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Abstract: In this paper, a multi-physics case study belonging to the class of induction
heating problem is considered. Finite Element Analysis is used to evaluate the temperature
along a line on a graphite disk heated by two power inductors. In order to build a surrogate
field model of the device, i.e., to compute the temperature profile on the disk, given the
amplitudes and frequencies of the supply currents, three methods have been used (Support
Vector Regression (SVR), fully connected Neural Network (NN) and Gaussian Process
Regression (GPR)). In turn, to solve the inverse problem, i.e., to identify frequencies and
currents of the two coils, given a prescribed temperature profile, two approaches have
been implemented. The former is an optimization approach based on a multi-objective
formulation, solved by means of the NSGA-II algorithm; the latter is a two-step procedure,
based on fully connected Deep Neural Networks (DNNs), solving an optimal design
problem first and, subsequently, an optimal control problem.

Keywords: induction heating; multi-physics domain; finite element analysis; deep neural
networks; multi-objective optimization

1. Introduction
Induction heating is a technique commonly applied to heat materials in a contactless

and efficient way because it provides precise control over the temperature of the mate-
rial [1]. It is an advanced technology utilized in several industrial applications for efficient
and targeted heating. There are many fields of application, ranging from automotive to
aerospace, from metalworking to manufacturing.

This contactless method is based on electromagnetic induction: a time-varying current
flowing in an inductor induces eddy currents in a conductive piece of material, which is
heated thanks to the Joule effect [2,3].

This highly localized heating allows precise temperature control and efficient energy
transfer, leading to reduced processing times and enhanced energy efficiency compared to
conventional heating methods [4].

This technique is very efficient, with an efficiency higher than 90% [5], as energy is
directly transferred to the material, minimizing losses associated with heat conduction
to other objects, not intended to be heated. Additionally, induction heating provides
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rapid heating and precise temperature control, allowing uniform heating in the whole
workpiece, which is essential in processes such as hardening, annealing, and brazing in
metalworking. Furthermore, induction heating systems are clean and safe because they
do not involve open flames or toxic byproducts, enhancing workplace safety and meeting
stringent industry standards for emissions and pollutants.

However, effective induction heating requires precise calibration of parameters, in-
cluding frequency and power. A wrong setup of the inductors or badly designed inductors
deteriorates the efficiency of the process. Hence, one of the main challenges in induction
heating is the design of inductors and their parameter tuning.

To this end, automated optimal designs and control of inductors have been proposed in
the literature in the last few decades. Moreover, numerical methods such as Finite Element
Analysis have replaced analytical formulations, increasing the accuracy of the solution [6,7].
Specifically, the field problem requires the solution of coupled electromagnetic and thermal
problems to simulate the temperature in the workpiece generated by the power supplied by
an inductor. In complicated geometry, this task requires a big effort in terms of computation
time and hardware resources since an electromagnetic problem is coupled to a thermal
problem [8,9]. These features made this problem an interesting and well-known benchmark,
solved in different areas of computational electromagnetism in a comparative way [10].

With the advent of innovative algorithms based, e.g., on Neural Networks (NNs), it is
possible to build reliable surrogate models for predicting the temperature distribution in
a workpiece during induction heating processes [11,12]. Actually, surrogate models help
very much in the design of inductors, because a typical optimization routine, using, e.g.,
genetic algorithms, requires the solution of a large number of parametric geometries to find
a set of improved solutions [13–15]. For example, when a multi-objective optimization is
considered, the Pareto approach coupled with FEA is very time-expensive; therefore, in
this area, where the field problem involves both electromagnetic and temperature fields,
giving rise to a coupled problem, it is convenient to use a surrogate model to reduce the
number of required FEA analyses [13,16–18].

In terms of applications, in this paper, an induction heating system for epitaxial
growth of silicon is considered, as described in two patents (Forzan, M.; Crippa, D.; Preti,
S. Deposition Reactor with Inductors and Electromagnetic Shields 2021, EP3870734A1;
Ogliari, V.; Forzan, M.; Preti, S. Inductively Heatable Susceptor and Epitaxial Deposition
Reactor 2017, WO2017137872A1) and a study [19]. The proposed geometry is a pancake
inductor that uniformly heats a graphite disk. The aim of the device design is to obtain
a prescribed temperature profile, which should be as uniform as possible along the disk
surface and should reach a given temperature. Examples of geometries similar to the one
proposed in the paper are reported in [15,20], where the device for induction heating is
optimized. The peculiarity of the proposed device is that the power inductor is composed
of two coils, which contribute to the creation of the magnetic field and hence to the eddy
currents in the workpiece; the two coils are fed with two currents, each characterized by a
different magnitude and frequency. The study of the magneto-thermal field problem given
by two inductors fed by different frequencies is not straightforward and not easily solvable
with commercial software. Hence, in this case, the use of a surrogate model is suitable.

In this paper, the thermal behavior of the power inductor is investigated by means of
several algorithms. Specifically, NNs, Gaussian Process Regression (GPR), and Support
Vector Regression (SVR) algorithms are considered. Based on this study, a subsequent
optimal synthesis of the electrical parameters of the coils follows; the final aim is to obtain
a prescribed quasi-homogenous temperature profile on the workpiece surface. Specifically,
the surrogate model is then used to evaluate the objective functions, in the frame of a multi-
objective optimization, performed by means of a well-known algorithm NSGA-II [21–24].
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Another approach, based on a deep learning algorithm, is then set up and the obtained
results are promising.

The rest of this paper is organized as follows: in Section 2, the forward problem in
terms of field problem and related surrogate model is described. In Section 3, the inverse
problem and the proposed approaches to solve it are described. In Section 4, the results are
shown and in Section 5, they are discussed. Finally, a conclusion follows.

2. Forward Model
2.1. The Device

A benchmark induction-heating device with cylindrical symmetry (Figure 1) is con-
sidered as the case study [19]. The device features a flat, circular graphite disk that has
an electrical resistivity of 960 × 10−8 Ωm and thermal conductivity of 150 Wm−1K−1 at
1200 Celsius degrees. This graphite disk has a diameter of 500 mm. Wound around it, there
are two copper coils consisting of 7 and 6 turns, respectively, encased in a quartz container.
These coils are fed separately: coil 1 carries an electric current varying between 100 Arms
and 500 Arms and frequency between 20 kHz and 100 kHz, coil 2 carries an electric current
varying between 400 Arms and 2 kArms and frequency between 1 kHz and 8 kHz.
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Figure 1. Geometry of the induction heating device.

2.2. Finite Element Model

In order to simulate the temperature distribution in the graphite disk for specific
current and frequency values, a Finite Element (FE) model, with cylindrical symmetry, is
set up. A weakly coupled magneto-thermal problem is solved: the magnetic problem is
solved in time-harmonic conditions with the A–V formulation. In particular, the magnetic
problem, solved in terms of the phasor of the magnetic vector potential,

.
A, involves

the equation [25,26]:
∇2 .

A − jωµσ
.

A = −µ
.
J (1)

where
.
J is the phasor of the current density, µ and σ are the material permeability and

conductivity, respectively, and ω the angular frequency relevant to the frequency f of the
current. The model is solved for each applied frequency, in this case, 2 frequencies were
considered. Finally, the power in the disk is evaluated using the superposition approach.

In turn, the thermal problem is solved in the steady-state condition, considering the
power density in the disk computed after the magnetic field analysis, to calculate the heat
source. Specifically, the thermal problem is solved only in the graphite disk domain and
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takes into account both convective and radiative contributions to heat exchange with the
surrounding environment. The power density σω2A2 calculated by solving the magnetic
problem is the thermal source, i.e., the Joule term in the Fourier equation. The latter is used
to evaluate the distribution of the temperature T in the material [27]:

−∇(k∇T) = ω2σ
.

∥A∥
2

(2)

where k is the thermal conductivity of the material. Along the disk boundary, the thermal
model is subject to the following boundary conditions:

∂T
∂n

= 0 at r = 0 (3)

where n is the normal direction and

−k
∂T
∂n

= h(T − T0) + εkB

(
T4 − T4

0

)
(4)

where kB is the Stefan-Boltzmann constant, T0 is the external temperature, and h and ε

are the convective exchange coefficient and emissivity coefficient, respectively. As far
as the convective exchange coefficient h and emissivity coefficient ε are concerned, their
identification is not trivial due to several factors affecting them, for instance, the surface
temperature. For the purpose of modeling, values of h = 10 Wm−2K−1 and ε = 0.8 have
been considered, identified by means of some measurement experiences on a prototype.
The external temperature, T0, is set to 850 ◦C. The coupled problem is solved with the
commercial software COMSOL 6.0 [28]. The values of the electrical, magnetic, and thermal
characteristics of the model materials are shown in Table 1.

Table 1. Material properties.

Material Electrical Properties Magnetic
Properties Thermal Properties

Disk Graphite σ = 1.04 × 105 S/m µr = 1 K = 150 W/(m·K)
Coil Copper σ = 5.998 × 107 S/m µr = 1 -
Ring Ferrite σ = 10−9 S/m µr = 1500 -

The mesh used for solving the FE problem is composed of both mapped domains
and domains with tetrahedral mesh; it exhibits around 19,000 elements with a quadratic
variation in potential. Figure 2 shows details of the mesh. For the graphite and ferrite
parts, a mapped mesh has been used, which means that a structured mesh composed
of rectangular elements discretizes relevant sub-domains. Typical magnetic field and
temperature maps are shown in Figure 3.

The solution of a Finite Element model with two coils fed by currents at different
frequencies is not straightforward [29], hence, the superposition approach has been chosen.
Two magnetic simulations have been implemented, each with just one coil on, fed by a
single frequency. This way, the mutual inductance between the two coils is neglected.

The power densities calculated from each simulation are superposed and they are the heat
source for the thermal simulation: only one thermal simulation is subsequently solved. The
superposition is possible if the following relationship between the two frequencies is fulfilled:

m1 f1 = m2 f2 (5)

where f is the frequency of each coil and m1 and m2 are positive integer numbers.
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2.3. Surrogate Model

In order to solve the coupled-field problem in a fast way, a surrogate model is imple-
mented. Specifically, for predicting the temperature on the disk profile and knowing the
amplitudes and frequencies of the current inductors, three methods are investigated: Sup-
port Vector Regression (SVR), Gaussian Process Regression (GPR), and a fully connected
Neural Network (NN).

The SVR predicts the outputs as:

f (x∗) = ∑n
i=1 (αi − α∗i )K(xi, x∗) + b (6)

where αi, α∗i are the variables determined during training, K(xi, x∗) is the kernel function, b
is the bias term, which will be optimized during training, and xi is a support vector (subset
of the training vector points that are on or outside the epsilon margin). In the paper, the
cubic kernel is utilized:

K(xi, x∗) =
(

xT
i x∗

)3
(7)

where x∗ is the input and xi is a training point. The epsilon-insensitive loss function is used:

L(y, ŷ) =

{
0

|y − ŷ| − ϵ

i f |y − ŷ|≤ ϵ

otherwise
(8)

where y is the true value, ŷ = f (x) is the predicted value, and ϵ is the tolerance margin
and the input features were standardized to zero mean and unit variance before training.
The training procedure solves a dual optimization problem to find αi, α∗i [30]. The SVR
algorithm used in this study is available in Matlab 2024b [31].

In this study, GPR was implemented with a constant basis function (β0) and an
isotropic exponential kernel function, which defines the covariance:

K(x, x′) = σ2
f e(−

∥x−x′∥
l ) (9)

where σ2
f is the signal variance and l is the length scale and the same length scale is used

for all input dimensions. The exponential kernel is commonly used in GPR because it
is computationally efficient. GPR’s objective function is an optimization process which
focuses on optimizing the hyperparameters (σ2

f , l, noise variance σ2
n) and the basis function

(β0) by maximizing the log marginal likelihood [32]. Using training data {X, y}, for a new
point x∗, the predicted average and variance are:

µ(x∗) = β0 + kT
[
K + σ2

n I
]−1

(y − β0) (10)

σ2(x∗) = K(x∗, x∗)− kT
[
K + σ2

n I
]−1

k (11)

where the k is the covariance vector between x∗ and the training points, K is the covariance
matrix of the training data, and K(x∗, x∗) is the covariance of x∗ with itself.

The GPR algorithm used in this study is available in Matlab [33].
The neural network that is used in this study for the forward model is a fully connected

deep neural network (DNN) with three hidden layers with 100 neurons in each one. In all
layers, the ReLU (Rectified Linear Unit) activation function is used:

ReLU(x) = max(0, x), (12)
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The loss function is the well-known mean squared error (MSE):

MSE =
1
n∑n

i=1(yi − ŷi)
2, (13)

where yi is the actual value and ŷi is the predicted value. LBFGS (Limited-memory Broyden–
Fletcher–Goldfarb–Shanno) is chosen for the solver, which utilizes an estimation of the
Hessian matrix. This solver is selected because it has some of the advantages of Newton-
like methods while it has a much lower computational cost [34]. The maximum number of
iterations for training is set to 1000.

A database, namely DB1, based on the FE model, is built for training purposes. It is
composed of Ns = 5832 samples. Each sample contains two vectors, one with the current
amplitudes and frequencies and another with the relevant Np = 250 temperature values
along the α line (see Figure 1). All-in-one Ns couples of vectors compose the database.

Each FE magneto-thermal analysis takes about 147 s to be solved on a computer equipped
with an Intel(R) Core (TM) i7-10700KF CPU @ 3.80GHz, 128 GB of RAM, and an NVIDIA
Quadro RTX-4000 graphics card. Building the whole DB1 database takes about 266 h.

The database is divided into two subsets, following the rule of thumb 70-15-15 i.e., 70%
(Nt = 4082 couples of vectors) are utilized for training, 15% (Nv = 875 couples of vectors)
are utilized for validation, and 15% (Ne = 875 couples of vectors) are utilized for testing.

In order to evaluate the quality of the prediction, the Mean Absolute Percentage Error
MAPE (%) was calculated considering the N = Nv + Ne vectors of temperature values of
both validation and test set:

MAPE = 100
1
N ∑N

j=1
1

Nr
∑Np

i=1

∣∣Ŷj,i − Yj,i
∣∣∣∣Yj,i

∣∣ (14)

where Y is the vector of Nr true values calculated with the FE model, and Ŷ is the vector of
Nr values predicted by the relevant surrogate model. The Root Mean Square Error (RMSE)
and R-squared are also evaluated:

RMSE =

√√√√∑N
j=1 ∑Np

i=1

(
Ŷj,i − Yj,i

)2

NNp
(15)

R2 = 1 −
∑N

j=1 ∑
Np
i=1

(
Ŷj,i − Yj,i

)2

∑N
j=1 ∑

Np
i=1

(
Ŷj,i − Yj,mean

)2 (16)

They are computed on the N vectors of temperature values used for the model test or train,
with values normalized in the range [−1, 1].

3. Inverse Problem
The inverse problem reads as follows: knowing the geometries and the material

properties of the susceptor and given a prescribed temperature profile, identify the coil
parameters in terms of currents (I1 and I2) and frequencies (f 1 and f 2). To solve this
problem, two different approaches have been selected; the first is based on a multi-objective
formulation of the problem, while the second is a procedure with two problems solved
in cascade (an optimal design and an optimal control problem, sequentially). For process
purposes, a homogenous temperature profile is needed. Specifically, for the sake of an
example, considering the silicon crystal growth process, the temperature profile should be
as much as possible homogeneous and equal to the target temperature Tt = 1100 ◦C.
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3.1. First Approach: Multi-Objective Optimization Problem

The inverse problem is formulated in terms of a multi-objective optimization prob-
lem, based on the GPR surrogate model for the evaluation of the objective functions.
Specifically, two objective functions have been considered and minimized according to the
Pareto optimization [20]:

v1 = N{1 i f Ti : |Ti − Tt| > α}, i = 1, . . . , 200 (17)

with

α =
δ Tt

100
, (18)

and δ = 1%, while

v2 = max
i

Ti − min
i

Ti (19)

The objective function v1 is the number of points along the reference line (Figure 1), the
temperature of which falls out of the range ±1% with respect to the target temperature Tt of
1100 ◦C, to be minimized. The objective function v2 is the discrepancy between maximum
and minimum values of the actual temperature profile, to be minimized. So, with the first
objective function, the algorithm tries to find a temperature profile that is as close to 1100 ◦C
as possible, and with the second, the algorithm tries to find a homogeneous response.

This multi-objective optimization is performed by utilizing the well-known Non-
Dominated Sorting Genetic Algorithm NSGA-II [21] available from the Mathworks file
exchange website [35]. It is a genetic optimizer that exploits the concept of solution ranking
by means of the non-dominated sorting algorithm: the population is subdivided into
several Pareto fronts and a fitness value is assigned to each front depending on the vicinity
to the Utopia point (the closer, the better). Within each Pareto front, a fitness value is
assigned to each solution, depending on the crowding distance i.e., the distance of the
current solution from the closest solutions (the wider, the better). Iteration after iteration,
by applying crossover, mutation, and tournament selection operators, just one Pareto front
results, and the solutions are usually equally distributed along the front.

3.2. Second Approach: Deep Neural Network Approach

Results from multi-objective optimization prove the solvability of the inverse problem,
which is now reformulated by means of an innovative approach, based on Deep Neural
Networks (DNNs). To this end, two auxiliary inverse problems are defined and subse-
quently solved: an optimal design problem, first and an optimal control problem, second.
In Figure 4, the process diagram of this procedure is depicted.

3.2.1. Optimal Design Problem

The optimal design problem reads as follows: given the prescribed temperature profile,
the current and frequency (I2OD, f 2OD) of the second coil are identified.

The solution to this problem is found using a DNN, implemented in Matlab, and
trained utilizing a database, here called DB2, that contains a subset of samples of the
database DB1 used for training the forward models. Specifically, DB2 contains the solutions
obtained by filtering DB1 in a way that retains the solutions that guarantee an approximately
uniform heating of the central part of the disk. The rationale behind this choice is that
heating the central region is not straightforward due to the presence of the axial hole of
the disk.
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Solving the optimal design problem, we obtain the parameters of coil 2, mainly
responsible for heating the outer part of the disk, namely f 2OD and I2OD.

Moreover, it is possible to investigate the solutions in DB2 to search, e.g., for the most
likely value of frequency f 1; in this case, the average value is considered. This value is
called f 1OD and it is taken for granted.

Finally, at the end of the optimal design problem, the values f 1OD and f 2OD for both
the frequencies f 1 and f 2 are identified. Specifically, frequency f 1OD comes from searching
for the most frequent value identified in DB2, while f 2OD comes from the results of the
optimal design problem.

Algorithms 2025, 18, x FOR PEER REVIEW 9 of 17 
 

 

Figure 4. Cascade procedure: optimal design followed by optimal control problems are solved. 

3.2.1. Optimal Design Problem 

The optimal design problem reads as follows: given the prescribed temperature pro-

file, the current and frequency (I2OD, f2OD) of the second coil are identified. 

The solution to this problem is found using a DNN, implemented in Matlab, and 

trained utilizing a database, here called DB2, that contains a subset of samples of the da-

tabase DB1 used for training the forward models. Specifically, DB2 contains the solutions 

obtained by filtering DB1 in a way that retains the solutions that guarantee an approxi-

mately uniform heating of the central part of the disk. The rationale behind this choice is 

that heating the central region is not straightforward due to the presence of the axial hole 

of the disk. 

Solving the optimal design problem, we obtain the parameters of coil 2, mainly re-

sponsible for heating the outer part of the disk, namely f2OD and I2OD. 

Moreover, it is possible to investigate the solutions in DB2 to search, e.g., for the most 

likely value of frequency f1; in this case, the average value is considered. This value is 

called f1OD and it is taken for granted. 

Finally, at the end of the optimal design problem, the values f1OD and f2OD for both the 

frequencies f1 and f2 are identified. Specifically, frequency f1OD comes from searching for 

the most frequent value identified in DB2, while f2OD comes from the results of the optimal 

design problem. 

3.2.2. Optimal Control Problem 

In terms of a global optimum, the current control problem is eventually considered 

and solved. The problem can be described as follows: for a given temperature profile and 

frequencies f1OD and f2OD, find the current amplitudes I1 and I2 such that the discrepancy 

between actual and prescribed temperature profile is minimal. 

Knowing the optimal values f1OD and f2OD from the optimal design problem, a new 

database DB3 is prepared. Specifically, new samples are generated utilizing the forward 

surrogate model GPR, by varying the currents of the two coils, with constant frequencies 

f1OD and f2OD. Each sample of DB3 contains two vectors, one with the current amplitudes I1 

Figure 4. Cascade procedure: optimal design followed by optimal control problems are solved.

3.2.2. Optimal Control Problem

In terms of a global optimum, the current control problem is eventually considered
and solved. The problem can be described as follows: for a given temperature profile and
frequencies f 1OD and f 2OD, find the current amplitudes I1 and I2 such that the discrepancy
between actual and prescribed temperature profile is minimal.

Knowing the optimal values f 1OD and f 2OD from the optimal design problem, a
new database DB3 is prepared. Specifically, new samples are generated utilizing the
forward surrogate model GPR, by varying the currents of the two coils, with constant
frequencies f 1OD and f 2OD. Each sample of DB3 contains two vectors, one with the current
amplitudes I1 and I2 and another with the relevant Np = 250 temperature values along the
α line (see Figure 1).

The solution to this problem is found using a DNN, implemented in Matlab and
trained utilizing the database DB3. The solution to this problem is given by the couple I1OC

and I2OC of the optimal current intensity of the two coils.
At the end of this Deep Neural Network approach, the four optimal parameters f 1OD,

f 2OD, I1OC, and I2OC are found with the relevant optimal temperature profile (see Figure 4).

4. Results
4.1. Surrogate Models

The accuracies of the investigated surrogate models are shown in Table 2, in terms of
the three metrics R-squared, RMSE, and MAPE. Specifically, the three metrics are evaluated
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for the test set. In Table 2, the training time is shown. All three algorithms have been
trained on a computer equipped with an Intel(R) Core (TM) i7-10700KF CPU @ 3.80GHz,
128 GB of RAM, and an NVIDIA Quadro RTX-4000 graphics card.

Table 2. Results of surrogate models.

Parameter SVR NN GPR

R-square 0.9822 0.9991 0.9999
RMSE 41.116 6.149 0.292

MAPE (%) 1.945 0.290 0.009
Time (h) 26 7 54

Figure 5 shows an example of the temperature profile prediction using surrogate
models compared to the actual profile obtained using Finite Element simulation.
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f 2 = 2.949 kHz, I2 = 1.275 kArms].

Based on the results, the Gaussian process regression (GPR) model was selected as the
surrogate field model to use in the subsequent approaches. The computational time for one
call to GPR was 7 s.

4.2. First Approach: Multi-Objective Optimization Problem

The NSGA-II algorithm was applied, with 50 generations, 50 individuals, and a
random starting population. The following parameters were set up in the algorithm: size
of mating pool equal to 25, tournament size equal to 2, probability of crossover equal to
90%, probability of mutation equal to 10%, and distribution indices for both crossover and
mutation equal to 0.002.

Figure 6 shows the first and last generations of the optimization. The two endpoints
P1 (minimum of v1) and P2 (minimum of v2) and the knee point P3, which is a tradeoff
between P1 and P2, are highlighted in Figure 6, and the relevant temperature profiles are
depicted in Figure 7.

In Figure 7, the gray zone indicates the range of ±1% of 1100 ◦C (the target temperature).
The design variables of points P1, P2, and P3 are given in Table 3.
The whole optimization process, based on the GPR surrogate model, takes about 327 h.
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Table 3. Optimal points of the Pareto front.

Points v1 v2 (◦C) f 1 (kHz) I1 (A) f 2 (kHz) I2 (A)

P1 74 238.95 100 305 1 1137
P2 200 10.02 20 100 1.04 400
P3 97 64.16 20 288 1.01 1134

4.3. Second Approach: Deep Neural Network Approach

The optimal design problem was solved using a fully connected DNN with 6 layers
with 80, 40, 30, 20, 10, and 8 neurons per layer from the first to the last layer, respectively.
The following statement is assumed: the input of the NN is the prescribed temperature
profile and the outputs are the current and frequency of the second coil. The NN is trained
utilizing the database DB2. Specifically, DB2 contains those solutions with temperature
profiles around 1100 ◦C with ±5% range, considering the first 25 mm of the graphite disk.
In fact, the main effect of the first coil is on the first 25 mm, and it guarantees that for all
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DB2 samples (of which there are 998), the first coil acts in the selected range. In DB2, the
average f 1od of the frequency f1 of the samples is considered and it is equal to 38.5 kHz.

The DNN is trained using 70% of samples for training, 15% for validation, and 15%
for testing. The RMSE and MAPE errors, calculated with values normalized in the range
[−1, 1], for the validation and test sets, are 418 and 9.72%, respectively. In Figure 8, the
predicted versus actual values of the validation and test sets are plotted.
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By solving the optimal design problem with the prescribed temperature profile be-
ing homogenous and equal to 1100 ◦C, the optimal values of f 2 and I2 are identified:
f 2od = 1.38 kHz and I2od = 1.02 kA.

Once the optimal design problem has been solved, the optimal control problem
is handled.

Knowing the optimal values of f 1 (being the average of the frequencies in DB2) and f 2

(obtained by solving the optimal design problem), the database DB3 is prepared. Specifi-
cally, new samples are generated utilizing the forward surrogate model GPR, considering
f 1od = 38.5 kHz, f 2od = 1.38 kHz, and the current varying between 100 and 400 A for the first
coil and between 400 and 2000 A for the second one. This way, the new database DB3 with
2665 samples is created.

The optimal control problem is solved using a fully connected NN with 6 layers with
80, 40, 30, 20, 10, and 8 neurons per layer from the first to the last layer, respectively. The
following statement is assumed: the input of the NN is the prescribed temperature profile
and the outputs are the current intensity of the two coils.

The DNN is trained using 70% of samples for training, 15% for validation, and 15%
for testing. The RMSE and MAPE errors, calculated with values normalized in the range
[−1, 1], for the validation and test sets, are 1.95 and 0.21%, respectively. In Figure 9, the
predicted versus actual values of the validation and test sets are plotted.

By solving the optimal control problem with the prescribed temperature profile being
homogenous and equal to 1100 ◦C, the optimal values of I1 and I2 are identified: I1oc = 255 A
and I2oc = 996 A. Based on the result of the cascade approach, the optimal temperature
profile is shown in Figure 10.

The whole cascade approach takes about 330 h.
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5. Discussion
The three surrogate models trained for solving the coupled field problem are able to

provide a rather accurate temperature profile along a line of the graphite disk, specifically,
the α line, with known source terms i.e., magnitude and frequency of the current of each of
the two inductors.

Considering the evaluation parameters in Table 2, they are in agreement for each
surrogate model in terms of accuracy: SVR shows the worst performance, with its R-
squared being the lowest among the three methods and its RMSE and MAPE being the
highest. Overall, the performance of SVR is the worst for our case study. The NN model
shows values of R-squared, RMSE, and MAPE in the middle of the three methods. The best
method is GPR because its R-squared is the closest to 1 among the three methods and its
RMSE and MAPE errors are the lowest.

This performance can be also assessed from the example shown in Figure 5, where the
temperature profile for one case, approximated by means of the three methods, is shown
and compared to the one calculated by means of the Finite Element method. The worst
approximation is given by the SVR model, while NN and GPR better approximate the
actual profile. However, the temperature profile given by the NN is less smooth than the
one approximated by GPR, at a few points.

Considering the training time, the GPR model is the most expensive in terms of
computational burden, while the NN model is the lightest.
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However, based on the accuracy, the GPR model is the best one, therefore, it was used
as the surrogate model in the solution of the inverse problem, applied with both of the
two approaches.

The multi-objective approach found a Pareto front, depicted in Figure 6, which can
be divided into two parts. The right part of the front, characterized by low v2 values, is
representative of homogeneous temperature profiles, with a small difference between the
maximum and lowest values along the profile. However, these profiles have many points
outside the gray zone (±1% of 1100 ◦C, see Figure 7), which means high values for the
objective function v1. An example of this behavior is shown by point P2 in Figure 7: a rather
flat temperature profile, far from the target temperature.

Conversely, the left part of the front is characterized by low values of v1, which means a
small number of points of the temperature profile outside the gray zone, but high v2 values,
i.e., a high discrepancy between the minimum and maximum values of the temperature
profile. The temperature profile of point P1, belonging to this part of the front, is shown in
Figure 7: it is not a flat profile but many of its points are close to the target temperature.

Finally, point P3 is a trade-off between P1 and P2, being in the middle, also called the
knee-point, of the front. P3 shows a rather homogenous profile, as depicted in Figure 7,
and it is close to the target temperature.

Looking at Table 3, where the design variables of the three solutions P1, P2, and P3 are
shown, it can be noted that the two solutions with a rather homogenous profile, P2 and
P3, show a low value of frequency f 1 (inner coil). While they have a significantly different
current I1 (higher for P3, which has higher temperatures close to the disk center, specifically
close to the target temperature). Considering the outer coil, points P1 and P3, which have
temperature profiles close to the target temperature, have a higher current I2 with respect
to point P2, which has a temperature profile far from the target temperature. The frequency
f 2 has roughly the same value for each of the three points. Overall, it can be stated that the
best solution obtained by this approach is solution P3.

In terms of computational costs, the entire process based on GPR takes about 327 h. If
the same optimization process were based on FEAs, it would take about 150 h. Therefore,
using the surrogate model might seem inefficient; however, the following points should be
considered. With a surrogate model, the optimization problem can be run multiple times,
considering different populations or iterations, with each objective function call taking
about 7 s. This flexibility is not possible with FEAs, as each FEA run takes about 147 s.
Additionally, the surrogate model can be applied to other design problems using the same
device. Specifically, the surrogate model is a field model that provides the temperature
profile given the source. If a different target temperature or temperature profile is required,
another optimization problem can be solved, and the same GPR model remains valid. In
this case, only the optimization cost needs to be considered, which takes approximately 7 h
to solve and obtain the optimal solutions.

The deep learning approach is divided into two problems solved in cascade. The
first problem is the optimal design problem, which returns the optimal parameters of
coil 2, given a prescribed temperature profile. The trained DNN used for solving this
problem shows some discrepancies between true and predicted values, as shown in Figure 8,
probably because of the difficulty in identifying parameters of coil 2; the reason could be
that the problem is less sensitive to those parameters. However, after solving the optimal
design problem, the values that need to be included with the deep learning approach are
the two frequencies f 1od and f 2od, the latter being the output of the DNN, while f 1od was
found after a manual search among DB2 solutions. These two optimal frequencies are close
to the frequencies found by the multi-objective approach for points P2 and P3, which show
a rather flat temperature profile.
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The second problem is the optimal control problem, which is solved using a DNN
trained using database DB3, based on f 1od and f 2od. The optimal control problem returns
the optimal currents I1oc and I2oc of the two coils. The values so found (I1oc = 255 A
and I2oc = 996 A) are close to those found by the multi-objective approach for point P3

(I1 = 288 A and I2 = 1134 A). The relevant temperature profile is all inside the range of ±5%
of 1100 ◦C (target temperature).

In terms of computational time, it is worth noting that the multi-objective approach
and the deep learning approach take approximately the same time (327 vs. 330 h) to obtain
the optimal solutions.

6. Conclusions
The problem of optimizing the uniformity of the temperature profile in a dual-

frequency susceptor was successfully solved by means of surrogate models and DNNs.
Specifically, the field problem was approximated by means of Support Vector Regression
SVR, Deep Neural Network DNN, and Gaussian Process Regression GPR models. SVR
was the least accurate and the training was time-consuming, while DNN was fast to train
but less accurate than GPR. In turn, GPR was the most accurate; so, this model was chosen
to be used as the surrogate forward model in a multi-objective optimization problem for
solving the inverse problem (to find the coil parameters that give uniform temperature
profile) with good results.

Finally, the inverse problem was solved by means of a procedure based on DNNs and
the GPR surrogate model.
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