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Communicated by Enrico Valdinoci In this paper we study the following nonlinear Choquard equation
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35840 where f € C'(R,R) and F is the primitive of the nonlinearity f vanishing at zero. We use an
asymptotic approximation approach to establish the existence of positive solutions to the above
Keywords: problem in the standard Sobolev space H'(R?). We give a new proof and at the same time
Schrodinger-Poisson systems extend part of the results established in (Cassani-Tarsi, Calc.Var.PDE, 2021) [11].
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1. Introduction

Let us consider the following class of nonlocal equations

—Autu= (m ﬁ . F(u)) f@), in RZ an
where F € C'(R,R) is the primitive function of the nonlinearity f vanishing at zero. This two-dimensional problem has remained
open for a long time because of the sign-changing nature of the Coulomb interaction, given by the convolution, for which variational
methods do not straightforward apply.

Indeed, on the one hand, Eq. (1.1) has a variational structure, in the sense that at least formally, it turns out to be the
Euler-Lagrange equation related to the energy functional

Iu) = % /R2 <IW|2 + uz)dx + % /R2 /}RZ In(|x = y)Fu(y)) F (u(x))dxdy. 1.2)
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On the other hand, the second term in (1.2) is not well-defined on the natural Sobolev space H'(R?). A few attempts to overcome
this difficulty have been done, in particular for power-like nonlinearities, see [13] and references therein, where the finiteness of
such logarithmic convolution term is required as additional condition, which settles the problem in a proper subspace of H'!(R?).
However, it is well known how the smaller the space the more difficult is to get energy estimates in order to prove existence results.
Recently, in [11] a different approach has been developed by means of a new weighted version of the Trudinger-Moser inequality,
for which the problem is well defined in a log-weighted Sobolev space where variational methods can be applied up to cover the
maximal possible nonlinear growth, which in dimension two it is of exponential type. See also [6] for further extensions in this
direction.
Let us make the following assumptions on the nonlinearity f € C'(R):

(f1) f@®)=0forallz>0and f(r)=0 for all + <0. f(t)SCt”e“’”2 as t — +co for some p> 0 and f(¢) = o(t) as t — OF.
!
(f,) there exist C > 1 > 7 > 0 such that 7 < % < C for any t > 0;

(f3) lim,_, %{;@) =1 or equivalently lim,_,, 4 F0 _ g,

ar 7
(fy) there exist # >0 and 0 < p < 1/4 such that

Q@ S 1

m —
t—+00 it E
e p?\VIn2-x2

Notice that from (f3), we deduce that there exist 7, € (0,1) and #, > 0 such that %{;@ > 1, for any t > 1y, which in turn implies
that

t ! t

IO g5y [ 194y

S
0 76 o FG)

So, from (f;) we have that there exist M, > 0 and ¢, > 0 such that

F(t) S Myf@), t>t,. (1.3)
Condition (f,) implies
FO<(-7o)f@®t, t>0, (1.4)

which can be seen in formula (1.5) of [11]. Condition (f,) is the usual exponential growth assumption as prescribed by the
Trudinger-Moser inequality, which gives the following

~

12 t<T,
. (1.5)

s <
-1 e4’”2 , >

~1

OSF(I)SC-{

for some 7 > 7 > 0. Assumptions (f,) and (f3) have been introduced in [11] and turn out to be the key ingredients in order to prove
boundedness of Palais-Smale sequences. In fact, the difficulty here to obtain the boundedness of Palais—-Smale sequences is due to
the presence of a non-homogeneous nonlinearity f for which the Ambrosetti-Rabinowitz condition fails to work. Assumption (f,)
is in the spirit of de Figueiredo-Miyagaki—Ruf condition [15] which in dimension two turns out to be the key ingredient in order
to have compactness. (It is somehow the equivalent of the Brezis—Nirenberg condition [5] for the mountain pass level ¢ < %SN 2
in higher dimensions N > 3, where S is the optimal constant for the critical Sobolev embedding H! < L?*.)

Remark 1.1. For the sake of clarity, let us make some explicit examples of functions F in [11] satisfying our set of assumptions,
for instance, F;(f) € C2(R) satisfying

0, t<0,
t, 0<1<t,, 0, 1 <0,
F @)= @)=
! a(o), hSi<h, Mt (>0,

2
1, i1,

where g > 2, t; > t, and a(?) is a positive function such that F; € C*(R). Now, let us further consider the functions

0, <0,
2
L 0<t<ty, 0, 1<0,
Fy(1) = In In(1+1) Fy,(t) = 2 94”12 t>0
b(2), tg <t <ty In(1+1) ’ =7

2
et 1>,

where p > 0, t; > e— 1 > t, and b(¢) is a positive function such that F; € C?(R). Observe that F; and F, stand for a class
of nonlinearities that fit our assumptions but which are not covered in [11]. In this respect, the approach developed here is an
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improvement of [11] by allowing for more general nonlinearities. Indeed, it is easy to verify that F; satisfies (f;)-(f4). So, let us
only check F;. A direct computation yields

0. 1<0,
f = [2t(1+4mz)a+<1¢)a2] A 120,
+
and
, 0. t<0,
fiw= {2 [1 +8x1% + (1 + 4xt?) (8x1% + H—l)] a+ [(1+x)2 + 81’1’12] 2+ (1+r)2 3}64’”2, 120,
where a = r Moreover,
I GYA0) :{ [ 802+ (14 a) o2+ 0] + [ + 0+ e -1,
i=re f2(0) [2(1+4zr12)+(1+r,)a]2
and
R0 _ {2[1 480 + (14 an) 82 + )| + [ + o+ i) -1,

O [2(1+4m2)+(L)a]2

1+1
thus F, satisfies (f,)-(f3), whereas (f}) and (f,) clearly hold.

Our main result is the following:

Theorem 1.2. Suppose the nonlinearity f satisfies (f,)~(f,). Then, problem (1.1) possesses a positive solution u € H'(R?).

We observe that as a consequence of [14], the solution obtained in Theorem 1.2 is actually radially symmetric, up to translations,
and strictly decreasing.

From the point of view of applications, Eq. (1.1) boasts a longstanding presence in quite different nonlinear contexts, from the
early studies on Polarons by Frohlich in the ’30 s, to more recent applications to quantum gravity and plasma physics; see [23] and
references therein. The mathematical success, initiated by Lieb in the 70 s [18] (let us mention that in the last two years more than
200 papers have been devoted to this topic) is due to the richness of the framework with challenges which range form Functional
Analysis, to local and nonlocal systems of PDEs and Potential Theory, see [1,6,8,12,14,22] and references therein. Let us emphasize
that a major difficulty in studying the so-called limiting case (1.1), is the lack of a proper function space setting. The approach
developed in [11] in dimension two and the extension to any dimension in [6], consists of introducing a logarithmic weight on the
mass part of the Sobolev norm, namely

q
llully, 2= ||u||§,,+(/ |u|"log<1+|x|>dx>, q>2, (1.6)
R2

and completing smooth compactly supported functions with respect to this norm. This, together with a suitable version of the
Trudinger-Moser inequality yields a weighted Sobolev space in which the energy functional is well-defined and of class C'. This
opens the way to variational methods which provide mountain pass type solutions to (1.1) which have finite energy in terms of
(1.6). However, observe that the norm (1.6) is not invariant under translations whereas the energy functional I does. Moreover, the
quadratic part of the energy functional is never coercive in that context. Because of the above reasons, the authors in [6,11] can
consider nonlinearities f whose asymptotic behavior near the origin is given by s?, with ¢ > 1, which plays a crucial role in proving
the boundedness of PS sequences. A major purpose of this paper is to remove this restriction and allow to consider the wider range of
super-linear nonlinearities, that is f(¢) = o(¢), as t — 0. Here we exploit an asymptotic approximation procedure developed in [20,21]
to set problem (1.1) in the standard Sobolev space H'(R?). This approximation approach was also used earlier in [25], where the
authors studied some scalar field equations with logarithmic nonlinearities. Let us mention also [2] for further penalization methods
in the case of power-like nonlinearities. Here, in order to overcome the difficulty of the sign-changing Newtonian kernel, we modify
Eq. (1.1) as follows

—Au+u-— [Ga(x)*F(u)]f(u):O, in R?, 1.7)
where a € (0,1) and

. B e

i, Gute) = i, = = ~tnl

for x € R?\ {0}. The corresponding energy functional to (1.7) is well defined in H'(R?) for fixed « € (0, 1), which enables us to use
minimax methods to establish the existence of positive solutions for (1.7).
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By passing to the limit as « — 0%, a convergence argument within H'!(R?) allows us to prove that the limit solution turns
out to be a positive solution to the original problem (1.1). Here the main difficulty is the balance between the too loose sign-
changing logarithm kernel and the exponential growth rate of a fairly general nonlinearity. Some uniform bounds with respect to
the asymptotic approximation parameter « turn out to be the key in order to get compactness and then existence of a finite energy
(in the H' sense) solution. In a nutshell, the advantage of this method is that one can deal with the approximating functionals in
the natural space H'(R?) simply by using the Hardy-Littlewood-Sobolev inequality. The price to pay is that one needs estimates for
the family of approximated positive solutions of (1.7), which are uniform with respect to the parameter a. We are confident that
the methods developed here might reveal useful also in other contexts. Recently in [9] the method has been applied to study a class
of planar Schrédinger-Poisson systems in the fractional Sobolev limiting case, see also [24] for extensions to the zero-mass case.

This paper is organized as follows: In Section 2, we give some preliminaries which will be useful in the sequel. In Section 3, we
prove the compactness of Cerami’s sequences for the modified energy functional at the mountain pass level. In Section 4, we obtain
a positive solution to the original equation by passing to the limit as « — 0%, which in turn proves the main Theorem 1.2.

2. Preliminaries

For 1 < s < +00, we denote by ||-||; the usual norm of the Lebesgue space L*(R?) as well as H'(R?) := {u € L>(R?) : Vu € L*(R?)}
1

is the usual Sobolev space endowed with the norm |ju|| := ( /R2(|V”|2 + uz)dx) 2. In the sequel, when ti is not misleading, constants
C may change value from line to line.

Let us next recall some basic facts starting with the Hardy-Littlewood-Sobolev inequality, see for instance [3], which will be
frequently used throughout this paper.

Lemma 2.1 (Hardy-Littlewood-Sobolev inequality). Let s,r > 1 and a € (0, N) with 1/s+a/N +1/r=2, f € L*RN) and h € L"(R).
There exists a sharp constant C; y , ., independent of f, h such that

/ [% « f(x)] h(x)dx < C, iy g 171N
RN | |x]

_ . _ 2N
Ift=s5s= 55—, then

oy g FE =D (T
s,N,ay — “N,a — F(N——%) W N
and if N =2,a € (0,1, then C,, < 24/

As aforementioned, in dimension two the maximal degree of summability for functions with membership in H'!(R?) is of
exponential type, for which we recall the first result available in the whole plane due to [7]: if § > 0 and u € H'(R?), then

/ [/ — 1] < oo, 2.1)
]R2
and
sup / (ealul2 - 1) dx < C@llull, < oo, if @ < 47,0 < M < oo, 2.2)
IVullo<t, lullp <M J &2

where the positive constant M is independent of u € H'(R?). (See also [10] for a wide context on this topic.)

Lemma 2.2. Assume that u, — u in H'(R?), then there exists C > 0 independent of n such that
F
/ (1, () dy<C
R

2 fx—yl" 7T

uniformly for x € R?, where v € (0, 1).

Proof. By Holder’s inequality, (f,) and (f,), one has
/ F(u,(y)dy < +oo
R2

uniformly for n, since u, — u in H 1(R2) (see [16]). It then follows from ( /1), (fy) and (2.2) that

/ F (un(Y)v) dy = / F (un(Y)v) dy+ / F (un(}’)v) dy
r2 |x =yl Ix—yl<1 %=l lx=yjz1 X =Yl
| 1/2 12
By g Ly
-yt |x =y R2 (2.3)

172
<C+ c(/ lu, |4 + (271al” — 1)dy>
R2

<C,
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where the last inequality follows from the fact that u, — u in H'(R?). []

The proof of the following Lemma is standard and we omit it.

Lemma 2.3. For any a € (0, 1], there exists Cp>0 such that

—a

< Cys
a =5ps

holds for all § € (a,+o0) and s > 0.

3. The asymptotic approximation method
3.1. The modified equation

Recently in [14], the authors used the method of moving planes to prove that positive solutions of (1.1) are radially symmetric.
Based on this fact, it is natural to restrict ourself to the space H!(R?) of radially symmetric functions.
Set G,(x) = %, a €(0,1), x € R? and consider the following equation

—Autu= [Ga(x) * F(u)] f(u) (3.1)

which has the associated energy functional
1 1 | 1
I,(u) = —/ |Vu|2 +u? )dx + — / Fwdx| - —/ — % F(u)| F(u)dx.
2 Jr2 2a | Jr2 2a Jr2 | |x]|*
3.2. Regularity of the modified energy functional

According to the definition of G,, by means of the Hardy-Littlewood-Sobolev inequality, let us prove the following

Lemma 3.1. Let0<a < 1, then I, € C'(H}(R?),R) and

I’(u)v:/ <Vqu+uv>dx+l/ F(u)dx~/ f(u)vdx—l/ [ 1 *F(u)]f(u)vdx
« R2 a Jr2 R? a Jr2 | |x|*

for any u,v € HX(R?).

Proof. It is standard to check that for fixed 0 < a« < 1, one has I, € C(H}(Rz), R). By straightforward calculations, the Gateaux
derivative of I, at u € H'(R?) is given by

1’(u)u=/ <VuvU+uu>dx+l/ F(u)dx~/ f(u)udx—l/ [L *F(u)]f(u)udx,
« R2 a Jr2 R2 a Jp2 | |x]|*

forany v e H r‘ (R?). It remains to prove that I ‘; (w,) = I l; ) if u, - u in Hr1 (R?). Now on the one hand, observe that uniformly in
v e H(R?), with |jv]| <1,

| / F(u,)dx - / fw,)vdx — / Fu)dx - / F(uw)vdx

R2 R2 R2 R2

S/ F(un)dx/ If(un)u—f(u)vldx+/ ‘F(u,,)—F(u)‘dx~/ f(wvdx
R2 R2 R2 R2

< C/2 | f(u,)v — fuww|dx + o,(1)
R:

(3.2)

1/2
< C(/ 17w - f(u)|2dx> ol + o, (Dl
R
On the other hand, by (f;) and (f,), one has for any x € R? and any ¢ > 0, there exists C, > 0 such that
|f(u,,)|2 < Cs <|un|2 + e(81r+£)|un|2> =: g(un),

It is easy to check that g(u,) — g(u) in L!(R?) due to the fact that u, — u in H!(R?). Hence, by the Lebesgue dominated convergence
theorem, we get || f(u,)ll3 = |/ @)I|3 as n — co. Therefore, from (3.2) one has that, uniformly in v € H!(R?), with [|v|| < 1,

|/ F(un)dx~/ f(u,,)vdx—/ F(u)dx~/ fwvdx
R2 R2 R2 R2

= 0,(1). (3.3)




D. Cassani et al. Nonlinear Analysis 241 (2024) 113479

Moreover, by Lemma 2.2 and the Hardy-Littlewood-Sobolev inequality, we have for any v € H rl (R?), with ||lv]| <1,

/ [ L, F(un)] F,odx — / [ L. F(u)]f(u)vdx
r2 [ x| r2 [ x|

S/ [ la * F(u,,)]lf(un)—f(u)|udx+/ [L‘l * |F(u,,)—F(u)|]f(u)udx
r2 [ X &2 | 1x]

< C/Rz [f () = f@)|vdx + || Fu,) = F)||

< Co, (Dol + Cl[F(u,) = F@ll_a_[lll-

4
4—a

(3.4
I.f @l

4 4
ia i

Observe that by the mean value theorem, Holder’s inequality, (f;), (f3), (2.1) and (2.2), there exists function 6(x) € (0, 1) such that
4
I1F () = Fall*y*
1—a
4
< / | f(u, +0(x)(u, —u)(u, —u)| *=«dx
R2

= = Tz o1 (g g2
<C [ 1Quyl + luly — 0] Fadx +C | (| + lu) e |, — u] Fa e 0D g
R2 R2

1 1

4pt 4t T 161’ 2 7

< on(l)+C</ (Ju, ] + |u|)ﬁ|(u,1 _u)|mdx> </ o i (gl ¥l dx)’
R2 R2

1

64t 2 2 ra

<0,(1) + Co,(1)- </ = ] )dx> ’
R2

< Co,(D),

where % + tl, = 1. Then, from (3.4) we have

/ [Lﬂ *F(un)]f(un)vdx—/ [
r2 | x| R2

which together with (3.3) completes the proof.

=o0,(Dllvll,

|xl|a * F(u)] fwuvdx

3.3. Critical points of the modified energy functional

Lemma 3.2. Assume that (f,)-(f4) hold, then we have:

(D there exist constants p,n > 0 such that I,| s, >n >0 for all
_ 12y - _ .
uesS,={ue H (R : |jull=p}
(ii) there exists e € H!(R?) with |le|| > p such that I,(e) < 0.

Proof. We first assume that u € Hr1 (R?) and ||u|| < 6 for some 6 € (0, 1). Obviously, /RZ |Vu|> < 1. Moreover, by (f1)-(f») and (1.5),
there is C, > 0 such that

|F(u)|% < c<|u|§ + |u|%(p+1)e%”|u|2)'
So by (f}), the Hardy-Littlewood-Sobolev inequality yields
1
/ / —— F(u(y)) F (u(x))dxdy
r2 Jr2 |X =yl
42
< C(/ |F(u)|§dx>
R2
3
C</ ul + Iulg(““e%”'"'zdx) 2
R2

2 1
< c(uuu‘; + 27+ ) ¢> 1L
3

4¢
T+

(3.5)

IN
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From (3.5) and Lemma 2.3 we deduce that

T (u) = %II I* - //]RZ F(u(y))F(u(X))dxdy

> P - / / oI =1 p ) Fage)dxdy
|x=y|<1 a

> e - L FUO)F@e)
2
Ix—yl<l1 [x =yl

1 2(p+1
> Sl - <||u||4 + i) )
s (p+D)

3 3

(3.6)

So, let |lu|]| = p > 0 be small enough, it is easy to check that there exists n > 0 such that I,(u) > # for any a € (0, 1): this completes

the proof of (i).

For the proof of (ii), let us take ¢, € Hr' (R?) satisfies e(x) = 1 for x € B1(0), ey(x) =0 for x € R? \ B (0) and |Vey(x)| < C. Set
8 3

2
() = %(/Rz F(teo)dx> ,

then by (f,) we have F(t) < (1 —7)f(t)t for t > 0,7 € (0, 1), and then

Y1) S 2

for all .
v 2 =0y or all +> 0

Integrating this over [1, s], we find

1 2 2
¥(s)= 5</Rz F(seo)dx> >¥P(l)sT—r.

Note that

sTY—1

a

From (3.7) and (3.8) we have
12 1 [x=yI™" -1
I, (tey) = 5”‘30”2 -3 /Rz /RZ TF(WO(Y))F(WO(X))dXdy

2 R |

= Dol - 2 / / B2 10 3) F (1eg(0)) dxdy
2 2 <l
[x=yl<3

>In l fors € (0, 1].
N

a

12 , 1 1
—llegll” — —// In F(tey(y)) F (teg(x))dxdy
27 2 -yt X =yl (reo) F(reo()

2
2 In2
5||e0||2 - </R2 F(teo)dx>
2 2,
< Sl =22 ( [ Flepax) 175,
2 2 JRZ

which implies that there exists 7, > 0 large enough such that 7,(75e)) <0. [

IN

IA

So I, has a mountain pass geometry, with mountain pass value
¢, = inf max 1,(y@)),
yel t€|0.
where
I :={y € C(0,1], H'(R%) : y(0)=0,y(1) =e}.
The existence of a Cerami sequence for 7, namely {u,} C H rl (R?) such that

I () = cqo (14 |lu,IDIL(w,) -0, asn— +oo,

is given by the variant of the Mountain Pass Theorem in [17].

Remark 3.3. Observe from Lemma 3.2 that there exist two constants a, b > 0 independent of « such that a < ¢, < b.

(3.7)

(3.8)

3.9
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3.4. Level estimates for the modified energy

Let us now define Moser’s type functions w,(x) supported in B,(0) as follows:

Vlnn, 0 < |x| < p/n,
1 1
w0 = —=1q "L p/n<ix| <),
27,'_ nn
0, x| > p.

where p < i is given in (f4). We have

||wn||2=/ <|Vw 1>+ w? >dx
B,(0)

__ (3.10)

4lnn 4n2Inn  2n?
214 p%,.

1+ p%(

sTY—1
a

the following holds

l/ [Ga(x) * F(wn)] F(w,)dx
2 R2

N |
- %/ / bl =y (w, (X)) F(w,(y))dxdy
R2 JR2 a
B R |
- l/ / ool =lp (w0, (X)) F (w,()dxdy
B,(0) J B,(0) a

>1 / / —L F(w, () Fw,(y)dxdy > 0.
~ 2J8,0 /8,0 |X—)’|

Lemma 3.4. The mountain pass level c, satisfies sup,cq 1) ¢, < %

>In l for s,a € (0, 1],
s

(3.11)

Proof. Recalling (f,), for

S (O,ﬂ - ;>, (3.12)
p2VIn2 - 73/2

there exists 7, > 0 such that

tF(t) > (f—e)e*™, fort>1,. (3.13)
We divide the proof into three cases:
Case 1. Lett € [0, \/g] , then by (3.10)—(3.11), we have for large n,

1,(tw, =L Iw I - —/ /2 yl - F(twn(y))F(tw,,(x))dydx
R

(3.149)
? <

< Ellw" < 7"

Case 2. Lett € Q\/E +oo). According to the definition of w,, we have for large n, fw,(x) > 1, for x € B,,. From (3.10)-(3.13),
we deduce that for large n,

I (1w, )<—||w ||2—-/ /
R2
2
l_ 2 _ In2
< 2 [, |l - (/]R F(twn)dx>

1+6,0° ,  (n2)z*(p - e)*p* At
< t
2 n*2Ilnn

<?(1- L pe-n),
t*Inn

gn,t) = 1 PG 1)t>\/5n>2
tlnn

(3.15)

Let
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then there exists ny > 0 such that g(n,7) > 1 for n > ny and 1 > \/E Hence, when r € <\/§ +oo> and n is large enough,

1,(tw,) < % (3.16)

Case 3. Let t € \/; \/5] According to the definition of w,, we have for sufficiently large n, tw,(x) > t, for x € B From

(3.10)—(3.13) we have

p/n

12 1 1
I,(tw,) SEIIWnII2 ~5 /Rz /R2 In )] F(tw,(y)F(tw,(x))dydx

ks 8,0° 2_(n )73 (f — )% p* Ann (3.17)
2 n*t2Inn
1+ 68,07 1 2_
P TP

Then, there exists ¢, > 0 such that v, (,) = max,,q v, () and

<

2= (3.18)

- In(1 +p25n)—ln4]

41nn

Clearly, 1, € [\/I \/5] for large n. Then, by (3.17) and (3.18) we have

w, (1) <, (1)

1+6,p% 1
2 n 2
=t —— (146

noo2 81nn( nP?)

1 In(l+p%5,) —In4 1] (3.19)

=1+6p)|= 4 ——
(+ "”)[2+ 8Inn 8Inn

2 2

p 1 In(l1+p°6,) 1+1n4
<(1+-—)|= _ i
_< +4lnn>[2+ 8lnn 8lnn

which, together with the definition of 6, and the fact p?> < In4, implies for sufficiently large n

v () < % (3.20)

Combining (3.14), (3.16) and (3.20), we have I,(tw,) < % Indeed, for fixed n large enough, there exists ¢, > 0 such that I, (tyw,) < 0.

Define y(t) = ttyw, for t € [0, 1], then y € I" and the conclusion follows. []
3.5. Compactness
In this Section we analyze the behavior of Cerami’s sequences. Let us begin with the following

Lemma 3.5. Assume (f,)—(f4) and let {u,} C Hr1 (R?) be an arbitrary Cerami sequence for I, at level c,. Then, {u,} stays bounded in
H!(R?) as well as

/ [Ga(x) * F(un)] F(u,)dx| < C, / [Ga(x) * F(un)] fu,)u,dx| < C.
R2 R2
Proof. Since {u,} C Hr1 (R?) is a Cerami sequence, as n — co we have
l||u,,||2 _L / [Ga(x) * F(u,,)] F(u,)dx - ¢, (3.21)
2 2 R2
and for all v € H!(R?),
/ Vuandx+/ u,,udx—/ [Ga(x) * F("n)] fu,)vdx = o,(D)||v||. (3.22)
R2 R2 R2
Now take v = u, to get
lluy 1 = / . [Ga<x) * F(un)] (), dx = 0,(1). (3.23)
R
In order to verify the boundedness of {u,}, let us introduce a suitable test function as follows
F(uy)
T’ > 0,

a-7u,, u,<0,
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with 7 as (f,). We have |v,| < Clu,| since (1.4) holds and f(¢) = 0 if and only if + < 0. Moreover, the following inequality holds (see
Lemma 6.1 of [11] for further details):

|Vo,|* < C|Vu,|>.
Thus v, is well defined in H!(R?). Taking v = v, in (3.22) and recalling that f(¢), F(t) = 0 for 1 < 0 we have

F !
1-1) |Vu,,|2dx+/ IVunlz(l - M)dx+(l —-17) uldx
u, <0 u, >0 S (un) u, <0

(3.24)
F(u,)
+ / uy dx _/ [Ga(lxl) * F(”n):| F(un)dx = on(l)llvn”'
R2 f(un) R2
and by recalling (3.21) we also have
(1- ‘r)/ [Vu,|dx + (1 — ‘r)/ uldx + 2¢q = llu,lI* = 0,(Dllv,ll,
R2 R2
which implies
Tlluyl1* < 0, (Dl || + 26, (3.25)

As a consequence, we have proved that ||u,|| < C for some C > 0 independent of n. Moreover, we immediately have from (3.21)
and (3.23)

/ [Ga(x) * F(un)] F(u,)dx
R2

In view of Remark 6.2 in [11], from now on we will always assume positivity of Cerami sequences.

<C. I

<C, '/ [Ga(x) * F(un)] f(u,)u,dx
R2

Lemma 3.6. Let {u,} be a bounded Cerami sequence for 1, at level c,. Then, there exists C > 0 independent of n such that
/ fuu,dx <C and / F(u,)*dx <C,
R2 R2

where k € [1, z—la) with 0 < a < % as in Remark 3.3.

Proof. Since {u,} is bounded in H!(R?), we may assume up to a subsequence u, — u in H!(R?), u, — u in L} (R?) for any
2 < s < +oo and u, — u a.e. in R?, for which

li 2= A% > |lull?
im a1 = 42 > flul
Let us introduce the following auxiliary function

H() = / VEOS®) 4o
0 f(s)

and define v, := H(u,). Let us show that
lloall? < 1. (3.26)

From

/ [Ga(|x|) - F(un)] F(u,)dx = A% = 2¢,
R2

and
2o F(u,)f'(u,) _/ / F(u,) ,
/R2 [V, | <1 - ) g G, (Ix]) * F(u,)| F(u,)dx + [ f(un)dx—on(l),
we have
2 Fu,)f'(u,) F(u,) _ 2
/]RZ [Vu,| <1 —fz(u,,) >dx + /RZ u, T dx +2¢, = ||lu,lI” = o0,(1),
and in turn

lloall? = /R IVH@,)Pdx + /]R HPu,)dx

=2, + /R2 <u,, ;E::)) —i + Hz(u,,)> +0,(1)

<2 <1

for n large enough. Next we give an L!-estimate of the sequence {f(u,)u,} by using the estimate for {||v,||}. By (f3), for any & > 0,
there exists 7, > 0 such that

VEOS' @)

Te[l—é,l-’ré], fOra].lthE.

10



D. Cassani et al. Nonlinear Analysis 241 (2024) 113479
By (f,) we have
Ie iy
v, > / zdt +/ (1 —-¢g)dt > (1 -e)u, —t,), (3.27)
0 f

which implies
Un

1-¢

u, <t +
for any x € R?. Hence, by (f,) we have that for any given & > 0 above, there exists C, such that

/ [, u,dx < fu,)u,dx + f(u,)u,dx
R2 u, <tg

up2t,

<C||u||2+/ 7l + 2 fo+ — ) dx
- £ n “”ZIE £ l—f £ l—f

vy \? v p+1
SCEIIun||2+C6/ it i) <t£+ ) dx

Uy 2te
2 dr(1+e) (1 +”—")2
<C ”un” +C, / e ¢TI/ dx,

Up2te

(3.28)

where in the last inequality we use the fact that for large values of u,,, also v, is large such that

p+l 2

v v

<I£+ : n ) SCfe47rs(t5+—]_"f) i
— &

In view of (3.27), v, > zt, if u, > t,, and then it follows from (3.28) that

/ fu,dx < C lluy | + C, / e
R2 uy>te

2
4a(l46)? —A
sc€||u,,||2+cg/ I 1dx (3.29)
]R2

2 v
4 (1+€) 5
(1—¢) dx

2
4x(146)2 v, |2 —a2—s
WPl sty

<ClulP+c, [ o
R2
Since ||lv,[> < 2¢, + 0,(1), [lV,]1* < 2¢, + ¢ < 1 for n large enough and ¢ > 0 is sufficiently small which is also independent of a.
Finally, the following holds
(1+¢)? (1+¢)?
(1-¢)? (1-¢)2?
for £ > 0 small enough. As a consequence, from (3.29) and (f,) we get

llolI? < (e, +0)< 1

/ f(uu,dx < C and then / F(u,)dx <C
R2 R?

for some C independent of n. The remain case « € (1, z—la) has been proven in [11], that is,

/ F(u,)"dx < C.
R2
Combining the above facts yields the proof. []

Since {u,} is bounded in H!(R?), up to a subsequence still denoted by {u,}, there exists u, € H!(R?) such that

u, = u, weakly in Hr1 R?), u, = u, strongly in LP(R?), p € (2, +). (3.30)

Lemma 3.7. Assume (f,)-(f,) and let {u,} be a bounded Cerami sequence for I, at level c,. Then,

/ [ L *F(u,,)]F(un)dxe/ 1
r2 | Ix] R2

[x]*
/2 F(u,)dx — /2 F(u,)dx, asn— oo. (3.32)
R R

* F(ua)] F(u,)dx (3.31)

and

Proof. From I/(u,)u, = 0,(1) we obtain the following

1
e, 1> + = / F(u,)dx / f(u,)u,dx
[v4 R2 R2

=2¢, + l‘/ [La * F(un)] f(u,)u,dx,
a Jr2 [ |x]|

|x

11
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which implies immediately by Lemma 3.5 and Lemma 3.4 that there exists C > 0 independent of » such that

l/ [L * F(un)] fu,)u,dx < C. (3.33)
R2

a [x]®

From (1.3) and (3.33) we deduce that for any € > 0, there exists M, > 0 such that

fo [ = ] o 52 [ [ ]
— % F(u,)| F(u,)dx < — = % F(u,)| f(u,)u,dx < e. (3.34)
u,>M, |'X| Ms u,>M, |x|
and
/ [La . F(ua)] Fluydx <e. (3.35)
ug>M, |X|

Observe that from Lemma 3.6 and Holder’s inequality we have

/ —L P,y

r2 |x =yl

< / —L P, ondy+ / —L P, ()dy
lx-yl<t X =Vl lx—ylz1 X =¥

1 a 1 1—a (336)
<C+ </ dy> ‘ </ F(un(y))mdy>
lx—yl<t 1X =Vl R2

1-a
SC+C</ F(un(y»ﬁdy) <c.
R2

where in the above inequality we have taken « € (O, 1- 2a> . Let us define the following sequence of functions
1
G(x,u,) 1= [W * F(u,,)] <£|u,,|2 + Celu,,lq>

> [La * F(un)] <f(un)uﬂ;(u <M ),
|X| n £

where C, > 0 depends only on ¢ and g > 2. Moreover, using the Hardy-Littlewood-Sobolev inequality and (3.36) we deduce that

(3.37)

' / G(x,u,) — G(x,u,)dx
R2

/ [ 1a *F(u,,)](lunlq—lu,xl")dx
r2 | |x]

/ [La s (Flu,) - F(ua))] lu, |9dx
r2 | |x]

|x
et 17 = lug 141l

<Ce+C,

+ C,

<Ce + C.C||F(u,)|| (3.38)

4 4
e e

+ cs/ [La « (Fu,) - F(ua))] lug |dx
r2 | |x]

§C5+C€C~on(1)+C€/ [# x (Flu,) - F(ua))]lual"dx
r2 | |x
:=Ce +C,C - 0,(1) + D,

where in the above inequality we have the fact that || F(u,)||
such that

D, :=E +E :=c€/

|x|>R,

4 is uniformly bounded by taking « small enough. There exists R > 0
4—a

[L # (F(u") — F(ua))] g |9dx

x|

(3.39)

1
+ Cg/ [ = (F(u,) — F(ua))] |ug |?dx,
IxI<gr, LI
where for any fixed ¢ > 0, by taking R = R, > 0 large enough, it follows from (3.36) that
|E|| < CEC/ |ug|7dx < €.
|xI>R,

Moreover, by virtue of (3.36), we employ the Lebesgue dominated convergence theorem to deduce that

E,=C, / [L x (Flu,) - F(ua))] lu, |%dx = C, - o,(1).
|x|<R,

[x]*

Based on the above facts, combining (3.38) and (3.39), one has

=0,(1),

/ G(x,u,) — G(x,u,)dx
R2

12
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that is, the control function sequence {G(x,u,)} has a strong convergence subsequence in L!(R?). Hence, using the Lebesgue

dominated convergence theorem once again, from (3.37) we immediately obtain

/Rz [; \ F(u,,>] F @ty 7y <rg, A

x|
1
- 4/]]{2 [W * F(ua):| f(ua)ua/(ua<Mgdx’ as n— oo,

which, together with (3.34) and (3.35), implies (3.31). Analogously we also have

/F(un)dx—>/ F(u,)dx, asn—oo. []
R2 R2

Lemma 3.8. Assume that (f,)—~(f,) and let {u,} be a bounded Cerami sequence for I, at level c,. Then, there exists a nontrivial

u, € H'(R?) such that u, — u, in H'(R?), as n — .

Proof. We first claim that for any ¢ € C°(R?)

l/ [L s F(un)] fu,)pdx > l/ [La * F(ua)]f(ua)(pdx, as n — oo.
R? r2 [ |x]

a |x|* a |x

(3.40)

Indeed, let us define the sequence of functions

1
gx,u,) 1= [—,1 * F(u,,)] Sfu,)
|x]|
restricted to any compact domain €. Hence, (3.36) implies g(x,u,) < Cf(u,) for x € 2. Moreover, using (f;)-(f,) and Lemma 3.6

we have that there exists M > 0 such that

/ g, )dx < / Cf(u,)dx
Q Q

< / Cf(u,)dx + / Cf(u,)dx
on{x|u,<M} Qn{x|u,>M}

<C+ < fuu,dx < C.
M Janix|u,>M)
Then g € L'(2). Thanks to (3.33), using similar arguments as that in Lemma 2.1 of [15], the claim follows. Similarly, we can also

prove
1 1 )
- /2 flu)dx — — /2 fluy)dx, in L} (R?), asn— co.
R R

It follows from (3.40), (3.41), and Lemma 3.7 that for any ¢ € Cg"(Rz),

(3.41)

I () - Il (uy)e, asn— co. (3.42)

That is, I ; (u,) = 0. Let us use the following

F(ug)
Ty’ u, >0,

(1 =7y, u, <0,

in place of v, in Lemma 3.5, to obtain in a similar fashion
21, () = llug|” > 0. (3.43)

Next we distinguish two cases:

Case 1. u, = 0. Recalling Lemma 3.7, one has

1 1
3> = I,(u,) +o0,(1) = z||u,,||2 +0,(1).

Then there exists ¢, > 0 sufficiently small such that for large n
(3.44)

llu, I < (1 = &),
and then there exists 6 € (1,2) such that

(1+£0)(1— g0 < 1.

13
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In conclusion, it follows from (f})—(f3) and (3.44) that for any & > 0, there exists C; > 0 such that

which

/ f(u,)u,dx
R2

2
) 1 Al |2 Ll
< guy + Celu, |7 e lenll® ) dx
R2

1 2 1
7 4r(1-gg)g 1unl 7
< Elu, I + c,:</ |u,,|9’<ﬂ+1>dx> </ e TR gy
R2 R2

1 2
7 4r(14e0)(1—g)0 al
< fllu,,”2 + CEC (/ |un|9/(P+l)dx> </ e 0 O a2 — 1dx
R2 R2

where é + % = 1. Hence, combining (3.30) and (3.45), together with the arbitrariness of &, yields

/ fu,u,dx =o0,(1),
R2
implies by (3.36) the following

/ [La * F(un)]f(u,,)u,,dx =0,(1).
Rr2 | x|

1
[
,
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(3.45)

(3.46)

From I (u,)u, = 0,(1) we get u, — 0 in H!(R?), as n — co. This is a contradiction with the fact 1,(u,) — c,, as n > .
Case 2. u, # 0. That is, ||u,|| > 0. Next we show that

2 2
llu, I = Nlugll®,  as n— oo.

By Fatou’s lemma and Lemma 3.7 we have

2
Ly e, 1 1L /L
1,(uy) —2||ua|| + 7 </]RZ F(ua)dx> o /R2[|X|a * F(ua)] F(uy)dx

If I,(u,) = c,, by (3.48) we obtain immediately (3.47). Otherwise, if I (u,) < c,, then

2
lluy 112 + L </ F(u,l)dx> <2, + 1/ [La . F(ua)] Flug)dx.
o R2 @ JRr2 |x|

1 1 g !
S -=
Sllrr,ritr.}f<2||“n|| + 2 </]RZ F(u")dx> 2a _/Rz

=11'1;I_1)101;1f 1,(u,) =c,.

x|

In view of the definition of I,, we also have

2
fim <||un||2 41 </ F(un)dx> ) =2, + l/ [La . F(ua)] Flug)dx.
n—oco a \ Jr2 a Jr2 | |x|

Take

and

U,

2
\/ ll, 112 + 5( Je2 F(un>dx>

u

w, =

a

\/ 2, + 1 f [ﬁ * F(ua)] F(uy)dx

w, =

—_— 3k

F(u,,)] F(u,,)dx)

(3.47)

(3.48)

(3.49)

(3.50)

From (3.49) and (3.50) we have |w,| < 1, w, = w, and |lw,|| < 1. It is not difficult to deduce by (3.49) that lim,_,, |lu,[1> > |lu,|I

and lim

for all

where B = lim,_,, ||w,||>. By Lemma 3.7 and (3.43), the Brezis-Lieb lemma yields

lw,||?> > ||w,||>. Following Lions [19], one has

n— 00

2
sup</ MW — l>dx < o0
neN \JR2

1 1
) | c, + % /R2 [W * F(ua)] F(uy)dx

r<r:= =2 +0,(1),

B — |lw,l? llet 12 = Nl 112

1 1
la(un) - la(ua) = 5 <|Iun”2 - ”ua”2> + on(l) <y < 5

14

(3.51)
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Then, recalling (3.50), we can always choose s > 1 sufficiently close to 1 such that

1 2
s<||u,,||2 + -</ F(un)dx> )
a R2

1
<r<——
B~ [lw,I? (3.52)
cy + i Jre |:_\x]|" * F(ua)] F(u,)dx

=2 +0,(1)
ety 12 = Nl 112 !

for some r satisfying (3.51). Based on the above facts, it follows from (3.41), (3.51), (3.52) and (f;) that

/ fu, — f(uy)u,dx
R2

=' /]R )y = 1) = () = gl

2 1 s=1 (3.53)
el |2 Lnl s i :
<C / lu,|Pe llenl* o x / lu, —ug|5-Tdx
R2 R2
+ C/ o, (1, —ua)ldx+/ )(f(un) — fu)ug|dx >0, as n— oo,
R2 R2
where we use the fact that s > 1 is sufficiently close to 1. On the other hand, from (3.36) and (3.40) we deduce that
1 1
/ [—a * F(u,,)] f(u,)u,dx —/ [—a * F(ua)] [ (ugy)u,dx
r2 [ x| r2 [ x|
< / [ 1a * F(u,,)] (f )y, = f(ugu,)dx
r2 | |x]
1
+ / [ = (Fu,) - F(ua))] S (ug)uydx (3.54)
r2 | |x]

2 lugl? 1 s=1
s Asmllu, |1 =t s s s
<C lu,|Pe llenl= o x lu, —ug|5-Tdx
R2 R2

+ C/ |u,,(u,,—ua)|dx+/ )(f(un)_f(uu))ua
R2 R2

dx >0, as n- co.

Combining (3.53) and (3.54) we obtain u, — u, in H!(R?). Then I(u,) < c, is not true. Hence, I’ (u,) =0 and I, (u,) =c,. [
4. Proof of theorem 1.1

By virtue of Lemma 3.8, we have that u, € H, rl (R?) is a positive critical point of I, with I, (u,) = c,. Recalling Remark 3.3, we
have a < I,(u,) < b with a,b > 0 independent of «. Similar arguments as in Lemma 3.5 yield u, bounded in H!(R?) uniformly in
a > 0. In order to study the limit properties of u, as « — 0%, we are going to establish some estimates for u,.

We may assume as a — 0%, up to a subsequence, the following:

uy, = uy in H'(R?),
u, = uy ae in R? 4.1)

u, = uy in L*(R?) for s € (2,40).

Lemma 4.1. For w > 1, sufficiently close to 1, there exists C > 0 independent of a € (0, %) such that

Flug()
/ — e W

YISl | x — y| T30

<C,

and as |x| - o

F(u,(y)
/ a4(m—|) dy - 0.

e=yI<l | x — y| T30

uniformly for a € (0, @) with @ € (0, 4(‘;’—;”)

Proof. Arguing as in Lemma 3.6, by taking v, := H(u,) and by (3.26), we deduce

sup logll <1
-
aE(O,T)

15
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and there exists C > 0 independent of a > 0 such that
/ F(u,)"dx < C. (4.2
R2

Moreover, we know that for any & > 0, there exists 7, > 0 such that

Uo(X)

u,(x) <t + | for any x € R?,

which implies by Young’s inequality that there exists C, > 0 such that

2
a

(1-e?
From (f,)-(f3) and using the Holder inequality, one has

F(u,(y)
/| =

xS |y — y| T5a

® 1
1 =1 »
< (/ —4dy) : (/ IF(ua)I‘”dy>
[x—y|<1 [x —y|3 |x—y|<1

1
Vg 2 ©
< C</ |ua|2m+ |ua|pme4ﬂw(r£+lﬂ) dy)
[x=yl<1

) 1
dro(l+e) —%~ @
< CC, (/ |u,1|2“’ + |uy|P?e (-2 dy>
|x=yl<1
1

2
4 1 _(1+€) . 2 Vg P
C(/ lug |**dy + (/ |Ma|”'”§dY)l/§ ’ (/ o o M ldx)l/§/>
[x—yl<1 |x—y|<1 R2

1

C</ lug[2dy + c(/ |ua|"‘"4dy)l“> ’,
[x—y|<1 |x—y|<1

where ¢ > 1 and ¢’ = fj and in the last inequality we let ¢’, w sufficiently close to 1. Thanks to (4.1), we obtain the desired
result. []

w2 <C+(1+e)

IN

IN

Next we establish the exponential decay of u, at infinity uniformly with respect to a.
Lemma 4.2. There exist R, M > 0 (independent of a) such that
Uy (x) < Mexp(—%lxl) for |x| > R.

Proof. Since u, is a positive function of Eq. (3.1) and by Lemma 2.3 we obtain

=1
—du, +u, < / Do = 1, iy £ )
Ix=yl<1 «

F
= C/| %dﬂ ()

IS -y T

(4.3)

where a € <O, %) In view of Lemma 4.1, there exist R; > 0 and a* € <0, M) such that

3w
/ FuO) o 4.4)
|

4(w-1)
x—y|<1 |x _ y|7l~f‘)ﬂ’

1
C
for |x| > R, and a € (0, a*). By recalling the radial Lemma A.IV in [4], there exists C > 0 independent of a such that
_1 _1
lup (| < Clx|" 2 lug || < Clx|" 2,
which implies
| llim lug(x)] =0 uniformly for a € (0, a™).
X|—00
Thus, by assumption (f;), we deduce that there exists R, > 0 such that

Fluy) < %ua, x| > R,. (4.5)
Combining (4.3)-(4.5), let R = max{R,;, R,} to get for a € (0,a*)

— Aug, + %ua <0, |x|]>R (4.6)

16
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From (4.6) and the comparison principle, there exists a constant M > %eR/ 2 such that

U, (x) < Mexp(—%lxl) for |x| > R.
Here R, M are independent of a. []

Proof of Theorem 1.1. We are now in the position to carry out the proof of our main result which we divide into two steps:

Step 1. Let us show that u, € H'(R?) satisfies I'(u;) =
For any ¢ € C° (R?), we have

I'(ug)p = /]R Vu V(pdx+/ u, pdx

/ / B = 90y (g .
R2 JR2
Recalling (3.41), we have

“4.7)

/ fuy)pdx —>/ flug)pdx, asa— 0% (4.8)
R2 R2

Then it follows from Lemma 2.3 that for any fixed ¢ € Cg"(]Rz), we have for a € (0, a*)

=y =1

a
e Fug ) S, () ()
|x =yl 30

which, together with Lemma 4.1 and (4.8), yields

Lpeyi<1 Ftg ) f () ()

4.9

< 1= hy(x, ),

, hax9) = ﬁmx_”gF o f (uo(x))(p(X)dxdy'
|x —y| 30

’ /]R i /]R i Tyt (Ft ) = Ftg(y)) £ (1, () (x)dydx

lx— "5

/R , /]R S = Vet FltgOAY(f (g (x)) = £ (up(x))) gp(x)dx

|x —

=1, + 0,(1).

Observe by Lemma 4.1 and (4.8) that there exists C > 0 independent of a such that
I, SC/ | f (g (X))o ()| dx
R2

< C/Rz | f oGN] dx + C

for « small. Thus, the Lebesgue dominated convergence theorem implies I; — 0, as a — 0*. Furthermore, since {A,} has a strongly
convergent subsequence in L!(R?), we use the Lebesgue dominated convergence theorem in (4.9) to get

=1
/ / B = ] e ())dy f g Do)
Jx—yl<1 o

(4.10)
- —// In(|x = y)F(up(»)dy f (up(x))p(x)dx.
[x—yl<1
When |x — y| > 1, there exists 7 = z(|]x — y|) € (0, 1) such that
0>G,(x—y)= W = —|x—y"In|x -y, (4.11)
where 7 depends on |x — y|. Since ¢ has a compact support, from Lemma 4.2 and (f,) we have
x=—y %=1
%  Hismyint Fltg)f (1 ())p(x)
=[x =yI7 I |x = Y| - e yio1 F g (0) S W ()9 (x)
(4.12)

< |l + YD F (g () S (g (x))p(x)

< |c<F(ua(y>> + M|y|e‘%‘y'>f(ua(x>><p(x>

=: ha(x, »).
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Using Lemma 4.2 and Lemma 3.7, we have that {h,} has a strongly convergent subsequence in L!(R? x R?). Combining (4.11) with

(4.12), similarly to (4.9), by the Lebesgue dominated convergence theorem, one has

/ / B =L )y ()0
Jx=y|21 @

—’—//l | 1lnIx—ylF(uo(y))dyf(uo(x))(p(x)dx_
x=y|=

Fatou’s lemma yields

/ / In |x — y| F(ug(y)dy F (uy(x))dx
r? JR?

a—=0

- //l | 1Ga(x—y)1’“"(140,(y))dyl"(ua,(X))Glx) .
x=y|2

By the Hardy-Littlewood-Sobolev inequality, (4.2) and Lemma 2.3, there exists C, > 0 such that

< liminf ( // G (x = Y)F(u,(»)dyF(u,(x))dx
|x—ylI<1

/ /| ‘ lGa(x—y)F (e (PAYF (u,y(x))dx
x—y|<

/]R 2 /R ] F(”“(z 2]) dyF(uy (x))dx

=yl o

2
<cC, (/ F‘”(ua)dx> <C
R2

4(w—1)

uniformly for a« € (0, o

/ / Go(x = V) F(ug (»)dyF (ug (x))dx
[x=yl=1

<I,(u )+// = W Fu,(y)dyF(u,(x))dx — —||u 112
x=y|<

< +oo

uniformly for « small enough. Joining (4.14), (4.15) and (4.16) gives the following

/ / In |x = y| F(uy(»)dyF (ug(x))dx| < +o0.
R2 JR?

(4.13)

(4.14)

(4.15)

) sufficiently small, where @ as in Lemma 4.1. By Remark 3.3 and (4.15), we also have

(4.16)

(4.17)

Based on (4.10), (4.13) and (4.17), by taking the limit in (4.7), we have I’(ug) = 0 with I(uy) < +oo, that is, uy € H!(R?) solves

Eq. (1.1).

Step 2. It remains to show that uy # 0 and that u, — uy in H!(R?). Assume by contradiction that u, —~ 0 in H!(R?), as well as

u, — 0 in L'(R?) for t € (2,4c0). Similarly to (3.46), we obtain /RZ Sfuyu,dx = 0,(1). So, by Lemma 2.3, Lemma 4.1, we have

1 gty = gl — / / Gl = ) Fug () 1ty (Wit (x)xdly
RZ ]R2

> lugI? - / / G = D00y (6
x—yl<

>l - [ [ P00, oavay
it [y 5

> lluglP = C / (Mg ()i,
]R2
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and thus u, — 0in H, r‘ (R?), as @ — 0*. Then, according to Remark 3.3, (4.12), Lemma 4.2 and Lemma 3.7, we have

as Ia(ua)

Sl = 2 / / G (x = 1) Flto () F (1 (x))ddxdly
R2 JR2

< —% / / Gy (x = Y)F(ug(») F(ug(x))dxdy + 0,(1)
[x=yl=1

IN

C/ |x|F(ua(x))dx/ F(ug(y))dy + 0,(1)

R2 R2

< C(/ || F (uz(x))dx +/ |x|F(u‘,(x))dx> +0,(1)
|x|<R |x|=R

clxl - \?
<C / F(ug(x))dx +/ El dx ) +o0,(1)
|xI<R IXI2R pfo3

= 0,4(1),

which yields a contradiction. So, 4, # 0. Furthermore, similarly to (4.9), (4.13), by Lemma 4.2 and the Lebesgue dominated
convergence theorem, we have

N |
/ / %F (g ) f (g (X))uy (x)dydx
R JR? (4.18)

- = / / In|x = y[F(uo(») f (up(x))ug(x)dxdy,
R2 JR2
from which we conclude that u, — uy in H!(R?), as « — 0*. O
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