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Abstract
We generalize some fundamental results for noncompact Riemannian manfolds with-
out boundary, that only require completeness and no curvature assumptions, to
manifolds with boundary: let M be a smooth Riemannian manifold with boundary
∂M and let Ĉ∞

c (M) denote the space of smooth compactly supported cut-off func-
tions with vanishing normal derivative, Neumann cut-offs. We show, among other
things, that under completeness:

• Ĉ∞
c (M) is dense inW 1,p(M̊) for all p ∈ (1,∞); this generalizes a classical result

by Aubin (Bull. Sci. Math. 100:149–173, 1976) for ∂M = ∅.
• M admits a sequence of first order cut-off functions in Ĉ∞

c (M); for ∂M = ∅ this
result can be traced back to Gaffney (Ann. Math. (2) 60(1):140–145, 1954).

• the Laplace–Beltrami operator with domain of definition Ĉ∞
c (M) is essentially

self-adjoint; this is a generalization of a classical result by Strichartz (J. Funct.
Anal. 52(1):48–79, 1983) for ∂M = ∅.
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1 First Order Sobolev Density Results, and First Order Sequences of
Neumann Cut-Off Functions

Let M be a smooth connected Riemannian manifold with boundary with dimension
m, where if there is no danger of confusion we will denote the Riemannian metric g
on M simply by (·, ·). We consider M as a metric space with respect to its geodesic
distance �(x, y) := inf L(γ ), where the infimum is taken over all piecewise smooth
curves γ : [0, 1] → M joining x and y, and where L(γ ) := ∫ b

a |γ̇ (t)|dt denotes the
length of such a curve. The induced open balls are denoted by B(x, r). Note that �

induces the original topology on M [1]. The completeness of M will always mean its
completeness as a metric space, and by the Hopf-Rinow Theorem for locally compact
length spaces, this is equivalent to bounded sets being relatively compact.

Remark 1.1 Assume M ′ is an open connected smooth subset of a smooth complete
Riemannian manifold without boundary. Then M := M ′ is a complete smooth
Riemannian manifold with boundary. This follows from the fact that the (intrinsic!)
geodesic distance on M induces the topology on M .

We denote by M̊ = M\∂M the interior of M in the sense of manifolds with boundary.
Following the notation of [8] and [13], for any open set � in M we set �̊ = � ∩ M̊ ,
∂� = ∂�̊ and let ∂0� = ∂�∩ M̊ be the Dirichlet boundary of�, and ∂1� = �̄∩∂M
be the Neumann boundary of �, so that ∂� = ∂0� ∪ ∂1�.

The symbol ∂ν denotes the outward pointing normal derivative on ∂M .

We understand all L p-norms and L2-scalar products with respect to the Riemannian
volume measureμ given locally byμ(dx) = √

g(x)dx , where of courseμ(M \ M̊) =
μ(∂M) = 0, as ∂M is assumed to be smooth.

Let∇ denote the Levi–Civita connection onM , and let� denote the (negative definite)
Laplace–Beltrami operator, so that we have Green’s formula

〈� f1, f2〉 = − 〈∇ f1∇ f2〉 +
∫

∂M
(∂ν f1) f2 dσ,

valid for all f1, f2 ∈ C∞(M) one of which having a compact support, where σ is the
(m − 1)-dimensional Hausdorff measure of the metric space M .

We recall that for every smooth Riemannianmanifold without boundary N one defines

W 1,p(N ) = { f ∈ L p(N ) : ∇ f ∈ 	L p (N , T N )},

where expressions of the form P f with f ∈ L1
loc(N ) and P a differential operator

with smooth coefficients in N , are understood in the usual sense of distribution theory
of open manifolds. Then W 1,p(N ) becomes a Banach space with respect to the norm
‖ f ‖p + ‖∇ f ‖p.
It has been shown in [18, Corollary 2.3], that if M is complete then C∞

c (M) is dense
in W 1,p(M̊).
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The Neumann realization of −� in L2(M) is defined as the nonnegative self-adjoint
operator H in L2(M) associated with the regular, strongly local Dirichlet form

E ( f1, f2) := 〈∇ f1,∇ f2〉 =
∫

M
(∇ f1,∇ f2)dμ,

with Dom(E ) = W 1,2(M̊). In other words, H is the uniquely determined nonnegative
self-adjoint operator in L2(M) with Dom(H) ⊂ W 1,2(M̊) and

〈H f1, f2〉 = 〈∇ f1,∇ f2〉 for all f1 ∈ Dom(H), f2 ∈ W 1,2(M̊).

In particular, for all f ∈ Dom(H) one has � f ∈ L2(M) with H f = −� f .

Remark 1.2 It is a standard fact that the intrinsic distance

�intr(x, y) := sup{ f (x) − f (y) : f ∈ W 1,2
loc (M) ∩ C(M), |∇ f | � 1},

is equal to �, whereW 1,2
loc (M) is defined as allμ-equivalence classes of Borel functions

f on M such that f |U ∈ W 1,2(Ů ) for all open relatively compact U ⊂ M .

The following space will be in the center of this work:

Definition 1.3 We call

Ĉ∞
c (M) := { f ∈ C∞

c (M) : ∂ν f = 0}

the space of Neumann cut-off functions on M .

Clearly, Ĉ∞
c (M) is dense in L p(M) for all p ∈ [1,∞). Defining Ŵ 1,p

0 (M) to be the
closure of Ĉ∞

c (M) in W 1,p(M̊), we obtain:

Theorem 1.4 If M is complete and p ∈ (1,∞), then one has W 1,p(M̊) = Ŵ 1,p
0 (M).

Proof As noted above, C∞
c (M) is dense in W 1,p(M̊). It remains to show that any

f ∈ C∞
c (M) can be approximated by a sequence fn in Ĉ∞

c (M). To this end, we are
going to carefully adapt the arguments which lead to the proof of Theorem 7.2.1 in
[6] to our geometric setting.
First of all, using Fermi coordinates, every y ∈ ∂M has a chart (Uy, φy)withφy(Uy) =
Dy × [0, δy), where Dy is a disc centered at 0 in R

m−1, φy(y) = 0 and, for every
u ∈ Dy , t �→ φ−1

y (u, t) is a normal geodesic issuing from φ−1
y (u, 0) ∈ ∂M . By

compactness, supp f ∩ ∂M is covered by finitely many sets 1
2Ui = φ−1

yi ( 12Dyi ) ×
[0, δyi /2), i = 1, . . . , l. Similarly, for every point x in supp f \ ∪l

i=1Ui , exists a chart
(Ux , φx ) such thatUi ∩∂M = ∅. Again by compactness, there exist finitely many such
charts (Ui , φi ), i = l + 1, . . . , l ′ such that Ui ∩ ∂M = ∅ and { 12Ui }, i = l + 1, . . . , l ′
cover supp f \ ∪l

i=1Ui . The usual proof (see, e.g. [14, Proposition 2.5]), shows that
there exists a partition of unity ρi , i = 1, . . . , l ′, subordinate to the covering {Ui },
i = 1, . . . , l ′.
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Since f = ∑l ′
i=1 ρi f , it suffices to show that for every i = i, . . . , l the function ρi f

can be approximated by functions in Ĉ∞
c (M) in the W 1,p norm.

To this end, let f be a C∞ function with compact support in a chart (Uy, φy) with the
properties listed above. Next, let hn : R → R be a smooth function with hn(s) = 0
if s � 1/n, hn(s) = s if s � 2/n and 0 � h′

n � 3, and define τn : Uy → Uy

by τn(x) = φy(y, hn(s)) if x = φy(y, s) with (y, s) ∈ Dy × [0, δy). Finally, define
fn(x) = f (τn(x)) and note that by construction fn is smooth, compactly supported
in Uy and

fn(φ(y, s)) = fn(φ(y, 0)) = f (y) if y ∈ Dy, s ∈ [0, 1/n),

so that fn ∈ Ĉ∞
c (M). Since | f − fn|p+|∇( f − fn)|p is compactly supported, bounded

above and converges to zero pointwise, it follows by dominated convergence that

‖ f − fn‖p + ‖∇( f − fn)‖p → 0 as n → ∞,

as required to complete the proof.
��

Next we are going to prove:

Theorem 1.5 (a) M is complete, if and only if there exists a sequence of first order
cut-off functions on M, that is, a sequence (χn) ⊂ C∞

c (M), such that

(i) 0 � χn � 1,
(ii) for each compact K ⊂ M there exists nK ∈ N with χn ≡ 1 for all n � nK ,
(iii) ‖∇χn‖∞ = O

( 1
n

)
as n → ∞.

(b) If M is complete, then there exists a sequence of first order Neumann cut-off
functions, that is, a sequence (χn) ⊂ C∞

c (M) of first order cut-off functions such that
in addition

(iv) ∂νχn = 0.

Proof (a) Assume M is complete. According to [18, Theorem A] we can realize M as
a domain in a complete Riemannian manifold N without boundary. It is well-known
that any such N admits sequences of first order cut-off functions: for example, it
goes back to [7] that by smoothing the distance function (to a fixed reference point)
one obtains a proper smooth function f : N → R with bounded gradient. Then
χ̃n(x) := ψ( f (x)/n), where ψ : R → [0, 1] is smooth with compact support and
equal to 1 near 0, does the job for N . Finally χn := χ̃n|M does the job for N .
If conversely M admits a sequence of first order cut-off functions, one can follow
[17, proof of Theorem 2.29] to see that for a fixed o ∈ M one has �(x, o) → ∞ as
x → ∞. We give the simple proof: Pick a compact K ⊂ M which includes o and
pick n ∈ N large enough with χn = 1 on K and ‖∇χn‖∞ � 1/n. It follows that for
all x ∈ M \ supp(χn) and all piecewise smooth curves γ : [0, 1] → M from o to x
one has

1 = |χn(γ (0)) − χn(γ (1))| � L(γ )/n,
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so that taking the infimum over such curves we have shown that for all n there exists
a compact Kn such that for all x ∈ M \ Kn one has �(x, o) � n. (b) Let {χ̃n} be a
sequence of first order cut-off functions in M . We are going to use the idea employed
in the previous theorem to modify each χ̃n in such a way that the normal derivative of
the modified functions χn vanishes and the other properties of cut-offs still hold.
To achieve this, for every n consider a geodesic ball Bn centered at a fixed point o ∈ ∂M
such that �(∂0Bn, supp χ̃n) ≥ 1. Note that this implies that �(∂M \Bn, supp, χ̃n) � 1.
By compactness, there exists 0 < δn � 1/2 such that the Fermi coordinates φn ,
which map (y, t) to γy(t), where γy is the unit speed normal geodesic issuing from
y ∈ ∂M ∩ Bn , are a diffeomorphism of (∂M ∩ Bn) × [0, δn) onto an open nbd of
∂M ∩ Bn in M . Moreover, since |dφn| = 1 on ∂M ∩ Bn , by taking a smaller δn we
may arrange that |dφn| � 2 on (∂M ∩ Bn) × [0, δn).
Next, for every n let hn : R → R be a smooth function such that

hn(s) =
{
0 if s � δn/4

s if s � δn/2,
and 0 � h′

n(s) � 3,

and define a map τn : Bn → M by

τn(x) =
{

φn(y, hn(s)) if x = φn(y, s) ∈ Un

τn(x) = x otherwise.

Notice that:

(j) τn(x) = x if �(x, ∂M) ≥ δn/2,
(jj) if x ∈ Bn is such that �(x, ∂0Bn) > δn ∂0 and �(x, ∂M) < δn/2, then the

minimizing geodesic joining x to ∂M lies entirely in Bn ,
(jjj) and therefore τn is defined and smooth in

Un := {x ∈ Bn : �(x, ∂0Bn) > δn},

which is an open nbd of suppχn ,
(jv) |dτn| � 6.

Now define χn(x) = χ̃n(τn(x)) for x ∈ Un and extend it with 0 in the complement of
Un . The above considerations show that χn is smooth and that

supp(χ̃n − χn) ⊆ {x ∈ Un : �(x, ∂M) < δn/2},

so that χn is compactly supported. Moreover,

‖∇χn‖∞ = ‖∇χ̃n ◦ dτn‖∞ � 6 ‖∇χ̃n‖∞ → 0 as n → ∞,

and, by construction ∂νχn = 0 on ∂M . It remains to show that property (iii) in the
statement holds. To this end, let K be a compact set in M and let BR be a ball of radius
R centered at o such that BR−1 ⊇ K . Since χ̃n is a sequence of cut-offs, there exists
n = nR such that χ̃n = 1 on BR for every n � nR .
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We claim that for all such n’s one has χn = 1 on BR−1 and therefore on K , as required
to complete the proof. Indeed, by (j) above, χn(x) = χ̃n(x) if x ∈ Un and �(x, ∂M) �
δn/2. It follows thatχn(x) = χ̃n(x) = 1 if x ∈ BR and�(x, ∂M) � δn/2.On the other
hand, if x ∈ BR−1 and �(x, ∂M) � δn/2 the unique minimizing geodesic joining x
to ∂M lies entirely in BR and since χ̃n is identically equal to 1 on its image, so is also
χn . In particular, χn(x) = 1 and the claim is proved. ��
We note that the above construction can be used to give an alternative proof of Theo-
rem 1.4. However, the given proof of Theorem 1.4 seems to be somewhat simpler.

Remark 1.6 By Theorem A in [18], M can be realized as a domain in a smooth Rie-
mannian manifold N without boundary, which can be chosen complete if M is so.
Then:

(α) every f ∈ Ĉ∞
c (M) can be extended to a function in C∞

c (N ),
(β) every fo ∈ C∞

c (∂M) can be extended to a function in Ĉ∞
c (M).

To see (α), given f ∈ Ĉ∞
c (M), let V be a relatively compact open set in ∂M containing

supp f ∩ ∂M . By compactness, the Fermi coordinates are a diffeomorphism of V ×
(−r , r) onto a tubular neighborhoodUr of V and it follows that there is a chart (Ur , ϕ)

of N such that ϕ(Ur ) = D× (−r , r) and ϕ(Ur ∩ M) = D×[0, r), where D is a disk
inRm−2, in such a way that the normal derivative corresponds to differentiation in the
last variable. Using a result of Seeley, [19], and multiplying by a function h(t) which
is = 0 if t < −r/2 and = 1 if t > −r/4 we extend f ◦ ϕ−1 to a smooth function
defined in ϕ(Ur ) which lifted to N provides the required extension f̃ of f . Note that
Seeley’s construction implies that there exists a constantC which depends only on the
the geometry of V and on r such that || f̃ ||W 2,2 � C || f ||W 2,2 .
The proof of (β) is similar but easier: fo ∈ C∞

c (∂M) and V ⊂ ∂M is a relatively
compact neighborhood of its support, we can extend fo to a function on N which is
compactly supported inUr by lifting the function defined on V ×(−r , r) by f (u, t) =
fo(u)h(t), where h(t) is a smooth cutoff on R such that h(t) = 1 if |t | < r/4 and
h(t) = 0 if |t | > r/2.

We go on to define Ŵ 2,p
0 (M) to be the closure of Ĉ∞

c (M) with respect to the norm
‖ f ‖p + ‖� f ‖p.

Remark 1.7 For all f ∈ Ŵ
2,p
0 (M) one has f ,� f ∈ L p(M). To see this, note first

that clearly Ŵ 2,p
0 (M) is a subspace of L p(M), as every sequence in Ĉ∞

c (M) which is

Cauchy in Ŵ
2,p
0 (M) is also Cauchy in L p(M). Given f ∈ Ŵ

2,p
0 (M), φ ∈ C∞

c (M̊),

pick a sequence fn ∈ Ĉ∞
c (M) with fn → f in Ŵ

2,p
0 (M). Then � fn is a Cauchy

sequence in L p(M), and with h ∈ L p(M) the limit of � fn in L p(M) we have

〈 f ,�φ〉 = lim
n

〈 fn,�φ〉 = lim
n

〈� fn, φ〉 = 〈h, φ〉 ,

and so � f ∈ L p(M).

We close this section with the following embedding result:
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Theorem 1.8 Let 1 < p � 2. Then for all f ∈ Ŵ
2,p
0 (M) one has

‖∇ f ‖2p � (p − 1)−1 ‖� f ‖p ‖ f ‖p < ∞. (1.1)

In particular, there is a continuous embedding Ŵ
2,p
0 (M) ⊂ Ŵ 1,p

0 (M), the norm of
which depends only on p.

Proof It is sufficient to prove the asserted estimate for all f ∈ Ĉ∞
c (M). If the boundary

of M is empty and M is complete, then this estimate can be found in [5], and in its
ultimate form with an explicit constant in [12]. If the boundary of M is empty and M
is not complete, then by Theorem A in [18] one can realize an open relatively compact
and smooth neighbourhood of the support of f as a domain in a complete Riemannian
manifold without boundary to obtain the result. Finally, in this way, if the boundary
of M is nonempty, then the estimate follows from the first part of Remark 1.6. ��

2 Essential self-adjointness of the Neumann-Laplacian

The main result of this section is:

Theorem 2.1 Let M be complete. Then −� with domain of definition Ĉ∞
c (M) is

essentially self-adjoint in L2(M); in particular, H is the unique self-adjoint extension
of this operator.

To the best of our knowledge, this is the first result that deals with the essential self-
adjointness of the Laplacian on a noncompact Riemannian manifold with boundary.
The only mildly related result we are aware of is [16], which deals with complex
Riemannian manifolds that have a certain symmetry and that satisfy some additional
analytic assumptions; there, the authors prove - with completely different methods -
the essential self-adjointness of the Laplacian induced by the ∂ operator.
In the proof of Theorem 2.1 we will use the following lemma, whose content is that
the domain of H is invariant under multiplication by functions in Ĉ∞

c (M):

Lemma 2.2 Let f ∈ Dom(H) and let χ ∈ Ĉ∞
c (M). Then f χ ∈ W 1,2(M̊), �( f χ) =

χ� f + 2(∇ f ,∇χ) + f �χ ∈ L2(M) and, for all φ ∈ W 1,2(M̊),

∫

M
φ�(χ f ) dμ = −

∫

M
(∇φ,∇(χ f )) dμ.

It follows that χ f ∈ Dom(H).
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Proof of Lemma 2.2 Clearly χ f ∈ W 1,2(M̊) and a computation shows that, for every
φ ∈ C∞

c (M̊),

∫

M
χ f �φ dμ = −

∫

M
(∇φ, χ∇ f + f ∇χ) dμ

= −
∫

M
(∇(χφ),∇ f ) dμ +

∫

M
φ(∇χ,∇ f ) dμ +

∫

M
φ div( f χ) dμ

=
∫

M
φ[χ� f + 2(∇χ,∇ f ) + f �χ ] dμ,

where we have used that χφ ∈ W 1,2(M̊), f ∈ Dom(H) and that f ∇χ is a W 1,2

vector field with compact support in M̊ . Thus

�(χ f ) = χ� f + 2(∇χ,∇ f ) + f �χ ∈ L2(M).

Next let φ ∈ W 1,2(M̊); using the fact that χ f ∈ W 1,2(M̊), f φ ∈ W 1,1(M̊) and that
∂νχ = 0 we obtain

∫

M
φ�(χ f ) dμ =

∫

M
[(χφ)� f + 2(∇ f , φ∇χ) + f φ�χ ] dμ

=
∫

M
[−(∇ f ,∇(χφ)) + 2(∇ f , φ∇χ) − (∇( f φ),∇χ)] dμ

+
∫

∂M
f φ∂νχ dμ

= −
∫

M
(∇φ,∇(χ f )) dμ,

as required to conclude the proof of the lemma. ��
Proof of Theorem 2.1 We are going to show that Ĉ∞

c (M) is an operator core for H . To
this end, our proof will follow Chernoff’s philosophy [3] of using the wave equation
for proving essential self-adjointness (see also [9, 10]). However, in the presence of
boundary, some additional care has to be taken in order obtain enough regularity for
functions in the intersection of the spaces Dom(Hk).

Step 1: For all t > 0, f ∈ L2(M) one has e−t H f ∈ C∞(M) with ∂ν(e−t H f ) = 0.

Proof of step 1: By the spectral calculus we have

h := e−t H f ∈
∞⋂

k=0

Dom(Hk) ⊂ { f ∈ W 1,2(M̊) : �k f ∈ L2(M) for all k},

and it satisfies the weak Neumann boundary condition

〈�h, φ〉 = 〈∇h,∇φ〉 ,

for all φ ∈ W 1,2(M̊).
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Clearly h is smooth in M̊ due to local interior elliptic regularity and Sobolev embed-
ding. We need to prove that h is smooth up to the boundary and that ∂νh = 0. So
we fix an arbitrary x ∈ ∂M and pick a relatively compact coordinate neighbourhood
N ′ ⊂ M of x such that N := N ′ is a smoothmanifold with boundary. Let also V � N ′
be a neighborhood of x and let χ, ρ ∈ C∞(M) by such that χ = 1 on V , ρ = 1 on
suppχ and supp ρ � N ′. Since h ∈ Dom(H), by Lemma 2.2,

h0 := χh ∈ W 1,2(M̊), �h0 =: h1 ∈ L2(M),

and the weak Neumann boundary condition holds

〈�h0, φ〉 = 〈∇h0,∇φ〉 for all φ ∈ W 1,2(M̊).

Thus, given φ0 ∈ W 1,2(N̊ ), ρφ0 ∈ W 1,2(M̊) and we deduce that

∫

N
φ0h1 dμ =

∫

M
�h0(ρφ0) dμ = −

∫

M
(∇h0,∇(ρφ0)) dμ =

∫

N
(∇h0,∇φ0) dμ.

with h1 = �h0 ∈ L2(N ).
It follows from [15, Theorem 5.9] that h0 ∈ W 2,2(N̊ ). Bootstrapping this argument
leads to h0 ∈ Wk,2(N̊ ) for all k, and so h0 ∈ C∞(N̊ ) by Sobolev embedding and so
h ∈ C∞(M). Finally, the weak Neumann boundary condition and Green’s formula in
combination with the second part of Remark 1.6 give ∂νh = 0.

Step 2: The space

Domc(H) := { f ∈ Dom(H) : f has a compact support}

is an operator core for H , that is, Domc(H) is dense in the norm ‖ f ‖H := ‖ f ‖+‖H f ‖
in Dom(H).

Proof of step 2: Note first that by Remark 1.2, Theorems A.1 and A.3 we get that for
all U1,U2 ⊂ M open and disjoint, f1, f2 ∈ L2(M) with supp( fi ) ⊂ Ui , i = 1, 2,
and all 0 < s < �(U1,U2), one has

〈cos(s√H) f1, f2〉 = 0. (2.1)

The latter fact implies that if supp( f ) ⊂ B(x0, r) for some x0 ∈ M , r > 0, then for
any t > 0 one has

supp(cos(t
√
H) f ) ⊂ B(x, r + t), (2.2)

and this closed ball is compact due to the completeness of M (since completeness on
M is equivalent to the Heine–Borel property of M [18]). Now the claim follows from
an abstract functional analytic fact (cf. Theorem A.2).
Step 3: Ĉ∞

c (M) is dense in Domc(H) in the norm ‖·‖H .
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Proof of step 3: let f ∈ Domc(H). Pick a function χ ∈ C∞
c (M) with ∂νχ = 0 and

χ = 1 on supp( f ). By step 1 we have χe−t H f ∈ Ĉ∞
c (M) and

∥
∥
∥χe−t H f − f

∥
∥
∥ =

∥
∥
∥χ

(
e−t H f − f

)∥
∥
∥ → 0

as t → 0+. Moreover

H(χe−t H f − f ) = H
[
χ

(
e−t H f − f

)]

= χ
(
He−t H f − H f

)
− 2(∇χ,∇(e−t H f − f ))

− (Hχ)(etH f − f ),

which shows that
∥
∥H(χe−t H f − f )

∥
∥ → 0 as t → 0+, completing the proof. ��

Example 2.3 Let us show that one cannot drop completeness in Theorem 2.1. Pick
M := [1,∞), ψ := 1, and fix the Riemannian metric on M as g(x):=1/x4. Then, the
metric distance between two points p, q is given by �(p, q) = sgn(q− p)(1/p−1/q)

and M is not complete (the sequence pn = n is Cauchy but does not converge to any
point in M). The Laplace–Beltrami operator is given in this case by

−� f = −x2
d

dx

(
x2 f

)
.

Chose c1 and c2 such that

f̂ (x):=c1 cosh(1/x) + c2 sinh(1/x)

satisfies d f̂
dx |x=1 = 0. It is straightforward to check that−� f̂ = − f̂ . By the bounded-

ness of f̂ , it follows that f̂ ,� f̂ ∈ L2(M̊), and by the Neumann boundary condition
at x = 1 it follows that

〈−�h, f̂ 〉 = 〈h,−� f̂ 〉 for every h ∈ Ĉ∞
c (M).

That is, for H0 defined as −� with domain of definition Ĉ∞
c (M) one has f̂ ∈

Dom(H∗
0 ) and H∗

0 f̂ = −� f̂ . As a consequence, (H0 + 1)∗ f̂ = 0. Therefore,
(H0 +1)∗ = H∗

0 +1 has a nontrivial kernel and we conclude that H0 is not essentially
self-adjoint in L2(M).

Appendix A

Let M be locally compact separable metrizable space with μ a Radon measure on M
with full support.
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Theorem A.1 (Theorem 3.4 in [4]) Let H be a self-adjoint nonnegative operator in
L2(M, μ). Then the following two conditions are equivalent for every distance � on
M which induces the original topology:

(i) There are constants C � 1, a > 0 such that for all t > 0, all open U1,U2 ⊂ M,
and all f1, f2 ∈ L2(M, μ) with supp( fi ) ⊂ Ui , i = 1, 2, one has

∣
∣
∣
〈
e−t H f1, f2

〉∣
∣
∣ � Ceate−�(U1,U2)

2/(4t) ‖ f1‖ ‖ f2‖ . (A.1)

(ii) For all open U1,U2 ⊂ M, and all f1, f2 ∈ L2(M, μ) with supp( fi ) ⊂ Ui ,
i = 1, 2, one has

〈
cos

(
s
√
H

)
f1, f2

〉
= 0 for all 0 < s < �(U1,U2).

Note that property (i) above is usually referred to as Davies-Gaffney bound, while
(ii) is referred to as finite wave propagation speed.

Before we state the next theorem, we recall given a self-adjoint operator H � 0 in
L2(M, μ) and t ∈ R one defines the unitary operator cos(t

√
H) via spectral calculus.

Then cos(t
√
H) preserves Dom(H), and for all f ∈ Dom(H) the function f (t) :=

cos(t
√
H) solves the abstract wave equation f ′′(t) = −H f (t).

Theorem A.2 (Theorem 3 in [9]) Let H � 0 be a self-adjoint operator in L2(M, μ),
and assume furthermore that the compactly supported elementsDomc(H) ofDom(H)

are dense in L2(M, μ) and that for all t > 0 one has the mapping property

cos(t
√
H) : Domc(H) −→ Domc(H).

Then Domc(H) is an operator core for H.

Theorem A.3 (Theorem 0.1 in [21]) Let E be a strongly local and regular Dirichlet
form in L2(M, μ), with H � 0 the associated self-adjoint operator, and with 	 the
associated energy measure. Assume also that the intrinsic distance

�intr(x, y) := sup{ f (x) − f (y) : f ∈ Domloc(E ) ∩ C(M), d	( f ) � dμ}

induces the original topology on M. Then H satisfies (A.1) with C = 1 and a = 0.

Note that, in general, �intr is only a pseudo metric, that is, it can attain the value +∞
or may be degenerate (but nevertheless induces a topology).
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