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M O T I VAT I O N S

In 2025, quantum mechanics celebrates its centenary. From the
early days of the first quantum revolution in 1925 until well into
the second half of the century, few scientists would have ever
thought of exploiting the peculiarities of the quantum world for
technological applications. Famous is the statement of Erwin
Schrödinger, one of the founding fathers of the theory, who in
1952 stated: “We never experiment with just one electron or atom. . .
any more than we can raise Ichthyosauria in the zoo.”

Since then, starting from the invention of the laser (1960) which,
not immediately but shortly after its discovery, would become one
of the main protagonists of the second quantum revolution, many
things have changed. If I had to choose a symbolic beginning for
what we now call the second quantum revolution, I would, as
a theoretical physicist, point to the vision of Richard Feynman.
In 1981 he famously stated: “Nature isn’t classical, dammit, and if
you want to make a simulation of nature, you’d better make it quantum
mechanical, and by golly it’s a wonderful problem, because it doesn’t
look so easy.”

From then on, quantum information science grew exponen-
tially with a series of breakthrough results, first theoretical (among
them, the BB84 communication protocol in 1984, and Shor’s al-
gorithm in 1994) and later experimental (e. g., the demonstration
of quantum teleportation in 1997). Today, quantum technologies
are at the forefront of scientific research, with virtually every
university hosting groups dedicated to topics ranging from quan-
tum cryptography and quantum computing to quantum sensing,
metrology, and quantum thermodynamics, both from the theo-
retical and experimental point of view.

Yet much remains to be done. As Feynman predicted, dealing
with quantum systems “is not so easy”. Decoherence and interac-
tion with the surrounding environment remain major obstacles
that limit the technological exploitation of quantum systems.
Handling noise is therefore fundamental.
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This is the starting point of this thesis. As a theoretical physicist
working in the field of quantum information, my main goal is to
identify new phenomena and new applications of this fascinating
theory. At the same time, I believe that experiments should never
be forgotten: theory and experiment should always go hand in
hand.

The way we, as poorly classical beings, interact with nature is
through the measurement of observables. The concept of mea-
surement in the quantum realm is itself a subtle and still open
problem (on which I will not elaborate any further here), but it
plays a central role in the quantum theory and in this work: if
engineered carefully, measurements can become a powerful ally
for the realistic implementation of quantum technologies and the
mitigation of noise.

In this thesis I will illustrate this concept in two contexts: first,
discrete time measurements applied to discrete time crystals,
which are promising candidates for quantum sensing; and sec-
ond, continuous measurements applied to the field of quantum
batteries, a branch of quantum thermodynamics.
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Part I

I N T R O D U C T I O N

Part I serves as the theoretical backbone of the the-
sis, developing the formal tools required to analyze
open quantum systems influenced by measurement
processes.

The discussion begins with the fundamental postu-
lates of quantum mechanics, reformulated in a mod-
ern language of quantum information theory, that
take into account composite systems, reduced dy-
namics, and the operational role of measurements.
This establishes a working framework in which non-
isolated quantum systems can be rigorously studied.

The focus then shifts to the theory of open quantum
systems, where dissipation and decoherence arise
naturally through interactions with an environment:
in realistic scenarios, no quantum system is truly
isolated, and understanding how the external world
influences its evolution is essential for both fundamen-
tal insight and technological advancement. Different
approaches to derive dissipative dynamics are pre-
sented, with the aim of explaining how irreversible
behaviour emerges from unitary evolution and how
it is affected by measurements.

Finally, the foundations of quantum thermodynamics
are introduced, providing a consistent description of
work, heat, and entropy in quantum settings, and ad-
dressing the problem of energy extraction in quantum
systems.

Altogether, Part I equips the reader with the concep-
tual framework necessary to interpret the phenomena
investigated in the subsequent chapters.





1
P O S T U L AT E S O F Q UA N T U M M E C H A N I C S A N D
O P E N Q UA N T U M S Y S T E M S

Quantum mechanics is, at its core, a mathematical framework
built upon a set of postulates that provide the fundamental
assumptions for predicting the physical behaviour of quantum
systems. The interpretation of these postulates is a profound and
debated issue that lies beyond the scope of this thesis; here, I will
adopt the Copenhagen interpretation.

This introductory chapter presents the postulates of quantum
mechanics from the modern viewpoint of quantum information
theory and establishes the notation used throughout the thesis.
In addition to the postulates, we will derive the master equa-
tions governing open quantum systems and systems subject to
continuous measurement.

The discussion of the postulates will follow the treatment given
in [1], while the derivation of the master equations will be based
primarily on the works of [2, 3, 4].

3



4 postulates of quantum mechanics and open quantum systems

1.1 closed and multipartite quantum systems

This section provides an overview of the mathematical framework
of quantum mechanics and introduces a modern reformulation
of its basic postulates, tailored to the description of quantum
systems interacting with their environment and with measuring
or processing devices. Although beginning with the postulates
might seem redundant, given their familiarity, it serves several
essential purposes: to make explicit the assumptions of the stan-
dard formulation, to establish the notation used throughout this
thesis, and to give a reformulation in modern terms of quantum
information and quantum technologies.

We will employ Dirac’s bra-ket notation throughout. For clarity
and conciseness, the discussion will focus on finite-dimensional
Hilbert spaces and observables with discrete spectra, but of
course many of the results here reported can be extended to
infinite-dimensional settings and continuous spectra.

For the purposes of this thesis, the postulates provide a set of
prescriptions that can be grouped and summarized as follows:
they establish how the states of a physical system are described,
how measurements on the system are performed and finally, how
the system evolves, whether under its intrinsic dynamics or as a
result of measurements.

1.1.1 States

The states of a quantum system are fully and deterministically
described by vectors |ψ⟩ of a Hilbert space H over a complex
field C. States must be normalized, i.e., ⟨ψ|ψ⟩ = 1, where ⟨•|•⟩ is
the inner product associated to the Hilbert space.

Quantum systems involving multiple degrees of freedom, or
consisting of several copies of the same system, are referred to
as composite systems. Their mathematical description is given by
the tensor product of the Hilbert spaces corresponding to the
individual degrees of freedom: Htot = H1⊗H2⊗ . . . . In general,
however, the state of the composite system cannot always be ex-
pressed as a tensor product of states of the individual subsystems.
In this case, we speak of non-separable states or, equivalently, of
quantum entanglement. If the state is described as we have just
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introduced, we speak of pure states. For a closed quantum system
and, in the case of composite systems, when considered globally,
a description in terms of pure states is sufficient. However, in
most practical situations we deal with systems that interact, or
have interacted, with the rest of the universe, either during their
dynamical evolution or as a consequence of measurement. At
this point, and throughout the remaining of this section, it is
therefore convenient to adopt also a more general formulation in
terms of density operators.

An operator is a linear map Â : H → H, and we denote
L(H) the vector space of linear operators on H. The trace of
an operator is a linear functional Tr : L(H) → C defined as
Tr[Â] ≡ ∑

j ⟨ej| Â |ej⟩ where {|ej⟩} is an orthonormal basis of the
Hilbert space H.
Accordingly, the first postulate can be restated as: the state of
a quantum system is represented by an operator acting on the
Hilbert space H known as the density operator ρ which must
satisfy the following conditions:

• Semi-definite positivity: meaning that all its eigenvalues
are non-negative;

• Normalization: Tr[ρ] = 1;

• Purity: Tr[ρ2] ⩽ 1.

If Tr[ρ2] = 1, ρ reduces to a rank-1 projector (an operator with
all zero eigenvalues except one). The quantity Tr[ρ2], known as
the purity of the state, provides a convenient way to distinguish
between pure states (Tr[ρ2] = 1) and mixed states (Tr[ρ2] < 1).
The purity is also lower bounded as Tr[ρ2] ⩾ 1

d , where d denotes
the dimension of the Hilbert space. The lower bound corresponds
to the maximally mixed state ρ = 1

dId, where Id is the identity
operator. In practice, purity is a particularly useful quantity when
dealing with open quantum systems, as it provides a simple
measure of how much coherence the system has lost due to
interactions with its environment. It can also serve as a measure
of quantum entanglement when the composite system is not in a
pure state (see, e.g., [3]).

Let’s consider a statistical mixture of pure quantum states
{pk, |ψk⟩}, representing uncertainty in the preparation of the
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system, where pk denotes the probability of preparing the state
|ψk⟩ and

∑
k pk = 1. The corresponding density operator is then

defined as

ρ =
∑
k

pk |ψk⟩ ⟨ψk| . (1.1)

This formulation offers a straightforward physical interpretation
of density operators, linking them directly to ensembles of quan-
tum states. Finally, like any operator, the density operator can
be represented in terms of its matrix elements in a chosen basis:
ρ =

∑
i,j ρij |ei⟩ ⟨ej| where ρij = ⟨ei| ρ |ej⟩ is commonly called

the density matrix of the system. The matrix is diagonal if the
basis is formed by eigenvectors of ρ; otherwise, it will include
off-diagonal elements. These requirements and definition also
hold for composite systems, although with some differences with
the respect to pure states regarding the separability criterion (see
again [3] for more details). Special attention is needed, however,
when applying the trace operation to the degrees of freedom of
subsystems.

Suppose we have a bipartite quantum system HAB = HA ⊗
HB. The global state ρAB belongs to this composite space, while
the reduced state of subsystem A is obtained by performing the
partial trace over subsystem B: ρA = TrB[ρAB] =

∑
i⟨ei|ρAB|ei⟩,

where {|ei⟩} is a basis of HB. Similarly, the reduced state of
subsystem B is given by ρB = TrA[ρAB]. The partial traces ρA and
ρB of a density operator ρAB of a bipartite system are themselves
valid density operators for the reduced subsystems. This result
holds true even for multipartite systems.

1.1.2 Evolution

The second postulate of quantum mechanics describes how states
evolve, particularly in the case of closed systems. In the most
general formulation, the state of a closed quantum system evolves
through unitary operators acting on the Hilbert space of the
system:

|ψ ′⟩ = Û |ψ⟩ , (1.2)
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or, equivalently, in terms of density operators,

ρ ′ = ÛρÛ†. (1.3)

For Û to be unitary, it must satisfy the condition Û†Û = I, where
Û† denotes the adjoint of Û and I denotes the identity operaror.1

An important property of unitary evolution is that any unitary
operator can be expressed as the exponential of an Hermitian
operator (hence an observable, as we shall specify later). In the
specific case of dynamical evolution, this Hermitian operator is
precisely the Hamiltonian Ĥ of the system:

Û(t) = e−iĤt/ h, (1.4)

where, for simplicity, we have considered a time-independent
Hamiltonian. This directly leads to the time-dependent Schrödinger
equation, which governs the evolution of closed quantum sys-
tems. Starting from the latter relation, one can derive the funda-
mental dynamical law of quantum mechanics. By considering
the infinitesimal time evolution of a state,

|ψ(t+ δt)⟩ = Û(δt) |ψ(t)⟩ ≃
(
I−

i
 h
Ĥ δt

)
|ψ(t)⟩ , (1.5)

and taking the limit δt→ 0, we obtain the time-dependent Schrödinger
equation:

i h
d

dt
|ψ(t)⟩ = Ĥ |ψ(t)⟩ . (1.6)

Equivalently, in the density operator formalism, the evolution of
a closed system is described by the von Neumann equation:

i h
d

dt
ρ(t) =

[
Ĥ, ρ(t)

]
, (1.7)

which can be regarded as the generalization of the Schrödinger
[
Â, B̂

]
is the

commutator
between the
operator Â and B̂,
defined as[
Â, B̂

]
=

ÂB̂− B̂Â.

1 More generally, given an operator Â, its adjoint Â† is defined as the unique
operator satisfying

⟨ψ|Âϕ⟩ = ⟨Â†ψ|ϕ⟩, for all |ψ⟩ , |ϕ⟩ ∈ H.
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equation to mixed states. Both the Schrödinger and von Neu-
mann equations remain valid also for time-dependent Hamilto-
nians Ĥ(t), although in this case the unitary evolution must be
generalized as

Û(t) = T exp

[
−
i
 h

∫t
0

Ĥ(t ′)dt ′

]
, (1.8)

where T is the time-ordering operator, which ensures that opera-
tors are ordered according to time, with earlier times appearing
to the right.

Physically, the Hamiltonian represents (in most of the cases)
the total energy of the system and serves as the generator of time
translations. The unitarity of the time-evolution operator ensures
that probabilities are preserved and coherence is maintained
throughout the dynamics, as we shall see from the probabilistic
interpretation introduced in the next postulate: while the sec-
ond postulate describes the deterministic, continuous evolution
of closed quantum systems under unitary dynamics, the third
postulate addresses the fundamentally probabilistic nature of
quantum measurements.

However, in some situations, such as the evolution of reduced
systems, unitary evolution is no longer sufficient. Instead, the
dynamics of interacting systems are described by Completely Pos-
itive Trace-Preserving (CPTP) maps. A CPTP map E must satisfy
the following conditions:

• Linearity: E
[∑

i pkρk

]
=

∑
k pkE[ρk];

• Complete positivity: any extended map E⊗ IB is positive
on any extended space H ⊗ HB;

• Trace preservation: Tr[E[ρ]] = Tr[ρ].

CPTP maps can also be expressed in the Kraus representation:

E[ρ] =
∑
k

K̂k ρ K̂
†
k, (1.9)

where the set of operators {K̂k} satisfies the completeness relation

∑
k

K̂
†
kK̂k = I. (1.10)
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These properties are essential to preserve the statistical interpre-
tation of the density operator. In particular, complete positivity
ensures that the map remains physically valid even when the
system is part of a larger Hilbert space, allowing a consistent
description of reduced states in composite systems.

1.1.3 Measurements

In practice, no measurement can extract complete information
about a quantum system without disturbing it. The third postu-
late formalizes how measurement outcomes are related to the
system state and how the state itself is updated as a result of
observation. In other words, whereas unitary evolution governs
reversible dynamics, the measurement postulate captures the
discrete, stochastic changes induced by the act of measurement,
which are essential to the quantum description of nature.

Measurements are mathematically associated with a set of op-
erators {M̂n}, where the index n labels the possible measurement
outcomes. The most common type of measurement in closed
systems is the Projection-Valued Measure (PVM). In a PVM, the
measurement operators are projection operators M̂n = P̂n, which
satisfy:

• P̂nP̂m = δnmP̂n, ensuring idempotence and orthogonality;

•
∑

n P̂n = I, guaranteeing that the projectors span the
Hilbert space and allowing a consistent statistical inter-
pretation.

Each PVM is associated with an Hermitian operator Ô, called
observable, which admits a spectral decomposition Ô =

∑
i oiP̂i.

The eigenvalues oi correspond to the possible measurement
outcomes and they are real due to the Hermiticity of Ô. When
measuring an observable Ô on a pure state |ψ⟩, the probability
(Born rule) of obtaining outcome oi is

pi = ⟨ψ|P̂i|ψ⟩, (1.11)

and the post-measurement state is

|ψi⟩ =
P̂i |ψ⟩√
pi

. (1.12)
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For mixed states described by a density operator ρ, these relations
generalize to

pi = Tr[ρP̂i], ρi =
P̂iρP̂i
pi

. (1.13)

For composite systems, the formalism extends naturally. Mea-
surements on one or more subsystems can be described using the
Positive Operator-Valued Measures (POVMs) formalism, which
generalize PVMs. A POVM is a collection of positive operators
{Π̂n} ⩾ 0 satisfying∑

n

Π̂n = I, (1.14)

but without the stronger requirement of being projectors. To
describe the post-measurement state, it is necessary to introduce
a set of operators known as detection operators, {M̂n}, satisfying

Π̂n = M̂†
nM̂n. (1.15)

This set is not unique, and different realizations of the same
POVM can lead to different post-measurement states even for the
same outcome.2 The probabilities of outcomes and the resulting
states are then given by

pi = Tr[ρΠ̂i], ρi =
M̂iρM̂

†
i

pi
. (1.16)

Notice that the post-measurement state depends not only on the
outcome but also on the specific realization of the measurement.

A natural question arises when introducing generalized mea-
surements: are POVMs physically justified, and how? The answer
is provided by the Naimark theorem, which establishes a con-
nection between generalized and standard measurements. Any
generalized measurement described by a POVM can be realized as
a standard projective measurement on an enlarged Hilbert space.
Conversely, any standard measurement on a composite systems
can be viewed as a generalized measurement on a subsystem.

2 There is a residual freedom in designing the post-measurement state. In fact,
since Π̂n is a positive operator M̂n =

√
Π̂n exists and satisfies the constraint,

as well as any operator of the form M̂n = Ûn

√
Π̂n with Ûn unitary.
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Physically, this means that when measuring an observable, one
often deals with a larger system including the measurement ap-
paratus or ancillas. While the observable can be represented as a
standard operator on this extended space, tracing out the appara-
tus degrees of freedom typically yields a POVM on the subsystem.
Conversely, any POVM can always be implemented as a projective
measurement on a suitably enlarged Hilbert space. This shows
that generalized measurements are fully compatible with stan-
dard quantum mechanics and are physically meaningful. In this
way, CPTP maps and POVMs together provide the mathematical
tools to describe the reduced non-unitary dynamics of composite
quantum systems, preserving both the statistical interpretation of
the density operator and the physical consistency of composite
systems.

1.1.4 Representations

All the postulates discussed in the previous sections have been
presented in the Schrödinger picture, in which operators are con-
sidered constant (except for any explicit time dependence) and
the time evolution is carried by the states or density operators.

However, in some cases it is useful to adopt different repre-
sentations of quantum dynamics. In the Heisenberg picture, for
instance, the states are considered time independent while the
operators evolve in time according to

ÔH(t) = Û†(t) ÔS Û(t), (1.17)

where Û(t) is the usual unitary evolution operator and the sub-
scripts H and S indicate the considered representation. This
representation is particularly convenient when focusing on the
evolution of observables rather than states. The dynamics is
governed by the Heisenberg equation:

d

dt
ÔH(t) =

i
 h

[
ĤH(t), ÔH(t)

]
+

(
∂ÔS

∂t

)

H

. (1.18)

A third useful representation is the interaction picture, particu-
larly convenient when the Hamiltonian can be split into a time-
independent part Ĥ0 and an interaction term Ĥ1(t). In this
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picture, both states and operators evolve: the operators evolve
according to Ĥ0, as in the Heisenberg picture, while the states
evolve under the effect of the interaction Hamiltonian. The re-
sulting dynamical equation takes the form

i h
d

dt
ρI(t) =

[
Ĥ1,I(t), ρI(t)

]
, (1.19)

where Ĥ1,I(t) denotes the interaction Hamiltonian in the interac-
tion picture.

Overall, these different pictures are mathematically equiva-
lent and physically consistent, but choosing the appropriate one
can simplify calculations and clarify the interpretation of the
dynamics.

1.2 open quantum systems

In this section, we review the theoretical framework of open
quantum systems [2, 5]. By an open system we mean a quantum
system whose dynamics is not isolated but instead influenced by
the interaction with external degrees of freedom, usually referred
to as the environment (also known as a bath or reservoir).

A central feature of open systems is that their reduced dynam-
ics is, in general, no longer unitary. Instead, it must be described
by CPTP maps, which ensure the consistency of the probabilistic
interpretation of quantum mechanics. In the first part of this
section, we will therefore introduce this formalism and show
how it naturally leads to a description of quantum dynamics
beyond unitary evolution.

We will then move to a microscopic derivation of master
equations [2], where the reduced dynamics of a system is ob-
tained starting from a unitary description of the global system-
environment evolution and tracing out the environment degrees
of freedom. This approach provides a clear physical picture
of the approximations involved in deriving effective dynamical
equations for the system alone, and leads to the celebrated Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) master equation, also
known as the Lindblad master equation, which provides the most
general form of Markovian quantum dynamics [6, 7].
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Finally, we will discuss a collision model approach [8], where
the environment is represented as a collection of ancillary sys-
tems sequentially interacting with the system of interest. This
perspective is not only conceptually insightful but also particu-
larly useful for the study of continuous quantum measurements
[4], which will play a role in the later parts of this thesis.

1.2.1 CPTP Derivation

In the quantum operation formalism, the system’s state at two
infinitesimally separated times, ρ(t) and ρ(t+ dt), are related
through a superoperator3 S(t+ dt, t) acting on ρ(t). Using the
Kraus representation, this relation can be written as

ρ(t+ dt) = S(t+ dt, t)[ρ(t)] =
M−1∑
k=0

K̂k ρ(t) K̂
†
k, (1.20)

where the K̂k are the Kraus operators, and their number M is
at most N2, with N the dimension of the system Hilbert space.
Differently from the usual case where Kraus operators describe
finite transformations, here they are associated with an infinites-
imal step of the evolution. To guarantee that S(t, t) = I, Kraus
operators have to be written in the following way:

K̂0 = I+
1
 h
(−iĤ+ Γ̂)dt, K̂k = L̂k

√
dt, (k = 1, . . . ,M−1),

(1.21)

where Ĥ and Γ̂ are Hermitian operators, and the operators L̂k

are known as Lindblad operators. The normalization condition∑
k K̂

†
kK̂k = I then implies

2
 h
Γ̂dt+

M−1∑
k=1

L̂
†
kL̂kdt+O(dt

2) = 0, (1.22)

that is

Γ̂ = −
 h

2

M−1∑
k=1

L̂
†
kL̂k. (1.23)

3 A superoperator is a linear map S : B(H) → B(H) acting on the vector space
of bounded operators B(H) on a Hilbert space H.
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By substituting these expressions into the Kraus expansion, one
finds

ρ(t+ dt) = ρ(t) −
i
 h

[
Ĥ, ρ(t)

]
dt+

+

M−1∑
k=1

(
L̂kρ(t)L̂

†
k − 1

2 L̂
†
kL̂kρ(t) −

1
2ρ(t)L̂

†
kL̂k

)
dt+

+ O(dt2). (1.24)

Assuming an expansion of the form ρ(t+ dt) = ρ(t) + ρ̇(t)dt+

O(dt2), we obtain the celebrated GKSL master equation (see [6]
and [7]):

ρ̇(t) = −
i
 h

[
Ĥ, ρ(t)

]
+

M−1∑
k=1

(
L̂kρ(t)L̂

†
k − 1

2

{
L̂
†
kL̂k, ρ(t)

})
≡

≡ −
i
 h

[
Ĥ, ρ(t)

]
+
∑
k

D[L̂k]ρ(t), (1.25)

where we defined the superoperator D[Â]• = Â• Â†− 1
2

{
Â†Â, •

}
.

{
Â, B̂

}
is the

anticommutator
between the

operator Â and B̂,
defined as{
Â, B̂

}
=

ÂB̂+ B̂Â.

It is worth emphasizing that this derivation relies on the Marko-
vian approximation, which allows us to expand the infinitesimal
map in this way, assuming the absence of long memory times:
the future evolution depends only on the state at time t and not
on its history.

1.2.2 Microscopic Derivation

Here we present a second derivation of the Markovian master
equation, this time based on a microscopic model, which provides
clear physical understanding of the approximations involved.
To investigate the influence of an external environment on a
quantum system S, we follow the standard formulation of open
quantum systems weakly coupled to their environment (see, for
instance, Ref. [2]). In this setting, the total Hamiltonian of the
combined system-environment can be written as

Ĥ = ĤS + ĤB + ĤI, (1.26)

where ĤS represents the system Hamiltonian, ĤB denotes the
bath Hamiltonian, and ĤI the interaction term between the two.
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Starting from the interaction picture von Neumann equation, and
assuming without loss of generality4 TrB

[
ĤI(t), ρ(0)

]
= 0, the

quantum master equation for the system density matrix reads:

d

dt
ρS(t) = −

∫t
0

dsTrB
[
ĤI(t),

[
ĤI(s), ρ(s)

]]
, (1.27)

where ρ represents the joint system-bath density matrix, and
ρS denotes the system density matrix obtained by tracing out
the reservoir degrees of freedom, by employing the partial trace
TrB, and finally ĤI(t) is the time-dependent interaction picture
version of ĤI (from now on, we will refer to operators without
explicit time dependence as operators in the Schrödinger pic-
ture, and those with explicit time dependence as operators in
the interaction picture). Here, for simplicity, we have assumed
units in which  h = 1. We assume that the coupling between the
system and the reservoir is weak, allowing us to apply the Born
approximation. In this case, the system-bath density matrix can be
approximated as separable: ρ(s) ≃ ρS(s)⊗ ρB, where ρB is the
initial state of the reservoir assumed constant. To further simplify,
we perform the Markov approximation by replacing the integrand
ρS(s) with ρS(t) in Eq. (1.27). This ensures that the evolution
of the system density matrix depends only on the state ρS(t)
at time t. As a result, we obtain the so-called Redfield equation,
which is local in time but not yet fully Markovian. To derive
the Markovian master equation, we replace s with t− s in the
integrand and extend the upper limit of the integral to infinity.
This change of variables highlights that, for a stationary bath, the
correlation functions depend only on the time difference. This ap-
proximation is valid when the timescale τR over which the open
system’s state varies is much larger than the reservoir’s character-
istic correlation time τB. At this point the master equation reads:

d

dt
ρS(t) = −

∫∞
0

dsTrB
[
ĤI(t),

[
ĤI(t− s), ρS(t)⊗ ρB

]]
. (1.28)

4 The assumption simply removes the first order contribution of the interaction
Hamiltonian, which would otherwise correspond to a mean-field shift of
the system energies. This can always be achieved by redefining the system
Hamiltonian to absorb the average bath effect, so that the interaction term
describes only bath fluctuations.
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At this stage, we can perform the Rotating Wave Approxi-
mation (RWA) by averaging over the rapidly oscillating terms.
To achieve this, we have to explicitly introduce the interaction
Hamiltonian, which, without loss of generality, can be written,
in the Schrödinger’s picture, as:

ĤI =
∑
α

Âα ⊗ B̂α, (1.29)

where Âα and B̂α are two sets of Hermitian operators of the sys-
tem and the bath, respectively. Let us define the eigenstates of the
system’s Hamiltonian: ĤS |ϵ⟩ = ϵ |ϵ⟩, with energy eigenvalues
ϵ. The RWA is easily performed by decomposing the interaction
Hamiltonian ĤI into the energy eigenbasis {|ϵ⟩}:

Âα(ω) ≡
∑

ϵ ′−ϵ=ω

|ϵ⟩ ⟨ϵ| Âα |ϵ ′⟩ ⟨ϵ ′| , (1.30)

where the sum is restricted to all energies ϵ and ϵ ′ with a fixed
difference ω. We notice that

∑
ω Âα(ω) = Âα by using the

completeness relation and that these operators are no longer
Hermitian: Â†

α(ω) = Âα(−ω). It is easy to see that the interaction
picture version of Âα(ω) can be written as

Âα,ω(t) = eiĤStÂα(ω)e−iĤSt = e−iωtÂα(ω), (1.31)

which allows us to rewrite the interaction Hamiltonian, in the
interaction picture, as

ĤI(t) =
∑
α,ω

e−iωtÂα(ω)⊗ B̂α(t)

=
∑
α,ω

eiωtÂ†
α(ω)⊗ B̂†

α(t), (1.32)

where B̂α(t) = e
iĤBtB̂αe

−iĤBt is the bath interaction term in the
interaction picture. By inserting ĤI(t) into the master equation
we obtain after some algebra:

d

dt
ρS(t) =

∑
ωω ′

∑
αβ

ei(ω
′−ω)tΓαβ(ω)

×
[
Âβ(ω)ρS(t)Â

†
α(ω

′) − Â†
α(ω

′)Âβ(ω)ρS(t)
]

+ h.c., (1.33)



1.2 open quantum systems 17

where h.c. stands for the Hermitian conjugated, and

Γαβ(ω) ≡
∫∞
0

dseiωs⟨B̂†
α(t)B̂β(t− s)⟩

is the Fourier transform of the reservoir correlation functions:

⟨B̂†
α(t)B̂β(t− s)⟩ = ⟨B̂†

α(s)B̂β(0)⟩
≡ Tr

[
B̂†

α(s)B̂β(0)ρB

]
, (1.34)

where the first equality holds assuming ρB as a stationary state of
the reservoir. The RWA consists in neglecting rapidly oscillating
terms for which ω ̸= ω ′. The typical timescale τS of the system’s
intrinsic evolution is given by the characteristic value of |ω−

ω ′|−1. If τS is small compared to the relaxation time τR, the
terms ei(ω

′−ω)t oscillates rapidly compared to the timescale over
which the system changes appreciably. Therefore, these terms
can be neglected, resulting in the following master equation:

d

dt
ρS(t) =

∑
ω

∑
αβ

Γαβ(ω)

×
[
Âβ(ω)ρS(t)Â

†
α(ω) − Â†

α(ω)Âβ(ω)ρS(t)
]

+ h.c.. (1.35)

In general we can write Γαβ(ω) = 1
2γαβ(ω) + iSαβ(ω), where,

for fixed ω, γαβ(ω) =
∫∞
−∞ dseiωs⟨B̂†

α(s)B̂β(0)⟩ is a positive
matrix and Sαβ(ω) is a Hermitian matrix. With these definitions
the master equation becomes:

d

dt
ρS(t) = −i

[
ĤLS, ρS(t)

]

+
∑
ω

∑
αβ

γαβ(ω)

(
Âβ(ω)ρS(t)Â

†
α(ω)

−
1

2

{
Â†

α(ω)Âβ(ω), ρS(t)
})

, (1.36)

where the first term gives a Hamiltonian contribution to the dy-
namics and contains the so-called Lamb shift Hamiltonian ĤLS =∑

ω

∑
αβ Sαβ(ω)Â†

α(ω)Âβ(ω), the second term describes the
dissipation and it is usually known as the dissipator. The Schrödinger
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picture master equation is simply obtained by adding the system
Hamiltonian to the unitary part of Eq. 1.36. In this way ĤLS,
since it commutes with ĤS, effectively acts as a renormalization
of the energy levels of ĤS due to the coupling between the sys-
tem and the reservoir. However, in many cases, the contribution
of ĤLS is negligible, for this reason, from this point forward, we
will neglect ĤLS for the sake of simplicity.

Eq. 1.36 can be brought to the Lindblad form by diagonalizing
γαβ(ω):

d

dt
ρS(t) = −i

[
ĤS, ρS(t)

]

+
∑
ω

∑
α

γ̃α(ω)

(
Ĉα(ω)ρS(t)Ĉ

†
α(ω)

−
1

2

{
Ĉ†
α(ω)Ĉα(ω), ρS(t)

})
, (1.37)

where Ĉα(ω) are related to Âα(ω) by the diagonalization matrix.
Up to this point the derivation of the master equation is general;
now we explicitly model the bath to get an expression for γαβ(ω).
We consider a generic ensemble of Two-Level Systems (TLSs)
coupled to a bath of harmonic oscillators:

ĤB =

∞∑
k=1

ωkb̂
†
kb̂k, (1.38)

where the operators b̂k (b̂†k) represent the annihilation (creation)
operators of oscillator k, ωk being the charateristic frequency
of the k-th mode. The bath initial state is the Gibbs thermal
state at inverse temperature β: ρB = exp(−βĤB)/Z, where Z =

Tr[exp(−βĤB)] is the partition function and we assumed kB = 1.
As an interaction Hamiltonian we consider the following, which
is fairly standard in the spin-bosons model case (see [2, 9, 10]),
where we assume that the oscillators couple to each TLS in the
same way:

ĤI =

N∑
i=1

σ̂αi ⊗
∞∑

k=1

gk(b̂
†
k + b̂k) ≡ V̂⊗ B̂, (1.39)

where gk is the bath coupling strength between the k-th mode
and the system. Here, we have not yet specified which spin
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direction is coupled to the bath and the index α is left generic
for this reason. Under these assumptions it is straightforward to
show (see Appendix H of [10] for the explicit calculation) that
the reservoir correlation function takes the following form:

⟨B̂(t)B̂(0)⟩ =

∞∑
k=0

g2k
1− e−βωk

(
e−iωkt + eiωkt−βωk

)

=

∫∞
0

dω̃
J(ω̃)

1− e−βω̃

×
(
e−iω̃t + eiω̃t−βω̃

)
, (1.40)

where, after the second equality, we have replaced the sum over
k with an integral over ω̃ by defining the bath spectral function
J(ω̃) ≡ ∑

k g
2
k δ(ω̃ −ωk), which characterizes how different

frequencies of the bath modes couple to the system. We want to
stress that in this expression ω̃ refers to the frequencies of the
environment modes, and thus ω̃ ∈ [0,+∞). At this point, we
only need to calculate the Fourier transform of this expression to
derive the rates γ(ω):

γ(ω) =

∫∞
−∞ dt eiωt

∫∞
0

dω̃
J(ω̃)

1− e−βω̃

(
e−iω̃t + eiω̃t−βω̃

)

=

∫∞
0

dω̃ 2πJ(ω̃)

[
[n(ω̃) + 1] δ(ω− ω̃)

+ n(ω̃)δ(ω+ ω̃)

]
, (1.41)

where, from the first to the second line, we calculated the Fourier
transform using the properties of the Dirac’s delta function and
we defined n(ω̃) = (eβω̃ − 1)−1, that is the thermal occupation
number of a bosonic mode with energy ω̃. This last equation
offers an interesting physical interpretation: one finds two terms,
both proportional to the spectral density, the first term describes
emission of energy into the environment while the second de-
scribes the probability of absorption of energy from the environ-
ment, which is only possible if a mode of energy ω is occupied
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(absorption occurs when ω < 0). Furthermore, this final integral
can be computed exactly, yielding:

γ(ω) = 2π

[
J(ω) [n(ω) + 1]Θ(ω) + J(−ω)n(−ω)Θ(−ω)

]

= 2πJ(|ω|)

[
[n(|ω|) + 1]Θ(ω) +n(|ω|)Θ(−ω)

]

=
2πJ(|ω|)

1− e−β|ω|
(Θ(ω) + e−β|ω|Θ(−ω)), (1.42)

where Θ(ω) is the Heaviside function.
In summary, the master equation can be written as follows:

d

dt
ρS(t) = −i

[
ĤS, ρS(t)

]
(1.43)

+
∑
ω

(
L̂ωρS(t)L̂

†
ω −

1

2

{
L̂†
ωL̂ω, ρS(t)

})
,

with the jump operators L̂ω defined as:

L̂ω =
√
γ(ω)

∑
ϵ ′−ϵ=ω

|ϵ⟩ ⟨ϵ| V̂ |ϵ ′⟩ ⟨ϵ ′|

=
√
γ(ω)

∑
ϵ ′−ϵ=ω

|Vϵϵ ′ | |ϵ⟩ ⟨ϵ ′| , (1.44)

with ω = ϵ ′ − ϵ, |ϵ⟩ (|ϵ ′⟩) being an eigenstate of ĤS with energy
ϵ (ϵ ′) and finally Vϵϵ ′ = ⟨ϵ| V̂ |ϵ ′⟩.

The resulting master equation is precisely the GKSL form, con-
sistent with the derivation presented in the previous section. In
addition, the microscopic approach provides a recipe to identify
the Lindblad operators, which will be essential later on to recover
a consistent thermodynamic description of open quantum sys-
tems. We now turn to an alternative approach, based on collision
models, which will prove particularly useful in the context of
continuous measurements.

1.2.3 Collision Model Derivation

In order to make the derivation of the stochastic master equation
for continuously monitored quantum systems more transpar-
ent, let us consider the following pedagogical derivation of the
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Lindblad master equation within the framework of input-output
theory [4]. This approach clearly illustrates how the collision
model emerges from a microscopic description and provides the
ideal setting for deriving the stochastic master equation. Let us
consider a generic quantum system S interacting with an environ-
ment of bosonic modes B. The total Hamiltonian of the system
can be generically written as

Ĥ = ĤS + ĤB + ĤI, (1.45)

where ĤS is a generic Hamiltonian acting on the system degrees
of freedom, while

ĤB =

∫∞
0

dωωb̂†ωb̂ω, (1.46)

where the operators b̂ω satisfy the bosonic commutation rela-
tions

[
b̂ω, b̂†ω ′

]
= δ(ω−ω ′). A further assumption is that the

interaction Hamiltonian is linear in b̂ω, meaning:

ĤI = i

∫∞
0

dω

√
κ(ω)

2π

(
ĉb̂†ω − ĉ†b̂ω

)
, (1.47)

with ĉ being a generic system operator. κ(ω) determines the
strength of the interaction between the system and the bosonic
mode ω. Let us now move to the interaction picture with respect
to the free Hamiltonian Ĥ0 = ĤS + ĤB, first we assume that
the interaction strength is constant (κ(ω) = κ) within a large
frequency bandwidth (W = [ω0 − ξ,ω0 + ξ]) and zero outside
this region. The large frequency bandwidth is crucial for the va-
lidity of the Markovian approximation in the system’s dynamics.
Second, we assume that the interaction picture system operators
acquires a phase ĉ(t) = ĉe−iω0(t−t0), where t0 is the initial time
when the Schrodinger and the interaction pictures coincide. It is
easy to prove that the interaction picture interaction Hamiltonian
can be written as

Ĥint(t) = e
iĤ0(t−t0)Ĥinte

−iĤ0(t−t0) = i
√
k(ĉb̂†t− ĉ

†b̂t), (1.48)

where we have defined the so-called input modes as

b̂t =
1√
2π

∫
W

dωb̂ωe−i(ω−ω0)(t−t0). (1.49)
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This system can be effectively interpreted as a continuous colli-
sion model, where the input modes act as auxiliary subsystems
that sequentially interact with the main system, while the out-
put modes correspond to the input modes after the interaction.
Indeed, by evaluating the commutation relations of the input
modes, we find that:

[
b̂t, b̂†t ′

]
=
1

2π

∫θ
−θ

dωe−iω(t−t ′) ≃ δ(t− t ′), (1.50)

where the last equality holds when the frequency bandwidth
is much larger than all the other frequencies entering the dy-
namics (i.e. θ ≫ κ). Thus, the input modes can be effectively
regarded as white-noise operators, delta-correlated in time. The
resulting dynamics can then be interpreted as an infinite col-
lection of uncorrelated quantum systems that interact with the
main system one at a time, effectively realizing the continuum
limit of a collision model, as previously discussed. However, the
input operators b̂t cannot be interpreted as proper annihilation
operators, as their equal-time commutation relation is not well
defined. For this reason, we define:

δb̂t =

∫t+δt

t

dt ′ b̂t ′ , (1.51)

leading to the commutator:
[
δb̂t, δb̂†t

]
= I δt. (1.52)

In the infinitesimal limit δt → dt by definition, we have δb̂t →
db̂t = b̂t dt, leading to:

[
db̂t,db̂†t

]
=
[
b̂t, b̂†t

]
dt2 = Idt. (1.53)

Finally, by defining B̂t =
1√
dt
b̂t we obtain a new set of bosonic

operators that act as proper creation and annihilation operators
and satisfy the canonical commutation relations at each time, i.e.

[
B̂t, B̂†

t

]
= I. (1.54)

In this way, we can formally interpret the global Hilbert space
as a tensor product between the system HS and an infinite-
dimensional Hilbert space HBt

composed of independent input
modes, each corresponding to a quantum harmonic oscillator:

H = HS

⊗

t∈R

HBt
. (1.55)
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In order to derive a master equation in the Lindblad formalism,
we need to make some (rather standard) assumptions. First, we
assume that the global state of the system and the environment
remains factorized, with the bath remaining in a fixed reduced
state ∀t:

ρtot(t) = ρ(t)⊗ ρt, (1.56)

with ρt = |0⟩t ⟨0|t being the vacuum state of HBt
satisfying

B̂t |0⟩t = 0 and B̂†
t |0⟩t = |1⟩t at each t. This choice corresponds

to considering the environment as a bosonic bath in thermal
equilibrium at zero temperature at all times. This is sufficient
for our purposes; however, the more general case of a thermal
environment at non-zero temperature can be derived with sim-
ilar arguments. The environment in the vacuum state at each
time, together with the delta-correlated white-noise nature of the
input operators, ensures Markovianity in the dynamics, i.e., the
environment’s correlation time is much shorter than the charac-
teristic timescale of the system’s evolution (see [4] for details).
This corresponds to the standard Born-Markov approximation
used before in the derivation of the Lindblad master equation.
The evolved state for an infinitesimal time interval dt can be
written, in the interaction picture, as

ρtot(t+ dt) = Û(t, t+ dt)ρtot(t)Û(t, t+ dt)† =

= e−iĤI(t)dtρtot(t)e
iĤI(t)dt, (1.57)

from this, the state of the system is obtained by tracing out the
environmental degrees of freedom ρ(t+ dt) = TrB

[
ρtot(t+ dt)

]
.

We now expand to the second order the evolution operator:

Û(t, t+ dt) = e−iĤI(t)dt = exp
[√
κdt
(
ĉb̂

†
t − ĉ

†b̂t
)]

(1.58)

= exp
[√
κdt
(
ĉB̂

†
t − ĉ

†B̂t

)]

≈ I+
√
κdt
(
ĉB̂

†
t − ĉ

†B̂t

)
+

+
1

2
κdt
(
ĉ2B̂

†2
t + ĉ†2B̂2

t − ĉĉ
†B̂†

tB̂t − ĉ
†ĉB̂tB̂

†
t

)
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which, for ρtot(t) = ρ(t)⊗ |0⟩t ⟨0|t, yields up to the first order in
dt:

ρtot(t+ dt) ≈ ρ(t)⊗ |0⟩t ⟨0|t + (1.59)

+
√
κ
(
ĉρ(t)⊗ |1⟩t ⟨0|t + ρ(t)ĉ† ⊗ |0⟩t ⟨1|t

)√
dt +

+ κ
(
ĉρ(t)ĉ† ⊗ |1⟩t ⟨1|t

)
dt +

+
κ

2

(√
2ĉ2ρ(t)⊗ |2⟩t ⟨0|t − ĉ†ĉρ(t)⊗ |0⟩t ⟨0|t + h.c.

)
dt.

Finally, the partial trace over the environment gives

ρ(t+ dt) = ρ(t) + κĉρ(t)ĉ†dt−
κ

2

{
ĉ†ĉ, ρ(t)

}
dt, (1.60)

which can be written as a differential equation as

dρ(t)
dt

= κĉρ(t)ĉ† −
1

2
k
{
ĉ†ĉ, ρ(t)

}
= κD[ĉ]ρ(t), (1.61)

The latter equation can, of course, be generalized by adding a
Hamiltonian term acting on the system (with the caveat that
the Hamiltonian evolution must be slow enough to preserve
Markovianity). Moreover, the operator ĉ can be replaced by a
collection of jump operators {ĉi}, which yields the usual general
form of a Markovian Lindblad master equation:

dρ(t)
dt

= −i
[
Ĥ, ρ(t)

]
+
∑
i

κiD[ĉi]ρ(t) ≡ Lρ(t) (1.62)

1.3 continuously monitored quantum systems

In the previous section, we derived the Markovian master equa-
tion describing open quantum systems in three different fashions,
the last of which modeled the environment as a continuous
stream of harmonic oscillators B̂t, with the environmental de-
grees of freedom traced out after their interaction with the system.
We now move to the case where the environment is continuously
monitored: after each infinitesimal interaction, the environment
state associated with the operator B̂t is measured. This frame-
work, known as a collision model [8], provides a clear description
of the interplay between system and environment and offers a
systematic route to connect unconditional Lindblad dynamics
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with conditional stochastic evolutions under continuous mea-
surements.

The markovian dynamics of an open quantum systems is
characterized by a continuous leakage of information into the
environment. By performing measurements on it, is possible to
retrieve part of this lost information and thereby gain insight
into the system. Such monitoring, however, is indirect and in-
trinsically inefficient, since only a fraction of the information can
be recovered. As a result, the measurement back-action exerts
only a weak influence on the system state. When these weak
measurements are performed continuously, the system follows
a stochastic evolution that manifests as random trajectories of
its quantum state, usually referred to as quantum trajectories.
These stochastic evolutions have been observed experimentally
in several physical platforms, including superconducting qubits
[11, 12, 13], optomechanical devices [14, 15], and hybrid systems
[16], and have been employed in a variety of contexts such as
feedback protocols and cooling strategies.

The theoretical description of such dynamics is provided by
the framework of Stochastic Master Equations (SMEs) [17]. In this
picture, the deterministic evolution of open quantum systems
is supplemented with stochastic contributions that capture the
randomness introduced by continuous measurements. The form
of the SME depends on the measurement protocol: for example,
PD gives rise to quantum jump trajectories, while Homodyne
Detection (HD) leads to diffusive stochastic dynamics [18, 19].
Both cases will be analyzed in the following.

1.3.1 Photo-detection

The POVM associated with a photo-detector is given by the Fock
basis {|n⟩t ⟨n|t} (from now on we will omit the subscript t for
simplicity). Since we consider the environment initially in the
ground state, the only possible measurement outcomes are either
photon detection |1⟩ ⟨1| or no detection |0⟩ ⟨0|. In the former case,
the conditional (unnormalized) state after the measurement can
be easily found from 1.59 as

ρ̃c0(t+dt) = ⟨0| ρtot(t+dt) |0⟩ = ρc(t)− κ
2

{
ρc(t), ĉ†ĉ

}
dt, (1.63)
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with probability

p0(t+ dt) = Tr
[
ρ̃c0(t+ dt)

]
= 1− κ⟨ĉ†ĉ⟩t dt, (1.64)

which gives the normalized state:

ρc0(t+ dt) =
ρ̃c0(t+ dt)
p0(t+ dt)

≈

≈
(
ρc(t) −

κ

2

{
ρc(t), ĉ†ĉ

}
dt
)(
1+ κ⟨ĉ†ĉ⟩t dt

)
≈

≈ ρc(t) + ρc(t)⟨ĉ†ĉ⟩tκdt−
κ

2

{
ρc(t), ĉ†ĉ

}
dt ≡

≡ ρc(t) −
κ

2
H[ĉ†ĉ]ρc(t)dt, (1.65)

where we defined the superoperator H[Â]• = Â •+ • Â† − ⟨Â+

Â†⟩•. When no photons are detected, the conditional state reads

ρ̃c1(t+ dt) = ⟨1| ρtot(t+ dt) |1⟩ = κĉρc(t)ĉ†dt, (1.66)

with probability

p1(t+ dt) = Tr
[
ρ̃c1(t+ dt)

]
= κ⟨ĉ†ĉ⟩t dt, (1.67)

and thus the normalized state:

ρc1(t+ dt) =
ρ̃c1(t+ dt)
p1(t+ dt)

=
ĉρc(t)ĉ†

⟨ĉ†ĉ⟩t
. (1.68)

The conditional evolution of the density matrix associated with
the two possible measurement outcomes can be unified by intro-
ducing a stochastic increment dNt, corresponding to a Poisson
process. This type of process is commonly used to describe the
random occurrence of discrete events over time and is charac-
terized by a time-dependent rate λ(t), indicating the expected
number of events per unit time. During an infinitesimal time
interval dt, the probability of observing more than one event
becomes negligible, and the probability of detecting a single
event scales linearly with λ(t)dt. Accordingly, the increment dNt

is a binary random variable taking values in {0, 1}, where the
probabilities depend on the instantaneous event rate. In our con-
text, the mean number of detection events within the interval
[t, t+ dt] is given by the expectation E[dNt] = κ⟨ĉ†ĉ⟩tdt, which
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determines the probability of a quantum jump occurring due to
photon detection. In this way the equation for the conditional
density operator can be conveniently written as

dρc(t) = ρc(t+ dt) − ρc(t) = dNt(ρ
c
1(t+ dt) − ρc(t)) +

+ (1− dNt)(ρ
c
0(t+ dt) − ρc(t)), (1.69)

which up to the first order in dt becomes

dρc(t) = −
κ

2
H[ĉ†ĉ]ρc(t)dt+

(
ĉρc(t)ĉ†

⟨ĉ†ĉ⟩t
− ρc(t)

)
dNt. (1.70)

By averaging over all possible outcomes of the measurement,
one recovers the evolution of the system’s density matrix in the
absence of any conditioning, that is, a Lindblad-type master
equation:

E[dρc(t)] = κD[ĉ]ρ(t)dt. (1.71)

In other words, ignoring (or tracing over) the measurement re-
sults corresponds to summing over all possible stochastic trajec-
tories. This procedure yields the same master equation as if no
measurement had occurred. Individual realizations generated by
the monitoring process are referred to as a quantum trajectory
ensemble, and together they provide an unraveling of the master
equation for the unconditional state ρ(t) = E[ρc(t)].

An important remark is that when the detection is perfectly
efficient (which is not always the case, as we shall see), the SME

preserves the purity of pure quantum states. In such cases, if the
initial state is pure |ψ0⟩, the evolution can be described directly
by a Stochastic Schrödinger Equation (SSE) for the state vector
|ψc(t)⟩. This evolution reads:

d |ψc(t)⟩ =
[
κ

2

(
⟨ĉ†ĉ⟩t − ĉ†ĉ

)
dt+

(
ĉ√

⟨ĉ†ĉ⟩t
− 1

)
dNt

]
|ψc(t)⟩ ,

(1.72)

where we decomposed the infinitesimal increment of the condi-
tional density matrix in terms of a pure state: dρc =

(
d |ψc⟩

)
⟨ψc|+

|ψc⟩
(
d ⟨ψc|

)
+
(
d |ψc⟩

)(
d ⟨ψc|

)
. Since the SSE describes the evolu-

tion of pure state vectors instead of density matrices, it effectively
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reduces the dimensionality of the problem. This makes it a pow-
erful and efficient tool for numerically simulating open quantum
systems, especially when averaging over many trajectories is com-
putationally feasible. In realistic situations, measurements are not
always perfectly efficient. For this reason, it is common to intro-
duce a detection efficiency parameter η ∈ [0, 1], which represents
the probability that a given photon event is actually observed.
As a result, only a fraction η of the emission events contribute
to the measurement back-action, while the remaining 1− η are
effectively ignored and contribute to the average (unmonitored)
dynamics. Starting from the Lindblad master equation, this inef-
ficiency can be incorporated by decomposing the dissipator as
follows:

dρ(t)
dt

= ηκD[ĉ]ρ(t) + (1− η)κD[ĉ]ρ(t), (1.73)

where only the term proportional to η is associated with the
measurement-induced stochastic evolution. Applying the same
methodology as for the fully efficient case, it is easy to deduce
the stochastic master equation for imperfect photo-detection:

dρ(t) = −
ηκ

2
H[ĉ†ĉ]ρ(t)dt+

(
ĉρ(t)ĉ†

⟨ĉ†ĉ⟩t
− ρ(t)

)
dNt +

+ (1− η)κD[ĉ]ρ(t)dt. (1.74)

1.3.2 Homodyne Detection

In the case of HD, the operators associated with measurement
outcomes are {|xθ⟩ ⟨xθ|}, the eigenstates of the quadrature opera-
tor X̂θ = (eiθB̂t + e

−iθB̂
†
t)/

√
2. The (unnormalized) conditional

state is then

ρ̃c(t+ dt) =

= Tr
[
Û(t, t+ dt)(ρ(t)⊗ |0⟩ ⟨0|)Û(t, t+ dt)†(I⊗ |xθ⟩ ⟨xθ|)

]
=

= ⟨xθ| Û(t, t+ dt)(ρ(t)⊗ |0⟩ ⟨0|)Û(t, t+ dt)† |xθ⟩ , (1.75)

with probability

pxθ
(t+ dt) = Tr

[
ρ̃c(t+ dt)

]
. (1.76)
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The conditional state can be expanded at lowest order as

ρ̃c(t+ dt) ≈ | ⟨xθ| |0⟩ |2ρc(t) +
+

(
ĉρc(t) ⟨xθ| |1⟩ ⟨0| |xθ⟩+

+ ρc(t)ĉ† ⟨xθ| |0⟩ ⟨1| |xθ⟩
)√
κdt+ o(

√
κdt) =

=
1√
π
e−x2

θ
[
ρc(t) +

(
ĉρc(t)eiθ +

+ ρc(t)ĉ†e−iθ
)
xθ

√
2κdt

]
+ o(

√
κdt), (1.77)

where we have used |⟨xθ|0⟩|2 = 1√
π
e−x2

θ and the identity ⟨xθ|1⟩ =√
2eiθ⟨xθ|0⟩. This result leads to the expression for the probability

up to order dt:

pxθ
(t+ dt) = pxθ

(t)
(
1+

√
2κdtxθ ⟨ĉeiθ + ĉ † e−iθ⟩t

)
+ o(

√
κdt) =

≈ 1√
π

exp
[
−

(
xθ −

√
κdt
2

⟨ĉeiθ + ĉ†e−iθ⟩t
)2]

. (1.78)

To derive the conditional state and interpret it in terms of a
stochastic process, we introduce the stochastic increment dyt
and define the photocurrent I(t), which takes into account the
result of the measurement at time t. Specifically, we write:

dyt = I(t)dt =
√
2dt xθ =

√
κ⟨ĉeiθ+ ĉ†e−iθ⟩t dt+dwt, (1.79)

where dwt is a stochastic (Gaussian) noise term known as a
Wiener increment. This term has zero mean, E[dwt] = 0, and
its square is a deterministic variable dw2

t = dt. These properties
follow from Itô calculus [20] and are fundamental for working
with continuous-time stochastic processes. The photocurrent can
then be written as:

I(t) =
√
κ⟨ĉeiθ + ĉ†e−iθ⟩t + ξ(t), (1.80)

where the term ξ(t) = dwt

dt represents a white noise delta-
correlated contribution. In essence, the measured current is the
expectation value of the selected quadrature (determined by the
local oscillator phase θ) plus a random Gaussian fluctuation.
This decomposition is useful because it allows us to model the
measurement outcome as a noisy signal centered around the
expected value of the quadrature. Noise arises naturally from
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the probabilistic nature of quantum measurements. We can now
express dρc(t) (conditioned on the measurement outcome) as:

dρc(t) =
√
κH[ĉeiθ]ρc(t)dwt + o(

√
κdt). (1.81)

To derive the full stochastic master equation for homodyne detec-
tion, we note that averaging over all possible realizations of the
Wiener process must recover the Lindblad-type dissipative evolu-
tion of the unconditional state. Since the Wiener increment has
zero mean, the missing term of order dt can be easily computed.
This leads to the following SME:

dρc(t) = κD[ĉ]ρc(t)dt+
√
κH[ĉeiθ]ρc(t)dwt, (1.82)

Once again, when the initial state is pure, the SME reduces to a SSE,
providing a more efficient way to simulate quantum trajectories
due to the reduced dimensionality of pure states:

d |ψc(t)⟩ =

[
−
κ

2

(
ĉ†ĉ− ĉ⟨ĉ+ ĉ†⟩t +

⟨ĉ+ ĉ†⟩2t
4

)
dt+

+
√
κ

(
ĉ−

⟨ĉ+ ĉ†⟩t
2

)
dwt

]
|ψc(t)⟩ , (1.83)

here we set for simplicity θ = 0. In the case of inefficient detection
with efficiency η:

dρc(t) = κD[ĉ]ρc(t)dt+
√
κηH[ĉeiθ]ρc(t)dwt. (1.84)

1.4 summary

This chapter introduced the mathematical framework and a mod-
ern formulation of the postulates of quantum mechanics, tai-
lored to systems interacting with an external environment and
measurement devices. Restating the postulates served to clarify
the assumptions of the standard formulation, fix the notation,
and highlight their reinterpretation within quantum information
theory. They prescribe how states are represented, how measure-
ments are performed, and how systems evolve under dynamics
or measurements.

We then reviewed the theory of open quantum systems, whose
reduced dynamics is described by CPTP maps. Different deriva-
tions of the Markovian master equation were presented: via the
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quantum operation formalism, from a microscopic Hamiltonian
model, and through a collision model. All approaches converge
to the GKSL equation, the most general description of Markovian
quantum dynamics.

Finally, we considered the case of continuously monitored
quantum systems. Weak measurements retrieve only partial in-
formation about the system, leading to stochastic evolutions
known as quantum trajectories. These are described theoretically
by SMEs. Depending on the measurement protocol, SMEs take dif-
ferent forms, for instance, quantum jumps under photodetection
or diffusive dynamics under homodyne detection.





2
I N T R O D U C T I O N T O Q UA N T U M
T H E R M O D Y N A M I C S

2.1 work , heat and entropy in the quantum world

Having established the general framework of closed and open
quantum systems, we now move to the thermodynamic descrip-
tion of quantum processes. Classical thermodynamics provides a
phenomenological account of energy conservation and entropy
increase, while statistical mechanics connects these notions to
equilibrium ensembles and fluctuation theorems. In quantum
theory, laws of thermodynamics remain valid but require a care-
ful reformulation, since energy exchanges can be mediated both
by coherent control of the Hamiltonian and by incoherent inter-
actions with the environment, while the concept of entropy must
be formulated in terms of quantum states. This section is based
on the book [21] and the seminal paper by Alicki [22].

2.1.1 The First Principle

In close analogy with the classical formulation, let us first con-
sider quasistatic processes, during which a quantum system re-
mains in equilibrium with a thermal environment while an exter-
nal control parameter λ slowly changes the system Hamiltonian
Ĥλ. In this setting, the change in internal energy naturally sepa-
rates into two contributions: variations of the state induced by
interaction with the bath correspond to heat exchange, while
variations due to changes in the Hamiltonian correspond to work
performed on or by the system.

For weak coupling to a heat bath at inverse temperature β, the
equilibrium state is given by the Gibbs thermal state,

ρeq,λ =
e−βĤλ

Zλ
, Zλ = Tr[e−βĤλ ], (2.1)

33
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and all thermodynamic potentials retain their familiar definitions:
the internal energy E = Tr

[
ρeqĤ

]
, and the Helmholtz free energy

F = −β−1 lnZ (omitting the λ subscript for simplicity). With
these, the thermodynamic entropy takes the standard Gibbs-von
Neumann form:

S = β(E− F) = −Tr
[
ρeq ln ρeq

]
. (2.2)

For isothermal and quasistatic processes, the entropy variation
can then be written as

dS = β
(
Tr[dρeqĤ]+Tr[ρeqdĤ]−dF

)
= βTr[dρeqĤ] = βδQ, (2.3)

where the second to last equality follows from a straightforward
evaluation of dF. It is thus possible to distinguish two contribu-
tions to the change in internal energy: the part associated with
state variations, identified as heat δQ, and the part associated
with changes in the Hamiltonian, identified as work δW = dF.
This directly leads to the first law of thermodynamics:

dE = δQ+ δW ≡ Tr[dρeqĤ] + Tr[ρeqdĤ], (2.4)

highlighting the role of free energy as the portion of internal
energy that can be converted into useful work, with the remaining
contribution associated with the entropic cost of the process.

The same operational definitions of heat and work can be
extended beyond equilibrium, to the time-dependent dynamics of
open quantum systems. In the weak-coupling, Markovian regime,
as we have seen in the previous chapter, the reduced dynamics
of a system interacting with a thermal environment is described
by a completely positive dynamical semigroup, generated by
a Lindblad-type master equation. Within this framework, the
instantaneous internal energy,

E(t) = Tr
[
ρS(t) ĤS(t)

]
, (2.5)

naturally satisfies

Ė = Tr
[
ρ̇SĤS

]
+ Tr

[
ρS

˙̂HS

]
, (2.6)

which can be identified with the rate of heat and work exchange
following Alicki’s formulation:

Q̇(t) = Tr
[
ρ̇SĤS

]
, Ẇ(t) = Tr

[
ρS

˙̂HS

]
. (2.7)
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Heat corresponds to changes in the system energy due to varia-
tions of the state ρS(t), i.e. incoherent exchanges with the envi-
ronment, and it is directly associated with the dissipative part of
the dynamics governed by the Lindblad operators ĉi:

Q(t) =
∑
i

κi

∫t
0

dτTr
[
D[ĉi]ρS(τ) ĤS(τ)

]
, (2.8)

while work corresponds to changes induced by external driving:

W(t) =

∫t
0

dτTr
[
ρS(τ)

dĤS(τ)

dτ

]
. (2.9)

This connection provides a natural bridge between equilibrium
thermodynamics and the time-dependent dynamics of open
quantum systems: in the weak-coupling, Markovian regime, the
same definitions of heat and work retain their validity. Outside
this regime, however, strong coupling and non-Markovian effects
introduce system-bath correlations and memory, invalidating
the simple separation between heat and work, as the system no
longer remains close to an instantaneous equilibrium state.

2.1.2 The Second Principle

After establishing the framework for quantum work and heat,
we now focus on the analysis of entropy production in quantum
systems. To this end, we consider a system initially prepared in
a steady-state ρss which, however, is not necessarily the Gibbs
state of the system corresponding to the temperature of the
environment. For a variation of the external parameter λ, the
change in internal energy and von Neumann entropy can be
written as

∆E =W +Q, ∆S = βQ+ Σ, (2.10)

where Q is the heat exchanged with the environment at inverse
temperature β, and Σ ⩾ 0 is the irreversible entropy produc-
tion. Notice that in the quasistatic, reversible limit Σ = 0, and
thus recovering the standard thermodynamic identity ∆S = βQ.
Exploiting the first principle, the nonequilibrium entropy pro-
duction can be written as

Σ = ∆S−β∆E+βW, (2.11)
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and expressing the internal energy in terms of the system Gibbs
state yields

βE = βTr
[
ρssĤ

]
= βTr

[
ρss[−

1

β
(ln ρeq + lnZ)]

]
=

= −Tr
[
ρss ln ρeq

]
− lnZ. (2.12)

For a driving from λ0 to λ1, it can be shown (see [21]) that the
total entropy production reads

Σ = S(ρss(λ0)∥ρeq(λ0)) − S(ρss(λ1)∥ρeq(λ1)) +

−

∫λ1

λ0

dλTr
[
ρss(λ)∂λ ln ρeq(λ)

]
, (2.13)

where S(ρ∥σ) = Tr[ρ(ln ρ− lnσ)] denotes the quantum relative
entropy. This expression provides an exact microscopic formula
for the mean nonequilibrium entropy production of a driven
open quantum system weakly coupled to a single thermal reser-
voir, and remains valid even for intermediate states far from
equilibrium.

In the Limbladian dynamical setting, we can equivalently write

Σ = ∆S−βQ = S(ρ(0)∥ρβ) − S(ρ(t)∥ρβ), (2.14)

where ρβ is the Gibbs state at inverse temperature β. The instan-
taneous entropy production rate,

σ(t) = −
d

dt
S(ρ(t)∥ρβ), (2.15)

is non-negative (σ(t) ⩾ 0) in agreement with the second principle
of thermodynamics. More generally, if the system relaxes to a
non-equilibrium steady state ρ̄, we can define

Σ̄ = S(ρ(0)∥ρ̄)−S(ρ(t)∥ρ̄), σ̄(t) = Tr{L[ρ(t)](ln ρ̄− ln ρ(t))},

(2.16)

where L is the Lindblad generator of the dynamics and again
σ̄(t) ⩾ 0, that is known as Spohn’s inequality [23].
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2.2 the problem of work extraction

In the previous section, we gave a general introduction on the
thermodynamics of open quantum systems and the fundamental
concepts of heat, work, and entropy production. We now turn our
attention to a different but closely related question: how to ex-
tract work from quantum systems. In particular, we focus on the
concept of ergotropy [24, 25]. This quantity offers a fundamental
measure of the maximum extractable work from a closed quan-
tum system and will play a central role later on, when discussing
the performance of quantum batteries.

In the second part of this chapter, we will extend the dis-
cussion to open quantum systems under continuous measure-
ment, taking inspiration from the classical thought experiments
of Maxwell’s demon and Szilard’s engine [26]. These examples
illustrate the deep connection between information and ther-
modynamics, showing how knowledge about a system can be
harnessed to extract additional work. To formalize this concept in
the quantum scenario, we will introduce the notion of daemonic
ergotropy [27, 28], which quantifies the extra work made accessi-
ble by exploiting the information gained through measurement,
going beyond what is possible in the absence of monitoring.

2.2.1 Ergotropy: extracting work from a closed quantum system

A fundamental aspect in the study of work extraction from closed
quantum systems is that these systems evolve under unitary op-
erations, which are inherently non-dissipative. In this framework,
the first law of thermodynamics

dE = δW + δQ (2.17)

simplifies, as δQ = 0, and the work performed by the system is
considered to be positive. For a finite size quantum system with
Hamiltonian Ĥ and initial state ρ0, the work extracted through a
unitary operarion Û is

WÛ = Tr
[
Ĥρ0

]
− Tr

[
Ĥ(Ûρ0Û

†)
]
. (2.18)
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The maximum extractable work from ρ0, known as ergotropy,
is formally obtained by optimizing over all possible unitary
operations:

E(ρ0) = max
Û

WÛ. (2.19)

We can further assume that the Hamiltonian of a (d)-dimensional
system is written in its energy eigenbasis as

Ĥ =

d−1∑
i=0

ϵi |ϵi⟩ ⟨ϵi| , ϵi < ϵi+1, (2.20)

where, for simplicity, the spectrum is assumed to be non-degenerate.
Passive states are a central concept for the characterization of

ergotropy, these are states from which no work can be extracted
through any unitary operation, and they are formally defined as

ρp : Tr[Ĥρp] ⩽ Tr[Ĥ(ÛρpÛ
†)], ∀Û, (2.21)

and they can be represented in the Hamiltonian energy eigenbasis
as

ρp =

d−1∑
i=0

ri |ϵi⟩ ⟨ϵi| , ri > ri+1. (2.22)

It is important to note that the notion of passivity is defined with
respect to a specific Hamiltonian. Changing the Hamiltonian, or
considering a reduced subsystem, does not guarantee that the
state remains passive, as the ordering of populations depends
on the particular energy spectrum under consideration. If we
express the spectral decomposition of any initial state ρ0 as

ρ0 =

d−1∑
i=0

ri |ri⟩ ⟨ri| , ri > ri+1, (2.23)

then the state ρp is said to be the passive state of ρ0. In contrast,
active states are those from which work can be extracted. The er-
gotropy of a generic active state can be decomposed into two dis-
tinct contributions: a coherent part, associated with the presence
of coherences in the energy eigenbasis, and an incoherent part,
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related to the populations of the energy levels. While the coher-
ent contribution is extracted by consuming these coherences, the
incoherent part arises from rearranging populations to minimize
the energy. Since unitary operations preserve the eigenvalues
of the density operator, this minimization can only be achieved
by reordering the populations such that the largest eigenvalue
corresponds to the lowest-energy eigenstate, the second-largest
to the next-lowest, and so on. From this characterization, the
definition of a passive state as diagonal in the energy eigenbasis,
with its eigenvalues arranged in decreasing order with respect
to the corresponding energies, becomes clear. Consequently, the
unitary transformation that maximizes the extractable work is
the one that maps the initial state ρ0 to its associated passive
state ρp, effectively converting all available resources into useful
work.

An interesting remark is that thermal Gibbs states constitute
a special subset known as completely passive states: they remain
passive even when multiple copies of the system are considered.
In contrast, generic passive states do not necessarily retain their
passivity when replicated, as collective unitary operations acting
on several copies can extract work that would be inaccessible
from each system individually. This phenomenon has no classical
analogue and represents one of the first examples of genuinely
collective effects in this framework.

Turning back to our work extracion problem, the passive state
ρp can be obtained from ρ0 by the unitary operation:

Û =

d−1∑
i=0

|ϵi⟩ ⟨ri| . (2.24)

Then the ergotropy can be conveniently espressed as:

E(ρ0) =
∑
j,k

(
|⟨rj|ϵk⟩|2 − δj,k

)
. (2.25)

To conclude, it can be shown that the ergotropy satisfies the
following properties:

• Non-negative and bounded: 0 ⩽ E(ρ) ⩽ E(ρ);

• Zero if and only if ρ is passive;
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• For pure states: E(|ψ⟩) = E(|ψ⟩);

• Convexity: E (
∑

i piρi) ⩽
∑

i piE(ρi).

Here we set the ground-state energy EGS to zero. Otherwise, the
bounds still hold, but one should subtract this energy from E(ρ).

2.2.2 Daemonic Ergotropy

The foundations of informational thermodynamics can be traced
back to Maxwell’s demon, a famous thought experiment intro-
duced by James Clerk Maxwell, which illustrated how informa-
tion acquisition and control could seemingly violate the classical
laws of thermodynamics. In Maxwell’s mind, a hypothetical be-
ing, the so-called demon 1, is able to monitor the positions and
velocities of gas particles within a container divided into two
compartments, and can selectively control a gate between them
to influence the flow of particles. By allowing only fast parti-
cles to pass in one direction and slow ones in the other, the
demon would create a temperature gradient without perform-
ing mechanical work, apparently violating the second law of
thermodynamics.

Building upon this idea, Leo Szilard proposed in 1929 a sim-
plified, quantitative version of Maxwell’s thought experiment,
now known as the Szilard engine (see Figure 2.1) [26]. It con-
sists of a single particle gas at temperature T confined in a box
that can be divided into two equal parts by inserting a partition.
The demon then measures the particle’s position, determining
whether it is in the left or right compartment. After connect-
ing a pulley to the partition containing the particle, the gas is
allowed to expand isothermally, extracting an average work of
kBT ln 2, and seemingly violating the second law of thermody-
namics in its Kelvin-Planck formulation. This protocol provides
a clear illustration of how information about a system can be con-
verted into useful work, highlighting the thermodynamic value
of information.

Modern interpretations recast both the demon and the engine
operations as measurement and feedback processes: the observer

1 The term demon was originally introduced by Lord Kelvin in his work [29],
well before its later popularization by Maxwell.
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(a) (b)

(c) (d)

Figure 2.1: The sequence of operations in the Szilard engine: (a) a
single-particle gas at temperature T is confined in a box; (b)
a partition is inserted, dividing the box into two regions; (c)
the demon measures the particle position, and the engine
is coupled to the partition containing the particle; (d) the
gas is allowed to expand isothermally to extract an average
work of W = kBT ln 2.

performs a measurement on the system, gathers information,
and uses it to condition subsequent actions [30, 31, 32, 33]. The
apparent paradox was resolved by Landauer and the advent of
information theory: Landauer’s principle established that the
erasure of information in any irreversible process necessarily
produces heat, thereby linking informational and thermodynamic
irreversibility and grounding information as a physical quantity
[34].

In this section, we discuss how measurement-based protocols
can be used to enhance the amount of work that can be extracted
from a quantum system, inspired by the ideas behind Maxwell’s
demon and the Szilard engine. Since the ergotropy is convex
functional, for a mixed state expressed as a convex combination

ρ =
∑
k

pkρk, (2.26)

the following inequalitiy holds:

E(ρ) ⩽
∑
k

pkE(ρk). (2.27)
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This means that, on average, more work can be extracted by
optimizing the protocol for each individual component ρk rather
than by applying a single protocol optimized for the mixture ρ.

This scenario naturally arises in the context of continuously
monitored quantum systems: consider a bipartite system com-
posed of a main system S with Hamiltonian ĤS and an auxiliary
system A, initially prepared in a joint state ρSA, where the aux-
iliary system typically represents the environment or the bath.
The maximum work that can be extracted from S is then given
by the ergotropy of its reduced state,

ρS = TrA
[
ρSA

]
, E(ρS) = TrS

[
ĤSρS

]
−TrS

[
ĤS(ÛextρSÛ

†
ext)
]
,

(2.28)

where Ûext is the optimal extracion unitary. If measurements are
performed on the auxiliary system via a POVM {Π̂a

A}, the state of
S becomes conditioned on the measurement outcome a:

ρS|a =
TrA

[
ρSA(IS ⊗ Π̂a

A)
]

pa
, pa = TrSA

[
ρSA(IS⊗ Π̂a

A)
]
. (2.29)

The ergotropy of each conditional state is then extracted by the
optimal unitary Ûa specific to outcome a:

E(ρS|a) = TrS
[
ĤSρS|a

]
− TrS

[
ĤSÛaρS|aÛ

†
a

]
. (2.30)

The daemonic ergotropy is the average over all possible outcomes
of the conditional states ergotropy:

E{Π̂a
A} =

∑
a

paE(ρS|a) = E(ρS) −
∑
a

paTrS
[
ĤSÛaρS|aÛ

†
a

]
,

(2.31)

where we used
∑

a paTrS
[
ĤSρS|a

]
= TrS

[
ĤSρS

]
= E(ρS) since

the linearity of the trace. Convexity ensures that the daemonic
ergotropy is bounded below by the unconditional ergotropy of
the system, and upper bounded by the energy:

E(ρS) ⩽ E{Π̂a
A} ⩽ E(ρS). (2.32)

We can also define the daemonic gain as

∆EΠ̂a
A
= E{Π̂a

A} − E(ρS) ⩾ 0, (2.33)
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that quantifies the enhancement in work extraction due to the
measurements and feedback. The gain is strictly positive unless
the initial state factorizes, ρSA = ρS ⊗ ρA [27]. Crucially, even if
measurements are performed, if the extraction is not optimized
for each outcome ÛA → Ûext, the average extracted work remains
equal to E(ρS), yielding no effective enhancement.

Finally, the physical origin of the daemonic gain lies in the
correlations between S and A. Measurements allow these correla-
tions to be exploited, effectively converting them into additional
extractable work. The enhancement of work extraction due to
measurements can thus be understood in terms of one of the
fundamental resources of quantum information theory: quantum
correlations in the form of quantum discord [35]. In fact, it can
be shown [27] that non-zero discord is a sufficient condition for
daemonic gain for any possible POVM. In particular, correlations
enable the acquisition of information that can be used to perform
feedback operations through indirect measurements. However,
the role of correlations as a resource for work extraction remains
an open question, with ongoing debate about the relative contri-
butions of classical versus quantum correlations [33, 36, 37, 38,
39, 40, 41, 42, 43, 44].

This perspective underscores the deep connection between in-
formation, correlations, and the operational meaning of Maxwell’s
demon in quantum thermodynamics.

2.3 summary

This chapter introduced the basic principles of quantum thermo-
dynamics and their connection to the information theory descrip-
tion of quantum systems. Starting from the notions of work, heat,
and entropy in both equilibrium and time-dependent dynamics
of open systems governed by CPTP maps, we established the
quantum formulation of the first and second laws.

We then addressed the problem of work extraction from closed
quantum systems. The concept of ergotropy was introduced as
the maximum work extractable through unitary operations, de-
termined by difference between the energy of a given state and
the energy of its corresponding passive state.
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In the final part, we explored how measurement-based pro-
tocols can enhance work extraction, inspired by the paradigms
of Maxwell’s demon and the Szilard engine. By conditioning
operations on measurement outcomes, information can be con-
verted into additional work, leading to the definition of dae-
monic ergotropy. The difference between unconditional and dae-
monic ergotropy, the daemonic gain, was shown to originate
from system-environment correlations. This perspective shows
how measurement and information can be harnessed as gen-
uine thermodynamic resources, highlighting the fundamental
link between information and work extraction in the quantum
regime.



Part II

O R I G I N A L W O R K

Part II contains the original contributions of this the-
sis, developed across two contexts in which measure-
ments play a central role.

The third chapter, based on our work Ref. [45], is de-
voted to discrete time crystals, a class of driven quan-
tum many-body systems that exhibit robust subhar-
monic oscillations with potential applications in sens-
ing. The open-system master equation is employed
to investigate how environmental coupling affects
the temporal properties of the time crystal phase,
including its stability and thermodynamic characteri-
zation. We show that discrete-time measurements of
the system can, in some regimes, contribute to the
stabilization of the oscillatory behaviour and serve as
a useful tool for identifying and characterizing tem-
poral order.

The fourth chapter, based on our forthcoming work
Ref. [46], turns to quantum batteries, devices designed
to store and release energy at the microscopic scale.
Here, continuous monitoring of the environment is
shown to influence the energy extraction process
in correlated systems, potentially leading to perfor-
mance improvements compared to the unmonitored
case.

Despite their apparent differences, both studies high-
light measurements as active resources. Rather than
serving merely as diagnostic tools, they emerge as
mechanisms capable of steering, stabilizing, and opti-
mizing the behavior of open quantum systems.





3
D I S C R E T E T I M E C RY S TA L S

The study of out-of-equilibrium systems has received a lot of at-
tention in recent years thanks to the advancements in the control
and manipulation of experimental quantum platforms for the
simulation of many-body systems [47, 48, 49, 50]. In this context,
quantum time crystals [51], exhibiting time translation symme-
try breaking, are at the centre of many recent works, thanks to
their fascinating role in the statistical mechanics of non equilib-
rium phenomena as well as their applications as time sensors
[52, 53, 54, 55]. Time crystals are usually classified as continuous
or discrete time crystals, depending on the breaking, continu-
ous or discrete, of the time translation symmetry. discrete time
crystals [56, 57, 58, 59, 60], which will be the main subject of
this chapter, are periodically driven systems, usually involving
disordered localized many-body systems, which respond with
an order parameter with periodicity which is an integer multiple
of the driving periodicity. Continuous time crystals are typically
found in open quantum systems that exhibit emergent oscilla-
tions, breaking a continuous time translation symmetry. discrete
time crystals have been recently realised experimentally in sys-
tems of NV centres in diamond [61, 62], trapped ions [63], optical
systems [64] and superconducting systems [65]. Their continuous
versions has been realised in cold and ultracold systems [66, 67,
68]. The material presented in the second part of this chapter is
largely inspired by our work [45].

47
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3.1 introduction to time crystals

The concept of time crystals arises from the extension of spon-
taneous symmetry breaking, a central paradigm of condensed-
matter physics, from the spatial domain to the temporal domain.

In equilibrium systems, spatial crystals emerge when contin-
uous translational (or rotational) symmetry in space is sponta-
neously broken [56]: the Hamiltonian describing N interacting
particles confined in a volume with periodic boundary conditions,

Ĥ =

N∑
i=1

p̂2
i

2mi
+
1

2

N∑
i ̸=j

U(r̂i − r̂j), (3.1)

is invariant under arbitrary spatial translations ri → ri + R. Al-
though this symmetry forbids any spatial periodicity in any
non-degenerate eigenstate, the two-point correlation function
ρ2(r1, r2), which gives the probability density of finding a second
particle at r2 given that one has been detected at r1, can still
exhibit a periodic modulation,

ρ2(r1, r2) = ρ2(r1, r2 + a), (3.2)

where a is a characteristic lattice vector that defines the spatial
periodicity of the system. This modulation selects one particular
configuration from an infinite family of symmetric ones. When
such selection occurs, we say that the system has spontaneously
broken a continuous translational symmetry, as is typically the case
in spatial crystals.

In 2012, Wilczek and Shapere proposed a temporal analog
of this phenomenon both in the quantum [51] and the classical
realm [69], a time crystal, asking whether a time-independent
many-body system could spontaneously organize in time and
display persistent motion even in its lowest-energy state.

The classical model involved a particle described by a non-
canonical Lagrangian,

L(q, q̇) = −
κ

2
q̇2 +

λ

4
q̇4, (3.3)

leading to the energy

E(q̇) = −
κ

2
q̇2 +

3λ

4
q̇4. (3.4)
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The minimum of E satisfies

∂E

∂q̇
= −κq̇+ 3λq̇3 = 0, (3.5)

yielding the nontrivial solutions q̇ = ±
√

κ
3λ . In this simple model,

the lowest energy state corresponds to uniform velocity, imply-
ing that the system “ground state" evolves periodically in time.
This apparent contradiction can be resolved realizing that this
Lagrangian cannot be converted into an Hamiltonian smoothly.
That is, the Hamiltonian is a multi-valued function of the mo-
mentum with cusps corresponding precisely to energy minima at
q̇ = ±

√
κ
3λ , where the Hamilton equations are not well defined.

Wilczek extended this reasoning to quantum many-body sys-
tems, proposing a model of N bosons on an Aharonov-Bohm
ring [70, 71],

Ĥ =

N∑
i=1

(p̂i −α)
2

2
+
g0
2

∑
i ̸=j

δ(x̂i − x̂j), (3.6)

where g0 < 0 denotes the strength of attractive contact interac-
tions and α is a magnetic flux. The system exhibits continuous
translational symmetry in both time and space. As a result, the
probability density of any eigenstate remains invariant under
arbitrary time translations and any translation of all particles
along the ring. In the mean field limit, when α = 0, the system
localizes and forms a Bose-Einstein condensate that breaks spa-
tial translational symmetry. Wilczek conjectured that, under the
influence of α, and in the thermodynamic limit, when N → ∞
and g0 → 0 but g0N = const, the Bose-Einstein condensate could
form a soliton moving uniformly around the ring, giving rise to
a time-periodic density in their ground state.

However, it was later proven (see [72] and [73]) that such
continuous time translation symmetry breaking cannot occur in
thermal equilibrium or for systems in the ground state, and the
quantum time crystal proposed by Wilczek was actually wrong.

Yet, the notion of time crystals survives in non-equilibrium set-
tings. Depending on the type of time translation symmetry that is
broken, one can distinguish between different classes of time crys-
tals. When the symmetry is broken in a continuous manner, the
system is said to be a Continuous Time Crystal (CTC). For these
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systems, the research is mainly focused on non-equilibrium open
quantum systems, where the interplay between coherent and
dissipative processes allows for persistent oscillations of macro-
scopic observables. A paradigmatic example is the Boundary
Time Crystal (BTC) [74, 75]. It consists of a system composed by a
bulk (with NB degrees of freedom) interacting with a boundary
(typically a spin ensemble, with Nb degrees of freedom). The
thermodynamic limit is taken as Nb,NB → ∞ with Nb/NB → 0,
meaning that the boundary remains infinitesimal compared to
the bulk, yet still macroscopic. The interaction induces a dissi-
pative Lindbladian dynamics on the boundary, beyond a critical
point, the boundary enters a regime of persistent oscillations,
signaling the spontaneous breaking of continuous time transla-
tion symmetry. From a spectral perspective, this time crystalline
behaviour is encoded in the properties of the Liouvillian operator
generating the dissipative dynamics and in the emergence of a
large decoherence-free subspace that prevents the system from
fully relaxing. In the BTC phase, the real part of the Liouvillian
gap [76] closes, leading to a degenerate non-equilibrium steady-
state subspace with coherences that persist indefinitely, while
the imaginary parts of some Liouvillian eigenvalues within this
subspace remain finite, giving rise to nontrivial oscillations in
the long time dynamics.

The vast majority of time crystalline phenomena, however,
belong to the discrete symmetry-breaking scenario. A Discrete
Time Crystal (DTC), or Floquet time crystal [56, 57, 58, 59, 60],
arises in periodically driven systems with Hamiltonians Ĥ(t+

T) = Ĥ(t), which are invariant under discrete time translations
t → t + T . A DTC corresponds to a non-equilibrium phase in
which this discrete symmetry is spontaneously broken to a longer
period nT . Formally, for an observable Ô,

⟨Ô(t+ T)⟩ ≠ ⟨Ô(t)⟩, ⟨Ô(t+nT)⟩ = ⟨Ô(t)⟩. (3.7)

This subharmonic response reflects collective synchronization at
a frequency ω/n, distinct from the drive frequency ω = 2π/T .

However, to claim that a system is in a DTC phase, the symme-
try breaking must be stable, in the thermodynamic limit, against
weak perturbations of the system parameters [57]. The reason is
that even completely isolated quantum systems generally ther-
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malize. In such systems, different subsystems effectively act as
heat baths for one another, so that the long-time expectation
values of local observables under a static Hamiltonian become
indistinguishable from those of a thermal state described by the
corresponding canonical ensemble. This process is referred to as
thermalization. In periodically driven systems, however, energy is
not conserved, since the drive can continuously inject energy into
the system through Floquet heating. Thermalization in this context
corresponds to the system heating up until it reaches a state
that is locally equivalent to an infinite-temperature ensemble [77,
78, 79]. Although certain integrable or non-interacting models
can avoid thermalization, they do so only under fine-tuned con-
ditions and typically thermalize once weak perturbations are
introduced, effectively breaking any DTC phase. For this reason,
the appearance of DTC behaviour requires mechanisms that sup-
press Floquet heating, such as Many-Body Localization (MBL) or
Floquet prethermalization.

In the former case, when disorder is sufficiently strong, an iso-
lated one-dimensional quantum system can enter the MBL phase
[80, 81, 82]. In this regime, the system has an extensive number
of emergent quasi-local conserved quantities, which prevent it
from thermalizing and allow it to retain memory of its initial
conditions indefinitely during unitary evolution. Importantly,
MBL can also occur in periodically driven systems, where it plays
a crucial role in suppressing Floquet heating and thus stabilizing
non-equilibrium phases.

However, disorder is not always necessary. Nontrivial Floquet
phases can appear even in the absence of MBL, provided we
slightly relax the strict requirement for the DTC phase to allow
for states that are exponentially, but not infinitely, long lived.
When the drive frequency is much larger than the local energy
scales of the system, energy absorption from the drive requires
distributing it over many excitations. As a result, heating is very
slow, and the system can be for an extended time in a quasi-
steady state, known as a prethermal state [84, 85, 86, 87], where
nontrivial phases, including prethermal DTCs [88], can emerge.

To summarize, a DTC can be understood as a many-body sys-
tem non-equilibrium steady state that evolves into a stroboscop-
ically periodic configuration, exhibiting long-range temporal
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Spin-flip
pulse

Spin-flip
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Spin-flip
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Interactions + 
Random disorder

Interactions + 
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Drive period 𝑻

Oscillations at period 𝟐𝑻

Figure 3.1: The recipe to obtain a DTC: a chain of quantum spins is
driven by imperfect spin-flip pulses and subsequently al-
lowed to interact in the presence of random disorder. Al-
though the driving sequence repeats every period T , the
system exhibits emergent oscillations with period 2T , the
defining signature of a DTC. Adapted from [83].

correlations and robust order against small perturbations: even
if the drive parameters are slightly changed the period of the
time crystal remains locked. A typical realization [89] involves
a 1D chain of quantum spins subjected to imperfect spin-flip
pulses followed by interactions among the spins in the presence
of disorder, as pictorially shown in Figure 3.1.

To conclude, continuous and discrete time crystals both em-
body spontaneous breaking of temporal symmetry, but they
differ fundamentally in their microscopic origin and physical
context:

CTC: Ĥ(t) = Ĥ, ⟨Ô(t+ τ)⟩ = ⟨Ô(t)⟩ with τ arbitrary,

only out of equilibrium and in open quantum systems;

DTC: Ĥ(t+ T) = Ĥ(t), ⟨Ô(t+nT)⟩ = ⟨Ô(t)⟩ with n integer,

robust subharmonic response in disorder Floquet

or prethermal systems.
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3.2 thermodynamics and protection of discrete time

crystals

Despite the huge interest that time crystals have generated, the
analysis of their thermodynamics, for instance how much work
is necessary to maintain them, their heat exchange and entropy
production, has been mostly overlooked. In Ref.[75], the ther-
modynamics of the so called boundary time crystals, a class of
continuous dissipative time crystals [74], has been thoroughly
studied by introducing a microscopic model and a consistent
framework for the thermodynamic assessment of their dynamics.
In Ref.[90], the analysis was extended to two coupled boundary
time crystals and it was shown how the system can be used for
energy storage.

In this section, we present an extensive thermodynamic anal-
ysis of a DTC. We introduce the two-stroke spin-1/2 spin chain
Hamiltonian and a thermodynamically consistent Lindblad mas-
ter equation for the description of its dissipative evolution. Using
this framework, in the first part of the section, we evaluate the
work and heat exchanged during each period of the time evolu-
tion as well as the entropy production. In the second part, we
introduce a periodic measurement scheme with the objective of
preserving as much as possible the time crystal signature that
would otherwise disappear in the presence of an external envi-
ronment. We show that it is possible to significantly mitigate the
damaging effects of the environment on the time crystal, thus
preserving the subharmonic oscillations characteristic of the DTC.
Although the benefits of the measurement scheme are limited on
average, we observe a stabilisation of parameters associated to
the staggered magnetisation at the level of individual trajectories.

The section is organized as follows: In subsection 3.2.1 we
present the DTC model that is the subject of our studies. In sub-
sections 3.2.2 and 3.2.2.1 we show our results concerning the
subharmonic response of the DTC in the presence of a thermal
bath and its thermodynamic properties, in particular we show
that the signature of the DTC will perish after a certain time re-
gardless of temperature and coupling. In subsection 3.2.2.2 we
describe the measurement scheme and show our results. Finally,
in subsection 3.2.3 we draw our conclusions.
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3.2.1 Model

In this section we study a driven one-dimensional spin-1/2 chain
described by the time-dependent Hamiltonian [59, 91, 92, 89]:

ĤS(t) =

Ĥz if 0 ⩽ t < Tz,

Ĥx if Tz ⩽ t < T = Tx + Tz.
(3.8)

This Hamiltonian is a periodic function with period T = Tz + Tx,
where Ĥz and Ĥx are defined as follows:

Ĥz =
1

2

N∑
i=1

hiσ̂
z
i , (3.9)

Ĥx =

N−1∑
i=1

Jiσ̂
x
i σ̂

x
i+1, (3.10)

where (σ̂xi , σ̂yi , σ̂zi ) represent the Pauli operators for spin i. The
values of the magnetic fields hi and couplings Ji are randomly
drawn from uniform distributions with mean values J̄ and h̄:

Ji = J̄+ δJξi, (3.11)

hi = h̄+ δhξ̃i, (3.12)

where ξi and ξ̃i are independent uniformly distributed random
variables between -1 and 1, δh and δJ are the widths of the distri-
butions. From now on we will refer to the part of the evolution
defined by Ĥx (Ĥz) as the x-stroke (z-stroke). To observe the DTC

effects we need to consider this model in the π-SG phase [91]
(SG=spin glass). Additionally the initial state of the system must
break the Z2 symmetry of the Hamiltonian. We have numerically
implemented this model for an N-spin system. Henceforth, we
will fix the mean value of hi as h̄ = π and of Ji as J̄ = π/4,
the width of the distribution is fixed as 0.5 for both the set of
parameters. The inital state is fixed as ρ(0) = |+⟩ ⟨+|, where |+⟩
being the state of all the spins pointing upwards along the x
direction: |+⟩ = |↑x . . . ↑x⟩. By choosing these parameters and
initial state and by setting Tz = Tx = 1, the dynamics of the
time crystal becomes readily comprehensible: the z-stroke simply
rotates each spin by θi = hiTz around the z-axis, then the system
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evolves under Ĥx. Here, disorder is needed to keep the system
in a many-body localized phase; otherwise, the system would
thermalize, destroying the time crystal ordering. The subsequent
z-stroke approximately returns the spins to their initial positions.
Finally, the x-stroke localizes the spins again. The emergence of
the time crystal can be explored by measuring either the mag-
netization of a single spin ⟨σ̂xi (t)⟩ or the total magnetization
⟨Sx(t)⟩ = 1

N

∑
i⟨σ̂xi (t)⟩, both quantities exhibiting periodicity at

half the frequency of the driving. This specific choice of the ini-
tial state provides a nice way to visualise these dynamics but
we must note that this periodic behaviour is observed for many
initial states, however, the amplitude of the signal will depend
on the initial value of the chosen signature.

With this setup in mind, we can investigate the role of an
external environment on the time crystal behaviour using the
Lindblad master equation formalism [2, 9, 10]. Let ρS be the
system density matrix, obtained by tracing out the environment
degrees of freedom, in the weak coupling and Born-Markov
approximation the system master equation reads:

d
dt
ρS(t) = −i

[
ĤS, ρS(t)

]
(3.13)

+
∑
ω

(
L̂ωρS(t)L̂

†
ω −

1

2

{
L̂†
ωL̂ω, ρS(t)

})
,

with the jump operators L̂ω defined as:

L̂ω =
√
γ(ω)

∑
ϵ ′−ϵ=ω

|ϵ⟩ ⟨ϵ| V̂ |ϵ ′⟩ ⟨ϵ ′|

=
√
γ(ω)

∑
ϵ ′−ϵ=ω

|Vϵϵ ′ | |ϵ⟩ ⟨ϵ ′| , (3.14)

withω = ϵ ′−ϵ, |ϵ⟩ (|ϵ ′⟩) being an eigenstate of ĤS (which can be
either Ĥz or Ĥx) with energy ϵ (ϵ ′) and finally Vϵϵ ′ = ⟨ϵ| V̂ |ϵ ′⟩,
with V̂ being the interaction operator between the system and
the environment degrees of freedom. The rates γ(ω) are defined
as

γ(ω) =
Γ2|ω|e−|ω|

1− e−β|ω|
(Θ(ω) + e−β|ω|Θ(−ω)), (3.15)

where Γ is the system-bath coupling strength and β is the inverse
temperature of the bath.
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Since it will be useful later, let us rewrite the master equation
for a single stroke as ρ̇S = Lx(z)ρS, where Lx(z) is the Lindblad
super-operator of the system in the Ĥx(Ĥz) stroke. In this frame-
work, the evolution of the system’s density matrix is given by the
exponential of Lx(z), introducing the evolution super-operator
for each strokes as Λx(z)(t) ≡ etLx(z) . For simplicity, we define
the evolution super-operator for a single period T as:

Λ(t) ≡

Λz(t) if 0 ⩽ t < Tz,

Λx(t− Tz)Λz(Tz) if Tz ⩽ t ⩽ T ,
(3.16)

where 0 ⩽ t ⩽ T .

3.2.2 Results

With the master equation at hand, we can now simulate our
time crystal and compute its characteristic signature ⟨Sx(t)⟩ as
a function of time, using the methods described in the previous
section:

⟨Sx(t)⟩ = Tr
[
ρS(t)Ŝx

]
. (3.17)

Before we begin, we would like to emphasize that the jump
operators we derived differ significantly from those proposed in
Ref. [92]: L̂ϵϵ ′ = g(ϵ ′)|Vϵϵ ′ | |ϵ⟩ ⟨ϵ ′|, where g(ϵ ′) ∝ exp(−βϵ ′). In-
deed, this approach led to an unexpected dependence of the time
crystal signature on temperature: surprisingly, the oscillations
became less damped as the bath temperature increased. As we
shall see, our model instead reproduces the expected behaviour.
This anomalous temperature dependence can be traced back to
the specific form of the transition rates g(ϵ ′) used in their model,
which do not satisfy the detailed balance condition. In contrast,
the rates in our master equation do fulfill detailed balance, thus
ensuring thermodynamically consistent dynamics. This distinc-
tion provides a plausible explanation for the discrepancy and
supports the validity of our approach.

First of all we must choose the interaction operator V̂. The
choice of interaction operator V̂ with the thermal bath is crucial
for the interpretation of the subsequent results. We will consider
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(b)(a)

Figure 3.2: The time crystal signature ⟨Sx(t)⟩ as a function of time for
different inverse temperatures of the bath β. Grey and white
stripes correspond to the z- and x-strokes, respectively. (a)
Shows the results in the z-interaction while (b) the ones for
x-interaction. Here the model parameters are set to N = 6

and Γ = 0.01.

two choices in this paper: V̂ =
∑

i σ̂
z
i and V̂ =

∑
i σ̂

x
i , which

are both relevant to model experimental platforms for the re-
alisation of DTC. Selecting one over the other leads to different
and non-trivial outcomes since both do not commute with at
least one of the Hamiltonian strokes. If the system is viewed as a
collection of two-level systems in the σ̂z basis, the former choice
(z-interaction) is effectively a dephasing channel. As we will see
in the following sections, this results in dephasing during the
z-stroke and dissipation during the x-stroke. The latter choice
(x-interaction) can be seen as a dissipation channel. However,
it is important to note that this channel will cause dissipation
during the σ̂z stroke but only dephasing during the σ̂x stroke
of the Hamiltonian since it commutes with it. From here on, we
will treat these two noise channels separately, highlighting the
qualitatively different outcomes that each produces.

We simulate the time crystal made by up toN = 6 sites for both
interactions at different inverse temperatures β and for Γ = 0.01,
obtaining the results shown in Fig. 3.2 for N = 6. Our micro-
scopic bath model leads the temperature dependence depicted in
the figure, showing that the system decays faster with increasing
temperature, as expected but in contrast with Ref. [92]. Addi-
tionally, it seems to reveal that the oscillations remain unaffected
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(a)

(b)

Figure 3.3: Scaling of the DTC signature in the case of z-interaction (a)
and its Fourier transform (b), all the result are obtained with
Γ = 0.01.

by the thermal bath in the zero-temperature limit. However, the
oscillations still decay over long timescales (for finite size crystals)
or in the case of large Γ , indicating that the system is not entirely
immune to dissipation. Another notable observation from Fig.
3.2 is that, at the same temperature, the time crystal decays much
faster when V̂ is an x-interaction compared to the case in which it
is an z-interaction. In the latter, the effect of dephasing in the σ̂z
stroke essentially leads to an imperfect spin flip. It is important
to emphasize that these fluctuations are incoherent and due to
noise, thus they tend to destroy localization and suppress the
DTC signature, in contrast to the imperfect but coherent spin
flips induced by Hamiltonian disorder. More interesting is what
happens in the case of x-interaction, which acts as dephasing in
the x basis, effectively breaking the many-body localization [93],
which is the reason for the much faster decay observed.

In order to investigate the role of system size on the DTC sig-
nature, we computed it for different system sizes under both
z-interaction (Fig. 3.3) and x-interaction (Fig. 3.4). To better high-
light the subharmonic response, we also calculated the Fourier
transform ⟨Ŝx(t)⟩ of the DTC signature. As shown in the plots, in
the case of z-interaction the DTC signature decays in the same way
regardless of the system size for fixed temperature. The situation
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(a)

(b)

Figure 3.4: Scaling of the DTC signature in the case of x-interaction (a)
and its Fourier transform (b), all the result are obtained with
Γ = 0.01.

is markedly different for the x-interaction, where, apart from the
special case of N = 4, the DTC signature at a fixed temperature.
becomes more fragile as the system size increases.

3.2.2.1 Thermodynamics

Building upon our model of a system that exhibits a discrete
time crystal phase coupled to a thermal bath, we now turn our
attention to its thermodynamic properties. With this foundation,
we can explore the rates of change of key thermodynamic quan-
tities: entropy (Ṡ(t)), heat (Q̇(t)), and work (Ẇ(t)). These rates
in the weak coupling limit are formally defined as follows [22]:

Ṡ(t) = −Tr
[
ρ̇ ln ρ

]
, (3.18)

Q̇(t) = Tr
[
Ĥρ̇
]
, (3.19)

Ẇ(t) = Tr
[ ˙̂Hρ

]
. (3.20)

By these conventions, the change in the system’s energy defined
as U̇(t) = d

dtTr
[
Ĥρ
]

fulfils the first law of thermodynamics:

U̇(t) = Ẇ(t) + Q̇(t). (3.21)

This formulation indicates that a positive Q̇ corresponds to heat
flowing into the system. Our analysis demonstrates that these
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thermodynamic properties follow the general trends depicted
in Fig. 3.5, for both z- and x-interactions. Analyzing Fig. 3.5, we
can observe several expected behaviours. Whenever the Hamil-
tonian switches, work is performed on the system, resulting in
the injection of heat, which is then gradually dissipated as the
system cools until the subsequent switch. The entropy of the sys-
tem increases monotonically, though at a decreasing rate, which
can be attributed to the continuous coupling with the external
environment. This increasing entropy is indicative of the sys-
tem’s progression towards thermal equilibrium, driven by the
interaction with the thermal bath. As observed in the case of
z-interaction, during the z-stroke evolution (grey stripes in Fig.
3.5 (a)), which corresponds to pure decoherence, we find that
Q̇+ Ẇ = U̇ = 0. This result is consistent with previous thermo-
dynamic studies on pure decoherence [94]. A similar behaviour is
seen for the x-interaction, but during the x-stroke (white stripes
in Fig. 3.5 (b)). In general, the magnitude of the work features
depends on the specific disorder realisation within the system.

What seems clear is that when the system is coupled to the
environment, the time crystal signature inevitably decays. The
unstructured environment we consider in this paper leads to
the loss of crucial coherences, causing the signature of the DTC

to fade away. To demonstrate this behaviour we decreased the
inverse temperature β (Fig. 3.6), and we integrated the thermody-
namic quantities defined above. For high enough temperatures
or coupling strength the system tends to a quasi-periodic non-
equilibrium steady state. This regime can be observed by exam-
ining the fidelity between the system state and the thermal states

ρ = e−βĤ

Tr
[
e−βĤ

] (where Ĥ is Ĥz or Ĥx), and additional insights can

be gained from the entropy, as shown in Fig. 3.6.
Initially, the system’s entropy increases during both strokes. How-
ever, in the z-interaction case (Fig. 3.6 (a)), the steady state is char-
acterized by an increase in entropy during the z-stroke, followed
by a corresponding decrease during the x-stroke. The reverse
behaviour is observed in the x-interaction case (b). During the
Ĥz stroke, the process leads to pure dephasing, which can only
increase the system’s entropy. Conversely, the Ĥx stroke is not
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(a)

(b)

Figure 3.5: This figure shows the thermodynamic rates and the time
crystal signature for two different choices of interaction
between the time crystal and the bath. Grey and white
stripes correspond to the z- and x-strokes, respectively. (a): z-
interaction, (b): x-interaction. Other parameters: N = 6, β =

0.5, Γ = 0.1. As can be seen, heat dissipation occurs in two
different strokes depending on the chosen interaction. Work
is performed on the system when the Hamiltonians are
switched, finally Ṡ(t) is always positive (with different rates
depending on the stroke) in accordance with the second
law.

thermalizing and can lead to a reduction in entropy, as depicted
in Fig. 3.6.

Throughout this process, when the steady state is reached, the
work done on the system ∆W is positive and it grows indefinitely
with a periodic time modulation, while heat ∆Q is consistently
decreasing again with a periodic time modulation. These fea-
tures indicate that the system acts like a dissipator: it absorbs
work and releases heat into the bath. Additionally, at least in
the z-interaction case, we find that energy flows into the system
during the Ĥx stroke and out of the system during the Ĥz stroke
while the DTC is still active. Once the DTC phase decays, energy
consistently flows out of the system. Entropy quickly reaches the
value of a fully mixed state, and the system reaches a periodic
non-equilibrium steady state, as evidenced by the fidelity fluctu-
ations with the thermal states of the two Hamiltonians. Finally,
we note that in the low β limit, thermalization occurs much more



62 discrete time crystals

(a)

(b)

Figure 3.6: The death of the time crystal: Time crystal signature and
thermodynamic quantities (first column), half chain Von
Neumann entropy (second column) and fidelities with Ĥx

and Ĥz thermal states (third column) as a function of time;
for the DTC with: N = 5, low β: β = 0.05, Γ = 0.1. (a):
z-interaction, (b): x-interaction.

slowly in the x-interaction case, even though the time crystal
signature decays faster, as depicted in Fig. 3.6.

3.2.2.2 Measurements

In the previous sections, we explored the thermodynamic prop-
erties of a discrete time crystal. Our analysis demonstrated that,
inevitably, the system decays when coupled to a thermal bath.
This decay is a consequence of the environment-induced loss of
coherence, which erases the signature of the DTC.

Given these findings, we now turn our attention to a critical
question: can we somehow enhance the lifespan of the DTC? One
promising approach involves the consideration of repeated mea-
surement schemes. By strategically implementing these measure-
ments, we aim to investigate whether it is possible to stabilize
the DTC phase and extend its coherence time in the presence
of environmental interactions. In this section, we will explore
this approach, examining the potential benefits and mechanisms
through which repeated measurements can influence the DTC’s
behaviour and longevity.
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The idea, which we describe in the following, is particularly
suited for the selected parameters, where the time crystal oscil-
lates between |+⟩ and |−⟩. Every period T the system approaches
one of these states and, with this in mind, we measure the total
magnetization Ŝx = 1

N

∑
i σ̂

i
x at each period to “reset" and purify

the system. By performing these measurements, the aim is to
counteract the decoherence induced by the environment and
potentially stabilize the oscillatory behaviour of the time crystal,
thereby extending its coherence and lifespan. A similar scheme
has been considered in [95], where the authors implemented a
continuously monitored Floquet time crystal on a quantum com-
puter. Their approach is based on the application of a periodical
quantum-classical feedback protocol. They show that single-qubit
corrections based on measurement outcomes of randomly chosen
qubits are able to enhance spatiotemporal order of the DTC sig-
nal. The difference is that in our case an experimentally simpler
protocol without feedback after measurement is considered, to
let the system evolve on its own, without any external “help”.

Starting from a generic initial state ρ(0) at time t = 0, the state
after one period of the evolution is then:

ρ(T) = Λ(T)ρ(0) = Λx(Tx)Λz(Tz)ρ(0). (3.22)

Now, if we measure the total magnetization Ŝx, the state after the
measurement is given by:

ρ ′i(T) =
Π̂iρ(T)Π̂i

pi
, (3.23)

where pi is the probability of measuring the eigenvalue mi of
Ŝx, and Π̂i is the corresponding projector. The procedure is then
repeated with ρ ′i(T) as the initial state for the next period. Note
how the period of the measurement is the same as that of the
driving and cannot hence induce a sub-harmonic response.

Furthermore, since we are interested in the time crystal signa-
ture, we need to average the observable over all possible mea-



64 discrete time crystals

surement outcomes. By definition, assuming that T < t ⩽ 2T ,
this is given by:

⟨Sx(t)⟩ =
∑
i

pi⟨Sx(t)⟩i =
∑
i

piTr
[
ŜxΛ(t)ρ

′
i(T)

]

≡ Tr
[
ŜxΛ(t)ρ

′′
]

, (3.24)

where we have defined ρ ′′ ≡ ∑
i Π̂iρ(T)Π̂i. In this way, the av-

erage is conveniently calculated by determining the statistical
mean value of the state Λ(t)ρ ′′, which is nothing more than the
time evolution of the incoherent mixture of all possible eigen-
states of the observable Ŝx. It is straightforward to see that the
procedure can be iterated for 2T < t ⩽ 3T by replacing ρ ′′ with
ρ ′′′ ≡ ∑

i Π̂iΛ(T)ρ
′′Π̂i, and so on for larger times.

With this formula, we can compute the DTC signature as a
function of time and inverse temperature. First, we notice that
for the z-interaction, measurements do not improve the DTC

lifespan; however, there is a stabilization of periodicity in the
presence of an external field. More interestingly, in the case of
the x-interaction, the results are notably different. In Fig. 3.7, we
have plotted the absolute relative difference between the time
crystal signature without measurements and with measurements
performed every T :

Er =
|⟨Sx⟩0|− |⟨Sx⟩|

|⟨Sx⟩0|
(3.25)

as a function of time and inverse temperature. As can be seen,
there is a moderate advantage (roughly an order of magnitude)
for high temperatures and long times (darker region of the plot)
whereby the mean DTC’s signature in the presence of measure-
ments (red curve in the right panel) has a larger amplitude than
the signature without measurements (blue curve in the right
panel).

This improvement can be interpreted as a sort of sub-Zeno
effect caused by measurements. The quantum Zeno effect is a
phenomenon in quantum mechanics in which frequent measure-
ments can inhibit the evolution of a quantum system [96]. This
effect is particularly significant and better understood in closed
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(a) (b)

Figure 3.7: (a): The relative difference Er as a function of time and
inverse temperature. (b): Er as a function of time for β =

0.05. Other parameters: N = 5, Γ = 0.01.

quantum systems, where continuous observation can effectively
freeze the dynamics by repeatedly collapsing the wave function
due to the short time quadratic behaviour of the fidelity. In open
quantum systems, the situation is quite different. In general, it
is not possible to determine a-priori whether a system can be
frozen or not, and indeed, measurements typically have the op-
posite effect [97, 98]. However, Zeno dynamics can manifest itself
as a slowed down decoherence or even stabilization of certain
states due to frequent measurements. In our case, the frequency
of the measurements is determined by the driving period, which
is more or less of the same order as the decay time of the time
crystal. This prevents a true Zeno effect from occurring, and for
this reason, we refer to it as a sub-Zeno effect.

Moreover, the reason why this improvement here occurs only at
high temperatures and not at low temperatures can be intuitively
understood through the disordered nature of the DTC’s Hamil-
tonians. At low temperatures, the time crystal does not evolve
into the states |+⟩ and |−⟩ precisely. Therefore, the probability
of measuring one of these magnetizations is never one, which
inevitably leads to “errors” due to the measurement process. This
randomness prevents a proper Zeno effect from occurring at low
temperatures.

As we have seen before, on average, the advantage of the
measurement scheme is limited to high temperature regions.
However, we can obtain interesting insights into the DTC by
examining individual trajectories and in particular the outcomes
of measurements. Using the outcomes, we define a vector m,
where each component represents an outcome, and its length
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defect

-1 -1 -1 -1 -1

-1/2 -1/2

+1 +1 +1

+1/2 +1/2

Time

Figure 3.8: Pictorial example of measurement string for N = 4. Each
measurement is performed every time T . Negative measure-
ment results are shown in red and positive results in blue.
When there are two consecutive measurements of the same
sign we have a defect (represented in green), the dotted line
divides two different domains. The possible outcomes for
N = 4 are 1, 1/2, 0,−1/2, 1; note that we do not consider the
consecutive measurements −1 and 1/2 as defects.

corresponds to T, the total number of periods driven (total time
is TT ). For all intents and purposes, this vector can be considered
a kind of classical spin system in the time domain, allowing us to
calculate various quantities that could provide information about
the time crystal. In principle, in the zero-temperature limit for
the chosen parameters, as we measure Ŝx each period, we expect
to observe an alternation of 1 and -1, except for possible errors
due to the imperfect spin flip pulses. This approach enables us
to gain a deeper understanding of the DTC’s behaviour under
different conditions. We can define a time-staggered magnetization:

M ≡ 1

T

T∑
i=1

mi(−1)
i, (3.26)

which would take the maximum values ±1 in the case of perfect
alternation of signs. In general, it assumes values between -1
and 1: due to the coupling with the bath, errors may occur,
manifesting as intermediate measurements (e.g., in the case of
four spins, we may measure 1/2 instead of 1) or, in the most
extreme cases, as changes in sign. We refer to these changes in
sign as defects: a defect occurs whenever the magnetization at
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two consecutive times (mi, mi+1) does not change sign. Thus,
we can define the defect density as:

dw =
1

T

T∑
i=1

1+ sgn(mi)sgn(mi+1)

2
. (3.27)

This quantity can take values between 0 and 1. In the case of
perfect alternation of signs, it is 0, while in the case of completely
aligned signs, it reaches 1. Furthermore, we can define domains
as sets of consecutive defect-free measurements. We therefore
define the mean size of these domains as

A =
1

No. of domains

∑
domains

l(domain), (3.28)

where l indicates the length of a domain. This quantity is related
to the width of the measurement string auto-correlation function,
since the latter measures the characteristic time scale over which
the signal remains correlated with itself, indicating how quickly
the correlations in the signal decay.

In Fig. 3.9, the quantities defined earlier are shown as functions
of the measurement string length T, averaged over 100 different
realizations and for various system sizes. As can be observed, for
the chosen temperature, the staggered magnetization M (where
the bar indicates the average over the different realizations) de-
cays for each system size following what appears to be a power
law. More interestingly, both dw and A seem to settle on distinct
plateaus. In the case of dw, the height of the plateau decreases
with increasing system size, while for A, it appears to increase.
The measurement string thus seems to form distinct domains
that indicate the underlying time crystal phase, suggesting an
increasing robustness of the time crystal with system size.

A natural question that arises at this point is what happens
when the temperature of the system is varied. To address this
question, we varied the inverse temperature β while keeping
T = 500 fixed. As shown in Fig. 3.10, the system exhibits in-
teresting behaviour. Two distinct regimes can be observed: a
disordered one, which occurs for small β values and character-
ized by a non-zero defect density and almost unit-sized domains
dimension, and an ordered regime, where the defect density
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Figure 3.9: Time-staggered magnetization of the time crystal (a), defect
density (b) and average domain size (c) as function of T for
different time crystal sizes for β = 10 and Γ = 0.01.

(a) (b) (c)

Figure 3.10: Staggered magnetization (a), defect density (b) and average
domain size (c) as a function of β for different time crystal
sizes for T = 500 and Γ = 0.01.

tends to zero and the domains dimension becomes macroscopic.
Interestingly, information about the time crystal phase can be
extracted directly from the results of repeated measurements,
without the need for reconstructing averages, as even a few tra-
jectories already provide the relevant information. This feature
could be particularly advantageous in experimental applications.

3.2.3 Conclusions

In this work, we examined the properties of a DTC coupled to a
global bosonic thermal bath, in the weak-coupling and Marko-
vian limit. In particular, we have derived the proper form of
the jump operators from the microscopic model and we have
calculated some relevant thermodynamic quantities, such as heat,
work and entropy.
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Our analysis demonstrates that, for any temperature of the ther-
mal bath, the coupling to the latter suppresses the subharmonic
response characteristic of DTC. Therefore, we have focused on try-
ing to stabilize these systems, specifically using a simple protocol
involving repeated projective measurements. As expected, on
average, these measurements have a moderate or even a negative
effect, since they essentially mimic decoherence. However, when
considering individual trajectories, we observed a stabilization
of the DTC dynamics, characterized by time intervals of stability
defined by certain parameters associated with the measurement
outcomes. We thus observe that the signature of the DTC remains
stable over long times. Notably, the size of these stability intervals
appears to increase as the system size grows, suggesting that the
protocol may offer some robustness in the thermodynamic limit.
Nevertheless, further analysis with larger sizes would be needed
to determine whether there is a phase transition or simply a
crossover between a stable and a suppressed DTC. These findings
may be valuable for future experimental implementations, where
decoherence due to the environment plays a key role in the dy-
namics and stability of these systems.

3.3 outlooks

In this chapter, we introduced the fascinating concept of time
crystals. Our contribution shows that when a DTC is coupled to
a thermal environment, it loses the characteristic subharmonic
response. Interestingly, however, if the system is continuously
monitored at discrete times with respect to a given observable,
the subharmonic response is stabilized, counteracting the effects
of decoherence.

What remains to be done? It would be interesting to apply this
methodology to different DTCs implementations, using different
measurement operators or monitoring the environment rather
than the system itself.

Another promising direction is to investigate whether such
measurements can induce entanglement-driven phase transitions,
or explore metrological applications by studying how Fisher
information is affected by this continuous monitoring.
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In conclusion, this work opens new perspectives on using
measurements not only to preserve quantum coherence, but
also to control collective dynamics and harness time crystals for
advanced applications.



4
Q UA N T U M B AT T E R I E S

Quantum batteries represent a promising platform for the con-
trolled storage and extraction of energy at the quantum scale.
Their study is relevant for both technological and fundamental
reasons: from a technological perspective, a quantum advan-
tage has already been demonstrated in the collective charging
of quantum batteries; from a fundamental point of view, their
open-system version lies at the intersection of quantum thermo-
dynamics, quantum information theory, and the dynamics of
open quantum systems, offering new insights into how correla-
tions and measurements can influence energetic processes.

This chapter introduces the concept of quantum batteries, dis-
cussing their theoretical foundations and surveying recent ex-
perimental implementations. Building on this background, we
present our results on the enhancement of extractable work in
continuously monitored batteries, focusing on the role of correla-
tions between the battery and the charger subsystems.

The material presented in the second part of this chapter is
largely inspired by our forthcoming work [46].

71
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4.1 introduction to quantum batteries

Almost two centuries after Alessandro Volta’s invention of the
pile, the idea of storing energy in a controllable and reusable way
remains one of the driving forces of modern technology. Classi-
cal batteries, operating through electrochemical reactions, have
become essential for powering everything from small portable
devices to large-scale energy grids. Yet, as technological progress
continues to push the boundaries of miniaturization, the question
naturally arises: can the notion of a battery be extended to the
quantum limit?

The emergence of quantum technologies, ranging from quan-
tum computers [3, 99] and simulators [48] to sensors [100] and
communication networks [101], has inspired a profound rethink-
ing of how energy is processed, stored, and transferred at the
microscopic scale. In this context, Quantum Batteries (QBs) have
been proposed as elementary devices capable of storing and re-
leasing energy through purely quantum mechanical processes.
The concept, first formalized in 2013 by Alicki and Fannes [102],
opened a new field of investigation that connects quantum ther-
modynamics, information theory, and open quantum systems.

Collective charging protocols, exploiting global entangling op-
erations, have been shown to outperform independent, local
strategies, leading to what has been termed a quantum advan-
tage in charging power [103]. Although the realization of such
collective effects in real devices remains experimentally challeng-
ing, several recent implementations in platforms such as optical
microcavities, superconducting qubits, trapped ions, and solid-
state spin ensembles have demonstrated the feasibility of storing
and manipulating energy at the quantum level [104].

In this section, we will introduce the theoretical framework
of QBs, review their main operational principles and figures of
merit, and summarize the current experimental progress in this
rapidly growing field.

4.1.1 Foundational concepts and figure of merits

At the most basic level, a QB is a quantum system capable of
being driven from its lowest-energy configuration, typically the
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ground state, to an excited state, which corresponds to a charged
condition, through the interaction with an external charger. The
charger can be either a quantum system or a classical external
drive. Formally, in the case of a quantum charger, the total Hamil-
tonian of the composite system can be expressed as:

Ĥ(t) = ĤB + ĤC + Ĥint(t), (4.1)

where ĤB describes the battery, ĤC the charger, and Ĥint(t)

accounts for the time-dependent coupling between B and C,
which, in the simplest charging protocol, is activated only during
the charging stage of duration τ.

The battery can be made of a single quantum system, such as a
TLS or an harmonic oscillator, or of several subsystems forming a
multipartite device. Once the interaction is turned off, the charger
is effectively disconnected, and the battery is left in a reduced
state described by ρB(τ) = TrC

[
ρ(τ)

]
, obtained by tracing out the

charger degrees of freedom from the composite density matrix
ρ(τ). This reduced state represents the charged battery, with stored
energy given by

E(τ) = TrB[ĤBρB(τ)] − TrB[ĤBρB(0)]. (4.2)

In general we assume that the initial state is the empty state of
the battery, which usually coincides with the ground-state of ĤB.
A second fundamental quantity, in addition to the stored energy,
is the average charging power,

P(τ) =
E(τ)

τ
, (4.3)

which measures the amount of energy transferred to the battery
per unit time. From a practical perspective, higher charging
power is generally desirable, as it allows for faster energy storage.

When considering multipartite batteries composed of N quan-
tum cells, both the total stored energy (often called the capacity)
and the charging power depend on the system size. The capacity
typically scales extensively, E(τ) ∝ N, while the power may, in
certain conditions, display a super-extensive scaling, P(τ) ∝ Nk

with k > 1. Such scaling indicates that, although the total stored
energy naturally increases with the number of subsystems, the
remarkable feature is that the charging speed grows faster than
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linearly with the number of cells. In general, two distinct physical
mechanisms can lead to super-extensive scaling: the first raises
from collective effects that may also occur in classical systems,
and in this case we talk about collective advantage. The second,
the quantum advantage, relies on genuinely quantum resources
such as coherence and entanglement. These two regimes can be
discriminated by considering the upper bound on the charging
power [105]:

P(τ) ⩽
√
∆E2(τ)F(τ), (4.4)

where ∆E2(τ) = ⟨Ĥ2
B⟩− ⟨ĤB⟩2 denotes the energy variance of

the battery [106], and F(τ) = 2
∑

i,j
(ri−rj)

2

(ri+rj)
| ⟨i| ĤB |j⟩ |2 is the

Quantum Fisher information with the respect of the Hamilto-
nian of the battery ĤB and the state ρB(τ) =

∑
i ri |i⟩ ⟨i| [107,

108]. The Fisher information, originating from information theory,
quantifies how sensitively the energy distribution of the state
changes over time, thereby connecting informational and dynam-
ical aspects of charging. Super-extensive scaling of F(τ) yields
the collective advantage, i.e., an accelerated evolution through
the state space that does not necessarily rely on quantum effects
[109]. A genuine quantum advantage, instead, requires the emer-
gence of multipartite entanglement, whose nonlocal structure
enables the system to follow more efficient trajectories in the
energy landscape, leading to super-extensive energy fluctuations
and consequently faster charging dynamics [103, 110, 111].

After the charging phase, a central question arises: how much
of the stored energy can be extracted as useful work? To ensure
reversibility and prevent dissipative losses, the extraction must
be carried out through unitary operations [112]. As introduced in
the previous chapter, the maximum extractable energy, referred
to as the ergotropy, E, quantifies the portion of the energy that
can be converted into work via coherent, reversible dynamics:

E(τ) = TrB
[
ĤBρB(τ)

]
− TrB

[
ĤBρB,p(τ)

]
, (4.5)

where ρB,p(τ) is the passive state related to ρB(τ) and from which
no additional work can be obtained. For a more detailed discus-
sion about ergotropy and its properties, the reader is referred
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back to Chapter 2. Furthermore, another figure of merit one can
consider is the ergotropic power:

W(τ) =
E(τ)

τ
, (4.6)

which quantifies the amount of work that can be unitarily ex-
tracted per unit time.

For a multipartite battery, the optimal extraction of ergotropy
generally requires global unitary operations acting on the full
system [102]. These operations can generate entanglement among
different subsystems, which can speed up work extraction [110].
On the other hand, if only local operations are available, en-
tanglement may become detrimental, reducing the amount of
extractable energy [113, 36, 114].

In general, it is useful to define the efficiency of a QB as the ratio
R = E/E, which compares the ergotropy to the total energy stored
in the battery state. This quantity provides a direct measure of
how much of the stored energy can be converted into useful
work through coherent, unitary operations. In the context of
continuously monitored quantum systems, we introduce a new
notion of efficiency defined as

η =
E− E

E− E
, (4.7)

where E denotes the daemonic ergotropy of the conditional state
under consideration, while E represents the ergotropy of the cor-
responding unconditional state. The efficiency η ∈ [0, 1] quantifies
the relative enhancement of extractable work due to measure-
ment: it reaches unity when all the available energy is converted
into extractable energy in the conditional case, and vanishes
when no measurement-induced advantage is present.

4.1.2 A paradigmatic example: Dicke quantum batteries

Dicke quantum batteries represent one of the most extensively
studied models of QBs [115]. Dicke model [116] was originally in-
troduced to describe matter-radiation interactions across systems
ranging from molecular ensembles to solid-state platforms [117],
paving the way to both cavity and circuit quantum electrodynam-
ics [118, 119]. They consist of an optical cavity (the charger) with,
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in general, a single mode of the electromagnetic field coupled in
the dipole approximation to an ensemble of N non-interacting
TLSs (the battery). When more than one TLS is present in the
cavity, collective effects emerge, leading to a super-extensive
scaling in the number of TLSs of the battery charging power,
Pmax ∝ Nk, with 1.5 ⩽ k ⩽ 2, depending on the specific charging
protocol. Various extensions of this model have been explored
in the literature, including three-level charging processes [120],
two-photon charging schemes [121], anisotropic variants where
the rotating and counter-rotating terms have distinct coupling
strengths [122], off-resonant regimes [123], and finally leveraging
machine learning for optimizing the extraction process [124].

Interestingly, a similar super-extensive scaling also appears in
the classical analogue of the Dicke model, reflecting that such
behaviour rises from the model intrinsic collective dynamics
rather than being an genuine quantum effect [113].

The model has been investigated in the presence of both cavity
photon losses [125] and local incoherent processes affecting the
individual TLS, such as dephasing and decay [126], which are the
most commonly considered in the literature. In all these cases, the
asymptotic super-extensive scaling is preserved, confirming the
existence of an asymptotic freedom [113] that remains robust un-
der such noises. This behaviour can be intuitively understood by
noting that, while entanglement entropy in integrable many-body
systems typically scales sub-extensively (following a so-called area
law), energy is an extensive quantity that grows linearly with
system size. As a result, in the thermodynamic limit, the symme-
tries of the Dicke model ensure that the fraction of stored energy
inaccessible to work extraction becomes negligible.

In the following, to set the stage for the next section, we will
briefly report some results obtained for closed Dicke quantum
batteries, as well as for their open counterparts considering cavity
photon losses.

4.1.2.1 Closed system

Let us briefly review the closed-system case and reproduce some
of the results presented in [115]. We consider a collection of N
identical non-interacting TLSs coupled to a single mode of the
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electromagnetic field in an optical cavity. Let â and â† be the anni-
hilation and creation operators of the cavity mode with frequency
ωc, the Hamiltonian of the system in the dipole approximation
(namely, the Dicke Hamiltonian) reads:

Ĥ
(N)
λ (t) =  hωcâ

†â+ωaŜz + 2ωcλ(t)Ŝx(â
† + â), (4.8)

where, Ŝα = ( h/2)
∑N

i σ̂
i
α with α = x,y, z are the component

of the collective spin operator expressed in terms of the Pauli
matrices σ̂iα of the i-th TLS. Being |g⟩ and |e⟩ the ground and
the excited state of a single TLS, the quantity  hωa is the energy
splitting between |g⟩ and |e⟩. From now on, we will assume  h = 1.
The interaction strength is governed by the dimensionless time-
dependent parameter λ(t), whose explicit time dependence is
determined by the specific charging (or discharging) protocol.
From now on we focus on the resonant regime ωa = ωc = 1.

As initial state of the system we assume

|Ψ(N)(0)⟩ = |N⟩ ⊗ |g⟩⊗N , (4.9)

where the single cavity mode is initialized in the N photons Fock
state |N⟩ while the battery state is the tensor product of the single
TLS ground states. In the present study, we consider the simplest
charging protocol, which consists of switching on the interaction
at time t = 0 and keeping it active until charging time τc. The
interaction strength is fixed at a constant value λ̄ throughout
the entire protocol. We numerically simulate the system using
QuTiP [127]. Since the number of photons in the cavity is neither
conserved nor inherently bounded, we introduce a cutoff in the
Fock Hilbert space by limiting the maximum photon number. In
the following, we set Nph = 20 for N < 5, and Nph = 4N for
N ⩾ 5. With this choice, numerical convergence is ensured. The
results are presented for N = 1, . . . , 20.

The energy stored in the battery at time τc is given by

Eλ̄(τc) = ωc

[
⟨Ψ(N)

λ̄
(τc)| Ŝz |Ψ

(N)

λ̄
(τc)⟩− ⟨Ψ(N)(0)| Ŝz |Ψ

(N)(0)⟩
]
,

(4.10)

where |Ψ
(N)

λ̄
(τc)⟩ = e−iĤ

(N)

λ̄
τc |Ψ(N)(0)⟩. As introduced earlier,

throughout this section and the following, we also consider the
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Figure 4.1: Stored energy as a function of the charging time. Here
N = 10

ergotropy as a key figure of merit. Here, we recall its definition
for the specific Hamiltonian and state under consideration:

Eλ̄(τc) = TrB
[
ĤBρB(τc)

]
−min

Û

{
TrB
[
ĤB(ÛρB(τc)Û

†)
]}

, (4.11)

where the trace operation is performed on the battery degrees
of freedom, ĤB = ωaSz is the local Hamiltonian of the battery,
and ρB(τc) = TrC

[
|Ψ

(N)

λ̄
(τc)⟩ ⟨Ψ(N)

λ̄
(τc)|

]
is the reduced density

matrix of the battery (the trace operation is performed on the
charger degrees of freedom).

This quantity represents the maximum amount of work that
can be extracted from the state ρB(τc) using unitary operations.
In Figure 4.1, we show the energy charging process of the Dicke
quantum battery for different coupling strengths. Some basic
observations can be made: the larger the coupling, the faster the
charging. For small coupling values the dynamics is smooth and
a greater amount of energy per TLS can be stored, whereas for
stronger coupling a more complex pattern emerges characterized
by oscillations and beatings. In Figure 4.2, and throughout the
analysis, we consider the maximum value of each figure of merit
defined above (stored energy Eλ̄ ≡ maxτc

[
Eλ̄(τc)

]
and charging

power Pλ̄ ≡ maxτc

[
Eλ̄(τc)/τc

]
) over the charging time interval.

In the case of ergotropy, however, we evaluate it at the time of
maximum energy (Eλ̄ ≡ Eλ̄(argmaxτc

[
Eλ̄(τc)

]
)), since ergotropy

is upper bounded by the energy and this choice simplifies the
analysis (as it avoids to carry out diagonalization of the den-
sity matrix for every time step). The data confirm previously
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Figure 4.2: Charging energy (a), power (b), and ergotropy (c) as a func-
tion of the number of two-level systems in the cavity (N)
for different coupling strengths. Markers refer to the case
of collective charging, while the dashed lines correspond to
the parallel charging scenario, where each TLS is indepen-
dently charged by its own cavity. As expected, the collective
enhancement is visible only in the case of superextensive
scaling, and thus appears clearly in the power.
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Figure 4.3: Charging energy (a), power (b), and ergotropy (c) as a func-
tion of the coupling strength λ̄ for different system sizes.

known results: both energy and ergotropy exhibit extensive scal-
ing, while the charging power scales superextensively, with an
exponent of approximately 3/2.

Figure 4.3 shows the dependence of the results on the coupling
strength. The ergotropy reaches its maximum in the weak cou-
pling regime, whereas all figures of merit exhibit saturation and
converge to a plateau as λ̄ increases.

4.1.2.2 Open system

We consider a regime where, during the charging time, the dis-
sipation rate of the battery is negligible compared to that of the
cavity. Taking into account environmental losses, we describe
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Figure 4.4: Charging energy (a), power (b), and ergotropy (c) as a func-
tion of the number of two-level systems in the cavity (N) for
different coupling strengths. Solid markers refer to dissipa-
tive case (κ = 0.5) while empty markers refer to the closed
system (κ = 0).

the system dynamics using the Lindblad master equation for the
density matrix ρλ̄:

dρλ̄
dt

= −i
[
Ĥ

(N)

λ̄
, ρλ̄
]
+ ĉρλ̄ĉ

† −
1

2

{
ĉ†ĉ, ρλ̄

}
, (4.12)

where the jump operator ĉ =
√
2κâ, and κ is the dissipation

rate of the cavity. More generally, this expression corresponds
to the zero-temperature limit of a thermal photon environment,
adopted here to suppress re-population effects associated with
finite temperatures, and to consider only non-perfect mirrors1.

The scaling behaviour analogous to that shown in Figure 4.2
is presented in Figure 4.4. This figure clearly illustrates that the
collective effects of the Dicke model preserve the scaling of both
energy and power, especially for large system sizes. However,
it also highlights how ergotropy is significantly affected in the
weak-coupling regime, with this trend even more evident in Fig-
ure 4.5. This reduction can be understood as a consequence of
the competition between the charging timescale and the cavity
dissipation rate: at small coupling strengths, the charging process
proceeds more slowly than the cavity coherence time, allowing
dissipation to significantly impact the dynamics. As the number
of TLSs increas, however, the collective speed-up shortens the

1 At non-zero temperature, the environment is characterized by the following
jump operators:

L̂1 =
√
2κ(nth + 1)â, L̂2 =

√
2κnthâ

†,

where nth = 1/(eωc/kBT − 1) is the mean thermal photon occupation number.
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Figure 4.5: Charging energy (a), power (b), and ergotropy (c) as a func-
tion of the coupling strength λ̄ for different system sizes.
Solid markers refer to dissipative case (κ = 1) while empty
markers refer to the closed system (κ = 0).
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Figure 4.6: Charging energy (a), power (b), and ergotropy (c) as a func-
tion of the dissipation strength κ for different system sizes.
Here (λ̄ = 1).

charging time, thereby mitigating the effects of cavity losses and
stabilizing the process. Figure 4.6 further supports this interpre-
tation, showing that for finite-size systems, the ergotropy rapidly
decreases at large values of κ, while the total stored energy is less
affected. This behaviour confirms that dissipation predominantly
limits the extractable work, leaving the passive component of the
stored energy essentially intact.

4.1.3 Other architectures and experimental realizations

Beyond cavity based implementations, several alternative phys-
ical platforms have been explored as candidates for quantum
batteries.

A notable example is provided by spin-chain systems, where
TLSs interact through various coupling schemes, and can be
charged either by the action of a classical external field [128] or by
quenching one or more of their internal parameters [129], leading
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to remarkably long energy storage times exploiting many-body
localization and disorder [130, 131, 132] or topological effects
[133, 134]. While their charging power typically scales extensively,
a genuine quantum advantage has been identified in the Sachdev-
Ye-Kitaev (SYK) model [135, 136]. In this case, random non-local
spin interactions generate multipartite entanglement that enables
super-extensive scaling of the charging power, Pmax ∝ Nα with
α ≈ 1.5. However, the high level of connectivity required by the
SYK Hamiltonian makes its experimental realization extremely
demanding, although recent proposals suggest that solid-state
implementations may become feasible in the near future [137].

Another versatile architecture relies on quantum harmonic
oscillators, one of the most universal and, at the same time, one
of the few analytically tractable quantum system. Quantum bat-
teries based on harmonic oscillators benefit from their infinite
energy spectrum, allowing for large energy storage capacities,
and can be charged and discharged via continuous variable oper-
ations such as displacement and squeezing [138]. Interestingly,
even within this paradigm, a genuine quantum advantage can
emerge when nonlinear interactions are engineered between
two oscillators, one acting as the charger and the other as the
battery, enabling more efficient energy transfer [139]. Further
studies have shown that advantages may arise in strongly non-
Markovian environments, where dynamical blockade effects can
prevent energy leakage and promote highly efficient charging
[140], as well as in micromaser-based implementations, where a
cavity mode charged by coherent qubits operates as an effective
steady-state quantum battery, even in the ultrastrong coupling
regime [141, 142].

Recent years have seen the emergence of many concrete exper-
imental implementations of quantum batteries. The first break-
through was based on organic fluorescent molecules embedded
within an optical cavity, with an external laser acting as the
charger [143]. In this setup, the strength of the matter-radiation
interaction is proportional to the molecular density in the cavity,
increasing it drives a transition to the Dicke regime, where the
charging power scales super-extensively, and stable storage last-
ing tens of nanoseconds is achieved [149, 150]. Despite operating
at room temperature, these systems suffer from limited capac-
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Table 4.1: Comparison of different quantum battery platforms and a
classical Li-ion battery: (a) Dicke quantum batteries imple-
mented via fluorescent molecules in optical microcavities
[143]; (b) Nuclear spins quantum batteries in a NMR setup
[144]; (c) Solid state platforms based on quantum dots [145]
and superconducting circuits [146, 147, 148]; (d) Classical
batteries.

Platform Energy density Charging time Storage time Power density

(a) 10−20 J/mol. 10−14 s 10−8 s 10−6 W/mol.

(b) 10−27 J/spin 10−1 s 102 s 10−26 W/spin

(c) 10−24 J/qubit 10−8 s 10−4 s 10−16 W/qubit

(d) 105 J/kg 103 s > 105 s 102 W/kg

ity due to molecular crowding effects that lead to detrimental
interactions among molecules (see Table 4.1).

Nuclear-spin quantum batteries have also been demonstrated
using Nuclear Magnetic Resonance (NMR) techniques [144, 151].
In these systems, the spin states are manipulated by time-dependent
magnetic fields, they can operate at room temperature and they
exhibit exceptional stability and long storage times, though the
energy per molecule remains extremely small, as reported in
Table 4.1.

At low temperatures, implementations based on semiconduct-
ing quantum dots, acting as artificial atoms, [145] and supercon-
ducting circuits [152, 153] have been developed. These systems
offer precise control and fast response times, but currently op-
erate with limited energy storage (per element) and are limited
to individual or few-element configurations, far from the scala-
bility required to compete with classical batteries. Nonetheless,
superconducting circuits, being central to quantum computing ar-
chitectures [154, 146, 147, 148, 155, 156, 157], provide a promising
route for scalable, controllable QB experiments.

While the comparison with classical batteries may appear dis-
couraging (Table 4.1), given their vastly superior energy capacity
and practicality, this perspective misses the true purpose of QBs.
They are not designed or even thinked to power macroscopic
devices like smartphones or electric cars, but rather to operate at
the quantum scale, serving as functional components of quantum
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technologies, from computation to sensing. In particular, quan-
tum batteries could play a key role in enabling energy efficient
and reversible quantum computation, where dedicated qubits act
as energy reservoirs supplying coherent energy to computational
qubits during logical operations [158, 159].

4.2 daemonic ergotropy enhancement in correlated

systems

Having established in the previous section the general framework
of quantum batteries, together with their main figures of merit
and current experimental implementations, we now turn to the
analysis of continuously monitored systems.

After briefly recalling some theoretical tools introduced ear-
lier, we present three representative examples illustrating how
continuous measurements can enhance the ergotropy of a QB.
This enhancement, as we shall see, typically emerges in regimes
where quantum correlations between the battery and the charger
are significant, correlations that, in the absence of monitoring,
are usually detrimental to performance.

We begin with a simple spin-spin model, then move to a config-
uration where the energy transfer is mediated by a cavity mode,
and finally discuss Dicke quantum batteries, for which we adopt
the same notation introduced in the previous section.

4.2.1 Introduction

Realistic quantum batteries do not evolve in isolation. Their in-
evitable interaction with the surrounding environment leads to
decoherence and dissipation processes typically associated with
energy and ergotropy losses [160, 161], even worst in the strong
coupling regime [162, 163]. This observation has motivated the
study of open quantum batteries [103], in which the device ex-
changes both energy and information with its environment. Sur-
prisingly, such interactions are not necessarily detrimental. Under
suitable conditions, they can instead be harnessed as valuable
resources: examples include controlled dissipation [164, 165],
engineered reservoirs [166, 167, 168, 169, 170] and continuous
measurements. A promising strategy to mitigate the deleteri-
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ous effects of the environment consists indeed in continuously
monitoring not the quantum battery itself [171], but rather the
environment which it interacts with [4]. Exploiting the informa-
tion extracted from measurements, it becomes possible to design
feedback-based protocols [172, 173] that either enhance work
extraction or stabilize stored energy, thereby bridging the fields
of quantum thermodynamics and quantum control theory.

In this section, we focus on analyzing the role of continu-
ous measurements and system correlations in enhancing the
extractable work from an open quantum battery. Entanglement
between the battery and the charger tends to reduce the ergotropy
that can be extracted from the battery alone. Introducing a mod-
erate level of dissipation, either on the battery or on the charger,
could weaken such correlations, thereby improving the energy
extraction performances. This enhancement can be further am-
plified when continuous measurements are performed on the
environment, as the additional information gained through the
measurement process can be exploited to increase the extractable
work.

This mechanism will be illustrated through three representa-
tive models. We begin with two coupled spins acting respectively
as charger and battery, initially prepared in an entangled state.
We then consider a less fine-tuned configuration, in which corre-
lations arise dynamically between two spins coupled via a (lossy)
cavity mode. In this latter case, dissipation is induced by photon
leakage from the cavity, and the continuous measurement of the
environment has a clear experimental interpretation. Finally, we
turn to Dicke quantum batteries, that, as we have seen, are one of
the most studied and experimentally relevant QB architectures.
Here, we focus on the finite-size regime and a dissipative cav-
ity: to recover the ergotropy lost due to dissipation, we couple
the system to a detector (either a photo-detector or a homo-
dyne detector) that continuously monitors the stream of lossy
photons. Remarkably, the resulting daemonic ergotropy, that is,
the extractable work when accounting for the information gath-
ered through measurement, not only compensates for dissipative
losses, but in certain parameter regimes even surpasses the ideal,
lossless value.



86 quantum batteries

4.2.2 Recap on daemonic ergotropy and SMEs

When the environment of an open quantum system is continu-
ously monitored over time, the induced dynamics is conditioned
by the inherently stochastic nature of quantum measurements,
leading to a stochastic evolution of the system wavefunction,
commonly referred to as quantum trajectory.

The information gained from continuous measurements can
be exploited in two ways: either during the charging process,
through real-time feedback aimed to steer the quantum state
toward one with higher ergotropy, or during the extraction phase,
where the unitary extracting work is adapted to each conditional
state based on the measurement outcomes [27, 28, 147]. In the
latter case, we talk about daemonic ergotropy in analogy with the
classical Maxwell demon. Suppose that ρB|k is the conditional
battery state given the measurement k with probability pk, we
assume that a demon can perform a k-dependent unitary opera-
tor Ûk optimized for each conditional state in order to extract the
amount of work Wk(ρB|k), then the average extractable work is

E[W] ≡ W =
∑
k

pkWk(ρB|k) ⩽
∑
k

pkE(ρB|k) = E ≡ E[E],

(4.13)

where the upper bound is given by the ensemble average of
the ergotropy of the conditional states, known as the daemonic
ergotropy. In general, it has been shown that daemonic ergotropy
can exceed the unconditional one, allowing for the extraction of
energy even from the passive component of the state, and it is
bounded above by the total energy of the state,

E(ρB) ⩾ E ⩾ E(ρB) (4.14)

where E(ρB) is the internal energy of the battery. Since energy is
a linear function of the state, it is the same whether evaluated on
the conditional or unconditional state.

In general, different types of measurements lead to different
forms of stochastic master equations, depending on the specific
measurement operators involved. In the case of on/off PD, the
POVM associated with the quantum measurement is given by the
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Fock basis {|n⟩ ⟨n|}. This framework leads to the following SSE,
since the initial state is pure, the conditional evolution remains
confined to the manifold of pure states:

d |Ψ
(c)
B,C(t)⟩ =

[
−iĤ(t)dt+

1

2

(
⟨ĉ†ĉ⟩− ĉ†ĉ

)
dt+

+

(
ĉ√
⟨ĉ†ĉ⟩

− 1

)
dNt

]
|Ψ

(c)
B,C(t)⟩ , (4.15)

where Ĥ(t) is the Hamiltonian of the system, |ΨB,C(t)⟩ is the
battery-charger state at time t and the jump operator ĉ depends
on the specific system under consideration. dNt denotes a Pois-
son increment, which takes values 0 (no detection) or 1 (detec-
tion). The corresponding Poisson processNt is characterized by a
time-dependent rate ν(t), such that the probability of more than
one detection event occurring within an infinitesimal interval dt
is negligible. The detection rate is determined by the expected
number operator associated to ĉ in the conditional state, and is
given by ν(t) = ⟨Ψ(c)

B,C(t)| ĉ
†ĉ |Ψ

(c)
B,C(t)⟩. The unconditional state

can be recovered by averaging over the ensemble of conditional
pure state trajectories, that is, by performing the unraveling of
the stochastic evolution:

E
[
|Ψ

(c)
B,C(t)⟩ ⟨Ψ

(c)
B,C(t)|

]
= ρB,C(t), (4.16)

where the expectation is taken over all possible realizations of
the measurement outcomes. The conditional state of the bat-
tery is then ρ(c)B (t) = TrC

[
|Ψ

(c)
B,C(t)⟩ ⟨Ψ

(c)
B,C(t)|

]
, where the trace is

performed on the charger degrees of freedom.
In the case of HD, the measurement process corresponds to

a continuous monitoring of the environment field quadrature.
Formally, it can be described by a POVM |xθ⟩ ⟨xθ| associated with
the quadrature operator X̂θ, where θ sets the local oscillator
phase. A detailed microscopic derivation, based on collision
models, can be found in chapter 1. From now on, we will consider
the θ = 0 quadrature, unless otherwise specified, leading to the
corresponding SSE for HD:

d |Ψ
(c)
B,C(t)⟩ =

[
−iĤ(t)dt−

1

2

(
ĉ†ĉ− ĉ⟨ĉ+ ĉ†⟩+ ⟨ĉ+ ĉ†⟩2

4

)
dt+

+

(
ĉ−

⟨ĉ+ ĉ†⟩
2

)
dwt

]
|Ψ

(c)
B,C(t)⟩ , (4.17)
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where dwt is a Wiener increment, a Gaussian stochastic vari-
able with zero mean and variance dt representing the intrinsic
noise contribution to the measured photocurrent arising from
the continuous quantum measurement.

4.2.3 Results

4.2.3.1 A simple example

In this first pedagogical example, we consider two spins: one
(labeled C) acting as the charger, and the other (labeled B) acting
as the battery. The Hamiltonian of the system reads

Ĥ =
1

2
ωBσ̂

z
B +

1

2
ωCσ̂

z
C + gσ̂xB ⊗ σ̂xC, (4.18)

where ĤB = 1
2ωBσ̂

z
B is the Hamiltonian of the battery, and the

XX interaction term is assumed to be active only during the
charging. From now on, we consider the resonant case ωB =

ωC = 1 and we set the coupling strength to g = 1. As the initial
state of the system, we choose the following, generally entangled,
state:

|ψ(0)⟩p =
√
p |↓⟩B ⊗ |↑⟩C +

√
1− p |↑⟩B ⊗ |↓⟩C , (4.19)

where the parameter p ∈ [0.5, 1] quantifies the amount of bipartite
quantum entanglement between the battery and the charger, and
{|↓⟩B(C) , |↑⟩B(C)} are the eigenstates of σ̂zB(C). When p = 1, the
system starts in a separable state and undergoes a perfect transfer
of energy from C to B, leading to the maximum extractable
ergotropy, which in this case equals one. Conversely, for p = 0.5,
the system is initially in a maximally entangled Bell state, and no
ergotropy can be extracted. In general, given the battery reduced
state ρB(0) = TrC

[
|ψ(0)⟩p ⟨ψ(0)|p

]
, its purity Tr

[
ρ2B(0)

]
= 2p2 −

2p+ 1 is related to the second order Rényi entropy, which is a
measure of entanglement between the battery and the charger.2

2 Given a bipartite system HA ⊗ HB, the second order Rényi entropy S2 is a
measure of quantum entanglement that can be calculated from the trace of
the squared reduced density operator ρA = TrB

[
ρAB

]
of one subsystem, S2 =

− ln TrA
[
ρ2A
]
. The greater the entropy, the greater the bipartite entanglement

between the two subsystems.
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Figure 4.7: Ergotropy (a) and purity (b) of the battery as functions of
the charging time in the spin-spin QB. In (a), the blue and
red dashed lines indicate the upper energy bounds for the
non-dissipative and dissipative ergotropies, respectively. In
(b), the black dashed line represents the minimum possible
purity corresponding to a maximally entangled state. Here,
p = 0.6, and the HD unraveling is averaged over n = 1000

trajectories.

The purity increases monotonically with p, meaning that the
larger the value of p, the lower is the initial entanglement between
B and C.

Although the choice of starting from a state with non-zero
quantum correlations between B and C is of course not optimal
for work extracion, it serves the purpose already mentioned in
the introduction of this section: when dissipation is included,
the extractable ergotropy may be enhanced. In order to prove
that, we consider dissipation in the form of population-relaxation
jump operators ĉB =

√
γ σ̂xB and ĉC =

√
γ σ̂xC, with γ denoting

the dissipation rate. The corresponding dynamics is described by
a Lindblad master equation. We further consider an unraveling of
this unconditional evolution through the HD SSE. At first glance,
the use of HD in this context may seem odd, since the physical
meaning of such measurement is not straightforward for spin
jump operators (or, more precisely, for the input-output mode
they couples to). However, this should not be a concern: from a
mathematical standapoint, the description remains fully consis-
tent and it is employed here purely as a pedagogical example,
without any claim of direct physical applicability.

In Figure 4.7 (a), we show the ergotropy for different values of
the dissipation rate, together with the corresponding daemonic
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Figure 4.8: Maximum ergotropy as a function of p in the spin-spin QB.
The larger the value of p, the lower the entanglement of
the initial state. The blue and red dashed lines indicate the
upper energy bounds for the non-dissipative and dissipative
ergotropies, respectively. The HD unraveling is averaged over
n = 1000 trajectories, and the shaded area represents one
standard deviation of the daemonic ergotropy.

ergotropy, as a function of the charging time. As can be seen,
when the dissipation rate is non-zero, both the unconditional
and the conditional ergotropy outperform the noiseless case. The
underlying mechanism is clearly illustrated in Figure 4.7 (b),
where we observe that the purity of the battery state without de-
tection remains close to the maximally mixed value of 0.5, while
in the presence of measurement the purity increases over time,
going towards a low-entanglement configuration. The maximum
ergotropy E = maxt E(t) for different values of p is shown in
Figure 4.8. The noiseless unconditional ergotropy grows linearly
with p, while the daemonic ergotropy clearly outperforms the
unconditional one for a wide range of initially entangled states.
This result becomes even more evident in Figure 4.9, where the
corresponding efficiency R = E/E approaches its upper bound,
R = 1, for almost all values of p.

4.2.3.2 Cavity mediated energy transfer

In the previous example, entanglement was embedded in the
initial state, a situation that is neither ideal nor common in
the context of quantum batteries, since the battery is typically
prepared in its ground state. Nonetheless, correlations between
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Figure 4.9: Maximum ergotropy efficiency ratio R as a function of p in
the spin-spin QB, the inset shows the daemonic conversion
efficiency η. The HD unraveling is averaged over n = 1000

trajectories.

the battery and the charger can arise dynamically during the
charging process, as we show in the example presented here.

We consider again a two-spins system, but in this case the spins
are not directly coupled; rather, their interaction is mediated by a
cavity mode â. The Hamiltonian of the system [174, 175] is given
by

Ĥ =
1

2
ωBσ̂

z
B +

1

2
ωCσ̂

z
C +ωAâ

†â+

+ gB(σ̂
+
B â+ σ̂

−
B â

†) + gC(σ̂
+
Câ+ σ̂

−
Câ

†), (4.20)

where σ̂±
B(C) =

1
2(σ̂

x
B(C) ± iσ̂

y
B(C)), and the interaction terms are

considered to be active only during the charging process. The
cavity is initially prepared in the zero-photon Fock state |0⟩A,
while the charger is excited and the battery is in the ground state:

|ψ(0)⟩ = |↓⟩B ⊗ |↑⟩C ⊗ |0⟩A . (4.21)

From now on, we consider the resonant caseωC = ωB = ωA = 1

and we set gB = 1, allowing the coupling strength of the charger,
gC, to vary. When gC = 1 the system is in perfect resonace and
there is a complete energy transfer from C towards B, while if
gC ̸= 1 the energy transfer is not optimal.

Here, the dissipation is modeled as a lossy cavity, as in the
Dicke quantum battery case. The corresponding jump opera-
tor is ĉ =

√
γâ, and again we consider an unraveling of this

unconditional evolution through the HD SSE.
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Figure 4.10: Energy upper bounds (a) for the non-dissipative and dis-
sipative ergotropies, ergotropy (b) and purity (c) of the
battery qubit as functions of the charging time in the cav-
ity mediated spin-spin QB. In (c), the black dashed line
represents the minimum possible purity corresponding to
a maximally entangled state. Here, gC = 2, and the HD

unraveling is averaged over n = 1000 trajectories.

As before, the ergotropy for different values of the dissipation
rate, together with the corresponding daemonic ergotropy, is
shown in Figure 4.10 (b) as a function of the charging time. The
ergotropy exhibits Rabi oscillations that are damped for non-zero
dissipation. In the conditional case, the oscillatory behaviour is
recovered, and the peak heights even surpass the noiseless case.
In Figure 4.10 (c), we observe that the purity of the battery state
reaches periodically values close to complete mixture, oscillating
with the same period as the ergotropy maxima. Once again,
in the presence of continuous measurements, the depth of the
valleys increases over time, and the state evolves toward a low-
entanglement configuration, confirming the phenomena observed
before.

Figure 4.11 shows the maximum ergotropy, E = maxt E(t), as
a function of gC ∈ [0.5, 2.5]. While the noiseless unconditional
ergotropy peaks at gC = 1, the daemonic ergotropy surpasses
the unconditional case for gC ≳ 1.75. This behaviour is further
highlighted in Figure 4.12, where the corresponding efficiency
R matches or even exceeds that of the noiseless unconditional
scenario.

In this case, the interpretation is straightforward. When the
coupling between the charger qubit and the cavity is strong, the
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Figure 4.11: Maximum ergotropy as a function of gC in the cavity
mediated spin-spin QB. The blue and red dashed lines in-
dicate the upper energy bounds for the non-dissipative
and dissipative ergotropies, respectively. The HD unravel-
ing is averaged over n = 1000 trajectories, and the shaded
area represents one standard deviation of the daemonic
ergotropy.

Figure 4.12: Maximum ergotropy efficiency ratio R as a function of gC
in the cavity mediated spin-spin QB, the inset shows the
daemonic conversion efficiency η. The HD unraveling is
averaged over n = 1000 trajectories.

coherent energy remains trapped within these two systems, and
the battery gets charged only by passive energy. The effect of
the measurements, together with the entanglement between the
battery and the rest of the system, renders the previously blocked
energy accessible for extraction. As the coupling gC increases
further (gC ∼ 10, well beyond the range shown in Fig. 4.11), the
battery is effectively excluded from the dynamics, and no energy
transfer occurs.
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4.2.3.3 Dicke quantum batteries

We turn now our attention on a more realistic model. As dis-
cussed in the previous section, in a finite-size setting where
asymptotic freedom does not play a role, the ergotropy of the
Dicke quantum battery, initialized in a Fock state, rapidly de-
creases once the cavity is coupled to an external environment.
This suggests that collective finite-size quantum effects alone are
not sufficient to protect the extractable work against the detrimen-
tal influence of decoherence, at least for fixed λ̄. Continuously
monitoring is particularly well-suited in this scenario, since mon-
itoring the environment basically consists of detecting the stream
of photons leaking from the cavity.
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Figure 4.13: Energy of the battery as a function of the charging time for
the unconditional dissipative state (green solid line) and
the average over conditional trajectories (dashed lines) for
(a) PD and (b) HD. Parameters: κ = 1, λ̄ = 1, N = 10.

From Figure 4.13, we can see that for the battery energy, the
quantum trajectories, when averaged, unravel into the uncondi-
tional value, as expected. We can also observe energy fluctuations
at the single-trajectory level, which could potentially be exploited
to enhance the charging process. This possibility will be explored
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Figure 4.14: Energy (a), power (b), purity (c) and ergotropy (d) of the
battery reduced state as a function of charging time for the
unconditional case. Parameters: λ̄ = 1, N = 6.

in the following for both the cases of photo-detection and homo-
dyne detection.

First, we computed the battery energy, ergotropy, power, and
purity as functions of the charging time for different values of κ
(Figure 4.14). The results reveal a clear transition: for small dissi-
pation rates, the first energy peak is the dominant one, whereas
above a certain threshold in κ (κ ∼ 6) the maximum energy is
reached only asymptotically. In all cases, the maximum ergotropy
is reached at an intermediate time, later than the peak of the
power but earlier than the maximum of the energy. The purity
of the battery state in unconditional dynamics remains generally
low, especially in the low dissipation regime, which suggests
the presence of strong correlations between the battery and the
charger; for larger κ, the loss of purity can instead be attributed to
decoherence at the global level. When considering conditional dy-
namics (Figure 4.15), we find that the averaged energy and power
correctly unravel to their unconditional counterparts, confirm-
ing the consistency of the stochastic description. Interestingly,
however, conditional purity and ergotropy are systematically
enhanced with respect to the unconditional case, and in partic-
ular, conditional ergotropy can increase even asymptotically, a
behaviour that is absent in unconditional evolution, where it
decays to zero. The scaling behaviour in the conditional case is
illustrated in Figure 4.16. Once again, energy and power closely
follow the trends observed in the unconditional dynamics. How-
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Figure 4.15: Same as Figure 4.14 but averages over the conditional states
for PD scheme. Here we considered n = 1000 trajectories.
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Figure 4.16: Maximum charging energy (a), power (b), ergotropy (c),
and ergotropic power (d) of the battery reduced state as
functions of the system size N. Solid lines represent the
unconditional values, while markers correspond to the
conditional values averaged over n = 1000 trajectories. The
parameters are set to κ = 1 and λ̄ = 1. The ergotropic
power is evaluated at the same time at which the ergotropy
is computed.

ever, regarding the ergotropy, a striking difference emerges: for
PD, the conditional ergotropy recovers the scaling observed in the
dissipation-free scenario, while in the HD case, it even surpasses
the closed-system value in the same fashion as the examples
given previously. This raises an important question regarding the
generality of this behaviour, is it a robust feature across different
parameter regimes, or does it only hold for this specific choice of
parameters?
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Figure 4.17: Contour plots of energy (a) and power (b) as a function
of the coupling strength λ̄ and the dissipation rate κ, here
N = 6.
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Figure 4.18: Contour plots of ergotropy (a), HD daemonic ergotropy (b)
PD daemonic ergotropy (c) as a function of the coupling
strength λ̄ and the dissipation rate κ, here N = 6 and the
number of trajectories considered is n = 1000.

The parameter landscapes are shown in Figures 4.17 and 4.18,
which display, respectively, the energy and power, and the er-
gotropy for the different cases. As shown in Figure 4.17 (a),
the stored energy exhibits two distinct regimes characterized by
different slopes, while the power does not seem to follow the
same behaviour. In the following, however, we will focus only
on the energy and ergotropy. From Figure 4.18, we observe a
clear enhancement of the daemonic ergotropy compared to the
unconditional one. As expected, the daemonic ergotropy closely
follows the energy landscape.

In order to better quantify this enhancement and assess its effi-
ciency, we compute two parameters. The first is the ratio between
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Figure 4.19: Daemonic ergotropy enhancement ratio as a function of
the coupling strength λ̄ and the dissipation rate κ for HD (a)
and PD (b). In the red regions of the plots, the presence of
dissipation combined with continuous measurement leads
to an increase in daemonic ergotropy compared to the
ideal dissipation-free case. Here, N = 6 and the number of
trajectories considered is n = 1000.

the daemonic ergotropy E and the ergotropy of the unconditional
state without dissipation E0 (see Figure 4.19). This comparison re-
veals that, over a wide region of the parameter space, the presence
of dissipation combined with continuous measurement leads to
an increase in ergotropy compared to the ideal dissipation-free
case, for both homodyne and photo-detection schemes. Notably,
the enhancement regions are approximately separated from the
other regimes by linear boundaries with distinct slopes, which
may be connected to the superradiant phase transition of the
Dicke model. Indeed, the functional form of these boundaries ap-
pears to follow the same dependence as the critical parameter of

the superradiant phase transition, λc = 1
4

√
1+κ2

N [176], although
with similar but distinct asymptotic slopes that, moreover, seem
to depend on the specific detection scheme considered. The sec-
ond parameter is the efficiency η = E−E

E−E
for which we recall that

η ∈ [0, 1] and that it takes the value one when all the available
energy is converted into extractable energy in the conditional
case, and zero when no advantage is present.

In Figure 4.20, we see that the daemonic ergotropy saturates
the maximum possible extractable energy over a large region of
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Figure 4.20: Daemonic ergotropy efficiency as a function of the coupling
strength λ̄ and the dissipation rate κ for HD (a) and PD (b).
In the white regions of the plots, almost all the available
energy is converted into extractable daemonic ergotropy.
Here, N = 6 and the number of trajectories considered is
n = 1000.

the parameter space (roughly corresponding to the blue regions
of Figure 4.19), corresponding to the high dissipation regime for
both HD and PD. This, of course, does not by itself guarantee a
high absolute value of ergotropy, but rather indicates that all the
available energy (if there is any) in that regime is, in principle,
fully convertible into useful work.

Finally, only minor differences are observed when measuring
different quadratures in homodyne detection, and the overall
behaviour remains unchanged. In particular, in Figure 4.21 we
compare the two orthogonal quadratures corresponding to θ = 0

and θ = π/2. Their ratio clearly reveals regions where measuring
one quadrature is preferable over the other, offering the opportu-
nity for further optimization in this direction.

4.2.4 Conclusions

In this section, we have investigated how continuous measure-
ments can enhance the performance of open quantum batteries by
mitigating the detrimental effects of correlations and dissipation.
Through three representative models of increasing complexity,
we demonstrated that the information extracted from the envi-
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ronment can be effectively exploited to recover the ergotropy lost
in dissipative settings and, in certain regimes, even surpass the
noiseless value.

Starting from the spin-spin model, we showed that both dissi-
pation and measurement backaction can reduce quantum corre-
lations between the battery and the charger, thereby increasing
the extractable work. This behaviour was confirmed in the cavity-
mediated setup, where entanglement naturally arises during the
charging process: in this case, dissipation combined with continu-
ous measurements makes otherwise inaccessible, passive energy
available for extraction.

Finally, for the Dicke quantum battery, we showed that continu-
ous monitoring of the emitted photons, through either homodyne
or photo-detection schemes, restores the ergotropy scaling ob-
served in the closed-system case, and in some regimes even
enhances it beyond that limit. In this system, as pointed out in
Ref. [113], the ergotropy is strongly limited when the charger is
initialized in a Fock state, due to the entanglement that builds up
between the two subsystems. The presence of dissipation, when
combined with continuous measurements, effectively suppresses
these correlations, thereby increasing the fraction of stored en-
ergy that can be converted into useful work. However, the same
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limitation can be mitigated by preparing the cavity in a coherent
state, which naturally reduces charger-battery entanglement, pro-
viding further insight into the semiclassical nature of the Dicke
QBs collective behaviour.

More generally, our findings suggest that appropriately de-
signed measurement protocols, tailored to the specific dissipation
mechanisms of a given experimental platform, can be used as an
active resource to enhance the ergotropy of quantum batteries in
situations where correlations limit the extractable work. Continu-
ous monitoring the environment thus emerges not only as a tool
to counteract decoherence, but also as a means to suppress un-
wanted correlations that naturally build up during the charging
dynamics.

4.3 outlooks

In this chapter, we have introduced the fascinating and rapidly
developing field of quantum batteries. Our contribution demon-
strates how continuous measurements can be harnessed to con-
dition work extraction and mitigate the detrimental effects of
decoherence, a challenge that all quantum technologies must
inevitably face.

What remains to be done? Quite a lot, of course. Regarding
the models discussed here, it would be interesting to investi-
gate the impact of imperfect detection. We do not expect major
qualitative changes: the daemonic ergotropy should gradually
approach the unconditional value as the detector efficiency de-
creases. Another natural direction is to consider QBs models
where the advantage is genuinely quantum (e.g., SYK QBs), and to
study their behaviour under suitably engineered continuous mea-
surements. Furthermore, one could explore the fluctuations of the
conditional ergotropy and perform post-selection on trajectories
yielding maximal work extraction.

Finally, an important step ahead would be to experimentally
validate these theoretical predictions. This, however, requires de-
veloping an efficient method to measure ergotropy in practice, a
task that, to the best of our knowledge, has not yet been achieved
beyond full state tomography.
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In summary, while much remains to be explored, our results
highlight how the interplay between measurements and informa-
tion opens a promising route towards controllable and resilient
quantum energy storage devices.



C O N C L U S I O N S

This thesis has explored how measurements, traditionally viewed
as disruptive or passive processes, can instead be harnessed as
constructive elements in the dynamics of open quantum sys-
tems, starting from theoretical foundations towards two distinct
applications.

The first part established the formal setting required to de-
scribe systems interacting with their environment and subjected
to continuous measurements. It reviewed the postulates of quan-
tum mechanics, the theory of Markovian dissipative dynamics
subjected to continuous measurements, and the thermodynamic
interpretation of quantum processes, thus providing the concep-
tual foundation for the following investigations.

In the second part, two specific examples were analyzed. In
the study of Discrete Time Crystals (DTCs), both measurement
and dissipation were shown to affect the emergence and persis-
tence of temporal ordered oscillations. While dissipation tends
to suppress time crystalline behaviour, projective measurements
of the system can partially mitigate this destructive effect and
even assist in revealing and characterizing the time crystal phase.
In addition, the thermodynamic properties of the phase were
examined, and a correction to previous literature on open DTCs

was provided.
In the context of Quantum Batteries (QBs), continuous mea-

surements of the environment were found to enhance energy
extraction in correlated battery-charger systems. Remarkably,
performance improvements were demonstrated even beyond the
idealized dissipation-free scenario, a result that appears coun-
terintuitive at first sight. Three models of increasing complexity
were presented to support the generality of this phenomenon,
showing that dissipation together with measurement back-action
can be exploited as a resource rather than a limitation.

Future research directions include, in the case of DTCs, the
exploration of feedback-assisted stabilization protocols and the
investigation of how measurements affect sensing capabilities.
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For QBs, promising developments involve the integration of post-
selected feedback strategies, the extension to more complex ar-
chitectures such as Sachdev-Ye-Kitaev (SYK) QBs, and the de-
velopment of experimental implementations of our continuous
measurements scheme, particularly in platforms such as Dicke
quantum batteries in optical microcavities.

The centenary of quantum mechanics, celebrated in the same
year in which this thesis was completed, marks not only a mo-
ment of reflection on the conceptual foundations laid by the pio-
neers of the field, but also a renewed commitment to exploiting
quantum systems as technological resources. In this perspective,
measurements emerge not as the endpoint of quantum processes,
but as a means of actively steering such technologies toward
more robust, controllable, and functionally meaningful regimes.
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