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Abstract
We propose a level set-based semi-Lagrangian method on graded adaptive Cartesian grids to address the problem of surface
reconstruction from point clouds. The goal is to obtain an implicit, high-quality representation of real shapes that can subse-
quently serve as computational domain for partial differential equation models. The mathematical formulation is variational,
incorporating a curvature constraint that minimizes the surface area while being weighted by the distance of the reconstructed
surface from the input point cloud. Within the level set framework, this problem is reformulated as an advection–diffusion
equation, which we solve using a semi-Lagrangian scheme coupled with a local high-order interpolator. Building on the
features of the level set and semi-Lagrangian method, we use quadtree and octree data structures to represent the grid and
generate a mesh with the finest resolution near the zero level set and the point cloud data. The complete surface reconstruction
workflow is described, including localization and reinitialization techniques, as well as strategies to handle complex and
evolving topologies. A broad set of numerical tests in two and three dimensions is presented to assess the effectiveness of the
method.

Keywords Surface reconstruction · Point cloud · Level Set Method ·Adaptive Mesh Refinement · Semi-Lagrangian schemes ·
CWENO interpolation

1 Introduction

Many real-world applications share the issue of acquiring
and processing 3D digital models of non-synthetic objects.
One of the common fundamental problem consists in recon-
structing a smooth surface from a given set of unorganized
points, called as point cloud. This is typical, for instance, in
fields like cultural heritage, where one deals with real artistic
manufacts presenting complicated geometries and topolo-
gies, and whose shape is usually acquired, in the form of
a point cloud, from the work of art itself, e.g. via 3D laser
scanning or photogrammetry [1–3].

The importance of having a mathematical description of
real shapes also lies in the problemofmonitoring and predict-
ing damage and degradation of monuments, for which some
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mathematical models, see for instance [4–6], can be applied.
These models require the solution of reaction-diffusion
Partial Differential Equations (PDEs) on a computational
domain having the exact shape of a work of art. This paper
addresses the problemof providing a high fidelity description
of a complex object to be later used as domain definition in
PDE computations, in particular via ghost-cell methods [7–
10]. As a consequence, we seek a watertight representation,
having some smoothness properties, which is suitable not
only for static operations, but also for dynamic ones. Compu-
tations will involve high-order methods and grids finer than
the resolution of the point cloud, so that the reconstructed
object can then be reliably represented on the extremely fine
grids required by the PDE model.

In general, a surface can be represented by following two
approaches: the explicit and the implicit one. Regarding the
first, we mention mesh-based [11, 12] and parametric tech-
niques, e.g. NURBS [13, 14], which, despite their popularity
in a wide variety of applications, are well-known to be diffi-
cult to handle when an evolution of the surface occurs. On the
other hand, an implicit approach offers a better handling of
topological flexibility, while having a very simple data struc-
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ture that allows simple Boolean operations on the detected
surface, too. Radial Basis Functions (RBF) with global and
local support have found many applications along this line
[15–17] together with some least-squares-based methods
[18]. Still, a signed distance function representing a surface
can be obtained by using local estimators that associate an
oriented plane to each point in the cloud [19]. A different
and widespread approach for the processing of evolving sur-
faces, and point cloud data in particular, is constituted by the
application of the Level Set Method (LSM) [20].

Introduced in [20], the LSM has emerged as a powerful
and versatile tool in a wide range of applications [7, 21, 22]
including image processing and surface reconstruction [23,
24]. In its framework, an n-dimensional object � and its
boundary � are represented by a so-called level set function
φ : Rn → R such that � = {�x ∈ R

n : φ(�x) < 0} and � is
the zero isocontour of φ, namely � = {�x ∈ R

n : φ(�x) = 0}.
Exploiting their representation via the scalar function φ, �

and � can be then evolved in time accordingly to a PDE
defined for φ, driving the deformation of an initial surface.

Along this line, a level set-based semi-Lagrangianmethod
with local interpolator has beenpresented in [25] for the prob-
lem of surface reconstruction from point cloud, while a first
complete workflow from the dataset to PDE computations
for the marble sulfation phenomenon can be found in [26,
27].

The aforementionedmethod numerically solves themodel
introduced by Zhao et al. [23], which is based on the mini-
mization of the energy functional

Ep(�) =
( ∫

�

d p(�x) ds
)1/p

, 1 ≤ p ≤ ∞, (1)

where d(�x) = min�q∈S |�x − �q| is the distance function of
a point �x ∈ R

n from the point cloud S = {�q1, . . . , �qM },
and � is a closed surface of co-dimension one in R

n . The
minimum of (1), namely the final shape, is obtained by
continuously deforming an initial surface �0, following the
gradient descent of (1).

Within the LSM, the evolving surface �(t) is represented
implicitly using a level set function to capture the moving
interface, leading to the level set formulation

φt (�x, t) =
[

d(�x)
Ep(φ)

]p−1(
∇d(�x) · ∇φ(�x, t)

+ μ

p
d(�x)∇ ·

( ∇φ(�x, t)
|∇φ(�x, t)|

)
|∇φ(�x, t)|

)
,

φ(�x, 0) = φ0(�x),

(2)

where the energy functional (1) is coherently rewritten as

Ep(φ) =
( ∫

Rn
|d(�x)|pδ(φ)|∇φ| d�x

)1/p

, (3)

being δ the Dirac-delta function, and φ0(�x) a suitable initial
data such that �0 = {�x ∈ R

n : φ0(�x) = 0}. In (2), the evo-
lution of the surface towards the dataset S is driven by the
term ∇d(�x) · ∇φ(�x, t), while the second term tempers the
maximal curvature of �. The balance between these two is
tuned by the parameterμ, introduced in [25] for this purpose
and to deal with noisy data, too. Finally, among all the possi-
ble level set representation of the surface �, we aim to work
with the signed distance one, thus taking into account suit-
able reinitializazion procedure that guarantees our function
φ to stay well-behaved, namely |∇φ| ≈ 1, during the evolu-
tion. For a wide description of the model and the parameters
acting in (2) the reader can refer to [23, 25, 28].

The numerical solution of (2) can be addressed in dif-
ferent ways, see for instance [28–31]. In particular, in [30],
a semi-Lagrangian (SL) scheme is adopted with the aim of
overcoming the prohibitive time step constraint imposed by
the diffusion term. In fact, first introduced in [32] for first-
order systems of linear equations, SL schemes have gone
through an important extension with the main purpose of
obtaining methods which are unconditionally stable with
respect to the choice of the time step (see [33] for a compre-
hensive explanation), even in presence of parabolic terms,
whose treatment has been studied in [34, 35].

In the level set context, the possibility to overcome
the parabolic-type CFL restriction is particularly tempting
because it allows one to employ very fine grids for the com-
putations, especially in the vicinity of the zero level set of φ,
also from anAdaptiveMesh Refinement (AMR) perspective.
While the CFL condition will frustrate the adaptive approach
when a general explicit scheme is employed, this will not be
an issue in the SL framework where one is allowed to work
at large Courant numbers, with a hyperbolic CFL restriction
of type �t = O(�x). For more details, we refer the reader
to [36], where a first application of SL schemes in the LSM
context can be found.

Motivated by the reasons above, here we aim to extend
the method presented in [25] to a fully adaptive framework,
exploiting both the unconditional stability of the SL approach
and the adaptivity criterion offered by the level set function
itself. In fact, given a level set function φ associated to an
interface �, constructing a tree-based grid refined around �

is quite simple since the values of |φ| naturally give a proper
criterion for refinement, yielding a smaller grid size close to
� and a larger one far away from the interface. Moreover, we
will couple this criterionwith the proximity to the point cloud
S, expressed by the distance function. As a result, the multi-
ple iterations of the method presented in [25] are abandoned,
in favour of a single computation in which the resolution of
the computational grid increases along the zero level set and
as we get closer to S.

On the other side, SL algorithms, compared to Eulerian
ones, might not be easy to parallelize, especially on adap-
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tive grids, since, depending of the CFL number, the feet of
the characteristics may end up outside the halo region, in
remote ranks, and may also significantly cluster, affecting
load balancing. In order to reduce the computational effort
and communications among processors, the SL scheme is
coupledwith two types of local reconstructions, amultilinear
(P1) and a third-order accurate Central Weighted Essentially
Non-Oscillatory (CWENO) one, both based on a least-square
approach due to the lack of structure in the mesh employed.

First pioneering studies related to central reconstructions
can be found in [37], where the authors suggested to blend,
in a WENO-like fashion, polynomials of different degrees,
allowing to overcome some difficulties of non-existence,
non-positivity and dependence on the reconstruction point of
the WENO linear weights. The idea has been further devel-
oped into the so-called CWENO reconstruction and exploited
in multiple spatial dimensions, also in the case of adaptive
mesh refinement and non-uniform grids [38–42]. The tech-
nique has also been exploited in finite difference schemes
for Hamilton-Jacobi (HJ) equations on Cartesian meshes via
dimensional splitting [43, 44], as well as on general meshes
[45]. General results for establishing the convergence order
of a CWENO reconstruction have been presented in [46–48].

In order to design the complete numerical method and
achieve the final reconstruction via a signed distance func-
tion, some other techniques will be employed, including
localization procedure [49], reinitialization [20, 21, 50] and
distance function computation [51].

The paper is organized as follows. The SL scheme for
the numerical approximation of (2) is described in Sect. 2.
All the auxiliary schemes needed for the level set computa-
tion are collected in Sect. 3. In Sect. 4, the whole algorithm
is summarized and various numerical tests in two and three
dimensions are presented. Finally, Sect. 5 collects some con-
clusions and future perspectives.

2 Numerical Scheme

We consider a background quadtree (resp. octree) mesh hav-
ing a single tree-based structure which is defined on a cubic
domain�′ ⊂ R

2 (resp.R3) containing the point cloud S and
�(t), at each time t > 0. Inwhat follows, the set of quadrants
composing �′ will be denoted byQ and, for j ∈ Q, φn

j indi-
cates the approximate value of φ evaluated at the centre �x j
of the quadrant j at time tn . Moreover, for each quadrant j ,
we denote with �x j its edge length and, once the maximum
level of refinement L is fixed, we define as

�xmin = ��′

2L
(4)

the minimum edge length of the quadrants composing the
tree, where ��′ is the edge length of the cubic domain �′.

The discretized values of φ, namely the numerical evo-
lution of (2), are computed following the SL approach
presented in [30], coupled with a suitable local P1 or CWENO
reconstruction to handle the quadtree grid, reduce the compu-
tational costs and exploit the parallelization. The SL scheme
will be briefly described in the next Sect. 2.1, for the two-
dimensional case, while the reader can refer to [25, 30] for a
complete description in three dimensions. The complemen-
tary techniques and the complete algorithmwill be described
later on, in Sect. 3 and Sect. 4, respectively.

2.1 Semi-Lagrangian Scheme

In two dimensions, we compute the update of φn
j as

φn+1
j = 1

2

2∑
i=1

R[�n]
(
�x∗
j,i

)
,

�x∗
j,i = �x j + Cn

j �t∇d(�x j )

+
√
2Cn

j μ d(�x j )�t

p
�σ n
j λi ,

(5)

where λi ranges over {−1,+1} and Cn
j is the scale factor[ d( �x j )

Ep(φn)

]p−1. The operator R[�n](�x) denotes a reconstruc-
tion at point �x of the data �n = {φn

j : j ∈ Q}, which will
be specified later in Sects. 2.2 and 2.3. The unit vector �σ n

j is
given by

�σ n
j = 1

|∇φn
j |

(
∂yφ

n
j

− ∂xφ
n
j

)
, (6)

is tangent to the level sets of φ and thus orthogonal to its
gradient.

One can notice that, in equation (5), the evaluation points
of the reconstruction operator are obtained by computing the
foot of the characteristic pertaining to the advection term
in (2), and adding a further displacement of size

√
�t that

generates a diffusion along the tangent space of the level
sets, thus discretizing the curvature term in (2), as described
in [52, 53].

Because of the factor 1/|∇φn
j | inside the definition of �σ n

j
in (6), when |∇φn

j | < D�tα , the scheme is replaced by

φn+1
j = 1

|N j |
∑
i∈N j

R[�n](�xi ), (7)

where N j is the set of the first neighbour indexes of j ∈
Q and |N j | represents its cardinality. In all computations
presented in this work, we set D = 10−3 and α = 1.
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Fig. 1 Example of quadrantswith different neighbours. Themain quad-
rants and their neighbours are depicted in red and orange

Analogous computations can be done in order to obtain the
3D version of the scheme presented above. For its complete
description we refer the reader to [25, 30].

Remark In order to apply the SL scheme (5), one has to
quickly find the quadrant to which the points �x∗

j,i belong.
While on Cartesian grids localizing them is a trivial task, on
quadtree this is no longer an easy procedure as it involves
browsing the tree structure from the root until one finds the
leaf containing the point �x∗

j,i .
In order to fully detail the scheme (5), a suitable recon-

struction operator has to be defined. Considering a space of
polynomials P with a basis B, the key point of interpolation
on quadtree is that, since each quadrant j ∈ Q may have a
different number of neighbours

∣∣N j
∣∣, the linear system aris-

ing for each quadrant j may have a number of rows other
than |B|. Thus, in our scheme we will resort to a P1 con-
strained least-squares reconstruction RP1[�] and to a third
order CWENO oneRCW [�], based on the same constrained
least-squares approach.

2.2 P1 Constrained Least-Squares Reconstruction

In 2D, on a quadrant j of size�x , we consider the local basis
B j = {ϕ js }2s=0 = {1, x̂, ŷ}, where x̂ = (x−x j )/�x and ŷ =
(y − y j )/�x . We seek for the vector of coefficients {c js }2s=0
by imposing the constraint c j0 = φ j and the interpolation
conditions

2∑
s=1

c jsϕ js (�xi ) = φi − φ j , i ∈ N j , (8)

such that RP1[�](�x j ) = φ j holds true.
With this choice one can immediately note that, consid-

ering both edge and corner neighbours (see Fig. 1), the case∣∣N j
∣∣ <

∣∣B j
∣∣ − 1 never occurs. Instead, the system for the

c js is overdetermined and is solved using a least-squares
approach.

In an analogous way, we can compute the P1 recon-
struction for a quadrant j in the 3D case, choosing B j =
{1, x̂, ŷ, ẑ}.

Despite its low computational cost, we expect that the
P1 operator might lead to less accurate reconstructed sur-
faces than alternative high-order ones. However, high-degree
polynomials might introduce oscillations that severely affect
the stability of the scheme. Essentially non-oscillatory tech-
niques are apt for this purpose, producing high-order non-
oscillatory operators by introducing a nonlinear dependency
from the data. In particular, we resort to a CWENO operator
which blends and selects first degree polynomials, having
smaller and directionally biased stencils, with the optimal
second degree one built on the entire set of neighbours of
a quadrant and the quadrant itself, in order to get high-
order accuracy. Due to the lack of structure in the adaptive
mesh employed, both optimal and lateral polynomials will be
obtained with the same constrained least-squares approach
presented for the P1 case.

2.3 CWENO Constrained Least-Squares
Reconstruction

Let j ∈ Q be the quadrant in which we want to compute the
reconstruction. We recall now the general definition of the
CWENO operator, along the lines of [54].

Definition 1 Given a stencil Sopt, including j , let Popt ∈ P
G
n

be the optimal polynomial of degree G, associated to Sopt.
Further, let P1, P2, ..., Pm be a set of m ≥ 1 polynomials of
degree g with g < G, associated to substencil Sk such that
{ j} ⊂ Sk ⊂ Sopt ∀k = 1, ...,m. Let also {dk}mk=0 be a set of
strictly positive real coefficients such that

∑m
k=0 dk = 1.

The CWENO operator computes a reconstruction polyno-
mial

RCW = CWENO(Popt, P1, ..., Pm) ∈ P
G
n , (9)

as follows:

1. introduce the polynomial P0 ∈ P
G
n defined as

P0(x) = 1

d0

(
Popt(x) −

m∑
k=1

dk Pk(x)

)
; (10)

2. compute suitable regularity indicators

I0 = I[Popt], Ik = I[Pk], k ≥ 1; (11)

3. compute the nonlinear coefficients
{
ωZ
k

}m
k=0 as

αZ
k = dk

(Ik + ε)l
, ωCW

k = αZ
k∑m

i=0 αZ
i

(12)

where ε is a small positive quantity and l ≥ 1;
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4. define the reconstruction polynomial as

RCW (x) =
m∑

k=0

ωCW
k Pk(x) ∈ P

G
n . (13)

Compared to the traditional WENO operator, the recon-
struction polynomial defined in (13) can be evaluated at any
point in the quadrant j at a very low computational cost. This
has been proven to be an advantage in SL schemes (see [55])
that require to evaluate the reconstruction in different points
laying in the same quadrant, which is, indeed, the case of our
scheme (5).

The accuracy andnon-oscillatoryproperties of theCWENO
scheme is guaranteed by the dependence of its nonlinear
weights (12) on the regularity indicators Ik . On smooth data,
the regularity indicators of all polynomials will be close to
each others, so thatR ≈ Popt and the reconstruction reaches
the optimal order of accuracyG+1. On the other hand, when
a discontinuity is present in Sopt, both I0 � 1 and at least
one Ik̂ � 1 for some k̂ ∈ {1, ...,m}, where with � 1 we
mean “of the same order of 1, and bounded away from zero”.
In this case, the reconstruction is given by a linear combi-
nation of all lateral polynomials that are not affected by the
discontinuity and its accuracy reduces to g + 1.

2.3.1 Two Spatial Dimensions

Let j ∈ Q be the quadrant of the grid containing the recon-
struction point x and letN j = N j ∪{ j} be the stencil for the
reconstruction, where N j is the set of neighbouring quad-
rants of j . The setup of the stencils for optimal and lateral
polynomials is the following: the optimal polynomial is the
one associated to N j , while the substencils for the south-
west (sw), south-east (se), north-west (nw) and north-east
(ne) polynomials are composed by j itself and corner or edge
neighbours in the corresponding directions.

The reconstruction operator compute RCW ∈ P
2
2 as

RCW = CWENO(P(2)
opt ; P(1)

sw , P(1)
se , P(1)

nw , P(1)
ne ), (14)

with the optimal and lateral polynomials set to be second and
first degree polynomials, respectively, built on the local basis

B2 = {1, x̂, ŷ, x̂2, x̂ ŷ, ŷ2}, B1 = {1, x̂, ŷ}. (15)

For each polynomial we impose the constraint P(�x j ) = φ j ,
such that c j0 = φ j , and compute the remaining coefficients
c jk similarly to (8), following a least-squares approach. Since
we impose the constraint on each polynomial, we can guar-
antee that the condition RCW [�](�x j ) = φ j holds true.

Once the coefficients are obtained, the oscillation indica-
tors are defined as

I[P] =
∑
|�α|≥1

�x2|�α|−2
j

∫

Q j

[
∂P

∂xα1∂ yα2

]2
dxdy, (16)

according to the classical ones of [56, 57]. This choice might
be different to the usual one for HJ equation, whose solutions
can be at worst continuous with kinks, see [58, 59], but here
is motivated by the degrees of the polynomials employed in
the reconstruction. In fact, since our reconstruction employs
lateral polynomials of at most first degree, their HJ-type indi-
cators would be all identically equal to zero, providing no
information about their regularity and thus the ones to be
discarded in case of oscillations, consequently affecting the
non-oscillatory properties of the entire reconstruction proce-
dure.

Denoting with �c the vector of coefficients of a generic
polynomial in two variables of degree up to 2, along the
basis B2 in (15), its oscillation indicator can be expressed as

I[P] = �c T M �c, (17)

with

M =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 13/3 0 0
0 0 0 0 7/6 0
0 0 0 0 0 13/3

⎞
⎟⎟⎟⎟⎟⎟⎠

. (18)

The CWENO reconstruction applied in the numerical tests
of this paper is then defined by choosing linear coefficients
dsw = dse = dnw = dne = 1/8 and d0 = 3/4, l = 2 and
ε = �x2 in the above construction.

2.3.2 Three Spatial Dimensions

The construction for the CWENO operator in three dimen-
sions strictly follows the guidelines seen above for the
two-dimensional case.

The reconstruction operator blends the seconddegree opti-
mal polynomial associated to the stencil N j with 8 first
degree polynomials corresponding to the biased ones. To
collect these stencils we consider west, east, north, south,
backward and forward directions. The result of the recon-
struction operator is RCW ∈ P

2
3, built on the basis

B2 = {1, x̂, ŷ, ẑ, x̂2, x̂ ŷ, ŷ2, ẑ2, x̂ ẑ, ŷ ẑ},
B1 = {1, x̂, ŷ, ẑ}. (19)

Due to the dimension, the oscillation indicators need to be
properly rescaled and are thus defined as

I[P] =
∑
|�α|≥1

�x2|�α|−3
j

∫

Q j

[
∂P

∂xα1∂ yα2

]2
dxdydz, (20)

or in a matrix form as

I[P] = �c T M �c, (21)
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with

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 13/3 0 0 0 0 0
0 0 0 0 7/6 0 0 0 0
0 0 0 0 0 13/3 0 0 0
0 0 0 0 0 0 13/3 0 0
0 0 0 0 0 0 0 7/6 0
0 0 0 0 0 0 0 0 7/6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (22)

Remark The scaling factor in (16) and (20) is motivated by
the expected behaviour of the indicators. To clarify the idea,
let us consider the simpler case of a generic polynomial Pk
of degree r − 1, in one dimension, having a discontinuity in
its stencil Sk . In this case, the indicator would read

I[Pk ] =
∑
α≥1

�x2α−1
j

∫

Q j

[
∂P

∂xα

]2
dx . (23)

The α-derivative of Pk is a polynomial of degree r − α − 1,
whose coefficients of degree m are given by the Newton
divided differences with m + α + 1 points, which scale as
O(�x−m−α), due to the discontinuity. Computing the inte-
gral in (23) contributes another�x factor and the indicator is
thus a sum of terms, all scaling at the same rateO(�x1−2α).
It is thus clear that the exponent 2α − 1 in the scaling factor
yields Ik � 1 in this non-regular case; on the other hand, in
case of smoothness, the Newton divided differences would
be O(1) and one gets Ik → 0, as expected.

With similar arguments one can deduce the correct scal-
ing factor in the definition of the indicator in the general
multidimensional case.

3 Computation of the Level Set Evolution

The overall surface reconstruction procedure requires differ-
ent schemes to be put together. The SL scheme presented in
the previous section constitutes the main ingredient of the
method; all the other auxiliary parts will be detailed later on
in this section. A summary of the complete algorithm will be
given at the beginning of Sect. 4.

3.1 Localization

A typical approach when dealing with LSM is to localize the
evolution only in a narrow band around the zero level set of
φ. Along the lines of [49], the definition of the narrow band,
and related computations, is based on the two constants

β = 2λ�xmin, (24)

and

γ = 4λ�xmin, (25)

where�xmin is the minimum edge length of the refined grid,
as defined by (4), and λ = �t/�xmin is related to the choice
of the time step �t = O(�xmin).

Since it is not important to update φ far away from zero,
at each time step we choose a subgrid

Q̃ = { j ∈ Q :
∣∣∣φn

j

∣∣∣ < γ } ⊂ Q, (26)

according to [49] and to the stencils for the spatial reconstruc-
tions employed in this work, and update φn+1 only therein.
Outside Q̃, we simply cut our level set function as

φ j =

⎧⎪⎨
⎪⎩

γ if φ j > γ,

φ j if
∣∣φ j

∣∣ ≤ γ,

−γ if φ j < −γ.

(27)

Analogously to [49], to prevent numerical oscillations at
the boundary of Q̃, we update the solution involving the addi-
tional cutoff function

c(φ) =

⎧⎪⎪⎨
⎪⎪⎩

1 if |φ| ≤ β,

(|φ|−γ )2(2|φ|+γ−3β)

(γ−β)3
if β < |φ| ≤ γ,

0 if |φ| > γ,

(28)

considering the modified equation

φt (�x, t) = c(φ)

[
d(�x)
Ep(φ)

]p−1(
∇d(�x) · ∇φ(�x, t)

+ μ

p
d(�x)∇ ·

( ∇φ(�x, t)
|∇φ(�x, t)|

)
|∇φ(�x, t)|

) (29)

and the proper modifications to the semi-Lagrangian scheme
(see [25]).

Finally, even if we consider the modified equation (29),
keeping the level set function close to the signed distance
one during its evolution constitutes an important issue and a
reinitialization procedure will be required. This reinitializa-
tion procedure must be performed on a larger narrow band
Q obtained by considering Q̃ and a number of neighbouring
layers proportional to λ. The fact that Q ⊃ Q̃ is essential if
one starts the algorithm with an initial data so far from the
point cloud that the initial computational band (26) does not
contain S. In such a case, without the enlarged reinitializa-
tion band, the evolution of φ would remain confined to the
first computational band Q̃0, while with this choice, the suc-
cessive bands Q̃n will be able to move contextually with the
zero level set of φn .
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3.2 Adaptivity

We consider an adaptive framework in which the computa-
tional domain is subdivided into quadrants (resp. octants).
Each of them can be refined by splitting into 4 (resp. 8) equal
pieces, each group of them can be coarsened and replaced by
the quadrant (octant) theywere obtained from. Each quadrant
has a level l ≥ 0, which dictates its edge length as being 1/2l

that of the computational domain. The minimum and max-
imum level control the size of the largest and smallest cell
in the grid. Typically one also enforces that the levels of two
adjacent quadrants do not differ by more than 1. The grids
can be represented by a quadtree (resp. octree), in which any
refined quadrant is a node with 4 (resp. 8) children and the
active computational quadrants are the leaves of the tree.

Inwhat follows, unless otherwise specified,wewill use the
terms cell, quadrant, octant and leaf, to refer to the elements
of the computational grid.

In the AMR context the typical adaptivity procedure fol-
lows the steps below:

• first of all, the leaves are marked for refinement, coars-
ening or to be left unchanged, depending on the chosen
criteria;

• the refinement and coarsening is then applied to each
marked leaf in a recursive way and consistently with the
minimum and maximum level of refinement set for the
mesh;

• if the grid is graded, once it has been roughly adapted,
a 2:1 balancing is performed in order to guarantee that
the level difference between a quadrant and each of its
neighbours is at most 1;

• finally, as far as parallelization is concerned, load distri-
bution is operated between processes by an equal division
of the new array of leaves.

In our level set application solid adaptivity criteria need
to be defined to ensure the grid to be properly refined in
the vicinity of the zero level set, i.e. the surface interface
�, and in the proximity of the cloud data S. A progressive
decreasing resolution is expected whenmoving further away,
in particular where our level set function φ is flattened to a
prescribed value ±γ , according to the localization of the
method, described in Sect. 3.1.

3.2.1 Refinement

Let us indicate with hS a suitable estimation of the resolution
of the point cloud S, i.e. the average distance between two
closest points in S, and let us recall that l and L denote
the current level of a quadrant and the maximum level of
refinement, respectively. In order to refine the computational
grid we proceed as follows:

• a quadrant j ∈ Q is refined up to level L if

∣∣φ j
∣∣ < γ and d < 2hS ; (30)

• a quadrant j ∈ Q is refined up to level L − 1 if

∣∣φ j
∣∣ < γ and 2hS ≤ d < 4hS ; (31)

• a quadrant j ∈ Q is refined up to level L − 2 if

∣∣φ j
∣∣ < γ ; (32)

where γ is defined as in Sect. 3.1.
Once the quadrant j is marked, the procedure for the

refinement is trivial thanks to the local reconstruction R j

defined on the quadrant itself. The quadrant j of centre �x j
originates 4 children in 2D, 8 in 3D, by dividing by two each
of its edges. The new quadrants jr have centres �x jr and their
corresponding level set values are φ jr = R j [�](�x jr ).

3.2.2 Coarsening

On the other side, a set of 4 in 2D (resp. 8 in 3D) children
C ⊂ Q is coarsened if

|{c ∈ C | |φc| < γ }| = 0, (33)

where γ is again defined as in Sect. 3.1.
The coarsening procedure consists in gluing together

quadrants of the same level originated from the same branch:
the new centre �x j and the corresponding level set value is
obtained by averages from the outgoing quadrants of centres
{�xc}c∈C , namely

�x j = 1

|C |
∑
c∈C

�xc and φ j = 1

|C |
∑
c∈C

φc. (34)

3.3 Distance Function Computation

The evolution of the level set function φ requires, as a funda-
mental step, to compute the distance function d from the
point cloud S, which we recall to be given by d(�x) =
min�q∈S |�x − �q|. The distance function appears itself in the
governing equation (2), in the definition of the energy func-
tional, and its gradient constitutes the velocity field driving
the evolution of the level set towards the data. Clearly, one
is not interested in computing the exact values of d on the
whole grid, but just in the vicinity of the cloud.

Thus, in a first step, d j can be computed exactly in the
quadrants that contain at least a point of S as the minimum
distance of the centre �x j from the cloud points located in the
quadrant j . Then, this information can be spread across the
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whole grid, all over the processors, by solving the Eikonal
equation

|∇d(�x)| = 1, d(�q ∈ S) = 0. (35)

The most popular algorithms for solving (35) are the Fast
Marching Method (FMM) [60–62] and the Fast Sweeping
Method (FSM) [23, 63]. However, in our framework, these
methods should be applied carefully since they might suffer
both from the adaptive discretization of the grid and the paral-
lelization of the scheme, due to the causality across processes.
Some of the earliest attempts in parallelizing the FMMwere
proposed in [64, 65], where one could notice how the num-
ber of iterations needed to get convergence greatly depends
on the complexity of the interface and on the parallel par-
titioning and, in general, fewer iterations are required if the
domains are aligned with the normals to the interface. In [66]
a parallel FSMmethod was presented for the first time, while
a hybrid FMM-FSM was presented in [67]. A parallel Fast
Iterative Method (FIM) has been also proposed in [68]. The
case of unstructuredmeshes has been investigated in [69, 70].

Due to the complexity of the aforementioned methods on
AMR grids, here we prefer to compute the exact values of d
on the entire grid, starting from the set of cells containing the
points of S and then proceeding by layers of neighbours, as
described below in the so-called propagation procedure (see
Sect. 3.5).

3.4 Reinitialization

A delicate issue when dealing with LSM is to guarantee that
the level set function φ stays well-behaved during its evolu-
tion, hopefully close to a signed distance function, so that

|∇φ| ≈ 1. (36)

This is fundamental in order to get a watertight representa-
tion of the evolving surface and to exploit its geometrical
properties in a reliable and stable way, since |∇φ| is well-
defined and further away from zero. Also, for PDE models
to be solved in � = {φ ≤ 0}, it is often crucial to be able to
compute the normals to � (i.e. by evaluating the gradient of
φ), at least close to the surface.

In this regard, even if we choose as initial data a signed
distance function, the evolution governed by (2) will produce
steep gradients in the solution and a so-called reinitialization
procedure needs to be performed. This constitutes a classical
ingredient when dealing with LSM even if we point out that
some alternatives to avoid the reinitialization step can be
found in literature (see for example [71–74]).

The most common way to reinitialize a level set function
is by solving the steady-state HJ-type equation introduced in
[75] given by

{
φτ + S(φ̃)(|∇φ| − 1) = 0,

φ(�x, 0) = φ0(�x) = φ̃(�x, t), (37)

where φ̃ represents the possibly perturbed level set function to
be reinitialized. In [76] the authors solve the above equation
following the explicit finite differences scheme described
in [77], to get a second-order accurate LSM on non-graded
adaptive Cartesian grids.

Here instead we refer to the work of Saye [50] in which
the author proposes an efficient method for calculating high-
order approximations of closest points on implicit surfaces
that can be applied also on a general unstructured grid and in
any number of spatial dimensions.

Actually, the procedure introduced in [50] is applied just
in the vicinity of the zero level set ofφ and then, oncewe have
reinitialized φ in these quadrants, we propagate the informa-
tion all over Q, as described in Sect. 3.5.

Let us consider a fixed time n of the evolution of the level
set φ for which we have obtained the updated level set func-
tion φ̃ that needs to be reinitialized. Along the lines of [50],
we start by detecting the quadrants that contain the zero level
set of φ̃, namely the set Q0 ⊂ Q, as in Sect. 3.1. For each
quadrant j ∈ Q0, a high-order closest point algorithm via
Newton’s method is applied as follows:

• for each quadrant j we create 4 points �x js in 2D (resp.
8 points in 3D) located at the centres of a subgrid 2 × 2
(resp 2 × 2 × 2) of the quadrant j ;

• each point �x js is projected onto the zero level set of the
polynomialR j [�̃], namely the reconstruction defined on
the quadrant j from the updated values {φ̃ j } j∈Q;

• for each quadrant j ∈ Q0 we find its closest point �x∗
j in

X = {�x js } j∈Q0 ;
• the point �x∗

j ∈ X is then used as the initial guess to com-
pute theminimumdistance of �x j from the zero level set of
φ̃ via a Newton’s method that relies on the reconstruction
associated to the point �x∗

j ;• finally, for each �x j , the reinitialized value φ j is set equal
to this minimum distance, multiplied by the sign of φ̃ j ,
namely preserving the sign of the level set function before
the reinitialization.

In practice, the method described in [50] is based on a two
steps procedure to compute the closest point to the interface
φ̃ = 0 from a point �x j located in its vicinity, considering the
zero level set of the polynomials R j . In what follows, the
points �x∗

j ∈ X are referred to as seed points.

3.5 Propagation

Let us consider a subset D0 ⊂ Q, on whose quadrants a
certain quantity g0 to beminimized is defined. In our specific
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Fig. 2 Propagation of the distance function. Left: the initialized quadrants before the propagation step are the one containing one or some of
the points in S. Center: quadrants with updated distance after one step of propagation. Right: quadrants with updated distance after two steps of
propagation

case g0 is the distance (resp. signed distance) of the quadrant
centre �x from a point �q , which is a member of S (resp. a
reinitialization seed point). We store this reference point as
�q j , attached to the quadrant j .

At the beginning of the propagation, data of quadrants in
Q\D0 are initialized to a high enough value. At them+1-th
iteration, let Dm be the set of quadrants on which the value
of g has changed in the previous iteration, and gm be the
current update of the function g on the set ∪m

k=0Dk . We will
compute gm+1 and Dm+1 as follows:

• for each j ∈ Dm we consider Nm
j the set of j itself and

its first neighbours, and we define the set

Nm :=
⋃
j∈Dm

Nm
j ;

note that in general Nm ∩ Dm �= ∅, as we may need
to further minimize the values updated in the previous
propagation step, too;

• then, for each quadrant i ∈ Nm we compute the tempo-
rary value g̃m+1

i as

g̃m+1
i = min

k∈Dm
|�xi − �qk | , (38)

where the point �qk is associated to �xk ;
• we define the set of updated quadrants as

Dm+1 = {i ∈ Nm : g̃m+1
i < gmi } (39)

and set

gm+1
i =

{
g̃m+1
i if i ∈ Dm+1,

gmi elsewhere; (40)

• if Dm+1 �= ∅ we iterate, otherwise we stop.

The procedure described above works exactly as it has
been described, for the propagation of the distance function
from the point cloud S. The quadrants containing the cloud
points are initialized and then their information is propagated,
including the already initialized quadrants in the propagation
procedure. In Fig. 2 three different phases of the propagation
are shown (m = 0, 1, 2). Red quadrants are the ones that
have been initialized with the distance to a point �q ∈ S, if
m = 0, or updated lowering their value of the distance to
S, for m = 1, 2; the blue ones are the ones in which the
information has not arrived yet.

Regarding reinitialization, the procedure is done analo-
gously, but in the definition of Nm , m ≥ 0, we exclude
the quadrants in D0 since we do not want their values to be
changed by the propagation process. Also, the condition in
(39) and (40) are modified respectively as

Dm+1 = {i ∈ Nm :
∣∣∣g̃m+1

i

∣∣∣ <
∣∣gmi

∣∣} (41)

and

gm+1
i =

{
S(g0i ) g̃

m+1
i if i ∈ Dm+1,

gmi elsewhere,
(42)

where S is the sign function.

Remark Of course, the propagation algorithmmust be imple-
mented within the parallel setup of the rest of the code. This
requires to iterate the scheme above more than one time in
order to allow the information to reach all the processors,
namely the whole computational domain. Once the local set
Dm is empty, local boundary quadrants spread their informa-
tion to the halo region in order to minimize the function g
in ghost quadrants. At this point, a communication occurs.
Each processor collects possible minimizing values from its
neighbours and checks if the function g should be actually
updated in its local boundary quadrants. If so, the set Dm

would be filled by the updated quadrants, being not any more
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empty, causing the local propagation iterations to start again.
Otherwise, if there are no local updates, the corresponding
processor will wait for the others to finish the current round
of local propagation. When all the Dm remain empty, the
overall propagation procedure stops.

3.6 Energy Functional

To apply the SL scheme (5) with p > 1 we finally need
to approximate, at each time step, the value of the energy
functional Ep(φ) defined in (3).

We approximate the Dirac δ function by restricting the
integration domain to the subset

Q0 := { j ∈ Q : ∣∣{i ∈ N j : φiφ j ≤ 0}∣∣ > 0}, (43)

namely the set composed by the cells inQwhere, at a specific
time step, the front is located. Further, thanks to the reinitial-
ization procedure, we assume that the function φ is, at least
locally around Q0, a signed distance so that |∇φ| = 1.

We thus approximate the energy as

Ep(φ) ≈
⎛
⎝ ∑

j∈Q0

|d j |p(�xmin)
n−1

⎞
⎠

1/p

, (44)

where n in (44) states for the dimension of the problem and
we assume that the refinement provides the maximum reso-
lution for the quadrants in Q0.

4 Numerical Tests

In this section, we present some representative numerical
results in 2D and 3D, showing different features of the recon-
struction process. Point clouds data will be both synthetic
and non-synthetic ones coming from laser scanning of real
objects.

The overall computation of the level set reconstruction
is summarized in Algorithm 1. In a preliminary phase, one
creates the computational grid, computes the distance func-
tion, sets the initial data, and adapts the grid to the first zero
level set. Then, the evolution starts and the level set function
is evolved until a final stopping criterion is satisfied. Dif-
ferently from [25], thanks to the fully adaptive framework,
Algorithm 1 is here performed just once, setting the desired
maximum level of refinement L from the beginning. Once
convergence is achieved, some parameters and the recon-
struction operator are changed in order to perform five last
regularizing iterations to smoothen the final data. Moreover,
in these final steps the adaptivity criterion is only based on
the level set function φ, and not on the distance function.

Algorithm 1 Adaptive level set reconstruction from a point
cloud S
1. Define the computational domain �′ and create a quadtree/octree

grid Q encompassing the dataset S.
2. Compute the distance function d(�x) at all grid points, see § 3.3.
3. Set initial data {φ0

j }�x j∈Q enclosing S.
4. Cut and adapt using φ0 according to § 3.1 and § 3.2, respectively.
5. Loop:

(a) choose computational subgrid Q̃ ⊂ Q as in § 3.1;
(b) compute the energy functional (3) as in § 3.6;
(c) compute {φn+1

j } j∈Q̃ using the scheme defined in § 2 coupled
with the reconstruction operator from § 2.2;

(d) reinitialize {φn+1
j } j∈Q as in § 3.4 and cut according to (27);

(e) adapt using φn+1 according to § 3.2.

6. The previous loop is repeated for five iterations with the recon-
struction operator from § 2.3 and different values of the parame-
ters.

The datasets used for the tests were made available in
the Digital Shape WorkBench of the AIM@SHAPE and
VISIONAIR projects [78], in the 3D Scanning Repository
of the Stanford University [79] or by the work of Hoppe
et al. [19]. All the codes for the simulations have been
implemented in C++ using the P4EST library [80] for grid
management andMPI parallelization. The 3D tests have been
performed on the cluster Galileo 100 hosted at CINECA,1

exploiting the resources assigned to ISCRA-C Projects2.
Spatio-temporal discretization To define the computa-

tional domain �′ we first rescaled the cloud S in a box
[−1, 1]n and then set �′ as an enlarged cube [−M, M]n ,
M > 1 that encompasses all the points in S. The constant
M and the maximum level of refinement L are computed in
order to have

�xmin = ��′

2L
≈ CShS , (45)

where hS denotes an estimate of the resolution of the cloud
S and CS is a constant set by the user. The value of hS is
approximated by randomly choosing a sample made up of
the 10% of the points in S and then computing the average
of their distances from the cloud itself. RegardingCS , having
in mind the further applications to PDE models, we usually
choose values between 0.25 and 0.5 in order to get a final
reconstruction defined on a finer grid, compared to the cloud
resolution.

Concerning the time step, for each quadrant j ∈ Q, we
set

�t j = 3

2
�x j , (46)

1 https://www.hpc.cineca.it/systems/hardware/galileo100/
2 Adaptive Mesh Refinement in Level Set Methods (HP10C7HWOL)
High-order schemes on Adaptive Meshes (HP10CO8NC7)
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which clearly states the advantages of using the SL approach:
to update the solution we are allowed to set �t = O(�x),
not being prohibitively constrained by the parabolic term. In
(46), note that �x j corresponds to the edge length of the
actual active quadrant j .

Initial data Regarding the initial data, differently from
[23], this is simply set to be a signed distance function
associated to a circle or a sphere containing all the data
points. While this choice has the effect of slowing down the
reconstruction process, it reduces the dependence on other
parameters (see [25]), and prevents the risks arising from
not evenly distributed datasets. In fact, especially in 3D, it
is common to find datasets that present fake holes due to
the supports used during the laser scanning phase. These
missing data could be misleading and need to be properly
distinguished from actual topological features. That is why,
exploiting the potential of adaptivity, in this work, we totally
avoid these kind of issues choosing the simplest geometry
and topology for the initial data. Moreover, in Sect. 4.8, we
propose a modification to the level set equation (2) in order
to capture diverse topologies.

Stopping criterionTo stop the evolution, as we are looking
for a minimum of the energy functional (1), we resort to the
following criteria: at time n, the algorithm stops if

�n
E = |ēkn−1 − ēkn|

ēkn
< 10−4, (47)

where

ēkn = 1

k

n∑
i=n−k+1

E2(φ
i ) (48)

or after a maximum of 100 iterations. Note that in (47),
the energy functional (1) is computed with p = 2 and we
force the algorithm to do at least 10 iterations by setting
k = min(n, 10). Condition (47) is the one proposed in [31]
and is in practice a way to detect stationary points or flat
areas of the energy functional. The evaluation of |φ(�q)|, for
any �q ∈ S, or |φt | could constitute possible alternatives, as
suggested in [23, 81].

Parameters setting The parameters p and μ appearing in
(2) need to be chosen. According to [25], we set them initially
as

p = 1 and μ ∈ [0.05, 0.2], (49)

and perform the loop 5 in Algorithm 1 until convergence is
achieved, namely when (47) is satisfied. Then, we update
them as

p = 2 and μ = 1, (50)

and perform fivemore iterations of the loop 6 in Algorithm 1.
We recall that p = 1 grants for a faster evolution and it thus
useful given our choice for the initial data, while p = 2 is
more effective in reaching a steady state for the evolution.
Moreover, setting μ = 0 simplifies the update formulas (5)
by nullifying the parabolic term while also preventing from
losing too much details, especially on coarse grids, at a price
of having a more rugged surface as final result. On the other
hand, higher values are suggested to smoothen the solution
and to handle possible changes of topology. Unless otherwise
specified we initially choose μ = 0.2. While in [25, 81]
smaller values of μ were strongly required to handle the
coarser Cartesian grids, they are no longer needed now. In
the final iterations, we set μ = 1 in order to reproduce the
original model and to regularize the final reconstruction. An
example of the effect of the parameter μ will be given in
Sect.4.4.

Reconstruction operator Following the same spirit of
parameter selection,we choose different reconstruction oper-
ators for the loops 5 and 6 in Algorithm 1. In particular,
we expect the P1 operator to be cheaper, less accurate, but
closer to a polygonal reconstruction faithfull to the points
in S. On the other side, a high-order reconstruction should
provide more accurate and regular results, being also capa-
ble to reproduce complex features of the shape. According to
these considerations and to our focus on PDE computations,
referring to Algorithm 1, we use the P1 operator of Sect. 2.2
in loop 5, while we switch to the CWENO one of Sect. 2.3
for the regularizing iterations of loop 6, to get a smoother
final result. More details about this choice will be give in the
square test in Sect. 4.1.

Results evaluation Finally, in order to evaluate the qual-
ity of the reconstruction we compute, alongside (47), the
L1-norm of the error Errn1 , when the exact signed distance
functionφ∗ is given, and the average of the error on the points
of the cloud

ErrnS =

∑
�q∈S

|R[�n] (�q) |

|S| , (51)

to evaluate how much the final reconstruction is attached to
the data.

4.1 Square 2DTest

We first consider the benchmark case of a square sampled
by a point cloud S made of 24 points whose resolution is
hS ≈ 0.23 and for which the exact signed distance function
φ∗ is known. The initial data and the final reconstruction,
obtained with the setting described above (CS = 0.125,
�xmin = 0.03 and initial value μ = 0.05) are depicted in
Fig. 3,while inTable 1we showa comparison between strate-
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Fig. 3 2D square test: from left to right, the initial data and the final reconstruction. The zero isocontour of the level set function φ is always
represented with a white line

Table 1 Comparison between the use of different reconstruction opera-
tors. The P1+CW strategy shows the best result in terms of errors versus
computational time

L1-error Cloud error CPU time (secs)

P1 9.57 × 10−3 4.21 × 10−3 2.62

CWENO 7.52 × 10−3 4.66 × 10−3 15.52

P1 + CWENO 8.63 × 10−3 5.33 × 10−3 4.30

gies that employ different reconstruction operators: only P1,
onlyCWENO and the usual setupP1+CWENO, taking respec-
tively 39, 38 and 39 iterations to get the final result. One can
notice that mixing the two operators, P1 and CWENO, gives
the best result in terms of accuracy versus computational
time, even if we pay something in terms of fidelity to the
dataset S. Similar considerations can be deduced from Fig. 4
where some isocontours of the final level set are depicted.
We point out that using only the P1 operator the isocontours
are less orthogonal around the vertices. On the other side,
resorting to the CWENO reconstruction leads to a more accu-

rate result, but Fig. 4 shows that there is no significant gain
in applying it from the beginning.

4.2 Heart 2D Test

In the second test we consider a cloud of 24 points repre-
senting a heart and having a resolution approximately equal
to 2.13 × 10−1. Starting with �xmin = 3.24 × 10−2, the
reconstruction takes 43 iterations and is capable to capture
both the tips of the heart and its rounded parts. The initial
data and the final reconstruction, with their zero isocontour,
are shown in Fig. 5.

4.3 Teapot 2D Test

Here we consider a cloud of 189 points representing a
teapot that presents different features, including rounded
parts and fine details. In Fig. 6 we present three snapshots
of the evolution of the level set and of the grid. One can
appreciate that in the adaptive framework the resolution of

Fig. 4 Final isocontours obtained by setting different reconstruction operators in the square test. From left to right: only P1, only CWENO, the usual
setting P1 + CWENO
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Fig. 5 Reconstruction from a heart-shaped point cloud. From left to right: the initial data and the final signed distance function. The zero isocontour
of φ is depicted by the white line

Fig. 6 Reconstruction from a teapot-shaped point cloud. From left to right: the initial data, an intermediate state and the final signed distance
function. The zero isocontour of φ is depicted by the white line. Note that the grid around the white line is finer where the level set is closed to the
point cloud

Fig. 7 The initial surface and the reconstructed one of the
“Cube&Spheres”

the grid gradually increases as we get close to the data. The
coarser grid allows to speed up the evolution when we are far
fromS, while themaximum level of refinement is effectively
employed to capture all the details.

4.4 “Cube&Spheres” Synthetic 3D Test

We start the 3D session of tests with a domain composed
by a cube joined with three spheres, sampled by 2346 points,
which we refer to as “Cube&Spheres”. The cube edge length

is 0.8, the first sphere has radius 0.25 and centre at themiddle
of an edge of the cube,while the other twohad radius 0.15 and
were centred onto the two vertices of the opposite edge of the
cube. The geometrical object was rotated in such a way that
no face nor edge were aligned with the background grid. We
find hS ≈ 5.60×10−2 and start the evolution with �xmin =
2.38 × 10−2, by setting CS = 0.5. After 28 iterations we
get the reconstruction shown in Fig. 7 and, since the exact
solution is given, we can evaluate our approximation both in
terms of L1-error and cloud fidelity equal to 4.32×10−3 and
4.45×10−3, respectively. Aswe expected, higher values ofμ
lead tomore regular solutions. This is clear fromFig. 8,where
we show some isocontours of the final level set computed by
setting initial values of μ equal to 0.2 and 0.05, respectively.
At the expense of exact vanishing on the point cloud (ErrS =
3.57×10−3 for μ = 0.05), one can appreciate the improved
regularity of the final reconstruction.

4.5 Real Data

Here we test our method using data sets coming from laser
scanning of real objects, namely the “Frog” and the “Head”
point clouds coming respectively from [78] and [19]. Their
reconstructions are shown in Fig. 9.
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Fig. 8 Evenly spaced isocontours computed from the “Cube&Spheres” final level set for different initial values of μ. On the left, μ = 0.2 gives a
smoother result, whereas on the right, μ = 0.05 gives a more rugged surface

Fig. 9 Reconstructed surfaces from the “Frog” and the “Head” datasets. Note how the level set is able to handle missing data at the bottom of the
“Frog” cloud

In the “Frog” test, we elaborate a cloud made up of 2512
points with hS ≈ 4.11×10−2 and use�xmin = 1.43×10−2,
by setting CS = 0.25. The reconstruction takes 44 iterations
with afinal ErrS = 2.37×10−3. This error ismostly affected
by some parts of the reconstructionwhere the cross section of
the shape is comparable to the resolution of the cloud, namely
where the curvature is high or the thickness is very thin.
Among the important advantages, we point out that this type
of cloud has missing data that we would like to be plugged
by our level set function, as it actually does (see Fig. 9).

On the other side, the “Head” cloud consists of 1881 points
having an estimated resolution hS ≈ 3.83 × 10−2. Setting
CS = 0.25 we start with�xmin = 1.09×10−2 and compute
the reconstruction in 37 total iterations getting a final error
on the cloud ErrS = 1.80 × 10−3.

4.6 Complex Shapes

In what follows we want to test the ability of our method
to handle possible changes in topology. We thus consider a
complex shape representing a knot, sampled by a point cloud
of 10000 points ([19]), having a resolutionhS ≈ 1.39×10−2.
FromFig. 10 one can notice that, even ifwe start the evolution
with the simplest spherical initial data, we are able to capture
all the features of the shape.
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Fig. 10 From left to right: the initial data and the final reconstruction
for the “Knot” dataset. Note how the evolving level set is able to handle
changes not only in geometry, but especially in topology

4.7 Comparison with the Cartesian Framework

In this section we want to investigate the improvements
achieved by this novel adaptive approach, compared to the
previous Cartesian one, presented in [25]. The comparison
is made by considering the “Frog” dataset of Sect. 4.5 and
performing the simulation on a laptop equipped with an Intel
Core Ultra 9 185H CPU and 32 GB of RAM, employing 14
ranks for the computations.

The adaptive reconstruction has been obtained with
�xmin = 3.42 × 10−2, with the usual setting described in
this work and it is depicted in the left panel of Fig. 11. When
applying the Cartesian algorithm of [25] with a number of
runs R > 1, one is exposed to the risk of missing details
in the coarse runs, causing a high error and a long time to
converge. This is illustrated for R = 2 in the right panel
of Fig. 11 and can of course be avoided by employing finer
grids from the beginning.Next,we have applied theCartesian
algorithm with R = 1 and �x = 3.42 × 10−2, mimicking
the same changes of parameters and of reconstruction oper-
ators of the adaptive version. The central panel of Fig. 11
depicts the solution in this case and from Table 2 one can
appreciate that the error is comparable with the one of the

Table 2 Comparison between the novel adaptive framework versus the
Cartesian one of [25], for the “Frog” dataset. The error on the cloud,
the number of iterations, the total CPU time, and the number of degrees
of freedom are considered

Cloud error Iterations CPU time
(secs)

Degrees of
freedom

Adaptive 7.65 × 10−3 28 138 59 235

Cartesian
(one grid)

6.75 × 10−3 29 154 599 326

Cartesian
(two grids)

2.16 × 10−2 66 372 409 536

novel adaptive approach, which is slightly faster; moreover,
the Cartesian setup employs ten times more degrees of free-
dom thus requiring a much larger memory usage.

4.8 Detecting Cavities

The last part of the numerical tests is devoted to particular
shapes that present tunnel-type features corresponding to real
cavities, which we would like to distinguish from fake ones
due to missing data. A 2D example is depicted in Fig. 12,
where one can notice that if a portion of the cloud S is dis-
tributed along two close parallel lines, the evolution would
be stopped by the vanishing of the transport term, namely by
the orthogonality between ∇φ and ∇d, even if the distance
function is still large. This is topologically analogous to the
case of holes in the “Knot” test, butmetrically different, since
by “tunnels” we mean “holes” that are sufficiently long with
respect to the size of their cross section.

To address this issue we propose to modify the governing
PDE (2) if the following conditions hold: on an active quad-
rant j ∈ Q̃, if d j > 4hS and

∣∣∇d j
∣∣ < 0.9, we replace the

velocity field ∇d with ∇φ, which is in practice a way of let-
ting the level set φ proceed in the same direction followed so
far. Note that a condition on the scalar product∇φ ·∇d might

Fig. 11 Comparison between the novel adaptive framework versus the
Cartesian one of [25], for the “Frog” dataset. From left to right: the
final zero level set obtained with the adaptive method, the Cartesian
one employing a single fine grid, and the Cartesian one employing two

grids. While the first two results are comparable, in the last case, the
evolution on the coarser grid is faster but completely fails to resolve the
paws
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Fig. 12 Configuration of a tunnel in a point cloud S, represented by
the red star points. The evolution of the φ initially pushes its zero level
set inside of the corridor, but it is then slowed down until it stops due to
the vanishing of the transport term. In fact, once inside the tunnel, the
gradient of φ and the velocity field ∇d become orthogonal

be too strong and might expose to the risk of perturbing the
evolution even in well resolved areas.

We first consider a synthetic object constituted by a cylin-
der with a hole connecting the two parallel faces. The cloud
has 16000 points, its resolution is hS ≈ 2.40 × 10−2 and
we start with �xmin = 3.19 × 10−2, by setting CS = 1.
The results obtained with the original PDE (2) and with the
modified one are depicted in Fig. 13, clearly showing the

difference between the two algorithms in properly detecting
the cavity at the centre.

Similar considerations can be done for the “Mechanical
Part” test: we process a point cloud of 4102 points, with
hS ≈ 1.84 × 10−2, presenting various features like sharp
edges and corners, rounded parts, and a cavity in the centre.
We setCS = 0.5 and thus set�xmin = 1.04×10−2 allowing
the modified velocity to come into play during the evolution.
The result of the reconstruction procedure is shown inFig. 14.

Remark We point out that the modification of the governing
PDE proposed in this section can be applied for all the test
cases presented in this work, even in presence of missing
data, which is the case of the “Frog” of Sect. 4.5. Indeed, in
such cases, the condition

∣∣∇d j
∣∣ < 0.9 would not be satisfied

and the computed level set will not protrude inside the object.

5 Conclusions

We presented a fully adaptive method for the reconstruction
of surfaces from a set of unorganized points, having no infor-
mation about their connection nor orientation. The LSM is
used to detect and evolve these surfaces in an implicit way. In
particular, we aim to keep the level set function close to the
signed distance function, at least in the vicinity of its zero iso-
contour, in order to preserve numerical accuracy and to allow
end users to reliably compute surface normals and curvature
from the level set itself. The numerical method is based on a

Fig. 13 From left to right:
evenly spaced isocontours
computed for the “Cylinder” test
at the end of the evolution, using
the original velocity and the
modified one, respectively.
Modifying the velocity field as
in Sect. 4.8, the level set
manages to detect the cavity

Fig. 14 From left to right: evenly spaced isocontours computed for the “Mechaninal Part” test at beginning and from two different perspectives at
the end of the evolution. For this test, the modified velocity field, as described in Sect. 4.8, is considered and it allows the level set to detect the
cavity in the centre
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SL scheme on a quadtree (octree in 3D) grid and is coupled
with a P1 or CWENO reconstruction operator based on the
least-squares approach. We made use of the grid and parallel
implementation of the P4EST library, and presented all the
complementary procedures needed to design the algorithm.

Future research will be directed towards a finer and local
estimation of the parameters employed in the method, taking
into account the curvature of the level set function φ and a
local estimation of the cloud size hS , aiming to save com-
putational effort, without compromising the quality of the
results. Also, employing a forest of trees, instead of a single
octree, would be more efficient.
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