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Dynamical blockade of a reservoir for
optimal performances of a quantum
battery
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The development of fast and efficient quantum batteries is crucial for the prospects of quantum
technologies. In the present paper we demonstrate that both requirements are accomplished in the
paradigmatic model of a harmonic oscillator strongly coupled to a highly non-Markovian thermal
reservoir. We show that at short times, a dynamical blockade of the reservoir prevents the leakage of
energy towards its degrees of freedom, promoting a significant accumulation of energy in the battery
with high efficiency. The possibility of implementing these conditions in LC quantum circuits opens up
new avenues for solid-state quantum batteries.

The progressive broadening of the horizons of thermodynamics towards
individual quantum mechanical systems out-of-equilibrium opened the
way to the field of quantum thermodynamics1–4. In this context, the possi-
bility to properly characterize the energetics of miniaturized thermal
machines represented a major boost for the development of quantum
technologies devoted to energy storage and manipulation. Among them,
quantum batteries (QBs) are currently assuming a pivotal role5,6.

After thefirst appearance of the conceptmore than tenyears ago7, these
devices have been characterized by a frantic theoretical investigation8 fol-
lowed recently by the first experimental realizations9. The majority of the
proposals discussedso far identify theQBas a collectionof two-level systems
charged by means of quantum7,9–23 or classical24–27 external sources. How-
ever, in recent years, the possibility to address multilevel QBs in view of
achieving high storage capacity has been discussed28,29.

Indubitably, among multilevel systems the quantum harmonic
oscillator plays a prominent role due to its versatility. Indeed, a plethora
of different physical systems can be ultimately described in terms of this
simple and universal model. It is therefore not a surprise that also in the
QB domain proposals for implementable multilevel devices based on
quantum harmonic oscillators have appeared13,30–37. Among the others,
interesting schemes have considered the possibility to charge a harmonic
oscillator QB by switching on the coupling with a reservoir for a suitable
period of time30,38. However, in previous investigations the efficiency of
these protocols, defined as the ratio between the maximum extractable
energy through unitary operations (known as ergotropy39) and the energy
required to switch on and off the coupling with the charger, remained
very poor.

In this paper, we show that this limitation can be overcome and that
both high efficiency and fast charging can be achieved, provided that: (i) the

reservoir is engineered in a strongly non-Markovian regime characterized
by a cut-off frequency ωD ≳ ω0, with ω0 frequency of the oscillator and,
counter-intuitively, (ii) the dissipation is very strong, with intensity γ0≫ω0.
In such a regime, at short enough times, the switch-on coupling energy
between QB and reservoir is almost completely transferred directly to the
QB itself with only marginal dissipation onto the reservoir degrees of
freedom, due to a dynamical blockade of the reservoir40. Consequently, the
unit efficiency limit predicted for a QB and a reservoir initially in a thermal
state41 can be saturated.We explain this dynamical blockade in terms of the
hybridization between theQB and the reservoirmodes with frequency close
to a new emergent frequencyΩ ¼ ffiffiffiffiffiffiffiffiffiffi

γ0ωD
p ≫ω0. We point out that, in this

underdamped regime, almost all the energy accumulated in the QB can be
extracted. In addition, for sufficiently short times the energy oscillates back
and forth in an almost periodic and coherent way between the coupling
energy and the QB, and the robustness of this effect over various periods of
these energy oscillations can be exploited to mitigate the need for precise
fine-tuning of the charging time. Furthermore, our results are robust up to
the thermal energies comparable with ℏΩ. Due to the robustness of our
protocol and the possibility to experimentally implement it by means of a
quantum LC circuit, playing the role of the QB, embedded in a dissipative
environment, with suitably engineered cut-off frequency and dissipation
strength42–44, we strongly believe that the present study can open fascinating
perspectives towards the realization of fast and highly efficient energy
manipulation in solid-state devices.

Results
Model of the quantum battery, charger and environment
The QB is a quantum harmonic oscillator, strongly coupled to a
many–modes reservoir described as a large collection of quantumharmonic
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oscillators in the framework of the Caldeira-Leggett model45–48. The
Hamiltonian of the system consists of three terms

Ĥ
ðtÞ ¼ ĤB þ ĤR þ θðtÞĤC; ð1Þ

where θ(t) = 0 for times t ≤ 0 while θ(t) = 1 for t > 0. The QB is described by

ĤB ¼ p̂2

2m
þmω2

0

2
x̂2; ð2Þ

with x̂ and p̂ position andmomentum operators, andm andω0 respectively
its mass and characteristic frequency. The reservoir Hamiltonian reads

ĤR ¼
X
k

Ĥ
ðkÞ
R ¼

X
k

p̂2k
2mk

þmkω
2
k

2
x̂2k

 !
; ð3Þ

where x̂k and p̂k are the position and momentum of the k–th mode, with
mass mk and characteristic frequencies ωk. The QB and the reservoir are
coupled through the term

ĤC ¼
X
k

Ĥ
ðkÞ
C ¼ �

X
k

ckx̂k

 !
x̂ þ 1

2
mΩ2x̂2 ð4Þ

which, as will be shown, plays the role of a quantum charger. Eq. (4) is
composed of two terms: a bilinear coupling between x̂ and x̂k – with ck
coupling constants which will be specified later on – and a counter–term
/ x̂2, where

Ω2 ¼
X
k

c2k
mmkω

2
k

: ð5Þ

SinceΩ vanishes for ck→ 0, the counter–term is itself a part of the coupling
Hamiltonian even though it only depends on theQBcoordinate. It is needed
to prevent the renormalization of the static potential of the QB pinning its
frequency to the bare value ω0

45,46. Its presence depends on the specific
consideredmodel, in particular it naturally emerges e.g. in the description of
solid-stateplatformsbasedon superconducting circuits42 aswill bediscussed
inmore details in the final Section of this paper, devoted to the experimental
feasibility. Moreover, it plays a relevant role in the context of energy storage
and extraction, as will be clear in the following.

The equations ofmotion for theQBand reservoir position operators in
the Heisenberg picture read (from now on, ℏ = kB = 1):

€̂xðtÞ þ ðω2
0 þΩ2Þx̂ðtÞ ¼

X
k

ck
m
x̂kðtÞ; ð6Þ

€̂xkðtÞ þ ω2
kx̂kðtÞ ¼

ck
mk

x̂ðtÞ: ð7Þ

Eq. (7) canbe formally solved considering x̂ðtÞ a given externalfield, yielding

x̂kðtÞ ¼ x̂kð0Þ cos ωkt
� �þ p̂kð0Þ

mkωk
sin ωkt
� �

þ ck
mkωk

Z t

0
dt0 sin ωkðt � t0Þ� �

x̂ðt0Þ:
ð8Þ

Replacing this solution into Eq. (6) one obtains the full operatorial quantum
Langevin equation for the QB46,49–51

€̂xðtÞ þ ω2
0x̂ðtÞ þ

Z t

0
dt0γðt � t0Þ _̂xðt0Þ þ γðtÞx̂ð0Þ ¼ ξ̂ðtÞ

m
; ð9Þ

where the damping kernel

γðtÞ ¼ 1
m
θðtÞ

X
k

c2k
mkω

2
k

cos ωkt
� �

ð10Þ

and the reservoir fluctuating noise operator

ξ̂ðtÞ ¼
X
k

ck x̂kð0Þ cos ωkt
� �þ p̂kð0Þ

mkωk
sin ωkt
� �� �

ð11Þ

have been introduced. Notice that the momentum operator is
directly p̂ðtÞ ¼ m _̂xðtÞ.

The solution of Eq. (9) can always be decomposed into a transient
homogeneous (h) and a non-homogeneous or thermal part (th):

x̂ðtÞ ¼ x̂hðtÞ þ x̂thðtÞ: ð12Þ

Thefirst term is independent of thefluctuatingfield ξ̂ðtÞ and is expressed via
the response function χ(t) in terms of the initial conditions at time t = 0 as

x̂hðtÞ ¼ _̂xð0ÞχðtÞ þ x̂ð0Þ _χðtÞ: ð13Þ

All the properties of χ(t), which satisfies initial conditions χ(0) = 0, _χð0Þ ¼ 1
and €χð0Þ ¼ 0, are encoded into its Laplace transform (defined as
~̂xðλÞ ¼ Rþ1

0 dte�λt x̂ðtÞ)

~χðλÞ ¼ 1

λ2 þ ω2
0 þ λ~γðλÞ ; ð14Þ

where ~γðλÞ is the Laplace transform of Eq. (10).
The term x̂thðtÞ in Eq. (12) depends instead on the fluctuating field ξ̂ðtÞ

and is given by

x̂thðtÞ ¼
Z t

0

dt0

m
χðt � t0Þξ̂ðt0Þ: ð15Þ

The charging/discharging protocol: energy balance and figures
of merit
The charging/discharging protocol is comprised of four steps:
(I) At t = 0, switching on ĤC the QB and the reservoir are connected;
(II) Energy flows for a short amount of time t;
(III) Switching off ĤC, the QB and the reservoir are disconnected;
(IV) The maximum amount of energy is extracted from the QB, to be

employed elsewhere. In steps (I) and (III) the switching on and off
times are assumed as the shortest time scales involved in the problem.

A suitably engineered reservoir, especially within the protocol descri-
bed above, will prove to be a valuable resource allowing fast and optimal
charging of theQB. In the following wewill introduce the energy exchanges
involved in the protocol and suitable figures of merit to quantify its
performances.

Energy accumulated into the QB and ergotropy. To begin with, let
us introduce the energy accumulated into the QB over the charging
time t as12

ΔEBðtÞ ¼ ĤBðtÞ
	 
� ĤBð0Þ

	 
 ð16Þ

where :::h i � Tr :::ρ̂ð0Þ� �
with ρ̂ð0Þ the total initial density matrix of the

system, which will be specified in the following, and where ĤBðtÞ
	 


is the
energy stored in the QB at time t. Here and in what follows, all operators
evolve in the Heisenberg picture.
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Clearly, not all the accumulated energy can actually be extracted from
it. The ergotropy is defined as the maximum energy that can be extracted
from the QB acting only with unitary operations7,39. For a general setup the
evaluation of the ergotropy is only possible via numerical approaches.
However, forGaussian states a closed expression is present35,38. To this effect
we notice that the time evolution of the model under consideration maps
Gaussian states at t = 0 into Gaussian states at any later time t. Therefore,
anticipating our choice of a Gaussian initial condition, the ergotropy of the
QB at time t is given by

EðtÞ ¼ ĤBðtÞ
	 
� ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det σBðtÞ

p
; ð17Þ

where σB(t) is the covariance matrix52 at time t.

Work performed by the quantum charger. Switching on and off of the
quantum charger over a time t requires a finite amount of work

WðtÞ ¼ Won þWoff ðtÞ; ð18Þ

where

Won ¼ ĤCð0Þ
	 


; Woff ðtÞ ¼ � ĤCðtÞ
	 


; ð19Þ

with ĤCðtÞ
	 


the coupling term inEq. (4).The above expressionsdependon
the assumption of very short switching on and off times of the coupling
between theQBand the reservoir. In the case of amuch smoother switching
modelled by means of a more general function f(t) the quantitiesWon and
Woff would be given by the integral of _f ðtÞ times the expectation value of
ĤCðtÞ in analogy with what discussed in Crescente et al.16. In general terms,
in this case one could expect an increase ofW(t) leading to a worsening of
the battery performance whose precise entity crucially depends of the pre-
cise formof f(t). Using the Langevin equation (6), ĤCðtÞ

	 

can be expressed

in terms of the QB variables only as

ĤCðtÞ
	 


m
¼ h _̂x2ðtÞi � 1

2
d2

dt2
x̂2ðtÞ	 
� ω2

0 þ
Ω2

2

� �
x̂2ðtÞ	 


: ð20Þ

It is worth noting that this contribution explicitly depends on the counter-
term in Eq. (4).

In full analogy with what defined in Eq. (16), the total work can be
alternatively written as

WðtÞ ¼ � ĤCðtÞ
	 
� ĤCð0Þ

	 
� � ¼ �ΔECðtÞ: ð21Þ
Energy balance and spectral decomposition. Since the total system is
closed, after the switching on, we can easily write the total energy balance

ΔEBðtÞ þ ΔERðtÞ ¼ WðtÞ ð22Þ

with a clear meaning: the total work W(t) is distributed among the accu-
mulated energy of the battery ΔEB(t) and the energy exchanged with the
reservoir during the time t:

ΔERðtÞ ¼ ĤRðtÞ
	 
� ĤRð0Þ

	 

: ð23Þ

Eq. (22) further underlines the role of ĤC as a quantum charger.
In this respect, an efficient charging protocol predominantly

exchanges energy between the charger and the QB, see Fig. 1a, while an
inefficient protocol wastes most of its energy in the reservoir with little
power delivered to the QB, as shown Fig. 1b. Even though achieving an
efficient charging seems almost hopeless in this context, given that the
reservoir has a very large number of degrees of freedom which can collect
energy with respect to the single one of the QB, we will show that this is
indeed possible via a careful engineering of the reservoir spectral density
at strong coupling.

For later convenience we also introduce the contributions to the
charger and to the reservoir energy due to the k–th mode of the latter,
defined as (ν = C, R)

ΔEνðt;ωkÞ ¼ Ĥ
ðkÞ
ν ðtÞ

D E
� Ĥ

ðkÞ
ν ð0Þ

D E
ð24Þ

which satisfy the sum rules

ΔEνðtÞ ¼
X
k

ΔEνðt;ωkÞ: ð25Þ

Performances of the charging/discharging protocol. In order to
assess the performances of the charging procedure, two different effi-
ciencies are usually considered. The first is

ηBðtÞ ¼
EðtÞ
HBðtÞ
	 
 ¼ 1� ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det σBðtÞ

p
HBðtÞ
	 
 ; ð26Þ

the ratio between the ergotropy and the energy stored in theQB.The second
figure of merit, which is the most relevant when energy to connect and
disconnect the charger is paid off (W(t) > 0, see below andHovhannisyan et
al.30 for a discussion on this condition), is

ηWðtÞ ¼ EðtÞ
WðtÞ ð27Þ

representing the ratio between the maximum work that can be extracted
from the QB and the work paid to switch on and off the charger. In
accordance to what discussed above, ηW(t) can be expected to achieve its
best values for very rapid switching of the coupling, while slower protocols
may lead to a worse performance. Note also that the above definition is
consistent with what usually done in the quantum battery literature, where
the energy associated to engineering the bath is typically neglected30. This is
justified by the fact that the bath can be model, within the Caldeira-Legget
picture employed here, as a collection of passive elements such as
capacitances and inductances42 kept at a fixed temperature and thermalized
before starting the charging protocol.

Fig. 1 | Scheme of operation of ĤC as a quantum charger. Green boxes, reservoir
with Hamiltonian ĤR defined in Eq. (3). Red boxes, charger with Hamiltonian ĤC

defined in Eq. (4). Blue boxes, QB with Hamiltonian ĤB defined in Eq. (2). a shows
an efficient charging protocol where the energy is predominantly exchanged
between the charger and the QB and (b) shows an inefficient charging protocol
where the energy is predominantly exchanged between the charger and the reservoir.
In both panels, the solid thick lines connect the two parts of the system where the
dominant energy exchange occurs, while the dashed lines connect the parts where
this energy exchange is small.
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Engineered reservoir and operating regimes
The response function. To proceed further we need to specify the
couplings ck in the charging Hamiltonian ĤC. Among the possible
choices, we consider the paradigmatic case of Ohmic coupling which is
the most common dissipation, especially when the reservoir is repre-
sented by quantum circuits53. We have46,54–56

ck ¼ ωk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2γ0mmkΔ

π

ω2
D

ω2
D þ ω2

k

s
: ð28Þ

Here, γ0 is the coupling strength, ωD the Drude cut-off, and ωk = kΔ (k
positive integer) with Δ the constant level spacing of the modes of the
reservoir. The behaviour of the couplings defines the spectral density

JðωÞ ¼ π

2

X
k

c2k
mkωk

δðω� ωkÞ; ð29Þ

and the damping kernel – see Eq.(10). Letting the number of modes to
infinity, with Δ→ 0, one eventually gets the continuum limit

JðωÞ ¼ mγ0ω
ω2
D

ω2 þ ω2
D

ð30Þ

γðtÞ ¼ γ0ωDe
�ωDtθðtÞ ; ~γðλÞ ¼ γ0ωD

λþ ωD
: ð31Þ

We can also identify the frequency scale Ω in Eq. (5) as

Ω ¼ ffiffiffiffiffiffiffiffiffiffi
γ0ωD

p
; ð32Þ

which, as we will see, will play a crucial role on the charging dynamics
of the QB.

As clear from the shape of γ(t), the reservoir is highly non–Markovian
when ωD, the inverse of a memory time scale, is smallωD ≈ ω0, a regime of

particular interest for this work. Such a regime has in the past drawn the-
oretical attention30,57–59, and has recently been shown to be a resource in
quantum thermodynamics60. It is also important to stress that such a strong
non–Markovian environment can nowadays be experimentally engineered
in the context of quantum circuits44,61–65.

We can now explicitly write the Laplace transform of the response
function in Eq. (14)46

~χðλÞ ¼ λþ ωD

λ2 þ ω2
0

� �
λþ ωD

� �þ λγ0ωD
ð33Þ

which, in the time domain, can be written as

χðtÞ ¼
X3
j¼1

χje
�λj t : ð34Þ

Here, λj satisfies

λ3 � λ2ωD þ λ ω2
0 þ γ0ωD

� �� ωDω
2
0 ¼ 0; ð35Þ

and

χj ¼ ωD � λj


 �Y
j0≠j

1
λj0 � λj

: ð36Þ

Operating regimes. As clear from Eq. (34), the nature of the roots λj –
governed by the system parameters – determines the characteristics of χ(t).
From now on, we will elect ω0 as a typical energy scale and thus consider γ0
and ωD as free parameters. As shown in Fig. 2, due to the third-degree
polynomial with real coefficients, only two regimes can occur:
– a underdamped (UD) regime (blue part), characterized by one purely

real and two complex conjugate roots.
– a overdamped (OD) regime (red part), where three real solutions occur.

To entermore into the details let us begin discussing the underdamped
regime, by identifying the two representative regions. The first is theweakly
underdamped one, with γ0 ≪ ω0, ωD, to the left of the OD part. Here, to
leading order in ωD, χ(t) exhibits oscillations at the bare frequency ω0,
damped by the coupling with the reservoir46,56

χðtÞ � 1
ω0

e�
γ0
2 t sin ω0t

� �
: ð37Þ

This regime has already been discussed at large in the literature also about
QBs, typically employing a Lindbladmaster equation approach34,35,38,66. Due
to the small coupling, the charging performances are here very poor.
Therefore we are not going to investigate it in the rest of the paper.

The second region is to the right ofODat large coupling γ0≫ωD,ω0: it
corresponds to a strongly underdamped (SUD) case. This region, has sel-
domly been discussed67, however it presents a peculiar behaviour which, as
we will see, will play a fundamental role in the QB dynamics. Here we have
(see first part of the Methods for details)

χðtÞ � 1
Ω
e�

ωD
2 t sin Ωtð Þ: ð38Þ

As is clear, in this regime Ω ¼ ffiffiffiffiffiffiffiffiffiffi
γ0ωD

p
takes the role of the new natural

frequency of the QB. Notice that since the strong coupling γ0 ≫ ωD, ω0

implies Ω≫ ωD, ω0, this frequency is strongly renormalized with respect to
the bare one. In addition, its value is outside the bandwidth of the reservoir
(Ω ≫ ωD). As we will see, this point is crucial to achieve the best charging
protocol, discussed in Fig. 1 since the reservoir is dynamically blockaded
around the frequencyΩ of the QB preventing the energy absorption. For this
reason in the rest of the paper, we will mainly focus on this regime showing
that it indeed produces the best short–time charging performances.

Fig. 2 | Operating regimes. As inferred by the nature of the zeroes of Eq. (35), as a
function of γ0 andωD (units ω0), the red area denotes the overdamped (OD) regime,
while the blue one corresponds to the underdamped (UD) one and, in particular, the
strongly underdamped (SUD) in the right part. The bottom corner of theODregime,
marked as a yellow dot, has coordinates γ0 ¼ 8

3
ffiffi
3

p ω0 and ωD ¼ 3
ffiffiffi
3

p
ω0. The dash--

dotted and dashed lines denote the boundaries between UD and OD for ωD ≫ ω0.
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We close commenting on the overdamped regime (red region),
whereχ(t) displaysnooscillations.Asa typical examplewe remind the leading
order behaviour in ωD, with γ0 > 2ω0 (dashed-dotted line in the figure)46,56

χðtÞ � e�
γ0
2 tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðγ0=2Þ2 � ω2
0

q sinh t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ0=2Þ2 � ω2

0

q� �
: ð39Þ

Here, the dynamics of the QB is damped and, as shown in Supplementary
Note 1, it is not very useful for our purposes since the reservoir absorbs the
main part of the incoming energy with an inefficient charging protocol
similar to Fig. 1b.

Main achievements
Relevant quantities. To study in details the charging dynamics we start
by specifying the initial conditions. We assume that, prior to the charge
phase, the QB and the reservoir are disconnected. In addition, we con-
sider an initial Gaussian state with the QB in its ground state ∣g



(i.e. a

completely depleted battery) and the reservoir in its thermal equilibrium
at temperature T. This corresponds to a factorized initial density matrix
ρ̂ð0Þ ¼ ρ̂Bð0Þ � ρ̂Rð0Þ with (β = 1/T):

ρ̂Bð0Þ ¼ g
�� 
 g
	 �� ; ρ̂Rð0Þ ¼ e�βĤRð0Þ

Tr e�βĤRð0Þ
� � : ð40Þ

With this choice, the averages of position and momentum of both
the QB and the reservoir variables are zero at t = 0, while the second
moments are hx̂2ð0Þi ¼ 1

2mω0
, hp̂2ð0Þi ¼ mω0

2 , fx̂ð0Þ; p̂ð0Þg	 
 ¼ 0, for

the QB and hxkð0Þxk0 ð0Þi ¼ 1
2mωk

cothðβωk=2Þδk;k0 , hpkð0Þpk0 ð0Þi ¼
1
2mωk cothðβωk=2Þδk;k0 , and fxkð0Þ; pk0 ð0Þg

	 
 ¼ 0 for the reservoir. Due
to these conditions the fluctuating noise ξ(t) in Eq.(11) has zero average

hξ̂ðtÞi ¼ 0 and time–translational invariant autocorrelation function46

ξ̂ðtÞξ̂ð0Þ
D E

¼
Z 1

0

dω
π

JðωÞ
X
n¼± 1

einωt

2
coth

βω

2

� �
� n

� �
: ð41Þ

Since the initial density is Gaussian, all previous considerations about
the ergotropy hold true. All relevant quantities can be then evaluated from
the covariance matrix σB(t), given here by

σBðtÞ ¼ m
ω0 x̂2ðtÞ	 


1
2
d
dt x̂2ðtÞ	 


1
2
d
dt x̂2ðtÞ	 


1
ω0

	
_̂x
2ðtÞ


 !
: ð42Þ

Much like the decomposition of x̂ðtÞ into a homogeneous and thermal part,
given in Eq. (12), the same holds for the covariance matrix:
σB(t) = σB,h(t) + σB,th(t) where the h (th) term only contains the homo-
geneous (thermal) contributions to x̂2ðtÞ	 


and h _̂x2ðtÞi.
The homogeneous terms are easily written in terms of the response

function

x̂2hðtÞ
	 

_̂x
2
hðtÞ

D E
0
@

1
A ¼ ω0

2m

χ2ðtÞ
_χ2ðtÞ

� �
þ 1
2mω0

_χ2ðtÞ
€χ2ðtÞ

 !
: ð43Þ

More cumbersome are the thermal contributions, which can be written in
the compact form

x̂2thðtÞ
	 

	
_̂x
2
thðtÞ



 !

¼
X

j;j0

1

λjλj0

 !Z 1

�1

dω
2πm2

JðωÞ coth βω
2


 �
ðλj � iωÞðλj0 þ iωÞ

8<
:

�χjχj0 1� e�ðλj�iωÞt � e�ðλj0 þiωÞt þ e�ðλjþλj0 Þt� �o
:

ð44Þ

Details are presented in the second part of the Methods and in Supple-
mentary Note 2.

Concerning the efficiencies in Eqs. (26) and (27) we can deduce their
constraints. For ηB it follows directly that ηB(t) ≤ 1. Moreover, in the con-
sidered case, one also has ηW(t) ≤ 1 as can be seen reasoning as follows.
Starting from Eqs. (17) and (22) one can write

WðtÞ � EðtÞ ¼ ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det σBðtÞ

p
þ ĤRðtÞ
	 
h i

� ĤBð0Þ
	 
þ ĤRð0Þ

	 
� �
;

ð45Þ

where the first line on the right-hand side represents the total energy of QB
+reservoir after the disconnection and the ergotropy extraction, while the
second one is the initial internal energy. Assuming, consistently with what
done in Eq. (40), a passive initial state for the systemand taking into account
the fact that all the considered operations (time evolution of the system and
ergotropy extraction) are unitary the internal energy can only increase or at
most remain constant41. Since EðtÞ≥ 0, one has WðtÞ≥ EðtÞ≥ 0 finally
proving the bound on ηW(t).

Finally, the (initial) work required to switch on the interaction
(see Eq. (19)) is

Won ¼
γ0ωD

4ω0
¼ Ω2

4ω0
: ð46Þ

The underdamped strong coupling regime. We can now study the
charging/discharging protocol, at short times in the underdamped strong
coupling regime, which – as will be shown – provides the best perfor-
mances. All results are obtained numerically. However, we will also
provide analytical expressions to support our results. In addition, we will
focus on custom tailored reservoirs with quite small ωD ≳ ω0, i.e. with a
narrow band and thus strongly non–Markovian, as this choice is one of
the keys to obtain the best short–time performances among all the
operating regimes.

To begin our discussion, Fig. 3a shows the energy accumulated in the
QB ΔEB(t) (blue line), the energy delivered by the charger ΔEC(t) =−W(t)
(red line) and the energy dissipated into the reservoirΔER(t) (green line) as a
function of time, in the quantumregimeT=0.1ω0 for parameterswithin the
SUD regime.

As is clearΔEB(t) shows oscillations with a period π/Ω, damped over a
time scale ω�1

D , and is locally maximum at times tn � π
2Ω þ n π

Ω, with n ≥ 0
an integer. Notice that this energy is large: in particular, the maximum
amount accumulated in theQB, occurring at the shortest time t= t0≈ π/2Ω,
is almost equal to Won = Ω2/4ω0. These are already hints of a fast and
extremely effective charging protocol. Notice that the oscillations of ΔEB(t)
are strikingly synchronized in phase opposition with respect to ΔEC(t),
suggesting that at short times the charger and the QB almost perfectly
exchange energy in lockstep. As a consequence, and as confirmed by the
behaviour of ΔER(t), during the first oscillations only a small fraction of
energy is dissipated in the reservoir, whose dynamics seems to show an
effective blockade at short times. We will turn back to this interpretation
shortly. Concerning the state of the QB, as discussed in the last part of the
Methods, in correspondence of the first maxima we find it to be well
described by a squeezed state strongly compressed along x̂ and very elon-
gated in the p̂ direction. This observation could be in principle used as a
starting point to elaborate efficient protocols for energy extraction, a task
that is however beyond the aim of the present work.

The extreme effectiveness of the protocol is definitively confirmed by
the behaviour of the efficiencies ηB(t) and ηW(t), shown in panel (b). Except
around the minima of ΔEB(t) we find ηB(t) ~ 1 which implies the best
ergotropy EðtÞ: almost equal to the energy stored in the QB. This in turns
implies that almost all the energy accumulated in the QB can be effectively
retrieved to produce useful work. Most importantly, however, ηW(t) – the
ratio between the ergotropy and the switch on/off work – is excellent:
around the first maximum it is very close to the best attainable performance
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exceeding 0.85 (recall that in our case ηW(t) ≤ 1), and it is still very good
around the fourth maximum where it reaches values above 0.5.

These results are indeed striking, especially in comparison with other
similar charging-discharging protocols30 that achieve significantly smaller
values of ηW(t). In this respect, one common critique of a fast charging/
discharging protocol – such as the one shown here – is the difficulty to
fine–tune parameters in order to achieve the best performances30. However,
in our scenario the almost perfect periodicity of all the quantities constitutes
a key advantage: one is not forced to disconnect the QB from the charger at
one peculiar time. Instead, the sequence of optimal times tn is highly pre-
dictable with charging energies and, as we have seen and as will be shown
later on, performances remain remarkable (and thus, stable) over several
oscillation periods.

To close this part, we turn back to interpret this optimal charging
protocol in terms of a dynamical blockade of the reservoir. We remind that
the reservoir is heavily structured with a small band–width (ωD ≪Ω): this
means that only the modes with ωk ≲ ωD≪Ω have a significant weight in
the spectral density J(ω) – see Eqs. (29) and (28). However, these modes are
completely off resonance with the QB and then we expect that they can
hardly absorb energy, thus allowing a back-and-forth energy transfer
between QB and charger.

To demonstrate this scenario we inspect the spectral contributions
of the reservoir ΔER(t, ωk) defined in Eq. (24)– see Supplementary Note 3
for details. Figure 4a shows a density plot of ΔER(t, ωk), the dashed line
represents the time window of Fig. 3. During the initial times the
reservoir absorbs very little energy at all, due to the small value of the
cut–off ωD ≪ Ω. This allows the important process of energy exchange
between the QB and the charger with anti-phase synchronization. This
oscillating dynamics is clearly visible in the spectral contribution
ΔEC(t, ωk) of the charger – shown in panel (b) – that oscillates between
positive and negative values around ωk = Ω. In particular the positive
values signal that energy back–flows from the QB to the charger, since

the energy in the reservoir slowly increases monotonically. On the other
hand, away from the resonance ΔEC(t, ωk) < 0.

As time goes by, however, a sizeable amount of energy eventually
accumulates into the reservoir: indeed the the latter starts to respond
revealing a clear resonance precisely around the modes with ωk ≈ Ω. As
already pointed out, modes at such frequencies have a very small weight in
J(ω) but still succeed to open a narrow “energy pathway" into the reservoir –
albeit a slowone. In this timewindow, the reservoir absorbs energymainly at
these frequencies, with all the other modes, including those at ωk ≲ ωD,
contributing sensibly less.Ultimately, the fact that energyflows considerably
into the reservoir only for times t > π

Ω, and essentially only via this narrow
channel, strongly slows down damping which in turns boosts the charging
performances, promoting the back–and–forth exchange of energy between
the charger and the QB at short times.

We will now study the stability of the above results with respect to
variations of Ω and T, showing that very good performances are achieved
even if we choose less extreme parameters.

We begin by varying Ω, which we achieve by tuning γ0 at fixed ωD.
Figure 5 shows the results for ωD = 2ω0 and low-temperature T = 0.1ω0. As
can be seen, the qualitative behaviour is essentially unchanged within this
wide range of Ω, and the best charging performances always occur at the
shortest times.As shown inpanels (a) and (c), the energy accumulated in the
QB and ηB(t) increase for increasing Ω. This implies that at strong(er)
coupling more useful energy (ηB→ 1) is stored in the QB. The almost out-
of-phase behaviour of ΔEB(t) and ΔEC(t) is also confirmed – see Panel (b).
Also, the efficiency ηW(t), shown in Panel (d), increases around themaxima
for increasing coupling. It is even more important to observe, though, that
even for the smallest value Ω ~ 7ω0 considered here, very good perfor-
mances around the firstmaximumare achievedwith a very goodmaximum
for ηW(t) of about 0.6.

Concerning the effects of temperature, we show in Fig. 6 the results for
the same parameters of Fig. 3 (SUD regime), for temperatures ranging from
very low to high ones. As can be seen, the behaviour of all the quantities of
interest is essentially independent of the temperature and only when T >Ω

Fig. 4 | Spectral decomposition of the reservoir and coupling energies in the
strongly underdamped (SUD) regime. Density plots of (a) ΔER(t, ωk) and (b)
ΔEC(t, ωk), both in units Δ, as a function of Ωt/π and ωk (units Ω). The dashed line
represents the time window considered in Fig. 3. Here ωD = 2ω0, γ0 = 300ω0

(Ω ≈ 24.5ω0) and T = 0.1ω0.

Fig. 3 | Energetics and efficiency in the strongly underdamped (SUD) regime.
a plot of ΔEν(t) (units ω0) with ν = B (blue curve), ν = C (red curve) and ν = R (green
curve) as a function ofΩt/π; (b) plot of ημ(t) with μ = B (blue curve), and μ =W (red
curve) as a function ofΩt/π. Parameters are ωD = 2ω0, γ0 = 300ω0 (corresponding to
Ω ≈ 24.5ω0) and T = 0.1ω0.
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deviations are found. In particular, notice that even though at the largest
temperatures considered here ηB(t) slightly decreases, its value around the
maxima still is ≳ 0.8, which means that a high ergotropy can be retrieved
from the QB even in this regime. Also, when T >Ω the oscillations of ηW(t)
tend to become slightly less pronounced as T increases, although we stress
that the first maximum exhibits an exceptional resilience.

These results show strong stability with respect toΩ and T. This leads
to the important conclusion that our fast charge protocol is within reach of
state-of-the-art experimental platforms, without requiring exceedingly fast
control or exceedingly low temperatures, see discussion about experimental
feasibility below.

In the SUD regime, when Ω ≫ ωD, ω0 and in the short times limit
t ≲ nπ/Ω (with n > 1 an integer of order unity), analytic expressions for
ĤBðtÞ
	 


, the ergotropy and for the total work W(t) can be obtained, that
support our findings. Deferring all derivations to Supplementary Note 2,
here we just quote the main results valid near the local maxima of ΔEB(t).

At low temperature, all quantities are dominated by homogeneous
terms and one finds, to leading order in Ω, that

ĤBðtÞ
	 
 � ĤBðtÞ

	 

h ; EðtÞ � ĤBðtÞ

	 

h ; WðtÞ � WhðtÞ;

with

ĤBðtÞ
	 


h ¼
Ω2

4ω0
e�ωDtsin2ðΩtÞ: ð47Þ

Notice that in this regime the ergotropy is optimal, since it essentially
matches the energy stored in the QB. One also has

WhðtÞ ¼
Ω2

4ω0
1� e�ωDtcos2ðΩtÞ� �

; ð48Þ

which allows to obtain a closed expression for the efficiency

ηWðtÞ ¼ e�ωDtsin2ðΩtÞ
1� e�ωDtcos2ðΩtÞ : ð49Þ

These equations provide results in excellent agreement with the numerical
ones (see Supplementary Note 2).

Conversely at high temperature (T ≫ ωD) the energy of the QB, the
ergotropy and the work acquire thermal contributions in addition to the

Fig. 6 | Effects ofT. Plots of (a)ΔEB(t) (unitsω0), (b)ΔEC(t) (unitsω0), (c) ηB(t), and
(d) ηW(t) as a function of Ωt/π for different values of T: from black to colour
T = 0.1ω0 (T ≈ 4 ⋅ 10−3Ω), ω0 (T ≈ 4 ⋅ 10−2Ω), 10ω0 (T ≈ 4 ⋅ 10−1Ω), 102ω0 (T ≈ 4Ω),
and 103ω0 (T ≈ 40Ω). The dashed arrow marks the increasing direction of T. In all
panels ωD = 2ω0 and γ0 = 300ω0.

Fig. 5 | Effects ofΩ. Plot of (a)ΔEB(t) (unitsω0), (b)ΔEC(t) (unitsω0), (c) ηB(t), and
(d) ηW(t) as a function ofΩt/π for ωD = 2ω0 and different values of γ0: from black to
colour γ0 = 25ω0 (Ω ≈ 7.1ω0), 50ω0 (Ω = 10ω0), 100ω0 (Ω ≈ 14.1ω0), 300ω0

(Ω ≈ 24.5ω0), 600ω0 (Ω ≈ 34.6ω0) and 900ω0 (Ω ≈ 42.4ω0). The dashed arrowmarks
the increasing direction of Ω. In all panels T = 0.1ω0.
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homogeneous ones in Eqs. (47) and (48). We find ĤBðtÞ
	 
 ¼

ĤBðtÞ
	 


h þ ĤBðtÞ
	 


th, with

ĤBðtÞ
	 


th ¼
T
2

e�ωDtsin2ðΩtÞ þ ð1� e�ωDtÞ� �
; ð50Þ

Concerning the total workW(t) =Wh(t) +Wth(t) we have

W thðtÞ ¼
T
2

e�ωDtsin2ðΩtÞ þΩ2

ω2
0

1� e�
2ω2

0
ωD t

Ω2

� �� �
: ð51Þ

Comparing the additional thermal parts with respect to the homogeneous
oneswe seehow the formerbecomeeffectivelydominantonly forT>Ω. The
situation is slightly more complicated for the ergotropy EðtÞ, since at high
temperatures its expression deviates from that of ĤBðtÞ

	 

h – see Fig. 6c –

signalling that the contribution of the covariance matrix becomes non
negligible – see Eq. (17).One can still obtain an analytical expression for this
quantity by evaluating the corrections due to the latter term starting from
the approximated form of the variances reported in Eqs. (S1) and (S16) of
the SupplementaryNote 2. Thefinal form is however too cumbersome to be
reported.

All the above expressions are in excellent agreement with our
numerical results (see Supplementary Note 2).

To close this Section, it is interesting to answer the question: what
would happen, in the SUD regime, if one would defer the disconnection of
the charger to very long times t → + ∞? Notice that in this regime the
reduced density matrix of the QB is given by the trace over the reservoir46

ρ̂Bðþ1Þ ¼ TrRfe
�βĤ

Z g, where Ĥ ¼ ĤB þ ĤR þ ĤC the total Hamiltonian
(see Eq. (1)) and with Z ¼ Trfe�βĤg. Leaving all analytical details to Sup-
plementaryNote 2, herewe quote themain results for both low and the high
temperatures.

At low temperatures one finds ĤBðþ1Þ	 
 � E � Ω
4 and

Wðþ1Þ � Ω2

4ω0
. Charging is still possible, and the ergotropy remains

comparable with the energy stored in the QB. Observe however that in this
case, the latter quantity is ∝Ω, while in the quick charge protocol outlined
above theQB energy and ergotropy are of the order ofΩ2, seeEq. (47). Thus,
in this case much less energy can be effectively stored and retrieved. Even
more importantly, in this regime charging requires a very large work so that
one has ηW(+ ∞) ≈ ω0/Ω ≪ 1 and thus a much poorer efficiency with
respect to the short–time performances.

In the high temperature regime (T≫ Ω), dominated by energy equi-
partition, the situation is evenworse. Indeedonefinds ĤBðþ1Þ	 
 � T but,
crucially, E / T�1 – implying ηW( + ∞) → 0. This means that no useful
work can be extracted from the QB: the charging is useless.

Even more, also for other parameters the long–time performances
never come even close to those obtained at short times in the SUD regime.

Considerations about experimental feasibility. We conclude this part
by commenting on the fact that the ideal platform to test the functioning

of the discussed device is represented by a quantum LC circuit, playing
the role of the QB, embedded in a dissipative environment.

The essence of the Caldeira-Leggett model is to replace a linear dis-
sipative element characterized by a frequency-dependent admittance Y(ω)
by an infinite set of LC oscillators42, all wired in parallel, with a properly
designed distribution of parameters {Lk, Ck} (see the scheme in Fig. 7). The
particular choice ofLk andCk allows tofine-tune the shapeof the admittance
Y(ω). This infinite set of oscillators leads the admittance to acquire both an
imaginary and a real contribution, ultimately responsible for dissipation.
The validity of this approach in the framework of quantum thermodynamic
studies based on quantum circuits has been recently discussed in refs. 64,65,
where indeed the authors have mimicked the behaviour of a heat bath in
terms of a huge number of LC oscillators, eventually terminated with a
resistive element andwithproperly distributedparameters, coupledwith the
quantum system under investigation (a qubit in their case).

According to the circuit depicted in Fig. 7, the charge trapped into the
capacitorC is given byQ(t) =CV(t) whereV(t) is the voltage drop across the
capacitor, while the current flowing into the inductor L is given by
I(t) = L−1ϕ(t), with

ϕðtÞ ¼
Z t

0
Vðt0Þdt0: ð52Þ

According to this, the energy stored into the LC circuit realizing the QB
(dashed box in Fig. 7) can be written as

ULCðtÞ ¼
C
2
V2ðtÞ þ L

2
I2ðtÞ ¼ Q2ðtÞ

2C
þ ϕ2ðtÞ

2L
: ð53Þ

In order to quantize the following circuit one can identify the two conjugate
variables43

Q $ p̂; ϕ $ x̂ ð54Þ

where, from here on, for notational simplicity, we omit the time arguments
in all operators and consequently

C $ m; L $ 1
mω2

0
; ð55Þ

with ω0 ¼ 1=
ffiffiffiffiffiffi
LC

p
. This leads to the QB Hamiltonian reported in Eq. (2).

Considering the dissipative part of the circuit, the charge stored in each
capacitor isQk(t) =CkVk(t), while the current going through the inductors is
IkðtÞ ¼ L�1

k ½ϕðtÞ � ϕkðtÞ�, with

ϕkðtÞ ¼
Z t

0
Vkðt0Þdt0: ð56Þ

Fig. 7 | Schematic representation of a possible
implementation of the discussed device. The
quantum LC circuit, playing the role of the QB, is
coupled to a dissipative environment (black box).
Within the Caldeira-Leggett model the latter, char-
acterized by an admittance Y(ω), is described in
terms of an infinite set of LC oscillators in parallel,
with properly distributed parameters Lk and Ck.
Here, V and Vk denote the (generally time depen-
dent) voltages associated to the correspond
ing nodes.

https://doi.org/10.1038/s42005-025-01993-7 Article

Communications Physics |            (2025) 8:76 8

www.nature.com/commsphys


Proceeding in full analogy with what was done above, one has that the total
energy stored in this part of the circuit can be written as42,53

UdissðtÞ ¼
X
k

Q2
kðtÞ
2Ck

þ ϕkðtÞ � ϕðtÞ� �2
2Lk

( )
: ð57Þ

As can be seen, now ϕ(t) plays the role of a overall offset for the induc-
tive part.

Through the identifications

Qk $
ck

mkω
2
k

p̂k; ϕk $
mkω

2
k

ck
x̂k; ð58Þ

and

Ck $
c2k

mkω
4
k

; Lk $
mkω

2
k

c2k
; ð59Þ

satisfying ωk ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
LkCk

p
, one finally obtains68

1
2

X
k

p̂2k
mk

þ c2k
mkω

2
k

mkω
2
k

ck
x̂k � x̂

� �2
" #

¼
X
k

p̂2k
2mk

þmkω
2
k

2
x̂2k � ckx̂kx̂ þ

1
2

c2k
mkω

2
k

x̂2
 !

¼ ĤR þ ĤC;

ð60Þ

as can be seen by comparison with Eqs. (3)–(5).
On the other hand, for such an environment it is known that, in the

time domain, the admittance can be written as53

YðtÞ ¼
X
k

1
Lk

cos ωkt
� �

: ð61Þ

According to the previous identifications of Eqs. (55) and (59) this allows,
for the times t ≥ 0 relevant to our dynamics, to identify

YðtÞ
C

$ γðtÞ; ð62Þ

where the damping kernel γ(t) has been defined inEq. (10). In the frequency
domain, we also note that the real part of the admittance is related to the
spectral density J(ω) given in Eq. (29) by

Re YðωÞ� � ¼ JðωÞ
ω

: ð63Þ

Owing to the alreadymentioned identifications, this allows to conclude that
in our model

Re YðωÞ� � ¼ Cγ0
ω2
D

ω2 þ ω2
D
: ð64Þ

Let us now estimate typical parameters for theQB and for the environment.
Concerning the QB, one can assume for example values of L ≈ 50 μH

for the inductance and C ≈ 5 pF for the capacity in such a way that the QB
can be described as a quantum harmonic oscillator with characteristic fre-
quencyω0/2π≈10 MHz(withω0 ¼ 1=

ffiffiffiffiffiffi
LC

p
)42,43.Note that these values are

comparable to those used in real state-of-the-art experiments with super-
conducting LC circuits69. Focusing on this frequency regime, which is
typically smaller with respect to what usually considered in circuit QED
experiments70, has the practical advantage to allow a control of the device on

a time scale in the nanosecond rangewhich is compatible with the discussed
features of the figures of merits (the first maximum of ηW occurring at
t0 ≈ 1 ns assuming for example γ0 = 300ω0 and ωD = 2ω0 as in Fig. 3). The
possibility to observe the discussed phenomenology is also assured by its
great stability with respect to thermal effect as long as kBT≲ ℏΩ (see Fig. 6).
Within the discussed range of parameters this leads to the threshold tem-
perature T ≈ 12mK compatible with the cryogenic temperatures typically
reached in quantum transport and quantum computing experiments car-
ried out in solid-state devices.

As for the environment, Eq. (64) can be identified as the real part of the
admittance of a series RL circuit with resistanceRE and impedence LE given
respectively by

RE ¼ 1
Cγ0

; LE ¼ RE

ωD
: ð65Þ

For ω ≪ ωD the environment behaves ohmically, while for higher fre-
quencies ω ≳ ωD the inductive component induces a frequency roll–off.

From the estimates given above one canobtain typical valuesRE≈ 10Ω
andLE≈ 500nH.Toconclude,wenote that quantumcouplers canbeused to
realize a fast control of the coupling between the QB and the charger71–73.

Conclusions
In this paper, we have proposed a scheme for a quantum battery based on a
quantum harmonic oscillator, strongly coupled to a non–Markovian
reservoir via a quantum charger. The considered procedure relies on the
transient dynamics which occurs right after the battery is connected to the
quantum charger, thus ensuring a quick charging protocol. We have shown
that the evolution of the energy stored in the battery is almost periodic,
which allows to avoid a too precise fine-tuning of the time at which the
battery need to be disconnected from the charge.Moreover, we have shown
that this protocol is very efficient, allowing in principle to extract through
unitary operations practically all the energy stored in the quantum battery,
with a ratio between the energy that can be extracted and the work done by
the charger which approaches the ideal unit limit. These features are due to
two key ingredients, namely the non-Markovianity due to a reservoir with a
spectral density with a cut-off of the order of the oscillator frequency, and a
peculiar – and as yet almost unexplored – working regime in the under-
damped regime at strong coupling. Crucially, these result in a dynamical
blockade of the reservoir dynamics, which allows an almost coherent
exchange of energy between the charger and the quantum battery at short
enough times.

Such a protocol may be envisioned with a quantum LC circuit playing
the role of the battery and with the required environment being suitably
engineered via state–of–the–art quantum circuits, and thus may genuinely
contribute to a significant advancement in the field of quantum energy
storage in solid state devices.

This work will contribute to future advancements in the field of
quantum energy routing and management, opening for instance the pos-
sibility to study the charging of, and energy transfer between, two or more
quantum batteries strongly coupled to a highly non–Markovian reservoir
acting as a energy bus or energy router.

Methods
The response function χ(t) in the strong underdamped regime
In this part we give some details on the behaviour of the response func-
tion χ(t).

The cubic equation in Eq. (35)

λ3 � λ2ωD þ λ ω2
0 þ γ0ωD

� �� ωDω
2
0 ¼ 0 ð66Þ

yields the general Vieta’s relations

λ1 þ λ2 þ λ3 ¼ ωD; ð67Þ
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λ1λ2 þ λ1λ3 þ λ2λ3 ¼ ω2
0 þ γ0ωD; ð68Þ

λ1λ2λ3 ¼ ωDω
2
0: ð69Þ

We remind that, for finite damping, all roots have positive real parts. In
addition, in the underdamped regime two roots are complex and one is real,
so they can be written as

λ1;2 ¼ Γ± iν; λ3 2 R; ð70Þ

where Γ; ν 2 R. Using Eqs. (67) and (69) we have

Γ ¼ ωD � λ3
2

; Γ2 þ ν2 ¼ ωDω
2
0

λ3
: ð71Þ

According to this, the χj defined in Eq. (36) are

χ1 ¼
i
2ν

2ν þ i λ3 þ ωD

� �
2ν þ i 3λ3 � ωD

� �
" #

; χ2 ¼ χ�1 ð72Þ

χ3 ¼ 4
ωD � λ3

ωD � 3λ3
� �2 þ 4ν2

: ð73Þ

We now derive analytic expressions at strong coupling with γ0 ≫ ωD, ω0,
that is Ω ¼ ffiffiffiffiffiffiffiffiffiffi

γ0ωD
p ≫ ω0;ωD. Here, to leading order in Ω, the real the

solution of Eq. (66) is

λ3 �
ω2
0ωD

Ω2 : ð74Þ

Inserting this results in Eqs. (71) one has

Γ � ωD

2
; ν � Ω : ð75Þ

Concerning χj we find

χ1 �
i
2Ω

1þ i
ωD

Ω

h i
; χ2 ¼ χ�1 ; χ3 �

ωD

Ω2 : ð76Þ

This leads to the following expression for the response function
χðtÞ ¼Pjχje

�λj t

χðtÞ � e�
ωD
2 t

Ω
sin Ωtð Þ � ωD

Ω
cos Ωtð Þ

h i
þ ωD

Ω2 e
�ω2

0
ωD

Ω2
t; ð77Þ

whose leading order expansion is

χðtÞ � e�
ωD
2 t

Ω
sin Ωtð Þ ð78Þ

as quoted in Eq. (38).

Explicit expression for QB variances
In this part we give details on how to get the general expressions of the
variances x2ðtÞ	 


and _x2ðtÞ	 

quoted in the main text – see Eqs. (43)

and (44).
We start by recalling that the solution of the Langevin equation (9) can

be decomposed as x̂ðtÞ ¼ x̂hðtÞ þ x̂thðtÞ: this will be the building block for
evaluating the above quantities. The homogeneous part is given by

x̂hðtÞ ¼ _̂xð0ÞχðtÞ þ x̂ð0Þ _χðtÞ; ð79Þ

while the thermal one is

x̂thðtÞ ¼
Z t

0

dt0

m
χðt � t0Þξ̂ðt0Þ; ð80Þ

which, due to the initial condition χ(0) = 0 implies also

_̂xthðtÞ ¼
Z t

0

dt0

m
_χðt � t0Þξ̂ðt0Þ: ð81Þ

Here, the dot represents the derivative with respect to the first
argument.

On a very general ground, given initial decoupled conditions and
hξ̂ðtÞi ¼ hx̂ðtÞi ¼ 0, h _̂xðtÞi ¼ 0, the homogeneous and thermal terms fac-
torize as

hx̂2ðtÞi ¼ hx̂2hðtÞi þ hx̂2thðtÞi;
h _̂x2ðtÞi ¼ h _̂x2hðtÞi þ h _̂x2thðtÞi:

ð82Þ

These matrix elements completely define the contributions to the covar-
iance matrix σB(t) = σB,h(t) + σB,th(t) given by

σB;h=thðtÞ ¼ m
ω0hx̂2h=thðtÞi 1

2
d
dt hx̂2h=thðtÞi

1
2
d
dt hx̂2h=thðtÞi 1

ω0
h _̂x2h=thðtÞi

0
@

1
A: ð83Þ

We now observe that the homogeneous part is independent of the tem-
perature and can be easily written in term of the response function χ(t).
Taking into account the initial conditions and using Eq. (79) one straight-
forwardly arrives to the expressions

x̂2hðtÞ
	 

h _̂x2hðtÞi

 !
¼ ω0

2m

χ2ðtÞ
_χ2ðtÞ

� �
þ 1

2mω0

_χ2ðtÞ
€χ2ðtÞ

 !
: ð84Þ

As expected, σB,h(t→∞) = 0.
Concerning the thermal contributions we need a more careful

manipulation of Eqs. (80) and (81). In the following we describe how to
explicitly write x̂2thðtÞ

	 

.

Using Eq. (80) we have

x̂2thðtÞ
	 
 ¼ 1

m2

Z t

0
dt1

Z t

0
dt2χðt � t1Þχðt � t2Þ ξ̂ðt1Þξ̂ðt2Þ

D E
ð85Þ

Since the integrand is symmetric under exchange of t2 with t1, only the
symmetric part of the correlation function hξ̂ðt1Þξ̂ðt2Þi contributes. We
call it74,75

Lsðt1 � t2Þ ¼
Z 1

0

dω
π

JðωÞ coth βω

2

� �
cos ωðt1 � t2Þ
� �

; ð86Þ

see Eq. (41), with Fourier transform

LsðωÞ ¼ JðωÞ coth βω

2

� �
: ð87Þ

Inserting now the general expression of χ(t), given in Eq. (34), and inte-
grating over time one finally obtains

x̂2thðtÞ
	 
 ¼ P3

j;j0¼1
χjχj0

Rþ1
�1

dω
2πm2

LsðωÞ
ðλj�iωÞðλj0 þiωÞ

1� e� λj�iωð Þt � e� λj0 þiωð Þt þ e� λjþλj0ð Þth i
:

ð88Þ
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The last term to be evaluated is h _̂x2thðtÞi. This follows straightforwardly
by inserting the expression in Eq. (81) which gives

_̂x
2
thðtÞ

D E
¼ 1

m2

Z t

0
dt1

Z t

0
dt2 _χðt � t1Þ _χðt � t2Þ ξ̂ðt1Þξ̂ðt2Þ

D E
: ð89Þ

Following similar steps as done for x̂2thðtÞ
	 


a form similar to Eq. (88) is
found, except for the substitutions χj � χj0 ! λjχj � λj0χj0 – see also Eq. (44)

_̂x
2
thðtÞ

D E
¼ P3

j;j0¼1
λjχjλj0χj0

Rþ1
�1

dω
2πm2

LsðωÞ
ðλj�iωÞðλj0 þiωÞ

1� e� λj�iωð Þt � e� λj0 þiωð Þt þ e� λjþλj0ð Þth i
:

ð90Þ

We close this part by commenting on the long time limit. For t→+∞
only the first term in the squared brackets of hx̂2thðtÞi and h _̂x2thðtÞi survives
(seeEqs. (88) and (90)) sinceRefλjg > 0.Then, after somemanipulations,we

arrive to the form

x̂2thðþ1Þ	 
 ¼ Z þ1

�1

dω
2πm

coth
βω

2

� �
Im ~χ λ ¼ �iωð Þ� �

;

_̂x
2
thðþ1Þ

D E
¼
Z þ1

�1

dω
2πm

ω2 coth
βω

2

� �
Im ~χ λ ¼ �iωð Þ� �

:

ð91Þ

In addition, we can easily see from Eq. (88) that

limt!1
d
dt
x̂2thðtÞ ¼ 0: ð92Þ

This confirms the expected fluctuation-dissipation theorem46.

State of the QB at maximum efficiency and possible work
extraction
In this Section,we characterize inmoredetail the state of theQBbymeans of
its Wigner function76,77

Wðx; p; tÞ ¼ 1

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Det½σBðtÞ�

p e�
1
2r

tσ�1
B ðtÞr; ð93Þ

where rt = (x, p) is the (transposed) vector of the variables x and p in the QB
quantum phase space.

Right before the QB is coupled to the charger it sits in its ground state,
shown in Fig. 8a. In correspondence of the first maxima of the efficiencies
(ηB and ηW), the state of the QB is instead very close to an extremely
squeezed state along themomentumdirection, as clearly shown in panel (b)
of the above figure – please notice the change in scales between the two
panels.

From this observation, one can infer that an unitary operation able to
almost completely extract the energy from the QB is an “anti-squeezing”
operator, namely the hermitian conjugate of the conventional squeezing

operator ŜðξÞ ¼ e
1
2 ξ� âð Þ2�ξ âyð Þ2
� �

, where â and ây are the ladder operators
associated to x̂ and p̂ and where ξ is a squeezing parameter which, in the
present case, depends on the action of the reservoir during the charging phase.
This operation is able to bring the QB very close to the initial ground state.
This kind of operation has been discussed in other platforms, such as quantum
optics, under the name of deamplification78 and could be implemented also in
solid-state devices exploiting for example exotic two-photon interaction79.
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