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Abstract

This thesis advances the spectral theory of structured matrix-sequences within
the framework of Generalized Locally Toeplitz (GLT) ∗-algebras, focusing
on the geometric mean of Hermitian positive definite (HPD) GLT matrix-
sequences and its applications in mathematical physics. For two HPD se-
quences {An}n ∼GLT κ and {Bn}n ∼GLT ξ in the same d-level, r-block GLT
∗-algebra, we prove that, when κ and ξ commute, the sequence of geomet-
ric means {G(An, Bn)}n is a GLT sequence with symbol (κξ)1/2, without
requiring the almost-everywhere invertibility of either symbol, thereby set-
tling [38, Conjecture 10.1] for r = 1, d ≥ 1. In degenerate cases, where
symbols vanish on sets of positive measure, we identify conditions ensuring
that the geometric mean retains a GLT structure in the commuting setting,
so having {G(An, Bn)}n ∼GLT G(κ, ξ). Conversely, for r > 1 with degenerate,
non-commuting symbols, we provide numerical evidence that the resulting
sequence still admits a spectral symbol, with G(κ, ξ) being not well defined.
The latter implies that the result {G(An, Bn)}n ∼GLT G(κ, ξ) in the commut-
ing setting is maximal. Numerical experiments in scalar and block settings,
in one and two dimensions, confirm the theoretical predictions and illustrate
spectral behaviour. We sketch also the case of k ≥ 2 matrix-sequences, by
considering the Karcher mean. Preliminary results and numerical experiments
indicate that {G(A(1)

n , . . . A(k)
n )}n ∼GLT G(κ1, . . . κk), if {A(j)

n }n ∼GLT κj, for
j = 1, . . . , k.

The GLT framework is further applied to mean-field quantum spin systems,
with particular attention to the quantum Curie–Weiss model. In this con-
text, we show that the structured matrices arising from the model form GLT
sequences, enabling an explicit determination of their spectral distributions
in both unrestricted and symmetry-restricted cases. Numerical simulations
validate the analysis and reveal additional spectral features such as eigenvalue
localization and extremal behaviour.

In terms of mathematical tools, we use the axioms characterizing the d-level,
r-block GLT ∗-algebra, the notion of approximating classes of sequences and
the important two-sided ideal of zero-distributed matrix-sequences.
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General notations and acronyms

• N, R, C: Sets of natural, real, and complex numbers, respectively.

• R+, N+: Sets of positive real and natural numbers.

• Z: Set of integers.

• K: A field, usually R or C.

• Kr: Space of vectors of length r with entries in K.

• Kr×s: Space of r × s matrices with entries in K.

• Mn(K): Set of n× n matrices over K.

• x,y: Vectors in Kr (bold letters usually denote vectors).

• A,B: Matrices in Mn(K) unless specified otherwise.

• In or In: n× n identity matrix.

• 0n or 0n: n× n zero matrix.

• (·)⊤: denotes the transpose of a vector or matrix.

• (·)∗: denotes the conjugate transpose of a vector or matrix.

• (·)†: denotes the Moore-Penrose pseudoinverse of a square matrix.

• λj(A): denotes the j-th eigenvalue of A ∈ Mn(K), for j = 1, . . . , n.

• σj(A): denotes the j-th singular value of A ∈ Mn(K), for j = 1, . . . , n.

• H: Hilbert space.

• σx, σy, σz: Pauli matrices.

• σ(i): Pauli operator acting on the i-th spin.

• H: Hamiltonian operator of the system.

• ρ(H): empirical spectral measure of H.

• χ: Magnetic susceptibility.

• β: Inverse temperature parameter.

• Z: Partition function.

• ⟨·⟩: Expectation with respect to the Gibbs measure.

• A ≥ B, where A,B ∈ Mn(K), means that A−B is positive semidefinite.
Likewise, A ≤ B means that A−B is negative semidefinite.

4



• A > B, where A,B ∈ Mn(K), means that A − B is positive definite.
Likewise, A < B means that A−B is negative definite.

• A ∼ B, where A,B ∈ Mn(K), denotes that A and B are similar matrices
(i.e., there exists an invertible P such that A = PBP−1).

• ∥ · ∥p: denotes the standard p-norm of a vector or matrix, 1 ≤ p ≤ ∞.

• ∥ · ∥: denotes the spectral norm (largest singular value), coincides with
∥ · ∥2. If the matrix is normal, the spectral norm coincides with the
spectral radius.

• ⊗: Kronecker (tensor) product. For A ∈ Cp×q, B ∈ Cr×s,

A⊗B =

⎡⎢⎢⎢⎣
a11B · · · a1qB
...

...
ap1B · · · apqB

⎤⎥⎥⎥⎦ ∈ Cpr×qs

• Lp(D): Space of p-integrable functions on domain D.

• C([a, b]): Space of continuous functions on [a, b].

• O(·), o(·): Big-O and little-o notation.

• Cc(R), Cc(C): The set of continuous, complex-valued functions with com-
pact support on R or C.

Multi-index notation:

• i denotes a multi–index (i1, . . . , id) ∈ Zd. Its size will be clear from
context.

• 0,1,2, . . . are vectors of all zeros, ones, twos, etc.

• h + k is the multi–index whose components are hr + kr for r = 1, . . . , d.
More generally, operations between multi-indices such as subtraction,
multiplication, division, and so on, are performed componentwise.

• h ≤ k means that hr ≤ kr for all r = 1, . . . , d. More generally, relations
between multi-indices are evaluated componentwise.

• h, . . . ,k denotes the multi-index range {j ∈ Zd : h ≤ j ≤ k}. With
j = h, . . . ,k we mean that j varies in this range from h to k according
to the standard lexicographic ordering:[︃

· · ·
[︂
[(j1, . . . , jd)]jd=hd,...,kd

]︂
jd−1=hd−1,...,kd−1

· · ·
]︃

j1=h1,...,k1
.

• m → ∞ means that min(m) = minj=1,...,d mj → ∞, or equivalently,
that all the components tend to infinity.

• N(m) is the product of all the components of m, i.e., N(m) := ∏︁d
j=1mj.
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• {An}n: Sequence of matrices indexed by size/discretization parameter n.

• Tn(f): Toeplitz matrix of size n generated by symbol f .

• Cn(f): Circulant matrix of size n generated by symbol f .

• Hn(f): Hankel matrix of size n generated by symbol f .

• Symbol (κ): Measurable function associated with a matrix-sequence, e.g.,
{An}n ∼GLT κ.

• Symbol (ξ): Measurable function associated with a matrix-sequence, e.g.,
{Bn}n ∼GLT ξ.

• D = [0, 1]d × [−π, π]d: Typical domain for the symbol of a d-level GLT
sequence.

• ∼σ: Singular value distribution.

• ∼λ: Eigenvalue distribution.

• ∼GLT: Matrix-sequence is a GLT sequence with symbol.

• ran(M): The column space (range) of a matrix M .

• ess Ran(·): The essential range of a Grassmannian-valued measurable
map, i.e., the set of subspaces which are not avoided by the function on
a set of positive measure.

Acronyms and Abbreviations:

• GLT: Generalized Locally Toeplitz

• LT: Locally Toeplitz

• HPD: Hermitian positive definite

• SPD: Symmetric positive definite

• a.c.s.: Approximating class of sequences

• FDE / PDE: Fractional / Partial Differential Equation

• CW: Curie–Weiss (model)

• TFIM: Transverse-field Ising model.

• LSD: Limiting spectral distribution.

• a.e.: almost everywhere.

• w.h.p.: with high probability.
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Introduction

The asymptotic spectral distribution of large, structured matrices is a central
theme in matrix analysis and computational mathematics, particularly in the
context of discretized differential equations. This theme dates back to the
early twentieth century with the pioneering work of Gábor Szegő, whose limit
theorem rigorously describes the eigenvalue distribution of n × n Hermitian
Toeplitz matrices generated by a real-valued symbol f ∈ L∞([−π, π]). More
precisely, for f real-valued and essentially bounded, the classical Szegő Limit
Theorem as discussed in [43] states that for the Toeplitz sequence {Tn(f)}n,
it holds

lim
n→∞

1
n

n∑︂
j=1

F
(︂
λj(Tn(f))

)︂
= 1

2π

∫︂ π

−π
F (f(θ)) dθ, (1)

for every continuous function F , where λj(Tn(f)) are the eigenvalues of Tn(f);
see [87, Theorem 1.1]. This profound results laid the groundwork for connect-
ing discrete matrix structures with continuous spectral data, a connection of
fundamental importance in many applications, including the approximation
of differential and integral operators.

Over time, the need to extend these foundational results to broader function
spaces and more general matrix structures became apparent. A major ad-
vancement was made by Eugene Tyrtyshnikov in 1996 [89], who developed a
unifying approach for the spectral and singular value distribution of Toeplitz
and multilevel Toeplitz matrices generated by symbols in L2([−π, π]), d ≥ 1.
In particular, Tyrtyshnikov proved that for the wide class of Toeplitz matrix-
sequences with symbol f ∈ L2([−π, π]d), the limiting singular value distribu-
tion is still governed by integrals over the symbol, even when f is unbounded
or complex-valued. The eigenvalue distribution is also proved for {Tn(f)}n

and f ∈ L2([−π, π]d), but with the restriction that f is essentially real-valued.
By relaxing the assumption on the generating function to the minimal require-
ment f ∈ L1([−π, π]d), the singular value distribution was extended in [91],
while, for the eigenvalue distribution, the function f has to be essentially real-
valued. This framework not only extends the reach of the classical Szegő and
Avram–Parter theorems [29], but also justifies the use of weak spectral limits
and singular value analysis in a broad array of applications, from signal pro-
cessing to the numerical analysis of partial differential equations (PDEs).

In terms of mathematical techniques, in [91], Tyrtyshnikov and Zamarashkin
introduced matrix-theoretical approximation tools which anticipate the notion
of approximating classes of sequences [78]. A further significant contribution
which is mathematically very elegant was provided by Paolo Tilli in [86], where
he extended Szegő-type distribution in the case where the generating function
is Lebesgue integrable and matrix-valued. Again, the eigenvalue distribution
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is proven for Hermitian d-level, r-block Toeplitz matrix-sequences, d, r ≥ 1.
Interesting results for the eigenvalue distribution in the non-Hermitian set-
ting can be found in [23, 24, 28, 80, 88], where completely different techniques
and tools are used. In such cases, the resulting matrices exhibit Toeplitz or
Toeplitz-like structures, and the above theory applies directly. But when the
operator involves variable coefficients the translation invariance is lost, and
the resulting matrices no longer belong to the Toeplitz class. This limitation
naturally motivated the introduction of a more general framework capable of
capturing the asymptotic spectral behavior of matrices arising from the dis-
cretization of variable-coefficient PDEs. To address this challenge, Tilli intro-
duced the theory of Locally Toeplitz (LT) sequences in [87]. This framework
extends classical Toeplitz theory by associating each LT sequence with a pair
of measurable functions (a, f), called the local symbol, where f plays the role
of the generating function, analogous to the symbol in Toeplitz theory, while
a acts as a weight function capturing spatial variations due to variable coeffi-
cients. Tilli proved that LT sequences admit weighted Szegő-type formulas for
both eigenvalues and singular values, thus providing a robust mathematical
foundation for the analysis of matrix-sequences arising from the discretization
of PDEs with variable coefficients. Importantly, classical Toeplitz sequences
{Tn(f)}n are recovered as a special case of LT sequences by taking a(x) ≡ 1,
when f ∈ L2([−π, π]) . This theory marked a paradigm shift in structured
matrix analysis, enabling the application of spectral distribution results to a
vastly broader class of discretization schemes and structured matrices relevant
in modern numerical analysis.

Since these foundational contributions by Tyrtyshnikov and Tilli, there has
been a surge of interest in the spectral analysis of structured matrix-sequences,
leading to the development of the comprehensive theory of Generalized Locally
Toeplitz (GLT) sequences [81, 82]. This theoretical framework has rapidly
become central in both pure and applied mathematics, due to its remark-
able ability to capture the asymptotic singular value and eigenvalue distri-
butions of matrices arising from virtually any meaningful approximation of
(fractional) partial differential equations ((F)PDEs); see, e.g., the books and
review papers [11, 12, 38, 39, 40] and references therein. In fact, virtually any
practical discretization scheme, such as finite differences, finite elements of
any order, discontinuous Galerkin methods, finite volumes, or isogeometric
analysis, produces GLT matrix-sequences. Mathematically, for fixed posi-
tive integers d and r, the set of d-level, r-block GLT matrix-sequences forms
a maximal ∗-algebra of matrix-sequences, which is isometrically equivalent
to the space of d-variate, r × r matrix-valued measurable functions defined
on [0, 1]d × [−π, π]d. Each such GLT sequence {An}n is uniquely associ-
ated with a measurable, matrix-valued function κ the GLT symbol on the
domain D = [0, 1]d × [−π, π]d. Notice that the set [0, 1]d can be replaced
by any bounded Peano-Jordan measurable subset of Rd as occurring with
the notion of reduced GLT ∗-algebras, see [81, pp. 398-399, formula (59)]
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for the first occurrence with applications of approximated PDEs on general
non-Cartesian domains in d dimensions, [82, Section 3.1.4] for the first for-
mal proposal, and [7] for an exhaustive treatment, containing both the ∗-
algebra theoretical results and a number of applications. This symbol pro-
vides a powerful tool for analyzing the singular value and eigenvalue distri-
butions when the matrices An are part of a matrix-sequence of increasing
size. The notation {An}n ∼GLT κ indicates that {An}n is a GLT sequence
with symbol κ. Notably, the symbol of a GLT sequence is unique in the
sense that if {An}n ∼GLT κ and {An}n ∼GLT ξ, then κ = ξ almost every-
where in [0, 1]d × [−π, π]d [11,12,38,39]. Furthermore, by the ∗-algebra struc-
ture, {An}n ∼GLT κ and {Bn}n ∼GLT κ implies that {An − Bn}n ∼GLT 0,
i.e., the matrix-sequence {An − Bn}n is zero-distributed and the latter is
very important for building explicit matrix-sequences approximating a GLT
matrix-sequence and whose inversion is computationally cheap, in the con-
text of preconditioning of large linear systems. It must be noticed that the
d-level, r-block GLT ∗-algebra includes all Toeplitz sequences {Tn(f)}n with
f matrix-valued and f ∈ L1([−π, π]d). Hence, even when r = d = 1, the LT
matrix-sequences are strictly contained in the GLT class with r = d = 1.

For other structured matrix-sequences such as Hankel, flipped Toeplitz, and
sampling dense matrix-sequences, further distributional results exist and can
be related to the study of GLT matrix-sequences; see [35] for Hankel structures
generated by f ∈ L2([−π, π]d), d ≥ 1, also of rectangular matrix-valued type.
For flipped and symmetrized Toeplitz structures, and for the related develop-
ment of preconditioning techniques and asymptotic spectral analyses applied
to evolutionary and optimal-control PDEs, see [33, 36,37,45, 46,47,52, 54,55,
56, 57, 66, 67], where spectral properties of flipped or symmetrized Toeplitz
and multilevel Toeplitz matrices are analyzed, and structure-exploiting pre-
conditioners are proposed and tested. Finally, see [2, 70] for dense sampling
matrix-sequences with applications to integral operators, including models
arising in mathematical finance.

For other structured matrix-sequences like Hankel, flipped Toeplitz, sampling
dense matrix-sequences, further distributional results exist and they can be
related to the study of GLT matrix-sequences; see [35] for Hankel structures
generated by f ∈ L2([−π, π]d), d ≥ 1, also of rectangular matrix-valued type,
see [36, 37, 46, 55] for flipped Toeplitz structures and related applications to
discretized evolutionary PDEs, see [2,70] for dense sampling matrix-sequences
with applications to integral operators also in finance models.

A particularly rich connection of the GLT theory is with that related to the
concept of geometric means of matrices. This notion was originally formalized
by Ando, Li, and Mathias (ALM) [3]. The concept of the matrix geometric
mean has attracted considerable attention from a large number of researchers
in recent decades due to its elegant theoretical foundations and growing sig-
nificance in a wide range of fields, including mathematics, engineering, and
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applied sciences. More in detail, matrix geometric means appear in diffu-
sion tensor imaging (DTI) [14], radar detection [51,99], image processing [71],
elasticity [62], machine learning [48], brain-computer interfaces [100], network
analysis [34], and many more applications. The geometric mean provides a
meaningful way of averaging positive definite matrices while preserving criti-
cal structural properties. Historically, the notion of the geometric mean dates
back to ancient mathematics, where it was primarily applied to positive num-
bers. For positive real numbers a1, a2, . . . , ak, the geometric mean is defined
as

g =
⎛⎝ k∏︂

i=1
ai

⎞⎠1/k

,

a concept that can be extended to matrices [16, 61]. However, this extension
is far from straightforward, primarily due to the lack of commutativity in
matrix multiplication.

Initially introduced implicitly in the context of a functional calculus for sesquilin-
ear maps by Pusz and Woronowicz [68], but popularized as a mean by Kubo
and Ando [50], the matrix geometric mean was rigorously formalized as fol-
lows: for two positive definite matrices A and B, the geometric mean G(A,B)
is defined as

G(A,B) = A1/2(A−1/2BA−1/2)1/2A1/2 = G(B,A).

The rigorous definition has been analyzed by Ando, Li, and Mathias (ALM) [3],
who also identified essential axiomatic properties [20, Section 3] that a proper
matrix geometric mean should satisfy. These axioms serve as a foundation
for several established definitions, including the ALM mean itself, the Naka-
mura–Bini–Meini–Poloni (NBMP) mean [64], and the Karcher mean, rec-
ognized as a matrix geometric mean through Riemannian geometry as intro-
duced in [19,61]. Further detailed historical developments and generalizations
can be found in [16].

Building upon these foundational works, it becomes essential to address the
challenges that arise when considering more than two matrices. In princi-
ple, if k > 2, the ALM mean can be computed through a recursive process,
where at each step the geometric mean is formed by reducing the problem
to k − 1 matrices. However, this method has significant limitations: it only
achieves linear convergence and entails high computational cost, as each re-
cursive step requires a large number of iterations. As a result, extending the
ALM geometric mean beyond two matrices quickly becomes computationally
infeasible [21]. To overcome these challenges, the Karcher mean [19] was in-
troduced as a true generalization of the geometric mean to multiple positive
definite matrices. For HPD matrices A1, A2, . . . , Ak, the Karcher mean is
defined as the unique positive definite solution

k∑︂
i=1

log(A−1
i X) = 0,
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as established by Moakher [61, Proposition 3.4].

With these generalizations in hand, a natural and central question arises: How
does the geometric mean behave asymptotically when applied to sequences of
structured matrices, such as those in the GLT class? In particular, does the
geometric mean of two (or more) GLT sequences itself form a GLT sequence,
and what is its symbol?

These foundational questions form the cornerstone of the present thesis. The
main questions addressed in this thesis concern the asymptotic behavior and
spectral distribution of geometric means of GLT matrix-sequences, which are
the focus of Chapters 4, 5. The results can be summarized as follows: the
extension of distribution results to the geometric mean of HPD GLT matrix-
sequences, establishing that under appropriate conditions the sequence of ge-
ometric means is itself a GLT sequence, with a symbol given by the geometric
mean of the input symbols; the removal of unnecessary assumptions on in-
vertibility and clarification of the role of commutativity in the distribution
results. This is done in a complete way for k = 2, while for the case of more
than two matrix-sequences is still open, even though partial theoretical results
and numerical tests indicate that such a generalization is possible.

In addition, the thesis includes an application-oriented Chapter 6 that demon-
strates the power of GLT theory in the spectral analysis of large quantum
spin systems. For instance, in mean-field models such as the Curie–Weiss
model, the asymptotic spectral properties of large Hamiltonian matrices play
a central role in understanding phase transitions and collective phenomena in
the thermodynamic limit. Traditionally, analyzing these spectral properties
relied on specialized analytical or combinatorial techniques. By interpreting
discretized Hamiltonians as GLT matrix-sequences, however, one can leverage
the powerful machinery of structured matrix theory: the spectral distribution
of the quantum system is described by the symbol associated with the GLT se-
quence. This approach enables precise predictions of eigenvalue distributions
and asymptotic behavior, bridging the gap between abstract mathematical
theory and concrete models in mathematical physics.

Thesis structure
The thesis is organized as follows:

• Chapter 1 introduces foundational concepts and definitions related to
matrix-sequences, focusing on singular value and eigenvalue distributions,
approximation classes, and multi-level structures. This chapter sets the
mathematical background necessary for the study of structured matrices
and their spectral properties.

• Chapter 2 reviews classical structured matrices, including Toeplitz, cir-
culant, ω-circulant, τ , and Hankel matrices. The chapter details their
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definitions, algebraic and spectral properties, and discusses their impor-
tance in numerical linear algebra and asymptotic linear algebra.

• Chapter 3 develops the theoretical framework of Generalized Locally
Toeplitz (GLT) sequences, which serves as the mathematical backbone
for the spectral analysis of structured matrix-sequences. The chapter
introduces the GLT notion and presents GLT algebras and their key
properties, establishing the essential axioms and algebraic structure that
define the behavior of GLT sequences. It distinguishes between matrix-
sequences with explicit and hidden asymptotic structures and discusses
fundamental concepts such as zero-distributed sequences, block Toeplitz
and block diagonal sampling matrices, and the construction of d-level
r-block GLT ∗-algebras.

• Chapter 4 investigates the spectral distribution of geometric means of
Hermitian positive definite GLT matrix-sequences. For the scalar case
(r = 1, d ≥ 1), it is shown that the geometric mean of two GLT sequences
remains in the GLT class, with the symbol given by the geometric mean of
the input symbols. This result is extended to the block and multilevel case
(r, d ≥ 1). Extensions to multiple matrices via the Karcher mean are also
discussed. Theoretical findings are supported by numerical experiments
in one and two dimensions, confirming the asymptotic spectral behavior.

• Chapter 5 extends the study of the spectral distribution of geometric
means of Hermitian positive definite GLT matrix-sequences to the max-
imal setting, including degenerate and non-commuting GLT symbols. It
proves that if the GLT symbols commute, the geometric mean remains
a GLT sequence with symbol given by the geometric mean of the input
symbols, without requiring invertibility almost everywhere, completing
the proof of a long-standing conjecture for the scalar and block cases
(r, d ≥ 1). Through detailed numerical experiments, the chapter also
demonstrates that when the symbols do not commute or are both de-
generate, the classical relation may fail, revealing new phenomena and
providing a candidate symbol for the geometric mean in these settings.

• Chapter 6 applies the GLT framework to mean-field quantum spin mod-
els, especially the Curie–Weiss model. This chapter demonstrates how
GLT theory and spectral distribution results can be used to analyze the
asymptotic spectral properties of large Hamiltonians, connecting abstract
theory with quantum statistical mechanics.

In terms of mathematical tools, Theorem 4.2, Theorem 4.3, and Theorem 6.4
are proved only by using the GLT axioms. The case where both GLT symbols
are degenerate requires an elegant use of the notion of approximating classes of
sequences combined with the GLT axioms; see Theorem 5.2 and Theorem 5.4.
Finally, Theorem 6.1 has been the most difficult, since the verification that the
considered matrix-sequences are GLT with zero symbol has been performed
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through an explicit computation.

The thesis ends with a final section where we summarize the results and
indicate open questions and future directions research.
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Chapter 1

Matrices and matrix-sequences

Matrix-sequences are essential to the mathematical investigation and practi-
cal application of numerical techniques for differential equations along with
applications. A matrix-sequence is formally defined as a collection {An}n of
square matrices, where each matrix An is of size dn × dn, and the dimension
dn increases with n. This increasing dimension signifies the enhancement of
discretizations, demonstrated by the reduction of mesh size in finite difference
or finite element methods to attain improved accuracy.
The origins of matrix-sequences originated in the discretization of continuous
mathematical models. For example, when an ordinary or partial differential
equation is discretized on a grid with n points, a linear system is often pro-
duced, with the coefficient matrix size specified by the number of unknowns
in the discretization. As the discretization refines (i.e., as the grid size di-
minishes or the number of nodes increases), the resultant matrices expand
in size, creating a sequence indexed by the discretization parameter. These
sequences are not random; the matrices frequently possess algebraic or ana-
lytic features derived from the original differential operator or the problem’s
geometry. Prominent cases contain Toeplitz and circulant matrices in scenar-
ios involving constant coefficients and periodic domains, as well as broader
categories such as banded, block, or multi-level matrices. Recently, the theory
has been widened to include GLT sequences, which can represent a broader
range of operators.
The main motivation for examining matrix-sequences is their spectral char-
acteristics as the matrix dimensions increase. The asymptotic behavior of
eigenvalues and singular values, expressed through matrix symbols and limit-
ing spectral measures, provides valuable insight into the stability and conver-
gence of numerical schemes. For instance, the link between the von Neumann
stability of linear approximation methods and the asymptotic spectral distri-
bution results is discussed in [82, Section 3.4]. When considering stationary
iterative solvers, the convergence can be read in the symbol. If the eigen-
values remain confined within bounded regions of the complex plane and the
spectral radius of the iteration matrix is strictly less than one, then the re-
sulting iterative technique is convergent. In terms of the symbol, a necessary
condition is that its infinity norm is less than one. In contrast, broad spectral
distributions or eigenvalue accumulation near zero usually indicate poor con-
ditioning, reduced convergence speed, or numerical instability. Furthermore,
comprehending the fundamental structure of a matrix-sequence is essential for
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developing efficient algorithms, including rapid direct solvers, preconditioned
iterative approaches (both stationary and of Krylov type), and multi-grid
techniques or multi-iterative methods.
This chapter seeks to explain the essential principles and motives underlying
the study of matrix-sequences, thereby preparing the reader for the more com-
plex content in subsequent chapters. Section 1.1 focuses on the concepts of
eigenvalue and singular value distributions, which are essential instruments for
the asymptotic spectral analysis of matrix-sequences. Section 1.2 explains the
notion of convergence in the realm of matrix-sequences, emphasizing the ro-
bust framework for approximating classes of sequences. Section 1.3 ultimately
examines the multilevel structural dimensions of the matrices presented in this
thesis. Readers who desire a comprehensive and formal exploration of these
topics are directed to the following [39, Chapter 2].

1.1 Singular value and eigenvalue distributions
of a matrix-sequence

In numerous cases, a matrix-sequence may be associated with an eigenvalue
or singular value distribution. We provide a formal definition of this idea and
clarify its intuitive meaning.

Definition 1. (Singular value and eigenvalue distribution of a matrix-sequence).
Let {An}n be a matrix-sequence, with An of size dn, and let ψ : D ⊂ Rt →
Cr×r be a measurable function defined on a set D with 0 < µt(D) < ∞, where
µt(·) denotes the standard Lebesgue measure in Rt.

• We say that {An}n has an (asymptotic) singular value distribution de-
scribed by ψ, and we write {An}n ∼σ ψ, if

lim
n→∞

1
dn

dn∑︂
i=1

F (σi(An)) = 1
µt(D)

∫︂
D

1
r

r∑︂
i=1

F (σi(ψ(x))) dx, ∀F ∈ Cc(R).

• We say that {An}n has an (asymptotic) spectral (or eigenvalue) distri-
bution described by ψ, and we write {An}n ∼λ ψ, if

lim
n→∞

1
dn

dn∑︂
i=1

F (λi(An)) = 1
µt(D)

∫︂
D

1
r

r∑︂
i=1

F (λi(ψ(x))) dx, ∀F ∈ Cc(C).

• If ψ describes both the singular value and eigenvalue distribution of
{An}n, we write {An}n ∼σ,λ ψ.

In this case, the function ψ is referred to as the eigenvalue (or spectral) symbol
of {An}n.
The same definition when the considered matrix-sequence shows a multilevel
structure. In that case n is replaced by n uniformly in An and dn.
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The formal definitions shown above define precisely the mathematical con-
straints under which a function, commonly referred to as the symbol, charac-
terizes the asymptotic spectral (eigenvalue) or singular value distribution of
a sequence of matrices.

The informal meaning behind the spectral distribution definition is as follows:
if ψ is continuous, then a suitable ordering of the eigenvalues {λj(An)}j=1,...,dn,
assigned in correspondence with an equispaced grid on D, reconstructs ap-
proximately the r surfaces x ↦→ λi(ψ(x)), i = 1, . . . , r. For example, in the
simplest case where t = 1 and D = [a, b], dn = nr, the eigenvalues of An are
approximately equal up to a few potential outliers to λi(ψ(xj)), where

xj = a+ j
(b− a)
n

, j = 1, . . . , n, i = 1, . . . , r.

If t = 2 and D = [a1, b1] × [a2, b2], dn = n2r, the eigenvalues of An are
approximately equal again up to a few potential outliers to λi(ψ(xj1, yj2)),
where

xj1 = a1+j1
(b1 − a1)

n
, yj2 = a2+j2

(b2 − a2)
n

, j1, j2 = 1, . . . , n, i = 1, . . . , r.

A analogous understanding pertains to the definition of the singular value
distribution.
If the considered structure is two-level then the subscript is n = (n1, n2) and
dn = n1n2r. Furthermore, for t ≥ 3, a similar reasoning applies.

Finally we report an observation which is useful in the following deriva-
tions.

Remark 1.1. The relation {An}n ∼λ ψ and Λ(An) ⊆ S for all n imply that
the range of ψ is a subset of the closure S̄ of S. In particular {An}n ∼λ ψ
and An positive definite for all n imply that ψ is nonnegative definite almost
everywhere, simply nonnegative almost everywhere if r = 1. The same applies
when a multilevel matrix-sequence {An}n is considered and similar statements
hold when singular values are taken into account.

As we will experience, computing the spectral distribution is often simpler for
Hermitian matrix-sequences. However, there exist several effective tools for
analyzing matrix-sequences where the non-Hermitian component is somehow
negligible; as in the following proposition stating that small-norm perturba-
tions of Hermitian sequences do not alter the spectral distribution.

Proposition 1.2 ([13, Corollary 2]). Let {An}n be a matrix-sequence such
that An = Bn + Cn, where Bn is Hermitian ∀n ∈ N. Suppose that

• {Bn}n ∼λ ψ,

• ∥Cn∥ = o(1).

Then {An}n ∼λ ψ.
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The non-uniqueness of the distribution function for a matrix-sequence occurs
because any measurable function that yields the same integral relationship
when evaluated against all compactly supported continuous functions is also
considered a distribution. Once a distribution function ψ is established, there
exist infinitely many alternative functions ϕ, potentially specified on distinct
domains or possessing varying dimensionalities, that produce identical asymp-
totic spectral information. For instance, any permutation of ψ, specifically
any measurable function φ : E ⊂ Rs → C that meets the specified condi-
tion

1
µt(D)

∫︂
D
F (ψ(x)) dx = 1

µs(E)

∫︂
E
F (φ(x)) dx, ∀F ∈ Cc(C),

is also classified as a distribution. Alternative representations, which may
involve varying numbers of variables or be matrix-valued; see e.g. [11,12], are
deemed valid if they fulfill the aforementioned integral criterion.

1.2 Approximating classes of sequences
We present the idea of approximation class of sequences (a.c.s.), which is es-
sential in the contemporary theory of matrix-sequences. Generally, an (a.c.s.)
scheme for a specified matrix-sequence {An}n comprises a family of matrix
sequences that can increasingly approximate {An}n, aside from the poten-
tial existence of error terms: one of low rank relative to the overall matrix
dimensions, and another possessing a negligible norm.

This concept can be regarded as a particular form of convergence, or more
formally, as a method of establishing a topology on the space of matrix-
sequences. The formal concept of approximation classes of sequences and
their associated convergence results was initially defined in prior research see
e.g. [79, 87]. For additional literature and contemporary finding, refer to, for
instance [38,39].

Definition 2 (Approximating class of sequences). Let {An}n be a matrix-
sequence and let {{Bn,j}n}j be a class of matrix-sequences, with An and Bn,j

of size dn. We say that {{Bn,j}n}j is an approximating class of sequences
(a.c.s.) for {An}n if the following condition is met: for every j, there exists
nj such that, for every n ≥ nj,

An = Bn,j +Rn,j +Nn,j,

rank(Rn,j) ≤ c(j)dn and ∥Nn,j∥ ≤ ω(j),
where nj, c(j), and ω(j) depend only on j, and

lim
j→∞

c(j) = lim
j→∞

ω(j) = 0.

{{Bn,j}n}j
a.c.s. wrt j−−−−−−→ {An}n denotes that {{Bn,j}n}j is an a.c.s. for {An}n.
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In more intuitive words, we assert that {{Bn,j}n}j constitutes an approximat-
ing class of sequences (a.c.s.) for {An}n if, for any sufficiently large value of
j, the sequence {Bn,j}n yields an asymptotic approximation to {An}n. This
indicates that each An can be expressed as the sum of the corresponding Bn,j,
a matrix with a rank significantly lower than that of An, and an additional
matrix with a tiny norm. As j rises, the rank and norm of these error terms
diminish significantly for large n.

The following theorem represents the expression of a related convergence the-
ory and it is a powerful tool used, for example, in the construction of the GLT
∗-Algebra.

Theorem 1.3. Let {An}n, {Bn,j}n, with j, n ∈ N, be matrix-sequences and
let ψ, ψj : D ⊂ Rd → Cr×r be measurable functions defined on a set D with
positive and finite Lebesgue measure. Suppose that:

1. {Bn,j}n ∼σ ψj for every j;

2. {{Bn,j}n}j
a.c.s. wrt j−−−−−−→ {An}n;

3. ψj → ψ in measure.

Then
{An}n ∼σ ψ.

Theorem 1.4. Given a Hermitian matrix-sequence {An}n, let {Bn,j}n, be
a class of Hermitian matrix-sequences and let ψ, ψj : D ⊂ Rd → Cr×r be
measurable functions defined on a set D with positive and finite Lebesgue
measure. Suppose that:

1. {Bn,j}n ∼λ ψj for every j;

2. {{Bn,j}n}j
a.c.s. wrt j−−−−−−→ {An}n;

3. ψj → ψ in measure.

Then
{An}n ∼λ ψ.

We end this section by observing that the same definition can be given and
corresponding results (with obvious changes) hold, when the involved matrix-
sequences show a multilevel structure. In that case n is replaced by n uni-
formly in An, Bn,j, dn.

To prevent ambiguity, it is essential to specify that, in some instances, we
regard “constant” classes of sequences of the kind {{Bn}n}j, where the fun-
damental sequence {Bn}n is independent of the parameter j. Thus, for each
value of j, the sequence stays invariant. For instance, in the class {{In}n}j,
each member is simply the series of identity matrices {In}n for all j ∈ N.
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1.3 Multilevel discretization matrices
The discretization of partial differential equations (PDEs) on multi-dimensional
domains, such as rectangles, cubes, or higher-dimensional hyperrectangles, in-
herently results in the formation of multi-level matrices. These matrices are
characterized by their hierarchical structure, reflecting the underlying geom-
etry and grid of the computing domain. Multi-level matrices are not simply
collections of numbers; they are recursively structured into blocks: each ma-
trix is segmented into larger blocks, which can be further subdivided into
smaller sub-blocks, and so on. When a PDE is discretized on a d-dimensional
grid comprising n1, n2, . . . , nd points in each spatial direction, the resultant
matrix is generally of size N ×N , where N = n1n2 · · ·nd.

At the highest level, the matrix consists of n2
1 blocks of size N/n1, corre-

sponding to subdivisions along the first coordinate; each block at this level is
further broken down into n2

2 blocks of size N/(n1n2), according to the second
coordinate, and this recursive process continues until, at the final level, we
arrive at individual scalar entries. In general, at the d-th level, each block
is partitioned into n2

d blocks of order N/(n1 · · ·nd). This multi-level struc-
ture is not just a mathematical curiosity: it is vital for the efficient storage,
computation, and theoretical analysis of the matrices that arise from multi-
dimensional problems.

Using the conventional notation of two scalar indices i, j = 1, . . . , N to refer
to the entries of a multi-level matrix quickly becomes impractical. To address
this, mathematicians use multi-index notation, where each position in the
matrix or vector is labeled by a d-tuple, or multi-index, i = (i1, . . . , id) in Zd,
that records its location along every dimension of the grid. This approach not
only makes the notation more concise and natural but also aligns perfectly
with the recursive construction of multi-level matrices. Using multi-indices,
we can systematically and clearly describe the positions of entries in both
vectors and matrices: for example, a vector x ∈ CN(n) withN(n) = n1, . . . , nd

can be indexed as x = [xi]ni=1, The first component is x(1,...,1), the second is
x(1,...,1,2), and so on, until x(n1,...,nd). For instance, the component in position
nd + 3 will be x(1,...,1,2,3). Likewise, a d-level matrix A ∈ MN(n)(C) can be
written as A = [aij ]ni,j=1, where n = (n1, . . . , nd).

In summary, a multi-level matrix-sequence is a family of matrices {An}n,
whose size and structure are governed by a multi-index n → +∞ that reflects
the refinement of the underlying grid in each coordinate direction, with A ∈
MN(n)(C). With this framework in place, we are now prepared to explore the
different types of structured matrices that play a central role in the numerical
analysis of PDEs on multi-dimensional domains.
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Chapter 2

Structured matrices

Matrices generated by common discretization techniques, such as finite differ-
ence schemes, often possess distinctive structures whose theoretical analysis
is crucial for efficient numerical computation. Indeed, it is very important
to understand these structures from a mathematical point of view because
it leads to faster numerical processes and new ideas about how numerical
schemes work. Toeplitz matrices, which have constant entries along each di-
agonal, are one of the most well-known of these types. This diagonal constant
is a discretized form of the translation invariance quality that is built into par-
tial differential equations (PDEs) and fractional differential equations (FDEs)
with constant coefficients. A standard Toeplitz matrix is automatically made
when a uniform grid spacing is used in a one-dimensional discretization set-
ting. This is easy because the discrete approximation of derivative operators
keeps the stencil patterns the same along the grid, which means that diagonals
have the same entries.

Toeplitz structures with more than one level are created when discretizing
PDEs or FDEs in higher dimensions using uniform grid spacing over rectan-
gular areas. As these matrices get more complicated, they turn into block
Toeplitz matrices, where each block has its own Toeplitz structure. Each
block is basically a Toeplitz matrix with fewer dimensions that is nested in-
side a matrix structure with more dimensions. These multi-level Toeplitz
matrices have a direct relationship between the number of dimensions of the
subject being studied and the number of recursive levels. For instance, prob-
lems in two dimensions produce matrices with two levels of recursion, while
problems in three dimensions produce matrices with three levels of stacked
levels. Understanding and using this multi-level Toeplitz structure is impor-
tant for making numerical methods work well and for making the best use of
computing strategies in real-world situations.

This chapter begins with Section 2.1. It contains a rigorous definition of multi-
level Toeplitz matrices, followed by a concise overview of their key spectral and
algebraic characteristics, based on the substantial research that has developed
in this area over time. Unless otherwise noted, these foundational results
are comprehensively discussed in [39, Chapter 3]. Additionally, the chapter
explores several related matrix structures some of which are specific subclasses
of Toeplitz matrices, while others exhibit strong algebraic and spectral links
to Toeplitz matrices highlighting their significance in numerical computations.
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In particular, circulant and ω-circulant matrices are introduced in Sections 2.2
and 2.3, respectively, whereas Sections 2.4 and 2.5 focus on τ matrices and
Hankel matrices.

2.1 Toeplitz matrices
Given n ∈ Nd, a matrix of the form

Tn := [ai−j ]ni,j=1 ∈ MN(n)(C),

where the element in position (i, j) depends only on the difference i − j, is
called a multi-level or d-level Toeplitz matrix.

In the simplest case where d = 1 and n = n, a 1-level or uni-level Toeplitz
matrix is just a classical Toeplitz matrix, whose entries remain constant along
the diagonals:

Tn = [ai−j]ni,j=1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 a−1 a−2 · · · · · · a1−n

a1 a0 a−1 a−2
...

a2 a1
. . .

. . .
. . .

...
... a2

. . .
. . .

. . . a−2
...

. . .
. . .

. . . a−1
an−1 · · · · · · a2 a1 a0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).

Note that Tn is completely specified by its 2n − 1 coefficients ak, k = 1 −
n, . . . , n− 1, or equivalently by its first row and column.

For d = 2 and n = (n1, n2), we have a 2-level Toeplitz matrix:

Tn =
[︄ [︂
a(i1−j1, i2−j2)

]︂n2

i2,j2=1

]︄n1

i1,j1=1
= [Ai1−j1]

n1
i1,j1=1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 A−1 A−2 · · · · · · A1−n1

A1 A0 A−1 A−2
...

A2 A1
. . .

. . .
. . .

...
... A2

. . .
. . .

. . . A−2
...

. . .
. . .

. . . A−1
An1−1 · · · · · · A2 A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn1n2(C),

where each block Ak is itself a Toeplitz matrix:
Ak =

[︂
a(k, i2−j2)

]︂n2

i2,j2=1
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=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(k,0) a(k,−1) a(k,−2) · · · · · · a(k,1−n2)

a(k,1) a(k,0) a(k,−1) a(k,−2)
...

a(k,2) a(k,1)
. . .

. . .
. . .

...
... a(k,2)

. . .
. . .

. . . a(k,−2)
...

. . .
. . .

. . . a(k,−1)
a(k,n2−1) · · · · · · a(k,2) a(k,1) a(k,0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn2(C).

This type of matrix is also known as a block Toeplitz matrix with Toeplitz
blocks or BTTB matrix.
In the case where d = 3, a 3-level Toeplitz matrix is made up of blocks, and
each block has its own 2-level Toeplitz structure. A more general way to
describe a d-level Toeplitz matrix is as a block Toeplitz matrix whose blocks
are (d − 1)-level Toeplitz matrices. In this recursive design, the coefficients
in the first row and first column of the matrix tell you everything you need
to know about it, just like in the case of a single-level matrix. From the
computational perspective, this makes the storage requirement for Toeplitz
matrices drop to only O(N(n)), compared to O(N(n)2) for a generic dense
matrix.
A compact expression for a multi-level Toeplitz matrix can be formulated by
defining, for n ∈ N and k ∈ Z, the matrix J (k)

n as follows:

[J (k)
n ]i,j := δi−j−k =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i− j = k,

0 otherwise,
i, j = 1, . . . , n,

where δr is the Kronecker delta function. In other words, J (k)
n is a matrix

with all ones on the k-th diagonal and zeros elsewhere. The main diagonal
is numbered as 0, diagonals above as −1,−2, ...,−n + 1, and those below as
1, 2, ..., n − 1. For the multi-level case, where n ∈ Nd and k ∈ Zd, are both
d-dimensional vectors (for example, n = (n1, ..., nd) and k = (k1, ..., kd)), we
define its multi-level version:

J (k)
n = J (k1)

n1 ⊗ J (k2)
n2 ⊗ · · · ⊗ J (kd)

nd
.

Then, Tn admits the following representation:

Tn = [ai−j ]ni,j=1 =
n−1∑︂

k=1−n

akJ
(k)
n . (2.1)

This means the matrix is a sum over all possible diagonals, where each term
involves the coefficient ak multiplied by the matrix J (k)

n , which places ones
along the k-th diagonal and zeros elsewhere. This result can be demonstrated
by examining each entry (i, j) of the matrix on the right-hand side and using
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the definition of J (k)
n together with the properties of the Kronecker product.

Given a function f : [−π, π]d → C belonging to the space of integrable func-
tions L1([−π, π]d), it is possible to construct a class of multi-level Toeplitz
matrices associated with f . Let fk denote the k-th Fourier coefficient of f ,
defined for any k ∈ Zd as

fk := 1
(2π)d

∫︂
[−π,π]d

f(θ) e−ik·θ dθ,

where i2 = −1 and k · θ = k1θ1 + · · · + kdθd.

For any n ∈ Nd, the n-th Toeplitz matrix associated with f is the d-level
Toeplitz matrix, denoted by Tn(f), whose entries are the Fourier coefficients
of f , arranged along the diagonals according to the following definition:

Tn(f) := [fi−j ]ni,j=1 ∈ MN(n)(C).
The function f is referred to as the generating function of Tn(f), since its
Fourier coefficients determine the matrix entries. In the broader GLT frame-
work, the term symbol instead denotes the function that describes the asymp-
totic singular value distribution of a matrix-sequence and the asymptotic
eigenvalue distribution under certain condition; see GLT1 and GLT5. In this
direction, we notice that f is also the GLT symbol of the matrix-sequences
{Tn(f)}n. Furthermore, using Equation (2.1), Tn(f) can also be represented
as

Tn(f) =
n−1∑︂

k=1−n

fkJ
(k)
n =

n1−1∑︂
k1=1−n1

· · ·
nd−1∑︂

kd=1−nd

f(k1,...,kd)
(︂
J (k1)

n1 ⊗ · · · ⊗ J (kd)
nd

)︂
.

2.1.1 Relationship between the Toeplitz matrix and its
generating function

By constructing a Toeplitz matrix Tn(f) from a given multivariate function
f in L1([−π, π]d), we are essentially creating a map that takes functions and
produces matrices:

Tn(·) : L1([−π, π]d) → MN(n)(C)

for any fixed n ∈ Nd. The properties of the function f are closely related
to those of the Toeplitz matrix. To start, the operator Tn(·) is linear. This
follows directly from the linearity of the Fourier coefficient operation.

Proposition 2.1. For any α, β ∈ C and f, g ∈ L1([−π, π]d), it holds that

Tn(αf + βg) = αTn(f) + β Tn(g).
Moreover, further results follow from the identities

(f(−θ))k = f−k and (f)k = f−k, for all k ∈ Zd,

where f denotes the complex conjugate of f .
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Proposition 2.2. For any f ∈ L1([−π, π]d), the following properties hold:

Tn(f(θ))⊤ = Tn(f(−θ)),

Tn(f)∗ = Tn(f),
where Tn(f)∗ is the Hermitian (conjugate transpose) of Tn(f).

Specifically, if the function f is real-valued a.e., then the corresponding Toeplitz
matrix Tn(f) is Hermitian. This indicates that the matrix is identical to its
conjugate transpose, a characteristic that guarantees all of its eigenvalues are
real numbers. Consequently, when initiating with a real function, the Toeplitz
matrix generated will always possess real eigenvalues.
Furthermore, the spectrum of Tn(f), comprising its eigenvalues, will always
exist within the range of values assumed by f , namely inside the interval
defined by the essential minimum and essential maximum of f . This of-
fers an effective method to estimate or constrain the potential eigenvalues of
the Toeplitz matrix based exclusively on the characteristics of the generating
function.

Theorem 2.3. Given f ∈ L1([−π, π]d), real a.e., let mf := ess inf f and
Mf := ess sup f . Then, for any n ∈ Nd, it holds that

λj

(︂
Tn(f)

)︂
∈ [mf ,Mf ], ∀ j = 1, . . . , N(n).

If, in addition, mf < Mf , or equivalently f is not constant a.e., then it holds

λj

(︂
Tn(f)

)︂
∈ (mf ,Mf ), ∀ j = 1, . . . , N(n).

An important extension of the previous theorem concerns the behavior of the
extreme eigenvalues of the Toeplitz matrix Tn(f) as the matrix dimension
increases. Specifically, for any integer j ≥ 1, as n → ∞, the j smallest
eigenvalues of Tn(f) converge to the basic infimum of the generating function
f . As the matrix size increases, its smallest eigenvalues converge towards the
minimum value that f attains almost uniformly. Likewise, the j largest eigen-
values converge to the fundamental supremum of f , indicating they approach
the maximum value of f within its domain.
This outcome offers an exact asymptotic characterization of the spectrum of
large Toeplitz matrices, indicating that their extreme eigenvalues are deter-
mined by the minimum and maximum values of the generating function.

Theorem 2.4. Given f ∈ L1([−π, π]d), real a.e., let mf := ess inf f and
Mf := ess sup f , and let

λ1
(︂
Tn(f)

)︂
≤ λ2

(︂
Tn(f)

)︂
≤ · · · ≤ λN(n)

(︂
Tn(f)

)︂
be the eigenvalues of Tn(f) arranged in increasing order. Then, for any fixed
j ≥ 1, it holds that

lim
n→∞λj

(︂
Tn(f)

)︂
= mf , lim

n→∞λN(n)−j+1
(︂
Tn(f)

)︂
= Mf .
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From Theorem 2.3, we immediately deduce the positivity and monotonicity
of the Toeplitz operator.

Corollary 2.5. For any f, g ∈ L1([−π, π]d), the following holds:

f ≥ 0 a.e. ⇐⇒ Tn(f) ≥ ON(n), ∀n ∈ Nd,

and, consequently,

f ≥ g a.e. ⇐⇒ Tn(f) ≥ Tn(g) ∀n ∈ Nd.

These results remain valid even if all of the inequalities are replaced by strict
inequalities. In other words, if you consider situations where f ≥ 0 a.e., or
f ≥ g a.e., the corresponding conclusions about the Toeplitz matrices still
hold when using the strict inequality signs.

The spectral norm of a Toeplitz matrix is connected with the ∞-norm of its
generating function through the following inequality, proved in [80].

Proposition 2.6. For any f ∈ L∞((−π, π]d) and any n ∈ Nd, it holds that

∥Tn(f)∥ ≤ ∥f∥∞.

Finally, we present a noteworthy result that clarifies how the separability
of the function f affects the structure of the associated multi-level Toeplitz
matrices.

Proposition 2.7. Let f ∈ L1([−π, π]d). If f is separable, i.e.,

f = f1 ⊗ · · · ⊗ fd,

then, for any n ∈ Nd, it holds that

Tn(f) = Tn1(f1) ⊗ · · · ⊗ Tnd
(fd).

If we allow the multi-index n ∈ Nd instead of keeping it fixed, we obtain a
whole sequence of multi-level Toeplitz matrices, denoted by {Tn(f)}n. There
exists a deep and important relationship between the singular values and
eigenvalue distributions of this sequence and the properties of the generating
function f . Over the years, this connection has been established and presented
in several different forms within the mathematical literature.

In particular, the result is elegantly stated as in [39, Theorem 3.5], where the
proof relies on the notion of approximation in the sense of almost convergence
in the strong sense (a.c.s.). For readers interested in the earliest formulation
of this result, reference [91] provides the original statement, while further
generalizations specifically to cases where the generating function f is matrix-
valued rather than scalar can be found in [86].
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Theorem 2.8. With reference to Definition 1, if f ∈ L1([−π, π]d), then

{Tn(f)}n ∼σ (f, [−π, π]d).

If, moreover, f is real valued, then

{Tn(f)}n ∼λ (f, [−π, π]d).

This theorem states that, as the size of the multi-level Toeplitz matrices grows,
their singular values (and, if f is real, also their eigenvalues) become dis-
tributed according to the generating function f over the domain [−π, π]d.

2.2 Circulant matrices
A multi-level (or d-level) circulant matrix for n ∈ Nd is a structured matrix
defined as,

Cn := [a(i−j) mod n]ni,j=1 ∈ MN(n)(C),

where (i−j) mod n denotes the remainder obtained when (i−j) is divided by
n. This means that the entry in position (i, j) depends only on the difference
(i − j) mod n, so the matrix repeats its values cyclically along each diagonal.
Each row of the circulant matrix is simply a cyclic shift of the previous row,
making circulant matrices a special case of Toeplitz matrices with even higher
symmetry.

When d = 1 and n = n, this reduces to a classic circulant matrix, where each
column is a one-position downward shift of the previous one:

Cn =
[︂
a(i−j) mod n

]︂n
i,j=1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 an−1 an−2 · · · · · · a1

a1 a0 an−1 an−2
...

a2 a1
. . .

. . .
. . .

...
... a2

. . .
. . .

. . . an−2
...

. . .
. . .

. . . an−1
an−1 · · · · · · a2 a1 a0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).

Cn is entirely determined by the n coefficients in its first column, {ak}n−1
k=0.

Similarly, each row is a one-element rightward shift of the previous row, so
that the matrix is fully specified by its first row.

For d = 2 and n = (n1, n2), we obtain a 2-level circulant matrix:

Cn =
[︃[︂
a((i1−j1) mod n1, (i2−j2) mod n2)

]︂n2

i2,j2=1

]︃n1

i1,j1=1
=
[︂
A(i1−j1) mod n1

]︂n1

i1,j1=1
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=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 An1−1 An1−2 · · · · · · A1

A1 A0 An1−1 An1−2
...

A2 A1
. . .

. . .
. . .

...
... A2

. . .
. . .

. . . An1−2
...

. . .
. . .

. . . An1−1
An1−1 · · · · · · A2 A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn1n2(C),

in which each block Ak is itself a circulant matrix:

Ak =
[︂
a(k, (i2−j2) mod n2)

]︂n2

i2,j2=1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(k,0) a(k,n2−1) a(k,n2−2) · · · · · · a(k,1)

a(k,1) a(k,0) a(k,n2−1) a(k,n2−2)
...

a(k,2) a(k,1)
. . .

. . .
. . .

...
... a(k,2)

. . .
. . .

. . . a(k,n2−2)
...

. . .
. . .

. . . a(k,n2−1)
a(k,n2−1) · · · · · · a(k,2) a(k,1) a(k,0)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn2(C).

This structure is often called a block circulant matrix with circulant blocks
(BCCB).

For d = 3, a 3-level circulant matrix is constructed as a block circulant matrix,
where each block is itself a 2-level circulant matrix. More generally, a d-level
circulant matrix can be defined recursively as a block circulant matrix whose
blocks have (d− 1)-level circulant structure. Just as in the classic (uni-level)
case, the entire matrix is fully specified by the coefficients in its first column,
or, equivalently, by those in its first row.

A compact expression for a uni-level circulant matrix Cn can be derived by
using

[Zn]i,j := δ(i−j−1) mod n =
⎧⎨⎩ 1 if i− j = 1 mod n,

0 otherwise,
i, j = 1, . . . , n,

where n ∈ N and δ is the Dirac delta function. More explicitly, Zn is the
matrix that has all ones on the first and (1 − n)-th diagonals, with zeros
elsewhere:

Zn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1

1 . . .
. . .

. . .

. . .
. . .
. . .

. . .

1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).
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Raising Zn to the power k, for k = 1, . . . , n− 1, cyclically shifts the diagonals
by k positions, with entries given by

[Zk
n]i,j := δ(i−j−k) mod n =

⎧⎨⎩ 1 if i− j = k mod n,

0 otherwise,
i, j = 1, . . . , n.

More explicitly,

Z2
n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0

0 . . . 1

1 . . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Z3

n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0

0 . . . 1 0

0 . . .
. . . 1

1 . . .
. . .

. . .
. . .

. . .
. . .

. . .

1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, · · ·

Hence, any uni-level circulant matrix can be expressed as a linear combination
of these powers:

Cn =
n−1∑︂
k=0

akZ
k
n. (2.2)

Conversely, since Zn
n = In and, more generally, Zk

n = Zk mod n
n for any k ∈ Z,

any finite linear combination of the form∑︂
k∈K

akZ
k
n, ak ∈ C, K ⊂ Z,

is a circulant matrix. For this reason, Zn is commonly referred to as the
generator of circulant matrices of order n.

The multi-level generalization of circulant matrices is straightforward. For
n ∈ Nd and k ∈ Zd, we define

Zk
n := Zk1

n1 ⊗ Zk2
n2 ⊗ · · · ⊗ Zkd

nd
.

Using this definition, any multi-level circulant matrix can be written as a
linear combination of these Kronecker products:

Cn =
n−1∑︂
k=0

akZ
k
n.

This formula is directly analogous to the uni-level case and demonstrates that,
just as for classic circulant matrices, the structure of multi-level circulant
matrices is fully captured by these shift matrices and the set of coefficients
ak.
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2.2.1 Diagonalization and computational efficiency of
circulant matrices

Circulant matrices hold a special place in numerical analysis because of their
strong relationship with the Discrete Fourier Transform (DFT) and the Fast
Fourier Transform (FFT). The DFT is an operation that maps a vector
x ∈ Cn to its product with the Fourier matrix Fn, i.e., Fnx. The FFT is
a highly efficient algorithm that computes the DFT in only O(n log n) opera-
tions, which is a substantial improvement over the O(n2) operations required
for a standard matrix-vector multiplication, as discussed in [92]. The key
feature that enables this efficiency is the fact that every circulant matrix can
be diagonalized by the Fourier matrix. As a result, circulant matrices are
particularly advantageous for both theoretical analysis and computational
tasks, allowing for rapid matrix-vector products and simplified spectral anal-
ysis.

Let us begin from the definition of the Fourier matrix of order n ∈ N:

Fn := 1√
n

[︂
e−2πi rs

n

]︂n−1
r,s=0 ∈ Mn(C).

For convenience, this expression involves a slight abuse of notation, as the
row and column indices start from 0 rather than 1. It is easy to verify that
Fn is both symmetric and unitary.

Extending the definition to multiple dimensions, the multi-level Fourier ma-
trix for n ∈ Nd is given by

Fn := Fn1 ⊗ · · · ⊗ Fnd
.

Fn inherits its symmetry and unitarity from its components Fni, i = 1, . . . , d,
by virtue of the properties of the Kronecker product.

For any multi-level circulant matrix, we have the following spectral decompo-
sition.

Theorem 2.9. For all n ∈ Nd,

Cn =
[︂
a(i−j) mod n

]︂n
i,j=1 = FnΛnF

∗
n, (2.3)

where
Λn := diag

j=0,...,n−1

(︄
p

(︄2πj

n

)︄)︄
,

and
p(θ) :=

n−1∑︂
k=0

ake
ik·θ, k · θ = k1θ1 + · · · + kdθd.

The proof of this theorem relies on finding a diagonalization of the uni-level
generator Zn, which can be obtained explicitly by computing its eigenvalues
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and eigenvectors. The diagonalization for Cn then follows directly from equa-
tion (2.2), and the extension to the multi-level case is achieved by exploiting
the properties of the Kronecker product.

Theorem 2.9 offers numerous significant discoveries. All multi-level circulant
matrices are normal, as Λn is a diagonal matrix with complex entries. Sec-
ondly, the eigenvalues of Cn are clearly defined by

λj(Cn) =
n−1∑︂
k=0

ake
ik·θj , θj := 2πj

n
, j = 0, . . . ,n − 1,

indicating that they may be calculated by computing the discrete Fourier
transform (DFT) of the initial column of Cn. The associated eigenvectors are
only the columns of the Fourier matrix Fn. Third, circulant matrices consti-
tute an algebra and all matrices within this algebra are uniformly diagonalized
by Fn.

Last but not least, many computations involving circulant matrices can be
significantly accelerated by using the FFT. The computational cost of the
matrix-vector product Cnx, where x ∈ CN(n), is reduced from the conven-
tional O(N(n)2) operations necessary for dense matrices to only O(N(n) log
N(n)) operations, by using the following approach:

1. Compute y = F ∗
nx via the FFT, in O(N(n) logN(n)) flops;

2. Compute z = Λny in O(N(n)) flops;

3. Compute Fnz via the FFT, in O(N(n) logN(n)) flops.

In a similar manner, C−1
n x may be calculated as FnΛ−1

n F ∗
nx. This method-

ology is applicable to other fundamental matrix operations, including mul-
tiplication, inversion, solving linear problems, and computing the spectrum,
rendering circulant matrices remarkably efficient and potent in real applica-
tions.

Remark 2.10. This algorithm can be extended to accommodate general multi-
level Toeplitz matrices through the use of an immersion (or embedding) tech-
nique. The central idea is to embed the original Toeplitz matrix into a larger
circulant matrix, and then perform the matrix-vector multiplication using the
circulant structure as described above. The required result is then obtained by
appropriately extracting the relevant portion from the output. By adopting this
strategy, the computational complexity of the Toeplitz matrix-vector product is
also reduced to O(N(n) logN(n)).

Remark 2.11. Finally, it is important to note that each step of the process
is fully parallelizable. Therefore, in a parallel model of computation, the theo-
retical computational cost of all the aforementioned algorithms can be further
reduced to O(logN(n)).
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2.3 ω-circulant matrices
By introducing a nonzero parameter ω ∈ C \ {0}, we obtain a generalization
of uni-level circulant matrices known as ω-circulant matrices. Unlike the
classical circulant case, this concept is typically limited to the uni-level setting
rather than being extended to multiple levels. The structure of a ω-circulant
matrix is specified by the following rule:

[Cω
n ]i,j :=

⎧⎨⎩a(i−j) mod n if i > j,

ω a(i−j) mod n if i ≤ j,
i, j = 1, . . . , n.

where ak ∈ C for k = 0, . . . , n−1. Here, the parameter ω acts as a scaling fac-
tor for certain matrix entries, setting these matrices apart from the standard
circulant case.

Essentially, all entries above and on the main diagonal are multiplied by the
factor ω, resulting in the following structure:

Cω
n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 ωan−1 ωan−2 · · · · · · ωa1

a1 a0 ωan−1 ωan−2
...

a2 a1
. . .

. . .
. . .

...
... a2

. . .
. . .

. . . ωan−2
...

. . .
. . .

. . . ωan−1
an−1 · · · · · · a2 a1 a0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).

Note that Cω
n still retains a Toeplitz structure, and that for ω = 1 it reduces

to the standard circulant matrix. To generalize equation (2.2), we define the
ω-circulant generator as

[Zω
n ]i,j :=

⎧⎨⎩ δ(i−j−1) mod n if i > j,

ω δ(i−j−1) mod n if i ≤ j,
i, j = 1, . . . , n.

Equivalently,

[Zω
n ]i,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i− j = 1,
ω if i = 1 ∧ j = n,

0 otherwise,
i, j = 1, . . . , n.

In other words, Zω
n has all ones on the first superdiagonal and ω in the top-

right corner:

Zω
n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ω

1 . . .
. . .

. . .

. . .
. . .
. . .

. . .

1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).
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In this framework, Cω
n can be expressed as a linear combination of powers of

Zω
n :

Cω
n =

n−1∑︂
k=0

ak(Zω
n )k.

A diagonalization formula, paralleling equation (2.3), naturally extends to the
case of ω-circulant matrices:

Cω
n = F ω

n Λω
n(F ω

n )−1,

where the diagonal matrix of eigenvalues is given by

Λω
n := diag

j=0,...,n−1

(︄
p

(︄2πj
n

)︄)︄

with
p(θ) :=

n−1∑︂
k=0

ω
k
nake

ikθ,

and the adapted Fourier matrix is defined as

F ω
n := Dω

nFn, Dω
n := diag

k=0,...,n−1

(︃
ω− k

n

)︃
.

It should be highlighted that, as in the standard case, the eigenvalues of Cω
n

can once again be computed by performing the product F ω
n c with the first

column c of Cω
n .

Extending the efficient computation of matrix-vector products to ω-circulant
matrices, as well as applying the other algorithms described previously, is
straightforward:

1. Compute y = (Dω
nFn)−1x = F ∗

n(Dω
n)−1x using the FFT, which requires

O(n log n) flops;

2. Compute z = Λω
ny, in O(n) flops;

3. Compute Dω
nFnz via the FFT, again in O(n log n) flops.

Altogether, this sequence of operations achieves a total computational com-
plexity of O(n log n) when performed sequentially, or O(log n) steps in a par-
allel setting. However, the inclusion of the parameter ω introduces potential
numerical stability issues. Since Fn is unitary, the condition number of the
transformation Dω

nFn is determined by that of Dω
n . In particular, as n → +∞,

the condition number of Dω
n tends to max{|ω|, |ω|−1}, diverging to +∞ if ω

approaches 0 or becomes unbounded.

2.3.1 Block ω-circulant matrices
To prepare for practical applications involving the solution of linear systems,
it is useful to extend both the definition and the diagonalization procedure for
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ω-circulant matrices to the block setting. For m,n ∈ N, we define an m-block
ω-circulant matrix Cω

n,m ∈ Mmn(C) as follows:

[︂
Cω

n,m

]︂
i,j

:=
⎧⎨⎩A(i−j) mod n if i > j,

ω A(i−j) mod n if i ≤ j,
i, j = 1, . . . , n,

where Ak ∈ Mm(C) for k = 0, . . . , n− 1 are n general (not necessarily struc-
tured) matrices. Explicitly:

Cω
n,m =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0 ωAn−1 ωAn−2 · · · · · · ωA1

A1 A0 ωAn−1 ωAn−2
...

A2 A1
. . .

. . .
. . .

...
... A2

. . .
. . .

. . . ωAn−2
...

. . .
. . .

. . . ωAn−1
An−1 · · · · · · A2 A1 A0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

A concise representation for Cω
n,m is given by

Cω
n,m =

n−1∑︂
j=0

(Zω
n )j ⊗ Aj.

Moreover, Cω
n,m can be block-diagonalized as

Cω
n,m = F ω

n,mΛω
n,m(F ω

n,m)−1,

where
F ω

n,m := F ω
n ⊗ Im,

and
Λω

n,m := diag
j=0,...,n−1

(︄
p

(︄2πj
n

)︄)︄

with
p(θ) :=

n−1∑︂
k=0

ω
k
nAke

ikθ ∈ Mm(C).

It is important to highlight that Cω
n,m is not a two-level ω-circulant matrix,

since the blocks Ak are arbitrary and may not possess any special structure,
and the function p(θ) is a matrix-valued function of size m×m, rather than a
scalar. However, if m is fixed, the matrix-vector multiplication involving Cω

n,m

can still be performed efficiently in O(n log n) flops for the sequential case, or
O(log n) steps in a parallel setting, with the constant hidden in the complexity
depending on m. If m is allowed to grow and the individual matrices Ak can
each be diagonalized efficiently for instance, in O(m logm) operations, then
the overall complexity for the matrix-vector product becomes O(mn log(mn))
flops for sequential computation, or O(log(mn)) steps in parallel, taking both
block size and block count into account.
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2.4 τ matrices
A uni-level τ matrix is defined as a square matrix Sn ∈ Mn(R) whose entries
si,j satisfy the so-called cross-sum condition:

si−1,j + si+1,j = si,j−1 + si,j+1, i, j = 1, . . . , n,

where it is understood that sn+1,j = si,n+1 = s0,j = si,0 = 0. This condition
ensures that Sn is centrosymmetric, meaning it is symmetric with respect
to the center of the matrix. In particular, Sn exhibits both symmetry with
respect to the main diagonal and persymmetry with respect to the main anti-
diagonal. Furthermore, the elements in the first row or column of Sn are
sufficient to generate all other entries of the matrix. For further details and
additional properties, see [17].

Much like circulant matrices, there is a generator for the set of τ matrices,
defined by

[Wn]i,j := δ|i−j|−1 =
⎧⎨⎩ 1 if i− j = ±1,

0 otherwise,
i, j = 1, . . . , n,

or, in explicit matrix form

Wn =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1
1 0 1

1 . . .
. . .

. . .
. . .

. . .
. . .

. . . 1
1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(R).

The τ algebra is defined as the set of matrices generated by Wn, meaning
that every τ matrix can be represented as a linear combination of the powers
W 0

n = In, Wn, W 2
n , . . ., W n−1

n . As is characteristic of matrix algebras, this set
is closed under inversion, a property that follows from the Hamilton–Cayley
theorem [15]. Furthermore, for any n, k ∈ N, the matrix W k

n is symmetric
and is invertible if and only if n is even.

This construction can be extended to the multi-level setting by defining the
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multi-level generators for n ∈ Nd as

W (1)
n = Wn1 ⊗

⎛⎝ d⨂︂
l=2

Inl

⎞⎠ ,
W (2)

n = In1 ⊗W (2)
n ⊗

⎛⎝ d⨂︂
l=3

Inl

⎞⎠ ,
...

W (d)
n =

⎛⎝d−1⨂︂
l=1

Inl

⎞⎠ ⊗W (d)
n .

(2.4)

Matrices Sn that belong to the multi-level τ algebra are referred to as multi-
level τ matrices.

2.4.1 Spectral properties and the discrete sine trans-
form

Similar to the approach used for circulant matrices, it is also possible to
diagonalize τ matrices by leveraging a closely related fast transform. The
Discrete Sine Transform (DST) associates to each vector x ∈ Cn the product
Qnx, where the sine matrix Qn is defined as

Qn :=
√︄

2
n+ 1

[︃
sin

(︃ rsπ

n+ 1

)︃]︃n−1

r,s=0
.

This transformation is intimately connected to the Fast Sine Transform, which
enables the DST to be computed efficiently inO(n log n) real operations—roughly
half the computational cost of the traditional Fast Fourier Transform (FFT) [92].
The matrix Qn possesses several notable properties: it is real, symmetric, and
orthogonal.

The construction extends naturally to the multi-level case: for n ∈ Nd, we
define the multi-level sine matrix as

Qn := Qn1 ⊗ · · · ⊗Qnd
,

and the d-level DST is given by the product Qnx, where x ∈ CN(n). By prop-
erties of the Kronecker product, Qn remains real, symmetric, and orthogonal,
so that Qn = Q⊤

n = Q−1
n . This structure allows us to derive a spectral decom-

position for multi-level τ matrices, analogous to what is obtained for circulant
matrices.

Theorem 2.12. For all n ∈ Nd, it holds that

Sn = QnΛnQn,

where the diagonal entries of Λn are given by the d-level Discrete Sine Trans-
form (DST) of the first column (or, equivalently, the first row) of Sn.
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All observations made after Theorem 2.9 for circulant matrices carry over to
this setting, with appropriate modifications. In particular, every multi-level
τ matrix is real and symmetric, and its eigenvalues are explicitly determined
by applying the DST to its first column. The associated eigenvectors are
given by the columns of Qn. All key matrix operations such as multiplication,
inversion, solving linear systems, and computing the spectrum can be executed
with a computational cost of O(N(n) logN(n)) sequentially, or O(logN(n))
steps in a parallel computation model.

2.5 Hankel matrices
Given n ∈ Nd, a matrix of the form

Hn := [ai+j ]ni,j=1 ∈ MN(n)(C),

where the entry in position (i, j) depends only on the sum i + j, is known as
a multi-level (or d-level) Hankel matrix.

In practice, such a matrix exhibits a mirrored Toeplitz structure. For ex-
ample, in the uni-level case with d = 1 and n = n, a 1-level (or standard)
Hankel matrix is characterized by entries that remain constant along each
anti-diagonal:

Hn =
[︂
ai+j

]︂n
i,j=1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a2 a3 a4 · · · an+1

a3 a4
...

...

a4
... a2n−2

...
... a2n−2 a2n−1

an+1 · · · a2n−2 a2n−1 a2n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn(C).

Just like Toeplitz matrices, Hn is completely determined by its 2n − 1 co-
efficients ak for k = 2, . . . , 2n, or, equivalently, by its first row and last col-
umn.

For d = 2 and n = (n1, n2), a 2-level Hankel matrix takes the form

Hn =
[︂
ai+j

]︂n
i,j=1 =

[︄ [︂
a(i1+j1, i2+j2)

]︂n2

i2,j2=1

]︄n1

i1,j1=1
=
[︂
Ai1+j1

]︂n1

i1,j1=1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A2 A3 A4 · · · An+1

A3 A4
...

...

A4
... A2n−2

...
... A2n−2 A2n−1

An+1 · · · A2n−2 A2n−1 A2n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn1n2(C).
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where each block Ak is itself a Hankel matrix,

Ak =
[︂
a(k, i2+j2)

]︂n2

i2,j2=1

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(k,2) a(k,3) a(k,4) · · · a(k,n+1)

a(k,3) a(k,4)
...

...

a(k,4)
... a(k,2n−2)

...
... a(k,2n−2) a(k,2n−1)

a(k,n+1) · · · a(k,2n−2) a(k,2n−1) a(k,2n)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ Mn2(C).

The general d-level Hankel matrix can be regarded as a block Hankel matrix
whose blocks themselves possess (d−1)-level Hankel structure. Such a matrix
is entirely determined by the coefficients in its first row and last column.

To obtain a compact representation of Hn, we introduce, for n ∈ N and k ∈ Z,
the matrix

[︂
K(k)

n

]︂
i,j

:= δi+j−k =
⎧⎨⎩ 1 if i+ j = k,

0 otherwise,
i, j = 1, . . . , n,

which places ones on the (k − 1)-th anti-diagonal and zeros elsewhere.

The multi-level generalization for n ∈ Nd and k ∈ Zd is given by

K(k)
n := K(k1)

n1 ⊗K(k2)
n2 ⊗ · · · ⊗K(kd)

nd
.

This leads to the following compact expression for Hn:

Hn = [ai+j ]ni,j=1 =
2n∑︂

k=2
akK

(k)
n . (2.5)

As with the Toeplitz and circulant cases, this representation can be verified
directly by checking individual matrix entries.
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Chapter 3

GLT structures in matrix-sequences

We are now ready to discuss the main ideas of GLT matrix-sequences. This
is an important theory for understanding how structured matrices behave,
especially those that come from solving differential equations.

In this thesis, we consider the general case where both r, d ≥ 1. While the
case of scalar-valued GLT symbols is presented in detail in [38, 39], here we
focus on matrix-valued GLT symbols, following the more general framework
extensively developed in [11,12]. The existence of two books and two extensive
research papers on this subject demonstrates the depth and interest of this
field of study. For any choice of positive integers d (which tells how many levels
of structure we have) and r (which is the size of the basic matrix block), there
is a class of GLT matrix-sequences with this d-level, r×r block structure. If we
fix d and r, the symbols in this theory are measurable functions κ : [0, 1]d ×
[−π, π]d → Mr(C). There are still many open questions, and researchers
have also studied other types of GLT sequences, such as the reduced and
rectangular cases [7, 10].

Rather than exploring the full constructive development of the multilevel GLT
class, we will focus on the principal operative properties that completely char-
acterize it and are most relevant for practical applications. These properties,
commonly known as “GLT axioms”, are presented and labeled as GLT No,
in Section 3.4.

3.1 The GLT class
Let us first review some basic aspects to better understand GLT sequences.
The theory of LT sequences provides a powerful framework for analyzing the
asymptotic singular value and eigenvalue distributions of structured matrix-
sequences that arise in numerical analysis. In the context of partial differential
equation (PDE) discretization, the matrices resulting from numerical approxi-
mations often fail to retain the classical Toeplitz structure due to the presence
of variable coefficients. Traditionally, Toeplitz matrices have played a central
role in problems involving translation-invariant differential operators, where
constant coefficients ensure a globally repeating structure. Instead, the re-
sulting matrices exhibit a Toeplitz-like structure that varies smoothly along
the diagonals as the matrix size increases, leading to the broader class of LT
sequences [87, 89].
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A classical Toeplitz matrix generated by a function f : [−π, π]d → Cr×r be-
longing to L1([−π, π]d), where the constant diagonal entries correspond to the
Fourier coefficients of f . However, for differential operators with non-constant
coefficients, the resulting matrices do not maintain this global Toeplitz struc-
ture but instead belong to the LT class. Specifically, an LT matrix An is
obtained by modulating the entries of a Toeplitz matrix using an almost ev-
erywhere (a.e.) continuous function a(x) : [0, 1]d → Cr×r, scaling the entries
along the same diagonal a

(︂
i
n

)︂
for i = 1, . . . ,n. As n → ∞, the differences

between consecutive diagonal elements vanish due to continuity, making the
structure asymptotically Toeplitz-like. More precisely, this structure can be
represented as the product of a Toeplitz matrix and a diagonal matrix, where
the diagonal entries correspond to evaluations of the function a(x), such that
An = Dn(a)Tn, where Dn(a) is a diagonal matrix whose entries are given
by Dn(a) = diag

(︂
a
(︂

i
n

)︂)︂n

i=1 . This formulation allows LT sequences to ac-
curately capture local variations in variable-coefficient differential operators
while preserving the structural properties of Toeplitz matrices. Formally, an
LT sequence {An}n can be expressed as the tensor product of the weight
function a(x) and the generating function f(θ), leading to the LT symbol
a⊗ f : [0, 1]d × [−π, π]d → Cr×r.

Building on this concept, a GLT matrix-sequence is defined as the limit, in
the sense of the approximating class of sequences (a.c.s.), as described in
Definition 2, of a finite sum of LT sequences. The construction of GLT se-
quences was formalized through a.c.s. limits in [81] and refined to a d-level ∗-
algebra of structured matrix-sequences satisfying specific axioms, listed
in [39, Chapter 6, pp. 118–120]. The theory of GLT sequences provides a fun-
damental framework for analyzing structured matrix-sequences arising from
discretizations of differential equations.

3.2 Matrix-sequences with explicit or hidden
(asymptotic) structure

In this section, we introduce three types of matrix structures that serve as
the fundamental building blocks of the GLT ∗-algebras. Specifically, for any
positive integers d and r, we consider the set of d-level r-block GLT matrix-
sequences. This set forms a ∗-algebra of matrix-sequences, which is both
maximal and isometrically equivalent to the maximal ∗-algebra of 2d-variate
r× r matrix-valued measurable functions (with respect to the Lebesgue mea-
sure) that are naturally defined over [0, 1]d × [−π, π]d; see [11, 12, 38, 39] and
references therein.

The reduced version of this structure plays a crucial role in approximating
integro-differential operators, including their fractional versions, particularly
when defined over general (non-Cartesian) domains. This concept was initially
introduced in [81,82] and later extensively developed in [7], where GLT sym-
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bols are again defined as measurable functions over Ω× [−π, π]d, with Ω being
Peano-Jordan measurable and contained within [0, 1]d. Additionally, the re-
duced versions also form maximal ∗-algebras that are isometrically equivalent
to their corresponding maximal ∗-algebras of measurable functions.

These GLT ∗-algebras provide a rich framework of hidden (asymptotic) struc-
tures, built upon three fundamental classes of explicit algebraic structures: d-
level r-block Toeplitz matrix-sequences and sampling diagonal matrix-sequences
(discussed in Sections 3.3.2 and 3.3.3), along with asymptotic structures de-
scribed by zero-distributed matrix-sequences (see Section 3.3.1). Notably,
the latter class serves an analogous role to compact operators in relation
to bounded linear operators, forming a two-sided ideal of matrix-sequences
within any of the GLT ∗-algebras.

3.3 The Generators of the GLT algebras
For any given r, d ≥ 1, there exists the ∗-algebra of d-level r-block GLT
matrix-sequences. In the following, we describe the generators.

3.3.1 Zero-distributed sequences
Zero-distributed sequences are defined as matrix-sequences {An}n such that
{An}n ∼σ 0. Note that, for any r ≥ 1, {An}n ∼σ 0 is equivalent to {An}n ∼σ

Or, where Or is the r× r zero matrix. The following theorem, taken from [38,
79], provides a useful characterization for detecting this type of sequence.

Theorem 3.1. Let {An}n be a matrix-sequence, with An of size dn, and let
p ∈ [1,∞], with ∥X∥p being the Schatten p-norm of X, that is, the ℓp norm
of the vector of its singular values. Let ∥ · ∥ = ∥ · ∥∞ be the spectral norm.
With the natural convention 1/∞ = 0, we have:

• {An}n ∼σ 0 if and only if An = Rn + Nn with rank(Rn)/dn → 0 and
∥Nn∥ → 0 as n → ∞;

• {An}n ∼σ 0 if there exists p ∈ [1,∞] such that

∥An∥p

(dn)1/p
→ 0 as n → ∞.

As in Section 1.2, the same definition can be given and the corresponding
result (with obvious changes) holds when the involved matrix-sequences show
a multilevel structure. In that case, n is replaced by n uniformly in An, Nn,
Rn, dn.

Further results connecting Schatten p-norms, unitarily invariant norms (see [16]),
variational characterization, and Toeplitz/Hankel structures can be found
in [85].
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Remark 3.2. The multilevel block Toeplitz matrix defined below is a class of
GLT matrix-sequences with a d-level, r×r block structure. This generalization
extends the Toeplitz and BTTB cases discussed in Section 2.1 and naturally
includes the possibility of block entries at each level.

3.3.2 Multilevel block Toeplitz matrices
Given n ∈ Nd, a matrix of the form

[Ai−j ]ni,j=1 ∈ MN(n)r(C),

with blocks Ak ∈ Mr×r(C), k ∈ {−(n − 1), . . . ,n − 1}, is called a multi-
level block Toeplitz matrix, or, more precisely, a d-level r-block Toeplitz ma-
trix.

Given a matrix-valued function f : [−π, π]d → Cr×r belonging to L1([−π, π]d),
the n-th Toeplitz matrix associated with f is defined as

Tn(f) := [f̂ i−j ]ni,j=1 ∈ MN(n)r(C),

where
f̂k = 1

(2π)d

∫︂
[−π,π]d

f(θ)e−i(k·θ)dθ ∈ Cr×r, k ∈ Zd,

are the Fourier coefficients of f .

The family {Tn(f)}n∈Nd is called the family of (multilevel block) Toeplitz ma-
trices associated with f , which is referred to as the generating function.

3.3.3 Block diagonal sampling matrices
Given d ≥ 1, n ∈ Nd and a function a : [0, 1]d → Cr×r, we define the multilevel
block diagonal sampling matrix Dn(a) as the block diagonal matrix

Dn(a) = diag
i=1,...,n

(︄
a

(︄
i

n

)︄)︄
∈ MN(n)r(C).

Essentially, Dn(a) is a diagonal matrix whose entries are the evaluations of
a(x) at the points of a uniform mesh over the domain [0, 1]d, with the points
arranged in lexicographical order.

3.4 The ∗-algebra of d-level r-block GLT matrix-
sequences

Let r ≥ 1 be a fixed integer. A multilevel r-block GLT sequence, or simply a
GLT sequence if r does not need to be specified, is a special multilevel r-block
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matrix-sequence equipped with a measurable function κ : [0, 1]d × [−π, π]d →
Cr×r, d ≥ 1, called the symbol. It is formally expressed as

{An}n ∼GLT κ.

We write to denote that {An}n is a GLT sequence with symbol κ. A funda-
mental property of the GLT symbol is that it is unique: if two symbols are
associated with the same matrix-sequence, then they must coincide almost
everywhere as a direct consequence of Axiom GLT 3, second item.

Proposition 3.3. If {An}n ∼GLT κ and {An}n ∼GLT ξ, then κ = ξ a.e.

The symbol plays a central role in determining the singular value distribution
and, in the Hermitian setting, the eigenvalue distribution of GLT matrix-
sequences.

It can be proven that the set of multilevel block GLT sequences is the ∗-
algebra generated by the three classes of sequences defined in Sections 3.3.1,
3.3.2, 3.3.3: zero-distributed sequences, multilevel block Toeplitz sequences,
and block diagonal sampling matrix-sequences. The GLT class satisfies several
algebraic and topological properties, which are discussed in detail in [11, 12,
38, 39]. Here, we focus on the main operative properties listed below, which
provide a complete characterization of GLT sequences, equivalent to the full
constructive definition.

GLT axioms
• GLT 1. In the setting of Definition 1, with t = 2d and D = [0, 1]d ×

[−π, π]d, if {An}n ∼GLT κ, then {An}n ∼σ κ. Moreover, if all the matri-
ces An are Hermitian, then {An}n ∼λ κ, again in the sense of Definition 1,
with t = 2d.

• GLT 2. We have

– {Tn(f)}n ∼GLT κ(x,θ) = f(θ) if f : [−π, π]d → Cr×r is in L1([−π, π]d);

– {Dn(a)}n ∼GLT κ(x,θ) = a(x) if a : [0, 1]d → Cr×r is Riemann-
integrable;

– {Zn}n ∼GLT κ(x,θ) = Or if and only if {Zn}n ∼σ 0.

One of the most fundamental properties of the GLT class is that it forms
a ∗-algebra, meaning it is closed under the natural operations of conjugate
transposition, linear combination, and product. While the previous axiom
shows that multilevel Toeplitz, diagonal sampling, and zero-distributed se-
quences are all included in the GLT class, the set GLT of sequences is, in
fact, precisely the ∗-algebra generated by the union of these three types of
sequences. This means that any GLT sequence can be constructed from these
basic building blocks through the ∗-algebra operations. Furthermore, the map
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that associates each GLT sequence with its corresponding symbol preserves
the operations; in other words, it is an algebra homomorphism.

• GLT 3. If {An}n ∼GLT κ and {Bn}n ∼GLT ξ, then:

– {A∗
n}n ∼GLT κ

∗;

– {αAn + βBn}n ∼GLT ακ+ βξ for all α, β ∈ C;

– {AnBn}n ∼GLT κξ;

– {A†
n}n ∼GLT κ

−1, provided that κ is invertible almost everywhere.

• GLT 4. {An}n ∼GLT κ if and only if there exist {Bn,j}n ∼GLT κj such
that {{Bn,j}n}j

a.c.s.wrt j−−−−−→ {An}n and κj → κ in measure.

• GLT 5. If {An}n ∼GLT κ and An = Xn + Yn, where

– every Xn is Hermitian,

– ||Xn||, ||Yn|| ≤ C for some constant C independent of n,

– N(n)−1∥Yn∥1 → 0,

then {An}n ∼λ κ.

• GLT 6. If {An}n ∼GLT κ and eachAn is Hermitian, then {f(An)}n ∼GLT
f(κ) for every continuous function f : C → C.

Note that, by GLT 1, it is always possible to obtain the singular value dis-
tribution from the GLT symbol, while the eigenvalue distribution can only be
deduced either if the involved matrices are Hermitian or the related matrix-
sequence is quasi-Hermitian in the sense of GLT 5.
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Chapter 4

Geometric means in matrix-sequences
with hidden structures

Having established the theoretical foundations of matrix-sequences and their
asymptotic properties, this chapter presents the results published in [1]. We
investigate the spectral distribution of the geometric mean of two or more
matrix-sequences formed by HPD matrices, focusing on cases where all se-
quences belong to the same GLT ∗-algebra. The geometric mean of two pos-
itive numbers, a and b, is the square root of their product,

√
ab. We extend

this concept to Hermitian positive definite (HPD) matrices by employing the
Ando–Li–Mathias (ALM) geometric mean, defined as

G(A,B) = A1/2
(︂
A−1/2BA−1/2

)︂1/2
A1/2, (4.1)

where A and B are HPD. Here, (·)1/2 denotes the unique Hermitian posi-
tive definite square root of a Hermitian positive definite matrix. This ap-
proach maintains key properties such as symmetry, invariance under congru-
ence transformations, and consistency with the classical scalar mean in the
commutative case.

When analyzing the geometric mean of GLT matrix-sequences, our results
show that for the scalar unilevel case (r = d = 1), if {An}n and {Bn}n are
sequences of Hermitian positive definite matrices with GLT symbols κ and ξ,
then the sequence formed by their geometric mean, {G(An, Bn)}n, is itself a
scalar unilevel GLT matrix-sequence whose symbol is (κξ)1/2, provided at least
one of the symbols is nonzero almost everywhere. We further demonstrate
that this result extends to the multilevel scalar case (r = 1, d > 1), where the
same relation holds for the GLT symbols. In the general block multilevel case
(r, d > 1), if at least one of the minimal eigenvalues of the GLT symbols κ or ξ
is nonzero almost everywhere, then the sequence of geometric means remains
a GLT matrix-sequence, with its symbol given by the matrix geometric mean
G(κ, ξ), defined as

G(κ, ξ) = κ1/2
(︂
κ−1/2ξκ−1/2

)︂1/2
κ1/2.

For the case of more than two matrices, the geometric mean is generalized
by the Karcher mean. Specifically, the Karcher mean of k Hermitian positive
definite matrices A1, . . . , Ak is defined as the unique positive definite solution
X of the matrix equation ∑︁k

i=1 log(A−1
i X) = 0.
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In the setting of GLT matrix-sequences, suppose we have k sequences of Her-
mitian positive definite matrices, each associated with a GLT symbol κi, which
by construction are nonnegative definite almost everywhere. We conjecture
that the sequence of Karcher means

{︂
G
(︂
A(1)

n , . . . , A(k)
n

)︂}︂
n

forms a new GLT
matrix-sequence, with its symbol being the geometric mean of the individ-
ual symbols. Specifically, when all symbols commute, the resulting symbol
is (κ1 · · ·κk)1/k, and in the noncommutative case, the symbol is the Karcher
mean G(κ1, . . . , κk) defined through the same matrix equation at the symbol
level. In this respect, we notice that two main difficulties are present when
dealing with Karcher means: The first is the lack of an explicit formula, which
prevents the use of the GLT axioms in a direct way; The second relies on the
pointwise convergence results, which do not allow us to employ powerful tools
such as those in Theorem 3.1.

To verify these theoretical results, we present a range of numerical experi-
ments, including examples where the input matrix-sequences are of Toeplitz
type r-block, d-level GLT matrix-sequences arising from the discretizations of
differential operators by finite differences, finite elements, isogeometric anal-
ysis, and Galerkin methods. We address both one- and two-dimensional set-
tings and analyze the asymptotic behavior of minimal eigenvalues and condi-
tioning of the geometric mean sequences.

4.1 Geometric mean of GLT matrix-sequences
This section discusses the geometric mean of positive definite matrices, start-
ing with the well-established case of two matrices and then considering mul-
tiple matrices. In particular we give distribution results in the case of GLT
matrix-sequences.

4.1.1 Means of two matrices
The geometric mean of two positive numbers a and b is simply

√
ab, a fact

well-known from basic arithmetic. However, extending this concept to HPD
matrices introduces a number of challenges, as matrix multiplication is not
commutative. The question of how to define a geometric mean for matrices in
a way that preserves key properties such as congruence invariance, consistency
with scalars, and symmetry was solved by ALM [3]. Their work presented
an axiomatic approach to defining the geometric mean of two HPD matrices
previously defined in Equation (4.1). ALM formalized the geometric mean for
matrices by establishing a set of ten essential properties, known as the ALM
axioms. These axioms ensure the geometric mean behaves appropriately in
the matrix setting. Here we report three key properties, even if the first one
is a consequence of the second and of the third via the choice of a proper
congruence.
1. Permutation invariance: G(A,B) = G(B,A) for all A,B ∈ Pn.
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2. Congruence invariance: G(M∗AM,M∗BM) = M∗G(A,B)M for allA,B ∈
Pn and all invertible matrices M ∈ Cn×n.
3. Consistency with scalars: G(A,B) = (AB)1/2 for all commuting A,B ∈
Pn (note that AB ∈ Pn for all commuting A,B ∈ Pn because (AB)∗ =
B∗A∗ = BA = AB and AB is similar to the HPD matrix A1/2BA1/2 =
A−1/2(AB)A1/2).
When considering sequences of matrices, particularly in the framework of
GLT sequences, the geometric mean operation is well-preserved under the
structure of GLT sequences. If r = d = 1 and we consider two scalar unilevel
GLT matrix-sequences, that is, {An}n ∼GLT κ and {Bn}n ∼GLT ξ, where
An, Bn ∈ Pn are HPD matrices for every n, the matrix-sequence of their geo-
metric mean {G(An, Bn)}n also forms a scalar unilevel GLT matrix-sequence.
The symbol of the resulting sequence is the geometric mean of the individual
symbols κ and ξ.

Theorem 4.1 ([38], Theorem 10.2). Let r = d = 1. Suppose {An}n ∼GLT κ
and {Bn}n ∼GLT ξ, where An, Bn ∈ Pn for every n. Assume that at least one
between κ and ξ is nonzero almost everywhere. Then

{G(An, Bn)}n ∼GLT (κξ)1/2, (4.2)

and
{G(An, Bn)}n ∼σ,λ (κξ)1/2. (4.3)

The previous result is easily extended to the case of matrix-sequence result-
ing from the geometric mean of multilevel GLT matrix-sequences, thanks to
powerful ∗-algebra structures of considered spaces described in Section 3.4.
Indeed the following two generalizations of Theorem 4.1 hold.

Theorem 4.2. Let r = 1 and d ≥ 1. Suppose {An}n ∼GLT κ and {Bn}n ∼GLT
ξ, where An, Bn ∈ Pν(n) for every multi-index n. Assume that at least one
between κ and ξ is nonzero almost everywhere. Then

{G(An, Bn)}n ∼GLT (κξ)1/2, (4.4)

and
{G(An, Bn)}n ∼σ,λ (κξ)1/2. (4.5)

Proof. Since both An and Bn are positive definite for every multi-index n,
the matrix-sequence {G(An, Bn)}n is well defined according to formula (4.1)
since A−1/2

n is well defined for every multi-index n. According to the assump-
tion, we start with the case where κ is nonzero almost everywhere. Hence the
matrix-sequence {A−1

n }n is a GLT matrix-sequence with GLT symbol κ−1 by
Axiom GLT 3, part 3. Since the square root is continuous and well defined
over positive definite matrices also the matrix-sequence {A−1/2

n }n is a GLT
matrix-sequence with GLT symbol κ−1/2 by virtue of Axiom GLT 6.
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Now using two times GLT 3, part 2, we infer that {A−1/2
n BnA

−1/2
n }n is a

GLT matrix-sequence with GLT symbol κ−1ξ, where Xn = A−1/2
n BnA

−1/2
n

is positive definite because of the Sylvester inertia law. Hence, the square
root of Xn is well defined and by exploiting again Axiom GLT 6 we de-
duce that

{︃(︂
A−1/2

n BnA
−1/2
n

)︂1/2}︃
n

is a GLT matrix-sequence with GLT symbol(︂
κ−1ξ

)︂1/2. Finally, by exploiting Axiom GLT 3, part 3, we have {A1/2
n }n is

a GLT matrix-sequence with GLT symbol κ1/2, and the application of GLT
3, part 2, two times leads to the desired conclusion

{G(An, Bn)}n ∼GLT (κξ)1/2,

where the latter and Axiom GLT 3 imply {G(An, Bn)}n ∼σ,λ (κξ)1/2.

Finally the other case where ξ is nonzero almost everywhere has the very same
proof since G(·, ·) is invariant under permutations and hence

G(A,B) = A1/2
(︂
A−1/2BA−1/2

)︂1/2
A1/2 = G(B,A) = B1/2

(︂
B−1/2AB−1/2

)︂1/2
B1/2,

so that the the same steps can be repeated by exchanging An and Bn. •

Theorem 4.3. Let r, d ≥ 1. Suppose {An}n ∼GLT κ and {Bn}n ∼GLT ξ,
where An, Bn ∈ Pν(n) for every multi-index n. Assume that at least one be-
tween the minimal eigenvalue of κ and the minimal eigenvalue of ξ is nonzero
almost everywhere. Then

{G(An, Bn)}n ∼GLT G(κ, ξ), (4.6)

and
{G(An, Bn)}n ∼σ,λ G(κ, ξ). (4.7)

Furthermore G(κ, ξ) = (κξ)1/2 whenever the GLT symbols κ and ξ commute.

Proof. The case of r = 1 is already contained in Theorem 4.2, so we assume
r > 1 i.e. a true GLT block setting. The proof is in fact a repetition of that
of the previous theorem with the only attention to GLT symbol part where
the multiplication is noncommutative.
Since bothAn andBn are positive definite for every multi-index n, the matrix-
sequence {G(An, Bn)}n is well defined according to formula (4.1) since A−1/2

n

is well defined for every multi-index n. According to the assumption, we start
with the case where κ is invertible almost everywhere so that {A−1

n }n ∼GLT
κ−1 by Axiom GLT 3, part 3, and {A−1/2

n }n ∼GLT κ−1/2 thanks to Axiom
GLT 6.
Now using two times GLT 3, part 2, we have {A−1/2

n BnA
−1/2
n }n ∼GLT κ

−1/2ξ
κ−1/2, where

Xn = A−1/2
n BnA

−1/2
n

is positive definite because of the Sylvester inertia law. Hence the square
root of Xn is well defined and by exploiting again Axiom GLT 6, we obtain
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{︃(︂
A−1/2

n BnA
−1/2
n

)︂1/2}︃
n

∼GLT
(︂
κ−1/2ξκ−1/2

)︂1/2. Finally, by exploiting Axiom
GLT 3, part 3, on the matrix-sequence {A1/2

n }n and using GLT 3, part 2,
two times, we conclude

{G(An, Bn)}n ∼GLT κ
1/2

(︂
κ−1/2ξκ−1/2

)︂1/2
κ1/2,

where the symbol κ1/2
(︂
κ−1/2ξκ−1/2

)︂1/2
κ1/2 is exactly G(κ, ξ). Furthermore,

relation (4.6) and Axiom GLT 3 imply {G(An, Bn)}n ∼σ,λ G(κ, ξ) where
G(κ, ξ) = (κξ)1/2, whenever κ and ξ commute.
Finally the remaining case where ξ is invertible almost everywhere has the
very same proof since G(·, ·) is invariant under permutations and hence

G(A,B) = A1/2
(︂
A−1/2BA−1/2

)︂1/2
A1/2 = G(B,A) = B1/2

(︂
B−1/2AB−1/2

)︂1/2
B1/2,

so that the the same steps can be repeated by exchanging An and Bn and by
exchanging κ and ξ. •

Remark 4.4. In Theorem 4.3, we assume that at least one between κ and
ξ is invertible almost everywhere and the same is true in Theorem 4.2. The
assumption has in fact only a technical nature for allowing the possibility of
using part 4 of Axiom GLT 3, when a GLT matrix-sequence is inverted for
guaranteeing that the sequence of inverses is still of GLT nature. However,
if we assume commutativity then no inversion is required and the technical
assumption is no longer needed. The theoretical problem has been solved in
paper [49], as described in Chapter 5.

4.1.2 Mean of more than two matrices
If k > 2 then the ALM-mean is obtained through a recursive iteration pro-
cess where at each step the geometric means of k matrices are computed by
reducing them to k − 1 matrices. However, a significant limitation of this
method is its linear convergence leading to a high computational cost due to
the large number of iterations required at each recursive step. As a result, the
computation of the ALM-mean using this approach becomes quite expensive.
However, despite the elegance of the ALM geometric mean for two matrices,
it becomes computationally infeasible to extend this formula to more than
two matrices [21].
To overcome these limitations, the Karcher mean [19], was introduced as a
generalization of the geometric mean for more than two matrices. The Karcher
mean of HPD matrices A1, A2, . . . , Ak is defined as the unique positive definite
solution to the matrix equation:

k∑︂
i=1

log(A−1
i X) = 0, (4.8)
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as established by Moakher [61, Proposition 3.4]. This equation can be equiv-
alently expressed in other forms, such as

k∑︂
i=1

log(XA−1
i ) = 0, or

k∑︂
i=1

log(X1/2A−1
i X1/2) = 0, (4.9)

by utilizing the formula M−1 log(K)M = log(M−1KM), which holds for any
invertible matrix M and any matrix K with real positive eigenvalues. This
formulation arises from Riemannian geometry, where the space of positive
definite matrices forms a Riemannian manifold with non-positive curvature.
The Karcher mean represents the center of mass (or barycenter) on this mani-
fold [16]. In this manifold, the distance between two positive definite matrices
A and B is defined as δ(A,B) = ∥ log(A−1/2BA−1/2)∥F , where ∥ · ∥F denotes
the Frobenius norm.
Several numerical methods have been proposed for solving the Karcher mean
equation. Initially, fixed-point iteration methods were used, but these meth-
ods suffered from slow convergence, especially in cases where the matrices
involved were poorly conditioned [61]. Later, methods based on gradient
descent in the Riemannian manifold were introduced. A common iteration
scheme for approximating the Karcher mean is

Xv+1 = Xv exp
⎛⎝−θv

k∑︂
i=1

log(A−1
i Xv)

⎞⎠ , X0 ∈ Pn, v ≥ 0, (4.10)

where Xv is the approximation at the v-th step, and the exponential and
logarithmic functions are matrix operations. Although this method improves
convergence, it can exhibit slow linear convergence in certain cases. The it-
eration with X0 = A1 or X0 = I and θv = 1/k, as considered in [58, 61],
can fail to converge for some matrices A1, . . . , Ak. Furthermore, similar iter-
ations have been proposed in [6, 71], but without specific recommendations
on choosing the initial value or step length. While an optimal θv could the-
oretically be determined using a line search strategy, this approach is often
computationally expensive. Heuristic strategies for selecting the step size, as
discussed in [32], may result in slow convergence in many cases.
To further enhance the convergence rate, the Richardson iteration method is
employed. Indeed, the considered method improves the convergence by us-
ing a parameter θ, which controls the step size in each iteration [19]. More
precisely, given X0 ∈ Pn, the Richardson iteration is given by

Xv+1 = Xv − θXv

k∑︂
i=1

log(A−1
i Xv) ≡ T (Xv), v ≥ 0. (4.11)

Any solution of (4.9) is a fixed point of the map T in (4.11). The iterative
formula can also be rewritten as

Xν+1 = Xν − θX1/2
ν

⎛⎝ k∑︂
i=1

log
(︂
X1/2

ν A−1
i X1/2

ν

)︂⎞⎠X1/2
ν , v ≥ 0, (4.12)
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provided that all the iterates Xν remain positive definite. Equation (4.12)
further demonstrates that if Xν is Hermitian, then Xν+1 is also a Hermitian
matrix.
The parameter θ plays a crucial role in controlling the step size of each it-
eration and choosing an optimal value of θ can significantly influence the
convergence behavior of the iteration. If θ is small enough, the iteration is
guaranteed to produce positive definite matrices and converge towards the
solution. In particular, when the matrices A1, . . . , Ak commute, setting θ = 1

k
ensures at least quadratic convergence.
The explicit value of θ used in the iteration is given by

θ = 2
γ + β

, (4.13)

with β and γ computed as

[β, γ] =
⎡⎣ k∑︂

j=1

log(cj)
cj − 1 ,

k∑︂
j=1

cj
log(cj)
cj − 1

⎤⎦ , (4.14)

where cj = λmax(Mj)
λmin(Mj) , and Mj = G1/2A−1

j G1/2, G is the current approximation
of the Karcher mean. The closer the eigenvalues of Mj are to 1, the faster the
convergence is.

The Richardson-like iteration can be implemented in different equivalent forms

X = X − θX1/2
⎛⎝ k∑︂

i=1
log

(︂
X1/2A−1

i X1/2
)︂⎞⎠X1/2 (G = X) (4.15)

X = X1/2
⎛⎝I − θ

k∑︂
i=1

log
(︂
X1/2A−1

i X1/2
)︂⎞⎠X1/2 (G = X) (4.16)

Y = Y − θY 1/2
⎛⎝ k∑︂

i=1
log

(︂
Y 1/2AiY

1/2
)︂⎞⎠Y 1/2 (G = Y −1) (4.17)

Y = Y 1/2
⎛⎝I − θ

k∑︂
i=1

log
(︂
Y 1/2AiY

1/2
)︂⎞⎠Y 1/2 (G = Y −1) (4.18)

Among these equivalent formulations, the first one, Equation (4.15), is the
most practical for implementation. It avoids matrix inversions, which can in-
troduce numerical instabilities and increase computational complexity. While
formulations Equation (4.17) and Equation (4.18) aim to reduce the number
of matrix inversions, the final step requires inverting the result, which can
lead to inaccuracies, especially for poorly conditioned matrices. Additionally,
Equation (4.16) retains the simplicity of direct matrix operations without in-
troducing unnecessary complications.
A numerically more efficient approach uses Cholesky factorization to reduce
the computational cost of forming matrix square roots at every step, enhanc-
ing efficiency as forming the Cholesky factor costs less than computing a full
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matrix square root [44]. Suppose Xν = RT
ν Rν is the Cholesky decomposition

of Xν , where Rν is an upper triangular matrix. The iteration step can be
rewritten as

Xν+1 = Xν + θRT
ν

⎛⎝ k∑︂
i=1

log
(︂
R−T

ν AiR
−1
ν

)︂⎞⎠Rν . (4.19)

In this formulation, the Cholesky factor Rν is updated at each iteration.
The condition number of the Cholesky factor Rν in the spectral norm is the
square root of the condition number of Xν , thus ensuring good numerical
accuracy. For this heuristic to be effective, it is essential that X0 provides
a good approximation of G. If the initial guess X0 is close enough to the
solution and is positive definite, the sequence Xv generated by the iteration
remains well-defined and converges to the desired solution. However, if the
initial iterate is not positive definite, adjusting the value of θ or modifying the
iteration scheme may be necessary to ensure that all iterates remain positive.
Therefore, selecting X0 as the Cheap mean is critical. An adaptive version
of this iteration has been proposed and implemented in the Matrix Means
Toolbox [18].
Of course the Richardson-like iteration is relevant for computing efficiently the
Karcher mean: we also exploit its formal expression for theoretical purposes
when dealing with sequences of matrices, particularly those involving GLT
sequences. For the theory we come back at relation (4.15) and we consider
the associated iteration

Xν+1 = Xν − θX1/2
ν

⎛⎝ k∑︂
i=1

log
(︂
X1/2

ν A−1
i X1/2

ν

)︂⎞⎠X1/2
ν , (4.20)

with X0 given positive definite matrix. We know that Xν converges to the
geometric mean of A1, . . . , Ak as ν tends to infinity for every fixed positive
definite initial guess X0.
Fix r, d ≥ 1. Suppose now that the block multitivel sequence of matrices
{A(i)

n }n ∼GLT κi for i = 1, . . . , k are given, where A(1)
n , . . . , A(k)

n are positive
definite for every multi-index n. Due to the positive definiteness of the matri-
ces {A(i)

n }n and because {A(i)
n }n ∼GLT κi, from Axiom GLT 1 it follows that

each κi is nonnegative definite almost everywhere (see Remark 1.1).

In this setting, it is conjectured that the sequence of Karcher means {G(A(1)
n ,

. . . , A(k)
n )}n forms a new GLT matrix-sequence whose symbol is the geomet-

ric mean of the individual symbols κ1, . . . , κk, specifically (κ1 · · ·κk)1/k if all
symbols commute and G(κ1, . . . , κk) in the general case. In order to attack
the problem the initial guess matrix-sequence {Xn,0}n must be of GLT type
with nonnegative definite GLT symbol. In this way thanks to (4.20) and us-
ing the GLT axioms in the way it is done in Theorem 4.3, we deduce easily
that {Xn,ν}n is still a GLT matrix-sequence with symbol gν converging to
G(κ1, . . . , κk).
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Finally, Theorem 1.3 and Axiom GLT 4 could be applied if we prove that
{{Xn,ν}n}ν is an a.c.s. for the limit sequence {G(A(1)

n , . . . , A(k)
n )}n. This could

be proven using Schatten estimates like those in the second item of Theo-
rem 3.1, but at the moment this is not easy because the known convergence
proofs for the Karcher iterations are all based on pointwise convergence, which
makes difficult to obtain O(ν(n)) bounds for the p power of the Schatten p-
norm of error matrix-sequences; see Theorem 3.1.

4.2 Numerical experiments
In this section, we present and critically analyze several selected examples, by
considering matrix-sequences of geometric means k HPD matrices for k = 2, 3.
In particular our numerics show asymptotical spectral properties of the result-
ing matrix-sequences in accordance with the theoretical results (and conjec-
tures) of the previous section. We introduce few examples in which the input
matrix-sequences are either of Toeplitz type or are general r-block d-level
GLT matrix-sequences, stemming from the approximations of differential op-
erators via local methods such finite differences, finite elements, isogeometric
analysis: in the first group we explore the geometric mean of two matrix-
sequences and in the second group we consider the Karcher mean of three
matrix-sequences, both taking into account one-dimensional (1D) and two-
dimensional (2D) settings, i.e., d = 1, 2 and r = 1; in the final group we deal
with r-block GLT matrix-sequences with r = 2. We anticipate the strong
agreement of the numerical evidences with the theoretical results in Theorem
4.1, Theorem 4.2, Theorem 4.3, and with the conjecture regarding the Karcher
mean, also when the matrix-sizes are quite moderate. The latter is a non-
trivial numerical finding since all the theoretical results have an asymptotic
spectral nature.

4.2.1 Example 1 (1D)
Let An = Tn

(︂
(2 − 2 cos(θ))2

)︂
according to Section 2.1 and let Bn be the finite

difference discretization of the differential operator (α(x)u′′)′′ on the interval
(0, 1), with boundary conditions u(0) = u(1) = u′(0) = u′(1) = 0, where α(x)
is positive on (0, 1). For the fourth order boundary value problem

(α(x)u
′′
)

′′
= f(x), u(0) = u(1) = u

′
(0) = u

′
(1) = 0,

we approximate the derivative u(4)(x) by using the second-order central FD
scheme characterized by the stencil (1,−4, 6,−4, 1). More specifically, for α, u
smooth enough, we have (α(x)u′′(x))′′ ⃓⃓⃓

x=xi
equal to

1
h4

(︄
αi−2ui−2 − 2(αi−1 + αi)ui−1 + (αi−1 + 4αi + αi+1)ui

−2(αi+1 + αi)ui+1 + αi+1ui+2

)︄
+O(h2),
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for all i = 2, 3, ...., n+1; here, h = 1
n+3 and xi = ih for i = 0, 1, ...., n+3.

x0

0
x1 xn+2 xn+3

1
x2 x3 xn xn+1

· · ·

By taking into account the homogeneous boundary conditions and by neglect-
ing the O(h2) approximation error, we approximate the nodal value u(xi) with
the value of ui for i = 0, 1, ...., n + 3, where u0 = u1 = un+2 = un+3 = 0 and
u = (u2, ...., un+1)T is the solution of the linear system

αi−2ui−2 − 2(αi−1 + αi)ui−1 + (αi−1 + 4αi + αi+1)ui

−2(αi+1 + αi)ui+1 + αi+1ui+2 = h4f(x),

for all i = 2, 3, ...., n+ 1.

The structure of the resulting matrix Bn = Bn(α) is as reported below
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(α3 + 4α2 + α1) −2(α3 + α2) α3
−2(α2 + α3) (α4 + 4α3 + α2) −2(α4 + α3) α4

α3 −2(α3 + α4) (α5 + 4α4 + α3) −2(α5 + α4) α5
. . .

. . .
. . .

. . .
. . .

αn−2 −2(αn−2 + αn−1) (αn−2 + 4αn−1 + αn) −2(αn + αn−1) αn

αn−1 −2(αn−1 + αn) (αn−1 + 4αn + αn+1) −2(αn+1 + αn)
αn −2(αn + αn+1) (αn + 4αn+1 + αn+2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

(4.21)
Looking at Bn in (4.21), we observe that it can be written as

Bn = Bn(α) = D+
nK

+
n +DnKn +D−

nK
−
n ,

with

K+
n =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −2 1
1 −2 1

1 −2 1

1 −2 . . .

1 . . . 1
. . . −2

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Tn(1 − 2e−iθ + e−2iθ),

Kn =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 −2
−2 4 −2

−2 4 −2
−2 4 −2

. . .
. . .

. . .

−2 4 −2
−2 4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Tn(4 − 2e−iθ − 2eiθ),
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K−
n =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
−2 1
1 −2 1

1 −2 1
. . .

. . .
. . .

1 −2 1
1 −2 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= Tn(1 − 2eiθ + e2iθ).

D+
n = diag

i=1,2....,n
αi+2 = diag

i=1,2....,n
α(xi+2),

Dn = diag
i=1,2....,n

αi+1 = diag
i=1,2....,n

α(xi+1),

D−
n = diag

i=1,2....,n
αi = diag

i=1,2....,n
α(xi).

It is easy to check that grids G+
n = {xi+2}i=1,....,n,Gn = {xi+1}i=1,....,n and

G−
n = {xi}i=1,....,n are asymptotically uniform in [0, 1], according to the notion

given in [9]. In fact, for G+
n = {xi+2}i=1,....,n we have

max
i=1,2,...,n

⃓⃓⃓⃓
⃓xi,n − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓xi+2 − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓(i+ 2)h− i

n

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ i+ 2
n+ 3 − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓ni+ 2n− i(n+ 3)

n(n+ 3)

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ −i
n(n+ 3)

⃓⃓⃓⃓
⃓ ≤ n

n(n+ 3) → 0.

For Gn = {xi+1}i=1,....,n we have

max
i=1,2,...,n

⃓⃓⃓⃓
⃓xi,n − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓xi+1 − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓(i+ 1)h− i

n

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ i+ 1
n+ 3 − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓ni+ n− i(n+ 3)

n(n+ 3)

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ −2i
n(n+ 3)

⃓⃓⃓⃓
⃓ ≤ 2n

n(n+ 3) → 0.

For G−
n = {xi}i=1,....,n we have

max
i=1,2,...,n

⃓⃓⃓⃓
⃓xi,n − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓xi − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓ih− i

n

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ i

n+ 3 − i

n

⃓⃓⃓⃓
⃓ = max

i=1,2,...,n

⃓⃓⃓⃓
⃓ni− i(n+ 3)

n(n+ 3)

⃓⃓⃓⃓
⃓

= max
i=1,2,...,n

⃓⃓⃓⃓
⃓ −3i
n(n+ 3)

⃓⃓⃓⃓
⃓ ≤ 3n

n(n+ 3) → 0.
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Hence, by GLT 2, part 2, and by [9], we deduce that {D+
n }n ∼GLT α(x),

{Dn}n ∼GLT α(x) and {D−
n }n ∼GLT α(x). In conclusion, by invoking GLT 2-

GLT 3, we infer that

{Bn}n ∼GLT α(x)(1 − 2e−iθ + e−2iθ) + α(x)(4 − 2e−iθ − 2eiθ) + α(x)(1 − 2eiθ + e2iθ)
{Bn}n ∼GLT α(x)(2 − 2 cos(θ))2.

Eigenvalue distribution
We begin by numerically verifying the eigenvalue distribution of the matrix-
sequence {G(An, Bn)}n with respect to its GLT symbol (κξ)1/2 according
to Theorem 4.3, with An = Tn

(︂
(2 − 2 cos(θ))2

)︂
, Bn = Bn(α) as in (4.21)

with α(x) = x, κ(x, θ) = (2 − 2 cos(θ))2, ξ(x, θ)) = α(x)(2 − 2 cos(θ))2. In
Figure 4.1, we compare the eigenvalues of the geometric mean with a uniform
sampling of the symbol. It is evident that, as n increases, the symbol provides
a better and better approximation of the eigenvalues. Similar results for the
two-dimensional case are shown in Example 4.2.2, Figure 4.2.

Figure 4.1: Example 1 (1D). Comparison between eigenvalues of G(An, Bn) (red stars; n = 20, 40) versus
the symbol (κξ)

1
2 (blue circles)

4.2.2 Example 2 (2D)
Let An = Tn(F (θ1, θ2)) according to the notation in Section 2.1 with d = 2
and Bn be the finite difference discretization of the differential operator

∂2

∂x2

(︄
a(x, y) ∂

2

∂x2

)︄
+ ∂2

∂y2

(︄
b(x, y) ∂

2

∂y2

)︄
,

on the open domain Ω = (0, 1)2, with a(x, y), b(x, y) nonnegative on the clo-
sure of Ω, with homogeneous Dirichlet boundary conditions on u(x, y), and
zero normal derivatives at ∂Ω.

Regarding An, the generating function F (θ1, θ2) is given by

F (θ1, θ2) = f(θ1) + f(θ2),
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with f(θ) = (2 − 2 cos(θ))2. Thus, we have

An = Tn(f(θ1)+f(θ2)) = Tn(8+4 cos2(θ1)+4 cos2(θ2)−8 cos(θ1)−8 cos(θ1)).

As in the one-dimensional setting in Example 4.2.1, we apply the second-order
central finite difference scheme separately to the x- and y-directions, in perfect
analogy with the 1D case, and take a(x, y) = α(x), b(x, y) = α(y). Choosing
α(t) = t the related problem is semielliptic, but it is of separable nature.
This separable nature is reflected algebraically in a tensor decomposition of
the whole approximation and in fact we find that resulting global matrix is
given by the Kronecker sum

Bn = B(n1,n2) = Bn1(α) ⊗ In2 + In1 ⊗Bn2(α),

where In denotes the identity matrix of size n and Bn(α) is exactly the
structure displayed in (4.21). By exploiting the GLT analysis in the one-
dimensional case, the symbol for the two-dimensional matrix-sequence can be
derived similarly. More precisely, we have

{Bn}n ∼GLT α(x)(2 − 2 cos(θ1))2 + α(y)(2 − 2 cos(θ2))2.

As shown in Figure 4.2, the agreement is remarkable even for the largest
eigenvalues for which the absolute discrepancy is higher.

Figure 4.2: Example 2 (2D). Comparison between eigenvalues of G(An, Bn) (red stars; n = 20, 40) versus
the symbol (κξ)

1
2 (blue circles)

4.2.3 Example 3 (1D)
LetA(1)

n = Tn(3+2 cos(θ)), A(2)
n = Dn(a), andA(3)

n = Dn(a)Tn(4−2 cos(θ))Dn(a),
where Tn(·) is the Toeplitz operator for d = 1 as in Section 2.1 and Dn(a) is the
diagonal matrix generated by the continuous function a(x) = x2, according
to the notation in Section 3.3.3.
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Eigenvalue distribution
First, we aim to verify the eigenvalue distribution of more than two matri-
ces using the Karcher mean. In Figure 4.3, we compare the eigenvalues of
the Karcher mean with a uniform sampling of the resulting limit GLT sym-
bol. It can be observed that the symbol provides a reliable approximation
of the eigenvalues, and in fact, as n increases, the spectral distribution holds
asymptotically. Similar results for the two-dimensional case are shown in Ex-
ample 4.2.4, Figure 4.4. Both types of result corroborate the conjecture on the
GLT nature of the limit matrix-sequence of the Karcher means, as discussed
at the end of Section 4.1.2.

Figure 4.3: Example 3 (1D). Comparison between eigenvalues of (G(A(1)
n , A

(2)
n , A

(3)
n )) (red stars;

n = 20, 40) versus the symbol (κ1κ2κ3)
1
3 (blue circles)

4.2.4 Example 4 (2D)
Consider the matrix A(1)

n = Tn(F (θ1, θ2)), where Tn(·) is the Toeplitz operator
as in Section 2.1 with d = 2, and the function F (θ1, θ2) is defined as F (θ1, θ2) =
f(θ1) + f(θ2), with f(θ) = 3 + 2 cos(θ), resulting in A(1)

n = Tn(6 + 2 cos(θ1) +
2 cos(θ2)).

Also, consider the diagonal matrix A(2)
n = Dn(a), where, according to the

notation in Section 3.3.3, Dn(a) is the diagonal sampling matrix generated
by a continuous function a(x, y) = x2 + y2, which is positive on the domain
(0, 1)2.
We take the matrix A(3)

n = Dn(b)Tn(G(θ1, θ2))Dn(b), where b(x, y) = 1/x +
1/y is positive and unbounded on the domain (0, 1)2, and where the generating
function G(θ1, θ2) = f(θ1) + f(θ2), with f(θ) = 4 − 2 cos(θ) implies that A(3)

n

is Tn(8 − 2 cos(θ1) − 2 cos(θ2)).

Also in the current example the agreement between the limit GLT symbol and
the displayed eigenvalues is remarkably good, so giving ground to the conjec-
ture on the Karcher means reported in the final part of Section 4.1.2.
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Figure 4.4: Example 4 (2D). Comparison between eigenvalues of (G(A(1)
n , A

(2)
n , A

(3)
n )) (red stars;

n = 20, 40) versus the symbol (κ1κ2κ3)
1
3 (blue circles)

4.2.5 Galerkin discretization of the Laplacian eigen-
value problem

The one-dimensional Laplacian eigenvalue problem is given by the differential
equation

−u′′
j (x) = λjuj(x), x ∈ (0, 1), (4.22)

with Dirichlet boundary conditions:
uj(0) = uj(1) = 0.

The goal is to find the eigenvalues λj ∈ R+ and corresponding eigenfunc-
tions uj ∈ H1

0 ([0, 1]), for j = 1, 2, ....∞, where H1
0 ([0, 1]) is the standard

Sobolev space of L2 functions with L2 derivatives and vanishing at the bound-
aries.

4.2.5.1 Weak formulation

To derive the weak formulation, we multiply both sides of the differential
equation by a test function v ∈ H1

0 ([0, 1]) and integrate over the interval
[0, 1] i.e. − ∫︁ 1

0 u
′′
j (x)v(x) dx = ∫︁ 1

0 λjuj(x)v(x) dx. Using integration by parts
on the left-hand side and noting that the boundary terms vanish, we deduce∫︁ 1
0 u

′′
j (x)v(x) dx = ∫︁ 1

0 u
′
j(x)v′(x) dx, so that the weak form becomes∫︂ 1

0
u′

j(x)v′(x) dx = λj

∫︂ 1

0
uj(x)v(x) dx,

for every test function v ∈ H1
0 ([0, 1]). The latter is rewritten compactly

as
a(uj, v) = λj(uj, v), (4.23)

where the bilinear form a(uj, v) and the L2 inner product (uj, v) are defined
as

a(uj, v) :=
∫︂ 1

0
u′

j(x)v′(x) dx, (uj, v) :=
∫︂ 1

0
uj(x)v(x) dx.
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4.2.5.2 Galerkin approximation

The weak formulation allows us to use the Galerkin method to approximate
the solution. Let Wn = span{ϕ1, . . . , ϕNn} be a finite-dimensional subspace
of H1

0 ([0, 1]). The weak problem now becomes: find approximate eigenvalues
λj,n ∈ R+ and eigenfunctions uj,n ∈ Wn, for j = 1, 2...., Nn such that, for
all vn ∈ Wn, we have a(uj,n, vn) = λj,n(uj,n, vn). By expanding uj,n and
vn in terms of the basis functions {ui}, we obtain uj,n = ∑︁Nn

i=1 ciϕi, vn =∑︁Nn
k=1 dkϕk, and substituting into the bilinear forms, the generalized eigenvalue

problem
Kncj = λj,nMncj

is defined, where the stiffness matrix Kn and mass matrix Mn are defined
as

Kn = [a(ϕj, ϕi)]Nn
ij=1 =

[︃ ∫︂ 1

0
ϕ′

j(x)ϕ′
i(x) dx

]︃Nn

ij=1
, (4.24)

Mn = [(ϕj, ϕi)]Nn
ij=1 =

[︃ ∫︂ 1

0
ϕj(x)ϕi(x) dx

]︃Nn

ij=1
. (4.25)

Both Kn and Mn are symmetric and positive definite, due to the coercive
character of the underlying bilinear forms.

4.2.6 Quadratic C0 B-Spline discretization
In the quadratic C0 B-spline discretization of the one-dimensional Laplacian
eigenvalue problem, the basis functions ϕ1, . . . , ϕNn are chosen as B-splines of
degree 2 defined on a uniform mesh with step size 1

n . The basis functions are
explicitly constructed on the knot sequence {0, 0, 0, 1

n ,
1
n ,

2
n ,

2
n . . . ,

n−1
n , n−1

n , 1, 1,
1}, (excluding the first and last B-splines, which do not vanish on the bound-
ary of [0, 1]); see [41]. The resulting normalized stiffness and mass matrices
are given by

(4.26)
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(4.27)

The stiffness matrix 1
nKn and the mass matrix nMn contain, as principal

submatrices, the unilevel 2-block Toeplitz matrices Tn−1(f) and Tn−1(h), ac-
cording to the notation in Section 3.3.2 with d = 1 and r = 2, where the
generating functions f(θ) and h(θ) are given by

f(θ) := 1
3

(︄[︄
0 −2
0 −2

]︄
eiθ +

[︄
4 −2

−2 8

]︄
+
[︄

0 0
−2 −2

]︄
e−iθ

)︄
,

f(θ) = 1
3

[︄
4 −2 − 2eiθ

−2 − 2e−iθ 8 − 4 cos θ

]︄
,

and
h(θ) := 1

30

(︄[︄
0 3
0 1

]︄
eiθ +

[︄
4 3
3 12

]︄
+
[︄
0 0
3 1

]︄
e−iθ

)︄
,

h(θ) = 1
30

[︄
4 3 + 3eiθ

3 + 3e−iθ 12 + 2 cos θ

]︄
.

Since {Tn(g)}n ∼GLT g for any Lebesgue integrable generating function g
(Axiom GLT 2, part 1), the theory of GLT sequences and a basic use of the
extradimensional approach [4, 90] lead to{︄1

n
Kn

}︄
n

∼GLT f(θ), (4.28)

{nMn}n ∼GLT h(θ). (4.29)

By the Axiom GLT 3, the linear combination of two GLT sequences is again
a GLT sequence, with the symbol being the corresponding linear combination
of their symbols. The matrix-sequence {Ln}n with

Ln := 1
n
Kn + nMn, (4.30)

is a linear combination of the sequences
{︂

1
nKn

}︂
n

and {nMn}n. Consequently,

{Ln}n ∼GLT f(θ) + h(θ) = e(θ),
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where f(θ) and h(θ) are the symbols of the stiffness matrix 1
nKn and the mass

matrix nMn, respectively.

Figure 4.5: For Quadratic case: r = 2, d = 1 . Comparison between eigenvalues of (G(n−1Kn, nMn, Ln))
(red stars; n = 40, 80) versus the symbol G(f(θ), h(θ), e(θ)) (blue circles)

The numerical evidence is convincing: furthermore, from the related figure,
we observe that there exist two branches of the spectrum in accordance with
Theorem 4.3 with r = 2. In fact, when a spectral symbol is r × r matrix-
valued, in according with definition 1, we observe r branches in the spectra
of the associated matrix-sequences.

4.2.7 Cubic C1 B-Spline discretization
In the cubic C1 B-spline discretization on a uniform mesh with step size 1

n , the
basis functions ϕ1, . . . , ϕNn are chosen as the B-splines; see [41]. The resulting
normalized stiffness and mass matrices are given by

(4.31)
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(4.32)

According to the notation in Section 3.3.2 with d = 1 and r = 2, the stiffness
matrix 1

nKn and the mass matrix nMn contain, as principal submatrices, the
unilevel 2-block Toeplitz matrices Tn−1(f) and Tn−1(h), where the generating
functions f(θ) and h(θ) are 2 × 2 matrix-valued functions given by

f(θ) := 1
40

(︄[︄
−15 −15
−3 −15

]︄
eiθ +

[︄
48 0
0 48

]︄
+
[︄
−15 −3
−15 −15

]︄
e−iθ

)︄
,

f(θ) = 1
40

[︄
48 − 30 cos(θ) −15 − 3e−iθ

−3eiθ − 15e−iθ 48 − 30 cos θ

]︄
,

and
h(θ) := 1

560

(︄[︄
9 53
1 9

]︄
eiθ +

[︄
128 80
80 128

]︄
+
[︄

9 1
53 9

]︄
e−iθ

)︄
,

h(θ) = 1
560

[︄
128 + 18 cos(θ) 80 + 53eiθ + e−iθ

80 + 53e−iθ + eiθ 128 + 18 cos(θ)

]︄
.

As discussed in Section 4.2.6, the same reasoning applies to the matrix-
sequence {Ln}n with

Ln := 1
n
Kn + nMn,

which results in the GLT sequence symbol e(θ) = f(θ) +h(θ). The numerical
evidence is again strong and we can see from the related figure that there
exist two branches of the spectrum in accordance with Theorem 4.3 with
r = 2.
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Figure 4.6: For Cubic case: r = 2, d = 1 . Comparison between eigenvalues of (G(n−1Kn, nMn, Ln)) (red
stars; n = 40, 80) versus the symbol G(f(θ), h(θ), e(θ)) (blue circles)

4.2.8 Minimal eigenvalues and conditioning
In the last part of the current numerical section, we consider the problem
of understanding the extremal behavior of the spectrum related to the con-
ditioning of {G(A(1)

n , A(2)
n , A(3)

n )}n in dependence of the analytical features of
the corresponding GLT symbol. The idea is borrowed from the literature,
where we find papers dealing with the extremal eigenvalues in a Toeplitz
setting [27, 72, 73, 84], in a r-block Toeplitz setting [74, 75], in a differential
setting [65, 98], including multilevel cases of d > 1. Here we restrict our at-
tention to the unilevel scalar setting with d = r = 1 and we consider again
the examples in Section 4.2.1 and in Section 4.2.3.

4.2.8.1 Example 1 (1D): minimal eigenvalue

We consider the example in Section 4.2.1. The generating function κ(x, θ) =
(2 − 2 cos(θ))2 of An has a unique zero of order 4 at θ = 0, while the matrix-
sequence {Bn}n shows the GLT symbol ξ(x, θ)) = x(2 − 2 cos(θ))2 with com-
binations of zeros at x = 0 of order 1 and at θ = 0 of order 4. According
to the theory, the minimal eigenvalue of An is positive and tends to zero as
n−4 (see [27, 72, 73, 84]). On the other hand, according to [65, 75], we know
that eigenvalue of Bn is positive and tends to zero as n−4. If we consider
the geometric mean of the two symbols, we deduce that it has again zeros of
order at most 4: as a consequence, heuristically we expect that the minimal
eigenvalue of Xn = G(An, Bn) is positive and tends to zero as n−4 as it is
perfectly verified in the table below with αj tending to 4.

• Xn = G(An, Bn)

• Take nj = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τj = λmin(Xnj ), j = 0, 1, 2, 3,
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• Compute αj = log2

(︃
τj

τj+1

)︃
, j = 0, 1, 2.

Table 4.1: Numerical behaviour of the minimal eigenvalue
of Example 1, Section 4.2.8.1

τj αj

n0 = 40 0.000 109 94 3.8698
n1 = 80 0.000 007 52 3.9398
n2 = 160 0.000 000 49 4.0297
n3 = 320 0.000 000 03

4.2.8.2 Example 3 (1D): minimal eigenvalue

We consider the example in Section 4.2.3. The generating function κ1 of A(1)
n

is strictly positive, the generating function κ2(x, θ) = x2 of A(2)
n has a unique

zero of order 2 at x = 0, while the matrix-sequence {A(3)
n }n shows the GLT

symbol κ3(x, θ)) = x4(2 − 2 cos(θ))4 with combinations of zeros at x = 0
of order 4 and at θ = 0 of order 4. According to the theory, the minimal
eigenvalue of A(1)

n is positive and tends to 1 = min κ1 as (see [27, 72, 73, 84]).
On the other hand, according to [65, 98], we know that eigenvalue of A(3)

n is
positive and tends to zero as n−4, while for A(2)

n it is trivial tp check that the
minimal eigenvalue tends to zero as n−2. If we consider the geometric mean
of the two symbols, we observe that it has zeros of order at most 2: hence,
heuristically we expect that the minimal eigenvalue of Xn = G(A(1)

n , A(2)
n , A(3)

n )
is positive and tends to zero as n−2 as it is perfectly verified in the table below
with αj tending to 2.

• Xn = G(A(1)
n , A(2)

n , A(3)
n )

• Take nj = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τj = λmin(Xnj ), j = 0, 1, 2, 3,

• Compute αj = log2

(︃
τj

τj+1

)︃
, j = 0, 1, 2.

Table 4.2: Numerical behaviour of the minimal eigenvalue
of Example 3, Section 4.2.8.2

τj αj

n0 = 40 0.0014 2.2223
n1 = 80 0.000 347 97 2
n2 = 160 0.000 086 993 2
n3 = 320 0.000 021 748
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Chapter 5

Maximal results for geometric means of
GLT sequences

Building upon the results established in Chapter 4, this chapter presents and
discusses the main contributions of our recent work [49]. In the previous
chapter, we analyzed the spectral distribution of the geometric mean for two
HPD GLT matrix-sequences, proving that when the GLT symbols κ and ξ are
nonzero almost everywhere (or at least one is invertible a.e.), the geometric
mean sequence remains GLT, with symbol (κξ)1/2 in the scalar or commuting
case, and more generally G(κ, ξ) = κ1/2

(︂
κ−1/2ξκ−1/2

)︂1/2
κ1/2 in the noncom-

mutative case. In this chapter, we address the open question of whether these
assumptions can be relaxed. Motivated by the observation that invertibil-
ity is primarily required due to non-commutativity, we rigorously prove that
when the GLT symbols κ and ξ commute, the invertibility condition can be
completely removed in the case where r = 1 and d ≥ 1.

Furthermore, we investigate the limitations of this maximal result through
both theoretical analysis and extensive numerical experiments. We show that,
in the general block case (r > 1), if the GLT symbols κ and ξ are both non-
invertible and do not commute, the geometric mean sequence {G(An, Bn)}n

still forms a GLT matrix-sequence with some symbol ψ; however, this sym-
bol may not coincide with the classical geometric mean G(κ, ξ), or, in some
cases, G(κ, ξ) may not be well defined. These findings demonstrate that our
main results are indeed maximal: relaxing either the commutativity or invert-
ibility assumptions can lead to fundamentally different or ill-posed spectral
behavior.

A significant advance in this paper is the introduction and use of momentary
GLT symbols (see [5,25,26]), which provide a finer description of the spectral
distribution, especially for finite-size matrices and cases where the product
κξ is zero or the symbols are rank-deficient. Momentary symbols incorpo-
rate the effects of small-norm perturbations, allowing the observed richer
spectral structures such as secondary eigenvalue distributions in numerical
experiments to be explained within an extended GLT framework.

The work further investigates the extremal spectral behavior of the geometric
mean, with particular focus on the asymptotic rate at which the minimal
eigenvalues decay as the matrix size increases. Through detailed numerical
experiments, we observe that the decay rate of the minimal eigenvalue is
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intimately connected to the order of vanishing (i.e., the multiplicity of zeros)
of the associated GLT symbol.

5.1 Geometric mean of GLT matrix-sequences
We start by recalling Theorem 4.1 from Chapter 4, which corresponds to [1,
Theorem 4] and generalizes [38, Theorem 10.2].

Theorem 5.1 ([1], Theorem 4). Let r = 1 and d ≥ 1. Suppose {An}n ∼GLT κ
and {Bn}n ∼GLT ξ, where An, Bn ∈ Pν(n) for every multi-index n, with P(n)
denoting the set of Hermitian positive definite (HPD) matrices of multi-index
n. Assume that at least one of between κ and ξ is nonzero almost everywhere.
Then

{G(An, Bn)}n ∼GLT (κξ)1/2, (5.1)

and
{G(An, Bn)}n ∼σ,λ (κξ)1/2. (5.2)

Using the topological a.c.s. notion, we now show that the thesis of the previous
theorem holds without assuming that at least one between κ and ξ is invertible
almost everywhere (a.e.), thus proving [38, Conjecture 10.1]. We make use of
Axioms GLT 1, GLT 2, GLT 3, GLT 4, GLT 5, GLT 6 as reported in
Section 3.4.

Theorem 5.2. Let r = 1 and d ≥ 1. Assume {An}n ∼GLT κ and {Bn}n ∼GLT
ξ, where An, Bn ∈ Pν(n) for every multi-index n. Then

{G(An, Bn)}n ∼GLT (κξ)1/2,

{G(An, Bn)}n ∼σ,λ (κξ)1/2.

Proof. We have
{An}n ∼GLT κ, (5.3)

{Bn}n ∼GLT ξ, (5.4)

where κ, ξ : [0, 1]d × [−π, π]d → C and An, Bn are Hermitian positive definite
matrices ∀n. Therefore κ, ξ : [0, 1]d × [−π, π]d → R+

0 almost everywhere:
furthermore, we assume that µ2d(κ ≡ 0) > 0 and µ2d(ξ ≡ 0) > 0, so that
the hypotheses of [38, Theorem 10.2] for d = 1 and of Theorem 5.1 for d > 1
are violated. Let ε > 0, let κε = κ + ε and let An,ε = An + εIν(n), where
Iν(n) denotes the identity matrix of size ν(n). By the first part of Axiom
GLT 2 (the identity is a special Toeplitz matrix with GLT symbol 1), we
have {εIν(n) = Tn(ε)}n ∼GLT ε, where Tn(ε) denotes the Toeplitz matrix
generated by the constant function ε. Now, by exploiting linearity, i.e. the
second item of Axiom GLT 3, it follows that

{An,ε}n ∼GLT κε, κε ≥ ε almost everywhere,
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since κ, ξ ≥ 0 almost everywhere due to (5.3) and (5.4). Hence, we are again
in the framework of Theorem 5.1. Therefore, by Theorem 5.1 we conclude
that the sequence of geometric means satisfies the GLT relation

{G(An,ε, Bn)}n ∼GLT (κεξ)
1
2 .

Furthermore, we apply the full ∗-algebra framework of the GLT matrix-
sequences as in [1, Section 2.9]. More precisely, by third item of Axiom GLT
3 followed by Axiom GLT 6 with the function f(z) = z

1
4 , we obtain

{(An,εB
2
nAn,ε)

1
4 }n ∼GLT (κ2

εξ
2) 1

4 = (κεξ)
1
2 ,

which the very same GLT symbol of {G(An,ε, Bn)}n. As a result, again by
the second item of Axiom GLT 3, the difference between these sequences
satisfies the following asymptotic GLT relation

{G(An,ε, Bn) − (An,εB
2
nAn,ε)

1
4 }n ∼GLT 0. (5.5)

The previous relation is the key step since we have found a new GLT matrix-
sequence having the same GLT symbol as the geometric mean matrix-sequence
{G(An,ε, Bn)}n, but where no inversion is required. Now given the structure
of the performed operations, by virtue of Definition 2, the class

{{(An,εB
2
nAn,ε)

1
4 }n, ε > 0}

is obviously an a.c.s. for {(AnB
2
nAn) 1

4 }n. As a consequence, by invoking
(5.5), also the class {{G(An,ε, Bn)}n, ε > 0} is an a.c.s for {(AnB

2
nAn) 1

4 }n,
with all the involved sequences being GLT matrix-sequences, with symbols
(κεξ)

1
2 , (κξ) 1

2 , ε > 0. Therefore, since ∃ limε→0(κεξ)
1
2 = (κξ) 1

2 , by using the
powerful Theorem 1.3, we deduce that ∃ limε→0 (a.c.s.) {{G(An,ε, Bn)}n, ε} =
{(AnB

2
nAn) 1

4 }n ∼GLT (κξ) 1
2 and this limit coincides with {G(An, Bn)}n in

the a.c.s. topology, that is, {G(An, Bn) − (AnB
2
nAn) 1

4 }n ∼GLT 0. Finally
{(AnB

2
nAn) 1

4 }n ∼GLT (κξ) 1
2 . Hence

{G(An, Bn)}n ∼GLT (κξ)1/2,

so that, by Axiom GLT 1, we infer

{G(An, Bn)}n ∼σ,λ (κξ)1/2.

Remark 5.3 (Intuition on the generalization). One of the basic but key ingre-
dients of the previous proof is that scalar-valued functions commute. Hence,
it is reasonable to expect that the same proof also works in the case of d-level
r-block GLT matrix-sequences, when assuming that the symbols commute. We
collect the result in Theorem 5.5 whose proof follows verbatim that of Theo-
rem 5.2, except for minimal changes. On the other hand, when both κ and
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ξ are not invertible almost everywhere (degenerate) and do not commute, the
expression G(κ, ξ) is not well defined. In fact, we could replace the inversion
with the standard pseudoinversion, which is denoted as X+ if X is any com-
plex matrix. However, we stress that the expression κ

1
2 ([κ 1

2 ]+ξ[κ 1
2 ]+) 1

2κ
1
2 is

not the same as ξ 1
2 ([ξ 1

2 ]+κ[ξ 1
2 ]+) 1

2 ξ
1
2 in general and this is a serious indication

that the commutation between the GLT symbols is essential, when the symbols
are both degenrate.

We now recall the result proven in [1], concerning the general GLT setting
with d, r ≥ 1 and when at least one of the involved GLT symbols is invertible
almost everywhere.

Theorem 5.4 ([1], Theorem 5). Let r, d ≥ 1. Suppose {An}n ∼GLT κ and
{Bn}n ∼GLT ξ, where An, Bn ∈ Pν(n) for every multi-index n. Assume that
at least one of the minimal eigenvalues of κ and the minimal eigenvalue of ξ
is nonzero almost everywhere. Then

{G(An, Bn)}n ∼GLT G(κ, ξ), (5.6)

and
{G(An, Bn)}n ∼σ,λ G(κ, ξ). (5.7)

Furthermore G(κ, ξ) = (κξ)1/2 whenever the GLT symbols κ and ξ commute.

Theorem 5.5. Let r > 1 and d ≥ 1. Assume that {An}n ∼GLT κ and
{Bn}n ∼GLT ξ, where An, Bn ∈ Pν(n) for every multi-index n, with Pν(n)
denoting the set of Hermitian positive definite (HPD) matrices of size rn.
Under the assumption that κ and ξ commute we infer

{G(An, Bn)}n ∼GLT (κξ)1/2,

{G(An, Bn)}n ∼σ,λ (κξ)1/2,

Proof. Since {An}n ∼GLT κ, {Bn}n ∼GLT ξ, we deduce that κ, ξ : [0, 1]d ×
[−π, π]d → Cr×r are Hermitian nonnegative definite, while, by the assump-
tions, An, Bn are Hermitian positive definite matrices ∀n. Therefore, the min-
imal eigenvalue of κ and the minimal eigenvalues of ξ are nonnegative almost
everywhere. Here, we assume that µ2d(λmin(κ) ≡ 0) > 0 and µ2d(λmin(ξ) ≡
0) > 0, in such a way that the hypotheses of Theorem 5.4 are violated. Let ε >
0, let κε = κ+ εIr, Ir being the identity of size r, and let An,ε = An + εIP(n).
Now {εIP(n) = Tn(εIr)}n ∼GLT εIr by the first part of Axiom GLT 2 (the
identity Irν(n) is a special multilevel block Toeplitz matrix with GLT symbol
Ir). Consequently, by exploiting linearity i.e. the second item of Axiom GLT
3, it follows that

{An,ε}n ∼GLT κε, κε ≥ εIr almost everywhere.

Since κ, ξ are both nonnegative definite almost everywhere. Hence, by The-
orem 5.4, we have {G(An,ε, Bn)}n ∼GLT (κεξ)

1
2 , since the commutation be-

tween κ and ξ implies the commutation between κε = κ + εIr and ξ. By
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exploiting the ∗-algebra features of the GLT matrix-sequences, and specifi-
cally the third item of Axiom GLT 3 and Axiom GLT 6 with the function
f(z) = z

1
4 , we deduce {(An,εB

2
nAn,ε)

1
4 }n ∼GLT (κ2

εξ
2) 1

4 = (κεξ)
1
2 , which is the

very same GLT symbol of {G(An,ε, Bn)}n. As a result, again by the second
item of Axiom GLT 3, the difference between these sequences satisfies the
following asymptotic relation

{G(An,ε, Bn) − (An,εB
2
nAn,ε)

1
4 }n ∼GLT 0. (5.8)

In other words, we have written a new GLT matrix-sequence having the same
symbol as the geometric mean matrix-sequence {G(An,ε, Bn)}n, but where no
inversion is required. By virtue of Definition 2 , the class {{(An,εB

2
nAn,ε)

1
4 }n, ε

> 0} is an a.c.s. for {(AnB
2
nAn) 1

4 }n.
Therefore, by (5.8), also the class {{G(An,ε, Bn)}n, ε > 0} is an a.c.s for
{(AnB

2
nAn) 1

4 }n, with all the involved sequences being GLT matrix-sequences,
with symbols (κεξ)

1
2 , (κξ) 1

2 , ε > 0. Since ∃ limε→0(κεξ)
1
2 = (κξ) 1

2 , Theorem 1.3
implies ∃ limε→0 (a.c.s.) {{G(An,ε, Bn)}n, ε} = {(AnB

2
nAn) 1

4 }n ∼GLT (κξ) 1
2 .

It is now clear that this limit coincides with {G(An, Bn)}n in the a.c.s. topol-
ogy, that is, {G(An, Bn)−(AnB

2
nAn) 1

4 }n ∼GLT 0. In this manner {(AnB
2
nAn) 1

4 }n

∼GLT (κξ) 1
2 . Consequently {G(An, Bn)}n ∼GLT (κξ)1/2, so that, by Axiom

GLT 1, we finally obtain {G(An, Bn)}n ∼σ,λ (κξ)1/2.

5.2 Numerical experiments
As is well known, many localization, extremal, and distribution results hold
when d-level, r-block Toeplitz matrix-sequences are considered and these re-
sults are somehow summarized in specific analytic features of the generating
function of the corresponding matrix-sequence. In turn, the generating func-
tion is also the d-variate, r × r matrix-valued GLT symbol of the d-level,
r-block Toeplitz matrix-sequence.

Although the distribution results are also valid for general d-level, r-block
GLT matrix-sequences, this is no longer true in general for the extremal be-
havior and for the localization results, unless we add supplementary assump-
tions, like the request that the matrix-sequence is obtained via a matrix-valued
linear positive operator (LPO) [77, 85]. We observe that the geometric mean
can be seen as a monotone operator with respect to its two variables, and the
monotonicity is implied when we consider an LPO, even if the converse is not
true. Hence, it is also interesting to verify which properties are maintained
by a geometric mean of two d-level, r-block GLT matrix-sequences in terms
of its GLT symbol when it exists.

According to the previous discussion, the remainder of the section considers
numerical experiments in the following directions:

• the validation of the distribution results in the commuting setting as in
Theorem 5.2 and Theorem 5.5. Notice that the commutation of the GLT
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symbols do not imply that the matrices commute; in general, in fact,
they do not commute.

• connections of the previous results with the notion of Toeplitz and GLT
momentary symbols and the extremal behavior compared to the GLT
symbol;

• evidence that Theorem 5.2 and Theorem 5.5 are maximal, by taking
GLT matrix-sequences with non-commuting symbols which are both not
invertible almost everywhere.

All numerical experiments are performed using MATLAB R2022b on a laptop
equipped with an 11th Gen Intel(R) Core(TM) i5-1155G7 CPU running at
2.50 GHz, with 16 GB of RAM. The operating system was Windows 11 Pro
(version 23H2, build 22631.5189).

5.2.1 Validation of the distribution results
5.2.1.1 Example 1

Let d = 1 and consider the following two matrix-sequences {An}n, {Bn}n,
with An = Dn(a) + 1

n4 In and Bn = Tn(3 + 2 cos(θ)), where Tn(·) denotes the
Toeplitz operator for d = 1, as introduced in Section 2.1, Dn(a) represents
the diagonal matrix generated by the continuous function

a(x) =
⎧⎨⎩ 0, x ∈ [0, 1

2),
1, x ∈ [1

2 , 1].

Because of Theorem 5.2, the geometric mean of these two sequences, that is
{G(An, Bn)}, satisfies the GLT relation:

{G (An, Bn)}n ∼GLT
√︂
a(x)(3 + 2 cos(θ)),

where the corresponding GLT symbols are explicitly given by κ = a(x) and
ξ = 3 + 2 cos(θ).

Eigenvalue distribution

We numerically analyze the spectral behavior of the geometric meanG(An, Bn)
from Example 1. The eigenvalues of this geometric mean are computed for
various increasing dimensions n and compared with the uniformly sampled
points from the GLT symbol

√︂
a(x)(3 + 2 cos(θ)). In Figure 5.1, numerical

results strongly indicate that the GLT symbol accurately characterizes the
eigenvalue distribution of the geometric mean. As n grows, the eigenvalue
distribution closely matches the GLT symbol, giving evidence of the theoret-
ical findings in Theorem 5.2.
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Figure 5.1: Example 1. Comparison between eigenvalues of G(An, Bn) (red stars; n = 40, 80) versus the
symbol (κξ)

1
2 (blue circles)

5.2.2 Distribution results and momentary symbols
5.2.2.1 Example 2

Let d = 1 and define the matrix-sequences {An}n, {Bn}n, with An = Dn(a)+
1

n4 In, Cn = Tn(3+2 cos(θ)) andBn =
(︂
Dn(1 − a) + 1

n4 In

)︂
Cn

(︂
Dn(1 − a) + 1

n4 In

)︂
,

where Dn(a) is the diagonal matrix generated by the piecewise continuous
function a(x) given in Example 1. Then, the geometric mean sequence ex-
plicitly satisfies the GLT relation:

{G (An, Bn)}n ∼GLT
√︂
a(x)(1 − a(x))(3 + 2 cos θ)

= a(x)(1 − a(x))
√

3 + 2 cos θ = 0

where
κ = a(x) ξ = (1 − a(x))(3 + 2 cos(θ)).

The zero-valued symbol arises naturally due to the definition of the piecewise
function a(x):

• For x ∈ [0, 1
2), we have a(x) = 0. Thus, the term a(x)(1 − a(x)) becomes

zero.

• For x ∈ [1
2 , 1], we have a(x) = 1. In this interval, the factor 1 − a(x)

becomes zero, making a(x)(1 − a(x)) = 0.

Eigenvalue distribution

The eigenvalue distribution of {G(An, Bn)}n is numerically analyzed for in-
creasing matrix dimensions n. Since the GLT symbol for this example is
zero, by Theorem 5.2 we expect the eigenvalues to concentrate along the zero
line. Interestingly, numerical results reveal an additional spectral structure
beyond Theorem 5.2. For smaller values of n, eigenvalues align closely with
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zero, as predicted by the GLT symbol. However, some eigenvalues appear
above this level, forming a secondary symbol. This phenomenon is attributed
to momentary symbols, as discussed in the introduction (see [5, 25, 26]). As
n increases, these elevated eigenvalues shift upwards reaching approximately
10−3 for n = 40 (shown in the Figure 5.2) and 10−4 for n = 80.

Figure 5.2: Example 2. Comparison between eigenvalues of G(An, Bn) (red stars; n = 40, 80) versus the
symbol (κξ)

1
2 (blue circles)

5.2.3 Minimal eigenvalues and conditioning
In this section, we analyze the extremal spectral behavior and conditioning
of the geometric mean sequence {G(An, Bn)}n, focusing on its dependence on
the analytical properties of the corresponding GLT symbol. This approach
follows prior studies on extremal eigenvalues in structured matrix settings,
particularly in Toeplitz matrices [27,72,73,84] and block Toeplitz matrices [74,
75], as well as variable coefficient differential operators, including multilevel
cases with d > 1 [65, 83, 98]. In the case of variable coefficient differential
operators it is worth noticing that extremal spectral results do not stem from
the GLT theory but from a combination of GLT tools and properties which
are typical of linear positive operators [77,85].
Here, we restrict our attention to the unilevel scalar setting with d = r = 1,
considering Example 1 and Example 2.

5.2.3.1 Example 1: minimal eigenvalue

• Xn = G(An, Bn)

• Take nj = 40.2j, j = 0, 1, 2, 3,

• Compute τj = λmin(Xnj ), j = 0, 1, 2, 3,

• Compute αj = log2(
τj

τj+1
), j = 0, 1, 2.
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Table 5.1: Numerical behaviour of the minimal
eigenvalue.

n τj αj

40 6.3265 × 10−4 2.0132
80 1.5673 × 10−4 2.0064
160 3.9093 × 10−5 2.0074
320 9.7675 × 10−6

As it can be seen, the quantity αj stabilizes around 2 as n increases. This is in
perfect agreement with the fact that the minimal eigenvalue of An converges
to zero as n−4, while the minimal eigenvalue of Bn converges monotonically
from above to min ξ = 1. The key point is that the minimal eigenvalue of the
geometric mean behaves asymptotically as the geometric mean of the minimal
eigenvalues of An and Bn, respectively. Similar remarks can be made in the
subsequent case with respect to Example 2.

The observed numerical evidences are not implied by the theoretical deriva-
tions and this is an interesting fact that deserves to be investigated theoret-
ically in the future. In particular, we would like to prove formally that that
αj converges to 2 for the first example, Table 4.1, and it converges to 4 in the
second example, Table 4.2, even from the preliminary numerical results the
convergence does not look monotonic.

5.2.3.2 Example 2: minimal eigenvalue

• Xn = G(An, Bn)

• Take nj = 40.2j, j = 0, 1, 2, 3,

• Compute τj = λmin(Xnj ), j = 0, 1, 2, 3,

• Compute αj = log2(
τj

τj+1
), j = 0, 1, 2.

Table 5.2: Numerical behaviour of the minimal
eigenvalue.

n τj αj

40 3.9177 × 10−7 4.0003
80 2.4480 × 10−8 4.0040
160 1.5259 × 10−9 4.0009
320 9.5367 × 10−11
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5.2.4 Numerical study: non-commuting, rank-deficient
symbols

In this section, through numerical test, we investigate the eigenvalue distri-
bution of the geometric means {G(An, Bn)}n with

G(An, Bn) = A1/2
n

(︂
A−1/2

n BnA
−1/2
n

)︂1/2
A1/2

n ,

where {An}n and {Bn}n are HPD GLT matrix-sequences with r × r matrix-
valued symbols κ, ξ. The GLT matrix-sequences are specifically chosen with
GLT symbols so that:

1. they are rank-deficient on a subset of positive Lebesgue measure; and

2. they do not commute pointwise on a set of positive measure.

These hypotheses clearly set the problem outside the scope of commuting
or almost everywhere invertible cases treated in Theorems 5.2 and in Theo-
rem 5.5.
Our tests provide evidence for two phenomena:

(i) The support of the asymptotic eigenvalue distribution of {G(An, Bn)}n

coincides with the intersection set ess Ran(κ) ∩ ess Ran(ξ) see Section 5.2.4.2.

(ii) The eigenvalues appear to converge in distribution to a candidate sym-
bol which is rank-deficient and, in general, distinct from the classical
geometric mean G(κ, ξ).

Clearly, the relation G(An, Bn) ∼GLT G(κ, ξ) cannot hold under hypotheses
(1.)-(2.), and the experiments show the substantial differences in this case
compared to the commuting or invertible scenarios. If this case can be stud-
ied within the GLT framework, it requires a more technical application of
GLT and a.c.s. theory, along with a deeper functional calculus of matrix
means.

5.2.4.1 Setup of the numerical experiments

Below, we provide the setup of the numerical tets.
We construct four pairs of unilevel GLT matrix-sequences {An}n, {Bn}n, whose
symbols simultaneously satisfy the hypothesis stated at the beginning of Sec-
tion 5.2.4 (rank deficiency and non-commutation). These examples are orga-
nized according to the property of rank loss:

• Case 1 - each symbol is full rank on a set of positive measure;

• Case 2 - each symbol is rank-deficient almost everywhere.

Case 1, Example 1.
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Define

f(θ) =

⎧⎪⎨⎪⎩
0, θ ∈ [−π, 0],
θ, θ ∈ (0, π],

g(θ) = f(−θ),

and set
F (θ) = f(θ) ⊗

[︄2 1
1 2

]︄
, G(θ) = g(θ) ⊗

[︄3 1
1 1

]︄
.

With the 2n× 2n Toeplitz matrices Tn(F ) and Tn(G), define

An = Tn(F ) + 1
n3 I2n, Bn = Tn(G) + 1

n3 I2n. (5.9)

Case 1, Example 2.

Let χ[−a,a] be the characteristic function of [−a, a], 0 < a < π, and set

f(θ) = χ[−1/2, 1/2](θ), g(θ) = χ[−1/4, 1/4](θ),

A =
[︄2 1
1 2

]︄
, B =

[︄3 1
1 1

]︄
,

F (θ) = f(θ) ⊗ A, G(θ) = g(θ) ⊗B.

Define
An = Tn(F ) + 1

n3 I2n, Bn = Tn(G) + 1
n3 I2n. (5.10)

Case 2, Example 1.

With f(θ) = 2 − cos θ, g(θ) = 3 + cos θ and rank one blocks

A =
[︄1 1
1 1

]︄
, B =

[︄1 2
2 4

]︄
,

let F (θ) = f(θ) ⊗ A and G(θ) = g(θ) ⊗B. Set

An = Tn(F ) + 1
n2 I2n, Bn = Tn(G) + 1

n2Dn(b), b(x) = (1 + x)I2.

Here, both symbols are rank 1 almost everywhere.

Case 2, Example 2.

Define piecewise-linear scalar functions in [0, 1]:

a(x) =
⎧⎨⎩ 1 − 2x, 0 ≤ x ≤ 1

2 ,

0, 1
2 < x ≤ 1,

b(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, 0 ≤ x ≤ 1

3 or 2
3 ≤ x ≤ 1,

x− 1
3 ,

1
3 < x ≤ 1

2 ,
2
3 − x, 1

2 < x < 2
3 ,
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and let Dn(a), Dn(b) be the corresponding sampling matrices. With f(θ) =
2 + cos θ, g(θ) = 3 + cos θ and

A =

⎡⎢⎢⎣
2 0 1
0 2 1
1 1 1

⎤⎥⎥⎦ , B =

⎡⎢⎢⎣
2 1 0
1 1 1
0 1 2

⎤⎥⎥⎦ ,
define F (θ) = f(θ) ⊗ A and G(θ) = g(θ) ⊗B, and set

An =
(︂
D1/2

n (a) ⊗ I3
)︂
Tn(F )

(︂
D1/2

n (a) ⊗ I3
)︂

+ 1
5n I3n, (5.11)

Bn =
(︂
D1/2

n (b) ⊗ I3
)︂
Tn(G)

(︂
D1/2

n (b) ⊗ I3
)︂

+ 1
5n I3n. (5.12)

In every example we denote by κ and ξ the GLT symbols of {An}n and {Bn}n,
respectively.

5.2.4.2 A candidate symbol for the geometric mean

Let {An}n and {Bn}n be GLT matrix-sequences whose matrix-valued sym-
bols

κ, ξ : [0, 1]d × [−π, π]d −→ C r×r,

are positive-semidefinite.
For any ε > 0, define the strictly positive symbols κε = κ+ εIr, ξε = ξ + εIr.
Since the matrix geometric mean is monotone continuous in each argument,
the limit below exists point-wise and it is unique ( [3, p. 3]):

Definition 3 (Candidate symbol). For almost every (x, θ) set

˜︂G(κ, ξ)(x, θ) := lim
ε→0

G
(︂
κε(x, θ), ξε(x, θ)

)︂
. (5.13)

The matrix-valued symbol ˜︂G(κ, ξ) is essentially positive semidefinite (see [3])
and satisfies the essential support identity

ess Ran ˜︂G(κ, ξ) = ess Ran
[︂
(x, θ) ↦→ ran κ(x, θ) ∩ ran ξ(x, θ)

]︂
.

Here ranM denotes the column space of an individual matrix M , whereas
ess Ran(.) is the essential range of a Grassmannian valued measurable map.
The essential formulation of the subspace condition can also be formulated as
the pre-image of the essential numerical range in the style of [ [31], Definition
1].

Taking into account the Definition 3 of the candidate symbol, we propose the
following conjecture:
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Conjecture 5.2.1 (GLT closure under geometric mean). Let {An}n and
{Bn}n be Hermitian positive definite GLT matrix-sequences with

{An}n ∼GLT κ, {Bn}n ∼GLT ξ.

Then the geometric mean matrix-sequence is again GLT and

{G(An, Bn) }n ∼GLT
˜︂G(κ, ξ),

where ˜︂G(κ, ξ) is the candidate symbol defined in (5.13).

The heuristic justification of the conjecture is the following. For each fixed
ε > 0 the shifted sequences {An+εI}n and {Bn+εI}n are GLT sequences sym-
bols κε and ξε and their geometric mean sequences satisfy {G(An + εI, Bn +
εI) }n ∼GLT G(κε, ξε). Properties of monotone functions and the matrix ge-
ometric mean axioms described in [3], combined with closeness of the GLT
∗-algebra (Axiom GLT 4) under a.c.s convergence, suggest that letting ε → 0
the limit of {G(An + εI, Bn + εI) }n is well defined in the a.c.s topology and
this limit is {G(An, Bn) }n, up to zero-distributed perturbations , leading to
the GLT algebraic part of Conjecture 5.2.1, a full proof when κ and ξ do
not commute point-wise remains open. Meanwhile, all numerical evidence
below supports the conjecture on the spectral distribution part of our hy-
pothesis.

Candidate symbols predicted by Conjecture 5.2.1

For the four test pairs introduced in Section 5.2.4.1, Conjecture 5.2.1 predicts
the following GLT symbols for {G(An, Bn)}n. Throughout 1 = (1, 1, 1)∗, J =
1 1∗ ∈ C3×3.

Case 1, Example 1. ˜︂G(κ, ξ)(x, θ) = 02×2.

Case 1, Example 2.

˜︂G(κ, ξ)(x, θ) = χ[− 1
4 , 1

4 ](θ) ⊗ C,

C = 1
61/4

√︂
2 +

√
6

⎡⎣2
√

2 + 3
√

3
√

2 +
√

3
√

2 +
√

3 2
√

2 +
√

3

⎤⎦ .
Case 2, Example 1. ˜︂G(κ, ξ)(x, θ) = 02×2.

Case 2, Example 2.

˜︂G(κ, ξ)(x, θ) =
√︃(︂

2 + cos θ
)︂ (︂

3 + cos θ
)︂
h(x) k(x) ⊗ J.
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5.2.4.3 Numerical verification of the Conjecture

Let
Gn := G(An, Bn) ∈ Cdn×dn, dn = size(Gn).

We test whether the empirical eigenvalue distribution of {Gn}n converges
to the distribution induced by the candidate symbol ˜︂G(κ, ξ)(x, θ) defined in
Section 5.2.4.2. The comparison follows the standard rearrangement strat-
egy.

1. Sampling the symbol. Evaluate ˜︂G(κ, ξ) on a tensor grid {xj}Mx
j=1 ⊂

[0, 1], {θi}Mθ
i=1 ⊂ [−π, π] with a total number of Mx ×Mθ ≃ 2000 samples.

For each point (xj, θi) compute the r eigenvalues of the function; then
merge and sort in non-decreasing order all the computed values. This
yields the empirical quantile function of the eigenvalues.

2. Eigenvalue computation. Matrices An, Bn are generated for n ∈
{40, 80, 160, 320}, and eigenvalues are ordered in non-decreasing order,
to obtain the quantile spectral distribution function of {Gn}n.
We also record λmin(Gn), λmax(Gn) and the condition number cond2(Gn)
for later stability analysis.

3. Quantile plot matching. For each n we plot the sorted eigenvalues(︂
λi(Gn)

)︂
against the corresponding rearranged sample values of ˜︂G. A

superposition of the two plots for growing values of n gives an experi-
mental indication of the asymptotic convergence of the empirical spectral
distribution of {Gn}n to that of the symbol.

4. Support analysis. To estimate the measure of the zero set {(x, θ) :˜︂G = 0}, we count the fraction of eigenvalues below the threshold 0.1
compared to the matrix size; the value is an estimate of the complement
of the predicted measure of the support as n grows.

All tests for this section are run on an Intel Core Ultra 7 155H CPU (22
threads, 30.9 GiB RAM) under Ubuntu 24.10, Linux 6.11.0-29, with Python 3.12.7,
NumPy 1.26.4 and SciPy 1.13.1 linked against OpenBLAS.

Remark 5.6 (Measure-theoretic meaning of the rearrangement test). As an-
ticipated implicitly, the comparison of sorted eigenvalue versus sorted symbol
has a precise measure-theoretic foundation based on the quantile approxima-
tion theory [22]. For completeness, we report the construction in [22] for the
unilevel setting d = 1; the multilevel case is analogous.

Let r denote the size of the matrix ˜︂G(κ, ξ)(x, θ) and put D = [0, 1] × [−π, π]
(so µ(D) = 2π). Define the probability space defined by the triple

(Ω,F ,P), Ω = D × {1, . . . ,m}, F = B(D) ⊗ 2{1,...,m}.
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Here, B(D) denotes the Borel σ-algebra on D, and 2{1,...,m} denotes the power

set of {1, . . . ,m}, with product measure P(A×B) = µ(A)
2π

|B|
r
.

Introduce the random variable

X(x, θ, i) := λi

(︂˜︂G(κ, ξ)(x, θ)
)︂
, (x, θ, i) ∈ Ω,

where the eigenvalues are ordered non-decreasingly. The quantile function of
X is precisely the non-decreasing rearrangement ˜︂G† of the matrix-valued sym-
bol.
Because spectral distributions are defined only up to measure-preserving rear-
rangements, we deduce that

{Gn}n ∼λ
˜︂G =⇒ {Gn}n ∼λ

˜︂G†,

so verifying convergence to the quantile ˜︂G† is equivalent and numerically sim-
pler than verifying convergence to the symbol ˜︂G(κ, ξ) itself.
Furthermore, whenever ˜︂G† is continuous at t ∈ (0, 1), the sorted eigenvalues
satisfy λ⌈tdn⌉(Gn) → ˜︂G†(t) as n → ∞, and the empirical proportion of eigen-
values below a small threshold t0 (we take t0 = 0.1) converges to P[X ≤ t0],
therefore it can be used as an estimate of the measure of the rank-deficient
subset {(x, θ) : ˜︂G(κ, ξ)(x, θ) = 0}.

5.2.4.4 Numerical results

In this section, we compare the sorted eigenvalues of each geometric mean
matrix G(An, Bn) with the rearranged eigenvalue distribution predicted by
the candidate symbol ˜︂G(κ, ξ). Plots are provided for each block size.

Case 1. Figures 5.3–5.4 display the ordered eigenvalues of G(An, Bn) (col-
ored markers) together with the ordered samples of ˜︂G(κ, ξ) (solid red line).

Example 1. Because the supports of κ and ξ are essentially disjoint, ˜︂G(κ, ξ) ≡
0. Most of the eigenvalues match the zero line, showing convergence to the
zero-distribution. Only a small number of positive outliers remain above the
line. For small values of n, the eigenvalue plot appears to be governed by
a GLT momentary symbol that, when rearranged, follows a power law that
rapidly collapses to the zero function as n → ∞.

Example 2. Here, the supports of κ and ξ intersect on θ ∈ [−0.25, 0.25]. As
a result, ˜︂G(κ, ξ) takes two values: zero outside the overlap and a positive
constant matrix inside it. The eigenvalues reflect exactly this behavior: they
form a long plateau at zero, followed by two shorter clusters at the positive
eigenvalues determined by ˜︂G(κ, ξ). As we will see, the length of this zero
plateau matches the respective Lebesgue measure of the complement of the
support of ˜︂G.
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Figure 5.3: Case 1 - Example 1. Sorted eigenvalues of G(An, Bn) (colored markers; n = 40, 80, 160, 320)
versus the rearranged distribution of the symbol ˜︁G(κ, ξ) (solid red line)

.

Figure 5.4: Case 1 - Example 2. Comparison of the ordered eigenvalues of G(An, Bn) (colored markers)
with the rearranged values of ˜︁G(κ, ξ) (solid red line) for n = 40, 80, 160, 320.

Case 2. Figures 5.5–5.6 repeat the experiment for symbols that are rank-
deficient on sets of full measure.

Example 1. Because the supports are disjoint, we have ˜︂G(κ, ξ) ≡ 0. The
eigenvalues converge to the zero symbol. Despite the momentary symbol
may seem to cause a rougher perturbation, we remark that, unlike in Case
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1 - Example 1, this perturbation does not result in proper outliers since
all perturbed eigenvalues converge to zero. In practice, we observe a better
convergence.

Example 2. Here, the intersection set has rank one, leading to exactly one
positive eigenvalue in ˜︂G(κ, ξ). The plot shows convergence despite the rank
deficiency of the support. Because the norm of the diagonal perturbation
introduced in (5.11) decays slowly, a momentary GLT perturbation [5, 26] is
still observed, even in this non-zero case.

Figure 5.5: Case 2, Example 1. Sorted eigenvalues of G(An, Bn) (colored markers) versus the rearranged
eigenvalue distribution predicted by G(κ, ξ) (solid red line), for n = 40, 80, 160, 320.

Figure 5.6: Case 2, Example 2. Sorted eigenvalues of G(An, Bn) (colored markers) versus the rearranged
eigenvalue distribution from G(κ, ξ) (solid red line), for n = 40, 80, 160, 320.
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Extremal eigenvalues. For each block size n we report

λmin(Gn), λmax(Gn), cond2(Gn) = λmax(Gn)
λmin(Gn) ,

together with the essential infimum and supremum of the conjectured symbol,˜︂Gmin and ˜︂Gmax. In this way, we can observe how rapidly the minimum eigen-
value decays and, in most cases, how the maximum eigenvalues converge to
the essential supremum of the spectral symbol. This provides a clear measure
of the conditioning behaviour as n grows.

Table 5.3: Extremal eigenvalues and condition numbers for Case 1 - Example 1 (symbol zero almost
everywhere).

n ˜︂Gmin
˜︂Gmax Min. eig. Max. eig. cond2(Gn)

40 0 0 8.714 × 10−3 3.912 4.490 × 102

80 0 0 3.684 × 10−3 4.036 1.095 × 103

160 0 0 1.492 × 10−3 4.133 2.769 × 103

320 0 0 5.833 × 10−4 4.211 7.220 × 103

Case 1 - Example 2. Here ˜︂Gmax = 2.9939 is strictly positive. In this
example, we observe a fast convergence of λmax(Gn) and an exponential decay
of λmin(Gn), which clearly causes the condition number cond2(Gn) to escalate,
reaching O(108) at n = 320.

Table 5.4: Extremal eigenvalues and condition numbers for Case 1 - Example 2 (symbol positive on an
overlap set).

n ˜︂Gmin
˜︂Gmax Min. eig. Max. eig. cond2(Gn)

40 0 2.993 1.562 × 10−5 2.992 1.915 × 105

80 0 2.993 1.953 × 10−6 2.993 1.533 × 106

160 0 2.993 2.441 × 10−7 2.993 1.226 × 107

320 0 2.993 3.051 × 10−8 2.993 9.811 × 107

Case 2 - Example 1. The minimum eigenvalue appear to decay to 0 at
a quadratic rate, while the largest eigenvalue converges to zero linearly, as
determined by the momentary symbol. As a consequence, the growth of
cond2(Gn) is moderate.
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Table 5.5: Extremal eigenvalues and condition numbers for Case 2 - Example 1 (candidate symbol ˜︁G ≡ 0).

n ˜︂Gmin
˜︂Gmax Min. eig. Max. eig. cond2(Gn)

40 0 0 1.261 × 10−3 0.511 4.053 × 102

80 0 0 3.210 × 10−4 0.256 8.002 × 102

160 0 0 8.099 × 10−5 0.128 1.589 × 103

320 0 0 2.034 × 10−5 0.064 3.169 × 103

Case 2 - Example 2. Here ˜︂Gmax ≃ 1.22. λmax(Gn) converges to this value
and is included in the range of ˜︂G, whereas λmin(Gn) decays linearly. This
better conditioning compared to Example 2 of the first case is reasonable,
since the positive perturbations we introduced to the Toeplitz matrices of this
example (Equation 5.11 decay in norm more slowly than the ones in Case 1
- Example 1).

Table 5.6: Extremal eigenvalues and condition numbers for Case 2 - Example 2 (symbol positive on an
overlap set).

n ˜︂Gmin
˜︂Gmax Min. eig. Max. eig. cond2(Gn)

40 0 1.224 3.24 × 10−3 1.136 3.50 × 102

80 0 1.224 1.46 × 10−3 1.179 8.10 × 102

160 0 1.224 5.65 × 10−4 1.201 2.13 × 103

320 0 1.224 8.19 × 10−5 1.213 1.48 × 104

Zero-related statistics. For each block size n, we report the fraction of
eigenvalues whose modulus does not exceed the fixed cutoff 0.1; see Tables 5.7-
5.10. Each table lists the empirical proportion (Prop.≤ 0.1), the theoretical
measure of the zero set of the rearranged symbol (Target), and the absolute
difference (Error).

Case 1 - Example 1. The conjectured symbol is the zero function, so
the target measure is 1. The empirical value increases monotonically with n,
remaining within a small error. Because the number of outliers is at most
o(n), we expect that the proportion will converge to 1 as n → ∞.

Case 1 - Example 2. Here, the zero set of the rearranged spectral symbol
has a measure

1 − 1
4π ≈ 0.9204.

The measured proportions appear to approach this value with an O(n−1) rate
of decay, with the error falling below 10−3 by n = 160.
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Case 2 - Example 1. Here the expected spectral symbol is zero, but the
momentary symbol perturbation, as observed in Figure 5.5, produces an ap-
parent plateau 0.5 up to n = 320, where the proportion jumps to 1 and the
measured error vanishes. Since the momentary perturbation does not create
proper outliers, as observed in Case 1 - Example 2, a faster convergence
can reasonably be expected in this case.

Case 2 - Example 2. In this case, the complement of the support of the
rearranged distribution has measure

17
18 ≈ 0.9444.

The empirical measure of the zero cluster converges to this value, with the
error appearing to follow the same power law observed in Case 2 - Example
1.

Table 5.7: Case 1, Example 1: proportion of eigenvalues below 0.1;
target 0.

n Prop.≤ 0.1 Target Error
40 0.6375 1.0000 0.3625
80 0.8938 1.0000 0.1062
160 0.9438 1.0000 0.0562
320 0.9688 1.0000 0.0312

Table 5.8: Case 1, Example 2: proportion of eigenvalues below 0.1;
target 1 − 1

4π ≈ 0.92042.

n Prop.≤ 0.1 Target Error
40 0.8750 0.9204 0.0454
80 0.8938 0.9204 0.0266
160 0.9031 0.9204 0.0173
320 0.9109 0.9204 0.0095

Table 5.9: Case 2, Example 1: proportion of eigenvalues below 0.1;
target 0.

n Prop.≤ 0.1 Target Error
40 0.5000 1.0000 0.5000
80 0.5000 1.0000 0.5000
160 0.5156 1.0000 0.4844
320 1.0000 1.0000 0.0000
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Table 5.10: Case 2, Example 2: proportion of eigenvalues below 0.1;
target 17

18 ≈ 0.9444.

n Prop.≤ 0.1 Target Error
40 0.7667 0.9444 0.1777
80 0.8833 0.9444 0.0611
160 0.9438 0.9444 0.0006
320 0.9448 0.9444 0.0004
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Chapter 6

Hidden GLT structures in quantum spin
models

This chapter presents important results about the connection between mathe-
matical models and physical systems, as published in [97]. The authors thor-
oughly investigate structured matrix-sequences originating from mean-field
quantum spin systems, employing the GLT algebra framework to deepen the
theoretical understanding of these systems. Specifically, the study delves into
the quantum Curie-Weiss (CW) model, an important paradigm for mean-field
interactions, recognized in quantum statistical mechanics due to its ability to
illustrate phenomena such as spontaneous symmetry breaking and critical
phase transitions.

The research systematically addresses two variants of the Curie-Weiss model:
the unrestricted and restricted versions. For the general model, the paper
identifies the normalized Curie-Weiss Hamiltonian as a zero-distributed GLT
sequence. This finding indicates that the sequence exhibits trivial asymptotic
spectral and singular value distributions, effectively characterized by a zero
symbol within GLT theory.

In contrast, the restricted version of the Curie-Weiss model presents a signif-
icantly richer structure. The corresponding normalized matrix-sequences are
demonstrated to form GLT sequences with a nontrivial symbol. This GLT
symbol, explicitly derived in the paper, describes the intricate asymptotic
behavior of eigenvalues and singular values for these matrix-sequences.

Numerical experiments are rigorously conducted to validate theoretical asser-
tions, including precise visualizations of spectral distributions. These numer-
ical analyses underscore a remarkable consistency between theoretical predic-
tions and observed numerical results, further confirming the robustness of the
GLT approach.

6.1 Curie-Weiss model
We consider the Hamiltonian for the quantum Curie-Weiss model for ferro-
magnetism, which takes the form

HCW
ΛN

= − Γ
2|ΛN |

∑︂
x,y∈ΛN

σ3(x)σ3(y) −B
∑︂

x∈ΛN

σ1(x), (6.1)
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where ΛN is an arbitrary finite subset of Zℓ, Γ > 0 scales the spin-spin cou-
pling, and B is an external magnetic field. This model describes a chain of
N immobile spin-1/2 particles with ferromagnetic coupling in a transverse
magnetic field. The Hamiltonian acts on the Hilbert space HΛN

= ⊗x∈ΛN
Hx,

where Hx = C2. The operator σi(x), . . . (i = 1, 2, 3) acts as the Pauli matrix
σi on Hx and acts as the unit matrix ⊮2 elsewhere. The single Pauli matrices
are explcitly given by

σ1 =
(︄

0 1
1 0

)︄
, σ2 =

(︄
0 −i
i 0

)︄
, σ3 =

(︄
1 0
0 −1

)︄
. (6.2)

In contrast to locally interacting quantum spin models, the spatial dimension
of this model does not influence the behaviour. This follows from the fact
that for the averages

SΛN
i = 1

|ΛN |
∑︂

x∈ΛN

σi(x), (i = 1, 2, 3), (6.3)

we can write the Hamiltonian (6.1) (see e.g. [96]) as

HCW
ΛN

= −|ΛN |
(︄Γ

2 (SΛN
3 )2 +BSΛN

1 )
)︄

= |ΛN |
(︄
hCW

0 (SΛN )
)︄
, (6.4)

for SΛN = (SΛN
1 , SΛN

2 , SΛN
3 ), and the choice

B3 ∋ (x, y, z) ↦→ hCW
0 (x, y, z) = −

(︄Γ
2 z

2 +Bx

)︄
, (6.5)

with B3 = {(x, y, z) | x2 + y2 + z2 ≤ 1} the unit three-dimensional sphere in
R3.

Using spherical coordinates e(Ω) = (sinϑ cosφ, sinϑ sinφ, cosϑ), with ϑ ∈
[0, π] and φ ∈ [0, 2π); for radius u ∈ [0, 1], we may now rewrite

hCW
0 (u · e(Ω)) = −

(︄Γ
2 (u cosϑ)2 +Bu sinϑ cosφ

)︄
, (6.6)

as being a polynomial function on [0, 1] × S2.

As a result, we may as well consider the quantum Curie–Weiss Hamiltonian
(6.1) in ℓ = 1, so that we may simply write |ΛN | = N and HCW

N := HCW
ΛN

.

6.1.1 The CW model as GLT-sequence

Here we show that the real symmetric matrix-sequence {H̄CW
N }N , dN = 2N ,

where H̄CW
N := HCW

N /N , is a basic GLT matrix-sequence with GLT symbol
0, i.e., a zero-distributed matrix-sequence (Axiom GLT 2, third item).
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Theorem 6.1. The normalized CW Hamiltonian H̄
CW
N := HCW

N /N defines
{H̄CW

N }N as a zero-distributed GLT sequence.

Proof. The Curie-Weiss Hamiltonian is self-adjoint and in fact all the consid-
ered matrices are real symmetric. Thus in view of Definition 1 (with dN = 2N ,
D = [0, 1] × S2), it suffices to prove that for all real-valued F ∈ Cc(R)

lim
N→∞

1
2N
Tr2N [F (H̄CW

N )] = F (0), (6.7)

where Tr2N denotes the trace on HN = ⨂︁N
i=1 C2. The convergence in (6.7)

for all possible test functions F implies that the sequence (H̄CW
ΛN

)N is a zero-
distributed GLT sequence.

Since the spectrum of the normalized Curie-Weiss Hamiltonian H̄
CW

N is uni-
formly bounded in N and contained in a connected compact subset C ⊂ R
(see also [93, 95] for further details), it suffices to consider functions F sup-
ported on C. By the Stone-Weierstrass theorem, any continuous function
F on C can be uniformly approximated by polynomials restricted to C: in
fact this argument is standard and was used e.g. in [42] in the context of
the zero distribution of orthogonal polynomials, when the Jacobi operator
is perturbed by a non self-adjoint compact operator. Moreover, since the
(normalized) trace operation is linear and continuous with respect to uniform
convergence of continuous functions on the spectrum, it suffices to prove (6.7)
for all polynomials P restricted to C. Thus, we will establish (6.7) for all such
polynomials P , which by approximation will imply the result for any general
F ∈ Cc(R) supported on C.

To do so, we stress that the Hamiltonian is homogeneously decomposable [30,
Section 2], implying that the model is block diagonal with the following tracial
decomposition

Tr2N [H̄CW
N ] = 1

2N

∑︂
J∈JN

C(J,N)Tr2J+1[H̄
CW
N (J)],

where, by [59], the quantities

C(J,N) = 2J + 1
N + 1

⎛⎝ N + 1
N
2 + J + 1

⎞⎠,
are the multiplicities of the (2J + 1)-dimensional irreducible unitary repre-
sentations arising in the decomposition of the N -fold tensor product repre-
sentation of SU(2) onto C2 with itself. Here, JN = {0, 1, ..., N/2} if N/2
is an integer, and equals {1/2, 3/2, ..., N/2} if N/2 is a half-integer. The
(2J + 1) × (2J + 1)-dimensional matrix H̄CW

N (J) is defined as

H̄
CW
N (J) := hCW

0 (SN)|2J+1. (6.8)
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Define the function

PN(J) := P (H̄CW
N (J)) = P (hCW

0 (SN)|2J+1) = P (hCW
0 (SN))|2J+1, (6.9)

so that
1

2N
Tr2N [P (hCW

0 (SN))] = 1
2N

∑︂
J∈JN

C(J,N)Tr2J+1(PN(J)). (6.10)

This allows us to introduce a sequence of probability measures νN , defined
for Borel measurable sets E ⊂ [0, 1], by

νN(E) = 1
2N

∑︂
{J∈JN | 2J/N∈E}

C(J,N)(2J + 1). (6.11)

Note that indeed 2N = ∑︁
{J | 2J/N∈[0,1]}C(J,N)(2J+1), so that νN([0, 1]) = 1.

We recall the well-known resolution of the identity [93], that is,

⊮2J+1 = 2J + 1
4π

∫︂
S2
dµS2(Ω)Pr(J,Ω), (6.12)

where dµS2 is the uniform measure on the 2-sphere, and Pr(J,Ω) is the one-
dimensional projection onto the linear span of the (2J + 1)-dimensional spin-
coherent state vector labeled by the point Ω ∈ S2. Let

pN

(︄2J
N
,Ω
)︄

:= Tr2J+1[PN(J)Pr(J,Ω)].

By inserting the identity (6.12), we can write

Tr2J+1(PN(J)) =2J + 1
4π

∫︂
S2
dµS2(Ω)Tr2J+1[PN(J)Pr(J,Ω)]

=2J + 1
4π

∫︂
S2
dµS2(Ω)pN

(︄2J
N
,Ω
)︄
. (6.13)

If we set KN(du, dΩ) := νN(du) × 1
4πµS2(dΩ), equations (6.10), (6.11) and

(6.13) imply that
1

2N
Tr2N [P (hCW

0 (SN))] =
∫︂

[0,1]×S2
KN(du, dΩ)pN(u,Ω),

where the integral over [0, 1] should be interpreted as the discrete integral
with respect to νN . It is clear that KN is a probability meausure for each N .
Using the previous preparatory statements, we are now in a position to prove
the following facts.

(i) For all N ∈ N+, it holds

sup
J∈JN

sup
Ω∈S2

⃓⃓⃓⃓
⃓pN

(︄2J
N
,Ω
)︄

− P

(︄
hCW

0

(︄2J
N

e(Ω)
)︄)︄⃓⃓⃓⃓

⃓ ≤ C

N
, (6.14)

the constant C being independent of J , Ω and N .
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(ii) The sequence of probability measures (KN)N converges setwise to the
probability measure δ0 × 1

4πµS2, with δ0 the Dirac measure concentrated
at 0 ∈ [0, 1].

For (i), we first rely on the following fact obtained in [53]. For any non-
commuting self-adjoint polynomial H(J) := P0(SN)|2J+1 on C2J+1, it holds

sup
J∈JN

sup
Ω∈S2

⃓⃓⃓⃓
⃓Tr2J+1[Pr(J,Ω)H(J)] − P0

(︄2J
N

e(Ω)
)︄⃓⃓⃓⃓
⃓ ≤ C

N
, (6.15)

where the constant C > 0 only depends on the chosen P0, not on J , Ω and
N .

To prove (6.14), we stress that for any given polynomial P , the operator
P ◦hCW

0 (SN) is again a polynomial in three non coummuting self-adjoint spin
operators. As a matter of fact, the statement (6.14) follows from (6.15) for
the choice P0 = P ◦ hCW

0 .

In order to see that (ii) holds, we rewrite

νN(E) = 1
2N

∑︂
{J | 2J/N∈E}

(2J + 1)2

N + 1

⎛⎝ N + 1
N/2 + J + 1

⎞⎠. (6.16)

Define XN ∼ Bin(N + 1, 1/2) and write J = XN − N
2 − 1. Use the binomial

probability mass function (pmf) BinProb,

BinProb(XN = k) =
⎛⎝N + 1

k

⎞⎠ 1
2N+1 ,

so that (6.16) becomes

νN(E) = 2
∑︂

{XN | 2(XN − N
2 −1)

N ∈E}

(2(XN − N
2 − 1) + 1)2

N + 1 BinProb(XN).

Consider ϵ > 0 arbitrary and let E ⊂ [0, 1] be a measurable set such that
E ∩ [0, ϵ] = ∅. We deduce that

2J
N

∈ E =⇒ XN ∈
(︄
N(ϵ+ 1) + 2

2 , N + 1
]︄
.

As a result,

BinProb

(︄2(XN − N
2 − 1)

N
∈ E

)︄
≤ BinProb

(︄
XN ≥ N(ϵ+ 1) + 2

2

)︄

≤ exp
(︄−(Nϵ+1

N+1 )2 N+1
2

3

)︄

= exp
(︄

− (Nϵ+ 1)2

6(N + 1)

)︄
, (6.17)
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where, in the second inequality, we have exploited Chernoff’s inequality for
the binomial distribution [60, Theorem 4.4]. To derive this, consider µ = N+1

2
and p = 1/2, so that on account of the standard Chernoff inequality with
0 < δ < 1, we find

BinProb(XN ≥ (1 + δ)µ) ≤ e− δ2
3 µ.

If XN ∼ Bin(N + 1, 1/2), then µ = N+1
2 , so that for the choice δ = (a−µ)/µ

with a = (N(ϵ + 1) + 2)/2 one indeed obtains (6.17), as certainly 0 < δ < 1.
The inequality (6.17) implies that the pmf BinProb concentrates around zero,
as N → ∞, as long as E is bounded away from zero.

It follows that for all E with E ∩ [0, ϵ] = ∅,

νN(E) ≤ 2(N + 1)2e−(Nϵ+1)2/6(N+1). (6.18)

As a result, (νN)N converges setwise to the Dirac mass concentrated at zero.
Since the measure µS2 does not depend on N , the same statement holds true
for KN = νN × 1

4πµS2, i.e. (KN)N converges setwise to δ0 × 1
4πµS2. This shows

the validity of (ii).

We are finally in a position to prove (6.7). To this avail, we notice that P ◦hCW
0

is uniformly continuous. Hence, given ε > 0 there is δ > 0 such that for all
u, u′ ∈ [0, 1] and e(Ω), e(Ω′) ∈ S2, for which ||ue(Ω) − u′e(Ω′)|| < δ, it holds

|P (hCW
0 (u · e(Ω)) − P (hCW

0 (u′ · e(Ω′))| < ε. (6.19)

We now estimate⃓⃓⃓⃓
⃓ 1
4π

∫︂
[0,1]×S2

KN(du, dΩ)pN(u,Ω) − P (0)
⃓⃓⃓⃓
⃓ ≤

1
4π

∫︂
[0,δ)×S2

KN(du, dΩ)|pN(u,Ω) − P (0)| + 1
4π

∫︂
[δ,1]×S2

KN(du, dΩ)|pN(u,Ω) − P (0)|

≤ sup
J∈JN

0≤ 2J
N <δ

sup
Ω∈S2

⃓⃓⃓⃓
⃓pN

(︄2J
N
,Ω
)︄

− P (0)
⃓⃓⃓⃓
⃓

⏞ ⏟⏟ ⏞
(I)

+ sup
J∈JN

δ≤ 2J
N ≤1

sup
Ω∈S2

⃓⃓⃓⃓
⃓pN

(︄2J
N
,Ω
)︄

− P (0)
⃓⃓⃓⃓
⃓νN([δ, 1])

⏞ ⏟⏟ ⏞
(II)

,

To estimate term (II), we notice that following bound holds, i.e.

sup
J∈JN

δ≤ 2J
N ≤1

sup
Ω∈S2

⃓⃓⃓⃓
⃓pN

(︄2J
N
,Ω
)︄

− P (0)
⃓⃓⃓⃓
⃓ ≤ 2∥P∥∞,

since for all J , N and Ω, one has

pN

(︄2J
N
,Ω
)︄

≤ ∥P∥∞.
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On account of (6.18), it holds νN([δ, 1]) < 2(N+1)e−(Nδ+1)2/6(N+1). It follows
that there exists N sufficiently large, such that (II) can be made smaller than
ε.

For (I), we first exploit the triangle inequality: for all N ∈ N+, J ∈ JN and
Ω ∈ S2, it holds⃓⃓⃓⃓

⃓pN

(︄2J
N
,Ω
)︄

− P (0)
⃓⃓⃓⃓
⃓ ≤

⃓⃓⃓⃓
⃓pN

(︄2J
N
,Ω
)︄

− P

(︄
hCW

0

(︄2J
N

e(Ω)
)︄)︄⃓⃓⃓⃓

⃓
+
⃓⃓⃓⃓
⃓P
(︄
hCW

0

(︄2J
N

e(Ω)
)︄)︄

− P (0)
⃓⃓⃓⃓
⃓. (6.20)

If we now apply the supremum over J ∈ JN , for which 0 ≤ 2J
N < δ and the

supremum over Ω ∈ S2, then, for N large enough, the first summand in (6.20)
is bounded by ε on account of (6.14). The second summand is bounded by ε
due to uniform continuity of P ◦ hCW

0 , cf. (6.19), which is applied at the zero
vector, i.e., at the point 0 · e(Ω)) = 0, for which it holds hCW

0 (0 · e(Ω)) = 0.

This shows the validity of (6.7), thereby concluding the proof of the theorem.

Remark 6.2. We note that the previous result readily generalizes to any (nor-
malized) mean-field quantum spin model expressed as a polynomial in the to-
tal spin operator. This follows from [69, Proposition II.2], which states that
the continuous functional calculus of a (normalized) mean-field model, rep-
resenting a so-called quasi-symmetric sequence, remains quasi-symmetric. A
detailed exploration of this generalization is left for future work. ■

6.2 Restricted Curie-Weiss model
Through direct inspection, the Curie-Weiss model HCW

N preserves the sym-
metric subspace SymN(C2), which has dimension N + 1. Consequently, the
model can be restricted this subspace. With a slight abuse of notation, we
denote this restricted (N + 1) × (N + 1) matrix by Hs

N , and, as before, nor-
malize it by the factor 1/N , yielding H̄s

N . This restricted matrix represents
a single quantum spin system with spin quantum number J = N/2, a setting
commonly analyzed in the classical limit J → ∞ [63, 93]. Specifically, the
matrix aligns with the choice J = N/2 in (6.8). As demonstrated in the proof
of Theorem 6.1, the resulting family of matrices {H̄s

N}N a Berezin-Toeplitz
operator with symbol hCW

0 ∈ C(S2), corresponding to the case u = 1 in
(6.6).

Remark 6.3. By making the following change of variables

cosϑ ↦→ 2x− 1;

φ ↦→ θ := φ− π,
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it follows that the symbol (for u = 1) reads

hCW
0 (x, φ) = −Γ

2 (2x− 1)2−2B
√︂

(1 − x)x cos θ, x ∈ [0, 1], θ ∈ [−π, π].
(6.21)

■

In the sequel, we step-by-step prove that the Berezin-Topelitz operator H̄s

N is
indeed a GLT sequence. For achieving this, we recall that there exists a basis
in which H̄

s

N is represented by the following matrix

H̄
s

N = diag
1≤k≤N+1

⎛⎝−Γ
2

(︄2k
N

− 1
)︄2⎞⎠ + tridiag

(︄
−B

√︄
1 − (k − 1)

N

√︄
k

N
0

−B
√︄

1 − k

N

√︄
k + 1
N

)︄
, (6.22)

as proven in [94].

Theorem 6.4. With reference to the setting in (6.21) and (6.22), we have

{H̄s

N}N ∼GLT,σ,λ h
CW
0 (x, φ(θ)).

Proof. By considering d = r = 1 it is immediate to see that the matrix H̄s

N can
be written as the sum of diagonal sampling matrices as in Section 3.3.3 and
two products of sampling matrices and very basic unilevel Toeplitz matrices
as in Section 2.1. In fact we have

H̄
s

N = − Γ
2DN+1

(︃(︃
2x− 1

)︃2)︃
−BDN+1(

√
1 − x

√
x)TN+1(eιθ)

−BTN+1(e−ιθ)DN+1(
√

1 − x
√
x).

Now by Axiom GLT 2, part 1, we have {TN+1(e±ιθ)}N ∼GLT e±ιθ and by
Axiom GLT 2, part 2, we deduce{︂
DN+1

(︂
(2x− 1)2)︂}︂

N
∼GLT (2x− 1)2

, {DN+1(
√

1 − x
√
x)}N ∼GLT

√︂
(1 − x)x,

simply because both functions (2x− 1)2
,
√

1 − x
√
x are continuous on [0, 1]

and a fortiori Riemann integrable.

Hence, using the ∗-algebra structure of the GLT sequences and more pre-
cisely Axiom GLT 3, part 2, Axiom GLT 3, part 3, we infer {H̄s

N}N ∼GLT
−Γ

2 (2x− 1)2 − 2B cos(θ)
√︂

(1 − x)x, which is compatible with the symbol
hCW

0 (x, φ(θ)) indicated in Remark 6.3. Finally GLT 1 implies

• {H̄s

N}N ∼σ −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x.

– Furthermore, since H̄s

N is real and symmetric for any N , again by
GLT 1, we deduce
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• {H̄s

N}N ∼λ −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x.

Notice that {H̄s

N + UN}N ∼GLT −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x for any

{Un}N such that {Un}N ∼GLT 0 by Axiom GLT 3, part 2, and Axiom GLT 2,
part 3, so that {H̄s

N +UN}N ∼σ −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x. Finally,

as it happens for compact non-Hermitian perturbations of Jacobi matrix-
sequences [42], {H̄s

N + UN}N ∼λ −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x either

if all UN are Hermitian or if the assumption in Axiom GLT 5 is satisfied by
the non-Hermitian matrix-sequence perturbation {UN}N .

Remark 6.5. It is interesting to comment the relations between a standard
second order centered finite difference (FD) discretization of the Schrödinger
operator and Theorem 6.4. Let us define a(x) := 2B

√︂
(1 − x)x and c(x) :=

−Γ
2 (2x − 1)2 − 2B

√︂
(1 − x)x, i.e. we have set cos θ = 1 in the definition of

the symbol. For N ∈ N+, consider the Schrödinger operator on L2(0, 1):

H(N)u(x) = − 1
(N + 1)2a(x)u′′(x) + c(x)u(x),

with u(0) = u(1). If we discretize the domain in uniform steps of width
h = 1/(N +1), it follows that the resulting FD discretization matrix is a GLT
sequence with symbol a(x)(2 − 2 cos θ) + c(x). The factor 1/N simultaneously
plays the role of the discretization step-size as well as the semi-classical pa-
rameter. It is clear that the ensuing GLT matrix-sequence is equivalent to the
restricted Curie-Weiss model. Hence, the restricted Curie-Weiss model defines
a Schrödinger operator with potential c. In the parameter regime Γ = 1 and
B = 1, c has the shape of a single well, cf. Section 6.3.1, whilst for the choices
Γ = 1 and B ∈ (0, 1), c has the shape of a double wel, cf. Section 6.3.2. How-
ever, the fact that the parameter factor 1/N plays simultaneously the role of
the discretization step-size and of the semi-classical parameter is non-standard
from the numerical analysis viewpoint and the whole potential of a related the-
oretical study has still to be explored further.

6.3 Numerical results
In the present section, we give various visualizations of the spectral features of
the matrices H̄s

N , confirming the derivations in Theorem 6.4. We fix the value
of Γ and B and, for these fixed values, we consider the matrix-size parameter
N = 40, 80, 160, 320. We recall that Theorem 6.4 is an asymptotic one, as all
the GLT results, but the really impressive fact is that the spectrum of H̄s

N

adheres to the spectral symbol already for N = 40.
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6.3.1 Asymptotic spectral behavior of H̄ s
N with Γ = B =

1
As already mentioned, we consider the matrix

H̄
s

N = − Γ
2DN+1

(︃(︃
2x− 1

)︃2)︃
−BDN+1(

√
1 − x

√
x)TN+1(eιθ)

−BTN+1(e−ιθ)DN+1(
√

1 − x
√
x),

whose associated matrix-sequence has proven to have a GLT nature in Section
6.2 in Theorem 6.4.

We show the comparison between symbol hCW
0 (for u = 1), cf. (6.6), and

the eigenvalues of H̄s

N . This comparison is carried out using the concept of
monotone rearrangement, which enables the interpretation of the symbol as
a single-variable function [8, Definition 2.1].

We notice that the agreement is very good, even for moderate matrix-sizes,
which is nontrivial given the asymptotic nature of the GLT distributional re-
sults. A further remarkable fact is that the range of the spectral symbol hCW

0
contains all the spectra, i.e., no outliers are observed. Again, this is a highly
nontrivial matter and cannot be deduced directly from distributional results.
In fact, the interplay between spectral localization and distributional prop-
erties is characteristic of linear positive operators (LPOs), such as Toeplitz
operators and various classes of variable-coefficient coercive differential op-
erators (see [38, Corollary 6.2] for the Toeplitz case and [77] for a broader
discussion).

N = 40 N = 80

Figure 6.1: Comparison between the symbol hCW
0 (blue circle; N = 40, 80), and the eigenvalues of H̄

s
N (red

stars).
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N = 160 N = 320

Figure 6.2: Comparison between the symbol hCW
0 (blue circle; N = 160, 320), and the eigenvalues of H̄

s
N (red

stars).

6.3.2 Asymptotic spectral behavior of H̄
s
N with Γ =

2B = 1
For Γ = 1 and B = 1

2 we show again the comparison between symbol and the
eigenvalues. The comments already provided in the case Γ = B = 1 can be
repeated verbatim also in this setting.

N = 40 N = 80

Figure 6.3: Comparison between the symbol hCW
0 (blue circle; N = 40, 80), and the eigenvalues of H̄

s
N (red

stars).
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N = 160 N = 320

Figure 6.4: Comparison between the symbol hCW
0 (blue circle; N = 160, 320), and the eigenvalues of H̄

s
N (red

stars).

The figures provide clear evidence that the lowest eigenvalues become nearly
doubly degenerate, a characteristic feature of a Schrödinger operator with a
double-well potential. For a more detailed discussion on the approximation
of this Schrödinger operator by the Curie-Weiss model, we refer the reader
to [94].

6.3.3 Extremal spectral behavior of H̄ s
N

The figures reported in the previous section inform of localization results,
beyond the proven distributional results. Here we show that in the two con-
sidered setting of parameters (Γ = B = 1 and Γ = 2B = 1), not only the
spectrum of H̄s

N is contained in the interior of the range of the GLT symbol,
but the behavior of the extreme eigenvalues is very regular. In fact, both the
minimal and the maximal eigenvalues converge monotonically to the mini-
mum and to maximum of the symbol, respectively: again this phenomenon is
typical of matrix-valued LPOs [77].

For the minimum/maximum eigenvalue analysis, for Γ = B = 1 and we
proceed as follows.

• The GLT symbol is κ(x, θ) = −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x.

• We consider m = min
(x,θ)∈[0,1]×[0,π]

κ(x, θ), M = max
(x,θ)∈[0,1]×[0,π]

κ(x, θ).

• Take Nj + 1 = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τj = λmin(H̄s

Nj
) −m, j = 0, 1, 2, 3,

• Compute αj = log
(︃

τj

τj+1

)︃
, j = 0, 1, 2.
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Table 6.1: Numerical behavior of the minimal eigenvalue for Γ = 1,
B = 1, and m = −1.

λmin(H̄s

Nj
) τj αj

Nj + 1 = 40 -0.9936 0.0064 0.4082
Nj + 1 = 80 -0.9975 0.0025 0.3979
Nj + 1 = 160 -0.9990 0.001 0.3979
Nj + 1 = 320 -0.9996 0.0004

• Take Nj + 1 = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τ̂ j = M − λmax(H̄s

Nj
), j = 0, 1, 2, 3,

• Compute βj = log
(︃

τ̂ j

τ̂ j+1

)︃
, j = 0, 1, 2.

Table 6.2: Numerical behavior of the maximal eigenvalue for Γ = 1,
B = 1, and M = −1.

λmax(H̄s

Nj
) τ̂ j βj

Nj + 1 = 40 0.9654 0.0346 0.2960
Nj + 1 = 80 0.9825 0.0175 0.2985
Nj + 1 = 160 0.9912 0.0088 0.3010
Nj + 1 = 320 0.9956 0.0044

The interpretation of the above tables is very informative. In fact, if we con-
sider ψ the nondecreasing rearrangement of the GLT symbol κ(x, θ) defined
on the standard interval [0, 1], then the numerical tests suggest that

λmin
(︂
H̄

s

Nj

)︂
−m ∼ 1

N0.4 , M − λmax
(︂
H̄

s

Nj

)︂
∼ 1
N0.3 .

It remains to investigate analytically if the corresponding analytic behavior
holds that is

ψ(t) −m ∼ t0.4, M − ψ(t) ∼ (1 − t)0.3.

We now continue, along the previous reasoning, with the computation of the
minimum/maximum eigenvalues analysis, we proceed as follows in the case
where Γ = 2B = 1.

• The GLT symbol is κ(x, θ) = −Γ
2 (2x− 1)2 − 2B cos(θ)

√︂
(1 − x)x

• We consider m = min
(x,θ)∈[0,1]×[0,π]

κ(x, θ) ; M = max
(x,θ)∈[0,1]×[0,π]

κ(x, θ)

• Take Nj + 1 = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τj = λmin(H̄s

Nj
) −m, j = 0, 1, 2, 3,

• Compute αj = log
(︃

τj

τj+1

)︃
, j = 0, 1, 2.
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Table 6.3: Numerical behavior of the minimal eigenvalue for Γ = 1,
B = 1

2 , and m = −0.6241.

λmin(H̄s

Nj
) τj αj

Nj + 1 = 40 -0.6007 0.0234 0.3521
Nj + 1 = 80 -0.6137 0.0104 0.3542
Nj + 1 = 160 -0.6195 0.0046 0.4074
Nj + 1 = 320 -0.6223 0.0018

• Take Nj + 1 = 40 ∗ 2j, j = 0, 1, 2, 3,

• Compute τ̂ j = M − λmax(H̄s

Nj
), j = 0, 1, 2, 3,

• Compute βj = log
(︃

τ̂ j

τ̂ j+1

)︃
, j = 0, 1, 2.

Table 6.4: Numerical behavior of the maximal eigenvalue for Γ = 1,
B = 1

2 , and M = 0.4982.

λmax(H̄s

Nj
) τ̂ j βj

Nj + 1 = 40 0.4789 0.0193 0.3361
Nj + 1 = 80 0.4893 0.0089 0.3930
Nj + 1 = 160 0.4946 0.0036 0.4010
Nj + 1 = 320 0.4973 0.0009

The interpretation of the numerical results is of interest. Again, as observed
for the previous case, both the minimal and the minimal eigenvalues converge
monotonically to the minimum and to maximum of the symbol, respectively,
in line with results which are usually observed for matrix-valued LPOs.
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Conclusion

In the present thesis, we analyzed several classes of structured matrix-sequences
that arise from various contexts, including also the discretization of differen-
tial operators. In Chapter 2, we introduced the fundamental concepts of
structured matrices, including Toeplitz, circulant, ω-circulant, τ -algebra, and
Hankel matrices, focusing on their spectral properties and efficient computa-
tional techniques.

In Chapter 3, we presented the framework of GLT sequences, which extends
the classical theory of structured matrices and matrix-sequences with hidden
structure. We studied the fundamental properties of GLT sequences, includ-
ing their symbol representation, spectral distribution, and algebraic closure
under addition, multiplication and inversion. In particular, we discussed the
role of zero-distributed sequences and their connection to negligible spectral
components, as well as the characterization of diagonalizable approximations
within the GLT setting. These results form the theoretical foundation for the
subsequent chapters, where GLT tools are exploited to analyze the spectral
distribution of matrix functions, the geometric means of HPD GLT sequences,
and the hidden GLT structures arising in quantum spin models.

Chapter 4 has studied the spectral distribution of the geometric mean of two or
more matrix-sequences constituted by HPD matrices, under the assumption
that k input matrix-sequences belong to the same d-level, r-block GLT ∗-
algebra, where k ≥ 2, d, r ≥ 1. For k = 2 an explicit formula exists and this
has allowed to prove that the new matrix-sequence is of GLT type for any
fixed d, r, with GLT symbol being the corresponding geometric mean of the
k = 2 input symbols, according to Theorems 4.2 and 4.3. As a consequence
the spectral distribution of the geometric mean of k = 2 matrix-sequences is
formally demonstrated. For k > 2, an explicit formula is not available and
we have considered the Karcher mean, for which efficient iterative procedures
available in the literature can be used for computational purposes. Using the
same tools as in the proof of Theorems 4.2 and 4.3, we think that it is possible
to prove that all the matrix-sequences made by the Karcher mean iterates are
still GLT matrix-sequences with symbols converging the geometric mean of
the k symbols, provided that the matrix-sequence of the initial input matrices
is a GLT matrix-sequence made by HPD matrices. The conjecture has been
confirmed through various numerical experiments, where we compared the
eigenvalues of the geometric mean with a uniform sampling of the geometric
mean of the symbols. A very good agreement has been observed in all the
numerical tests and aven for very moderate matrix-sizes. In fact, as the
matrix-size increases, the symbol provides a better and better approximation
of the eigenvalues, both in one-dimensional and two-dimensional cases, and
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both with scalar and block matrices, i.e. using GLT matrix-sequences taken
from the differential world with k = 2, 3, d, r = 1, 2 and including finite
difference, finite element, isogeometric analysis approximations of constant
and variable differential operators.

Chapter 5 have studied the spectral distribution of the geometric mean matrix-
sequence of two d-level r-block GLT matrix-sequences {G(An, Bn)}n formed
by HPD matrices, where {An}n, {Bn}n have GLT symbols κ, ξ, respectively.
In Theorem 5.2 and in Theorem 5.5, we have shown that the assumption that
at least one of the input GLT symbols is invertible almost everywhere is not
necessary when the symbols commute so that

{G(An, Bn)}n ∼GLT G(κ, ξ) ≡ (κξ)1/2.

In this way, we have positively solved Conjecture 10.1 in [38].

On the other hand, the statement is generally false or even not well posed
when the symbols are not invertible almost everywhere and do not commute,
as shown in detail in several numerical experiments. This shows that Theorem
5.5 is maximal, so answering this time in the negative to the second item in
the conclusion of [1] and to [ [1], Remark 2], when both symbols are degenerate
and do not commute. Further numerical experiments are presented and criti-
cally commented in connection with extremal spectral features, linear positive
operators, and in connection with the notion of Toeplitz and GLT momentary
symbols. The numerical evidences open the door to further theoretical stud-
ies, which we will consider in the near future. Finally, the study of the spectral
distribution when we consider the geometric mean of more than two matrix-
sequences is completely open. In this chapter we have proven [38, Conjecture
10.1]: however, when dealing with several matrix-sequences, [38, Conjecture
10.2] is still open and for that we need normwise error estimates for using the
tools in [85], while till now the convergence results in the literature have a
entrywise nature (see [20] and references therein).

Chapter 6 has studied the theory of GLT ∗-algebras for dealing with struc-
tured matrix-sequences arising from the modelling of mean-field quantum spin
systems. In this chapter, we expressed the related matrix-sequences within
the GLT formalism and analyzed two specific cases in detail. For both cases,
we determined the spectral distributions in the context of GLT theory, and
the theoretical results were confirmed through visualizations and numerical
experiments. Despite these findings, several open problems remain. One
important direction is the study of extremal eigenvalues and the expansion
of the considered matrix-sequences using momentary GLT symbols [5, 25],
which would provide a finer description of the spectrum compared to The-
orem 6.4. In particular, in the non-reduced case, the GLT symbol equal to
zero in Theorem 6.1 may hide a richer structure: there may exist a numer-
ical sequence αN converging to zero such that the scaled sequence, obtained
by dividing by αN , is still a GLT sequence with a nonzero GLT symbol. In
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such a scenario, the emerging GLT structure could be multilevel (due to the
geometry on the sphere as in (6.5), block-structured (due to the basic blocks
in (6.2)) [11,12,38,39], or even reduced, since the terms in the general model
have varying sizes C(J,N); see [81, pp. 398–399], [82, Section 3.1.4], and [7] for
a complete treatment of reduced GLT matrix-sequences. Finally, it would be
desirable to explore GLT theory in connection with locally interacting quan-
tum spin models, such as the quantum Ising or quantum Heisenberg models,
which are widely studied in condensed matter physics. Progress in this direc-
tion would significantly improve our understanding of the spectral properties
and the fundamental structure of these realistic interacting systems.

Despite these advances, several fundamental open problems and future direc-
tions remain:

• A formal proof is still lacking for the GLT nature of the Karcher mean
matrix-sequence when applied to k > 2 HPD GLT matrix-sequences, even
under the assumption that the initial guess is itself a HPD GLT matrix-
sequence. From a computational viewpoint, initializing the iteration with
a GLT sequence whose symbol is the geometric mean of the input symbols
may accelerate convergence, but a comprehensive theoretical justification
is needed.

• The previous item is related to the convergence estimates in terms of the
Schatten p-norms, so that the results in Theorem 3.1 could be used to
show that the error term matrix-sequences are zero-distributed, i.e., they
are GLT with zero GLT symbol. This type of results is still lacking and
it will be the subject of future investigations.

• A completely open problem concerns the study of the extremal eigen-
values of the geometric means of GLT matrix-sequences as a function of
the analytic features of the geometric means of the GLT symbols: in this
direction it should be recalled that a rich literature exists regarding the
extremal eigenvalues in a Toeplitz setting [27, 72, 73, 84], in an r-block
Toeplitz setting [74, 75], in a differential setting [65, 98], so involving all
the types of examples considered in the numerical experiments. Prelim-
inary numerical experiments in the unilevel scalar setting with k = 2, 3
have been performed in Section 4.2.8, and the results are quite promis-
ing. Interestingly enough, and substantially mimicking the cases already
studied in the literature, it seems that the order of the zeros of the GLT
symbol decides the asymptotic behavior of the minimal eigenvalues and
hence of the conditioning of G(An

1 , . . . , A
n
k), at least for d = r = 1,

k = 2, 3.

• The GLT algebraic Conjecture 5.2.1 for non-commuting symbols remains
unresolved. While numerical experiments support the spectral distri-
bution aspect of the conjecture, a rigorous proof in the general non-
commuting case is still an open challenge.

102



Bibliography

[1] Ahmad, D., Khan, M.F., Serra-Capizzano, S.,
Matrix-Sequences of Geometric Means in the Case of Hidden (Asymp-
totic) Structures, Mathematics, Vol. 13 (2025), 393. https://doi.org/
10.3390/math13030393

[2] Al-Fhaid, A.S., Serra-Capizzano, S., Sesana, D., Ullah, M.Z.,
Singular-value (and eigenvalue) distribution and Krylov preconditioning
of sequences of sampling matrices approximating integral operators, Nu-
mer. Linear Algebra Appl., Vol. 21 No. 6 (2014), pp. 722–743.

[3] Ando, T., Li, C.-K., Mathias, R.,
Geometric Means, Linear Algebra Appl., Vol. 385 (2004), pp. 305–334.

[4] Barakitis, N., Ferrari, P., Furci, I., Serra-Capizzano, S.,
An extradimensional approach for distributional results: the case of 2×2
block Toeplitz structures, Mathematical Modeling with Modern Applica-
tions, 61–78, Springer Proc. Math. Stat., 497, Springer, Cham, [2025].

[5] Barakitis, N., Loi, V., Serra-Capizzano, S.,
A note on eigenvalues and singular values of variable Toeplitz matrices
and matrix-sequences, with application to variable two-step BDF ap-
proximations to parabolic equations, Recent Developments in Spectral
and Approximation Theory, 37–67, Trends Math., Birkhäuser/Springer,
Cham, [2025].

[6] Barbaresco, F.,
New foundation of radar Doppler signal processing based on advanced
differential geometry of symmetric spaces, Proc. Int. Radar Conf., Bor-
deaux, France, 2009.

[7] Barbarino, G.,
A systematic approach to reduced GLT, BIT Numer. Math., Vol. 62
(2022), pp. 681–743.

[8] Barbarino, G., Bianchi, D., Garoni, C.,
Constructive approach to the monotone rearrangement of functions,
Expo. Math., Vol. 40 No. 1 (2022), pp. 155–175.

[9] Barbarino, G., Garoni, C.,
An extension of the theory of GLT sequences: sampling on asymptotically
uniform grids, Linear Multilinear Algebra, Vol. 71 No. 12 (2023), pp.
2008–2025.

103

https://doi.org/10.3390/math13030393
https://doi.org/10.3390/math13030393


[10] Barbarino, G., Garoni, C., Mazza, M., Serra-Capizzano, S.,
Rectangular GLT sequences, Electron. Trans. Numer. Anal., Vol. 55
(2022), pp. 585–617.

[11] Barbarino, G., Garoni, C., Serra-Capizzano, S.,
Block generalized locally Toeplitz sequences: Theory and applications in
the multidimensional case, Electron. Trans. Numer. Anal., Vol. 53 (2020),
pp. 113–216.

[12] Barbarino, G., Garoni, C., Serra-Capizzano, S.,
Block generalized locally Toeplitz sequences: Theory and applications in
the unidimensional case, Electron. Trans. Numer. Anal., Vol. 53 (2020),
pp. 28–112.

[13] Barbarino, G., Serra-Capizzano, S.,
Non-Hermitian perturbations of Hermitian matrix-sequences and appli-
cations to the spectral analysis of the numerical approximation of partial
differential equations, Numer. Linear Algebra Appl., Vol. 27 No. 3 (2020),
e2286.

[14] Batchelor, P.G., Moakher, M., Atkinson, D., Calamante, F., Connelly,
A.,
A rigorous framework for diffusion tensor calculus, Magn. Reson. Med.,
Vol. 53 (2005), pp. 221–225. https://doi.org/10.1002/mrm.20334

[15] Bhatia, R.,
Matrix Analysis, Graduate Texts in Mathematics, New York, Springer-
Verlag, 1997.

[16] Bhatia, R.,
Positive definite matrices, Princeton Series in Applied Mathematics,
Princeton, Princeton University Press, 2007.

[17] Bini, D., Capovani, M.,
Spectral and computational properties of band symmetric Toeplitz ma-
trices, Linear Algebra Appl., Vol. 52–53 (1983), pp. 99–126.

[18] Bini, D.A., Iannazzo, B.,
The Matrix Means Toolbox, http://bezout.dm.unipi.it/software/
mmtoolbox/ (retrieved 7 May 2010).

[19] Bini, D.A., Iannazzo, B.,
Computing the Karcher Mean of Symmetric Positive Definite Matrices,
Linear Algebra Appl., Vol. 438 (2013), pp. 1700–1710.

[20] Bini, D.A., Iannazzo, B.,
Computational aspects of the geometric mean of two matrices: A survey,
Acta Sci. Math., Vol. 90 (2024), pp. 349–389.

104

https://doi.org/10.1002/mrm.20334
http://bezout.dm.unipi.it/software/mmtoolbox/
http://bezout.dm.unipi.it/software/mmtoolbox/


[21] Bini, D.A., Meini, B., Poloni, F.,
An effective matrix geometric mean satisfying the Ando-Li-Mathias prop-
erties, Math. Comp., Vol. 79 (2010), pp. 437–452.

[22] Bogoya, J.M., Böttcher, A., Maximenko, E.A.,
From convergence in distribution to uniform convergence, Bol. Soc. Mat.
Mex., Vol. 22 (2016), pp. 695–710.

[23] Bogoya, M., Ekström, S.-E., Serra-Capizzano, S., Vassalos, P.,
Matrix-less methods for the spectral approximation of large non-
Hermitian Toeplitz matrices: a concise theoretical analysis and a nu-
merical study, Numer. Linear Algebra Appl., Vol. 31 (2024), no. 4, Paper
No. e2545, 30 pp.

[24] Bogoya, M., Grudsky, S.M., Serra-Capizzano, S.,
Fast non-Hermitian Toeplitz eigenvalue computations, joining matrix-
less algorithms and FDE approximation matrices, SIAM J. Matrix Anal.
Appl., Vol. 45 (2024), no. 1, 284–305.

[25] Bolten, M., Ekström, S.-E., Furci, I., Serra-Capizzano, S.,
Toeplitz momentary symbols: Definition, results, and limitations in the
spectral analysis of structured matrices, Linear Algebra Appl., Vol. 651
(2022), pp. 135–168. https://doi.org/10.1016/j.laa.2022.06.017

[26] Bolten, M., Ekström, S.-E., Furci, I., Serra-Capizzano, S.,
A note on the spectral analysis of matrix sequences via GLT momentary
symbols: From all-at-once solution of parabolic problems to distributed
fractional order matrices, Electron. Trans. Numer. Anal., Vol. 58 (2023),
pp. 136–163. https://doi.org/10.1553/etna_vol58s136

[27] Böttcher, A., Grudsky, S.M.,
On the condition numbers of large semi-definite Toeplitz matrices, Linear
Algebra Appl., Vol. 279 No. 1–3 (1998), pp. 285–301.

[28] Böttcher, A., Grudsky, S.M.,
Spectral properties of banded Toeplitz matrices, Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 2005.

[29] Böttcher, A., Grudsky, S. M., Maksimenko, E. A.,
Some problems concerning the test functions in the Szegö and
Avram–Parter theorems, in Recent Advances in Operator Theory and
Applications, Operator Theory: Advances and Applications, vol. 187,
Birkhäuser, Basel, 2008, pp. 81–93.

[30] Cegła, W., Lewis, J.T., Raggio, G.A.,
The free energy of quantum spin systems and large deviations, Comm.
Math. Phys., Vol. 118 (1988), pp. 337–354.

[31] Donatelli, M., Garoni, C., Mazza, M., Serra-Capizzano, S., Sesana, D.,
Preconditioned HSS method for large multilevel block Toeplitz linear

105

https://doi.org/10.1016/j.laa.2022.06.017
https://doi.org/10.1553/etna_vol58s136


systems via the notion of matrix-valued symbol, Numer. Linear Algebra
Appl., Vol. 23 (2016), pp. 83–119. https://doi.org/10.1002/nla.2007

[32] Fletcher, P.T., Joshi, S.,
Riemannian geometry for the statistical analysis of diffusion tensor data,
Signal Process., Vol. 87 (2007), pp. 250–262.

[33] Fung, P.Y., Hon, S.,
Block ω-circulant preconditioners for parabolic optimal control problems,
SIAM J. Matrix Anal. Appl., Vol. 45 No. 4 (2024), pp. 2263–2286.

[34] Fasi, M., Iannazzo, B.,
Computing the weighted geometric mean of two large-scale matrices and
its inverse times a vector, SIAM J. Matrix Anal. Appl., Vol. 39 (2018),
pp. 178–203. https://doi.org/10.1137/17M1111734

[35] Fasino, D., Tilli, P.,
Spectral clustering properties of block multilevel Hankel matrices, Linear
Algebra Appl., Vol. 306 No. 1–3 (2000), pp. 155–163.

[36] Ferrari, P., Furci, I., Hon, S., Mursaleen, M.A., Serra-Capizzano, S.,
The eigenvalue distribution of special 2-by-2 block matrix-sequences with
applications to the case of symmetrized Toeplitz structures, SIAM J.
Matrix Anal. Appl., Vol. 40 No. 3 (2019), pp. 1066–1086.

[37] Ferrari, P., Furci, I., Serra-Capizzano, S.,
Multilevel symmetrized Toeplitz structures and spectral distribution re-
sults for the related matrix sequences, Electron. J. Linear Algebra, Vol.
37 (2021), pp. 370–386.

[38] Garoni, C., Serra-Capizzano, S.,
Generalized Locally Toeplitz Sequences: Theory and Applications, Vol.
I, Cham, Springer, 2017.

[39] Garoni, C., Serra-Capizzano, S.,
Generalized Locally Toeplitz Sequences: Theory and Applications, Vol.
II, Cham, Springer, 2018.

[40] Garoni, C., Serra-Capizzano, S.,
Generalized locally Toeplitz sequences: a spectral analysis tool for dis-
cretized differential equations. Splines and PDEs: from approximation
theory to numerical linear algebra, pp. 161–236, Lecture Notes in Math.,
2219, Fond. CIME/CIME Found. Subser., Springer, Cham, 2018.

[41] Garoni, C., Speleers, H., Ekström, S.-E., Reali, A., Serra-Capizzano, S.,
Hughes, T.J.R.,
Symbol-based analysis of finite element and isogeometric B-spline dis-
cretizations of eigenvalue problems: exposition and review, Arch. Com-
put. Methods Eng., Vol. 26 No. 5 (2019), pp. 1639–1690.

106

https://doi.org/10.1002/nla.2007
https://doi.org/10.1137/17M1111734


[42] Golinskii, L., Serra-Capizzano, S.,
The asymptotic properties of the spectrum of nonsymmetrically per-
turbed Jacobi matrix sequences, J. Approx. Theory, Vol. 144 No. 1 (2007),
pp. 84–102.

[43] Grenander, U., Szegő, G.,
Toeplitz Forms and Their Applications, 2nd ed., Chelsea, New York,
1984.

[44] Higham, N.J.,
Functions of Matrices: Theory and Computation, Philadelphia, SIAM,
2008.

[45] Hon, S., Dong, J., Serra-Capizzano, S.,
A preconditioned MINRES method for optimal control of wave equations
and its asymptotic spectral distribution theory, SIAM J. Matrix Anal.
Appl., Vol. 44 No. 4 (2023), pp. 1477–1509.

[46] Hon, S., Fung, P.Y., Dong, J., Serra-Capizzano, S.,
A sine transform based preconditioned MINRES method for all-at-once
systems from constant and variable-coefficient evolutionary PDEs, Nu-
mer. Algorithms, Vol. 95 No. 4 (2024), pp. 1769–1799.

[47] Hon, S.Y., Krause, R., Li, C., Serra-Capizzano, S., Sormani, R.L.,
Symbol-based multilevel block τ preconditioners for multilevel block
Toeplitz systems: GLT-based analysis and applications, SIAM J. Ma-
trix Anal. Appl., Vol. 46 No. 4 (2025), pp. 2331–2359.

[48] Iannazzo, B., Jeuris, B., Pompili, F.,
The derivative of the matrix geometric mean with an application to the
nonnegative decomposition of tensor grids, in: Structured Matrices in
Numerical Linear Algebra, Cham, Springer, 2019, pp. 107–128. https:
//doi.org/10.1007/978-3-030-22945-5_6

[49] Ilyas, A., Khan, M.F., Loi, V., Serra-Capizzano, S.,
A maximal distribution result and numerical tests for geometric
means of HPD GLT matrix-sequences with degenerate commuting/non-
commuting GLT symbols, Linear Algebra and its Applications.

[50] Kubo, F., Ando, T.,
Means of positive linear operators, Math. Ann., Vol. 246 No. 3 (1980),
pp. 205–224.

[51] Lapuyade-Lahorgue, J., Barbaresco, F.,
Radar detection using Siegel distance between autoregressive processes,
application to HF and X-band radar, Proc. 2008 IEEE Radar Conf.,
Rome, 2008, pp. 1–6. https://doi.org/10.1109/RADAR.2008.4721057

[52] Li, C., Hon, S.,
Multilevel tau preconditioners for symmetrized multilevel Toeplitz sys-

107

https://doi.org/10.1007/978-3-030-22945-5_6
https://doi.org/10.1007/978-3-030-22945-5_6
https://doi.org/10.1109/RADAR.2008.4721057


tems with applications to solving space fractional diffusion equations,
SIAM J. Matrix Anal. Appl., Vol. 46 No. 1 (2024), pp. 487–508.

[53] Manai, C., Warzel, S.,
The spectral gap and low-energy spectrum in mean-field quantum spin
systems, Forum Math. Sigma, Vol. 11 (2023), e112. https://doi.org/
10.1017/fms.2023.111

[54] Mazza, M., Pestana, J.,
Spectral properties of flipped Toeplitz matrices and related precondition-
ing, BIT Numer. Math., Vol. 59 No. 2 (2019), pp. 463–482.

[55] Mazza, M., Pestana, J.,
The asymptotic spectrum of flipped multilevel Toeplitz matrices and of
certain preconditionings, SIAM J. Matrix Anal. Appl., Vol. 42 No. 3
(2021), pp. 1319–1336.

MazzaPestana2019, McWathen2020, McPestana2018

[56] McDonald, E., Hon, S., Pestana, J., Wathen, A.,
Preconditioning for nonsymmetry and time-dependence, in Domain De-
composition Methods in Science and Engineering XXIII, Springer, Cham,
(2020), pp. 81–91.

[57] McDonald, E., Pestana, J., Wathen, A.,
Preconditioning and iterative solution of all-at-once systems for evolu-
tionary partial differential equations, SIAM J. Sci. Comput., Vol. 40 No.
2 (2018), pp. A1012–A1033.

[58] Manton, J.H.,
A globally convergent numerical algorithm for computing the centre of
mass on compact Lie groups, Proc. 8th Int. Conf. Control, Automation,
Robotics and Vision (ICARCV), Kunming, China, 2004.

[59] Mihailov, V.V.,
Addition or arbitrary number of identical angular momenta, J. Phys. A:
Math. Gen., Vol. 10 No. 2 (1977), paper 147.

[60] Mitzenmacher, M., Jerrum, M.,
Probability and computing: randomized algorithms and probabilistic
analysis, Cambridge, Cambridge University Press, 2005.

[61] Moakher, M.,
A differential geometric approach to the geometric mean of symmetric
positive-definite matrices, SIAM J. Matrix Anal. Appl., Vol. 26 No. 3
(2005), pp. 735–747.

[62] Moakher, M.,
On the averaging of symmetric positive-definite tensors, J. Elas-

108

https://doi.org/10.1017/fms.2023.111
https://doi.org/10.1017/fms.2023.111


ticity, Vol. 82 (2006), pp. 273–296. https://doi.org/10.1007/
s10659-005-9008-y

[63] Moretti, V., van de Ven, C.J.F.,
Bulk-boundary asymptotic equivalence of two strict deformation quanti-
zations, Lett. Math. Phys., Vol. 110 No. 11 (2020), pp. 2941–2963.

[64] Nakamura, N.,
Geometric means of positive operators, Kyungpook Math. J., Vol. 49 No.
1 (2009), pp. 167–181.

[65] Noutsos, D., Serra Capizzano, S., Vassalos, P.,
The conditioning of FD matrix sequences coming from semi-elliptic dif-
ferential equations, Linear Algebra Appl., Vol. 428 No. 2–3 (2008), pp.
600–624.

[66] Pestana, J.,
Preconditioners for symmetrized Toeplitz and multilevel Toeplitz matri-
ces, SIAM J. Matrix Anal. Appl., Vol. 40 No. 3 (2019), pp. 870–887.

[67] Pestana, J., Wathen, A.,
A preconditioned MINRES method for nonsymmetric Toeplitz matrices,
SIAM J. Matrix Anal. Appl., Vol. 36 No. 1 (2015), pp. 273–288.

[68] Pusz, W., Woronowicz, S.L.,
Functional calculus for sesquilinear forms and the purification map, Rep.
Math. Phys., Vol. 8 No. 2 (1975), pp. 159–170.

[69] Raggio, G.A., Werner, R.,
The statistical mechanics of general mean-field systems, Helv. Phys. Acta,
Vol. 62 No. 8 (1989), pp. 98–1003.

[70] Salinelli, E., Serra-Capizzano, S., Sesana, D.,
Eigenvalue-eigenvector structure of Schoenmakers-Coffey matrices via
Toeplitz technology and applications, Linear Algebra Appl., Vol. 491
(2016), pp. 138–160.

[71] Rathi, Y., Michailovich, O., Tannenbaum, A.,
Segmenting images on the tensor manifold, Proc. Computer Vision and
Pattern Recognition, 2007, pp. 1–8.

[72] Serra-Capizzano, S.,
On the extreme spectral properties of Toeplitz matrices generated by L1

functions with several minima/maxima, BIT, Vol. 36 No. 1 (1996), pp.
135–142.

[73] Serra-Capizzano, S.,
On the extreme eigenvalues of Hermitian (block) Toeplitz matrices, Lin-
ear Algebra Appl., Vol. 270 (1998), pp. 109–129.

109

https://doi.org/10.1007/s10659-005-9008-y
https://doi.org/10.1007/s10659-005-9008-y


[74] Serra-Capizzano, S.,
Asymptotic results on the spectra of block Toeplitz preconditioned ma-
trices, SIAM J. Matrix Anal. Appl., Vol. 20 (1999), pp. 31–44.

[75] Serra-Capizzano, S.,
Spectral and computational analysis of block Toeplitz matrices having
nonnegative definite matrix-valued generating functions, BIT, Vol. 39
(1999), pp. 152–175.

[76] Serra-Capizzano, S.,
The rate of convergence of Toeplitz based PCG methods for second order
nonlinear boundary value problems, Numer. Math., Vol. 81 (1999), No.
3, pp. 461–495.

[77] Serra-Capizzano, S.,
Some theorems on linear positive operators and functionals and their
applications, Comput. Math. Appl., Vol. 39 No. 7–8 (2000), pp. 139–167.

[78] Serra-Capizzano, S.,
Distribution results on the algebra generated by Toeplitz sequences: a
finite-dimensional approach, Linear Algebra Appl., Vol. 328 (2001), no.
1–3, pp. 121–130.

[79] Serra-Capizzano, S.,
Spectral behavior of matrix sequences and discretized boundary value
problems, Linear Algebra Appl., Vol. 337 (2001), pp. 37–78.

[80] Serra-Capizzano, S.,
More inequalities and asymptotics for matrix-valued linear positive op-
erators: the noncommutative case, Oper. Theory Adv. Appl., Vol. 135
(2002), pp. 293–315.

[81] Serra-Capizzano, S.,
Generalized locally Toeplitz sequences: Spectral analysis and applications
to discretized partial differential equations, Linear Algebra Appl., Vol.
366 (2003), pp. 371–402.

[82] Serra-Capizzano, S.,
The GLT class as a generalized Fourier analysis and applications, Linear
Algebra Appl., Vol. 419 (2006), pp. 180–233.

[83] Serra-Capizzano, S., Tablino-Possio, C.,
Spectral and structural analysis of high precision finite difference matrices
for elliptic operators, Linear Algebra Appl., Vol. 293 No. 1–3 (1999), pp.
85–131.

[84] Serra-Capizzano, S., Tilli, P.,
Extreme singular values and eigenvalues of non-Hermitian block Toeplitz
matrices, J. Comput. Appl. Math., Vol. 108 No. 1–2 (1999), pp. 113–130.

110



[85] Serra-Capizzano, S., Tilli, P.,
On unitarily invariant norms of matrix-valued linear positive operators,
J. Inequal. Appl., Vol. 7 No. 3 (2002), pp. 309–330.

[86] Tilli, P.,
A note on the spectral distribution of Toeplitz matrices, Linear Multilin-
ear Algebra, Vol. 45 (1998), pp. 147–159.

[87] Tilli, P.,
Locally Toeplitz sequences: spectral properties and applications, Linear
Algebra Appl., Vol. 278 (1998), pp. 91–120.

[88] Tilli, P.,
Some results on complex Toeplitz eigenvalues, J. Math. Anal. Appl., Vol.
239 (1999), no. 2, pp. 390–401.

[89] Tyrtyshnikov, E.E.,
A unifying approach to some old and new theorems on distribution and
clustering, Linear Algebra Appl., Vol. 232 (1996), pp. 1–43.

[90] Tyrtyshnikov, E.E.,
Extra dimension approach to Spectral Distributions, Private discussion,
1997.

[91] Tyrtyshnikov, E.E., Zamarashkin, N.,
Spectra of multilevel Toeplitz matrices: advanced theory via simple ma-
trix relationships, Linear Algebra Appl., Vol. 270 (1998), pp. 15–27.

[92] Van Loan, C.,
Computational Frameworks for the Fast Fourier Transform, Philadelphia,
SIAM, 1992.

[93] Van de Ven, C.J.F.,
The classical limit of mean-field quantum spin systems, J. Math. Phys.,
Vol. 61 (2020), paper 121901.

[94] Van de Ven, C.J.F., Groenenboom, G., Reuvers, R., Landsman, K.,
Quantum spin systems versus Schroedinger operators: A case study in
spontaneous symmetry breaking, SciPost Phys., Vol. 8 No. 2 (2020), pa-
per 22, 36 pp.

[95] Van de Ven, C.J.F.,
The classical limit and spontaneous symmetry breaking in algebraic quan-
tum theory, Expo. Math., Vol. 40 No. 3 (2022), pp. 543–571.

[96] Van de Ven, C.J.F.,
Gibbs states and their classical limit, Rev. Math. Phys., Vol. 36 No. 5
(2024), paper 2450009, 38 pp.

111



[97] Van de Ven, C.J.F., Khan, M.F., Serra-Capizzano, S.,
GLT hidden structures in mean-field quantum spin systems,
arXiv:2504.06951, 2025.

[98] Vassalos, P.,
Asymptotic results on the condition number of FD matrices approximat-
ing semi-elliptic PDEs, Electron. J. Linear Algebra, Vol. 34 (2018), pp.
566–581.

[99] Yang, L., Arnaudon, M., Barbaresco, F.,
Geometry of covariance matrices and computation of median, Bayesian
Inference and Maximum Entropy Methods in Science and Engineering,
AIP Conf. Proc., Vol. 1305 (2010), pp. 479–486. https://doi.org/10.
1063/1.3458461

[100] Yger, F., Berar, M., Lotte, F.,
Riemannian approaches in brain-computer interfaces: A review, IEEE
Trans. Neural Syst. Rehabil. Eng., Vol. 25 (2017), pp. 1753–1762. https:
//doi.org/10.1109/TNSRE.2017.2726359

112

https://doi.org/10.1063/1.3458461
https://doi.org/10.1063/1.3458461
https://doi.org/10.1109/TNSRE.2017.2726359
https://doi.org/10.1109/TNSRE.2017.2726359

	List of figures
	List of tables
	General notations and acronyms
	Introduction
	Matrices and matrix-sequences 
	Singular value and eigenvalue distributions of a matrix-sequence
	Approximating classes of sequences
	Multilevel discretization matrices

	Structured matrices
	Toeplitz matrices
	Relationship between the Toeplitz matrix and its generating function

	Circulant matrices
	Diagonalization and computational efficiency of circulant matrices

	omega-circulant matrices
	Block omega-circulant matrices

	tau matrices
	Spectral properties and the discrete sine transform

	Hankel matrices

	GLT structures in matrix-sequences
	The GLT class
	Matrix-sequences with explicit or hidden (asymptotic) structure
	The Generators of the GLT algebras
	Zero-distributed sequences
	Multilevel block Toeplitz matrices
	Block diagonal sampling matrices

	The *-algebra of d-level r-block GLT matrix-sequences

	Geometric means in matrix-sequences with hidden structures
	Geometric mean of GLT matrix-sequences
	Means of two matrices
	Mean of more than two matrices

	Numerical experiments
	Example 1 (1D)
	Example 2 (2D)
	Example 3 (1D)
	Example 4 (2D)
	Galerkin discretization of the Laplacian eigenvalue problem
	Weak formulation
	Galerkin approximation

	Quadratic C^0 B-Spline Discretization
	Cubic C^1 B-Spline Discretization
	Minimal eigenvalues and conditioning
	Example 1 (1D): minimal eigenvalue
	Example 3 (1D): minimal eigenvalue



	Maximal results for geometric means of GLT sequences
	Geometric mean of GLT matrix-sequences
	Numerical experiments
	Validation of the distribution results
	Example 1 

	Distribution results and momentary symbols
	Example 2 

	Minimal eigenvalues and conditioning
	Example 1: minimal eigenvalue
	Example 2: minimal eigenvalue

	Numerical study: non-commuting, rank-deficient symbols
	Setup of the numerical experiments
	A candidate symbol for the geometric mean
	Numerical verification of the Conjecture
	Numerical results



	Hidden GLT Structures in Quantum Spin Models
	Curie-Weiss model
	The CW model as GLT-sequence

	Restricted Curie-Weiss model
	Numerical results
	Asymptotic spectral behavior of H ^s_N with Gamma=B=1
	Asymptotic spectral behavior of H ^s_N with Gamma=2B=1
	Extremal spectral behavior of H^s_N


	Conclusion

