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Abstract

We consider a hyperbolic ordinary differential equation perturbed by a nonlinearity
which can be singular at a point and in particular this includes MEMS type equations.
We first study qualitative properties of the solution to the stationary problem. Then,
for small value of the perturbation parameter as well as initial value, we establish
the existence of a global solution by means of the Lyapunov function and we show
that the omega limit set consists of a solution to the stationary problem. For strong
perturbations or large initial values, we show that the solution blows up. Finally,
we discuss the relationship between upper bounds of the perturbation parameter for
the existence of time-dependent and stationary solutions, for which we establish an
optimal threshold.
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1 Introduction
In this paper, we study the following ordinary differential equation:

uy +of(u)+ Bu =xrgu) fort > 0,
u(0) = uo, (1)
ur (0) = vo,

where A > 0, > 0, 8 > 0, up € R and vy € R. Under appropriate assumptions
on f and g, we discuss the global existence and blow-up of the solutions to (1). For
o > 0 and the initial value (ug, vg) € R, we denote by A* (ug, vo) (o) the dynamical
threshold for the existence of a global solution of (1). Namely, the solution of (1) exists
globally in time for 0 < A < A* (ug, vo) () and blows up for A > A* (ug, vg) (). At
the same time, let us denote by A* the stationary threshold, see Theorem 1 below, for
the existence of solutions to

Bo = 1g(d). )

From the point of view of applications to Micro Electro Mechanical Systems, the value
A* plays an important role as it is connected to the so-called “pull-in instability”, see
[1, 2] and references therein.

Assumption 1 We impose the following assumptions on the damping term f:

(f1) feC'®);

(f2) f(0)=0;

(f3) f(w)v>0forveR\{0};

(f4) there exist p > 0 and 6 > 0 such that | f (v)| < n |v|?*! forv € R.

Remark 1 Note that under these assumptions one has f/(0) > 0.

Assumption 2 Letb € (0, +oc]and I = (—o0, b). We impose the following assump-
tions on the nonlinearity g:

(g) gw) € C*(I);

(g2) g(u) > 0foru € I. Moreover, we normalize g(u) by g(0) = 1;

(g3) £'(0) = 0;

(g4) g"(u) > Oforu € I,

(g5) If I = R, for sufficiently large R > 0, there exists T > 0 such that g" (1) > t
foru > R.
If I = (—o0, b), b < 400, the following hold:

lim g(u) = lim g'(u) = lim g"(u) = 400,
u—>b— u—b~ u—b~

u u
lim g(s)ds =400 and lim (/ g(s)ds — gg(u)> < 0.
0

u—b= Jo u—b~

Remark 2 Note that under these assumptions solutions to (2) are positive.
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So far, a huge literature has been devoted to (1) and related problems from the theo-
retical point of view as well as from the point of view of applications, see for instance
[6, 9, 12] and references therein.

In [5], Flores studies the following problem

A

Uy +auy +u = rrmme fort > 0,
u(0) =up €10, 1),
u;(0) = vg.

He proves that 0 < A (0, 0) (o) < A* for @ > 0 and that limg—, 00 A (0, 0) (@) = A™.
In [7], Haraux considers the following

U+ clug|®u; + ulPu=0, forc >0, >0,8 >0

and studies the existence of sign-changing solutions, number of the zeros and the decay
estimates for solutions depending on the value of the parameters c, «, . Moreover,
the results are generalized to

un-l-clutlaut—i—lulﬁu:f(t), forc >0, >0,8>0

for a continuous function f(#) with some decaying properties. In [11], Souplet studies
the following backward equation

e — |ug|®u; +ulfPu=0 fora >0,8>0

and proves the existence of unbounded global solutions, unbounded oscillatory solu-
tions, as well as their blow-up rate and asymptotic behaviour. In [3, 10], the authors
consider

ure — | + 2 ulf =0,  forr>0,a0>0,8>0.

They investigate for which value of parameters one has existence of solutions, derive
their asymptotic behaviour and classify the ground state solutions according to the
value of parameters.

Here we aim at extending the result in [5] to more general nonlinearities f and g.
Henceforth, we consider (1) and (2) under Assumptions 1 and 2 unless otherwise
stated. We consider first the stationary problem (2) for which we obtain the bifurcation
diagram of the solution set {(A, ¢)}.

Theorem 1 There exists a unique p > 0 such that
g(p) — pg'(p) = 0.
Let

o= ﬂ_p
g(p)
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The following hold:

(1) For any A < \*, there are two solutions ¢1 = ¢ (L) and ¢y = $2(\) of (2) with
O<dp1<p<dpr<band

lim @1,¢2) = O.b) and lim (91, 62) = (91, 93) = (1. p).

Moreover, p1()) and ¢2 (L) are respectively increasing and decreasing with respect
to A;

(il) For . = \*, there exists a unique solution ¢p1 = ¢» = p of (2);

(iii) For A > A*, do not exist solutions to (2).

In order to investigate the dynamical behaviour, we find the solution (X, %) with
the following properties:

Theorem 2 There exists a unique solution (A, (L)) = (A, ¢2) of (2) satisfying the
following:
—2
O<i<)A* p<¢r<b and X:quL.
1o g(s)ds

Next, on the one hand we consider the time-dependent equation (1) and derive the
conditions for the existence of global bounded solutions. To state the theorem, we
define the functional

ﬂ u
J(u) == Eu? —A/ g(s)ds.
2 0
Theorem 3 For A < A* and a > 0, let
Dy = {.v) € B2 |10) < u < ho(3), v% < Ji@) — (o)}

where [()) is a constant depending only on X, B, g and uy. If (ug, vo) € Dy, then
(1) has a unique global solution u € W ([0, 00)). Moreover, if @ > 0, then the
following holds

Jim (1) = 1021+ lus (0] ) = 0. 3

On the other hand, we obtain the following blow-up result for A > A* or ¢ < ug <
b. Let T € (0, +00], be the maximal time of existence of a solution to (1). Then, we
have the following

Theorem 4 Let A > A*, a > 0 and ug, vo > 0. The solution (u, u;) of (1) blows up to
(400, +0) for b = +o00 and quenches to (b, +0) for 0 < b < 400 ast — T,
where Too < 400 ifa =00r0 < b < 4o00.
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Theorem5 Let 0 < A < A* and a > 0. For any ¢2(A) < ug < b and vy > 0, the
same conclusion of Theorem 4 holds.

The main result of this paper is concerned with establishing an optimal dynamical
threshold, indeed we have

Theorem 6 Let f(v) = v. The function X (0,0) («) is continuous and monotone
increasing with respect to a > 0 and satisfies:

A 2 <1(0,0) (@) < )L*fozot > 0;

(i) limgy_ o+ 2 (0,0) (@) = A;
(iii) limgy— 400 A (0, 0) (@) = A%,

This paper is organized as follows: In Sect.2, we consider the stationary problem.
Thanks to the assumptions on g, we get at most two positive solutions. In Sect. 3,
we settle preliminary lemmas, involving energy and dynamical system, in order to
investigate the dynamical behaviour. On the one hand, in Sect.4, we establish the
existence of a global solution and periodic orbit under some appropriate conditions.
On the other hand, for large values of the perturbation parameter or large initial values,
we prove that the solution blows up. In Sect.5, we discuss qualitative properties of
the orbit such as openness, monotonicity and continuity. In Sect. 6, we prove our main
result, namely Theorem 6.

2 The Stationary Problem
Here we study the solution set of the function equation (2) and obtain the upper bound

A* for the existence of solutions. We regard ¢ = ¢ (1) as a function of the parameter
A

Proof of Theorem 1 Since solutions are positive, we considerin (2) ¢ > 0. By Assump-
tion 2,

Fu) = ——

is well-defined for u# > 0 and the following holds

1
5 () —ug'w)).

F’ =
=

From F(0) = F(b) = 0and F’(0) > 0, there exists p > 0 such that F'(p) = 0. Next
we show the uniqueness of such p. Set G(u) := g(u) — ug’(u), and consider the sign
of G(u). We have G(0) =1,

G'(u) =—ug’(u) <0
forall 0 < u < b, G'(0) = 0 and G’(b) = —oo, which implies that G(u) > 0 for

u < pand G(u) < Oforu > p and thus such p is uniquely determined. The statement
follows by drawing the graph of y = F (1) and y = A. O
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Define
H, (u) := Bu — Ag(u).

Then BF () = X is equivalent to H, (1) = 0 and the sign of H, (1) is given by the
value of X.

Corollary 1 For . < A*, there exist ¢y, ¢ with ¢p1 < ¢o < b such that

(1) Hy(é1) = Hy(¢2) =0;
(1) H)(u) <0, foru < ¢y, ¢pop <u <b;
(iii)) Hy(u) > 0, for 1 < u < ¢».

Furthermore, H) (u) is increasing in (—oo, q) and decreasing in (g, b), where ¢
satisfies B = Ag'(q) and p < q < ¢ < b.

Proof Noting that H, (¢1) = H;.(¢2) = 0, H; (u) = B — Ag'(u) and that H (u) =
—21g"(u) <0, we find g € (¢1, ¢2) uniquely satisfying H, (¢) = 0. Moreover, from

—
p p

H(p) = B —2g'(p) = 158 580 _ e )82 g,

one has p < gq. O

Remark 3 For A = 1*, we have ¢1(A*) = ¢o(A*) = p and Hy+(u) < 0, foru # p,
H,+(p) = 0. Furthermore, H,»(u) is increasing in (—oo, p) and decreasing in (p, b).

Corollary 2 For A > A*, we have
H)(u) <0 foru <b.
In particular, there exists & > 0 such that
Hy(u) < —-¢ <0

forallu > 0, where & depends only on A, B and g.

Proof Set& = A — A*, to have

1
E=L—BF(p) =r—BFu) =——-H,(u) < —H,(u)
gu)

as 1 = g(0) < g(u) holds for all u > 0. O

Lemma 1 For A < A* one has

, H; (u)
H A) = .
3 (P1 (L)) ¢él;r§>¢2 =10
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Proof Noting that H, (¢1) = 0, we apply the mean value theorem to obtain the con-
clusion, as H;'(u) < 0 for ¢y <u < ¢». O

Proof of Theorem 2 Let us define
u
I(u) = 2/ g(s)ds —ug(u), 0<u<hb.
0

We claim that I (up) = 0 for some p < ug < b. As a consequence, we find a solution
(A, $2) = (Buo/g (o), uo) of (2) by Theorem 1 and

- Buo _ puj
guo) 2 [ g(s)ds

€ (0, 1%).
Let us prove the claim. First we have

p
I(p) = 2/0 g(s)ds — pg(p)

p
:2/ g(s)ds—ﬁp2
0 A¥

2 [P
= — ; (A*g(s) — Bs) ds

2 [P
_F./o H«(s)ds >0

by Remark 3. Observe that I'(«) = G(u) < 0 and that I”(u) = G'(u) < 0 for
p < u < b, where G is defined as in the proof of Theorem 1. By the monotonicity
of I, we need only to show that /(b) < 0. In the case of b < +o00, I(b) < 0 follows

from Assumption 2. In the case b = +00, since 1" (+00) = G'(+00) = —0o0 holds,
we have I'(+00) = G(4+00) = —o0 and finally I(4+00) = —o0o, which proves the
theorem. o

Let us give a few examples where (A*, p) and (A, ¢») are explicitly known.

Example1 If 8 = 1 and g(u) = €“, Assumption 2 is satisfied with b = 4-00. We
have

and (X, %) satisfies
e 27 42 =0, A=re , ¢ e(l,2).
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Example2 1f = 1 and g(u) = 1 + u?¥ for k € N, Assumption 2 is satisfied with
b = +4-o00. In particular, in the case k = 1, we have

(0, p) = <%1) and (k, §2) = (?,ﬁ).

Example3 If 8 = 1 and g(u) = 1/ (1 —u)? for p > 1, g(u) has a singularity at
u = 1. However, Assumption 2 is satisfied with b = 1. In particular, in the case of
p = 2 we have

(A a1
( ’P)—(ﬁ,g) an (,¢2)—<§,§>-

3 A Dynamical System

Consider the following energy functional

_B a2 1, “
E,(u,v):=—u"+-v"— A g(s)ds.
2 2 0

Then, E; (u(t), us(t)) turns out to be the Lyapunov function for (1). In fact, we have

d
g Br @), w () = —o f (ug (1) (1) < 0,

which yields

t
Ey(u(®), u (1)) + 06/0 S i (r)u(r) dr = Ej (uo, vo). “)

Hence, by use of
_ B> !
L(u) ;= =u”— X g(s)ds,
2 0
the energy inequality
1 2
J.(u) < Ji(uo) + 5% Q)

holds by (4). Every local solution satisfies (5) as long as it exists. To extend the solution
globally in time, we consider some properties of J, (1) in the following two lemmas:
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Lemma2 For A < A*, J,(u) has a local minimum at u = ¢1 (1) and a local maximum
u = ¢(1). Moreover, J,(¢p1(X)) < 0 holds.

Proof Since J; (u) = Bu — Ag(u) = H, (u) and J,'(u) = Hj (u), we have J, (¢1) =
J{(¢2) = 0and J)'(¢2) < 0 < J,'(¢1) by Corollary 1. Then J;(¢1(1)) < J5.(0) =0
for all A € (0, ™), which completes the proof. O

Lemma 3 The following hold:

(i) Ju(¢2(W) > 0for0 < i < 2
(i) Jr(p2(2)) =0 for A = 24;
(iii) Jp(¢2(A)) <Oforr < X <A™

Proof From

d d $2(2) $2(1)
ah((ﬁz(l)) = H, ($2(1)) d_A¢2(A) - / g(s)ds = —/ g(s)ds <0
0 0

by Corollarl/ 1, J5.(¢2(X)) is monotone decreasing in A. It follows from Theorem 2
that J5-(¢2(1)) = 0, which yields the conclusions. O

In the next section, we consider dynamical properties of the solution of (1), which
can be written in the following form

dul] u;
a [u} = [—af(uz)—Hx(u)] ©

Now under Assumptions 1 and 2, we obtain a local solution. Next, we establish the
existence of a global solution exploiting Lemmas 2 and 3. For this purpose, we consider
the stability of the equilibrium point. At the equilibrium point

(l/l, M[) = (¢l()")a 0)

fori = 1, 2, the linearized equation is given by

ilv]= o s ][V]
ar |V |7 s —af o [V

and the eigenvalues y,li of coefficient matrix are given respectively by

o f(0) & o f1O) — 4H (1)
. .

+
ni =

Along with Corollary 1, we have the following two lemmas:

Lemma4 For A < A*, the equilibrium point (u, u;) = (¢1(X), 0) is a stable focus for
0 < af'(0) <2,/H;(¢1(1)), a stable node for o f'(0) > 2,/ H, (¢1(X)) and it is a
centre for a f'(0) = 0.
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Lemma5 For A < A%, the equilibrium point (u, u;) = (¢2(A), 0) is a saddle for all
o > 0.

4 The Time-Dependent Problem

In this Section, for small parameters and small initial values, we establish the existence
of a global solution by means of the Lyapunov function method. For the dissipative
case, that is « > 0, we show that the global solution converges to the stationary
solution. For the conservative case, namely ¢« = 0, we consider the periodic orbit
starting at (0, 0). Note that a trivial periodic orbit does not exist by u,;(0) = 1g(0) =
A > 0. Finally, we show that the solution becomes unbounded for large parameters as
well as for large initial values.

Proof of Theorem 3 We define by (L) € (—o0, ¢1())) the point satisfying J, (1) =
Ji(¢2(1)). Then, we have [(A) < 0, /(1) = O0and [(A) > O for A € (0,1), A = A
and A € (A, 1), respectively. In fact, by J{(u) = H,(u) and Corollary 1, we have
Ji(p1) < Ln(uy) < 0= J,(0) < J(up) foruy < 0 < uy; < ¢1. For A € 0, %),
Jy. (1) attains a local maximum J; (¢2) > 0 by Lemma 3. Hence we have /(A) < 0.
Other cases follows easily according to the sign of J (¢»). Note that J) (ug) < J; (¢2)
holds for [(X) < up < ¢2(A) by Lemma 2. Then, for (ug, vg) € Dy, (5) yields

1
J(u) < 3 (J.(92) + o (uo)) < Jo.(¢2)

and moreover

)

109 < u(e) < I <Jx(¢2) + Jx(uo)) < .

2

where J,~ !'is the inverse function of J; defined at (¢1, ¢2). Finally (4) implies that

u
W2 < 2, (g, vo) + 2A / ¢(s) ds < 2E5 (o, vo) + 24g($2)b2
0

and that (u(t), u,(t)) is uniformly bounded in R? for all 7 > 0. Therefore, since u;; is
also bounded forr > O by (1), we have u(t) € W2 ([0, 00)). If & > 0, the Lyapunov
function E, (u(t), us(t)) is strictly decreasing in . Thus it follows from Theorem 5.1.8
and Corollary 8.5.1 in [8] that the omega limit set w (1, vo) is connected in R? and
included in the solution set of (2). Since U;=¢o (u(t), u(t)) ¢ {(¢2,0)} by (7), we
obtain (3). O

Remark 4 Since [(A) < ¢ and J, (u) < Jy(¢2) forall A < A* and ¢ < u < ¢, we
have (ug, 0) € Dy with ¢ < up < ¢>. In other words, the solution exists globally in
time for the initial value (uq, vo) with ¢ < ug < ¢ and vg = 0.

Proof of Theorem 4 Let us divide the proof into four cases:
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I. The casea = 0 and I = (—o0, b). Integrating (1) and thanks to Corollary 2, we
have

U >vo+£&t>0 and uzuo+vot+§t220, ®)

which implies that u(¢) reaches b for finite T, < 00. Then

b
B (T) = 2B, 00) + 20 [ g(5)ds = b = oc
0

by (4) and Assumption 2.
II. The casex = 0 and / = R. Assume by contradiction that 7, = oco. By (8), there
exists sufficiently large 7 > 0 such that

g @) >t )

forall ¢+ > T, where 7 is given in Assumption 2 and T can be taken as T = /26! R.
Then, integrating inequality (9) twice, with respect to u, over [u(T), u] we get

§(0) = g@(T) + 3 () = u(T))?
as g’(u) > 0 for u > 0. Thus we have

i (1) = g (1)) — Pu(r)
= 3 {eu(T) + 5 @) —u()?} = put)

A
= —H, (u(T)) + % W(t) — u(T))?* — B (u(t) — u(T))
TA 2
> j(u(t) —u(T))” — B u() —u(T)) (10)
forall + > T. Since u/(t) > 0 holds for all # > T by (8), we have
TA 2
Uittyy > —= w@®) —u(T))"us — B (u(®) —u(T)) u;
and
A
(O > (u (1)) + % () —u(T))* = B (u(t) — u(T))>
A 5
> {? (u@) —u(T)) — ﬂ} (u(@) —u(T))”.
Take T € (T, +00) such that
TA TA
3 (@) —u(T) —B > r3 (@) —u(T))
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holds for all # > T}. For instance, we can take 7] as follows

_ [ [e fuit) [k
Tl_\/; T)»+M(T)> £ > § =T.
TA 3
ur(t) >4/ 3 (u(r) —u(T))>2
_3 TA
(@) —u(T)) "2 us (1) > ra

for all > T7i. Integrating this inequality over [T7, ¢], we have

Then we have

and

0< 2 < 2 — 2(t—T)
Jiu®) —u)  Ju —u@ V6 v

which implies that lim;_, 7, u(t) = 400, where

[ 6 2
L=T1+,—————— < +0,
TA Ju(Ty) — u(T)

contradicting the maximality of 7, and hence necessarily T, < +o00. Thanks to (4),
we also have

u
1
Eu+ E5 (0, v0) < —fo i () ds + 3 o, v0) = 5 (11)

which implies that both u and u; blow up to 400 as t — T
III. The casex # 0 and I = (—o0, b). If vg = 0, we have

u(0) = —H, (ug) = § > 0. (12)

Hence for vy > 0, we have u,(t) > 0 for sufficiently small + > 0. If there exists
T3 € (0, To) such that u,(t) > 0 for all t € (0, T3) and u;(73) = 0, then we
have u;(73) > 0 similarly to (12), which contradicts the positivity of u;. Hence, if
necessary, we retake the initial value as ug = u(74) and vg = v(7y) for some 74 > 0
so that ug > 0, vg > 0, u(¢) > 0 and u;(¢) > 0 hold for all € (0, T,). We estimate
uy (). First if u;,(0) > 0 holds, we have u,;(¢t) > vg for sufficiently small # > 0. On
the other hand, if u;,(¢) < 0 holds for some ¢ > 0, we have

anu™ > uy v af(u) = —Hy(u) > £ >0
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and then

1
751
ur > <i> .
on
0+1
u; > min [vo, <i>
on

for all t € (0, Too), Which yields

Thus we have

}Ec1>o (13)

u(t) > ug+ Cyt (14)

for all ¢t € (0, T ), which brings back to the same situation of case I above.

IV. The casex # 0 and I = R. By estimates carried out in the case III, we have
that (13) and (14) hold. Hence, (u, u,) is unbounded in R? for ¢ € (0, T,), where
Tso < 4o00. In the case of Too, < +00, both u and u; blow up to 400 as t — T
similarly to (11). Next let us consider the case 7o, = +00 and let us prove that
u;(t) — +oo, ast — +oo. Now suppose that there exists a constant C; > 0
satisfying

C1<u;<C2

for all + > T. Then, buying the line of (10) we obtain the following differential
inequality

U + 0“7“?“ > uy +of(ur)

TA 5
> (u@) —u(T)” — B @) —u(T))

2 B\ B
7 (I/t(t) — I/[(T) — J) — m

v

\

for all + > T. Thus for sufficiently large r > T, we have

TA B\ B o+1
> — | Cit —u(T)——) — — —anCy ",
U = ) ( 1t +uo —u(T) tk) Sy ant,

which yields u;(t) — +o0, as t — +o0 by integration and contradicting the bound-
edness of u;. Hence, both u and u; blow up to +00 as t — To. O

Proof of Theorem 5 By hypothesis, ¢» < u(t) < b holds for sufficiently small 7 > 0.
If vg = 0, we have

u (0) = —H; (uo) > —H (¢2) =0
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by Corollary 1 and Remark 3. Hence we may assume that ¢» < uog < u(t) < b and
us(t) > 0 holds forall t € (0, To). Now set § = —H, (1) > 0 and proceed as in the
proof of Theorem 4. O

Let us denote by y (¢; A, @) the orbit of solution of (1) starting at (0, 0). We note
that from Lemma 4, one has « f/(0) = 0 if and only if (¢ (1), 0) is a centre.

Proposition 1 Ler o = 0. We have that 0 < A < X is satisfied if and only if the orbit
y(t; X, 0) is periodic. If . < A < A*, then the orbit is unbounded.

Proof In the conservative case o = 0, we have

1
Ej(u, u;) = E5(0,0) < Ji(u) + Euf =0 (15)
by (4). (u;), = —H, (u) is positive either for u < ¢ or ¢2 < u < b and negative

for ¢1 < u < ¢ by Corollary 1. If 0 < A < A, y(t; A, 0) exists globally and never
passes (¢2, 0) by Theorem 3, (15) and Lemma 3. Hence y (¢; A, 0) crosses the u-axis
at some point (u1, 0) for 0 < u; < ¢, by Theorem 5 and Remark 4, which implies
that the orbit is periodic along with (15). Conversely, if the orbit is periodic, the orbit
passes (u1, 0) foru; € (¢1, ¢2) satisfying (15). Thus J, (u) has azeroinu € (¢1, ¢2),
which is equivalent to A € (0, &) by the monotonicity of J; (1) with respect to u in
Corollary 1, Lemmas 2 and 3. If A < A < A*, there does not exist such u;, which
means that ¢» < u < b and u; > 0 for sufficiently large ¢. Finally apply Theorem 5
to conclude. O

Remark 5 Since A < A is equivalent to /(A) < 0, we have (0,0) € Dg. Thus by
Theorem 3, the orbit y(¢; X, @) for « > 0 exists globally in time and converges to
(#1(1),0), as t — +oo. Hence along with Proposition 1, we have A < A (0, 0) ()
fora > 0and » = A (0, 0) (0) < A*.

5 Properties of the Dissipative Orbit

In this Section, we study the properties of the orbit starting at the origin for the
dissipative case, that is, « > 0. Moreover, we also assume that f(v) = v. Then,
(¢1(1), 0) is a hyperbolic sink for all A € (A, A*). The argument proceeds in the same
way as in Sect. 3 of [5].

Let us first define a few sets which will be used in the sequel:

F:={(k,a)eR2|X<A<)L*,a>O];

'={x,a)el |yt r,a) = (p1(1),0), ast — +o0};
[yi={(h,0) e |yt 2, 0) > ($2(2),0), ast — +o0};
I'3:={(&,a) €' | y(t; A, @) becomes unbounded as t — T},

@ Springer



Global vs Blow-Up Solutions and Optimal Threshold for Hyperbolic ODEs Page 150f24 35

where y (¢; A, ) is the orbit of the solution (u, v) = (u, u;) of (1) starting at (0, 0).
In what follows we will also use for convenience the following equivalent notations

B _ C|u@ A )| | u@)
y) =yt o) = |:v([;)\,(x)i| - [v(t)}
for any fixed &, A > 0.

Lemma 6 I'y and '3 are open subsets of T.

Proof If we take (Lo, ag) € T'1, then (u,v) = (¢1(Xg), 0) is a hyperbolic sink by
Lemma 4. Hence, there exists r > 0 depending only on Ag, g, 8 and g such that
we can find an invariant disk B, (¢1(Ag), 0) of radius r centred at (¢1(rg), 0) for
the dynamical system induced by (6). In other words, there exists 7 > 0 such that
y(t; Ao, o) C By (¢1(A0), 0) for all # > T. If necessary, we can take r > 0 so small
such that

B, 616:0.0)  {u,v) € B? u < p},

where p is defined in Theorem 1 and satisfies ¢1(Xo) < p < ¢2(Ap). For (A, ) € T
sufficiently close to (Ag, ag), ¥ (t; A, &) C By (¢1(Xo), 0) for sufficiently large ¢ thanks
to the continuous dependence on parameters. Since (¢ (1), 0) is also a hyperbolic sink,
y(t; X, o) converges (¢1(1), 0) as t — +o00. Hence we have (A, @) € I'y.

Now take (Ao, ag) € '3 and define

Uy o = {(u, v) € R? | po(M) <u<b, 0 <v< —éHk(u)}.

For sufficiently large r > 0, wehave y (t; Ao, ag) C Uj,,«, by a phase plane analysis of
(6) together with u;;(0) = Ao > 0 and Remark 4. Again, by continuous dependence,
for large t > 0 we have y(t; A, o) C Uy for (A, o) € T sufficiently close to
(X0, atp). Since we have ¢o (1) < u(t; A, o) < b and u,(t; 1, @) > O for sufficiently
large t, y (¢; A, @) becomes unbounded by Theorem 5, which proves that (A, o) € I'3.

O

Proposition 2 We have T' = | J;_, T;.

Proof Note that every bounded orbit for « > 0 converges to ¢; or ¢ as t — 400
by Corollary 8.5.1 in [8]. If an unbounded orbit y (; A, @) exists, then u(t) > 0 and
us(¢) > 0 hold for sufficiently small # > 0 by u;;(0) = A > 0 and the orbit y (¢; A, )
enters U, o by Remark 4. Then we have (A, o) € I'3 as in the proof of Theorem 5. O

Let m be a negative constant to be determined later. Let us define the line segments
s; for i = 1,2,3 and the triangular region 7 as follows:

spi={@,v) =(p2(A),v) | m(p2(X) — P1 (M) = v = 0};
s2:={(u,v) = ,0) [ 1 (M) <u < p2 (M)}
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s3:={(,v) = (u,mu—¢1 (M) [ p1 (M) <u < 2 (M)}
T := {(M,U)GR2I¢1(/\)SMS¢2()»), M(u—¢1(k))§v§0}.

Proposition 3 For o > 2./ H, (¢1), there exists a heteroclinic orbit from (¢, 0) to

(41, 0).

Proof. Since the vector field on s; and sy defined by (6) points inward 7, we can
choose m < 0 such that the vector field on s3 also points inward 7. Denote by N the

normal vector on s3
m
N =

and by V the vector on s3 defined as follows

v:[ s }:[ m =) }
—au; — Hy(u) —am (u — ¢1) — Hy (u)

for ¢1 < u < ¢,. Let us compute the inner product between N and V to obtain

N-V =m?u—¢)+am@u—¢1)+ Hy ()
HA(“))

u— ¢

< (u-—¢1) <m2 +am+ Hi((ﬁl))

= (u—¢1)<m2+am+

by Lemma 4. Take m such that N - V < 0, that is, u; < m < u], where ;ﬁ are
defined in Sect. 3 with f/(0) = 1. Now the branch of the unstable manifold of (¢, 0)
that points inside the region

{(u,v)eR2|u<¢2(A), v<0}

enters 7 and does not leave it. Hence this bounded orbit in 7 converges to (41, 0) as
t — +oo0. O

Remark 6 A typical example for f is given by f(v) = |v|¥, where y > 1. However,
we consider the case of f(v) = v. Indeed, if we take f(v) = lv]2, Proposition 3 does
not hold because

N-V =m?@—¢)+am?® (u—¢1)*+ Hy(u) >0
forany m € R and u € (¢1, ¢2).
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In order to prove the monotonicity of the orbit, let us introduce the following
notation

e oy — | HE A ) | | ui()
yi(t)_y(t’k”a)_[U(l;?»i,d)]_[vi(t)]

for any fixeda > 0and 0 < A; < A*,i = 1, 2. We next prove the monotonicity of
the orbit in A for fixed «.

Proposition 4 For fixed @ > 0, v(t; A, @) is increasing with respect to A as long as
v(t; A, @) > 0. Moreover, if there exists Ao € (0, ™) such that (g, ) € I'y U T3,
then we have (A, @) € I's for all > > ).

Proof Since we have v; (0) = 0 and (v;),;(0) = XA;, v1(t) < v2(¢) holds for sufficiently
small # > 0. For the second component of vector field defined in (6), we have

dik (—av — Hy(u)) = gu) > 0.

Letus prove the second statement. If (Ao, @) € I'3, the monotonicity yields (A, @) € I'3
for all A > Xg. If (Ao, @) € I'», the monotonicity of ¢; (A) and that of the orbit in A
imply (A, @) € I'; by Theorem 5. O

As stated after the proof of Proposition 6 in [5], the stable local manifold of the
saddle (¢2(A), 0) plays a crucial role in determining the threshold of the parameter
L. Now for fixed A € (X, 1), we regard the behaviour of the local stable manifold
as a function of «. We shall prove that the manifold crosses the positive u-axis for
small @ > 0. Then the orbit y (¢) cannot approach the stationary points, which implies
that (A, @) € I'3. On the other hand, for large @ > 0, we prove that the manifold
crosses the negative u-axis. In this case, the solution (u, v) is bounded for all > 0
and (A, o) ¢ ', which means that (A, @) € I';. Finally, we uniquely determine
a®(A) > 0 such that the manifold crosses the u-axis at u = 0. Then we establish the
continuity and monotonicity of a*(A) > 0 with respect to A and define 1* (0, 0) («)
by the inverse function of «*(1). In order to analyze the stable manifold of (¢ (1), 0),
we perform the following change of variables in (1)

t=—s,
U(s) = ¢ (1) —u(?),
Vis) =v(t)
and consider
d U \%
a[v] = [av+m (¢2()»)—U):| (16)
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for s < 0 with U(—00) = V(—o00) = 0. As we have seen in Sect. 3, the eigenvalues
n* of the linearized operator at (U, V) = (0, 0) corresponding to (16) are given by

e a:|:1/a2—4Hx’(¢>2).

2

The branch of the local unstable manifold can be expressed by the graph V =
DU; A, ) as long as V(s) > 0 since V(s) = Us(s) > 0. First, it is clear
that ®(0; A, ) = 0. Since we concentrate on the unstable manifold, we have
(d®/dU) (0; A, ) = n™ by H] (¢2) < 0. Finally, we have

do _ Vs Hi(p()-U)
E(U,A,a) = _a+—d>(U;A,a) . a7

We denote @;(U) = ®(U; A, «;) for fixed A € (A, A*) and o; > O withi = 1,2 and
establish the monotonicity of ®(U; A, «) with respect to «.

Proposition 5 For fixed A € (0, A*), let 0 < a; < ap. The graph V. = ®,(U) stays
above the graph V.= ®1(U). Moreover, the graph V. = ®(U) and V = ®1(U)
never intersect each other as long as they are defined.

Proof Since we have ®,(0) — ®;(0) = 0 and (d®,/dU) (0) — (d®;/dU) (0) =
nT(az) — nT (1) > 0, we obtain ®,(U) — & (U) > 0 for sufficiently small U > 0.
Thanks to (17), V = ®,(U) and V = @ (U) can not intersect each other. O

For fixed 1 € (A, A*), let
K() :={a = 0| there exists P, > 0 such that ® (Py; A, @) = 0}.
We are interested in the set L()) of all points P, defined by
LA) :={Py|ae KO)}.
L()) consists of the points where the unstable manifold intersects the positive U-

axis. We shall show that K (A) is a non-empty interval and that L () is an unbounded
interval. For this purpose, let us define two lines parallel to the V-axis as follows:

M) = {(e2(1) —1(M), V) | V = 0}
Mo (1) :={(#2(}) — p1(1), P ($2(X) — P1(1); A, @) | @ = 0}.

Thanks to the continuity of the intersection point with respect to o proved in [4],
Mg (L) is an interval in M ()).

Lemma7 Mo (1) = {$2(0) — 1 (M)} x [P (¢2(X) — 1(X); 4,0), +00) for A €
n, M),
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Proof Noting that H; (¢o — U) > 0 for U € [0, ¢ — ¢1], we have

do
—U; M, a) >«
dU

forany o« > 0 and U € [0, ¢2 — ¢1] by (17). Hence integrating this inequality over
[0, ¢2 — ¢1], we obtain

D (P — 1 A, ) > o (P2 — ¢1) = +00, asa — +00.

O

Next we establish a few properties of K (A1) and L(}), for which we set A(A) :=
sup K (A) and P(A) := sup L(A).

Lemma8 K () and L()\) are nonempty intervals for . € (k, 1*).

Proof There exists some u € (0, ¢1) such that J, (u) = J(¢2) holds. From the
arguments of phase plane analysis in Theorem 3, Remark 4 and Proposition 1, 0 €
K () holds. Hence K (L) # ¢ follows for A € (&, A*). Finally, as mentioned in
Proposition 5, the continuity and monotonicity of & yield the conclusion. O

We see that K (1) and L(A) are intervals. Next we prove that the right endpoint of
K ()) is open.

Lemma9 K(A) = [0, A(L)) for A € (k, 1¥).

Proof We may assume A(L) < 400. Suppose by contradiction that K () = [0, A(A)].
The orbit ® (U; A, A())) intersects the line M (A). Then, by definition we can find
Papy > 0 such that & (PA(,\); A, A(A)) = 0. Next, the orbit starting at (P, 0)
enters the region {(U V)YeR? |V < 0} with the U-coordinate decreasing. Since
the set

{(@20) —1(M), @ (P2(A) — 1 (M): A, @) | @ € [0, AR) + €]}

for any « > 0 and sufficiently small ¢ > 0 describes a closed interval in the line M (1)
by the continuity and monotonicity of & with respect to « and Lemma 7, the behaviour
of the orbit ® (U; X, ) is the same as that of ® (U; A, A(A)) fora € (A(X), A(L)+¢€)
with sufficiently small ¢ > 0 by the continuous dependence on the parameter and initial
value. Hence we obtain P, satisfying ® (Py; A, ) = 0 for @ € (A(A), A(L) + ¢),
which contradicts the definition of A(L). O

Finally, we prove that L(A) is an unbounded interval.
Lemma 10 P(A) = +oo for A € (A, A%).

Proof First, we deal with the case of A(L) < +o0o. Assume by contradiction that
P(A) < +00. The orbit ® (U; A, «) intersects the line M ()) for any o € (0, A(L)).
In addition, due to (17), (d®) / (dU) (U; A, «) < +oco on every finite interval for
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any ¢ € (0, A(A)) as long as ®(U; A, ) > 0. Note that A(A) ¢ K(X). Thus the
continuous dependence on the parameter yields ®(U; A, A(L)) > O forall U > 0.
Because of the continuous dependence, for any o € (A(X) —e¢, A(X)) with sufficiently
small & > 0, we have ®(U; A, @) > 0 for all U > 0, which contradicts « € K ().
Next, we treat the case of A(A) = 400.Forall ¢ > 0, there exists P, € (¢2—¢p1, +00)
such that we have ®(Py; A, @) = 0. The intersection point of V = ®(U; A, @) and
M (1) lies in the region { (U, V) | V' > 0}. The graph of V = ®(U; A, &) must leave
the region at the point (Uy, Vi) satisfying

1
Vo = _aH)» (p2—Us), ¢2—¢1 <Uy <Py and P(¢2 — 151, 2) < Vg
Then we have

H; (92 — Uy) < —a®(¢2 — ¢1; 4, 2) —> —00

as @ — +o0o by Lemma 7, which implies thatb > p > ¢ > ¢» — Uy — —00 as
a — +o00o, where p is defined in Theorem 1. Eventually we obtain P, > U, — 00,
as o — +00. O

6 Proof of Theorem 6

The strategy to prove our main result is the following. For fixed A € (A, A*), there
exists o™ (1) such that the solution of (1) exists globally in time for ™ (1) < o < 400
and that is unbounded for 0 < o < a™(A). Then, the function «™()) turns out to be
monotone increasing and continuous with respect to A. Finally, we have a* (L) — +o00,
as A — A*. We denote the inverse function of a*(1) by A (0, 0) (o) which we prove
to have the desired properties as in Theorem 6.

Lemma 11 For fixed A € (i, \*), there exists a*(A) > 0 such that the solution of
(1) exists globally in time for a*(X) < a < +00 and that becomes unbounded for
0<a<a*).

Proof For any @ € (0, A(A)), we have P, > Py such that ® (Py; A, ) = 0 by
Proposition 5. Let

Xg = P2 — Py.

In other words, x, is an intersection point between the stable manifold of the sad-
dle (¢2(1), 0) and the u-axis. Since the point Py is determined by the orbit of the
conservative case, we have xo > 0, that is, Py < ¢» by Proposition 1 for the case
A € (A, A*). By Lemma 10, the monotonicity and continuity of the intersection point,
there exists a®(A) > 0 uniquely determined such that xo«) = 0, or Py) = ¢n.
First, we consider the case of 0 < a < a™(L). Since we have

$r— 1 < Po< Py < pp <0< x4 <x09 <1,
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(0, 0) is not in the domain of attraction of (¢1 (1), 0) for the orbit y (¢; A, ). Hence it
enters

Z ;=[(u,v)eR2|O<u<b, v >0, vt>0}
and
Zg::{(u,v)eR2|O<u<b, v >0, v[<0}.

Then, we can find T > 0 such that ¢»(A) < u(T) < b, v(T) > 0 and v;(T) = 0 by
Proposition 5. Hence the solution blows up by Theorem 5.
Next, we consider the case & > «*(A). Similarly, we obtain

¢r < Py <= x4 < 0.

Therefore, y(¢; A, o) enters Z; and then Z,. Since y (¢; A, o) stays below the stable
manifold of (¢2(1), 0), it necessarily intersects the u-axis between ¢ (1) and ¢2(A).
Hence the solution exists globally in time by Remark 4. O

Lemma 12 «* (1) is monotone increasing for A € (A, A¥).

Proof Let k. < A; < Ay < A*. We have (A1, @*(A1)) € I'; by Lemmas 6, 11 and
Proposition 2. Thus we have (A, «*(A1)) € '3 by Proposition 4. Hence, from Lemma
11, a*(X1) < a™(Ap) follows. m]

Lemma 13 «* (L) is continuous for » € (k, A*).

Proof Letig € (A, A*) be fixed. Then we have (Ao, a*(Ag)—¢) € '3 and (Ao, ™ (o) +
€) € I'y for any chosen ¢ € (0, @*(1p)). By Lemma 6, there exists § > 0 such that
(A, a®(hg) —e) € '3 and (A, a*(Xg) + &) € T'; hold for [ — Ap| < 8. Lemma 11
implies that a* (o) — & < @™ (1) < a™(Xg) + ¢, and in turn |a* (L) — a*(X)| < €.0O

Lemma 14 We have lim;,_»x o™ (L) = +o00.

Proof Assume that for A = A* there exists ag > 0 such that y (¢; A*, «g) — (p, 0) as
t — +00, where ¢1(A*) = ¢2(A*) = p. We will show that this assumption leads us
to a contradiction. Indeed, in this case we have (A, @) € I'j forall 0 < A < A* and
a > oo by a*(A*) < «g and Lemma 12. Hence y (f; A*, ®) — (p, 0) ast — oo for
all & > a. Now, again through the transformation

t=—s,
Us) =p—u),
Vis) = v(),

(6) is equivalent to

dful_ v
ds | V| | aV+ Hux(p—U)
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for s < 0 with U(—00) = V(—o0) = 0. We have one-parameter family of unstable
manifold of (U, V) = (0, 0) with a branch which enters

Wy = {(U,V) eR?|U>0,V > ‘l‘a,x*(U)}»

Wy = {(U, VIER | U>0,0<V < wa,x*w)}
and approaches (U, V) = (p, 0), where
1
Wy (U) = _&HA (p=0).

It is clear that V; > 0 in W; and that V; < 0 in W5. Each of these branches of the
unstable manifolds for « > «g is the graph of a function V = ®(U; 1*, o) defined
for U € [0, p]. Moreover, similarly to (17), we have

do Hyx (p—U)
_ U;)L*, — AR
aw U=t e

and

do

@(0; o) =nT(a) =a.

As in Proposition 5, the graph V. = ®(U; A*, ap) stays above the graph V =
d(U; 1%, ay) for ag < a1 < ap. Let (Up, V) be the intersection point of the branch
V = ®(U; 1*, o) of the unstable manifold with the graph V = W, ;«(U). Then we
have Ug > 0, Vp > 0 and

Vo = ®(Uo; 1, ap).

By monotonicity and continuity, there exists § > 0 such that

1
EVO = Oy —§; A", ap).

(= %)
o >max | oy, — | .
Vo

Noting that Uy < p and that 0 > H)x (p — U) > H,» (0) = —A* for U € [Uy —
8, Up], we have

Let consider the value

do Hys(p—U
dUu DWU; 25, a)
2H,« (p — U
- e (p )

Vo
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2)%

> o —

for U € [Uy — 6§, Upl. Apply the mean value theorem to obtain

q)(U;)\*,ot)zCD(U;A*,a)—CD(UO—8;)\*,05)+<I>(U0—8;)»*,05)
1 1
—a{U — (Uy—$6 -V
> 205{ Uy )}-i-2 0

for U € [Uy — 8, Up] and in particular

1 1
®(Up; A", o) > za(S + EVO'

If necessary, we can take « larger and satisfying

1 1 A*
—ad+ Vo > — = Yy 1+ (p)
2 2 o

so that
O (Up; ¥, o) > Wy (p).
Finally we obtain
{(U, VYR |V = dU: A%, a), Uy <U < p} c W,
and thus
Vo < ©(p; A*, ) =0,

which contradicts the fact V > 0. O

Proof of Theorem 6 «*(.) is the desired threshold with respect to o by Lemma 11.
Since a*(X) is strictly increasing and continuous by Lemmas 12 and 13 respectively,
the inverse function of o*(A), denoted by A (0, 0) («), is well-defined for « > 0
and inherits the properties of monotonicity and continuity: Remark 5 and Lemma 14
complete the proof. O
Acknowledgements This work was motivated and started while the second named author was visiting
the Riemann International School of Mathematics at the University of Insubria in Varese - Italy, during

September 2017. He would like to express his deepest gratitude for the warm hospitality.

Funding Open access funding provided by Universita degli Studi dell’Insubria within the CRUI-CARE
Agreement.

Data availability Not applicable.

@ Springer



35 Page24of24 D. Cassani, T. Miyasita

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Cassani, D., Kaltenbacher, B., Lorenzi, A.: Direct and inverse problems related to MEMS. Inverse
Problems 25(10), 105002 (2009)

2. Cassani, D., Fattorusso, L., Tarsia, A.: Nonlocal Dynamic Problems with Singular Nonlinearities and
Applications to MEMS. Progress in Nonlinear Differential Equations and their Applications, vol. 85,
pp. 187-206. Birkhiuser, Boston (2014)

3. Chipot, M., Weissler, F.B.: Some blowup results for a nonlinear parabolic equation with a gradient
term. SIAM J. Math. Anal. 20(4), 886-907 (1989)

4. Conley, C.C.: Isolated Invariant Sets and the Morse Index. CBMS Regional Conference Series in
Mathematics, vol. 38. American Mathematical Society, Providence (1978)

5. Flores, G.: On the dynamic pull-in instability in a mass-spring model of electrostatically actuated
MEMS devices. J. Differ. Equ. 262(6), 3597-3609 (2017)

6. Guo, J.-S., Kavallaris, N.I.: On a nonlocal parabolic problem arising in electrostatic MEMS control.
Discret. Contin. Dyn. Syst. 32(5), 1723-1746 (2012)

7. Haraux, A.: Sharp decay estimates of the solutions to a class of nonlinear second order ODE’s. Anal.
Appl. (Singap.) 9(1), 49-69 (2011)

8. Haraux, A., Jendoubi, M.A.: The Convergence Problem for Dissipative Autonomous Sys-
tems. SpringerBriefs in Mathematics. Springer/BCAM Basque Center for Applied Mathematics,
Cham/Bilbao (2015)

9. Kavallaris, N.I., Lacey, A.A., Nikolopoulos, C.V., Tzanetis, D.E.: On the quenching behaviour of a
semilinear wave equation modelling MEMS technology. Discret. Contin. Dyn. Syst. 35(3), 1009-1037
(2015)

10. Peletier, L.A., Serrin, J., Zou, H.: Ground states of a quasilinear equation. Differ. Integral Equ. 7(3—4),
1063-1082 (1994)

11. Souplet, P.: Critical exponents, special large-time behavior and oscillatory blow-up in nonlinear ODE’s.
Differ. Integral Equ. 11(1), 147-167 (1998)

12. Versaci, M., Di Barba, P., Morabito, F.C.: Curvature-dependent electrostatic field as a principle for
modelling membrane-based MEMS devices. A review. Membranes 10(11), 361 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	Global vs Blow-Up Solutions and Optimal Threshold for Hyperbolic ODEs with Possibly Singular Nonlinearities
	Abstract
	1 Introduction
	2 The Stationary Problem
	3 A Dynamical System
	4 The Time-Dependent Problem
	5 Properties of the Dissipative Orbit
	6 Proof of Theorem 6
	Acknowledgements
	References


