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ABSTRACT. We study solutions of the generalized porous medium equation on infinite graphs.
For nonnegative or nonpositive integrable data, we prove the existence and uniqueness of mild
solutions on any graph. For changing sign integrable data, we show existence and uniqueness
under extra assumptions such as local finiteness or a uniform lower bound on the node measure.

1. INTRODUCTION

Our model formal equation is the following:
GPME Ou(t,x) + Adu(t,z) = f(t,z) for every (t,x) € (a,b) x X.

This equation is called the generalized porous medium equation (GPME) or filtration equation
whenever A is the Laplace operator and ® is the canonical extension to a function space of
a map ¢: R — R such that ¢ is strictly monotone increasing, ¢(R) = R and ¢(0) = 0. If
#(s) = s™ := s|s|™~ !, then the above equation is known as the porous medium equation (PME)
when m > 1 and the fast diffusion equation (FDE) when 0 < m < 1. Clearly, when m = 1 and
f = 0 we recover the classic heat equation.

The GPME has a long story and we invite the interested reader to look at the seminal book
by J. L. Vazquez [70] for a detailed and exhaustive account. In recent years, research interest
about properties of solutions of the GPME has focused on the Riemannian setting as can be seen
by the increasing number of related works, see, for example, [7, 8, 18, 26, 27, 28, 29, 30, 31, 32,
33, 34, 56, 57, 69] and references therein for an overview of the most significant developments.

In contrast, in the graph setting there are still relatively few results for the GPME. This
is despite the fact that, on the one hand, the GPME is being used as a model equation for
several real-world phenomena (e.g., the flow of gas through a porous medium, water infiltration
or population dynamics) and, on the other hand, graphs are ubiquitous in many applied fields:
in physics [62], biology [50, 51, 66], image and signal processing [19, 64, 68|, engineering [17],
etc.

To make our setting more precise, let us fix a graph G = (X, w, K, u) where X is a countable
node set, w: X x X — [0,00) is a symmetric map with zero diagonal, k: X — [0,00) is a
possibly nontrivial killing term and p: X — (0,00) is a strictly positive node measure on X.
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For notational convenience, let us fix a = 0 and b =T € (0, 00]. We will focus our attention
on the following Cauchy problem posed on G:

Cauchy-GPME ]
lim, g+ u(t, x) = up(x) for every x € X

{Gtu(t, x) + Adu(t,z) = f(t,z) for every (t,z) € (0,7) x X,
where f: (0,7) x X — R and up: X — R are generic functions at the moment. In this setting,
A represents the (formal) graph Laplacian operator defined by the formula

Aulz) = — 3 w(e,y) (ulx) — u(y)) + DD u(a).

= ()

The GPME on graphs belongs to the broader class of nonlinear diffusion equations with non-
constant diffusion since the edge-weight function w(-,-) can be seen as a counterpart of the
nonconstant diffusion coefficients {a; ; (m)}f j=1 which characterize the second-order differential
operator Zle 0; (am(x) Z;l:l (%-u(x)) acting on smooth functions on RY.

We now give a brief overview of some recent results concerning nonlinear equations in the
graph setting. For the counterpart of the Kazdan-Warner equation, see [24, 45, 55]. Concerning
the existence and uniqueness of solutions for reaction-diffusion type equations on the lattice
Z, see [65, 67]. For the Yamabe and other equations, see [23, 25, 54]. For parabolic equations
involving the p-Laplacian, see [40, 61]. Finally, we mention some results concerning the existence
and nonexistence of global nonnegative solutions of an abstract semilinear heat equation given
in [52, 53, 73] which were recently extended to a general setting in [49].

With reference to the PME in the discrete setting, we highlight [20] where the authors study
the (finite) discrete analogue of the Wasserstein gradient flow structure for the PME in R™.
Concerning the existence and uniqueness of solutions of the Cauchy-GPME to the best of our
knowledge there is an almost complete lack of a systematic treatment even in the case of finite
graphs with one notable exception: In [61, Corollary 5.4], exploiting an interesting link between
the PME and the p-heat equation (which is well-known in R, see, e.g., [70, Section 3.4.3]), it is
shown that if G is an infinite tree, uniformly locally finite with g = 1, then there exists a unique
solution of the Cauchy-GPME for ¢(s) = s|s|™ ! for any ug € £2(X, ) and f = 0. For more
details and the definition of solutions in that setting we invite the interested reader to look at
the mentioned paper.

Our approach is different. The main goal of this article is to prove existence and uniqueness
results for classes of solutions of the Cauchy-GPME problem under the weakest possible hy-
potheses on the graph G, on the initial datum ug and on the forcing term f. To achieve this, we
will borrow techniques from the theory of semigroups on Banach spaces and, as it will become
clear later, £*(X, 1) will turn out to be the ideal space for our considerations.

We will consider three classes of solutions: mild (Definition 3.3), strong (Definition 3.4) and
classic (Definition 3.5) which are characterized by an increasing “regularity.” In particular,
mild solutions u are limits of e-approximations u. that satisfy the Cauchy-GPME for a time
discretization well-adapted to f. If the operator £ = A® is m-accretive, then it is possible
to immediately infer the existence and uniqueness of mild solutions for the Cauchy-GPME
problem by appealing to well-known results, see [4, 6, 15]. Thus, the bulk of our work consists
of establishing the m-accretivity of (a restriction of) the operator £ on an appropriate Banach
space.
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Accretivity of an operator £ with respect to a norm || - || on a real Banach space &€ = (E, || - ||)

means that

[(w = v) + A (Lu = Lo)|| = [Ju — v
for every u,v € dom (£) C E and for every A > 0. Furthermore, m-accretivity means that £ is
accretive and id +AL is surjective for every A > 0. We note that accretivity implies that id +AL
is injective, thus, m-accretivity gives that id +AL is bijective. For a more detailed introduction
to the concepts of accretivity and m-accretivity, see Subsection 2.3.

As can be seen directly, the accretivity property depends on both the operator £ and on the
underlying Banach space. For example, the graph Laplacian A on (X, u) is m-accretive on
any finite graph for p € [1,00), see Proposition 2.5. On the other hand, the nonlinear operator
L can fail to be accretive with respect to the £2-norm, see Example 2.3. What is crucial for our
analysis is that the restriction of £ to a suitable dense subset of ¢!(X, ) will be shown to be
accretive for any graph. For m-accretivity to hold some additional hypothesis are required as
will be discussed in what follows. We note that there is a parallel development concerning the
surjectivity of the formal graph Laplacian A which is always surjective on infinite, locally finite
graphs but not necessarily surjective in the not locally finite case, see [11, 47].

For a complete introduction to the notation we refer to Section 2. We denote by ¢ (X, i)
and ¢~ (X, 1) the cones of nonnegative and nonpositive integrable functions, respectively, and
by L the operator

L:dom (£) C (X, p) — 01 (X, p),
dom (£) = {u € ¢' (X, p) | Pu € dom (A),Adu € ' (X, )}
whose action is given by
Lu = Adu.

For a subset {2 C dom (£), we write L|q for the restriction of £ to (2.
We now state the main results, whose proofs can be found in Section 4.1. The first main
result discusses the accretivity and m-accretivity of L.

Theorem 1. Let G = (X, w, k, ) be a graph. Then, there erxists a dense subset @ C dom(L)
such that L is accretive. Moreover, for every A > 0 and for every g € (YE(X, ) there exists
a unique u € (YF(X, 1) NQ such that

(id+AL)u = g.
If one of the following extra hypotheses holds:
(H1) G is locally finite;
(H2) infecx p(z) > 0;

(H3) sup,cx 24X < o0 and @ (¢1(X, 1)) € (X, o);

then id +AL restricted to Q is also surjective. In particular, Lo is m-accretive. Moreover, in
all cases, the solution u satisfies the contractivity estimate

[lull < Tlgll-

The second main result uses general theory along with the m-accretivity established in the
first result to yield existence and uniqueness of mild solutions for the Cauchy-GPME. For this,
we consider two cases, namely, when the initial data is nonnegative or nonpositive and when
the initial data changes sign. In the second case, we need to add one of the extra hypotheses
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appearing in the first result above to guarantee existence. For the definitions of the various
types of solutions for the Cauchy-GPME and the connections between them, see Section 3.

Theorem 2. Let G = (X, w, k, ) be a graph. Let
i) ug € ﬁl(X,,u);
i) feLi.([0,T); M (X,p).
If one of the following additional conditions holds:
a) uo, f(t) >0 (or <0) for allt > 0;
b) up or f(t) changes sign and at least one of (H1), (H2) or (H3) is satisfied;
then there exists a unique mild solution u of the Cauchy-GPME.
Furthermore, u(t) € £X(X,p) for all t € [0,T] and for every € > 0 there exists a continuous

function 6: [0,00) — [0,00) such that 6(0) = 0 and if uc is an e-approximate solution of the
Cauchy-GPME, then

(1.1) lu(t) — uc(t)|| < 8(e)  forte[0,T —¢.

Moreover, for any pair (ug, f), (Go, f), the corresponding mild solutions u, i € C ([0, T); 01 (X, ,u))
satisfy

(1.2) [ults) — at2)|| < [lu(tr) —a(t)] + / 2

t1
Finally, under hypothesis a), u(t) > 0 (or < 0) for every t > 0.

£(s) - f(s)H ds, YO<t <ty <T.

The paper is organized in the following way:

e In Section 2 we present the main definitions and describe the tools that we will use.

e In Section 3 we introduce the abstract Cauchy problem along with a classification of
types of solutions.

e Section 4 is the core of the paper: We present the proofs of Theorem 1 and Theorem 2
with an introductory part about the main issues to be addressed. As a concluding
application, in Corollary 4.2 we prescribe some hypotheses on the graph that guarantee
that a mild solution is indeed a classic solution.

Since the proofs involved in Section 4 are technical and rely on several auxiliary results, we
collect them in Appendix A and Appendix B.

2. PRELIMINARIES

In this section we collect background material for the graph setting and the main mathematical
tools that we will use in our proofs.

2.1. Notation. Given a set X and a real function space § C {u: X — R}, we denote by
id: § — § the identity operator. If ¢: dom (¢) C R — R is a function, then we denote by the
capital letter ® the canonical extension of ¢ to §, that is, the operator ®: dom (®) C § — §F
given by

dom (®) :={u € § | u(x) € dom (¢) Vo € X},
Bu(r) = o(u()).

Given a pair of real-valued functions u and v on X, we write u > v if u(z) > v(z) for every
x € X. All other ordering symbols are defined accordingly.
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Given a real Banach space € = (E, || - ||), consider an E-valued function f: [0,7] C R — E,
t— f(t) € E. Such a function f is called simple if f is of the form

f) =) ey (t), er€E,
k=1

where I, are Lebesgue measurable subsets of [0,7] and 1y, is the indicator function of Ij. The
integral of an E-valued simple function is defined by

T n
/ fydt=>"exm (Iy),
0 k=1

where m(-) is the Lebesgue measure on [0,7]. A function f is (strongly) measurable if there
exists a sequence { fy, }nen of simple functions such that f,,(t) — f(¢) in norm for almost every
(a.e.) tin [0,T7.

A strongly measurable function f is Bochner integrable if there exists a sequence of simple
functions such that f, — f pointwise a.e. in [0,7] and

T
lim ; [fn(t) = f(#)|l dt = 0,

n—oo

or equivalently, by a theorem of Bochner, if and only if fOT || f(t)||dt < co. The integral of f is
then defined by

T T
/ f(t)dt = lim / fa(t)dt.
0 n—0o0 0

We denote the space of Bochner integrable functions from [0,7] to E by
T
LY[0,T]; E) == {f: [0,T] — E measurable | / | f ()] dt < oo}.
0

In the same fashion, if T = oo, we denote by Li ([0,T]; E) the space of E-valued functions that

loc
are locally Bochner integrable, that is, f € L. ([0,T]; E) if and only if f € L([0, a]; E) for every
€ (0,00). Clearly, if T < oo, then LL ([0,T]; E) = L*([0,T]; E).
A function f € L{ ([0, T); E) is weakly differentiable with weak derivative g € Ll ([0, T); E)
if

T T
/ £y () dt = — / gOn(t) dt, vy e C(0,T),
0 0

where the integrals are understood in the Bochner sense. The first Sobolev space for locally
Bochner integrable functions is defined as

w0, T); E) == {f € Li,.([0,T); E) | f is weakly differentiable} .

loc

Let us point out that f € VVli)Cl([O, T); E) if and only if

t
F(t) = eo+ /0 g(s) ds.

Moreover, f is absolutely continuous and a.e. differentiable in [0, 7] with f'(t) = g(t).
For a review of integration and weak derivatives of vector-valued functions, see, for example,
[74, Chapter 5, Sections 4 and 5] and [10, Chapter 1, Section 4.5].
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Given an operator £: dom(£) C E — E and a subset 2 C dom(L), then the restriction of £
to  is the operator L)o: dom(Ln) € E — E such that

dom(L)q) = £, Ligu=Lu Vue

As a final piece of notation we mention that if £ C {u: X — R}, then we write f(¢,z) to
indicate the value of f(t) € F at = € X.

2.2. The graph setting. For a detailed introduction to the graph setting as presented here,
see [44]. We begin with the definition of a graph.

Definition 2.1 (Graph). A graph is a quadruple G = (X, w, k, ) given by
a countable set of nodes X;

a nonnegative edge-weight function w: X x X — [0,00);

a nonnegative killing term k: X — [0, 00);

a positive node measure j: X — (0, 00)

where the edge-weight function w satisfies:

(A1) Symmetry: w(x,y) = w(y,x) for every z,y € X;
(A2) No loops: w(z,z) =0 for every z € X

(A3) Finite sum: > v w(z,y) < oo for every z € X.

If the cardinality of the node set is finite, i.e., | X| < oo, then G is called a finite graph,
otherwise, G is called an infinite graph. The non-zero values w(z,y) of the edge-weight function
w are called weights associated with the edge {z,y}. In this case we will write  ~ y meaning
that = is connected to y. On the other hand, if w(z,y) = 0, then we will write z » y meaning
that x and y are not connected by an edge. A walk is a (possibly infinite) sequence of nodes
{zi}i>0 such that x; ~ ;1. A path is a walk with no repeated nodes. A graph is connected if
there is a finite walk connecting every pair of nodes, that is, for any pair of nodes x,y there is
a finite walk such that x = xg ~ 1 ~ --- ~ 2, = y. Moreover, we will say that a subset A C X
is connected if for every pair of nodes x,y € A there exists a finite walk connecting = and y all
of whose nodes are in A. A subset A C X is a connected component of X if A is maximal with
respect to inclusion.

A graph is said to be locally finite if for every x € X there are at most a finite number of
nodes y such that w(z,y) # 0. We define the degree deg and weighted degree Deg of a node = as

deg(z) = Z w(z,y) + k(xr) and Deg(x) = deg(;(:;:).
yeX px

Clearly, by (A3), deg(z) and Deg(x) are finite for every x € X. Observe that, if k = 0 and
w(z,y) € {0,1}, then deg corresponds to the standard definition in the literature on finite graphs

(e.g., [21]).
The set of real-valued functions on X is denoted by C(X) and C.(X) denotes the set of
functions on X with finite support. As usual, for p € [1, 00] we define the P(X, 1) subspaces as

P(X, 1) = {{“ € C(X) | Xyex lul@)Pu(z) < oo} for p € [1,00),

- {u € C(X) | sup,ex [u(z)] < oo} for p = oo

with their norms

sup,ex [u(w)| for p = oo

lull, = {(ZzeX u(@)[Pu(x)) 7P for p € [1,00),
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and with the standard remark that the £2-norm is induced by the inner product
(o) = 3 u(@)o(@)u(x)
zeX

making ¢?(X, i) into a Hilbert space. In general, we will use the convention || - || := || - ||1 since
we will work almost always with the ¢'-norm. However, in case of possible ambiguity in the
text, we will specify the norm. In addition to the previous standard definitions, we introduce
the following restrictions to the nonnegative/nonpositive cones:

(X)) =0 (X ) n{ue C(X) |u>0}, 7 (X,pu) =" (X,un).

We now define the formal graph Laplacian A: dom (A) C C(X) — C(X) associated to the
graph G = (X, w, K, i) by

(2.1a) dom (A) == {u € C(X) | Y w(x,y)|uly)| < oo Ve X},
yeX
= L wlT u\r) —u @u x
(2.1b) Au(z) = u(w)g;( (@,y) (u(x) (y)>+ﬂ<x) (x)
1
= Deg(x)u(z) — e y;(w@:, y)u(y).-

Remark 1. We observe that if u > 0, then Au(x) is always defined as an extended real-valued
function taking values in [—o00,00). Furthermore, if uw > 0, then u € dom (A) if and only if
|Au(x)| < oo for every x € X if and only if Au(z) > —oo for every z € X if and only if

>_yex (@, y)u(y) > —oo for every z € X.
As we will see in the upcoming sections, it will be useful to deal with subgraphs of a graph.

We start by discussing the notion of the interior and two notions of boundary for a subset of
the node set. Given a graph G = (X, w, k, 1) and a subset A C X, then

A={zeA|z~yforeveryye X\ A}

is called the interior of A and the elements of A are called interior nodes of A. On other hand,
the sets of nodes

OA={xcAlx~yforsomeye X\ A},
éA::{yEX\A|y~xforsomem€A}

are called the interior boundary and the exterior boundary of A, respectively. Although these
notions are rather standard in the graph setting, we illustrate the definitions with an example
in Figure 1.

We next introduce the concept of an induced subgraph.

Definition 2.2 (Induced subgraph). We say that a graph F = (A,w’, k', ') is an induced
subgraph of G, and we write F' C G, if
e AC X,
o w' = WiAx A
K/ (x) = k(z) for every x € A;
1= A
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where w4, 4 and 4 denote the restrictions of w and p to the sets A x A and A, respectively.
We call G the host graph or the supergraph. The corresponding formal graph Laplacian for a
subgraph F' is defined according to (2.1a) and (2.1b) where the quadruple (X, w, , 1) is replaced
by (A,w',x',1'). Observe that we do not require that k' = k on dA. Different choices of +/

o

on 0A will produce different subgraphs. We say that F' is the canonical induced subgraph if
K = K|A-

Remark 2. Our notion of induced subgraph is intrinsically related to the killing term «’. If we
do not consider any «, then the definition of induced subgraph is equivalent to the classical one,
see for example [21, Definition 2.2].

Of particular interest is the killing term kq;, that arises from “Dirichlet boundary conditions.”
Definition 2.3 (Dirichlet subgraph). An induced subgraph
Gair = (A, | ax 45 Kdir, fi1a) C G
is called a Dirichlet subgraph if
{Hdir(a:) = kA7) + bair(2),
base() 1= 32 0l ) = Sy ()

We note that bgi,: A — R is finite because of (A3). We call bg;, the boundary (Dirichlet) weight-
function and kqi, the Dirichlet killing term. Clearly, by () = 0 for every = € A. We will denote
by Agir the graph Laplacian of Gg;; in order to distinguish it from the graph Laplacian of G.

(2.2)

€1 X2 T L2

o T3

(=)

Ficure 1. Example of a connected graph G = (X, w, k, 1) (in the left picture)
with X = {z; | i=0,...,9} and a proper subset A = {x4, x5, x¢,x7, T8, T9}. A
black line between two nodes z;, x; € X means that z; ~ x;. In the right picture,
the interior A = {5, z6, 28} is colored in green while the interior boundary
A = {4, 7,29} is colored in light green. The nodes in the exterior boundary

OA = {xo, 23} C X \ A are colored in light gray.
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X1 ) X1 €2

FiGure 2. Continuation of the example in Figure 1. The left picture gives
a canonical induced subgraph F C G: In general, F' is not “affected” by the
complementary set X \ A since the weights of the edges lying in X \ A do not
influence the graph F. The right picture gives instead a Dirichlet subgraph Gg;,:
Due to the presence of the Dirichlet weight function bg;, the subgraph Gg;, is still
affected by the complementary set X \ A.

The Dirichlet killing term describes the edge deficiency of nodes in Gg;, compared to the
same nodes in G, see Figure 2. The name “Dirichlet” in the above definition comes from the
following observation, see, for example, [43, pg. 197 and Proposition 2.4] and [44, Proposition
2.23]: Let i: C(A) < C(X) be the canonical embedding and 7: C'(X) — C(A) be the canonical
projection, i.e.,

. v(z) ifx € A,
(2:3) (@) {o itrex\4, ~OTUA

Under some mild assumptions, it is almost straightforward to prove, see Lemma A.1, that

o Agiyv(z) = Aiv(z) for v € dom(Ag;,) and x € A;

o Au(x) = Agpymru(z) for u € dom (A)N{u e C(X)|u=0on X \ A} and z € A.
Therefore, the Dirichlet graph Laplacian Ag; can be viewed as the restriction of A having
imposed Dirichlet conditions on the exterior boundary of A.

2.3. m-accretive operators. In preparation for Section 4, we introduce here the fundamen-
tal tools that will play a major role in the proofs of existence and uniqueness of solutions to
the Cauchy-GPME in the discrete setting. We begin by giving two equivalent definitions of
accretivity. As a reference for this topic, see for example [16].

Definition 2.4 (Accretive and m-accretive operators). If € = (E, || - ||) is a real Banach space
and £: dom(L) C E — FE is a (not necessarily linear) operator, then £ is said to be accretive if
L satisfies one of the following equivalent conditions:

(i) [[(w—v) 4+ A (Lu — Lo)|| > |Ju — v|| for every u,v € dom (£) and for every A > 0.
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(ii) (Lu — Lv,u —v)4 > 0 for every u,v € dom (L) where for z,k € E

(2 k)4 o= (] i A7 (1 + 2] = 6]

Concerning the well-posedness of condition (ii) and its application to ¢P-spaces, see Remark 3
below. An accretive operator L is called m-accretive if id +A\L is surjective for every A > 0.

Accretive operators are called monotone operators in the Hilbert space setting. Accretivity
is a way to extend the property of monotonicity of real-valued functions of a real variable to
spaces with a more complex structure. This follows by the trivial observation that a map
f:dom(f) C R — R is monotone (increasing) if and only if (f(s1) — f(s2)) (s1 — s2) > 0 for all
s1, 52 € dom(f).

Let us highlight that m-accretivity is related to the self-adjointness of linear operators in the
Hilbert case setting. Indeed, a linear operator £ on a Hilbert space is self-adjoint and nonnegative
if and only if £ is symmetric, closed and m-accretive (by the Minty theorem, m-accretive and
maximal monotone are equivalent properties in Hilbert spaces), see [42, Problem V.3.32]. In this
context, we note that there has been recent interest in the graph setting concerning the essential
self-adjointness of the formal Laplacian and related operators restricted to finitely supported
functions, see, for example, [35, 36, 41, 43, 58, 59, 60, 63, 72]. Concerning the m-accretivity of
the graph Laplacian we also highlight a couple of recent results: The first is obtained in [59],
where the authors establish the m-accretivity on ¢#(X, u) for 1 < p < oo in the more general
setting of Hermitian vector bundles, under some hypotheses on the graph. The second result is
obtained in [2] where the authors prove a criterion for the m-accretivity of a graph Laplacian
(not necessarily self-adjoint) on directed graphs in the Hilbert case.

Remark 3. Let us observe that condition (ii) in Definition 2.4 is well-posed. First of all, for
A>0

==l <

kE+Xz|| — |k
s+ 2=

Then we observe that, for every 0 < s < A,

e+ szl = 11kl = || (1 = 3 ) 4+ S0+ 22) | = 11kl < ( — =) Wkl + 1k + Azl = [k

)
S
=5 Ik + Azl = I&]),

i.e., the map A — A7!(||k 4+ Az|| — ||k||) is monotone increasing in A > 0. Therefore,

lm A7 ()|k+ Mz — ||k
i (IIk + Azl — [I&]])

exists and belongs to [—| |z, ||z]|]-
Now, let us fix F' = ¢P(X, u) with p € [1,00). By the convexity of the map ¢ — |t|P, for every
A€ (0,1] we get

b AzP — kP (1= Ak + Ak & 2)P — [k]?
) - X\

< Jk £ 2P — [k

and
|k[P — |k — Az|P < |k + Az|P — |k|P
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where the second inequality can be easily derived by |f +g[P < 2P~L(|f[P 4 |g[P) with f = k— Xz
and g '= k + Az. Combining these inequalities gives

WP — [ — o < BP0 [l As — R
S

<|k+ 2P — kP VA€ (0,1],

that is, A7!||k + Az|P — |k|P| is dominated by an integrable function. Then, by the mean value
theorem and dominated convergence, for every p > 1 (and ||k||, # 0) we get

. 1 _ T -1 p\1/p _ p\1/p
Jim A7 (4 el = kl) = Tim A7 (ke A2l = (k]2)7)

LR DB i B ca e LICa

1
p A—0+ = A

kllp " Y pex 2(@)k(z) P~  sgn(k(z))p(x)  for p> 1,
= > z(x)|p(x) + g{ z(x)sgn(k(z))u(z) forp=1

reX: :
k(z)=0 k(z)#0
where
1 if s >0,
(2.4) sgn(s) =40 ifs=0,
-1 ifs<0O.

Summarizing, for E = (P(X, u) with p € [1, 00),

[l %;(Z(x)k(x)\k(x)\p”u(w) if p > 1,

(2.5) (2, k)1 =

Bl | 2 [@)lp@) + 2 z(x)sgn(k(@))p(z) | ifp=1

rxeX: reX:
k(z)=0 k(z)#0

A simple example of an m-accretive operator is the graph Laplacian on finite graphs with
respect to the fP-norm. This result should be well-known but for completeness we give a proof
in the following proposition.

Proposition 2.5. Let G be a finite graph. Then, the graph Laplacian A on P(X,u) is m-
accretive for p > 1. In particular,

[(Ad +AA)ull, = [lullp for every u € C(X), A > 0.

Proof. Fix p € (1,00). Applying the linearity of A and (2.5) of Remark 3, A is accretive if and
only if

lull372 ) Au(a)u(@)|u)[P~>u(x) = 0.

zeX
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Using the fact that the sum is finite, we have

> Au(x (@) P2 ()
zeX
= u@)u@)P? Y wi,y)(u(z) —uly) + Y wl@)|u(@)?

zeX yeX zeX
> > > wlay)(u(@) ] = u(y)ul@)|u(z)P~?)
rzeX yeX
Z% > wla,y)(Ju@)P + [u@)” = ful@) P~ uly)] = [u@)]fuly) P~).
r,yeX

The conclusion now follows from the following inequality
a’ + b —aP b —abP >0 Va,b>0, Vpe(l 00)

which can be established by elementary calculus as we now show. The inequality holds for a = 0
or b =0, so assuming that b > 0, dividing through by b” and setting ¢ := a/b, it is equivalent to
prove that
Bty =tP +1—tP"1 —¢t>0  fort>0.
Note that 5(0) =1 and B(t) — oo as t — co. We have
Bty =ptrt = (p— 1P —1
and thus
B'(t) <0 for all t small, p'(1) =0, pB'(t) — coast— oo.
Moreover,

/! — _ pP—a _ _ p—o _ _ p— _g
B'(t) =plp— P = (p—1)(p—2)"> =plp— 1)t 3<t ; >

Thus, if 1 < p <2, then 8” > 0 and 3 is increasing. If p > 2, then
-2 -2
B't)<0fort<2—Z <1, B't)>0fort>2 "2
p p

Hence, ' is decreasing until (p — 2)/p and increasing afterwards. In any case, 8'(t) < 0 for t < 1
and f'(t) > 0 for t > 1, so

wmin 4(1) = A(1) = 0.
By the equivalence between (ii) and (i) of Definition 2.4, we then have
[(Gd +AA)ull, > [lullp for every u € C'(X), A > 0.

We conclude the lemma for p € (1, 00) by noticing that id +AA injective and C(X) finite imply
that id +AA surjective by linearity. The case p = 1 is addressed in the more general case of
Corollary B.3 in Appendix B. O

As a final comment, we observe that if two operators are accretive on a given Banach space,
this will not automatically imply that the composition (if defined) of the two operators is accre-
tive. See the following simple example.

Example. Consider the finite birth-death chain G = (X, w, k, ) (see Figure 3) with
o X = {z1, 22,23, 24};
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@ w(zy, z2) 62\ w(zwe, x3) /x—g\ w(xws, T4) @
N N

FI1GURE 3. Visual representation of the graph G of the Example 2.3.

e w(x;,xzj) =1 if and only if | — j| = 1 and zero otherwise;

o k=0

o n=1.

Define now ¢: R — R by ¢(s) = s|s|>. Since ¢ is monotone, thanks to Remark 3, &,
the canonical extension of ¢ to ¢2(X,u), is accretive. Consider now the graph Laplacian
A: 0% (X, ) — 2 (X, p) associated to G which in this case acts as

u(x1) — u(xe) ifi =1,
Au(z;) =  2u(z;) —u(wi—1) —u(wipr) ifi=2,3,
u(zg) — u(zs) if i = 4.

By Proposition 2.5, A is accretive.
On the other hand, the operator £ := A® is not accretive. Indeed, a computation shows that
if w and v are defined by

u(z;) =44, fori=2,

3, fori=1, .
3, fori=2,
v(@i) =
0 otherwise,

0 otherwise,

then
(Lu— Lyv,u—v)p=-13<0
and therefore £ is not accretive as claimed.

As it is shown in Corollary B.3, the operator £ = A® is accretive on £1(X, u) for every finite
graph. This result and the above example show that accretivity is a property related not only
to the action of the operator but to the norm on the underlying space as well.

3. THE CAUCHY MODEL PROBLEM

Let f: (0,7) x X — R and up: X — R. Given a graph G, let us consider the following
Cauchy problem for the generalized porous medium equation (GPME) (or filtration equation):

Problem:

Canchy-GPME {&gu(t, x) + Adu(t,z) = f(t,x) for every (t,z) € (0,T) x X,

lim;_,o+ u(t,x) = up(x) for every x € X

where ®: C(X) — C(X) is the canonical extension of a function ¢: R — R such that ¢ is
strictly monotone increasing, ¢(R) = R and ¢(0) = 0. If ¢(s) = s™ = s|s|™"!, then we will
call the above equation the porous medium equation (PME) when m > 1 and the fast diffusion
equation (FDE) when 0 < m < 1. Clearly, when m = 1 and f = 0 we recover the classic heat
equation. The function f is called the forcing term. For notational convenience, we specify
the time interval (0,7) but everything we will say can be generalized to any (not necessarily
bounded above) interval (a,b) C R.
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The “+” sign in our equation comes from the fact that we are considering the formal graph
Laplacian which corresponds to minus the second derivative in the Euclidean case.

We now introduce the various classes of solutions for the Cauchy-GPME problem in order of
increasing regularity. The weakest notion of solution is obtained by means of a discretization and
approximation procedure in the time variable. More precisely, we first need to discretize the time
interval (0,7") with respect to the forcing term f such that the corresponding time-discretization
fn of fis “close”to f in a way that will be made clear next.

Definition 3.1 (e-discretization). Given a time interval [0,7] with 7' < oo and a forcing term
f € LY[0,T);¢* (X, 1)), we define a partition of the time interval

Tn={{te}ieo | 0=t <t1 <...<t, <T}
and a time-discretization f,, of f
fn = {{fk}Z:l | fk € el(Xa M)? fk(x) = f(tkvx)} .
Having fixed € > 0, we call D, == (T, f,,) an e-discretization of ([0,T7]; f) if
oty —tp 1 <eforeveryk=1,....nand T — ¢, < ¢

o i fib () — filldt < e

Remark 4. Definition 3.1 is well-posed. If f € L'([0,T]; ¢* (X, u)), then for every € > 0 there
exists an e-discretization D, of ([0, T7]; f), see [22, Lemma 4.1].

Now, given an e-discretization D, consider the following system of difference equations which
arises from an implicit Euler-discretization of the Cauchy-GPME:

%—l-Aq)uk:fk, )\k::tk—tk_landkrzl,...,n
k

with ug given. Writing £ = A®, we then require that every uy belongs to
dom(L) = {u € ¢ (X,p) | Pu € dom (A),Adu € ¢' (X,p)}.

(3.1)

Definition 3.2 (e-approximate solution). If the system (3.1) admits a solution w, = {ug}j_,
such that uy € dom(L) for every k = 1,...,n, then we define u. as the piecewise constant
function

6:2) wlt) = {Zzl il r)(®) for £ € (0,n),

) fort=0
and we call u. an e-approxzimate solution of the Cauchy-GPME (subordinate to D).

We then have the following definition of a mild solution which first appeared as a formal
definition in [14]. It can be viewed as a uniform limit of “numerical approximations” to solutions
of the Cauchy-GPME obtained by the system of difference equations (3.1).

Definition 3.3 (Mild solution). If T < +o0, we say that u: [0, T] — ¢! (X, u) is a mild solution
of the Cauchy-GPME problem if u € C ([0, T); 01 (X, u)) and u is obtained as a uniform limit of
e-approximate solutions. Namely, for every € > 0 there exists an e-discretization D, of ([0, T]; f),
as in Definition 3.1, and an e-approximate solution u, subordinate to D, as in (3.2), such that

llu(t) —uc(t)]| <e for every t € [0,t,] C [0, 7.
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If T = 400, then we say that u is a mild solution of the Cauchy-GPME if the restriction of u
to each compact subinterval [0, a] C [0,+00) is a mild solution of the Cauchy-GPME on [0, a].

We next introduce two further classes of solutions, namely, strong and classic solutions. Fol-
lowing the definitions, we will discuss the relationship between these notions.

Definition 3.4 (Strong solution). We say that u: [0,T] — ¢! (X, ) is a strong solution of the
Cauchy-GPME problem if

u(t) € dom(L) for every t € [0,T7;

u e C([0,T]; 61 (X, ) N Wier ((0,T): €1 (X, ));

Owu(t, ) + Adu(t,x) = f(t,x) for almost every t € (0,7);
u(0) = wp.

Definition 3.5 (Classic solution). We say that u: [0,T] — ¢! (X, ) is a classic solution of the
Cauchy-GPME problem if

e u(t) € dom(L) for every t € [0,T7;

e ue C([0,T) 0" (X,p)NCH((0,T); * (X, p));

o Owu(t,x) + Adu(t,z) = f(t,x) for every t € (0,T);
e 4(0) = up.

In the literature, mild solutions are also known by other names: they are called limit solutions
in [48] and weak solutions in [46]. In [5], P. Bénilan and H. Brézis introduced the definition of
faible (i.e., weak) solutions of the abstract Cauchy problem

{atu(t) + Au(t) = f(t) forte (0,T),

(3.3) (0 —

as a uniform limit of strong solutions u, of (3.3) with f replaced by f, where f, — f in
LY[0,T; E).

Clearly, a classic solution is a strong solution. The fact that a strong solution is a mild solution
assuming that f € L ([0, T); ¢! (X, p)) is a standard result, e.g. [6, Theorem 1.4]. Therefore,
assuming f is strongly measurable and locally Bochner integrable, we have compatibility of the
three different definitions in the sense that classic solution = strong solution = mild solution
in order of descending “regularity.” As a final remark, we observe that a mild solution may
not be differentiable and does not necessarily satisfy the Cauchy-GPME in a pointwise sense.
Nonetheless, this notion is known as the most natural one of the generalized notions of solutions

of (3.3).

4. EXISTENCE AND UNIQUENESS OF MILD SOLUTIONS

The theory of nonlinear operators on Banach spaces is well-established. We refer the interested
reader to [48, Chapter 3|, [3, Chapter 4] or [1, Appendix A] and references therein for well-
organized summaries of all of the main results.

If the operator £ = A® is accretive and such that for every e > 0 there exists an e-approximate
solution as in Definition 3.2, then it is possible to infer the existence and uniqueness of mild
solutions for the Cauchy-GPME, relying on some consequences of a result due to P. Bénilan,
see [4] and [6, Theorem 3.3], which is an extension of the famous Crandall-Liggett theorem,
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see [15]. The main idea is the following: Given ug € ¢! (X, ) and an e-discretization D, as in
Definition 3.1, then solving system (3.1) means solving the equation

(d +MAP)up = up—1 + A fr

with

u, € 01 (X, 1), duy, € dom(A), Aduy, € (1(X, 1)
for every k =1,...,n where Ay > 0 and f, € £! (X, ). This is doable, in particular, if
(4.1) ([d+AAP)u =g

is solvable for any g € ¢}(X,p), A > 0 and the solution u € ¢}(X, ) is such that ®u € dom(A)
and Adu € (X, u). Therefore, if £ is m-accretive, then we would get existence and uniqueness
of mild solutions in one step.

For example, in Euclidean case, when X = () is a bounded domain in R", then the accretivity
property holds for £ := A® defined on

dom (L) == {u e L' (Q) | ®(u) € W (Q), Adu € Ll(Q)}

where the Laplace operator A is understood in the sense of distributions. The difficult part is
to prove the m-accretivity, i.e., to prove that for every g € L'(Q) there exists u € dom (£) that
is a solution for equation (4.1) for any A > 0. To circumvent the direct approach, it is common
to switch to an equivalent formulation, namely, having defined v := ®u and u = Vv = & v,
the question is whether the equation

(T+ XA =g

admits a solution v in
{v eWH(Q) | Av e Ll(Q)}.

The positive answer to this question in the Euclidean case was given by H. Brézis and W.
Strauss in [9]. In particular, the trick of this approach is to relate the m-accretive property of
the nonlinear operator L to suitable properties of the linear operator A which is easier to handle.

The main issue in the discrete setting is to prove existence of solutions under minimal as-
sumptions on the underlying graph G. Indeed, while the accretivity of £ can be established for
any finite graph, see Corollary B.3 in Appendix B, the accretivity of £ can be a tricky property
to prove for more general graphs. Moreover, the hypothesis required to make use of the result in
[9], which are satisfied by the Euclidean Laplacian A over bounded domains €2, are, in general,
not satisfied by the graph Laplacian. Consequently, we are forced to step back and to prove
“by hand” the existence of e-approximate solutions u.(t) for every e > 0 with the property that
u(t) belongs to a dense subset of dom(£) where L is accretive.

The idea is to find a solution u to (id +AA®)u = g by building u as a limit of a sequence
{Uv,} where the v, are solutions of (¥ + AA,)v,, = g, on suitable restrictions of the graph G
to finite subgraphs. In particular, we will see that this can be achieved by decomposing G as an
infinite ascending chain {Ggi ,, }72; of finite connected Dirichlet subgraphs.

After this introduction, we are now ready to prove our main results. In Theorem 1 we will
prove the accretivity of the operator £ on a suitable dense subset of dom(£) and the surjectivity
of id +AL on the non-negative/positive cones of /!(X, ;1) and, under three different additional
hypotheses, on the entire space ¢! (X, u1). In Theorem 2 we will then establish the existence and
uniqueness of mild solutions for the Cauchy-GPME problem. As a concluding application, in



THE GENERALIZED POROUS MEDIUM EQUATION ON GRAPHS 17

Corollary 4.2, we prescribe some hypotheses on the graph that guarantee that a mild solution
is indeed a classic solution.

4.1. Proofs of the main theorems. Let us recall that £ is the operator
L:dom (£) C (X, p) — 01 (X, ),
dom (£) = {u € ' (X, p) | Pu € dom (A), Adu € £' (X, p)}

whose action is given by
Lu = Adu,

and that for a subset Q2 C dom (L), we write L for the restriction of £ to 2. The extra
hypotheses listed in Theorem 1 are
(H1) G is locally finite;
(H2) infyex p(x) > 0;

EyGX w(x,y) 1 1
(H3) sup,ex =45/ < o0 and ®(£1(X, p)) € (X, p).

Proof of Theorem 1. We divide the proof into several steps. From Steps 0 to IV we will
assume that G is connected. To help orient the reader, we first give a brief outline of the structure
of the proof: In Step 0, we will introduce a sequence of operators L, : Co(X) — (X, 1) and
discuss that for every graph G there exists a dense subset 2 C dom(L) where L is accretive.
Later, we will show that all solutions of the equation (id +AL)u = g that we construct along the
way belong to ). In Step I, assuming that G is finite, we will prove that id +AL is surjective
and preserves nonnegativity /nonpositivity and also give an upper bound of the norm of the
solutions with respect to g. This step plays a crucial role in proving the surjectivity of id +AL in
the infinite case where we will approximate the graph G by an ascending chain of finite Dirichlet
subgraphs. In Step II, given A > 0 and g € /(X 1), we will show that there exists a sequence
of compactly supported functions u, and u € ¢*(X,u) such that lim, e ||un, — ul| = 0 and
limy, 00 ||(in,00 idn 7n + ALy )u, — g|| = 0. Using this construction, in Step III we will show
that u solves (id +AL)u = g for every g € (X, 1) and that u € Q. In Step IV-H1,-H2,-H3
we will prove that u solves (id +AL)u = g for every g € £1(X, 1) and that u € Q under any one
of the three different assumptions (H1), (H2) and (H3). Finally, in Step V we remove the
assumption of connectedness that we used while proving Steps 0 to I'V.

Step 0 (When G is connected, there exists a dense subset {2 of dom(L) where L|q, is accretive):
This is exactly the content of Lemma B.8 in Appendix B. To help orient the reader, we recall
here the notations involved and the definition of Q. If G is finite, then Q = dom(L) = C(X).
If G is infinite, we take an exhaustion {X,}72; of X, i.e., a sequence of subsets X,, of X such
that X, € X, 11 and X = U2, X,,, where we assume that each X,, is additionally finite, along
with the canonical embedding i, ~ and the canonical projection m,, for each X,,:

ino0t C(Xn) = C(X) i otu(z) = 4 B T € Xn,
| ’ 0 ifzeX \ Xn;
T - C(X) — C(Xn) TFnU(J,') = ’U,(;I;) for every x € XTL

At this point, the exhaustion {X,}7°; can be arbitrary but should consist of finite sets. We
then define the operators £,, as in Definition B.1, namely,

Ly, dom (L) C M (X, pu) — 01 (X, p)
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with
dom (L) = Ce(X), Lpu = 1in000dirnPmTru

where Agj; 5, is the graph Laplacian associated to the Dirichlet subgraph Ggi;,, € G on the node
set X,,. Then, the set €) is defined as

Q= {u e dom(L) | I{up}n s.t. suppu, C X,,, lim |u, —u| =0, lim ||L,u, — Lul| = 0}
n—oo n—oo

where suppu, denotes the support of the function wu,. We have Q = dom(L) = ¢}(X,pu) by
Lemma B.7 and that £q is accretive by Lemma B.8.

Step I (When G is finite and connected, id +\L is bijective and preserves nonnegativity /nonpositivity):
Assume that G is finite and connected, i.e., | X| = n. In this case,

dom(A) = C(X) ~R",  ¢1(X,u) = (C(X), | -[)  with [Ju]] = Y Ju(@)|u().
zeX

Fix now A > 0. Writing 1) :== ¢~ and v := ®u, we can rewrite equation

(4.2) ([d4+AAP)u =g
in the equivalent form
(4.3) (T + XA =g.
Clearly, 1) is strictly monotone increasing, ¥(R) = R and #(0) = 0.

Let us enumerate the nodes of X, that is, we write X = {x1,2z9,...,2,}. Owing to the
isomorphism between C'(X) and R”, we identify n-dimensional vectors and real-valued functions
on X in the standard way, that is, given v € C'(X) we associate to v the vector v = (vy,...,v,) ==

(v(z1),...,v(xy)) and vice-versa. Define M : R™ — R"™ by
Mv = (¥ + AA)v.

Let us observe that:

i) (Pv); = ¥(v;) for every i = 1,...,n where ¢: R — R is surjective and strictly monotone
increasing;
ii) For every A > 0, AA is a diagonally dominant matrix (e.g., [39, Definition 6.1.9]), i.e.,

(M), = —— Ii(xi)+2w(xi,:cj) > Zw(:pi,xj) :Z‘(AA)” , Vi=1,...,n.
i G J#i
Therefore, by [71, Theorem 1], for every g € R™ there exists a unique solution v to the equation
Mv =g.

We now show that the norm of the solution is bounded above by the norm of g. Let v be the
solution of (4.3) with right-hand side g. Since 1) is strictly monotone increasing and (0) = 0,
we get

sgn (v(x)) = sgn (Po(z)) .
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By Proposition B.2, and recalling that v = ®u, i.e., u = Vv, it follows that

ZAU x)sgn (Vo(x Z Adu(x)sgn (u(x)) p(x) > 0.
reX reX:
u(x)#0

Therefore, we conclude

(4.4) lull = [ ¥oll = Y Yo ()| p(e)

zeX

= 3 Wo(a) sgn (Bu(a)) u(e)

rzeX

= Z x)sgn (Vo(x —A Z Av(z)sgn (Yo(x)) p(x)

xeX rzeX
<3 gla)sem (o) p(e)

reX
< llgll-

By Case 2) of Theorem A.2; if g > 0, then v > 0, and if g < 0, then v < 0. Consequently,
u = Wo has the same sign as g. Therefore, if G is finite we can conclude that for every
g € 5T (X, 1), the unique solution u of (4.2) belongs to £ (X, 1) and satisfies |Ju| < |g]|.

Step II (Constructing a solution when G is infinite and connected): We want to show that if G
is infinite and connected, then for every fixed A > 0 and g € £}(X, i) there exists u € /(X p)
and a sequence {uy,}, such that

(4.5a) supp uy, C Xp;
(4.5Db) lim ||u,, — ul|| = 0;
n—oo
(4.5¢) lim || (in,c0 idn 70 + ALp) Uy — g|| = 0
n—oo

where id,, is the identity operator on C'(X,). We divide this step into two sub-steps consisting
of the cases when ¢ is nonnegative (or nonpositive) and then general g.

Step II-1 (g € /Y*(X, u)): Assume that g € ¢4 (X, ). By Lemma A.4, we can choose the
exhaustion {X,}7° ; with the following additional properties:

(o]
(4.6) X C X1, X =JXn

and such that the set

(4.7) {r e X, |z~yforsomey e X411\ X}
is not empty for all n. For each n, we define the subgraph

(4.8) Gairn = (Xn, Wn, Kdirps in) C G

as a Dirichlet subgraph of GG, see Definition 2.3. That is,

® Wp = WX, xXy>
® [n = H|X,5
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o for every z € X,,, bair () = Zyeéx w(z,y);
o for every x € Xy, fdirn(2) = Kix,, () + bair,n ().
If we define

00Xn,n+1 ={r € X, |y € Xpy1\ X, such that x ~ y},
éXn,nH ={y € Xp+1 \ Xy | Iz € X,, such that = ~ y}
which are not empty by construction and
V() = > w(z,y)
y€O0Xn ni1
then, for every x € X,,, it holds that
Kdirn (T) = Kix,, (T) + bair,n (2)

— ki, @)+ S wlay)

yeéXn
= Kx,n @+ Y w(z,y)
= K| Xpt1 (:U) + Z w(x,y) + Z w($7y)
YEX\Xn+1 YEXn+1\Xn
= KX (l‘) + Z ’U)(l’,y) + Z U)(CC,y)
yEéXn+1 yEéXn,n+l

= R|Xpt1 (1’) + bdir,n+1($) + b:iir,n(x)
= ’{dir,n+1(m) + biﬁr,n(‘r)‘

So, the collection {Ggirnnen is a sequence of connected finite Dirichlet subgraphs such that
each subgraph G, 5, is a Dirichlet subgraph of Ggir n+1, that is,

Gairq C ... C Gairn C Gairnt1 C ... C G
Denoting by
in: O(Xy) = C(Xnt1), ineo: C(Xp) = C(X), m,: C(X)—=C(Xy)
the canonical embeddings and projections, respectively, define
gn = Tng where g € (2T(X, p).
From Step I, for every n € N there exist 0, € C(X,,) such that ¢, > 0 and
(4.9) (U 4+ Mdirn)0n = Gn.

Setting
In(z) = (U + Mdirnt1)in0n(z) € C(Xnt1)
by Lemma A.1, and the fact that every Ggir,, is a Dirichlet subgraph of Ggir 5,41, we have

(U + Mdirnt-1)in0n(2) = (¥ 4+ Mgir,n)0n(z) Vo e X,
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and
gn(x) if v € X,,,
Qn(m) = _ﬁ ZyGXn w(x, y)@n(y) if v € 8)(nm—i-l)
0 if z S Xn+1 \ (Xn U 3Xn,n+1).

Since 0 < 0, and 0 < gp11, it follows that g,(z) < gnyi1(x) for every z € X411 \ Xp. In
particular, from the fact that g, +1(x) = gn(x) for every x € X,,, we get g, < gn+1. By Corollary
A.3, we have i,0,, < 0,41, and by the fact that ¢ is monotone increasing and ¥ (0) = 0, we have

Wiy < Wipp1 and  Winon(z) = inWon(x) = {Z)/’(ﬁ”(x)) ii i §:+1 X
Therefore, 1, V0, < ¥9,41. In particular, we get

(4.10) 10,0000 () = 41,0000 00 () < ipt1,000n+1(2),

(4.11) 100 Ui () = i 1.00in U0 (@) < inpt00 Ping ()

for every x € X. Moreover, writing ty,(x) = ¢ (0,(x)) > 0 for every x € X,, and indicating by
|| - || the restriction of || - || to C(X,,) from (4.4) we have

0 < dn(2)u(z) < Y dn(z)n(z)

zeXy
= [[tnlln < llgnlln < gl
that is, for every fixed z, 4, (z) is bounded uniformly in n. In particular, writing
U, = i 0olp € Ce(X) and Up, = ip oolly, € Co(X)
it follows that

(4.12) Vo, (z) = up(z) € [O, 'Lj(gva)] )

Consequently, by (4.11) and (4.12), for every fixed x € X we have a sequence
(4.13) {un(x)}, = {Yun(2)},
that is monotonic and bounded. We can then define u,v € C(X) such that
(4.14) u(z) = lim u,(x) forz e X,
n—oo
(4.15) v = Pu.

Notice that, by construction, x € X,, eventually so that u,(x) = i, (z) eventually. In partic-
ular, by the continuity of ¢ and the fact that ¢ = ¢~}

v(z) = nh_)rgo U ()
and the limit is monotone. Moreover, u,, satisfies (4.5a), i.e., suppu, C X,, for every n and
(ldn +AAdir,n(p)7rnun = 0gn-
Therefore,
(in,oo ldn T + AEn)un = (1n,oo 1dn Ty + )\in,ooAdir,n(DTrn)un
= in,oo (ldn +)\Adir,n(p)7rnun

= in,oogn-
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In particular, since g € 1(X, ),
lim || (ip,00idy p + L) up — gl =0,
n—oo

which is exactly (4.5¢).

Let || - ||, be the restriction of || - || to C(X,,). Since every X,, is finite, from (4.4) in Step I
we obtain

[90nlln < [lgnlln
and, consequently, by Fatou’s lemma

(416)  llull < liminf flus]| = lim inf [Wo, | = limin W6, |, < liminf g, = [lg]-
In particular, v = Yo is in £7 (X, ). Finally, by dominated convergence, we get (4.5b), i.e.,
limy, o0 ||un — ul| = 0.
Step II-2 (g € £*(X, p)): Using the same notation as in Step II-1, we define for g € ¢*(X, p)
gn =09, gi =max{0, g,}, g, =min{0, g,}.
From Step I there exist 0, 0,7, 0, € C(X,,) that satisfy
(¥ + AAdir.n)0n = gn,
(4.17) (U + Mirn) 0 = 9,8
(¥ + AAdir;n) 0y = gy, -
Define
(4.18) Up = WOy, Uy = incolin.
Clearly, u,, satisfies (4.5a) and, by construction,

(ldn +)\Adir,n(1>)7rnun = 9n-

Therefore,
(in,00 1dn 7n + AL Un = (in,00 idn Tn + A oo Adirn @700 ) Un,
= ip,00(idn +AAGirn @) T Uy
= in,oogm
that is,

n—00

which is exactly (4.5¢).

Define now
+

12: = \Ifﬁ;f, u;t = imooﬂ;t, ut = lim Uy, .

n—oo

In particular, ut € £*(X, 1) is the monotone limit solution of (4.2) obtained in (4.13) and (4.14)
of Step II-1. In the same way, define 4, , v, and u~. Finally, define

vt = dut, v = du”

as in (4.15) of Step II-1. Let us observe that, by the definitions (4.17)-(4.18) and Corollary A.3,
and monotone limits, it holds that

Up(z) = dp(x) < 4f (z) <ut(z) ifz e Xy,
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and

u (z)
u (x)

IN

U, (z) < Up(z) = up(z) if x € X,
) ifz ¢ X,

IN

= up(x
In particular,
u” (z) <up(z) <ut(z), VYzeX,neN,
that is, for every fixed € X the sequence u,(z) is uniformly bounded in n with
(4.19) lun(2)] < ¢ = max {|u” (2)], |ut(z)|]} <oco VneN.
Therefore, by passing to a subsequence using a diagonal sequence argument, the limit functions

u(z) = nh_)rr;o up(x) = nh_)rgo Yo, (z),

v = Qu
exist and are well-defined on X. By the same arguments in (4.16), it follows that
(4.20) lull < llgll and  u=Wv e (X, p).

Moreover, from the previous Step II-1 we know that u*,u~ € ¢}(X, ) and then from (4.19)
it follows that |u,| is bounded above by an integrable function. By dominated convergence, we
get (4.5b), i.e., limy o0 ||un, — ul| = 0.

Step IIT (When G is infinite and connected, id +ALjq maps bijectively onto (X, p)): We
want to show that the function v € £1*(X, i) that we constructed in Step II-1 as limit of a
sequence of finitely supported functions {uy, } is a solution of (4.2) which belongs to 2. In order
to do so, it remains to show that:

(4.21a) u € dom(L);
(4.21b) (id4+AL)u = g;
(4.21¢) li_>m | Lrun — Lul| = 0.

Let us now highlight that v, = ®u, € C.(X) C dom (A) for every n, that is, Av, is well-
defined. Since, for every x € X,

Z nangO w(z,y)vp(y) = T}Lﬁgo Z w(z, y)vn(y)

yeX yeX
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by (4.10) and monotone convergence, and recalling that every Ggi», is a Dirichlet subgraph of
G for every n € N, by Lemma A.1 we get

A
To(e) + 75 [deselvle) - y;{w(fm y)v(y)

= lim | Qvn(z) + —— |deg(@)vn(x) — Y w(z, y)vn(y)

n—00 M(x) yeX
= lim (¥ + AA)vy,(z)
n—oo
= ILHI (‘If + )\Adir,n) ﬁn (33)
(4.22) = lim gn(z) = g(x).

Notice that along the way we used the fact that 1 is continuous. Moreover, by Remark 1, we
observe that v € dom (A), that is, Pu € dom (A) and

(W + AA)o(z) = g(),

namely, v is a nonnegative solution of (4.3) and thus w is a nonnegative solution of (4.21b).

By the fact that AA®u = g — u and g,u € £*(X, u), we obtain Adu € £1(X, ). We can then
conclude that u € dom (£), i.e., (4.21a). Let us prove (4.21c): By the fact that A\Lu = g — u we
obtain

| Lrntn — Lul| < < ([(in,00 idn Tn 4+ AL Uun — gl + [|in,c0 idn Trwn — ul])

[ = > =

(4.23) =~ (I(in00idn 700 + AL )tun — gl + [Jun — ul))

A

and we conclude (4.21c) by using (4.5b) and (4.5¢).

In particular, we have shown that for every A > 0 and g € ¢1(X, i) there exists a unique
u € QN (X, pu) such that (id+AL)u = g, and |jul| < |lg|. If g € £%7(X,pu), then the
arguments of the proof are completely symmetric and the (nonpositive) solution u can be built
as monotone decreasing limit.

Step IV (When G is infinite, connected and satisfies assumptions (H1), (H2) or (H3), then
id +ALjn maps bijectively onto ?*(X,p)): The statement follows immediately by the same ar-
guments in Step III if we can show that u € dom(L£) and

(id+AL)u =g.
We divide this step into three sub-steps.
Step IV-H1 (G is locally finite): Let us highlight that dom(A) = C(X) because of the local
finiteness of G so that v,,v € dom (A), that is, Av, and Av = Adu are well-defined. Further-
more, by the local finiteness of G, for every fixed x there exists a finite number of nodes y € X

such that w(z,y) # 0. By Lemma A.5, we can assume moreover that the sequence {X,}5° ; in
addition to (4.6) and (4.7) also satisfies

o0
)%n C )?nH and U Xn = X.

n=1
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Let N = N(x) be such that = € X,, for every n > N. As a consequence, for every fixed z € X,
the series are in fact finite sums and, passing to the limit, we get

hmz (x,y)|vn(y \—hmz (x,y)|vn ()]

yeX yeXN

= Z nlggow(x,y)lvn(y”

yeX

Therefore, by the above considerations, we have

(¥ + AA)v(z) = lim (¥ + AA) v, ()

n—o0

= lim (\I’ + )\Adir,n) @n (x)

n—00
= lim g, (2) = g()

where the second equality follows from Lemma A.1 (and the fact that every Gaiy,, is a Dirichlet
subgraph of G for every n € N).

Since AA®u = g — u, we get Adu € (1(X,p), ie., u € dom(L). By the same arguments
as in Step III, see (4.23), we can check that u € Q. By the accretivity of L we obtain the
uniqueness of u. In particular, we have proven that for every A > 0 and g € £!(X, u1) there exists
a unique u € Q such that (id +AL)u = g, and |Jul| < [|g]|.

Step IV-H2 (inf,cx p(z) > 0): Once we show that for every fixed x € X
(4.24) > lim w(z,y)loa(y)l = lim »  w(@,y)lva(y)] < oo,

yeX yeX

that is, v € dom(A) and limy, oo Avp(z) = A (limy o0 vp) (z) by dominated convergence, then
we can conclude the proof as in the final part of Step IV-H1. Indeed, one of the main issues
in the previous steps was to show that the solution v of equation (4.3) belongs to dom(A) so
that (¥ 4+ AA)v is well-defined. If this is established, we can apply the same arguments as in
(4.22). However, here (4.24) is immediate: By the uniformly lower boundedness of the measure
p it follows that £1(X, u) C £°°(X, i) and, since Wv = u € £}(X, pn), we get v € £°°(X, 1) by the
surjectivity of ¢. So, v € dom(A) and (4.24) follows.

2yex w(@y)

Step IV-H3 (sup,cx me) < ¢ < ooand ®(£') C ¢'): The reasoning of the previous step

applies here as well. By (4.20) we have u € ¢*(X, ) and from the hypothesis on @ it follows
that v = ®u € £1(X, ). Therefore,

S wle,p)lo(y)| = 3 Y < 3 sup ZX L) < ] < o

e o M(y) & - u(z)
Thus, v € dom(A) and (4.24) holds.

Step V (Constructing a solution when G is not connected): Assume now that G is not connected
and write X as a disjoint union of connected components, that is, X = |_|£<:1 Y). where Y} are
connected components of X and K € NU {co}.

We first observe that, if u € dom(A) and z € Yy, then Au(z) = Apmru(x) where Ay is the for-
mal graph Laplacian associated to the canonical induced subgraph Gy = (Y, Wiy x Yy s BV, ,U,ka)
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and 7, is the projection onto C(Y}). We then write Li: dom(Ly) C 01 (Y, pyy,) = 0 (Y, tiyy;,)
where

dom(Lk) = {’U S A (Yknu|Yk) | v € dOm(Ak), Apdv € o (Yk,myk)},

Lrv = Ap®do.

Notice that if u € dom(L), then mpu € dom(Ly) for every k and Lu(z) = Lymru(z) for every
T €Y.

Now, for every Yj, we fix an exhaustion {Y},}, as in Lemma A.4 and define the set €2
associated to the subgraph Gy and {Y} ,, }, as in Definition B.5. As we already know from Step
0, Ly is accretive on (.

We next define

Q={uecdom(L) | I{ur}x s.t. up € Q for k=1,..., K, mpu = uy}.

By Lemma B.6, C.(X) C dom(L). Furthermore, by Lemma B.7, for every u € C.(X), ui =
mru € Ce(Yy) C Q. Tt follows that C.(X) C Q and, in particular, Q = dom(£) = ¢}(X, ). It
is not difficult to show that L is accretive on 2, as each L is accretive on ;. Indeed, for every
u,v €

[(u =) + A(Lu = Lo)|| =

M=

||(7rku — 71']#)) + A ([,kﬂku — ,Cﬂ'kv)HYk

k=1

M T

[ (ur — vk) + A (Lrur — Livg) Iy,

> Nug = velly;, = |lu— ]|

>
I
—_

Finally, fix ¢ € #1(X,u) and A > 0. Clearly, if g € %% (X, ), then g € Elvi(Yk,myk) for
every k and, if G satisfies one of the assumptions (H1), (H2) or (H3), then G}, satisfies the
same property for every k. Therefore, for every k, let ux € C(Y)) be the unique function in
which solves

(idg +AALP)uy, = Trg

as constructed in Steps I to IV above.
Now, define

u(x) == ug(z) if x € Yy.
The function u has the following properties:
i) ®u € dom(A) since Puy € dom(Ay) for every k;
ii) u solves (id +AA®)u = g.
Moreover, by (4.20)

K K
D lurllyi <) lImwglly = lgl
k=1 k=1

and thus ||u|| < ||g|. Therefore, u € (X, ) and A®u = g —u € £*(X, p), that is, u € dom(L).
In particular, u € Q.
This completes the proof of Theorem 1. O



THE GENERALIZED POROUS MEDIUM EQUATION ON GRAPHS 27

Remark 5. As the proof shows, the conclusion of Step V follows under the weaker assumption
that at least one of the conditions ¢ > 0, ¢ < 0, (H1), (H2) or (H3) in the statement of
Theorem 1 holds in each connected component Y; of X, not necessarily the same condition for
different Y.

Using the constructions carried out in the proof of Theorem 1, we can now prove the existence
and uniqueness of solutions for the Cauchy-GPME.

Proof of Theorem 2. From the definition of mild solutions, Definition 3.3, without loss of gen-
erality we can suppose that 7' < co. Then, since f € L{ ([0, T];¢* (X, p)) = L* ([0,T]; ¢* (X, ),

there exists an e-discretization D, of ([0, T7; f) for every € > 0. Let us observe that solving (3.1),
i.e.,

Uk — Ug—1
v + Aduy, = fy, Ap =t — g1
for K =1,...,n means to solve at each step the equation

(id + A\ AP)up, = up—1 + M f
in such a way that
up € 01 (X, 1), duy, € dom(A), Aduy, € 01X, )

where A\, > 0 and f;, € ¢! (X, ). Therefore, given ug and {fx}7_;, the solution {u;}7_, (if any)
of (3.1) is computed recursively starting from

(4.25) (id —i—)\lA(I))ul = ug + )\1f1.

If ug, fi € £(X, 1) are nonnegative (nonpositive), then g := ug + A1 fi € 5T (X, ) and by
Theorem 1 there exists a unique nonnegative (nonpositive) solution u; € Q of (4.25). Iterating
the procedure, each ug_1 + A\pfx € ¢2F(X, ). Therefore, for every € > 0 there exists an e-
approximate solution u, of the Cauchy-GPME (see (3.2)), such that u.(t) > 0 and u.(t) € Q for
every t € (0,T]. In Theorem 1 we also proved that L is accretive and Q = dom(L) = ¢1(X, )
by Lemma B.7.

Therefore, summarizing, we have that:

1) By hypotheses a), i), and ii) we have ug > 0, ug € ¢}(X,n) = dom (£|Q) =, and
felLl ([O,T];£1 (X, u)), respectively;
2) Lq is accretive;
3) For every ug > 0 and f(t) > 0, there exists an e-approximate solution u. such that
ue(t) > 0 and u(t) € dom (L) = Q for every t € (0,77
Then, by standard results (see [6, Theorem 3.3] or [3, Theorem 4.1]), there exists a unique mild
solution u of the Cauchy-GPME which satisfies (1.1). Since the limit is uniform and u.(t) > 0,
then u(t) > 0 and u(t) € £1(X, u) for every t € [0,T]. The validity of (1.2) is again standard, see
[3, Theorem 4.1]. If ug < 0 and f(¢) < 0, then we get the same results in a completely analogous
way.

Under the extra hypothesis (H1), (H2) or (H3) in Theorem 1 we have established the m-
accretivity of L|q which implies the existence of e-approximate solutions for every € as above.
Therefore, under the hypotheses i), ii) and b), there exists a unique mild solution u of the
Cauchy-GPME which satisfies (1.1) and (1.2), see [3, Corollary 4.1]. O

We now recall the following general result see, e.g., [13, Proposition 3| or [6, Theorem 1.6].
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Proposition 4.1. Let f € LL ([0, T]; ¢* (X, u)). Let dom(L) be closed and let L be continuous
on dom(L). If u is a mild solution on (0,T), then u is a strong solution and u satisfies for every

0<t<T
t t
u(t) = u(0) —/ Eu(s)ds—i—/ f(s)ds.
0 0
Moreover, if f € C([0,T]; £* (X, u)), then u is a classic solution.

We now provide a direct application of the proposition above to the graph setting.

Corollary 4.2. Let G = (X, w, Kk, i) be a graph. If

(i) sup,cx Deg(z) < oo;

(ii) ®: 01X, ) — (X, 1) is continuous;
then dom(L) = £1(X, ) and L is continuous. In particular, the conclusions of Proposition 4.1
hold.

Proof. Let u € £1(X, ). By (ii) we have that ®u € ¢1(X, 1) and then by (i)
> wlay)eu)) < e Y oluly))luly) < oo

yeX yeX

for some ¢; > 0, that is, ®u € dom (A) N ¢Y(X, ). Let us recall from [38, Theorem 9.2] or [44,
Theorem 2.15] that the formal graph Laplacian A is bounded on £}(X, i) (indeed, on ¢P(X, p)
for all p € [1,00]) if and only if (i) holds. Therefore,

|ADu|| < o] Pul| < 0o

for some ¢y > 0, namely, A®u € ¢*(X,u) and dom(L) = (X, ). Therefore, by (ii), £ is
continuous as the composition of continuous operators is continuous. ]

Remark 6. Observe that, if G is finite, then both hypotheses (i) and (ii) in Corollary 4.2 are
trivially satisfied and if f is continuous, then the Cauchy-GPME always has a unique classic
solution for any ¢.

About hypothesis (ii), if G is not finite, one condition that ensures the continuity of ® is if
¢ is Lipschitz continuous with uniform Lipschitz constant. Another sufficient condition for the
continuity of the operator ® on ¢1(X, u) is that u is bounded away from zero, i.e., assumption
(H2) and that ¢ is uniformly Lipschitz on every interval [—R, R]. This is for instance the case
of the PME where ¢(s) = s|s|™ " with m > 1.

To prove these statements, recall first that we are assuming ®(¢*(X, ) C (X, 1) and that
if infoex p(x) > ¢ > 0, then £1(X, u) C (X, p) and ||uljoe < ¢ t|ul]y for every u € £1(X, ).
Therefore, if ||u, — ull; — 0 then |u, — u| is uniformly bounded. In particular, there exists
R > 0 such that u,(z),u(x) € [-R, R] for every z € X and for every n € N. Consequently,
|p(un(z)) — Pp(u(x))| < Lg|un(xz) —u(x)| where L is the Lipschitz constant of ¢ on [—R, R] and
then ||®u, — Pu|; — 0.

APPENDIX A. AUXILIARY RESULTS

In this appendix we collect several results which are used in various parts of the paper. The
first result concerns the relationship between the Dirichlet Laplacian and restrictions of the
formal Laplacian. For related material, see [43, 44].
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Lemma A.1. Let G = (X, w, k, ) be a graph, let A be a subset of X such that 0A # () and let
Gair = (A, W ax A Kdirs 1y 4) be the Dirichlet subgraph associated to A. Define

;AL4:dOH103Vo - CK)()—?(704)
with

dom (A,) = uEC(X)|u50onX\A,Zw(x,y)|u(y)|<oo Vee Ay,

yeEA
Ajqu(z) = Au(z) for every x € A.
Then, we have the following commutative diagrams
dom (Agir) LI dom A|A) dom (A|A) —"— dom (Agir)

Dy Ds:
1 m lAM 2 \ iAdlr

where i and 7 are the canonical embedding and the canonical projection, respectively, as defined
n (2.3). In particular, we have Agiy = Ajai, Agem = A4 and

Agipv(x) = Aiv(x) Vo € dom(Agy) € C(A), Vx € A,
Agipmu(x) = Au(z) Vu € dom (A4) € C(X), Vo € A

If every node in OA is connected to a finite number of nodes in A, then

dom (A)4) = dom (A)N{u e C(X) |u=0 on X\ A}
and Ajqu can be uniquely extended to X for every u € dom (A‘A) in such a way that

Apu(r) = Au(r) Vo€ X,

that is, A4 is the restriction of A to the set of functions which vanish on X \ A.
Proof. Clearly, A4 is well-defined and

dom (A14) 2 dom(A)N{ue C(X)|u=0o0n X\ A}.
If every node in OA is connected to a finite number of nodes in A, then for every u € dom (A| A)

and x € X \ A
> wla,y) lu(y) = Y wlz,y) uly)] < oo.

yeX yebA
Therefore,
dom (A4) Cdom (A)N{ue C(X)|u=0o0n X\ A}
so that the two domains are equal as claimed. Furthermore, for every u € dom (A| A), we can

uniquely extend Aj4u to X \ A so as to satisfy Ajyu = Au by defining

1
Ajgu(z) = ) Z w(z,y)u(y) forx e X\ A.
a yeéA
Observe now that

dom (A4i) = {v € C(4) | iv € dom (A1) } € C(A)
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and if v € C(A), then
> w(@,y) liv(y)| = > wlx,y) [v(y)| for every z € A,

yeX yeA

Therefore, it is immediate to check that dom (Ag;,) = dom (A| Ai).
Finally, if v € dom (Agi;), then for every € A we have

~vx:i w x v(xr) —v Hdir(x)vx

Agir ( ) ,U|A(37)yze;4 \AXA( 7y)( ( ) (y))+ M\A(x) ( )
_ Ny, o) (ola) — K1A(2) + bair(2) .
= M|A(f'7)yz€;4 1axa(@,y) (v(z) —v(y)) + HA@) (2)
_ i ZyeéAw(Cva) k(z)
= ) 2 (o) (o) = ol + =)+ ()
—L w(x iv(x) —iv K@)vaz
_“"’")yex (z,y) (v(z) 1(y))+u(x)l()
= Aiv(x).

This concludes the proof of diagram D;. The proof of diagram D is basically the same following
suitable modifications. g

The next theorem is a comparison principle for a nonlinear operator. This result generalizes
[12, Theorem 2, Section 23.1] and [43, Theorem 8 and Proposition 3.1], see also the proof of
Theorem 1.3.1 in [72]. In particular, we relax the assumptions on the function u by letting it
not attain a minimum or maximum on X if the graph G does not have any infinite paths. We
recall that for us a path is a walk without any repeated nodes.

Theorem A.2 (Comparison principle). Let G = (X, w, k, u) be a connected graph. Let X > 0
and v € dom (A). Assuming that 1p: R — R is strictly monotone increasing and 1 (0) < 0 we
constder three cases:

Case 1) There exists xg € X such that u attains a minimum at xg, i.e.,

v(xg) = I}g)ff{v(:z:)} > —00.

Case 2) G does not contain any infinite path.

Case 3) G has an infinite path and for every infinite path {x,} we have Y, pu(z,) = oo and
there exists p > 0 such that ) |v(xn)[Pu(r,) < oo .

In all the three cases, if (¥ + AA)v >0, then v > 0.

Assuming instead ¥(0) > 0 and substituting v(zg) = supgex{v(z)} < oo for v(zg) =
infyex{v(z)} > —o0 in Case 1, if (V+ AA)v < 0, then v < 0. Moreover, in any case, if
v(z) =0 for some x € X, then v =0.

Proof. Let v € dom (A) be such that (¥ + AA)v > 0 for ¢(0) < 0 strictly monotone increasing.
If v > 0, then there is nothing to prove. Hence, we assume that there exists g € X such that
v(zg) < 0. We will show that this leads to a contradiction in all three cases.
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Since ¥ (0) < 0 and % is strictly monotone increasing,

k(o)
(A1) P(v(xo)) + )\#(-’EO)U(:CO) < 0.
Furthermore, as (¥ + AA) v(xg) > 0,
(A2) 0 < Dlofan)) + - 5wl ) (vGa0) = o) + A (o).

yeX

Combining the above inequalities (A.1) and (A.2), we get

R(.CC()) A
0<- wum»+AM%¢mm]sﬂmwggwmmwwmw—v@»

and because w(+,-) > 0 and G is connected, there exists y = x1 ~ xy such that v(z1) < v(zg).
In particular, v(z1) < 0.

Hence, we see that every node where v is negative is connected to a node where v is strictly
smaller. This is the basic observation that will be used in all three cases.

Case 1) From the discussion above, it is clear that v cannot achieve a negative minimum.

Case 2) Iterating the procedure above, we find a sequence of distinct nodes {x}}}_, such that
Ty~ X1~ ~ T, and
v(xg) <v(Tp—1) <...<wv(rg) <O0.

Since G does not have any infinite path this sequence must end which leads to a contradiction.

Case 3) In this case, we can obtain an infinite sequence {v(z,)}n such that {x,}, is an infinite
path and

o< v(zg) < v(Tp-1) < ... <wv(zg) <O0.
It follows that |v(zy)| > |v(zo)| > 0, for every n, and therefore

D lo(@n)Pp(an) > [o(zo)|P Y p(wn) = oo
n n
for every p > 0 which gives a contradiction.

Hence, we have established that v > 0 in all three cases. Now, if there exists g € X such
that v(zg) = 0, then

A
(o)

0 < Pou(zg) + ANo(zg) = — Z w(zo,y)v(y) <0

yeX

and thus v(y) = 0 for all y ~ xy. Using induction and the assumption that G is connected we
get v = 0.
The proof that (¥ + AA)v < 0 implies v < 0 when ¥(0) > 0 is completely analogous. O

Remark 7. The above proof also shows that if v satisfies (¥ + AA)v > 0, on any connected
graph, 1(0) < 0 and mingex v(z) < 0, then v = 0.
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Remark 8. A closer look at the proof shows that the conclusion of the theorem also holds for
the operator

ol + \A
where o € C(X) is positive.

Corollary A.3. With the hypotheses of Theorem A.2, let ¥(0) = 0 for ¥: R — R is strictly
monotone increasing. Let vi, vy be solutions of

(U + \A) v, = gi, A>0 and g, € C(X) fork=1,2.
If g1 = g2, then v > va.
Proof. Notice that, since 1 is strictly increasing and ¥ (0) = 0, there exists a positive function
o € C(X) such that
Y(vi(x)) — P(va(z)) = o(x)P(vi(z) — va(w))
for all x € X. Indeed, we can define

o(a) = {1 if v (2) = va(2)

% otherwise.

It follows that v; — v satisfies
U\I/(Ul—UQ)—l-)\A(Ul—’Ug) =g1—¢g2>0 on X
and the conclusion follows from Remark 8. ]

Remark 9. As in Remark 7, the proof shows that if vy satisfy (U + AA) vk = gk, g1 > g2 and
mingex {vi(z) — va(z)} <0, then vy = v9 and g; = g2 on X

Finally, in the following two lemmas we discuss how to exhaust the graph via finite subgraphs
which are nested and such that each subgraph is connected to the next subgraph. We note that
as we do not assume local finiteness, we have to take a little bit of care in how we choose the
exhaustion. Although this should certainly be well-known, for the convenience of the reader we
include a short proof.

Let d denote the combinatorial graph metric, that is, the least number of edges in a path
connecting two nodes. Fix a node z; € X and let S, = S,(z1) denote the sphere of radius
r=20,1,2,... about zg, that is,

Sy ={z € X |d(z,z0) =r}.

For z € S, we call y € X a forward neighbor of x if y ~ x and y € S,4+1. We will denote the set
of forward neighbors of = via Ny (x), i.e.,

N+(.’E> = {y ~ ’ d(:l/va) = d(xva) + 1}
We now use the set of forward neighbors to inductively create our exhaustion sequence.
Lemma A.4. Let G = (X,w,k, ) be a connected and infinite graph. Then there exists a
sequence of connected and finite induced subgraphs G, = (X, Wn, K, pn) with X, C X1,
U, X, =X and
{r € X, |x~y for somey € Xyi1 \ X} #0
for all n € Ny.
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1 €2

x0 xs3

FIGURE 4. Exhaustion of a locally finite graph G by a chain of Dirichlet sub-
graphs {Ggir,n}n. The figure is read from left to right, from top to bottom. The
chain {Ggirn}n is built starting from an inner node z by applying the recursive
procedure described in the proof of Lemma A.5. At each step n =1,2,3,..., the
interior nodes in X,, are green while the inner boundary nodes in 5Xn are light
green. The nodes belonging to the exterior boundary éXn C X \ X, are colored
in light gray. We can visually see how every subgraph Gg;,y is still “chained”
to the supergraph G by the Dirichlet killing term xgqi,,, which is depicted by red
rings and red dashed lines. In particular, each Gy, is a Dirichlet subgraph of
Gdir,n-‘,—l-

Proof. We arrange the forward neighbors of each node in a sequence. Let X; = {x¢}. For
X choose the first forward neighbor of zy and add it to X, that is, Xo = {zg,z1} where
Ny(xo) = {x1,29,...}. We note that Ny (x¢) # () as the graph is infinite and connected.
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Now, proceed inductively as follows: Given X,, let X,, 1 consist of X,, and, for every node
z in X, we add to X,, the first forward neighbor in Ny (z) which is not included in X,, to get
Xp+1. Let G, denote the induced subgraph.

As we only add at most a single forward neighbor for each node at every step, it follows that
each X, is finite with | X,,| < 2™. It is clear by construction that G,, is connected. Furthermore, as
the graph is infinite and connected, it follows that {z € X, | 2 ~ y for some y € X;,11\ X,,} # 0
for each n € N. Finally, to show that the union of the X, is the entire node set, let z € X.
Then, x € S, for some r which means that there exists a sequence {yk}zzo with yg = zg, yr =
and yy, € Sk such that yg41 € Ny (yk). As each node yg will then be included in some set of the
exhaustion X, it follows that = € (J;~; X,. This completes the proof. O

In the locally finite case, the above can be simplified by just using balls for our exhaustion
sets. See Figure 4 for a visual representation. In this case, it is also possible to exhaust in such
a way that we have an inclusion between the interiors of the exhaustion sets.

Lemma A.5. Let G = (X,w, K, u) be connected, infinite and locally finite. Then there exists
a sequence of connected and finite induced subgraphs G = (Xpn, Wn, Kn, tn) with X, C Xp41,
Xn C Xog1, Uply X = X and

{re X, |z~vy for somey € X1\ Xpn} #0
for all n € N.

Proof. We modify the construction of the previous lemma: We take X; = {zo} and, having
constructed X,,, we add to it all forward neighbors of nodes in X, to get X, 1. Thus, X,11 =
By (z9) = {z | d(x,z9) < n}. Since the graph is locally finite and connected it is clear that
UnX, = X and, since G is infinite, for every n at least one node in X,, has a forward neighbor
so that

{re X, |xz~yforsomeye X, 1\ X} #0.

Finally, since a node x,, in X,, has no forward neighbors if and only if it belong to X,, is follows
that Xn C Xn+1. ]

APPENDIX B. ACCRETIVITY

In this appendix we prove that there exists a dense subset 2 of dom (L) where £ is accretive.
This subset is of particular importance because every solution that is constructed while carrying
out the proof of Theorem 1 belongs to ).

From now on, if G is infinite, then we fix an exhaustion {X,,}>°, of X, i.e., a sequence of
subsets X, of X such that X,, C X,,;1 and X = U}, X,,, where we additionally assume that
each X, is finite. We denote by i,, o, the canonical embedding and by 7,, the canonical projection
for each X,,:

if X
o C(X,) = C(X) ioeu(r) = | V@) e e X,
: : 0 ifreX\ X
7 C(X) — C(X,) mpu(z) = u(x) for every z € X,,.

We remark that, for the purpose of the results collected here, the exhaustion {X,}2° is not
required to satisfy any additional properties other than that each X, is finite.
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We recall that on a graph G = (X, w, k, 1) the operator £: dom (£) C ¢! (X, pu) — £ (X, u)
is given by
dom (£) = {u € (X, p) | Du € dom (A), Adu € /1 (X, )}
Lu = Adu.

For a subset {2 C dom (£), we write L|q for the restriction of £ to (2.
We first introduce a sequence of operators £, whose purpose is to ‘nicely approximate’ the
operator L.

Definition B.1 (The operators £,). Let G = (X, w, k, 1) be a graph. We define
L, dom (L) C M (X, pu) — 01 (X, p)
by
dom (L) == Co(X), Lnpu:=ipccAdirnPmpu

where Agir ,, is the graph Laplacian associated to the Dirichlet subgraph Ggi;, € G on the node
set X,.

We are going to prove that L, is accretive for every n. This result will be a consequence of
the next proposition for finite graphs.

Proposition B.2. Let G = (X, w, k, 1) be a finite graph. Then,
Z (Adu(x) — Adv(x)) sgn(u(z) —v(x))u(x) >0 Yu,ve C(X).

u(@ ()
Proof. Define h := ®u — v € C(X). Since ¢ is strictly monotone increasing and ¢(0) =0
(B.1) sgn(u(z) — v(z)) = sgn((u(z)) — d(v(x))) = sgn(h(z))
and, therefore,
(B.2) (¢(u(z)) — o(v(x))) sgn(u(x) — v(x)) = h(z) sgn(h(z)) = |h(z)] =0 Ve X.
By the linearity of A and (B.1) we get
> (Adu(x) — ADu(x)) sgn(u(z) — = Ah(x)sgn(h(z))u().
reX: reX
u(z)#v(z)

Since G is finite, from the Green’s identity, see [37, 44], we get

> Ah(z) sgn(h(@)n (93)=% Y wlz,y) (sgu(h(x)) — sgn(h(y))) (h(z) — h(y))

zeX z,yeX
+ 3 k(2)h(x) sgn(h(x)).
rzeX
Combining the above identity with (B.2), we obtain

> Ah(z) sgn(h(@))u(e )Z% > wlz,y) (sgn(h(z)) — sen(h(y))) (h(z) — h(y)).

rzeX z,yeX

Setting, for ease of notation,
[(z,y) = w(z,y) (sgn(h(z)) —sgn(h(y))) (h(z) — h(y))
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we have:
i) If sgn(h(z)) = 0, then I'(z,y) = w(z,y)|h(y)| > 0;
ii) If sgn(h(y)) = 0, then I'(z,y) = w(x, y)|h(x)] >0
iii) If sgn(h(z)) = sgn(h(y)), then I'(z,y) = 0;
iv) If sgn(h(y)) = —sgn(h(x)), then I'(z,y) = 2w(z,y) ([h(x)| +[h(y)]) = 0.
We obtain I'(z,y) > 0 for every z,y € X and the required conclusion follows. O

We next show that £ is accretive on finite graphs.
Corollary B.3. Let G = (X, w, k, ) be a finite graph. Then, L is accretive.

Proof. By condition (ii) in Definition 2.4, an operator L is accretive if (Lu — Lv,u —v)4 > 0 for
every u,v € dom (£). From (2.5) in Remark 3, in the case of the !-norm we have

(k) =Nkl | Y @ln(@) + Y =(2)sen(k(z))u(x)

rzeX: rzeX:
k(z)=0 k(x)#0
> [kl Y z(x)sen(k(z))u(z) Yz k€ (X, p).
rzeX:
k(2)#£0
Therefore, to prove that £ is accretive on £}(X, i), it is sufficient to prove that
(B.3) Z (Lu(x) — Lu(x))sgn(u(z) —v(x))pu(z) >0 Vu,v e dom(L),
reX:
u(z)#v(z)
that is,
Z (AQu(z) — Aduv(z))sgn(u(x) —v(z))pu(x) >0 Vu,veC(X).
zeX:
u(z)#v(z)
Since G is finite, we conclude the proof by Proposition B.2. O

We next establish that the operators £, are accretive.
Corollary B.4. Let G = (X, w, k, ) be a graph. Then, Ly, is accretive for every n.
Proof. By (B.3) in Corollary B.3, it suffices to show that

Z (Lpu(x) — Lpv(z))sgn(u(x) —v(z))u(x) >0 Yu,v e dom(Ly,),

rxeX:
u()#v()
that is,
D (inooDdien @Tntu(2) = in oo Adirn @n0(2)) sgn(u(z) — v(x))u(z) =0 Vu,v € Co(X),
reX:
u(@)o()

Let us observe that the left-hand side of the above is equal to

E (Adir,nq)ﬂ'nu(l’) - Adir,nq)ﬂ-nv(x)) Sgn(ﬂnu(x) - ﬂnU(ZE))M(.T)
z€EXy:
Tpu(x)#Tpv(x)
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Since mpu, v € C(X,) and Agirp is the graph Laplacian associated to the finite graph Gair r,
with node set X,,, by Proposition B.2 we conclude that £, is accretive. (|

The sequence of operators £,, defines a subset §2 of dom(L). As we will see below, € is dense
in dom(£) and L restricted to €2 is accretive. Let us introduce the following notation for the
support of a function: Given u € C(X) we let

suppu = {z € X | u(x) # 0}.

We start by defining the subset of the domain of interest.

Definition B.5 (The set Q). Let G = (X, w, k, 1) be a graph. We define 2 C dom(L) by letting
2 :=dom(L) = C(X)

if G is finite and

Q= {u e dom(L) | I{up}n s.t. suppu, C Xy, nlgn;o |un, —ul| =0, nlgrolo | Lrun — Lul| = 0}
if G is infinite.

While the definition of €2 depends on the choice of the exhaustion, this set always contains all

finitely supported functions as will be shown in Lemma B.7. In order to establish this, we first
prove that the finitely supported functions are contained in the domain of L.

Lemma B.6. Let G = (X, w, Kk, 1) be a graph. Then, C.(X) C dom(L).
Proof. Let u € C¢(X). Then, u(x) = 37| ooy, (x) where a; € R and
I
! 0 otherwise.

Therefore, by linearity, A(C.(X)) C ¢(X, p) if and only if Ad, € £*(X, u) for every z € X. Fix
z € X and observe that

Z|A5 ZDeg +ZZ (z,9)[0.(y

rzeX rzeX rzeX yeX
= Deg(z )+ Z
reX
so that A(C.(X)) C ¢*(X, ). Since du € C.(X) for every u € C.(X), it follows that du €
dom(A) and Adu € (*(X, p), that is, u € dom(L). O

We now show that the set €2 contains the finitely supported functions.
Lemma B.7. Let G = (X, w, Kk, i) be a graph. Then, C.(X) C Q. In particular,
0 = dom(Z) = £1(X. 1)
Proof. Let us fix u € C.(X). From Lemma B.6, we know that u € dom(L). Define
u(z) ifzeX,,
0 otherwise.

U () = ipcomru(z) = {

Clearly, supp u, C X,, and lim,,_, [|un, — u|| = 0. Since, u € C.(X), there exists an N > 0 such
that u(x) = 0 for every x € X \ Xy. In particular, ®u,(z) = 0 for every z € X \ X,,, n > N
and ®u,, = Pu for every n > N.
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By Lemma A.1, we have ®u,, € dom(A|x, ) for every n > N and then
AdirnTnPup (z) = ADuy(z) = Adu(z) VzeX,, n> N,
that is,
Adir n T Puy, = w1, APy Vn > N.
Therefore, using the trivial fact that ®=,, = 7, ®,
Loty = in,00Adie nPTntn = 10,00 Adie n TnPn = in e ™ APU = iy ooy Lu, VN >N

and, since Lu € 1 (X, u), it follows that lim,, s || £nun—Lu|| = 0 by dominated convergence. [

To conclude this appendix, we prove that Lq is accretive.

Lemma B.8. Let G = (X, w, Kk, i) be a graph. Then, Lq is accretive.

Proof. If G is finite, then Q = dom(L) and L is accretive by Corollary B.3. If G is infinite, let
u,v € . Then, by the definition of €, there exists {up }n, {vn}n such that

lim ||u, —u|| = lim [jv, —v| =0, lim ||[Lpu, — Lul| = lim ||£,v, — Lo|| = 0.
n—o00 n—o00 n—o0 n—00
By the accretivity of £,, established in Corollary B.4 above, it follows readily that
l(u—v) 4+ A(Lu— Lo)]| = lim ||(up —vn) + A (Lpup — Lpvg)|| > lm ||u, — vy = [Ju—v].
n—oo n—oo
This completes the proof. ]

Remark 10. One might be tempted to identify 2 with
Q' ={uedom(L) | I{up}tn s:t. up € Co(X), lim [Ju, —ul =0, lim ||Lminu, — Lul| = 0}
n—oo n—oo
where Lin is the minimal operator, that is, Lynin = £|Cc( X)- It is possible to show that L is

accretive on ' but unfortunately € is not equal to €. In particular, the solutions that are
constructed in the proof of Theorem 1 may not belong to £’. The main problem is that

0 itreX,,
doyex, W@, yun(y) +g(z) ifre X\X,

and then ||(id +ALmin)un — g|| does not necessarily tend to 0. As a consequence, we cannot infer
that lim,, 0 || Lmintn — Lul| = 0.

|(id +ALin ) un(x) — g(x)| = {
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