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ABSTRACT

We present a new plane-wave expansion of the Wightman functions of anti de Sitter scalar fields and showcase
its conceptual and technical importance in AdS quantum field theory. We deduce from it a new integral represen-
tation of the Feynman propagator which helps in clarifying the relation between AdS Euclidean and Lorentzian
Feynman diagrams in concrete examples. The plane-wave expansion makes it possible also to demonstrate nu-

Quantum fields

merous new nontrivial formulas for Bessel and Legendre functions, and we provide two examples.

It is hard to overstate the importance of having manifestly covariant
momentum space representations of relativistic quantum fields based on
plane waves. Such representations provide the physically intuitive ingre-
dients of Feynman diagrams and a great deal of the predictive power of
Quantum Field Theory (QFT) depends on them. Plane wave expansions
do exist also for de Sitter (dS) quantum fields [1,2] while they still do
not in the anti-de Sitter (AdS) case, which may come as a surprise af-
ter 50 years of research in AdS. The challenge cannot be tackled within
the usual approach to AdS QFT that only focuses on the boundary condi-
tions at spacelike infinity [3,4] but largely ignores the global analyticity
properties of the AdS manifold and of the correlation functions of the
fields [5]. Disregarding those properties, the topological difficulties as-
sociated with the existence of closed timelike curves and the necessity
to move to the covering of the manifold cannot be overcome. Here we
present a solution for AdS scalar fields in spacetime dimension ¢ and
open a new way to deal with AdS QFT. Tensorial and spinorial correla-
tion functions may be derived by applying suitable differential operators
to our formulae.

The dS and the AdS spacetimes are real Lorentzian submanifolds of
the complex sphere S;C) having quite different properties: d.S, is globally
hyperbolic but does not admit global timelike Killing vector fields while
the contrary happens for Ad.S,. These features make the corresponding
QFT’s very different too, but, as we will show in this letter, the mani-
festly covariant plane-wave expansions of the Wightman functions are
almost identical, the main difference being of a topological nature.

Let us start by recalling the structure of the two-point function of
a scalar field in a d-dimensional Minkowski spacetime M, with metric
’7/4\/ = (+s R ’_):

W'yd(xl»xz) = /\P%_>(X1)ly:3+)(xz)dﬁ, @
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The integral (1) is the superposition of a complete set of plane waves
(labeled by all possible (d — 1)-momenta p) evaluated at a first point x,
multiplied by their complex conjugates evaluated at a second point x,:
it has a distributional meaning but it invites us to move the first point
into the backward tube 7_ and the second point into the forward tube
T, of the complex Minkowski space M'":

Tt:{z:x+iy€Mff)2 +yevV,}, &)
Vi={yeM;: y-y>0,y'>0) “)

Since the waves are exponentially decreasing in the respective tubes, this
move vastly improves the convergence of the integral and shows that the
distribution (1) is one of a very special kind: it is the boundary value on
the reals of a function W,,,M" (z1,2,) holomorphic in the domain T_ x T,
a mathematical property equivalent to the physical requirement that
the states of the theory have positive energy in every inertial frame;
such fundamental equivalence holds also for the n-point functions of
interacting fields [6] and is so significant that the Euclidean formulation
of QFT would not exist without it [7].
The (complex) d-dimensional de Sitter space-time

ds'={ze M) : z.z=y,7'7" =-R*) (5)

also contains dS invariant domains of analyticity [2] describable simply
as the intersections of dS[(f) with the tubes T, of the ambient complex

() .

Minkowski space M :

T,=dSYnT, = (x+iyedsyY : yexV,}). (6)
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The second observation is that the asymptotic lightcone
C, =0V, ={e€ My,,, £=0, >0}, %)

which describes the boundary at timelike infinity of the real de Sit-
ter manifold, may be interpreted as the space of momentum direc-
tions; the fact that timelike geodesics and conserved quantities can be
parametrized by the choice of two such vectors confirms this interpre-
tation:

R(é*‘e% - r]”e_% )

V2 -n

where 7 is the proper time and m is the mass of the classical particle in
geodesic motion [8].

What replaces the waves (2) in the de Sitter universe? Given any
complex number /1 (the mass parameter), dS plane waves [1,2] are con-
structed as follows

mE Am*
(&-m

xH(r) = . K = ®

T.XCy 32,8 > yi(z,8) = (& 2)! =182, ©

These functions are univalued and holomorphic in the tubular domains
7_ and 7, and solve there the Klein-Gordon equation (], 5 + Hi)l[/f(z) =
0 with complex squared mass ”i = A(1 —d — 1). The “phase” of the above
waves is constant on the planes z - ¢ = const.

For any pair z,, z, of points in the domain 7_ X 7, the canonically
normalized (so-called) Bunch-Davis dS two-point function (here gener-
alized to complex squared masses and to spacetime dimension d) is a
holomorphic superposition of plane waves similar to (1):

. d-1
e’”(“T)r(—z)m +d-1
pd+14d

x / v OWE (20,8 du,©) 10
Y

ds,
W, (zy,2) =

where dpu,(§) is the restriction of the volume form of the cone C, to a
complete (d — 1)-dimensional cycle y.

Crucial property : the homogeneity degree (1 — d) of the integrand im-
plies that the rhs is the integral of a closed differential form and therefore
it is manifestly de Sitter invariant; it thus depends only on the invariant
scalar product z; - z,; a simple calculation [1,2] shows that it is propor-
tional to a Legendre function of the first kind:

1

Wfsd (z1,2y) =
) 2-d _d;Z
X ((z1-z2) =14 P 7 (z1-2). an

d-2
A+ 5

Formula (11) explicitly provides the analytic continuation of the two-
point function to the cut-plane

Ags =122, €4S 2z #p, p< -1} (12)

which contains all pairs of complex events of dS((l") minus the causal
cut; it contains in particular all the non-coincident pairs of dS Euclidean
points. Eq. (11) also shows that the involution A — (1 —d — 1) which
leaves yi invariant is a symmetry of the two-point function.

The complex d—dimensional AdS manifold can also be defined by
its embedding, now in the complex space Cg“ which is a copy of C?+!
endowed with the scalar product

7 2y = 2920 = zlzl — .

d-1_d-1 , _d_d
172 122 —z97 'z + 20z 13)

1 %2 1%2
(in the following the dot refers to this product):

AdSY = {zeCl*!, 2=z 2=R%). (14)
The real null cone of the ambient space

Ci={eeRJ", &=¢.£=0,£+0}) (15)

describes the boundary at spacelike infinity of the real manifold Ad.S;;
real null vectors may here be interpreted as spacelike momentum di-
rections and used to parametrize spacelike AdS geodesics as in Eq. (8).
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Timelike geodesics and the associated conserved quantities are instead
parametrized by null vectors of the complex cone

¥ ={recd, ¢ ¢=0,¢£0} (16)

uil ok - ; N
x"(r):Rg eR + R¢H*e R’KMV=lm(C/\C) . an

V2 - &) €&
This parametrization shows that timelike geodesics which contain an
event x also contain the antipodal event —x and that the proper time
elapsed between them is 7 R on each geodesic. To remove the periodicity
(but not the periodical focusing - see the discussion given in [9]) of the
geodesics and to have well-defined plane waves it is necessary to move
to the covering manifold.

In spacetime dimension d > 2 the covering of the complex manifold
Adef) is Aa!Sff> itself. On the contrary, the real manifold Ad.S, admits
a nontrivial covering space m; also the backward and forward chiral
tuboids [5]

Zo={z=x+iye AdSY : y.y>0,
e(z) = ’x* = x%y" 2 0} 1s)

have nontrivial coverings z . Here again, as in Minkowskian QFT, any
local and covariant two-point distribution with positive energy spec-
trum is the boundary value on AdS, x AdS, of a function holomorphic
in the domain Z_ x Z. +- These properties completely determine the two-
point functions [5] and, as a consequence, select the possible boundary
behaviour of the modes. Analyticity properties of the same kind charac-
terize also the n-point functions of interacting fields and allow for the
Euclidean formulation of AdS QFT [5].

The last ingredients that we need are the two AdS-invariant chiral
cones:

Co={{=¢+ixecy : y x>0 e0)20) 19)
and their punctured closures
Co={¢eCy: x x20,e0)Z0,¢#0} (20)

The scalar product z,¢ + z - { maps Z_ x C yand Z, X C_ onto the punc-
tured complex-plane C* = C \ {0}: in the above domains the scalar prod-
uct z - ¢ cannot vanish. Furthermore, the scalar product can be lifted to a
map of Z_ x C, and Z, x C_ onto C* which also never vanish. By abuse
of language we denote also the lifted scalar product by z - ¢.

We are now in position to answer the question: what replaces the
plane waves (2) in the AdS case? Given any complex number A, we
introduce (unnormalized) AdS plane waves as follows:

Z.xCpalz— 5@ = (- O)F = G0, 1)

A previous attempt [10] was based on a local ie-prescription. Here the
waves are, in their global domains of definition, univalued, holomor-
phic solutions of the KG equation ([(J4,5 + mi)qﬁf(z, &) = 0 with complex
squared mass mi = —yi =AMA+d-1).

Let us now consider a family of two-point functions formally identi-
cal to (10):

AdS,

W (21, 25) = ¢g(2) / 67O BT, (22, du (). 22)
Y

When the integral is extended to a complete cycle y of the real cone C,
the outcome is not AdS invariant because the integrand gets multiplied
by exp (—4xil) after one revolution in the (£, &¢)-plane. Exceptions are
A =1 integer, but the integral vanishes identically, and A =17+ % half-
integer, which gives the correct AdS-invariant result. For generic 4, in-
tegrating on the covering of the cone does not help and is physically
unsound as it would over-count the possible momentum directions. In-
deed, a complete cycle y is already too much, and this partly explains
the vanishing of the integral for integer 1 = /.

The solution for general 4 is given by Eq. (22) with the following
specifications: for Re 4 > —1 the cycle y(z;) should belong to a rela-
tive homology class of H,_,(C_,{¢ : ¢ - z; = 0}) (a similar construction
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based on the second point z, gives identical results); the canonically
normalized plane-wave expansion of the two-point Wightman function
holomorphicin Z_ x Z, is given by

T (A +d - 1)

AdS,

W, (zy,25) =
po 24+1 cos (’%’)m +1)

X / (21 - Oz - O dp, (0) = (23)
r(z1)
i

=z ) _nE Qdfz (21 2). @24
(2,;)2 =¥

A symmetric presentation of (23) is possible by using the shadow trans-
formation of the waves that follows from (23) by letting z, tend to the
boundary (the cone C,):

W% (2, 2,) = ¢ (D) / / (z; - E)*%
v(z1) Jy(z2)
X (&1 )Tz - ) dpy,) dity oy, @5

In odd spacetime dimension (AdS3, AdSs, ...) Eq. (23) has to be under-

stood as follows
(=1D)"(A + 2m)
Q2r)iT(A+1)
X / (21 OMzy - O™ log(¢ - 25)d iy (). (26)
v(z1)

AdS
WA 2n+1 (Z17ZZ) —

Eq. (24) provides the analytic continuation of WAAdS” (2, z,) both to the

complex i-plane and to the covering A 4, of the cut-plane
Aggs =121.20 € AdS; 2 -2y #p, -1 < p < 1}. 27)

A 445 contains all pairs of events of AdSSC) minus the causal cut; it con-
tains in particular all pairs of non-coincident Euclidean points. Eq. (24)
shows that 4 — (1 — d — 1) is not a symmetry of the two-point function.
Eq. (23) is very significant for the study of Legendre functions of
the second kind. To give one example, a nontrivial consequence is the,
perhaps unknown, multiplication theorem (calculated at d = 2; a more
complicated formula of the same kind holds for general d):

S (1-x7)" gy, hw)

Qj(xchu):';)xlﬂr(lﬂ) PITYI (28)
Let us consider now the Poincaré foliation of Adef):
ZH = Ly
u >
z(z,u) =3 z9°1 = l;':z + 21_uZZ , 72 = N 22" (29)

For real u > 0 and real z# = x# the above coordinates cover one half of
AdS,; which we denote AdS),. Its partial complexification (u is kept
real) contains the Euclidean manifold EAdS,; the leaves at fixed u > 0
are copies of M N ) ; the Minkowskian tubes T, of the leaves are con-
tained into Z, (see [5] for more details). The latter property has also an
important technical value and allows to compute the Fourier transforms
of the waves w.r.t. the coordinates x# and to derive, after some pain, a
diagonal representation of the two-point function (see also [5,11]):

() >

AdS
W% (z,(21,u), 2+(2,u')) = ———X
T (212, ), 29(25,4) 222

x / 0(p")0(pP)e P2 g, <u\/;>h(u'\/l;>dp=

(uu’) % © M
=—0 / W, 2y, 29)J, (mu) J, (mu Ydm* (30)
0
where v(1) = % + A pz=n,p*z’ and p? = 5,,p*p’. The first equality

is valid for z; € T_ and z, € T,; the second equality (30) has the form
of a Kéllén-Lehmann expansion and holds in the whole cut-plane

Ay ={z1,25 € M(gc_)]; z1 2y #p, p20}.
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From Eq. (30) it may be deduced a new integral representation of the
Feynman propagator for pair of events x,, x, in the real Poincaré chart
Ad Sy

d-1
w') 2
G5 (xy (xp, ), Xy (%)) = (T)X
[es]
x/ G %y, xo)d, (mu) T, (mud ) dm; (31)
0

here G,]:,/’ 9-1(x;,X,) is the Feynman propagator of massive Minkowskian
scalar field in spacetime dimension d — 1:

(DAdS + mA)GAdS"(xl(xl,u) Xy (Xp, 1)) =
= (w )%/ u?8(zy,2,)J, (mu)J,, (mu' ) mdm
0
=u!8(21,22)8u,u) = 8445, (x1, %) (32)

In the last equality we used the inversion theorem for the Hankel trans-
form of order v [12] and +/g(x) = u™?.

AdS Feynman Diagrams are usually computed in the Euclidean man-
ifold, often by using the “split” representation of the Euclidean Feynman
propagator [13-15]: the latter may be understood as the generalized in-
verse Mehler-Fock transform with respect to the mass parameter 4 of
the de Sitter Wightman function (10) taken at purely imaginary events
z; =iy, € T_and z, = iy, € 7, [16, Appendix A].

The relation of AdS Euclidean diagrams with real space diagrams
[10,14,17] remains however poorly understood, also because calcula-
tions based on the split representation cannot be Wick-rotated.

Eq. (31) may shed some new light on this issue. In particular it imme-
diately implies that banana diagrams computed in the Euclidean mani-
fold EAdS, [16] can be Wick-rotated and coincide with the same dia-
grams calculated in AdS,,.

What is less obvious is whether a more general diagram computed by
integrating only in a Poincaré patch AdS,, produces an AdS invariant
result. This happens for the elementary one line diagram:

/ dosd (x1,x)Vgx)dx =
AdSy

[ (2) 7 ot

Carrying the integration in the u variable first we get
d=3 o\ ,d=t
o M 2 F(— )u’ 2 J

/ :
d+1

0 2%r(§(d+/1+1))
1 1

RCEzE RS

/
5t a0

dm =

(33

The result does not depend on «/, is AdS invariant and coincides with the
Euclidean calculation. A less trivial example is the two-line diagram:

Fj 5, (x15%2) =/
AdSy

Would we know the AdS invariance of F, ;, we could immediately write
[16]

AdS, AdS,
GA] "(xl,x)G/12 4 (x, %)V g(x)dx.

AdS, AdS,
Gy, Gersx0) = G (xg, x0)
F(xp.xp) =~ CR . (34
T,

A direct calculation that confirms the above result may be performed by
Wick-rotating the identity

® J, (mu)J, (mu’) = J,, (mu)J 2(mu’)
/ mdm =
03 =vH(P? +m?)
© abJ, (au)d,, (av)J,,(bv)J,, (bu')
/ / / - dvdadb
v(a? +p?) (b2 + p?)

that can be shown at first for p2 > 0 by using Eq. (24) and the Euclidean
version of Eq. (31). Taking the limit x; - x, we obtain as a consequence
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the one-loop banana integral calculated in AdS,,, and this coincides
with the Euclidean calculation done in [16].

We may also compute Witten diagrams in real space: the external
legs are the boundary values of the plane waves (21) and the propaga-
tor is once more the one given in Eq. (31). “Ingoing” waves should be
boundary values of the waves holomorphic in Z_ and “outgoing” waves
boundary values of the waves holomorphic in Z,.

We conjecture that also these diagrams integrated over AdS,, give
AdS invariant results (see also [10,14,17]) but this is a question that
remains at the moment open.
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