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Abstract
Weights are geometrical degrees of freedom that allow to generalize Lagrangian finite
elements. They are defined through integrals over specific supports, well understood
in terms of differential forms and integration, and lie within the framework of finite
element exterior calculus. We adopt this formalism with the target of identifying
supports that are appealing for a finite element approximation, describing weights in
terms of a single parameter in the third- and fourth-order methods. To do so, we study
the related parametric matrix-sequences, with the matrix order tending to infinity as
the mesh size tends to zero. Using the generalized locally Toeplitz theory, we analyze
the performance of weights-based finite elements on an elliptic operator. In particular,
for degrees 3 and 4, we identify an optimal value for the weights location, which
sits in a rather large interval where weights give rise to better conditioned stiffness
matrices.With this at hand, we propose and test ad hoc preconditioners, in dependence
of the discretization parameters and in connection with conjugate gradient method.
The model problem we consider is a one-dimensional Laplacian, both with constant
and non-constant coefficients. Numerical visualizations and experimental tests are
reported and critically discussed, showing a confidence interval for the choice of the
parameter.
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1 Introduction

Discretizations of (differential) operators usually yield very large linear systems. Per-
forming valuable spectral analyses of their matrices is thus an important step in the
construction of many numerical methods [35, 36, 46, 52]. These analyses can also
be used to select optimal parameters. For instance, they have been deployed to inves-
tigate stabilization parameters and CFL numbers both in the one-dimensional [47]
and multi-dimensional [48] hyperbolic framework. We are here concerned with the
detection of well conditioned bases (compatibly with the structure of the operator) for
the finite elements method (FEM) [31].

In its essence, a FEM is specified by a triangulation T of the domain �, a finite
dimensional space X where the solution is sought, and a set of linear functionals on
X named degrees of freedom (dofs). The triangulation T contains the elements and
approximates � with respect to an appropriate measure. Functions in X have small
support, so the matrix A of the system, which represents the bilinear form associated
with a weak formulation of the problem, is sparse and often sparse in a d-level sense if
� ⊂ R

d [52]. The role of dofs is then twofold: they determine a basis for X by duality
and prescribe gluing conditions between local solutions on neighbouring elements.
The dofs we consider in this paper are named weights [53, 54], and are designed to
capture the geometrical and physical features of the problem [19].

When the space X consists of functions, weights can be represented as nodal eval-
uations. If such points are equidistributed in the element, one retrieves usual Lagrange
elements, which can be consequently regarded as a particular case of weights-based
elements. Furthermore, if dim� = 1, continuous weights-based elements have a dof
located at each endpoint of any element, whereas the other dofs shall be placed inside
each interval of the mesh T .

While the choice of the space X controls the Galerkin approximation error, the
choice of a basis {ϕi }Ni=1 for X heavily affects the conditioning of the matrix A; this
is discussed in Section 4 and visualized in Figure 5. Hence this choice is as important
as the approximation features, for mostly three reasons:

– the inherent error depends on the condition number and this is independent of the
method – either direct or iterative – used for solving the resulting linear system;

– the speed of convergence of an iterative solver is directly affected by the condi-
tioning, in a way depending often on the method itself;

– a convenient choice of basis may make it easier to construct an effective precon-
ditioner for A.

The conditioning of A is not the only actor for understanding the convergence
speed of (preconditioned) Krylov solvers in the Hermitian positive definite setting.
The global distribution of the eigenvalues plays a crucial role in the (preconditioned)

123



BIT Numerical Mathematics            (2025) 65:46 Page 3 of 43    46 

conjugate gradients (see [15, 42]). This applies also to the MINRES, for Hermitian
possibly indefinite (preconditioned) matrices, or to GMRES for (preconditioned) nor-
mal matrices. For the latter, in the general setting, the eigenvalues do not describe
completely the convergence history and more information is needed, involving either
the field of values or the conditioning of the eigenvector matrix, when the (precondi-
tioned) coefficient matrix is diagonalizable; see, e.g., [17, 40, 45]. In Section 5 in fact
we observe that an incorrect selection of the location parameter representing the dofs
yields both an increment of the conditioning and a spreading of the spectrum of the
preconditioned matrix.

In this work we develop a general theory and specialize it to the analysis of the
role of dofs location in a one-dimensional context. This simplification is advantageous
under the two following points of view: first, the notation can be kept plain, and second,
the generalized locally Toeplitz (GLT) machinery may be applied to a one-parameter
family of weights-based continous FEM. In turn, we obtain a class of theoretical
results that extend well known spectral features of usual equidistributed Lagrangian
finite elements, which are in fact retrieved for a specific choice of the parameter. An
interesting aspect emerges in the computational analysis of the parameter: there is a
confidence intervalwhere the conditioning of thematrix of the system is lower than that
of usual Lagrangian elements, with only one global minimum. This leads to a proposal
for the weights’ location that minimizes the conditioning of A. This is computationally
cheap, as GLT theory ensures that the optimal value is independent of the number of
elements used in the discretization, as this optimization is performed through the
analysis of an r × r matrix for a FEM of degree r . This peculiarity also persists in
more involved situations, for instance in the presence of non-constant coefficients
and non-uniform grids. Although this analysis is targeted at different objects from
those usually considered in weights-based interpolation theory [6, 20, 22], it is worth
pointing out that optimality and quasi-optimality results emerging from both these
streams of research fall close to each other.

Furthermore, we exploit the study of the spectrum of A to develop a circulant
GLT-based preconditioner, whose performance turns out to be stable not only in such
interval, but also for parameters that are sufficiently close to such an interval. In
contrast, a rough distribution of the weights not only makes the conditioning grow
uncontrollably, but also implies a spread in the spectrum of the preconditioned matri-
ces. An undesirable effect of this is a reduction of the speed of convergence of the
iterative method.

Outline of the paper. The paper is organized as follows. In Section 2 we introduce
the formalism of finite element exterior calculus (FEEC), the corresponding bases, the
notion of weights-based dofs, their duality and the weak formulation of the test cases.
This part is general, and paves the way for non standard nodal degrees of freedom and
multi-dimensional applications. Section 3 is devoted to the derivation of the spectral
symbol and the key spectral characteristics of weights-based FEM.We here specialize
to the one-dimensional setting and recover general results in such a framework. To
make the analysis more concrete, in Section 4, we specify degrees 3 and 4. These cases
are associated with a one-parameter family of GLT sequences: we carry an explicit
spectral analysis and the consequent optimization, focusing also on a preconditioning
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strategy. Visualizations of theoretical findings and numerical experiments are given
in Section 5. Finally, in Section 6, we gather conclusions and indicate future lines of
research opened by our investigation. For completeness, Appendix A contains a short
account on the main aspects of GLT theory. This part, which contains well established
definitions and results, is omitted from the main part of the paper for readability.

2 Weights-based FEM

Finite element exterior calculus [10] is a modern approach to the numerical solu-
tion of differential problems. It enforces the domain topology into the discretization,
avoiding many pitfalls related to the appearance of spurious numerical modes, and
summarizes a wide class of operators in a single formulation involving an operator
acting on differential forms [1, 28]. It is in the spirit of this generality that in this section
we present the formulation of the Hodge Laplacian, the generalization of the Lapla-
cian operator acting on differential forms. Later on we specialize to the well known
one-dimensional Laplace operator acting on functions. Performing the analysis of its
discretization within this larger setting puts us in the position to provide some general
claims that are useful in later analysis for the broader class of Laplace operators.

In the framework of FEEC, shape functions are thought of as differential forms
�k(�) [68], namely sections of the k-th exterior power of the cotangent bundle of
� [1]. Thus, 0- and n-forms (with n = dim�) are functions, 1- and (n − 1)-forms
are (dual to) vector fields, and so on. An overview of possible local spaces, together
with their assembled counterparts, is offered in the Periodic Table of finite elements
[11].Among them,we recall Lagrangian elements,Nédélec elements, Raviart-Thomas
elements, and discontinuous elements.

Regardless of the local basis, the construction of the bases for theFEMdiscretization
space is generally performed using the so-called affinely equivalent elements; see [27,
Chapter 2.3] and [31, Chapter 9] for a classical introduction or [41] and [44] for a
FEEC-oriented approach.

Fix a reference element ̂T and a vector space ̂P ⊂ �k(̂T ) of k-forms defined on
̂T . For any element Ti ∈ T , let ψi : Ti → ̂T be an invertible affine map such that
ψi (Ti ) = ̂T . It induces a pullback

ψ∗
i : �k(̂T ) → �k(Ti )

which preserves polynomial objects [10, 20]. The coordinate representation of the
pullback depends on k: it reads as composition for nodal elements, Piola (covariant
and contravariant) mappings for vector fields, and so on. As a consequence, the choice
of ̂P induces a space of forms Pi defined on Ti and basis on ̂T induces a basis of Pi .
The FEM space X is a space of forms defined on

⋃

Ti∈T Ti such that their restriction
to any element Ti belongs to Pi .

Bases in duality. Let {dof i : ̂P → R}Nloc
i=1 be a collection of linear functionals that

form a basis of the dual space of ̂P , where dim ̂P = Nloc. These degrees of freedom
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induce a basis {ωi }Nloc
i=1 on ̂P , such that

dof i (ω̂ j ) = δi, j .

When mappings dof i are moments [10, 49, 50] or weights [53, 54], these bases are
not explicitly known, apart from few cases. Nevertheless, if {ϕ̂i }Nloc

i=1 is any convenient
basis, one may consider the generalized Vandermonde matrix [31] V , defined as

Vi, j
.= dof i (ϕ̂ j ), (1)

in order to obtain an explicit expression for the dual basis [20]. Since {ω̂i }Nloc
i=1 and

{ϕ̂i }Nloc
i=1 are bases for the same vector space ̂P , they are related as

ω̂i =
Nloc
∑

j=1

Wi, j ϕ̂i , (2)

where the matrix W is invertible. Then

Vi, j = dof i (ϕ̂ j ) = dof i

(

N
∑

k=1

W−1
j,k ω̂k

)

=
N

∑

k=1

W−1
j,kdof i (ω̂k) = W−1

j,i = W−T
i, j

and, as a consequence,
W = V−T . (3)

2.1 Weights

A natural operation on differential forms is integration: a differential k-form can be
integrated over a k-dimensional manifold. This suggests the introduction of weights
[19, 53, 54] as degrees of freedom.

Definition 1 Let ω be a smooth k-form and let s be a k-simplex. The weight of ω over
s is

w(ω, s)
.=

∫

s
ω. (4)

Remark 1 In the literature, the normalized (through the measure of s) version of (4) is
equally diffused. Such two definitions coincide in the nodal case k = 0, as the measure
of a point is assumed to be 1. For k > 0 they present some subtle differences, even in
the one-dimensional framework. This problem is addressed, for instance, in [23]. We
elaborate on this in further detail in Section 2.2.

Weights provide meaningful degrees of freedom for any finite dimensional space of
polynomial differential forms ̂P (and therefore for any Pk) as long as the generalized
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Vandermonde matrix (1) is square and invertible, see, e.g., [4, 5]. Notice that, in this
case, the (i, j)-th element of this matrix is simply

Vi, j = w(ω j , si ) =
∫

si
ω j , (5)

being {si }Nloc
i=1 a collection of Nloc = dim ̂P k-simplices supported in ̂T . Any set {si }Nloc

i=1
such that det Vi, j �= 0 is said to be unisolvent for the space ̂P . The search for unisolvent
sets is, in general, a tough problem, which has only partial theoretical solutions in the
case of simplicial elements [20, 24]. The projector induced by weights is usually
studied in literature [22] via the generalized Lebesgue constant [8].

Weights for polynomial differential forms have the same scope of other degrees
of freedom, such as moments; nevertheless, they have a geometrically strong char-
acterization and hence allow for localization techniques [7]. Explicit applications of
weights-based FEM may be found in [9, 53].

The Hodge Laplacian. Consider the differential problem on �k(�) given by

{

−Lω = f ,

boundary conditions on ω
∣

∣

∂�
.

(6)

Given two smooth functions b, c : � → R, we define L : �k(�) → �k(�) as

L = bdcd∗ + cd∗bd.

If b = c = 1 this operator is the usual Hodge Laplacian [68]

	H : ω �→ (

dd∗ + d∗d
)

ω,

whose role in PDEs is largely described in [56]. Aweak formulation for (6) is obtained
by introducing the L2-inner product on differential forms

(ω, η)2
.=

∫

�

ω ∧ �η, (7)

see [43]. The operator � is the Hodge star isomorphism [68]. Stokes’ Theorem

∫

�

dω =
∫

∂�

ω

and Leibniz’ rule lead to the following integration by parts formula

∫

�

dω ∧ η = (−1)k−1
∫

�

ω ∧ dη +
∫

∂�

ω
∣

∣

∂�
∧η

∣

∣

∂�
, (8)
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which prescribes the boundary conditions to turn the first equation of (6) into the
Poisson problem for differential forms. For c = 1, imposing ω

∣

∣

∂�
= 0 and exploiting

(8), we deduce the weak formulation

(bdd∗ω, η)2 + (d∗bdω, η)2 = ( f , η)2 ∀η ∈ �k(�). (9)

When d = 1 either the first or the second term of the above left hand side vanish. For
k = 0, where (bdd∗ω, η)2 = 0, one obtains the bilinear form

a(ω, η)
.=

∫

I
bdω ∧ �dη.

Identifying 0-forms with functions, it is immediate to acknowledge that this is the
counterpart of the elliptic problem with diffusion coefficient b(x):

∫

I
b(x)u′(x)v′(x)dx =

∫

I
f (x)v(x)dx, u

∣

∣

∂ I= 0. (10)

For k = 1, weights are expressed as (possibly normalized) line integrals over
segments supported in I = �. In this case one has (d∗bdω, η)2 = 0, and a further
idetification via the Hodge star operator is needed to retrieve the bilinear form (10).
The situation becomes more involved, for instance allowing for discretizations based
on discontinuous elements. A discussion on the topic in expanded in Section 2.2.

The stiffness matrix. Given a basis {ϕi }Ni=1 for X , a FEM Galerkin approach for the
approximation of (10) leads to the linear system Aũ = F , with A being the stiffness
matrix

Ai, j = a(ϕi , ϕ j ) =
∫

I
b(x)ϕ′

i (x)ϕ
′
j (x)dx (11)

and F the column vector with entries

Fi =
∫

I
f (x)ϕi (x)dx .

Clearly the solution ũ does not depend on the choice of the basis functions ϕi ’s, but it
is now explicit that the features of the matrix A do.

Our analysis exploits the assembly procedure from local matrices, which is as
follows. Consider a basis for X which is dual to a collection of N = dim(X) dofs
together with a “local to global” mapping

LTG : {1, . . . , Nloc} × T → {1, . . . , N }

and the assumption that the global dofLTG(i,k) coincides with the local dof i when
applied to the pullback of forms in Pk . Therefore the restriction of the global basis
functions satisfies

∀i ∈ {1, . . . , Nloc} ∀Tk ∈ T : ϕLTG(i,k)
∣

∣

Tk
= φ∗

k (ω̂i ) .
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Then, for any element Tk ∈ T , one introduces the local matrices by restricting the
integrals in the weak formulation to one specific element Tk and changing variables
to perform integration on the reference element as

A(Tk )
i, j =

∫

̂T
b(ψk(x̂))ω̂

′
i (x̂)ω̂

′
j (x̂)dx̂ . (12)

The global stiffness matrix can then be assembled as

A =
∑

Tk∈T

Nloc
∑

i=1

Nloc
∑

j=1

ELTG(i,k) ,LTG( j,k)

(

A(Tk )
i, j

)

,

where Ei, j (x) is an N × N matrix with only one nonzero entry, equal to x , at location
(i, j). This yields the following description of the matrix of the system.

Proposition 1 Let A and B be the stiffness matrices written with respect to the bases
{ϕi }Ni=1 and respectively {ωi }Ni=1; there exists an invertible matrix M such that

A = M−T BM−1. (13)

Moreover, the elemental matrices A(Tk ) and B(Tk ) for Tk ∈ T written with respect to
{ϕ̂i }Nloc

i=1 and respectively to {ω̂i }Nloc

i=1, satisfy

A(Tk ) = V−T B(Tk )V−1. (14)

Proof Equality (13) is a general fact of linear algebra. Equality (14) is a direct conse-
quence of (12) and (3), being {ϕ̂i }Nloc

i=1 the basis in duality with the degrees of freedom.
��

Remark 2 Equation (14) mixes ingredients of very different nature: matrices A(Tk )

and B(Tk ) are local and depend on the bilinear form a, see Eq. (12). In contrast, the
generalized Vandermonde matrix does not depend on a, see Eq. (5), and is global in
the following sense. Let V (Tk ) be the generalized Vandermonde matrix relating the
two local bases {ψ∗(ϕ̂i )} and {ψ∗(ω̂i )} on the element Tk . With reference to Eq. (5),
one has

V (Tk )
i, j =

∫

ψ−1
k (si )

ψ∗
k (ω̂ j ) =

∫

si
ω̂ j = Vi, j .

Remark 3 Notice that, in general, the matrix M in (13) may be intricate to compute.
In contrast, the Vandermonde matrix given in Eq. (1) is usually easy to handle, as
described in [3]. The relationship (14) then allows to work with a convenient basis on
the reference element and to compute the local matrices during assembly.

This approach is particularly useful when basis functions associated with a set of
local dofs are not known in explicit form, for instance in the multivariate framework;
see [52] for a two-dimensional account.

We make use of such a result for the segmental case k = 1.
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Remark 4 It is well known that too naive Vandermonde matrices, such as those asso-
ciated with the monomial basis and nodes on the real line, are inherently exponentially
ill-conditioned as a function of the matrix order [61]. Although this turns into a tan-
gible problem for mild to large polynomial degrees [64], this aspect is not secondary
and should be taken into consideration, for instance employing comparably easy to
handle but better conditioned bases. An example is the Bernstein basis; a comparison
betweenVandermondematrices associated with themonomial and the Bernstein bases
can be found in [20, Tables 3.1 and 3.2].

2.2 The case k = 1: the histopolation problem

When k = 1, the term (d∗bdω, η)2 in Eq. (9) vanishes due to dimensional reasons.
The remaining term requires the projection onto a space of (discrete) differential 1-
forms. These operators are known as histopolators [55], and replace the usual nodal
interpolation conditions for a function f with either

∫

si
p(x)dx =

∫

si
f (x)dx, i = 1, . . . , Nloc, (15)

or their normalized variant (also referred to as “interpolation of cell averages” in the
literature of finite volume schemes [69])

1

|si |
∫

si
p(x)dx = 1

|si |
∫

si
f (x)dx, i = 1, . . . , Nloc. (16)

In the above equations, si represents a segment contained in I . Upon some natural
assumptions, such as the disjointedness (inmeasure) of the supports si , these conditions
are clearly equivalent to interpolation conditions on some unknown nodes ξi ∈ si ,
i = 1, . . . , Nloc, via the mean value theorem. This gives the following localization
result for the zeros of such polynomials; see [23, Proposition 1].

Lemma 1 Suppose supports {si }Nloc
i=1 are disjoint. Then there exists a unique polynomial

p(x) of degree Nloc − 1 that satisfies (15) and (16). Further, if {ϕ j }Nloc
j=1 is the cardinal

basis satisfying
1

|si |
∫

si
ϕ j (x)dx = δi, j ,

then ϕ j (x) has exactly one zero in the interior of each si , for i �= j , and ϕ j (x) > 0
for each x ∈ s j .

Lagrange bases associatedwith (15) and (16) scale accordingly to the normalization
factor [23, Eq. (14)] only when the measures |si | are bounded away from zero for each
i . In such a case, Lemma 1 implies that discretizations based upon degrees of freedom
as in (15) immediately lead to discontinuous elements. The discontinuous case requires
a careful choice of stabilization parameters [25].

In contrast, interelement continuity can be enforced also in this framework con-
sidering (16) in place of (15) and allowing segments si to shrink to single points ξi .
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Fig. 1 Nodal Lagrange bases (left) and segmental Lagrange bases (right) for ξ = 0.45. The case depicted
is r = 3

An immediate continuity argument, together with the mean value theorem, implies
that one falls again into continuous elements as long as this is imposed on the first
and the last segment. While the space spanned by the corresponding Lagrange poly-
nomials is still the same, such functions are in essence different from the usual ones
obtained for the nodal case k = 0, due to the non-constructiveness of the mean value
theorem. An instance of this follows from the next result, which we state on [−1, 1]
only for notational simplicity. The extension to any other segment of the real line is
straightforwardly obtained by composing with an appropriate affine map.

Proposition 2 Let {si }Nloc
i=1 be disjoint segments in I , and let {ϕi }Nloc

i=1 be the corre-

sponding Lagrange basis with respect to (16). Suppose the set {si }Nloc
i=1 is symmetric

with respect to 0, meaning that if si = [ηi , γi ] then sNloc+1−i = [−γi ,−ηi ]. Then, for
each i = 1, . . . , Nloc,

ϕi (x) = ϕNloc+1−i (−x).

Proof The disjointedness of the segments grants unisolvence, hence the existence of
the cardinal basis {ϕi }Nloc

i=1 . Observing that symmetry implies |si | = |sNloc+1−i |, and
changing variable t = −x , we get

δi, j = 1

|si |
∫

si
ϕ j (x)dx = 1

|si |
∫ γi

ηi

ϕ j (x)dx = 1

|si |
∫ −γi

−ηi

−ϕ j (−t)dt

= 1

|sNloc+1−i |
∫ −ηi

−γi

ϕ j (−t)dt = 1

|sNloc+1−i |
∫

sNloc+1−i

ϕ j (−t)dt .

In the above computation, it is understood that, when |si | = 0 and hence si is a point ξi ,
the average on si means evaluation on ξi . By the uniqueness of the Lagrange functions,
ϕ j (x) = ϕNloc+1− j (−x). ��

Lemma 1 and Proposition 2 helps in localizing the zeros of the Lagrange functions
associated with the histopolation problem (16). Nonetheless, they imply a weaker
result compared to usual nodal Lagrange functions. In fact, the zeros of these latter
polynomials are all contained in the set of nodes {ξi }Nloc

i=1 generating the interpolation
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conditions. In contrast, the cardinality of the set containing the zeros of all the (either
normalized or not) segmental Lagrange bases exceeds the dimension of the polynomial
space. This difference can be explicitly observed comparing the panels of Figure 1.
This fact affects the meaning of the location parameters that we select to relate such
cardinal functions and the relative supports. Nevertheless, such polynomials still bear
the following useful feature.

Lemma 2 Let {ϕi }Nloc
i=1 be the cardinal functions associated with disjoint supports

{si }Nloc
i=1 . Then

Nloc
∑

i=1

ϕi (x) = 1

for each x ∈ I .

Proof Expanding the solution of the histopolation problem (16) with respect to the
Lagrange basis, one has

p(x) =
Nloc
∑

i=1

(

1

|si |
∫

si
f (x)dx

)

ϕi (x),

see [23, Eq. (13)]. Since the histopolation operator is a projector [22, Section 4.4]
onto degree Nloc − 1 polynomials, constants are reproduced. Hence, histopolating the
function f (x) = 1, we obtain

1 =
Nloc
∑

i=1

(

1

|si |
∫

si
1dx

)

ϕi (x) =
Nloc
∑

i=1

ϕi (x).

��
It is worth pointing out that a variant of Lemma 2 holds also for the Lagrange

functions associated with the projector (15) (i.e., for discontinuous discretizations) if
the segments si share the same length |si | = |s| for each i = 1, . . . , Nloc. By the last
line of the proof of Lemma 2, in such a case we deduce

1 =
Nloc
∑

i=1

|si |ϕi (x) = |s|
Nloc
∑

i=1

ϕi (x),

whence
∑Nloc

i=1 ϕi (x) = 1/|s|. That this situation always corresponds to a unisolvent
family has been shown in [21, Remark 3.4], and can be further deduced from the base
case of [26, Proposition 3.14].

Remark 5 Lagrange bases for this kind of problems arise in edge elements [37], and
explicit representation formulas are known in very few cases, generally obtained by
imposing constraints on the supporting segments, see [22]. In all other cases, Propo-
sition 1 is invoked.
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Fig. 2 Structure of the stiffness
matrix and of the Toeplitz
matrix. Element contributions
are hatched in black: note the
overlap of nearby blocks and the
smaller first and last block. The
blocks of the Toeplitx matrix are
shaded in color (color figure
online)

3 Spectral symbol and spectral theory

The present section is devoted to the spectral and structure analysis of the stiffness
matrix (11) for fixed dimension and for the related sequences of matrices generated
as the mesh size parameter tends to zero.

By a sequence of matrices we mean any sequence of the form {An}n , where An

is a square matrix of monotonically strictly increasing size dn . Furthermore, for an
integer r ≥ 1, we use the term r-block matrix-sequence to indicate a special sequence
of matrices of size dn = rφn , with {φn}n being a strictly increasing sequence of
positive integers. In the sequence formed by the stiffness matrices An given in (11),
the parameter n represents the number of elements. To study such a sequence, we
employ the concept of spectral distribution of a matrix-sequence, and in particular
the properties of the ∗-algebra of block GLT sequences. The reader is referred to [33,
34] for a detailed exposition, while the results exploited in this paper are recalled in
Appendix A.

To begin with, we explicitly provide a function that describes the spectrum of the
sequence An in an asymptotic sense. This function is the symbol. To construct it, we
follow the assembly procedure of the stiffness matrix, which is depicted in Figure 2.

From now on, we consider one-dimensional continuous elements. In this context,
weights-based degrees of freedom are either evaluation at points, so we let {ξi }r+1

i=1
be a set of reference positions in ̂I = [0, 1], or the averaging functionals discussed
in Section 2.2. The presence of both extrema of the interval is needed for defining
continuous elements, thus we assume that ξ1 = 0 and ξr+1 = 1 for the former case.
For the latter, we thus assume that the extremal supports s1 and sr+1 shrink to nodes
ξ1 = 0 and ξr+1 = 1.

Let then A(Ik ) be the (r +1)× (r +1) local contribution of element Ik to the global
stiffness matrix, defined as in (12). In the simple case of a unit diffusion coefficient
(b(x) = 1) and uniform mesh size, then A(Ik ) = Aloc is independent of k and the
stiffnessmatrix has the structure of a block-tridiagonalToeplitzmatrixwith r×r blocks
(see Figure 2). We are thus able to write the spectral symbol f ξ

r : [−π, π ] → C
r×r

of the stiffness matrix as a function depending on the ξi ’s.
Let us consider a uniform grid with n elements and let An be the corresponding

stiffness matrix (11). Consider the set of global indices Im .= {LTG(i,m) : i =
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0, . . . , r} associated with a generic m-th element (with m �= 1, n since the first and
last elements are influenced by the boundary conditions). Since the contribution of the
shape function associated with ξr+1 = 1 of each element overlaps in An with those
of the shape function associated with ξ1 = 0 of the next element, the submatrix of An

for the rows and columns in Im is

(Aξ )i, j
.=

{

Aloc
1,1 + Aloc

r+1,r+1 if (i, j) = (1, 1) or (r + 1, r + 1),

Aloc
i, j otherwise.

The structure of the (r + 1) × (r + 1) matrix Aξ is

Aξ =
[

αξ
˜βT

ξ
˜βξ b

]

, (17)

where αξ ∈ R
r×r , ˜βξ ∈ R

1×r , b ∈ R and b = (αξ )1,1. Following [52], define

βξ
.=

[

˜βξ

0

]

,

with 0 being the zero matrix of size (r − 1) × r , so that βξ ∈ R
r×r .

Taking into consideration the notion of generating function for Toeplitz structures
reported in A.2, we observe that the stiffness matrix An is a principal submatrix of
size nr − 1 of the Toeplitz matrix Tn( f

ξ
r ) with generating function

f ξ
r : [−π, π ] → C

r×r ,

θ �→ αξ + βξ e
iθ + βT

ξ e
−iθ . (18)

Furthermore, with reference to [14, Chapter 5, pp. 85-86], according to the first
item of axiom GLT3 and to axiom GLT1, we deduce that f ξ

r is also the spectral
and the singular value symbol of {Tn( f ξ

r )}n , in the sense of Definition 2 with t = 2.
As a first conclusion we infer that f ξ

r is the spectral and the singular value symbol
of the stiffness matrix-sequence {An}n . This is proven by applying Theorem 3 to
Xn = Tn( f

ξ
r ), An = P∗

n Xn Pn , dn = nr , δn = nr − 1, so that δn/dn → 1 as n → ∞,
and Pn rectangular matrix obtained by the identity of size dn by eliminating only the
last column.

As a consequence, the union of the ranges of the r eigenvalues λ1( f
ξ
r ) ≤ λ2( f

ξ
r ) ≤

· · · ≤ λr ( f
ξ
r ) is a weak cluster of the eigenvalues of both {Tn( f ξ

r )}n and {An}n , in
accordance with Definition 3 and the subsequent Remark 15.

3.1 Determinant of the symbol

The aim of this section is to provide an explicit formula for the determinant of the
symbol (18). Recall that, in the case of the equidistributed Lagrangian elements (i.e.
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ξi = (i − 1)/r for i = 1, . . . , r + 1), one has

det fr (θ) = dr (2 − 2 cos(θ)),

where
dr

.= det
[

〈�′
i , �

′
j 〉
]r

i, j=2
(19)

and {�i }r+1
i=1 is the Lagrangian basis associated with equispaced nodes in [0, 1]. For

the proof, see [35, Theorem 8], two ingredients are employed. The first is basic and
concerns the properties of the determinant, when expanding its computation along
rows and columns. The second ingredient is the relation

det( fr (0)) = dr + 2d ′
r + d ′′

r = 0 and dr + d ′
r = 0,

with d ′
r and d ′′

r defined as in [35, Eq. (45)], which can be easily proven once the
equality

r+1
∑

j=1

�′
i (x) = 0

is established. In order to extend the result on det fr to the case of bases induced by
weights and hence to det f ξ

r , we need to generalize the previous result.

Lemma 3 Let {ϕi }r+1
i=1 the basis forPr inducedbyweights corresponding to evaluations

on {ξi }r+1
i=1 . Then

r+1
∑

i=1

ϕ′
i (x) = 0.

Moreover, any choice of r polynomials out of {ϕ′
i }r+1
i=1 is a basis for Pr−1.

Proof We start by defining q(x) as the degree r polynomial

q(x)
.=

r+1
∑

i=1

ϕi (x) − 1.

As the basis {ϕi }r+1
i=1 is dual to weights associated with {ξi }r+1

i=1 , one has q(ξi ) = 0

for each ξi , whence q(x) = 0 and so
∑r+1

i=1 ϕi (x) = 1 identically. By differentiating
both sides one obtains the first claim. The second part of the proof is identical to that
already known for the Lagrange basis (see [35]). ��

Equation (14) motivates the following computation.

Proposition 3 Let Vi, j = � j (ξi ) be the Vandermonde matrix written with respect to
the uniform Lagrangian basis {�i }r+1

i=1 and some general collection of points {ξi }r+1
i=1
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such that ξ1 = 0 and ξr+1 = 1. Then

V−1 =
⎡

⎣

1 0 0
−xV (V ′)−1 − yV
0 0 1

⎤

⎦ , (20)

where V ′ .= [Vi, j ]ri, j=2 and xV
.= (V ′)−1x and yV

.= (V ′)−1 y, with x = [Vi,1]ri=2
and y = [Vi,r+1]ri=2.

Proof Since ξ1 = 0 and ξr+1 = 1, V1, j = � j (ξ1) = δ j,1 and Vr+1, j = � j (ξr+1) =
δ j,r+1. Thus

V =
⎡

⎣

1 0 0
x V ′ y
0 0 1

⎤

⎦ =
⎡

⎣

1 0 0
0 V ′ 0
0 0 1

⎤

⎦ +
⎡

⎣

0
x
0

⎤

⎦ eT1 +
⎡

⎣

0
y
0

⎤

⎦ eTr+1 =
⎡

⎣

1 0 0
0 V ′ 0
0 0 1

⎤

⎦ +
⎡

⎣

0 0
x y
0 0

⎤

⎦

[

eT1
eTr+1

]

.

Let us denote UV
.=

⎡

⎣

0 0
xV yV
0 0

⎤

⎦. We compute

V−1 =
⎛

⎝

⎡

⎣

1 0 0
0 V ′ 0
0 0 1

⎤

⎦

(

I +UV

[

eT1
eTr+1

])

⎞

⎠

−1

=
(

I +UV

[

eT1
eTr+1

])−1
⎡

⎣

1 0 0
0 (V ′)−1 0
0 0 1

⎤

⎦

=
[

I −UV

(

I2 +
[

eT1
eTr+1

]

UV

)−1 [

eT1
eTr+1

]

]

⎡

⎣

1 0 0
0 (V ′)−1 0
0 0 1

⎤

⎦

=
[

I −UV

[

eT1
eTr+1

]]

⎡

⎣

1 0 0
0 (V ′)−1 0
0 0 1

⎤

⎦

=
⎡

⎣

1 0 0
0 (V ′)−1 0
0 0 1

⎤

⎦ −UV

[

eT1
eTr+1

]

=
⎡

⎣

1 0 0
−xV (V ′)−1 − yV
0 0 1

⎤

⎦ ,

where the above identities are granted by the Sherman-Morrison-Woodbury formula
(see [39, p. 65] and related references therein). ��

The following result is then a straightforward consequence of Laplace’s Theorem
applied twice to V .

Lemma 4 Under the same hypotheses of Proposition 3, one has

det V = det V ′.
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Lemma 4 shows that the determinant of the above (r + 1) × (r + 1) matrix can be
in fact computed by considering a (r − 1) × (r − 1) minor, and it is the key fact for
proving the following result.

Theorem 1 Let f ξ
r (θ) be the symbol (18) associated with the Laplacian operator

discretized with weights induced by points {ξi }r+1
i=1 , with ξ1 = 0 and ξr+1 = 1. Then

det f ξ
r (θ) =

(

det(V−1)
)2

dr (2 − 2 cos(θ)), (21)

where dr is defined in (19).

Proof Consider Aloc and Bloc and recall that they are related as in Proposition 1, Eq.
(14). We put

A′ .= [Aloc
i, j ]r+1

i, j=2, A′′ .= [Aloc
i, j ]ri, j=2 and B ′ .= [Bloc

i, j ]r+1
i, j=2, B ′′ .= [Bloc

i, j ]ri, j=2.

From [35, Lemma 9], we know that

det B ′ = det
[

〈�′
i , �

′
j 〉
]r+1

i, j=2
= det

[

〈�′
i , �

′
j 〉
]r

i, j=2
= dr = det B ′′.

Let us denote
dξ
r

.= det A′′ = det
[

〈ϕ′
i , ϕ

′
j 〉
]r

i, j=2
.

Following (14) and (20), we compute

Aloc = V−T BlocV−1

=
⎡

⎣

1 −xTV 0
0 (V ′)−T 0
0 − yTV 1

⎤

⎦

⎡

⎣

∗ ∗ ∗
∗ B ′′ ∗
∗ ∗ ∗

⎤

⎦

⎡

⎣

1 0 0
−xV (V ′)−1 − yV
0 0 1

⎤

⎦

=
⎡

⎣

∗ ∗ ∗
0 (V ′)−T B ′′ 0
∗ ∗ ∗

⎤

⎦

⎡

⎣

1 0 0
−xV (V ′)−1 − yV
0 0 1

⎤

⎦

=
⎡

⎣

∗ ∗ ∗
∗ (V ′)−T B ′′(V ′)−1 ∗
∗ ∗ ∗

⎤

⎦ .

As a consequence A′′ = (V ′)−T B ′′(V ′)−1, whence dξ
r = (

det(V ′)−1
)2

dr andLemma

4 thus immediately yields dξ
r = (

det(V−1)
)2

dr . To obtain the claim of Eq. (21), it is
now sufficient to retrace the proof of [35, Theorem 8], whose applicability is granted
by Lemma 3. ��
Remark 6 Exploiting Lemma 2, one immediately obtains that all the results proved
in this section apply also to elements generated by Lagrange bases for (normalized)
histopolation. In applications related with such a case, it is not convenient to interpret
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the parameter ξ as representing the set of unknown nodes that realize the mean value
theorem, due to Proposition 2. We propose a meaning for such a quantity in the
subsequent Section 4. Likewise, the Vandermonde matrix appearing in Eq. (21) is
thus replaced by the generalized Vandermonde matrix discussed in [23, Section 4].

3.2 Extremal eigenvalues and conditioning

A remarkable feature pointed out in the analysis of equidistributed Lagrangian ele-
ments applied to the Laplacian is that eigenvalues functions of the spectral symbol
are well separated [52]; hence, there is only one of them having a zero at θ = 0. We
exploit formula (21) to extend such a result to our framework.

Proposition 4 The south-east principal minor Sξ of f
ξ
r (θ) of size (r −1)× (r −1) has

all the entries independent of θ and det Sξ �= 0. In particular, the minimal eigenvalue
m of Sξ is strictly positive.

Proof Let us define the south-east minor

Sξ
.= [

f ξ
r

]r
i, j=2 ∈ R

(r−1)×(r−1).

By direct inspection of relation (18) we see that all its entries are independent of θ , see
also Figure 2. Since f ξ

r (θ) is positive semidefinite, thematrix Sξ has to be also positive
semidefinite so that its determinant is nonnegative. We claim that det Sξ > 0. In fact,
let us suppose by contradiction that det(Sξ ) = 0. Then there exists an eigenvalue
λ1 = 0. The minor Sξ is independent of θ , hence the eigenvalues interlacing theorem

implies that the eigenvalue function λ1( f
ξ
r (θ)) is identically zero and the latter is in

contrast with (21). Hence m = λ1(Sξ ) > 0. ��
The previous result is quite important since in turn it allows to deduce directly the

following theorem, which generalizes [52, Theorem 4] to the framework of weights
for continuous elements.

Theorem 2 For the symbol f ξ
r (θ), the following statements hold:

1. there exist constants C1,C2 > 0 (dependent on f ξ
r ) such that

C1

r
∑

j=1

(2 − 2 cos(θ j )) ≤ λ1( f
ξ
r (θ)) ≤ C2

r
∑

j=1

(2 − 2 cos(θ j )); (22)

2. there exist constants m, M > 0 (dependent on f ξ
r ) such that

0 < m ≤ λ j ( f
ξ
r (θ)) ≤ M, j = 2, . . . , r . (23)

Further, m = λ1(Sξ ) > 0 is the quantity appearing in the last line of the proof of
Proposition 4.
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Proof Given the Hermitian character of f ξ
r (θ) for every θ , the two statements directly

follow from the use of the interlacing theorem and from Proposition 4, taking into
account Theorem 1. ��
Remark 7 A practical consequence of (23) is that graphs of the eigenvalue functions
λi ( f

ξ
r (θ)) are separated in a weak sense. For the case of equidistributed Lagrangian,

this separation is in particular strong [52]. In the case of weights, this separation may
be weak depending on the value of ξ (see Figure 4).

For any choice of {ξi }r+1
i=1 such that the generalized Vandermonde matrix is invert-

ible, the sequence of stiffness matrices is distributed as the symbol f ξ
r . Thus the union

of the ranges of the eigenvalue functions of f ξ
r represent a cluster for their spectra,

while their convex hull contains all the eigenvalues of the involved matrices.

Remark 8 From Theorem 2, we know that the minimal eigenvalue function of f ξ
r

behaves as the symbol of the standard finite difference Laplacian, while the other
eigenvalue functions are well separated from zero and bounded. Furthermore, thanks
to the analysis in [57], the fact that the minimal eigenvalue of f ξ

r has a zero of order
two implies that

– the minimal eigenvalue goes to zero as n−2,
– the maximal eigenvalue converges from below to the maximum of the maximal
eigenvalue function of f ξ

r ,

and hence

– the conditioning of An grows asymptotically as n2.

The constants of proportionality are studied in Section 4 and given more precisely in
Eq. (27).

We conclude this section with an analysis of the kernel of f ξ
r . It follows from

Proposition 4 that there is only an eigenvalue of f ξ
r that assumes the value 0 for

θ = 0. As a consequence, ker{ f ξ
r (0)} is generated by one vector. The following

proposition shows that such a vector is independent of {ξi }r+1
i=1 .

Proposition 5 Let j .= ( j, . . . , j)T ∈ C
r . For each ξ and r, one has

f ξ
r (0)1 = 0.

Proof By substituting θ = 0 in (18), one immediately obtains that

f ξ
r (0)1 =

(

αξ + βξ + βT
ξ

)

1.

Since multiplying by 1 equals to taking sum row-wise, we are left to prove that

r
∑

i=1

(

αξ + βξ + βT
ξ

)

j,i
= 0, j = 1, . . . , r .
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Consider the splitting in Eq. (17). Plugging the definition of αξ and βξ in, for j =
2, . . . , r one has

r
∑

i=1

(

αξ + βξ + βT
ξ

)

j,i
=

r
∑

i=1

〈

ϕ′
j , ϕ

′
i

〉

+
〈

ϕ′
j , ϕ

′
r+1

〉

=
〈

ϕ′
j ,

r+1
∑

i=1

ϕ′
i

〉

=
〈

ϕ′
j , 0

〉

= 0.

The equality
∑r+1

i=1 ϕ′
i = 0 is proved in Lemma 3. Similarly, for j = 1 one has

r
∑

i=1

(

αξ + βξ + βT
ξ

)

1,i

= 〈

ϕ′
1, ϕ

′
1

〉 + 〈

ϕ′
r+1, ϕ

′
r+1

〉 +
r

∑

i=2

〈

ϕ′
1, ϕ

′
i

〉 + 〈

ϕ′
1, ϕ

′
r+1

〉 +
r

∑

i=1

〈

ϕ′
r+1, ϕ

′
i

〉

=
r+1
∑

i=1

〈

ϕ′
1, ϕ

′
i

〉 +
r+1
∑

i=1

〈

ϕ′
r+1, ϕ

′
i

〉 =
〈

ϕ′
1,

r+1
∑

i=1

ϕ′
i

〉

+
〈

ϕ′
r+1,

r+1
∑

i=1

ϕ′
i

〉

= 0.

The claim is proved. ��

Remark 9 Since dim ker{ f ξ
r (0)} = 1, as an immediate corollary we obtain that

ker{ f ξ
r (0)} = 〈1〉. We notice that the latter property is exactly the same in the case of

the spectral symbol occurring with standard finite element approximations as in [52,
Theorem 4, item 1].

Remark 10 In contrast with Section 3.1, Lemma 2 by itself is not sufficient to extend
results of the present section to the symbol of stiffness matrices associated with the
finite elements arising from normalized histopolation discussed in Section 2.2. In
fact, to retrieve the correct counterpart of Proposition 5, one must also require the
continuity of the finite element space, shrinking supports s1 and sr+1 to the endpoints
of the reference interval I , to avoid the filling of the matrix βξ . The same ansatz then
gives also the other results of the section.

4 Optimization of weights

We apply the spectral theory of Section 3 to the case of weights introduced in Section
2.1 and Section 2.2. We analyze in depth the case of continuous univariate functions,
as up to degree r = 4 the whole problem can be handled by introducing only one
location parameter. Nevertheless, the theory so far illustrated does not impose any
structural changes as a consequence of larger dimensions, provided that Lemma 3 is
consistently replaced. The multivariate case, which forces the introduction of several
location parameters, will be treated in companion papers.
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4.1 Constant coefficients

Let us first suppose that b(x) = 1 and that the mesh is uniform. We now exploit
the results of Section 3 (see also the machinery recalled in Appendix A) to explicitly
optimize the placement of weights in the cases r = 3 and r = 4.
Nodal degrees of freedom.When r = 3, a basis for weights is dual to four evaluations
on {ξi }4i=1 in the reference element ̂I = [0, 1]; this makes degree 3 the first nontrivial
case. Since global continuity requires ξ1 = 0 and ξ4 = 1,we are leftwith the placement
of ξ2 and ξ3.Adding the hypothesis of symmetry, one immediately gets that ξ3 = 1−ξ2.
We thus drop indices and consider only one parameter ξ , so that nodes in ̂I are
{0, ξ, 1 − ξ, 1}.

Since b(x) = 1 and the mesh is uniform, the local contribution of each element is
constant and, recalling Eq. (12), we obtain that

Aloc =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

15ξ4−30ξ3+15ξ2+2
15ξ2(1−ξ)2

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

−30ξ4+60ξ3−30ξ2+1
30ξ2(1−ξ)2

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

5ξ2−5ξ+2
15ξ2(1−ξ)2(2ξ−1)2

10ξ2−10ξ+1
30ξ2(2ξ−1)2(1−ξ)2

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

10ξ2−10ξ+1
30ξ2(2ξ−1)2(1−ξ)2

5ξ2−5ξ+2
15ξ2(2ξ−1)2(ξ−1)2

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

−30ξ4+60ξ3−30ξ2+1
30ξ2(1−ξ)2

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

15ξ4−30ξ3+15ξ2+2
15ξ2(1−ξ)2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Following the construction at the beginning of Section 3, the spectral symbol is the
function

f ξ
3 : [−π, π ] → C

3×3, (24)

θ �→ αξ + βξ e
iθ + βT

ξ e
−iθ ,

being

αξ =

⎛

⎜

⎜

⎜

⎝

30ξ4−60ξ3+30ξ2+4
15ξ2(1−ξ)2

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

5ξ2−5ξ+2
15ξ2(1−ξ)2(2ξ−1)2

10ξ2−10ξ+1
30ξ2(2ξ−1)2(1−ξ)2

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

10ξ2−10ξ+1
30ξ2(2ξ−1)2(1−ξ)2

5ξ2−5ξ+2
15ξ2(2ξ−1)2(ξ−1)2

⎞

⎟

⎟

⎟

⎠

and

βξ =

⎛

⎜

⎜

⎝

−30ξ4+60ξ3−30ξ2+1
30ξ2(1−ξ)2

1−5ξ
30ξ2(1−ξ)2(2ξ−1)

4−5ξ
30ξ2(1−ξ)2(2ξ−1)

0 0 0

0 0 0

⎞

⎟

⎟

⎠

.

Direct computation shows that

det( fξ (θ)) = −e−iθ
(

1 + e2iθ − 2eiθ
)

60ξ4(2ξ − 1)2(ξ − 1)4
= 2 − 2 cos(θ)

60ξ4(2ξ − 1)2(ξ − 1)4
, (25)
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Fig. 3 Eigenvalues functions of f ξ
3 (θ) for ξ = 0.28 (left) and ξ = 0.10 (right)

which is defined when ξ �= 0, 1
2 , 1 (i.e. under the natural assumption that the nodes are

pairwise distinct). Let us denote by λ j ( f
ξ
3 (θ)), j = 1, 2, 3, the eigenvalues of f ξ

3 (θ)

ordered nondecreasingly. Theorem 2 shows that

λ1( f
ξ
3 (0)) = 0. (26)

Moreover, Remark 7 ensures that the graphs of the the eigenvalues λ j ( f
ξ
3 (θ)), j =

1, 2, 3, do not intersect for each ξ . This is depicted in Figure 3 for r = 3 and in Figure
4 for r = 4; in both cases two distinct values of ξ are offered. This latter image also
shows that the separation is weak: in the right hand side panel, the minimum of the
second eigenvalue is approaching the maximum of the smallest one. Finally notice
that, in contrast with the minimum of the smallest eigenvalue, which is exactly zero
due to Theorem 2, features of the maximum of the largest eigenvalue depend on the
value of ξ . This can be again appreciated by comparing the panels of both Figure 3
and Figure 4.

The trend of λ1( f
ξ
3 (θ)) as θ → 0 is prescribed by the order of the operator and

does not depend on ξ (see Figure 3, red line). Expanding (25) about θ = 0, we obtain

λ1( f
ξ
3 (θ)) = det( f ξ

3 (θ))

λ2( f
ξ
3 (θ))λ3( f

ξ
3 (θ))

= θ2
4ξ4 − 12ξ3 + 13ξ2 − 6ξ + 1

3(2ξ − 1)2(ξ − 1)2
+ O(θ4) = θ2

3
+ O(θ4).

We aim at containing the conditioning κ2 of the stiffness matrix An , which is equal
to the function

κ2(n, ξ) = λmax(An)

λmin(An)
.

From Remark 8 and the fact that λ1( f
ξ
3 (θ)) has a zero of order two at θ = 0 and

maxθ λ3( f
ξ
3 (θ))−λ3( f

ξ
3 (θ)) has also a zero of order two for θ = argmaxζ λ3( f

ξ
3 (ζ )),
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Fig. 4 Eigenvalues functions of f ξ
4 (θ) for ξ = 0.12 (left) and ξ = 0.22 (right)

using the results in [57], we have

κ2(n, ξ) = n2
maxθ λ3( f

ξ
3 (θ)) − c1n−2 + O(n−3)

c2
(

1 + O(n−2)
)

= n2 maxθ λ3( f
ξ
3 (θ))

c2

(

1 + O(n−2)
)

, (27)

with
c1 = −λ

′′
3( f

ξ
3 (0))/2 > 0 and c2 = λ

′′
1( f

ξ
3 (0))/2 > 0.

We thus look for values of ξ that minimize supξ λ3. In contrast with λ1( f
ξ
r (θ)), the

maximum of λ3( f
ξ
r (θ)) is not necessarily attained at 0. In particular, this depends on

the value of ξ (see Figure 3; Figure 4 also shows that the same happens for the case
r = 4).

As a consequence, explicit expressions for λ3( f
ξ
r (θ)) or even for supξ λ3( f

ξ
r (θ))

are not easily derivable. Thus, in order to optimize the conditioning, we perform a
sampling of ξ ∈ (0, 1

2 ) and compute the quantity (27).
The left panel of Figure 5 reports the quantity κ2(n, ξ) as ξ varies. As evident from

the graph, around the minimum of the curves there is a fairly large interval positions
of the internal nodes in which any choice of ξ reduces the conditioning of the spectral
symbol (the blue line) and hence of the whole stiffness matrix. This can be exploited
in applications by choosing convenient values for ξ . Inspecting the results, one finds
that the minimum conditioning is attained at ξ ≈ 0.29 for r = 3.

Remark 11 When ξ → 0 and ξ → 0.5 some nodes coalesce, making the system
ill-conditioned. The behavior of the conditioning close to such values of ξ is however
different. In fact, when ξ = 0, the rank of the Vandermonde matrix V decreases by
2. When ξ = 0.5, it may decrease by 1 (for r = 3) or by 3 (for r = 4). This effect is
visible in the asymmetry in κ2(n, ξ) in Figure 5.

Remark 12 Note that, as a first attempt, onemay try to optimize the conditioning of An

byminimizing the determinant of f ξ
3 (θ). For r = 3, this gives the value ξ = 1

2− 1
2
√
5

≈
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Fig. 5 A plot of the conditioning κ2(n, ξ) as ξ varies, in logarithmic scale. Here the diameter of the interval
is h = 1/64 so that the matrix size n is fixed and the horizontal dashed red line represents the conditioning
with respect to uniform nodes, namely those in duality with equidistributed Lagrangian elements. The cases
r = 3 (left) and r = 4 (right) are depicted (color figure online)

0.28, thus leading to Gauss-Lobatto nodes. This is a consequence of Theorem 1. In
fact, Gauss-Lobatto nodes maximizing the determinant of the Vandermonde matrix on
an interval coincide with Fekete points [32]. We note that the value ξ ≈ 0.29 is indeed
close to Gauss-Lobatto nodes. For a weights-oriented study of Fekete problems we
address to [23].

Remark 13 Asimilar analysis can be produced for any degree r . For r = 4 the problem
can be handled again with only one parameter ξ , noticing that symmetric points obey
[

0, ξ, 1
2 , 1 − ξ, 1

]

. Again, the eigenvalue functions λ j ( f
ξ
4 (θ)), j = 1, 2, 3, 4, are

distinct and well separated, as shown in Figure 4. An analysis on the optimization of

the determinant yields again Gauss-Lobatto points ξ = 1
2 −

√
3

2
√
7

≈ 0.17 (see Remark
12 for an explanation), whereas a direct inspection of the graph in the right panel of
Figure 5 shows that the optimal value is ξ ≈ 0.21.

Segmental degrees of freedom. For the segmental degrees of freedom, corresponding
to k = 1 and yielding the histopolation-based Lagrange bases introduced in Section
2.2, the situation becomes more involved. In the normalized case, which we need to
enforce interelement continuity, explicit expressions for cardinal bases are not avail-
able. Hence they must be computed via Proposition 1.

For a degree r finite element method, we shall select r + 1 segments {si }r+1
i=1 sup-

ported in the reference element ̂I . To satisfy the hypothesis of interelement continuity
we have to shrink the first and the last segments to the endpoints of the interval. As a
consequence, s1 = 0 and sr+1 = 1.

Each generic segment si is described by two parameters, yielding to an undeter-
mined system, unless some constraints are imposed.We think of such parameters as the
endpoints of segments, and restrict our study to supports that are pairwise symmetric
with respect to the center of ̂I .

For r = 2, we hence have s1 = [1/2 − ξ, 1/2 + ξ ]. Due to Proposition 2, this
case is very close to the nodal case where ξ1 = 1/2. We then turn to the cases
r = 3 and r = 4. We may enforce symmetry, and exploit concatenation of segments,
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Fig. 6 A plot of the eigenvalue functions of the symbol for ξ = 0.45. The cases r = 3 (left) and r = 4
(right) are depicted

Fig. 7 A plot of the conditioning κ2(n, ξ) as ξ varies, in logarithmic scale. Parameters are as in the example
of Figure 5. The cases r = 3 (left) and r = 4 (right) are depicted

to parametrize both cases via a single parameter ξ . When r = 3, interior supports
become s2 = [1/2 − ξ, 1/2] and s3 = [1/2, 1/2 + ξ ]. Likewise, when r = 4, one
adds the midpoint s3 = ξ3 = {1/2} of ̂I (and relabels the former s3 as s4).

An example of the eigenvalue functions associated with the symbol of segmental
continuous elements is depicted in Figure 6, where such functions are depicted for
the parameter ξ = 0.45. The shape of the eigenvalues functions is close to that of
the nodal case, although in this case ξ simply denotes a bound for the localization of
the zeros of the corresponding Lagrange functions. Then, in Figure 7, we reproduce
the experiment of Figure 5, looking for a parameter ξ that optimizes the conditioning.
The segmental case k = 1 shows a peculiar behavior, if compared with the nodal
case k = 0. While the magnitude of the conditioning is comparable between the
two cases (match the panels of Figure 5 with those of Figure 7), only in the case
r = 3 one observes an evident minimum for the conditioning. In the case r = 4,
this quantity approaches a plateau around a stable level around ξ = 0.5. Notice that,
even if ξ = 0.5, the associated Vandermonde matrix V is invertible, due to Lemma 1.
This marks a sensible difference with the nodal case, and is again attributable to the
non-constructiveness of the mean value theorem.
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4.2 Non-constant coefficients

Recall that in the case b(x) = 1 the stiffness matrix An is a principal submatrix of
size nr −1 of the Toeplitz matrix Tn( f

ξ
r ) with generating function f ξ

r defined in (18).
For making sizes compatible, consider Ân(b) = diag(An(b), 1), order( Ân(b)) = nr ,
with An(b) being the stiffness matrix. The key observation is that

Ân(b) = Dn([
√
b ]Ir )Tn( f rξ )Dn([

√
b ]Ir ) + Er ,b

ξ,n,

where Dn([
√
b ]Ir ) is a diagonal matrix composed by blocks that are multiple of the

r×r identitymatrix; it is understood that in the i-th block the function b(x) is evaluated
at the midpoint of the i-th element.

By direct inspection, axiom GLT3, item 3, in [14, Chapter 5, pp. 85-86] and The-
orem 4 in A.2, we deduce that {Er ,b

ξ,n}n ∼GLT 0. Now, by axiomGLT3, items 1, 2 [14,

Chapter 5, pp. 85-86],we know that {Tn( f ξ
r )}n ∼GLT f ξ

r (θ) and {Dn([
√
b ]Ir )}n ∼GLT

[√b(x) ]Ir . Therefore the GLT symbol of { Ân(b)}n is the Hermitian valued function
defined as

f ξ
r ,b : � × [−π, π ] → C

r×r

(x, θ) �→ b(x) f ξ
r (θ),

(28)

so that { Ân(b)}n ∼λ f ξ
r ,b and the same is true for {An(b)}n (see Theorem 3 in the

Appendix).

4.3 Non-uniform grids

If � is partitioned into a uniform collection of elements T , we may construct a non-
uniform mesh by applying a sufficiently regular and invertible mapping g : � → �.
The resultingmesh is called graded [16].When the domain� = I is one-dimensional,
g simply transforms nodes as yk = g(xk), being xk the k-th node of the uniformmesh,
fixing the endpoints of I .

From the point of view of our analysis, this is a particular case of non-constant
coefficients, see [13, Theorem 6.17]. In fact, by applying the change of variables
y = g(x), it can be seen that discretizing a problem with diffusion coefficient b(x) on
the non-uniform mesh is equivalent to discretizing on an equispaced mesh the elliptic
problem with coefficient

˜b(x) = b(g(x))

g′(x)
. (29)

The corresponding symbol of the sequence of stiffness matrices can thus be obtained
by replacing b with b̃ in (28).

If the mesh is not graded, the present theory cannot be used as it is. Nevertheless,
in the numerical section we show that the predictions of the conditioning and the
proposed preconditioners behave quite robustly under random mesh perturbations,
see Figure 13.
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5 Numerical experiments

Following the derivations in Section 3, we know that the stiffnessmatrix has a tridiago-
nal Toeplitz-like structure with blocks of size r . The related generating function, given
in Eq. (18) or Eq. (28), is a Hermitian-valued, positive semidefininte linear trigono-
metric polynomial, whose minimal eigenvalue has a unique zero at zero of order 2.
Hence by exploiting known results in the literature [57], as indicated in Remark 8, we
know that the conditioning grows as cξ

r n2 where the constant c
ξ
r depends essentially on

two analytic computable quantities, i.e. maxθ λmax( f
ξ
r (θ)) and the second derivative

of λmin( f
ξ
r (θ)) at θ = 0, according to Theorem 2. Figure 5 shows that the quantity

can be affected by the constant cξ
r and that it can be minimized. Two basic techniques

can hence be proposed for the numerical solution of the linear system:

a1. A preconditioned conjugate gradient (PCG) method where the preconditioner is a
block circulant matrix with Strang correction having the same GLT symbol as the
original matrix-sequence. For variable coefficient diffusion problems, the precon-
ditioner is enriched with the use of block diagonal sampling matrix, as detailed
below. The GLT symbol of the preconditioning matrix-sequence coincides with
that of the original matrix-sequence and hence by axiom GLT1 and items 3, 4
of axiom GLT4 in [14, Chapter 5, pp. 85-86], we deduce that the preconditioned
matrix-sequence has symbol 1, the latter meaning that all the eigenvalues are
clustered at 1, according to Definition 3 and Remark 15, so indicating a fast con-
vergence.

a2. A multigrid method which is essentially standard with a tensorization of the stan-
dard projectionmatrix. This is based on the inequality Ln ≤ cTn with Ln = 	n⊗Ir
and 	n being the standard discrete Laplacian obtained using centered Finite Dif-
ferences i.e. 	n = Tn(g(θ)), g(θ) = 2 − 2 cos(θ)).

The preconditioner. We follow the approach a1 and propose a circulant precondi-
tioner matrix, which can be applied efficiently via fast Fourier transforms (FFT). In
particular, we use a r -block circulant preconditioner of size nr ; since our stiffness
matrix An has size nr −1, we change the linear system by adding a fictitious equation
so that the resulting coefficient matrix is

Ân = diag(An, 1), order( Ân) = nr .

The circulant preconditioner for the b(x) = 1 case is then constructed as Sn =
Cn( f

ξ
r ) + i

nr 11
T , since Cn( f

ξ
r ) is singular with nullity 1 generated by the vector 1:

the matrix Sn is known as the corrected Strang preconditioner of the Toeplitz matrix
Tn( f

ξ
r ) (see [51] and references therein). Notice that Sn = Ân + Rn where all the

matrices are real symmetric (hence Hermitian) and rank(Rn) ≤ 2r + 2. Therefore by
axiomGLT3, item 3, in [14, Chapter 5, pp. 85-86] and using the first part of Theorem
4, we deduce that {Rn}n ∼GLT 0 so that by axiom GLT3, item 3, in [14, Chapter 5,
pp. 85-86] the three matrix-sequences {Tn( f ξ

r )}n , { Ân}n , {Sn}n have the same GLT
symbol f ξ

r . Therefore, by exploiting axiom GLT4, items 3, 4, in [14, Chapter 5, pp.
85-86] we easily conclude that the preconditioned matrix-sequence has GLT symbol
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Table 1 Approximation error and convergence rate for r = 3, for all elements presented

Interpolation Histopolation

r = 3 error Convergence rate Error Convergence rate

Elements Lagrangian Weights Lagrangian Weights ξ = 0.37

10 5.26 × 10−4 5.26 × 10−4 5.26 × 10−4

20 6.58 × 10−5 6.58 × 10−5 2.9991 2.9991 6.58 × 10−5 2.9991

40 8.22 × 10−6 8.22 × 10−6 2.9998 2.9998 8.22 × 10−6 2.9998

80 1.03 × 10−6 1.03 × 10−6 2.9999 2.9999 1.03 × 10−6 2.9999

160 1.29 × 10−7 1.31 × 10−7 3.0000 2.9640 1.29 × 10−7 3.0000

320 1.73 × 10−8 1.61 × 10−8 2.8932 3.0361 1.61 × 10−8 2.9999

640 2.02 × 10−9 2.02 × 10−9 3.0982 2.9932 2.20 × 10−9 2.8707

1280 6.80 × 10−10 1.23 × 10−9 1.5705 0.7160 4.10 × 10−9 −0.9016

equal to 1 and hence it is weakly clustered at 1 in a spectral sense. Indeed in this
specific setting more is known since the preconditioned matrix minus the identity has
rank bounded by 2r − 2 and hence a constant number of iterations has to be expected.

5.1 Convergence of the FEMmethod

First of all, we check that the convergence of the FEM Galerkin discretization is
in accordance with the theory. We show this for the case of constant coefficients and
consider a uniformmesh. It is well known that, if the datum f is sufficiently regular, the
H1-approximation error given by the finite element method for this kind of problems
decays as hr , being h the element size and r the polynomial degree (see, e.g., [27]).
Since this is a Galerkin method, the error shall not depend on the projector but only
on the discrete space in which the solution is sought. As a consequence, we check
that the convergence for equidistributed Lagrangian and weights coincide, since in
both cases they seek for a solution in the subspace of functions in H1 which are
locally polynomials of degree r in each element. Table 1 (for r = 3) and Table 2 (for
r = 4) show that the theoretical convergence order is attained both for usual nodal
finite elements and segmental ones, at least until computations start being affected by
rounding errors.

5.2 Constant coefficients

We compare the spectrum of the Laplace operator with the symbol derived in the
preceding sections. Figure 8 reports, for r = 3 and coefficient b(x) ≡ 1, a comparison
between the spectrum of the exact operator (blue, dashed line) and the spectral symbol
(solid lines of different colors: as the number of elements increases, the color of the
corresponding solid line changes). Even with a very small number of elements (e.g.,
when Nel = 4), the exact spectrum and the symbol are in practice overlapped. This is
in accordance with the theory of Section 3. Moreover, we see that r distinct branches
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Table 2 Approximation error and convergence rate for r = 4, for all elements presented

Interpolation Histopolation

r = 4 Error Convergence rate Error Convergence rate

elements Lagrangian Weights Lagrangian Weights ξ = 0.40

2 5.72 × 10−3 5.72 × 10−3 5.72 × 10−3

4 3.58 × 10−4 3.58 × 10−4 3.9993 3.9993 3.58 × 10−4 3.9993

8 2.25 × 10−5 2.25 × 10−5 3.9931 3.9931 2.25 × 10−5 3.9931

16 1.41 × 10−6 1.41 × 10−6 3.9980 3.9966 1.41 × 10−6 3.9980

32 8.79 × 10−8 1.17 × 10−7 3.9995 3.5856 8.79 × 10−8 3.9995

64 9.74 × 10−9 1.37 × 10−8 3.1738 3.0959 5.50 × 10−9 3.9998

128 3.57 × 10−10 3.53 × 10−10 4.7704 5.2782 3.71 × 10−10 3.8903

256 3.58 × 10−10 3.39 × 10−10 −0.0046 0.0611 3.87 × 10−10 −0.0625

Fig. 8 A plot of the spectrum of the Laplacian with constant coefficients. The dashed line, which represents
the continuous spectrum, is overlapped by the solid lines that represent the symbol associated with different
mesh sizes. Lagrange equispaced elements (left) and optimized weights (right) are compared. The degree
r = 3 is depicted

are present. The latter holds both for the case of equispaced Lagrangian (left) and
optimized weights (right). Notice that the magnitude of the eigenvalues changes. The
case r = 4 (not shown) is analogous.

We then report, in Table 3, the conditioning of the stiffness matrices and the number
of iterations required by conjugate gradients for solving the system when the circulant
preconditioner is applied. We observe that our preconditioning strategy is optimal
in all cases as the number of iterations quickly stabilizes. In fact, the spectra of the
preconditioned matrices in Figure 9 show that the considered circulant preconditioner
induces a strong eigenvalue clustering around 1 in both cases. Also the number and
size of the outliers coincide.

5.3 Non-constant coefficients

In this section we repeat the same analysis done in Section 5.2, in the case of a
non-constant coefficient b(x). For the sake of simplicity, we present an example in
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Table 3 Comparison of the conditioning of the stiffnessmatrix and number of iterations needed by conjugate
gradients after preconditioning via circulant matrices for r = 3 (above) and r = 4 (below)

r = 3 Conditioning Iterations

Elements Lagrangian Weights Lagrangian Weights

10 9.11 × 102 7.75 × 102 4 4

20 3.65 × 103 3.10 × 103 4 4

40 1.46 × 104 1.24 × 104 4 4

80 5.83 × 104 4.96 × 104 5 5

160 2.33 × 105 1.98 × 105 5 5

320 9.33 × 105 7.93 × 105 6 6

640 3.73 × 106 3.17 × 106 6 6

1280 1.49 × 107 1.27 × 107 6 6

r = 4 Conditioning Iterations

Elements Lagrangian Weights Lagrangian Weights

2 1.14 × 102 9.06 × 101 4 4

4 4.81 × 102 3.71 × 102 4 4

8 1.92 × 103 1.48 × 103 4 4

16 7.70 × 103 5.94 × 103 4 4

32 3.08 × 104 2.38 × 104 4 4

64 1.23 × 105 9.50 × 104 5 5

128 4.93 × 105 3.80 × 105 5 6

256 1.97 × 106 1.52 × 106 6 6

Fig. 9 Spectrum of the preconditioned stiffness matrix for Lagrangian and weights. Degrees r = 3 (left)
with N = 80 elements and r = 4 (right) with N = 64 elements are shown

which b(x) = 1 + x2. It is here worth pointing out that the positivity of b is required
for the well-posedness, although GLT theory applies in the case of a function b(x)
Riemann integrable over its definition domain. Figure 10 shows that, also in this case,
the spectrum is captured by the spectral symbol.

Clearly, non-constant coefficients make it harder to construct an ad hoc precondi-
tioner via Toeplitz or circulant matrices, since elements do not scale only by a constant
but accordingly to the coefficient b(x) as well. Here we consider the diagonal plus cir-
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Fig. 10 Spectrum of the operator (red) vs spectrum of the symbol (blue), in the case of non-constant
coefficients with a(x) = 1 + x2. Degree 3 with N = 1280 elements is represented. Results for r = 4 are
comparable (color figure online)

culant preconditioner with Strang correction based on the symbol f ξ
r ,b(x, θ) described

at the beginning of this section, which is defined as

Pn(b) = Dn([
√
b ]Ir )SnDn([

√
b ]Ir ). (30)

By following the very same reasoning as before, we infer that { Ân(a)}n and {Pn(a)}n
have the same GLT symbol f r ,aξ . Therefore, by exploiting axiom GLT4, items 3,
4, in [14, Chapter 5, pp. 85-86], we easily conclude that the preconditioned matrix-
sequence has GLT symbol equal to 1 and hence it is weakly clustered at 1 in a spectral
sense, the latter being an indication that the related preconditioned conjugate gradient
is effective.

Table 4 reports the performance of the preconditioned conjugated gradient for the
degree r = 3 and r = 4. In both cases the number of iterations quickly stabilizes.
The spectra of the preconditioned matrices for the cases r = 3 and r = 4 are qualita-
tively almost identical. In Figure 11 we plot the case r = 3. From the left panel one
can appreciate the presence of a cluster at 1 and of three outliers, as in the constant
coefficient case. The right panel, using a linear scale on the vertical axis, shows the
slight spreading of the eigenvalues in the cluster. This motivates the increment in the
number of iterations with respect to the constant coefficients case discussed in Section
5.2.

5.4 Gradedmesh

In order to better detect the effect of themeshmapping,we consider the elliptic problem
with unit diffusion coefficient. According to (29), this is equivalent to considering a
problem with a variable coefficient ˜b(x), which is a function of the mesh mapping
g(x), on a uniform mesh. Following the remarks in Section 4.3, a preconditioner for
the case of graded meshes can be obtained by setting b(x) = 1

g′(x) in (30).
In particular, we choose the mesh mapping g(x) = cex + k, with c, k such that

g(0) = 0 and g(1) = 1. Results are in accordance with the non-constant coefficient
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Table 4 Comparison of the conditioning of the stiffnessmatrix and number of iterations needed by conjugate
gradients after preconditioning via circulant matrices for r = 3, 4. Non-constant coefficient

r = 3 Conditioning Iterations

Elements Lagrangian Weights Lagrangian Weights

10 1.22 × 103 1.05 × 103 11 11

20 5.14 × 103 4.43 × 103 12 12

40 2.13 × 104 1.82 × 104 12 12

80 8.66 × 104 7.36 × 104 12 13

160 3.49 × 105 2.96 × 105 14 14

320 1.40 × 106 1.19 × 106 15 15

640 5.63 × 106 4.78 × 106 16 16

1280 2.25 × 107 1.91 × 107 16 17

r = 4 Conditioning Iterations

Elements Lagrangian Weights Lagrangian Weights

2 1.34 × 102 8.56 × 101 8 8

4 6.05 × 102 4.29 × 102 11 11

8 2.58 × 103 1.95 × 103 12 12

16 1.07 × 104 8.33 × 103 12 12

32 4.44 × 104 3.44 × 104 13 13

64 1.82 × 105 1.40 × 105 14 15

128 7.36 × 105 5.65 × 105 15 15

256 2.96 × 106 2.28 × 106 15 15

Fig. 11 Spectrum of the preconditioned stiffness matrix for Lagrangian and weights for the non-constant
coefficients case. Degree r = 3 with N = 80 elements is depicted. On the right the same data, except the
3 outliers, are plotted with linear scale on the vertical axis

case. The spectrum of the preconditioned matrix for r = 3 is depicted in Figure 12,
which shows that eigenvalues appear to be again weakly clustered around 1, with the
presence of the three outliers. In this case the amplitude of the interval is slightly larger,
approximately [0.85, 1.15]. A comparable situation holds for r = 4. Iteration counts
are reported in Table 5, and are in fact close to the case of non-constant coefficients.

123



   46 Page 32 of 43 BIT Numerical Mathematics            (2025) 65:46 

Fig. 12 Spectrum of the preconditioned stiffness matrix for Lagrangian and weights-based elements for
the non-constant coefficients case. Degree r = 3 with N = 80 elements is depicted. On the right the same
data, except the 3 outliers, are plotted with linear scale on the vertical axis

Table 5 Iterations needed by conjugate gradients after preconditioning via circulant matrices for r = 3, 4.
Graded mesh

r = 3 r = 4

Iterations Iterations

Elements Lagrangian Weights Elements Lagrangian Weights

10 12 12 2 8 8

20 12 12 4 12 12

40 13 13 8 12 13

80 13 15 16 13 13

160 15 15 32 13 15

320 15 16 64 15 15

640 17 17 128 16 16

1280 18 18 256 16 18

5.5 Robustness of the preconditioner

To test the robustness of the preconditioner we perform two different numerical tests.
In the first we remove the hypothesis of uniformity or gradedness of the mesh. In the
secondweanalyse how thepreconditioner is affected by the selectionof the localisation
parameter ξ .

Random mesh. We introduce in the mesh generator a randomness parameter θ . The
randomisation of the mesh is obtained as follows. First, we compute a uniform parti-
tioning of I and store the endpoints of the segments increasingly

0 = ξ0 < ξ1 < . . . < ξn = 1

with ξ j = j
n . Thus every segment I j

.= [ξ j−1, ξ j ] has length |I j | = j+1− j
n = 1

n . For
each j = 1, . . . , n − 1 we create a random coefficient c j ∈ (− 1

2n , 1
2n

)

and replace ξ j
with ξ ′

i = ξ j + θc j . By construction, we obtain a sequence

0 = ξ ′
0

.= ξ0 < ξ ′
1 < . . . < ξ ′

n
.= ξn = 1

and the randomised mesh is thus that whose j-th element is I ′
j = [ξ ′

j−1, ξ
′
j ].
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Fig. 13 Randomised mesh. A comparison between equispaced Lagrangian and optimized weights in terms
of PCG iterations for degrees r = 3 (left) and r = 4 (right). To same color corresponds the same entity
of perturbation. Dashed lines represent equidistributed Lagrangian whereas solid lines represent optimized
weights. As θ grows, the corresponding line ascends (color figure online)

Clearly the analysis developed for the uniform case does not apply directly, as
measures |I ′

j |’s may sensibly vary when increasing the parameter θ . To estimate the
robustness of our preconditioning strategy, we use the circulant preconditioner built
on the symbol f rξ associated with the uniform mesh case (that is, as if the randomness
parameter was set to θ = 0). We compare the iterations of the PCG as the parameter
θ varies. In particular, we choose θ increasing from 0.05 to 0.5, see Figure 13. In all
cases, we observe a mild increase in the iteration count as the mesh size increases.
The scale of the horizontal axis is logarithmic, so that it is easily appreciable that this
dependence is of type d log(n), for d a proper constant; this behavior could indicate
that the minimal outlier may tend to zero as n−α , α ≥ 2. In any case, we point out that
the increase in iterations is very mild up to θ = 0.2.

Robustness with respect to ξ . Finally, we consider the robustness of our precondi-
tioning strategy as a function of the parameter ξ . We consider the case of non-constant
coefficients (see Section 5.3) with N = 40 elements for r = 3 and N = 32 elements
for r = 4. This choice yields comparable size stiffness matrices. Figure 14 depicts the
spectrum of the preconditioned stiffness matrix, leaving out the unique largest outlier.
In all cases, eigenvalues cluster on a relatively small interval, whose size is larger for
small ξ and quickly decreases as the parameter ξ approaches the optimal value and
overcome the Lagrangian case ξ = 1/r . The order of magnitude of the largest outlier
ranges between 101 and 102. The bottom part of the graphs shows the number of PCG
iterations, that are well correlated with the spread of the preconditioned spectrum.

Recall the condition numbers shown in Figure 5. We observed that κ2(n, ξ)

increases when ξ approaches both 0 and 1/2, consistently with the loss of the
unisolvence at these extreme values of the parameter. Figure 14 shows that our pre-
conditioning strategy grants a constant iteration counts in a range ξ ∈ [0.25, 0.45]
and a mild increase as ξ ≈ 0.1. When ξ tends to the extrema of the interval, the
preconditioning handles the case ξ ≈ 1/2 much better than the case ξ ≈ 0. A possible
explanation of this fact may follow from Remark 11.

Remark 14 In the present setting, since the structures are banded, direct methods
such as the Gaussian elimination may be applied. However, in the multi-dimensional
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Fig. 14 Spectrum of the preconditioned stiffness matrix and number of PCG iterations as a function of the
ξ parameter. Case r = 3, N = 40 (left) and r = 4, N = 32 (right). For graphical purposes, the largest
eigenvalue has been omitted in all cases

case, the fill-in destroys the computational optimality of direct solvers, while our
preconditioning strategy canbe adapted ford ≥ 2. In this case, a theoretical obstruction
emerges (see [59, 62, 63]) and it is impossible in general to obtain a strong clustering for
the preconditionedmatrix-sequence,when either a circulant or a generalmatrix algebra
preconditioning is employed.Nevertheless, it is possible to overcome the problem, also
in the variable coefficient setting, by combining e.g. (circulant) preconditioning in the
Krylov methods and multigrid strategies in the spirit of the multi-iterative solvers, see
[29, 30] and references therein.

6 Conclusions

In this workwe analysedweights-based finite elements applied to the one-dimensional
Laplace equation, both with constant and non-constant coefficients. In this context, we
studied two different discretizations of the problemwhich stem fromweights. The first
one gives the usual nodal Lagrange elements, whereas the second is associatedwith the
problem of histopolation of univariate functions. In both cases, such elements depend
on a localization parameter ξ and contain, in an appropriate sense, the well-known
equidistributed Lagrange finite elements.

Main results. Exploiting the GLT theory, we provided a detailed analysis of the con-
ditioning of the problem and a thorough spectral analysis of the matrix-sequence by
emphasizing the spectral distribution in the Weyl sense, including the branch analysis
and the clustering. While the shape and the clustering of the spectrum of the matrix
of the system are qualitatively constant, this analysis demonstrated that the condition-
ing of the problem, compatibly with the nature of the problem, is in fact dependent
on the parameter ξ . The sensitivity to this parameter varies between the case of the
nodal (k = 0) and the segmental (k = 1) discretization. As this analysis requires a
good understanding of the cardinal functions of polynomial spaces where the approx-
imate solution is sought, we proved some results on cardinal bases associated with
histopolation. This is needed to handle the case k = 1.
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We thus proposed a preconditioning strategy for the solution of the linear system
associated with the finite element problem. This preconditioner is based on a circulant
matrix, so that FFT algorithms may be applied. We then carried several numerical
experiments, all based on a PCGmethod, that evidenced that the behavior for different
parameters ξ ’s is comparable, in terms of clustering of the preconditioned matrix and
hence of iterations, as long as the conditioning of the matrix of the system does not
explode. In contrast, when the Vandermonde matrix approaches rank-deficiency, the
spectrum of the preconditioned matrix spreads and the number of iterations increases.

Novelty of the paper. The present contribution is the first in analyzing in depth the
spectral features of the matrices and matrix-sequences arising in weights-based finite
element exterior calculus by using Toeplitz and GLT technology, albeit most results
are limited to the continuous one-dimensional setting. To the best of the authors’
knowledge, the interpolation theory developed for treating the normalized segmental
case (k = 1) is also new, and expands results on histopolation of functions.

Outlook on future research. Because of the very general definition of weights in
terms of differential forms, the theory developed can be extended to cover the case of
both univariate discontinuous and multivariate finite element approximation, which
we set as two feasible and promising directions to pursue. For what concerns discon-
tinuous elements, the main obstacles been discussed in Section 2.2, and concern the
replicability of some technical lemmas regarding Lagrange functions. In view of the
computations performed in the aforementioned section, we reckon that appropriate
geometrical assumptions on the supports of the dofs can solve the impasse. Likely,
the structure of the corresponding symbol changes, due to the coupling introduced by
jump and cut functions, but GLT theory already proved to be able to handle such a
situation.

The multi-dimensional case is widely known to be a relevant topic (see, e.g., [2]
for a valuable perspective on this problem for Nédélec elements). It carries some
obstructions too. First of all, the coordinate representation of the Hodge Laplacian
gives a larger variety of operators (gradient, curl, divergence, ecc.) acting on differen-
tial forms. To the state of the art, the interpolation theory for polynomial differential
forms has some gaps, and the corresponding Lagrange functions can only be implic-
itly computed by inverting the matrix defined in Eq. (5). Exploiting Proposition 1,
one may then invoke the spectral multilevel block Toeplitz [66, 67] and the spectral
multilevel block GLT tools, that are available in such a setting [12, 13, 34]. In contrast,
preconditioning alone is hardly effective alone in the multidimensional case. This is
due to the theoretical barriers proved in [59, 62, 63]. Consequently, as discussed in
Remark 14,we expect that amulti-iterative approach has to be considered [29, 30]. Fol-
lowing such references, we point out that the there considered multi-iterative solvers
for multi-dimensional problems are based on a deep analysis of the corresponding
one-dimensional case.

A Spectral tools and useful matrix structures

When the number n of elements in the mesh increases, the size of the linear system
also increases, together with its conditioning. We are concerned with the spectral
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analysis of the matrix structures and the design of appropriate preconditioners for
Krylov methods, with the idea of obtaining robustness and optimality with respect to
the relevant parameters. Our tools come from block Toeplitz operators and block GLT
matrix-sequences. To this end, in SectionA.1we introduce the notion of distribution in
the Weyl sense and clustering, when a general matrix-sequence is considered. Section
A.2 is devoted to block Toeplitz, circulant, sampling diagonal matrices, while Section
A.3 shortly introduces the ∗-algebra of GLT sequences.

A.1 Clustering and distribution

We begin with the notion of distribution in the Weyl sense, when a matrix-valued
symbol occurs, both in the sense of the eigenvalues and singular values. The notion of
clustering at a given fixed point, both in the sense of eigenvalues and singular values,
can be seen as a special case of the distribution notions.
• Sequences of Matrices and Block Matrix-Sequences. A sequence of matrices
is any sequence of the form {An}n , where An is a square matrix of size dn , dn is
monotonically strictly increasing so that dn → ∞ as n → ∞. Let r ≥ 1 be a fixed
positive integer independent of n. A r -block matrix-sequence - or simply a matrix-
sequence if r can be inferred from the context or we do not need/want to specify it - is
a special sequence of matrices {An}n in which the size of An is dn = rφn , with {φn}n
being a strictly increasing sequence of positive integers. In the following sections, An

is the stiffness matrix (11) obtained when partitioning the domain into n elements.
• Singular Value andEigenvalue Distribution of a Sequence ofMatrices.Letμt be
the Lebesgue measure in Rt , t ≥ 1. Throughout the current work, all the terminology
from measure theory (such as “measurable set”, “measurable function”, “a.e.”, etc.)
is referred to the Lebesgue measure. A matrix-valued function f : D ⊆ R

t →
C
r×r is said to be measurable (resp., continuous, Riemann-integrable, in L p(D),

etc.) if its components fαβ : D → C, α, β = 1, . . . , r , are measurable (resp.,
continuous, Riemann-integrable, in L p(D), etc.). We denote by Cc(R) (resp., Cc(C))
the space of continuous complex-valued functions with bounded support defined on
R (resp., C). If A ∈ C

m×m , the singular values and the eigenvalues of A are denoted
by σ1(A), . . . , σm(A) and λ1(A), . . . , λm(A), respectively.

Definition 2 Let {An}n be a sequence of matrices, with An of size dn , and let f : D ⊂
R
t → C

r×r be a measurable function defined on a set D with 0 < μt (D) < ∞.

– We say that {An}n has a (asymptotic) singular value distribution described by f ,
and we write {An}n ∼σ f , if

lim
n→∞

1

dn

dn
∑

i=1

F(σi (An)) = 1

μt (D)

∫

D

∑r
i=1 F(σi ( f (x)))

r
dx, ∀ F ∈ Cc(R).

(31)
– We say that {An}n has a (asymptotic) spectral (or eigenvalue) distribution described
by f , and we write {An}n ∼λ f , if
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lim
n→∞

1

dn

dn
∑

i=1

F(λi (An)) = 1

μt (D)

∫

D

∑r
i=1 F(λi ( f (x)))

r
dx, ∀ F ∈ Cc(C).

(32)

If {An}n has both a singular value and an eigenvalue distribution described by f , we
write {An}n ∼σ,λ f .

We remind that the notion contained in Definition 2 and the related information are
useful in engineering applications [36], e.g. for the computation of the relevant vibra-
tions, and in the analysis of the (asymptotic) convergence speed of iterative solvers
for large linear systems or for improving the convergence rate by e.g. the design of
appropriate preconditioners [15, 16].
The next theorem gives useful tools for computing the spectral distribution of
sequences formed by Hermitian matrices. For the related proof, we refer the reader to
[46, Theorem 4.3]. In what follows, the conjugate transpose of the matrix A is denoted
by A∗. If A ∈ C

m×m and 1 ≤ p ≤ ∞, we denote by ‖A‖p the Schatten p-norm of A,
i.e., the p-norm of the vector (σ1(A), . . . , σm(A)). The Schatten∞-norm ‖A‖∞ is the
largest singular value of A and coincides with the spectral norm ‖A‖. The Schatten
1-norm ‖A‖1 is the sum of the singular values of A and is often referred to as the
trace-norm of A. The Schatten 2-norm ‖A‖2 coincides with the Frobenius norm of A.
Schatten p-norms are treated in detail in a beautiful book by Bhatia [18].

Theorem 3 Let {Xn}n be a sequence of matrices, with Xn Hermitian of size dn, and
let {Pn}n be a sequence such that Pn ∈ C

dn×δn , P∗
n Pn = Iδn , δn ≤ dn and δn/dn → 1

as n → ∞. Then, {Xn}n ∼σ,λ f if and only if {P∗
n Xn Pn}n ∼σ,λ f .

Now we turn to the definition of clustering. For z ∈ C and ε > 0, let B(z, ε) be the
disk with center z and radius ε, B(z, ε)

.= {w ∈ C : |w − z| < ε}. For S ⊆ C and
ε > 0,we denote by B(S, ε) the ε-expansion of S, defined as B(S, ε)

.= ⋃

z∈S B(z, ε).

Definition 3 Let {Xn}n be a sequence ofmatrices,with Xn of size dn tending to infinity,
and let S ⊆ C be a nonempty closed subset ofC. {Xn}n is strongly clustered at S in the
sense of the eigenvalues if, for each ε > 0, the number of eigenvalues of Xn outside
B(S, ε) is bounded by a constant qε independent of n. In symbols,

qε(n, S)
.= #{ j ∈ {1, . . . , dn} : λ j (Xn) /∈ B(S, ε)} = O(1), as n → ∞.

{Xn}n is weakly clustered at S if, for each ε > 0,

qε(n, S) = o(dn), as n → ∞.

If {Xn}n is strongly or weakly clustered at S and S is not connected, then the connected
components of S are called sub-clusters.

Remark 15 Recall that, for a measurable function g : D ⊆ R
t → C, the essential

range of g is defined as ER(g)
.= {z ∈ C : μt ({g ∈ B(z, ε)}) > 0 for all ε > 0},

where {g ∈ B(z, ε)} .= {x ∈ D : g(x) ∈ B(z, ε)}. ER(g) is always closed; moreover,
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if g is continuous and D is contained in the closure of its interior, then ER(g) coincides
with the closure of the image of g.

Hence, if {Xn}n ∼λ f (with {Xn}n, f as in Definition 2), then, by [38, Theorem
4.2], {Xn}n is weakly clustered at the essential range of f , defined as the union of
the essential ranges of the eigenvalue functions λi ( f ), i = 1, . . . , r : ER( f )

.=
⋃r

i=1 ER(λi ( f )). Finally, if ER( f ) = s with s fixed complex number and {Xn}n ∼λ

f , then {Xn}n is weakly clustered at s. All the considerations above can be translated
in the singular value setting as well, with obvious minimal modifications. For further
relationships among distribution, clustering, Schatten p-norms the reader is referred
to [58] (see also [67]).

A.2 Block Toeplitz/circulant/diagonal matrices and zero-distributed
matrix-sequences

In this subsection we introduce three types of matrix structures. The first two have an
algebraic definition for every fixed dimension (block Toeplitz/circulant matrices and
block diagonal structures),while the last has only an asymptotic sense (zero-distributed
matrix-sequences). As it is clarified in the sequel, starting from Subsection A.3, we
dealwithmatrix-sequences consisting of these threematrix structures, especiallywhen
defining the basics of the theory of block GLT sequences.
• Block Toeplitz/circulant Matrices. We concisely summarize the definition and
relevant properties of block Toeplitz matrices. Given r , n fixed positive integers i.e.
given r , n ∈ N

+, a matrix of the form [Ai− j ]ni, j=1 ∈ C
nr×nr with blocks Ak ∈ C

r×r ,
k = −(n − 1), . . . , n − 1, is called block Toeplitz matrix, or, more precisely, r -block
Toeplitz matrix. Given a matrix-valued function f : [−π, π ] → C

r×r belonging to
L1([−π, π ]), we denote its Fourier coefficients by

f̂k = 1

2π

∫

[−π,π ]
f (θ)e−î kθ dθ ∈ C

r×r , k ∈ Z. (33)

For every n ∈ N
+, the n-th Toeplitz matrix associated with f is defined as

Tn( f )
.= [ f̂i− j ]ni, j=1 (34)

or, equivalently, as
Tn( f ) =

∑

| j |<n

J ( j)
n ⊗ f̂ j (35)

where ⊗ denotes the (Kronecker) tensor product of matrices, while J (l)
m is the matrix

of order m whose (i, j) entry equals 1 if i − j = l and zero otherwise. We call
{Tn( f )}n∈N+ the family of (block) Toeplitz matrices associated with f , which, in turn,
is called the generating function of {Tn( f )}n∈N+ . In perfect analogy we define block
circulantmatrices.Given r , n ∈ N

+, amatrix of the form [A(i− j) mod n]ni, j=1 ∈ C
nr×nr

with blocks Ak ∈ C
r×r , k = 0, . . . , n − 1, is called block circulant matrix, or, more

precisely, r -block circulant matrix. The n-th circulant matrix associated with f is
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defined as Cn( f )
.= ∑

| j |<n/2 Z
( j)
n ⊗ f̂ j where Z (l)

m = [Z (1)
m ]l is the matrix of order

m whose (i, j) entry equals 1 if (i − j) mod m = l and zero otherwise.
• Block Diagonal Sampling Matrices. For n ∈ N

+, d = 1, and a : [0, 1] → C
r×r ,

we define the block diagonal sampling matrix Dn(a) as the block diagonal matrix

Dn(a)
.= diagi=1,...,na

( i

n

)

=

⎡

⎢

⎢

⎢

⎣

a( 1n )

a( 2n )

. . .

a(1)

⎤

⎥

⎥

⎥

⎦

∈ C
rn×rn .

• Zero-Distributed Sequences. A sequence of matrices {Zn}n such that {Zn}n ∼σ 0
is referred to as a zero-distributed sequence. Note that, for any r ≥ 1, {Zn}n ∼σ 0
is equivalent to {Zn}n ∼σ Or (throughout this paper, Om and Im denote the m ×
m zero matrix and the m × m identity matrix, respectively). Theorem 4 provides
an important characterization of zero-distributed sequences together with a useful
sufficient condition for detecting such sequences [58]. Throughout this paper we use
the natural convention 1/∞ = 0.

Theorem 4 Let {Zn}n be a sequence of matrices, with Zn of size dn, and let ‖ · ‖ be
the spectral norm. Then

– {Zn}n is zero-distributed if and only if Zn = Rn + Nn with rank(Rn)/dn → 0 and
‖Nn‖ → 0 as n → ∞.

– {Zn}n is zero-distributed if there exists a p ∈ [1,∞] such that ‖Zn‖p/(dn)1/p → 0
as n → ∞.

A.3 The ∗-algebra of block GLT sequences

Let r ≥ 1 be a fixed positive integer. A r -block GLT sequence (or simply a GLT
sequence if r can be inferred from the context or we do not need/want to specify
it) is a special r -block matrix-sequence {An}n equipped with a measurable function
κ : [0, 1] × [−π, π ] → C

r×r , the so-called symbol or GLT symbol. We use the
notation {An}n ∼GLT κ to indicate that {An}n is a GLT sequence with symbol κ .
The symbol of a GLT sequence is unique in the sense that if {An}n ∼GLT κ and
{An}n ∼GLT ς then κ = ς a.e. in the definition domain [0, 1] × [−π, π ].

Themain properties of r -blockGLT sequences proved in [14] are listed [14, Chapter
5, pp. 85-86]: they represent a complete characterization of GLT sequences, equivalent
to the full constructive definition given originally in [60] for r = 1 (see also the seminal
paper by Tilli [65] for a previous less general construction). The power of r -block GLT
sequence relies on the fact that they form a maximal ∗-algebra closed under algebraic
operations, under mild assumption regarding only (psudo)-inversion. The algebraic
structure carries over the related GLT symbols which allows to study in a compact
way the eigenvalue and singular value distribution in the sense of Definition 2 with
t = 2 of quite involved matrix-sequences.
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