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Abstract
We propose a discrete probability distribution supported on the first k positive in-
tegers (k ≥ 3), defined in terms of the cumulative distribution function of the con-
tinuous two-parameter Kumaraswamy distribution supported on the interval (0,1). 
This distribution offers an alternative to existing models, such as the discrete Beta, 
the Beta-Binomial, and the CUB distributions, for modeling ordinal data, which 
are ubiquitous in applied disciplines. The key properties of the distribution are 
explored, with a particular focus on the possible shapes of its probability mass func-
tion, moments, pseudo-random simulation, and inferential procedures. Regression 
models where the response variable follows the proposed discrete Kumaraswamy 
distribution are also discussed. Analyses of different real data sets, regarding indi-
viduals’ perspectives on environmental matters, are provided to practically illustrate 
the model introduced in this work and assess its ability to fit rating or ranking data.
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1  Introduction

Ordinal data are widely utilized in the social sciences and various scientific disci-
plines to evaluate surveys focused on ratings, preferences, and judgments. Examples 
include assessing product or service quality (on a scale comprising, e.g., “poor”, 
“fair”, “good”, “very good”, “excellent”), defect severity (e.g., “minor”, “major”, 
“critical”), food taste preferences (e.g., “too mild”, “just right”, “too spicy”), and lev-
els of agreement (e.g., “strongly disagree”, “disagree”, “neutral”, “agree”, “strongly 
agree”) (Iannario 2014). We refer to this type of data as rating data. Similarly, ordinal 
data arise in contexts where items, individuals, or entities are ordered or prioritized 
based on certain criteria or attributes: in this context, we more appropriately refer to 
ranking data. An example comes from preference surveys, where respondents rank 
their preferences for a set of options, such as favorite products, services, or features, 
or from sports events, where athletes or teams are ranked based on performance and 
results-based metrics such as scores, times, or placements. Standard techniques model 
these data assuming that the observed ordinal outcomes are driven by an underlying 
continuous variable  (Agresti 2010). This latent variable represents an unobserved 
factor that influences the observed ordinal categories. The ordinal data are modeled 
by defining a set of thresholds along the scale of the latent variable, where each 
threshold corresponds to a cutoff point between two adjacent ordinal categories. 
When the latent variable exceeds a particular threshold, the observation is assigned 
to a higher ordinal category, and when it is below a threshold, it is assigned to a lower 
category. This framework allows for a flexible representation of ordinal data, as it 
captures the continuous nature of the underlying process while still accounting for 
the discrete observed categories. Statistical methods like probit or logistic regression 
can then be used to relate the latent variable to other explanatory variables, providing 
insights into the factors driving the observed ordinal outcomes. Statistical inference 
is usually based on a continuous latent response distribution from a known paramet-
ric family (e.g, normal or logistic) with maximum likelihood used to estimate the 
parameters of the latent variable model (i.e., the thresholds, the parameters of the 
latent variable distribution, if any, and the coefficients for the explanatory variables). 
Parametric assumptions about the latent variable distribution may not be appropriate 
in some cases. In these circumstances, a more flexible class of statistical models is 
needed, which can include mixture distributions, as well as kernel and spline-based 
density estimation methods (Ghosh et al. 2018).

Alternative models are possible that directly specify the probability distribution or 
probability mass function (pmf) for the ordinal variable under study: the modeling 
becomes much more parsimonious, still retaining a sufficient level of flexibility, if an 
appropriate parametric family is selected. The multinomial distribution is a natural 
choice for modeling ordinal data, where the probabilities of different categories are 
directly parametrized. However, it does not inherently incorporate the ordering of 
categories. The Binomial distribution can model ordinal data directly by interpret-
ing ordinal categories as cumulative success probabilities in a sequence of trials. 
The Beta-Binomial distribution is another discrete probability distribution that can 
be used for modeling ordinal categorical data in specific contexts. It is an extension 
of the Binomial distribution in which the success probability p is treated as a random 
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variable (rv) that follows a Beta distribution. This flexibility makes it particularly suit-
able for situations where overdispersion is present – a common feature in ordinal data 
sets. The CUB/MUB (Combination/Mixture of Uniform and Binomial) distribution 
has been proposed in D’Elia and Piccolo (2005) to deal with ordinal data and later 
discussed in Corduas et al. (2009). It is particularly suited for data where responses 
are influenced by two key components: feeling (a latent preference or inclination) and 
uncertainty (a lack of confidence or randomness in the response). The former is mod-
eled using a shifted Binomial distribution, which reflects the tendency of respondents 
toward specific categories due to their genuine preference or inclination. The latter is 
modeled using a discrete uniform distribution over the possible ordinal categories. It 
accounts for the lack of certainty or random guessing in the respondent’s choice. The 
original model parameters are π (corresponding to the mixing weight of the shifted 
Binomial) and ξ (its failure probability); hence, 1 − ξ and 1 − π represent the feeling 
and the uncertainty parameters, respectively.

The modeling flexibility of the continuous two-parameter Beta distribution has led 
several authors to construct different discrete analogues thereof, supported on the first 
k positive integers (or k + 1 non-negative integers), with the aim of modeling ordinal 
data. The probability density function (pdf) of a Beta rv with shape parameters α > 0 
and β > 0 is given by

	
fB(x; α, β) = xα−1(1 − x)β−1

B(α, β)
, x ∈ (0, 1), α > 0, β > 0,� (1)

where B(α, β) =
´ 1

0 xα−1(1 − x)β−1dx is the Beta function acting as a normalizing 
constant in (1). The Beta distribution is considered highly flexible because it can model 
a wide range of shapes depending on its two parameters. Punzo and Zini (2008); Punzo 
(2010), based on a re-parameterization of the pdf of the generalized Beta distribution 
f(y; k, ϵ, m, h), constructed a discrete version supported on S = {0, 1, . . . , k} with 
pmf defined as p(x; k, ϵ, m, h) = f(x; k, ϵ, m, h)/

∑k
j=0 f(j; k, ϵ, m, h). A similar 

proposal (Turner 2021b) defined the probabilities of 1, . . . , k as the values of the pdf 
of the Beta distribution, evaluated at equally spaced points in the unit interval (0,1), 
normalized to sum up to 1: p(x; α, β, k) = f

(
x

k+1 ; α, β
)

/
∑k

i=1 f
(

i
k+1 ; α, β

)
. 

This latter discrete Beta distribution is implemented in the R package dbd (Turner 
2021a). While the pmf is expressed in closed-form, the cumulative distribution func-
tion (cdf) does not admit a compact closed-form expression: it is defined as the ratio 
of two finite sums of Beta pdf values. In practice, this computation is straightforward 
in statistical software such as R, but it requires an explicit summation at each evalua-
tion, which may matter in repeated likelihood calculations. Another proposal (Fasola 
and Sciandra 2015; Sciandra et al. 2024) suggested assigning the first k positive inte-
gers the probabilities

	 pi = FB(i/k; α, β) − FB((i − 1)/k; α, β), i = 1, . . . , k,

where
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FB(x; α, β) = 1

B(α, β)

ˆ x

0
tα−1(1 − t)β−1dt

is the cdf of the continuous Beta distribution with parameters α and β. This discrete 
distribution is used as a more flexible alternative to the CUB or MUB distribution for 
modeling rating and ranking data. It has proven to be appropriate in terms of parsi-
mony, flexibility and ease of interpretation; by interchanging the two shape param-
eters, it produces distributions symmetric to each other about the midpoint of the 
support, as in the continuous Beta case. In the following, we will refer to it simply as 
the ‘discrete Beta distribution’.

In this paper, we propose a new discrete probability distribution, which arises as a 
discrete counterpart to the continuous two-parameter Kumaraswamy distribution on 
the unit interval. The construction follows that of the discrete Beta model in Sciandra 
et al. (2024), and the resulting distribution is similar, primarily in that it is indexed 
by two shape parameters and can describe a variety of shapes for the pmf. How-
ever, compared to the existing model, it has the advantage of providing closed-form 
expressions for both the probability distribution and the quantile function, making 
pseudo-random simulation easier.

The remainder of the paper is organized as follows. In the next section, we recall 
the continuous Kumaraswamy distribution and its main properties; then, in Section 3, 
we introduce a discrete counterpart supported on the first k positive integers. We 
provide expressions for the pmf, the cdf, and the quantile function. Next, we dis-
cuss parameter estimation. The issue of incorporating covariates into the model is 
also addressed, by using an appropriate reparametrization of the distribution. Sec-
tion 4 illustrates the application of the proposed model to data sets from surveys on 
opinions and perceptions regarding environmental issues. Final remarks and research 
perspectives are presented in the concluding section.

2  The continuous Kumaraswamy distribution

The Kumaraswamy double-bounded distribution is a family of continuous probabil-
ity distributions defined on the interval (0,1) that was first proposed in Kumaraswamy 
(1980). It is similar to the Beta distribution, which shares many of its properties, but 
is much simpler to use especially in simulation studies, since its pdf, cdf and quantile 
function can all be expressed in closed-form (Jones 2009). The expression for its cdf 
is in fact the following:

	
FK(x; a, b) =

{ 0 x ≤ 0
1 − (1 − xa)b x ∈ (0, 1)
1 x ≥ 1

� (2)

with a > 0 and b > 0 being the first and second shape parameters, respectively. The 
expression for the quantile function is easily obtained by inverting (2):
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xu = F −1(u; a, b) =

[
1 − (1 − u)1/b

]1/a

, u ∈ (0, 1).

The expression for the pdf is

	
fK(x; a, b) =

{
abxa−1(1 − xa)b−1 x ∈ (0, 1)
0 x /∈ (0, 1). � (3)

We note from  (2) and  (3) that setting b = 1 leads to the power distribution with 
parameter a. In particular, setting a = 1 and b = 1 results in the standard uniform 
distribution. More specifically, it can be shown (Jones 2009) that the Kumaraswamy 
pdf has the same basic shape properties as the Beta distribution, namely:

	● a > 1; b > 1: unimodal (a unique absolute maximum within (0,1));
	● a < 1; b < 1: uniantimodal (a unique global minimum within (0,1));
	● a > 1; b ≤ 1: increasing;
	● a ≤ 1; b > 1: decreasing;
	● a = b = 1: uniform.

Both Beta and Kumaraswamy pdfs are log-concave (An 1997) if and only if both 
their shape parameters are greater than or equal to 1. The behaviour of the Kuma-
raswamy pdf also matches that of the Beta pdf at the boundaries of their support: 
f(x) ∼ xa−1 as x → 0+; f(x) ∼ (1 − x)b−1 as x → 1−. Figure 1 displays the pdf 
of the Kumaraswamy distribution for all the possible combinations of a and b, each 
taking on the values 0.5; 0.75; 1; 1.5; 2.5.

The expression for the moment of order r of the Kumaraswamy distribution is

	
E(Xr) = bB

(
1 + r

a
, b

)

for r > −a. In particular, the expected value and the variance are given by the fol-
lowing expressions 

	
E(X) = bB

(
1 + 1

a
, b

)
� (4)

	
var(X) = bB

(
1 + 2

a
, b

)
−

(
bB

(
1 + 1

a
, b

))2

, � (5)

 which, among other things, are similar to the analogous expressions for the Weibull 
distribution, where the Gamma function replaces the Beta function in (4) and (5) and 
the scale and shape parameters replace the a and b parameters, respectively (Johnson 
et  al. 1994, formula  (21.13)). We note that for the Kumaraswamy distribution the 
expressions for the expected value and variance involve the special Gamma function, 
whereas for the Beta distributions they are rational polynomial functions.
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Perhaps the least attractive feature of the Kumaraswamy distribution, at least at 
first thought, is that, unlike the Beta distribution, it has no symmetric special cases 
other than the uniform distribution (a = b = 1). When a = b ̸= 1, the Kumaraswamy 
distribution always exhibits a non-zero degree of asymmetry, even though Fisher’s 
coefficient of skewness may take the value zero for some pairs (a, b) with a ̸= b. The 
limiting behavior of the Kumaraswamy distribution as either or both parameters tend 
to zero or infinity, along with other properties of the distribution in its most general 
form – i.e., with the addition of two boundary parameters that extend its support to a 
generic interval (c, d) – such as closure under linear transformations and exponentia-
tion, are discussed in Mitnik (2013).

Several methods of estimation are available for the Kumaraswamy distribution, 
based on a sample (x1, . . . , xn), with an exhaustive account discussed in Dey et al. 
(2018). However, none of these methods provide a closed-form expression for the 
point estimators of a and b. Since the first two moments in (4) and (5) involve the 
Beta function, the method of moments can only return estimates of a and b numeri-
cally. As for maximum likelihood estimation, differentiating the log-likelihood with 
respect to b leads immediately to the relation

Fig. 1  Pdf of the Kumaraswamy distribution for different combinations of its parameters a and b; a and 
b take on the values {0.5, 0.75, 1, 1.5, 2.5}
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b̂ = −n/

n∑
i=1

log(1 − xâ
i ),

whereas the equation to be satisfied by â arising from substituting for b̂ in the other 
score equation is

	
S(a) = n

a

{
1 + T1(a) + T2(a)

T3(a)

}
= 0,

where T1(a) = 1
n

∑n
i=1

log yi

1−yi
, T2(a) = 1

n

∑n
i=1

yi log yi

1−yi
, 

T3(a) = 1
n

∑n
i=1 log(1 − yi), and yi = xa

i , i = 1, . . . , n (Jones 2009).

3  A discrete version of the Kumaraswamy distribution

In this section, we introduce and discuss a discrete version of the Kumaraswamy 
distribution that can be used for modeling ordinal data.

3.1  Definition and main properties

A discrete version of the Kumaraswamy distribution can be constructed by using 
methods like moment-matching via Gaussian quadrature (Golub and Welsch 1969), 
optimal quantization (commonly referred to as ‘principal points’  (Flury 1990)), 
or minimization of Cramér-von Mises (or Kolmogorov-Smirnov) statistical dis-
tance (Barbiero and Hitaj 2023). Beyond the specific challenges encountered by the 
different methods, in any case, the k support values of the discrete approximation 
would lie within (0,1), the support interval of the continuous Kumaraswamy distri-
bution. Alternatively, if one is interested in defining a discrete rv supported on the 
first k positive integers, a discrete version of the Kumaraswamy distribution can be 
constructed, in a manner similar to what was proposed by Sciandra et al. (2024), by 
setting the probabilities equal to

	
pi = FK(i/k; a, b) − FK((i − 1)/k, a, b) = 1 − (1 − (i/k)a)b − [1 − (1 − ((i − 1)/k)a)b]

= (1 − ((i − 1)/k)a)b − (1 − (i/k)a)b,
� (6)

for i = 1, . . . , k, where k ≥ 3 to ensure model identifiability. In fact, letting k = 2, 
the two probabilities are p1 = 1 − (1 − (1/2)a)b and p2 = (1 − (1/2)a)b and it is 
easy to check that the probability distribution is the same if we consider the param-
eter combinations (a,b) and 

(
a∗, b∗ = b ln[1−(1/2)a]

ln[1−(1/2)a∗ ]

)
, with a > 0, b > 0, a∗ > 0. 

Therefore, for k = 2 the model is not identifiable; just as, easily, it can be verified 
that for k > 2 the model is identifiable. One can immediately note that if a = b = 1, 
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then the corresponding distribution is discrete uniform (pi = 1/k). Other combina-
tions of a and b values lead to different shapes of the pmf (6): increasing, decreasing, 
“J”-shaped, inverted “J”-shaped, see Figure 2, for k = 5, and Figure 3, for k = 7. 
These shapes somewhat resemble those of the continuous counterpart distribution for 
the same pairs of parameter values. As with its continuous counterpart, the discrete 
Kumaraswamy distribution is not symmetric for any combination of the two param-
eters other than (1,1). This appears to be the only disadvantage of this distribution 
compared to the discrete Beta distribution proposed by Sciandra et al. (2024).

From (6), the cumulative probabilities of the discrete Kumaraswamy distribution 
are given by

	
Fi =

i∑
j=1

pj = 1 − (1 − (i/k)a)b, i = 1, . . . , k.� (7)

The cdf defined by the probabilities above is readily invertible, yielding the quantile 
function:

Fig. 2  Pmf of the discrete Kumaraswamy distribution for different combinations of its parameters a and 
b and k = 5; a and b take on the values {0.5, 0.75, 1, 1.5, 2.5}
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xu =

⌈
k

[
1 − (1 − u)1/b

]1/a ⌉
, � (8)

for 0 < u < 1, where ⌈·⌉ is the ceiling function. Pseudo-random simulation is there-
fore straightforward: in order to draw a pseudo-random number from a discrete 
Kumaraswamy distribution with parameters a, b, and k, it is sufficient to generate a 
pseudo-random number u from the standard uniform distribution, and then calculate 
the corresponding u-quantile according to (8).

3.2  Moments

The expected value of the proposed discrete Kumaraswamy distribution is computed 
as

	
E(X) =

k∑
i=1

i · pi =
k∑

i=1
i[(1 − ((i − 1)/k)a)b − (1 − (i/k)a)b] = 1 +

k−1∑
i=1

[1 − (i/k)a]b.� (9)

The expression for the second non-central moment is

Fig. 3  Pmf of the discrete Kumaraswamy distribution for different combinations of its parameters a and 
b and k = 7; a and b take on the values {0.5, 0.75, 1, 1.5, 2.5}
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E(X2) =
k∑

i=1
i2 · pi =

k∑
i=1

i2{[1 − ((i − 1)/k)a]b − [1 − (i/k)a)]b}

= 1 +
k−1∑
i=1

(2i + 1)[1 − (i/k)a]b,

� (10)

and then the variance can be computed as

	
var(X) = E(X2) − (E(X))2 = 1 +

k−1∑
i=1

(2i + 1)[1 − (i/k)a]b −

(
1 +

k−1∑
i=1

[1 − (i/k)a]b
)2

.�(11)

Figure  4 displays the level curves of the expected value, variance and dispersion 
index, defined as the ratio of the latter to the former, as functions of the parameters a 
and b, when the number of categories is k = 5. It is worth noting that the dispersion 
index is less than 1 for most parameter combinations. However, when both a and b 
are close to zero — that is, lying in the lower-left corner of the first quadrant near the 
origin — the dispersion index may exceed 1.

Fig. 5  Level curves of Fisher’s coefficient of skewness as a function of the parameters a and b of the 
discrete Kumaraswamy distribution with k = 5, k = 7, and k = 9

 

Fig. 4  Level curves of expected value, variance and dispersion index as a function of the parameters a 
and b of the discrete Kumaraswamy distribution with k = 5
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Figure 5 displays the level curves of Fisher’s coefficient of skewness for the dis-
crete Kumaraswamy distribution as a function of its parameters a and b, when the 
number of categories is k = 5, 7, and 9. We note that the dependence of the coef-
ficient of skewness on the two shape parameters, given k, is quite complex, but it 
can be argued that when a exceeds b, it takes on negative values. On the contrary, 
setting a < b is not a sufficient condition for obtaining a positive coefficient of skew-
ness. It can also be observed that, when moving from k = 5 to k = 7 and k = 9, the 
coefficient of skewness does not vary significantly, provided a and b are fixed. It is 
worth noting that although the coefficient of skewness can take the value zero for all 
combinations of (a, b) lying on the level-zero curve in each panel of Fig. 5 and for the 
corresponding value of k, in these cases, the resulting distribution is not symmetric. 
For example, when k = 5, setting a = 2 and b ≈ 2.494 yields a coefficient of skew-
ness equal to zero, but the distribution remains asymmetric: considering the extreme 
categories, p1 ≈ 0.0968 and p5 ≈ 0.0783 ̸= p1.

The space of admissible expected values and variances for the discrete Kuma-
raswamy distribution is graphically displayed in Figure 6, when k = 5. This space 
is constructed by computing the corresponding expectation and variance for each 
combination of a and b, where a and b are taken from a dense grid of positive values 
between 0 and 100, using formulas (9) and (11). The feasible region resembles a sort 
of parabolic structure with a jagged base and is very similar to the analogous region 
for the discrete Beta distribution (see Sciandra et al. 2024, Figure 3). More impor-
tantly, the admissible region is very close to coinciding with the corresponding region 
that we would obtain by considering a discrete rv supported on {1, . . . , k}, without 
assuming any specific parametric form for its distribution, i.e., allowing for any fea-
sible probability distribution over this support.

3.3  Parameter estimation

We discuss possible methods for estimating the (unknown) parameters a and b of a 
discrete Kumaraswamy distribution. It is assumed that the k parameter of this distri-

Fig. 6  Space of admissibleexpected values (E) and variances (V) for the discreteKumaraswamy dis-
tributionwith k = 5
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bution is known and is ≥ 3, and that we have given a random sample (x1, x2, . . . , xn) 
from this distribution.

For the model at hand, the corresponding log-likelihood function is

	
ℓ(a, b) =

k∑
i=1

ni log
[
(1 − ((i − 1)/k)a)b − (1 − (i/k)a)b

]
,

where ni, i = 1, . . . , k, is the sample frequency of the value i. In order to find the 
maximum likelihood estimates (MLEs) of a and b, one has to maximize the function 
above with respect to a and b (both defined on R+), or solve the system consisting 
of the two corresponding score equations, ∂ℓ(a, b)/∂a = 0 and ∂ℓ(a, b)/∂b = 0. The 
partial derivative with respect to a is ∂ℓ(a,b)

∂a =
∑k

i=1
ni

pi
· ∂pi

∂a , with

	
∂pi

∂a
= −b

(
i − 1

k

)a

ln
(

i − 1
k

) [
1 −

(
i − 1

k

)a]b−1

+ b

(
i

k

)a

ln
(

i

k

) [
1 −

(
i

k

)a]b−1

;

 while the partial derivative with respect to b is ∂ℓ(a,b)
∂b =

∑k
i=1

ni

pi
· ∂pi

∂b , with

	
∂pi

∂b
= ln

([
1 −

(
i − 1

k

)a]) [
1 −

(
i − 1

k

)a]b

− ln
([

1 −
(

i

k

)a]) [
1 −

(
i

k

)a]b

.

The system cannot be solved analytically; therefore, the values of the MLEs must be 
obtained numerically, potentially by directly maximizing the log-likelihood function.

Other estimation methods are available; although none of them generally leads 
to closed-form expressions for the estimates, they can be used mainly as possible 
sources of starting values for the MLE optimization routine. They are described in 
the Appendix.

3.4  Regression models with discrete Kumaraswamy response

In regression models where the response variable is assumed to follow the proposed 
discrete Kumaraswamy distribution, of the response variable shape parameters a and 
b can be modeled as functions of covariates to capture the influence of external fac-
tors. Letting xxxi be the vector of covariates for the i-th observation, and λλλ and ωωω the 
vectors of regression coefficients for a and b, respectively, a simple choice is to define

	 ai = exxxT
i λλλ; bi = exxxT

i ωωω,

for i = 1, . . . , n, which ensures the positivity of the parameters ai and bi regardless 
of the values of the covariates. Proceeding as in Sciandra et al. (2024) and recalling 
the similarity between the (discrete) Beta and Kumaraswamy distributions, we apply 
an alternative parametrization of the discrete Kumaraswamy distribution which 
makes use of the transformations

	 η = logit(a/(a + b)) = ln a − ln b, γ = −logit[1/(a + b + 1)] = ln(a + b),�(12)
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to which correspond

	 a = eγ+η/(1 + eη), b = eγ/(1 + eη).� (13)

This reparameterization enables unconstrained estimation, as both η and γ can take 
any value in (−∞, +∞). As with the discrete Beta distribution, the parameter η is 
positively associated with the expected value of the underlying Kumaraswamy distri-
bution (see Figure 7, left panel). When applied to rating data, η can be interpreted as 
a to like indicator (Sciandra et al. 2024), as higher values of η correspond to higher 
expected ratings. Similarly, the parameter γ is, at least when it takes on positive 
values, (approximately) inversely linked to the variance of the underlying Kuma-
raswamy distribution (see Figure 7, right panel), and can be considered as an agree-
ment indicator (Sciandra et al. 2024), i.e., able to synthesize the degree of agreement 
between individuals in rating the item. Therefore, a covariate vector xxxi can be intro-
duced in the model as:

	 ηi = xxxT
i λλλ; γi = xxxT

i ωωω.� (14)

This approach allows the model to incorporate covariate effects while preserving the 
flexible shape of the discrete Kumaraswamy distribution. The log-likelihood func-
tion, based on the sample (yi,xxxi), i = 1, . . . , n, is constructed using the pmf of the 
discrete Kumaraswamy distribution (6), with the reparametrization (13) and includ-
ing covariates through (14). The log-likelihood function is then maximized to esti-
mate the model parameters λλλ and ωωω.

Although for the continuous Kumaraswamy distribution an alternative parametri-
zation based on the median is discussed, which turns out to be useful if one needs 
to include covariates in the model (Mitnik and Baek 2013), for the discrete model 
proposed in this work, that parametrization is not applicable. Examples of imple-

Fig. 7  Level curves of the expected value and variance of a discrete Kumaraswamy distribution with 
k = 10, shown as functions of the transformed parameters η and γ
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mentation of the regression model with discrete Kumaraswamy response variable on 
artificial and real data will be reported in the next sections.

3.5  A Monte Carlo simulation study with covariates

We considered a regression model where the dependent variable Y follows a dis-
crete Kumaraswamy distribution with parameter k = 5, and whose parameters a and 
b depend on two covariates, X1 and X2, through the following equations, which 
involve the parameter transforms η and γ:

	

{
ηi = λ0 + λ1 · x1i + λ2 · x2i
γi = ω0 + ω1 · x1i + ω2 · x2i,

,� (15)

where X1 ∼ N (0, 1) and X2, which is independent of X1, follows a uniform distri-
bution on (−1, 1), X2 ∼ U(−1, 1); the regression coefficients are λλλ = (0, 0.5, 0.75)⊤ 
and ωωω = (ln 2, −0.25, 0.5)⊤. Please note that both X1 and X2 are symmetrically dis-
tributed around zero, and that λ0 = 0, ensuring that η itself will be symmetrically 
distributed around zero. Since ω0 = ln 2, on average, the γ parameter will be equal 
to ln 2, whereas the sum a + b, equal to eγ , will be only approximately concentrated 
around 2. For i = 1, . . . , n, we simulate a bivariate observation for (X1, X2) and 
compute the values of ηi and γi, on it, according to (15); then, after computing the 
corresponding values (ai, bi), using (13), we draw a pseudo-random value yi from a 
discrete Kumaraswamy distribution with that choice of parameters (and k = 5). On 
the resulting sample (y1, y2, . . . , yn), we compute the MLEs of the regression coef-
ficients. We repeat this procedure S = 1, 000 times. For the S resulting estimates, 
we provide their empirical distributions through the boxplots in Figure 8, where a 
horizontal line is plotted at the height corresponding to the true value of the corre-
sponding parameter. We can easily observe that all the empirical distributions of the 
estimators are concentrated around the true value of the corresponding parameter. 
We can also observe that the regression model, with the assigned parameter values, 

Fig. 8  Empirical distribution of the MLEs of the regression coefficients for the regression model (15) 
of Section 3.5 with sample size n = 250 and S = 1, 000 Monte Carlo runs
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is capable of producing a wide range of combinations (ai, bi). To briefly illustrate 
this aspect, Table 1 shows, across all S simulated samples, some univariate summary 
indexes (among which, mean and standard deviation) for the values of a and b, along 
with the proportion of cases where a ≶ 1 and b ≶ 1 and the values of Pearson and 
Spearman correlation coefficients.

4  Data analysis

In this section, we analyze data sets containing rating and ranking data related to 
individual attitudes and perceptions about environmental issues, and we fit these data 
using the proposed discrete Kumaraswamy distribution.

4.1  Eurobarometer

The Eurobarometer data set contains the results of a survey on the attitudes of Euro-
peans towards climate change that was carried out in August and September 2009. 
This survey concerned the attitudes of citizens in the European Union (EU) on mat-
ters regarding the environment and specifically the opinion of Europeans on several 
climate change-related topics. European citizens participating in the survey were 
asked to respond to various questions about their perception of climate change using 
an ordinal scale. Among these, we focused on the following question: ‘How serious a 
problem do you think climate change is at this moment? Please use a scale from 1 to 
10, with “1” meaning it is “not at all a serious problem” and “10” meaning it is “an 
extremely serious problem”.’ Figure 9 displays in the left panel the sample distribu-
tion of the response for all the n = 25, 862 respondents. The discrete Kumaraswamy 
model with k = 10 is here fitted to these data. The estimates of the two parameters 
a and b are presented, along with their standard errors, in Table  2. We have that 
â = 2.282 > b̂ = 1.192, which is consistent with the fact that the respondents tend 
to assign high importance, i.e., high ratings, to the climate change issue. The discrete 
Beta distribution is also fitted to the same data and shows a slightly worse fit as testi-
fied by the larger value of the AIC, see the second-to-last line of Table 2. Notably, 

Table 1  Results on the regression model of Section 3.5
Regr.par. λ0 λ1 λ2 ω0 ω1 ω2

true 0 .5 .75 ln 2 −.25 .5
mean −.012 .506 .751 .700 −.262 .502
sd .083 .084 .144 .122 .129 .210
 Par.est. Min. q0.25 Median Mean q0.75 Max sd
a .194 .618 .969 1.075 1.470 2.398 .524
b .026 .685 .970 1.076 1.346 6.770 .551

a>1,b>1 a<1,b<1 a>1,b<1 a<1, b>1 Pearson Spearman
joint freq. .257 .300 .225 .218 .214 .162
The table reports the true values, along with the Monte Carlo mean and standard deviation (sd), of the 
regression coefficients related to the transformed parameters η and γ, see  (15). Descriptive statistics 
of the corresponding parameters a and b of the discrete Kumaraswamy distribution are also reported, 
along with some bivariate measures
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the estimates of the parameters α and β for the discrete Beta distribution are closely 
matched to those of a and b for the discrete Kumaraswamy distribution. However, 
as we can see from the bar plot of Figure 9, the distribution of the ordinal variable 
is somewhat peculiar: the sample frequencies are strictly increasing from the 1-st to 
the 8-th category, which is the most frequent; then there is a sharp drop when moving 
from the 8-th to the 9-th category, followed by a positive increase when moving from 
the 9-th to the last. Obviously, neither the discrete Kumaraswamy nor the discrete 
Beta are able to perfectly fit this behavior, that we can call a “ceiling effect” (Chyung 
et al. 2020) or, better, a “category avoidance effect”, specifically at the 9-th category, 
which might be psychologically or culturally perceived as ambiguous or “less mean-
ingful”. If we restrict our attention to Italian respondents, we would recognize that 
the sample distribution of the ratings is not very different from the aggregate dis-
tribution over all the EU countries (see Figure 9, right panel). If we fit the discrete 
Kumaraswamy distribution to the Italian data set, we obtain the MLEs reported in the 
second row of Table 2. The values of â and b̂ are both greater than for the complete 
data set, thus inducing a greater “level of agreement” γ̂ = ln(â + b̂) among Italian 
respondents than among all the European respondents.

Table 2  Parameter estimates, standard errors (SE), maximum log-likelihood, and Akaike Information 
Criterion (AIC) of the discrete Kumaraswamy (dK) and discrete Beta (dBeta) distributions fitted to the 
Eurobarometer data set
Model â SE(â) b̂ SE(b̂) max ℓ(a, b) AIC

dK (UE) 2.282 0.020 1.192 0.012 −54265.74 108535.5
dK (Italy) 2.683 0.112 1.406 0.075 −2042.87 4089.74
Model α̂ SE(α̂) β̂ SE(β̂) max ℓ(α, β) AIC

dBeta (UE) 2.335 0.023 1.180 0.011 −54266.78 108537.6
dBeta (Italy) 2.836 0.142 1.377 0.067 −2042.72 4089.44

Fig. 9  Empirical distribution of the Likert variable from the Eurobarometer survey data. The heights of 
the bars represent the sample proportions for the k = 10 ordered categories. Circles and crosshatched 
squares are overlaid to indicate the fitted probabilities of the discrete Kumaraswamy (dK) and discrete 
Beta (dBeta) distributions, respectively. The left panel shows the distribution for all responses, while 
the right panel displays the distribution for Italian respondents only
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4.2  ISSP200

The issp2000 data set, available in the prefmod R package (Hatzinger and Maier 
2023), is part of the International Social Survey Programme (ISSP) data, focusing on 
social and political attitudes. The 2000 edition specifically centers on environmental 
issues and people’s perspectives on them. This data set allows researchers to ana-
lyze patterns and preferences in environmental attitudes across different countries. 
It includes variables related to personal demographics, opinions on environmental 
policy, and concerns about sustainability, making it valuable for studies in sociology, 
political science, and environmental policy analysis.

The issp2000 data set consists of 1595 observations on 11 variables. Five of 
them are social and demographic variables; the other six variables are items to be 
answered on a 5-point rating scale (Likert type). The social and demographical vari-
ables are SEX (gender, 1=“Male”, 2=“Female”), URB (location of residence: 1=“urban 
area”, 2=“suburbs of large cities, small town, county seat”, 3=“rural area”), AGE 
(1=“less than 40 years”, 2=“41 to 59 years”, 3=“60 or more years”), CNTRY (country 
of residence, 1=“United Kingdom”, 2=“Austria”), and EDU (education, 1=“below 
A level”, 2=“A level or higher”). Respondents were asked about their perception of 
environmental dangers. The available response categories were: (1) extremely dan-
gerous, (2) very dangerous, (3) somewhat dangerous, (4) not very dangerous, and 
(5) not dangerous at all for the environment. The Likert-scale variables are named 
CAR, concerning air pollution caused by cars; IND, air pollution caused by industry; 
FARM, pesticides and chemicals used in farming; WATER, pollution of country’s riv-
ers, lakes and streams; TEMP, a rise in the world’s temperature; GENE, modifying 
the genes of certain crops. The data set has been used for fitting paired comparison 
models for preferences (Hatzinger and Dittrich 2012).

Here we considered the empirical distribution of the variable CAR for all the 
respondents and fitted the discrete Kumaraswamy and the discrete Beta distribution 
to it by using the maximum likelihood method. The results are reported in Table 3. 
We observe that the discrete Kumaraswamy distribution has a better fit than the dis-
crete Beta (for the former, the value of the maximized log-likelihood function is 
larger and therefore that of the AIC is smaller). Table 3 also presents the values of the 
dissimilarity index, which is a normalized fitting measure that compares the observed 
relative frequencies fi with the expected probabilities pi(θθθ), and is defined as (Leti 
1983)

	
diss = 1

2

k∑
i=1

|fi − pi(θθθ)|,

Table 3  Parameter estimates, standard errors (SE), maximum log-likelihood, Akaike Information Criterion 
(AIC), and dissimilarity index of the discrete Kumaraswamy (dK) and discrete Beta (dBeta) distributions 
fitted to the variable CAR of the prefmod data set
Model â (or α̂) SE b̂ (or β̂) SE max ℓ AIC Diss

dK 2.319 0.066 7.304 0.452 −1955.693 3915.385 0.128
dBeta 3.007 0.129 5.332 0.230 −1972.447 3948.893 0.144
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where θθθ = (a, b) for the discrete Kumaraswamy distribution and θθθ = (α, β) for the 
discrete Beta distribution. For the former, the value of this measure is smaller than 
for the latter, confirming that the discrete Kumaraswamy distribution provides a bet-
ter overall fit. The better fit of the proposed model is also more evident if we look at 
Figure 10, which displays the sample frequencies of the five ordinal categories of the 
variable CAR along with the fitted probabilities of the two competing models. From 
Table 3, we note that for the discrete Kumaraswamy model we have 1 < a < b and 
for the discrete Beta model 1 < α < β, which is consistent with the shape of the 
empirical distribution of CAR, which is unimodal and right-skewed, with most of the 
probability mass concentrated on the lower categories. We note that neither the dis-
crete Kumaraswamy nor the discrete Beta is able to capture the mode of the empirical 
distribution, corresponding to the 3-rd category. The CUB distribution, fitted to the 
same data, yields a worse fit than both analyzed models (AIC=3995.776).

If we include in the model the covariates SEX, URB, AGE, CNTRY, and EDU, 
following the lines of Section 3.4, we obtain a model that can be fitted and whose 
summary is displayed in Table 4. It can be observed that the intercept estimates for 
both η and γ are significantly different from zero. Moreover, we observe that, for 
the η parameter, the coefficients corresponding to “female” and “Austria” are both 
negative and significant at the 5% level. This means that moving from male (baseline 
category for SEX) to female, or from UK (baseline category for CNTRY) to Austria, 
the η coefficient decreases, which translates into a shift towards lower categories for 

Fig. 10  Empirical distribution of the variable CAR of the data set issp2000 within the package pre-
fmod. The heights of the bars represent the sample proportions of the k = 5 ordered categories, with 
circles and crosshatched squares overlaid to indicate the fitted probabilities of the discrete Kumaras-
wamy (dK) and discrete Beta (dBeta) distributions, respectively
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the rating variable CAR, corresponding to a greater perception of danger towards pol-
lution from cars. As for the γ parameter, the only regression coefficient significantly 
different from zero is that related to “Austria”, which is positive. This means that 
moving from UK to Austria, the γ coefficient increases, which corresponds to an 
increase in the agreement among respondents.

Based on these results, instead of including all the available covariates, we can try 
fitted a model with only two covariates, SEX and CNTRY. The results are displayed 
in Table 5. Now, five out of six regression coefficients are significant at the 0.1 level. 
The only non-significant coefficient is related to γ and corresponds to the category 
“female” of the variable SEX (p-value ≈ 0.207). The signs of the regression coef-
ficients are the same as those of the previous model that included all the covariates. 
Notably, the AIC for this latter model (3883.613) is veeeeery slightly smaller than the 
previous one (3883.66), indicating a better relative fit.

The fitting of these regression models was performed in the R environment  (R 
Core Team 2024) using the bbmle package (Bolker 2023) and the function mle2. We 
observed that the MLE routine implemented via the mle2 function can be computa-
tionally demanding, likely due to conservative default settings of the optimization 
parameters.

Parameter Estimate SE p-value
Eta.intercept −1.015 0.064 0.000***
Female −0.133 0.077 0.085
Austriaara> −0.160 0.078 0.041*
Gamma.intercept 1.999 0.093 0.000***
Female 0.134 0.106 0.207
Austria 0.432 0.108 0.000***
∗p = 0.01–0.05; ∗∗ = 0.001–0.01; ∗∗∗p < 0.001

Table 5  Estimates, standard 
errors (SE), and p-values of the 
model coefficients for the liking 
indicator η and the accuracy in-
dicator γ, using the issp2000 
data set, the variable CAR, and 2 
covariates: gender and country

 

Parameter Estimate SE p-value
Eta.intercept −0.966 0.140 0.000***
Female −0.168 0.079 0.033*
Suburbs −0.058 0.124 0.639
Rural area −0.066 0.110 0.546
41-59 yrs 0.124 0.096 0.195
60+ yrs 0.103 0.098 0.294
Austria −0.231 0.108 0.033*
A level −0.134 0.087 0.125
Gamma.intercept 2.035 0.185 0.000***
Female 0.177 0.108 0.101
Suburbs −0.020 0.166 0.906
Rural area 0.163 0.147 0.266
41-59 yrs −0.158 0.131 0.227
60+ yrs −0.194 0.136 0.152
Austria 0.434 0.142 0.002**
A level 0.097 0.120 0.421

Table 4  Estimates, standard 
errors (SE), and p-values of the 
model coefficients for the liking 
indicator η and the accuracy in-
dicator γ using the issp2000 
data set, the variable CAR, and 
5 covariates: gender (male, 
female), location of residence 
(urban area, suburbs, rural area), 
age (40 years or less, 41-59 
years, 60 or more years), coun-
try (United Kingdom, Austria), 
and education (below A-level, 
A-level or higher)

∗p = 0.01–0.05; ∗∗p = 0.001–
0.01; ∗∗∗p < 0.001
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4.3  Utah air quality risk and behavioral action survey

A survey on air quality risk was conducted among Utah residents between November 
2018 and January 2020. The state of Utah, USA, at times over the last 20 years has 
suffered from some of the worst air quality in the nation  (Flowerday et al. 2023). 
The survey includes more than 60 questions covering demographics, daily habits, 
opinions about air pollution, and attitudes toward government interventions to miti-
gate it (Benney et al. 2020). The sample is made up of 1160 subjects. We analysed 
the answers to the question: Please rank the following by which causes the most air 
pollution in Utah (questions labelled from Q18_1 to Q18_8 in the original data set): 

(i)	 wood burning,
(ii)	 automobile exhaust,
(iii)	buildings (e.g., businesses and homes),
(iv)	major industries (e.g., mining, airport, energy),
(v)	 home chemicals (e.g., aerosols, paints),
(vi)	environment (e.g., wind blowing dust),
(vii)	 agriculture (e.g., farm equipment, animal byproducts, etc.),
(viii)	 government (e.g., offices, agencies, industries).

We focused on the rankings assigned to the fourth item, “Major industries (e.g., min-
ing, airport, energy)”. Table 6 reports the estimates (along with the standard errors) of 
the parameters a and b of the discrete Kumaraswamy and α and β of the discrete Beta 
distributions fitted to the IND variable of the Utah data set. We note that for the two 
distributions we have b̂ > â ≈ 1 and β̂ > α̂ ≈ 1, respectively, which was expected 
since the empirical distribution shows a unique mode at the lowest category, 1, and 
has monotonically decreasing frequencies. The fits of the two models in terms of AIC 
are very similar, although the proposed model is slightly worse. When comparing 
the dissimilarity indexes, our model proves to be slightly better. Figure 11 displays 
the observed ranks and fitted values derived from both the discrete Kumaraswamy 
model and the discrete Beta model without covariates. One can easily observe how 
the fitted frequencies are pairwise very close to each other (and to the corresponding 
empirical frequencies).

Next, we investigated if the rankings depend on some explanatory variables, spe-
cifically income and political ideology. Both are categorical variables, the former 
with eight categories (< 25, 000; 25,000–34,999; 35,000–49,999; 50,000–74,999; 
75,000–99,999; 100,000–149,999; ≥ 150, 000, and Not Declared) and the latter 
with six categories (Democrat, Independent, Libertarian, Republican, Other, and Not 
Declared). Table 7 summarizes the output for the parameters η and γ, introduced in 

Table 6  Parameter estimates, standard errors (SE), maximum log-likelihood, Akaike Information Criterion 
(AIC), and dissimilarity index of the discrete Kumaraswamy (dK) and discrete Beta (dBeta) distributions 
fitted to the Utah data set, variable IND
Model â (or α̂) SE b̂ (or β̂) SE max ℓ AIC Dissim

dK 1.053 0.041 3.251 0.189 −1895.335 3794.67 0.0319
dBeta 1.071 0.055 3.228 0.168 −1895.299 3794.60 0.0326
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Section 3.4, for the selected model. When examining the question of responsibility 
for air pollution, the options ranked in the top positions are generally viewed as the 
most accountable, while those ranked lower are perceived as the least accountable. In 
this context, the liking indicator η can be interpreted in a manner similar to a rating 
framework, as it highlights aversion patterns toward the former options. The accu-
racy indicator γ still quantifies the extent of consensus in these perceptions among 
various demographic groups.

The intercept value of −1.269 related to η applies to individuals who identify as 
Democrats with an annual income below $25,000, and it is statistically significant. 
The estimated ratio â/(â + b̂) = 0.219 is significantly lower than 0.5, which indi-
cates that this group tends to place more responsibility for air pollution on major 
industries compared to other causes. Concerning the impact of other political orienta-
tions, individuals who do not identify with any political party show less opposition 
to major industries than Democrats. This difference is evident in the ratio â/(â + b̂), 
which increases by 0.230 on the logit scale for individuals with no party preference. 
This implies that these individuals tend to rank major industries lower compared to 
Democrats, indicating that they perceive them as less responsible for air pollution. 
Similarly, a pattern emerges among individuals declaring an annual income between 
50,0000 and 75,000, where the ratio â/(â + b̂) decreases by 0.391 on a logit scale. 

Fig. 11  Empirical distribution of the variable IND of the data set Utah. The heights of the bars rep-
resent the sample proportions of the k = 8 ranks, with circles and crosshatched squares overlaid to 
indicate the fitted probabilities of the discrete Kumaraswamy (dK) and discrete Beta (dBeta) distribu-
tions, respectively
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Consequently, those with incomes in (50,0000; 75,000) per year are more likely to 
perceive major industries as the primary culprits responsible for air pollution.

As regards the accuracy indicator, it measures the level of agreement among 
respondents in ranking major industries as a cause of air pollution. The accuracy 
coefficient for a person who identifies as a Democrat with an annual income of less 
than 25,000, is 1.444, which indicates a high level of agreement within this demo-
graphic group regarding major industries’ responsibility for air pollution in Utah. 
Moreover, the agreement between respondents significantly increases moving from 
the “baseline” group earning less than 25,000 to the group of those earning between 
50,000 and 75,000. In this transition, the agreement indicator experiences a notable 
increase on the log scale of 0.720 for â + b̂. The agreement between respondents 
decreases statistical jargon when considering individuals with no political prefer-
ence (−0.417 on a log scale for â + b̂) with respect to those perceiving themselves 
as Democrats.

The AIC of this model is 3780.976, which is smaller than the value for the model 
without covariates, thus indicating a better relative fit, and is smaller than the AIC for 
the discrete Beta model fitted to the same data set in Sciandra et al. (2024). In that 

Parameter Estimate SE p-value
η

Intercept −1.269 0.092 0.000***
25,000 to 34,999 0.176 0.110 0.111
35,000 to 49,999 −0.009 0.123 0.940
50,000 to 74,999 −0.391 0.117 0.001***
75,000 to 99,999 0.159 0.111 0.150
100,000 to 149,999 0.172 0.117 0.141
Greater than 150,000 0.081 0.169 0.633
Prefer not to answer −0.020 0.177 0.909
Independent 0.066 0.102 0.514
Libertarian −0.125 0.226 0.580
Republican 0.123 0.087 0.157
Otherara> 0.337 0.183 0.065
No preference 0.230 0.108 0.034*
γ

Intercept 1.444 0.160 0.000***
25,000 to 34,999 −0.046 0.188 0.806
35,000 to 49,999 0.296 0.203 0.146
50,000 to 74,999 0.720 0.190 0.000***
75,000 to 99,999 −0.007 0.180 0.971
100,000 to 149,999 −0.071 0.193 0.714
Greater than 150,000 0.371 0.258 0.151
Prefer not to answer 0.329 0.280 0.240
Independent −0.127 0.164 0.441
Libertarian −0.19 0.393 0.615
Republican −0.020 0.139 0.883
Other −0.340 0.310 0.273
No preference −0.417 0.179 0.020*

Table 7  Estimates, standard 
errors (SE), and p-values of the 
model coefficients for the η and 
γ parameters using Utah survey 
data, with “Major Industries” as 
response variable and income 
and political orientation as 
covariates

*p = 0.01–0.05; **p = 0.001
–0.01; ***p < 0.001
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study, however, the category Other for the variable Political Orientation was likely 
merged with the category No preference.

5  Conclusion

We introduced a novel discrete probability distribution, constructed as a counterpart 
to a two-parameter continuous probability distribution supported on the unit inter-
val and designed specifically for modeling ordinal data. This model offers several 
attractive features: its probability mass function, cumulative distribution function, 
and quantile function are all expressed in closed-form. This enables straightfor-
ward pseudo-random simulation, setting it apart from the discrete Beta distribution. 
Parameter estimation, although it does not generally yield analytic expressions for 
the point estimators, is still simple to implement using standard procedures. The 
discrete Kumaraswamy distribution can be fitted in settings in which the distribu-
tion depends upon predictor variables, where this dependence takes a linear form, 
by appropriately reparametrizing the probability mass function in terms of two new 
parameters: one that is positively related to the expectation, and the other inversely 
related to the variance. Several examples, where the proposed distribution has been 
fitted to real data on individuals’ attitudes towards environmental issues, empirically 
prove its usefulness, establishing it as a valid competitor to existing models, such as 
the discrete Beta, CUB, and Beta-Binomial distributions. Parameter estimation via 
the maximum likelihood method in presence of covariates has proved to be straight-
forward by using well-established routines within the R statistical environment. 
Although the proposed model performs well in the analyzed cases, further research 
is required to assess its general applicability and possible extensions. For instance, 
one could explore extensions of this discrete distribution that account for potential 
overdispersion in ordinal data, analogous to how the CUBE model extends the CUB 
model by introducing an additional parameter (Iannario 2014).

A.1 Appendix: Alternative estimation methods for the discrete 
Kumaraswamy distribution

Method of proportions

Specializing the expression for the pmf (6) for i = 1 and i = k, we obtain

	

{
p1 = 1 − (1 − (1/k)a)b

pk = [1 − ((k − 1)/k)a]b.

From the former we derive
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a = ln[1 − (1 − p1)1/b]

− ln k
; � (A1)

from the latter

	
a =

ln(1 − p
1/b
k )

ln(k − 1) − ln k
. � (A2)

By equating the two expressions for a above, we obtain

	 1 − (1 − p1)1/b = (1 − p
1/b
k )− ln k/(ln(k−1)−ln k),� (A3)

that can be solved for b, numerically, after substituting to p1 and pk the correspond-
ing sample frequencies of 1’s and k’s, say, f1 and fk; then one can obtain a through 
either (15) or (16). The two values found, say âP  and ̂bP , can be regarded as the esti-
mates given by the method of proportions. Such estimates can be also used as starting 
values for the optimization routine involved by the maximum likelihood method. 
We highlight that this method is applicable to the discrete Kumaraswamy distribu-
tion, as its pmf is available in closed-form. This is not the case for the discrete Beta 
distribution in Sciandra et al. (2024), where the pmf generally needs to be computed 
numerically based on the cdf of the underlying continuous Beta distribution. Obvi-
ously, for the method to work, the sample must include at least one 1 and at least 
one k. Equally evident is that this method does not efficiently utilize all the available 
sample information, as it only considers the frequencies and probabilities of the two 
extreme categories.

A.2 Method of moments

The first two non-central moments of the discrete Kumaraswamy distribution can be 
written as a finite sum of simple functions, see (9) and (10). If applied to this distri-
bution, the method of moments, which equates the two sample moments to the two 
theoretical moments and consequently derives the values of a and b, however, cannot 
return analytic expressions for the estimates of its parameters. However, proceed-
ing as in Khan et al. (1989, Section 4), one can think of minimizing the following 
quadratic loss function, which is the sum of the squared differences between the two 
sample moments and the corresponding theoretical moments:

	 L(a, b; x1, . . . , xn) = (x̄ − E(X; a, b))2 + (µ̂2 − E(X; a, b))2,

where x̄ =
∑n

i=1 xi/n and µ̂2 =
∑n

i=1 x2
i /n. The optimal solution, (âM , b̂M ), 

corresponding to the global minimum point of L(a, b) (where the function is expected 
to be zero, if the two sample moments belong to the feasible region discussed in Sec-
tion  3.2), can be regarded as the method of moments’ estimate. This formulation 
of the method of moments also overcomes situations when the “standard” solution 
(obtained by directly equating the sample moments to the theoretical moments) does 
not exist (i.e., the pair (x̄, µ̂2) does not fall in the feasible region).
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A.3 Method of minimum chi-square

A method closely related to the maximum likelihood method, and conceptually simi-
lar to the method of proportions in that it works with discrete or discretized vari-
ables, is the minimum Chi-square method  (see, e.g., Barbiero 2017, for an appli-
cation to the discrete Weibull distribution). For all categories of a discrete rv, the 
sample relative frequencies fi can be compared with the corresponding probabilities 
pi = P (X = i;θθθ), where θθθ is a p-variate parameter vector indexing the distribution. 
Alternatively, the sample frequencies ni can be compared with the corresponding 
expected frequencies npi, thus defining the following discrepancy function:

	
χ2 =

k∑
i=1

(npi − ni)2

npi
= n

k∑
i=1

(pi − fi)2

pi
.� (A4)

The global minimum point θθθMCS  of χ2 represents the minimum Chi-square esti-
mate of θθθ. Minimizing (18) with respect to the component θj , j = 1 . . . , p, we obtain 
the following p equations:

	

∂χ2

∂θj
= n

k∑
i=1

2(pi − fi)
∂pi

∂θj
pi − (pi − fi)2 ∂pi

∂θj

p2
i

= n

k∑
i=1

∂pi

∂θj
[2(pi − fi)pi − (pi − fi)2]

p2
i

= n

k∑
i=1

∂pi

∂θj
(1 − f2

i /p2
i ),

� (A5)

which, set equal to zero, form a system of p equations in p unknowns that typically 
must be solved numerically, as is the case for the discrete Kumaraswamy distribution, 
where θθθ = (a, b). It is worth recalling that by properly approximating the general 
term of the sum in (18), the equations obtained by setting the partial derivatives of χ2 
equal to zero can be made to coincide with the score equations, whence the method of 
minimum Chi-square and maximum likelihood become equivalent (Landenna et al. 
1996).

Examples of estimation

We consider two samples of size n = 100, with their empirical distributions shown in 
Table 8. Both distributions are unimodal and symmetric around the central category 
(3 for the first sample and 4 for the second sample). This symmetry presents a poten-
tial issue for the discrete Kumaraswamy distribution, which is not designed to model 
symmetric and unimodal distributions effectively, as highlighted in Section 3.

For the two samples, the parameters a and b are estimated using the four meth-
ods described in this appendix and in Section 3.3: maximum likelihood, method of 
moments, method of proportions, and minimum Chi-square. The results are presented 
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in Table 9. While the maximum likelihood method and the methods of moments and 
minimum Chi-square provide similar estimates for a and b across both samples, the 
estimates from the method of proportions show notable deviations. We then fit the 
discrete Beta distribution to the same samples using the maximum likelihood method: 
the MLEs of α and β, along with the corresponding standard errors between brackets, 
are also displayed in the same table. The values of the Akaike Information Criterion 
(AIC) for both probability distributions across the two samples are presented as well. 
They indicate a slightly better fit for the discrete Kumaraswamy distribution, which 
shows a slightly smaller AIC for both samples. These results suggest that, although 
the proposed discrete model does not perfectly fit the two symmetric distributions, its 
performance is comparable to that of the discrete Beta model and is not outperformed 
by it in terms of AIC.

A.4 Monte Carlo assessment of estimation methods

In this section, a Monte Carlo simulation study is described, which was conducted 
to compare the performance of the different estimation procedures discussed in 
this appendix and in Section  3.3 for the proposed discrete Kumaraswamy model. 
In this study, we generated S = 10, 000 random samples (x1, x2, . . . , xn) of size 
n ∈ {25, 50, 100} from the discrete Kumaraswamy rv with parameters k ∈ {5, 7}, 
a ∈ {0.5, 0.75, 1, 1.5, 2.5}, and b ∈ {0.5, 0.75, 1, 1.5, 2.5}. For each setting, on each 
sample, we computed the estimates of the two parameters a and b (with k assumed 
to be known a priori) using the method of proportions, the method of moments, the 
method of minimum Chi-square, and the maximum likelihood method. We then com-
pared the performance of these estimators in terms of their Monte Carlo biases and 
root mean square errors (RMSEs) over the S realizations of each setting. For an esti-
mator θ̂ of a parameter θ, the Monte Carlo bias and RMSE are defined as follows:

Table 8  Two sample distributions
1st sample, k = 5

i 1 2 3 4 5
fi 0.1 0.2 0.4 0.2 0.1

2nd sample, k = 7
i 1 2 3 4 5 6 7
fi 0.05 0.1 0.2 0.3 0.2 0.1 0.05

Table 9  Parameter estimation for the samples whose distributions are displayed in Table 8
First sample, k = 5 Second sample, k = 7

Par ML MM MP MCS AIC ML MM MP MCS AIC
a 2.160 (.267) 2.227 1.892 2.213 298.03 2.137(.246) 2.198 1.941 2.123 361.27
b 2.697 (.520) 2.840 2.160 2.783 2.645(.466) 2.778 2.215 2.598
α 2.483 (.406) - - - 298.14 2.448(.369) - - - 361.32
β 2.483 (.406) - - - 2.448(.369) - - -
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biasMC(θ̂) = 1
S

S∑
s=1

θ̂s − θ

RMSEMC(θ̂) =

√√√√ 1
S

S∑
s=1

(θ̂s − θ)2,

,

where θ̂s is the estimate of θ computed on the s-th sample, s = 1, . . . , S. For 
each examined setting, we also computed the 95% confidence intervals (CIs) for a 
and b based on the likelihood profile for each sample, along with the average con-
fidence interval lengths and the coverage probabilities across the S replications. For 
the method of proportions, we recorded, for each setting, the fraction of samples for 
which it was not possible to provide valid estimates for a and b; these are the samples 
that do not contain any 1’s or k’s.

Since the Monte Carlo RMSE is the square root of the sum of the square of the 
Monte Carlo bias and the Monte Carlo variance of the estimator, we will use it for 
comparing the performance of the different estimators of a and b. Figures 12 and 13 
display the RMSEs of the four estimators of a and b, respectively, in each of the set-
tings previously defined, when k = 7 and n = 100.

From Figure 12, it can be observed that, for the parameter a, no estimator performs 
uniformly better than the others. However, quite surprisingly, the MCS emerges as 
the overall best performer, although it is closely followed by the ML estimator, which 
shows visibly larger RMSE when a = 2.5 for all the examined values of b. The MM 
and MP estimators perform slightly worse than the former; in particular, the MP esti-
mator exhibits a significantly larger RMSE compared to the others when a = 0.5 and 
b = 2.5, as well as when a = 2.5 and b = 0.5.

From Figure 13, it can be observed that even for the parameter b, no estimator per-
forms uniformly better than the others. However, the MCS estimator again emerges 
as the overall best performer, although it is closely followed by the ML estimator, 
which exhibits a larger RMSE when b = 2.5 for all the examined values of a. The 
MM and MP estimators perform slightly worse than the former.

The apparent paradox whereby the MCS estimator achieves a smaller RMSE than 
the MLE, although the latter is theoretically expected to be asymptotically the most 
efficient, can be understood in light of finite-sample considerations. Asymptotic effi-
ciency results are guaranteed only in the limit as the sample size tends to infinity, 
while for moderate sample sizes such as n = 100 the asymptotic properties of the 
MLE may not yet be fully realized. Furthermore, the Monte Carlo experiments them-
selves introduce an additional source of variability due to the finite number of repli-
cations, and occasional convergence issues or suboptimal solutions in the numerical 
optimization of the likelihood function may produce poor estimates that dispropor-
tionately increase the empirical RMSE.
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However, to further investigate the issue, we conducted an additional ad hoc simu-
lation study. Table 10 shows the values of RMSE values of the estimator b̂ when 
a = 1.5, b = 0.75, and k = 7 across sample sizes n ∈ {50, 100, 200, 500}, along 
with the relative efficiency of the MLE with respect to the MCS estimator, defined 
as the squared ratio of the RMSE of the latter to that of the former. As can be seen, 
for smaller sample sizes (n = 50 and 100) the MCS estimator outperforms the MLE, 
whereas for larger sample sizes (n = 200 and 500) the MLE emerge as slightly more 
efficient. The relative efficiency is only marginally above 1, confirming that asymp-
totically the MLE is the most efficient estimator, but it is also equivalent to the MCS 
estimator.

For the setting (a = 2.5, b = 2.5, k = 7), Figure 14 displays the scatterplots of 
(âMCS , âML) – left panel – and (b̂MCS , b̂ML) – right panel – for n = 100. It is 

Fig. 12  Results on RMSE for the estimators of the parameter a with k = 7 and n = 100
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readily apparent that the MCS and ML estimators return two similar values on each 
sample, for both the shape parameters; all the points in each graph lie in fact very 
close to the bisector of the first and third quadrants. Therefore, the two estimators not 
only exhibit very similar marginal distributions and RMSE values, but also show a 
high level of agreement in the estimates provided for each possible sample.

Estimator, n 50 100 200 500
MCS 0.2049 0.1391 0.0948 0.0587
ML 0.2075 0.1394 0.0947 0.0586
rel.eff 0.9748 0.9953 1.0018 1.0011

Table 10  RMSEs of the MLE 
and MCS estimator of b, and 
relative efficiency of the MLE, 
for a = 1.5, b = 0.75, and 
k = 7, across different sample 
sizes

 

Fig. 13  Results on RMSE for the estimators of the parameter b with k = 7 and n = 100
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