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Abstract

The Golub-Kahan-Tikhonov method is a popular solution technique for large linear
discrete ill-posed problems. This method first applies partial Golub-Kahan bidiagonal-
ization to reduce the size of the given problem and then uses Tikhonov regularization
to compute a meaningful approximate solution of the reduced problem. It is well
known that iterated variants of this method often yield approximate solutions of higher
quality than the standard non-iterated method. Moreover, it produces more accurate
computed solutions than the Arnoldi method when the matrix that defines the linear
discrete ill-posed problem is far from symmetric. This paper starts with an ill-posed
operator equation in infinite-dimensional Hilbert space, discretizes the equation, and
then applies the iterated Golub-Kahan-Tikhonov method to the solution of the latter
problem. An error analysis that addresses all discretization and approximation errors
is provided. Additionally, a new approach for choosing the regularization parameter is
described. This solution scheme produces more accurate approximate solutions than
the standard (non-iterated) Golub-Kahan-Tikhonov method and the iterated Arnoldi-
Tikhonov method.
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1 Introduction

LetT: X — )Y denote a bounded linear operator between separable Hilbert spaces X’
and ) with norms || - || v and || - ||, respectively, that are induced by inner products. We
are concerned with operators 7 that are not continuously invertible. Such operators
arise, for instance, from Fredholm integral equations of the first kind.

We consider the solution of linear operator equations of the form

Tx=y, xeX, yeRg), (1)

which we assume to be solvable, and denote the unique least-squares solution of
minimal norm by x'. Since T is not continuously invertible, x* might not depend
continuously on y. The computation of the solution of (1) therefore is an ill-posed
problem.

In many problems of the form (1) of interest in applications, the right-hand side
is not known. Instead, only an error-contaminated approximation y° € ) of y is
available. This situation arises, for instance, when the available right-hand side is
determined by measurements. We will assume that y° satisfies

ly = »lly <8

with a known bound § > 0.
The availability of y® instead of y suggests that we should seek to compute an
approximate solution X of the equation

Tx:y‘s, x ek, y‘se,)), 2)

such that ¥ is an accurate approximation of x . Here we tacitly assume that the equation
(2)is solvable. Note that equations of the form (2) arise in many applications including
remote sensing [1], atmospheric tomography [42], computerized tomography [35],
adaptive optics [40], and image restoration [4].

Since T is not continuously invertible, the least-squares solution of minimal norm
of (2) typically is not a useful approximation of the solution x¥ of (1). To be able
to determine an accurate approximation of x' from (2), the latter equation has to be
regularized, i.e., the operator T has to be replaced with a nearby operator so that the
solution of the equation so obtained is less sensitive to the error in y® than the solution
of (2).

Much of the literature on the solution of operator equations (2) focuses on the
analysis of these problems in infinite-dimensional Hilbert spaces, but properties of the
finite-dimensional problems that arise through discretization before solution often are
ignored. Conversely, many contributions to the literature on solution techniques for
large-scale discretized problems obtained from (2) do not take into account the effects
of the discretization error and of the approximation errors that stem from reducing the
dimension of a large-scale discretized problem to a problem of smaller size. Among
the exceptions are the papers [6, 41], which use results by Natterer [34] and Neubauer
[36] to address this gap within the framework of Arnoldi-Tikhonov methods. These
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methods apply a few steps of the Arnoldi process to reduce the generally large matrix
that is obtained when discretizing equation (2) to a linear system of algebraic equations
with a matrix of small size. Applications of the Arnoldi process to the solution of
large linear systems of equations that arise from the discretization of equations of the
form (2), without discussing the effect of the discretization, are described in, e.g., [2,
15, 26, 27, 33, 37].

The main attraction of the Arnoldi process, when compared to the Golub-Kahan
process to be discussed in this paper, is that the Arnoldi process does not require access
to the transpose of the system matrix that is to be reduced, while the Golub-Kahan
process does. This feature of the Arnoldi process makes it possible to reduce matrices
for which matrix-vector products are easy to evaluate, but for which matrix-vector
products with the transposed matrix are not. This situation may arise when the matrix
is not explicitly formed, such as when the matrix is implicitly defined by a multipole
method; see, e.g., [30]. Moreover, the Arnoldi process may require fewer matrix-
vector product evaluations than the Golub-Kahan reduction methods, because the latter
requires matrix-vector product evaluations with both the matrix and its transpose in
every step; see [14] for an illustration. However, there are operator equations (2) for
which the Arnoldi process is known to furnish poor results, such as when the operator
T models motion blur and the desired solution x is the blur- and noise-free image
associated with an available blur- and noise-contaminated image y°; see [18] for a
computed example in finite dimensions. For some image restoration problems, it is
possible to mitigate this difficulty by preconditioning; see [12, 25]. Nevertheless, the
difficulty of solving certain operator equations by reducing the associated discretized
equation to a problem of small size by the Arnoldi process makes the Golub-Kahan
process the default method for reducing a large linear system of algebraic equations to
a system of small dimension; see, e.g., [4, 7, 8, 16, 27] for discussions and illustrations
of this method.

The Golub-Kahan bidiagonalization process can be applied in Hilbert space and
bounds for the error incurred by carrying out only a few steps with this process when
applied to the solution of (2) are described in [3]. This analysis does not use results
by Natterer [34]. The present paper applies bounds derived by Natterer to estimate
the influence of the discretization error. We consider iterated Tikhonov regularization
based on partial Golub-Kahan bidiagonalization instead of standard (non-iterated)
Tikhonov regularization, because the former regularization method typically gives
approximations of the desired solution x™ of (1) of higher quality. Illustrations of the
superior quality of approximate solutions computed by iterated Tikhonov methods
applied to discretized problems can be found in, e.g., [5, 11-13, 17, 31]. When only
one iteration of the iterated Golub-Kahan-Tikhonov method is carried out, the method
reduces to the classical Golub-Kahan-Tikhonov method. The first appearances of this
type of methods can be found in [7, 38, 39], where the Golub-Kahan process is referred
to as the Lanczos process.

It is the purpose of the present paper to analyze the effect of the discretization error
and the error that stems from the dimension reduction achieved with the Golub-Kahan
process on the computed solution determined by iterated Tikhonov regularization for
the approximate solution of equation (2). Our analysis parallels that in [6], which
concerns iterated Tikhonov regularization based on partial Arnoldi decomposition
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of the operator 7. As we will see, some of the bounds derived in [6] also apply
to the iterated Golub-Kahan-Tikhonov method of the present paper. Our analysis,
which is based on work by Neubauer [36], suggests a new approach to determining
the regularization parameter. In particular, this approach differs from the discrepancy
principle, which is described, e.g., in [23] as well as below.

This paper is organized as follows. Section 2 discusses the discretization of equation
(2) and introduces the iterated Tikhonov method. Section 3 recalls the iterated Arnoldi-
Tikhonov method defined in [6]. The Golub-Kahan-Tikhonov method is reviewed in
Section 4, and Section 5 describes our iterated Golub-Kahan-Tikhonov method and
provides convergence results. An alternative parameter choice method is discussed
in Section 6 and a few computed examples are presented in Section 7. Concluding
remarks can be found in Section 8. An appendix presents some of the theoretical
results.

We conclude this section with some comments on the work by Bjorck and Eldén
on the Golub-Kahan-Tikhonov method. They were among the first to discuss this
solution method for linear discrete ill-posed problems; see, e.g., [7-9, 19-22]. Their
work has had significant impact on later developments of solution methods for this
kind of problems.

2 Preliminaries

Let 7T stand for the Moore-Penrose pseudo-inverse of the operator T in (1) with
TT: dom(T"yc Y — X,  where dom(T") = Rg(T) ® Rg(T)™ .

For any y € dom(7), the element x" := Ty is the unique least-square solution of
minimal norm of equation (1).

Since 7 is not continuously invertible, the operator 7" is unbounded. This may make
the least-squares solution 77y of (1) very sensitive to the error in y®. A regularization
method replaces 77 by a member of a family {Ry : ) — X’} of continuous operators
that depend on a parameter «, paired with a suitable parameter choice rule @ =
a(8, %) > 0. The pair (R, @) furnishes a point-wise approximation of 7'1; see [23,
Definition 3.1] for a rigorous definition.

2.1 Discretization and tikhonov regularization

When computing an approximate least-squares solution of (2), we first discretize
the equation and then compute an approximate solution of the discretized equation
obtained. The discretization introduces a discretization error. To bound the propagated
discretization error, we use results by Natterer [34] following a similar approach as in
[41].

Consider a sequence X C X» C ... C &, C ... C & of finite-dimensional
subspaces &, of X with dim(&},) < oo, whose union is dense in X. Define the
projectors P,: X — A&, and Q,: Y — Y, = T(&,), as well as the inclusion
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operator ¢, : X, — X. Application of these operators to equations (1) and (2) gives
the equations

OnTv, Pox = Qyy,
OnTi, Pox = Qnya'

Introduce the operator 7, : X, — Vi,
T, = QnTty,
and the finite-dimensional vectors

Vo= 0Qny, Y= 0ny', x, = Pux.

It is natural to identify 7,, with a matrix in R"1*"2 with n, = dim(X},), n1 = dim(}),,),
and y,, y,f with elements in R, and x,, with an element in R"2. This gives us the
linear systems of equations

Tox, = Yn» (3)
Tpxn = y5. 4

Henceforth, we will consider 7, a matrix that represents a discretization of 7.

Let T,f denote the Moore-Penrose pseudo-inverse of the matrix 7;,. Then the unique
least-squares solutions with respect to the Euclidean vector norm of equations (3) and
(4) are given by

x; = T,:r v, and xZ"s = TnTyg,

respectively. The fact that the operator 7 has an unbounded inverse results in that the
matrix 7}, is severely ill-conditioned and may be singular. It follows that the vector
x,'L_ ’8, even when it is defined, typically is a useless approximation of x,l . We conclude
that regularization of the discretized operator equation (4) is required.

Moreover, note that the solution xj, € A, of (3) might not be an accurate approx-
imation of the solution xT of (1), due to a large propagated discretization error. We
therefore are interested in determining a bound for Ix™ — an |- This, in general,
requires some additional assumptions. In particular, it is not sufficient for 7" and 7, to
be close in the operator norm; see [23, Example 3.19]. We will assume that

Ix" —xlllx < f(n) > 0 asn — oo, (H1)

for a suitable function f. For instance, if T is compact and lim sup,,_, ., || T,,T*x;[ lx <
0o, where the superscript * stands for matrix transposition, or if 7' is compact and
{X}n 1s a discretization resulting from the dual-least square projection method, see
[23, Section 3.3], then

fm) =0l = P)HT™|D,

where || - || denotes the operator norm induced by the norms || - || 5 and || - [|y.
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We conclude this subsection by letting {e j}jzzl be a convenient basis for A},. Con-
sider the representation
n2
= x5
Jj=1

of an element x,, € A}, and identify x,, with the vector

Xp = [xin), . x,(l'lz)]* e R™,

If {e; }';zzl is an orthonormal basis, then we may choose the norms so that ||x, |2 =
x5 1l x- Here and throughout this paper || - ||> denotes the Euclidean vector norm.
However, for certain discretization methods, the basis {e; }?2:1 is not orthonormal and
this equality does not hold. Following [41], we then assume that there are positive
constants cnpin and cmax, independent of n, such that

CminllXnll2 < lxnllx < cmaxllXnll2. (H2)

Such inequalities hold in many practical situations, e.g., when using B-splines,
wavelets, and the discrete cosine transform as basis for X’; see [10, 29].

Due to the ill-conditioning of the matrix 7, in (4), the least-squares solution of (4)
of minimal norm x): /8 generally is not a useful approximation of the minimal norm
solution x,I of (3). Therefore, the operator T,f has to be replaced with a nearby operator
that s less sensitive to the errorin y?. A common replacement is furnished by Tikhonov
regularization which, when applied to (4), reads

Yo = argmin|| Tux, — yall5 + @llxall3.
x, €ER™2

The regularization parameter ¢ > 0 determines the amount of regularization. The
Tikhonov solution xg) ,, can be expressed as

X, =TT, +al) ' Ty, 5)

where I,, denotes the identity matrix of order n.

A generalized version of this method is the iterated Tikhonov method, which is
known to give a better approximation of the desired solution x'. The closed form
formula for the i-th approximation given by this method is

i
xg,n,i = Zakfl(Tn*Tn +aly) 7Ty, (6)
k=1

Thus, the Tikhonov solution (5) corresponds to i = 1.

Clearly, when n is large, computing xg,n’l. by formula (6), or xg,n = xi,n’l by
formula (5), is impractical. This work discusses how to reduce the complexity of
iterated Tikhonov regularization and achieve a fairly accurate approximation of xg’n’i
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by applying a few steps of Golub-Kahan bidiagonalization to the matrix 7;, with initial
vector y,‘z.

3 The iterated Arnoldi-Tikhonov method

We briefly recall the iterated Arnoldi-Tikhonov (iAT) method presented in [6], which
uses a partial Arnoldi decomposition instead of a partial Golub-Kahan bidiagonaliza-
tion to implement the iterated Tikhonov method (6), because some results for the iAT
method carry over to the iterated Golub-Kahan-Tikhonov (iGKT) method and because
we will compare the performances of these methods. We assume in this section that
n=np=nj.

Application of 1 < £ < n steps of the Arnoldi process to the square matrix 7,, with
initial vector yﬁ generically gives the Arnoldi decomposition

Ty Vie = Va1 Hog1,0.

The columns of the matrix

v

@+n] _
Un,z+1] = [VM n,0+1

form an orthonormal basis for the Krylov subspace

1 e+1
Vn,Z-H = |:vr(l,§+l - e+ )] c Rnlx(ﬂ+l)

ICIH—I(TI‘L’ yS) = Span{ygv Tl’lyg» R Tneyg}

Moreover, Hy. 1., € R¢+D* is an upper Hessenberg matrix, i.e., all entries below the
subdiagonal vanish. We will assume the generic situation that all subdiagonal entries
of Hyy1 ¢ are nonvanishing. This requirement can easily be removed.

Define the Arnoldi approximation

T\ = Vet Her1,0Vo g € R™, (7
of the matrix 7,,. We will assume that
T, — f‘n(g)nz < hy forsome hy > 0.

Notice that when ¢ = n, we have fn(") =T,.

We apply iterated Tikhonov regularization (6) with the approximation (7). Conver-
gence results obtained in [6] are analogous to the ones in Section 5. We summarize
the iAT method in Algorithm 1.

In order to compute the parameter & as proposed in [6], we define the operator
Ry to be the orthogonal projector from R” into Rg(fn(g)). Let g = rank(H¢41,¢) and
introduce the singular value decomposition

Hpp10 = Wer1Zeq1,6S),
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Algorithm 1 The iAT method

Input: {7}, y,‘z, L, i}
Output: )E’E’[ ;

1: Compute { ,, 0+1- Hpq, g} with the Arnoldi process [43, Section 6.3]
2: Compute y yl+l = V e+]y,l

3: Set &
i
4: Compute Z Z~ Z B (Jr] eHev1e +Ollé) z+1 zyeJrl
) S0 _~5 ¢
5: Return Xami = Vi (Z& v

where the matrices Wy € REFD*EHD and §, e R are orthogonal, and the
diagonal entries of the matrix

o1 = diag[61, 62, ..., G¢] € REFD*E

are ordered according to 61 > ... > &(; > &é+1 = ... = oy = 0. Since all
subdiagonal entries of the matrix Hyy ¢ are nonvanishing, the matrix has full rank
g =41 Let

I; 0
loerr = [0 O] € REHDX(E+D)
then _
Re = Vot Wert Lot Wi Vi g
Define
X8 —J W* ~8
Yor1 = Lee+1Weip 1Yo

and assume that at least one of the first g entries of the vector ;g 1 is non-vanishing.
Then the equation

NG ) B Zhy o+ @l ) H 9, = (Ehe + C8)?, (8)
possesses a unique solution & > 0 if we choose positive constants C and E such that
0< Ehe +C8 < [Refpll2 = et Wiy 5 2. ©)

We recall the results of [6].

Proposition 1 [6, Proposition 1] Set C = 1 and E = ||x2||2 in equation (8). Let
equation (9) hold and let & > 0 be the unique solution of (8). Then for all @ > &, we
have that ||x; — %7, ll2 < 6y — %7l

Proposition 2 [6, Proposition 2] Set C = 1 and E = ||x2||2 in equation (8). Let
equation (9) hold and let & > 0 be the unique solution of (8). For some v > 0 and
p >0, let x;[ € Xy v, p, Where

/Yn,v,p =, ek, | x, = (Tn*Tn)me wy € ker(Tn)J_ and |lwy |2 < p}.
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Then

o(1) if v=0,
) = 52% 2 =  o((he +6)2w+1> + 02 lwall2) if 0<v<l,
O((he +8)7) + O(vell (I — RO Tywall2) if v=1,

where yg = ||(Iy — Re) Tylla-

Observe that, since for ¢ large enough it holds 4, = 0, condition (9) with C = 1 is
generically satisfied for the Krylov subspace. A similar condition for the Golub-Kahan
method will behave in the same way.

Corollary 3 [6, Corollary 3] Assume that X, € X1, and let & > 0 be the solution
of (8). Then for £ such that fzz ~ &, we have

N4 _ 2
N — X5l =00%T) asé— 0,

It —F2 e < f) + 0GTT)  as§ — 0.

A

Asdiscussed at the end of [6, Appendix A.2], if an estimate of ||x,j |l2 is not available,
then we may substitute £ by the expression D||)Eg’i ;l2 for some constant D > 1.
With this choice, for & satisfying (9), we achieve the same convergence rates.

4 The Golub-Kahan-Tikhonov method

Golub-Kahan bidiagonalization is a commonly used technique to reduce a large matrix
to a small one, while retaining some of the important characteristics of the large matrix.
This section reviews the Golub-Kahan bidiagonalization method and shows how it can
be applied to approximate the discretized equation (4) and its Tikhonov regularized
solution (5) in a low-dimensional subspace R¢ with 1 < £ <« min{np, n2}. Thorough
discussions of the Golub-Kahan decomposition can be found in Bjorck [8] and in
Golub and Van Loan [28]. Applications to Tikhonov regularization are discussed,
e.g.,in[7, 16, 27].

Algorithm 2 Golub-Kahan bidiagonalization

Input: matrix 7,, € R"1*"2_ number of steps 1 < £ < min{ny, n}, initial vector yﬁ e R™2
Output: lower bidiagonal matrix B4 ¢ € REED>L matrices

Upy1 =[uy,up, ... upyy] € RM x(+1) and Ve =[v1,v2,...,0¢] € R"2>E with
orthonormal columns

1 B1 = llypll2: w1 = yi/Brivo = O;

2: fori =1to{do

3 w=Tu; — Bivi-i;

4 =llwll2s v = w/ey; Bij =«

5 w = Tnvi —oju;

6:  Bit1 = lwll2s uir1 = w/Bit1: Bit1,i = Bitl

7: end for
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Generically, Algorithm 2 determines the Golub-Kahan decompositions
T,Ve =Upy1Byy1¢ and Tn*Ug = VZBZ/Z’ (10)

where V, € R™*!  the matrix U, € R™** is made up of the first £ columns of
Uiy e R x(+1) and the matrix By € R consists of the first £ rows of the lower
bidiagonal matrix

a; 0 .0
B2 az O
BK+1,( — 0 133 c R(Z-‘rl)xf.
: Ceagmr 0
Be g
L0 - Bet1

We will assume the generic situation that all nontrivial entries of By4 ¢ are nonvan-
ishing. Moreover, we have

span{ui, up, ..., ugy1} = span{y,‘j, T,,Tn*y,f, e (TnTn*)zy,‘z},
span{vy, v, ..., v} = span{Tn*y,f, (Tn*Tn)Tn*y,f, e (TnTn*)l’lTn*y,‘z}.

Define the Golub-Kahan approximation
T\Y = Upy1 Beg1 o Vi € RM™ (11)
of the matrix 7,,. We will assume that
T, — Tn([)||2 < hy forsome hy > 0.

Note that when ¢ = min{ny, n} in Algorithm 2, we have Tn([) =T,.
Having the Golub-Kahan approximation (11) makes it possible to solve the approx-
imated discretized equation
T,x, =y (12)

instead of the discretized equation (4). This is beneficial because a solution of equa-
tion (12) can be computed much faster than a solution of (4) when the matrix T, is
large.

Application of Tikhonov regularization (5) to equation (12) gives the solution

Xy = (OO o) T T Oy (13)
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We exploit the structure of Tn(e) to reduce the computational complexity of computing
the solution (13). For any x, € R¢, we have

Ve(Byy 1 ¢Ber1e +alo)xe = (VeBy Up  Uey1 Ber1e Vi + aly) Vexe
= (T9*TO + al,) Vex

and, therefore,
(LT + o)™ Vi = Ve(Bjy g Besie +alp) ™" (14)
Let y), | = U, ys € R“"!. Then

8,0 ._ * —1 px* 8
Zgo = By ¢Beyre +ale)” By opq

is the Tikhonov regularized solution associated with the reduced discretized equation
_ 0
Bit1.020 = Ypyq-
Combining equations (11), (13), and (14), we obtain
5,0
xgzﬁ = sza,l'

This procedure of computing an approximate solution of (4), and therefore of (2), is
referred to as the Golub-Kahan-Tikhonov (GKT) regularization method. Algorithm 3
summarizes the computations. We will comment on the choice of the regularization
parameter o > 0 below.

Algorithm 3 The Golub-Kahan-Tikhonov regularization method

Input: 7, yﬁ, V4
Output: xgjﬁ
1: Compute the matrices Uy 1, V¢, and By ¢ with Algorithm 2

2: Compute y2§+l = UZ+1y,‘2

3: Seta st

4: Compute 2., = (B} | ,Beyie+al) ' Bf | ,vi,,
5: Compute xﬁ:ﬁ = V@zi’i

A convergence analysis for approximate solutions of (2) computed with Algorithm 3
is carried out in [3], where also convergence rates for ||x,;r — xgjﬁ |l are established.
Convergence in the space X then is obtained by using (H2).
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5 The iterated Golub-Kahan-Tikhonov method

This section describes an iterated variant of the Golub-Kahan-Tikhonov regularization
method outlined by Algorithm 3. We refer to this variant as the iterated Golub-Kahan-
Tikhonov (iGKT) method and analyze its convergence properties. Our interest in the
iGKT method stems from the fact that it delivers more accurate approximations of x'
than the GKT method. A reason for this is that the standard (non-iterated) Tikhonov
regularization method exhibits a saturation rate of O(8%/3) as § \ 0, as shown in
[23, Proposition 5.3]. It follows that approximate solutions computed with the GKT
method do not converge to the solution of (2) faster than 0(62/ 3) as § N\, 0. However,
the iGKT method can surpass this saturation rate, as is shown in Corollary 6 below.
We remark that the computational effort required by the iGKT method is essentially
the same as for the non-iterated GKT method.

5.1 Definition of the iGKT method

The GKT method is combined with iterated Tikhonov regularization (6) using the
matrix Tn(e) in (11). This yields the iterative method

i
xﬁ,f = Zakfl(Tn(@)*Tvn(e) + aln)fan(Z)*yg (15)

a,n,i
k=1

We will denote the left-hand side by x ; When the vector yn is replaced with y,.
Similarly as in Algorithm 3, it follows from the Golub-Kahan decomposition that

5.0 5,0
xo{ n,i VZ oc 0,0’
where ‘
1
8,4 . k—1 * —k p* §
Lo = ZO‘ (Byyy¢Bet1.e +ale) "By ¢Yors-
k=1

The iGKT method is described by Algorithm 4. Step 4 of the algorithm is evaluated
by using an iteration analogous to (15) and computing the Cholesky factorization of
the matrix B} 4 1.¢Be+1,e + aly. Notice that for i = 1, we recover the GKT method of
Algorithm 3. Assume that the matrix 7, is large and that £ < min{n1, n,}. This is a
situation of interest to us. Then the main computational effort required by Algorithm 4
is the evaluation of ¢ matrix-vector products with each one of the matrices 7,, and 7"
needed to calculate the Golub-Kahan decomposition (10). Note that the computational
effort required by Algorithm 4 is essentially independent of the number of iterations
i of the iGKT method.
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Algorithm 4 The iGKT method
Input: 7,,, yﬁ, £, i

Output: xi’ﬁ ;
1: Compute the matrices Uy 1, V¢, and By ¢ with Algorithm 2
2: Compute y?_H = Ul?:_lyﬁ

3: Seta

i
N4 - -
4: Compute 2a0i = > ok I(Bzc+1,gBl+l,€ +aly) sz+1,Zy2+l
k=1

. S, 8.0
5: Compute Xomi = Vlza,i,i

5.2 Convergence results

This section discusses some convergence results for the iGKT method described by
Algorithm 4. The results parallel those shown for the iAT method in [6]. They only
differ in that, in the present paper, we define the Golub-Kahan approximation (11)
of the matrix 7},, while in [6] the analogous approximation (7) is defined by using a
partial Arnoldi decomposition of 7. In particular, the proofs presented in [6] carry
over to the setting of the present paper. Therefore, when presenting the convergence
analysis, we refer to [6] for proofs. Our results are based on work by Neubauer [36].
This connection is discussed in the Appendix of [6].

We will need the orthogonal projector R, from R"!' into Rg(Tn(e)). Let g =
rank(By+1 ¢) and introduce the singular value decomposition

Bei1,o = Wes1 1,657,

where the matrices Wy 1 € REFDXEFD and §, € R are orthogonal, and the
diagonal entries of the matrix

Yoi1. = diagloy, 02, ..., 0] € REFDxE

are ordered according to 01 > ... > 04 > 0441 = ... = oy = 0. Since we assume
that Golub-Kahan process does not break down, the matrix By 1 ¢ has full rank g = £.
Let

I; 0
Ipop1 = [(f O} e REFDX(E+)
Then
Re=Up1Weqt I e 1 Wi Uy

Define
Yor1 = Lee+-1 Wi 1Yo

and assume that at least one of the first ¢ entries of the vector yg 1 is non-vanishing.
Then the equation

QG ) (oo BEys o+ aley) 2150, = (Ehy + C8)?, (16)
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with positive constants C and E has a unique solution o > 0 if we choose C and E
so that
0 < Ehe+C8 < [Reypll2 = et Wiy v - (17)

By using the same techniques as for Propositions 1 and 2 and Corollary 3, respec-

tively, we obtain the following results.

Proposition4 Set C = 1 and E = ||x,-,-||2 in equation (16). Let equation (17) hold
and let « > 0 be the unique solution of (16). Then for all & > «, we have that

S5,0 5,0
ey — 2 il < ey — 3 Ll

Proposition5 Set C = 1 and E = ||x; 2. Assume that (17) holds and let a > 0 be
the unique solution of (16). For some v > 0 and p > 0, let x;g € Xy v,p, Where

Xpvp =0 € Xy | X0 = (T} T) wy, wy € ker(Ty) " and ||wy |2 < p).
Then

o(1) if v=0,
[ —xa,ﬂllz = jo((he +5)2"'+‘) + 07 llwall2) if 0<v<l,
O((he + 5)2‘“ )+ O(elln — Re)Thwall2) if v=1,

where yg == ||(In — Ro) T ll2-

Corollary 6 Assume that an € Xu,1,p and let o > 0 be the solution of (16). Then, for
£ such that hy ~ 8, we have

OBTH)  asd — 0,

A

m—wwmx_fw+owﬁn as § — 0.

As mentioned at the end of Section 3, if an estimate of ||x,f |l2 is not available, then
we may substitute E by the expression D||x2ﬁ ;Il2 with a constant D > 1. With this
choice, for « satisfying (17), we achieve the same convergence rates.

We note the improvement over the convergence rate 0(8*/3) for standard (non-

iterated) Tikhonov regularization.

6 An alternative parameter choice strategy

In this section we apply a parameter choice strategy that differs from the one above.
Our aim is to be able to determine more accurate approximations of the desired solution
xT of (1) and to compute these solutions in lower-dimensional Krylov subspaces.

We now apply the result of Appendix A.l. This requires that we translate the
additional hypothesis of Proposition A.1 to establish convergence rates.
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Assumption 1 There hold the equalities
ReTpx! = 7O
and
ReTx) =T

Note that, if the Arnoldi or Golub-Kahan processes do not break down, the opera-
tors V,, ¢ an ¢ and Vg Vz* converges to I, as £ increases. Therefore, the hypotheses of
Assumptions 1 are close to being satisfied for £ large enough. We can estimate the
norm of the differences

I(ReT — TOYVx 2 = I1ReTu(In — VeV, ) 2

and
I(ReTy — TV 2 = IR T (I — VeVi)x ! la.

However, these quantities might not be monotonic functions of ¢; see Example 3 in
Section 7.

Proposition 7 Let Assumption 1 hold and let T = 1. Set hy = hy = 0 and let (9) and
(17) be satisfied. Let & and o be the unique solutions of (8) and (16), respectively.

Then for all ' > & and o’ > «, we have that ||x,, — fgi A2 < It — igién ;Il2 and
T 8, T 8,0

A P FARE S

Proof The result follows from Proposition A.1 by using Assumption 1. O

Under Assumption 1, the parameter choice strategy suggested by Proposition 7
results in computed solutions of higher quality than the parameter choice strategy
suggested by Proposition 1 and Proposition 4. In fact, since for both equations (8)
and (16), the left-hand sides are monotonically increasing, using smaller right-hand
sides yields smaller values of the regularization parameter. Moreover, since we now
set fzz = 0 and hy = 0, both equations (9) and (17) are usually satisfied for smaller
values of £. This means that we can use Krylov spaces of smaller dimension.

Remark 1 We may use the parameter choice strategy of this section also when Assump-
tion 1 is not satisfied. This is illustrated in the following section.

7 Computed examples

We apply the iGKT regularization method to solve several ill-posed operator equations.
Examples 1, 2 and 3 are image deblurring problems. Example 3 compares the iGKT and
1AT methods using the parameter choice strategy of Section 6. Example 4 works with
rectangular matrices for which only the iGKT method can be applied. All computations
were carried out using MATLAB with about 15 significant decimal digits.

The matrix 7, takes on one of two forms: It either serves as a model for a blur-
ring operator or models a computer tomography operator. The vector x,, € R is a
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discretization of the exact solution of (1). Its image y, = Tnx,I is presumed impracti-
cal to measure directly. Instead, we know an observable, noise-contaminated vector,
yfl € R™ | that is obtained by adding a vector that models noise to y,. Let the vector
en € R"™ have normally distributed random entries with zero mean. We scale this
vector

o Ellynll2

llenll2

to ensure a prescribed noise level £ > 0. Then we define
8 ._ 5
Yy = Ynt+en.

Clearly, § == || y,‘z —Vull2 = &llynll2. We fix the value & for each example such that § will
correspond to (100 - €)% of || y||2. To achieve replicability in the numerical examples,
we define the “noise” deterministically by setting seed=11 in the MATLAB function
randn, which generates normally distributed pseudorandom numbers and which we
use to determine the entries of the vector e,,.

The low-rank approximation Tn(l) of T, is computed by applying € steps of the
Golub-Kahan process to the matrix 7, with initial vector v; = y;z /l yﬁ ll2. Thus, we
first evaluate the Golub-Kahan decomposition (10) and then define the matrix Tn(z)
by (11). We proceed similarly for the low-rank approximation f",l(z) defined by (7).
Note that these matrices are not explicitly formed.

We determine the parameter o for Algorithm 4 (iGKT) by solving equation (16)
withC =1and E = ||x,7; l2, as suggested by Proposition 4. Inequality (17) holds for
all examples of this section. In other words, « is the unique solution of

P 9 D) (B Dh o+ ol ) H 90 = lx) ke + 8). (18)

We also illustrate the performance of the alternative parameter choice strategy of
Section 6. As suggested by Proposition 7, the parameter « for Algorithm 4 (iGKT) is
the unique solution of

@2 G ) (B e Ty o+ o)L = 8% (19)

Since we would like to compare the iGKT and iAT methods using the alternative
parameter choice strategies suggested by Proposition 7, the parameter & for Algo-
rithm 1 (iAT) is chosen to be the unique solution of

SO ) Eern e Si o F @l ) L = 8% (20)

Example 1 We consider an image deblurring problem and use the function
PRblurspeckle from the toolbox TRtools [24] to determine an n? x n? matrix
T, that models blurring of an image that is represented by n x n pixels. This function
generates a blurred image with the blur determined by a speckle point spread function

that models atmospheric blur.
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Table 1 Example | - Relative

error in approximate solutions . IGKT T 57 =
computed by the iGKT method ! o Ixn = X i 12/ 1%n 112
with parameter « determined ) )
using (18) for n = 256 and 80 1 1.59-10 9.76-10
£=1% 50 5.50 - 102 9.65-10!
100 3.36 - 10! 6.44-10"!
200 5.82- 100 4731071
500 2.03- 100 3.24.107!
1000 1.42- 100 2.50- 10!
2000 1.19- 109 2.17-1071
160 1 1.03- 109 7.96- 107!
50 4.56-10! 7.49 1071
100 3.36- 10! 6.44. 107!
200 5.82- 100 473-1071
500 2.03-10° 3.24.107!
1000 1.42- 100 2.50- 107!
2000 1.19 - 109 2.17-107!
240 1 455.107! 7.11-1071
50 2.43-10! 6.77 - 1071
100 3.36- 10! 6.44 1071
200 5.82-10° 473.107!
500 2.03-10° 3.24-1071
1000 1.42-10°0 2501071
2000 1.19-10° 2.17-1071

We set n = 256. The true image is represented by the vector x; € R". This image
is shown in Figure 1 (upper left) and the observed image yﬁ e R” (upper right) is
obtained by adding white Gaussian noise with & = 1%. We test the iGKT method
for several values of ¢ and i. Table 1 reports the relative approximation error for the
parameter « obtained by solving equations (18). The iGKT method can be seen to
perform well.

Table 2 reports the relative approximation errors for the parameter « obtained by
solving equation (19). Assumption 1 is not satisfied for this example. Nevertheless,
we can try to use this parameter choice rule because it allows a smaller value of ¢
without loss in the quality of the reconstructions. Figure 1 shows some reconstructed
images in the second row.

Example2 We consider another image deblurring problem and use the func-
tion PRblurshake from IRtools with option BlurLevel="severe’. The
MATLAB function rng is applied with the parameter values seed=11 and
generator="'twister’ todetermine an n? x n? blurring matrix 7, and a blurred
and noisy image that is represented by n x n pixels. The blur simulates random camera
motion (shaking). The noise is white Gaussian with & = 1%.
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Table2 Example | - Relative

, ) ) iGKT
error in approximate solutions i 37 =
, ¢ i o oy =220 o/l

computed by the iGKT method n = Xgp, i 12710112
with parameter « determined 3 )
using (19) for n = 256 and 20 1 4.17-10 375-10
E=1% 50 2.58-107! 3.54.1071

100 5.17-107! 3.54.107!

200 1.04 - 10° 3.54.107!

500 2.03-10° 3.42.1071

1000 1.42 - 10° 3.24.107!

2000 1.19 - 10° 3.24-1071

40 1 2.23-1073 3.09- 1071

50 1.19-107! 2.84.1071

100 2.37-1071 2.83-1071

200 4751071 2.83-1071

500 1.19-10° 2.83-1071

1000 1.42-10° 2.53.1071

2000 1.19-10° 2.34.1071

80 1 1.59.1073 2.84.1071

50 8.32.102 2.59.1071

100 1.67- 1071 2591071

200 3.33-107! 2.59.1071

500 8.34.107! 2591071

1000 1.42 - 10° 2.50- 107!

2000 1.19- 100 2.17- 107!

We set n = 256; the true image is represented by the vector x,: € R". This image
is shown in Figure 2 (upper left) with the observed image yfl e R” (upper right).

Table 3 shows results for the iGKT method with the relative error of the computed
approximations corresponding to the parameter « that is determined by solving equa-
tion (18) or equation (19) for several values of £ and i. Assumptions 1 are not satisfied.
However, the alternative parameter selection strategy allows smaller values of £.

Reconstructed images for both parameter choice strategies are shown in Figure 2.

Example 3 This example considers the restoration of an image that has been con-
taminated by motion blur and noise. Thus, we use an n? x n” blurring matrix 7,
that simulates motion blur with n = 256. Figure 4 shows the true image represented
by x; e R” (upper left) and the observed blurred and noisy image represented by
yle R’ (upper right). The noise is white Gaussian with & = 2%.

We compare the iGKT and iAT methods for several values of £ and i. The inequali-
ties (9) and (17) are not satisfied. We show results for the alternative parameter choice
strategy. Table 4 reports the relative approximation errors for the parameters o and
a, obtained by solving equations (19) and (20), respectively. Assumptions 1 are not
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Fig. 1 Example 1 - Exact solution x,j (upper left) and observed image y,‘i (upper right). Approximate
solutions xi’fl ; computed by the iGKT method with £ = 80 and i = 2000 with & determined using (18)

(lower left) and P computed by the iGKT method with ¢ = 40 and i = 2000 with « determined using

o,n,i

(19) (lower right). Here n = 256 and £ = 1%

Table3 Example 2 - Relative error in approximate solutions computed by the iGKT method with parameter
« determined using (18) and (19), forn = 256 and § = 1%

iGKT (18) iGKT (19)

¢ i o ey —x03 la/lxilla @ ey — %57 2/ Ixn 2

30 1 - - 7.56-1073 1.80- 1071
50 - - 4.04-1071 1.64-107!
100 - - 8.08- 107! 1.64-107!
200 - - 1.62-10° 1.64 107!
500 - -- 2.02-10° 1451071

60 1 1.81-10! 9.63-107! 6.17-1073 1721071
50 6.23 - 102 9.46 - 107! 3.26-1071 1.57-107!
100 3.35. 10! 3.91-107! 6.53 107! 1.57-107!
200 5.81-10° 2.25-1071 1.31-10° 1.57-107!
500 2.02-10° 1.45-1071 2.02-10° 1.45-107!

120 1 1.60 - 100 7.27 107! 5.81-1073 1.69- 107!
50 6.71 - 10! 6.43- 107! 3.07- 107! 1.55-107!
100 3.35.10! 3.91-107! 6.14- 107! 1.55-107!
200 5.81-10° 2.25-107! 1.23-100 1.55-107!
500 2.02-10° 1.45-107! 2.02-10° 1.45-107!
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Fig.2 Example 2 - Exact solution x; (Up-Left) and observed image yﬁ (upper right). Approximate solutions
8,0

o n.i computed by the iGKT method with £ = 60, i = 500, and « determined by solving (18) (lower left)
and xi’fl ; computed by the iGKT method with £ = 30, i = 500, and & determined using (19) (lower right).
Heren =256 and & = 1%

107t 1.1
1.05+
1
—2 \
107} \
0.95 “
|
09} |
|
T STTTON !
1073 ¢ e q 0.85F !
v L
\ 2 |
L L ~1 L L 0.8 L
5 10 15 20 25 30 5 10 15 20 25 30
L

5 7 () T
Fig.3 Example 3 - (Left) Values of MR T =Ty Dxnll2

RGN
- T (continuous line) and MR Tn =Ty Dtz
”R[ Tn)fn ll2

T (dashed
”RZ Tnxnll2

line) in logarithmic scale. (Right) Values of ”;17’3”2 (continuous line) and HT}%IZ (dashed line). Here ¢ =
1,...,30

satisfied. The iGKT method gives better reconstructions than the iAT method. We also
report the average computing times. They show the iAT method to be slightly faster.

Figure 3 displays the relative norm of the difference from Assumption 1 for several
values of £. We can see that for the iGKT method this norm decreases rapidly and
monotonically, but not for the iAT method. The figure also shows the values of h¢ and
he.

Figure 4 shows some reconstructed images in the second row.
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Fig.4 Example 3 - True image x;[ (upper left) and observed image yﬁ (upper right). Approximate solutions
xﬁ’ft i computed by the iGKT method with i = 200 and « determined using (19) (lower left) and xi’i ;
computed by the iAT method with i = 100 and & determined using (20) (lower right) with £ = 20. Here
n=256and & =2%

Example 4 This example is concerned with a computerized tomography problem. We
use the function PRtomo from IRtools setting |n+/2] number of rays and 180
uniformly distributed angles from 0 to 7, to determine an 180|n+/2] x n? matrix T,.
The true image, represented by the vector x,T, e R" forn = 256, is shown in Figure 5
(upper left). The observed data (the sinogram) y® € R180Lv2J g depicted in Figure 5
(upper right). The noise is £ = 1%.

Table 5 collects some relative approximation errors for the iGKT method. The
parameter « is obtained by solving equation (18) or by solving equation (19) for
various values of ¢ and i. Assumption 1 is not satisfied. The alternative parameter
selection strategy allows smaller values of ¢ and yields good reconstructions for small
values of i.

Two reconstructions are shown in the second row of Figure 5.

8 Conclusion

The paper presents a convergence analysis for iterated Tikhonov regularization based
on partial Golub-Kahan bidiagonalization. Two approaches for choosing the regular-
ization parameter are discussed. Our convergence analysis improves the convergence
analysis in [6].
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Table5 Example 4 - Relative error in approximate solutions computed by the iGKT method with parameter

« determined using (18) and (19), forn = 256 and § = 1%

iGKT (18) iGKT (19)
¢ i o Iy — x5 2/l @ oy — %57 2/ Ixn 2
3 1 - - 6.36 - 102 5.65-1071

25 - - 3.89-10% 5.53-10"!

50 - - 1.03- 103 5.47-1071

100 - - 3.27-10! 5471071
6 1 1.40 - 106 9.90- 10! 2.34 . 102 3341071

25 9.29 - 10° 8.06- 107! 1.13 - 10% 3.12-1071

50 1.03-103 2.99.107! 1.03-103 2.99.107!

100 3.27-10! 2.99.1071 3.26 - 10! 2.99.107!
12 1 2.59-10° 9.52.107! 1.47 - 102 2.22-107!

25 9.29.10° 8.06 - 1071 5.76 - 103 1.96- 107!

50 1.03- 103 1.78 - 10! 1.03- 103 1.78 - 107!

100 3.27- 10! 1.78 - 107! 3.27- 10! 1.78 - 107!

m D

Fig.5 Example 4 - Exact solution x; (Up-Left) and observed data (sinogram) y,‘2 (upper right). Approximate

solutions xi’fl ; computed by the iGKT method with & determined by (18) (lower left) and xi’f; ; computed
by the iGKT method with « determined by (19) (lower right) with £ = 12 and i = 50. Here n = 256 and

£=1%
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Table 6 Comparison of notation

Notation of this section T T Om Thom = OmTj xf xi‘ﬁl ;
Notation of iAT T, 7,0 Re 7, X .
Notation of iGKT T 7,0 Ry 79 X o
A Appendix

In this section, we provide the proofs for our results. The first subsection provides the
analysis applied in Section 6 and the second subsection gives more details of some of
the proofs in [6] that may be of interest to a reader. Moreover, we present an updated
version of these results by modifying a specific condition.

Our analysis is done in a general setting. To enhance readability, we provide Table 6,
which connects the notation used in this section with the notation used for the iAT and
iGKT methods in the previous sections.

A.1 A different parameter choice strategy

Assumption2 Let 7: X — ) denote a bounded linear operator between separable
Hilbert spaces X" and ) with norms || - || x and || - ||y, respectively, that are induced
by inner products, and let 7}, be an approximation of 7. Consider a family {W,,},,en
of finite-dimensional subspaces of ) such that the orthogonal projector Q,, into W,
converges to / on Rg T as m — oo.

Define the operator 7}, ,, := Q;, Tp. Using the iterated Tikhonov (iT) method (see
[23, Section 5]) applied to the solution of equation (2) with the operator T} ,, we
define the approximate solution

i
8,h _ _
X = Zak NI Thm + D)7 TF, (A21)
k=1

of (2). Consider for > 1 the equation for «,
(T Ty + D27 00y’ Qmy®) = 8%, (A22)
Similarly as in [6, Proposition A.6], one can show that there is a unique solution o of
(A.22) provided that
8% < 10w’ |I%. (A23)

Proposition A.1 Let Assumption 2 and (A.23) hold with t = 1. If 0y Tx" = Ty jyx’
8,h

and a is the unique solution of (A.22), then for all @' > o, we have xt — X, il <
F 8,h
xt =, -
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Proof Let {F h.my neR be a spectral family for 7j,, mT* . We recall that for any self-
adjoint operator A, there exists a unique spectral famlly {E,.}er that is a collection
of projectors such that

f(A)x = /0 fdEx = nli)H;OZf(,U«k)(Euk —E,_)x,
k=1

where on the right-hand side we are considering the limit of a Riemann sum for any
continuous function f and x E X see [23, Section 2.3] for a precise definition.
Define e(a) = 5 Lix" — x 12. It follows from the hypothesis that 7}, mxl =

QmT)CT = QOmy and

d . 00 i_ i o) i—1
e(ar) _ l‘<ThqmX} _f (n+a) 4“ dFl]z,m meS’/ o i dFllz,m me6>
0 0

Olml|

do (4 ) (1 + a)it!
) o] (M""a)i —Oli " s 00 ai—l " s
:l<me—/0 WdFM " Omy 7/0 mdFﬂQOy .

Adding and subtracting | (Thm Ty, +al ) Qm y%|12, we obtain

de(ot)

- PN T T+ D) Oy

oo i—1
+i</ “—dph’"Qm(y ), (ThmThm—i-al) me >
0 (L+a)?

and collecting i||(Th m Ty, +al) =7

d
) -k (2’ T T+ o) 0t = | [T

) |

(M+a)2

The proposition now follows from

00 ai—l
‘/ ———dF}" Qu(y
0

(1 +a)?
Remark 2 This analysis is an addendum to the work of [6, Appendix A]. Here equation
(A.22) and condition (A.23) are a special case of [6, equation (A.27)] and condition
[6, equation (A.26)] respectively, under the new assumption Q,, Tx" = Th, mx ',

3
24,

m}

A.2 More details on the convergence analysis

In this section we provide more insights on some of the results presented in [6].
Consider Assumptions 2 along with the following conditions.
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Assumption3 Let W,, C Y, Tj, € £(X,)), 8 > 0, and y® € ) be such that

W, C Rg(T), Rg(QmTh) = Wy,

\ ©
1On(T =Tl < k. 1Qm(y =¥l <.

We define the operator 7, == Q,,T and recall the well-known notation for the
source set

Xop=xeX|x= (T*T)’'w,w € ker(T)J‘ and |w| < p}.

We first present a proof for an improved version of [6, Lemma A.3]; see Remark 3.

LemmaA.2 Lerx' € Xy,p and let w be fixed. For v € [0, 1) defining

b(a, m) = ' YV N(TET, + o) (TFT) w].

It holds that
lim b(a,m) =0
m—00
a—07T
if ,
a= o(u,;;‘*”), (A24)

when v > 0 and i > 1 for pu,, = min(o (T, T;,) \ {0}), where o (T, T,,) denotes the
spectrum of T, Ty,

Proof The case i = 1 is treated in [23, Lemma 5.5]. We only consider the case i > 1.
If v = 0, from the inequality

ANTET, + o)™ wl| < al(TETy +al) 'w]

the result again follows from [23, Lemma 5.5].
Let v > 0. Firstly note that since it holds X = ker(7},) @® ker(7},)" for any m, by
definition of b(«, m) we have the equality

o NTET, 4+ o) THTET) = ' TNTE T + D) (T T) win|

where w,, is the orthogonal projection of w into ker(7},)* C ker(T)=, in particular
lwyll < lw]. Let now {El’f} wer be a spectral family for 7 T;,,. We have the equality

2i(1— 2
bz(Ol, m) = foo ( (_):_l()Zi:i ) ( i v)zvdEZl“meZ.
0 (Ut (u+a

By Holder’s inequality,

00 2 1—v 00 2 v
<[ () ][ (]
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0 o \2 I=v
m 2 20(1—i) 20
5[/0 (Ha) dEM||wm||] u2 0D 1, |

_(X2l(1 \))”(T T +a1) wy ”2(1 U)MZU(I l)”wm”2\)

; 1
2i(1—v) 2v(1-i)
<a o F oy M 1w 1?
2= 2i(1-v) )
fﬂ”wm“ iy Iwl® = 0.
IL m

where in the end we used hypothesis (A.24). O

Note that equation (A.24) is trivially satisfied when 7*T has finite spectrum, which
is the case in the finite dimensional setting.

We now prove [6, Proposition A.4] using a slightly different hypothesis; see
Remark 3 and Remark 4.

Proposition A.3 Let Conditions C be satisfied. Moreover, let xT € Xy, p so that xf =
(T*T) w. For m sufficiently large, there is a unique o > 0 that solves

2+l * —i (¥ v (i T .
a 2 (T, Tn+al) " (T,,T,,) " wll = @G + Dhlx"|| +id)/2. (A.25)

Moreover, if v = 1 and i > 1 assume that w = Qyw for some Q, orthogonal
projector into a finite dimensional eigenspace of T*T

Then, it holds that « — 0 for h, 8 — 0, m — 00, and, if moreover a = o(u'(l ”))
whenv < 1 andi > 1, we have

o(1) ifv =0,
¥ = xg i1l = o + a)w) + 0@ lwl) ifo<v<l,
O((h +8)77) + Oyl = Qu)Twll) ifv=1,

where yy, = ||(I — Q)T

Proof The existence and uniqueness of a solution « for equation (A.25) follows since
for m large enough the left-hand side is a nonvanishing monotonically increasing
function with image the non-negative real semi-axis. The limit « — O follows since
the right-hand side is monotonically decreasing as 6, & — 0.
From Conditions C used in [6, Lemma A.2], the choice of «, and the fact that
Te Xy p, it follows

iGi + Dhlx™| +i8
2

=o' | (T3 T + )™ (T D) wl| + o [ (T T + @)™ (T T w

< 2| (T3 T + D) (T3 T w| + |[(T*T)Y = (T T w

IxT = x> < & | (TE T + D)7 xT| +

o,m,i
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where we also used the inequality o' [|[(7¥T,, + «1)~'|| < 1 to obtain the summand
I[(T*T)" — (T,;T,n)" lw||. The estimates for this term follow from [32, Lemma 2.6]
for all cases.

If v = 0, then the assertion follows directly from Lemma A.2 (using its v = 0 case
together with [23, Lemma 5.5]).

Letnow O < v < 1. Set

bla,m) =o' V(T3 T + D)™ (T} Tn) w||

as in Lemma A.2, and denote

i(i + DhllxT|| +i8
R 8) ::l(l+ Yallx™|| +i .
2

Then (A.25) reads

2i+1

a2 [(TETw + o) (TT) w| = R(h, 8).

Using the definition of b(«, m), we obtain
a2 b(a, m) = R(h, 8),
and hence

o [ (T T + D)™ (TET) w]) = & b(ar, m) = b, m) 5071 R(h, 8) 7057

i—v
i(1—v)

If0 < v < 1, by Lemma A.2 and the assumption o = o(um ) for the case i > 1,
we have b(a, m) — 0as h,§ — 0 and m — o0, so

1 2iv

b(ar, m) T R(h, §) 0T = o(R(h, a)%) = o((h + 8)7vHT).

If v = 1, from the hypothesis w = Q,, w we get the bound
bla,m) = (T T + &) TiTwwll = 1Ty T + &)~ T T Quwll < llwll/pyy

for py == min(o (T;;Ty) \ {0}) where Ty, := T Q,,. Therefore,

iv iv 2i
T — O<R(h, g)zt-zm) = 0((;, +34) 2iuli‘1)_

b(a, m)7¥1 R(h, 6)
O

In the end, the result of [6, Theorem A.7], from which the convergence rates for
both the iAT and the iGKT methods followed. Similarly as before, we state a version
with a slightly different hypothesis, see Remark 3 and Remark 4.
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TheoremA4 Let C > 1 and E > ||xT|, and let Th.m = QmTh. Assume that Condi-
tions C hold and that
Eh+C8 < ||Qny’|.

Moreover, let x' € Xy, p so that xt = (T*T) w and, if v=1and i > 1 assume that

w = Qyw for some Q. orthogonal projector into a finite dimensional eigenspace of
T*T.
Let o > 0 be the unique solution of

. . ,
AN (T Ty + D)2 0y |* = (ER + C8). (A.26)

Then the same asymptotic estimates of Proposition A.3 hold for this parameter choice
if .

a = o(u;',;“”) (A27)
inthe case 0 < v < landi > 1 (with w,, as in Lemma A.2), .

Proof As reported in [6], the proof is identical to the proof of [36, Proposition 3.4]
thanks to [6, Lemma A.6]. In particular, the convergence rates are a consequence of
Proposition A.3. The absence of the constant (2i + 1) in the lower bound for E follows
by applying [6, Proposition A.8], which assures the same convergence rates and thus
the non-necessity of this constant. O

Remark 3 We compare the requirement (A.24), which we use to show Lemma A.2, to

the condition
20(i—1)

a=o(um ") (A.28)

used in [6, Proposition A.4, Theorem A.7]. Note that for 0 < v < 1, the chain of
inequalities

2v(i — 1) i—v
> b
1—v i(1—v)
2vi(i — 1) >i —v,
v(2i2=2i+1) > i,
i
>—
P24+ (G —1)2

holds for i large enough, from which it follows that in this case the requirement (A.24)
is weaker than (A.28). For the case v = 0 we only ask ¢ = o(1) in both cases.

Remark 4 Differently from [6], to obtain the convergence rates stated in Proposi-
tion A.3 and Theorem A.4 for the case v = 1 and i > 1, we explicitly require
the additional assumption w = Q,w, where Q,, is an orthogonal projector onto
a finite-dimensional eigenspace of 7*T. This assumption, implicitly satisfied in the
finite-dimensional case, ensures the claimed stronger convergence rates. In its absence,
the convergence rate reduces to the one provided by [6, Proposition A.10], namely,

O((h +8)3) + 0(y2).
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