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ARTICLE INFO ABSTRACT

Keywords: The potential performance of porous membranes in separating hydrogen isotopologues has been explored
Hydrogen molecule employing model systems and quanto-mechanical calculations including both zero-point energy and a nu-
Isotopologues merically exact description of tunneling effects along the reaction coordinate. Membranes have been modeled
Separation

as cylindrically pierced impenetrable wall, whereas diatomic molecules are described as dumbells composed
of hard-sphere atoms. With the relative energetics of diatomics confined into cylindrical pores suggesting that
differences in the adiabatic energy profiles between isotopologues for pore radii lower than 2.1 A should favor
transport of heavier species, we investigated the selectivity for the latter process when membranes are 2.0 A
thick. Chosen a pore radius, the results suggest that non-interacting pores represent the best compromise
between selectivity and permeance, the addition of attraction between the membrane walls and molecular
projectiles improving permeance while markedly depressing selectivity. A repulsive interaction with the pore
inner surface, instead, reduced both properties. Finally, sieving molecules through a double membrane layer
was found to marginally impact on the separation properties, which could be improved, at best, by 25% with
a careful selection of the inter-membrane distance. Our results appear useful for the process of designing more

Kinetic quantum sieving
Porous membranes

effective sieving systems to separate di-deuterium molecules from its lighter counterparts.

1. Introduction

As nuclear, and occasionally chemical, properties may differ sub-
stantially between isotopes, their efficient separation or enrichment
have represented an important endeavour in many field of science and
technology. For the sake of exemplification, we mention the fissile
properties of 233U, 23Pu, and 23?Th, the need for both *H and *H due
to the hydrogen fusion reaction, the request for *He to be employed in
neutron sensors, as well as the f+—emitting properties '3F. As for chem-
istry, 2H and *H (i.e. D and T) stable or long-lived nature foster their
use in the study of reaction mechanisms [1], as tracers to investigate
the metabolite production and distribution of various substances in the
environment and living bodies (vide [2,3] and references therein), or to
help unravelling molecular structure via spectroscopic experiments [4].

Rivalling with the plethora of applications of pure isotopes, there is
unfortunately the elevated cost of their purification, which is very often
due to very similar physical or chemical properties. This fact forces one
to use either extreme conditions (i.e. very low temperatures, as during
cryogenic distillation of light elements [5]) or repeated application of
the same process (as in the Girdler sulfide process [6]). It comes thus as
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no surprise the fact that alternatives to the currently available processes
have been sought over the last few decades.

Due to our specific interest in the separation of hydrogen isotopo-
logues, it is worth mentioning two important classes of approaches,
namely chemical affinity quantum sieving (CAQS) and kinetic quan-
tum sieving (KQS). While the former exploits differences in the in-
teraction modalities (i.e. adsorption loci or groups) or in the rela-
tive energetics (e.g. adsorption energy) between molecules containing
different isotopes, the latter make use of the differences in relative
kinetics (i.e. diffusion or pore penetration) in order to set up processes
(e.g. chromatography) capable of separating (e.g.) D, from H,.

Notoriously, the two classes have specific advantages and disadvan-
tages; for instance, strongly selective chemisorbing sites inside zeolites
quickly saturate upon increasing gas pressure when attempting to
exploit CAQS, while reaching the maximum KQS selectivity due to a
preferential gate passage into a porous solid is de facto hampered by
the accumulation and simultaneous desorption of both species [7-12].

In this work, we shall focus on studying specific characteristics of
KQS mediated by the passage through monoatomic-thick porous mem-
branes, graphdiyne [13-16] being one among the fews which have
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already been explored [17-21]. In the specific, we aim to investigate
how the size and length of a pore pierced into a wall, the interaction
modality of the latter and of the pore with the molecules (X,, with
X=H and D), and multi-membrane structures impact on the membrane
separation capabilities. We do so by theoretical means, exploiting
diffusion Monte Carlo (DMC) to build mono-dimensional anharmonic
energy profiles, and numerical integration to compute transmission
probabilities as a function of the kinetic energy.

Starting from an ideal system with only hard wall/hard sphere in-
teractions, we build progressively more detailed models in the attempt
of semi-quantitatively gauging the effects of the additional features
on permeance and selectivity. The main aim of this work is thus
to highlight general trends rather than gauging the performances of
specific materials as previously done [13-15,17-23]. Compared to
conceptually similar experimental analysis (vide, for instance, Refs. [12]
and [24]), our approach better dissects contributions, as all details of
our interaction models are under our precise control.

To summarize our results, we mention that hard-sphere/hard-wall
type interaction-based systems seem to provide a very good balance
between the two key properties, i.e. selectivity and permeance, these
two quantities being, respectively, correlated and anti-correlated with
pore size. Noteworthy, permeance may be increased compared to the
latter cases by adding an attractive interaction between the molecular
projectiles and the external membrane walls; this change, however,
substantially lowers selectivity. Moreover, adding a repulsive potential
inside the pore depresses, instead, both properties. Finally, layering in a
parallel fashion two membranes with pore axes in coincidence slightly
reduces permeances compared to single membrane cases; however, it
bestows a distance-dependent oscillating behavior on it, with a wave-
length that depends on the molecular mass. Consequently, the relative
selectivity, which is defined as permeances ratio, oscillates between
75% and 126% of the one afforded by single membrane systems.

2. Models and methods

As indicated in the Introduction, we focus only on the most general
features that both a porous membrane and diatomic molecules passing
through pores in the latter may have, rather than attempting the
description of a specific system. We do so to investigate what aspects
ought to be considered important when it comes to separate hydrogen
isotopologues. In doing this, we deviate from previous studies inasmuch
as:

1. we included the description of the orientational degrees of free-
dom of the diatomic molecules (X,), as considered important
in the definition of the system energetics and dynamics when
restraints can be placed by the system geometrical characteris-
tics (compare, for instance, results obtained with a dumbbell-like
and single atom representations of H, in Ref. [7]).

. the transmission probability is obtained integrating the
Schrodinger’s Equation along the mono-dimensional transport
coordinate energy profile, which is obtained by exactly com-
puting (i.e. without invoking the harmonic approximation, e.g.
see Refs. [19,20]) the ground state energy for the remaining
four molecular degrees of freedom via a stochastic method (vide
infra for more details) rather than by using basis set/grid based
approaches (e.g. see Ref. [25-28]).

Specific details on the model systems and methodologies are further
described in the following.

2.1. Model systems

The diatomic molecules H, and D, (in general, X,) are bestowed
with the characteristics:

1. of being dumbbell-like, with a fixed X-X distance equal to R, =
0.767 A (close to the vibrational averaged distance [29]);

522

International Journal of Hydrogen Energy 81 (2024) 521-534

. of being composed by atoms with either an atomic mass of
1836.2 or 3669.6 in units of electron mass (m,) for, respectively,
H or D;

. that each atom behaves as an impenetrable hard sphere of radius
oys = 1.11 A (i.e. close to the tabulated van der Waals’ radius of
the hydrogen atom [30]).

With a similar spirit, an impenetrable wall with surfaces parallel
to the XY plane of a set of orthogonal Cartesian axes was chosen
as the simplest possible model representing a porous membrane, the
surface being placed at Z = —-W,, or W, (> 0). Noteworthy, it is the
fact that choosing a value for W, would implicitly define the type of
material considered; in this work, we would consider only atomic-thick
membranes (i.e. W, ~ 1 10\, vide infra for more details).

For the calculations required to obtain transmission probabilities,
the wall is considered to be pierced by a cylindrical pore of radius R
with its axis parallel to the Z one, and with its inner surface also being
considered impenetrable as the membrane walls. Notice that this choice
does not impact on the definition of the energy profile for a molecule
passing through the pore itself, as each molecule must commit to a
single pore once the distance between the center of mass (CoM) and
the wall surface on the incoming side becomes lower than a threshold
value that depends on the bond length and atom size (vide infra).

Fig. 1 provides a visual representation of the single pore, includ-
ing explicit indications of possible positions and orientations for X,
molecules. Apart from the excluded volume effects mentioned above,
additional features that may be present in more realistic and specific
cases are: (i) an additional repulsive interaction between the cylindrical
(internal) pore surface and the hard sphere atoms when their CoM is
inside the pore (akin to an electrostatic interaction between partial
charges of the same sign); (ii) an attractive interaction between the
external membrane surface and each of the atoms if their distance is
below a threshold value, A,,. The latter characteristics can be easily
added to the basic implementation of our chosen model in order to
explore their impact on permeance and selectivity.

The complete modeling of the transport properties of a membrane
necessitates also the calculation of permeance, the absolute value of the
latter requiring the specification of the pores surface density. In this
work, the cylindrical holes of radius R are positioned accordingly to a
triangular lattice so that they are in tangential contact (i.e. the lattice
translational vector is equal to 2R). With this choice, the pores are more
densely packed compared to realistic cases such as graphdiyne [15],
whose pore centers are more than 5 A apart and characterized by a
radius of roughly 0.4 A. We would thus expect that our model suggested
a higher permeance than any of materials so far investigated by theory.

A few qualitative considerations on the models’ energetics can be
easily made basing on the geometrical description of the systems pro-
vided above, assuming, for the time being, that only hard sphere/hard
wall-like (i.e. excluded volume) interactions are present. Thus, making
explicit reference to the positions and orientations of X, species in the
left panel of Fig. 1, we notice that:

Case a. if the diatom center of mass is positioned so that |Zgg | >
W, +R,/2+0ys, X, is free to move along a plane parallel to XY
and to assume uniformly distributed orientations of its bond
axis. In this situation, there is no contribution to the system
total energy from any of the four degrees of freedom (DoFs)
not directly implicated in the molecular transport (i.e. X, Y,
and the two spherical angles defining the molecular orientation
with respect to the pore axis) as no constraints are imposed.

When W, + oyg < | Zcoml < Wy, + R, /2 + oyg, the orientation
with the bond axis parallel to the Z axis becomes forbidden
unless an atom enters, at least partially, the pore. This con-
straint allows more or less wider “swings” of the second atom
depending on how far inside the entrance the former is located,
and it induces a non-zero contribution from the rotational
kinetic energy. In this situation, mass-related quantum effects

Case b.
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Fig. 1. Top: single pore portion of our model system, with the indication of its relevant geometrical characteristics and a few archetypical molecular configurations and orientations
(vide main text for a discussion). Bottom: ground state quantum energy for hard sphere-like X, models inside an infinite pore as a function of pore radius R and assuming orientations
parallel (||) and perpendicular (1) to the pore axis. Results are obtained using Eq. (3) [31]. The inset shows the difference in energy between the two orientations. Despite being
primarily interested in the separation between H, and D,, we have also included results for T, for a general comparison on the mass effects.

should already become apparent, as the energy levels of the
restrained angular motion depend on the molecule inertia mo-
ment. Notice, however, that molecular orientations parallel to
the membrane surface remain possible, so that the transversal
motion of the molecular CoM remains still non-quantized.
Case c. When W), < |Z¢om| < W), + oy, the amplitude of the orienta-
tional motion is progressively reduced upon decreasing | Zcoml,
and the rotational kinetic energy component of the total energy
is thus increased. Moreover, limitations are also placed on the
motion parallel to the XY plane of the atom whose center is
already inside the pore entrance, so that a contribution due
to the restrained radial motion of the latter should also come
into play. The latter would reach its maximum value once the
atom center reaches the Z coordinate of the membrane surface
(+W,,, if the molecule enters from the right hand side).
Once |Zcoml < W, (i.e. the molecule CoM enters the cylin-
drical pore), both its transversal motion and the molecule
orientation experience their tightest restraints, and the kinetic
energy assumes the maximum possible value. In the adiabatic
approximation (vide infra) we wish to exploit, the latter would
represent the effective barrier that the molecule has to over-
come to reach the other side of the membrane, a barrier that is
expected to be lower the heavier is the hydrogen isotopologue
involved.

Case d.

2.2. Methods

In this work, we aim to investigate the role played by several aspects
of the interaction between diatomic species (H, and D,) and the sieving
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membrane in order to better understand if and how it may be possible
to improve the selectivity of the latter toward heavier isotopologues.
Notice, however, that this task is far from trivial due to the number
of DoFs of the system. In fact, even assuming that atoms composing
the membrane are held rigid, and that the molecular vibration would
remain in its ground state due to the limited amount of translational
energy present, studying the quantum motion of X, system would
require describing, at least, five DoFs. This is particularly true if one
wished (as we do) to investigate also the impact of rotational motion
and interaction anisotropy [7-10,32].

Albeit it is in principle possible, both time-dependent and time-
independent approaches conserving all DoFs would be computationally
very expensive [17,33]; this is especially true when attractive contri-
butions to the overall interaction forces are included [15], as these
impose long propagation times to simulate molecular escape from the
attractive well. In principle, simplifications reducing the number of
DoFs which need to be described are possible on the basis of an
adiabatic separation between DoFs. However, properly choosing which
DoFs require an explicit dynamical treatment is key in defining the
quality of the approximated description one would eventually obtain.

As for the latter task, one may find guidance from recent works
discussing the transport of H, molecules inside a carbon nanotube
(CNT) [25] or through a porous membrane [15]. In the former,
a comparison between a numerically exact diabatic treatment with
its adiabatic counterpart, which explicitly describes only the motion
along the axial transport coordinate over energy curves defined by the
eigenvalues of the remaining DoFs, highlighted that the two approaches
provide very similar results for the rate of transport at temperature be-
low 120 K. This was also true for the flux-position correlation function
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along the same coordinate despite the presence of energetic barriers
of height roughly equal to 210 cm™!. In addition, results in Ref. [15]
indicated that permeances computed by using wave packets impinging
perpendicularly on graphdiyne membrane closely follow the exact ones
computed averaging over all possible incoming orientations, and they
are also well reproduced by a description considering only the motion
along the transport coordinate over a vibrationally averaged potential
curve.

In view of the mentioned findings, we opted to follow an approach
that exploits what just discussed and deals explicitly only with the
rectilinear axial coordinate of the membrane cylindrical pores. The re-
maining four DoFs (i.e. the polar coordinates of the molecular center of
mass inside the pore and the spherical angles indicating the molecular
orientation with respect to the axis of the latter) were instead described
as adiabatically separated and always remaining in their ground state.
The latter choice may be easily justified basing on simple energetic
considerations involving the gaps between ground and excited states
for the four decoupled DoFs and the amount of translational kinetic
energy along the transport coordinates allowed by thermal excitations,
the latter being substantially lower than the state gaps for the species
under investigation if T < 100 K.

Despite the adiabatic approximation invoked, the presence of attrac-
tive interactions between the membrane walls or pores may still require
long integration times to converge the results if a time-dependent
approach is used to estimate the kinetic constant of passing through
a membrane pore. Thus, we opted for exploiting a time-independent
approach previously introduced to deal with the deep tunneling regime
and extreme resonating conditions [17,33]. This methods has, so far,
being shown to provide accurate results with limited computational
costs provided a one-dimensional (1D) energy curve is available to
describe the reactive scattering process. If so, the integration of the
time-independent Schrédinger Equation with the appropriate scattering
initial conditions may be easily carried out by rewriting it as a system
of coupled first order differential equations in both the real and imag-
inary parts of the wave function, the numerical solution of the latter
having being obtained employing a standard fourth order Runge-Kutta
approach [34].

Instead of using numerical or analytical basis functions to compute
the adiabatic energy curve [25-28], we employed a variant of the
diffusion Monte Carlo (DMC) method [35] explicitly tailored to deal
with the holonomic constraints imposed to the internal coordinate of
simple molecules [36-41]. In the latter approach, we fixed the diatomic
CoM position along the pore axis and allowed DMC to sample the
exact ground state wave function (y,) for the remaining four DoFs.
In short, we project out the contributions due to the system’s excited
states from any initial distributions of replicas (i.e. a set of 5D vectors
(XcoM> YcoMs zéoM; 0, ¢), with zéoM being the constrained position of the
diatomic center of mass) simulating the evolution in imaginary time
(i.e. 7 = it) imposed by the Wick-rotated Schrodinger Equation:

A2
210y,

dyy
+ vcxt(rXZ’ ‘QXZ) Yo = _a_‘[

2
_ vCoM

+
ZmX2

Hyy = (@)
via a sequence of alternated diffusion and branching step carried out
as previously described in detail [36]. Here, A? is the total angular
momentum operator, I = ux, rg is the momentum of inertia (sz being
the reduced mass, and r, the bond equilibrium distance), rx, and Qx,
being the position and orientation of the dimer, while V_, is the exter-
nal potential representing the interaction with the membrane models.
Albeit we shall discuss primarily separation between homo-dimers, the
approach can easily be employed to investigate also hetero-dimers such
as HD (vide infra) for specific results.

Importantly, we notice that the boundary conditions of the
Schrodinger Equation describing the constrained diatomic motion in-
side the pore do not fulfill the analytical requirements (i.e. derivatives
that vanish at the integration boundaries) for the average potential
to be a correct estimator for the ground state energy, E,. Thus, we

524

International Journal of Hydrogen Energy 81 (2024) 521-534

employed the grow energy estimator, which is based on the change
of the average weight of the configurations sampling v, by computing:

Eg = Egro = Eret — 677 In [N(z + 67)/N(z)] (2

where N(z) is the sum of the statistical weight of the replicas, and
E..¢ is the reference energy chosen to avoid population “explosion” or
collapse. The E, values obtained as a function of the position along the
pore are subsequently used to generate a linear piece-wise representa-
tion for the ground state adiabatic energy curve to be employed in the
calculation of transmission probabilities as a function of the projectile
kinetic energy.

In the latter, we discretized the transport coordinate using a grid
composed of 1000 points to cover an interval of 10 A, at most; our
preliminary tests indicated that our choice produced converged results,
the computational effort requiring less than 30 s to obtain wave func-
tions for 4000 kinetic energy values. Permeance values were obtained
as clearly discussed for the graphdyine membrane [15] computing the
thermal average of the transmission probabilities. Selectivities (S) were
also estimated computing the ratio between the permeance of two
isotopologues.

Finally, we mention that we also made use of classical Transi-
tion State Theory (c-TST) as a tool to rationalize results or to semi-
quantitative predict general trends. In this work, our approach is based
on the monomolecular c-TST analysis in Ref. [42], which can be
recasted in the form kqgp(T) %ﬁ—";‘r’[) Jr dX8(Zggpy)e” Vex®/ kD by
recognizing that the integral at the denominator over the CoM con-
figuration space and molecular orientation is simply Vg, (g, is the
rotational partition function and x is a point in reactant space). In our
adiabatic model limited to the ground state of the transversal degrees
of freedom, the remaining integral is simply exp[—E,/(kgT)] if one
neglects the impact of thermal excitations; here, E, is the anharmonic
ground state energy of a molecule enclosed into a pore.

3. Results and discussion
3.1. Geometry based considerations on the energetics of the model systems

To gauge the extent of the quantum effects in our model, we begin
recalling that a point particle of mass equal to the H, molecule (i.e. m =
2% 1836.2m,) and moving inside a circle of radius R (in ;\) would have
a ground state energy equal to

48.5
Ey~ F
in ecm~! [31]. If, instead, the molecules is bestowed with a size of its
own (e.g. it behaves as a hard sphere of radius oyg < R) the quantity
R should reflect the radial amplitude of motion (i.e. R — oyg), so that
E, would be higher than for the point-particle. In the case of a diatom,
the situation is made slightly more complicated by the fact that the
amplitude depends on the orientation, so that it is either R — oy, if it
is parallel to the pore axis, or R — (R, /2 + oyg), if it is perpendicular to
it.

3)

As a direct consequence of these observations, it becomes immedi-
ately apparent that being absorbed into a cylindrical pore should bias
the molecular orientation favoring those parallel to the pore axis, at
least when R is sufficiently small so that the energy difference between
the two orientations becomes comparable with the gap between the
ground and the first available excited state. As far as H, is concerned,
such gap is around 356.7 cm~!; it becomes 178.5 and 119.2 cm~! for,
respectively, D, and T,. To understand when the latter effect ought to
play a role, the bottom panel of Fig. 1 shows the difference in energy
between parallel and perpendicular molecular orientations as function
of R for the three isotopologues as computed via Eq. (3).

From Fig. 1, it is evident that:
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Fig. 2. Ground state energy (E;) for the H,, D,, and T, model systems inside pores of radius R and with W, = co. Statistical errors for E, are smaller than the symbols. The inset
shows how the difference in E, between D,, or T,, and H, depends on R, the light blue shading indicating the values for which a selectivity lower than roughly 6 is obtained
when the temperature is 20 K. This value is estimated by means of Transition State Theory without tunneling corrections, as indicated in the main text. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

1. Ground state energies increase upon increasing the confinement
(i.e. decreasing R), E, for the perpendicular orientation growing
more rapidly than E, for the parallel disposition. This indicates
that lower transport rates ought to be expected upon decreasing
the pore width.

2. The difference in E, between different isotopologues increases
upon decreasing R for both orientations, so that the effective
energy barriers due to the lateral confinement should favor more
the passage of the heavier isotopologues the narrower the pore
is.

3. For a chosen R value, the largest difference between the barrier
heights for different isotopologues is found for the perpendicular
orientations.

3.2. Diatomic molecules composed of hard-sphere atoms inside infinite
hard-walled pores

To understand the general energetic behavior for the isotopologues
inside a rigid pore, we employed DMC to compute the ground state
energy (E,) of the hard sphere dumbbell-like X, species inside infinitely
long pores (i.e. W, = o) of various radiuses R, the results being
shown in Fig. 2 . As expected, E, decreases upon increasing the isotope
mass for any chosen pore radius, while it monotonically increases upon
decreasing R. Comparing with results in the bottom panel of Fig. 1, we
also notice that E, results consistently sit between the energy curves
for the two alternative orientations of each isotopologue with respect
to the pore axis; a similar quantitative relationship is also clearly
present between the rates at which E, increases, a finding suggesting,
in turn, that molecules may assume a non-homogeneous distribution of
orientations when in their ground state inside the rigid pore.

As for the absolute values of E, we notice that the effective barrier
represented by the E, values at R = 2.6 A may already be too small to
induce an effective separation between isotopes unless the temperature
of the gas mixture is very low. In fact, discounting the effect due to
different masses on the average molecular speed and g, of H, and D,
for the time being, the c~TST approach discussed earlier predicts, in
fact, a selectivity of roughly 2.9 at 20 K when R = 2.6 A. In other words,
our DMC E,, values are already indicating that quite narrow pores may
be needed to induce a substantial difference in the quantum energy
of the transversal DoFs despite the negative impact that such choice
may have on the overall flux though the membrane. To demonstrate
that this may be the case, the inset in Fig. 2 shows the difference
in E; between the two heavier isotopologues and H,, the top of the

light blue shading indicating the value for which the selectivity at
20 K (approximated as S =~ exp{—[E(X,) —Ey(H,)1/(kgT)}), reaches the
minimum industrially acceptable standard of 6 [43]. The intersections
with the energy difference curves clearly indicate that one must have
R~ 2.1 or 2.3 A for, respectively, D, or T, to have a sufficiently higher
preferential membrane permeation by the heavier species.

To further analyze the energetic aspects of absorbing a hard sphere-
like X, species into a rigid pore, the total, translational, and rotational
kinetic energy of the molecules has also been computed employing
the finite field approach [44] that has previously been found useful
to characterize adsorbed molecules [7-10,32]. The top panel of Fig. 3
presents the results obtained for the three species as a function of
the pore radius. As expected, the total kinetic energy grows rapidly
upon decreasing the pore radius. However, the only contribution to
the total kinetic energy comes from the kinetic energy associated to the
transversal motion of the molecule CoM when the pore is wide. Instead,
the rotational component increases steeply only upon reducing the pore
size below R = 1.9 A, becoming roughly one third of the total kinetic
energy when R ~ 1.6 A. It is thus clear that describing X, molecules
as spherical objects may be rather inaccurate when the pore radius
becomes comparable with half of the molecular bond length plus the
van der Waals’ radius of the atoms; the latter approximation is, in fact,
likely to overestimate E,. In turn, both permeance and selectivity would
be underestimate due to, respectively, much higher barriers and smaller
differences in kinetic energy for different isotopologues.

Albeit the increase in rotational kinetic energy shown in Fig. 3 upon
decreasing the pore size is clearly due to the restraints imposed to the
quantum rotational motion, it could also be interpreted in terms of
free-rotor states as due to a forceful mixing between the J = 0 state
with higher energy rotational states. The latter process is made possible
by the symmetry breaking imposed by the pore walls, which couple
together the CoM motion in the plane perpendicular to the pore axis
with, particularly, the rotational states that orient the X, molecule axis
parallel to the pore. In any case, a signature ought to be apparent in
appropriate distributions sampled from y. Indeed, the distribution of
the cosine for the relative orientation shown in the bottom panel of
Fig. 3 evidences that the molecular axis is progressively oriented par-
allel to the pore one upon decreasing the pore size. We also notice that
D, molecules should be more frequently oriented parallel to the pore
than the lighter H,, most likely due to the lower energy gap between
rotational states. Indeed, the more marked ability of orienting parallel
to the pore axis displayed by the heavier isotopologue represents a
fundamental aspect impacting on the transmission probability though
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Fig. 3. (Top) Kinetic energy and its components for H, and D, model systems inside pores of radius R and with W, = co. Standard errors for the energy components are ~ 5Scm™".
(Bottom) Probability distribution for the projection of the molecular axis orientation along the Z axis as obtained sampling the ground state wave function, y,, for H, and D,.

For the sake of representation, we display only the positive values for the cosine.

the pore itself. In fact, the more a X, molecule is able to lie its axis
parallel to the pore, the lower the effective size with respect to its
motion along the XY plane would be. As a consequence, the range
of radial motion that X, may afford would increase, while the kinetic
energy associated with the latter should decrease. Thus, the energy
barrier that is needed to be surmounted as a result of the restrained
motion would be lower, making more likely for thermalized molecules
to translocate from one side of the porous membrane to the other one.

3.3. X, molecules transport through short pores (ie. W, = 1.06 A):
hard-sphere atoms and hard-walled pores and membranes

As a reference systems against which gauging the impact of various
aspects related to the interaction between X, molecules and the porous
membrane devices, we have investigated the transport for the same
system described in Section 3.2 (see Fig. 1) selecting W, = 1.06 A
(i.e. 2 bohr), which is representative of the thickness usually found
in carbon-based membranes such as pierced graphene [45-47] or
graphdiyne [14,15,48,49]. The DMC results for the isotopologue ener-
gies as a function of the Z coordinate of the CoM along the pore axis,
whose origin is placed midway through the pore itself, are shown in
Fig. 4. For a comparison, we have also obtained the energy profile for
HD in the narrowest pore (see Figure 1 in the Supporting Information),
which sits between the ones for the two homo-dimers.

As expected the maximum energy value is located at Z = 0, and it
agrees extremely well with the data shown in Fig. 2 for the ground
state energy of the molecules inside an infinite pore. The profiles
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remain substantially flat until Z ~ 0.8 A, a position after which they
smoothly decrease (without intersecting) to the energy of molecules
with unrestrained rotational and transversal DoFs. Complete freedom
of motion is achieved when the CoM reaches Z ~ 2.5 /0\, the distance
from the pore midpoint at which it is no longer possible for the rotating
molecule to be in contact with the membrane surface or the pore
edges. In other words, the energy of a molecule begins to be perturbed
at a distance from the membrane surface comparable to the average
molecular diameter.

As for the separation process itself, the straightforward application
of c-TST concepts to the results shown in Fig. 4 would allow one to
conclude that:

1. Assuming a limited importance of quantum tunneling in defining
transport rates, heavier isotopologues ought to permeate more
easily a membrane with sufficiently narrow pores (R < 1.9 A)
and, hence, to be transported more rapidly from one side to
the other when the temperature is below 100 K as the energy
barrier to be surmounted decreases with the isotope mass. This
conclusion is easily reached considering that the difference in
barrier height when R = 1.9 A is roughly 57 cm™! (i.e. 90 K),
so that the exponential part of the c¢-TST rate formula ought
to substantially define the overall value of the transport rate
ratio in favor of the heavier species despite the presence of the
inverse dependence on the square root of the mass ratio due to
the average velocity along Zcou-

. Still within the assumption of a limited impact due to quantum
tunneling effects, the rate of transport of X, species through
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Fig. 4. Ground state energy profile of H, and D, molecules inside a membrane pore as a function of the CoM position along the pore axis for various R. The vertical green line
represents the position of the pore rim. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

membrane pores should decrease very rapidly upon decreasing
the pore radius due to the increase in barrier heights. Obviously,
this impacts on the overall process rate, so that a compromise
must be found between selectivity and overall process efficiency.

To bring quantitative support to the conclusions indicate above, we
have computed the transmission probability as a function of the trans-
lational kinetic energy (TRX 2 (Exin)) for the various molecules and pore
sizes accordingly to the approach discussed in the Methods section. This
is the needed quantity to estimate gas permeance and, hence, selectivity
as a function of the pore parameters.

The top panel of Fig. 5 presents TRX2 (Eyip) results over a range of
energy sufficiently ample to allow the Boltzmann’s averaging and the
calculation of permeance; Tl}‘IgD(Ekm) is also provided in Figure 1 of the
Supporting Information. As it can be easily gauged, the transmission
probability shows a rapid increase at energy values that markedly
increase upon reducing the pore size (at fixed mass) or molecular mass
(at fixed R), and also that it begins at lower energy than the associated
barrier height (see Fig. 4 for a comparison). Both these trends are a
clear indication that quantum tunneling effects should be expected to
play a role in defining the low energy behavior. In other words, tun-
neling corrections ought to be included in the application of TST if one
wished to accurately predict transfer rates at low temperatures [16,50].
The impact of quantum effects is also highlighted by:

1. an increase in TRX 2 (Eyip) that starts substantially earlier than the
classical barrier height the lighter the molecule is, and that is
less rapid for H, than Dy;

. the dumped oscillatory behavior of TRX ?(Eyp) that, after reaching
nearly unit value, decreases to a local minimum roughly 5-12%
lower, the height of the minima decreasing upon reducing the
pore radius and molecular mass.

The latter finding is clearly a symptom of an “over the barrier
reflection” phenomenon, which has already been theoretically well
characterized in simpler model systems [31]. Worth a notice, this effect
is far more apparent in the results of Fig. 5 than in the ones involving
graphdiyne, a finding for which, at the present, we do not have a
rationale.

Despite the evident contribution due to tunneling effects, transmis-
sion probabilities for D, remain larger than for H, at all energies apart
in the 0-20 cm™! range (i.e. 0-32 K), thus suggesting that D, perme-
ance should be higher than H, one over a large temperature interval
(roughly above 30 K); in turn, the selectivity toward Dy (S(D,/H,,T))
should also be above unit. Indeed, the bottom panel of Fig. 5, which
shows the selectivity and permeance for H, and D, as a function of the
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gas temperature, proves that this is the case. Similar comments could
be made also for the separation between HD and H, basing on Figure
1 in the Supporting Information.

Discussing permeance first, we notice that it strongly depends on
the temperature, increasing by orders of magnitude upon increasing
the latter, an effect that is more evident the narrower the pore is. De
facto, the Arrhenius-like plot of the permeance versus the temperature
(i.e. the logarithm of permeance versus 1/T) clearly shows that a linear-
like behavior expected for activated processes is present in all cases
apart for the passage of H, through the narrowest pore at temperatures
below 17 K. The lack of temperature dependence present in that case
can be easily interpreted as the indication that quantum effects have be-
gun to play a key role in defining the molecular transport. Overall, the
quantum results are in good agreements with what previously indicated
basing on much simpler ¢-TST arguments, which could also predict
that the permeance of the two isotopologues should converges toward
a common limiting value upon increasing the temperature. Finally, we
notice that the permeance reaches the industrially acceptable value of
20 GPU [43] at very low temperature in the vast majority of cases; for
instance, a temperature of 50 K would be sufficient when D, is involved
even for our narrowest pore.

Selectivities estimated by computing isotopic permeance ratios
(Fig. 5) follow the trends expected on the basis of the permeance
dependence on temperature and pore size. In fact, the selectivity
increases upon decreasing the pore radius, while it decreases when
the temperature is raised, exception made for S, ; 3(D,/H,,T) below
12 K where the importance of the quantum tunneling in defining
7% . (Eyjp) clearly emerges. As for S versus R behavior, we notice
that only the narrowest pore appears able to induce a selectivity for
the deuterium dimer above 6 (also an industrial standard) over a
large portion of temperature interval explored, whereas temperatures
below 74 K appears to be required already when R = 1.7 A. Wider
pores requires even lower system temperatures to ensure appropriate
separation between the two isotopologues, so that it appears that some
form of compromise should be reached between the rate of production
of heavy isotopes, which increases upon increasing the pore width, and
the total process costs. The latter are expected to raise upon lowering
the temperature to enhance selectivity.

To deepen our understanding of the sieving process, we have also
investigated the relative impact of molecular orientation on permeance
and selectivity by freezing the relative orientation of the molecular
axis either parallel or perpendicular to the pore axis; this is de facto
equivalent to introducing in the channel two spherical objects with
equal mass but different HS radius, the latter being, specifically, equal
to 1.11 and 1.49 A (see Section 2.1 for a more complete discussion).
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Fig. 5. (Top) Transmission probability through a rigid pore as a function of X, kinetic energy for various pore sizes. The inset shows the same data in a semi-logarithmic plot to
highlight the low-energy tunneling behavior in the different cases. Vertical dotted lines indicate the maximum of the energy profile in Fig. 4 (i.e. the barrier) for the various cases.
The orange curve shows the Boltzmann’s exponential factor used to weight transmission probabilities during the calculation of transmission rates (§ = 1/(kgT) with T = 20 K).
(Bottom) Selectivity and permeance (inset) for H, and D, transport through a membrane pore as a function the gas temperature T, or its inverse 1/T, for various pore radiuses
R. The horizontal dashed line indicate the minimum industrially viable selectivity. The light blue shading in the inset indicates the interval of temperature inside which the D,
permeance though the narrowest pore exceeds 20 GPU; the same interval is also indicated in the main panel by the orange shading. (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

S1.9 a(T) results obtained for the two orientations are thus presented
in the bottom panel of Fig. 5. Importantly, we have chosen the pore
with R = 1.9 A as the barrier encountered by H, during its passage
is already quite substantial compared to the thermal energy (roughly
125 em™1, see Fig. 4); yet, the chosen pore does not strongly bias the
orientation of X, due to the mechanical constraints imposed (see the
bottom panel of Fig. 3). From the results shown, it becomes apparent
that S obtained with the DMC profiles is bracketed by the two extreme
cases (as it should); it is however closer to the data obtained using the
parallel orientation.

Even though it is not straightforward to decompose the DMC-based
results in term of relative contributions for the two orientations, it
nevertheless seems that the parallel one play the most important role
in defining S. In turn, this suggests that there ought be a strong
coupling between the radial position of the center of mass and the
molecular orientation, so that the molecule tends to be parallel to the
pore axis when its radial vibrational motion takes it close to the pore
internal surface. The fact that the distribution of the azimuthal angle
with respect to the pore axis does not display marked distortion is
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easily rationalized recalling that the radial distribution function must
rapidly decrease toward zero upon increasing the distance from the
axis itself, so that it should have a limited impact on the reorientation
probability.

Finally, we have explored how permeance and selectivity depend
on the membrane thickness by reducing W, by 25% (i.e. using W, =
0.79 A). For the sake of space, we present the results for R = 1.9 and
2.1 A in Figure 2 of the Supporting Information. In short, permeance
increases minimally (25% is the maximum change predicted for the
narrowest of the two pores) upon reducing the membrane thickness, the
impact being weaker when R = 2.1 A and the isotopologue heavier. As a
consequence of the latter results, selectivity is reduced by roughly 25%
when W, =0.79 A and R = 1.9 A compared to the thicker membranes
case; the decrease is slightly less for the wider pore. The close similarity
of transmission probabilities versus kinetic energy (vide bottom panel
of Figure 2 of the Supporting Information) fully rationalize the limited
changes in selectivity and permeance upon reducing the membrane
thickness, especially if one notices that a earlier onset of transport
through the pore is apparent for the thinner device.
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Fig. 6. (Top) Selectivity and permeance (inset) for H, and D, transport through a membrane pore as a function the gas temperature T, or its inverse 1/T, for various pore radiuses
R. The wall external surface interacts attractively with X, via a square well potential of depth —120.7 cm™ per atom. The light blue shading in the inset indicates the interval
of temperature inside which the D, permeance though the narrowest pore exceeds 20 GPU; the same interval is also indicated in the main panel by the orange shading, with
the upper limit being in coincidence with S(T) = 6, the industrially viable minimum selectivity. (Bottom) Transmission probability through the same pore system as a function of
X, kinetic energy. The bottom right inset shows the same data in a semi-logarithmic plot to highlight the low-energy tunneling behavior in the different cases. Vertical dotted

lines indicate the maximum of the energy profile in Fig. 4 (i.e. the barrier) for the various cases.

The orange curve shows the Boltzmann’s exponential factor used to weight

transmission probabilities during the calculation of transmission rates (f = 1/(kgT) with T = 20 K) The top right inset shows the argument in the integral used to compute X,
permeance when R =2.1 A for various temperatures. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

3.4. X, molecules transport through short pores: hard-sphere atoms and
hard-walled membranes with attractive external interactions

In previous published contribution involving the theoretical study
of porous materials for the separation of X, isotopologues, it was
suggested that attractive interactions between the molecules and the
wall or the pore rim may be beneficial for the overall separation
process [19], as it may lead to a preferential accumulation of molecules
close to the pore entrance. To shed some light on the possible impact
of having the molecules being attracted by the membrane external
wall and pore rims, we have thus added an attractive square well-
like potential of width oy + 0.8 A, as measured from the membrane
wall, and depth equal to —120.7 cm~! per atom. The parameter values
were selected in order to mimic the attractive potential present in the
graphdiyne-X, case [15]. Fig. 6 shows the permeance and S results for
pore radiuses spanning the range 1.6-2.1 A.

We begin noticing that the presence of the attractive external well
has a few major effects. First, permeances for both isotopologues are
higher compared to the hard walled cases; the increase, however,
depends on the operational temperature and molecular mass. In fact,
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we notice a limited increase at high temperatures, whereas a more
marked one is seen when T is low. In the latter case, the increment is
fivefold when D, impinges on the largest pore, while becomes 107 when
H, is transferred through the narrowest pore. As a consequence, the
range of temperatures inside which permeances are above the industrial
requirement tends, thus, to increase somewhat, particularly for the two
widest pores. Second, permeances appear to reach a limiting value
(specific for each pore size) upon lowering the temperature instead than
progressively decreasing, as previously evidenced. In fact, they remain
orders of magnitude above the results described in the previous section.
Third, and perhaps more importantly for our general goal, we notice a
crossover at around 64 K between the permeances for H, and D, that
was not present in Fig. 5 when R = 2.1 A.

Seeking for possible causes of the quantitative changes induced
by the external interaction, we notice that low-energy transmission
probabilities are, indeed, higher when an attractive well is present
outside the pore (vide bottom panel of Fig. 6 and top panel of Fig. 5).
This may be due to the fact that:

1. X, projectiles impinge on the pore entrance with a kinetic energy
that is much higher than the nominal value away from the wall,
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as the attractive wall accelerates them. In turn, a higher energy
means a less rapid decay of the wave function in the classically
forbidden region and, thus, a higher overlap with the exit region
on the other side of the wall (vide Figure 3 in the Supporting
Information).

. the width of the barrier is effectively reduced compared to the
reference case due to the fact that when an atom is already
penetrating the pore, the second may still be experiencing a
stabilizing interaction with the wall (compare Fig. 4 with Figure
4 in the Supporting Information).

We also notice that there is a clear enhancement of the “over the
barrier” reflection when an external attractive well is present, an this
is demonstrated by the fact that the transmission probability does not
reach unity as suddenly as it does in the hard-walled case once there
is, nominally, a sufficient amount of kinetic energy to surmount it, and
by the deeper local minima. However, the thermal average tends to
decrease the impact of the latter effect, as indicated by the overall
higher permeances.

The impact that an attractive well has on the molecular flow
presents clear counterparts in how S changes in this circumstance,
namely the fact that it decreases substantially compared to the cases
discussed in Section 3.3. A marked non-monotonic behavior is also
induced in the wider pores, due to an increase in relative importance
of the tunneling in defining the selectivity upon decreasing the tem-
perature. Finally, it is also evident that the widest pore may become
selective toward the lightest isotopologue, the selectivity toward H,
growing to roughly 1.5 upon increasing the temperature. With respect
to the mentioned observations, a few factors that might play a role are:

1. a reduction of the effective barrier height experienced by the
lightest isotopologue thanks to a higher zero point energy along
the transversal modes;

. a much higher tunneling probability for H,, probably due to an
effectively shorter pore (or effectively thinner barrier, as also
suggested to justify the increased permeances);

. a behavior that is becoming progressively more classical-like due
to the higher velocities associated to the translational motion of
the molecules, which are much more energetic.

Indeed, it is the latter effect that plays the key role, as clearly shown
by the results for the transmission probability (Fig. 6) and the behavior
of the integrand (see Equation 15 in Ref. [15], and the top right
inset in the bottom panel of Fig. 6) that defines the permeances, the
latter growing in height and raising its high energy tail due to the
higher values of H, translational velocity. Besides, comparing the H,
profile with D, one (see Figure 4 in the Supporting Information), it
emerges that the barrier is higher for the former by more than 30 cm™!
(independently whether it is measured from the asymptote or from the
profile minimum), and it is also wider by roughly 0.32 A (as measured
at the classical Ey;, = 0 turning points).

3.5. X, molecules transport through short pores: hard-sphere atoms and
hard-walled membranes with internal pore surface repulsion

In general, molecules inside short pores may experience energy
barriers due to a repulsive interactions with the pore internal surface.
This is mostly due to electrostatic and overlap/exchange interactions
with the atoms or groups lining such regions. While one ought to
expect an overall reduction in X, permeance compared to the simpler
hard wall case, the effect on selectivity appears less straightforward
to quantitatively gauge. In fact, the impact of tunneling, which should
enhance H, permeance with respect to D, one especially at low energy,
may be markedly reduced by the thermal averaging (see the discussion
in Section 3.4).

The top panel of Fig. 7 presents the results for the hard-walled case
plus inner pore repulsion. The latter has been introduced as a step-like
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potential of height 120 cm™! acting on each atom when —W,, < Z,om <
W),,. A direct comparison with Fig. 5 indicates that the permeance for
both isotopologues is reduced by the repulsive barrier, as expected. For
instance, the new permeance value when R = 1.6 A is 0.13 GPU for H,
at 100 K, whereas it was 5.69 GPU in the original case. Similarly, the
temperature at which D, permeance reaches the industrially acceptable
value of 20 GPU becomes 72 K, while it was 47 K, originally. De facto,
permeances for the pore with inner barrier are decreased by nearly
three orders of magnitude at low temperature.

As for the effect on the selectivity, we notice that S(T) is vastly
decreased (by more than two orders of magnitude) in the low temper-
ature regime by the presence of the potential barrier, while it quickly
converges to quite similar values as the ones in Fig. 5 for temperatures
above 40 K. Besides, there is a substantial difference in the trend of
S(T) for the wider pores, which evidently manifests a very fast decrease
in selectivity lowering T below 20 K; in fact, the pores become selective
toward the light isotopologue when the temperature is sufficiently low.
The origin of this effect can be tracked comparing the transmission
probability in the bottom panel of Fig. 7 with the ones in Fig. 5 (vide
particularly the inset showing a semi-log plot). The former presents
a much wider range of kinetic energy in which the H, permeance is
higher than for D, the gap between the two quantities increasing upon
decreasing the energy itself. It is also evident that, above 20 K (vide the
plot of the Boltzmann’s factor used for the thermal average at 20 K in
the inset), the transmission probability for D, is already dominating the
averages due to its much higher values for any pore width, so that all
pores ought to return to be D,—selective from that temperature onward.

As a last attempt to improve our understanding for simple “pore—
in-wall” systems, we have also combined an external attractive well
of identical size and depth as the one discussed in Section 3.4 to the
repulsive pore case just presented. For the sake of easiness of reading,
we report the results for R = 1.6 and 2.1 A in Figure 5 of the Supporting
Information; both permeance and selectivity behave as aspected basing
on previously discussed results. In short, we notice that:

1. low temperature permeances are increased with respect to the
repulsive pore case, as expected basing on Section 3.4, while
they remain substantially lower than for the simpler hard-walled
pores in Section 3.3;

. selectivities are further decreased by the attractive well com-
pared to the hard-walled and repulsive pore cases (vide Sections
Section 3.3 and 3.4, respectively), especially at very low temper-
atures. De facto, the R = 2.1 A pore with both attractive external
wall and internally repulsive pores becomes progressively more
selective toward H, below T = 24 K, a range of temperatures
that seems, however, too low to be industrially exploited in a
cost-effective manner.

3.6. X, molecules transport through short pores: molecules composed of
hard-sphere atoms passing two parallel hard-walled porous membranes

As recent literature [17] suggested that placing two porous mem-
branes in spatial series could improve selectivity, perhaps even without
impacting too heavily on permeance, we have investigated such possi-
bility for the same models employed in Section 3.3. The latter has, so
far, provided the best overall performances in selectivity. Compared
to the investigation exploring *He/*He separation [17] , a situation in
which both higher speeds and transmission probabilities for *He should
facilitate its passage compared to “He if one excludes the contribution
of transversal modes to the TS barrier [18,19], the same two effects
are contrasted, in our case, by the adiabatic corrections included via
the DMC simulations; this clearly favors the heavier D, [50].

As resonance states may appear impacting tunneling probabilities,
we have explored the effect of varying the distance between walls, D,
within the reasonable constraints imposed by the intercalation methods
potentially employed to build such devices [51-56] . As for the specific
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Fig. 7. (Top) Selectivity and permeance (inset) for H, and D, transport through a membrane pore as a function the gas temperature T, or its inverse 1/T, for various pore radiuses

R. The pore inner surface interacts repulsively with X, via a square well potential of height 120 cm

-1 per atom. The light blue shading in the inset indicates the interval of

temperature inside which the D, permeance though the narrowest pore exceeds 20 GPU; the same interval is also indicated in the main panel by the orange shading. (Bottom)
Transmission probability through the same pore system as a function of X, kinetic energy for various pore sizes. The bottom inset shows the same data in a semi-logarithmic
plot to highlight the low-energy tunneling behavior in the different cases. Vertical dotted lines indicate the maximum of the energy profile in Fig. 4 (i.e. the barrier) for the
various cases, which represents the effective barrier height also in this case (see top inset for the energy profiles in the R =2.1 A case). The orange curve shows the Boltzmann’s
exponential factor used to weight transmission probabilities during the calculation of transmission rates (f = 1/(kgT) with T' =20 K). (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

details of the investigated pores, we have restricted ourselves to study
the cases R = 1.6 and 1.9 A, the rationale for this choice being the hope
for a substantial improvement in the less selective case (R = 1.9 A), and
the necessity of gauging how much permeance may be reduced in the
most selective (but least efficiently producing) case (R = 1.6 A).
Relative selectivity and permeance results versus D are reported in
Fig. 8 with respect to the single membrane sieving system; a subset of
results regarding transmission probabilities are also presented in Figure
6 of the Supporting Information. We begin the discussion noticing that
double membrane systems present relative permeances that present an
oscillatory behavior as a function of D, and that are always lower than
the single-membrane counterparts, with values increasing with both
the projectile temperature and pore width. However, the reduction in
permeance is never more than 25% of the single-membrane case, even
in the worst possible case, i.e. H, sieved through pores 1.6 A wide.
The oscillatory trend may be easily understood in term of the
wave length associated to each projectile passing through the first
pore, which, if naturally commensurate with the wall distance, may
generate a constructive interference with the wave reflected by the
second membrane. This would increase both the overlap and the energy
similarity with the quasi-standing states of the projectiles contained
between the membrane walls, so that the transmission probability may
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reach local maximum values [33,57,58]. The presence of the latter is,
apparently, conserved by the thermal average. It is also interesting to
notice that the relative position of maxima and minima for the two
isotopomers is progressively modified by increasing D. This effect is
easily understood if one notices that the relative value of the wave
lengths for a specific value of the projectiles kinetic energy is given by

% = \/my,/mp, = \/5, so that the alternation of maxima and minima
in H, permeance requires a smaller wall displacements than for D,.
Turning to selectivity, our results show that it can be both above
or below the single membrane devices depending on D, the oscillation
amplitude of the relative selectivity decreasing upon increasing the
distance between the membranes or the pore width. It also decreases
upon increasing the temperature, as it may have been expected as a
consequence of the reduction in selectivity for the pores. The deviation
of the selectivity with respect to the single membrane cases, however,
never exceeds 26%, so that the advantage of making the sieving system
more complicate appears limited, at best. This is, of course, valid for
the specific geometry of our systems; it may, however, not be so if an
offset is imposed to the axes of the pores on the two membranes. In this
case, a partial randomization of the molecular motion might take place,
as the ballistic motion of X, molecules would force them to bounce
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Fig. 8. (Top) Selectivity ratio for double- and single-membrane systems for hard sphere-like H,, D, models for the transport through a membrane pore as a function of the membrane
distance for three gas temperatures (20, 50, and 100 K) and two pore radiuses (R = 1.6 and, in the inset, 1.9 10\). (Bottom) Ratio between the double- and single-membrane systems
permeance for the same cases shown in the upper panel. D, results are indicated by filled symbols.

backward. Of course, our 1D approach is not likely to correctly describe
this process.

Comparing with the behavior of permeance versus D, it becomes
also apparent that the higher selectivity shown by double-membrane
devices compare to single-membrane ones is due, substantially, to the
fact that minima in H, permeances are offset with respect to the same
characteristics for D,. This notwithstanding, one also notices that for
distances in the range 53 < D < 7.2 A there is close matching
between minima in H, permeances with maxima in D, ones, so that the
relative selectivity is magnified, while they are progressively distanced
upon increasing D. This latter aspect fully rationalize the decreasing
amplitude in the oscillation of the relative selectivity (top panel of
Fig. 8), as well as the progressive increase in the relative position
between subsequent minima or maxima when D > 7.2 A.

4. Conclusions

By choosing various potential energy models for the interaction
between hydrogen isotopologues and membrane pores, we have studied
how isotopic selectivity and global transport across the membrane is
influenced by several characteristics such as pore size, interaction with
the external membrane walls and the inner pore surface, or the double
layering of membranes as a function of the system temperature. A
summary of the discussed results is also provided in Figure 7 of the
Supporting Information file, where we gathered together all data for a
specific pore radius R. We have also minimally explored the process
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when HD is involved instead of D,, as it seemed to conform to all
the expectations one might form basing simply on its relative mass
compared to Hy and Ds.

Despite the fact that our energy models are simplified compared to
what could be expected in more realistic systems (for instance, no vi-
brational motion is included in either the diatoms or the pore surface),
they still contains many ingredients that are commonly present; as such,
they can provide useful guidelines for the engineering of more effective
and efficient devices to separate hydrogen isotopologues via KQS. In
brief, it seems that the best, overall, performances in both selectivity
and rate of production (permeances) are provided by the very ideal
system we built as reference and to gain a few insights on the impact
of geometrical features. In this, pores and membranes are described as
hard-walled, while molecules are composed of hard-sphere atoms. In
fact, adding attractive forces between external membrane walls and
molecules increases permeance; it, however, negatively impacts on
selectivity. We consider the latter to be a useful observation, which
suggests to reduce the well depth as much as possible. Assuming that
London’s forces are the most intense at long distance, the goal could
be reached reducing the polarizability of the atoms decorating the
surfaces.

As for the inner pore surface, a repulsive interaction between the
latter and molecular projectiles, instead, substantially depresses both
permeance and selectivity, the decrease of S being primarily due to a
more important role played by the light species tunneling.
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Finally, layering in a parallel fashion two membranes only slightly
impacts on permeances, depressing them by 25% at most, while an ap-
propriate selection of the membrane distance appears to increase selec-
tivity by 26%. In the end, it seems that the more “interactively neutral”
the pore and the membrane are, the better are the performances in
separating hydrogen isotopes.

Albeit our simplified models, and the connected results, have been
specifically built to study transmission through membrane systems,
nothing limits a semi-quantitative comparison with experimental re-
sults involving porous materials, provided the appropriate caveats are
kept in mind. For instance, one may find useful the following consid-
erations:

1. Hirscher et al. [12] have explored possible correlations between
pore sizes and selectivity in quantum sieving. As such, they evi-
denced a maximum molar ratio of D,/H, of roughly 7 at 19.5 K
for COF-1, which affords a pore diameter of roughly 9 A. The se-
lectivity was, de facto, imputed to quantum confinement effects.
If one compares results in Fig. 2, which suggest a difference in
energy of 0.16 kJ/mol between D, and H, adsorbed into a pore
2.6 A wide, with the isosteric heat of adsorption in COF-1 for the
same molecules, one notices, instead, that a much higher energy
difference (roughly 0.5 kJ/mol) is experimentally measured for a
much wider pore. In our view, this difference suggests that what
has been measured is not only connected to the translational
confinement of the two molecules, but probably also to a much
stronger interaction of D, with the inner surface of the material
pores, most likely the oxygen atoms of the B;O5; moieties. This
effect has already been evidenced [7-10] and it is related to
both the higher total mass of D,, and the larger inertia moment,
bot responsible for lowering zero point energy and foster a more
marked orientation ability. Albeit smaller than what predicted
using the data in Fig. 2, the isosteric heat of adsorption into ZIF-
8 appears, instead, as a legitimate quantum confinement effects,
the difference with our model results being most likely due to
the attractive interactions inside the porous material. This are
expected to somewhat localize X, closer to the pore surfaces,
possibly above the negatively charged imidazole rings with the
diatoms pointing directly to their = system. Finally, the finding
that ZIF-7 does not allow either of the isotopologues to enter is
in agreement with the high amount of energy requested to enter
our narrowest pore (i.e. roughly 190 and 220 K) compared to
the thermal energy available in the experiments.

2. Even narrower strictures (2.52 [D\) are present in MFU-4 [24],
which prevent hydrogen molecules to enter (the estimated bar-
rier is of roughly 800 cm™!) unless a specific vibrational mode
involving four chlorine atoms is thermally activated around
40 K. This finding, is again, in agreement with our results, as
well as with the rapid raise in amount of adsorbed molecules
upon increasing the temperature. In fact, Fig. 5 clearly shows
that even a shift from 50 to 70 K may increase the rate of passage
for D, by 9 times when R = 1.6 A, a width that is probably
comparable with the widest opening in MFU-4 generated by
thermal activation. If one accepts a slightly wider width (i.e. R =
1.7 A), the increase in adsorption rate is lower, becoming roughly
equal to 4. As for the selectivities, our results are somewhat
higher than the experiments, perhaps non-surprisingly as our
model membrane systems do not accumulate passing molecules
as porous materials tend to do, the net effect of which being to
reduce the selectivity progressively due to preferential entering
of H, at late exposure times. The dependence of S on T com-
pares, instead, reasonably well, our R = 1.7 A model showing a
drop of a factor of 3 going from 50 to 70 K, compared to the
experimental one of 2.1.
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Improvements on the methodology and, hence, on the accuracy
of the results are certainly possible. Here, we briefly mention the
possibility of accounting explicitly for the nuclear spin of each iso-
topologues, as well as the possibility of including a few radial excited
states moving beyond the adiabatic approximation. In principle, this
would also allow exploring more complicate systems, such as the ones
possessing cavities connected by pores. Also, the methodology could be
employed to estimate diffusivity inside longer pores when the process
requires thermal activation due to the presence of energetic barriers
along the transport coordinate as suggested previously [25,26,28].
In fact, the limited computational cost involved in integrating the
Schrodinger Equation along the reaction coordinate once the energy
profile is obtained may allow one to estimate transition probabilities
(or cumulative reaction probabilities, N(E)) for the jump over a few
subsequent barriers, de facto facilitating the decorrelation between
diffusion events. The determination of a few excited states for the
diatom inside the pores would, however, be necessary to estimate the
molecular partition function needed for the rate constant calculation.
Work is underway to reach these goals.
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