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Abstract. We prove that a strengthened version of Minač–Tân’s Massey Vanishing

Conjecture holds true for fields with a finite number of square classes whose maximal

pro-2 Galois group is of elementary type (as defined by I. Efrat). In particular, this

proves Minač–Tân’s Massey Vanishing Conjecture for Pythagorean fields with a

finite number of square classes and their finite extensions.

1. Introduction

One of the topics which gained great interest in Galois theory, in recent years, is the

study of Massey products in Galois cohomology. Let G be a pro-p group — where p is

a prime number —, and let Fp denote the finite field with p elements considered as a

trivial G-module. For n ≥ 2, the n-fold Massey product with respect to Fp is a multi-

valued map from the first Fp-cohomology group H1(G,Fp) to the second Fp-cohomology

group H2(G,Fp): namely, it associates a sequence of length n of elements α1, . . . , αn
(non-necessarily all distinct to each other) of H1(G,Fp) to a (possibly empty) subset of

H2(G,Fp), denoted by ⟨α1, . . . , αn⟩.
Given a sequence α1, . . . , αn of elements of H1(G,Fp), the associated n-fold Massey

product ⟨α1, . . . , αn⟩ is said to be defined if it is not the empty set, and moreover it is

said to vanish if 0 ∈ ⟨α1, . . . , αn⟩. A pro-p group is said to have the n-Massey vanishing

property with respect to Fp if, for any sequence α1, . . . , αn of elements of H1(G,Fp), the
n-fold Massey product ⟨α1, . . . , αn⟩ vanishes whenever it is defined.

Given a field K, let GK(p) denote the maximal pro-p Galois group of K — namely,

GK(p) is the maximal pro-p quotient of the absolute Galois group of K. The recent hectic

research on Massey products in Galois cohomology started with the paper [20], where

M.J. Hopkins and K.G. Wickelgren proved that if K is a global field of characteristic

not 2, then its maximal pro-2 Galois group GK(2) has the 3-Massey vanishing property,

and asked whether this is true for any field of characteristic not 2.

Subsequently, J. Minač and N.D. Tân conjectured the following (cf. [35]).

Conjecture 1.1. Let K be a field containing a root of 1 of order p. Then the maximal

pro-p Galois group GK(p) of K satisfies the n-Massey vanishing property for every n > 2.

In the meanwhile, the following remarkable results have been obtained: E. Matzri

proved that GK(p) has the 3-Massey vanishing property if K contains a root of 1 of order
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p (see the preprint [28], see also the published works [11, 37]); J. Minač and N.D. Tân

proved Conjecture 1.1 for local fields (see [39]); Y. Harpaz and O. Wittenberg proved

Conjecture 1.1 for number fields (see [19]); A. Merkurjev and F. Scavia proved that the

maximal pro-2 Galois group of every field satisfies the 4-Massey vanishing property (see

[31]). Further interesting results on Massey products in Galois cohomology have been

obtained by various authors (see, e.g., [16–18,26,29,30,51]). For an overview on Massey

products in Galois cohomology, we direct the reader to [39].

In this work, we focus on a strong version of the Massey vanishing property, in-

troduced by A. Pál and E. Szábo in [42]. If the n-fold Massey product ⟨α1, . . . , αn⟩,
associated to a sequence α1, . . . , αn of elements of the first Fp-cohomology group of a

pro-p group G, is defined, then necessarily one has

(1.1) α1 ⌣ α2 = . . . = αn−1 ⌣ αn = 0,

where ⌣ denotes the cup-product (see, e.g., [43, Rem. 2.2]). A pro-p group G

is said to have the strong n-Massey vanishing property if every sequence α1, . . . , αn
of elements of H1(G,Fp) satisfying (1.1) yields an n-fold Massey product ⟨α1, . . . , αn⟩
which vanishes.

It has been show by A. Pál and G. Quick that the maximal pro-2 Galois group of

a field with virtual cohomological dimension at most 1 satisfies the strong n-Massey

vanishing property with respect to F2 for every n > 2 (see [41]). Our main result is to

show that the same holds for Pythagorean fields.

Theorem 1.2. Let K be a Pythagorean field with finitely many square classes, and let

L/K be an extension of finite degree. Then the maximal pro-2 Galois group GL(2) of L
satisfies the strong n-Massey vanishing property with respect to F2 for every n > 2.

Recall that a field is said to be Pythagorean if any sum of two squares is a square.

Equivalently, a field K is Pythagorean if, and only if, its Witt ring W (K) is torsion free

as an additive abelian group. Pythagorean fields play an important role in the study of

quadratic forms (see, e.g., [14, 21,22]).

The proof of Theorem 1.2 relies on the description of the maximal pro-2 Galois group

of a Pythagorean fields with finitely many square classes provided by J. Minač in [33]:

namely, the maximal pro-2 Galois group of such a field may be constructed starting

from cyclic groups of order 2 and iterating a finite number of times free pro-2 products

and semidirect products with free abelian pro-2 groups with action given by inversion

(see also [34, § 6.2]).

Such pro-2 groups constitute a subfamily of the family of pro-2 groups of elementary

type. For an arbitrary prime p, the family of pro-p groups of elementary type (intro-

duced by I. Efrat, see [7]) is the family of finitely generated pro-p groups which may

be constructed starting from free pro-p groups and Demushkin pro-p groups (which in-

clude the cyclic group of order 2 if p = 2) and iterating free pro-p products and certain

semidirect products with Zp (see Definition 3.4 below for the detailed definition). In

fact, we prove the following more general result.

Theorem 1.3. Let G be a pro-2 group of elementary type. Then every open subgroup

H of G has the strong n-Massey vanishing property with respect to F2 for every n > 2.
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By the work of J. Minač on the maximal pro-2 Galois group of Pythagorean fields,

Theorem 1.3 implies Theorem 1.2. The proof of Theorem 1.3 uses a result — whose

original formulation, for discrete groups, is due to W. Dwyer, see [4] — which interprets

the vanishing of Massey products in the Fp-cohomology of a pro-p group G in terms of

the existence of certain upper unitriangular representations of G.

Theorem 1.3 was proved by the author for every prime p in [43], but with restrictions

for the case p = 2 — for example, excluding cyclic groups of order 2 among the “building

bricks” of pro-2 groups of elementary type, and thus excluding maximal pro-2 groups

of Pythagorean fields. Therefore, Theorem 1.3 — where such restrictions are dropped

— is complementary to [43, Thm. 1.2].

In the ’90s, I. Efrat formulated the Elementary Type Conjecture on maximal pro-p

Galois groups, which predicts that if K is a field containing a root of 1 of order p and

GK(p) is finitely generated, then GK(p) is of elementary type, see [5]. This is known to

be true, for example, if K is an extension of relative transcendence degree 1 of a pseudo

algebraically closed field (see [15, Ch. 11] and [8, § 5]); or if K is an algebraic extension

of a global field of characteristic not p (see [6]); see also Proposition 3.9 below. Hence,

Theorem 1.3 implies the following.

Corollary 1.4. Let K be one of the following:

(a) a local field, or an extension of transcendence degree 1 of a local field;

(b) a pseudo algebraically closed (PAC) field, or an extension of relative transcen-

dence degree 1 of a PAC field;

(c) a 2-rigid field (for the definition of p-rigid fields see [50, p. 722]);

(d) an algebraic extension of a global field of characteristic not p;

(e) a valued 2-Henselian field with residue field κ, and Gκ(2) satisfies the strong

n-Massey vanishing property for every n > 2.

Suppose further that K has a finite number of square classes. Then GL(2) has the strong

n-Massey vanishing property for every n > 2, for any finite extension L/K.

Analogously to Theorem 1.3, Corollary 1.4 has been proved by the author for every

prime p, but with the further assumption that
√
−1 ∈ K if p = 2 (see [43, Cor. 1.3]),

which is dropped here. So, Corollary 1.4 is complementary to [43, Cor. 1.3].

Acknowledgments. The author wishes to thank I. Efrat, E. Matzri, J. Minač, F.W. Pasini,

and N.D. Tân, for several inspiring discussions on Massey products in Galois cohomology and

pro-p groups of elementary type, which occurred in the past years; and the anonymous referee

for the helpful comments.

2. Preliminaries

Given an arbitrary group Γ, and two elements g, h ∈ Γ, we use the following notation:

gh = ghg−1 and [g, h] = gh · h−1 = ghg−1h−1.

Henceforth, given a pro-2 group G subgroups will be implicitly assumed to be closed

with respect to the pro-2 topology, and generators are to be intended in the topological

sense.
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2.1. Fp-cohomology of pro-p groups. Given a pro-p group G, consider Fp as a trivial

G-module. Here we recall some basic facts on Fp-cohomology of pro-p groups, which

will be used throughout the paper. As references for Fp-cohomology of pro-p groups,

we direct the reader to [47, Ch. I, § 4] and to [40, Ch. I and Ch. III, § 3].

Henceforth, Hs(G) will denote the s-th Fp-cohomology group of G. For the first

Fp-cohomology group one has

(2.1) H1(G) = Hom(G,Fp) = (G/Gp[G,G])
∗
,

where the middle term is the Fp-vector space of the homomorphisms of pro-p groups

G → Fp, while in the right-side term Gp[G,G] denotes the Frattini subgroup of G,

namely, the subgroup of G generated by {xp[y, z] | x, y, z ∈ G}, and ∗ denotes the

Fp-dual space (cf. [47, Ch. I, § 4.2]).

In particular, if G is finitely generated, and X = {x1, . . . , xd} is a minimal generating

set of G, then

B =
{
χ1, . . . , χd ∈ H1(G) | χh(xk) = δhk for h, k = 1, . . . , d

}
is a basis of H1(G), and it is said to be the basis dual to X .

The cup-product is a bilinear map

Hs(G)×Ht(G)
⌣ // Hs+t(G), s, t ≥ 0,

and it is skew-symmetric, i.e., β ⌣ α = (−1)stα ⌣ β for all α ∈ Hs(G) and β ∈ Ht(G)

(cf. [40, Prop. 1.4.4]). Thus, in case p = 2 the cup-product is symmetric, and for

α ∈ H1(G,F2) we write α2 = α ⌣ α. One has the following (cf. [12, Lemma 2.4]).

Lemma 2.1. Let G be a pro-2 group. Given α ∈ H1(G), one has α2 = 0 if, and only

if, there exists a homomorphism of pro-2 groups α̃ : G→ Z/4 such that the diagram

G

α

��

α̃

}}
Z/4 π // // F2

commutes (here π : Z/4 ↠ F2 denotes the canonical projection).

Remark 2.2. Let K be a field containing a root of 1 of order p, and let K× denote its

multiplicative group. By Kummer theory, one has an isomorphism of Fp-vector spaces

K×/(K×)p ≃ H1(GK(p))

(cf., e.g., [47, Ch. I, § 1.2, Rem. 2]). In particular, if p = 2 then GK(2) is finitely

generated if, and only if, K has a finite number of square classes.

Now assume that G has a minimal presentation

(2.2) G = ⟨ x1, . . . , xd | r1 = . . . = rm = 1 ⟩

(for the definition of a presentation, and of a minimal presentation, of a pro-p group

see, e.g., [3, § 4.6 and p. 311]). Then the number of defining relations m is equal to the

dimension of H2(G) (cf. [47, Ch. I,§ 4.3]).
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Moreover, for p = 2 one has the following result (which is a special case of [40,

Prop. 3.9.13]), which connects the behavior of the cup-product and the shape of the

defining relations.

Proposition 2.3. Let G be a pro-2 group with minimal presentation (2.2), yielding

the dual basis {χ1, . . . , χd} of H1(G), and suppose that for each defining relation rl,

l = 1, . . . ,m, one has

rl ≡
∏

1≤h<h′

[xh, xh′ ]a(l)h,h′ ·
∏

1≤k≤d

x
2b(l)k
k mod G4

[
G2, G2

]
,

for some a(l)h,h′ , b(l)k ∈ F2 — here G4[G2, G2] denotes the subgroup generated by

{x4[y, z] | x ∈ G, y, z ∈ G2}. Then for each l = 1, . . . ,m there is a linear form

trl : H
2(G,F2) → F2 such that

trl(χh ⌣ χh′) =

{
a(l)h,h′ if h < h′

b(l)h if h = h′,

for all 1 ≤ h ≤ h′ ≤ d.

2.2. Massey products and upper unitriangular matrices. For a survey on Massey

products in Galois cohomology we direct the reader to [48], [39], or [43]. Throughout

the paper, we will need only the “translation” of Massey products in terms of unipotent

representations, recalled here below.

For n ≥ 2 let

Un+1 =




1 a1,2 · · · a1,n+1

1 a2,3 · · ·
. . .

. . .
...

1 an,n+1

1

 | ai,j ∈ Fp


⊆ GLn+1(Fp)

be the group of unipotent upper-triangular (n+1)× (n+1)-matrices over Fp. Let In+1

denote the (n+ 1)× (n+ 1) identity matrix, and for 1 ≤ i < j ≤ n+ 1, let Eij denote

the (n+ 1)× (n+ 1)-matrix with 1 at the entry (i, j), and 0 elsewhere.

Now let G be a pro-p group. For a homomorphism of pro-p groups ρ : G → Un+1,

and for 1 ≤ i ≤ n, let ρi,i+1 denote the projection of ρ on the (i, i + 1)-entry. Observe

that ρi,i+1 : G → Fp is a homomorphism of pro-p groups, and thus we may consider

ρi,i+1 as an element of H1(G,Fp). One has the following “pro-p translation” of Dwyer’s

result on Massey products (cf., e.g., [9, § 8]).

Proposition 2.4. Let G be a pro-p group and let α1, . . . , αn be a sequence of elements

of H1(G,Fp), with n ≥ 2. The n-fold Massey product ⟨α1, . . . , αn⟩ vanishes if, and only

if, there exists a continuous homomorphism ρ : G → Un+1 such that ρi,i+1 = αi for

every i = 1, . . . , n.

Employing Proposition 2.4, and the universal properties of free pro-p groups and free

pro-p products of pro-p groups respectively, it is fairly easy to prove the following (cf.,

e.g., [39, Ex. 4.1] and [1, Th. 5.1]; for the definition of free pro-p product of pro-p groups

see, e.g., [45, § 9.1]).
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Proposition 2.5. (i) A free pro-p group has the strong n-Massey vanishing prop-

erty for every n > 2.

(ii) Let G1, G2 be two pro-p groups with the the strong n-Massey vanishing property

for every n > 2. Then also the free pro-p product G1 ∗ G2 has the strong n-

Massey vanishing property for every n > 2.

Remark 2.6. If a field K has characteristic equal to 2, then the maximal pro-2 Galois

group GK(2) is a free pro-2 group (cf., e.g., [40, Thm. 6.1.4]), and thus it has the strong

n-Massey vanishing property for every n > 2 by Proposition 2.5. So, henceforth we may

always tacitly assume that every field we deal with has characteristic not 2.

Proposition 2.4 is also useful to show that, in order to check that a pro-p group

satisfies the strong n-Massey vanishing property, it suffices to verify that every sequence

of length at most n of non-trivial cohomology elements of degree 1 whose cup-products

satisfy the triviality condition (1.1) yields a Massey product containing 0, as stated by

the following (cf. [43, Prop. 2.8]).

Proposition 2.7. Given N > 2, a pro-p group G satisfies the strong n-Massey vanishing

property for every 3 ≤ n ≤ N if, and only if, for every 3 ≤ n ≤ N , every sequence

α1, . . . , αn of non-trivial elements of H1(G) satisfying the triviality condition (1.1) yields

an n-fold Massey product containing 0.

Now fix n ≥ 2. Here we will write U instead of Un+1, and I instead of In+1. For

every k ≥ 1 let U(k) denote the k-th term of the descending central series of U: namely,

U(k) is the subgroup of U whose elements have (i, j)-entries equal to 0 if 0 < j − i < k.

For example,

U(1) = U and U(n) = { I + E1,n+1a | a ∈ Fp } ,

while U(k) is the trivial subgroup if k > n.

From [43, Prop. 2.10] one deduces the following.

Lemma 2.8. Let A = (ai,j) ∈ U a matrix such that a1,2 = a2,3 = . . . = an,n+1 = 1.

For every µ ∈ Z2 multiple of 4, there exists a matrix C(µ) ∈ U(3) such that

(2.3) [C(µ), A] = Aµ.

Proof. First, we observe that the order of A is a power of 2 with exponent at least 2, as

U is a finite 2-group, and A2 ̸= I as n ≥ 3.

Since the (i, i + 1)- and (i, i + 2)-entries of A4 are 0, Aµ lies in the subgroup U(4).

Then by [43, Prop. 2.10] there exists a matrix C(µ) ∈ U(4−1) satisfying (2.3). □

3. Oriented pro-p groups

3.1. Orientations of pro-p groups. Let

1 + pZp = { 1 + pλ | λ ∈ Zp }

be the multiplicative group of principal units of Zp. Recall that for p = 2 one has

1 + 2Z2 = {±1} × (1 + 4Z2) ≃ (Z/2)× Z2,
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where the right-side isomorphism is an isomorphism of abelian pro-2 groups. A homo-

morphism of pro-p groups θ : G → 1 + pZp is called an orientation, and the pair (G, θ)

is called an oriented pro-p group (cf. [44]).

The most important example of oriented pro-p groups comes from Galois theory.

Example 3.1. Let K be a field containing a root of 1 of order p. If ζ is a root of 1 of

order a power of p lying in the separable closure of K, then ζ lies also in the maximal

pro-p-extension of K, whose Galois group is the maximal pro-p Galois group GK(p).

The pro-p group GK(p) may be endowed with a natural orientation, the p-cyclotomic

character θK : GK(p) → 1 + pZp, satisfying

g(ζ) = ζθK(g) ∀ g ∈ GK(p)

(cf. [13, § 4]). The image of θK is 1 + pfZ2, where f is the maximal positive integer

such that K contains the roots of 1 of order pf — if such a number does not exists, i.e.,

if K contains all roots of 1 of p-power order, then Im(θK) = {1}, and one sets f = ∞.

Observe that if p = 2 then Im(θK) ⊆ 1 + 4Z2 if
√
−1 ∈ K; on the other hand Im(θK) =

{±1} if
√
−1 /∈ K and K(

√
−1) contains all roots of 1 of order a power of 2.

From now on, given an orientation θ : G→ 1 + pZp of a pro-p group G, the notation

Im(θ) = 1 + p∞Zp will mean that the image of θ is trivial.

In the family of oriented pro-p groups one has the following two constructions (cf.

[7, § 3]).

(a) Let (G0, θ) be an oriented pro-2 group, and let Z be a free abelian pro-2 group.

The semidirect product (Z ⋊θ G0, θ̃) is the oriented pro-p group where Z ⋊θ G0

is the semidirect product of pro-p groups with action gzg−1 = zθ(g) for every

g ∈ G0 and z ∈ Z, and where

θ̃ : Z ⋊θ G0 −→ 1 + pZp
is the orientation induced by θ, i.e., θ̃ = θ ◦ π, where π : Z ⋊θ G0 → G0 is the

canonical projection.

(b) Let (G1, θ1), (G2, θ2) be two oriented pro-p groups. The free product (G1∗G2, θ)

is the oriented pro-p group, while

θ : G1 ∗G2 −→ 1 + pZp
is the orientation induced by the orientations θ1, θ2 via the universal property

of the free pro-p product.

3.2. Demushkin pro-2 groups and orientations. Another important source of ori-

ented pro-p groups are Demushkin pro-p groups. A Demushkin group G is a pro-p group

whose Fp-cohomology algebra satisfies the following three conditions:

(i) the dimension of H1(G) is finite, i.e., G is finitely generated;

(ii) the dimension of H2(G) is one, i.e., G has one defining relation;

(iii) the cup-product induces a non-degenerate pairing

H1(G)×H1(G)
⌣ // H2(G)
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(cf., e.g., [40, Def. 3.9.9]). Demushkin groups have been studied and classified by

S.P. Demuškin, J-P. Serre and J.P. Labute (cf. [2, 24, 46]). In particular, Serre proved

that every Demushkin group may be endowed with a canonical orientation θG : G →
1 + pZp.

By condition (ii) above, a Demushkin pro-p group G has a single defining relation,

namely,

(3.1) G = ⟨ x1, . . . , xd | r = 1 ⟩ , d = dim(H1(G)),

yielding the dual bases {χ1, . . . , χd} of H1(G).

Henceforth we focus on Demushkin pro-2 groups. Altogether, one has four cases,

depending on whether d is even or odd, and on the shape of the defining relation r (cf.

[24]).

3.2.1. First case: Im(θ) ⊆ 1 + 4Z2. The number d is even and the defining relation is

r = [x1, x2]x
−2f

2 [x3, x4] · · · [xd−1, xd],

for some f ∈ {2, 3, 4, . . . ,∞}. The canonical orientation θG : G→ 1 + 2Z2 is defined by

θG(x1) = 1 + 2f and θG(xh) = 1 for h = 2, . . . , d;

thus Im(θG) = 1 + 2fZ2. This is the only case with Im(θG) ⊆ 1 + 4Z2, and the only

case of Demushkin pro-2 groups taken into consideration in [43].

Moreover, H2(G) is generated by χ2
1, and one has the relations

χ2
1 = χ2 ⌣ χ3 = . . . = χd−1 ⌣ χd

and χh ⌣ χh′ = 0 for any other pair (h, h′), with h ≤ h′, different to (1, 2), (3, 4), . . . ,

(d− 1, d).

Remark 3.2. Usually the defining relations of a Demushkin pro-p group are described

adopting the convention [x, y] = x−1y−1xy (this is the case, for example, of [24] and

[40, Ch. III, § 9]). According to the aforementioned convention, the defining relation of

this case reads

r = x2
f

2 [x2, x1][x4, x3] · · · [xd, xd−1],

and analogously for the next cases.

3.2.2. Second case: −1 ∈ Im(θ), d even. The number d is even and the defining relation

is

r = [x1, x2]x
2
2[x3, x4]x

−2f

4 [x5, x6] · · · [xd−1, xd],

for some f ∈ {2, 3, 4, . . . ,∞}. The canonical orientation θG : G→ 1 + 2Z2 is defined by

θG(x1) = −1, θG(x3) = 1 + 2f , and θG(xh) = 1 for h = 2, 4, . . . , d;

thus Im(θG) = {±1} × (1 + 2fZ2).

Moreover, H2(G) is generated by χ1 ⌣ χ2, and one has the relations

χ1 ⌣ χ2 = χ2
2 = χ3 ⌣ χ4 = χ5 ⌣ χ6 = . . . = χd−1 ⌣ χd

and χh ⌣ χh′ = 0 for any other pair (h, h′), with h ≤ h′, different to (1, 2), (2, 2), (3, 4),

. . . , (d− 1, d).
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3.2.3. Third case: Im(θ) = ⟨−1 + 2f ⟩. The number d is even and the defining relation

is

r = [x1, x2]x
2−2f

2 [x3, x4] · · · [xd−1, xd],

for some f ∈ {2, 3, 4, . . . ,∞}. The canonical orientation θG : G→ 1 + 2Z2 is defined by

θG(x1) = −1 + 2f and θG(xh) = 1 for h = 2, . . . , d;

thus Im(θG) = ⟨−1 + 2f ⟩ ≃ Z2.

Moreover, H2(G) is generated by χ1 ⌣ χ2, and one has the relations

χ1 ⌣ χ2 = χ2
2 = χ3 ⌣ χ4 = . . . = χd−1 ⌣ χd

and χh ⌣ χh′ = 0 for any other pair (h, h′), with h ≤ h′, different to (1, 2), (2, 2), (3, 4),

. . . , (d− 1, d).

3.2.4. Fourth case: d odd. The number d is odd and the defining relation is

r = x21[x2, x3]x
−2f

3 [x4, x5] · · · [xd−1, xd],

for some f ∈ {2, 3, 4, . . . ,∞}. Observe that if d = 1 then G is a cyclic group of order 2

(in this case we set implicitly f = ∞). The canonical orientation θG : G → 1 + 2Z2 is

defined by

θG(x1) = −1, θG(x2) = 1 + 2f , and θG(xh) = 1 for h = 3, . . . , d;

thus Im(θG) = {±1} × (1 + 2fZ2).

Moreover, H2(G) is generated by χ1 ⌣ χ2, and one has the relations

χ2
1 = χ2 ⌣ χ3 = χ4 ⌣ χ5 = . . . = χd−1 ⌣ χd

and χh ⌣ χh′ = 0 for any other pair (h, h′), with h ≤ h′, different to (1, 1), (2, 3), (4, 5),

. . . , (d− 1, d).

Remark 3.3. If K is an ℓ-adic local field, with ℓ an odd prime, then its maximal pro-2

Galois group GK(2) is a 2-generated Demushkin pro-2 group (cf. [40, Prop. 7.5.9]). On

the other hand, if K is a 2-adic local field, then its maximal pro-2 Galois group GK(2)

is a Demushkin pro-2 group with d = [K : Qp] + 2 generators (cf. [40, Thm. 7.5.11]).

Finally, Z/2 (which is the Demushkin pro-2 group with defining relation (d) and d = 1)

is the maximal pro-2 Galois group of K = R. It is not known whether every Demushkin

pro-2 group occurs as the maximal pro-2 Galois group of a field — for example, this is

not known for

G = ⟨ x1, x2, x3 | x21[x2, x3] = 1 ⟩,
(cf. [23, Rem. 5.5], see also [43, Rem 3.3]). Yet, if a Demushkin pro-2 group does,

then necessarily the canonical orientation coincides with the 2-cyclotomic character (cf.

[24, Thm. 4]).
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3.3. Oriented pro-p groups of elementary type. The following definition is due to

I. Efrat.

Definition 3.4. The family Ep of oriented pro-p groups of elementary type is the small-

est family of oriented pro-p groups containing

(a) every oriented pro-p group (G, θ), where G is a finitely generated free pro-p

group, and θ : F → 1 + pZp is arbitrary (including G = {1}),
(b) every Demushkin pro-p group together with its canonical orientation (G, θG);

and such that

(c) if (G0, θ) is an oriented pro-p group of elementary type, then also the semidirect

product (Zp ⋊θ G0, θ̃), as defined in § 3.1, is in Ep,
(d) if (G1, θ1), (G2, θ2) are two oriented pro-p groups of elementary type, then also

the free product (G1 ∗G2, θ), as defined in § 3.1, is in Ep.

Remark 3.5. If (G, θ) is an oriented pro-2 group of elementary type, and H is a finitely

generated subgroup of G, then also the oriented pro-2 group (H, θ|H) is of elementary

type (cf., e.g., [44, Rem. 5.10–(b)]).

Example 3.6. The oriented pro-2 group

(G, θ) = Z2 ⋊θ′2
(
(Z1 ⋊θ′1 ((G1, θ1) ∗ (G2, θ2))) ∗ (G3, θ3)

)
— where G1 and G3 are Demushkin pro-2 groups,

G1 =
〈
x1, x2, x3 | x21[x2, x3] = 1

〉
, G3 =

〈
x5, x6 | [x5, x6]x

−2
6 = 1

〉
,

G2 = ⟨x4⟩ ≃ Z2 is free on one generator with θ2(x4) = 1 + 4, and Zi = ⟨zi⟩ ≃ Z2 — is

an oriented pro-2 group of elementary type.

The Elementary Type Conjecture asks whether (GK(p), θK) ∈ Ep for every field K
containing a root of 1 of order p such that [K× : (K×)p] < ∞ (cf. [5], see also [6,

Question 4.8], [27, § 10], [44, § 7.5] and [34, Conj. 4.8]).

Now let EE2 be the smallest subfamily of E2 containing the trivial group {1} with

the trivial orientation, the oriented pro-2 group (G, θG) with G the cyclic group of order

2 and θG : G → {±1} — namely, G is the Demushkin pro-2 group with d = 1 —; and

closed with respect to semidirect products with Z2, and free pro-2 groups. In other

words, EE2 consists of those oriented pro-2 groups of elementary type obtained using

only cyclic groups of order 2 as “building bricks”.

By the work of J. Minač [33], one has the following (see also [34, § 6.2]).

Proposition 3.7. Let K be a field with a finite number of square classes. Then K is

Pythagorean if, and only if, (GK(2), θK) ∈ EE2.

Remark 3.8. A Pythagorean field K such that
√
−1 /∈ K (and thus such that Im(θK) ̸⊆

1+4Z2, cf. Ex. 3.1) is formally real. On the other hand, if
√
−1 ∈ K, then (K×)2 = K×

(cf. [25, p. 255]), and thus GK(2) is trivial.

Altogether, for p = 2 one has the following (cf., e.g., [34, § 6]).

Proposition 3.9. Let K be a field with a finite number of square classes. Then

(GK(2), θK) ∈ E2 in the following cases:
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(i) K is finite;

(ii) K is a PAC field, or an extension of relative transcendence degree 1 of a PAC

field;

(iii) K is a local field, or an extension of transcendence degree 1 of a local field, with

characteristic not p;

(iv) K is 2-rigid (cf. [50, p. 722]);

(v) K is an algebraic extension of a global field of characteristic not 2;

(vi) K is a valued 2-Henselian field with residue field κ, and (Gκ(p), θκ) ∈ E2;
(vii) K is a Pythagorean field.

4. Massey products and pro-2 groups of elementary type

4.1. Demushkin pro-2 groups and Massey products. A. Pál and E. Szabó proved

that for every prime p, every Demushkin pro-p group satisfies the strong n-Massey

vanishing property with respect to p for every n > 2.(cf. [42, Thm. 3.5]). Thus, for

p = 2 one has the following.

Proposition 4.1. Every Demushkin pro-2 group has the strong n-Massey vanishing

property with respect to 2 for every n > 2.

In particular, the cyclic group G = ⟨x | x2 = 1⟩ of order 2 — which is a Demushkin

pro-2 group, cf. § 3.2.4 — has the strong n-Massey vanishing property with respect

to 2 for every n > 2. Actually, this is easily shown using Proposition 2.4. Indeed, let

χ : G→ F2 the non-trivial homomorphism — i.e., H1(G) = F2.χ. Then χ
2 is not trivial

by Lemma 2.1. Hence, a sequence α1, . . . , αn of elements of H1(G) satisfies (1.1) if, and

only if, given two consecutive terms αi, αi+1, they are not both equal to χ, namely, at

least one of them is the 0-map. Hence, the matrix

A = In+1 + α1(x)E1,2 + α2(x)E2,3 + . . .+ αn(x)En,n+1 ∈ Un+1

has order 2, and the assignment x 7→ A yields a homomorphism ρ : G→ Un+1 satisfying

the properties prescribed in Proposition 2.4.

4.2. The infinite dihedral pro-2 group. Let

G1 =
〈
x1 | x21 = 1

〉
and G2 =

〈
x2 | x22 = 1

〉
be two cyclic groups of order 2. Their free pro-2 product G1 ∗G2 is the infinite dihedral

pro-2 group (i.e., the pro-2 completion of the abstract infinite dihedral group)

D2∞ =
〈
x1, x2 | x21 = x22 = 1

〉
=

〈
x, y | x2 = [x, y]y2 = 1

〉
,

with x = x1 and y = x1x2. In particular, if for i = 1, 2 we endow Gi with the non-trivial

orientation θi : Gi → {±1}, then

(D2∞ , θD2∞ ) := (G1, θ1) ∗ (G2, θ2) ≃ Z ⋊θ1 (G1, θ1),

with Z = ⟨x1x2⟩ ≃ Z2. Thus, the oriented pro-2 group (D2∞ , θD2∞ ) is of elementary

type.

Let {χ1, χ2} and {χ, ψ} be the bases of H1(D2∞) dual respectively to {x1, x2} and

to {x, y}. Then χ = χ1 + χ2 and ψ = χ2. Moreover, by [40, Thm. 4.1.4] one has

H2(D2∞) = H2(G1)⊕H2(G2) = F2.χ
2
1 ⊕ F2.χ

2
2,
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and hence {χ2, χ ⌣ ψ = ψ2} is another basis of H2(D2∞).

Since both G1, G2 have the strong n-Massey vanishing property for every n > 2, by

Proposition 2.5 also D2∞ has the strong n-Massey vanishing property for every n > 2.

This implies the following.

Lemma 4.2. For n > 2, there exist matrices A1, A2, B1, B2 ∈ Un+1 such that the

(i, i+ 1)-entries of both A1 and A2 are equal to 1, for all i = 1, . . . , n, and

B1 =



1 1 ∗
1 0

1 1

1 0
. . .

. . .

1


, B2 =



1 0 ∗
1 1

1 0

1 1
. . .

. . .

1


satisfying [B1, A1] = A−2

1 and [B2, A2] = A−2
2 .

Proof. Consider the sequences α1, . . . , αn and α′
1, . . . , α

′
n of elements of H1(D2∞) of

length n, with αi = α′
j = χ+ ψ, for i odd and j even, and αi = α′

j = ψ for i even and

j odd. Then both sequences satisfy (1.1), as

(χ+ ψ) ⌣ ψ = χ ⌣ ψ + ψ2 = 0.

Since D2∞ has the strong n-Massey vanishing property, by Proposition 2.4 there are two

continuous homomorphisms ρ, ρ′ : D2∞ → Un+1 satisfying ρi,i+1 = αi and ρ
′
i,i+1 = α′

i

for all i = 1, . . . , n. Set A1 = ρ(y) and A2 = ρ′(y), and B1 = ρ(x) and B2 = ρ′(x). Then

these matrices satisfy all the desired properties, as [x, y] = y−2, and αi(y) = α′
i(y) =

ψ(y) = 1 for all i, while α1(x) = α′
2(x) = χ(x) = 1, and so on. □

4.3. Semidirect products. The goal of this subsection is to show that if (G0, θ0) is

an oriented pro-2 group of elementary type with Im(θ0) ̸⊆ 1+4Z2 such that G0 has the

strong n-Massey vanishing property for every n > 2, then the same holds for Z ⋊θ0 G0,

with Z ≃ Z2.

Set (G, θ) = Z ⋊θ0 (G0, θ0), and let z ∈ Z be a generator, and ψ : Z → F2 the

homomorphism dual to {z} — namely, ψ(z) = 1, so that ψ generates H1(Z). Then it is

well-known that

(4.1) H1(G) = H1(G0)⊕H1(Z),

while by the work of A. Wadsworth (cf. [49, Cor. 3.4 and Thm. 3.6]), one knows that

(4.2) H2(G) = H2(G0)⊕
(
H1(G0) ⌣ ψ

)
,

where the right-side summand denotes the subspace {α ⌣ ψ | α ∈ H1(G0)}, and one

has α ⌣ ψ = 0 if, and only if, α = 0. In particular, if {χ1, . . . , χd} is a basis of H1(G0),

then {χ1 ⌣ ψ, . . . , χd ⌣ ψ} is a basis of H1(G0) ⌣ ψ.

Remark 4.3. By considering the elements of H1(G0) and of H1(Z) as elements of H1(G)

too, we commit a slight abuse of notation: actually, if α ∈ H1(G0), then we identify it

with the element α̃ of H1(G) such that α̃|G0
= α, and α̃|Z is the 0-map, and analogously

if α ∈ H1(Z).
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Since (G0, θ0) is a pro-2 group of elementary type, we take a minimal generating set

X of G0 consisting of the union of the minimal generating sets of the building bricks

— free pro-2 groups and Demushkin pro-2 groups — of G0, together with generators of

the pro-2-cyclic factors of the occurring semidirect products. We write X as follows:

X = { u1, . . . , us, v1, . . . , vt } ,

where

(a) θ0(uh) ≡ −1 mod 4 for all h = 1, . . . , s,

(b) θ0(vl) ≡ 1 mod 4 for all l = 1, . . . , t.

In particular, every generator uh is the first generator — called x1 in § 3.2 — of a

“Demushkin brick” of G0 with defining relation different to case (a), or a generator of

a “free brick” (whose image via the orientation of the brick is equivalent to −1 mod 4).

The minimal generating set X yields the dual basis B = {ω1, . . . , ωs, φ1, . . . , φt} of

H1(G0).

As a set of defining relations of G0 we take the union of the defining relations of the

“Demushkin bricks”, together with the relations defining the action in the occurring

semidirect products.

Altogether, a generator uh may show up in a defining relation of the following types:

u2h[vl1 , vl2 ]v
−2f

l2
[vl3 , vl4 ] · · · = 1,

[uh, vl1 ]v
2
l1 [vl2 , vl3 ]v

−2f

l3
· · · = 1,

[uh, vl1 ]v
2−2f

l1
[vl2 , vl3 ] · · · = 1;

(4.3)

(where the first relation might be just u2h = 1) and in at most one of the above not

involving precisely two generators. Analogously, a generator vl with θ0(vl) = 1 + 2f ,

2 ≤ f <∞, may show up in a defining relation of the type

(4.4) [vl, vl1 ]v
−2f

l1
[vl2 , vl3 ] · · · = 1,

and in at most one of this involving more than two generators. On the other hand,

the defining relations involving the generators vl’s with θ0(vl) = 1 are just products of

elementary commutators involving these generators, namely

(4.5) [vl1 , vl2 ] · · · [vlm−1 , vlm ] = 1.

Remark 4.4. Every defining relation of G0 is the product of factors

(4.6) [y, vl]v
1−θ0(y)
l with y ∈ X , vl ∈ Ker(θ0),

and, possibly, u2h with θ0(uh) = −1.

Example 4.5. Let (G0, θ0) be the oriented pro-2 group of elementary type constructed

in Example 3.6. We may pick the following minimal generating set of G0:

X = { u1 = x1, u2 = x5, v1 = x2, v2 = x3, v3 = x4, v4 = x6, v5 = z1, v6 = z2 } .

The generator u1 is involved in the defining relations

u21[v1, v2] = [u1, v5]v
2
5 = [u1, v6]v

2
6 = 1,

the generator u2 is involved in the defining relations

[u2, v4]v
2
4 = [u2, v6]v

2
6 = 1,
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while the generator v3 is involved in the defining relations

[v3, v5]v
−4
5 = [v3, v6]v

−4
6 = 1.

Now consider G = Z ⋊θ0 G0. Proposition 2.3 implies that

ψ2 = (ω1 + . . .+ ωs) ⌣ ψ ̸= 0,

as [u1, z]z
2 = . . . = [us, z]z

2 = 1. In order to proceed toward our result, we change the

minimal generating set of G0. Put w1 = u1, and wh = u1uh for all h = 2, . . . , s. Then

X ′ = { w1, . . . , ws, v1, . . . , vt }

is again a minimal generating set of G0. Moreover, put χ0 = ω1 + . . . + ωs. Then

χ0(w1) = 1 and

χ0(wh) = ω1(wh) + ωh(wh) = ω1(u1) + ωh(uh) = 1 + 1 = 0

for all h = 2, . . . , s, while for h = 2, . . . , s one has ωh(w1) = ωh(u1) = 0, and

ωh(wh′) =

{
ωh(u1) + ωh(uh) = 0 + 1 = 1 if h′ = h,

ωh(u1) + ωh(uh′) = 0 + 0 = 0 if h′ ̸= h.

Therefore, {χ0, ω2, . . . , ωs, φ1, . . . , φt} is the basis of H1(G0) dual to X ′.

Lemma 4.6. Let α, α′ be elements of H1(G), α, α′ ̸= 0 (and possibly α = α′), such that

α ⌣ α′ = 0. Then either α, α′ ∈ H1(G0), or α
′ = α+ χ0 and α(z) = α′(z) = 1.

Proof. We keep the same notation as above. We may write

α = aχ0 + β + bψ and α = a′χ0 + β′ + b′ψ,

with a, b, a′, b′ ∈ F2 and β, β′ ∈ Span(ω2, . . . , ωs, φ1, . . . , φt), in a unique way. Then we

compute

0 = α ⌣ α′

=
(
aa′χ2

0 + (aβ′ + a′β) ⌣ χ0 + β ⌣ β′)+(
(bβ′ + b′β) ⌣ ψ + (ab′ + a′b)χ0 ⌣ ψ + bb′ψ2

)
= ((aa′χ0 + aβ′ + a′β) ⌣ χ0 + β ⌣ β′)︸ ︷︷ ︸

∈H2(G0)

+((bβ′ + b′β) + (ab′ + a′b+ bb′)χ0) ⌣ ψ︸ ︷︷ ︸
∈H1(G0)⌣ψ

,

as ψ2 = χ0 ⌣ ψ. Therefore both summands are 0. In particular, the right-side summand

is 0 if, and only if,

(4.7)

{
bβ′ + b′β = 0

ab′ + a′b+ bb′ = 0,

as β, β′ ∈ Span(ω2, . . . , φt). If b, b′ = 0 then α, α′ ∈ H1(G0), and the system (4.7) is

satisfied. So assume that not both b, b′ are 0.

Suppose first that b = 1 and b′ = 0. Then the fist equation of (4.7) implies β′ = 0,

and the second equation implies a′ = 0, namely, α′ = 0, a contradiction. Analogously,

the case b = 0 and b′ = 1 leads to α = 0, a contradiction. Therefore, b, b′ = 1, and

the fist equation of (4.7) implies β = β′, while the second equation implies a′ = a + 1.

Hence

α′ = (a+ 1)χ0 + β + ψ = α+ χ0,
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and α(z) = α′(z) = ψ(z) = 1. □

We are ready to prove the following.

Proposition 4.7. Let (G0, θ0) be an oriented pro-2 group of elementary type, with

Im(θ0) ̸⊆ 1 + 4Z2. If G0 has the strong n-Massey vanishing property for every n > 2,

then also the semidirect product Z ⋊θ0 G0, with Z = ⟨z⟩ ≃ Z2, has the strong n-Massey

vanishing property for every n > 2.

Proof. We keep the same notation as above. Let α1, . . . , αn a sequence of elements of

H1(G) — by Proposition 2.7 we may assume that they are all different to 0 — satisfying

(1.1). By Lemma 4.6, one has two cases: either α1, . . . , αn ∈ H1(G0); or αi /∈ H1(G0)

for some i, and hence αi = α1 if i is odd, and αi = α1 + χ0 if i is even, and moreover

αi(z) = 1 for all i = 1, . . . , n.

Suppose we are in the first case — namely, αi ∈ H1(G0) for all i’s. Since G0

has the strong n-Massey vanishing property by hypothesis, the n-fold Massey prod-

uct ⟨α1, . . . , αn⟩ vanishes (in the F2-cohomology of G0). Hence, by Proposition 2.4

there exists a homomorphism

ρ̄ : G0 −→ Un+1

such that ρ̄i,i+1 = αi for every i = 1, . . . , n. We construct a homomorphism ρ : G →
Un+1 such that ρ|G0

= ρ̄, and Z ⊆ Ker(ρ). Then ρ satisfies all the conditions prescribed

by Proposition 2.4, so that the n-fold Massey product ⟨α1, . . . , αn⟩ vanishes also in the

F2-cohomology of G.

Suppose now that we are in the second case — namely, αi ̸∈ H1(G0) for some i, so

that α2 = α1 + χ0, α3 = α1, and so on. Since Im(θ0) ̸⊆ 1 + 4Z2, G0 has at least a

generator uh ∈ X — and thus a generator u1 — as above. If α1(u1) = 1, we put A = A1

and B = B1, while if α1(u1) = 0, we put A = A2 and B = B2, where Ai, Bi are as in

Lemma 4.2. Recall that BA = A−1. Then

[AB,A] = A[B,A] · [A,A] = A
(
A−2

)
· In+1 = A−2.

Our goal is to construct a homomorphism ρ : G → Un+1 satisfying all the properties

prescribed in Proposition 2.4, by assigning a suitable matrix to every generator of G

lying in X ∪ {z}.
We start with z and we set ρ(z) = A. Then we proceed with the generators u1, . . . , us.

So, pick uh with 1 ≤ h ≤ s, and suppose first that θ0(uh) = −1:

(a) if α1(hh) = α1(u1), set ρ(uh) = B;

(b) if α1(hh) ̸= α1(u1), set ρ(uh) = AB — we underline that for every i = 1, . . . , n,

if the (i, i+1)-entry of B is 1, then the (i, i+1)-entry of AB is 0, and vice versa.

In both cases one has

[ρ(uh), ρ(z)] = [B,A] = A−2 = ρ(z)θ0(uh)−1,

and

ρ(uh)
2 =

{
B2 = In+1 in case (a),

ABAB = A ·A−1 = In+1 in case (b);

moreover ρ(uh)i,i+1 = αi(uh) for all i’s.

Suppose now that θ0(uh) = −1 + 2f with 2 ≤ f <∞:
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(a) if α1(uh) = α1(u1), set ρ(uh) = BC(−2f );

(b) if α1(uh) ̸= α1(u1), set ρ(uh) = ABC(−2f ).

Since C(−2f ) ∈ (Un+1)(3), the (i, i+ 1)-entry of BC(−2f ), respectively of ABC(−2f ),

is the same as in B, respectively in AB, namely, αi(uh). In both cases one has

[ρ(uh), ρ(z)] = [BC(−2f ), A] = B
(
A−2f

)
·A−2 = A2f−2 = ρ(z)θ0(uh)−1,

and moreover ρ(uh)i,i+1 = αi(uh) for all i’s.

We are done with the generators u1, . . . , us, so we proceed with the generators

v1, . . . , vt. Recall that the value of αi(vl) is the same for all i’s. Pick vl, and sup-

pose that θ0(vl) = 1 + 2f with 2 ≤ f <∞:

(a) if α1(vl) = 0, set ρ(vl) = C(2f ), whose (i, i+ 1)-entry is 0 for all i’s;

(b) if α1(vl) = 1, set ρ(vl) = AC(2f ), whose (i, i+ 1)-entry is 1 for all i’s.

In both cases one has

[ρ(vl), ρ(z)] = [C(2f ), A] = A2f = ρ(z)θ0(vl)−1,

and moreover ρ(vl)i,i+1 = αi(vl) for all i’s.

Suppose now that θ0(vl) = 1:

(a) if α1(vl) = 0, set ρ(vl) = In+1;

(b) if α1(vl) = 1, set ρ(vl) = A.

In both cases one has [ρ(vl), ρ(z)] = In+1 = ρ(z)θ0(vl)−1, and

[ρ(y), ρ(vl)] =

{
[ρ(y), In+1] = In+1 = ρ(vl)

θ0(y)−1 in case (a),

[ρ(y), ρ(z)] = ρ(z)θ0(y)−1 = ρ(vl)
θ0(y)−1 in case (b),

for any y ∈ X , and moreover ρ(vl)i,i+1 = αi(vl) for all i’s.

Altogether, the matrices ρ(y), with y ∈ X , and ρ(z), satisfy the defining relations

(4.3)–(4.5) of G0 (see also Remark 4.4), and the relations [y, z]z1−θ0(y) = 1. Therefore,

the assignment

z 7−→ ρ(z), y 7−→ ρ(y), with y ∈ X
induces a homomorphism ρ : G → Un+1, satisfying ρi,i+1 = αi for all i = 1, . . . , n.

Hence, the n-fold Massey product ⟨α1, . . . , αn⟩ vanishes by Proposition 2.4. □

4.4. Proofs of Theorems 1.2–1.3.

Proof of Theorem 1.3. We follow the recursive construction of an oriented pro-2 group

of elementary type.

If (G, θ) is an oriented pro-2 group with G a finitely generated free pro-2 group, then

G has the strong n-Massey vanishing property for all n > 2 by Proposition 2.5. If (G, θ)

is an oriented pro-2 group with G a Demushkin pro-2 group, then G has the strong

n-Massey vanishing property for all n > 2 by Proposition 4.1. So, all building bricks of

an oriented pro-2 group of elementary type have the strong n-Massey vanishing property

for all n > 2.

If (G1, θ1), (G2, θ2) are oriented pro-2 groups with G1, G2 both satisfying the strong

n-Massey vanishing property for all n > 2, then also the free pro-2 product G1 ∗G2 has

the strong n-Massey vanishing property for all n > 2 by Proposition 2.5.
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If (G0, θ0) is an oriented pro-2 groups with G0 satisfying the strong n-Massey van-

ishing property for all n > 2, then also the semidirect product Z ⋊θ0 G0, with Z ≃ Z2,

has the strong n-Massey vanishing property for all n > 2 by Proposition 4.7.

Finally, if H is an open subgroup of G then it is finitely generated (cf., e.g., [3,

Prop. 1.7]), and thus also the oriented pro-2 group (H, θ|H) is of elementary type, and

it has the strong n-Massey vanishing property for all n > 2 by the argument above. □

Proof of Theorem 1.2. By [33], if K is a Pythagorean field with a finite number of square

classes, then (GK(2), θK) is an oriented pro-2 group of elementary type, and thus the

maximal pro-2 Galois group GK(2) has the strong n-Massey vanishing property for all

n > 2 by Theorem 1.3.

If L/K is a finite extension, then the maximal pro-2 Galois group GL(2) is an open

subgroup of GK(2), of index the maximal 2-power dividing [L : K]. Therefore, GL(2)

has the strong n-Massey vanishing property for all n > 2 by Theorem 1.3. □

Corollary 1.4 follows from Theorem 1.3 and Proposition 3.9, with the same argument

for the finite extensions as in the proof of Theorem 1.2.

By [17, Example A.15], and by [31, Thm. 6.3], one knows that there are fields, with

an infinite number of square classes, whose maximal pro-2 Galois group does not have

the strong n-Massey vanishing property for n = 4 — for example, Q is one of them. We

ask whether, instead, a field with a finite number of square classes has maximal pro-2

Galois group with the strong n-Massey vanishing property for every n > 2 — as done

in [43, Question 1.5] assuming further that the field contains
√
−1.

Question 4.8. Let K be a field with a finite number of square classes. Does the maximal

pro-2 Galois group GK(2) have the strong n-Massey vanishing property for every n > 2?
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