtained by recalling once again the definition of Dn

in (5.15), and the last equality is a consequence of the warm-start strategy at Step 3 of
Algorithm 7. By rearranging terms, we finally get inequality (5.25).
(iii) Inequality (5.26) follows by summing (5.24) with (5.25).
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The main convergence result for Algorithm 7 is stated below. The line of proof employed is
analogous to the one in [26, Theorem 2], even though it must be adapted to the presence of
variable metrics and variable steplengths.

Theorem 5.2.12. Suppose that Assumption 4.2.39 holds and let (x̂, ŷ) œ Rd
◊ Rd

Õ be a
solution of the primal-dual problem (4.36). Let {(xn, y0

n
)}nœN be the primal-dual sequence

generated by Algorithm 7. Suppose that the inertial parameters {“n}nœN and scaling matrices
{Pn}nœN of Algorithm 7 comply with Assumption 5.2.6. Then the following statements hold
true.

(i) The sequence {(xn, y0
n
)}nœN is bounded.

(ii) Given a saddle point (x̂, ŷ) solution of (4.36), the sequence {—n≠1kmaxÎx̂ ≠ xnÎ
2
Pn≠1

+
–

2
n≠1Îŷ ≠ y0

n
Î

2
Dn≠1

}nœN converges.

(iii) The sequence {(xn, y0
n
)}nœN converges to a solution of (4.36).

Before going into the technical details of the proof, let us briefly summarize how we intend
to prove each item of Theorem 5.2.12.

(i) The proof of item (i) relies on an upper bound on the quantity Îxn+1 ≠ x̂ÎPn
, which

is obtained by employing Lemma 5.2.3 in combination with Assumption 5.2.6.

(ii) Item (ii) follows by applying Lemma 5.2.4 to the sequence {—n≠1kmaxÎx̂ ≠ xnÎ
2
Pn≠1

+
–

2
n≠1Îŷ ≠ y0

n
Î

2
Dn≠1

}nœN, which is possible thanks to item (i).

(iii) For item (iii), we first show that any limit point (x†
, y†) œ Rd

◊ Rd
Õ of the sequence

{(un
, y0

n
)}nœN is a solution to problem (4.36); then, the thesis follows by applying item

(ii) with the choice (x̂, ŷ) = (x†
, y†).

Proof. (i) Consider inequality (5.26) with xÕ = x̂, yÕ = ŷ and the term ≠
1
2

1
1

–n

≠ Ln

2
Îxn+1≠

x̄nÎ
2
Pn

≠
1

kmax

q
kmax≠1
k=0

–n

2—n

Îyk

n
≠ yk+1

n
Î

2
Dn

discarded, which amounts to writing

L(xn+1, ŷ) + 1
2–n

Îxn+1 ≠ x̂Î
2
Pn

+ –n

2—nkmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ L(x̂, ỹn) + 1
2–n

Îx̄n ≠ x̂Î
2
Pn

+ –n

2—nkmax
Îy0

n
≠ ŷÎ

2
Dn

.

By observing that L(xn+1, ŷ) Ø L(x̂, ỹn), due to the fact that (x̂, ŷ) is a solution of the
primal-dual problem (4.36), and multiplying the above inequality by –n—n, we deduce the
inequality

—n

2 Îxn+1 ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ
—n

2 Îx̄n ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n
≠ ŷÎ

2
Dn

. (5.32)

By recalling that the sequences {–n}nœN and {—n}nœN satisfy (5.12) and (5.21), respectively,
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and applying conditions (5.19) and (5.22) to inequality (5.32), we get

—n

2 Îxn+1 ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ (1 + ’̃n≠1)(1 + ’n≠1)
3

—n≠1
2 Îx̄n ≠ x̂Î

2
Pn≠1 +

–
2
n≠1

2kmax
Îy0

n
≠ ŷÎ

2
Dn≠1

4

= (1 + ‰n≠1)
3

—n≠1
2 Îx̄n ≠ x̂Î

2
Pn≠1 +

–
2
n≠1

2kmax
Îy0

n
≠ ŷÎ

2
Dn≠1

4
, (5.33)

where ‰n≠1 = ’n≠1 + ’̃n≠1 + ’n≠1’̃n≠1 for all n Ø 0 and {‰n}nœN is still a nonnegative
summable sequence. Since x̄n = xn + “n(xn ≠ xn≠1), an application of the Cauchy-Schwarz
yields

—n

2 Îxn+1 ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ (1 + ‰n≠1)
3

—n≠1
2 Îxn ≠ x̂Î

2
Pn≠1 +

–
2
n≠1

2kmax
Îy0

n
≠ ŷÎ

2
Dn≠1

4

+ —n≠1(1 + ‰n≠1)
3

“
2
n

2 Îxn ≠ xn≠1Î
2
Pn≠1 + “nÈxn ≠ x̂, Pn≠1(xn ≠ xn≠1)Í

4

Æ (1 + ‰n≠1)
3

—n≠1
2 Îxn ≠ x̂Î

2
Pn≠1 +

–
2
n≠1

2kmax
Îy0

n
≠ ŷÎ

2
Dn≠1

4

+ —n≠1(1 + ‰n≠1)
3

“
2
n

2 Îxn ≠ xn≠1Î
2
Pn≠1 + “nÎxn ≠ x̂ÎPn≠1Îxn ≠ xn≠1ÎPn≠1

4
. (5.34)

By applying recursively inequality (5.34), we get

—n

2 Îxn+1 ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ

A
nŸ

k=0
(1 + ‰k≠1)

B 3
—≠1

2 Îx0 ≠ x̂Î
2
P≠1 +

–
2
≠1

2kmax
Îy0

0 ≠ ŷÎ
2
D≠1

4

+
nÿ

k=0
—k≠1

A
nŸ

i=k

(1 + ‰i≠1)
B 3

“
2
k

2 Îxk ≠ xk≠1Î
2
Pk≠1 + “kÎxk ≠ x̂ÎPk≠1Îxk ≠ xk≠1ÎPk≠1

4
.

Now, if we consider the sequence

�n =
nŸ

k=0
(1 + ‰k≠1), n Ø 0,

we note that �n = (1 + ‰n≠1)�n≠1, which implies that {�n}nœN is an increasing and
convergent sequence, see Lemma 5.2.4. By setting � = limnæŒ �n, it follows that �n Æ �
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for all n Ø 0,
r

n

i=k
(1 + ‰i≠1) Æ � for 0 Æ k Æ n, and the previous inequality yields

—n

2 Îxn+1 ≠ x̂Î
2
Pn

+ –
2
n

2kmax
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ �
3

—≠1
2 Îx0 ≠ x̂Î

2
P≠1 +

–
2
≠1

2kmax
Îy0

0 ≠ ŷÎ
2
D≠1

4

+
nÿ

k=0
—k≠1�

3
“

2
k

2 Îxk ≠ xk≠1Î
2
Pk≠1 + “kÎxk ≠ x̂ÎPk≠1Îxk ≠ xk≠1ÎPk≠1

4
. (5.35)

By discarding the term proportional to Îy0
n+1 ≠ ŷÎ

2
Dn

on the left-hand side of the previous
inequality, multiplying both sides by a factor 2/—n, using the inequalities (‘Î)/ÎWÎ

2
Æ —k Æ

(1+’k≠1)—k≠1 Æ �k—≠1 Æ �—≠1 for k = 0, . . . , n, and adding the term 2�2ÎW Î2

‘Î
“n+1Îxn+1 ≠

x̂ÎPn
Îxn+1 ≠ xnÎPn

to the right-hand side, one gets

Îxn+1 ≠ x̂Î
2
Pn

Æ
�ÎWÎ

2

‘Î

A
—≠1Îx0 ≠ x̂Î

2
P≠1 +

–
2
≠1

kmax
Îy0

0 ≠ ŷÎ
2
D≠1

+
nÿ

k=0
�—≠1“

2
k
Îxk ≠ xk≠1Î

2
Pk≠1

B
+

n+1ÿ

k=0

2�2
ÎWÎ

2
—≠1

‘Î
“kÎxk ≠ xk≠1ÎPk≠1Îxk ≠ x̂ÎPk≠1 .

At this point, we can apply Lemma 5.2.3 with an = Îxn ≠ x̂ÎPn≠1 , bn = �ÎW Î2

‘Î
—≠1Îx0 ≠

x̂Î
2
P≠1

+ �ÎW Î2

‘Î

–
2
≠1

kmax
Îy0

0≠ŷÎ
2
D≠1

+ �ÎW Î2

‘Î

q
n

k=0 �—≠1“
2
k
Îxk≠xk≠1Î

2
Pk≠1

and cn = 2�2ÎW Î2
—≠1

‘Î
“nÎxn≠

xn≠1ÎPn≠1 , thus obtaining

Îxn+1 ≠ x̂ÎPn
Æ

1
2

n+1ÿ

k=0

2�2
ÎWÎ

2
—≠1

‘Î
“kÎxk ≠ xk≠1ÎPk≠1

+
A

�ÎWÎ
2

‘Î

1
—≠1Îx0 ≠ x̂Î

2
P≠1 +

–
2
≠1

kmax
Îy0

0 ≠ ŷÎ
2
D≠1

+
nÿ

k=0
�—≠1“

2
k
Îxk ≠ xk≠1Î

2
Pk≠1

2

+
A

1
2

n+1ÿ

k=0

2�2
ÎWÎ

2
—≠1

‘Î
“kÎxk ≠ xk≠1ÎPk≠1

B2 B 1
2

. (5.36)

By recursively applying condition (5.19) to (5.18), we get

Œÿ

k=0
“kÎxk ≠ xk≠1ÎPk≠1 Æ

Œÿ

k=0
“k�kÎxk ≠ xk≠1ÎP≠1

Æ �ÎP≠1Î
1
2

Œÿ

k=0
“kÎxk ≠ xk≠1Î < Œ. (5.37)

By applying the previous inequality to (5.36) and recalling that Pn œ DÎ , it follows that the
sequence {xn}nœN is bounded. Finally, by discarding the term proportional to Îxn+1 ≠ x̂Î

2
Pn

in (5.35), employing again (5.37), the boundedness of {xn}nœN, the lower bound (5.16) on
the eigenvalues of Dn and —k≠1 Æ �—≠1, we conclude that also {y0

n
}nœN is bounded.

(ii) Item (i) guarantees the existence of a constant M > 0 such that Îxn ≠ x̂ÎPn
Æ M for
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all n Ø 0. Furthermore, we have —n≠1 Æ �—≠1 for all n Ø 0. Then, from (5.34), we deduce
the following inequality

—nkmaxÎxn+1 ≠ x̂Î
2
Pn

+ –
2
n
Îy0

n+1 ≠ ŷÎ
2
Dn

Æ (1 + ‰n≠1)(—n≠1kmaxÎxn ≠ x̂Î
2
Pn≠1 + –

2
n≠1Îy0

n
≠ ŷÎ

2
Dn≠1)

+ �—≠1kmax(1 + ‰n≠1)(“2
n
Îxn ≠ xn≠1Î

2
Pn≠1 + 2M“nÎxn ≠ xn≠1ÎPn≠1).

The previous inequality and (5.37) allow us to apply Lemma 5.2.4 with an = —n≠1kmaxÎxn ≠

x̂Î
2
Pn≠1

+–
2
n≠1Îy0

n
≠ŷÎ

2
Dn≠1

, bn = ‰n≠1 and cn = �—≠1kmax(1+‰n≠1)(“2
n
Îxn ≠xn≠1Î

2
Pn≠1

+
2M“nÎxn ≠ xn≠1ÎPn≠1), thus we get the thesis.
(iii) In virtue of (5.12)-(5.21), the sequences {–n}nœN and {—n}nœN both satisfy the hypothe-
ses of Lemma 5.2.4 and are bounded away from zero; hence, there exist – > 0 and — > 0
such that

lim
næŒ

–n = –, lim
næŒ

—n = —. (5.38)

From inequality (5.37), we deduce that {Pn}nœN ™ D
�2ÎP≠1Î
Î ; likewise, we have {Dn}nœN ™

D
�2ÎD≠1Î
1≠‘

. Thus, by Lemma 5.2.10, there exists P œ DÎ and D œ D1≠‘ such that

lim
næŒ

Pn = P, lim
næŒ

Dn = D. (5.39)

Since {(xn, y0
n
)}nœN is bounded, there exists (x†

, y†) œ Rd
◊ Rd

Õ and I ™ N such that

lim
nœI

xn = x†
, lim

nœI

y0
n

= y†
. (5.40)

Let us show that (x†
, y†) is a solution of problem (4.36). To this aim, we consider inequality

(5.26) with xÕ = x̂, yÕ = ŷ, and by observing that L(xn+1, ŷ) Ø L(x̂, ỹn), applying relation
x̄n = xn + “(xn ≠ xn≠1) and the Cauchy-Schwarz inequality, we obtain

1
2

3
1

–n

≠ Ln

4
Îxn+1 ≠ x̄nÎ

2
Pn

+ 1
kmax

kmax≠1ÿ

k=0

–
2
n

2 Îyk

n
≠ yk+1

n
Î

2
Dn

Æ
—n

2 (Îxn ≠ x̂Î
2
Pn

≠ Îxn+1 ≠ x̂Î
2
Pn

) + –
2
n

2kmax
(Îy0

n
≠ ŷÎ

2
Dn

≠ Îy0
n+1 ≠ ŷÎ

2
Dn

)

+ —n“
2
n

2 Îxn ≠ xn≠1Î
2
Pn

+ —n“nÎxn ≠ x̂ÎPn≠1Îxn ≠ xn≠1ÎPn≠1 . (5.41)

Since {(xn, y0
n
)}nœN is bounded, there exist constants M > 0 and M̃ > 0 such that

Îxn ≠ x̂ÎPn
Æ M, Îy0

n
≠ ŷÎDn

Æ M̃, ’ n Ø 0. (5.42)

Additionally, by Step 7 of Algorithm 7, we observe that

1
–n

≠ Ln = Ln

3
1
‘

≠ 1
4

Ø L0

3
1
‘

≠ 1
4

> 0, ’ n Ø 0. (5.43)

By employing bounds (5.42)-(5.43), conditions (5.19)-(5.22), the fact that –n Æ –n≠1 and
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—n Æ (1 + ’n≠1)—n≠1 Æ (1 + ‰n≠1)—n≠1 Æ �—≠1 as seen in (5.12) and (5.21), respectively,
and the lower bounds on the eigenvalues of {Pn}nœN and {Dn}nœN, we derive from (5.41)
the following inequality

ÎL0
2

3
1
‘

≠ 1
4

Îxn+1 ≠ x̄nÎ
2 +

min
Ó

–
2
0,

‘
2
”

2
Î

2

L2

Ô
(1 ≠ ‘)

2kmax

kmax≠1ÿ

k=0
Îyk

n
≠ yk+1

n
Î

2

Æ
1
2(—n≠1Îxn ≠ x̂Î

2
Pn≠1 ≠ —nÎxn+1 ≠ x̂Î

2
Pn

)

+ 1
2kmax

(–2
n≠1Îy0

n
≠ ŷÎ

2
Dn≠1 ≠ –

2
n
Îy0

n+1 ≠ ŷÎ
2
Dn

) + 1
2

A
�—≠1M

2 +
–

2
≠1M̃

2

kmax

B
‰n≠1

+ �—≠1“
2
n
(1 + ‰n≠1)
2 Îxn ≠ xn≠1Î

2
Pn≠1 + �—≠1M“nÎxn ≠ xn≠1ÎPn≠1 .

We sum the previous relation over n = 0, . . . , N , thus obtaining

ÎL0
2

3
1
‘

≠ 1
4 Nÿ

n=0
Îxn+1 ≠ x̄nÎ

2 +
min

Ó
–

2
0,

‘
2
”

2
Î

2

L2

Ô
(1 ≠ ‘)

2kmax

Nÿ

n=0

kmax≠1ÿ

k=0
Îyk

n
≠ yk+1

n
Î

2

Æ
1
2(—≠1Îx0 ≠ x̂Î

2
P≠1 ≠ —N Îxn+1 ≠ x̂Î

2
PN

)

+ 1
2kmax

(–2
≠1Îy0

0 ≠ ŷÎ
2
D≠1 ≠ –

2
N

Îy0
n+1 ≠ ŷÎ

2
DN

) + 1
2

A
�—≠1M

2 +
–

2
≠1M̃

2

kmax

B
Nÿ

n=0
‰n≠1

+
Nÿ

n=0

�—≠1“
2
n
(1 + ‰n≠1)
2 Îxn ≠ xn≠1Î

2
Pn≠1 +

Nÿ

n=0
�—≠1M“nÎxn ≠ xn≠1ÎPn≠1 .

Taking the limit for N æ Œ and using conditions (5.22) and (5.37) yields

Œÿ

n=0
Îxn+1 ≠ x̄nÎ

2
< Œ,

Œÿ

n=0

kmax≠1ÿ

k=0
Îyk

n
≠ yk+1

n
Î

2
< Œ,

which trivially leads to

lim
næŒ

Îxn+1 ≠ x̄nÎ
2 = 0, lim

næŒ
Îyk

n
≠ yk+1

n
Î = 0, k = 0, . . . , kmax ≠ 1. (5.44)

Since limnœI y0
n

= y†, the latter limits in (5.44) imply that

lim
nœI

yk

n
= y†

, k = 1, . . . , kmax. (5.45)

Note also that, based on condition (5.18), we have

lim
næŒ

Îx̄n ≠ xnÎ = lim
næŒ

“nÎxn ≠ xn≠1Î = 0,

which means that
lim
nœI

x̄n = x†
. (5.46)
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In turn, the above limit and the former one in (5.44) imply

lim
nœI

xn+1 = x†
. (5.47)

By plugging limits (5.38), (5.39), (5.40), (5.45), (5.46) and (5.47) inside relation (5.27), we
obtain

Òf(x†) + W
T y† = 0. (5.48)

Likewise, by inserting the same limits inside relation (5.29), we get

lim
nœI

xk+1
n

= x†
, k = 0, . . . , kmax ≠1.

In particular, for k = 0, we have limnœI x1
n

= x†. By combining this last fact with (5.38),
(5.45) and the continuity of the operator prox

—–≠1hú inside the dual step (5.10), we conclude
that

y† = prox
—–≠1hú(y† + —–

≠1
Wx†). (5.49)

Thanks to equations (5.48) and (5.49), we can apply Lemma 4.2.40 and conclude that
(x†

, y†) is a solution of problem (4.36). Hence, it follows from item (ii) that the sequence
{—n≠1kmaxÎx†

≠ xnÎ
2
Pn≠1

+ –
2
n≠1Îy†

≠ y0
n
Î

2
Dn≠1

}nœN converges and, by definition of limit
point, it admits a subsequence converging to zero. Then the sequence {(xn, y0

n
)}nœN con-

verges to (x†
, y†).

5.3 The NPD Iterated Tikhonov method (NPDIT)

In this section we focus our attention on the deblurring problem that will be also considered
in the numerical test. The selected model is described by the following

arg min
xœRd

1
2ÎAx ≠ b”

Î
2 + ⁄TV (x), (5.50)

where TV stands for the Total Variation operator, ⁄ > 0 is the regularization parameter,
A œ Rd◊d is the blurring operator and b”

œ Rd is the observed image a�ected by white
Gaussian noise ÷

”
with a ” level of intensity. Problem (5.50) can be reformulated as (4.34)

by setting

f(x) = 1
2ÎAx ≠ b”

Î
2
, h(Wx) = TV (x) =

n
2ÿ

i=1
ÎÒixÎ,

where W = (ÒT

1 , . . . , Ò
T

d2)T
œ R2d

2◊d represents the discrete gradient operator and h : R2d
2

æ

R̄ is defined as

h(t) =
d

2ÿ

i=1

.....

A
t2i≠1

t2i

B..... .

Furthermore, it is straightforward to conclude that the minimization problem (5.50) satisfies
Assumption 4.2.39. In this section, we describe how to appropriately select the parameters
in Algorithm 7 when applied to problem (5.50). Additionally, we outline the experimental
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setup used in the numerical examples presented in the next section.

5.3.1 Parameter choice

We equip Algorithm 7 with scaling matrices {Pn}nœN of the form

Pn = A
T

A + ‹nId, ’ n Ø 0, (5.51)

where Id œ Rd◊d is the identity matrix and {‹n}nœN is either a positive constant sequence
‹n © ‹ > 0 or a monotone sequence of positive real numbers converging to a positive
value ‹

ú
> 0. These scaling matrices draw inspiration from the Iterated Tikhonov method

described in Section §1.4.2. Hence, from now on, we will refer to Algorithm 7 as NPDIT -
Nested Primal–Dual Iterated Tikhonov method.

Note that the matrices {Pn}nœN defined in (5.51) can be diagonalized and inverted by two
fast Fourier transforms (FFTs) since A is a convolution operator that can be diagonalized
by FFT. Moreover, they comply with Assumption 5.2.6 (ii), as stated in the following
result.

Lemma 5.3.1. Let {‹n}nœN ™ R++ be a sequence that is either constant or monotone
convergent to a positive value ‹

ú
> 0. Then, there exists a summable sequence of positive

scalar {’n}nœN such that the sequence of matrices {Pn}nœN satisfies Assumption (5.2.6) (ii)
that is

Pn ∞ (1 + ’n≠1)Pn≠1, ’ n Ø 0.

Proof. If {‹n}nœN is a constant sequence such that ‹n © ‹ > 0, then Assumption 5.2.6 (ii)
trivially follows with ’n © 0.

If {‹n}nœN is a nonincreasing sequence converging to a positive value ‹
ú

> 0, then Pn œ D‹n

for all n Ø 0 and Pn ∞ Pn≠1 because ‹n Æ ‹n≠1. Hence, the sequence {Pn}nœN satisfies
Assumption 5.2.6 (ii) with ’n © 0.

Finally, if {‹n}nœN is a nondecreasing sequence converging to a positive value ‹
ú

> 0, then
Pn œ D‹0 for all n Ø 0 and it follows that

xT
Pnx = xT (AT

A + ‹nId)x

= xT (AT
A + ‹n≠1Id)x + (‹n ≠ ‹n≠1)xT x

Æ xT
Pn≠1x + (‹n ≠ ‹n≠1)‹≠1

0 xT
Pn≠1x

= (1 + (‹n ≠ ‹n≠1)‹≠1
0 )xT

Pn≠1x, ’ x œ Rd
,

where the inequality follows from the left-hand inequality in (4.19). By setting ’n≠1 =
(‹n ≠ ‹n≠1)‹≠1

0 Ø 0, we note that

Nÿ

n=1
’n≠1 = ‹

≠1
0 (‹N ≠ ‹0) ∆

Œÿ

n=1
’n≠1 < Œ.
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Hence, the sequence {Pn}nœN satisfies Assumption 5.2.6 (ii).

According to the selection of the parameter ‹n in (5.51), we consider three di�erent imple-
mentations of NPDIT. In the first one, we let

‹n © ‹, ‹ > 0, (5.52)

where ‹ > 0 is a constant that must be prefixed in advance by the user. The selection of
‹ significantly influences the performance and stability of the method throughout the itera-
tions. Estimating it accurately can be challenging, which is why we have also explored two
non-stationary strategies. More precisely, a non-stationary implementation - denominated
NPDITD - adopts a decreasing geometric sequence for ‹n defined as

‹n = a0q
n + ‹final, ’ n Ø 0, (5.53)

where we set a0 = 1
2 , q = 0.85, and ‹final = 10≠2 in the numerical results. In a second

non-stationary implementation - denominated NPDITI - employs an increasing sequence for
‹n defined as

‹n = 1 ≠
1

n + 1 + ‹initial, ’ n Ø 0, (5.54)

with ‹initial = 10≠2 in the numerical examples.

Initially, we also considered the trivial choice Pn © In for our tests; however, we noted that
such a choice yields inferior performances when compared with the preconditioners (5.51).
For this reason, we did not report the related results in the manuscript.

In the NPDIT algorithm and its two non-stationary variants, a backtracking strategy is
employed to compute the steplength –n. Particularly, at each step n, we compute –n = ‘/Ln,
where ‘ = 0.99 and Ln > 0 is such that

f(x̃n) Æ f(x̄n) + Òf(x̄n)T (x̃n ≠ x̄n) + Ln

2 Îx̃n ≠ x̄nÎ
2
Pn

, (5.55)

where x̃n and x̄n are defined as in (5.11) and (5.8), respectively. We recall that the resulting
sequence {–n}nœN is monotonically nonincreasing. We start with an initial value of L0 = 0.1
and iteratively increase it by a factor of ” = 0.8 until condition (5.55) is satisfied, or Ln > 1,
in which case we simply set Ln = 1 and –n = ‘. This choice is justified by the following
remark.

Remark 5.3.2. If f(x) = 1
2 ÎAx ≠ b”

Î
2 and Pn = A

T
A + ‹nI, then condition (5.55) is

satisfied for Ln = 1. Indeed, using a second-order Taylor expansion at x = x̄n, we have

f(x̃n) = f(x̄n) + Òf(x̄n)T (x̃n ≠ x̄n) + 1
2(x̃n ≠ x̄n)AT

A(x̃n ≠ x̄n)T
.
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From the fact that the matrix A
T

A is positive semidefinite, we obtain

f(x̃n) Æ f(x̄n) + Òf(x̄n)T (x̃n ≠ x̄n) + 1
2(x̃n ≠ x̄n)(AT

A + ‹nI)(x̃n ≠ x̄n)T

= f(x̄n) + Òf(x̄n)T (x̃n ≠ x̄n) + 1
2Îx̃n ≠ x̄nÎ

2
Pn

.

The choice of the —n parameter must be coherent with Step 3 of Algorithm 7. Therefore, in
both nonstationary versions of the NPDIT method, we select —n at each iteration n œ N as
follows:

—n = ‘‹n

8 = ‘‹n

ÎWÎ2 ,

where ‘ œ (0, 1). Finally, the value of “n for the inertial step was chosen following the
strategy proposed in [26] and detailed below:

“n =

Y
]

[
0, n = 0

min
Ó

“
FISTA
n

,
Cfln

Îxn≠xn≠1Î

Ô
, n = 1, 2, . . . .

(5.56)

In all of the three considered examples, we chose C = 0.1Îx1 ≠x0Î for the stationary version
of NPDIT and for NPDITD, while we select C = Îx1 ≠ x0Î for the increasing case. Then,
for all NPDIT implementations, we use the same value for fln, which is fln = 1

n1.1 . In (5.56),
the parameter “

FISTA
n

is defined by the usual FISTA rule (4.32), that is

t0 = 1,

Y
]

[
tn+1 = 1+

Ô
1+4t2

n

2 ,

“
FISTA
n

= tn≠1
tn+1

,

n = 0, 1, . . . . (5.57)

The number of primal–dual iterations is set for simplicity to kmax = 1. This choice is
coherent with the numerical experimentation carried out in [26] for a special instance of
Algorithm 7, where it was observed that kmax = 1 could be seen as a good trade-o� between
accuracy and complexity.

Finally, we remark that an automated method for computing the regularization parameter
⁄ has not been implemented in the tests. Consequently, we will specify the value or values
used for each example.

5.3.2 Experimental setup

The following numerical results were obtained using MATLAB R2023a on a MacBook Pro
equipped with the M2 Pro chip and a 10-core CPU (6 performance cores and 4 e�ciency
cores), along with 16GB of RAM.

We provide three image deblurring examples in which we compare the three implementations
of our NPDIT method with the following competitors:

• the NPD method described in Section §4.2.4 and proposed in [26], which can be seen
as a special instance of Algorithm 7 obtained by setting Pn © Id, În © 1, –0 = 1,
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—n © — < 1/8 and “n computed according to (5.56) with C = 10Îu1 ≠ u0Î; unlike
Algorithm 7, NPD chooses a fixed steplength –n © –0 without performing any back-
tracking procedure; note that the chosen value for –0 is such that the backtracking
condition at Step 7 of Algorithm 7 is automatically satisfied for all n Ø 0 with –n = –0;

• the preconditioned version of the Chambolle-Pock method (CPprec), the popular primal–
dual algorithm for composite convex optimization proposed in [121];

• a first order primal–dual method with linesearch (PD–LS) proposed by Malitsky and
Pock in [106];

• the inexact version of FISTA with approximate proximal evaluations proposed in [27],
whose practical implementation resembles Algorithm 7, in the sense that it can be
seen as a nested primal–dual algorithm with extrapolation for solving problems of the
form (4.34); however, unlike Algorithm 7, the number of inner iterations varies with
the outer iteration according to an appropriate stopping criterion, the extrapolation
parameter is computed as proposed by Chambolle and Dossal in [43], and there is no
variable metric.

The blurred image is obtained by circular two-dimensional convolution, ensuring that the
deblurring model is not a�ected by boundary ringing e�ects. Consequently, the numerical
results only depend on the applied numerical method. Of course, in real applications, ap-
propriate boundary conditions a�ecting the structure of the matrix A should be adopted,
see [82].

In order to evaluate the performance of the di�erent methods, we use the usual Relative
Reconstruction Error (RRE) functional, defined as

RRE(xn) = Îxgt ≠ xnÎ

ÎxgtÎ
,

where xgt represents the original image. The relative decrease of the objective function is
computed by the quantity

R(xn) ≠ R(xú)
R(xú) ,

where R is the objective function and xú is the best reconstruction obtained among all the
methods considered, achieving the minimum value of the objective function. This solution
was precomputed by running all the methods for 103 iterations.

5.4 Numerical experiments

5.4.1 Example 1: Cameraman

In this example, we considered an image of a Cameraman with dimensions of 256◊256. The
image was blurred using a 10◊10 Gaussian PSF with a standard deviation of 2. Additionally,
white noise with an intensity level of 1% was added to the blurred image. This implies that
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Figure 5.1: Example 1 – First row: RRE functional over 400 iterations and over 2 seconds of time.
Second row: Relative decrease of the objective function over the number of iterations and time.

the norm of the noise is equal to 1% of the norm of the blurred image. For this example,
we set ⁄ = 10≠4 as the regularization parameter.

In the first row of Figure 5.1, we depict the behavior of the RRE functional over 400 iterations
(left) and over 2 seconds of time (right) for all the methods considered. For the stationary
NPDIT case, we set ‹ = 0.01. We observe that our proposal, both stationary and non-
stationary, outperforms all the other competitors. Indeed, we achieve lower values of the
RRE in fewer iterations, which are also faster to compute compared to all the other cases. For
NPDITI, i.e., the version of our proposal where ‹n is increasing, we note a significant speed-
up in the initial iterations due to the small value of ‹n. However, as iterations progress, the
performance worsens because ‹n approaches 1 and consequently slows down the convergence
of the method.

In the second row of Figure 5.1, we compare the relative decrease of the objective func-
tion. Similarly, the stationary method and the non-stationary method NPDIT-D achieve
better results than all the other competitors. However, there are two observations worth
mentioning. The inexact version of FISTA proposed in [27] seems to perform comparably to
NPDIT-D as the iterations progress, but the time required to achieve these results is signif-
icantly greater than that required by our proposal. Secondly, the performance of NPDITI

is similar to the standard NPD algorithm. This is mainly due to the choice of the regular-
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Figure 5.2: Example 1 – RRE for di�erent values of ‹ for ⁄ = 10≠4.

ization parameter ⁄. As we will show in the last part of the numerical examples, NPDITI

works better when the regularization parameter ⁄ is underestimated.

Figure 5.2 shows the convergence behavior of the RRE functional for NPDITI , NPDITD,
and the stationary variant of NPDIT equipped with three di�erent values of the parameter
‹. The plots for the non-stationary methods and the case with ‹ = 0.01 are identical to
those shown in Figure 5.1. For ‹ = 10≠3, it is noticeable that the method introduces some
instability and the speed of convergence is also reduced. When ‹ = 0.1, the algorithm is
stable again but it is slower than in the other cases. This demonstrates that the convergence
speed and the stability of the method are a�ected by the choice of ‹ for stationary values
‹n = ‹. Therefore, the decreasing sequence of ‹n in equation (5.53) provides a good trade-o�
without requiring the estimation of ‹.

The reconstructed images shown in Figure 5.3 are obtained at various iterations for both
the NPD and the NPDIT method with ‹ = 0.01. For completeness, the upper part of
the figure includes the true image, the PSF, and the observed image b”. Additionally,
the achieved RRE value is reported for each reconstruction. Notably, the NPDIT method
achieves satisfactory reconstructions with just 20 iterations, while the NPD method requires
at least 100 iterations to achieve a similar level of accuracy.

5.4.2 Example 2: Peppers

In this second example, we examined the image of Peppers with dimensions 256 ◊ 256
and applied an out-of-focus PSF with dimensions 10 ◊ 10 for blurring. Additionally, we
introduced white Gaussian noise with an intensity level of 1% to the image. For this case,
we choose the regularization parameter ⁄ = 10≠4.

The comparison between all the methods follows the same structure as in the previous case.
In the first row of Figure 5.4, we present the RRE functional, while in the second row we
focus on the relative decrease of the objective function. In this example, we observe that
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True image PSF Observed image

iter: 10 RRE:0.1188 iter: 50 RRE: 0.1013 iter: 80 RRE: 0.0964

iter: 10 RRE: 0.0972 iter: 50 RRE: 0.0959 iter: 100 RRE: 0.0962

Figure 5.3: Example 1 – Reconstruction obtained at di�erent iterations. First row: original data.
Second row: images obtained with NPD. Third row: images obtained with NPDIT (‹ = 0.01).
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Figure 5.4: Example 2 – First row: RRE functional over 400 iterations and over 2 seconds of time.
Second row: Relative decrease of the objective function over the number of iterations and time.

both the NPDIT method with ‹ = 0.01 and the non-stationary version NPDITD achieve
excellent results. Concerning the NPDITI algorithm, we notice a rapid decrease in the
first iterations for the objective function, followed by a deterioration in performance as
the iterations increase. Again, we note that the FISTA method outperforms all of our
proposals in the relative decrease of the objective function after 400 iterations. However, as
in Example 1, the time required is significantly greater than those of the stationary NPDIT
and the NPDITD method.

Finally, in Figure 5.5, we display the reconstructions obtained by the NPD method and the
NPDIT with ‹ = 0.01 fixed. Once again, in the first row, we present the true image, the PSF
used for blurring, and the observation corrupted by noise. For this example, it is evident
that the stationary version NDPIT requires only 10 iterations to achieve excellent results,
while the NPD algorithm needs almost four times more iterations to obtain the same quality
in the reconstruction.
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True image PSF Observed image

iter: 10 RRE: 0.1178 iter: 20 RRE: 0.0717 iter: 80 RRE: 0.0641

iter: 10 RRE: 0.0654 iter: 20 RRE: 0.0639 iter: 80 RRE: 0.0639

Figure 5.5: Example 2 – Reconstruction obtained at di�erent iterations. First row: original data.
Second row: images obtained with NPD. Third row: images obtained with NPDIT (‹ = 0.01).
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Figure 5.6: Example 3 – First row: RRE functional over 400 iterations and over 5 seconds of
time. Second row: Relative decrease of the objective function over the same number of iterations
and time as before.

5.4.3 Example 3:

In this final numerical example, we replace the TV term with the Overlapping Group sparsity
TV (OG-TV) regularizer proposed in [102], which is defined as

h(Wx) =
d

2ÿ

i=1
ÎBiÒ

hxÎ + ÎBiÒ
vxÎ,

where Ò
h
, Ò

v
œ Rd

2◊d
2 are the horizontal and vertical discrete gradient operators, while

Bi œ Rm
2◊d

2 is a unitary diagonal matrix such that Bix is the vector whose entries are the
pixel i of the image x and its m

2
≠1 first neighbors. In this case we have that ÎWÎ

2 = 8m
2.

In order to test the performances of our methods on this new problem, we consider the
jetplane image, which has been blurred and artificially corrupted with white Gaussian noise
as in Example 1. For this case, we choose ⁄ = 5 ◊ 10≠5 as the regularization parameter.
The analysis of this experiment follows the same structure as in the previous examples. In
the first row of Figure 5.6, we report the RRE functional as a function of the number of
iterations (left side) and time (right side). The second row is devoted to the relative decrease
of the objective function, again depending on the number of iterations and time. Even in
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True image PSF Observed image

iter: 10 RRE: 0.0589 iter: 20 RRE: 0.0463 iter: 80 RRE: 0.0448

iter: 10 RRE: 0.0455 iter: 20 RRE: 0.0450 iter: 80 RRE: 0.0450

Figure 5.7: Example 3 – Reconstruction obtained at di�erent iterations. First row: original data.
Second row: images obtained with NPD. Third row: images obtained with NPDIT (‹ = 0.01).

this case, we can clearly state that all our proposals outperform the other methods in terms
of both quality and speed.

Lastly, in Figure 5.7, we compare the reconstruction obtained with the NPD method and
the stationary NPDIT method equipped with ‹ = 0.01. The final images were computed
after di�erent numbers of iterations, and we can see that, even in this case, NPDIT achieves
remarkable reconstructions even after just 10 iterations.

5.4.4 Stability test

As a final illustration, we investigated the robustness of the methods with respect to the
regularization parameter ⁄ under the condition of a stationary sequence ‹n = ‹. To achieve
this, we explored di�erent values of this parameter for each example presented earlier. Fur-
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Figure 5.8: From top to bottom: RRE functional with respect to the number of iterations
for example 1 (top row), example 2 (middle row), and example 3 (bottom row). From left to
right: comparison for di�erent values of ⁄, i.e., ⁄ œ {10≠3, 10≠4, 10≠5} for the first two rows,
⁄ œ {10≠4, 10≠5, 10≠6} for the third one.

thermore, we conducted a detailed analysis of the behavior of the proposed method with
respect to the two non-stationary sequences employed in NPDITD and NPDITI .

The comparison among the methods is carried out by assessing the quality of reconstructions
using the RRE functional. Figure 5.8 presents a summary of the results as follows: each
row corresponds to one of the mentioned examples. In particular, the i-th row corresponds
to Example i, where i = 1, 2, 3. Each column is associated with a specific value of ⁄ œ

{10≠3
, 10≠4

, 10≠5
} for the first two rows and ⁄ œ {10≠4

, 10≠5
, 10≠6

} for the last one.

In accordance with the previous results, the NPDITD method exhibits behavior very simi-
lar to that of NPDIT, avoiding the selection of the stationary parameter ‹. Regarding the
NPDITI method, it is observed to be more beneficial in cases of underestimation of the
regularization parameter ⁄, as indicated by the theoretical analysis in [59] for the Iterated
Tikhonov method. Specifically, from the rightmost column, we observe greater stability
around the minimum point compared to other methods. However, whenever ⁄ is underes-
timated, it is advisable to implement an e�ective stopping criterion (e.g., the discrepancy
principle) to terminate the process before the RRE grows excessively.
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5.5 Conclusions

We have formulated and analysed a nested primal–dual method tailored for solving reg-
ularized convex optimization problems. Our proposed approach approximates a variable
metric proximal–gradient step with extrapolation by executing a fixed number of primal-
dual iterates, while dynamically adjusting the steplength parameter through a specialized
backtracking procedure. The convergence of the iterates sequence towards a solution of the
problem has been established by assuming a relaxed monotonicity condition on the scaling
matrices, as well as a specific shrinking criterion on the extrapolation parameters. Exten-
sive numerical experiments have shown that our algorithm performs well in comparison to
other similar competitors on some Total-Variation regularized least-squares problems aris-
ing in image deblurring, especially when it is equipped with scaling matrices inspired by the
Iterated Tikhonov method.

Future work may include the application of our algorithm to other imaging problems such
as computer tomography, its adaptation to more accurate boundary conditions for image
deblurring, and its extension to more general optimization problems. In particular, for ap-
plications not addressed in this work, the matrix-vector product with the proposed scaling
matrices might be computationally expensive. Therefore, we plan to investigate its approx-
imation in suitable subspaces from both a theoretical and practical standpoint. Moreover,
we will investigate the extension of our proposed algorithm to problems where constraints on
the primal variable are imposed, and the definition of novel nested primal–dual algorithms
where the backtracking procedure based on the Descent Lemma is replaced by a linesearch
along the descent direction.
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A Preconditioned version of

NPD for image deblurring

This final chapter of the thesis discusses a reinterpretation of the NPDIT method applied
to the image deblurring problem. Specifically, we will show that the variable metric matrix
Pn = A

T
A + ‹nId acts as a right preconditioner for the linear system of equations

Ax = b”
, (6.1)

where, as before, A œ Rs◊d represents the discretization of a space invariant convolution
operator, b”

œ Rs is the observed image corrupted by white Gaussian noise ÷
”
, and x œ Rd

denotes an unknown two–dimensional image with d pixels. Recall that we assume the vector
b” satisfies

b” = b + ÷
”
, Î÷

”
Î Æ ”,

where b represents the unobserved noise-free blurred image, and ” > 0 is an upper bound
on the noise level. To address the ill-posed nature of A and the presence of noise, we adopt
the same variational approach introduced in Section §5.4, which leads to solving

arg min
xœRd

1
2ÎAx ≠ b”

Î
2 + h(Wx), (6.2)

under the following assumptions:

(i) h : Rd
Õ

æ R is a proper, convex, lsc function;

(ii) W œ Rd
Õ◊d and there exists x0 such that Wx0 œ relint(dom(h));

(iii) Problem (6.2) has at least one solution.

Note that the data fidelity term f(x) = 1
2 ÎAx≠b”

Î
2 trivially satisfies Hypothesis 4.2.39 (i).

Given a matrix P that approximates A and is well-conditioned, left and right preconditioning
of the linear system (6.1) are defined as follows:

P
≠1

Au = P
≠1b”

, (left preconditioning),

AP
≠1

Pu = b”
, (right preconditioning).
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As mentioned earlier, we will reformulate the NPDIT method applied to problem (6.2)
as a right preconditioning strategy. Consequently, in this chapter, we focus on the left
preconditioning approach. This can be understood as replacing the gradient step in the
proximal evaluation with a higher-order method, where the descent direction ≠Òf(x) is
premultiplied by a suitable preconditioner P . The key di�erence compared to the NPDIT
method is that, in the left preconditioning approach, the matrix P only a�ects the data
fidelity term and not the proximity operator of the non-smooth term h ¶ W . By combining
this with extrapolation techniques and allowing for inexact proximal evaluations, we derive
the following iterative scheme

Y
]

[
ūn = un + “n(un ≠ un≠1),

un+1 ¥ prox
–nh¶W

!
ūn ≠ –nP

≠1
n

A
T (Aūn ≠ b”)

"
,

’n Ø 0, (6.3)

where Pn œ Rd◊d is the preconditioning matrix and “n Ø 0 is the extrapolation parame-
ter.

In the following, we will show that iterative schemes like (6.3) result in faster convergence
compared to standard variable metric approaches. Moreover, the numerical results pro-
vided in the final section demonstrate that the reconstruction quality is comparable to that
achieved by the NPDIT algorithm. Additionally, we emphasize that a su�ciently accu-
rate proximal evaluation is essential if the shifting parameter ‹n is small or if one aims to
eliminate the extrapolation step. With appropriate choices of the non-smooth term h ¶ W ,
the preconditioner Pn, and the extrapolation parameter “n, the scheme (6.3) aligns with
well-known algorithms such as ISTA, FISTA, and ITTA [56, 12, 84].

6.1 Preconditioned Nested Primal–Dual (PNPD)

This section will be devoted to deriving and analyzing our proposal and discussing possible
strategies for choosing a suitable preconditioner matrix P œ S+(Rd). As an initial step, in the
first part we prove that the variable metric approach can be indeed reformulated as a right
preconditioning strategy. Hence, in the remaining part we show that the left preconditioning
approach result in an iterative scheme faster than NPD requiring less computational e�ort
at each iteration than NPDIT. However, a possible drawback of our approach is that it
changes the norm of the data fidelity term computing a solution potentially di�erent from
the one of (6.2). This issue will be addressed in the final part of this section, where we
introduce non–stationarity in the preconditioner letting the sequence of preconditioners Pn

converge to the identity operator. This will allow us to compare our proposal with standard
approaches that use the ¸

2-norm in the data fidelity term.

Throughtout this chapter we will always refer to the variational model (6.2) since we will
focused only on the image deblurring problem.
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6.1.1 Variable metric approach as right preconditioning

Let R œ Rd◊d be invertible, applying the right preconditioning strategy to the original linear
system of equation (6.1), we obtain the equivalent formulation of the variational problem
(6.2), that is

x̂ = arg min
xœRd

1
2ÎAR

≠1
Rx ≠ b”

Î
2 + h(Wx). (6.4)

Setting Ã = AR
≠1, z = Rx, and W̃ = WR

≠1, the solution x̂ of (6.2) is given by

x̂ = R
≠1ẑ,

where
ẑ = arg min

zœRd

1
2ÎÃz ≠ b”

Î
2 + h(W̃z) = arg min

zœRd

f̃(z) + h(W̃z). (6.5)

The NPD method (4.43) applied to problem (6.5) results in
Y
]

[
z̄n = zn + “n(zn ≠ zn≠1),

zn+1 = prox
–nh¶W̃

(z̄n ≠ –nÒf̃(z̄n)),
(6.6)

where, for simplicity of notation, the “¥” symbol has been replaced with the “=” symbol
assuming that the proximity operator of the non-di�erentiable part can be computed exactly.
In the end, we will revert to the approximation notation considering the same approximation
scheme as the inexact variable case.

Let xn = R
≠1zn, clearly limn zn = ẑ implies limn xn = x̂. Therefore, we want to write the

scheme in equation (6.6) in terms of the sequence {xn}œN.

Lemma 6.1.1. Let h be a convex lower semicontinuous function. Let W œ Rd
Õ◊d, R œ Rd◊d

invertible, and W̃ = WR
≠1, then

prox
–h¶W̃

(z) = R proxR
T

R

–h¶W
(R≠1z).

Proof. We observe that, for a function g : Rd
æ R, it holds

ẑ œ arg min
z̃

g(R≠1z̃) … R
≠1

ẑ œ arg min
x̃

g(x̃) … ẑ œ R arg min
x̃

g(x̃),

Therefore, by fixing x = R
≠1z, we have

prox
–h¶W̃

(z) = arg min
z̃

h(WR
≠1z̃) + 1

2–
Îz ≠ z̃Î

2

= R arg min
x̃

h(W x̃) + 1
2–

ÎR(x ≠ x̃)Î2

= R proxR
T

R

–h¶W
(R≠1z).
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Recalling that f(x) = 1
2 ÎAx ≠ b”

Î
2 and f̃(x) = 1

2 ÎÃx ≠ b”
Î

2, it holds

Òf̃(Rx) = R
≠T

Òf(x). (6.7)

Therefore, using Lemma 6.1.1 and equation (6.7), from the second equation in (6.6), for
x̄ = R

≠1z̄ we have

xn+1 = R
≠1zn+1

= proxR
T

R

–nh¶W
(R≠1z̄n ≠ –nR

≠1
Òf̃(z̄n))

= proxR
T

R

–nh¶W
(x̄n ≠ –n(RT

R)≠1
Òf(x̄n)).

Finally, adding also the extrapolation step and replacing back the approximation symbol
in the second equation of (6.6), the NPD method applied to problem (6.4) is given by the
iterative scheme

Y
]

[
x̄n = xn + “n(xn ≠ xn≠1),

xn+1 ¥ proxR
T

R

–nh¶W
(x̄n ≠ –n(RT

R)≠1
Òf(x̄n)).

(6.8)

Note that, given a stationary preconditioner Pn = P œ DÎ , by choosing R = P
1
2 such that

R
T

R = P , then the iteration (6.8) is exactly the variable metric scheme (6.3).

6.1.2 Preconditioned Nested Primal-Dual (PNPD)

In the previous section we discussed how NPDIT applied to problem (6.2) can be interpreted
as a right preconditioning strategy. Hence, we can now analyze the left preconditioning
approach.

Given S œ S+(Rs), we consider the optimization problem

arg min
xœRd

fS(x) + h(Wx) = arg min
xœRd

1
2ÎAx ≠ b”

Î
2
S≠1 + h(Wx). (6.9)

In the data fidelity term
fS(x) = 1

2ÎS
≠ 1

2 (Au ≠ b”)Î2
,

the linear operator S
1
2 can be interpreted as a left preconditioner for the linear system (6.1).

If we further assume that there exists P œ S+(Rd) such that

P
≠1

A
T = A

T
S

≠1
, (6.10)

then it holds
ÒfS(x) = A

T
S

≠1(Ax ≠ b”) = P
≠1

Òf(x), (6.11)

where f(x) = 1
2 ÎAx ≠ b”

Î
2 as in equation (6.2).

Therefore, applying the inexact proximal gradient approach (4.43) to problem (6.9), under
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the assumption (6.10), we obtain a two-steps iterative scheme, named Preconditioned Nested
Primal-Dual (PNPD), defined as

Y
]

[
x̄n = xn + “n(xn ≠ xn≠1),

xn+1 ¥ prox
–nh¶W

(x̄n ≠ –nP
≠1

Òf(x̄n)).
(6.12)

The first di�erence between the PNPD method and NPDIT is that we use the standard
definition of the proximity operator for the non–di�erentiable part h ¶ W . As a result, the
scaling matrix P no longer a�ects the dual variable in the nested iteration nor the dual
step length —n, which now depends only on the norm of the operator W

T
W , as in NPD.

This implies that in PNPD the preconditioner acts only on the primal part, whereas in
NPDIT it also influences the dual part. Consequently, as the number of inner iterations
increases, the computational cost of PNPD becomes lower compared to that of NPDIT.
However, the main di�erence between the PNPD method and NPDIT lies in the fact that
they compute solutions to di�erent variational problems. Specifically, the PNPD strategy
solves problem (6.9), while the NPDIT method solves problem (6.2).

Algorithm 8 reports the pseudocode of the proposed PNPD method.

Algorithm 8: PNPD
Choose kmax œ N, x≠1 œ Rd, x0 = x≠1, ykmax

≠1 œ Rd
Õ , P œ S+(Rd), 0 < — <

1
ÎW Î2 ,

0 < – <
1

LS

.

For n = 0, 1, . . .

1. Choose “n Ø 0 and compute the extrapolated point

x̄n = xn + “n(xn ≠ xn≠1). (6.13)

2. Set y0
n

= ykmax
n≠1 .

3. Compute kmax primal-dual iterates:
For k = 0, 1, . . . , kmax ≠ 1

xk

n
= x̄n ≠ –nP

≠1
Òf(x̄n) ≠ –nW

T yk

n
(6.14)

yk+1
n

= prox
—–

≠1
n hú(yk

n
+ —–

≠1
n

Wxk

n
). (6.15)

4. Compute xkmax
n

= x̄n ≠ –nP
≠1

Òf(x̄n) ≠ –nW
T ykmax

n
.

5. Compute the next iterate as

x̃n = 1
kmax

kmaxÿ

k=1
xk

n
. (6.16)

Currently, the preconditioner P is fixed for each iteration n, but later, we will show how it
can be chosen non-stationary varying with n.

To conclude this first part regarding the PNPD method, we prove a convergence result
toward the solution of the initial problem (6.9) under suitable assumptions.

Theorem 6.1.2 (Convergence of PNPD). Let f(x) = 1
2 ÎAx ≠b”

Î
2. Suppose that h and W
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satisfy Assumption 4.2.39. Let {(xn, y0
n
)}nœN be the primal–dual sequence generated by the

PNPD method (Algorithm 8) with –n = – œ
!
0, ÎP

≠1
A

T
AÎ

≠1$
and —n = — œ (0, ÎWÎ

≠2)
for all n œ N. Suppose also that the inertial parameters {“n}nœN satisfy the condition (4.44)
and that S œ S+(Rs) and P œ S+(Rd) satisfy equation (6.10).

Then, the following statements hold:

(i) the sequence {(xn, y0
n
)}nœN is bounded;

(ii) the primal sequence {xn}nœN converges to a solution of the initial problem (6.9).

Proof. As anticipated, the NPD method applied to the problem (6.9) gives exactly the
iteration of PNPD. We only have to prove that ÒfS is LS-Lipschitz continuous with LS =
ÎP

≠1
A

T
AÎ. Thanks to equation (6.11), we have

ÎÒfS(x) ≠ ÒfS(z)Î = ÎP
≠1

Òf(x) ≠ P
≠1

Òf(z)Î Æ ÎP
≠1

A
T

AÎÎx ≠ zÎ.

The thesis follows applying Theorem 4.2.43 to problem (6.9).

6.1.3 A polynomial choice for P

A reasonable choice for the preconditioner P and the associated matrix S, that satisfies the
condition (6.10), is

P = A
T

A + ‹I, S = AA
T + ‹I, (6.17)

with ‹ > 0. This is inspired by the iterated Tikhonov method, which coincides with the
Levenberg–Marquardt method applied to linear problems [62]. More in general, we can show
that the identity in equation (6.10) is satisfied whenever P is in the set of some particular
polynomials of A

T
A and S is a corresponding polynomial of AA

T .

Defined the set of polynomials with non-negative coe�cients as

Q =
I

kÿ

i=0
cix

i
| ci Ø 0, c0 > 0, k œ N

J
, (6.18)

and the set of matrices

P =
)

P œ Rd◊d
| P = p(AT

A) · p œ Q
*

, (6.19)

if P œ P, then, by definition P = p(AT
A) for some p œ Q, and thus P œ S+(Rd) since

c0 > 0. We also observe that for each P = p(AT
A) œ P, we can define a corresponding

S = p(AA
T ) œ S+(Rs), which satisfies the equation (6.10). Then, the following results

hold.

Proposition 6.1.3. Let A œ Rs◊d, P = p(AT
A) œ P and S = p(AA

T ). Then it holds

P
≠1

A
T = A

T
S

≠1
. (6.20)
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Proof. Since P œ S+(Rd) and S œ S+(Rs), they are invertible. Moreover, it holds

A
T

S = A
T

p(AA
T ) =

kÿ

i=0
ciA

T (AA
T )i =

kÿ

i=0
ci(AT

A)i
A

T = p(AT
A)AT = PA

T
,

which is equivalent to (6.20).

Proposition 6.1.4. Let p(x) =
q

k

i=0 cix
i

œ Q, A œ Rs◊d, and P = p(AT
A) œ P. Then, it

holds
ÎP

≠1
A

T
AÎ Æ

!
c1 + c0ÎAÎ

≠2"≠1
. (6.21)

Proof. Using the singular value decomposition of A = U�V
T , we have A

T
A = V �T �V

T ,
and hence

P
≠1

A
T

A = p(AT
A)≠1

A
T

A = p(V �T �V
T )≠1

V �T �V
T = V DV

T
,

where D = p(�T �)≠1�T � œ Rd◊d is a diagonal matrix. Let r be the rank of A and
‡1 Ø ‡2 Ø · · · Ø ‡r > 0 its positive singular values, then the diagonal entries of D are

dj =

Y
]

[

‡
2
j

p(‡
2
j

) , j = 1, . . . , r,

0, j = r + 1, . . . , d.

(6.22)

Since ci Ø 0 for i = 0, . . . , k, we have

p(‡2
j
) Ø c1‡

2
j

+ c0. (6.23)

Dividing both sides of equation (6.23) by ‡
2
j
, we have

p(‡2
j
)

‡
2
j

Ø c1 + c0
‡

2
j

Ø c1 + c0
‡

2
1

= c1 + c0ÎAÎ
≠2

,

which is equivalent to
‡

2
j

p(‡2
j
) Æ

!
c1 + c0ÎAÎ

≠2"≠1
. (6.24)

The thesis follows by observing that

ÎP
≠1

A
T

AÎ = ÎDÎ = max
j=1,...,r

‡
2
j

p(‡2
j
) Æ

!
c1 + c0ÎAÎ

≠2"≠1
,

thanks to equation (6.24).

From Proposition 6.1.4 and Theorem 6.1.2 follows that, if P œ P, the convergence of PNPD
is guaranteed whenever we choose 0 < – <

!
c1 + c0ÎAÎ

≠2"
.
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6.1.4 PNPD as an inexact version of FISTA and ITTA

When the proximity operator prox
–kh¶W

in equation (6.12) is known in closed form, then
the PNPD method (6.12) can be rewritten replacing the “¥” with the “=” symbol. This is
the case explored in this subsection, where we consider

h(Wu) = ⁄ÎuÎ1. (6.25)

Recalling Example 4.2.31 described in Section §4.1, we have that

prox
–nh¶W

(x) = prox
–n⁄Î·Î1(x) = T (–n⁄, x), (6.26)

where we recall that T (–, x) is the soft-thresholding function defined component–wise as

(T (–, x))i = sign(xi) max{|xi| ≠ –, 0}.

Note that in the regularization term (6.25), usually x represents the wavelet coe�cients
of the image, and the matrix A in equation (6.2) is given by the product between the
convolution operator and the inverse wavelet transform.

Setting P = I, equation (6.12) becomes
Y
]

[
x̄n = xn + “n(xn ≠ xn≠1),

xn+1 = T (–n⁄, x̄n ≠ –nÒf(x̄n)),

that is the PNPD iterations coincide with the FISTA iterative scheme (4.33) applied to the
optimization problem

arg min
xœRd

f(x) + ⁄ÎxÎ1. (6.27)

Of course, removing the extrapolation step, i.e., by setting “n = 0, we fall back on the ISTA
algorithm [56].

Consider now the variational model (6.2) and fix P = A
T

A + ‹I, we obtain

P
≠1

Òf(x) = P
≠1

A
T (Ax ≠ b”) = A

T (AA
T + ‹I)≠1(Ax ≠ b”). (6.28)

Therefore, choosing –n = 1 and “n = 0 in (6.12), the exact version of PNPD without
extrapolation becomes

xn+1 = T
!
⁄, xn ≠ A

T (AA
T + ‹I)≠1(Axn ≠ b”)

"
,

which is the Iterated Tikhonov Thresholding Algorithm (ITTA) proposed in [84] for solving
the optimization problem

arg min
xœRd

1
2ÎAx ≠ b”

Î
2
(AAT +‹I)≠1 + ⁄ÎxÎ1 = arg min

xœRd

1
2ÎAx ≠ b”

Î
2
S≠1 + ⁄ÎxÎ1,
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with S = AA
T + ‹I. Note the similarity with our variational problem (6.9).

6.1.5 PNPD with a non-stationary preconditioner

The preconditioner P = A
T

A + ‹I used in [2, 84], requires the estimation of the parameter
‹ that a�ects the convergence speed and stability of the method. Therefore, as done for
non–stationary iterated Tikhonov, ‹ could be chosen as a non-stationary sequence as in
[2, 84, 39, 59]. In a more general framework, Pn could change at each iteration and the
PNPD method (6.12) becomes

Y
]

[
x̄n = xn + “n(xn ≠ xn≠1),

xn+1 ¥ prox
–nh¶W

(x̄n ≠ –nP
≠1
n

Òf(x̄n)).
(6.29)

In what follows, we propose a class of preconditioners Pn of the form

Pn = (1 ≠ ‹n)AT
A + ‹nI, (6.30)

with {‹n}nœN such that 0 < ‹n Æ 1 for all n œ N. We propose three possible choices for the
sequence {‹n}nœN that are

‹n = 0.85n

2 + ‹Œ with ‹Œ œ

3
0,

1
2

4
; (6.31)

‹n =
3

1 ≠
1

Ô
n + 1

4
(1 ≠ ‹0) + ‹0 with ‹0 œ (0, 1); (6.32)

‹n = min{c
n≠nbt , 1} with nbt œ N, c = ‹

≠ 1
nbt

0 , and ‹0 œ (0, 1). (6.33)

The decreasing sequence (6.31) is largely used in the literature [84, 39, 2] and is inspired
by the seminal paper on the convergence of the non-stationary iterated Tikhonov method
[77]. On the other hand, nondecreasing sequences, if properly chosen, can provide fast and
stable convergence as proved in [59]. This is the case of the sequence (6.32) proposed in [2]
for NPDIT. The sequence (6.33) is also an increasing sequence but with a di�erent growth
rate than the sequence (6.32). Indeed, the latter sequence starts from ‹0 and increases
exponentially until it reaches 1 for n Ø nbt.

Note that, for large enough n, ‹n chosen as in equation (6.31) approaches ‹Œ, while ‹n æ 1
when chosen according to (6.32) or (6.33). Therefore, the convergence of the non–stationary
PNPD iteration (6.29) may follow from Theorem 6.1.2 for the ‹n sequence in (6.31), and
from Theorem 4.2.43 for the ‹n sequences in (6.32) and (6.33). This should be carefully
proven in the general case, but it clearly holds if one assumes that the sequence ‹n reaches a
fixed value after a certain number of iterations. Indeed, for the sequence in (6.33), we have
Pn = I for all n Ø nbt, making the method equivalent to NPD for n Ø nbt.

When we choose a non-stationarity preconditioner Pn, each iteration of the non-stationary
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PNPD method (6.29) can be seen as a single step to solve the optimization problem

arg min
xœRd

1
2ÎAx ≠ b”

Î
2
S

≠1
n

+ ⁄ h(Wx). (6.34)

Since the data fidelity term is a function of S
≠1
n

while the regularization term does not
depend on n, there is an implicit dependence on n of the regularization parameter ⁄. This
can be noted, normalizing S

≠1
n

in (6.34), i.e., replacing it with S
≠1
n

ÎS
≠1
n Î . With this change, the

problem (6.34) becomes

arg min
xœRd

1
2ÎAx ≠ b”

Î
2

S
≠1
n

ÎS
≠1
n

Î

+ ⁄ h(Wx) = arg min
xœRd

1
2ÎAx ≠ b”

Î
2
S

≠1
n

+ ⁄n h(Wx),

with ⁄n = ⁄ÎS
≠1
n

Î. Again, for n large enough, the convergence of Sn follows the analysis
above for Pn, and in particular, Sn converges to the identity matrix for the ‹n sequences
(6.32) and (6.33).

6.2 Numerical experiments

This section presents numerical results for the PNPD method (Algorithm 8). Specifically,
we compare the results obtained with our proposed algorithm against those achieved with
NPD (Algorithm 6) and NPDIT (Algorithm 7).

All the algorithms are implemented in Python 3.12.3 with NumPy 1.26.4 and all the code
used to generate the plots in this section is available in a public Git repository1. The
experiments below were run on a PC with Kubuntu 24.04, equipped with a 4.75 GHz AMD
Ryzen 7 7735HS processor and 16 GB of RAM.

To assess the performance of the methods, we use the RRE and the SSIM, which is com-
puted using the skimage.metrics.structural similarity function from the scikit-image
library. In the following, besides analyzing these metrics as functions of the number of
iterations, we often present them based on the elapsed time. The time is measured using
the Python function time.perf counter. Initialization time is not included in the mea-
surements, as it is comparable across all considered algorithms and negligible relative to the
duration of a single NPD iteration.

Unless stated otherwise, we use the following parameter choices to ensure the convergence
of the methods:

• For NPD, PNPD, and NPDIT, we set –n = – = 1, and x0 = b”.

• For NPD and PNPD, we set —n = — = 0.99
8 .

• For NPDIT, we set —n = — = 0.99 ‹

8 .

When comparing the two preconditioning strategies, NPDIT and PNPD, we use a stationary
1https://github.com/Giuseppe499/PNPD
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version of the preconditioner, P = A
T

A+‹I, where ‹ > 0 will be specified for each example.
To provide a comprehensive analysis of the performance of our left preconditioning strategy,
we also consider the non-stationary preconditioner Pn = (1 ≠ ‹n)AT

A + ‹nI, where the
sequence {‹n}nœN is chosen as in equations (6.31)–(6.33).

6.2.1 Example 1

In this example, we considered a grayscale image of a cameraman with dimensions 256◊256.
The blurred image b was obtained using a Gaussian PSF with a ‡ = 2 pixels standard
deviation. To generate the final observed image b”, we added white Gaussian noise ÷

”

generated using the NumPy function numpy.random.normal and it is scaled such that ” =
Î÷

”
Î = 0.01ÎbÎ.

Figure 6.1 displays the ground truth image xgt, the PSF (shifted to the center and cropped
for better visualization), and the observed image b”. In Figure 6.2 we show the reconstruc-
tions obtained with NPD, NPDIT, and PNPD after 10 iterations.

(a) (b) (c)

Figure 6.1: Example 1: (a) Ground truth image of a cameraman. (b) PSF used to blur the ground
truth (center crop of size 20 ◊ 20). (c) Observed image b”.

The comparison between the three di�erent algorithms NPD, NPDIT, and PNPD is pre-
sented in Figure 6.3. The performances of each method were measured through the RRE
and SSIM functionals. Iteration-wise, we observe that PNPD and NPDIT exhibit similar
behaviors, both converging faster than NPD. This is due to the presence of the precondi-
tioner P , which e�ectively enhances the speed of convergence of the algorithms. In terms of
execution time, the PNPD strategy outperforms both the other methods. The gap between
our proposal and NPDIT is due to the fact that as kmax increases, the NPDIT algorithm
must compute more FFTs at each iteration. Indeed, the NPDIT method looks for approx-
imate evaluations of proxP

–h¶W
while PNPD approximates prox

–h¶W
in the same manner

as NPD. Therefore, NPDIT has to perform an extra multiplication by P
≠1 for each extra

nested iteration compared to PNPD. This behavior is underlined in Table 6.1, reporting the
average time spent for one step of PNPD and NPDIT for di�erent values of kmax. We can
see that �, which is the di�erence between the average time spent for the two methods,
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(a) NPD (b) NPDIT (c) PNPD

Figure 6.2: Example 1: Comparison of the reconstructions obtained with NPD, PNPD, and
NPDIT after 10 iterations. The preconditioner parameter is ‹ = 10≠1. The number of nested loop
iterations is kmax = 3. The regularization parameter is ⁄ = 2 · 10≠4 for NPD and NPDIT, while
⁄ = 2 · 10≠3 for PNPD.

increases as kmax increases and, more interestingly, the same happens for the ratio of the
execution time of one step of NPDIT and one of PNPD. The execution speed gap between
the two methods increases to the point in which one iteration of PNPD with kmax = 8 is
fast almost as NPDIT with kmax = 1.

kmax PNPD NPDIT � NPDIT/PNPD
1 0.0090 0.0109 0.0019 1.211
2 0.0096 0.0119 0.0022 1.275
4 0.0114 0.0153 0.0040 1.342
8 0.0149 0.0221 0.0072 1.483
16 0.0216 0.0350 0.0134 1.620
32 0.0374 0.0641 0.0267 1.714
64 0.0664 0.1207 0.0543 1.818

Table 6.1: Average time spent for one step of PNPD and NPDIT for di�erent values of kmax. The
di�erence between the execution time of the two methods is shown in the � column, while the last
column reports the ratio of the execution time of a step of NPDIT and one of PNPD.

Stability

While the previous analysis was dedicated to comparing PNPD with NPD, and NPDIT, we
are now considering the stability properties of our proposal. In Figure 6.4 we report the
RREs and SSIMs obtained for PNPD with di�erent values of the preconditioner parameter
‹ in equation (6.17). We can observe that as ‹ decreases the method becomes faster but also
unstable. This behavior is justified from a theoretical viewpoint. Indeed, as ‹ approaches
zero, the preconditioner P = A

T
A + ‹I tends to the positive semidefinite linear operator

A
T

A. Therefore, computing P
≠1 we are trying to invert an almost singular operator and

this introduces instability along the iterations. On the other hand, the preconditioner P is
converging to the true Hessian matrix of the di�erentiable term in the model problem (6.2),
resulting in faster convergence towards the minimum point. A trade-o� between these two
properties is clearly needed.
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Figure 6.3: Example 1: Comparison of the RREs and SSIMs between PNPD, NPD, and NPDIT.
The preconditioner parameter is ‹ = 10≠1. The number of nested loop iterations is kmax = 1 for
NPD and kmax = 3 for NPDIT and PNPD. The regularization parameter is ⁄ = 2 · 10≠4 for NPD
and NPDIT, while ⁄ = 2 · 10≠3 for PNPD.
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One possible strategy to overcome instability is to increase the number kmax of nested
iterations. In Figure 6.5 we show the results obtained with PNPD with di�erent values of ‹,
but in this case, for each di�erent choice, we increased kmax enough to prevent instability.
Even though a higher kmax reflects in a higher iteration execution time, a decrease in ‹ still
results in a faster convergence.

Figure 6.4: Example 1: Comparison of the SSIMs of PNPD with kmax = 1 for di�erent values of
‹ and ⁄.

Figure 6.5: Example 1: Comparison of the SSIMs of PNPD for di�erent values of ‹, ⁄, and kmax
set high enough to fix instability.

One other possible strategy to overcome instability along the iterations is to get rid of the
extrapolation step obtaining the PNPD NE method defined as

xn+1 ¥ prox
–nh¶W

(xn ≠ –nP
≠1

Òf(xn)). (6.35)

This method is less prone to instability than PNPD as depicted in Figure 6.6. Indeed,
di�erently from Figure 6.4, even though kmax = 1, PNPD NE does not show worrying
instability even for ‹ = 10≠2. However, this improvement in stability comes at the cost of
convergence speed.

Therefore, in the case in which PNPD shows instability for a certain value of ‹, we have
two di�erent choices. We can increase kmax (which also comes at the cost of CPU time)
or we can use PNPD NE instead of PNPD. As an example, analyzing the case in which

159



CHAPTER 6. A PRECONDITIONED VERSION OF NPD FOR IMAGE
DEBLURRING

‹ = 0.01, we can see from Figure 6.5 that PNPD with kmax = 10 reaches an SSIM of 0.853
after 0.079 seconds or 4 iterations, while PNPD NE (see Figure 6.6) after 0.093 seconds or
8 iterations.

Figure 6.6: Example 1: Comparison of the SSIMs of PNPD NE with kmax = 1 for di�erent values
of ‹ and ⁄.

Non–stationary Preconditioning

Lastly, we compare the results obtained for PNPD with the preconditioner sequences {Pn}

of the form in equation (6.30) with the di�erent sequences of {‹n}nœN discussed in Subsec-
tion 6.1.5. For the choice (6.31) we set ‹Œ = 10≠2, for (6.32) and (6.33) we set ‹0 = 10≠2,
and for (6.33) we set nbt = 20. The compared stationary PNPD, cf. (6.31)–(6.33), is
obtained with ‹n = ‹ = 10≠1.

In Figure 6.7, we observe that the decreasing sequence (6.31) is slower at the beginning
and then accelerates, overtaking its stationary version. On the other hand, the increasing
sequence (6.32), has a fast convergence in the first iterations, but it slows down, and it falls
behind the stationary PNPD. The bootstrap sequence (6.33) also exhibits an increasing
behavior, resulting in fast convergence in the initial steps where the preconditioner acceler-
ation is most noticeable. Furthermore, di�erently from (6.32), we can see that (6.33) can
outperform the stationary PNPD.

In Figure 6.8, we tested the behavior of the bootstrap sequence (6.33) when the parameters
‹0 and nbt are changed and are set unfavorably. We can see that by choosing ‹0 too small
(‹0 = 10≠3) the method becomes unstable in the first iterations, but, since it eventually
becomes equivalent to NPD after a finite number of iterations, the method still converges
to a solution of equation (6.2). If we instead choose a reasonable ‹0, changing nbt can a�ect
convergence speed but has a large margin of error. In particular, we tested nbt for the
values, 5, 20 and 50. We can see that the convergence speed increases as nbt increases. This
is particularly noticeable when switching from 5 to 20, but is less impactful when changing
from 20 to 50. Taking nbt too high results in the switch to NPD happening later and,
therefore, if ‹0 is chosen in a suboptimal way, the method could diverge at the beginning
and will start to converge only when approaching nbt.
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Figure 6.7: Example 1: Comparison of the RREs for the non-stationary version of PNPD and
di�erent sequences of ‹n. For this test, we set kmax = 3.

Figure 6.8: Example 1: Comparison of the RREs obtained with PNPD for the non-stationary
bootstrap sequence of ‹n in (6.33). For this test, we set ⁄n = 2 · 10≠4 · ÎS≠1

n Î and kmax = 3.
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6.2.2 Example 2

In this example, we consider the same framework as in the previous one but increasing the
noise level in the final observed image b” from 1% to 2%.

To further analyze the performance of these algorithms, Figure 6.9 presents a comparison
of the quality of the reconstructions at each step by computing the RRE and the SSIM. In
both scenarios, the PNPD method outperforms the other strategies in terms of both the
number of iterations required and CPU time.
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Figure 6.9: Example 2: Comparison of the RREs and SSIMs between PNPD, NPD, and NPDIT.
The preconditioner parameter is ‹ = 10≠1. The number of nested loop iterations is kmax = 2 for
NPD and kmax = 5 for NPDIT and PNPD. The regularization parameter is ⁄ = 7 · 10≠4 for NPD
and NPDIT, and is ⁄ = 6 · 10≠3 for PNPD.

A further improvement of PNPD can be obtained by employing the strategies discussed in
the previous Example 1, as shown in Figure 6.10. Here, in addition to the optimal stationary
case presented in Figure 6.9, we consider a smaller ‹, increasing kmax or using PNPD NE
which is described in (6.35). In the same figure, we also consider the non-stationary PNPD
with the bootstrap strategy, as defined in (6.33). As we already expected, the case without
extrapolation is the slowest in terms of iterations. However, when there is uncertainty about
the optimal parameters settings, the PNPD NE method appears to be a reasonable choice.
This is because the method remains stable without the need to increase the number of nested
iterations, and it allows for smaller values of ‹ in the preconditioner. Furthermore, in terms
of CPU time, all the proposed strategies shows similar performances.
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Figure 6.10: Example 2: Comparison of the RREs and SSIMs between the proposed variants of
PNPD. In particular, the results are obtained with PNPD, PNPD NE, and the bootstrap version
of PNPD (PNPD BT), which uses the non-stationary sequence ‹n in (6.33) and ⁄n = ⁄̂ · ÎS≠1

n Î.
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6.2.3 Example 3

As a final example, we consider a di�erent grayscale image of some peppers with dimensions
256◊256, a motion blur PSF, and white Gaussian noise with an intensity level of 0.5%.

Figure 6.11 displays the ground truth xgt, the PSF, and the blurred image b”. Figure 6.12
shows the reconstructions obtained with NPD, NPDIT, and PNPD after 5 iterations. We
can observe that, even though the noise level is lower than in previous examples, the PNPD
and NPDIT methods outperform the standard NPD strategy after just 5 iterations. This

(a) (b) (c)

Figure 6.11: Example 3: (a) Ground truth image of some peppers. (b) PSF used to blur the
ground truth (center crop of size 20 ◊ 20). (c) Observed image b”.

(a) NPD (b) NPDIT (c) PNPD

Figure 6.12: Example 3: Comparison of the reconstructions obtained with NPD, PNPD, and
NPDIT after 5 iterations. The preconditioner parameter is ‹ = 10≠2. The number of nested loop
iterations is kmax = 2. The regularization parameter is ⁄ = 10≠4 for NPD and NPDIT, and is
⁄ = 6 · 10≠3 for PNPD.

is particularly noticeable in Figure 6.13, where we compared the RREs and SSIMs obtained
with PNPD, NPD, and NPDIT. Iteration-wise, PNPD and NPDIT exhibit similar behaviors,
both converging faster than NPD. However, in terms of CPU time, PNPD shows a slight
improvement over NPDIT. Similarly to Figure 6.10 in Example 2, Figure 6.14 compares dif-
ferent parameter settings for the PNPD method. Again, we observe that, when the optimal
parameter choice is known, the stationary case remains the best among all possibilities. In
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Figure 6.13: Example 3: Comparison of the RREs and SSIMs between PNPD, NPD, and NPDIT.
The preconditioner parameter is ‹ = 10≠2. The number of nested loop iterations is kmax = 1 for
NPD and kmax = 2 for NPDIT and PNPD. The regularization parameter is ⁄ = 10≠4 for NPD and
NPDIT, and is ⁄ = 6 · 10≠3 for PNPD.
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the stationary case, when choosing ‹ too small, PNPD becomes unable to achieve the same
performance metrics as the optimal case. For example, PNPD with ‹ = 10≠2 achieves an
SSIM of 0.935 after 50 iterations, while PNPD and PNPD NE with ‹ = 10≠3 both achieve a
lower SSIM of 0.92. Instead, the non-stationary PNPD with the bootstrap sequence (6.33)
(PNPD BT), achieves the same SSIM as the optimal stationary case. PNPD BT, although
slightly slower in the initial iterations compared to other considered cases, performs nearly
as well as the optimal stationary case.

Figure 6.14: Example 3: Comparison of the RREs and SSIMs between the proposed variants of
PNPD. In particular, we show results obtained with PNPD, PNPD NE, and the bootstrap version
of PNPD (PNPD BT) which uses the non-stationary sequence ‹n in (6.33) and ⁄n = ⁄̂ · ÎS≠1

n Î.

6.3 Conclusions

Inspired by the NPDIT method recently proposed in [2], we investigated preconditioning
strategies for proximal gradient methods applied to image deblurring problems. We proved
that, for this particular application, the NPDIT method can be interpreted as the right
preconditioning. Therefore, we proposed a left preconditioning method to reduce the number
of evaluations of the preconditioner, and thus the CPU time, at each iteration. Moreover, we
explored some strategies to improve the stability of the proposed PNPD method preserving
the fast convergence in the first iterations. Numerical results on image deblurring problems
with white Gaussian noise confirm the advantages of PNPD over NPDIT.

Interesting future investigations concern other choices of the preconditioning matrix, par-
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ticularly when our proposal might be computationally expensive to invert, like in computed
tomography applications. Moreover, the role of preconditioning combined with other ex-
trapolation strategies, see [28], deserves further investigation.
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Conclusions and Future Work

In this concluding chapter, we provide a brief overview of the main results presented in this
thesis and o�er some insights into potential future directions we would like to pursue.

In the first part of this thesis, specifically in Chapters 2 and 3, we analyze in detail the be-
havior of the graph Laplacian operator and its fractional power. In particular, in Chapter 2,
we examine the dependence of the graph Laplacian on an initial reconstruction computed
using a reconstruction map �. We demonstrate that, under very weak hypotheses on �,
the graphLa+� method exhibits both convergence and stability properties. In Chapter 3,
we consider the fractional power of the graph Laplacian operator within an ¸

2
≠ ¸

q varia-
tional framework with q Æ 1. We apply it to both image deblurring and CT reconstruction
problems showing that the fractional exponent can significantly improve the quality of the
restored images.

Looking ahead, we would like to extend all the theoretical results proven in Chapter 2,
which considered the simpler case with q = 1, to the more general case in Chapter 3 where
q Æ 1. This extension would introduce additional complexity to the theoretical analysis.
Firstly, since we maintain the dependence on the general reconstruction map �. Secondly,
since we can not fully describe the action of the fractional graph Laplacian, as our under-
standing of the behavior of the fractional exponent is limited to a relatively small Krylov
subspace.

Another direction we would like to explore is the application of a bilevel optimization strat-
egy to estimate the hyperparameters that define the graph Laplacian or, even better, its
fractional counterpart. In Chapter 1, we showed that the edge–weight function used to de-
fine the graph Laplacian operator depends on two hyperparameters: the sparsity coe�cient
R and the ‡ coe�cient. While we provided reasonable estimates that work well in practice,
alternative choices could yield even better results.

Finally, with regard to the standard graph Laplacian, we aim to investigate the multifea-
ture graph Laplacian, where the edge-weight function depends not only on the intensity
of individual pixels but also on additional image features. For example, a straightforward
extension could involve comparing the average neighborhood distribution of pixel intensity
values rather than focusing solely on di�erences between individual pixels. Some work in
this direction has already been considered in [40] for the image segmentation problem.
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The second part of this thesis focused on optimization strategies for regularized convex prob-
lems. In Chapter 5, we described a variable metric approach combined with extrapolation
that uses a fixed number of nested iterations to compute an approximation of the proxi-
mal gradient point. We demonstrated that, when applied to the image deblurring problem,
an iterated Tikhonov–based approach significantly enhances the convergence speed of the
method, outperforming classical approaches. In Chapter 6, we showed that, in the image
deblurring framework, the variable metric strategy can be reformulated as a right precondi-
tioning approach. Consequently we analyzed the left preconditioning strategy, showing that
further improvements can be achieved by reducing computational costs while maintaining
reconstruction quality. On the other hand, the main drawback of the left preconditioning
approach is the modification of the data fidelity norm, which is replaced by the norm induced
by the chosen preconditioner. However, in the final part of the chapter, we demonstrated
that a non–stationary preconditioning can mitigate this issue by allowing the sequence of
preconditioners to converge to the identity operator.

The first thing we would like to pursue, which we were unfortunately unable to include in
this thesis due to time constraints, is to establish a connection between the two parts of
this thesis. Specifically, we would like to replace the MM–GKS strategy used in Chapters 2
and 3 to solve the ¸

2
≠ ¸

q variational model with either the NPDIT method from Chapter 5
or the PNPD algorithm from Chapter 6. This can be achieved in two main steps: the first
step involves applying the NPDIT and PNPD methods to the CT reconstruction problem.
The second step involves replacing the TV regularization with the graph Laplacian or its
fractional power.

While the second step is relatively straightforward to implement, as we already have the
necessary estimates for the graph Laplacian norm, the first step requires considerably more
e�ort. CT problems have to be analyzed di�erently than image deblurring problems. Firstly,
the preconditioner P needs to be approximated in some way. This is an issue that would
also arise in image deblurring problems when considering boundary conditions other than
the periodic ones. However, in [57], a strategy was proposed to compute the PSF associated
with P for di�erent BCs. Unfortunately, such an approach cannot be directly applied to CT
problems. Moreover, the step length depends on the spectral norm of the discretized Radon
transform operator, which must be approximated by some strategy.

Another direction we would like to explore is the application of an unrolling neural network
to the RGB case in image deblurring problems. This neural network would automatically
estimate all the relevant parameters of the PNPD method.

Finally, in [97], a multilevel approach applied to the FISTA method was recently proposed.
The idea of combining proximal-gradient methods with multigrid approaches led to excellent
reconstructions, supported by strong theoretical analysis. We would like to extend this to
the more general case of variable metric approaches, where inexactness in the computation
of the proximal gradient step is allowed.
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