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Abstract: Ehlers’ Frame Theory is a class of geometric theories parameterized by λ := 1/c2

and identical to the General Theory of Relativity for λ ̸= 0. The limit λ → 0 does not recover

Newtonian gravity, as one might expect, but yields the so-called Newton–Cartan theory of

gravity, which is characterized by a second gravitational field ω, called the Coriolis field.

Such a field encodes at a non-relativistic level the dragging feature of general spacetimes, as

we show explicitly for the case of the (η, H) geometries. Taking advantage of the Coriolis

field, we apply Ehlers’ theory to an axially symmetric distribution of matter, mimicking,

for example, a disc galaxy, and show how its dynamics might reproduce a flattish rotation

curve. In the same setting, we further exploit the formal simplicity of Ehlers’ formalism in

addressing non-stationary cases, which are remarkably difficult to treat with the General

Theory of Relativity. We show that the time derivative of the Coriolis field gives rise to

a tangential acceleration which allows for studying a possible formation in time of the

rotation curve’s flattish feature.

Keywords: general relativity; frame theory; Newton–Cartan theory; Coriolis field; galactic

dynamics; frame dragging; flat rotation curves

1. Introduction

Newtonian gravity constitutes an emblematic example in the history and philosophy

of science of a theory that has been extended but not superseded. Indeed, Newtonian

gravity is reliable within some regimes of applications, while out of these one employs

the General Theory of Relativity (GR). Nevertheless, it is a noteworthy mathematical

problem [1–7] to precisely define in what sense Newtonian gravity is a limit of GR. In

recent years, this theoretical issue has gained practical implications.

For the study of many astrophysical systems, GR is applied through the post-

Newtonian (PN) expansion. However, in general, this paradigm is not mathematically

equivalent to GR. The PN approach allowed us to achieve undoubtedly extraordinary suc-

cesses, such as an explanation of the anomalous precession of the perihelion of Mercury [8],

and a description of the coalescence of black holes, recently confirmed by the detection

of their gravitational wave emission [9,10]. On the other hand, many mathematical con-

sequences of GR have been discovered that cannot be described as PN corrections, thus
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being non-Newtonian phenomena related to the geometric nature and the non-linearity of

GR—for example, geons [11] and Carlotto–Shoen gravitational shields [12].

These are examples of gravitational systems that continue to exhibit non-Newtonian

features even for weak gravitational forces and when any matter content has sub-relativistic

speeds. Although they are just theoretical examples, still they prove how GR may not

reduce to Newtonian gravity, even in a regime of low energy and low speeds. In other

words, it is possible that not all the consequences of GR can be described by some term in a

PN expansion.

This fact of principle was pushed forward with the development of GR models of

real astrophysical objects, wondering whether the PN description employed so far has

missed some non-negligible aspect of the dynamics. This was applied for the first time to

the case of disc galaxies in [13] and applied in the study of the Milky Way, finding a good

fit with the observed rotation curve [14,15]. As recently shown in [16], and some time ago

in [17], certain vacuum solutions of GR can explain the flattish velocity profiles, due to their

symmetry. The toy model of [13] was improved by removing the unrealistic assumption

of rigid rotation by [18–21], formulating the so-called (η, H) model. Further improvement

was made in [22], considering a non-zero pressure source. In all these solutions, the rotation

is sustained not only by the centripetal attraction of the matter source, but also by a frame

dragging effect, i.e., a non-negligible off-diagonal term in the metric matrix; the essentially

non-Newtonian features of GR are thus exploited.

Criticism against this approach has been raised; see, e.g., [23–27]. One of the main ob-

jections is that galaxy rotation attains speeds typically of order 10−3 c, hence sub-relativistic,

and the density of matter is far too low to produce strong gravitational potentials. For these

reasons, the role of GR may be expected to be totally negligible. This claim is sustained

by calculations performed with the linearized version of Einstein’s equations, which are

usually referred to as Gravitomagnetism and which can be framed in a PN expansion.

The gravitomagnetic formalism is also employed by [28–32], with the crucial difference

that these authors do not only evaluate the gravitomagnetic field generated by rotating

matter, but also add the homogeneous solution of the field equations. Such a homogeneous

term does not generally fit a PN expansion and is not subdominant with respect to the

Newtonian gravitational potential.

The main issue is whether the linearized gravitomagnetic approach is suitable to

describe a gravitational system such as a disc galaxy or whether some fundamentally

non-Newtonian GR features can be involved. In other words: does GR really reduce to

Newtonian gravity for such systems, characterized by weak fields and slow speeds? In this

context, it is of extreme interest to consider [7], the translated version of a paper by J. Ehlers

in which Newtonian gravity is examined as the limit of GR.

Ehlers discovers a class of geometric theories, collectively named the Frame Theory

(FT), indexed by a parameter λ = 1/c2. For λ ̸= 0, GR is recovered. Varying λ has the

physical meaning of considering dynamical systems with typical speeds closer to or much

smaller than the speed of light. The limit λ → ∞ thus returns the Carroll algebra, whereas

the subrelativistic speed regime is mathematically obtained for the limit c → ∞, equivalent

to the choice λ = 0. Since any PN correction to Newton’s equations is proportional to some

power of λ, one expects to recover Newtonian theory for λ = 0. To Ehlers’ own surprise,

this is not the case.

The case λ = 0 is the so-called Newton–Cartan Theory (NC) [33–36], which contains

Newton gravity as a particular case. In fact, in addition to the usual Newtonian gravitational

force field g (we adopt Ehlers’ notation, boldface letters represent usual three-vectors) or

acceleration field, there is a second field ω, named after the way it enters the equation
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of motion as angular velocity field, or Coriolis field. Newton’s theory is recovered only

when ω = 0.

Ehlers’ proved theorems (see Section 2 of [7]) show how the Coriolis field vanishes un-

der some suitable boundary conditions on hyperplanes of constant time. This asymptotic

flatness condition represents an isolated gravitational system, to which Ehlers philosophi-

cally refers as “real physical structures” and “measurable theories”. It was noted in [37] that

the Coriolis field vanishes also under periodic boundary conditions, which are posed, e.g.,

for the spatially compact cosmologies developed in [38]. However, ω is, in general, present.

It can be interpreted as what remains of the off-diagonal components of the metric when

the λ → 0 limit is taken. Hence, it is strongly correlated with the frame dragging effect

studied in [13–15,18–22] and with the homogeneous gravitomagnetic term highlighted

in [28–32].

This paper aims to push forward Ehlers’ formalism, making explicit how the Coriolis

field can constitute one of the GR phenomena that does not necessarily become negligible

even in a low-energy regime. In Section 2, we present the equations of NC. In Section 3,

they are solved for the usual stationary, axisymmetric case. The (η, H) non-rigid model for

a disc galaxy is interpreted in terms of FT in Section 4. The field equations of NC are much

simpler than the full Einstein equations, so it is viable to study them even dropping some

of the usual simplifying assumptions; stationarity is thus no longer assumed in Section 5.

In the concluding section, the advantages and disadvantages of FT are discussed.

2. The Frame Theory and Its c → ∞ Limit

The key point of Ehlers’ FT is the existence of two metrics, the temporal one gµν and

the spatial one hµν. These are related by the following (we use here Greek indices µ, ν . . . to

denote the coordinates from 0 to 3, while Latin indices i, j, . . . will be used for the spatial

coordinates 1, 2, and 3 alone.):

gµρhρν = −λδµ
ν , (1)

where λ := 1/c2. For λ ̸= 0, the above relation is, a part from a minus sign, the standard

one, establishing that h is the inverse of g. However, when λ = 0 (that is, the non-relativistic

limit c → ∞), the two metrics have to be considered as independent tensors. In this case,

Galilean local coordinates can be chosen such that

gµν = δ0
µδ0

ν , hµν = δµ
iδ

ν
jδ

ij . (2)

Both metrics satisfy the compatibility, or metricity, condition (Ehlers’ axiom 4 in [7]):

gµν;ρ = 0 , hµν
;ρ = 0 , (3)

where the semicolon denotes covariant derivation with respect to a symmetric linear

connection Γ (a comma will denote usual partial derivative). These conditions, plus the

choice of Galilean coordinates in Equation (2), provide constraints on the connection when

λ = 0. In particular, the only non-zero components of Γ are as follows:

Γ
i
00 := −gi , Γ

i
j0 := Ωji = −Ωij = εijkωk . (4)

In the limit λ → 0, and in Galilean coordinates, the geodesic equation reduces to the

following:1

ẍi = −Γ
i
00 − 2Γ

i
0j ẋ

j = gi + 2Ωij ẋ
j = gi + 2εijkωk ẋj , (5)
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or, in vector notation,

ẍ = g + 2ẋ × ω . (6)

The field equations of NC can be found by taking the limit λ → 0 of Einstein’s equations

and of the symmetry relations of the Riemann tensor. They are the following:2

∇× ω = 0 , ∇ · ω = 0 , (7)

∇× g + 2ω̇ = 0 , ∇ · g = −4πGϱ + 2ω2 . (8)

The term 2ẋ × ω is the well-known Coriolis acceleration, which appears in Newton’s theory

when writing the acceleration of a point particle in a rotating reference frame. For this

reason ω is dubbed the Coriolis field by Ehlers in [7]. However, differently from the fictitious

force in Newton’s dynamics, ω is here a physical field to be treated on the same footing

as g. In particular, ω is the antisymmetric part of the gravitational field that is left behind

from the limit λ → 0 and that is not necessarily subdominant with respect to g, as is the

case in a standard post-Newtonian expansion [39].

Note that the Coriolis field is not sourced from the matter content. However, it can

modify the local dynamics depending on the boundary conditions to which it is subjected.

Moreover, note also that, by Helmholtz’s theorem, if ω is analytic and vanishes at infinity,

then ω = 0. So, if we want to discuss a non-trivial ω, we need to admit that it might be

non-zero at infinity.

Since ω is both solenoidal and irrotational, it can be expressed as the gradient of a

harmonic scalar function V, which we dub the Coriolis potential—that is,

ω = ∇V , ∇2V = 0 . (9)

Note that if ω is spatially homogeneous, it can be eliminated via a coordinate transformation

to a rotating frame, and the theory becomes identical to Newton’s. Indeed, we write the

equation of motion as

ẍ = g′ − 2ω × ẋ − ω × (ω × x)− ω̇ × x , (10)

where

g′ := g + ω × (ω × x) + ω̇ × x . (11)

So, we have the following:

ẍ′ := ẍ + 2ω × ẋ + ω × (ω × x) + ω̇ × x = g′ , (12)

with ẍ′ the acceleration experienced in a rotating frame. Now, noting that for a homogeneous

ω, one has

∇× (ω̇ × x) = 2ω̇ , ∇ · (ω̇ × x) = 0 , (13)

∇× [ω × (ω × x)] = 0 , ∇ · [ω × (ω × x)] = −2ω2 , (14)

the field equations become

∇× g′ = 0 , ∇ · g′ = −4πGϱ , (15)

which, together with ẍ′ = g′ are Newton’s gravity.

On the other hand, an inhomogeneous ω cannot be absorbed in this way and therefore

must be considered an independent field.
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NC descends from GR, thus implying local freedom of movement for the reference

frames. The physical Coriolis field emerges from this freedom: it describes a rotation of

the reference frame, varying, in general, from point to point. For this reason, it cannot be

absorbed with a global gauge. The particular case of a spatially homogeneous Coriolis

field describes an observer that is rotating with the same angular speed everywhere, i.e.,

is rigidly rotating, and hence its effects on the dynamics can be trivially interpreted by

recognizing that a rotating frame was chosen.

Each of the ω terms in Equations (6) and (8) can indeed be interpreted as emerging

from an apparent acceleration in Galilean relativity, having nevertheless a spatially inhomo-

geneous ω(x). The 2ω2 additional term in the modified Poisson equation is a manifestation

of “local” centrifugal acceleration ac(x) := ω(x)× (ω(x)× x), which has no consequences

for ∇ × g, since it is irrotational in x. On the other hand, the azimuthal acceleration

aa(x) := ω̇(x)× x is divergenceless in x, returning instead a source 2ω̇ for the curl of g.

Inertial acceleration ai(x) does not play a role here, since it comes from the translational

motion of the coordinate frame instead of the rotational one, thus having no dependence

on ω. The last apparent acceleration, according to the Galilean transformation law,

g′ = g(x) + ai(x) + ac(x) + aC(x, ẋ) + aa(x) , (16)

is the Coriolis acceleration aC = 2ω(x)× ẋ. Unlike the others, it cannot be absorbed by

redefining the gravitational acceleration g(x), since the latter must depend only on x, and

not also on the velocity field ẋ. For this reason, it does not appear in the transformation (11)

and its consequence is a correction term in the Equations of Motion (6), instead of in the

field equations given in (8).

We note that it is not prohibited to redefine a more general, velocity-dependent accel-

eration field g′(x, ẋ). However, such a g′(x, ẋ) would not be interpretable as a Newtonian

gravitational field, since in the Newtonian paradigm, it depends only on the position.

This g′(x, ẋ) would be instead a gravitational analogue of the electromagnetic Lorentz force.

The velocity dependence of the magnetic force opened, indeed, the problem of which

classical reference frame is correct for measuring this velocity, leading eventually to the

birth of Special Relativity. Incorporating the Coriolis acceleration analogue in the field

g′ would pose a similar problem. Indeed, as remarked earlier, the very existence of the

Coriolis field descends from the freedom of choosing any reference frame in GR, which is

partially inherited by the non-relativistic Newton–Cartan theory of gravity.

Because of this analogy with apparent accelerations in Galilean relativity, one could

wonder if even an inhomogeneous Coriolis field may be just a gauge artifact. If we see NC

as the low-energy regime of GR, the arbitrariness in the choice of coordinates also allows

for a local gauge freedom. Can this be used to absorb the Coriolis field in general? This is

not the case, as can be verified by calculating suitable scalar quantities that depend on the

Coriolis field. For instance, we can write explicitly the Kretschmann scalar as

K = −8λ||Jω||2 , (17)

where Jω denotes the Jacobian matrix of ω(x), of which the norm is taken in the matrix

space. This can be immediately proved from Equations (16) and (17) of [7], by contracting

the indices d and e through (1). It should be noted that the Kretschmann scalar depends

on all and only the first derivatives of ω, so that any spatially homogeneous term of the

Coriolis field does not affect it, being a coordinate artifact.
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In the following, we refer to the case ω = 0 as the Newtonian case. In this instance, we

recover the usual set of equations:

ẍ = g , ∇× g = 0 , ∇ · g = −4πGϱ . (18)

The irrotationality of g allows us to write it as the gradient of a potential U, that is,

g = −∇U. This potential satisfies the Poisson equation ∇2U = 4πGϱ, whose general

solution assuming vanishing fields at infinity is

U = −G
∫

d3x′
ϱ(x′)
|x′ − x| . (19)

If ω does not vanish and is time-independent, we still can write g = −∇U, but the potential

is now determined by a modified Poisson equation, whose solution can be written as follows

again assuming vanishing fields at infinity:

U = −G
∫

d3x′
ϱ(x′)
|x′ − x| +

1

4π

∫

d3x′
2ω2(x′)
|x′ − x| . (20)

This means that the square modulus of the Coriolis field contributes effectively as a negative

matter density; therefore, it might seem that its presence would make more matter necessary

to justify a given equivalent Newtonian dynamics. However, ω also enters the equation

of motion (6) in a way that might correspond to the necessity of a smaller matter density.

So, one has to see which of the two effects is dominant [20].

3. The Stationary Case and Axial Symmetry

In his work [7,33], J. Ehlers applied his formalism to some noteworthy examples: the

Schwarzschild metric, as well as the generic spherically symmetric metric; the Kerr metric;

the plane gravitational wave; the Friedmann–Lemaître cosmology; the Gödel universe; and

the NUT spacetimes. With the only exception of the NUT spacetimes, in the above examples,

the off-diagonal components of the metric display vanishing effects in the λ → 0 limit, i.e.,

their low-energy regime coincides with the Newtonian regime. It is noteworthy that studies

on the Taub-NUT spacetimes involved some of the key concepts arising in the discussion

about dragging in galaxy models, e.g., its interpretation in terms of gravitomagnetism, of

the Coriolis field, and/or in terms of frame dragging itself—see [40] (pp. 219–221).

We are interested in considering here physical systems that are not Newtonian for

low energies. In other words, we want to study a realistic example of NC with a non-zero

Coriolis field. As we mentioned in the introduction, a discussion in the literature related to

this issue is about the dynamics of disc galaxies [13,15,18–24]. Since we have in mind such

a framework to apply Ehlers’ FT, let us employ cylindrical coordinates (r, ϕ, z) with origin

in the galactic center.

In the case of time-independent (stationary) fields, one has ω̇ = 0, so the curl of g is

vanishing and this field can be written as the gradient of a scalar potential U:

g = gr r̂ + gϕϕ̂ + gz ẑ = −∇U = −U,r r̂ − 1

r
U,ϕϕ̂ − U,z ẑ . (21)

Similarly, for the Coriolis field,

ω = ωr r̂ + ωϕϕ̂ + ωz ẑ = ∇V = V,r r̂ +
1

r
V,ϕϕ̂ + V,z ẑ . (22)
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In addition to stationarity, we demand axial symmetry. Therefore, no component of

the fields may depend on ϕ and, consequently, the potentials cannot depend on ϕ.

We then have

ωϕ = gϕ = 0 . (23)

The position vector and its first and second derivatives are

x = rr̂ + zẑ , ẋ = ṙr̂ + rϕ̇ϕ̂ + żẑ , ẍ = (r̈ − rϕ̇2)r̂ + (rϕ̈ + 2ṙϕ̇)ϕ̂ + z̈ẑ . (24)

The cross-product between the velocity and the Coriolis field is

ẋ × ω = (rϕ̇ωz)r̂ + (żωr − ṙωz)ϕ̂ + (−rϕ̇ωr)ẑ . (25)

The equation of motion can be then written in components as

r̈ − rϕ̇2 = gr + 2rϕ̇ωz , (26)

rϕ̈ + 2ṙϕ̇ = 2(żωr − ṙωz) , (27)

z̈ = gz − 2rϕ̇ωr . (28)

The equations for the potentials are, using the expression for the Laplacian in

cylindrical coordinates,

1

r
(rV,r),r + V,zz = 0 , (29)

1

r
(rU,r),r + U,zz = 4πGϱ − 2

(

V2
,r + V2

,z

)

. (30)

We now solve the Laplace equation for the Coriolis potential and obtain a solution for the

rotational velocity in the special case of circular motion on the galactic plane.

3.1. Zero Separation Constant Solution for the Coriolis Potential

Using variable separation, and assuming a vanishing separation constant, a solution

of the Laplace equation can be found with the following form:

V0 = a0(1 + b0z)(1 + c0 ln r) , (31)

so that the Coriolis field is

ωr =
a0c0(1 + b0z)

r
, ωz = a0b0(1 + c0 ln r) . (32)

In order to avoid divergence in r = 0, we need c0 = 0, and the only possible solution is

ωz = ω = a0b0 . (33)

As discussed in the previous section, a spatially homogeneous Coriolis field is not a physical

field, since it can be eliminated with a change of coordinates. In the present case, one can

recognize that any effect from this constant Coriolis field is an apparent one, due to the

choice of a non-inertial frame of coordinates x.

This example is in part related to the solution found in [32], where the author works

within the gravitomagnetic framework in the weak-field limit (thus neglecting the ad-

ditional 2ω2 term in the Modified Poisson Equation). It is not a spatially homogeneous

solution, being in fact equivalent to a Coriolis field ω(x) ∝ (k0 + K1/r2)ẑ. Thus, it is a

physical field. However, the constant term k0 can be simplified by a change in coordinates.
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3.2. General Solution for the Coriolis Potential

Using again variable separation, a general solution for the Coriolis potential is

Vγ = [aγ J0(γr) + bγY0(γr)][cγ cosh(γz) + dγ sinh(γz)] , (34)

where γ2 ̸= 0 is the separation constant and J0, Y0 are, respectively, the Bessel functions of

first and second kind of zeroth order. We look for a Coriolis field that does not diverge at

r = 0. Preferably, we would like it to be vanishing in the galactic bulge because we know

that Newton’s gravity works fine there. Therefore, we need bγ = 0. The Coriolis potential

then becomes

Vγ = J0(γr)[cγ cosh(γz) + dγ sinh(γz)] . (35)

From this potential, we have a Coriolis field:

ωr = γJ′0(γr)[cγ cosh(γz) + dγ sinh(γz)] , ωz = γJ0(γr)[cγ sinh(γz) + dγ cosh(γz)] , (36)

where the prime denotes derivation with respect to the argument. Note that J0(γr) is

one with zero derivative in r = 0 and goes to zero for large r as 1/r1/2, if γ is real.

However, unfortunately, the behavior along z is exponentially divergent.

We could follow [13] and substitute an imaginary γ → γi parameter, so that we have

ωr = γI′0(γr)[cγ cos(γz) + dγ sin(γz)] , ωz = γI0(γr)[−cγ sin(γz) + dγ cos(γz)] . (37)

Here, I0(γr) is 1 with zero derivative in r = 0, but diverges as er/
√

r for large radii. In this

case, the behavior for r → ∞ is not realistic, besides the fact that the potential does not

vanish for large z.

Since both the choices of a real or an imaginary γ lead to exponential divergences at

spatial infinity, a realistic profile for the Coriolis field around a physical galaxy should be a

suitable superposition of the Vγ harmonics in (34). A similar construction was performed

by [13].

Moreover, the boundary conditions for the Coriolis field may allow non-trivial choices.

As is customary in physics, one would demand the vanishing of the field at infinity. On the

other hand, one must take into account the fact that Ehlers’ theory in the limit c → ∞

is necessary a local one: it cannot describe the entire universe. For this reason, we pay

attention only to avoid divergences for r = 0, but accept possible divergent behaviors for

r, z → ∞. For the case of a galaxy, this means recognizing that the metric outside is not

necessarily a Minkowskian one, since it is surrounded by other galaxies and, at the spatial

infinity, it should rather be approximable to the Friedmann–Lemaître–Robertson–Walker

geometry. Moreover, the intergalactic space may be described by non-trivial vacuum

solutions, e.g., as investigated in [16,17], rather than the Minkowski metric.

The crucial role of non-zero boundary conditions in returning a non-vanishing Cori-

olis field was already clear in the seminal paper given in [7], from Theorems 1 and 2.

Ehlers relates them to the concepts of isolated systems, and thus “real physical structures”,

in an epistemological sense.

Given the nice behavior of the Coriolis potential as a function of r, let us concentrate

on the solution with γ2
> 0.
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3.3. Circular Motion on the Galactic Plane

Using the simple single-harmonic solution (36) for the Coriolis field, let us write down

the equation of motion for a r = constant solution constrained on the galactic plane (z = 0):

−rϕ̇2 = gr|z=0 + 2rϕ̇ωz|z=0 , (38)

rϕ̈ = 0 , (39)

z̈ = gz|z=0 − 2rϕ̇ωr|z=0 . (40)

In this case, rϕ̇ := v is a constant rotational velocity.

In order to have no runaway of particles from the equatorial plane, we suppose

gz|z=0 = −U,z|z=0 = 0 and ωr|z=0 = 0, which requires cγ = 0. The condition on g

is meaningful once we ask for some planar symmetry with respect to the z = 0 plane.

However, the condition on ω does not descend from the imposing of the same planar

symmetry on it. We are also not interested in considering a planar symmetric Coriolis field,

otherwise we would not be able to recover the galactic models of the form (46).

We want thus to impose the planar symmetry ϱ(r, z) = ϱ(r,−z) on the matter dis-

tribution, first of all, since it can be observationally checked for a real galaxy. Looking at

the modified Poisson equation in its axisymmetric form (30), we can choose to realize the

symmetry by imposing it on each term. This means that the Newtonian potential U(r, z)

must be analogously a symmetric function in z, so that by evaluating gz in z = 0, one

must find zero. Meanwhile, the Coriolis potential V(r, z) is allowed to be a symmetric or

an antisymmetric function (depending on z). Choosing an antisymmetric V, we find the

above condition ωr(r, 0) = 0 and this forces ωz to be antisymmetric, so it is allowed to have

ωz(r, 0) ̸= 0.

Since we are limiting ourselves to a Coriolis field with the form (36), on the symmetry

plane, it is

ω|z=0 = ωz(r, 0)ẑ = γdγ J0(γr)ẑ . (41)

We are therefore left to determine the shape of U(r, z) near z = 0, using the remaining

Equations (38) and (30). We can call U,r(r, 0) := ac(r) the centripetal acceleration and let

U,zz(r, 0) := b(r). From the first one, we have

v(r)2 = rac(r)− 2rv(r)γdγ J0(γr) , (42)

where the rotation profile v(r) can be observed, and the second equation is

1

r
(rac(r)),r + b(r) = 4πGϱ(r, 0)− 2γ2d2

γ J0(γr)2 . (43)

For small r, ωz|z=0 ∼ γdγ, whereas b and ϱ|z=0 tend to constants. So, we expect to

reproduce the Newtonian case v ∼ r.

On the other hand, for sufficiently large r, far from the galactic bulge, the density is

negligible and one can obtain a flat rotation curve v(r) ∼ v f for

ac(r) ∼2v f γdγ J0(γr) +
v2

f

r
∼ v f dγ

√

8γ

πr
cos

(

γr − π

4

)

, (44)

b(r) ∼− 2v f γdγ
J0(γr) + γrJ′0(γr)

r
− 2γ2d2

γ J0(γr)2 ∼ v f dγ

√

8γ3

πr
sin

(

γr − π

4

)

. (45)

However, we must remember that the shape (36) has no zero boundary conditions, thus not

producing a Newtonian potential of the form (20). The freedom we have here for v(r), ac(r),

and b(r) comes from not having imposed any boundary conditions at spatial infinity. For
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a realistic galaxy, which is not a totally isolated system, instead being surrounded by

other similar galaxies, we can imagine that ω should be imposed to be non-zero, but not

exponentially growing, on the boundary. As we mentioned above, this should be realized

by suitably superimposing many single-harmonic solutions (36).

4. The Low-Energy Limit of the Dragging Metric

In [18], the galactic dynamics is modeled using the following stationary, axially, and

planar symmetric metric (the Lewis–Papapetrou–Weyl metric):

gµνdxµdxν =+ e2λU(dt + λŁDdφ)2 − λe−2λU
[

r2dφ2 + e2λk(dr2 + dz2)
]

. (46)

Here, U(r, z) is the Newtonian potential, ŁD(r, z) is the quasilocal angular momentum (per

unit mass) of spacetime, and k(r, z) is a conformal spatial factor. This metric is suitable not

only for a pressureless source, as is assumed in [18–21], but also for the non-zero pressure

case considered in [22], once one generalizes the component grr = −λe−2λUW(r, z)2, where

the field W tends to r for λ → 0.

In the aforementioned literature, the full Einstein equations are cast, and the exact

(η, H) solution is explicitly given in the pressureless case. The subrelativistic regime of a

real galaxy is subsequently imposed on the full GR equations, expanding each one at the

lowest order in v/c, where v ∼ 10−3c is the typical speed of the system. This operation was

performed in [18,19] and made explicit in [20]. For such a low-energy regime, ref. [22] found

Field Equations (17)–(20) and Equations of Motion (21) and (22) that are not Newtonian,

displaying indeed additional terms in ŁD.

Since for the c → ∞ limit the Newtonian theory is not recovered, one must conclude

that the PN expansion fails in this case. In other words, the spacetime metric cannot

be described as a Minkowskian metric with higher-order corrections. To say that the

Minkowskian spacetime cannot be taken as a background metric means that the suitable

background is a non-trivial one, carrying on some intrinsic energy and angular momen-

tum. For this reason, ref. [22] interpreted ŁD as the quasilocal angular momentum of

this background spacetime, and the additional term in the Poisson Equation (17) as its

quasilocal energy.

The laborious procedure of casting the full GR equations and then expanding them in

the low-energy limit can be substituted by the more straightforward NC, whose equations

have already incorporated the low-energy regime. For this reason, the λ factor has been

restored in (46). Applying Ehlers’ formalism and taking the limit λ → 0, we recognize that

g = −U,r r̂ − U,z ẑ , ω =
ŁD,z r̂ − ŁD,r ẑ

2r
. (47)

For the field equations, the first of (8) is identically zero, since we have assumed stationarity

(ω̇ = 0) and g is a gradient.

The modified Poisson equation becomes

4πGϱ = 2ω2 −∇ · g = ∇2U +
|∇ŁD|2

2r2
, (48)

which is identical to the modified Poisson Equation (17) presented in [22], where it is

derived as the low-energy limit of the Einstein equations. Here, it is proved in a more

straightforward way, thanks to Ehlers’ FT.
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Analogously, we can recognize the other two field Equations (7) as the low-energy

limits of Equations (18)–(20) of [22]. Indeed, from Equation (47), we find

∇× ω = (ωr,z − ωz,r)φ̂ =

(

ŁD,zz

2r
+

1

2

ŁD,rrr − ŁD,r

r2

)

φ̂ =
∆̂ŁD

2r
φ̂ , (49)

where ∆̂ is the so-called Grad–Shafranov differential operator [41,42]. Here, we can ap-

preciate how such an unusual operator as the Grad–Shafranov one emerges because of

the r in the denominator and the switched partial derivatives in the ω-ŁD relation (47):

Equation (18) of [22], namely, the Grad–Shafranov equation for ŁD, is equivalent to requir-

ing that ω is an irrotational field.

Finally, the relation ∇ · ω can be obtained from Equations (19) and (20) of [22] by

demanding the integrability condition ∂zk,r = ∂rk,z. In fact, we have from (47) that (19) and

(20) of [22] become

k,r =
Ł2

D,z − Ł2
D,r

4r
= rω2

r − rω2
z , k,z =

ŁD,rŁD,z

2r
= 2rωrωz , (50)

and the integrability condition takes the form

∇ · ω = ωr,r +
ωr

r
+ ωz,z =

ŁD,zrr − ŁD,z

2r2
+

ŁD,z

2r2
− ŁD,rz

2r
= 0 . (51)

In other words, the Coriolis field is automatically solenoidal once defined as in (47), and the

integrability condition in k implies just that ωr(∇× ω)φ = 0, which is already guaranteed

by the Grad–Shafranov equation in ŁD.

We have thus proved that Ehlers’ field Equations (7) and (8) are implicitly contained

in Einstein’s field equations in the low-energy limit considered in [22] and that the residue

of the quasilocal angular momentum ŁD in the low-energy limit is tightly related to a

non-zero Coriolis field. The ŁD profiles proposed in the plot of vD of [22] to describe flattish

rotation curves can now be interpreted as superpositions of single-harmonic solutions with

the form (36). We can thus write explicitly the Coriolis potential as

V(r, z) =
1

2π

∫

dkω̂(k)J0(kr) sinh (kz) , (52)

where the cγ coefficients in (36) vanish, in order to have ωr = V,r = |z=00, and the Bessel–

Fourier coefficients ω̂(k) are given by

ω̂(k) =
∫

rdrωz(r, 0)J0(kr) . (53)

Finally, here we can substitute the V,z(r, 0) = ωz(r, 0) profile by following the correspon-

dence rule (47) and Equation (36) of [22]:

ωz(r, 0) = −ŁD,r

2r
= − 1

2r
[rvobs(r)],r +

1

2

√

1

r2
[rvobs(r)]2,r −

2

r
[vh(r)2],r . (54)

Here, vobs(r) is the observed rotation curve for stars and gas on the galactic plane, and

vh(r) is the halo correction of the rotation curve, which is usually assumed in the ΛCDM

paradigm. Such a Coriolis field ω(r, z), if present, would thus explain the flattish profile of

vobs without assuming additional matter in the halo.
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5. Dropping the Assumption of Stationarity

Unlike GR, NC maintains itself in a mathematically simple way even in absence of

Killing vectors or without other simplifying assumptions. We showed in the last sections

how the usual stationary and axisymmetric case can be solved way more straightforwardly

by skipping the full Einstein equations and employing instead Ehlers’ formalism. Here, we

present, as an example, how even the non-stationary case can be quite easily treated with

the same approach.

With the same symmetries employed earlier, but now exploiting ∇× g = −2ω̇, the

equation of motion for a r = constant solution constrained on the galactic plane z = 0

assumes the following form:

v2 = acr − 2rvωz|z=0 , v̇ = at , (55)

where all quantities can now depend on t, in addition to r, and gr|z=0 := −ac(t, r) and

gϕ|z=0 := at(t, r) are the centrifugal and tangential accelerations, respectively. Note that

in the non-stationary case, g is not the gradient of a scalar potential, so axial symmetry

no longer implies that gϕ vanishes. We have again assumed that there are no particles

escape from the equatorial plane, guaranteed by the planar symmetry (in the sense that

was discussed in Section 3), and thus gz|z=0 = 0 and ωr|z=0 = 0.

The remaining field equations describe a ω = ∇V with a Coriolis potential that

must be harmonic and is assumed to obey the planar antisymmetry condition V(t, r, z) =

−V(t, r,−z). This means that its z component is the only one that does not vanish on the

symmetry plane, and we can call it simply ω(t, r) = ωz|z=0.

The tangential acceleration at is given by the ẑ component of ∇ × g = −2ω̇ and

satisfies the following differential equation:

(rat),r = −2rω̇ , (56)

with the other components vanishing on z = 0. Finally, the modified Poisson equation

evaluated at z = 0 reads as before:

1

r
(rac),r + b = 4πGϱ|z=0 − 2ω2 , (57)

where gz,z|z=0 := −b(t, r).

It can be easily found by quadrature:

(rv(t, r)),r = C(r)− 2rω(t, r) , (58)

where C(r) is an arbitrary integration term. This relation between the velocity field and

the Coriolis field has no precedents in the stationary case. As a consequence, we cannot

now substitute some time-dependent analogues of the v and ω profiles used in Section 3.3.

Indeed, if

ω(t, r) = ω0(t)J0(γ(t)r), v(t, r) ∼r→∞ v f (t) , (59)

are substituted in (58), the asymptotic relation

C(r)− 2ω0(t)rJ0(γ(t)r) ∼r→∞ v f (t) , (60)

can be satisfied only for trivial, time-independent choices of ω0(t), γ(t) and v f (t).

This fact can be interpreted by saying that the solution presented in Section 3.3 is

not robust for time evolution, though it is mathematically acceptable. A more robust
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Newtonian–Cartan system can be obtained with a superposition of the single-harmonic

profiles (36).

As we mentioned above, for the Coriolis field, a superposition analogous to the one

built in [13] can be chosen. It may hence decay at infinity as

ω(t, r) ∼r→∞ −
v f (t)

2r
, (61)

which is consistent with the Relation (58), with a C(r) tending to zero at infinity.

This Coriolis field can support flat rotation curves, according to (55), even if ac decays

faster than 1/r. Finally, b(t, r) can be obtained from the last Equation (59), analogously to

what we did in Section 3.3.

6. Discussion and Conclusions

In this paper, we address Ehlers’ FT in the limit λ → 0. This does not recover

Newtonian gravity, but rather Newton–Cartan gravity. A prominent feature of this theory is

a second vector gravitational field ω named the Coriolis field. We show how this new degree

of freedom is related to that part of the metric field that generates frame-dragging effects.

We apply NC to axially symmetric configurations of matter, having in mind models

for disc galaxies, and studied the possibility that flattish rotation curves could be naturally

predicted in this context. We also show that some models in the literature that effectively

describe the dynamics of galaxies, and of their rotation curves, such as the (η, H) model,

can be framed in the limit c → ∞ in the NC theory with a non-vanishing Coriolis field,

which is tightly related to the quasi-local angular momentum ŁD of background spacetime.

NC gravity theory has the great advantage of being mathematically much simpler than

GR. Therefore, some of the standard assumptions adopted in the latter theory for describing

some physical systems can be discarded. One prominent example is the stationarity

assumption. Calculations without it are almost impossible to carry out in GR, instead being

rather simple in NC theory as we show in Section 5. Analogously, in future work, the

axisymmetry assumption may be abandoned, to develop an even more realistic galactic

model with the Coriolis field. We may expect such non-stationary, non-axisymmetric

models to be a perturbative development of what we have shown in Section 4, with the

perturbations of the form of pressure waves, thus describing the galactic spirals.

Our investigation confirms that the PN formalism might not grasp the full geometric

content of GR, failing to properly address the frame-dragging effects that account for the

existence of the Coriolis field ω even in the limit c → ∞, where they are expected, in the

standard approach, to be negligible. This is highlighted for the cases where the background

geometry is not Minkowskian.

The drawback of NC is the same as that of Newtonian theory. The limit c → ∞

amounts to treating the physical system at hand virtually as of vanishing dimension and

with infinite time scale, which might not be appropriate for analyzing systems such as

galaxies. The effects of retarded potentials, for example, [43–45], also cannot be appreciated

in this limit. We note that, since in NC theory the gravitational potentials travel at infinite

speed, this theory is not reliable for a perturbative study, such as the one mentioned above

regarding galactic spirals, since the perturbations of the potentials propagate too quickly

compared to the size of a galaxy.

The loss of causality in NC gravity is discussed, e.g., in Section 3 of [37], and can be

particularly appreciated in the Ehlers’ example of the NC limit of a gravitational wave

metric, presented in both [7,33]. In this sense, our work might be considered complementary

to [46], where the authors propose a quantitative way to evaluate the reliability of the

PN expansion.
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In future, it will be interesting to analyze in some more detail NC applied to the

galactic context. In particular, to find physical solutions for the Coriolis field that merge

for different galaxies, we should consider multi-galaxy models. The study of systems with

no simplifying symmetries is made easier by employing NC. Moreover, to overcome the

drawback mentioned earlier, it would be interesting to perform a λ expansion of Ehlers’ FT.

This could perhaps allow us to create a bridge with [46] and perhaps find a relation α̃ ∝ λ2.

Even with respect to the first order in λ, a source term arises for the curl of the Coriolis

field; it is indeed the source in the usual, linearized gravitomagnetic equations, and it is

proportional to the angular momentum density [28–32]. Moreover, in the exact non-linear

gravitomagnetic equations [24,47–52], even other non-linear terms arise to source the curl

of ω and the divergences of ω and g. Since for small but non-vanishing λ, the Coriolis field

equations are no more sourceless, nor linear, the discussion about the boundary conditions

can be substantially altered and rendered more physical. The λ ̸= 0 generalization also

overcomes the problem of the instantaneity of the theory, and phenomena related to the

presence of retarded gravitational potentials can be addressed.
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GR General Relativity

PN Post-Newtonian

FT Frame Theory

NC Newton–Cartan Theory

Notes

1 If angular coordinates are used, Γ
i
jk is not vanishing, in general.

2 We find a contribution 2ω2 instead of ω2 in the equation for ∇ · g. Probably, there is a typo in [7].

References

1. Einstein, A. The foundation of the general theory of relativity. Ann. Phys. 1916, 49, 769–822. [CrossRef]

2. Friedrichs, K. Eine invariante formulierung des newtonschen gravitationsgesetzes und des grenzüberganges vom einsteinschen

zum newtonschen gesetz. Math. Ann. 1928, 98, 566–575.

3. Dautcourt, G. Die Newtonske gravitationstheorie als strenger Grenzfall der allgemeinen relativitätheorie. Acta Phys. Pol. 1964,

25, 637.

4. Hoffmann, B. Perspectives in Geometry and Relativity; Indiana University Press: Bloomington, IN, USA, 1966.

5. Künzle, H.P. Covariant Newtonian limit of Lorentz space-times. Gen. Relativ. Gravit. 1976, 7, 445–457. [CrossRef]

6. Ehlers, J. Isolated systems in general relativity. Ann. N. Y. Acad. Sci. 1980, 336, 279–294.

7. Ehlers, J. Republication of: On the Newtonian limit of Einstein’s theory of gravitation. Gen. Relativ. Gravit. 2019, 51, 163.

[CrossRef]

8. Park, R.S.; Folkner, W.M.; Konopliv, A.S.; Williams, J.G.; Smith, D.E.; Zuber, M.T. Precession of Mercury’s Perihelion from Ranging

to the MESSENGER Spacecraft. Astron. J. 2017, 153, 121. [CrossRef]

http://doi.org/10.1002/andp.19163540702
http://dx.doi.org/10.1007/BF00766139
http://dx.doi.org/10.1007/s10714-019-2624-0
http://dx.doi.org/10.3847/1538-3881/aa5be2


Galaxies 2025, 13, 38 15 of 16

9. Abbott, B.P.; Abbott, R.; Abbott, T.D.; Abernathy, M.R.; Acernese, F.; Ackley, K.; Adams, C.; Adams, T.; Addesso, P.; Adhikari,

R.X.; et al. Observation of Gravitational Waves from a Binary Black Hole Merger. Phys. Rev. Lett. 2016, 116, 061102. [CrossRef]

10. Antelis, J.M.; Hernández, J.M.; Moreno, C. Post-Newtonian approximation of gravitational waves from the inspiral phase. J. Phys.

Conf. Ser. 2018, 1030, 012005. [CrossRef]

11. Anderson, P.R.; Brill, D.R. Gravitational geons revisited. Phys. Rev. D 1997, 56, 4824.

12. Carlotto, A.; Schoen, R. Localizing solutions of the Einstein constraint equations. Invent. Math. 2016, 205, 559–615. [CrossRef]

13. Balasin, H.; Grumiller, D. Non-Newtonian behavior in weak field general relativity for extended rotating sources. Int. J. Mod.

Phys. D 2008, 17, 475–488. [CrossRef]

14. Crosta, M.; Giammaria, M.; Lattanzi, M.G.; Poggio, E. On testing CDM and geometry-driven Milky Way rotation curve models

with Gaia DR2. Mon. Not. R. Astron. Soc. 2020, 496, 2107–2122.

15. Beordo, W.; Crosta, M.; Lattanzi, M.G.; Re Fiorentin, P.; Spagna, A. Geometry-driven and dark-matter-sustained Milky Way

rotation curves with Gaia DR3. Mon. Not. R. Astron. Soc. 2024, 529, 4681–4698.

16. Seifert, A. The Importance of Being Symmetric: Flat Rotation Curves from Exact Axisymmetric Static Vacuum Spacetimes. arXiv

2024, arXiv:2405.04933.

17. Rizzi, L.; Cacciatori, S.L.; Gorini, V.; Kamenshchik, A.; Piattella, O.F. Dark matter effects in vacuum spacetime. Phys. Rev. D 2010,

82, 027301. [CrossRef]

18. Astesiano, D.; Cacciatori, S.L.; Gorini, V.; Re, F. Towards a full general relativistic approach to galaxies. Eur. Phys. J. C 2022,

82, 554. [CrossRef]

19. Astesiano, D.; Cacciatori, S.L.; Dotti, M.; Haardt, F.; Re, F. Re-weighting dark matter in disc galaxies: A new general relativistic

observational test. arXiv 2022, arXiv:2204.05143.

20. Re, F.; Galoppo, M. Effective galactic dark matter: First order general relativistic corrections. Class. Quantum Gravity 2025, in press.

21. Galoppo, M.; Wiltshire, D.L. Exact solutions for differentially rotating galaxies in general relativity. arXiv 2025, arXiv:2406.14157.

22. Galoppo, M.; Wiltshire, D.L.; Re, F. Quasilocal Newtonian limit of general relativity and galactic dynamics. arXiv 2024

arXiv:2408.00358.

23. Ciotti, L. On the Rotation Curve of Disk Galaxies in General Relativity. Astrophys. J. 2022, 936, 180. [CrossRef]

24. Costa, L.F.O.; Natário, J. Relativistic effects cannot explain galactic dynamics. Phys. Rev. D 2024, 110, 064056. [CrossRef]

25. Glampedakis, K.; Jones, D.I. Pitfalls in applying gravitomagnetism to galactic rotation curve modelling. Class. Quantun Gravity

2023, 40, 147001. [CrossRef]

26. Lasenby, A.; Hobson, M.; Barker, W. Gravitomagnetism and galaxy rotation curves: A cautionary tale. Class. Quantum Gravity

2023, 40, 215014.

27. Barker, W.; Hobson, M.; Lasenby, A. Does gravitational confinement sustain flat galactic rotation curves without dark matter?

arXiv 2023, arXiv:2303.11094.

28. Ludwig, G.O. Galactic rotation curve and dark matter according to gravitomagnetism. Eur. Phys. J. C 2021, 81, 186. [CrossRef]

29. Astesiano, D.; Ruggiero, M.L. Galactic dark matter effects from purely geometrical aspects of general relativity. Phys. Rev. D 2022,

106, 044061. [CrossRef]

30. Astesiano, D.; Ruggiero, M.L. Can general relativity play a role in galactic dynamics? Phys. Rev. D 2022, 106, L121501. [CrossRef]

31. Srivastava, Y.; Immirzi, G.; Swain, J.; Panella, O.; Pacetti, S. General relativity versus dark matter for rotating galaxies. Eur. Phys.

J. C 2023, 83, 100. [CrossRef]

32. Le Corre, S. Milky Way could invalidate the hypothesis of exotic matter and favor a gravitomagnetic solution to explain dark

matter. Sci. Rep. 2024, 14, 27526. [CrossRef] [PubMed]

33. Ehlers, J. Examples of Newtonian limits of relativistic spacetimes. Class. Quantum Gravity 1997, 14, A119. [CrossRef]

34. Trautman, A. Einstein-Cartan theory. arXiv 2006, arXiv:0606062.

35. Costa, L.F.; Natário, J. The Coriolis field. Am. J. Phys. 2016, 84, 388–395. [CrossRef]

36. Hartong, J.; Obers, N.A.; Oling, G. Review on non-relativistic gravity. Front. Phys. 2023, 11, 1116888. [CrossRef]

37. Buchert, T.; Mädler, T. Editorial Note to: On the Newtonian Limit of Einstein’s Theory of Gravitation (by Jürgen Ehlers). Gen.

Relativ. Gravit. 2019, 51, 162. [CrossRef]

38. Buchert, T.; Ehlers, J. Averaging inhomogeneous Newtonian cosmologies. Astron. Astrophys. 1997, 320, 1–7. . [CrossRef]

39. Weinberg, S. Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity; John Wiley and Sons: New

York, NY, USA, 1972.
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