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ABSTRACT. We study the existence of positive solutions for nonlo-
cal systems in gradient form and set in the whole RN . A quasilinear
fractional Schridinger equation, where the leading operator is the %—
fractional Laplacian, is coupled with a higher-order and possibly frac-
tional Poisson equation. For both operators the dimension N > 2 corre-
sponds to the limiting case of the Sobolev embedding, hence we consider
nonlinearities with exponential growth. Since standard variational tools
cannot be applied due to the sign-changing logarithmic Riesz kernel of
the Poisson equation, we employ a variational approzimating procedure
for an auziliary Choquard equation, where the Riesz kernel is uniformly
approxzimated by polynomial kernels. Qualitative properties of solutions
such as symmetry, reqularity and decay are also established. Our re-
sults extend and complete the analysis carried out in the planar case
in [13].
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1. Introduction

We investigate existence of solutions for the nonlocal Schrédinger-Poisson sys-
tem in the whole space given by

(=A)yu+V(z)lu S 2u=¢ f(u)

(—A)% ¢ = F(u)

in RV, (SPy)

where s € (0,1), V is a positive and bounded potential, f : R — R is a positive
nonlinearity, and F its primitive vanishing at zero. The nonlocal operator
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in the first Schrodinger equation is the s—fractional p—Laplacian with p =
g, while the operator in the second Poisson equation is the %—power of the
Laplacian, and therefore possibly of higher-order and fractional, depending
on the dimension N > 2. As we are going to see, the functional setting is
critical with respect to the Sobolev embeddings, and this on the one hand
yields to consider nonlinearities with exponential growth. On the other hand,
the Riesz kernel of the Poisson equation is logarithmic, hence sign-changing
and unbounded from below and above. We are interested in understanding the
interplay between these features, together with the nonlocal and higher-order
character of the operators involved.

Schrodinger-Poisson systems emerge in several fields of Physics, such as
in Hartree models for crystals, astrophysics, electromagnetism, and quantum
mechanics. We refer the interested reader to [5,33] for the background.

In the local semilinear case, when N > 3, namely

{—Au +V(z)u = ¢ f(u)

Aj= Flu) in RY, (SP)

a well-known strategy to find solutions is to solve the Poisson equation by
means of the positive polynomial Riesz kernel and substitute ¢ = ¢(u) :=
Cnl|z|>~" % F(u) into the first equation of the system. In this way, one ob-
tains a Schrédinger equation with a convolution nonlinear term, the so-called
Choquard type equation, which has the advantage to exhibit a variational struc-
ture and hence can be solved in the natural space H'(RY), see e.g. [37] and
references therein. In the case N = 2 this technique cannot be directly em-
ployed: indeed, the Riesz kernel of the Laplace operator is % log Iflw and the
nonlocal term in the Choquard equation

—Au+V(x)u = % (log ﬁ * F(u)) f(u) inR? (Ch)
is no longer well-defined in the natural Hilbert space H'(R?). Let us also
point out a more theoretical as well as delicate aspect: if from one side it
is natural to consider the convolution with the Riesz kernel as solution of the
Poisson equation, on the other side this choice is somehow arbitrary as one can-
not distinguish solutions which differ by additive constants in some reasonable
function space setting; see the discussion carried out in [4,9,13].

Following a first approach of Stubbe in [40], Cingolani and Weth managed to
bypass this problem for f(u) = u (strictly speaking the Choquard case) in [18]
by restricting to the constrained space {u € H'(R?)| [5,log(1 + |z])u? dz <
+o00}, in which the functional associated to the Choquard equation turns out
to be well-defined; see also further extensions in [19,26]. A different approach,
suitable for tuning the phenomenon of logarithmic growth of the Riesz ker-
nel and the maximal exponential growth for the nonlinearity, was proposed by
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Cassani and Tarsi in [14]: in a log-weighted space built on H'(R?) they proved
a Pohozaev-Trudinger inequality, which yields the well-posedness of the func-
tional associated to (Ch) for subcritical or critical nonlinearities f in the sense
of Trudinger-Moser. This approach has been then extended in [9] to quasilinear
Schrédinger-Poisson systems in RY, namely (SP,) with s = 1, and in [11] for
Schrodinger-Poisson systems with potential and weight functions decaying to 0
at infinity. We also refer to [1,2] for related results on Choquard equations
with exponential nonlinearities and polynomial kernels, and to [3,7,8,24] for
exponential nonlinearities and logarithmic kernels different from (SPy).

In all the aforementioned works the function space has to be adapted in
order to have the energy functional well-defined. Recently, this difficulty was
overcome in [34], see also [12] and the extension to the zero-mass case in [39], by
means of an approximating procedure. The idea is to replace the logarithmic
kernel with a more suitable power-like kernel, by observing that

1 tH—1

log = = i . 1
ogy = Mim — (1)

Hence, one is lead to find critical points of auxiliary approximating equations
with power-like convolution terms, and then retrieve a solution of the original
logarithmic Choquard equation by means of a limit procedure. The advantage
is that one can deal with the approximating functionals in the standard space
H'(R?) by means of the Hardy-Littlewood-Sobolev inequality. The price to
pay is the need of estimates for the family of critical points, which have to be
uniform with respect to the parameter u.

Short-long range interactions in the physics model yield the appearance of
nonlocal operators which, from the functional analysis point of view, turn out
to be well defined within fractional Sobolev-Slobodeckij spaces WP (RY), see
for instance [15] for more references on this topic. As in the Sobolev local case,
the embedding W*P?(RN) — L%(RN) is continuous provided N > sp. In
the borderline case N = ps, still one has that the maximal degree of summa-
bility of a function with membership in W*~/$(RN) is of exponential type, as
obtained by Parini and Ruf [38] for bounded domains and by Zhang [43] for the
whole space, see Theorem A below. This entices into investigating the system
(SPy), where f has the maximal exponential growth at infinity. To the best
of our knowledge, the only results for p-fractional Choquard equations in RY
with exponential nonlinearities, which however do not derive from (SPy), are
obtained in [6,17,20,41,42]. The study of (SPj) for the planar case N = 2 has
been carried out in [13]. Since it seems difficult to obtain in this setting some
log-weighted Pohozaev-Trudinger inequality in the spirit of [14], here we follow
the approximating method of [12,34]. However, the effort is not only technical
because of the higher dimension, as we have to deal with the basic and still
unknown fact, whether the energy level reached by Moser sequences (usually
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equivalent to instantons or Aubin-Talenti functions in the power case) matches
the sharp exponent in the fractional Trudinger-Moser inequality of [38,43], and
this prevents to exploit concentrating sequences to gain variational compact-
ness. The restriction to the planar case somehow simplifies technicalities and
moreover, in this case the Poisson equation is semilinear and of second-order.
In [13], we also proved that from a weak solution of the Choquard equation
we can retrieve a distributional solution of the system and this is somehow
neglected in the literature. See also [10,21, 35] for related problems and non
existence results.

In this paper we aim at completing the analysis carried out in [13] by
considering the general system (SP;) in any dimension N > 2. Note that now
the Poisson equation is of higher-order and nonlocal when NN is odd. Before
giving the precise statement of our results, let us recall some basic facts and
make precise the definition of solutions we are going to use.

The (s, %)—fractional Laplace operator pointwisely acts as

(~Aryute) = py [ o) = * o) )

dy, zeRY,

where PV stands for the Cauchy Principal Value. This is well-defined for all
x € RN for functions in C’llo’c1 (R™) which enjoy suitable integrability conditions
at infinity, see [16, Lemma 5.2]. One can also consider such operator in a weak
form in the corresponding fractional Sobolev-Slobodeckij space

W ®Y) i {ue L¥®Y): [, x < +o0),

where [u], ~ denotes the Gagliardo seminorm

which is a uniformly convex Banach space with norm

S
N
Jull = (nu

N N N
~ T [u];N> .

Note that, if the potential V' : R — R is measurable and satisfies
(V) There exist constants Vg, Vo > 0 such that

0<Vo<V(z)<Vy<+oo forall zeRY,

then

full = (IO ulf + 05 )"
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is an equivalent norm on wes (RM). In this functional setting we can define
a weak notion of solution for (SP,). For v > 0 the weighted Lebesgue space
L,(RY) is defined as

Ny ._ 1 N [u(z)|
Lo(RY) = {u e LL (R )’ /RN T3 s 4 < +oo}.

As usual, we denote by S the Schwartz space of rapidly decreasing functions
and by &’ the dual space of tempered distributions.

DEFINITION 1.1. For §f € 8'(RY) we say that a function ¢ € Li(RY) is a
solution of the linear Poisson equation (—A)%gf) =fin RN if
LoD Te= (o) forall g€ S(RY).

DEFINITION 1.2 (Solution of (SPy)). We say that (u,¢) is a weak solution of
the Schrédinger-Poisson system (SPy) if

u(z) — u(y)| = ~2(u(@) — u(y))(e(@) — ¢(y))
/RN /]RN |z — y[2N do dy

—I—/RN V(z)lu %_2u<pdx = /RN of (u)pda

for all o € W5 (RN), and ¢ solves (~A)* ¢ = F(u) in RY in the sense of
Definition 1.1.

N
2

In order to find a solution of (SPj) in the sense of Definition 1.2, we consider
the logarithmic Choquard equation

(—A)S%u +V(z)|u

T =Cy (log ﬁ * F(u)) f(u) in RY, (Chy)
where the Riesz kernel of the Poisson equation in (SPy)

In(z) := Cpylog % with Oy’ = oN-1r3T (5. (2)
has been substituted in the Schrédinger equation in (SPy).

DEFINITION 1.3 (Solution of (Chy)). We say that u € W5 (RN) is a weak
solution of (Chs) if

[u(z) — u(p) # () — up)(e) - o)
Jo ks = ey

+ [ V(@)|ul*
RN

“2updx

-/, ( /. 1og1F<u<y>>dy) Fu@)e() dz (3)

|z — 1y
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for all o € W5 (RN),

A key ingredient in our assumptions on f will be the following fractional
version of the Trudinger-Moser inequality obtained in [38,43]. Let

(I)N7s(t) = et— >

for t > 0, where jy := min{j e N: j > ¥},

THEOREM A ([43, Theorem 1.3]). Let s € (0,1), then for all a > 0 one has
/ <I>N7S(a|u|%)dx < 400. (4)
RN

Moreover, for all A > 0, setting

N

Ol 1= sup {a : sup / Oy s(alu|¥=7)dr < +OO} )

s & RN
weW™s (RY), [u], n+Alluflx <1

*
one has o, < g N where

Oés,N"Nv< ZklN+2kN/9 :

As remarked in [38,43], the result of Theorem A is not sharp in the sense
of Moser, since o y, which is the level reached by the concentrating fractional
version of Moser sequences, is just an upper bound for the sharp exponent c,.
Obtaining the precise value of «, is still a challenging open problem. This
missing information is responsible for some extra issues we have to deal with in
establishing fine estimates for the mountain-pass level, see the discussion which
introduces Lemma 3.5 below.

Assumptions. According to Theorem A, the maximal growth for f is expo-
nential. We will entail this in the following set of assumptions:

(f1) fECHR), f>0, f(t)=0for t <0, and f(t) = o(t> 1) ast — 0F;

(f2) there exist constants by, by > 0 such that for any t > 0,

0< f(t) <b +b2¢N7s(a*|t|%);
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(fs) there exists 7 € ((1— %) s, s) such that

Ft)f' (¢
1-s+7< ch{t)() <1+ pun(s,7) forany t >0,
where un(s,7) is explicitly given in (45);
(f) tiiinoo F(;g{t)(t) =1 or equivalently tEToo %% =0;

(f5) there exists By > 1 depending on s such that
FOF@) > Bts  forall t>Ty(s)

for some § > fy. The values of By and Tx(s) are explicitly given in
Lemma 3.6.

The set of assumptions on f coincides for N = 2 with the one considered in [13],
to which we refer for further details and comments, see also Section 2. Let us
just point out that our nonlinearities can have critical or subcritical growth
in the sense of Theorem A, but at least exponential, as prescribed by (f3)-
(fa). Finally, (f5) is a condition in the interval (T (s), +00), which requires
a sufficiently fast growth for middle-range values of ¢. Indeed, at infinity, it is
automatically satisfied.

Main results. We are now in a position to state our main results. First, we
find a positive weak solution in the sense of Definition 1.3 to the Choquard
equation (Chs).

THEOREM 1.4 (Existence for (Chy)). Suppose V is radially symmetric and sat-
isfies (V), and that (f1)-(fs) are fulfilled. Then, (Chy) possesses a positive
radially symmetric weak solution u € W= (RN) such that

‘/RN (logﬁl - F<“)>F(u) da

Next, inspired by some ideas in [9], we rigorously establish the fact that
from a solution of (Ch,) one obtains a solution of (SPy); in doing this we also
investigate regularity and decaying properties of the obtained solutions.

THEOREM 1.5 ((Chg)=(SPy)). Assume (V) and (f1)-(f2), letu € WS’%(RN)
be a positive weak solution of the Choquard equation (Chy) in the sense of
Definition 1.3 and define ¢y := In * F(u). Then, (u,¢,) € W (RN) x
L, (RN for all v > 0 is a solution of the Schridinger-Poisson system (SPs)
in the sense of Definition 1.2. Moreover u € L™ (RN) N CIOO’Z(]RN) for some
ve(0,1), and

< +o00. (5)

$u(z) = =Cn|[F(u)[1log|z[ +0(1)  as |z| = +oo. (6)
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Let us stress the fact that we do not prove that the two problems are
equivalent, namely that they have the same set of solutions. Finding a proper
functional setting in which this holds is still open, even for the local case (SP)-
(Ch), see [9, Section 2]. However, combining Theorems 1.4 and 1.5 one directly
deduces the existence results for (SP;), which we next state for the sake of
completeness.

COROLLARY 1.6 (Existence for (SPy)). Suppose V is radially symmetric and
satisfies (V), and that (f1)-(fs) are fulfilled, then (SPs) possesses a solution
(u, ) € W5 (RN) x Ly (RN) for all v > 0 such that:

i) u e L®RN) N CYY(RN) for some v € (0,1), is positive, radially sym-

loc

metric and (5) holds;
it) ¢ = ¢y := In x F(u) and the asymptotic behaviour (6) is satisfied.

Finally, in the special case of a constant potential, and assuming some addi-
tional regularity of the solutions in order to be able to deal with the pointwise
definition of the operator (—A)%, it is possible to show that solutions are

radially symmetric, by means of ‘the moving planes technique and exploiting
the connection between (Chy) and (SP;) established in Theorem 1.5. Our re-
sult extends to system (SPg) the corresponding results for (s, %)—fractional
Schrodinger equations obtained in [16].

THEOREM 1.7 (Symmetry for (Chy)). Suppose (f1)-(f2) are satisfied, and let
u e CHLRY) AW S (RY) be a positive solution of (Chy) with V(z) = Vy > 0.
Then w is radially symmetric around the origin and monotone decreasing.

Overview. After recalling some preliminary results in the next section, in Sec-
tion 3 we prove the existence result for (Chg), namely Theorem 1.4, by means
of a variational approach together with a uniform asymptotic approximation
technique. The quite delicate relationship between (Chy) and (SP;), which
yields also existence for (SPy), is investigated in Section 4. The moving planes
argument used in the proof of Theorem 1.7 follows exactly the one employed
in [13] for the planar case and thus we omit here the details.

Notation. For R > 0 and 2o € RY we denote by Br(zo) the ball of radius R
and center 9. Given a set Q C RY, we denote Q¢ := R¥\ Q, and its character-
istic function by xq. The space of the infinitely differentiable functions which
are compactly supported is denoted by C5°(RY). The norm of the Lebesgue
spaces LP(R™) with p € [1,+00] is denoted by | - ||,. The spaces C%¥(RY)
for v € (0,1) are usual spaces of Holder continuous functions. For ¢ > 0 we
define ¢! :=q(q —1)--- (¢ — |q]), where |¢] denotes the largest integer strictly

less than ¢; if ¢ > 1 its conjugate Holder exponent is ¢’ := ﬁ. The symbol
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< indicates that an inequality holds up to a multiplicative constant depending
only on the structural constants and not on the functions involved. Finally,
or (1) denotes a vanishing real sequence as n — +oo. Hereafter, the letter C
will be used to denote positive constants which are independent of relevant
quantities and whose value may change from line to line.

2. Preliminaries

In this section we summarize some consequences of our assumptions, we re-
call some basic estimates as well as two well-known results, Lions’ compact
embedding and the Hardy-Littlewood-Sobolev inequality, which will be used
throughout the whole manuscript.

REMARK 2.1. From our set of assumptions can be derived the following;:

(i) From (f1) and (f2) it is easy to infer that for all ¢ > 0 there exists a
constant C. > 0 such that

F) <et™ V4 Ot 1By (]t ) forall >0,
as well as
F(t) < et + Cgt%QN,S(a*|t|%) for all ¢t > 0;
(ii) Assumption (f3) implies
F(t) < (s—7)tf(t) forany t>0;
(iii) From (f1) one has that for any ¢ > 0 there exists M, such that for ¢ > M,
F(t) <etf(t), (7)
and that there exist to, My > 0 such that
F(t) < Mof(t) forany t>to. (8)
For the proof of (i)-(iii), we refer to [13, Remark 2.3] and [12, p.2 (1.3)].

LEMMA 2.2. Let p € (0,1). Then, the following elementary inequality holds

1
> log n for all t€(0,1].

Moreover, for all v > u there exists C,, > 0 such that
tH

I

1
<O t7v forall t>0.
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LEMMA 2.3 (Lemma 2.3, [30]). Let o > 0 and r > 1. Then for any 3 > r there
exists a constant Czg > 0 such that

(CDN,S <a|t\%))r < CgPn s (a6|t|%) for all t>0.

We denote by WS? (RY) the subspace of radial functions in W=+ (RV).

ra

N
s

LEMMA 2.4. (see [32]) Let s € (0,1]. Then W,

=5 (RN) s compactly embedded
in LY(RN) for any & < ¢ < cc.

LEMMA 2.5. (Hardy-Littlewood-Sobolev inequality, [31, Theorem 4.3]) Let N >
1, pw € (0,N), and q,r > 1 with % + & —|—% = 2. There exists a constant

C = C(N, u,q,7) such that for all f € LYRY) and h € L"(RY) one has

1
/ <J*f>hdx§0|f||q||h||r~
e \[ -]

3. Existence results for (Ch,) by asymptotic
approximation: Proof of Theorem 1.4

3.1. The approximating method

As mentioned in the Introduction, the energy functional formally associated to

(Chy)

sty i= ¥ = G [ ([ ow Pt ay) Fluta) as

|z -y

is not well-defined on the natural Sobolev-Slobodeckij space WS’%(RN ) be-
cause of the presence of the logarithmic convolution term. This prevents the
use of standard variational tools. Following [13], we will make use of the ap-
proximating method, based on the simple convergence (1), which has been
developed in the local case in [12,34]. We set

-1
Gu(x) = |x|/$7 we(0,1], = e RY,

and consider the approximating problem

(=A)xu+V(@)ul* Pu=COn (Gu()  F(w) f(u) in BV, (9)
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whose related energy functional is given by

Tutw): = lulf = S [ (G Pl Pw) da

N
s

= [ [ s [ vl

c O [ pwa] <[P P asay

N
= dx

The advantage of this approach is that the power-type singularity in G, can
be handled by means of the Hardy-Littlewood-Sobolev inequality (Lemma 2.5),
and it is thus possible to prove under conditions (V) and (fo)-(f2) that J, is
well-defined and C* on W* % (RY) with Fréchet derivative

Tl = [ =

+ /]RN Vi(x)|u

We aim at proving first that, for all y small, the functional J,, possesses a
critical point u, of mountain pass type. Being able to estimate the norm in

T2 (u(@) — u(y)(p(@) — ()

|z —y[2N

Y2045 — Ox / (Go() % F(w) f(w)pde. (10)

RN

W‘S%(RN ) of such critical points uniformly with respect to p, thanks to a
careful estimate on the mountain pass level, we will then pass to the limit
as u — 0 in order to show the existence of a critical point for the original
functional J, which a posteriori will satisfy (5).

Since the potential V is radially symmetric, we will work in the radial

N

subspace Wrsa’ds (RY), where we can exploit the compactness given by Lemma
2.4.

Let us start showing that for all 1 € (0, 1] the approximating functional J,
enjoys a mountain pass geometry.
LEMMA 3.1. Let pu € (0,1] and assume (f1)-(f3). Then, there exist constants

N

p,n >0 ande € W5 (RY) such that:

(i) llel| > p and J,(e) < 0;

s,
(ii) Juls, >n >0, where S, = {u ew..; RV | |Jull = p}.

N
5, =

Proof. (i) Take eg € W, 5 (RY) with values in [0, 1], suppeg C B1(0), and
such that eg =1 in By (0). For t > 0 set

W(t) = % (/RN F(teo)dx>2. (11)
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By Remark 2.1 we have

q””1<ANFWM>(ANﬂMM%>Zt2%2y

2
hence integrating on [1,t] one gets ¥(¢) > W(1)ts—7. Inserting this in the
functional J,, and using Lemma 2.2 we infer

s N y (
Tutte) < mt¥leolly = 2 [ log  Fitea(y)) Fiteo(w) dody
{la—yl<3)

|z — 1y

S N x  (Cylog2 2
2 s N o7 F(t
< 3t leald - SE2 ([ Fieen)

s N ~n  Cpylog2 2 2
—1s S —_— F ts—7,
el - 22 ([ re)

Since 7 > (1 — %) s by (f3), one deduces that J,(teg) — —oo as t — +oo.
Hence one can take e := teg for a sufficiently large t.

A

IN

(ii) By Lemma 2.2 with v = 1 we have

x  (OiCy F(u(@)F(u(y))
v 2 /{wy|<1} |z — y dody.

S
Tulw) = 3l

Applying the Hardy-Littlewood-Sobolev inequality with 4 = 1 and ¢ = r =

2N _ e infer
1
2N2 oNZg/ 0’
seN-1) 4 |’LL S(2N—1)
RN

2N-1
N]Xs %
([ o (ertal= (7)
. ol

F F
{|z—y|<1} lz -yl RN
by Lemma 2.3. Since 6 > 1 is arbitrary, it is sufficient to

2N6
2N—-1

N—s
require p < (22’ e 1) ¥ to be able to use on S, the Moser-Trudinger inequality

provided by Theorem A and uniformly bound the last term. To control the
first two, instead, we use the continuous embedding given by Lions’ Lemma 2.4.
We end up with

with r >

T >p>0

N
Ju(u) Z fJulls = lu

for all u € Sy, up to a smaller p, as desired. O
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The geometry given by Lemma 3.1 ensures the existence of a PS-sequence
at the mountain pass level

Cn = 'lylg‘ trél[gﬁ] Tl (),

where
I:= {7 € C([Ov 1]7 I/V&d% (RN)) |’V(0) = 077(1) = e}

ra

for any fixed p € (0,1), see e.g. [27]. In other words, there exists a sequence
s N
(ut),, € W27 (RY) such that

rad
/ s 5 N !
Ju(ul) > cu and I (k) 50 in (Wi (RY)) (12)
as n — +o00. For the sake of a lighter notation, hereafter we set u,, := uk .

REMARK 3.2. Observe that from the proof of Lemma 3.1 there exist two con-
stants ¢, ¢ > 0 independent of p such that ¢ < ¢, <@

Next, we show that PS-sequences at level ¢, are bounded.

LEMMA 3.3. Assume that (fi)—(f1) hold. Let (up)n C W= (RN) be a PS-
sequence of J,, at level c,,, then (uy), is bounded in W5 (RY) and

[ [Gula)+ Flun)](un) o
RN

<C, ‘/ [G(z) * F(un)| f (un)u, dz| < C.
RN
(13)
Proof. Define

F(un)
flun)”

(s — T)up, up <0.

Un >0,
vy =

By Remark 2.1 one has |v,| < |up| in RY, hence v, € L~ (RN). Following the
computations in the proof of [13, Lemma 5.6], one gets [v,], v < [un], x, as
well as ’

s

[ et (1) * 7 () = 0 () (00() = 0u0)
RN ]RN

|z —y|>N

S N . .
In particular v, € W (RY) and we may use it as a test function for J/, (uy,).
In light of (14), combining the two relations in (12), by the fact that in both
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expressions the term [,y [G () * F(uy)]F(uy,) da appears due to the choice of
the test function v,,, one obtains

<s—r>[un]NN+<s—T>/{ o V@l

N o F(uy) 2N
+ / V(@) un] ¥ ~2uy, +2¢, — ||u
{u, >0} f(un) "

Using again Remark 2.1 to control the third term, the above expression reduces

’ (T _ (1 _ ;) s) lunl < 2¢, +on(1), (15)

hence a uniform bound in W** (RY). The bounds in (13) then follow com-
bining (15) and (12) with ¢ = v,,. O

s >on(1).

REMARK 3.4. Arguing as in [13, Remark 5.7], combining the uniform bound
given by Lemma 3.3 and (12), from now on we may assume that PS-sequences
at level ¢, are nonnegative.

In order to have a more precise bound on the norm of (uy),, in light of
(15), we are lead to a careful estimate of the mountain pass level ¢,,. Usually, in
presence of nonlinearities with exponential critical growth, this is accomplished
combining a growth assumption in the spirit of de Figueiredo-Miyagaki-Ruf [25]
with fine estimates by means of a Moser sequence, which detects the critical
Moser level in the Trudinger inequality. However, in the fractional setting this
way is not feasible, since it is still not known whether the fractional analogue
of the Moser sequence proposed in [38] detects the critical Moser value of the
fractional Trudinger inequality, see Theorem A. A possible alternative way,
often used in the literature, is to prescribe a strong control of f near zero
and with a large constant, the upper bound of which is often not explicit, see

g. [1,3,6,7,11,17]. We propose instead an approach which combines the
choice of a simple fixed test function, which allows explicit computations on its
seminorm, and our assumption (f5), in which the growth of F(-)f(-) is bounded
from below away from zero by a suitable power multiplied by a constant, on
which we have an explicit lower bound. Since it is automatically satisfied by
the exponential growth of f at infinity due to (f3)-(f1), (f5) is a sort of middle-
range assumption, which in most of the cases it is easily verifiable.

First, let us introduce our test function and compute its norm. Let R > 0
and w € C(RY) be such that

1 for |z| < %,
w(z) =2 — &zl for |z| € (g R), (16)
0 for |z| > R



NONLOCAL SCHRODINGER-POISSON SYSTEMS (15 of 33)

N
s

LEMMA 3.5. For all R € (0,1] and s € (0,1) we have w € W, 7 (RY) and

N
[wlly <JIn(s, R) + Kn(s),

where the constants In (s, R) and Ky (s) are given explicitly in (18) and (27),
respectively.

Proof. First, by (V') one has
R

V()@
RN

<V <|Bg(0)| + Ny |

pia
2

o (¥
p— N-1 G
Rp‘ p dp) (17)

By the change of variable y = R — p, we estimate

r

2

N R

N
2 |= 2\* 2 «
p—— Nlqp= (= / S(R-—y)Ntd
RP‘ p p <R> ; ye (R—y) Yy

pid
2

9\ & N _ s(N+3s)R?
<<R> /()yS(R_y)dy_4(N+s)(N+2S)'

Combining this with (17), we obtain

/RN V()@

N 2
<V (wN (];) +WN14(];[\;(+A;)—2;51R25)> =:Jn(s,R). (18)

N
s dx

Since w is radially symmetric, according to [38, Proposition 4.3], we have

N +oo  ptoo ~ - I~ B B 7’2+t2
[’LU]:’¥ = (NCL)N)2‘/O A |UJ(T) —'lU(t)| s TN ltN lm drdt

 o(Nuy)? (/0’5‘[; .\ /0’5/1:00 ., Z;/R#”) + (Nwy)? [;ﬁ;

= 2(Nwn)* (I) + I + I3) + (Nwy )21y
(19)

and let us next estimate I;, ¢ = 1,...,4, separately. Recalling that

d 1 rN ON-1 r2 4+ 12 20
dr N(tQ*’IJ)N =r ‘t277,2|N+1’ ( )
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we have
R X B 2, 42
_ 2 S N-1 2 Nyop Tt
I1—é Rt—l t (/0 T |t2—r2|N+1dT dt
1 <R)N—JSV/R RI¥ (N-1
- (= t——
N N 21
N e D2 - e ) 2
B R t=R
<RN 1<2>S —(t_i) = 1 .
- N \R FY_N+1 p N2NL(E N1
t=5

Concerning the second term we get similarly

RN 3 pN-1 1 /R\N"' s dr oN-1 _1
L=— | L _ar<=(Z / - .
N J, (R2—r2)N N\ 2 o (R—r)N ~ 2N (N—1)N

(22)
The third term can be estimated as
R +oo 2 2
2 re+t
13:/ r—l‘ rN_l(/ V-1 ~ dt) dr
5 R " (12 — p2)N+1
N
1 2\ ¢ R N T‘N_l
=—(=) RN — RN d 23
N(R) [;(T S o (23)
2% L oN-1
T [ g,
=N o VYT NE SN
Finally,
N
ANCH L A N Ny T4t
I4<R> /;r (é |r —t]t 72 r2|N+1dt dr
N
2\ 7 vy x 1 NV F
= —_— - _t?'i d
G R A = el
N
2\ [RN-1 pr ~ N (24)
— —) 7t —— _1did
+(7) / ; /{( ¥ G e

tN

- <J2~z> E A

= A1+ Ay — A3 < A+ Ay,
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since Az > 0. Moreover,

v (3

T-Ngr =
B N2N-1 (X _ N 41)

and

I
[\v]
IN
7~ N
I
N——
oy
ak
m\:u
m\%
3
N
o2
L
|
2
(oW
~
Q.
3

Eventually, from (19)-(26) we get

N Nw3 3 (@2V-2)(E-N+1) N
s < N . S N - = .
s T NN+l <2N ATy 2 <1+25) A (s)

N
Thanks to this information on w in W, (RY) we are now able to estimate
the mountain pass level via (f5).

LEMMA 3.6. Under (f1)-(fs) one has ¢, < 5% for all p € (0,1].

N
Proof. Let w € W, (RY) defined in (16) and w := w||w||};'. Then there exists
T > 0 such that J,(Tw) = maxy>q J,(tw) and |0 J,(tw) = J (Tw)w = 0.
Suppose by contradiction that J,(Tw) > 5%, then

%T% > % + CQ—N /RN (G,u(") * F(Tw)) F(Tw) . (28)

Requiring R < %, then G, (z—y) > log ‘x—iyl > log% > 0, namely the convolu-
tion term is positive. We therefore obtain from (28) that

T> (;) v ) (29)
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Exploiting the fact that J),(Tw)[Tw] = 0, we get
TS = C’N/ (Gu() * F(Tw)) f(Tw)Twdz
RN

> log
Br(0) /JBR(0) |x—y|
2 2

> 10g3/ F(Tw) dy/ f(Tw)Twdx
By (0) By (0)

F(Tw(y) f(Tw(z))Tw(z) de dy

VF(Tw)f(Tw)Tw dx) .

Since w =1 in B%(O), then

_ s
N

Tw = Tlw|," > (27 (In(s, R) + &n(5)))

having used (29) and Lemma 3.5. Defining thus

2w
—
W
S
=

Tn(s, R) = (28 Qu (s, B) + Ax(9) 7,
we may apply (f5) and get
T+ > Cylog3|Br (0)28(Tw) >,
which yields, using again (28),

N o~y A1
pemire (2)" Lol

R w3 Cnlog3d’

Fixing now R = 1 and defining Jn (s) := In (s, 3) and T (s) := T (s, 3), from
Lemma 3.5 one gets

(I () + Rn () ¥ = Bo, (31)

which finally contradicts the lower bound on 8 in (fs). This proves that
Ju(Tw) < 5% and the conclusion follows from the definition of c,. O

Combining (15) and Lemma 3.6 we immediately obtain an estimate on the
norm of (uy,), which is uniform with respect to p:

N ~ +on(1
g B I —
T_(].—N)S T—(l—ﬁ)s
In order to get a critical point for the functional J,, we need first an inte-
grability result for F'(u,) in Lebesgue spaces.

(32)

[[wn,
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LEMMA 3.7. Suppose (f1)—(fs) hold and let (u,), be a PS-sequence of J,, at
level c,,. Then there exists C > 0 independent of n and u such that

flup)upde <C  and / F(up)tde <C (33)
RN RN

for any Kk € [1, m), where yn(s,7) € (0,1) is a constant depending just on
N, s, and T.

Proof. Let us introduce the following auxiliary function

N F(t)
Hy(t) =t — ——% for t >
~N(t) 55 7(0) or t >0,
and define v, := Hpy (up). Similarly to the proof of Lemma 3.3, one has

v, € WSS (RN). We first claim that there exists yy(s,7) € (0,1) depending
just on N, s, and 7, such that

N
[onlly <an(s,7) <1 (34)

for n large enough. If so, then by (fy) for any € > 0 there exists t. > 0 such
that

F(t) F(t)
—=<e(t—ts)+ for all t>t..
® =T T :
Hence,
eN N F(te) eN
n:H n) — 1—7 n_tg te — — 2 1_7 n_te )
on =t ) = (157 ) =t 1= 05 > (1250 ) ot
having applied (f3) in the last inequality. This implies
up(x) <to + Un(2) for all = € RY, (35)

1—

M

where € := % Hence, by (f1)-(f2) we deduce that for any given ¢ > 0, there
exists C; > 0 such that

F(up)®da < /

F(up)® dx+/ F(u,)®dz
{lunl<t}

RY {lunl2te}
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N
with § > 1 by Lemma 2.3. By (34) there exists o > 0 such that ||v,[|; <
YN (s,7) + o < 1 for n large enough, therefore

_ N _
kO(1 + i) ol T < KO(1 + &)

01— 1 g)NL_S (Ww(s,7)+0)<1 (37)

for € [1, ﬁ), for suitable choices of for ¢ > 0 and # > 1 small enough.

Thanks to Theorem A with A\ = min{ 1,b%}, this yields the second inequality
n (33). Similarly, but more easily, one can also prove the first inequality.

The remaining part of the proof is devoted to justifying of the claim (34)
above. Combining the two relations in (12) as in Lemma 13, one has

N () 1t ()| 2 (00 () 00(0)) (P () F ()
/RN o 25 v —gPN <f(un($)) f(un(y))>d v

N N_o  F(up) N N
a n| n d - n 5 - — = Op, ]. .
by Ly Tl P e = S = 0u()
(38)
Therefore,
N
N Hy (up(x))—Hpy (uy, B N
lonll :/ / [ (tn(z) ~Hiv (1 (9)) dzdy+/ V(@) [Hy (w)| > dz
RN JRN |z =y RN

-] [ (un(2)) = Hyv (@)=
RN JRN |z —

y[2N
N
|

2 o (2) — ()] ) —10n () (S~ L)
_|_/ / dx dy
RN JRN o — 2N

+ /RN V(x) ('HN(UH)]Z—'_ 2% /RN |u"|]:2u"1;((z:)))dx

N N N
+/ N o un]* s = V@)l ¥ da + on(1).
R

s
N S S5

(39)

Let us denote by Zn(u,) the first term in the right-hand side. Using the mean
value theorem we infer

_ _ N _Ef
ZN(Un)—/RN/RN“l 25(1 L

N
+ 3 (1= ZE (0 w) ] = gray

(6(.9)))
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for some O(z,y) € (min {u, (), u,(y)}, max {u,(z),u,(y)}). Splitting RV =
AU (R*M\ A) and Zy (un) = Za(un) + Zreny a(un) accordingly, we estimate

the two terms separately. Since

N
-2 (1-Ee)| <1-2(1- o).
one infers
N
|un(x) _un(y) B
Z; n) < dedy. 40
RzN\A(U )/R2N\A |x—y|2N ray ( )
On the other hand, applying [13, Lemma 5.9] with ¢ = % and W =
X (L)1) >0,
N
|’U,n(IL') 7un(y) B
Z - dzd
) = [ I ey
3! W Jun(@) = un(y)|~
< s e Z drdy.
S ate W ey
Imposing
F(t)f'(t)
1+ — 41
RO “
one finds |[W||o < 3, from which
N
|U'n(x) _un(y) B
Za(Un —/ dx dy
Altn) A |z — y[2N
3! W Jup() = un(y)|*
< s n n d d
S a e W ey
QE' |U'n(x) _un(y)|%
< = %% Oo/ dxd
T EETE
25%!
chu—)

SEENG-(-2)9)

having used (32). This, combined with (40), yields
N 251 W | o

Z(un) = [un] S n < . (42)

ST - (- 59

S
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. 2
Moreover, since s — 7 < s, from (f3) one has

x, x|, N Fluy) |*
ANVQMHNwmsdz_Avawmn L= | e "
N N F(’U,n)
<-3, RNV($)|Un|Smdx-

Combining (43) and (42) with (39), one finally gets

”vnH% < 23%!||W||oo
T E-EDE-0=3)s)

S

N
+ ~ +o,(1).

Since ¢;, < 5% by Lemma 3.6, and recalling the definition of W, we obtain (34),

provided
Ff Sl (r(=R%)s
H 72 <1+ NN 5% . (44)
o] s s

Defining now

N_ N (+(1—2)s
pn(s,7) :zmin{;]7 SNJ\L,'SJ< a 25N) )}, (45)

assumption (f3) guarantees that both conditions (41) and (44) are satisfied and
the proof is concluded. O

We are finally in a position to show the existence of a critical point of
mountain pass type for the approximating functional J,,.

PROPOSITION 3.8. Assume that (f1)-(fs) hold. For all p € (0,1) sufficiently
=0.

N
small there exists a positive u, € W5 (RY) such that gy (uy)

Proof. Having in hand the results obtained so far in this section, the proof
follows the lines of [13, Proposition 5.10]. Let us just resume here the main
steps.
By Lemma 3.1 and Remark 3.4, for all 1 € (0,1) there exists a nonnega-
s N
tive PS-sequence (u"), C W. 7 (RY) of J, at level ¢,, which is bounded in

N
We % (RN) by Lemma 3.3. Hence there exists a nonnegative u, € Wi o (RY)
such that, up to a subsequence,

ul = u, in Ws’g(RN),

(46
u —wu, ae inRY and in LP(RY) for all p € (X, +00). )
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First, we prove that

/ F(ut)dz — F(u,)dx. (47)
RN RN

Indeed, by the mean value theorem, there exists 7, (x) € (0,1) such that
[P = Fa)lde = [ 17 (o) = 0,) (0~ )] do
RN RN
<e [ Qutl ¥t~ d
RN
[ () e (7)) ¥ ) it o
]RN

<& (el + Nl o ) s = vl

+cs/ 5y (e [l ) [l — |
{uﬁ>u“}

+05/ g | 5By o v ¥ )t —
=:Ce+ S1+ 59

by (32). We have

1

N ’ 0'n () o ﬁ
51§</ |uﬁ|<s‘”9"> / Oy o | aur |t + ——
RN RN 1—5
%
(=) = out)

with r > 6’n/, by choosing 6 > % and (% -1)0'n> % The uniform bound-
edness of the second term can be proved arguing as in the proof of Lemma 3.7.
The term S5 can be similarly handled.

Next, we show by means of Lemma 3.7 that there exists C' > 0 independent
of n and p € (0, uo) such that for all z € RY one has

/ Flun) 4, < ¢ (48)
R

N |z —yln

Indeed,
F(un(y Fluny) 4 Flup(y)) 4
o= v y

By |z — gl |“ le—y|>1} |33 —?J|” lo—y|<1} |T —y|*

forows ([ ) (o)
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Choosing ¢ sufficiently large so that ¢’ € <1, ﬁ), the first and last terms

are bounded by Lemma 3.7; then, it is sufficient to choose pg sufficiently small
so that | - [#7 € LY(B1(0)) for all u € (0,p0). As a consequence, one deduces
that

/RN <| .1|M * F(uﬁ)) F(ut)dz — . <|1|M - F(uu)> Fluy)dz.  (49)

Indeed, first by J|,(un)[un] = 0,(1) and Lemmas 3.3 and 3.7 one infers that

/RN (I -1|ﬂ . F<“")> fn)u, < C

uniformly with respect to both n and u € (0,1). This implies that the queues
of both integrals in (49) are small, by using (8). On the other hand, the
convergence in the interior part of the integrals in (49) can be proved via the
dominated convergence theorem relying on (48) and [25, Lemma 2.1]; see [39,
Lemma 3.6] for more details.

N
In a similar way one can also prove that for all ¢ € W,/ (R™) one has

f(utyp dz — / Flup)p da (50)
RN RN

and
/R ) (|1|# *Fm)) flut)pda - [ <|1|ﬂ *F(uu)> fu)eds.  (51)

Combining then (47), (50), (51), and the weak convergence u/ — w, in
WS (RN), we deduce that u, is a critical point of J,. By exploiting the
monotonicity of the operator (—A)% , one can also get u# — w, strongly in

W5 (RY), which implies, by the continuity of Jy, that J,(utt) — Ju(uy)
and so J,(u,) = ¢, > ¢ by Remark 3.2. This readily implies that u, # 0.
Its positivity follows by the strong maximum principle for the p—fractional
Laplacian [22, Theorem 1.4]. O

By Proposition 3.8 we obtained a positive critical point for J,, for all u
small, say p € (0,1). Note that all relevant estimates obtained so far, in
particular (32), but also (33), (48), as well as the one for the mountain pass
level of Lemma, 3.6, are independent of y. Therefore, thanks to the convergences
(46), (47), and u¥ — u, in W (RN), one can further get the existence of

N
ug € W, (RN) such that
U, —=up in Ws’%(RN),

(52
u, —ug  ae. in RY and in LP(RY) for all p € (X, +00). )
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In light of Lemma 3.7, since the constants are uniform with respect to p, it is
easy to infer that
F(uu(y))

2(w—1)

dy <C (53)
{le—yl<1} @ —y| 3o

/ F(u,)dz <C and
RN

1
for w S [17W

argues as for (48). Actually, closely following the strategy in [13, Lemma 5.11],
which is based on (35)-(36), one may also prove that

). Here, to prove the second inequality from the first, one

F
/ % dy—0 as |z|] = 400, (54)
{le—yl<1} |z —y| 3o

uniformly for p € (0, it). Before we proceed, we need some regularity properties
for the solution sequence (u,,),.

LEMMA 3.9. Let p € (0,) and u, € WS (RN) be a weak solution of (9),
then there exists C' > 0 independent of j such that ||u,l|s < C. Furthermore,
there exists R > 0 such that for |z| > R,

1
|“u($)‘ /S s(2N+3) (55)
1+ |33| 2(N—>s)

uniformly for p € (0, 4(“?1;1)).

Proof. One can prove the boundedness in L> (RY) of the sequence (u,,),, follow-
ing the approach of [36] for the (s, %)—fractional Schrédinger equation, which
exploits a Moser iteration technique. It is easy to adapt to our setting the com-
putations in [13, Lemma 5.12] which are detailed for the planar case N = 2.

In order to prove the decay estimate, we start by showing that there exist
C, Cy > 0 such that for all z € R one has

IMGMx—wFWAwNysi<<§U_—4>+ay (56)

Indeed, first
Aws?}GAx—wFWAwﬁw
(8" L eS8 o
by (53). On the other hand,

Gulz —y)F(uu(y))dy <0, (58)

/{|y|z§}ﬂBl<x)c
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since in B;(0)¢ one has G, (z) < 0, while

Gulz —y)F(uu(y))dy S /B o Gu(z)dz =Cy < +o00. (59)

/{|y|z;}m31<z>

The estimate (56) follows by combining (57)-(59). Since the right-hand side of
(56) pointwisely converges to —C'log ‘%'4_007 there exists Ry > 0 independent of

1 small such that for all ¢ € W* % (RY) such that ¢ > 0 and supp ¢ C Bg, (0)°
one has

/ / s (@) = ()] * 2 (@) — uu() (p(2) — ()
RN JRN

|z —yN

z)|lu %_QU T
+ [ V@l e
=Cn /RN < - Gu(z —y)F(uu(y)) dy) flup(z))e(z)de <0 (60)

as |z| > Ry. Defining now

) s(2N +3)
= th a = ———2 1
w(x) T o with a XN —3) ' (61)
since a > ]\J,st, by [23, Lemma 7.1] there exists Ry > 0 such that
(—A)sw(@) S —=o forall 2| > R (62)
- r
yw(r) S P or all |z 2,
therefore N _
(—A)S w(z) + V(z)|w|s 2w >0 forall |z| > Ry (63)

for a suitable Ry > Ry. Since lupl|oo < C forall p € (0, 1), there exists C1 > 0
such that

P(x) = uu(z) — Crw(xz) <0 for |z| = Ry := max{R;, Ro}.
~ N _
Define now v := 1/)+XRN\BR3 (0)> which belongs to W7 (RY) and has supp ) C
Bg, (0)¢ by construction, use it as a test function in (60) and, arguing as in the
final part of the proof of [13, Lemma 3.4], one finds ¢ > 0 in RY \ B, (0), that
is, the decay estimate in (55). O

Now we are in a position to prove the existence of a nontrivial critical point
for the original functional J. In view of the results obtained so far, the strategy
closely follows the one used in [13], see also [39]. Here we report only the main
steps.
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Pmof of Theorem 1.4. Since J|(u,) = 0, (60) holds for any test function ¢ €

Wrad (RM). The left hand-side converges to the respective for 1 thanks to the
weak convergence in (52). The right-hand side will be handled via dominated
convergence theorem, by using Lemma 3.9. Let us split the argument according
to |z — y\ = 1.

If |« — | < 1, we define

Lu(@.y) = Gplw — y)F(u, () f (w0 (2))o(2) X oyl <1} (2, )
< Culr —y|™ 55 F(un () F () () X0yl <1y (@, 9) = B(u,) (2, 9)

and, thanks to (53) and the fact that [,y f(u,)edz < C uniform with respect
to u, one finds that h(u,) is uniformly bounded in L}(R¥). Since in addition
u, — up a.e. in RN, by [25, Lemma 2.1] one gets h(u,) — h(up), and in turns

1 .
HF(UO(y))f(UO(x))%D(UC)X{|mfy|§1}(557y) in L'(RY).
(64)
On the other hand, if |[z—y| > 1 onehas 0 > G, (z—y) = —|z—y|™ log |z—y|
for some 7 = 7(x,y) by the mean value theorem, and, since |u,llcc < C by
Lemma 3.9, we may estimate

Ly(z,y) — log

L, =G,z - )F(Uu( NS (u (f))sﬁ( T)X{|z—y|>13 (T, 1)
< (] + Dl ()] > ()] = 7o (@) X ayi> 13 (2, )
= (=l + [yDle@) g —yis1 (@)

(14 Iyl ) (14 Ja2(3 1)
< o(x)
L [yl =1

Here we used (f1), the decay estimates in Lemma 3.9 and the compact support

of . Since z — |x|7a(%71) is integrable in RY \ By (0), thanks to the choice
of a in (61), by the dominated convergence theorem we conclude that

— 1 .

L#(;z:,y) — log HF(UO(y))f(uo(I))SD(QT)X{|w—y|>1}(1’,y) m Ll(RN) .
(65)

Combining (64) and (65) with (52), we conclude that ug is a critical point of J.

The proof of (5) strictly follows the argument in the proof of [13, Theorem
1.6], being based on Fatou’s Lemma, (53), (32), and Lemma 3.6.

It remains to show that ug is nontrivial. Suppose the contrary, then, simi-
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larly to (47) one can show that [y f(u,)u, — 0 and hence

0= T )] = I = C / (G * F(wa)) £ ) da

F () () ()

2 ludd —ox [ A PD) g, g,
{lz—yl<1} |z —y|” 3w

> ¥ = [ = Tl +0,0).

This yields u, — 0 in W5 (RY). But then
c<cptou(l)=Ju(uy)

//{l oy G TP () Flun(@)) de dy +0,(1)
<Oy /R L gl = P ) F (s dy + 0,00
N \|F(uu)l|1/RN 2| F (u,,(x)) dz + 0,(1)

§RF(uM)||f+/{ 2] dz + 0, (1) < £+ 0,(1),

o> R} 1+ [z[*%

by (47) and choosing a sufficiently large R. This is a contradiction, and we
conclude the proof. O

4. From Choquard to Schrodinger-Poisson: Proof of
Theorem 1.5

Theorem 1.4 yields a positive solution u to the Choquard equation (Ch ). Next
we show that the pair (u, ¢, ), where we recall that ¢, := Cy log & 7 * F(u), i
indeed a solution of the system (SP;) in the sense of Definition 1.1. ThlS
step is often neglected in the literature. In fact this can be done rigorously as
follows, based on a characterisation of the distributional solutions of the Poisson
equation by Hyder [28]. The idea is to compare ¢, with a model solution which
we known to solve in the sense of distributions the Poisson equation in (SP;),
proving that the two solutions may differ only by a constant. The key point is
to show that

/]RN log(1+ |z|)F(u(z))de < C, (66)

which mimics the logarithmic-weighted PohoZzaev-Trudinger inequality in [9,
14], but just for solutions.
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Proof of Theorem 1.5. As in the proof of Lemma 3.9, following a Moser itera-
tion technique, it is possible to prove that any positive weak solution of (Chy)
belongs to L>=(R") and that there exists R > 0 such that

1
u(r) S ———> forall |z| > R. (67)

~ s(2N+3)
14+ |$L" 2(N—>s)

Note that the proof of (67) differs from the one in Lemma 3.9 by the kernel,
which now is logarithmic; however, since G, () is approximating log rl‘, the
strategy to get (67) is very similar. From (67) and the boundedness in RY of
u, by (f1) one may show that

Flu(z)) S ————— forall 2| > R. (68)

~ N(2N+3)
1+ |x‘ 2(N—>s)

Therefore

/ log(1 + |2]) F(w) dz
RN

log(1 + |z])
{lz|<R} {lz|2R} 1 + || ZV=97

N(2N+3)

+oo
§C+C’/ pN717 2(N=s) log pdp < +00,
R
that is (66). With this in hand, we next show that ¢, € L, (RY) for all v > 0.
Indeed,

1

|6u ()] 1
I d d
B To—y[| T a2 ) Y

ct — = dz < F
N ry 1+ |1‘|N+2’Y = RN (U(y)) (/RN
log |z — y] 1
< F(u(y)) / —————dr + / log——dz | dy
RN {o—yl>1}y L+ [2[N 27 (o—yl<1} |z =Y

< [ ([ 6

dz
log(1 —_
+ Og( + |y|)/]RN 1+ |‘T|N+27

ol 1og<->||L1(Bl<o>>) dy

< / Flu(y)) (1 + log(1 + [y])) dy < +oo,
RN

thanks to (66) and to the simple inequality log |z —y| < log(1+|z|)+log(1+]y]).
By [28, Lemma 2.3] the function

nue) = [ s (1 i 'y') Flu(y)) dy

RN |:17—y|
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belongs to V[/'gcfl’l(RN) and solves (—A)2 7, = F(u) in RY in the sense of

Definition 1.1. Moreover, by (66) it is easy to verify that
6u(a) = Tula) + Oy [ ToB(1-+ o) F(ulw) dy = 7ula) + C.

This guarantees that ¢, € W) “*(RV) and solves (SP,) in the sense of Def-

loc

inition 1.1 by [28, Lemma 2.4], for which all such solutions of (~A)¥ ¢ = f in
RN are of the form ¢ = v, + p with p polynomial of degree at most N —1. The
decay behaviour for ¢, in (6) can be proved following the approach of [18], as
done in the case N = 2 in the proof of [13, Theorem 1.4]. It remains to show
the Holder continuity of u. To this aim we take advantage of the following lo-
cal estimate of the Holder seminorm, obtained in [29, Corollary 5.5], provided
[(—A)% u| < K weakly in Bag(zg):

CR” [ulcv (B (xo)

e\
s(KRN)N—s+IIuILm(BzR<w0>>+RN</R szy> -

N\Bsr(zx) lz —y

where C' is a universal constant. Note that, since u € L (RM), it is easy to
see that the right-hand side of (69) is bounded with a constant depending just
on R, N,s, K. The assumption |(—A)% u| < K may be verified with similar

computations as in [13, Lemma 3.2], for the bound from above, and, basing on
(66)-(67), as in [13, Lemma 3.6] for the one from below. O
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