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Serra-Capizzano (2017) [21, Conjecture 10.1], that is, the
sequence of geometric means {G(A,, By )} is a GLT sequence
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Spectral theory Conversely, the statement is generally false or even not well
GLT matrix sequences posed, when the symbols are not invertible almost everywhere
Momentary symbols and do not commute. In fact, numerical experiments are

Algebraic structures

; conducted in the case where the two symbols do not commute,
Matrix means

showing that the main results of the present work are
maximal. Further numerical experiments, visualizations, and
conclusions complete the present contribution.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

The concept of the matrix geometric mean has attracted considerable attention from
a large number of researchers in recent decades due to its elegant theoretical foundations
and growing significance in a wide range of fields, including mathematics, engineering,
and applied sciences. More in detail, matrix geometric means appear in diffusion tensor
imaging (DTI) [7], radar detection [49,25], image processing [32], elasticity [27], machine
learning [23], brain-computer interfaces [50], network analysis [20], and many more ap-
plications. Initially the notion of matrix geometric mean was introduced implicitly in
the context of a functional calculus for sesquilinear maps by Pusz and Woronowicz [31].
Then it became known as a mean after the work of Kubo and Ando [24]. In this work
the matrix geometric mean was rigorously formalized as follows: for two positive definite
matrices A and B the geometric mean G(A, B) is defined as

G(A,B) = A7(A"2BA™7)3 A% = G(B, A).

The rigorous definition has been analyzed by Ando, Li, and Mathias (ALM) [2], who
also identified the essential axiomatic properties [[12], Section 3], that a proper matrix
geometric mean should satisfy: see also [28,26,13,11] and references therein for relevant
discussions and studies.

Given a square matrix A € C™*™ (m > 1), we list its eigenvalues, counted with algebraic
multiplicity, as A1 (A4), ..., An(A). Its singular values, arranged in non-increasing order,
are 01(A4) > -+ > opn(A) > 0. We write C.(R) (respectively, C.(C)) for the space of
continuous, complex-valued functions on R (respectively, C) whose support is compact.
We use this notation throughout.

Matriz-sequences with explicit or hidden (asymptotic) structure

In recent years, there has been a growing interest in matrix-sequences and on the sin-
gular value and eigenvalue distributions in the sense of Weyl, according to the definition
below.
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Definition 1. Let {A,}, be a matrix-sequence, where A, is of size d,, dy < dp41 for
every k, and let ¥ : D C R! — C"*" be a measurable function defined on a set D with
0 < pe(D) < o0, 1yt > 1.

o We say that {A,}, has an (asymptotic) singular value distribution described by 1,
written as {A, }n ~o ¥, if

1 i F(o;
Floi(An) = — 5 / 2 PO o vpe o).
i=1 pa
o We say that {A,}, has an (asymptotic) spectral (eigenvalue) distribution described
by ¢, written as {A, }n ~» ¥, if

s
3

1

lim —

n—o0 d,, “ r
1

Fu(An) = — )/ZLlF(AiW(X»)dx, VF € C.(C).

Il
o)

If ¢ describes both singular value and eigenvalue distribution of {A,},, we write

{An}n ~o, A ¢

In this case, the function 1) is referred to as the eigenvalue (or spectral) symbol of { Ay }y.

The informal meaning behind the spectral distribution definition is discussed in [[1],
Section 2.3].

There exist several matrix-sequences with explicit or hidden (asymptotic) structure
widely studied in the literature as reported in [9]. Among them we have the d-level r-block
Toeplitz matrix-sequences, which have an explicit structure and which enjoy a Szego-
like relation as in Definition 1; see [46] and references therein. They have been studied
deeply in the last century, both for their mathematical beauty and for their pervasive
use in applications (see e.g. [14,29,46] and references therein). A wide generalization is
represented by the notion of generalized locally Toeplitz (GLT) matrix-sequences [40,
41,45], which have inherent hidden structure and which form x-algebras. These GLT -
algebras include virtually any approximation via local numerical methods of (systems of)
partial and fractional differential equations, also with non-smooth variable coefficients
and irregular bounded domains/manifolds (see [21,22,4,5] and references therein).

For our work, we consider three types of matrix structures that serve as the funda-
mental building blocks of the various GLT x-algebras [21,22,4,5]: d-level r-block Toeplitz
matrix-sequences as given in [[1], Section 2.7], sampling diagonal matrix-sequences [[1],
Section 2.8], along with asymptotic structures described by zero-distributed matrix-
sequences [[1], Section 2.6].

Specifically, for any positive integers d and r, we consider the set of d-level r-block GLT
matrix-sequences. For a matrix-sequence {4, }, in this set and a measurable function &,
we write {A,} ~gLT K to mean that & is the GLT symbol of the sequence. According to
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the theory, if k is the GLT symbol of {A4,}, then {A,}, ~, & as in Definition 1. Fur-
thermore, the GLT symbol is also the spectral symbol i.e. {A,},, ~ & if the matrices A,
are Hermitian; see [21,22,4,5] for more details. Given d,r > 1, the set of d-level r-block
GLT matrix-sequences forms a x-algebra of matrix-sequences, which is both maximal
and isometrically equivalent to the maximal %-algebra of 2d-variate r x r matrix-valued
measurable functions (with respect to the Lebesgue measure) that are naturally defined
over [0, 1]¢ x [—7, 7]%; see [4,5,21,22] and references therein.

The reduced version of this structure plays a crucial role in approximating integro-
differential operators, including their fractional versions, particularly when defined over
general (non-Cartesian) domains. This concept was first introduced in [40,41] and later
extensively developed in [6], where the GLT symbols are defined again as measurable
functions over Q x [—, 7]¢, with 2 being Peano—Jordan measurable and contained within
[0,1]%. Additionally, the reduced versions also form maximal *-algebras that are isomet-
rically equivalent to their corresponding maximal *-algebras of measurable functions.
These GLT x-algebras provide a rich framework of hidden (asymptotic) structures, built
upon two fundamental classes of explicit algebraic structures (d-level r-block Toeplitz
matrix-sequences and sampling diagonal matrix-sequences) and upon the asymptotic
structures described by zero-distributed matrix-sequences. Notably, the latter class serves
an analogous role to compact operators in relation to bounded linear operators, forming
a two-sided ideal of matrix-sequences within any of the GLT x-algebras.

We follow the formulation in [[1], Section 2.9]; see also [21,22,4,5] for the original sources.
Main results

An initial spectral study of the geometric mean of structured matrix-sequences was
carried out in [[21], Section 10.3], where the spectral properties of HPD GLT matrix-
sequences with » = d = 1 were analyzed in the context of geometric means and two
related conjectures were proposed. Then in [1] the results in [[21], Section 10.3] have
been extended to the case of d-level r-block GLT matrix-sequences and the conjectures
n [[21], Section 10.3] have been extended. In fact in [1], the authors first established that
for two HPD d-level GLT matrix-sequences {A,}, ~crr £ and {B,}, ~qgrr &, their
geometric mean also forms a GLT sequence with the symbol {G(A,,, B,)}n ~arr (k€)Y/2,
as rigorously proven in [[1], Theorem 3, Theorem 4], under the assumption that either x
or £ are nonzero almost everywhere. This result was generalized to d-level r-block GLT
sequences in [[1], Theorem 5], extending its applicability to the case where the symbols
k and ¢ do not necessarily commute. In that case, we have again {G(A,, B,)}n ~cLT
G(k,§), again under the assumption either x or ¢ are invertible almost everywhere.
However, in [1] the two conjectures in [[21], Section 10.3] were not solved.

Building on our previous results [1], this work further investigates the necessity of
the assumption that at least one of the input GLT symbols is invertible almost every-
where. This assumption was initially introduced to ensure that the inverse of a GLT
matrix-sequence remains within the GLT framework. However, since inversion is primar-
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ily required due to the non-commutativity of matrices, we explore whether this condition
can be relaxed in cases where the symbols commute, in the context of d-level r-block
GLT matrix-sequences, d,r > 1. We formally prove that the invertibility assumption on
the GLT symbols can be removed when the GLT symbols commute, which includes the
case where r = 1 and d > 1, so proving completely [[21], Conjecture 10.1]. In the general
setting, we perform extensive numerical experiments. The numerical tests suggest that
the requirement of invertibility is essential, showing that our results are maximal when
r > 1. In fact, for r > 1 we report and discuss several cases in which G(A4,,, B,) is well
defined for any n, { A, }, ~arT K, {Bn}n ~arr &, the GLT symbols &, £ do not commute
and are both zero in two positive measure sets, respectively: when each symbol vanishes
in a set of positive measure, we refer to them as degenerate symbols. In the degenerate
non-commuting case, the resulting observation is that

{G(An7 Bn)}n ~GLT '(/)7

but 1 does not coincide with G(k, &) or even G(k, &) is not well defined.

Further numerical experiments are also conducted to investigate finer spectral aspects.
More precisely, we study the relationships between the order to zeros of the geometric
mean of the symbols minus its minimum and the convergence speed to this minimum
of the minimal eigenvalue of the geometric mean of the corresponding GLT matrix-
sequences. This asymptotical behavior mimicks what is known in the Toeplitz setting
[33,34,18,35,36,43] and in the GLT setting [8,42], thus opening new directions for gen-
eralizing the existing GLT theory. Notably, in additional numerical tests, e.g., when the
product ¢ is equal to zero, the eigenvalue distribution of the geometric mean obtained
numerically seems to possess a richer structure. More specifically, the experiments show
that the resulting asymptotic spectra can be described by exploiting the theory of GLT
momentary symbols, according to [16,17,3].

Structure of the work

The present study is structured as follows. In Section 2, we introduce notations, ter-
minology, and preliminary results related to the notion of the approximating class of
sequences [39], essential for the mathematical formulation and technical solution of the
problem. In Section 3, we present the main results where we drop the assumption that
at least one GLT symbol is invertible almost everywhere when the symbols commute,
which includes the case of d > 1,7 = 1 and solves Conjecture 10.1 in [21]. In Section 4,
we present numerical experiments illustrating the asymptotic spectral behavior of the
geometric mean for GLT matrix-sequences both in the 1D and 2D cases, considering both
scalar and block structures. In particular we give evidence of the extremal spectral be-
havior, of the emergence of GLT momentary symbols phenomena, and more importantly
we give evidence that the results of Section 3 are maximal, since the case of degenerate,
non-commuting GLT symbols (r > 1) leads to noncanonical distribution results. Finally,
in Section 5, we draw conclusions and highlight several problems for future research.

Please cite this article in press as: A. Ilyas et al., A maximal distribution result and numerical tests for
geometric means of HPD GLT matrix-sequences with degenerate commuting/non-commuting GLT
symbols, Linear Algebra Appl. (2025), https://doi.org/10.1016/j.1aa.2025.08.004




6 A. Ilyas et al. / Linear Algebra and its Applications ess (sees) see—see
2. Spectral tools

In this section, we introduce the essential tools for the spectral analysis of the matrices
under consideration, using the multi-level block GLT matrix-sequence framework. The
case of scalar values, corresponding to the non-block setting, has been extensively detailed
in [21,22], while the block setting, associated with matrix-valued symbols, is thoroughly
examined in [4,5]. In our specific context, where the block size is » = 1 and the problem
domain has a dimensionality of d = 2, we operate within the realm of two-level non-block
GLT sequences.

2.1. Notation and terminology

Matrices and matrix-sequences. Given a square matrix A € C™*™ we denote by A*
its conjugate transpose and by A the Moore-Penrose pseudoinverse of A. Recall that
At = A~! whenever A is invertible.

Regarding matrix norms, ||-|| refers to the spectral norm, and for 1 < p < oo, the notation
|||l stands for the Schatten p-norm defined as the p-norm of the vector of singular values.
Note that the Schatten co-norm, which is equal to the largest singular value, coincides
with the spectral norm || - ||; the Schatten 1-norm since it is the sum of the singular
values is often referred to as the trace-norm; and the Schatten 2-norm coincides with
the Frobenius norm. Schatten p-norms, as important special cases of unitarily invariant
norms, are treated in detail in a wonderful book by Bhatia [10].

Finally, the expression matrix-sequence refers to any sequence of the form {A, },, where
A, is a square matrix of size d,, with di < dyp4+1 for every k, so that d, — oo as
n — o0o. A r-block matrix-sequence, or simply a matrix-sequence if r can be deduced
from context, is a special {A,},, in which the size of A, is d,, = rp,, withr > 1 €N
fixed and ¢, € N such that ¢ < pr11 for every k.

2.2. Multi-index notation

To effectively deal with multilevel structures, it is necessary to use multi-indices, which
are vectors of the form i = (i1, -- ,i4) € Z?. The related notation is listed below.

e 0,1,2,... are vectors of all zeroes, ones, twos, etc.

e h < k means that h, < k, for all » = 1,--- ,d. In general, relations between multi-
indices are evaluated componentwise.

o Operations between multi-indices, such as addition, subtraction, multiplication, and
division, are also performed componentwise.

« The multi-index interval [h, k] is the set {j € Z? : h < j < k}. We always assume that
the elements in an interval [h, k] are ordered in the standard lexicographic manner
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[l )

e j = h,--- k means that j varies from h to k, always following the lexicographic

Ja—1=ha—1," ;ka—1 ‘|j1_h1’...’k1

ordering.
e m — oo means that min(m) = min;—; ... 4m; — oo.
o The product of all the components of m is denoted as v(m) := szl m;j.

A d-level matrix-sequence is a matrix-sequence {A,}, such that n varies in some infinite
subset of N, n = n(n) is a multi-index in N¢ depending on n, and n — co when n — co.
This is typical of many approximations of differential operators in d dimensions; see e.g.
[5] and references therein.

With reference to Definition 1, the same notions of distribution apply when the consid-
ered matrix-sequence shows a multilevel structure; see [47,46,5,22] and references therein.
In that case, n is uniformly replaced by n in A,, and d,,.

2.8. Approximating classes of sequences

In this subsection, we present the notion of the approximating class of sequences and
a related key result [39]: both can be found in [21], while the foundation of the notion
can be traced back to the papers [47,45,38].

Definition 2. (Approximating class of sequences) Let {A,},, be a matrix-sequence and
let {{Bn}n}; be a class of matrix-sequences, with A4,, and B,, ; of size dy,, di < dp+1
for every k. We say that {{B, ;}»}; is an approximating class of sequences (a.c.s.) for

{Ay}n if the following conditions are met: for every j, there exists n; such that, for every
n > nj, we find

An = Bpnj+ Ryuj+ Ny,
where
rankR, ; < c(j)d,, and |N,;|| <w(j),
where nj, ¢(j), and w(j) depend only on j and

lim ¢(j) = lim w(j) = 0.

j—o0 j—o0
{{BnjIn}; 22, £ 4% denotes that {{By, j}n}; is an a.c.s. for {A, b,

The following theorem represents the expression of a related convergence theory, and
it is a powerful tool used, for example, in the construction of the GLT x-algebra.
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Theorem 1. Let {A, }n, {Bn j}n, with j,n € N, be matriz-sequences and let 1,1 : D C
R¢ — C be measurable functions defined on a set D with positive and finite Lebesque
measure. Suppose that

L. {Bn,j}n ~o %‘ fOT every j;

a.c.s. wrt j
2. {{Bn,j}n}j —J> {An}n7
3. ; — 1 in measure.

Then

{An}n ~o w

Moreover, if all the involved matrices are Hermitian, the first assumption is replaced by
{Bn.j}n ~x ¥; for every j, and the other two are left unchanged, then {Ay}, ~x 1.

We end this section by observing that the same definition can be given, and corre-
sponding results (with obvious changes) hold, when the involved matrix-sequences show
a multilevel structure. In that case n is replaced by n uniformly in A,,, B, ;,dp.

3. Geometric mean of GLT matrix-sequences

We start by recalling Theorem 4 in [1], which generalizes Theorem 10.2 in [21].

Theorem 2. [[1], Theorem 4] Let r = 1 and d > 1. Suppose {An}tn ~cLr K and
{Bn}n ~arr &, where Apn, Bn € Pym) for every multi-index n, with P, () denoting
the set of Hermitian positive definite (HPD) matrices of multi-index m. Assume that at
least one of k and £ is nonzero almost everywhere. Then

{G(A’n,Bn)}n ~GLT (H£)1/27 (31)

and

{G(An, Br)}n ~o,A (“5)1/2~ (3.2)

Using the topological a.c.s. notion, we now show that the thesis of the previous the-
orem holds without assuming that at least one between x and £ is invertible almost
everywhere, thus proving [[21], Conjecture 10.1]. We make use of Axioms GLT 1., GLT
2., GLT 3., GLT 4., GLT 5., GLT 6. as reported in [[1], Section 2.9].

Theorem 3. Let r = 1 and d > 1. Assume {An}n ~crr £ and {Bp}n ~crT &, where
An, Bn € Py(n) for every multi-index n. Then

{G(An, Bn)}n ~crr (Kf)l/27
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{G(Anu Bn)}n ~o, A (55)1/2.

Proof. We have

{An}n ~GLT R, (33)
{Bn}’n ~GLT €7 (3.4)

where &, ¢ : [0,1]? x [-7,7]¢ — C and A, B,, are Hermitian positive definite matrices
Vn. Therefore &, ¢ : [0,1]? x [, 7]% — R almost everywhere: furthermore, we assume
that poq(xk = 0) > 0 and p2q(€ = 0) > 0, so that the hypotheses of [[21], Theorem 10.2]
for d = 1 and of Theorem 2 for d > 1 are violated. Let ¢ > 0, let k. = k + ¢ and let
Ane = An +ely(n), where I, () denotes the identity matrix of size v(n). By the first
part of Axiom GLT 2. (the identity is a special Toeplitz matrix with GLT symbol 1),
we have {e],(n) = Tn(€)}n ~crLr €, Where T}, (g) denotes the Toeplitz matrix generated
by the constant function €. Now, by exploiting linearity, i.e., the second item of Axiom
GLT 3., it follows that

{An.c}n ~cLT Key ke > € almost everywhere,
since K, > 0 almost everywhere due to (3.3) and (3.4). Hence, we are again in the

framework of Theorem 2. Therefore, by Theorem 2 we conclude that the sequence of
geometric means satisfies the GLT relation

=

{G(Anc, Bn)}tn ~arr (K€)2.

Furthermore, we apply the full x-algebra framework of the GLT matrix-sequences as in
[[1], Section 2.9]. More precisely, by the third item of Axiom GLT 3. followed by Axiom
GLT 6. with the function f(z) = 21, we obtain

{(AneB2An )i }n ~arr (k2€2)1 = (k:6)7,

which the very same GLT symbol of {G(An.e, Bn)}n- As a result, again by the second
item of Axiom GLT 3., the difference between these sequences satisfies the following
asymptotic GLT relation

{G(An,Ea Bn) - (An,aBiAn,e)i}n ~GLT 0. (35)

The previous relation is the key step since we have found a new GLT matrix-sequence
having the same GLT symbol as the geometric mean matrix-sequence {G(Ay, ¢, Bn)}n,
but where no inversion is required. Now given the structure of the performed operations,
by virtue of Definition 2, the class {{(Apn.cB2An.c)i tn,e > 0} is obviously an a.c.s. for
{(AanlAn)i}n. As a consequence, by invoking (3.5), also the class
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{{G(Anc, Bn)}n,e > 0}

is an a.c.s. for {(AnB2Ap)3}y, with all the involved sequences being GLT matrix-
sequences, with symbols (nsf)%, (n{)%, € > 0. Therefore, since Hlimg_m(ngé')% = (mf)%,
by using the powerful Theorem 1, we deduce that 3lim._,o (a.c.s.) {{G(An e, Bn)}n.€}
= {(AnB2An)i}n ~crr (k€)2 and this limit coincides with {G(Ayn, Bn)}n in the a.c.s.
topology, that is, {G(An, Bn) — (AnB2Ap) 7 }n ~arr 0. Finally {(ApB2An)7 }n ~aLr
(k€)z. Hence

{G(An, Bn)}n ~crr (55)1/27

so that, by Axiom GLT 1., we infer

{G(Ana Bn)}n ~o, A (56)1/2. O

Remark 1 (Intuition on the generalization). One of the basic but key ingredients of the
previous proof is that scalar-valued functions commute. Hence, it is reasonable to expect
that the same proof also works in the case of d-level r-block GLT matrix-sequences,
when assuming that the symbols commute. We collect the result in Theorem 5 whose
proof follows verbatim that of Theorem 3, except for minimal changes. On the other
hand, when both k and £ are not invertible almost everywhere (degenerate) and do
not commute, the expression G(k, &) is not well defined. In fact, we could replace the
inversion with the standard pseudoinversion, which is denoted as X if X is any complex
matrix. However, we stress that the expression s ([x2]¢[k2]7)2k2 is not the same as
€2([€2]k[€2]T)2€2 in general and this is a serious indication that the commutation
between the GLT symbols is essential, when the symbols are both degenerate.

We now recall the result proven in [1], concerning the general GLT setting with d,r > 1
and when at least one of the involved GLT symbols is invertible almost everywhere.

Theorem 4. [[1], Theorem 5] Let r,d > 1. Suppose {An}n ~crr £ and {Bp}n ~cr1 &,
where Ay, By, € Py(n) for every multi-index n. Assume that at least one of the minimal
eigenvalues of k and the minimal eigenvalue of & is nonzero almost everywhere. Then

{G(An, Bn)}n ~crr G(K,€), (3.6)
and

{G(An, Bn)}tn ~ox G(K, ). (3.7)
Furthermore G(k, &) = (Kf)l/Q whenever the GLT symbols k and & commute.

Theorem 5. Let r > 1 and d > 1. Assume that {Ap}tn ~crr £ and {Bn}tn ~crT &,
where Ap, Bn € Py(n) for every multi-index n, with P, (n) denoting the set of Hermitian
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positive definite (HPD) matrices of size rn. Under the assumption that k and § commute
we infer

{G(Am Bn)}n ~GLT (:‘if)l/Q,
{G(Ana Bn)}n ~o,\ (Hf)l/Z.

Proof. Since {A,}n ~cLT K, {Bn}n ~crr &, we deduce that &, & : [0,1]? x [-7, 7] —
C™" are Hermitian nonnegative definite, while, by the assumptions, A, B,, are Her-
mitian positive definite matrices Vn. Therefore, the minimal eigenvalue of x and the
minimal eigenvalues of ¢ are nonnegative almost everywhere. Here, we assume that
tod(Amin(£) = 0) > 0 and pog(Amin(§) = 0) > 0, in such a way that the hypotheses
of Theorem 4 are violated. Let € > 0, let k. = k + €1, I, being the identity of size r,
and let An . = Ap + elpm). Now {elpn) = Tn(el;)}n ~crr €I, by the first part of
Axiom GLT 2. (the identity I,y is a special multilevel block Toeplitz matrix with GLT
symbol I,.). Consequently, by exploiting linearity i.e. the second item of Axiom GLT 3.,
it follows that

{Anetn ~cLr ke, ke > el almost everywhere.

Since &, & are both nonnegative definite almost everywhere. Hence, by Theorem 4, we
have

{G(An.c, Bn)}tn ~arr (5:€)?,

since the commutation between x and £ implies the commutation between k. = k + €1,
and £. By exploiting the x-algebra features of the GLT matrix-sequences, and specifically
the third item of Axiom GLT 3. and Axiom GLT 6. with the function f(z) = z3, we
deduce {(An B2 An.c)i tn ~arr (K262)3 = (k.£)2, which is the very same GLT symbol
of {G(An ¢, Br)}n. As aresult, again by the second item of Axiom GLT 3., the difference
between these sequences satisfies the following asymptotic relation

{G(An,sv Bn) - (An,sBELAn,s)i}n ~crr 0. (3.8)

In other words, we have written a new GLT matrix-sequence having the same sym-
bol as the geometric mean matrix-sequence {G(An. e, Bpn)}n, but where no inversion
is required. By virtue of Definition 2, the class {{(AncB2An.)i}n,e > 0} is an
a.c.s. for {(ApB2Ap)itp. Therefore, by (3.8), also the class {{G(An.c, Bp)}n,e > 0}
is an a.c.s. for {(ApB2An)i}y, with all the involved sequences being GLT matrix-
sequences, with symbols (nsf)%, (H{)%, e > 0. Since Ellims_m(/ﬁsf)% = (nf)%, Theorem 1
implies 3lim. o (a.c.s.) {{G(Anc, Bn)tn,et = {(AnB2An)i}n ~cur (k€)z. It is
now clear that this limit coincides with {G(An, By )}n in the a.c.s. topology, that is,
{G(An, Bp) — (AnB2Apn)itn ~cur 0. In this manner {(AnB2A,)}n ~crr (KE)2.
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Consequently {G(An, Bn)Yn ~arur (k€)Y/2, so that, by Axiom GLT 1., we finally obtain
{G(An, Bn)}tn ~o ("‘f)l/?- d

4. Numerical experiments

As is well known, many localization, extremal, and distribution results hold when
d-level, r-block Toeplitz matrix-sequences are considered, and these results are somehow
summarized in specific analytic features of the generating function of the corresponding
matrix-sequence. In turn, the generating function is also the d-variate, r x r matrix-valued
GLT symbol of the d-level, r-block Toeplitz matrix-sequence.

Although the distribution results are also valid for general d-level, r-block GLT
matrix-sequences, this is no longer true in general for the extremal behavior and for the
localization results, unless we add supplementary assumptions, like the request that the
matrix-sequence is obtained via a matrix-valued linear positive operator (LPO) [44,37].
We observe that the geometric mean can be seen as a monotone operator with respect
to its two variables, and the monotonicity is implied when we consider an LPO, even
if the converse is not true. Hence, it is also interesting to verify which properties are
maintained by a geometric mean of two d-level, r-block GLT matrix-sequences in terms
of its GLT symbol when it exists.

According to the previous discussion, the remainder of the section considers numerical
experiments in the following directions:

e the validation of the distribution results in the commuting setting as in Theorem 3
and Theorem 5;

o connections of the previous results with the notion of Toeplitz and GLT momentary
symbols and the extremal behavior compared to the GLT symbol;

o evidence that Theorem 3 and Theorem 5 are maximal, by taking GLT matrix-
sequences with non-commuting symbols which are both not invertible almost ev-
erywhere.

All numerical experiments are performed using MATLAB R2022b on a laptop equipped
with an 11th Gen Intel(R) Core(TM) i5-1155G7 CPU running at 2.50 GHz, with 16 GB
of RAM. The operating system was Windows 11 Pro (version 23H2, build 22631.5189).

4.1. Validation of the distribution results

4.1.1. Example 1

Let d = 1 and consider the following two matrix-sequences { A, }n, {Bn }n, with A,, =
Dy, (a) + #In and B, = T,,(3 4+ 2 cos(0)), where T,,(-) denotes the Toeplitz operator for
d = 1, as introduced in [[1], Section 2.7], and, accordingly to [[1], Section 2.8], D, (a)
represents the diagonal matrix generated by the continuous function
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Fig. 1. Comparison between the symbol (r@&)é and eig(G(A,, Bn)).

Because of Theorem 3, the geometric mean of these two matrix-sequences, that is
{G(A,, Bp)}n, satisfies the GLT relation

{G (An, Bn)}, ~crr Va(x)(3+ 2cos(9)),

where the corresponding GLT symbols are explicitly given by k = a(z) and £ = 3 +
2 cos().

FEigenvalue distribution

We numerically analyze the spectral behavior of the geometric mean G(A4,,, B;,) from
Example 1. The eigenvalues of this geometric mean are computed for various increasing
dimensions n and compared with the uniformly sampled points from the GLT symbol
Va(z)(3 4+ 2cos(f)). In Fig. 1, numerical results strongly indicate that the GLT sym-
bol accurately characterizes the eigenvalue distribution of the geometric mean. As n

grows, the eigenvalue distribution closely matches the GLT symbol, giving evidence of
the theoretical findings in Theorem 3.

4.2. Distribution results and momentary symbols

4.2.1. Example 2

Let d = 1 and define the matrix-sequences { A, }n, {Bn}n, with A, = Dy (a) + #In,
Cn = Tu(3 + 2cos(9)) and B, = (Dn(1 —a)+ 711,) Cp (Dn(1 = a) + 11,,), where
D, (a) is the diagonal matrix generated by the piecewise continuous function a(x) given
in Example 1. Then, the geometric mean sequence explicitly satisfies the GLT rela-
tion:
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Fig. 2. Comparison between the symbol (m&)é and eig(G(A,, Bn)).

{G (A, By}, ~arr Va(@)(1 —a(z))(3 +2cos(d)) = a(z)(1 — a(x))y/3 + 2 cos(f) = 0,

where
k=a(z) &= (1-—a(x))(3+2cos(h)).

The zero-valued symbol arises naturally due to the definition of the piecewise function

a(x):

o For z € [0, 3), we have a(z) = 0. Thus, the term a(z)(1 — a(z)) becomes zero.
e For z € [,1], we have a(z) = 1. In this interval, the factor 1 — a(z) becomes zero,
making a(z)(1 — a(z)) = 0.

Eigenvalue distribution

The eigenvalue distribution of {G(A,, By)}, is numerically analyzed for increasing
matrix dimensions n. Since the GLT symbol for this example is zero, by Theorem 3
we expect the eigenvalues to concentrate along the zero line. Interestingly, numerical
results reveal an additional spectral structure beyond Theorem 3. For smaller values of
n, eigenvalues align closely with zero, as predicted by the GLT symbol. However, some
eigenvalues appear above this level, forming a secondary symbol. This phenomenon is
attributed to momentary symbols, as discussed in the introduction (see [16,17,3]). As
n increases, these elevated eigenvalues shift upwards—reaching approximately 1072 for
n = 40 (shown in the Fig. 2) and 10~ for n = 80.

4.8. Minimal eigenvalues and conditioning
In this section, we analyze the extremal spectral behavior and conditioning of the

geometric mean sequence {G(A,, B,)},, focusing on its dependence on the analyti-
cal properties of the corresponding GLT symbol. This approach follows prior studies
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Table 1
Numerical behavior of the mini-
mal eigenvalue.

n Tj a]‘

40 6.3265 x 107*  2.0132
80 1.5673 x 10~%  2.0064
160  3.9093 x 10~°  2.0074
320  9.7675 x 107°

on extremal eigenvalues in structured matrix settings, particularly in Toeplitz matrices
[18,33,34,43] and block Toeplitz matrices [35,36], as well as variable coefficient differen-
tial operators, including multilevel cases with d > 1 [48,30,42]. In the case of variable
coefficient differential operators, it is worth noticing that extremal spectral results do
not stem from the GLT theory but from a combination of GLT tools and properties
which are typical of linear positive operators [44,37].

Here, we restrict our attention to the unilevel scalar setting with d = r = 1, considering
Example 1 and Example 2.

4.8.1. Example 1: minimal eigenvalue
o X, =G(4,,B)
o Take n; = 40.27, j=0,1,2,3,
» Compute 7; = Amin(Xn; ), j=0,1,2,3,
« Compute a; = log,(—-), j=0,1,2.

Tj+1

As can be seen, the quantity «; stabilizes around 2 as n increases. This is in perfect
agreement with the fact that the minimal eigenvalue of A,, converges to zero as n~%, while
the minimal eigenvalue of B,, converges monotonically from above to min& = 1. The key
point is that the minimal eigenvalue of the geometric mean behaves asymptotically as the
geometric mean of the minimal eigenvalues of A,, and B,,, respectively. Similar remarks
can be made in the subsequent case regarding Example 2.

The observed numerical evidences are not implied by the theoretical derivations, and
this is an interesting fact that deserves to be investigated theoretically in the future. In
particular, we would like to prove formally that o; converges to 2 for the first example,
Table 1, and it converges to 4 in the second example, Table 2, even from the preliminary

numerical results the convergence does not look monotonic.

4.3.2. Example 2: minimal eigenvalue

X, =G(Ay,, By)

o Take n; = 40.27, j=0,1,2,3,
 Compute 7; = Amin(Xy, ), j=0,1,2,3,
« Compute a; = log, (=), j=0,1,2.

Ti+1
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Table 2
Numerical behavior of the minimal
eigenvalue.

n Tj (e 7]

40 3.9177 x 1077 4.0003
80 2.4480 x 10~8 4.0040
160  1.5259 x 10~° 4.0009
320  9.5367 x 10~

4.4. Numerical study: non-commuting, rank-deficient symbols

In this section, through numerical tests, we investigate the eigenvalue distribution of
the geometric means {G (A, By)},, with

G(An, Bn) = A}L/Q(Aﬁl/QBnAﬁl/Q)1/21471/27

where {A,,}, and {B,}, are HPD GLT matrix-sequences with r x r matrix-valued
symbols k,&. The GLT matrix-sequences are specifically chosen with GLT symbols so
that:

1. they are rank-deficient on a subset of positive Lebesgue measure; and
2. they do not commute pointwise on a set of positive measure.

These hypotheses clearly set the problem outside the scope of commuting or almost
everywhere invertible cases treated in Theorem 3 and in Theorem 5.
Our tests provide evidence for two phenomena:

(i) The support of the asymptotic eigenvalue distribution of {G(A4,, By)}, coincides
with the intersection set ess Ran(x) N ess Ran(&); see Section 4.4.2.

(ii) The eigenvalues appear to converge in distribution to a candidate symbol which is
rank-deficient and, in general, distinct from the classical geometric mean G(k,§).

Clearly, the relation G(A,, By) ~crr G(k, £) cannot hold under hypotheses (1.)-(2.), and
the experiments show the substantial differences in this case compared to the commuting
or invertible scenarios. If this case can be studied within the GLT framework, it requires
a more technical application of GLT and a.c.s. theory, along with a deeper functional
calculus of matrix means.

4.4.1. Setup of the numerical experiments

Below, we provide the setup of the numerical tests.
We construct four pairs of unilevel GLT matrix-sequences {Ay }n, {Bn}n, whose sym-
bols simultaneously satisfy the hypothesis stated at the beginning of Section 4.4 (rank
deficiency and non-commutation). They are organized by the property of rank loss:
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e Case 1 - each symbol is full rank on a set of positive measure;
o Case 2 - each symbol is rank-deficient almost everywhere.

Case 1, Example 1.
Define

and set
FO) = 505 |7 4], o0 =a0e ] .

With the 2n x 2n Toeplitz matrices T,,(F') and T,,(G), define

1

1
A, =To(F)+ ﬁfzn, B, =T,(G) + E_Ign. (4.1)

Case 1, Example 2.
Let X[_a,q) be the characteristic function of [—a,a], 0 < a <, and set

f(0) = X[—1/2,1/2](9)7 9(0) = X[—1/4,1/4](9)7
2 1 3 1
R )
F(0) = fO)® A, G(0) = g(9) ® B.
Define

1 1
A, =T,(F — 15y, B, =1T, —1Ia,. 4.2
(F) + 51 (G) + 51> (4.2)

Case 2, Example 1.
With f(0) =2 — cos8, g(#) = 3 + cosf and rank one blocks

AR |
let F(0) = f(0)® Aand G(§) = g(0) ® B. Set

1

1
Ay =Tu(F)+ — Do, By=Ta(G)+ —Du(b),  bx) = (L+a)ka,

Here, both symbols are rank 1 almost everywhere.
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Case 2, Example 2.
Define piecewise-linear scalar functions in [0, 1]:

0, Oﬁxg%orggxgl,
1-2z, 0<z<3, L .
a(x = b(‘r) = .'13—3, §<$S§,
1
O, §<IE§17 9 1 9
g—(ﬁ, §<$<§,

and let D, (a), D,(b) be the corresponding sampling matrices. With f(8) = 2 + cos¥,
g(0) =3+ cosd and

2 01 2 1 0
A= 10 2 1}, B= 1|11 1],
1 1 1 0 1 2
define F(0) = f(#) ® A and G(#) = ¢(f) ® B, and set
1
A, = (DY?*(a) ® L) T,(F) (DY?(a) ® I3) + = Isn, (4.3)
1
B, = (Dy/2(0) ® Is) Tu(G) (D,/*(b) ® I3)+5—13n- (4.4)
n

In every example we denote by x and £ the GLT symbols of {4, }, and {B),},, respec-
tively.

4.4.2. A candidate symbol for the geometric mean
Let {A,}n and {B,}, be GLT matrix-sequences whose matrix-valued symbols

Kk, £:[0,1]% x [-m, 7]t — C"™*7,

are positive semidefinite.

For any € > 0 define the strictly positive symbols k. = k + ¢l,., & = & + 1,.. Since the
matrix geometric mean is monotone continuous in each argument, the limit below exists
point-wise and it is unique ([[2], p. 3]):

Definition 3 (Candidate symbol). For almost every (z,0) set

G(k, &) (x,0) := Eh_r}r(l) G (ke(z,0), &(2,0)). (4.5)

The matrix-valued symbol G(x, &) is essentially positive semidefinite (see [2]) and
satisfies the essential support identity

essRan G(k, &) = ess Ran[(z,0) — ran x(z,0) N ran{(z,0)].
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Here ran M denotes the column space of an individual matrix M, whereas ess Ran(.)
is the essential range of a Grassmannian valued measurable map. The essential formula-
tion of the subspace condition can also be formulated as the pre-image of the essential
numerical range in the style of [[19], Definition 1].

Taking into account the Definition 3 of the candidate symbol, we propose the following
conjecture:

Conjecture 1 (GLT closure under geometric mean). Let {Ay}, and {By}, be Hermitian
positive definite GLT matriz-sequences with

{An}n ~GLT R, {Bn}n ~GLT g

Then the geometric mean matriz-sequence is again GLT and

{G(An, B) o ~crr G(r,6),
where G(k, €) is the candidate symbol defined in (4.5).

The heuristic justification of the conjecture is the following. For each fixed € > 0 the
shifted sequences {A,, + eI}, and {B,, + €I}, are GLT sequences symbols k. and &
and their geometric mean sequences satisty { G(A,, + €I, B, + €I) }n, ~arr G(ke,&e).
Properties of monotone functions and the matrix geometric mean axioms described in [2],
combined with closeness of the GLT x-algebra (Axiom GLT 4) under a.c.s. convergence,
suggest that letting ¢ — 0 the limit of { G(A,, + eI, B,, + ¢l) },, is well defined in the
a.c.s. topology and this limit is { G(A,, By) }n, up to zero-distributed perturbations,
leading to the GLT algebraic part of Conjecture 1, a full proof when x and £ do not
commute point-wise remains open. Meanwhile, all numerical evidence below supports
the conjecture on the spectral distribution part of our hypothesis.

Candidate symbols predicted by Conjecture 1

For the four test pairs introduced in Section 4.4.1, Conjecture 1 predicts the following
GLT symbols for {G (A, By)}n. Throughout 1 = (1,1,1)*, J =11* € C3*3.
Case 1, Example 1

Gk, €)(,0) = Ozo.
Case 1, Example 2

1 2v2+3v3 V2+3

Gl 88 =x- 621 v6 | VIEVE 2Vt V3

Case 2, Example 1

7%](9) ® C, C =

é(”’ 5)(3:’ 9) = O2x2.
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Case 2, Example 2

G(k, &) (z,0) = \/ (2 + cos0) (3+ cosb) h(z) k(z) ®J.

4.4.3. Numerical verification of the conjecture

Let
Gn = G(A,,B,) € C&xdn 4 = size(G,).

We test whether the empirical eigenvalue distribution of {G,}, converges to the dis-
tribution induced by the candidate symbol é(m,{)(m,@) defined in Section 4.4.2. The
comparison follows the standard rearrangement strategy.

1. Sampling the symbol. Evaluate G(, &) on a tensor grid {z; };Lizl c [0,1], {:}4
[—m, m] with a total number of M, x My ~ 2000 samples. For each point (z;,0;)
compute the r eigenvalues of the function; then merge and sort in non-decreasing
order all the computed values. This yields the empirical quantile function of the
eigenvalues.

2. Eigenvalue computation. Matrices A,, B, are generated for n € {40, 80,160,320},
and eigenvalues are ordered in non-decreasing order, obtaining the quantile spectral
distribution function of {G,,},.

We also record Apmin(Gr), Amax(Gr) and the condition number conds(G,,) for later
stability analysis.

3. Quantile plot matching. For each n we plot the sorted eigenvalues ()\Z(Gn)) against
the corresponding rearranged sample values of G. A superposition of the two plots for
growing values of n gives an experimental indication of the asymptotic convergence
of the empirical spectral distribution of {G}, to that of the symbol.

4. Support analysis. To estimate the measure of the zero set {(x,6) : G = 0} we count
the fraction of eigenvalues below the threshold 0.1 compared to the matrix size; the
value is an estimate of the complement of the predicted measure of the support as n

grows.

All tests for this section are run on an Intel Core Ultra 7 1556H CPU (22 threads, 30.9
GiB RAM) under Ubuntu 24.10, Linux 6.11.0-29, with Python 3.12.7, NumPy 1.26.4
and SciPy 1.13.1 linked against OpenBLAS.

Remark 2 (Measure-theoretic meaning of the rearrangement test). As anticipated im-
plicitly, the comparison of sorted eigenvalue versus sorted symbol has a precise measure-
theoretic foundation based on the quantile approximation theory [15]. For completeness,
we report the construction in [15] for the unilevel setting d = 1; the multilevel case is
analogous.
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Let r denote the size of the matrix G(k,¢)(z,0) and put D = [0,1] x [—m,7] (so
w(D) = 27). Define the probability space defined by the triple

(Q,F,P), Q=D x{1,...,m}, F = B(D) ® 21},

Here, B(D) denotes the Borel o-algebra on D, and 2{L--m} denotes the power set of

A) |B
{1,...,m}, with product measure P(A x B) = —Mé ) |_
T

Introduce the random variable
X(2,0,7) == M(G(r,€)(x,0)),  (z,0,i) € Q,

where the eigenvalues are ordered nondecreasingly. The quantile function of X is precisely
the non-decreasing rearrangement G' of the matrix-valued symbol.

Because spectral distributions are defined only up to measure-preserving rearrangements,
we deduce that

{Gn}n ~A é — {Gn}n ~A éT’

so verifying convergence to the quantile Gl is equivalent and numerically simpler than
verifying convergence to the symbol é(/@, €) itself.

Furthermore, whenever G' is continuous at ¢ € (0,1), the sorted eigenvalues satisfy
Artd, 1(Gn) — Gt (t) as n — o0, and the empirical proportion of eigenvalues below a small
threshold t; (we take o = 0.1) converges to P[X < to], therefore it can be used as an

estimate of the measure of the rank-deficient subset {(:c, 0) : Amin (é(/{, &) (z, 0)) = O}.

4.4.4. Numerical results
In this section, we compare the sorted eigenvalues of each geometric mean matrix
G(A,, B,) with the rearranged eigenvalue distribution predicted by the candidate symbol

G(k,€). Plots are provided for each block size.

Case 1 Figs. 3-4 display the ordered eigenvalues of G(A4,, B,) (colored markers) to-
gether with the ordered samples of G(k, &) (solid red line).

Example 1. Because the supports of k and £ are essentially disjoint, G (k,€) = 0. Most
of the eigenvalues match the zero line, showing convergence to the zero-distribution.
Only a small number of positive outliers remain above the line. For small values of n,
the eigenvalue plot appears to be governed by a GLT momentary symbol that, when
rearranged, follows a power law that rapidly collapses to the zero function as n — oco.

Ezample 2. Here, the supports of x and ¢ intersect in 6 € [—0.25,0.25]. As a result,
G (k, &) takes two values: zero outside the overlap and a positive constant matrix inside it.
The eigenvalues reflect exactly this behavior: they form a long plateau at zero, followed
by two shorter clusters at the positive eigenvalues determined by é(/ﬁl,f). As we will
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Fig. 3. Case 1 - Example 1. Sorted eigenvalues of G(A,, B,) (colored markers; n = 40, 80, 160, 320) versus
the rearranged distribution of the symbol G(k,&) (solid red line). (For interpretation of the colors in the
figure(s), the reader is referred to the web version of this article.)
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Fig. 4. Case 1 - Example 2. Comparison of the ordered eigenvalues of G(A,, B,) (colored markers) with the
rearranged values of G(k, &) (solid red line) for n = 40, 80, 160, 320.

see, the length of this zero plateau matches the respective Lebesgue measure of the
complement of the support of G.
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Fig. 5. Case 2, Example 1. Sorted eigenvalues of G(A,,, B,,) (colored markers) versus the rearranged eigenvalue
distribution predicted by G(k, &) (solid red line), for n = 40, 80, 160, 320.
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Fig. 6. Case 2, Example 2. Sorted eigenvalues of G(A,,, B,,) (colored markers) versus the rearranged eigenvalue
distribution from G(k, &) (solid red line), for n = 40, 80, 160, 320.

Case 2 Figs. 5-6 repeat the experiment for symbols that are rank-deficient on sets of
full measure.

FEzample 1. Because the supports are disjoint, we have é(n,f) = 0. The eigenvalues
converge to the zero symbol. Despite the momentary symbol may seem to cause a rougher
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Table 3
Extremal eigenvalues and condition numbers for Case 1 - Example 1 (symbol
zero almost everywhere).

n Gmin Grmax Min. eig. Max. eig. condz(Gr)

40 0.0000  0.0000 8.7142 x 1073  3.91278029  4.490 x 10?
80 0.0000  0.0000 3.6849 x 1072  4.03656685 1.095 x 10°
160 0.0000  0.0000 1.4929 x 1072  4.13399129  2.769 x 10°
320 0.0000 0.0000 5.8335x 10”4  4.21189805  7.220 x 10°

Table 4
Extremal eigenvalues and condition numbers for Case 1 - Example 2 (symbol
positive on an overlap set).

n Gmin Grnax Min. eig. Max. eig. conda (Gy)

40 0.0000  2.99393066 1.5625 x 107°  2.99257415  1.915 x 10°
80 0.0000  2.99393066 1.9531 x 107°  2.99393280  1.533 x 10°
160 0.0000 2.99393066 2.4414 x 1077  2.99393094  1.226 x 107
320 0.0000 2.99393066 3.0518 x 1078 2.99393070  9.811 x 107

perturbation, we remark that, unlike in Case 1 - Example 1, this perturbation does not
result in proper outliers since all perturbed eigenvalues converge to zero. In practice, we
observe better convergence.

Example 2. Here, the intersection set has rank one, leading to exactly one positive
eigenvalue in é(m,é’). The plot shows convergence despite the rank deficiency of the
support. Because the norm of the diagonal perturbation introduced in Equation (4.3)
decays slowly, a momentary GLT perturbation [3,17] is still observed even in this non-

Z€ero case.

Ezxtremal eigenvalues For each block size n we report

Amax (G
)\min(Gn)7 /\max(Gn)y COHdQ (Gn) = M7

Amin(Gn)

together with the essential infimum and supremum of the conjectured symbol, émin and
Gmax- In this way, we can observe how rapidly the minimum eigenvalue decays and, in
most cases, how the maximum eigenvalues converge to the essential supremum of the

spectral symbol. This provides a clear measure of the conditioning behavior as n grows
(Table 3).

Case 1 - Example 2 Here émax = 2.9939 is strictly positive. In this example, we ob-
serve a fast convergence of A\pax(Gn) and an exponential decay of Apin(Gr), which
clearly causes the condition number conds(Gy,) to escalate, reaching O(108) at n = 320
(Table 4).
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Table 5
Extremal eigenvalues and condition numbers for Case 2 - Example 1 (can-

didate symbol G = 0).

n Ghin émax Min. eig. Max. eig. condz (Gr,)

40 0.00 0.00 1.2615 x 107%  0.51134401  4.0536 x 10?
80 0.00 0.00 3.2103 x 1074 0.25691974  8.0029 x 102
160  0.00 0.00 8.0993 x 107°  0.128 77171  1.5899 x 10°
320  0.00 0.00 2.0342 x 107°  0.06447364  3.1695 x 10®

Table 6
Extremal eigenvalues and condition numbers for Case 2 - Example 2 (symbol
positive on an overlap set).

n Gmin  Gmax Min. eig. Max. eig. conda (Gr)

40 0.00 1.22418242 3.24 x 1073 1.13658304  3.50 x 10?
80 0.00 1.22418242 1.46 x 1073 1.17911634  8.10 x 10?
160  0.00 1.22418242 5.65 x 107% 1.20156562  2.13 x 10®
320 0.00 1.22418242 8.19 x 107° 1.213 066 99 1.48 x 10*

Case 2 - Exzample 1 'The minimum eigenvalue appears to decay to 0 at a quadratic rate,
while the largest eigenvalue converges to zero linearly, as determined by the momentary
symbol. As a consequence, the growth of condy(G,,) is moderate (Table 5).

Case 2 - Example 2 Here émax ~ 1.22. Apax(Gr) converges to this value and is included
in the range of G, whereas Amin(Gr) decays linearly. This better conditioning compared
to Example 2 of the first case is reasonable, since the positive perturbations we introduced
to the Toeplitz matrices of this example, Equation (4.3) decay in norm more slowly than
the ones in Case 1 - Example 1 (Table 6).

Zero-related statistics For each block size n we report the fraction of eigenvalues whose
modulus does not exceed the fixed cutoff 0.1; see Tables 7-10. Each table lists the em-
pirical proportion (Prop.< 0.1), the theoretical measure of the zero set of the rearranged
symbol (Target), and the absolute difference (Error).

Case 1 - Fxample 1 The conjectured symbol is the zero function, so the target measure
is 1.

The empirical value increases monotonically with n, yet within a small error. Because
the number of outliers is at most o(n), we expect that the proportion will converge to 1
as n — o0.

Case 1 - Example 2 Here, the zero set of the rearranged spectral symbol has measure

1
1—— ~0.9204.
pp 0.920
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Table 7
Case 1, Example 1: proportion of eigen-
values below 0.1; target 0.

n Prop.< 0.1 Target Error

40 0.6375 1.0000  0.3625

80 0.8938 1.0000  0.1062

160  0.9438 1.0000  0.0562

320 0.9688 1.0000 0.0312
Table 8

Case 1, Example 2: proportion of eigen-
values below 0.1; target 1— ﬁ ~ 0.92042.

n Prop.< 0.1 Target Error

40 0.8750 0.9204  0.0454

80 0.8938 0.9204  0.0266

160  0.9031 0.9204 0.0173

320 0.9109 0.9204  0.0095
Table 9

Case 2, Example 1: proportion of eigen-
values below 0.1; target 0.

n Prop.< 0.1 Target Error

40 0.5000 1.0000  0.5000

80 0.5000 1.0000  0.5000

160  0.5156 1.0000  0.4844

320  1.0000 1.0000  0.0000
Table 10

Case 2, Example 2: proportion of eigen-
values below 0.1; target % =~ 0.9444.

n Prop.< 0.1 Target Error

40 0.7667 0.9444  0.1777
80 0.8833 0.9444  0.0611
160  0.9438 0.9444  0.0006
320  0.9448 0.9444  0.0004

The measured proportions appear to approach this value with an O(n~!) decay, the
error falling below 10~2 by n = 160.

Case 2 - Example 1 Here, the expected spectral symbol is zero, but the momentary
symbol perturbation, as observed in Fig. 5, produces an apparent plateau 0.5 up to
n = 320, where the proportion jumps to 1 and the measured error vanishes. Since the
momentary perturbation does not create proper outliers, as observed in Case 1 Example
2, a faster convergence can reasonably be expected in this case.

Case 2 - FExample 2 In this case, the complement of the support of the rearranged
distribution has measure
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17
— ~0.9444.
18 0.9

The empirical measure of the zero cluster converges to this value with an error that
appears to follow the same power law observed in Case 2 Example 1.

5. Conclusion

We have studied the spectral distribution of the geometric mean matrix-sequence of
two d-level r-block GLT matrix-sequences {G(A4,, By)}, formed by Hermitian Positive
Definite (HPD) matrices, where {A; },, {Bn}» have GLT symbols &, £, respectively. In
Theorem 3 and in Theorem 5, we have shown that the assumption that at least one of the
input GLT symbols is invertible almost everywhere is not necessary when the symbols
commute so that

{G(Aann)}n ~GLT G(/‘% f) = (Iif)l/Q.

In this way, we have positively solved Conjecture 10.1 in [21].

On the other hand, the statement is generally false or even not well posed when the
symbols are not invertible almost everywhere and do not commute, as shown in detail
in several numerical experiments. This shows that Theorem 5 is maximal, so answering
this time in the negative to the second item in the conclusion of [1] and to [[1], Remark
2], when both symbols are degenerate and do not commute.

Further numerical experiments are presented and critically commented in connection
with extremal spectral features, linear positive operators, and in connection with the
notion of Toeplitz and GLT momentary symbols. The numerical evidences open the
door to further theoretical studies, which we will consider in the near future.

Finally, the study of the spectral distribution when we consider the geometric mean of
more than two matrix-sequences is completely open. In this paper we have proven [[21],
Conjecture 10.1]: however, when dealing with several matrix-sequences, [[21], Conjecture
10.2] is still open and for that we need normwise error estimates for using the tools in
[44], while till now the convergence results in the literature have a entrywise nature (see
[12] and references therein).
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