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This Letter aims to understand how quantum mechanics affects heat transport at low temperatures. In the
classical setting, by considering a simple paradigmatic model, our simulations reveal the emergence of
negative differential thermal resistance: paradoxically, increasing the temperature bias by lowering the cold
bath temperature reduces the steady-state heat current. In sharp contrast, the quantum version of the model,
treated via a Lindblad master equation, exhibits no negative differential thermal resistance: the heat current
increases monotonically with thermal bias. This marked divergence highlights the fundamental role of
quantum effects in low-temperature thermal transport and underscores the need to reconsider classical
predictions when designing and optimizing nanoscale thermal devices.
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Introduction—Understanding the microscopic origins of
macroscopic thermodynamic behavior is a central goal of
statistical physics. Classical physics fails to reproduce
certain thermodynamic quantities—most notably the heat
capacity of materials at low temperatures [1–3]—a defi-
ciency that was one of the key motivations for the develop-
ment of quantum theory. A similar need to distinguish
between classical and quantum predictions emerges in the
context of nonequilibrium thermodynamics, particularly in
the study of heat transport. This issue is driven both by
fundamental scientific interest and by the rapid advance-
ment of solid-state nanodevices, where thermal properties at
low temperatures play a critical role [4]. Indeed, the ability
to control and exploit the thermal transport properties of a
system can result in devices such as thermal switches [5],
thermal amplifiers [6], thermal logic gates [7], and thermal
memories [8], which are at the core of a broad range of
potential applications [4,9].
The implementation of the above-mentioned thermal

devices relies on the realization of the thermal transistor

[10–16], which in turn is grounded in the phenomenon
of negative differential thermal resistance (NDTR)
[7,10,17–29], recently observed in classical hard-core gas
models [30,31]. Classical NDTR results so far have been
obtained using the traditional Maxwell bath model [32],
which assumes that particles thermalize instantaneously
upon interaction with the bath. However, since the
NDTR mechanism proposed in these studies involves
cooling one of the baths to very low temperatures, the
absence of a finite-rate relaxation process in the bath model
may significantly affect the nonequilibrium steady state and,
consequently, the resulting heat flux. Moreover, in the zero-
temperature limit, a Maxwell bath instantaneously freezes
colliding particles, which is an artificial feature in conflict
with the third law of thermodynamics. These considerations
give rise to the fundamental questions of whether NDTR is
merely an artifact of the bath model or whether it reflects
genuine features of classical dynamics. Furthermore, if the
effect indeed originates from classical behavior, does it
persist in a quantum mechanical framework? In other
words, how does the heat current depend on the thermal
gradient in the quantum regime at low temperatures?.
In this Letter, we investigate both classical and quantum

heat transport in a paradigmatic nonlinear system: a single
particle confined within a one-dimensional channel by a
square-well potential, with the ends of the channel coupled
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to thermal reservoirs at different temperatures. This min-
imal model captures the fundamental features of heat
transport at low temperatures and provides a direct basis
for comparing classical and quantum behavior [33]. In the
classical regime, we perform molecular dynamics simu-
lations, and, to ensure consistency with the third law of
thermodynamics, we incorporate relaxation dynamics into
the bath model. Remarkably, even under these thermody-
namically consistent conditions, NDTR still emerges,
indicating that this phenomenon is an intrinsic feature of
classical dynamics. This naturally raises the question of
whether such a classical effect truly reflects physical reality,
since low-temperature behavior is ultimately governed by
quantum mechanics. We therefore extend our analysis to
the quantum regime, modeling the system’s dynamics
using a Lindblad master equation carefully designed
to reproduce classical thermal transport in the high-
temperature limit. In stark contrast to the classical case,
the quantum model exhibits no NDTR. These findings
demonstrate that classical models can significantly mis-
predict thermal transport at low temperatures, highlighting
the crucial role of quantum effects in this regime.
Classical modeling and results—As depicted in Fig. 1,

we consider a particle of mass m confined within a one-
dimensional channel of length L by a potential well. The
system is described by the Hamiltonian

H ¼ 1

2m
p2 þ VðxÞ; VðxÞ ¼

�
0; 0 < x < L;

∞; otherwise;
ð1Þ

with each end of the channel connected to a thermal bath at
different temperatures. Because of the interaction between
the particle and the two baths, the system evolves toward a
nonequilibrium steady state in the long-time limit, char-
acterized by a thermal flux.
In classical simulations, the bath is typically modeled as

a Maxwell reservoir [32]: when the particle collides with
bath αðα ¼ L;RÞ, it is reflected with a random velocity v
sampled from

fαðvÞ ¼
mjvj
kBTα

exp

�
−

mv2

2kBTα

�
; ð2Þ

where kB is the Boltzmann constant.
According to the standard definition, the classical

thermal flux Jc from the left bath to the right bath in
our system is given by [see Supplemental Material (SM)
[43] for the derivation]

Jc ¼ EL→R − ER→L

tL→R þ tR→L
; ð3Þ

where EL→R (ER→L) and tL→R (tR→L) represent, respec-
tively, the average energy the particle transfers and the
average time it takes from the left (right) bath to the right
(left) bath.
For a particle coupled to Maxwell baths, the thermal

flux can be calculated analytically. The energy transferred
from the left (right) bath during a single collision is
EL→R;R→L ¼ R∞

0
1
2
mv2fL;RðvÞdv ¼ kBTL;R and the aver-

age time between successive collisions with the baths
is tL→R;R→L ¼ R∞

0 ðL=jvjÞfL;RðvÞdv ¼ L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðmπ=2kBTL;RÞ

p
.

Substituting these expressions into Eq. (3), we obtain the
classical thermal flux for the Maxwell bath,

Jc ¼ kB
L

ffiffiffiffiffiffiffiffi
2kB
mπ

r ffiffiffiffiffiffiffiffiffiffiffi
TLTR

p
ð

ffiffiffiffiffiffi
TL

p
−

ffiffiffiffiffiffi
TR

p
Þ: ð4Þ

The Maxwell bath approach assumes that the particle
instantaneously reaches thermal equilibrium upon inter-
acting with the bath. However, this assumption becomes
problematic, particularly at low temperatures. Consider the
extreme case of a bath at absolute zero (T ¼ 0): under the
Maxwell model, a collision with the bath would immedi-
ately reduce the particle’s velocity to zero, effectively
freezing it at the boundary. This behavior contradicts the
third law of thermodynamics, which states that absolute
zero cannot be reached in finite time. Consequently, the
relaxation process cannot be neglected and must be
properly accounted for.
To avoid such an unphysical scenario, we need to

incorporate relaxation effects into the Maxwell bath.
Relaxation is often described as a Markovian process,
which can be conveniently modeled using the Markov
chain Monte Carlo (MCMC) method [44]. In this approach,
a Markovian transition matrix T ðv → v0Þ with steady
distribution fαðvÞ is used. After a sufficiently large number
of Monte Carlo steps, the Markov chain converges to this
distribution, thereby generating the target ensemble. This
naturally suggests interpreting the Markovian process in
MCMC as a model that mimics the system’s relaxation
dynamics. We refer to this scheme as the “MCMCMaxwell
bath model.” This bath modeling mimics a temperature-
dependent relaxation mechanism. In particular, we observe
that the thermalization time diverges approximately as T−0.9

FIG. 1. Schematic plot of the one-dimensional infinite square-
well system for heat transport. Each end of the system is
connected to a thermal bath held at a different temperature.
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as the temperature T approaches absolute zero, which
ensures consistency of the model with the third law of
thermodynamics (see SM [43] for details).
In Fig. 2, the comparative results between traditional

Maxwell baths and those implemented via MCMC are
illustrated. When the cold bath temperature TR is high,
both models agree well, as the particle reflected by the
MCMC Maxwell bath effectively relaxes to thermal equi-
librium (see SM [43]). However, as TR decreases, deviations
emerge due to incomplete thermalization [45]. In the limit
TR → 0, the thermal flux in both models approaches zero,
but for fundamentally different reasons. In the traditional
Maxwell bath, this behavior stems unphysically from a
violation of the third law of thermodynamics: the particle
instantaneously equilibrates with the cold bath, causing the
time interval tR→L in Eq. (3) to diverge. By contrast, in
the MCMCMaxwell bath the vanishing flux results from the
lack of relaxation at the cold bath, which causes the energy
difference EL→R − ER→L in Eq. (3) to approach 0. Clearly,
both models exhibit the NDTR effect, as evidenced by the
positive slopes of the Jc vs TR plot in Fig. 2 over a wide
range of TR.
Quantum modeling and results—To simulate the quan-

tum dynamics, we model the effect of the thermal baths
using a Lindblad master equation [46], consistent with the
Markovian framework adopted in the classical case above,

dρ̂
dt

¼ −
i
ℏ

h
Ĥ; ρ̂

i
þDLðρ̂Þ þDRðρ̂Þ≡ Lðρ̂Þ; ð5Þ

where ρ̂ is the density operator of the system, ℏ is the
Planck constant, andDαðρ̂Þ is the dissipator term due to the
interaction with bath α. The general expression of the
dissipator term is given by [46]

Dαðρ̂Þ ¼
X
ω>0

JðωÞ
n
½1þ nαðωÞ�

h
ÂαðωÞρ̂Â†

αðωÞ

− 1=2
�
Â†
αðωÞÂαðωÞρ̂þ ρ̂Â†

αðωÞÂαðωÞ
�i

þ nαðωÞ
h
Â†
αðωÞρ̂ÂαðωÞ

− 1=2
�
ÂαðωÞÂ†

αðωÞρ̂þ ρ̂ÂαðωÞÂ†
αðωÞ

�io
: ð6Þ

Here, ℏω ¼ ϵj − ϵi is the energy difference of two eigen-
states, jϵji and jϵii of H, JðωÞ is the bath spectral function,
nαðωÞ ¼ ½expðℏω=kBTαÞ − 1�−1 is the Bose-Einstein dis-
tribution characterizing the thermal state of bosonic baths,
and the Lindblad operator ÂαðωÞ takes the form

ÂαðωÞ ¼
X
i;j

jϵiihϵijP̂αjϵjihϵjjδϵj−ϵi−ℏω; ð7Þ

which describes the transition induced by the bath through
the system operator P̂α. In our model, wewrite P̂L and P̂R as

P̂L ∝
Z

δ

0

jxihxjdx; P̂R ∝
Z

L

L−δ
jxihxjdx; ð8Þ

where δ is a small parameter representing the spatial range at
the boundaries over which the system interacts with the
baths. The δ-dependent prefactors of P̂L and P̂R in Eq. (8)
are determined by requiring well-behaved matrix elements
of operators ÂαðωÞ in the limit of δ → 0 [see SM [43] for the
derivation and the explicit form of the operators ÂαðωÞ].
The quantum thermal flux can be calculated using the

continuity equation for energy,

d
dt
Tr½ρ̂ Ĥ� ¼ JL − JR; ð9Þ

where

JL ¼ Tr½DLðρ̂ÞĤ� and JR ¼ −Tr½DRðρ̂ÞĤ� ð10Þ

denote the thermal flux from the left and right bath to
the system, respectively. In the steady state ρ̂s the quantum
thermal flux Jq from the left bath to the right baths is
given by

Jq ¼ JL ¼ −JR: ð11Þ

In the quantum model, the steady state is calculated from
the stationary solution of equation Lðρ̂Þ ¼ 0 [40]. We solve
the equation by finding the eigenvector of the superoperator

10-1 100 101 102 103

0

2

4

6 MCMC Maxwell bath

Maxwell bath

FIG. 2. Dependence of classical thermal flux with cold bath
temperature TR. The line is for result obtained with Maxwell
baths [Eq. (4)], and the triangles are for MCMC Maxwell baths.
The shaded region denotes the range of results obtained by
varying the parameters of the MCMC Maxwell bath model (see
SM [43] for details). In all simulations, we set TL ¼ 103, m ¼ 1,
L ¼ 1, unless otherwise specified. Throughout this Letter we take
ℏ ¼ 1, kB ¼ 1, so that all physical quantities can be expressed in
terms of a characteristic mass m0 and a characteristic length L0,
both set equal to 1.
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L corresponding to the zero eigenvalue. Although the
dimension of Hilbert space is infinite, it is reasonable to
truncate it to Ntru energy levels, ensuring that the condition
exp½−ðϵNtru

− ϵ1Þ=kBTmax� ≪ 1 holds (Tmax is the maxi-
mum temperature in our simulations). We set Ntru ¼ 100
and Tmax ¼ 1000 to guarantee that this condition is met.
Note that in the infinite square-well system, there is a

finite minimum energy gap given by ℏωmin ¼ ϵ2 − ϵ1.
Since the spectral function JðωÞ affects the dynamics only
for frequencies ω > ωmin, we are free to adopt the form
JðωÞ ¼ γω1−η

c ωη within the actual frequency range
ω > ωmin, even for negative η. Indeed, we still always
assume JðωÞ → 0 as ω → 0 so that JðωÞ remains a physical
spectral function [46].
To proceed with our quantum model analysis, it is

necessary to determine the strength γ and the exponent η
in the spectral function JðωÞ. To achieve this, we ensure
quantum-classical correspondence for the thermal conduc-
tivity κ in the high-temperature regime. Note that our
definition of κ deviates from the standard one κstd com-
monly used in systems with finite particle density: we divide
the thermal flux by the temperature difference Δ rather than
by the temperature gradient Δ=L, so that κ ¼ κstd=L. We
first match the thermal conductivity at the highest temper-
ature, i.e., κqðTmaxÞ ¼ κcðTmaxÞ. Figure 3(a) shows the
temperature dependence of the thermal conductivity for
different spectral functions of the form JðωÞ ¼ γω1−η

c ωη for
ω ≥ ωmin. In the high-temperature regime, the quantum
thermal conductivity follows a scaling behavior κq ∝ Tβ,

where β is an η-dependent exponent. Notably, this temper-
ature-dependent scaling has a parallel in classical systems.
For a classical system at high temperature that can be well
modeled with Maxwell baths, consider the case where
TL ¼ T þ ðΔ=2Þ, TR ¼ T − ðΔ=2Þ. As the temperature
difference Δ between the two baths approaches zero,
Eq. (4) predicts that the classical thermal conductivity also
follows a power-law scaling given by

κc ¼ lim
Δ→0

Jc

Δ
¼ kB

L

ffiffiffiffiffiffiffiffiffi
kBT
2mπ

r
∝ T1=2: ð12Þ

To fully determine the bath spectral function JðωÞ, we
impose an additional restriction: the quantum system must
reproduce the same temperature-dependent behavior of the
thermal conductivity as observed in the classical system in
the high-temperature regime, i.e., β ¼ βcl ¼ 1

2
. From the

relation between β and η [shown in Fig. 3(b)], we can extract
an approximation for the value of η that satisfies this
condition, yielding η ≈ −2.25.
After determining the full bath spectral function, we

analyze both the relaxation dynamics (see SM [43]) and
thermal transport properties of the open square-well model.
The dependence of the quantum thermal flux Jq on the cold
bath temperature TR is shown in Fig. 4. Notably no NDTR
is observed: the plotted curve of Jq vs TR has no positive
slope over the entire range of TR. To account for the absence
of quantum NDTR observed here, we propose the following
physical mechanism. In the classical case, thermodynami-
cally consistent NDTR arises from the vanishing relaxation
rate of the cold reservoir in the zero-temperature limit,
which suppresses energy exchange with that reservoir
and ultimately leads to a breakdown of heat transport.

100 101 102 103
10-9

10-6

10-3

100

= 0

= -0.5

= -1.0

= -1.5

= -2.0

= -2.5

= -3.0

(a)

-3 -2 -1 0

0.0

0.8

1.6

2.4 (b)

FIG. 3. (a) Temperature dependence of thermal conductivity for
different bath spectral functions JðωÞ ¼ γω1−η

c ωη, where γ is
always set through the relation κqðTmaxÞ ¼ κcðTmaxÞ. For η ¼ 0,
−0.5, −1.0, −1.5, −2.0, −2.5, and −3.0, the corresponding values
of γ are 8.036 × 10−7, 3.755 × 10−5, 1.477 × 10−3, 4.691 × 10−2,
1.160, 22.499, and 357.057, respectively. Note that for all values
of ω corresponding to transitions between energy eigenstates, i.e.,
ℏω ¼ ϵj − ϵi, the condition that the relaxation time is much
shorter than the timescale of the intrinsic evolution of the system
[46], i.e. γJðωÞ ≪ ω, is satisfied. (b) Relation between the
exponent β and the exponent η. The dashed line is for β ¼ βcl.
Hereafter, we set ωc ¼ 1.

100 101 102 103

0.0

2.5

5.0

7.5

10.0

TR

10-2 103
10-10

102

T

FIG. 4. Dependence of quantum thermal flux with cold bath
temperature TR, with TL ¼ 103. The inset shows the temperature
dependence of κ. Olive squares, red circles, and navy crosses
represent quantum results computed with Hilbert space cutoffs
Ntru ¼ 80, 100, and 120, respectively, blue triangles are for
classical results with MCMC Maxwell bath, and the dashed line
is for the result of classical system with Maxwell baths [Eq. (12)].
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In contrast, the wavelike nature of the quantum particle
enables continuous interaction with both thermal reservoirs,
even at very low temperatures. Consequently, the classical
mechanism responsible for NDTR is no longer operative in
the quantum regime, and hence NDTR does not emerge.
To further validate our approach, we present in the inset

the temperature dependence of the thermal conductivity,
defined within the linear response regime. At high temper-
atures, the quantum system indeed reproduces the same
temperature scaling of thermal conductivity as its classical
counterpart. In the low-temperature regime, both the
quantum results and those from the MCMC Maxwell bath
deviate from the scaling law (12), with the quantum case
exhibiting a pronounced superexponential decay in thermal
conductivity. This quantum deviation from the classical
thermal transport behavior indicates that the discreteness of
the energy spectrum hinders bath-induced energy transi-
tions at temperatures below the smallest energy gap
between eigenstates, i.e., when kBT ≪ ϵ2 − ϵ1.
Finally, we comment on the quantum-to-classical tran-

sition in our model. By applying the scaling γ → γL−0.5, the
quantum system exhibits a heat flux with the same L
dependence as in the classical case (see simulation results in
SM [43]). This correspondence can be understood through
the following scaling analysis. To keep the Bose-Einstein
distributions nα½ðϵj − ϵiÞ=ℏ� in Eq. (5) invariant under
changes in the system size L, the temperature must scale
as T=L2. With this scaling, the quantum heat flux becomes
JqðTL=L2; TR=L2Þ ∼ ðγL−0.5ÞðL−2Þ−2.25ðL−3Þ2L−2 ∼ L−4,
where the second term comes from the spectral density
JðωÞ, the third from the Lindblad operators, and the last
from the temperature difference between the baths. In the
classical case, using Eq. (4), the heat flux under the same
temperature scaling also follows JcðTL=L2; TR=L2Þ ∼ L−4.
Therefore, the quantum and classical heat fluxes share the
same L dependence, provided γ scales as L−0.5. A natural
consequence of this scaling behavior is that increasing Tmax
at fixed L is equivalent to increasing L at fixed Tmax—that
is, both operations drive the quantum system toward the
classical limit.
Conclusions and discussion—In summary, we have

investigated thermal transport in a paradigmatic nonlinear
system. On the classical side, using MCMCMaxwell baths
to incorporate temperature-dependent relaxation effects, we
observed the NDTR effect. On the quantum side, we
modeled the system using a Lindblad master equation to
describe interactions with thermal baths. By appropriately
designing the bath spectral function, the quantum model
accurately reproduces the classical temperature dependence
of thermal conductivity in the high-temperature regime.
However, in stark contrast to the classical case, no evidence
of NDTR is observed at low temperatures. These findings
provide a foundational step toward understanding low-
temperature thermal transport and may have practical
implications for the design of nanoscale thermal devices.

To confirm the generality of our results, we show in the End
Matter that they remain qualitatively unchanged when
considering two interacting hard-point colliding particles,
a paradigmatic model in the study of classical heat transport
[47–49], or when using the Redfield equation—which does
not assume the rotating wave approximation—instead of
the Lindblad equation. From a theoretical perspective,
extending this analysis beyond phenomenological open-
system models to fully microscopic descriptions—both
classical and quantum–remains an important and challeng-
ing direction for future research. In particular, addressing
the complexities introduced by strong coupling [50–52]
and non-Markovian dynamics [53–59] will be essential for
establishing a more comprehensive framework.
Beyond purely thermal transport, billiardlike gas

models provide a versatile platform for exploring coupled
transport phenomena, such as thermoelectric effects [34,35].
Extending the present framework to investigate coupled
transport in both classical and quantum open systems
represents a promising avenue for future research. Such
studies could yield valuable insights for the design of
nanoscale energy conversion technologies [60] and quan-
tum thermoelectric devices.
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Appendix A: Results for two interacting particles—We
generalize our Letter to the case of two interacting
particles with unequal masses, a model widely used in
the study of classical heat transport. The Hamiltonian of
the system is given by

H2 ¼
p2
1

2m1

þ p2
2

2m2

þ gδðx1 − x2Þ: ðA1Þ

Here, g ¼ ∞, implying that the two particles cannot
cross each other. Without loss of generality, we assume
that particle m1 is initially located on the left and
particle m2 on the right.
For the classical case, the results obtained from the

MCMC simulation with Maxwell baths are shown in
Fig. 5(a). It is evident that the system still exhibits the
NDTR effect, consistent with the single-classical-particle
scenario.
For the quantum case, the Hamiltonian (A1) can be

diagonalized following the procedure described in the
SM [43]. We then model the system-bath interaction
operators as

PL ∝
Z

δ

0

dx1

Z
L

x1

dx2jx1; x2ihx1; x2j ðA2Þ

and

PR ∝
Z

L

L−δ
dx2

Z
x2

0

dx1jx1; x2ihx1; x2j: ðA3Þ

The quantum dynamics of the system can then be
described by a Lindblad master equation, analogous to

Eq. (5). The corresponding numerical results are presented
in Fig. 5(b). Since we are dealing with a two-particle
problem, we are limited to truncating the Hilbert space to
lower energies than for a single particle. Consequently, the
data in Fig. 5 are restricted to lower temperatures than
those considered in the main text. Note that, denoting by N
the number of particles, in the two-particle case the particle
density is doubled. We therefore compare the results
J=N ¼ J=2 with the single-particle case, for which
J=N ¼ J. In contrast to the classical case, the quantum
system does not exhibit the NDTR effect, in agreement
with the single-quantum-particle scenario. We also observe
that the heat flux is slightly reduced in the two-particle
case, as expected, since the additional particle has
mass m2 > m1.

Appendix B: Comparison of results from the Lindblad
and Redfield equations—Our results in the main text are
obtained using the Lindblad master equation, which
relies on the secular approximation. To assess the
robustness of these results, we compare them with those
obtained from the Redfield equation, which does not
employ this approximation and takes the form

ρ̇ðtÞ ¼ −i½HS; ρðtÞ� þ
X
ω;ω0

1

2
ΓðωÞ

h
ðAðωÞρSA†ðω0Þ

− A†ðω0ÞAðωÞρSÞ þ ðAðω0ÞρSA†ðωÞ
− ρSA†ðωÞAðω0ÞÞ

i
: ðB1Þ

Here, ΓðωÞ ¼ JðωÞ½nðωÞ þ 1� for ω > 0 and ΓðωÞ ¼
JðjωjÞnðjωjÞ for ω < 0. Since the Redfield equation is
not completely positive, its solutions may become
unphysical in certain regimes, as the Redfield
superoperator can exhibit eigenvalues with positive real
parts. Therefore, we restrict our comparison to parameter
regimes in which the Redfield dynamics remain physical.
An illustrative comparison is provided in Fig. 6,
demonstrating that the Redfield equation reproduces the
Lindblad results with excellent accuracy.

Appendix C: Interaction strength between system and
cold bath—In the classical MCMC Maxwell bath, the
NDTR effect arises because the system-bath interaction
strength effectively vanishes as the temperature
approaches zero. In contrast, in the quantum case, the
interaction strength does not vanish in this limit due to
the wavelike nature of the quantum particle coupled to
the bath.
To verify this insight, we compute the expectation value

of the operator P̂R, which measures bath-induced transi-
tions between energy eigenstates,
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FIG. 5. Comparison of results between the two-particle (black
symbols) and one-particle (red symbols) models for (a) classical
and (b) quantum cases. Here, m1 ¼ 1, m2 ¼

ffiffiffi
2

p
, TL ¼ 101.5,

η ¼ −2.25, and γ ¼ 4.855 (γ ¼ 2.891) for the single (two) particle
model is fixed by imposing the condition κqðTLÞ ¼ κcðTLÞ.
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hP̂Ri ¼ TrðP̂RρssÞ; ðC1Þ

where ρss is the steady state. As shown in Fig. 7, this
quantity saturates at low temperatures, in correspondence
with the saturation of the quantum thermal flux. Note that,
for a given interaction width δ close to the boundary, the
probability of finding the quantum particle in the region
[L − δ; L] scales as 1=L3 with the system size, leading to
hP̂Ri ∝ ð1=L3Þ, consistent with the vanishing of the current
as one approaches the classical limit L → ∞. To see the
delocalization of the steady state, we compute the partici-
pation ratio in the position basis,

PR ¼ 1R
L
0 dx½ρssðx; xÞ�2

: ðC2Þ

As shown in the inset of Fig. 7, this quantity also saturates
to a finite value at low temperatures. Note that this
value is close to the maximum one, namely, PR ¼ L ¼
1 for completely delocalized (uniform) steady-state
distribution.
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FIG. 6. Comparison between the Lindblad and Redfield equa-
tions for the heat conductivity κq (left) and the heat current Jq

(right). Here, γ ¼ 10−4 and Hilbert space cutoff Ntru ¼ 100.
Other parameters are the same as Fig. 4 in the main text.
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FIG. 7. Temperature dependence of average interaction strength
with the cold bath. Parameters are the same as in Fig. 4 of the
main text. Inset shows the cold temperature dependence of the
participation ratio in the position basis.
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