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Let C be a cone in a locally convex Hausdorff topological vector space X containing 
0. We show that there exists a (essentially unique) nonempty family K of nonempty 
subsets of the topological dual X ′ such that

C = {x ∈ X : ∀K ∈ K , ∃f ∈ K, f(x) ≥ 0}.

Then, we identify the additional properties on the family K which characterize, 
among others, closed convex cones, open convex cones, closed cones, and convex 
cones. For instance, if X is a Banach space, then C is a closed cone if and only if the 
family K can be chosen with nonempty convex compact sets. These representations 
provide abstract versions of several recent results in decision theory and give us the 
proper framework to obtain new ones. This allows us to characterize preorders 
which satisfy the independence axiom over certain probability measures, answering 
an open question in Hara et al. (2019) [20].

© 2025 The Author(s). Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The study of the geometry of cones and their characterization is central in many fields of pure and 
applied mathematics. For instance, they are related to the algebraic and topological properties of ordered 
normed vector spaces, Riesz spaces, and their linear operators, see e.g. [4]. They appear surprisingly also in 
the theory of Banach spaces: e.g., Milman and Milman proved in [26] that a Banach space is not reflexive 
if and only if it contains a copy of the positive cone of �1, cf. also [1,8]; and, with a different behavior, a 
Banach space X contains a copy of c0 if and only if it contains a copy the positive cone of c0, see [30]. In 
mathematical economics, the geometry of ordering cones is crucial in general equilibrium theory [3] and in 
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decision theory, where they have been implicitly used to characterize certain type of preferences between 
lotteries [13,15,20], building on the idea of Aumann’s cone [6]. In addition, cones appeared in vector-valued 
convex optimization [18,23] and in finance to characterize the no-arbitrage property [7,12]. For several other 
cones-related results, see e.g. [10,17,19,22,31].

The main result of this work is to provide a characterization of cones C in arbitrary locally convex 
Hausdorff topological vector spaces X, and to show that such representation is unique in a precise sense, 
see Theorem 2.2 and 2.5 in Section 2. The representation will be of the type: ``There exists a nonempty 
family K of nonempty subsets of the dual X ′ such that x ∈ C if and only if

∀K ∈ K ,∃f ∈ K, f(x) ≥ 0.”

A result on the same spirit appeared in [28, Theorem 1.b], where Nishimura and Ok proved that, if R is 
a binary relation on a metric space S (that is, R ⊆ S2), then R is reflexive if and only if there exists a 
nonempty family U of nonempty subsets of C(S) := {u : S → R continuous} such that, for each a, b ∈ S, 
we have (a, b) ∈ R if and only if

∀U ∈ U ,∃u ∈ U, u(a) ≥ u(b). (1)

Characterizations analogous to (1) appeared in [20, Theorem 1] in the context of preferences over lotteries 
and in [24, Theorem 2] for preferences over Anscombe–Aumann acts. On a different direction, Hausner and 
Wendel proved in [21] that every totally ordered vector space is isomorphic to a certain subset of some 
lexicographic-ordered function space.

Then, we proceed to Section 3 where we characterize cones with additional properties. More precisely, 
our main results provide representations for:

(i) cones C ⊆ X such that C ∪ (−C) = X (Theorem 3.1);
(ii) convex cones (Theorem 3.2);
(iii) closed convex cones and their interiors (Theorem 3.10);
(iv) open convex cones, provided that X is normed (Proposition 3.12);
(v) closed cones, provided that X is Banach (Theorem 3.14).

These characterizations provide abstract versions of several results in decision theory contained, e.g., in 
[13--15,20]. In addition, we conclude in Section 4 with some applications. In Corollary 4.2 we recover the first 
main result in [20]. Furthermore, in such context, we characterize the additional structure inherited from 
the transitivity axiom, which answers an open question in [20], see Corollary 4.3. Lastly, we characterize 
reflexive binary relations which satisfy the independence axiom in the context of Anscombe–Aumann acts, 
providing a partial answer to another open question in [20], see Corollary 4.4.

2. Main results

Given a topological vector space (tvs) X over the real field, we denote by X ′ its topological dual. A 
nonempty subset C ⊆ X is said to be a cone if λC ⊆ C for all positive reals λ > 0. A cone C ⊆ X is said 
to be pointed if 0 ∈ C, otherwise it is called blunted. Hence, both X and {0} are pointed convex cones, and 
X is the unique open pointed cone. Let C (X) be the family of closed convex cones of X. Lastly, given a 
nonempty set S ⊆ X, let cone(S) := {λx : λ > 0, x ∈ S} be the smallest cone containing S, and co(S) and 
co(S) be the convex hull and closed convex hull of S, respectively.

A pair of vector spaces (X,Y ) is a dual pair if there exists a bilinear map 〈·, ·〉 : X × Y → R such that 
the families {〈·, y〉 : y ∈ Y } and {〈x, ·〉 : x ∈ X} separate the points of X and Y , respectively. Such map 〈·, ·〉



P. Leonetti, G. Principi / J. Math. Anal. Appl. 550 (2025) 129561 3

is called duality. Unless otherwise stated, X and Y are endowed with the weak topology σ(X,Y ) and the 
weak� topology σ(Y,X), respectively. Accordingly, it is well known that both X and Y are locally convex 
Hausdorff tvs, and that X ′ = Y and Y ′ = X, up to isomorphisms; conversely, if X is a locally convex 
Hausdorff tvs, then (X,X ′) is a dual pair, see e.g. [2, Section 5.14] or [5, Section 8.2].

Hereafter, unless otherwise stated, we refer always implicitly to the dual pair (X,Y ) with Y = X ′. E.g., 
we write ``a subset S ⊆ X is closed'' for ``a subset S ⊆ X is closed in the weak topology σ(X,Y ).''

We present now the main definition of this work.

Definition 2.1. Given a nonempty family K ⊆ P(Y ) of nonempty sets, we say that a cone C ⊆ X is 
represented by K if C = CK , where

CK := {x ∈ X : ∀K ∈ K ,∃y ∈ K, 〈x, y〉 ≥ 0} . (2)

By convention, we assume that X is represented by {∅}.

Clearly, if the cone C admits such a representation, then C is pointed. Conversely, as we are going to show 
in a moment every pointed cone is represented by some family K . Note that, if C is blunted, then X \ C
is a pointed cone; hence, passing to the complement or simply subtracting 0, the pointedness assumption is 
not restrictive of generality.

At this point, given a pointed cone C ⊆ X, define

K (C) := {Gx : x / ∈ C},

where

∀x ∈ X, Gx := {y ∈ Y : 〈x, y〉 < 0}.

Observe that, for each nonzero x ∈ X, Gx is a nonempty open convex blunted cone (hence, relative to the 
weak� topology on Y ). In addition, Gx1 = Gx2 , for some nonzero x1, x2 ∈ X if and only if cone({x1}) =
cone({x2}). Indeed, in the opposite, {x1, x2} would be a linearly independent family and, if B is an Hamel 
basis of X containing {x1, x2}, then the unique functional y ∈ Y supported on span{x1, x2} and such that 
〈x1, y〉 = −〈x2, y〉 = −1 belongs to Gx1 \Gx2 . Lastly, given pointed cones C1, C2 ⊆ X, we have C1 ⊆ C2 if 
and only if K (C2) ⊆ K (C1).

Our first main result follows:

Theorem 2.2. Let C ⊆ X be a pointed cone. Then C is represented by K (C).

Proof. The claim holds if C = X, hence suppose hereafter that C is proper. Set D := CK (C) and suppose 
that there exists a vector x ∈ D \C. Since x / ∈ C, then Gx belongs to K (C). Given that x ∈ D, there exists 
y ∈ Gx such that 〈x, y〉 ≥ 0. However, this contradicts the definition of Gx. Therefore D ⊆ C.

Conversely, pick two vectors x ∈ C and x0 / ∈ C, and define the closed convex cone C0 := {λx : λ ≥ 0}. 
Since C is a pointed cone, then C0 ⊆ C, hence x0 / ∈ C0. Thanks to the Strong Separating Hyperplane 
Theorem, see e.g. [5, Theorem 8.17], there exists a nonzero y ∈ Y strongly separating C0 and x0, meaning 
explicitly that

∃α ∈ R,∀λ ≥ 0, 〈λx, y〉 ≥ α > 〈x0, y〉.

However, this is possible only if α ≤ 0, so that 〈x0, y〉 < 0. Observe that the value 〈x, y〉 cannot be negative: 
indeed, in such case, this would contradict the inequality 〈λx, y〉 > 〈x0, y〉 with λ = 2〈x0, y〉/〈x, y〉. Hence 
y ∈ Gx0 ∈ K (C) and 〈x, y〉 ≥ 0, which proves that C ⊆ D. �



4 P. Leonetti, G. Principi / J. Math. Anal. Appl. 550 (2025) 129561 

The representation of a cone C is certainly not unique. As an extreme case, the whole space X is 
represented by the singleton {{y,−y}} for every y ∈ Y . This motivates the following definition:

Definition 2.3. A nonempty set K ⊆ Y is said to be trivial if

∀x ∈ X, ∃y ∈ K, 〈x, y〉 ≥ 0.

The family of trivial sets is denoted by K�.

Equivalently, X is represented by a family K if and only if K ⊆ K�. Note that K� is an upward directed 
family which is not a filter: indeed both {{0}} and {Y \ {0}} belong to K�, while K� 
= P(Y ). In addition, 
the definition of trivial set is strictly related to the notion of one-sided Köthe polar, so that K ∈ K� if and 
only if {x ∈ X : ∀y ∈ K, 〈x, y〉 < 0} = ∅, cf. [2, p. 215]. Note also that, for each nonzero x ∈ X, Gx is not 
trivial in the sense of Definition 2.3 since x / ∈ C{Gx}, which implies that

K (C) ∩ K� = ∅

for all cones C ⊆ X.
Then, we have the following easy [non-]uniqueness representation, cf. Theorem 2.5 below, which we state 

mainly for practical purposes:

Corollary 2.4. Let C ⊆ X be a proper pointed cone, and K ⊆ P(Y ) be a nonempty family such that 
K (C) = {co (cone(K)) : K ∈ K \ K�}. Then C is represented by K .

Proof. Note that CK = CK \K�
. In particular, we can assume without loss of generality that 0 / ∈ K for all 

K ∈ K . Fix a nonzero x ∈ CK (C) and a set K ∈ K . Given the standing hypothesis, there exists x0 / ∈ C

such that co(cone(K)) = Gx0 . By the definition of CK (C), there exists y0 ∈ Gx0 such that 〈x, y0〉 ≥ 0. 
However, since co(cone(K)) = Gx0 , there exist positive reals λ1, . . . , λk > 0 and vectors y1, . . . , yk ∈ K such 
that y0 =

∑k
i=1 λiyi. By the linearity of 〈·, ·〉, we conclude that 〈x, yi〉 ≥ 0 for some i ∈ {1, . . . , k}. Therefore 

CK (C) ⊆ CK .
Conversely, suppose that x / ∈ CK (C). By Theorem 2.2, there exists x0 / ∈ C such that 〈x, y0〉 < 0 for all 

y0 ∈ Gx0 . Pick K ∈ K with co(cone(K)) = Gx0 . In particular, 〈x, y〉 < 0 for all y ∈ K. Therefore CK ⊆
CK (C) and, hence, they coincide. The conclusion follows by Theorem 2.2, so that C = CK (C) = CK . �

The above representations are, of course, not the unique ones. As an example, consider the dual pair 
(R2,R2). Then the positive cone C = [0,∞)2 is represented by the family K =

{
{(cosα, sinα)} : α ∈ 

[
0, π

2 
]}

, 
cf. Theorem 3.10 below. However, for each K ∈ K , the cone co(cone(K)) has empty interior, hence it cannot 
be a member of K (C), since the latter contains only nonempty open sets.

In a sense, we are going to improve Corollary 2.4 by showing that the ``largest'' representation K of a 
cone C ⊆ X is precisely K (C). For, given a nonempty family K ⊆ P(Y ) of nonempty sets, we define

K̂ := {Gx : ∃K ∈ K , K ⊆ Gx} .

Note that ˆ︂K (C) = K (C) if C ⊆ X is proper and, by convention, {̂∅} = {∅}.

Theorem 2.5. Let C ⊆ X be a pointed cone. Then C is represented by a family K if and only if K̂ = K (C).

Proof. First, the claim holds if C = X. Indeed, if X is represented by K then each K ∈ K belongs to 
K�. Let us suppose for the sake of contradiction that there exist x ∈ X and a nonempty K ∈ K such that 
K ⊆ Gx. It follows that
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X = C{K} ⊆ C{Gx} ⊆ X \ {x},

which is impossible. Therefore K̂ = K (X) = {∅}. Conversely, if K̂ = {∅}, then for each x ∈ X and for 
each K ∈ K there exists a vector yx,K ∈ X such that yx,K ∈ K \Gx. Therefore 〈x, yx,K〉 ≥ 0, which proves 
that K ∈ K�, so that X is represented by K . Accordingly, suppose hereafter that C 
= X.

We are going to show that C is represented by two families K1 and K2 if and only if K̂1 = K̂2. Thus, 
the conclusion will follow from Theorem 2.2.

If part. Pick an element Ga ∈ K̂1, which is possible since it is nonempty. Then there exists K1 ∈ K1
which is contained in Ga. Since C is represented by K1 and 〈a, y〉 < 0 for all y ∈ K1, it follows that a / ∈ C. 
Since C is represented also by K2, there exists K2 ∈ K2 such that 〈a, y〉 < 0 for all y ∈ K2. Hence K2 ⊆ Ga, 
so that Ga ∈ K̂2. This proves that K̂1 ⊆ K̂2 and, symmetrically, K̂2 ⊆ K̂1.

Only If part. Fix a vector x / ∈ CK1 , so that there exists K1 ∈ K1 such that 〈x, y〉 < 0 for all y ∈ K1. 
Note that K1 ⊆ Gx, hence by the standing assumption

Gx ∈ K̂1 = K̂2.

By the definition of K̂2, there exists K2 ∈ K2 such that K2 ⊆ Gx. In particular, 〈x, y〉 < 0 for all y ∈ K2, 
which implies that x / ∈ CK2 . Therefore CK2 ⊆ CK1 and, symmetrically, CK1 ⊆ CK2 . This concludes the 
proof. �
3. Characterizations of cones with additional properties

As anticipated in the Introduction, we are going to characterize cones with further structural and/or 
topological properties, taking sometimes inspiration from the results in [20, Section 3]. To start with, we 
provide a representation of the cones C ⊆ X such that C ∪ (−C) = X:

Theorem 3.1. Let C ⊆ X be a proper pointed cone. Then the following are equivalent:

(i) C ∪ (−C) = X;
(ii) H ∩K 
= ∅ for all H,K ∈ K (C);
(iii) there exists K ⊆ P(Y ) representing C such that H ∩K 
= ∅ for all H,K ∈ K .

Proof. (i) =⇒ (ii). Note that, more explicitly, condition (ii) states that, for all x1, x2 / ∈ C, there exists 
y ∈ Y for which 〈x1, y〉 < 0 and 〈x2, y〉 < 0. Now, fix vectors x1, x2 / ∈ C and observe that, by condition (i)
and Theorem 2.2, we have that both x1 and x2 belong to

−C = −CK (C) = {x ∈ X : ∀x0 / ∈ C,∃y ∈ Gx0 , 〈x, y〉 ≤ 0} .

In particular, there exist y1 ∈ Gx2 and y2 ∈ Gx1 such that 〈x1, y1〉 ≤ 0 and 〈x2, y2〉 ≤ 0. But this implies 
that y := 1

2 (y1 + y2) ∈ Gx1 ∩Gx2 .

(ii) =⇒ (iii). Choose K = K (C), thanks to Theorem 2.2.

(iii) =⇒ (i). Fix a vector x ∈ X \ C and a family K ⊆ P(Y ) which represents C such that H ∩K 
= ∅
for all H,K ∈ K . Then there exists K ∈ K such that 〈x, y〉 < 0 for all y ∈ K. Now, fix an arbitrary 
H ∈ K . By hypothesis, there exists y ∈ H ∩K. Thus x belongs to

{z ∈ X : ∀H ∈ K ,∃y ∈ H ∩K, 〈z, y〉 ≤ 0} ⊆ −C,

which proves that C ∪ (−C) = X. �
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We proceed with the characterization of convex cones, which will allow us to provide a complete answer 
to the open question [20, OP2], see Corollary 4.3 below. To this aim, we set G := {Gx : x ∈ X \ {0}}.

Theorem 3.2. Let C ⊆ X be a pointed cone. Then the following are equivalent:

(i) C is convex;
(ii) J / ∈ K (C) for all H,K, J ∈ G such that H,K / ∈ K (C) and J ⊆ H ∪K;
(iii) there exists K ⊆ P(Y ) representing C with the property that, for all H,K, J ∈ G with J ⊆ H ∪K, 

the following holds:

P(H) ∩ K = ∅ and P(K) ∩ K = ∅ implies P(J) ∩ K = ∅.

Before giving the proof of Theorem 3.2, we need an auxiliary lemma.

Lemma 3.3. Fix nonzero vectors a, b, c ∈ X such that c / ∈ co(cone({a, b})). Then

Gc \ (Ga ∪Gb) 
= ∅.

Proof. We divide the proof into three subcases.

Case (i): b, c ∈ span({a}). Suppose that b = βa and c = γa, for some nonzero β, γ ∈ R. Since 
c ∈ span({a}) \ co(cone({a, b})) then necessarily γ < 0 < β. Then, it is enough to pick an arbitrary y ∈ Y

with the property that 〈a, y〉 = 1. Note that this is possible by an application of Hahn–Banach theorem (in 
the following cases we proceed similarly). It follows by construction that 〈b, y〉 = β and 〈c, y〉 = γ. Therefore 
y ∈ Gc \ (Ga ∪Gb).

Case (ii): c ∈ span({a, b}) and b / ∈ span({a}). Suppose that c = αa + βb, for some α, β ∈ R, and b is 
not a multiple of a. Since c 
= 0 and c / ∈ co(cone({a, b})) then min{α, β} < 0. Suppose, up to relabellings, 
that α < 0. If β ≤ 0, pick y ∈ Y such that 〈a, y〉 = 〈b, y〉 = 1, hence 〈c, y〉 = α+ β ≤ α < 0. In the opposite, 
if β > 0, pick y ∈ Y such that 〈a, y〉 = 1 and 〈b, y〉 = −α/(2β), hence 〈c, y〉 = α/2 < 0. In both cases, the 
conclusion follows as above.

Case (iii): c / ∈ span({a, b}). It is enough to pick y ∈ Y such that 〈a, y〉 = 〈b, y〉 = 0 and 〈c, y〉 = −1. 
The conclusion follows as above. �
Proof of Theorem 3.2. (i) =⇒ (ii). First of all, note that the implication holds if C = {0}, hence let 
us assume hereafter that C 
= {0} or equivalently K (C) 
= G . Fix H,K ∈ G \ K (C) and J ∈ G such 
that J ⊆ H ∪ K. By the definition of G , there exist nonzero vectors a, b, c ∈ X such that H = Ga, 
K = Gb, and J = Gc. It follows by Theorem 2.2 that a, b ∈ C. In addition, thanks to Lemma 3.3, we have 
c ∈ co(cone({a, b})). Since C is a convex cone, we conclude that c ∈ C, that is, Gc = J / ∈ K (C).

(ii) =⇒ (i). Fix a, b ∈ C and t ∈ (0, 1) and define c := ta + (1 − t)b. Then by definition of K (C), 
we have Ga, Gb / ∈ K (C). Pick y ∈ Gc, so that 〈c, y〉 = t〈a, y〉 + (1 − t)〈b, y〉 < 0. This implies that 
min{〈a, y〉, 〈b, y〉} < 0. Therefore y ∈ Ga ∪Gb. By (ii), we have Gc / ∈ K (C), which implies that c ∈ C.

(ii) =⇒ (iii). It follows by setting K = K (C) and using Theorem 2.2.

(iii) =⇒ (ii). It follows by Theorem 2.5. �
Definition 3.4. Let S ⊆ X be a nonempty subset. We denote its dual cone by

S′ := {y ∈ Y : ∀x ∈ S, 〈x, y〉 ≥ 0} .
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There will be no risk of confusion with the topological dual of a tvs. Note that S′ is a closed convex cone 
in Y , that is, S′ ∈ C (Y ). Also, S′ = (co(cone(S)))′.

Lemma 3.5. Fix cones C,D ∈ C (X). Then C ⊆ D if and only if D′ ⊆ C ′.

Proof. It is clear that, D′ ⊆ C ′ whenever C ⊆ D. Conversely, suppose that C is not contained in D, so 
that there exists a vector x0 ∈ C \D. It follows by the Strong Separating Hyperplane Theorem, see e.g. [5, 
Theorem 8.17], that there exist a functional y0 ∈ Y and a real α ∈ R such that

∀x ∈ D, 〈x0, y0〉 < α ≤ 〈x, y0〉.

Since D is a cone, then α ≤ 0. This implies that y0 ∈ D′ \ C ′. �
The following corollary is immediate from Lemma 3.5:

Corollary 3.6. The map C (X) → C (Y ) defined by C �→ C ′ is bijective.

Another application of Lemma 3.5 follows below, providing an abstract version of a result of Evren [14, 
Theorem 5 and Theorem 5a]:

Corollary 3.7. Let C ⊆ X and A,B ⊆ Y be convex cones such that both A and B are relatively closed and 
contained in the topological dual D′, where D := C − C. Then A ⊆ B if and only if B′ ∩D ⊆ A′ ∩D.

Proof. Note that D is the vector space generated by C. Setting X = D′ in Lemma 3.5 and using the duality 
of the pair (D,D′), we obtain that A ⊆ B if and only if the dual cone of B with respect to D, which 
coincides with B′ ∩D, is contained in the dual cone of A with respect to D, which is A′ ∩D, concluding 
the proof. �

In the next result, we characterize the class of certain cones which contains the dual of a given closed 
convex cone H 
= {0}:

Theorem 3.8. Let C ⊆ X be a proper pointed cone which is represented by a family K ⊆ P(Y ) of nonempty 
convex compact sets. Fix also a closed convex cone H ⊆ Y with H 
= {0}. Then the following are equivalent:

(i) H ′ ⊆ C;
(ii) H ∩K 
= ∅ for all K ∈ K (C);
(iii) there exists K ⊆ P(Y ) representing C such that H ∩K 
= ∅ for all K ∈ K .

Proof. (i) =⇒ (ii). Let us suppose for the sake of contradiction that H ′ ⊆ C and that there exists 
K ∈ K (C) such that H ∩K = ∅. Recalling that Y is locally convex and Y ′ = X, it follows by the Strong 
Separating Hyperplane Theorem, see e.g. [5, Theorem 8.17], that there exist x0 ∈ X and α, β ∈ R such that

∀h ∈ H,∀k ∈ K, 〈x0, k〉 ≤ α < β ≤ 〈x0, h〉.

However, since H is a cone containing a nonzero vector, then β ≤ 0. On the one hand, it follows that 
〈x0, k〉 < 0 for all k ∈ K ∈ K (C), hence x0 / ∈ CK (C) = C by Theorem 2.2. On the other hand, we have 
that 〈x0, h〉 ≥ 0 for all h ∈ H. Therefore x0 ∈ H ′ ⊆ C, providing the desired contradiction.

(ii) =⇒ (iii). Choose K = K (C), thanks to Theorem 2.2.
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(iii) =⇒ (i). Pick a vector x ∈ X such that 〈x, y〉 ≥ 0 for all y ∈ H. Since C is represented by K and 
H ∩K 
= ∅ for all K ∈ K , it follows that x ∈ C. Therefore the dual cone H ′ is contained in C. �
Remark 3.9. As it turns out from Theorem 3.14 and Remark 3.15 below, if X is a Banach space then the 
class of cones C ⊆ X satisfying the hypothesis of Theorem 3.8 is precisely the family of closed cones C ⊆ X.

Now, we characterize closed convex cones C ⊆ X. While it is an easy consequence of the Bipolar theorem 
that C = C ′′, we show also that, if C = D′ for some closed convex cone D ⊆ Y , then necessarily D = C ′. 
In addition, we characterize the interior of such cones. This provides a generalization of the main results 
contained in [13,15], cf. also [16,27,29].

To this aim, recall that a locally convex topology τ on X is said to be consistent if the topological dual 
of (X, τ) coincides with X ′.

Theorem 3.10. Fix cones C ∈ C (X) and D ∈ C (Y ). Then the following are equivalent:

(i) D = C ′;
(ii) C = D′.

If, in addition, C and D′ have nonempty interior with respect to a consistent locally convex topology τ
on X, then they are also equivalent to:

(iii) int(C) = {x ∈ X : ∀y ∈ D \ {0}, 〈x, y〉 > 0}.

The proof of (i) =⇒ (iii) can be found in [5, Lemma 2.17], and the implication (i) =⇒ (ii), which can 
be rephrased as ``every closed convex cone C ⊆ X is represented by the family {{y} : y ∈ C ′},'' corresponds 
to the known fact

C = {x ∈ X : ∀y ∈ C ′, 〈x, y〉 ≥ 0}. (3)

We include their proofs for the sake of completeness. Before we proceed to the proof of Theorem 3.10, we 
recall the following lemma:

Lemma 3.11. Let S be a convex set with nonempty interior in a tvs. Then cl(int(S)) = cl(S) and int(cl(S)) =
int(S).

Proof. See [2, Lemma 5.28]. �
Proof of Theorem 3.10. (i) =⇒ (ii). Fix a vector y0 in the one-sided polar

C• := {y ∈ Y : ∀x ∈ C, 〈x, y〉 ≤ 1}.

Since C is a cone, then 〈λx, y0〉 ≤ 1 for all x ∈ C and real λ > 0. Therefore 〈x, y0〉 ≤ 0 for all x ∈ C, hence 
C• = −C ′ and, thanks to the Bipolar theorem, see e.g. [5, Theorem 8.12], we conclude that

C = C•• = C ′′ = D′.

(ii) =⇒ (i). Suppose that C = D′. By the previous point, we know that C = C ′′. Therefore D = C ′ by 
Corollary 3.6.

Hereafter, suppose that C has nonempty interior with respect to τ .
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(i) =⇒ (iii). Pick a nonzero vector x ∈ int(C) and a functional y ∈ C ′. Since x is an interior point, 
there exists a balanced neighborhood U of 0 such that x + U ⊆ int(C). By the definition of the dual cone, 
we have 〈x + u, y〉 ≥ 0 for all u ∈ U . Since U = −U , it follows that 〈u, y〉 = 0 for all u ∈ U , which implies 
that y = 0. This proves that

int(C) ⊆ {x ∈ X : ∀y ∈ C ′ \ {0}, 〈x, y〉 > 0}.

Conversely, pick a nonzero vector x0 such that 〈x0, y〉 > 0 for all nonzero y ∈ C ′. If x0 / ∈ int(C), it would 
follow by the Interior Separating Hyperplane Theorem, see e.g. [5, Theorem 8.16], that there exist a nonzero 
functional y0 ∈ Y and a real α ∈ R such that

∀x ∈ cl(int(C)), 〈x0, y0〉 ≤ α ≤ 〈x, y0〉.

Since cl(int(C)) = C, by Lemma 3.11, and C is a cone, we obtain that α ≤ 0. Hence y0 belongs to C ′ and 
〈x0, y0〉 ≤ 0. However, this contradicts the standing assumption 〈x0, y〉 > 0 for all nonzero y ∈ C ′, which 
shows the opposite inclusion.

(iii) =⇒ (ii). Set E := D′. Thanks to Lemma 3.11, the equivalence (i) ⇐⇒ (ii), and the implication (i)
=⇒ (iii), we obtain that

C = cl (int (C)) = cl ({x ∈ X : ∀y ∈ D \ {0}, 〈x, y〉 > 0})
= cl ({x ∈ X : ∀y ∈ E′ \ {0}, 〈x, y〉 > 0})
= cl(int(E)) = E = D′,

which completes the proof. �
In particular, Theorem 3.10 shows that the interior of C is the same for all consistent locally convex 

topologies τ on X. This is analogous to Mackey’s theorem, which states that all consistent topologies have 
the same closed convex sets, see e.g. [5, Theorem 8.9].

At this point, we characterize (proper) open convex cones:

Proposition 3.12. Suppose that X is a normed space and let C ⊆ X be a proper subset. Then C is a 
norm-open convex cone if and only if there exists a nonempty σ(Y,X)-compact U ⊆ Y such that

C = {x ∈ X : ∀y ∈ U, 〈x, y〉 > 0}. (4)

In addition, if V ⊆ Y is another nonempty σ(Y,X)-compact set with the same property, then 
co(cone(U)) = co(cone(V )).

In the proof of Proposition 3.12, we will need the following standard lemma.

Lemma 3.13. Let X be a normed space and fix a nonempty σ(X,Y )-compact set U ⊆ X. Then 
⋂

x∈U Gx is 
norm-open.

Proof. Set G :=
⋂

x∈U Gx and suppose that G 
= ∅, otherwise there is nothing to prove. Since each section 
〈·, y〉 is σ(X,Y )-continuous, by Weierstrass’ theorem it is possible to define the function f : Y → R by

∀y ∈ Y, f(y) := max
x∈U 

〈x, y〉.
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Note that f(y) < 0 if and only if y ∈ G. Now, suppose that a sequence (yn)n∈N is norm-convergent to 
0 ∈ Y . Since f(0) = 0, we have

∀n ∈ N, |f(yn)| ≤ max
x∈U 

|〈x, yn〉| ≤ ‖yn‖ · max
x∈U 

‖x‖,

hence limn f(yn) = 0, i.e., f is norm-continuous at 0. Thus, since f is sublinear, it must be norm-continuous. 
Therefore G = f−1 ((−∞, 0)) is norm-open. �
Proof of Proposition 3.12. If part. Let U be a nonempty σ(Y,X)-compact U ⊆ Y such that (4) holds. It 
is straightforward to see that C is a convex cone. Moreover, it is open in the norm topology by Lemma 3.13.

Only If part. Thanks to Lemma 3.11, we have C = int(cl(C)) in the norm topology. Applying the 
equivalence (i) ⇐⇒ (iii) in Theorem 3.10 to the cone cl(C) ∈ C (X), we obtain that

C = {x ∈ X : ∀y ∈ (cl(C))′ \ {0}, 〈x, y〉 > 0} .

At this point, let SY := {y ∈ Y : ‖y‖ = 1} be the unit sphere of the topological dual of X, which 
is σ(Y,X)-compact by Alaoglu–Bourbaki’s theorem, see e.g. [5, Theorem 8.8]. Hence (4) holds with the 
σ(Y,X)-compact set U := SY ∩ (cl(C))′.

For the second part, let U and V be nonempty σ(Y,X)-compact set which represent the norm-open 
convex cone C as in (4). Fix also x0 ∈ C and a vector x ∈ X such that 〈x, y〉 ≥ 0 for all y ∈ U . Then 
αx+(1−α)x0 ∈ C for all α ∈ [0, 1). Since both U and V represent C, it follows that 〈αx+(1−α)x0, y〉 > 0
for all α ∈ [0, 1). By the continuity of the duality map and taking the limit α → 1−, we obtain that 〈x, y〉 ≥ 0
for all y ∈ V . This implies that U ′ ⊆ V ′. With a symmetric argument, we have V ′ ⊆ U ′. Therefore

(co(cone(U)))′ = U ′ = V ′ = (co(cone(V )))′.

The conclusion follows by Corollary 3.6. In particular, co(cone(U)) has to be equal to (cl(C))′. �
Finally, everything is ready to provide a representation of arbitrary closed cones in Banach spaces:

Theorem 3.14. Suppose that X is a Banach space and let C ⊆ X be a subset. Then the following are 
equivalent:

(i) C is a norm-closed cone;
(ii) C is represented by a family K of nonempty σ(Y,X)-compact sets;
(iii) C is represented by a family K of nonempty σ(Y,X)-compact convex sets.

Proof. The claim holds if C = X by choosing, e.g., K = {{0}}, hence suppose hereafter that C is proper. 
Also, let τ be the norm topology on X

(i) =⇒ (ii). Set D := X \ C, which is a proper τ -open cone. Since τ is locally convex, for each x ∈ D

there exists a τ -open neighborhood Vx of zero such that Dx := cone(x+Vx) is a proper τ -open convex cone 
contained in D. In addition,

D =
⋃

x∈D
Dx.

At this point, it follows by Proposition 3.12 that, for each x ∈ D, there exists a nonempty σ(Y,X)-compact 
set Ux ⊆ Y such that Dx can be written as {a ∈ X : ∀y ∈ Ux, 〈a, y〉 > 0}. With these premises, we conclude 
that
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C =
⋂

x∈D
(X \Dx)

= {a ∈ X : ∀x ∈ D, a / ∈ Dx}
= {a ∈ X : ∀x ∈ D,∃y ∈ Ux, 〈a, y〉 ≤ 0}.

Therefore C is represented by the family K := {−Ux : x ∈ D}.

(ii) =⇒ (iii). It is enough to replace each Ux in the above proof with Kx := co(Ux) for each x ∈ D, 
which is σ(Y,X)-compact for each x ∈ D, thanks to the Krein–Šmulian theorem, see e.g. [5, Theorem 8.28]. 
For, we show that

∀x ∈ D, Dx = {a ∈ X : ∀y ∈ Kx, 〈a, y〉 > 0} (5)

and repeat verbatim the same argument. By the σ(Y,X)-compactness of Ux and the σ(Y,X)-continuity of 
the sections 〈x, ·〉, we can define the positive reals εx,a := miny∈Ux

〈a, y〉 for each x ∈ D and a ∈ Dx. Hence, 
passing to the closed convex hull, 〈a, y〉 ≥ εx,a for all x ∈ D, a ∈ Dx, and y ∈ Kx, implying (5).

(iii) =⇒ (ii). This is clear.

(ii) =⇒ (i). Let K be a family of nonempty σ(Y,X)-compact sets which represents C. Pick K ∈ K

and a sequence (xn)n∈N in C which is τ -convergent to some x ∈ X. We claim that x ∈ C. For, since C
is represented by K , there exists a sequence (yn)n∈N in K such that 〈xn, yn〉 ≥ 0 for all n ∈ N. By the 
hypothesis that K is σ(Y,X)-compact, there exists a subsequence (ynk

)k∈N which is σ(Y,X)-convergent to 
some y ∈ K. Since K is necessarily norm-bounded by [25, Corollary 2.6.9], the restriction of the duality 
map 〈·, ·〉 to X × K is jointly τ × σ(Y,X)-continuous [2, Corollary 6.40]. It follows that the subsequence 
(〈xnk

, ynk
〉)k∈N converges to 〈x, y〉. Therefore 〈x, y〉 ≥ 0 and, by the arbitrariness of K, we get x ∈ C. �

Remark 3.15. Note that implication (i) =⇒ (ii) holds also if X is not necessarily complete. On the other 
hand, our proof of (ii) =⇒ (i) relies on the completeness assumption in applying [25, Corollary 2.6.9]. 
Indeed, there exist normed spaces X which admit norm-unbounded σ(Y,X)-compact subsets of X ′.

The following corollary provides an abstract representation for certain cones which represent justifiable 
preferences, as defined by Lehrer and Teper in [24]. Accordingly, it provides a generalization of [24, Theorem 
1] for Anscombe–Aumann acts and [20, Theorem 5] for lotteries. In a sense, it complements the known 
representation for closed convex cones in (3):

Corollary 3.16. Suppose that X is a normed space and let C ⊆ X be a set.
Then C is a norm-closed cone such that C ∪ (−C) = X and C \ (−C) is convex if and only if there exists 

a nonempty σ(Y,X)-compact set K ⊆ Y for which C is represented by {K}, i.e.,

C = {x ∈ X : ∃y ∈ K, 〈x, y〉 ≥ 0}. (6)

Proof. First, note that the claim holds if C = X by choosing K = {0}. Hence, suppose hereafter that C is 
a proper subset of X and define D := C \ (−C). Note that D is a cone.

If part. It follows by Lemma 3.13 and duality that X \ C =
⋂

y∈K{x ∈ X : 〈x, y〉 < 0} is open in 
the norm topology. Hence C is a norm-closed cone. It is also clear that, if representation (6) holds, then 
{x,−x} ∩ C 
= ∅ for all x ∈ X, so that C ∪ (−C) = X. Finally, pick x1, x2 ∈ D and α ∈ (0, 1). Since 
x1, x2 / ∈ −C and −C is represented by {−K} then 〈x1, y〉 > 0 and 〈x2, y〉 > 0 for all y ∈ K. Hence 
〈αx1 + (1 − α)x2, y〉 > 0 for all y ∈ K, which implies that D is convex.
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Only If part. Since C 
= X, then D is a proper convex cone. In addition, D = (C ∪ (−C)) \ (−C) =
X∩(−C)c is norm-open. Hence it follows by Proposition 3.12 that there exists a σ(Y,X)-compact set U ⊆ Y

which satisfies

D = {x ∈ X : ∀y ∈ U, 〈x, y〉 > 0}.

Equivalently, −D = {x ∈ X : ∀y ∈ U, 〈x, y〉 < 0}. Note that {C,−D} is a partition of X. Therefore

C = X \ (−D) = {x ∈ X : ∃y ∈ U, 〈x, y〉 ≥ 0},

completing the proof. �
4. Applications in decision theory

The principle underlying the representation results used in quoted results of decision theory is simple: 
Let R be a binary relation on a given set S,1 and suppose also that there exist a topological vector space 
X, a pointed cone C ⊆ X, and a function f : S2 → X such that

∀a, b ∈ S, (a, b) ∈ R ⇐⇒ f(a, b) ∈ C. (7)

Then, it is enough to represent the cone C: Indeed, it follows by Theorem 2.2 that there exists a nonempty 
family K ⊆ P(Y ) of nonempty subsets such that

∀a, b ∈ S, (a, b) ∈ R ⇐⇒ (∀K ∈ K ,∃y ∈ K, 〈f(a, b), y〉 ≥ 0) .

Also, if the cone C can be chosen with additional properties (depending on the assumptions on the binary 
relation R), then Theorem 2.2 can be replaced with one of its refinements given in Section 3.

Example 4.1. Suppose that S is a convex subset of a vector space and set X := span(S). Define also the 
function f : S2 → X by f(a, b) := a−b. Then it is easy to check that a reflexive or irreflexive binary relation 
R on S satisfies (7) for some cone C ⊆ X provided that R satisfies the so-called independence axiom, i.e.,

(a, b) ∈ R ⇐⇒ (αa + (1 − α)c, αb + (1 − α)c) ∈ R (8)

for all a, b, c ∈ S and all α ∈ (0, 1). In addition, C is pointed if and only if R is reflexive. In such case, the 
cone C = CR defined by

CR := {α(a− b) : α ≥ 0, (a, b) ∈ R}

is the Aumann’s cone generated by R, cf. [6] and [13, Footnote 15]. It is worth to remark, following [13], 
that if CR is closed and convex then the binary relation R must be transitive and continuous.2

As an immediate application, e.g., we recover [20, Theorem 1]:

1 As usual, the interpretation is that a binary relation R ⊆ S2 represents a preference � on S defined by a � b if and only if 
(a, b) ∈ R for all a, b ∈ S.
2 Recall that a binary relation R on a set S is said to be continuous if, for all nets (xα, yα)α∈A ∈ RA with limα∈A xα = x ∈ S

and limα∈A yα = y ∈ S, it follows that (x, y) ∈ R.
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Corollary 4.2. Let R be a binary relation on the set Δ(Z) of Borel probability measures on a separable metric 
space Z.

Then R is reflexive and satisfies the independence axiom (8) if and only if there exists a nonempty family 
U ⊆ P(Cb(Z)) of nonempty subsets such that

(p, q) ∈ R ⇐⇒ ∀U ∈ U ,∃u ∈ U, Ep[u] ≥ Eq[u], (9)

for all p, q ∈ Δ(Z), where Er[u] :=
∫
u dr for all r ∈ Δ(Z) and u ∈ Cb(Z).

Proof. The If part is easy to check. For the Only If part, set S := Δ(Z) and let X := ca(Z) = span(S)
be the set of countably additive finite signed Borel measures on Z. It follows by the A˙ine Representation 
Lemma, see e.g. [20, p. 965], that (X,Cb(Z)) is a dual pair, with 〈μ, u〉 :=

∫
u dμ for all μ ∈ X and u ∈ Cb(Z). 

By Example 4.1, R is represented by the pointed cone CR ⊆ X. The claim follows by Theorem 2.2 and the 
linearity of the duality map. �

As anticipated in Section 3, we obtain a complete characterization of preorders which satisfies the inde
pendence axiom, answering the open question [20, OP2].

Corollary 4.3. Let R be a binary relation on the set Δ(Z) of Borel probability measures on a separable metric 
space Z, and define

U0 := {{u ∈ Cb(Z) : Ep[u] < Eq[u]} : p, q ∈ Δ(Z)} .

Then R is reflexive, transitive, and satisfies the independence axiom (8) if and only if there exists a 
nonempty family U ⊆ P(Cb(Z)) of nonempty subsets such that (9) holds for all p, q ∈ Δ(Z) and

P(U1) ∩ U = ∅ and P(U2) ∩ U = ∅ implies P(V ) ∩ U = ∅

for all U1, U2, V ∈ U0 with V ⊆ U1 ∪ U2.

Proof. The proof goes analogously as in Corollary 4.2, taking into account Theorem 3.2 and that CR is 
convex by [20, Lemma A.2(d)]. �

Several additional characterizations in [20] can be obtained analogously. In this work, the advantage 
is that our results can be applied to different settings. For instance, in [20, OP4] the authors leave as 
open question to extend their analysis ``to the context of uncertainty, where one would instead take the 
Anscombe–Aumann expected utility theorem as the starting point. [...] Nothing is known at present about 
the structure of a˙ine and monotonic (and state independent) preferences over (finite) acts (on a finite state 
space) that fail to satisfy continuity, completeness, and/or transitivity.''

A first attempt to solve this question follows below. Following e.g. [16,27,29], given a nonempty finite set 
Ω and a separable metric space Z, we denote by

F (Ω, Z) := Δ(Z)Ω

the set of functions f : Ω → Δ(Z), which are called Anscombe–Aumann acts. As usual, we endow F (Ω, Z)
with the product topology with the relative topology on Δ(Z) induced by the total variation norm on ca(Z).

Corollary 4.4. Let R be a binary relation on the set of Anscombe–Aumann acts F (Ω, Z), where Ω is a 
nonempty finite set and Z is a separable metric space.
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Then R is reflexive and satisfies the independence axiom (8) if and only if there exists a nonempty family 
K ⊆ P(Cb(Z ×Ω)) of nonempty subsets such that, for all f, g ∈ F (Ω, Z), it holds (f, g) ∈ R if and only if

∀K ∈ K ,∃u ∈ K, 
∑

ω
Ef(ω)[u(·, ω)] ≥

∑
ω
Eg(ω)[u(·, ω)].

Proof. The proof goes on the same lines of Corollary 4.2, replacing Δ(Z) with Δ(Z)Ω and, similarly, X
with ca(Z)Ω. Since ca(Z) is a normed space and Ω is finite, X ′ is isometrically isomorphic to Cb(Z ×Ω) by 
[11, p. 77, Exercise 4]. Hence we have the dual pair (ca(Z)Ω,Cb(Z × Ω)), with duality map given by

〈μ, u〉 =
∑

ω
Eμ(ω)[u(·, ω)].

The conclusion follows analogously. �
As a further application, given a preference relation R over �∞, we provide two representations of the 

R-positive cone which are related to [9, Lemma 6].

Corollary 4.5. Let R be a binary relation of �∞ which satisfies:

(i) positive homogeneity, i.e., for all x, y ∈ �∞ and α ≥ 0, (x, y) ∈ R implies (αx, αy) ∈ R;
(ii) weak continuity, i.e., for all y ∈ �∞, the sets Uy := {x ∈ �∞ : (x, y) ∈ R} and Ly := {x ∈ �∞ : (y, x) ∈

R} are weakly closed.

Then there exists a nonempty family K ⊆ P(ba(N))3 of nonempty compact convex subsets such that

U0 =
{
x ∈ �∞ : ∀K ∈ K ,∃μ ∈ K, 

∫
x dμ ≥ 0

}
.

If, in addition, R is:

(iii) convex, i.e., for all α ∈ R and x ∈ �∞, the set {x ∈ �∞ : (x, (α, α, . . .)) ∈ R} is convex,

then there exists a nonempty compact convex K ⊆ ba(N) such that

U0 =
{
x ∈ �∞ : ∀μ ∈ K, 

∫
x dμ ≥ 0

}
.

Proof. If R satisfies (i) and (ii), then (0, 0) ∈ R, hence U0 is a closed pointed cone. The claim follows 
that Theorem 3.14, Remark 3.15, and the fact that �′∞ = ba(N). The second part follows similarly, using 
Theorem 3.10. �
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