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ABSTRACT: We used Langevin dynamics simulations to study
coarse-grained knotted copolyelectrolytes, composed by a neutral and
a charged segment, in solutions of different salt concentrations,
valency, and solvent screening power. We show that the facile variation
of these parameters allows for tuning the length and position of the
knotted region, which in turn controls the overall metric properties.
Specifically, adding either monovalent or divalent ions causes the knot
to swell at the expense of the copolyelectrolyte overall size. However,
the knot typically straddles the charged−neutral interface in the
presence of monovalent counterions, whereas it is attracted on the
charged segment with divalent ones. Notably, similar modulations of
knot size and position can also be achieved by varying the dielectric
constant of the solvent. Our results demonstrate the feasibility of
harnessing the solution-mediated balance of electrostatics and conformational entropy toward a facile external tuning of the
conformational properties of knotted polymers.

■ INTRODUCTION
Knots are ubiquitous in naturally occurring polymers such as
DNA1−7 and proteins8−12 and are increasingly used to design
new synthetic molecules and materials.13−15

The interest in molecular knots, and their design, is fueled
by the increasing evidence that topological constraints can
dramatically affect an impressive range of static and dynamic
polymer properties, including metric scaling behavior,16−21

relaxation kinetics,5,22−29 and the response to external
perturbations such as mechanical stretching,30−33 extensional
flows,34−39 and pore translocation.40−42 It is thus natural to ask
whether there are polymeric systems that allow for a facile
design or tuning of their topological constraints, such as their
tightness, as this would yield an indirect control over the
above-mentioned physical properties.

In this regard, knotted circular copolyelectrolytes (coPE’s),
i.e., ring polymers featuring charged and neutral blocks, appear
uniquely tunable.43 In fact, varying the coPE composition,
hence the (relative) length of the blocks, allows for biasing in
specific ways the contour length and position of the knot, thus
modulating the coPE size and its internal dynamics. Such
effects have no analogue in homopolymers or block
copolymers with, e.g., regions of different rigidity.44

The unique tunability of coPE’s arises from competing
contributions to the system Helmholtz (free) energy, namely,
(i) the electrostatic repulsion between charged monomers,
particularly those kept in proximity by the essential crossings of
the knot, (ii) the conformational entropy of the knotted region
and, consequently, of the knot complementary arc, and (iii)

the entropy of counterions, whose degree of condensation on a
knotted polyelectrolyte depends on the latter conformation.45

Segregating the knot in the neutral block can thus lower the
intrachain electrostatic repulsion but only at the expense of the
coPE conformational entropy. Accordingly, with judicious
choices of the length of the ring polymer30 and of the neutral
segment, one can balance the two terms for desired effects on
statics and dynamics.43

To achieve the highest level of tunability, one should single
out polymer systems where knot length and position depend
not only on intrinsic properties like the polymer chemical
composition, which is not easily modifiable, but especially on
more easily tunable extrinsic ones. Block coPE’s are promising
candidates also in this respect, as their electrostatic interactions
respond to solution properties that can be controlled
externally, such as the background ionic strength or the
solvent intrinsic screening power (i.e., its dielectric permittiv-
ity). For instance, increasing the concentration of salt ions
generally reduces the average gyration radius of polyelec-
trolytes, including strong46 and weak45 knotted ones.
Interestingly, divalent counterions can much enhance the
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effect45,46 by coordinating several charged monomers, inducing
polyelectrolytes compaction.45,47−54 Changing the solvent
screening power (practically, its Bjerrum length lB), which
modulates the strength of the electrostatic potential, can elicit
similar effects.45 In fact, increasing lB typically augments
counterion condensation along the chain contour of weak
polyacids, resulting in larger knots. Conversely, tighter knots
are obtained by decreasing lB. In the end, all these
considerations motivated the present systematic study of
how knotted coPE’s respond to changes in ionic strength,
counterion valency, and lB, which can all be experimentally
varied in a facile manner.

In the present work, Langevin dynamics simulations and
coarse-grained models of knotted coPE’s43,45 are employed to
gain more insights into the possibility to exploit the above-
mentioned solution properties to tune the conformational and
thermodynamical behavior of knotted coPE’s. Among our
main findings, we first mention that increasing the concen-
tration of monovalent salt yields a longer knot that straddles
the neutral segment, thus reducing the overall chain size, across
all considered coPE compositions. Differently, adding divalent
counterions makes the knot longer while concurrently
displacing it from the neutral block. We also show that
analogous effects can be achieved by lowering the solvent
screening power, whereas its increase promotes a higher
overlap between the knot and the neutral segment.

Our results provide a first demonstration of the feasibility of
tuning the contour size and position of knots in polymer
systems via the facile modification of external parameters; the
former characteristics may thus be easily directed toward the
desired overall metric properties.

■ MODEL AND METHODS
Model. The simulated system consists of a single circular

knotted copolyelectrolyte (coPE, or “ring”) in a periodically
repeated cubic cell, whose side length L = 76.36σ (σ = 3.55 Å)
was chosen to yield a molar concentration of monomers equal
to Cmono = 10−2 M.

The circular coPE, which has a 31 (trefoil) knot topology, is
represented via a coarse-grained “beads−springs” primitive
model and consists of Nmono = 120 monomers. The ring
includes a segment of Nneu adjacent neutral monomers (neutral
segment, NS), whereas the remaining Nchrg = Nmono − Nneu
ones carry a quenched monovalent negative charge; i.e., they
act as strong electrolytes.

Bonds between consecutive beads are modeled via a finitely
extensible nonlinear elastic (FENE) potential55
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where rij is the distance between two bonded monomers i and
j, rmax = 3σ is the maximum allowed bond elongation, and kbond
= 30ϵ/σ2 is the force constant. In the latter expression, ϵ is
taken equal to the characteristic thermal energy of the system,
which is in canonical equilibrium at temperature T, ϵ = kBT.

In the simulation cell, NCI = Nchrg monovalent positive CI’s,
which are necessary to counterbalance the negative charge
carried by the polyelectrolyte, and Ns symmetric (i.e., z:z) salt
pairs, either monovalent (z = 1) or divalent (z = 2), are also
present.

All particles (i.e., monomers and ions in solution) are treated
as soft spheres, and their excluded volume is accounted for by
the Weeks−Chandler−Anderson (WCA) potential:56
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where rij is the distance between two interacting particle i and j
and rcut = 21/6σ is the cutoff radius.

Electrostatic interactions are calculated via the P3M method,
with an accuracy set to 10−3. The solvent, whose molecular
structure is neglected, is accounted for by a uniform dielectric
continuum with a tunable Bjerrum length, lB.
Simulation Protocol. The system is evolved with

Langevin dynamics simulations

m r r F Ri i i i i= + + (3)

where mi, ri, and ri are respectively the mass, velocity, and
acceleration of the ith particle, γ = σ−1/(mε)1/2, and Fi, and Ri
are respectively the conservative and the random forces acting
on particle i. Random forces act on each particle independently
and obey the fluctuation−dissipation theorem.

All simulations were performed with the software package
ESPResSo 4.1,57 using default values for particles’ mass, m, and
friction coefficient, γ. The stochastic dynamics was integrated
with a velocity-Verlet algorithm using a time step δt = 0.01τMD,
with m( / )MD = .

For each considered condition, we collected at least 30
independent trajectories, each of duration tsim = 2 × 104τMD,
after an initial relaxation stage of duration ttherm = 5 × 103τMD.
Canonical expectation values of the system properties were
computed over system configurations sampled at intervals of
10τMD.
Conformational and Thermodynamical Analysis. To

characterize the size of the coPE, its dependence on the
composition (i.e., the NS length versus Nneu), and the solution
properties, we considered the radius of gyration
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where ri and rCoM are the coordinate vectors of respectively the
ith monomer and center of mass of the coPE.

The analysis of the knot size was performed with the
KymoKnot software package, adopting a bottom-up search
algorithm.58,59 Differently from the definition of the knotted
state of an entire ring, which is a well-defined topological
property, measuring the knot length requires to choose a
closure scheme to assign a topological state to various portions
(open arcs) of the ring. Here we adopt the minimally invasive
closure scheme,58,59 which bridges the arc’s termini either
directly or via the convex hull, depending on the shortest route.
The knotted region is then identified from combinatorial
search of the smallest arc that, upon closure, yields the same
topology of the entire ring. The number of monomer in the
knotted region is then taken as the knot length, lK. For
convenience of discussion, we shall use the adjectives “tight”
and “loose” to indicate a knot of respectively low (≲0.25) and
high lK/Nmono ratio.
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Other salient properties that are established based on the
knotted regions are (i) ρ(δNS), the probability that monomer i
lying at a contour distance δNS from the NS midpoint belongs
to the knot;43 (ii) ρmid(δNS−K), the probability for the knot
midpoint to be at distance δNS−K from the NS midpoint;43 (iii)
ΦK, the fraction of knot occupied by the NS; (iv) ΦNS, the
fraction of NS occupied by the knot; and (v) p, the probability
that at least one neutral monomer belongs to the knot (i.e.,
that there is some overlap between the knot and the NS). See
the Supporting Information for a more detailed discussion
about these properties and their calculation. Clearly, both ΦK
and ΦNS represent quantitative measures of the degree of
overlap between the knot region and the NS and, as such,
provide indications on their relative positioning.

As for the probability p introduced in item (v), we note that
its complement, 1 − p, is the probability that no neutral
monomers take part to the knot. Thus, the ratio p/(1 − p) is
related to the difference in Helmholtz energy A between two
properly defined canonical macrostates, corresponding to NS
being somewhat involved in or completely outside the knotted
region. Accordingly, the reversible work (i.e., the change in
Helmholtz energy) required to eliminate any overlap between
the NS and the knot is

A k T
p
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We shall use the latter equation in connection with results
involving divalent salts and for varying solvent Bjerrum length.
In the cases where p ≃ 1, ΔA ≫ kBT; we shall dub the latter as
“pinned” to indicate that there is always overlap between the
NS and knot. Importantly, it was possible to calculate ΔA only
for coPE’s with short NS, as 1 − p values are negligible for Nneu
≳ 32 (vide inf ra; Figures 3c and 5c). Indeed, the computation

of ΔA for the latter systems would have required rare-event
sampling methods, the implementation of which was
considered beyond the general aim of this study.

■ RESULTS
Monovalent Salts. We first discuss how knotted coPE’s of

different composition respond to varying amounts of
monovalent (i.e., z = 1) background salt pairs in solution.
The main structural implications are aptly conveyed by the
graphical summary of Figure 1, where the two top rows present
typical configurations of the knotted rings without (salt-free
cases, top row) and with (Cs = 50 mM, middle row)
monovalent salt. First, at each considered coPE composition,
i.e., at fixed Nneu, the knot becomes looser with added
monovalent salt pairs. Second, the knot is tightest at
intermediate NS lengths (Nneu ∼ 16−32), regardless of the
presence of added salt. However, while in the salt-free case the
knotted region tends to coincide with the NS, or even be fully
contained in it, at Cs = 50 mM the knot typically extends
beyond the NS, thus covering part of the charged block, too.
Finally, more CI’s seem to lie near the knotted region in the
added salt case, especially for the smaller values of Nneu. A
systematic analysis of these emergent properties is discussed
below.

We first consider the effects of salt concentration and coPE
composition on the length of the knotted region, ⟨lK⟩, and the
overall ring size, ⟨Rg

2⟩, which are respectively presented in
panels a and b of Figure 2. Consistently with earlier results for
the salt-free case,43 ⟨lK⟩ versus Nneu curves are nonmonotonic
with a single minimum at intermediate NS lengths. The new
and important insight is that the nonmonotonic character of
the curves in the salt-free case persists at all ionic strengths of
the 1:1 salt solution. However, while the minimum in ⟨lK⟩ is at
Nneu = 16 in the salt-free case, it moves to Nneu = 32 when Cs =

Figure 1. Trajectory snapshots for systems with various Nneu values and different salt conditions. Color scheme: neutral monomers in fuchsia,
negatively charged monomers in yellow, coPE’s counterions and monovalent salt cations in light cyan, divalent salt cations in purple, and mono-
and divalent salt anions in green. For clarity, we drew only the ions close to the coPE. Because the conformations are not in scale, for each of them
we have added a black bar whose length is proportional to the ⟨Rg

2⟩ value.
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50 and 100 mM. Furthermore, the entire ⟨lK⟩ curves shift to
higher values upon salt addition, with about a 2-fold increase
from Cs = 0 to Cs = 100 mM at the tightest knot size.
Analogous considerations can be made for ⟨Rg

2⟩, which
anticorrelates with ⟨lK⟩ and systematically decreases with Cs
because of the overall screening effect produced by dissolved
salts (vide inf ra for further details).

The minima of ⟨lK⟩ curves in Figure 2 are well aligned with
the reference (dashed) line ⟨lK⟩ = Nneu, suggesting the
appealing possibility that the knot in its tightest conformation
mostly coincides with the NS. This idea is, however, not
supported by the results of Figure 3, where the two measures
of overlap between knot and NS, ⟨ΦK⟩ and ⟨ΦNS⟩, are shown
in panels a and b, respectively. In fact, throughout the
considered combinations of Nneu and Cs, the NS hardly spans
more than 80% of the knot, and vice versa. These evidence
reflect a sophisticated balance of different thermodynamic
forces that define the relative positioning of the knot which
minimizes the systems Helmholtz energy. On the one hand,
the knot tends to occupy the NS to diminish the electrostatic
repulsion of the so-called essential crossings, which are the
regions kept into spatial proximity by the nontrivial topology of
the ring. On the other hand, confining the entire knot in the
NS is entropically costly, particularly for small NS.
Consequently, part of the knot remains composed of charged
beads, and part of the NS remains in the knot complementary
arc. This notwithstanding, the measures of overlap, ⟨ΦK⟩ and

⟨ΦNS⟩, are invariably larger than the predicted for a random
relative positioning of NS and a knot of length equal to ⟨lK⟩.

The alternative measure of localization provided by the
probability p of finding at least a NS monomer included in the
knot (see Figure 3c) also supports our conclusions, with a
probability to find the knot entirely contained in the charged
region that is negligible for Nneu ≥ 8, regardless of the amount
of added salt. Furthermore, comparing the curves in Figures 2
and 3 reveals that for each salt concentrations the maximum of
⟨ΦNS⟩ occurs roughly at the same NS length yielding the
minimum of ⟨lK⟩ and the maximum of ⟨Rg

2⟩. This fact can,
again, be ascribed to a balance between the electrostatic
repulsion of charged monomers inside and outside the knotted

Figure 2. (a) Average knot length ⟨lK⟩ and (b) average radius of
gyration ⟨Rg

2⟩ as a function of Nneu for systems with various
monovalent salt concentrations Cs. In (a), the straight line lK = Nneu is
reported as reference.

Figure 3. (a) ⟨ΦK⟩, (b) ⟨ΦNS⟩, and (c) probability p as a function of
Nneu for systems with various concentrations of monovalent salts.
Dotted lines represent statistical values for noninteracting systems
with knot lengths equal to the ⟨lK⟩ values reported in Figure 2a (see
the Supporting Information for details).
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region and the entropic cost of localizing the knot,60 which can
be articulated as follows:

(i) Upon increasing Nneu, a longer portion (≳70%) of the
short NS is co-opted inside the knotted region to reduce
the internal repulsion of knot. This can be effectively
achieved by neutralizing at least one of the monomers
involved in the essential crossings.43 The latter, which
are three for the 31 topology considered here, involve
two facing strands maintained at close proximity by the
topology of the ring. The partially neutral knotted region
can further lower the overall intermonomer repulsion by
becoming tighter than in the fully charged case, as this
allows for the expansion of the complementary
unknotted arc. The latter, in fact, mostly comprises
charged monomers, and hence it expands, as if endowed
with an effective bending rigidity.60

(ii) Neutralizing a single monomer in each pair defining the
essential crossings already suffices to substantially lower
the knot electrostatic repulsion.43 Accordingly, it is
expected that increasingly longer portions of the NS
would be left in the complementary arc when Nneu is
increased beyond the value where the NS can cover one
side of three essential crossings. The consequence of this
is clearly that repulsion between monomers in the
complementary arc is eventually reduced by increasing
Nneu. In turn, the knot can become looser, raising the
overall entropy and, consequently, reducing ⟨Rg

2⟩.
(iii) The observed mitigation of the above-mentioned effects

upon increasing the concentration of weakly coordinat-
ing monovalent salt can be related to a reduced
intermonomer repulsion, which decreases the effective
bending rigidity of the unknotted portion of the ring.60

This diminished rigidity, which allows for knot
expansion at the expense of the unknotted arc, can
thus also account for the increase of ⟨lK⟩, and the
accompanying decrease of ⟨Rg

2⟩, with salt concentration.
Finally, salt screening can weaken the repulsion of
charged monomers in the vicinity of the essential
crossings, where salt cations have tendency to condense.
This effect helps to rationalize the diminishing overlap
between knot and NS with salt concentration demon-
strated by the ⟨ΦK⟩ and ⟨ΦNS⟩ curves, as the increased
screening compensates for the repulsion between
(charged) monomers at essential crossings not covered
by the NS.

Divalent Salts. We observe several major changes in the
knotted coPE properties upon switching from monovalent to
divalent salts. As evident from the schematic overview of
Figure 1 (bottom row), adding divalent salt pairs compacts the
coPE and, concurrently, promotes an increase in length of the
knot, which significantly spreads over the charged block when
Nneu ≤ 32.

The overall size reduction of the coPE ring with 2:2 salts is a
consequence of charged portions of the rings lumping together
around divalent cations, similar to what was previously
reported for other polyelectrolyte systems and divalent
CI’s.45,47−50,52−54 The loosening of the knot and its sizable
footprint on the charged block have, instead, no analogues with
previous results for knotted coPE’s in the salt-free case; they
also starkly differ from results discussed above for monovalent
salts, where a substantial overlap of the knot and NS is
necessary to minimize the systems’ Helmholtz energy.

For a systematic analysis of the differences from the z = 1
case, we first present in Figure 4 the behavior of ⟨lK⟩ (panel a)

and ⟨Rg
2⟩ (panel b) as a function of Nneu and for various

divalent salt concentrations. The accompanying probability
distributions for lK and Rg

2 are provided in Figures S5 and S6.
Unlike the monovalent case, neither ⟨Rg

2⟩ nor ⟨lK⟩ shows the
previously evidenced nonmonotonic behavior if a sufficiently
large divalent salt concentration (i.e., Cs ≥ 2.5) is present. In
fact, the ⟨Rg

2⟩ curves agree rather well with previous findings
for the titration of 31 knotted weak polyelectrolyte rings in the
presence of divalent salt,45 whose results indicated an increase
of ⟨Rg

2⟩ with the polyelectrolyte ionization degree when Cs =
2.5 mM, while the ring size only marginally increased when Cs
= 10 mM. In both cases, the multidentate coordination of
divalent cations, especially involving distant charged chain
segments, was the root cause of the discussed behavior.
Besides, the vast majority of monovalent (cationic) CI’s
“evaporates” due to the repulsion with divalent ones,45,61,62

thus partially compensating for the loss of entropy of the latter
and of the coPE.

Taking all the above into account, the ⟨Rg
2⟩ and ⟨lK⟩ trends

of Figure 4 can be rationalized as follows:
(i) The concentration of divalent CI’s may not be sufficient

to cause the complete compaction of rings due to
coordination when Nneu = 0 and Cs ≲ 2.5 mM, as the
total charge provided by divalent cations at Cs = 2.5 mM

Figure 4. (a) Average knot length ⟨lK⟩ and (b) average radius of
gyration ⟨Rg

2⟩ as a function of Nneu for systems with various divalent
salt concentrations Cs. In (a), the straight line lK = Nneu is reported as
reference.
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is, at most, half of the ring charge. However, the effective
charge of the ring, and its self-repulsion, too, decrease
with Nneu. Thus, the impact on the conformational
property of the divalent cation coordination becomes
progressively more evident, leading to a decrease in ring
size (see Figures S6 and S7).

(ii) As divalent cations provide twice the total monomer
charge when Nneu = 0 and Cs = 10 mM, there is a
sufficiently high number of the former to cause ring
compaction. In this situation, the increase of Nneu should
not be expected to induce any important change in the
values of ⟨Rg

2⟩ and ⟨lK⟩, as it would only partially
weaken monomer repulsion.

The overlap between the knot and NS is also significantly
different from the monovalent case, as shown by ⟨ΦK⟩ and
⟨ΦNS⟩ (see respectively Figures 5a and 5b). The observed
trends, and their differences with respect to the z = 1 case, can
be rationalized with the notion that divalent cations coordinate
on the charged portion of the knotted ring; this can make
energetically more advantageous for the rings to bring charged
monomers closer as Cs is increased. With these premises, it
appears plausible that the overlap between knot and NS may
not be as crucial as in the monovalent case for minimizing the
Helmholtz energy. This is supported by the fact that p (Figure
5c), ⟨ΦK⟩, and ⟨ΦNS⟩ are close to, or even fall below, those of
the null statistical model at Cs = 10 mM. The result suggests
that the overlap between knot and NS is not advantageous and
that the energy gain from divalent cations coordination can
compensate for the increased repulsive energy due to the
higher charge density in the knotted region. Indeed, high
concentrations of divalent ions can even promote the
preferential overlap of the NS with the unknotted region, as
shown in Figures S8 and S9.

An energy-based standpoint can substantiate the observed
changes with increasing concentration of divalent salts. To this
end, we harnessed the p values of Figure 5c to compute the
reversible work required to eliminate the overlap between NS
and knot, ΔA, at different divalent salt concentrations (see eq
5). The results as shown in Figure 6 indicate that, as expected,
ΔA increases monotonically with the NS length in all
conditions. A similar behavior is also found in the presence
of monovalent salts (see Figure S4), although in such case the
observed differences are not robust from a statistical point of
view. In spite of such common traits, ΔA is markedly lower
than the salt-free case when Cs = 2.5 and 10 mM, the cases Cs
= 0 and 1.25 mM being substantially indistinguishable from the
statistical point of view. As an example, we notice that the
reversible work needed to unpin the knot in a coPE with, e.g.,
Nneu = 16 decreases by ∼2.5 and ∼6 kBT units in the presence
of a divalent salt with concentration Cs = 2.5 and 10 mM,
respectively.
Solvent Bjerrum Length. As the salt ions’ coordination

appears to strongly influence the conformations of knotted
coPE’s, it is interesting to evaluate how varying the solvent
screening power may also impact the coPE’s through the
modifications of the relative spatial distribution of monomers
and freely moving ions. Thus, we performed a series of
simulations where we exclusively considered the monovalent
coPE’s counterions (hence, Cs = 0) and varied the solvent
screening power by changing the system Bjerrum length, lB =
e2/(4πε0εrkBT), where e is the elementary charge, ε0 is the
vacuum dielectric constant, and εr is the relative solvent

permittivity. We recall that in all the simulations discussed so
far σ and lB were respectively set to 3.55 Å and 2σ = 7.1 Å, de
facto corresponding to ϵr ≈ 78; i.e., the solvent was pure water
at room temperature. Simulating systems with increased lB may
be of physicochemical relevance due to the fact that lB/σ = 3, 4,
5, and 6 correspond to solvent relative dielectric constants εr ≃
53, 40, 31, and 26, which are typical values for commonly
employed organic solvents. The lB = σ case, which corresponds
to εr ≃ 158, is additionally included to gain physical insights
for both the lB → 0 and lB → ∞ limits, despite the fact that
solvent with such high screening power (e.g., HCN63) are
hardly used.

To start our discussion, we focus on the impact of
decreasing the solvent screening power (lB/σ = 3, 4, 5 and

Figure 5. (a) ⟨ΦK⟩, (b) ⟨ΦNS⟩, and (c) probability p as a function of
Nneu for systems with various concentrations of divalent salts. Dotted
lines represent statistical values for noninteracting systems with knot
lengths equal to the ⟨lK⟩ values reported in Figure 4a (see the
Supporting Information for details).
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6) and provide a schematic summary of the findings in Figure
7, which shows typical configurations sampled during the
simulations for systems with different Nneu and lB values. From
these, the conformational changes induced upon increasing lB
appear approximately similar to those observed upon divalent
salt addition, especially regarding the number of CI’s
condensing on the charged portion of the coPE. The effects
are quantified in Figures 8a and 8b, which present ⟨lK⟩ and
⟨Rg

2⟩, respectively. We observe that ⟨lK⟩ curves shift to higher
values as lB increases; concomitantly, the minimum shifts to
higher Nneu values, and the degree of nonmonotonicity
decreases. In the end, ⟨lK⟩ and ⟨Rg

2⟩ appear to change
according to a mechanism involving a reduced monomer
repulsion due to an increase in CI’s condensation upon
increasing lB.

45 Similarly to the cases in which salt is added, this
is expected to foster the decrease in the size of the coPE, the
increase in ⟨lK⟩ due to a lower effective rigidity, or persistence
length, in the knot complementary arc, and to diminish the
importance of positioning the NS in proximity of the essential
crossings or even inside the knot region.

What was discussed above is confirmed by the ⟨ΦK⟩, ⟨ΦNS⟩,
and p data in Figures 9a−c. In fact, increasing lB leads to a
reduction of the overlap between knot and NS and of the
probability p. Notably, p and ⟨ΦNS⟩ are nonmonotonic with

Figure 6. Difference in Helmholtz energy ΔA between pinned and
unpinned conformations in various divalent salt conditions.

Figure 7. Trajectory snapshots for systems with various lB and Nneu values. Color scheme: neutral monomers in fuchsia, negatively charged
monomers in yellow, and coPE’s (monovalent) counterions in light cyan. For sake of clarity, we drew only the ions close to the coPE. Because the
conformations are not in scale, for each of them we have added a black bar whose length is proportional to the ⟨Rg

2⟩ value.

Figure 8. (a) Average knot length ⟨lK⟩ and (b) average radius of
gyration ⟨Rg

2⟩ as a function of Nneu for systems with various Bjerrum
lengths lB. In (a), the straight line lK = Nneu is reported as reference.
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respect to Nneu when lB = 6σ, a unicum among the cases
analyzed. These observations may be explained by the
diminishing energy gain afforded by including the NS in the
knotted region when lB is increased. It appears advantageous
for the system to progressively push the longer NS to the knot
periphery as a way of strengthening the interaction with the
elevated number of condensed CI’s. This conclusion is
supported by the distributions ρ(δNS) and ρmid(δNS−K)
shown respectively in Figures S11 and S12. From these, one
can observe that ρ flattens as lB increases, the distribution
showing slightly higher values in the charged region for lB = 6σ
and 8 ≤ Nneu ≤ 32. Concomitantly, ρmid flattens as well, and its
peak shifts to higher δNS values. Finally, we observe in Figure
10 that ΔA decreases upon increasing lB, as expected. Worth

noticing, ΔA versus Nneu is nonmonotonic when lB = 6σ, the
unpinning process being favored by ∼5.5 kBT with respect to
the lB = 2σ case.

To recapitulate, we present a summary of the effects of
increasing solvent screening power respect to the one of water
at room temperature (lB = σ; see the trajectory snapshots
provided in the first line of Figure 7). We observe qualitative
deviations from the cases discussed earlier, the ⟨lK⟩ and ⟨Rg

2⟩
curves (see Figure 8) being monotonic as a function of Nneu.
Given the fact that Nneu = 0 corresponds to minimum in ⟨lK⟩
and a maximum in ⟨Rg

2⟩, the results can be rationalized by
noticing that the higher screening power of the solvent fosters
a reduction of the number of condensed CI’s (see the first row
of Figure 7), which, in turn, leads to a relative increase in the
repulsion between the monomers in the knot complementary
arc compared to those in the knot.45,64 As a consequence, ⟨Rg

2⟩
is increased and ⟨lK⟩ decreased compared to the lB = 2σ case.
Obviously, increasing Nneu decreases the electrostatic repul-
sion, which in turn reduces the size and effective persistence
length of the ring.

It is instead unexpected that the probability p to find the
knot on the NS decreases with respect to the lB = 2σ case for
systems with Nneu < 16 and lB = σ (see Figure 8a). Indeed, we
found trajectories in which a tight knot is formed on the
charged block and away from the NS, the knot not being able
to diffuse along the ring contour due to the significant effective
persistence length. This is supported by the probability
densities ρ and ρmid shown in Figure S11 for the Nneu = 2, 4,
and 8 cases, in which we observe a nonzero probability in the
region opposite to the NS. From such distributions it is also
possible to notice a marked shoulder protruding from the
neutral portion to the charged one (whereas ρmid has its peaks
just outside the NS; see Figure S12), meaning that a short NS
positions itself at the knot boundaries to maximize the number
of essential crossings in which neutral beads are involved.43

■ SUMMARY AND CONCLUSIONS
In this work, we investigated how the solvent screening power
and the solution ionic strength impact on the thermodynamical
behavior of a knotted diblock copolyelectrolyte (coPE) ring
composed by a neutral and a charged block of tunable lengths.
For this task, we used Langevin dynamics and a coarse-grained
primitive model of electrolytes.

Figure 9. (a) ⟨ΦK⟩, (b) ⟨ΦNS⟩, and (c) probability p, as a function of
Nneu for systems with various lB. Dotted lines represent statistical
values for noninteracting systems with knot lengths equal to the ⟨lK⟩
values reported in Figure 8a (see the Supporting Information for
details).

Figure 10. Difference in Helmholtz energy ΔA between pinned and
unpinned conformations for systems with various lB.
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As for monovalent salts, we showed that the average knot
length ⟨lK⟩ of the coPE increases, and, consequently, the radius
of gyration ⟨Rg

2⟩ decreases, upon salt addition (see Figure 2).
The nonmonotonic behavior of ⟨lK⟩ (and ⟨Rg

2⟩) observed in
the salt-free case is, however, maintained, with minima (and
maxima) shifted to higher Nneu values. Moreover, even at the
largest considered concentrations, the knot conserves a large
overlap with the NS, with a negligible probability to find it
lying entirely on the charged block for Nneu ≥ 16 (see Figure
3c).

Because of their capability of coordinating both vicinal and
distant monomers when adsorbed, divalent CI’s induce,
instead, marked changes in the behavior of our systems,
causing the collapse of the charged block (see Figure 4) and,
concurrently, promoting a decrease in the knot−NS overlap
when Nneu ≤ 32 (see Figure 5). Besides, ⟨lK⟩ and ⟨Rg

2⟩ lose
their nonmonotonicity already at low concentration of divalent
salts, the presence of divalent CI’s adsorbed along the chain
making the positioning of the knot on the NS less beneficial
and the knot migration on the charged portion more
advantageous. Our calculations predict that the work needed
to unpin the knot from the NS decreases by roughly 6 kBT
(∼3.5 kcal/mol at room temperature) when Cs = 10 mM with
respect to the salt-free case.

Finally, we investigated how solvent screening power
impacts the structural properties of the coPE by varying the
system Bjerrum length lB (hence, the dielectric permittivity of
the solvent). With respect to the reference case lB = 2σ (i.e.,
dilute aqueous solution at room temperature), increasing lB
favors CI’s condensation (see Figure 7 and ref 45) fostering a
marked increase in ⟨lK⟩, a consequent decrease in ⟨Rg

2⟩, and a
reduction of the amount of reversible work needed to displace
the knot from the NS (see Figures 8 and 9). Differently,

solvents with lower lB than water ought to be expected to favor
knot tightening and pinning on the NS (see Figures 8 and 9).
In spite of this, conformations with a tight knot on the charged
segment could also be found as metastable features due to the
large effective persistence length in the unscreened comple-
mentary arc.

In conclusion, we demonstrated that the presence of a knot
affords much latitude for controlling the size of the coPE by
solely varying the properties of the ionic solution, as
summarized in Figure 11 for a coPE with Nneu = 16. The
coPE, as we have shown, can regulate the balance of
electrostatic interactions and conformational entropy of the
knotted and unknotted regions, which, in turn, have direct
bearings on the gyration radius of the chain. We note that
though this study was performed for a fixed number of
monomers, Nmono = 120, the results are expected to be robust
for varying chain length. In fact, we explicitly verified that
halving or doubling the chain length preserves the competition
of electrostatics and entropy that underpins all tunable
properties, including the nonmonotonicity of ⟨lK⟩ and ⟨Rg

2⟩.
The results are presented in Figure S13, and being based on
simulations without added salt, they reinforce the results of
conclusions of ref 43 in addition to those of this study. In fact,
the qualitative impact of salts (or lB) is expected to be
maintained, as it is solely based on the change in the relative
intensities of the three major thermodynamic driving forces
(see the Introduction) induced by varying the environmental
properties.

Our findings complement earlier studies where metric and
dynamical properties of knotted coPE’s were modulated with
suitable choices of coPE composition, i.e., the length of two
blocks.43 While the coPE composition cannot be altered in a
facile way, salt concentration, valency, and solvent screening

Figure 11. Scheme summarizing the conformational behavior of a coPE with Nneu = 16 in solution with different background ionic strength and
solvent screening power. The color scheme of the coPE conformations is the same as in Figure 1. Each arrow indicates the sense in which the
labeled property increases.
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power are all easily varied extrinsic parameters. Our results
thus demonstrate the feasibility of achieving a facile control
over coPE conformations by harnessing topology and solvent-
mediated electrostatic interactions.

Our results pave the way toward attaining a broader and
finer external tunability of polymer properties by considering
additional solvent- or solution-dependent features as well as
the overall chain length. The latter may include the degree of
solvophilicity of monomers belonging to different blocks or the
presence of chemical specific interactions between mono-
mers65−68 or with mobile ions.69,70 For instance, a lower
solvophilicity of short alternating blocks, or strong hydrogen
bonding, may pin one or more essential crossings,71 thus
impacting the contour mobility of the knot.72 An alternative
way to achieve such effect would be to confer weak acid and
basic properties to different chain segments, obtaining
polyampholytes with switchable (e.g., by means of pH stimuli)
interblock interactions and possibly different effective block
rigidities.73 The latter systems may be somewhat exploited to
gain deeper physical insights into the impact of nontrivial
topologies in more complicate biomacromolecules such as
intrinsically disordered proteins.

Finally, because the considered systems offer multiple ways
of controlling the contour positioning and spacing of the
essential crossings, they represent an ideal context for
systematic investigations of effective interactions of multiple
knots on the same polymer chain.74
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