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Abstract

The Laser Interferometer Space Antenna (LISA) is a pioneering space-based observatory
designed to detect Gravitational Waves (GWs) in the millihertz frequency band. Over its
mission lifetime, LISA is expected to probe a wide variety of astrophysical phenomena,
ranging from mergers of massive black hole binaries in the early Universe to inspirals of
stellar-origin compact objects within our own Galaxy. In particular, LISA will resolve more
than ten thousand nearly monochromatic white dwarf binaries, providing unprecedented
insights into the Galactic population of compact binaries. Beyond individually resolvable
binaries, the majority of Galactic sources will remain unresolved, producing a confusion-
limited signal known as the Galactic foreground, which is predicted to dominate the 0.5–3
mHz frequency range. In addition, astrophysical and cosmological processes are expected
to contribute to the LISA datastreams, generating multiple Stochastic Gravitational Wave
Backgrounds (SGWBs).

The LISA datastream will be signal-rich, with GW sources continuously emitting within
the instrument frequency band. Such complexity motivates the development of the so-
called Global fit. Among many proposed approaches, the most consolidated one is to use a
Blocked Gibbs sampling algorithm to jointly analyze different GW source classes, including
instrumental noise and SGWBs.

In this thesis, we focus on the modelling challenges for the stochastic and noise sectors
of the Global fit. We mainly focus on astrophysical contributions, from White Dwarfs
(WDs) binaries, Stellar-Origin Black Holes Binaries (SOBBHs), and Extreme Mass Ratio
Inspirals (EMRIs).

The main goal in modeling a stochastic signal is to disentangle it from instrumental
noise. This is a non-trivial task, particularly when accounting for uncertainties associated
to both. Unlike ground-based detectors, LISA instrumental noise uncertainties stem from
limited knowledge of the environment in which the satellites reside. Similarly, incomplete
knowledge of astrophysical source populations or additional physics beyond GW emission
in vacuum, must be accounted for.

To investigate the aspects above, we characterize the EMRI background by considering
several population models and study the SOBBH one, including possible environmental
effects. We explore systematically amplitude and spectral shape uncertainties in both. To
account for them in a data analysis context, we develop a model based Expectation value
of Gaussian Process (EGP), a flexible parametrization capable of capturing a wide variety
of Power Spectral Density (PSD) shapes. Such uncertainties propagate into the spectral
reconstruction and ultimately affect the effective detectability of the signal.

To rigorously quantify detectability, we leverage Bayesian evidence. This approach
naturally incorporates marginalization over the uncertain noise properties of the instrument
within the detectability criterion. Building on this, we propose a robust method to compute
a Bayesian sensitivity, defined as the threshold Bayes factor above which a stochastic signal
can be confidently identified.

Given the uncertainties and the overlapping nature of different SGWB processes, we
explore additional, statistical properties to distinguish components from one another. For
instance, the non-Gaussianity arising from the intrinsic Poissonian nature of the astrophys-
ical SGWB may serve as a useful discriminator. To this end, we assess the level of non-
Gaussianity in the EMRI background. We further investigate astrophysical anisotropies,
leaving quasi-stationary signatures in the signal. This behavior is typical of the Galac-
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tic foreground and of the SGWB produced by unresolved WD binary populations in the
Milky Way satellites. To address this, we construct a fully Bayesian framework capable
of handling anisotropies, extracting information from spectral properties but also on the
morphology of the source.

Finally, we introduce bahamas, an algorithm designed to model the quasi-stationarity
arising from the Galactic foreground in a Global Fit context. To this end, we develop a
highly flexible time–frequency framework that can accommodate different setup configu-
rations. In particular, by leveraging coarse-grained data and efficient sampling techniques,
we demonstrate how to significantly suppress the computational cost. Moreover, the code
infrastructure is designed to incorporate multiple source classes as well as mission-specific
data gaps.

This thesis is organized as follows: in Chapter 1 we give an overview on the theory of
GWs. We describe the GW emission from binaries systems and the specific peculiarities
of eccentrics ones. We introduce SGWBs and their properties. In Chapter 2 we introduce
the tools relevant to process statistically data recorded by GWs detectors. We describe
relevant signal and noise parametrizations, leading to the definition of Signal-to-Noise
Ratio (SNR) in a stochastic context. We then introduce Bayesian inference. In Chapter 3
we describe key aspects of LISA for our studies. We provide an overview of the mission
design and we summarize the properties of expected astrophysical sources. We describe the
instrument response to GWs and the dominant noise sources followed by an introduction
to Time-Delay Interferometry (TDI).

In Chapter 4, we present results on the characterization of the astrophysical back-
grounds from EMRIs and SOBBHs. We then introduce a weakly parametric method, the
EGP, to flexibly model the PSD, explicitly accounting for uncertainties in the spectral
shape. We also develop the concept of Bayesian sensitivity to assess the detectability of a
stochastic signal in the presence of noise and its uncertainties.

In Chapter 5 we characterize typical statistical properties of SGWB processes of as-
trophysical origin. We begin by analyzing the non-Gaussianity of the EMRI background,
then move on to study anisotropy and non-stationarity, evaluating their detectability in
the context of the Milky Way and its satellites. Finally, we introduce a time–frequency
approach as a Global-fit-viable approach to inference.

The results chapters (Chapters 4 and 5) conclude each main section with a Caveats and
Takeaways subsection that summarizes key findings, highlights limitations and discusses
implications for LISA science, and outlines directions for future work.

Chapter 6 synthesizes the key concepts and findings of this thesis.





Acronyms
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LPF LISA PathFinder

MBH Massive Black-Hole

MBHB Massive Black-Hole Binary

MCMC Markov Chain Monte Carlo

MLE Maximum Likelihood Estimation
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OB Optical Bench
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SS Stepping Stone

SSB Solar System Barycenter

STFT Short Time Fourier Transforms
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TM Test Mass

TDI Time-Delay Interferometry

TT Transverse-Traceless

WD White Dwarf
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Notation

Units

Throughout the Thesis we adopt the cgs units system.
Unless otherwise specified, the speed of light and the Newton constant are set to c =

3×1010cm · s−1 and G = 6.67×10−8g−1 ·cm3 · s−2, respectively. Where specified, we adopt
geometric units where G = c = 1.

The solar mass is set to M⊙ = 2 × 1033g and the typical astrophysical distances are set
in units of parsec (1pc = 3.09 × 1018cm).

Indices

Greek indices, such as α, β, ... or µ, ν, ..., take the values 0,..., 3, while spatial indices are
denoted by Latin letters, i, j,... = 1, 2, 3.

Array and Vector

We denote array variables and vector quantities with bold symbols, such as v. A hat
symbol (e.g.,v̂) denotes a normalized (unit) vector.

Cosmology

We consider a flat ΛCDM cosmology (H0 = 70Km/s/Mpc, Ωm,0 = 0.3).
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Chapter 1

Introduction to gravitational waves

In this chapter, we introduce in Sections 1.1 and 1.2 the theory of General Relativity (GR)
and its linearization as theoretical framework for the description of GWs. In Section 1.3
we focus on the generation of GWs from binary systems.

1.1 Introduction to general relativity

In GR, the principle of relativity is extended to include non-inertial reference frames, i.e.,
frames that accelerate relative to one another. Following the equivalence principle, local
effects of gravity are indistinguishable from those of acceleration.

Accordingly, GR describes gravity as the manifestation of the curvature of spacetime.
In doing so, the flat Minkowski metric ηµν from special relativity is replaced by a general
metric tensor gµν , which defines the spacetime geometry.

To determine the metric gµν , one must solve the Einstein field equations, relating the
curvature of spacetime to the distribution of matter and energy:

Gµν =
8πG

c4
Tµν . (1.1)

Here below, we do not aim to provide a formal derivation of Einstein field equations,
rather build an intuition on their physical meaning and implications. To simplify the
notation, we adopt natural units where G = c = 1. A natural starting point is the motion
of a point-like test particle in curved spacetime. The trajectory of such a particle of mass
m is determined by the principle of least action. The action is given by:

S = −m
∫

dτ = −m
∫

√

−gµν
dxµ

dτ

dxν

dτ
dτ, (1.2)

where dτ is the proper time along the particle worldline. Minimizing the action yields the
geodesic equation

d2xµ

dτ2
+ Γµαβ

dxα

dτ

dxβ

dτ
= 0, (1.3)

where Γµαβ is the Christoffel symbol, defined in terms of the metric tensor gµν and its
derivatives:

Γαβµ =
1

2
gασ(gσβ,µ + gσµ,β − gβµ,σ), (1.4)
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In the Newtonian limit, we assume that the gravitational field is weak (i.e., gµν ≈ ηµν+hµν)
and static (i.e., ∂0gµν = 0). The tensor hµν is a small perturbation to the Minkowski metric.
In this regime, the geodesic equation is approximated by:

d2xi

dτ2
≈ −Γi00 =

1

2
∂ig00. (1.5)

Comparing Eq. 1.5 with the Newtonian equation of motion, we find that the g00 component
of the metric tensor is related to the Newtonian gravitational potential ϕ by:

g00 = −1 − 2ϕ, (1.6)

which implies h00 = −2ϕ. The potential ϕ is related to the mass density ρ by the Poisson
equation:

∆ϕ = 4πρ, (1.7)

where ∆ = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is the Laplacian operator. Eq. 1.7 can be rewritten
in terms of the metric tensor perturbation h00 as:

∆h00 = −8πρ. (1.8)

Eq. 1.8 relates the metric perturbation to the matter density. We want to promote this
equation to a more general one, interpreting the right-hand-side as a source term. Specifi-
cally, we consider ρ related to the T00 component of the stress-energy tensor Tµν , describing
the distribution of energy and momentum in spacetime. For the left-hand side, we need
a rank-2 tensor, that contains information about spacetime curvature. This leads to the
Riemann tensor Rαβµν , a rank-4 tensor characterizing spacetime geometry, which can be
expressed as:

Rαβµν = Γαβν,µ − Γαβµ,ν + ΓασνΓ
σ
βµ − ΓασµΓσβν , (1.9)

where the comma denotes the partial derivative with respect to the coordinates. For our
purposes, we consider the Ricci tensor Rµν , which is a contraction of the Riemann tensor:

Rµν = Rαµαν = gασRµσνα. (1.10)

Under static conditions—i.e., when the metric and matter distribution are time indepen-
dent—the Ricci tensor can be algebraically manipulated to yield the following relation:

R00 ∼ −1

2
∆h00, (1.11)

such that we rewrite Eq. 1.8 as:
R00 ∼ 4πT00. (1.12)

This suggests a more general relation between the curvature of spacetime and the stress-
energy tensor:

Rµν
?
= 4πTµν , (1.13)

Unfortunately, this equation is not generally valid. The stress-energy tensor Tµν has to
satisfy the conservation law, i.e., ∇µTµν = 0 with ∇µ being the contracted covariant
derivative. The Ricci tensor Rµν does not always satisfy such constraint in general, i.e.
∇µRµν ̸= 0. In general, its divergence is given by:

∇µRµν =
1

2
∇νR. (1.14)
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where R = gµνRµν is the Ricci scalar, i.e., Ricci tensor trace. Thus, the Einstein tensor
Gµν , defined as

Gµν = Rµν − 1

2
Rgµν , (1.15)

is divergence-free, i.e. ∇µGµν = 0. This suggests that Gµν = αTµν . We set α = 8π by
requiring consistency with Newtonian gravity. This gives us the Einstein field equations:

Gµν = Rµν − 1

2
Rgµν = 8πTµν . (1.16)

Eq. 1.16 is a set of sixteen scalar equations. The metric and stress-energy tensor are
both symmetric tensors. Thus, Einstein equations can be written as a set of ten equations.
Furthermore, they are not independent, since the Einstein tensor is divergence-free, i.e.
∇µGµν = 0. This relation, also known as the Bianchi identity, represents four further
constraints on the Einstein field equations. In this way, we get a total of six independent
equations. In most cases, one has to solve the Einstein equations numerically. However, it
is possible to find analytical solutions in special cases as the weak field approximation.

1.2 Linearization of Einstein equations

GWs are small perturbations of the spacetime metric gµν , whose existence is predicted from
the linearization of Einstein equations in the weak-field approximation. In what follows,
we briefly review the weak field approximation and the derivation of the linearized Einstein
equations.
For simplicity, we assume that far from matter and energy the metric is approximately
flat, i.e., a perturbation over Minkowski spacetime:

gµν = ηµν + hµν + O(h2), (1.17)

with hµν a small spacetime perturbation. Eq. 1.17 can be inserted inside the Einstein
equation, keeping only terms linear in the spacetime perturbation hµν .
It is convenient to work with the trace-reversed perturbation:

hµν = hµν − 1

2
ηµνh, (1.18)

where h = ηµνhµν is the perturbation trace. Being GR a gauge theory, we choose the
harmonic gauge condition to further simplify the equations. The harmonic gauge condition
reads

∂µh
µν

= 0. (1.19)

Under this gauge, the weak-field Einstein equations become:

□hµν = −16πG

c4
Tµν , (1.20)

where □ = ηµν∂µ∂ν is the d’Alembert operator, i.e., the wave operator in Minkowski
spacetime.
In a region far away from any matter and energy source, the components of the stress
energy tensor Tµν vanish, leading to:

□hµν = 0. (1.21)
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This equation describes the propagation of GWs in vacuum. The solution of this equation
can be written as a superposition of plane waves:

hµν = Aµνe
ikαxα

, (1.22)

with Aµν representing the complex amplitude tensor and kα the wave four-vector. The
speed of the wave is given by the dispersion relation kαkα = 0, implying that the wave
propagates at the speed of light.

The harmonic gauge adopted in the weak-field approximation must also be satisfied by
the plane-wave ansatz, leading to an important constraint:

Aµνk
ν = 0. (1.23)

Eq. 1.23 means that Aµν is orthogonal with respect kν and then GWs are transverse. The
harmonic gauge does not fully determine the solution: transformations of the form

hµν → hµν + ∂µξν + ∂νξµ, (1.24)

with □ξµ = 0 and arbitrary ξµ, leave both the gauge condition and the linearized equations
invariant. We further reduce the gauge freedom by imposing the Transverse-Traceless (TT)
condition. With TT gauge, we set all four components h0ν to zero, leaving only the spatial
components hij . We also impose vanishing trace, h

µ
µ = 0, which means hµν = hµν . In

conclusion, we set
h0µ = 0, hij = 0, ∂ihij = 0. (1.25)

For a single plane wave traveling along the z-axis, the perturbation tensor in TT gauge
reads:

hTTµν =











0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0











, (1.26)

where h+ and h× are the amplitudes of the plus and cross polarizations, respectively.
Eq. 1.26 is the GW tensor in TT gauge, describing a plane GW traveling along the z-
direction. This shows that GWs have two degrees of freedom (or polarization), and hTTµν
can therefore be decomposed as:

hTTµν = h+e
+
µν + h×e

×
µν , (1.27)

where epµν are the polarization tensors. The polarization tensors e+ and e× describe two
independent distortions due to GWs: h+ stretches and squeezes spacetime along orthog-
onal directions transverse to the propagation, and h× along the diagonal axes. To under-
stand this effect, we now consider two free particles, whose separation is described by the
four-vector ξµ. The geodesic deviation equation describes the evolution of ξµ due to the
curvature of spacetime induced by the gravitational field. The geodesic deviation equation
reads:

d2ξµ

dτ2
= Rµαβγu

αuβξγ , (1.28)

where uα,β = dξα,β/dτ . Under the weak field approximation, Eq. 1.28 becomes:

d2ξi

d2t
=

1

2
ηik

∂2hkj
∂t2

ξj , (1.29)



16 1. Introduction to gravitational waves

Figure 1.1: Evolution with time of the amplitude of the GW, h, (top). Effect of the two

polarization h+,×, of a GW which propagates along the z-axis, on a ring of free fall test

masses (bottom). Figure adapted from Ref. [117]

where we use only Latin index because GWs do not affect time component of spacetime
(see Eq. 1.26). For simplicity, we consider the case of GW propagating along the z-axis, so
that in TT gauge the only non-trivial components are:

h+ = hxx = −hyy = 2A+ cos(ωt− kzz),

h× = hxy = hyx = 2A× cos(ωt− kzz),
(1.30)

where we use Eq. 1.22 with kα = (ω, 0, 0, ω). Approximating ξi = ξi0 + δξi(t), with ξi0
constant, from Eq. 1.29 we obtain the variation in time of separation along each axis:

δξx = ξx0 +
1

2
(hxyξ

y
0 + hxxξ

x
0 ),

δξy = ξy0 +
1

2
(hyzξ

z
0 + hyyξ

y
0),

.δξz = ξz0 .

(1.31)

Using Eq. 1.31, we observe the polarization effect, represented in Fig. 1.1. In a general
coordinate system, the polarization tensors are defined as:

e+
ab = p̂ap̂b − q̂aq̂b,

e×
ab = p̂aq̂b + p̂bq̂a,

(1.32)

where p̂ and q̂ form an orthonormal basis perpendicular to k̂. The propagation vector k̂

alone does not uniquely determine the polarization tensors, since any pair of orthonormal
vectors can be chosen as the basis. To account for this freedom, we introduce the polar-
ization angle ψ, which defines a rotation between the source frame (p̂, q̂) and an arbitrary
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basis (û, v̂). Under this rotated basis, the polarization tensors transform as:

e+
ab = ϵ+ab cos 2ψ − ϵ×ab sin 2ψ,

e×
ab = ϵ+ab sin 2ψ + ϵ×ab cos 2ψ.

(1.33)

1.2.1 Energy content of the GW

Although GWs are ripples in spacetime itself, they do carry energy and momentum. The
energy transported by a GW can be quantified using the Isaacson stress-energy tensor,
which arises in the context of general relativity when one considers perturbations on a
background spacetime.

To derive the GW energy content, we expand the Einstein tensor to second order in a
small perturbation hµν on a background metric ḡµν :

Gµν = G(0)
µν [ḡ] +G(1)

µν [h] +G(2)
µν [h] + . . . (1.34)

Here, G
(1)
µν is linear in the perturbation and governs the wave propagation, as we have seen

so far, while G
(2)
µν contains terms quadratic in hµν that can be interpreted as describing the

energy and momentum carried by waves themselves.
In vacuum, the full Einstein tensor must vanish. After averaging over several wave-

lengths (to smooth out rapid oscillations), the second-order terms contribute as an effective
source to the background curvature:

G(0)
µν [ḡ] = −

〈

G(2)
µν [h]

〉

. (1.35)

This motivates the definition of the Isaacson effective stress-energy tensor for GWs as

TGW
µν ≡ 1

8πG

〈

G(2)
µν [h]

〉

. (1.36)

In the TT gauge, Eq. 1.36 reads:

TGW
µν =

c4

32πG

〈

∂µh
TT
ij ∂νh

TTαβ
〉

. (1.37)

For a plane GW propagating in the z-direction, the energy flux is given by:

Sz = c TGW
0z =

c3

32πG

〈

ḣTT
ij ∂zh

TTαβ
〉

. (1.38)

Using the fact that the wave travels at the speed of light, the spatial and time derivatives
are related by

∂zh
TT
ij = −1

c
ḣTT
ij , (1.39)

so the energy flux carried away by GW becomes

dE

dAdt
=

c2

32πG

〈

ḣTT
ij ḣTT

ij

〉

=
c2

16πG
⟨ḣ2

+ + ḣ2
×⟩. (1.40)

By considering the surface element of a sphere at distance r from the source, dA = r2dΩ,
where dΩ is the solid angle element, we express Eq. 1.40 in terms of power:

dE

dt
=

c2r2

16πG

∫

dΩ⟨ḣ2
+ + ḣ2

×⟩. (1.41)
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Starting from Eq. 1.40, we further obtain the energy spectrum in frequency domain:

dE

df
=
πc3

2G
f2r2

∫

dΩ⟨|h̃+(f)|2 + |h̃×(f)|2⟩. (1.42)

where h̃+,×(f) are the Fourier Transforms (FTs) of the plus and cross polarizations.

1.3 GW from binaries

The general solution of Eq. 1.20 with a non-vanishing Tµν , at time t and position r, is
given by:

hµν(t, r) =
4G

c4r

∫

V
Tµν(t− r/c, xi)d3x. (1.43)

This solution is simplified employing the conservation laws for Tµν :

∇νT
µν = 0 → ∂Tµ0

∂t
= −∂Tµk

∂xk
. (1.44)

Integrating Eq. 1.44 over a source volume V and using Gauss’ theorem, we rewrite the
conservation law as:

1

c

∂

∂t

∫

V
Tµ0d3x = −

∫

V

∂Tµk

∂xk
d3x = −

∫

S
TµkdSk, (1.45)

where S is the surface bounding the volume V and dSk is the surface element. The integral
over the surface S can be neglected if we assume that the source is localized in a region of
space, so that the surface integral vanishes at infinity, i.e.

∫

S T
µkdSk = 0. Therefore, the

left-hand side of Eq. 1.45 vanishes and it follows that:

hµ0 = 0, (1.46)

in agreement with the fact GW does not influence the time component of the metric.
To obtain the spatial components of the metric perturbation, we consider the tensor-virial
theorem, deriving from the spatial component of the conservation law. The theorem reads:

1

c2

∂2

∂2t

∫

V
T 00xkxnd3x = 2

∫

V
T knd3x. (1.47)

We define the mass quadrupole moment as follows:

Qkn :=

∫

V
ρ(t, xi)xkxnd3x =

1

c2

∫

V
T 00(t, xi)xkxnd3x. (1.48)

In the slow-motion approximation, where internal velocities of the source are small com-
pared to the speed of light, the dominant component of the energy-momentum tensor is
T00 = ρc2. This justifies the second equality in Eq. 1.48. Therefore, combining Eqs. 1.43,
1.47, and 1.48, we write the solution for the spatial components of the metric perturbation
as:

hij(t, r) =
2G

c4r

d2

d2t
(Qij(t− r/c)). (1.49)
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Eq. 1.49 tells us that GWs propagation is possible when the second time derivative of Qij
is non-vanishing. The mass quadrupole moment encodes how the mass is spread relative to
the coordinate axes and its distribution asymmetry. It vanishes for spherically symmetric
systems and remains constant for systems with purely static or symmetric motion, such as
uniform rotation. Thus, only time-varying, non-spherical mass distributions contribute to
gravitational radiation.
The factor 2G/c4 is extremely small (SI units: 1.7 × 10−44 s2 kg−1 m−1), reflecting the
weak-perturbation nature of GWs. Consequently, the second time derivative of the mass
quadrupole moment must be extremely large to produce a significant GW signal.

In Section 1.2, we saw that TT gauge is particularly useful. In this gauge, the mass
quadrupole moment is defined as

QTTij = PijmnQmn − 1

3
δijQ

m
m, (1.50)

whereQmm =
∑3
i=1Qii is the mass quadrupole moment trace, and Pijmn is the TT projection

operator, defined as

Pijmn = PimPjn − 1

2
PijPmn, (1.51)

where Pij = δij − kikj is the transverse operator, with propagation vector k̂. Thus, substi-
tuting Eq. 1.50 into Eq. 1.49, the spatial components of the metric perturbation become

hTTij (t, r) =
2G

c4r

d2

d2t
(QTTij (t− r/c)). (1.52)

1.3.1 GW from circular binaries

In the previous section, we derived a general expression for the GW emission from an
arbitrary source We now turn our attention to an astrophysically relevant example: a
circular binary system composed of two point-like masses.

The binary has component masses m1 and m2, with total mass m = m1 +m2, reduced
mass µ = m1m2/m, and symmetric mass ratio η = µ/m. The initial separation is a =
r1 + r2, where r1 = m2a/m and r2 = m1a/m are the distances of the two objects from the
center of mass.

In our approximation, the binary orbital frequency is the Keplerian one ωk, related to
the separation through Kepler’s law:

ωk =

√

Gm

a3
. (1.53)

Without loss of generality, we place the binary in the x-y plane. The coordinates of m1,2

are then:

(

x1,2(t)
y1,2(t)

)

= ±r2,1

(

cos(ωkt)
sin(ωkt)

)

, (1.54)

Given this configuration, the binary energy density is

T00 = c2
2
∑

i=1

miδ(x− xi)δ(y − yi)δz. (1.55)
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The non-vanishing components of the mass quadrupole moment are

Qij =
2
∑

i=1

mi

∫

V
xiix

i
j δ(x− xi) δ(y − yi) δ(z) dx dy dz. (1.56)

Eq. 1.56 is evaluated by substituting the coordinates from Eq. 1.54:

Qxx =
1

2
µa2 cos(2ωkt),

Qyy = −1

2
µa2 cos(2ωkt),

Qxy =
1

2
µa2 sin(2ωkt),

(1.57)

Defining the matrix Aij as:

Aij =







cos(2ωkt) sin(2ωkt) 0
sin(2ωkt) − cos(2ωkt) 0

0 0 0






, (1.58)

we rewrite the mass quadrupole moment as:

Qij =
µ

2
Aija

2. (1.59)

To compute the GW in the TT gauge, we must project the mass quadrupole moment onto
the TT plane. This projection is performed using the operator Pijmn defined in Eq. 1.51.

Specifically, for a wave propagating along k̂, the metric perturbation in the TT gauge is
obtained as shown in Eq. 1.52. Finally, the h+ and h× polarization components of the
metric perturbation in the TT gauge are written as:

h+(t) = AGW
1 + cos2 ι

2
cosϕ(t),

h×(t) = AGW cos ι sinϕ(t),

(1.60)

with ι is the inclination angle between the line of sight and binary orbital angular momen-
tum. When the binary is edge-on (ι = π/2), the observer receives the plus polarization
only. Instead, for a face-on binary (ι = 0), both polarizations with equal magnitudes are
observed. The amplitude AGW and phase ϕ(t) are given by:

AGW =
4

r
(πfGW)2/3 (GMc)

5/3

c4
, (1.61)

ϕ(t) = 2πfGWt+ ϕ0, (1.62)

where we express the result in terms of fGW = ωGW/(2π). In Eqs. 1.61 and 1.62, we
introduced two key variables:

Mc =
(m1m2)3/5

(m1 +m2)1/5
, (1.63)

fGW = 2fk. (1.64)
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We see from Eq. 1.64 that the GW frequency is twice the Keplerian orbital frequency of
the binary itself.
By substituting Eq. 1.60 into Eq. 1.41, we obtain the power radiated by the binary in GWs:

dEGW

dt
=

32

5

G7/3

c5

(McπfGW

)10/3
. (1.65)

The binding energy of the binary is EB = −Gmµ
2a . By applying energy conservation, the

GW luminosity is related to the rate of change of the binding energy:

dEGW

dt
= −dEB

dt
. (1.66)

From Eq. 1.66, using Kepler’s law in Eq. 1.53, we derive an evolution equation for the
semi-major axis a:

da

dt
= −64

5

Gµm2

c5a3
. (1.67)

The negative sign in Eq. 1.67 shows that the semi-major axis shrinks with the emission
of GWs. The rate of change of the semi-major axis is used to estimate the time until the
binary merges due to GWs emission. Using fGW ∝ a−3/2, the GW frequency evolution is

dfGW

dt
=

96

5
π8/3

(

GMc

c3

)5/3

f
11/3
GW . (1.68)

Eq. 1.68 shows that Mc controls how quickly the GW frequency rises, i.e., how fast the
signal “chirps”, giving the chirp mass its name.

1.3.2 GW from eccentric binaries

In the previous section, we have seen how to characterize aGW signal from a circular binary.
However, in the universe, binaries are often observed in eccentric orbits. Considering the
generic case of an eccentric binary, Ref. [142] has shown how the orbit parameters evolve
due to GWs:

da

dt
= −64

5

G3µM2

c5
a−3F (e), (1.69)

de

dt
= −304

15

G3µM2

c5
a−4(1 − e2)−5/2(1 +

121

304
e2), (1.70)

where F (e) is a function of the eccentricity:

F (e) = (1 − e2)−7/2(1 +
73

24
e2 +

37

96
e4). (1.71)

Eq. 1.69 shows, as for the circular binary case, that the binary tightens as a consequence
of GWs emission. Eq. 1.70 shows in addition that the eccentricity decreases over time,
circularizing the binary. The energy released during the inspiral of an eccentric binary can
be expressed as:

ĖGW;ecc = ĖGW;circF (e), (1.72)

where EGW;circ is given by Eq. 1.65. The function F (e) increases rapidly with eccentricity,
for instance, F (e = 0.9) ∼ 300 while F (e = 0.99) ∼ 106. Eq. 1.72 suggests that eccentric
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Figure 1.2: Function gn(e) for different values of eccentricity. The function quantifies how

much power of the signal is radiated through each harmonic. As the eccentricity increases,

the power gets spread towards higher harmonics.

binaries shrink much faster than circular systems with the same semi-major axis. Moreover,
while the GW frequency is twice the orbital frequency for circular binaries, for eccentric
binaries multiple harmonics are excited at fn = nfk, with n being the harmonic number.
Thus, the total emitted power is distributed over a broad spectrum of frequencies, with
the power fraction in each harmonic given by

Ėn =
32G7/3

5c5
(2πMcfk)

10/3gn(e). (1.73)

The dimensionless function gn(e) controls how much power signal goes in each harmonic
through the relation:

gn(e) =
n4

32
[(Jn−2(ne) − 2eJn−1(ne) +

2

n
Jn(ne)+

+2eJn+1(ne) − Jn+2(ne))2+

+(1 − e2)(jn−2(ne) − 2Jn(ne) + Jn+2(ne))2+

+
4

3n2
J2
n(ne)].

(1.74)

Here, Jn represents the n-th order of the first kind Bessel function. For circular binaries,
the only non-vanishing harmonic is the second one, i.e. gn(e = 0) = δn,2, where δn,m is
the Kronecker delta function. In Fig. 1.2 we show the function gn(e) for different values of
eccentricity.
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1.3.3 Fast Emri Waveform

EMRIs are relativistic binaries composed of a stellar-mass compact object, such as a Black
Hole (BH) or a neutron star, orbiting around a Massive Black-Hole (MBH). The typical
mass-ratio of these systems is between 10−7 and 10−4. The formation mechanism under-
lying these systems is yet not fully understood, though a viable process is the capture of
the light object by the light one in dense stellar environments, such as globular clusters
or nuclear star clusters [14]. Their eccentricity is expected to be significant, and thus the
GW signal emitted by these systems is characterized by a broad spectrum of frequencies,
as discussed in the previous section. Due to the extremely small mass ratio, the secondary
Compact Object (CO) can be approximately treated as a test particle moving in the back-
ground spacetime of the primary BH. To account for the reaction of the secondary’s own
gravitational field on its motion, one can use the gravitational self-force approach, solv-
ing Einstein equations perturbatively in powers of the mass ratio [133]. This method is
computationally expensive, making it impractical to generate a large number of accurate
waveforms required for EMRI data analysis. To overcome this limit, approximate fam-
ilies of waveforms have been constructed to capture the key features essential for signal
detectability. One such approach involves constructing Post-Newtonian (PN) waveforms,
which are advantageous due to their analytic nature and ease of evaluation. PN theory
provides a systematic method to approximate GR by solving the Einstein field equation
perturbatively in powers of the small parameter (v/c). A special class of such approxi-
mations is represented by the so-called kludge waveforms. Three main types have been
proposed in literature: the Analytic Kludge [34], Numerical Kludge [30], and the 5PN
Augmented Analytic Kludge (AAK) [103]. The AAK model evolves the orbital parameters
using a fifth-order PN expansions for small eccentricities. The (quadrupolar l = m = 2)
amplitudes are constructed using a weak-field Peters and Matthews approximation [143]
to the metric perturbation. In Sections 4.1 and 5.1, we will use the AAK waveform model
as implemented in the FastEMRIWaveforms package, following Refs. [66, 34].

To fully characterize an EMRI waveform, 14 parameters must be specified. The central
object is described by its mass M and dimensionless spin magnitude a = |S|c/(GM2),
where S is the spin angular momentum. The secondary compact object, of mass µ, is
typically assumed to have negligible spin. The spin orientation of the MBH is described
by the unit vector Ŝ, defined with respect to the Solar System Barycenter (SSB), and
expressed in terms of polar and azimuthal angles (θK , ϕK) in ecliptic coordinates. The
orbital angular momentum of the compact object is described by the vector L, and the
angle between Land Ŝ defines the orbital inclination ι. The orbits followed by the CO can
be both eccentric and non-equatorial. In this context, the phases Φr, Φθ, and Φϕ denote the
initial radial, polar, and azimuthal phases of the motion. The eccentricity e and semi-latus
rectum p characterize the orbital shape. From these, the pericenter and apocenter distances
are given by rp = p/(1 + e) and ra = p/(1 − e), respectively. In addition to the geodesic
parameters, the source position is specified by the polar and azimuthal angles (θS , ϕS) in
ecliptic coordinates, along with its luminosity distance DL, defined as the distance relating
the intrinsic (source-frame) GW luminosity to the observed strain amplitude, accounting
for the redshift and expansion of the Universe.
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1.4 SGWB

While the previous section focused on the GW emitted by a single source, in this section
we discuss the SGWB, a stochastic process generated by the incoherent superposition
ofGWs. The SGWB can be generated by early universe processes, such as inflation, phase
transitions, or cosmic strings [58, 27], or by the incoherent superposition of GWs emitted
by a large number of unresolved astrophysical sources [81]. In the TT gauge, the SGWB
metric perturbation is written as a linear superposition of plane waves, each characterized
by a frequency f and a direction k̂:

hij(t,x) =
∑

p=+,×

∫ ∞

−∞
df

∫

dk̂ h̃p(f, k̂)epij(k̂)ei2πf(t−k̂·x/c), (1.75)

1.4.1 Statistical properties

The SGWB Fourier components, h̃p(f, k̂), are random fields, meaning their values fluctuate
randomly across frequency f , sky direction k̂, and polarization p. The statistical properties
of this field are described by its moments, which are expectation values of products of the
field. More generally, the n-th moment is defined as

M (n)({(ps, fs, k̂s)}s∈S
)

=
〈

∏

s∈S
h̃ps

(

fs, k̂s
)

〉

, (1.76)

where S is an abstract finite index set with |S| = n. Without loss of generality, we assume
the field has zero mean,

〈

h̃p(f, k̂)
〉

= 0, (1.77)

so that, in the case of a Gaussian background, the second moment (n = 2) fully character-
izes its statistical properties. Specifically, the angle brackets denote the ensemble average,
defined as the average over many realizations of the stochastic process. Since we observe
only a single realization of the Universe, the ensemble average cannot be directly computed
from data. In practice, under the ergodic hypothesis, the ensemble average is approximated
by a time average over the observed data. In addition to ergodicity, a number of properties
are often assumed to describe SGWBs:

• Stationarity: SGWB statistical properties do not change over time. A SGWB is
expected to form over astrophysical or cosmological timescales, so that the time
variation of the SGWB are negligible on human timescales. This implies that the two-
point correlation ⟨h(t)h(t′)⟩ in time depends only on the time lag t−t′. Consequently,
in the frequency domain, different components are uncorrelated:

⟨h̃p(f, k̂)h̃∗
p′(f ′, k̂′)⟩ ∝ δ(f − f ′). (1.78)

• Isotropy: SGWB statistical properties do not depend on the direction in the sky.
Similarly to the cosmic microwave background, the SGWB is expected to be approx-
imately isotropic as well. Therefore, the two-point correlation function is independent
of the direction k̂, and therefore we write:

⟨h̃p(f, k̂)h̃∗
p′(f ′, k̂′)⟩ ∝ δ2(k̂, k̂′). (1.79)
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• Polarization: the SGWB is the incoherent, uncorrelated superposition of two pro-
cesses, one for each polarization. This implies that the two-point correlation function
is diagonal in the polarization space:

⟨h̃p(f, k̂)h̃∗
p′(f ′, k̂′)⟩ ∝ δpp′ . (1.80)

• Gaussianity: the SGWB is a Gaussian random field, which implies that all the higher-
order moments can be expressed in terms of the two-point correlation function. Gaus-
sianity is supported by the central limit theorem, which states that the sum of a large
number of independent and identically distributed random variables tends to a Gaus-
sian distribution, provided that the individual variables have finite variance.

As a direct consequence of the above assumptions, the SGWB is characterized only by its
two-point correlation function, defined as:

⟨h̃p(f, k̂)h̃∗
p′(f ′, k̂′)⟩ =

1

4π
δpp′δ(f − f ′)δ2(k̂, k̂′)

1

2
Sh(f), (1.81)

where Sh(f) is the one-sided PSD of the SGWB. PSD will be better defined in the next
section in Eq. 2.10 and Eq. 2.11 The factor 1/2 in Eq. 1.81 is due to the fact that we are
considering a one-sided PSD, which is defined only for positive frequencies. The factor
1/4π is a normalization factor that ensures that the SGWB is normalized to unity when
integrated over all directions in the sky. From a cosmological point of view, the SGWB is
often described in terms of ΩGW(f), which is defined as:

ΩGW(f) =
1

ρc

dρGW

d log f
, (1.82)

where ρc = 3H2
0/(8πG) is the Universe critical energy density. Eq. 1.82 represents the

critical energy density fraction of the Universe contained in GWs at a given frequency
f . Leveraging the Isaacson relation for the energy density, we relate SGWB PSD to the
energy density as:

Sh(f) =
H2

0

4π2f3
ΩGW(f). (1.83)

1.4.2 Practical application

So far, we have studied the emission and propagation of GWs under the assumption that
the distance r between the source and the observer is sufficiently small such that the
Universe expansion can be neglected. However, with the increasing sensitivity of current
and upcoming GW detectors, we are now able to observe GWs emitted by sources at
cosmological distances. The key cosmological effect on the GW frequency is encoded by
the redshift z of the source, which stretches the observed waveform in time. Specifically,
the observed frequency is related to the emitted frequency by the source fs through

f =
fs

1 + z
, (1.84)

where 1 + z is the ratio between the cosmic scale factor at signal reception and that at
emission. Then, the total spectral energy density ΩGW(f) from coalescing binary systems
in the universe can be expressed as [13, 146, 3]

ΩGW(f) =
f

ρcH0

∫∫

dzdφ
RGW(z)

(1 + z)E(z)
p(φ)

dEGW

dfs
(φ)

∣

∣

∣

∣

fs

, (1.85)
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where dEGW

dfs
(φ)|fs

is the source-frame energy spectrum radiated by a single source, eval-
uated at the source GW frequency fs. In Eq. 1.85, the integration is performed over the
distribution p(φ) of source parameters φ (e.g., masses, spins, etc.). The quantity RGW(z)
denotes the comoving merger rate density of GW sources, measured per unit source-frame
time and comoving volume, and E(z) =

√

Ωm(1 + z)3 + ΩΛ. For a binary with source-frame
component masses m1 and m2, the leading-order PN expression for the energy spectrum
of the emitted gravitational radiation at source-frame frequency fs is given by [146, 126]

dEGW

dfs
≡ ĖGW

ḟs
=
ηm5/3π2/3

3f
1/3
s

, (1.86)

where the chirp rate ḟs is given by

dfs
dt

=
96

5
f11/3
s m5/3π8/3η. (1.87)

From Eqs. 1.85 and 1.86, the frequency-independent contribution to the SGWB is absorbed
into an overall amplitude Avac, yielding

ΩGW(f) = Avacf
2/3. (1.88)

Thus, the energy density per logarithmic frequency interval from a population of inspiral
binaries is expected to follow a power-law with slope 2/3 (−7/6 in terms of PSD). This
concludes our discussion of the theoretical framework for GWs generation and propagation;
in the next chapter, we turn to the observational implications and techniques used to detect
and characterize such signals.



Chapter 2

GW data analysis

In this chapter, we introduce in Section 2.1 the fundamental concepts of signal analysis,
essential to understand how GWs are detected. Then, in Section 2.2, we discuss the
Bayesian inference framework, which is extensively used in this thesis to analyse LISA
data.

2.1 Fundamentals of signal analysis

In Section 1.2 we showed that the metric perturbation hij(t,x) is decomposed into two
independent polarizations: plus and cross (Eqs. 1.32 and 1.33). These polarizations distort
the spacetime by squeezing and squashing it. In Section 1.2 we showed that the metric
perturbation hij(t,x) can be decomposed into two independent polarizations, plus and
cross (Eqs. 1.32 and 1.33). These polarizations distort spacetime by periodically stretching
and squeezing it in the plane orthogonal to the propagation direction. Interferometers are
designed to measure the phase difference of light caused by this distortion. These measure-
ments are fundamentally local: the detector responds to variations in the proper distance
between freely falling test masses, as inferred from light travel times. In the TT gauge, this
corresponds to variations in the spatial components hij , since the time and mixed compo-
nents vanish (h00 = h0i = 0). To describe the detector response, the polarization tensors
must be projected onto the detector arms, whose geometric configuration is encoded in the
detector tensor Dij . The measured signal is thus:

h(t) = F+(k̂)h+(t) + F×(k̂)h×(t), (2.1)

where F are the antenna pattern functions, defined as:

F+(k̂) = Dij e+
ij(k̂), (2.2)

F×(k̂) = Dij e×
ij(k̂). (2.3)

At any given time, the antenna pattern functions depend on the source sky position and
the polarization basis orientation. In Section 3.2.2, we will discuss in detail how to project
a signal onto LISA detector arms, taking into account the constellation motion.
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2.1.1 Matched filtering

In a realistic setting, a GW signal projected onto a detector as in Eq. 2.1 is superimposed
with some detector noise. The total output d(t) reads:

d(t) = n(t) + h(t). (2.4)

Instrumental noise originates from multiple sources—such as residual acceleration, optical
path length fluctuations, and laser frequency variations—depending on the experimental
setup and facility. In Section 3.3, we discuss the noise contributions relevant to LISA in
more detail. Under idealised conditions, the detector noise is a zero mean, Gaussian, and
stationary stochastic process. Hence, each time series is considered as a single realization
drawn from the corresponding Gaussian distribution.

n(t) ∼ N (0,Σ(t, t′)). (2.5)

As mentioned in Section 1.4, stationarity implies that the two point correlation function
depends only on the lag between two times:

Σ(t, t′) = ⟨n(t)n(t′)⟩ = R(t− t′) = R(τ), (2.6)

where R(τ) defines the autocorrelation function. The FT of n(t) is given by

ñ(f) =

∫ ∞

−∞
dt n(t)e−2πıft. (2.7)

Being the FT a linear operator, the process is readily cast in frequency domain as a circular
Gaussian one:

ℜ[n(f)],ℑ[n(f)] ∼ N (0, Sn(f)), (2.8)

where Sn(f) denotes the PSD and ℜ,ℑ denote the real and imaginary part of a complex
number, respectively. For a stationary stochastic process, the PSD is defined as

Sn(f) = lim
T→+∞

1

2T

〈∣

∣

∣

∣

∣

∫ +T

−T
dt n(t)e−2πıft

∣

∣

∣

∣

∣

2〉

. (2.9)

There is a well-defined relation between the autocorrelation function and the one-sided
PSD for a stationary process:

Sn(f) =

∫ ∞

0
R(τ)e−2πıfτdτ. (2.10)

Eq. 2.10 is known as the Wiener-Khinchin theorem.
Following Eqs. 2.6 and 2.10, we express the covariance function in frequency domain

as:

⟨ñ∗(f)ñ(f ′)⟩ =
1

2
Sn(f)δ(f − f ′), (2.11)

For f = f ′, the Dirac delta diverges in a distributional sense. However, from a realistic
point of view, observations are made over a finite time interval T , which leads to a finite
frequency resolution. Therefore, we approximate the Dirac delta as:

δT (f) ≈
∫ T/2

−T/2
dt e−i2πft =

sin(πfT )

πf
, (2.12)
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therefore resolving the apparent divergence. The goal of GW data analysis is to detect
and infer on a GW signal h(t) from the detector noise n(t). This is achieved through a
well-established framework known as matched filtering, which applies a filter function to
the datastream. Here, we show that the filter function, maximising the SNR, matches
the expected signal template. The SNR is generally defined as the ratio between the
expectation value of a detection statistic under the signal-present hypothesis (H1) and its
root-mean-square under the noise-only hypothesis (H0). A detection statistic is a scalar
functional of observed data, quantifying the presence of a signal. Formally, for a detector
output d(t), a detection statistic ŝ is defined as

ŝ = ŝ[d(t)] . (2.13)

The corresponding SNR is then

SNR =
E[ŝ | H1]

√

Var[ŝ | H0]
. (2.14)

For our target, we define ŝ as the zero-lag cross-correlation between the detector output
s(t) and a filter function K(t):

ŝ =

∫

d(t)K(t) dt . (2.15)

The expectation value of ŝ reads:

⟨ŝ⟩H1
=

〈∫ ∞

−∞
dt d(t)K(t)

〉

=

∫ ∞

−∞
dt ⟨d(t)⟩K(t) (2.16)

=

∫ ∞

−∞
dt [h(t) + ⟨n(t)⟩]K(t) (2.17)

=

∫ ∞

−∞
dt h(t)K(t) (2.18)

=

∫ ∞

−∞
df h̃(f)K̃∗(f), (2.19)

where we have used the linearity in Eq. 2.16, the zero-mean condition for the noise
in Eq. 2.18, and Parseval’s theorem in Eq. 2.19. When the signal is not present, the
root-mean-square of ŝ is given by:

[

(

⟨ŝ2⟩ − ⟨ŝ⟩2
)

H0

]1/2

=
[

⟨ŝ2⟩
]1/2

(2.20)

=

[∫ ∞

−∞
dtdt′K(t)K(t′)⟨n(t)n(t′)⟩

]1/2

=

[∫ ∞

−∞
dtdt′K(t)K(t′)

∫ ∞

−∞
dfdf ′ e2πıft−2πıf ′t′⟨ñ∗(f)ñ(f ′)⟩

]1/2

(2.21)

=

[∫ ∞

−∞
df

1

2
Sn(f)|K̃(f)|2

]1/2

(2.22)
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where we use the definition of PSD from Eq. 2.11. Given Eq. 2.19 and Eq. 2.20, we define
the SNR as:

SNR =

∫∞
−∞ df h̃(f)K̃∗(f)

[

∫∞
−∞ df 1

2Sn(f)|K̃(f)|2
]1/2

=

(

1
2Sn(f)K̃(f)|h̃(f)

)

(

1
2Sn(f)K̃(f)|1

2Sn(f)K̃(f)
)1/2

, (2.23)

where we have used the inner product, defined as:

(A|B) = ℜ
∫ ∞

−∞
df
Ã∗(f)B̃(f)

1
2Sn(f)

= 4ℜ
∫ ∞

0
df
Ã∗(f)B̃(f)

Sn(f)
, (2.24)

The Wiener filter K̃(f) is chosen to maximize the SNR. From the Cauchy-Schwarz in-
equality, the SNR is maximized when:

K̃(f) =
h̃(f)

Sn(f)
. (2.25)

In order to construct the Wiener filter, we need to know the PSD of the noise Sn(f)
and a template h̃(f) for the signal we are looking for. In a realistic setup, the signal
model depends on uncertain parameters (e.g., masses, spins, sky location). In practice, we
construct a bank of templates spanning the parameter space and search for the template
that maximizes the SNR, thereby identifying both the presence of a signal and its most
likely parameters. Plugging Eq. 2.25 into Eq. 2.23, we get

SNR = (h̃(f)|h̃(f))1/2 =

[

4

∫ ∞

0
df

|h̃(f)|2
Sn(f)

]1/2

. (2.26)

The SNR is commonly used in data analysis to assess whether a signal is present in the data.
A signal is considered detected if the SNR exceeds a given threshold, which is set to achieve
a desired false alarm probability—the probability of incorrectly claiming a detection when
only noise is present. Sources with SNR values below this threshold remain undetected
individually and accumulate, forming an SGWB.

2.1.2 Matched filtering for SGWB

We now turn our attention to the detection of a SGWB signal, as introduced in Section 1.4.
As we shall see in Section 3.2.3, for a GW detector, the response to a SGWB is obtained
by integrating the metric perturbation in Eq. 1.75 over all sky directions, weighted by the
antenna pattern functions F p(f, k̂) defined in Eq. 2.2 and Eq. 2.3. The resulting detector
signal is given by:

h(t) =

∫

df

∫

dk̂
∑

p=+,×
F̃ p(f, k̂)h̃p(f, k̂)ei2πf(t−k̂·x/c), (2.27)

In the frequency domain, the signal becomes:

h̃(f) =
∑

p=+,×

∫

dk̂ F̃ p(f, k̂)h̃p(f, k̂)e−i2πf k̂·x/c. (2.28)
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As discussed in Section 1.4, a SGWB is characterized by its statistical properties rather
than the deterministic signal content. In order to compare our model for the SGWB
statistical properties against those measured from the data, we cross-correlate signals from
multiple detectors. Considering two detectors with antenna pattern functions F̃1(f, k̂) and
F̃2(f, k̂), the cross-correlation between the two signals is given by

⟨h̃1(f)h̃∗
2(f ′)⟩ =

1

2
δ(f − f ′)Γ12(f)Sh(f), (2.29)

where Sh(f) is the SGWB PSD defined in Eq. 1.83, and Γ12(f) is the overlap reduction
function, which is defined as:

Γ12(f) =
1

8π

∑

p=+,×

∫

dk̂ F̃ p1 (f, k̂)F̃ p∗
2 (f, k̂)e−i2πf k̂·(x1−x2)/c, (2.30)

Similarly to Section 2.1, we now define the matched filter for a SGWB signal. We define
the outputs d1,2 from the two detectors as in Eq. 2.4, where the detector noises n1,2 are
uncorrelated between each other, i.e. ⟨n1(t)n2(t′)⟩ = 0. The analogous statistic ŝ for the
SGWB signal is:

ŝ =

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′ d1(t)d2(t′)K(t, t′), (2.31)

where we consider a finite time interval T for the observation. The expectation value of ŝ
under H1 hypothesis is given by:

⟨ŝ⟩H1
=

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′ ⟨d1(t)d2(t′)⟩K(t, t′)

=

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′ ⟨h1(t)h2(t′)⟩K(t, t′). (2.32)

In contrast with Eq. 2.19, the SGWB signal is not a deterministic template, but a stochas-
tic process. Therefore, we need to average over the different realizations. Since we are
assuming in this section that both SGWB and noise are stationary, the best choice for the
filter K(t, t′) will depend on the lag between the two times, i.e. K(t, t′) = K(t− t′). Then,
Eq. 2.32 equals:

⟨ŝ⟩H1
=

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′ ⟨h1(t)h2(t′)⟩K(t− t′)

=

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′
∫ ∞

−∞
df

∫ ∞

−∞
df ′ ei2πft−i2πf

′t′⟨h̃1(f)h̃∗
2(f ′)⟩K(t− t′)

=

∫ ∞

−∞
df

∫ ∞

−∞
df ′ ⟨h̃1(f)h̃∗

2(f ′)⟩
∫ T/2

−T/2
dtei2πt(f−f ′)

∫ T/2

−T/2
dt′K(t′)ei2πf

′t′

=

∫ ∞

−∞
df

∫ ∞

−∞
df ′⟨h̃1(f)h̃∗

2(f ′)⟩K̃(f ′)
∫ T/2

−T/2
dt ei2πt(f−f ′)

=

∫ ∞

−∞
df

∫ ∞

−∞
df ′ ⟨h̃1(f)h̃∗

2(f ′)⟩K̃(f ′)δT (f − f ′)

= T

∫ ∞

−∞
dfΓ12(f)Sh(f)K̃(f). (2.33)



32 2. GW data analysis

To get the final result, we consider Eq. 2.29 and Eq. 2.12 to approximate the Dirac delta
function. This yields the factor T that appears in Eq. 2.33. The noise contribution, N , is
given by

(⟨ŝ2⟩ − ⟨ŝ⟩2)H0
=

∫ T/2

−T/2
dt

∫ T/2

−T/2
dt′
∫ T/2

−T/2
dt′′

∫ T/2

−T/2
dt′′′ ⟨n1(t)n2(t′)n1(t′′)n2(t′′′)⟩×

×K(t− t′)K(t′′ − t′′′)

=

∫ ∞

−∞
df

∫ ∞

−∞
df ′
∫ ∞

−∞
df ′′

∫ ∞

−∞
df ′′′ ⟨ñ1(f)ñ∗

1(−f ′′)⟩⟨ñ2(−f ′)ñ∗
2(f ′′′)⟩×

× K̃(f ′)K̃(f ′′′)δ(f − f ′)T δ(f
′′ − f ′′′)T

=
1

4

∫ ∞

−∞
df

∫ ∞

−∞
df ′ δ2

T (f − f ′)S1,n(f)S2,n(f ′)K̃(f)K̃∗(f ′)

=
T

4

∫ ∞

−∞
df S1,n(f)S2,n(f)|K̃(f)|2, (2.34)

where we replaced one of the finite-time delta functions δT (f − f ′) by an ordinary Dirac
delta function, and evaluated the other at f = f ′ to obtain the last line. The functions
S1,n(f) and S2,n(f) are the noise PSDs of the two detectors. Thus, we define the SNR as:

SNR =
T
∫∞

−∞ dfΓ12(f)Sh(f)K̃(f)
[

T
4

∫∞
−∞ df S1,n(f)S2,n(f)|K̃(f)|2

]1/2

=
T
(

K̃(f)S1,nS2,n|Γ12Sh(f)
)

√
T

2

(

K̃(f)S1,n(f)S2,n(f)|K̃(f)S1,n(f)S2,n(f)
)1/2

, (2.35)

where, similarly to Eq. 2.24, we have used the inner product defined as:

(A|B) = ℜ
∫ ∞

−∞
df

Ã∗(f)B̃(f)

Sn,1(f)Sn,2(f)
= 2ℜ

∫ ∞

0
df

Ã∗(f)B̃(f)

Sn,1(f)Sn,2(f)
. (2.36)

The Wiener filter K̃(f) is chosen again to maximize the SNR:

K̃(f) =
Γ12(f)Sh(f)

S1,n(f)S2,n(f)
. (2.37)

Plugging Eq. 2.37 into Eq. 2.35, we get:

SNR =

[

4T

∫ ∞

0
df

(Γ12(f)Sh(f))2

S1,n(f)S2,n(f)

]1/2

. (2.38)

The square-root dependence on T suggests that, even if the signal PSD is smaller than
the noise PSD in each detector, it is still possible to overcome a given detection threshold
by integrating the correlated output over a sufficiently long observation time. Moreover,
Eq. 2.38 can be generalized to a network of p detectors as follows:

SNR =



4T
p
∑

i,j=1

∫ ∞

0
df

(Γij(f)Sh(f))2

Si,n(f)Sj,n(f)





1/2

. (2.39)

We remark that Eq. 2.39 represents the optimal statistic for a detector network under the
assumption of Gaussian, stationary, and mutually uncorrelated noise.
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2.1.3 Sensitivity

The expression in Eq. 2.38 highlights that a detector sensitivity to a signal depends not
only on its noise level, but also on how it couples to the signal. To account for both
contributions, it is useful to introduce an effective PSD, Seff

n (f). For a single detector, we
define the sky- and polarization-averaged response function as R(f) = Γ11(f). The effective
PSD is then given by:

Seff
n (f) =

Sn,1(f)

R(f)
. (2.40)

In the case of a single deterministic source, this effective PSD provides a meaningful mea-
sure of sensitivity: the squared SNR is directly proportional to the area under the ratio
between the signal PSD and Seff

n (f). In other words, the frequency domain contribution to
the SNR can be read from the area where the signal PSD stands above the effective noise
PSD. However, in the case of a SGWB, Eq. 2.40 does not fully capture the detector sensi-
tivity, since the SNR explicitly depends on the observation time, as shown in Eq. 2.38. We
therefore introduce an integrated sensitivity curve to characterize the detector capability
to observe a certain SGWB. Specifically, we consider a SGWB modeled by a power-law
spectrum of the form:

ΩGW(f) = Ω0

(

f

f0

)α

, (2.41)

where Ω0 is the amplitude at the reference frequency f0, and α is the spectral index or slope.
As discussed in Section 1.4.2, such a power-law shape naturally arises from a population of
inspiraling compact binaries, but it also provides a useful model for various other sources,
including cosmological backgrounds. Similarly to Eq. 2.40, and considering the relation in
Eq. 1.83, we define the effective Ωeff

n (f) the one implicitly defined by:

SNR =

[

4T

∫ ∞

0
df

(

ΩGW(f)

Ωeff
n (f)

)2
]1/2

. (2.42)

For a set of slopes α, the amplitude Ω0,α associated to a given SNR threshold ρ is expressed
as

Ω0,α =
ρ√
4T

[

∫ ∞

0
df

(

(f/f0)α

Ωeff
n (f)

)2
]−1/2

. (2.43)

Each pair (α,Ω0,α) defines a corresponding power-law model ΩGW(f). By taking the
envelope of these power-law curves, we construct the power-law integrated sensitivity curve,
also known as Power-Law Sensitivity (PLS):

ΩPLS(f) = max
α

[

Ω0,α

(

f

f0

)α]

(2.44)

As an example, we show the PLS together with the effective PSD in Fig. 2.1 for a LISA-
type detector network. Details on the response function and instrumental noise PSD are
provided in Sections 3.2.3 and 3.3. The interpretation of the PLS is now well grounded: any
power-law SGWB that lies above the PLS curve is expected to produce a SNR exceeding
the chosen threshold ρ.
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Figure 2.1: PLS (red line) and effective PSD (teal line) for a LISA-type detector. The

PLS is computed for an observation time of T = 4yr and a SNR threshold ρ = 10. The

black lines represent the family of power-law spectra used to construct the PLS as their

upper envelope. As expected, the PLS lies below the effective PSD, reflecting the enhanced

sensitivity obtained by integrating over the observation time and by taking the envelope

across different spectral slopes.
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2.2 Bayesian inference

The matched filtering technique described in Section 2.1 is a powerful method to identify
optimal statistics in a purely frequentist context, assuming the presence of a known signal in
the data. However, in practice, we do not know a priori whether a signal is present, nor the
values of its parameters. Moreover, since GW observations are non-repeatable single events,
a Bayesian statistical framework is particularly well-suited for inference and parameter
estimation in GW astronomy. Below, we summarize the key concepts of Bayesian inference.
Before observing new data, we encode our existing knowledge about the system in a prior
distribution—for example, a probability distribution over source parameters θ. Once data
d become available, we update the prior using a likelihood function, which quantifies how
likely the observed data are, as a function of the model free parameters. Bayesian inference
combines prior knowledge with observations to produce the posterior distribution, which
encapsulates our updated beliefs about the parameters θ. This update is performed using
Bayes’ theorem:

p(θ|d) =
L(d|θ)π(θ)

Z(d)
, (2.45)

where:

• π(θ) is the prior distribution: it encodes our beliefs about the parameters θ before
observing the data from previous observations, or theoretical considerations.

• L(d|θ) is the likelihood function.

• Z(d) is the normalization constant of the posterior distribution, known as the evi-
dence (or marginalized likelihood), given by:

Z(d) =

∫

L(d|θ)π(θ) dθ. (2.46)

2.2.1 Likelihood

To compute the likelihood function, we need to define the model for the data. As mentioned
in Section 2.1, we consider the noise to be a stationary Gaussian process described by the
PSD Sn(f) (see Eq. 2.11). The probability density function of a noise realization n0 reads:

p(n0) = N exp

{

−1

2
4

∫ ∞

0

|ñ0(f)|2
Sn(f)

df

}

, (2.47)

where N is a normalization factor which depends on the PSD. With the inner product
introduced in Eq. 2.24, the probability is equivalently recast as:

p(n0) = N exp

{

−1

2
(n0|n0)

}

, (2.48)

If a signal described by a template h(θ) is present in the data, produced by a source with
true parameters θt, then the detector output d is given by Eq. 2.4:

d = h(θt) + n0. (2.49)
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In this case, the likelihood function for d can be written by substituting n0 = d− h(θ) in
Eq. 2.48:

L(d|θ) = p(d− h(θ)) = N exp

{

−1

2
(d− h(θ)|d− h(θ))

}

= N exp

{

(h(θ)|d) − 1

2
h(θ)|h(θ) − 1

2
(d|d)

}

, (2.50)

where the term (d|d) is constant with respect θ and can be ignored when performing
parameter estimation. This function is known as the Whittle likelihood [137]. In particular,
taking the logarithm of Eq. 2.50 is convenient, as it reduces to a linear combination of inner
products:

log L(d|θ) ∝ (h(θ)|d) − 1

2
(h(θ)|h(θ)). (2.51)

Now, we consider the scenario where multiple sources overlap with each other and/or are
too faint to be detected individually. In this case, it happens that we are not able to
distinguish all the sources or resolve them. Then a stochastic signal, such as the SGWB,
emerges in the data, and we decompose them as follows:

d =
nd
∑

i=1

hi(θi,t) + n0 + h0,s, (2.52)

where hi(θi,t) denotes the i-th source template with true parameters θi,t, n0 is the noise,
and h0,s is the SGWB signal. As discussed in Section 1.4, for stochastic signals we instead
characterize their statistical properties. Thus, we introduce the template Sh(f,θh) to
describe the PSD in Eq. 1.83. Since we are effectively modeling the variance in the Gaussian
probability distribution, we can no longer neglect N and (d|d) in Eq. 2.50. Moreover,
we also want to simultaneously infer on some uncertain noise properties from the data.
This is particularly relevant in experiments like LISA, where the true noise level cannot
be determined in advance. Thus, for a finite set of frequencies, we define the likelihood
function as

log L(d|θ) = −1

2

fmax
∑

f=fmin

nd
∑

i=1

(

|d̃(f) − h̃i(f,θi,t)|2
Sn(f,θn) +R(f)Sh(f,θh)

+ log(Sn(f,θn) +R(f)Sh(f,θh)) + log(2π)

)

, (2.53)

where R(f) is the response function defined in Eq. 2.40 for a single detector.
As we will discuss in Sections 3.5 and 3.6, this is a realistic scenario for the LISA

mission, where multiple sources—both stochastic and individually resolvable—are expected
to be present. Disentangling all these components is known as the global fit problem
[123, 181, 104, 73]. This constitutes an extremely challenging task, mostly because the
number of resolvable sources, nd, is unknown, and it must be treated as a free parameter
in the inference process. For the purpose of this thesis, we assume that the number of
resolvable sources is known. These sources are characterized and subtracted using an
iterative subtraction procedure, as described in Section 4.1.3. Therefore, we assume that
all non-stochastic sources have been perfectly subtracted, and we set hi(f,θi,t) = 0 in
Eq. 2.51.
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For a network of p detectors, we denote their time-domain datastreams as d = {d1, . . . , dp}.
These datastreams represent outputs from a variety of detectors, which for GW detectors
could be TDI channels from space-based interferometers [186] (discussed in Section 3.4),
pulsar timing residuals [193], or strain measurements from ground-based detectors [5]. The
likelihood is generalized to model the correlations between datastreams:

log L(d|θ) = −1

2

fmax
∑

f=fmin

(

d†(f)C−1(f,θ)d(f) − 1

2
log |C(f,θ)| − p

2
log(2π)

)

, (2.54)

where d(f) is the vector of FT datastreams, and C(f, θ) is the covariance matrix defined
as

C(f, θ) = Cn(f, θn) + CGW(f, θGW). (2.55)

Computing the likelihood can be computationally expensive, especially for SGWB, as
it involves matrix inversions and handling large datasets due to the need to characterize the
signal across the entire frequency band of interest. For this reason, it is often advantageous
to work with averaged data rather than the full-resolution frequency series. We divide the
total observation time into nc adjacent segments, each of duration T = Tobs/nc. We assume
the datastreams to be uniformly sampled, with a cadence ∆t, and denote each segment by
d(c) = (d(c)1, . . . , d(c)p). We use the segments to construct coarse-grained data, and define
the averaged periodograms in the frequency domain as

Y (f) =
1

nc

nc
∑

c=1

d̃(c)(f)d̃†
(c)(f), (2.56)

the matrix Y (f) follows a complex Wishart distribution

L(Y (f)|Γ(f))∝|Y (f)|nc−p

|Γ(f)|nc
exp

[

−tr(Γ−1(f)Y (f))
]

, (2.57)

with nc degrees of freedom and scale matrix

Γ(f) =
1

nc
(Cn(f) + CGW(f)) , (2.58)

A lower-limit on nc must also be enforced: nc > p− 1, a defining property of the complex
Wishart distribution. In the opposite regime, data in full frequency resolution can be
employed, accounting for the multivariate normal distribution describing their likelihood.

2.2.2 Parameter estimation

We now want to estimate the most probable θ. A common approach is to find the val-
ues that maximize the posterior probability. Assuming a flat prior distribution, this is
equivalent to maximizing the likelihood function. This approach is known as Maximum
Likelihood Estimation (MLE). The MLE is defined as:

θ̂ = arg max
θ

L(d|θ). (2.59)

The MLE provides point estimates of parameters, but it does not quantify the uncertainty
associated. To do that, we employ the Fisher information matrix. It is defined as the
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second derivative of log-likelihood function, evaluated at the MLE θ̂:

Fij = − ∂2 log L(d|θ)

∂θi∂θj

∣

∣

∣

∣

∣

θ̂=θ̂

. (2.60)

In the high-SNR limit, the Fisher information matrix approximates the inverse covariance
matrix of parameter estimates, since the likelihood function is well described by a Gaussian
distribution centered on the MLE. The diagonal elements provide the inverse variances of
each parameter, while the off-diagonal terms quantify their mutual correlations. Although
this approach is computationally efficient, it remains accurate only under certain condi-
tions. For example, estimating the SGWB is particularly challenging, as its amplitude is
typically small compared to the noise level. Likewise, the Fisher matrix approximation can
break down in more complex scenarios, such as when the likelihood is multi-modal or when
parameters are non-linearly correlated. In these cases, more robust methods are necessary.
For instance, in Chapters 4 and 5 we use two different methods to explore stochastically
the likelihood function:

Nested Sampling: This technique was first proposed in [175]. The goal of the algorithm
is to compute the evidence defined in Eq. 2.46. This becomes particularly challenging
when posteriors exhibit complex features such as multimodality, non-Gaussian shapes, or
high dimensionality, and especially when the likelihood concentrates in a tiny fraction
of the prior volume. Direct Monte Carlo integration becomes prohibitively inefficient in
these scenarios. Nested Sampling (NS) overcomes these difficulties by transforming the
multidimensional integral Eq. 2.46 into a one-dimensional integral over the likelihood:

Z(d) =

∫ 1

0
L(X) dX, (2.61)

where X(λ) is the prior volume enclosed by the likelihood contour L(d|θ) > λ:

X(λ) =

∫

L(d|θ)>λ
π(θ) dθ. (2.62)

To evaluate this numerically, the algorithm begins by sampling a set of points, called live
points, from the prior distribution. At each iteration, the point with the lowest likelihood
λ is removed and replaced by a new sample drawn from the prior subject to the constraint
that the new sample has likelihood greater than λ (i.e., sampling from the prior restricted to
the region where L(d|θ) > λ). This process continues iteratively until a predefined stopping
criterion is met. Since the integrand in Eq. 2.62 concentrates on regions of parameter space
with high likelihood, the algorithm naturally generates samples that provide an accurate
representation of the posterior distribution. We show in Fig. 2.2 the basic idea behind
the NS algorithm. In the analysis carried out in chapters 4 and 5, we use NS as it is
implemented in the nessai package [197].

Hamiltonian Monte Carlo: This Markov Chain Monte Carlo (MCMC) method exploits
Hamiltonian dynamics to efficiently explore the parameter space, offering significant com-
putational advantages over NS, particularly in high-dimensional problems. Specifically, we
define the system phase space with position variables q, which represent the parameters
of interest, and momentum variables p. The auxiliary momentum variables are sampled
from a multivariate normal distribution with zero mean and covariance matrix M , named
the mass matrix. This matrix rescales and decorrelates the momentum variables, effec-
tively applying a linear transformation to the parameter space. When M−1 approximates
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Figure 2.2: Illustration of NS algorithm. This example has been performed with nessai.

(Left Panel) Posterior probability distribution for a two-dimensional problem, highlighting

contours of equal likelihood. (Right Panel) Transformed L(X) curve, where each prior

volume Xi is associated with its corresponding relative likelihood.

the covariance structure of the posterior, strongly correlated parameters become more in-
dependent, dramatically improving sampling efficiency. The system potential energy is
defined as the negative of the posterior distribution. In this way, the Hamiltonian function
is defined as

H(q,p) = U(q) +K(p)

= − log L(d | q) − log p(q) +
1

2
p⊤M−1p. (2.63)

The dynamics of the system are governed by Hamilton’s equations:

dq

dt
=
∂H

∂p
= M−1p, (2.64)

dp

dt
= −∂H

∂q
= ∇q log L(d | q) + ∇q log p(q). (2.65)

Eqs. 2.64 and 2.65 are integrated numerically using the leapfrog method, a symplectic inte-
grator that preserves phase-space volume and guarantees reversibility. Proposed states are
then accepted or rejected according to the Metropolis–Hastings criterion, with acceptance
probability:

α = min
(

1, exp
[

H(qold,pold) −H(qnew,pnew)
]

)

. (2.66)

In Fig. 2.3, we illustrate the basic idea behind the Hamiltonian Monte Carlo (HMC) algo-
rithm. In practice, we employ the Hamiltonian Monte Carlo (HMC) algorithm provided
by NumPyro [144], which uses the No-U-Turn Sampler (NUTS) [96], an adaptive extension
of HMC. Standard HMC requires manual specification of two parameters: the step size
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Figure 2.3: (Left Panel) Illustration of the Hamiltonian Monte Carlo algorithm. The left

panel shows the trajectory of a single chain in the parameter space. (Right Panel) Samples

obtained after running the algorithm for a given number of iterations. This example has

been performed with NumPyro.

ε and the trajectory length, typically expressed as either a number of leapfrog steps L
or a simulation time εL. The step size controls the discretization error in the leapfrog
integrator—too large leads to inaccurate dynamics and low acceptance rates, while too
small wastes computation. The trajectory length is even more problematic: too short re-
sults in random walk behavior, while too long causes the trajectory to loop back on itself,
wasting computation by revisiting already-explored regions.

NUTS eliminates the need to set the trajectory length by automatically determining
when to stop the simulation. It starts with a single leapfrog step, then progressively dou-
bles the trajectory length (1, 2, 4, 8, . . . steps) in randomly chosen directions (forward or
backward in time) until stopping. The algorithm stops when it detects a “U-turn”. Math-
ematically, this occurs when (q+ − q−) · p− < 0 or (q+ − q−) · p+ < 0, where q−,+ are
the positions at the two ends of the trajectory and p−,+ are the corresponding momentum
vectors. The next sample is then drawn from among all valid states visited, with appro-
priate weights to preserve detailed balance. The step size ε is automatically tuned during
the warm-up phase to achieve a target acceptance rate. The NumPyro implementation
additionally adapts a mass matrix M , estimating M from the sample covariance during
warm-up. Crucially, HMC and NUTS require gradient information ∇q log L(d|q) at each
leapfrog step. NumPyro leverages automatic differentiation through jax [46].

2.2.3 Evidence and model selection

The evidence in Eq. 2.46 is a scalar value, specifically a function solely dependent on
the data. While it acts as a constant in parameter estimation, it is a crucial quantity
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in Bayesian model selection. The goal of model selection is to determine which model is
statistically preferred by the data and to what extent. The posterior support for one model
M1 over another M2 is quantified by the odds ratio:

P (M1|d)

P (M2|d)
= B12

π(M1)

π(M2)
, (2.67)

Here, B12 represents the Bayes factor, corresponding to the evidence ratio between ZM1

and ZM2
for the two competing models. Without assuming any prior preference for either

model, we set π(M1) = π(M2) = 1, so that the posterior odds ratio is equal to Bayes
factor. In this regime, a log10(B12) > 1 is considered strong evidence in favor of model M1

[99].
A practical application of the Bayes factor is to test the presence of a signal against the
null hypothesis, which assumes no signal is present. If we denote with θ̂ the maximum
likelihood estimator of parameters we approximate the likelihood through the Laplace
approximation:

log L(d|θ) ≈ log L(d|θ̂) − 1

2
(θ − θ̂)TH(θ̂)(θ − θ̂), (2.68)

where the Hessian matrix H(θ̂) is equivalent to the Fisher information matrix defined in
Eq. 2.60: Using Eq. 2.68, the log-evidence for the signal model is approximated by

log Z1(d) ≈ log L(d|θ̂) +
1

2
log

(

(2π)k

|H(θ̂)|

)

, (2.69)

where k is the number of free parameters in the model. The term

Oc =
1

2
log

(

(2π)k

|H(θ̂)|

)

(2.70)

is often referred to as the Occam factor: it penalizes models with larger parameter spaces,
favoring simpler explanations when the data do not support sufficiently additional com-
plexity. For null hypothesis, we adopt a normalization choice where Z0(d) = 1, measuring
the signal evidence relative to the noise-only baseline. Under this convention, the log-Bayes
factor for signal versus noise is given by:

log B10 = log Z1(d) = log L(d|θ̂) + Oc

= (ĥ|ht) − 1

2
(ĥ|Ĥ) + (O)c

=
1

2
(ĥ|ĥ) + Oc. (2.71)

From the SNR definition in Eq. 2.26, it follows that the log-Bayes factor is proportional
to the squared SNR. Although this derivation provides a Bayesian interpretation of the
SNR, it is important to note that the SNR is not well-defined in Bayesian statistics, as
it does not account for the prior information. Indeed, by deriving Eq. 2.71, we have
assumed that the likelihood is strongly peaked around θ̂. This approximation is valid in
the high SNR regime, where data strongly constrain the parameters and the likelihood
becomes increasingly concentrated around the true parameter values. In the low-SNR
limit, the likelihood is broader and this approximation breaks down. Furthermore, evidence
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integration is generally non-trivial, since the posterior may be dominated by the prior when
the data are uninformative or when the prior heavily penalizes certain regions of parameter
space.

As described in Section 2.2.2, NS algorithms are designed to compute the evidence
directly. MCMC methods, instead, do not directly provide an estimate of the evidence;
however, several techniques have been proposed to extract it from MCMC posterior chains,
e.g., power posterior method. These methods use a series of intermediate distributions that
gradually change the prior into the posterior. The most common way to do this is through
the geometric path, which defines the power posterior as.

pβ(θ|d) =
L(d|θ)βπ(θ)

Zβ(d)
, (2.72)

where β is a parameter that varies between 0 and 1. In particular, β = 0 corresponds to the
prior distribution, while β = 1 corresponds to the posterior distribution. The normalization
constant Zβ(d) is defined as:

Zβ(d) =

∫

L(d|θ)β π(θ) dθ. (2.73)

Here, we summarize the most common methods.
Thermodynamic integration: Thermodynamical integration (TI) estimates the model

evidence Z(d) by integrating along a path of intermediate distributions defined by the
power posterior (Eq. 2.72). Specifically, the log-evidence reads:

ln Z(d) =

∫ 1

0
Eβ [ln L(d|θ)] dβ, (2.74)

where Eβ [·] denotes the expectation value over the power posterior at β. This method is
inspired by concepts from statistical thermodynamics: the parameter β is equivalent to the
inverse temperature, and the likelihood raised to the power β corresponds to a Boltzmann
factor. Then, the model evidence Z(d) plays as a partition function.

Stepping Stone: Stepping Stone (SS) relies on the same sampling scheme required by
TI, but it typically requires fewer intermediate steps along the annealing path and produces
a less biased estimate of evidence. Given a set of βk values, where 0 = β0 < . . . < βK−1 <
βK = 1, the evidence is expressed as a product of evidence ratios at consecutive βk values:

Z(d) =
Zβ=1(d)

Zβ=0(d)
=

K−1
∏

k=1

Zβk
(d)

Zβk−1
(d)

. (2.75)

Each ratio is obtained using samples from the power posterior at βk−1:

Zβk
(d)

Zβk−1
(d)

=

∫ L(d|θ)βkπ(θ) dθ

Zβk−1
(d)

(2.76)

=

∫ L(d|θ)(βk−βk−1)L(d|θ)βk−1π(θ) dθ

Zβk−1
(d)

(2.77)

=
Zβk−1

(d)
∫ L(d|θ)(βk−βk−1)pβk−1

(θ|d) dθ

Zβk−1
(d)

(2.78)

= Eβk−1

[

L(d|θ)βk−βk−1

]

, (2.79)
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where in Eq. 2.78 we have used the Bayes theorem. Thus

Z(d) =
K−1
∏

k=1

1

n

n
∑

i=1

L(d|θiβk−1
)βk−βk−1 , (2.80)

Generalized stepping stone: [201] Similarly to SS, the Generalized Stepping Stone (GSS)
method estimates the evidence by computing a series of intermediate distributions that
interpolate between the posterior distribution and a carefully chosen reference distribution
π0. In particular, π0 is introduced in power posterior in Eq. 2.72 as follows:

pβ(θ|d) ∝ (L(d|θ)π(θ))βπ0(θ)1−β , (2.81)

Once again, for β = 0, the reference distribution π0 is equivalent to the prior distribution,
while for β = 1, it corresponds to the posterior distribution. If π0 = π is the prior
distribution, then GSS reduces to SS. Similarly to the SS, the evidence is computed as
product of ratios which is defined as follows:

Zβk
(d)

Zβk−1
(d)

= Eβk−1

[

L(d|θ)βk−βk−1

π0

]

. (2.82)

To make GSS efficient, the reference distribution π0 is chosen to be close to the posterior
distribution, so that the expectation value is estimated with a small number of samples.



Chapter 3

Laser Interferometer Space

Antenna

In this chapter, we discuss aspects of the LISA to address mission relevant for our studies.
In Section 3.1, we give an overview of the mission design. In Section 3.2, we describe the
LISA response to GWs. In Section 3.3, we discuss the main sources of instrumental noise.
In Section 3.4, we introduce the TDI technique. In Section 3.5, we discuss GW sources
observable by LISA.

3.1 Mission overview

LISA is a space-based gravitational wave observatory, selected as an L2-class large mission
under the ESA Cosmic Vision program. It is designed to detect and measure GWs in
the low-frequency band between 0.1mHz and 1Hz, otherwise inaccessible to ground-based
detectors. With a nominal mission duration of 4 years, LISA consists of three identical
spacecraft following heliocentric orbits, flying in a quasi-equilateral triangular configura-
tion. As shown in Fig. 3.1, the constellation center of mass trails the Earth orbit at an
angle of 20◦ while the constellation plane is inclined by around 60◦ with respect to the
ecliptic plane.

LISA spacecrafts perform a clockwise cartwheeling motion with an orbital period of
one year. The distances between the spacecrafts have an average value of 2.5×106 km and
fluctuate by about ∼ 1% over each orbit. The large armlength, combined with isolation
from terrestrial seismic and Newtonian noise, allows LISA probing GWs at millihertz fre-
quencies. To see this explicitly, an interferometer is most sensitive to gravitational waves
whose wavelength λGW is comparable to its armlength L. For LISA case, we have

λGW ∼ L ∼ 2.5 × 109 m ⇒ fGW ∼ c

λGW
∼ 3 × 108 m/s

2.5 × 109 m
∼ 0.1 Hz. (3.1)

The orbits provide a constant angle of the constellation plane with respect to the
Sun, allowing for a thermally stable environment and, more importantly, constant sunlight
exposure to charge onboard equipment batteries. Furthermore, the heliocentric orbit keeps
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the distance to Earth approximately constant, simplifying radio communication and data
downlink by avoiding large variations in signal travel time and required transmitter power.

Each LISA spacecraft hosts two Optical Benches (OBs). Each OB contains a laser
operating at a wavelength of 1064nm, an optical readout system, and a 40cm-diameter
telescope used to transmit and receive light between the distant spacecraft. The OBs
also contain a test mass—a 46mm platinum–gold cube with a mass of 2kg—designed to
remain in near-perfect free fall along the laser propagation direction, shielded from external
disturbances. In addition, the spacecrafts are equipped with phasemeters to analyse the
readout signals and an ultra-stable oscillator that serves as a local clock for synchronization
and timestamping. Micro-thrusters continuously adjust the spacecrafts position to follow
the test masses, maintaining their free-fall motion their along their translational degrees
of freedom.

To validate the mission design, the ESA launched the LISA PathFinder (LPF) mis-
sion in 2015 to test the technology required to place test masses in near-perfect free fall,
where motion is influenced solely by gravity. LPF consisted of a single spacecraft imple-
menting one of the LISA interferometer arms in a shortened configuration [23]. Operating
around the Lagrange point L1 between December 2015 and July 2017, it showed that
non-gravitational forces on the test masses could be suppressed to levels well below those
required for LISA, exceeding the mission targets by more than an order of magnitude.[22,
24].

3.2 LISA response to GW

3.2.1 Convention

In this section, we introduce the conventions used to describe the LISA response to GWs.
We define the source frame, previously introduced in Section 1.3, with an orthonormal
Cartesian basis (xS , yS , zS) (see left panel of Fig. 3.2). It is convenient to express vec-
tors in spherical coordinates (θS , ϕS) relative to this basis, with associated unit vectors
(êS,r, êS,θ, êS,ϕ). The unit vector opposite the line of sight, expressed in the Cartesian
basis, is

k̂ = (sin θS cosϕS , sin θS sinϕS , cos θS). (3.2)

Next, we introduce a polarization basis vectors:

p̂ = êS,θ, q̂ = êS,ϕ. (3.3)

Together with k̂, the vectors (p̂, q̂, k̂) form the radiation frame triad, used to define the
polarization tensors as in Eq. 1.32.

Since the LISA constellation orbits the Sun, it is convenient to define a rigid reference
frame for describing both the detector’s motion and the source position. This is the SSB,
aligned with the ecliptic plane and defined by the orthonormal basis vectors (x, y, z) (as
illustrated in the right panel of Fig. 3.2). We adopt standard spherical coordinates (θ, ϕ) in
the SSB frame, along with the corresponding spherical basis vectors (êr, êθ, êϕ). The source
sky location is parameterized by the ecliptic latitude β = π/2 − θ and ecliptic longitude
λ = ϕ. In these coordinates, the GW propagation vector k̂ is given by:

k̂ = (− cosβ cosλ,− cosβ sinλ,− sin β). (3.4)
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Figure 3.1: LISA constellation in heliocentric orbit. The spacecrafts are arranged in a

triangular formation with an average distance of 2.5 × 106km between them. The constel-

lation orbits around the Sun, trailing the Earth at an angle between 19◦ and 23◦. The

constellation plane is inclined by about 60◦ with respect to the ecliptic plane and performs

a clockwise cartwheeling motion with the orbital frequency of one cycle per year. Figure

adapted from [71].
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We also define the reference polarization vectors in the SSB frame as

û = −êθ, v̂ = −êϕ, (3.5)

so that (û, v̂, k̂) form a right-handed orthonormal triad. The remaining degree of freedom
between the frames is a rotation around the line of sight k̂, characterized by the polarization
angle ψ. We define it as the rotation angle around k̂ corresponding to the map û → p̂.
The polarization basis tensors associated with (û, v̂) are then related to those defined by
(p̂, q̂) via a rotation by ψ, as in Eq. 1.33. The corresponding representation of the strain
in the SSB frame is

hSSB
ab (t) = [h+(t) cos 2ψ + h×(t) sin 2ψ]ϵ+ab + [−h+(t) sin 2ψ + h×(t) cos 2ψ]ϵ×ab. (3.6)

Figure 3.2: (Left panel) Source frame, defined by the unit vectors (xS , yS , zS) and the

spherical coordinates (θS , ϕS). (Right panel) the SSB frame, defined by the unit vectors

(x, y, z) and the spherical coordinates (θ, ϕ). The GW propagation vector k̂ is shown in

both frames. The polarization angle ψ is defined as the angle between the û vector and

the p̂ vector. Image adapted from [183]

3.2.2 Single-arm response to GWs

As shown in Section 1.2, GWs are weak perturbations of the spacetime metric. In the SSB
frame, we describe the metric in the vicinity of the LISA constellation as

ds2 = −dt2 + (δab + hab(t, k̂))dxadxb, (3.7)

where xa denote the spatial coordinates introduced in Section 3.2.1. The dependence of
Eq. 3.7 on the retarded time t = t− k̂ · x is motivated by Eq. 1.49. Here, we adopt c = 1.
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We now introduce λ as the affine parameter along the photon trajectory. Consider two
spacetime events corresponding to photon emission and reception, with coordinates

xµ0 = xµ(λ = 0) = (t0, x
a
0), xµ1 = xµ(λ = 1) = (t1, x

a
1), (3.8)

respectively. The four-vector separation between these events is rµ = xµ1 − xµ0 . The phase
evolution experienced by the photon is:

∆ϕ =

∫

path
ωLdt =

∫ 1

0
ωLṫdλ. (3.9)

Here, ωL denotes the laser frequency, and the dot is the derivative with respect to the
affine parameter λ. Assuming a constant laser frequency, Eq. 3.9 is equivalently expressed
in terms of an optical path length as

L =
∆ϕ

ωL
=

∫ 1

0
ṫdλ . (3.10)

The photon travels along a null geodesic, given by:

ṫ2 = [ηab + hab(λ)] ẋaẋb, (3.11)

where ẋa = ra + δra(λ). Inserting Eq. 3.11 in Eq. 3.9, we get:

L =

∫ 1

0

[

xaxa + hab(λ)ẋaẋb
]1/2

dλ (3.12)

= L0 +
L0

2
r̂ar̂b

∫ 1

0
hab(λ)dλ+ O(h2) (3.13)

= L0 +
1

2

r̂ar̂b

1 − k̂ · r̂

∫

t
1

t0

hab(t
′)dt′ + O(h2). (3.14)

Thus, the armlength variation δL at linear order in h is

∆L(t) =
1

2

r̂a(t)r̂b(t)

1 − k̂ · r̂(t)

∫

t
1

t0

hab(t
′)dt′, (3.15)

where t
1 = t− k̂1 ·x and t

0 = (t−L0)− k̂0 ·x. Eq. 3.15 constitutes the single-link response
to GWs in the time domain, where the arm direction r̂ is changing due to the spacecrafts
motion.

We obtain a frequency-domain response by applying the FT to Eq. 3.15.

∫

t
1

t0

hab(t
′)dt′ =

∫

t
1

t0

dt′
∫ ∞

−∞
dfh̃ab(f)e2πif(t′) (3.16)

=

∫ ∞

−∞
df
h̃ab(f)

2πif
e2πif(t1−t

0) (3.17)

Therefore, the response between sender j and receiver i spacecraft reads

δij(t, k̂) =
∆Lij(t)

Lij
=

1

2
r̂aij r̂

b
ij

∫ ∞

−∞
h̃ab(f)τij(f, t, k̂)e2πif(t−∆t)df, (3.18)

where

∆t =
1

2

[

k̂ · (xi + xj) + Lij
]

, (3.19)

τij(f, t, k̂) = sinc(πLijf [1 − k̂ · r̂ij(t)]). (3.20)
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3.2.3 Response to GWs superposition

We describe the stochastic strain as a linear superposition of plane tensor-waves incom-
ing from each direction of the sky. Therefore we define an integrated response to each
polarization p = +,×, as follows:

δpij(t) =

∫

k̂
δpij(t, k̂)dk̂, (3.21)

where

δpij(t, k̂) =
1

2
r̂aij r̂

b
ij

∫ ∞

−∞
h̃p(f, k̂)ϵpab(k̂)τij(f, t, k̂)e2πif(t−∆t)df (3.22)

=
1

2

∫ ∞

−∞
h̃p(f, k̂)F p(k̂, r̂ij)τij(f, t, k̂)e2πif(t−∆t)df. (3.23)

In Eq. 3.21 we considered the antenna pattern functions F p(k̂, r̂ij), introduced in Eq. 2.2
and Eq. 2.3. We rewrite Eq. 3.22 equivalently as:

δpij(t, k̂) =

∫ ∞

−∞
h̃p(f, k̂)G

p
ij(f, t, k̂)e2πiftdf, (3.24)

where G
p
ij(f, t, k̂) reads

G
p
ij(f, t, k̂) =

1

2
F p(k̂, r̂ij)e

−iπf(Lij+k̂·(xi+xj))τij(f, t, k̂). (3.25)

Notably, G
p
ij(f, t, k̂) is a complex quantity unlike τij(f, t, k̂). Equivalently, we recast

Eq. 3.25 as a response in fractional frequency domain

Gpij(f, t, k̂) = 2πiLijfG
p
ij(f, t, k̂). (3.26)

The FT of Eq. 3.24 is then

δpij(f, k̂) =

∫ ∞

−∞
dte−2πiftδpij(t, k̂) (3.27)

=

∫ ∞

−∞
dte−2πift

∫ ∞

−∞
h̃p(f

′, k̂)G
p
ij(f

′, t, k̂)e2πif ′tdf ′

=

∫ ∞

−∞
dt

∫ ∞

−∞
h̃p(f

′, k̂)G
p
ij(f

′, t, k̂)e−2πit(f−f ′)df ′

=

∫ ∞

−∞
df ′G

p
ij(f

′, f − f ′, k̂)h̃p(f
′, k̂),

where we have defined

G
p
ij(f

′, f, k̂) =

∫ ∞

−∞
e−2πiftG

p
ij(f

′, t, k̂)dt. (3.28)

For an isotropic, stationary, zero-mean background, fully characterized by its PSD, we
implicitly define a response matrix for two given links, ij and i′j′, as

Σij,i′j′(f) =
〈

δpij(f)δ∗p
i′j′(f)

〉

=

∫

k̂
dk̂

∫ ∞

−∞
df ′G

p
ij(f

′, f − f ′, k̂)G
∗p
i′j′(f ′, f − f ′, k̂)Sh(f ′).

(3.29)
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Assuming an isotropic distribution of sources, we integrate the product of the G func-
tions in Eq. 3.29 and evaluate it at a reference time t0—without loss of generality, due to
the assumption of perfect stationarity—to obtain:

Σp
ij,i′j′(f) = Gpij,i′j′(f, t0)Sh(f), (3.30)

with

Gy(f, t0) = Gpij,i′j′(f, t0) =

∫

k̂
dk̂G

p
ij(f, t0, k̂)G

∗p
i′j′(f, t0, k̂). (3.31)

Summing over the polarizations, we obtain the single link response matrix, which we denote
with a 6 by 6 matrix R(f, t0).

Σij,i′j′(f) =
∑

p

Gpij,i′j′(f, t0)Sh(f) = Rij,i′j′(f, t0)Sh(f). (3.32)

3.3 Instrumental noise

The sensitivity of LISA is limited by several noise sources, some astrophysical in origin.
Here, we focus on the instrumental noise, leaving astrophysical sources for a detailed discus-
sion in Section 3.6. One main source is expected to dominate the raw LISA interferometric
data:

Laser frequency noise : by far the dominant noise for LISA, it is due to laser fre-
quency fluctuations. In an ideal case, a laser operates at a single frequency with zero
linewidth. In the real world, however, a laser has a finite linewidth due to phase fluc-
tuations, which cause instantaneous frequency shifts away from the central frequency,
given by δν(t) = 1

2π
dϕ
dt . Unlike ground-based detectors, the frequency fluctuations do

not cancel naturally thanks to common signal propagation across different arms, thus
they appear in the LISA data stream. In order to suppress the laser frequency noise,
a post-process technique called TDI is employed, which we describe in Section 3.4.

Assuming laser frequency noise is effectively suppressed, two secondary noise sources re-
main unmitigated by TDI:

Test Mass (TM) noise : test masses onboard each spacecraft are shielded in vacuum
chambers from outer disturbances. However, as observed in LPF, free-fall can be
achieved only partially. External spurious forces push the test masses away from
their geodesics, resulting in a non-inertial residual accelerations. A number of differ-
ent phenomena contribute to such residual forces, including: residual local gravity
gradients result in inertial forces that can mimic tidal accelerations from GW. Addi-
tionally, cosmic charged particles can deposit charge on the test masses, which results
in electrostatic forces. Also, the thermal noise from the surrounding molecules can
cause fluctuations in the test mass position. Overall, we define a PSD model describ-
ing the test mass noise in a single link measurement ij as:

Sij,tm(f) = A2
ij,tm(2πcf)−2

[

1 +

(

0.4mHz

f

)2
] [

1 +

(

f

8mHz

)4
]

Hz−1. (3.33)
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Figure 3.3: PSDs of the instrumental noises affecting LISA measurements. The blue (or-

ange) line represents the TM (OMS) component, dominant at high (low) frequencies. From

the superposition of the two noise sources, we observe that the overall noise is minimum

around 3 mHz.

Optical Metrology System (OMS) noise the OMS noise enters the LISA datastream
via the photodetectors, responsible for measuring the light power received from each
distant spacecraft. The OMS noise is due to fluctuations in the laser power, which
is caused by several factors. The shot noise is an example of such noise, originating
from the quantum nature of light: as the laser beam is composed by photons emitted
randomly in time, the photon count in a given time interval obeys to a Poisson
distribution, which results in fluctuations in the measured power. The OMS PSD
noise model, in a single link measurement ij, is given by:

Sij,oms(f) = A2
ij,oms

[

1 +

(

2mHz

f

)4
]

(

2πf

c

)2

Hz−1. (3.34)

In a single link measurement, the secondary noises enter as:

nij(t) = nij,oms(t) + nij,tm(t) + nji,tm(t− Lij), (3.35)

where nji,tm(t − Lij) is the TM noise from the other spacecraft, which is delayed by the
light travel time Lij . Assuming that individual noise terms are stationary, zero-mean,
and uncorrelated, and using the single-link noise definition in Eq. 3.35, we compute the
non-zero entries of the covariance matrix for single links:

Σn
ij,ij(f) = Sij,tm(f) + Sij,oms(f) + Sji,tm(f) (3.36)

Σn
ij,ji(f) = exp [2πifLji]Sij,tm(f) + exp [−2πifLij ]Sji,tm(f) (3.37)
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It is important to notice that in principle amplitude for TM and OMS noise are different
for different single arm measurements. In this thesis, we consider a central values Atm =
2.4×10−15m s2 Hz−0.5 and Aoms = 7.9×10−12m Hz−0.5 are considered respectively. Overall,
the OMS noise dominates at frequencies above 3 mHz, as shown in Fig. 3.3, while TM noise
dominates at lower frequencies.

3.4 Time delay interferometry

In conventional equal arm Michelson interferometers, the laser frequency fluctuations af-
fecting the two arms cancel out at the photodetector [191]. This is because the two arms
have the same length and the laser frequency fluctuations undergo the same delay. How-
ever, in LISA, the arms are not equal in length. To quantify this effect, we consider a
simplified interferometer with two arms of different lengths L1 and L2, and denote by nl(t)
the laser frequency fluctuations. Since measurements at the photodetector occur after a
round-trip time of 2Li/c along each arm, the differential laser noise is given by

∆nl(t) = nl
(

t− 2L1

c

)

− nl
(

t− 2L2

c

)

. (3.38)

Under the low-frequency approximation f ≪ c/Li, the FT of Eq. 3.38 is

∆nl(f) ≈ 4πf
L1 − L2

c
|nl(f)|. (3.39)

For LISA, the armlength difference is approximately 1%, i.e. |L1 − L2|/L ∼ 0.01, cor-
responding to (L1 − L2)/c ∼ 0.083 s. Assuming typical laser frequency noise nl(f =
1 mHz) ∼ 10−13/

√
Hz [164], the resulting differential noise is ∆nl ∼ 1.04 × 10−16/

√
Hz at

f = 1 mHz. Since the LISA sensitivity requirement at this frequency is ∼ 10−20/
√

Hz, laser
frequency fluctuations would exceed the target by four orders of magnitude, completely
overwhelming the GWs signal. To mitigate this effect, we employ the TDI technique [186],
a post-processing method that synthesizes virtual equal-arm interferometers by combining
suitably delayed linear combinations of measurements from the three spacecraft.

3.4.1 A gentle introduction to TDI

In this section, we present a simplified example of the TDI application. We consider a
Michelson interferometer with two arms of different lengths L1 and L2 and laser frequency
noise nl(t). We denote the signals and the overall photodetector measurements as s1,2(t)
and y1,2(t), respectively. The latter are computed as:

y1(t) = s1(t) + nl(t− 2L1) − nl(t), (3.40)

y2(t) = s2(t) + nl(t− 2L2) − nl(t). (3.41)

The pure datastreams subtraction (y1(t) − y2(t)) does not remove the laser phase noise
nl(t). The crucial point is to delay the photodetector signals by the round-trip time of the
other arm (for example y1(t) by 2L2).

y1(t− 2L2) = s1(t− 2L2) + nl(t− 2L1 − 2L2) − nl(t− 2L2), (3.42)

y2(t− 2L1) = s2(t− 2L1) + nl(t− 2L2 − 2L1) − nl(t− 2L1). (3.43)
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The term nl(t−2L1 −2L2) appears in both equations and is therefore eliminated by taking
the difference y1(t− 2L2) − y2(t− 2L1). In this combination, the laser phase noise enters
exactly in the same form of (y1(t) − y2(t)). Thus, we define the variable x(t) as:

x(t) = [y1(t− 2L2) − y2(t− 2L1)] − [y1(t) − y2(t)] , (3.44)

= y1(t− 2L2) − y2(t− 2L1) − y1(t) + y2(t). (3.45)

Eq. 3.45 emphasizes the basic idea of TDI. The aim is to construct laser-noise-free datas-
treams by properly adding and time-shifting the interferometric photodetector measure-
ments. The new variables are designed to retain the GW signal.

3.4.2 TDI combinations

We now show how to apply TDI to the LISA constellation. First, we introduce the notation
defining the LISA constellation geometry and link labeling. The spacecrafts are labeled 1,
2, 3, and they are clockwise oriented. The links between the spacecrafts are labeled Lij ,
where i refers to the local spacecraft and j refers to the distant spacecraft. Similarly, the
LISA measurements associated to each OB are denoted as yij . The GW signal appears in
yij as described in Eq. 3.18. Left panel of Fig. 3.4 shows the LISA setup and the notation
used in this section. We now define the delay operator Dij as follows:

Dijy(t) = y(t− Lij). (3.46)

For constant armlengths, the delay operator is self-commutative, and repeated applications
yield:

Di1j1 . . .Dinjny(t) = y

(

t−
n
∑

k=1

Likjk

)

. (3.47)

We now define the first-generation TDI variables, which fully suppress the laser fre-
quency noise in a constellation with constant arm lengths, either equal or unequal. The
relative Michelson X variable is defined as:

X1 = (1 − D13D31)(y12 + D12y21) + (D12D21 − 1)(y13 + D13y31). (3.48)

A schematic representation of the X variable is shown in the right panel of Fig. 3.4.
The laser frequency noise in more realistic scenarios requires other synthetic loops in the
photon path to be included in the TDI variables. Unequal and non-constant arm lengths
require second-generation TDI variables, where the X variable is now defined as:

X2 = (1 − D31D13D12D21)X1, (3.49)

The Michelson variables represent one possible family of TDI combinations. Other families,
such as the Sagnac variables [173], can be constructed from different combinations of the
six time-delayed single-link measurements yij . From each family, an additional set of
combinations is defined, denoted by A,E, T . For instance, given the Michelson variables
XY Z, these read

A =
Z −X√

2
, E =

X − 2Y + Z√
6

, T =
X + Y + Z√

3
. (3.50)
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Figure 3.4: (Left panel) Schematic representation of the LISA constellation. The space-

crafts are labeled 1, 2, 3, and they are oriented clockwise. The links between the spacecrafts

are labeled as Lij , where j refers to the sender spacecraft and i refers to the receiver space-

craft. The LISA measurements associated to each OB are denoted as yij . Figure adapted

from [32]. (Right panel) Scheme of the first generation Michelson X - TDI variable. It can

be visualized as the difference between two sums of measurements (green and red), each

corresponding to a specific light path from the laser onboard spacecraft 1.

The AET variables are quasi-orthogonal, meaning that the secondary noise in the three
channels is uncorrelated in the equal-arms limit and for identical noise levels. This is
significant because, in Eq. 2.54, the likelihood factorizes into three separate terms rather
than forming a fully symmetric noise covariance matrix. Under the same assumptions, the
T channel is also significantly less sensitive to the GW signal, allowing an instrumental
noise measurement in a GW-quiet datastream. These features make the AET variables
highly advantageous for LISA data analysis.

It is also useful to define the TDI variables in the frequency domain. We define the
vector of FT single link measurements as ỹ(f) = {ỹij(f)}i̸=j . We call d̃(f) the Fourier
transformed TDI variables, e.g., d̃(f) = {X̃(f), Ỹ (f), Z̃(f)}. The delay operator turns
into a multiplication by a phase factor in the frequency domain:

Dij ỹ(f) = e−2πifLij ỹ(f). (3.51)

Applying multiple delay operators is then equivalent to summing the phases. Thus, the
TDI FT variables are expressed as:

d̃(f) = M(f)ỹ(f), (3.52)

where M(f) is a [3 × 6] matrix, which projects the single link measurements into the
TDI variables. Through M(f), we can now propagate the matrix R(f, t0), introduced in
Section 3.2.3, to the TDI level.

R(f, t0) = M(f)R(f, t0)M†(f). (3.53)
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Figure 3.5: (Left panel) PSD of the noise affecting the LISA AET channels. (Right panel)

Relative sensitivity curve. Both panels refer to the first-generation TDI observables. As

discussed in the text, the T channel is primarily sensitive to instrumental noise rather than

the gravitational wave signal, resulting in a significantly reduced sensitivity.

Then, the covariance matrix in TDI variables reads

CGW(f) = R(f, t0)Sh(f). (3.54)

Similarly, we now want to project the noise component described Eqs. 3.36 and 3.37
into the TDI variables.

Cn(f) = M(f)Σn(f)M†(f), (3.55)

Given the single link noise definition Eq. 3.35, the TM and OMS components have different
correlation properties, which will ultimately cause the two components to have different
transfer functions in the various TDI channels. In terms of the XY Z variables, the noise
covariance reads

Sn
aa(f) = Fgen(f) 8 sin2

(

2πfL

c

){[

3 + cos

(

4πfL

c

)]

Stm(f) + Soms(f)

}

, (3.56)

Sn
ab(f) = −Fgen(f) 2 sin

(

2πfL

c

)

sin

(

4πfL

c

)

[4Stm(f) + Soms(f)] , (3.57)

where a, b ∈ {X,Y, Z}, Stm and Soms are the test-mass and optical metrology system noise
spectra (see Eqs. 3.33 and 3.34), and Fgen(f) is a factor accounting for the TDI generation
considered. In particular, we have

F1(f) = 1, (3.58)

F2(f) = 4 sin2
(

4πfL

c

)

, (3.59)
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where the difference from unity in F2 arises from the extra delay factors in the second-
generation TDI combinations (Eq. 3.49). Instead, in the A,E, T channels, the noise co-
variance entries are

Sn
AA(f) = Sn

EE(f)

= Fgen(f) 8 sin2
(

2πfL

c

)

{

4
[

1 + cos

(

2πfL

c

)

+ cos2
(

2πfL

c

)

]

Stm(f)

+
[

2 + cos

(

2πfL

c

)

]

Soms(f)
}

, (3.60)

Sn
TT (f) = Fgen(f) 8 sin2

(

2πfL

c

)

{

4
[

1 − cos

(

2πfL

c

)

]2
Stm(f)

+ 2
[

1 − cos

(

2πfL

c

)

]

Soms(f)
}

. (3.61)

In Fig. 3.5, we show the corresponding PSD and sensitivity curves for theAET channels.
The effective sensitivity, defined in Eq. 2.40, is computed as the ratio between the noise
PSD given in Eq. 3.60 and the sky- and polarization-averaged response from Eq. 3.53,
evaluated along a single channel.

3.5 LISA sources

Here we give a brief overview of the main sources of GWs that LISA is expected to observe.
The science goals of LISA are extremely broad. They include observing the formation,
growth, and mergers of Massive Black-Hole Binaries (MBHBs). The mission will also
survey stellar populations, study dynamics in galactic nuclei, and explore the structure of
the Galaxy. Finally, it may detect primordial GWs from the early universe. The main
expected GW sources in the LISA band are:

• Massive Black Hole Binaries. LISA is expected to detect the MBHB mergers
with masses between 105 and 107M⊙ at redshifts up to z ∼ 15. Different formation
channels—such as stellar hardening through three-body interactions [172], gas-driven
migration [77], or evolution via interactions with other massive black holes [45]—pre-
dict distinct properties and merger rates. LISA observations of coalescing MBHB
will enable us to infer these mechanisms and constrain their evolutionary path-
ways [190]. These systems are also candidate for multimessenger astronomy [33].
Since these systems form and evolve in gas-rich environments, they are anticipated
to emit Electromagnetic (EM) radiation, primarily in the X-ray and optical bands.
Tracking the EM emission can be used to identify potential MBHBs candidate in the
LISA band [128]. Furthermore, the merger of MBHBs is expected to be followed by
strong prompt shocks in the circumbinary disk. These should produce a bright after-
glow. Constraining sky location and merger time days before the final coalescence
is crucial to trigger EM follow-up observations. In Fig. 3.6, MBHBs with different
masses are represented by color coded lines, denoting the accumulated SNR up to
the given frequency.

• Galactic binaries: binary systems consisting of two COs, mainly WDs, in the
Milky Way (MW). LISA is expected to detect individually up to tens of thousands
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of these systems, providing insightful information about the population of COs in
the Galaxy. GW signals from these systems are almost monochromatic, therefore are
represented as grey dots in Fig. 3.6. At the same time, the vast majority of them
will remain unresolved. Then, the GWs signal emitted by millions of these systems
overlap incoherently, producing a confusion noise, known as Galactic Foreground
(GF). This will result in a dominant source of noise in the LISA band masking signals
emitted by other systems. The GF effectively limits the sensitivity of LISA to other
sources of GWs between 0.3mHz and 3mHz (black line in Fig. 3.6). Furthermore,
several verification binaries with known sky position and their orbital period (so
the GWs frequency) through EM observations, providing guaranteed multimessenger
sources (red hexagons) [82]. Their name comes from the fact that they might be
used to verify the LISA performance and sensitivity, knowing already their physical
parameters [124].

• Stellar Origin Black Hole Binaries: Mergers of SOBBH are currently observed
by ground-based detectors in the frequency band between 10 Hz and 1000 Hz. By
detecting extragalactic SOBBHs at much lower frequencies, LISA will enable the
measurement of properties that are difficult to access from the ground, such as the
binary’s orbital eccentricity, or the influence of a surrounding dense gaseous disk.
Some of these systems will be observed by LISA during the final years of their inspiral
and will later merge within the sensitivity band of ground-based detectors, offering
a unique opportunity for multi-band gravitational wave astronomy [171]. However,
the detection rate of these systems is expected to be low, up to a few tens per year
[50]. The SOBBHs are represented by the blue lines in Fig. 3.6.

• Extreme Mass Ratio Inspirals: These objects are relativistic binaries composed
by CO slowly inspiraling around a central MBH. They are characterised by an
extremely tiny mass ratio q = m2/m1, with m1 > m2, ranging between 10−4 − 10−7.
The formation channels remain uncertain; however, the systems they produce are
expected to exhibit significant eccentricity. Due to their very small mass ratio, EMRIs
evolve slowly, completing ∼ 104 − 106 cycles in the LISA frequency range before
eventually plunging onto the central MBH [95, 142]. A large number of cycles allow
measuring binary parameters with exquisitely high precision. Therefore, EMRI are
ideal sources to map MBH spacetime [163, 35], perform tests of general relativity [88],
and possibly detect the presence of gas around the central MBH [40, 39]. Measuring
the properties of a population of EMRI signals could additionally provide information
on the mass distribution of MBHs [86] and their host stellar environment [15]. More
recently, EMRIs have been proposed as potential targets for strong gravitational
lensing [187]. Figure 3.6 includes the tracks of five harmonics of an EMRI source,
whose signals are emitted simultaneously.
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Figure 3.6: Expected Astrophysical Gravitational Wave Sources in the LISA Frequency

Band. The figure presents four MBHB sources at varying masses, with color coding based

on SNR accumulation. Below, five curves correspond to the EMRI harmonic. Galac-

tic WDs binaries are represented by the dots, while the straight blue curves indicate the

SOBBH sources, including multiband signals. Solid teal, solid blue, and dashed black

curves represent the instrumental noise, unresolved gravitational wave foreground, and

their combined contribution, respectively. The upward displacement of the resolvable

sources corresponds to an SNR detection threshold of 7. The grey shaded region indi-

cates the extrapolated LISA instrumental noise below 0.1 mHz. Figure adapted from [67].

3.6 SGWB in LISA

In addition to the detection of individual sources, LISA is also expected to observe SGWB.
This can be either cosmological or astrophysical in origin, and we summarize below the
main sources of SGWBs in LISA. Two brief, diagrammatic and spectral overviews of
SGWB components are also provided in Figs. (3.7) and (3.8), respectively. Cosmological
sources are related to early universe processes, some intrinsically stochastic. The main
contributions are

• Phase transitions: These are processes in which the universe undergoes a change of
state, such as the transition from radiation domination to matter domination. Typ-
ically associated to spontaneous breaking of fundamental theories symmetry groups,
these processes can produce SGWBs through the emission of GWs from bubble col-
lisions and sound waves in the plasma.

• Cosmic strings: These are topological defects that can form during phase transi-
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Figure 3.7: Classification of SGWB sources relevant to LISA. Sources are grouped accord-

ing to their cosmological or astrophysical origin. Green borders indicate signals that are

more likely to be present in the LISA data. Blue shading highlights anisotropic spatial

distributions, while red shading denotes departures from Gaussian statistics

tions in the early universe. They usually evolve into a network of interacting strings
and loops. The field theory dynamics, driving their evolution over cosmological
timescales, leads to the production of aSGWBs through the GW emission due to
strings oscillations and recombination.

• Primordial black holes: These are black holes that formed in the early universe,
before the formation of stars and galaxies. They typically arise from the gravita-
tional accretion and collapse of early Universe density perturbation according to its
(unknown) initial quantum state. A population of such primordial BHs, if confirmed,
may provide a SGWBs through mergers and matter accretion.

The interested reader may see [26] for a detailed review on cosmological SGWBs. Be-
ing cosmological, SGWBs generated by these processes are expected to be isotropic and
stationary following the assumption of the cosmological principle. However, the expected
amplitudes are still uncertain, and the prospects for detectability of such signals are still
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debated.
In this thesis, we focus on astrophysical sources of SGWBs. They are generated by the

emission of GWs from a large number of unresolved astrophysical sources, either Galactic
or extragalactic. For this reason, the anisotropic assumption is not always valid, as well
as the non-Gaussianity one if the number of overlapping sources is not large enough to
leverage the central limit theorem. Moreover, our knowledge of the source population
remains uncertain, and the expected amplitudes are still debated. The main astrophysical
sources of SGWBs in LISA are:
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Figure 3.8: PSD of SGWB in LISA. Shown are signals in the first generation TDI of A
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Galactic Foreground, Extra-Galactic Foreground, Stellar-Origin Black Hole Binaries , and

Extreme Mass Ratio Inspirals. Cosmological contributions comprise Phase Transitions,

Cosmic Strings, and Primordial Black Holes, modeled as a Gaussian spectral feature. Dis-

tinct spectral features enable the separation of overlapping components.

• White Dwarfs Binaries:

Galactic Foreground. As anticipated in Section 3.5, the vast majority of WDs in
the MW are individually unresolved by LISA, leading to a stochastic confusion
noise [139]. This foreground dominates over the instrumental noise in the frequency
range between roughly 0.5 and 3 mHz. Due to LISA periodic orbital motion, the
detector response to this anisotropy induces a characteristic modulation in the ob-
served signal. This modulation can be exploited to infer the spatial morphology of
the Galaxy [47], encompassing components such as the disk, bulge, halo, and tidal
streams. In addition, the GF spectral shape depends on the astrophysical proper-
ties of the underlying WDs binary population and on LISA sensitivity. Theoretical
models predict two distinct spectral features: a low-frequency tail (below ∼ 1 mHz)
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and a high-frequency turnover or “knee” around a few millihertz. Assuming that
the binary evolution is driven solely by GW emission, the low-frequency part of the
spectrum follows a power-law behavior with a characteristic index of 2/3 in energy
density, as discussed in Section 1.4.2. The high-frequency knee, however, is shaped
by the transition from unresolved to resolvable sources and thus depends on sev-
eral observational and astrophysical factors, including the total mission duration, the
SNR threshold for resolvability, and the binary population properties such as metal-
licity. A phenomenological model has been proposed in [101], where the overall PSD
is defined by:

Sh(f) =
A

2
f−7/3 exp

[

−
(

f

f1

)α] [

1 + tanh

(

fkn − f

f2

)]

, (3.62)

where A is the amplitude normalization, and the spectral breaks f1 and fkn depend
on the observation time Tobs through the parametrization:

log10 f1 = a1 log10(Tobs) + b1, (3.63)

log10 fkn = akn log10(Tobs) + bkn, (3.64)

with ai and bi being calibrated model parameters. It is important to emphasize that
this model is a simplified picture intended to reproduce the general structure of the
foreground. In practice, the detailed spectral shape remains uncertain, not only due
to limited knowledge of the WDs binary population, but also because of non-GW
physical effects such as tidal interactions [188].

Furthermore, it has been recently shown that the GF deviates from Gaussian behav-
ior, particularly near the knee frequency fkn [51]. This non-Gaussianity increases the
signal complexity and carries significant implications for data analysis. Altogether,
these characteristics render the GF analysis both exceptionally fascinating and tech-
nically demanding. In Sections 5.2 and 5.3, we focus on analyzing the GF, with
particular emphasis on exploiting its intrinsic anisotropy.

Milky Way Satellites backgrounds. Recent simulations indicate that besides the MW,
other nearby dwarf galaxies such as the Large Magellanic Cloud (LMC), Small Mag-
ellanic Cloud (SMC), Sagittarius, Sculptor, and Fornax also host WDs binaries that
are potentially resolvable as individual sources by LISA [158, 105]. The capacity to
resolve WDs binaries depends on factors such as the mass, distance, and star forma-
tion history of the dwarf galaxy, as noted in [111]. Nonetheless, similarly to the MW,
most WD binaries within dwarf galaxies are expected to remain unresolved. There-
fore, it is likely that the undetectable WD binaries might collectively contribute to a
SGWB detectable by LISA. In Section 5.2, we explore the potential contribution of
these systems to the SGWB.

Extragalactic Foreground. Extragalactic WDs binaries are also expected to contribute
to the astrophysical SGWB. However, significant uncertainties remain regarding the
spectral power, as this population is currently inaccessible to direct observation by
existing instruments. Specifically, a recent study by [97] examined the influence of
different astrophysical assumptions—such as stellar metallicity and binary evolution
prescriptions—demonstrating that the SGWB amplitude may vary by up to a factor
of five. Despite this uncertainty, the extragalactic WDs background consistently
emerges as the dominant astrophysical source expected to be detected by future
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missions such as LISA—outshining contributions from binary black holes and neutron
star binaries. This makes the extragalactic WD binaries background a virtually
guaranteed LISA source [41, 180], with important implications for signal confusion
and sensitivity, especially regarding the potential detection of cosmological SGWBs.
The spectrum is roughly described by a broken power-law with an exponential cut-off,
as follows,

SEF(f) = AEF

(

f

fbreak

)γ1

[

1 +

(

f

fbreak

)4.15
]γ2

exp

[

−
(

f

fcut

)3
]

, (3.65)

with fbreak = 7.2mHz and fcut = 40.2mHz. This model is motivated by the physical
properties of the WD binaries population. At low frequencies, the background ex-
hibits a power-law behavior, characteristic of a superposition of binary inspirals. At
higher frequencies, however, the finite size —much larger than black-hole binaries of
WDs suppress efficient emission, leading to a depletion of sources and a correspond-
ing spectral turnover. This transition introduces a smooth break in the spectrum,
reflecting the distribution of physical parameters—such as masses and orbital sepa-
rations.

• Black Hole Binaries:

SOBBH. Given the recent constraints from the LIGO-Virgo-KAGRA (LVK) collab-
oration following the first three observation runs, we anticipate a large population of
such systems contributing to the LISA data stream [1]. Most of these sources will
form a SGWB: (i) they are either too faint or too distant to be individually resolved,
and (ii) they generate long-lived, overlapping signals in the time domain. As de-
tailed in Section 1.4.2, the resulting spectral shape is expected to follow a power-law,
with a spectral index of approximately α ∼ 2/3 in terms of ΩGW(f). However, in
Section 4.2, we explore how environmental effects may alter this background, poten-
tially introducing significant deviations from the canonical spectral shape associated
to emission in vacuum.

EMRI. As previously mentioned in Section 1.3.2, EMRI formation mechanisms re-
main subject to debate, leading to significant uncertainty in the predicted event
rates. Due to the individual waveform complexity and their extragalactic origin,
most EMRIs are expected to remain unresolved throughout the mission, possibly
generating a SGWB. Additionally, their typically high eccentricities make the pre-
diction of the spectrum shape particularly challenging. In Section 4.1, we present
a detailed analysis of the EMRI contribution to the SGWB. Furthermore, in Sec-
tion 5.1, we demonstrate that such SGWBs may exhibit non-Gaussian features.

MBHB. At nano-Hz frequencies, the first evidence for an unresolved GW signal of
astrophysical and/or cosmological origin [19, 9] has recently been reported by the
European pulsar timing array [79], NANOGrav [12], the Parkes Pulsar timing array
[156], and the Chinese pulsar timing array [199]. While the detection prospects
for individually resolvable MBHBs in LISA have been extensively characterized, the
stochastic background arising from the unresolved population has remained largely
unquantified. Recent analysis [56] demonstrates that, depending on the underlying
MBHB formation scenario, this component may constitute a significant astrophysical
foreground.



Chapter 4

Parameterizing and detecting the

astrophysical SGWB

This chapter presents results from recent publications [148, 63, 151, 153]. We begin with
detailed characterizations of two astrophysical backgrounds accessible to LISA: Section 4.1
analyzes the SGWB generated by EMRIs, while Section 4.2 focuses on the SGWB produced
by SOBBHs. These complementary analyses illustrate how uncertainties in amplitude and
spectral shape arise from fundamentally different physical origins.

For this reason, in Section 4.3 we introduce a flexible parameterization framework based
on EGPs, implemented within the balrog pipeline. In Section 4.4, we also address the
fundamental question of detectability in the presence of modeling uncertainties, proposing
a novel Bayesian framework that enables rigorous assessment of detection prospects while
naturally marginalizing over uncertainties in both signal and noise properties.

4.1 Characterization of EMRI background

The EMRIs population represents one of the most distinctive GW sources in the LISA
band. As discussed in Section 3.6, the vast majority of EMRIs are not expected to be
individually detectable with LISA, either because they are too distant or too far from the
final plunge onto MBH. These unresolved sources collectively generate a SGWB whose
properties reflect the underlying astrophysics of EMRI formation and evolution. Under-
standing this background is critical for two reasons: first, in the worst-case scenario, the
SGWB could even exceed the instrumental noise level, potentially hindering the detection
of other sources; second, its statistical properties encode valuable information about EMRI
populations that cannot be accessed through individual detections alone. However, signif-
icant uncertainties plague our understanding of EMRI formation channels—particularly
regarding the MBH mass function, spin distribution, cusp erosion following MBHB merg-
ers, and the ratio of plunges to EMRIs. In this section, we characterize the expected
EMRI background by generating realistic populations based on the models presented in
Ref. [31], which are constructed to bracket the expected range of EMRI event rates. We
use the AAK waveforms introduced in Section 1.3.3 and propagate the signals through the
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full LISA response detailed in Sections 3.2.2 and 3.4.2 to evaluate the final level of the
resulting stochastic background. These results will inform the flexible parametric analysis
in Section 4.3.

4.1.1 Population model

Introducing the mass distribution of MBHs in the Universe d3N/(dM dz da), we create an
effective MBH mass distribution for potential EMRI hosts

(

d3N

dM dz da

)

eff

=
d3N

dM dz da
p0(M, z)R(M,a). (4.1)

The observed MBHs in present-day galaxies are thought to originate from initial BH seeds
existing at high redshifts. This assumption is essential, as there is currently no known
physical mechanism capable of directly forming a billion-solar-mass compact object. A
comprehensive overview of this topic is provided by Ref. [169].
After the formation of a seed BH, a significant mass growth is required to evolve them
into MBH. Three main mechanisms contribute to such mass growth. Firstly, mass can
increase through the dynamical capture and subsequent accretion of stars or compact
objects. Concurrently, gas accretion can transpire from gas clouds or disk-like structures.
Lastly, the growth can result from mergers with others MBHs.
Taking into account the variety of available models, two distinct MBH mass functions have
been employed by [31], capturing the uncertainties in the lower-end of the mass distribution.
The first, labeled Model PopIII, assumes light MBH seeds originating from PopIII stars
while accounting for delays between MBH and galaxy mergers [108]. In the relevant LISA
mass range, the density mass function is approximated as follows:

dn

d(log(M•))
= 0.005

(

M•
3 · 106M⊙

)−0.3

Mpc−3. (4.2)

The other model is a purely phenomenological one, aligned with the current observational
constraints on the MBH mass function [87], and it is given by

dn

d(log(M•))
= 0.002

(

M

3 · 106M⊙

)0.3

Mpc−3. (4.3)

In both cases, the redshift dependence in the MBH mass and the relevant redshift de-
pendence for EMRIs is negligible. However, in Eq. 4.3 the function exhibits an increase
with mass at the lower end, making it less suitable for EMRI events that fall within the
LISA frequency band. Additionally, another key element characterizing the population is
the MBHs spin distribution: the PopIII model traces the spin evolution of MBHs through
accretion and mergers. The majority of MBHs relevant to LISA are expected to have max-
imal spin. This is due to the requirement that seeds must accrete sufficient mass to enter
the LISA frequency band. Simulations [170] have demonstrated that for M• < 107M⊙, the
MBHs consistently align with the surrounding matter. Consequently, the angular momen-
tum released during accretion accelerates their spin. Astrophysical models have considered
a distribution with a median value of a = 0.98. However, for comparative and exploratory
purposes, two additional scenarios have been explored: one with a flat spin distribution
0 < a < 1, and another featuring non-spinning MBHs a = 0.
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Model Mass

Function

MBH

spin

Cusp

Erosion

M − σ Np MCO

[M⊙]

M1 Barausse12 a98 yes Gultekin09 10 10

M2 Barausse12 a98 yes KormendyHo13 10 10

M3 Barausse12 a98 yes GrahamScott13 10 10

M4 Barausse12 a98 yes Gultekin09 10 30

M5 Gair10 a98 no Gultekin09 10 10

M6 Barausse12 a98 no Gultekin09 10 10

M7 Barausse12 a98 yes Gultekin09 0 10

M8 Barausse12 a98 yes Gultekin09 100 10

M9 Barausse12 aflat yes Gultekin09 10 10

M10 Barausse12 a0 yes Gultekin09 10 10

M11 Gair10 a0 no Gultekin09 10 10

M12 Barausee12 a98 yes Gultekin09 0 10

Table 4.1: EMRI models considered in this study, developed in Ref. [31]. Column 1 denotes

the label of each model. For each one, we specify the MBH mass distribution (column 2),

the MBH spin model (column 3), whether we consider the effect of cusp erosion following

MBHB mergers (column 4), the M −σ relation (column 5), the ratio of plunges to EMRIs

(column 6), and the mass of the COs (column 7). Finally, the total number of EMRIs

occurring in a year up to z = 4.5 is shown in column 8.

To make the formation of EMRIs an efficient process, a core prerequisite is the presence
of a dense distribution of stellar objects surrounding the MBH, usually referred to as a
cusp. However, galactic mergers, including those involving MBHs, tend to carve out low-
density cores, preventing the formation or disrupting cusps, thus making EMRI formation
more inefficient. The factor p0(M, z) in Eq. 4.1 accounts for this effect. In particular, it is
defined as the probability from a Poisson distribution that an individual MBH with a mass
of M, observed at redshift z, undergo zero merger during its cusp regrowth time tcusp. To
model this distribution, the mean number of mergers has to be estimated, integrating along
tcusp the semianalytical MBH evolution models as detailed in [20]. At first approximation
tcusp ∝ trlx. The two-body relaxation time trlx captures the typical duration required for
a star to exchange an amount of energy comparable to the average energy, or equivalently
for its velocity to change by 90◦. Through a detailed analysis [179], the expression for the
relaxation time reads as follows

trlx ≈ 1.8 × 108 yr

(

σ

100km/s

)3 (10M⊙
mCO

)

(

106M⊙/pc3

mn

)

. (4.4)

Here, n denotes the local density of stars, m the star mass-distribution average, and mCO

the mass of the CO. so the adopted M• − σ relation significantly affects tcusp. Different
prescriptions are explored for a Milky-Way-like MBH, including: (i) Ref. [94] (referred to
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as “Gultekin09”) which results in a cusp regrowth time of approximately 6 billion years; (ii)
Ref. [110] (referred to as “KormendyHo13”) predicting a tcusp of around 10 billion years;
(iii) Ref. [92] (referred to as “GrahamScott13”) suggesting a tcusp of about 2 billion years
through the development of an optimistic model.

Finally, R in Eq. 4.1 specifies the rate at which COs are captured by the central MBH.
We refer to the intrinsic rate in Ref. [16], which accounts for mass segregation

R0 = 300 Gyr−1
(

M

106M⊙

)−0.19

. (4.5)

COs can also directly plunge into the MBH without emitting significant GWs, affecting the
plunge-to-EMRI ratio. Thus, the effective rate R accounts also for the number of direct
plunges Np. With these models, three different regimes are explored, with Np values of 0,
10, and 100. varying Np mainly adjusts the normalization of the EMRI rate, in particular
the more COs are allowed to directly plunge, the lower the EMRI rate becomes.

In summary, the rate of EMRIs depends on several factors, which we summarize below:

1. The MBH mass function, with considerations of the Barausse12 and Gair10 models.

2. The distribution of MBH spins, is explored through the configuration of near-maximally
spinning distribution (a98), flat spin distribution (aflat), and nonspinning MBHs (a0).

3. The M• −σ relation, defining the characteristics of the stellar distribution surround-
ing the MBH, the regrowth time following MBHB erosion, and the EMRI duty cy-
cle. Three M• − σ relations are studied: Gultekin09, KormendyHo13, and Gra-
hamScott13. Additionally, an alternative model assuming the Gultekin09 relation
without cusp erosion is considered.

4. The ratio of plunges to EMRIs, with assumptions of Np = 0, 10, and 100.

5. The characteristic mass of COs, accounting for both m = 10M⊙ and m = 30M⊙.

The impacts of each assumption are examined by varying them individually, leading to a
total of 12 models denoted as “Mx” with x = 1,. . . , 12. The default model is labeled as M1,
and the essential properties of each model constructed by [31] are outlined in Table 4.1. For
each model, a Monte Carlo approach is employed to construct the population of EMRIs
by sampling from the distribution Eq. 4.1, yielding a comprehensive catalog of EMRI
events, including their masses (M,µ), redshift z, and MBH spin a. In particular, 10
Monte-Carlo realizations of the expected population of EMRIs plunging in 1 year were
generated. Therefore, we effectively build a library including all EMRI events occurring in
the Universe, during a 10-year observation time, for each of the 12 models.

4.1.2 Catalogs production

In Section 1.3.3 we showed that 14 parameters are required to characterize the EMRI
waveform: M,µ, a, p, e, cos(ι), DL, θS , ϕS , θK , ϕK ,Φr,0,Φθ,0,Φϕ,0. For each EMRI catalog,
we assign a cosine of the inclination angle cos ι by randomly drawing values from a uniform
distribution between [−1, 1], under the assumption that EMRIs form within a spherical
bulge rather than a disk-like structure. This is a convenient parameterization, in that ι
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spans the full interval [0, π], with prograde (retrograde) orbits corresponding to 0 ≤ ι ≤ π/2
(π/2 ≤ ι ≤ π). To determine the initial eccentricity and semi-latus, we follow [31]: therein,
it has been shown that the eccentricity distribution at plunge is nearly flat in the range
0 < epl < 0.2. Overall, to draw each system parameters, we follow closely the strategy
outlined in [43]:

• We use our knowledge on M and MBH spin a to estimate the radius at the last stable
orbit. For each event, we draw the eccentricity at the last stable orbit ep from a flat
distribution in the range [0; 0.2].

• We integrate the event’s orbital elements backward in time for Tback years, employing
Eq. 1.69, Eq. 1.70.

• We randomly sample Nback = int(Tback/10) points within the interval [0;Tback] to
represent different evolutionary points of the EMRI. The division by 10 is performed
because we collect 10 catalogs of EMRIs for every model, each representing one year of
observation, as mentioned in Section 4.1.1. Tback is computed as Tback = 20( M•

104M⊙
)yr,

the time to cover the same range in gravitational radii scales linearly with the mass
of the system. Therefore, EMRIs featuring low-mass primaries predominantly emit
GWs within the LISA band during the final years of their inspiral, whereas those
involving larger MBH masses emit within the LISA band for longer time.

• For each of the Nback points, we store the semi-major axis a and eccentricity, and
compute the semi-latus rectum using the definition p0 = a(1 − e2

0).

This approach creates Nback copies of each EMRI from the catalogs in Table 4.1, sharing
the same redshift, masses, and spin. Despite this limitation, the 10-year EMRI catalogs
we are using contain thousands of events covering the relevant range of MBH mass and
redshift. Therefore, we expect that this procedure will not introduce any significant bias in
the foreground computation. We assume isotropic distributions for sky positions (θS , ϕS)
and spin orientations (θK , ϕK). Similarly, we assume uniform distributions in [0, 2π] for
the three initial phases Φr,0, Φθ,0, and Φϕ,0.

The full EMRI populations we generate contain between several tens of thousands and
several million sources. Evaluating the SGWB contribution from the entire population
would be computationally prohibitive, particularly given the non-negligible cost of gener-
ating EMRI waveforms. To reduce the computational cost, we select only the sources that
significantly contribute to the SGWB. For this purpose, we compute a preliminary SNR for
each EMRI using an inclination- and polarization-averaged version of the analytic kludge
waveform, following the same approach as in [43]. The EMRI evolution is truncated at the
Schwarzschild last stable orbit, assuming an observation time of 4 years. We then discard
all sources with ρ < 1, a threshold that removes the vast majority of sources while retaining
the dominant contribution to the background. After this cut, we observe a SNRSGWB loss
of only ∼ 5%, as reported in Table 4.2.
In addition, we apply two further selection criteria: (i) a cut on the initial eccentricity and
(ii) a cut on the initial semi-latus rectum. The number of harmonics required to construct
the waveform increases steeply with eccentricity, significantly raising the computational
cost. Therefore, we remove all sources with e0 > 0.9 from the catalogs. We also discard
sources with an initial semi-latus rectum p0 < 10, as the accuracy of the AAK waveform is
no longer guaranteed at small separations. This latter cut eliminates only about ∼ 1% of
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Model %SNRtot %SNRρ %SNRp %SNRe

M1 20 7 11 2

M2 18 4 11 3

M3 28 5 19 4

M4 22 4 13 6

M5 26 4 18 4

M6 43 8 30 5

M7 20 4 11 5

M8 16 3 12 1

M9 16 4 9 3

M10 14 4 8 2

M11 49 9 39 1

M12 29 4 18 7

Table 4.2: Percentage of SNR after different sources selections. Column 2 is the total

percentage lost, column 3 are referred after removing the dimmest source with SNR < 1,

while column 4 and 5 are respectively the SNR after deleting sources with p < 10 and

e > 0.9.

the sources, but it results in a non-negligible reduction of the total background SNRSGWB.
This is due to the fact, that EMRIs close to the merger (i.e. small semi-latus) are overall
more efficient in emitting GWs. As shown in Table 4.2, the final SNRSGWB after all selec-
tions is approximately 20–30% lower compared to that obtained from the full population.
To summarize, the final EMRI catalogs include only those sources with e0 < 0.9, p0 > 10,
and a preliminary SNR greater than 1, as estimated with a simplified analytic waveform.
Despite these caveats, we emphasize the efficiency of this selection strategy: by retaining
on average just ∼ 3% of the sources, we recover nearly 80% of the total signal, significantly
reducing the computational cost while preserving the bulk of the information.

4.1.3 Background evalutation

Using populations described in the previous section, we generate the AAK waveform for
each EMRI, as introduced in Section 1.3.3, and project the signals into the AET TDI
channels, assuming an observation time of four years. For each population model, we
compute the initial SGWB as the incoherent sum of all signals in A and E channels. SNR
threshold of 20 is used to identify resolvable sources, which ensures a sufficiently low false
alarm probability, as discussed in [28].
To improve the estimate of resolvable sources, we apply the IFE algorithm developed
by [101]. The core idea of the method is to iteratively estimate the PSD of the total noise
in each channel, accounting for both instrumental noise and the contribution from the
SGWB. At each iteration, the algorithm identifies and subtracts individually detectable
sources, updates the noise estimate, and repeats the process until convergence—typically
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Model #res before IFE #res SNRSGWB #res ([43]) SNRSGWB ([43])

M1 714 197 218 366 460

M2 266 76 86 386 352

M3 1436 348 606 1123 839

M4 2217 541 547 1713 750

M5 821 232 353 622 535

M6 50 17 17 35 27

M7 6333 621 3192 4619 3960

M8 88 28 33 53 51

M9 599 176 281 426 419

M10 549 171 247 406 408

M11 0 0 0.86 0 2.32

M12 7610 590 4013 5580 4533

Table 4.3: Number of resolvable EMRIs and the corresponding SNR of the background from

unresolved sources for each model. The second column shows the number of sources before

applying the Iterative Foreground Estimation (IFE) algorithm, while the third column

shows the number of sources after applying IFE. The fourth column reports the SNR of

the unresolved background, while columns 5 and 6 provide a comparison with the results

from [43].
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Figure 4.1: SGWB from differen EMRI model populations. The red line corresponds to

the optimistic model (M12), the green line to the fiducial scenario (M1), while the orange

is the pessimistic one (M11). The black line corresponds to the LISAinstrumental noise,

while the shaded grey line are the remaining models.

within one to five iterations.
Fig. 4.1 shows the SGWB spectra for different EMRI population models. The red curve
corresponds to the optimistic scenario (M12), the green to the fiducial model (M1), and
the orange to the pessimistic case (M11).Table 4.3 summarizes the number of resolvable
sources and the SNR of the unresolved background for each model. Uncertainties in the
EMRI background span approximately three orders of magnitude, consistent with the rate
uncertainties reported in [31]. Notably, several models predict a background comparable
to or exceeding the LISA instrumental noise, implying that this astrophysical contribution
cannot be neglected in studies of source detectability [43]. For most models, the unresolved
SGWB achieves an SNR exceeding 100, making it expected to be detectable. However,
background from models M2, M6, and M8 yields a moderate SNR and might be more
challenging to observe, whereas M11 produces a negligible signal. A direct comparison with
the results of [43] is provided by matching the SNR listed in column 4 and 6 in reported in
Table 4.3. These latter values are computed following the methodology of [43], but using
our updated source selection criteria described earlier. We find that our SNR estimates
are systematically lower by a factor ≲ 2, depending on the model. This discrepancy likely
arises from two main differences in methodology. First, our SNR calculations include both
instrumental and astrophysical EMRI noise in the denominator, whereas the reference
analysis in [43] neglects the astrophysical component. Including the SGWB in the noise
budget increases the total noise level, thereby lowering the SNR. Furthermore, neglecting
the SGWB during source subtraction leads to inaccurate identification of resolvable sources.
Second, the waveform modeling in [43] uses inclination- and polarization-averaged fluxes,
whereas our approach directly injects each signal into the TDI channels using its actual
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inclination relative to the LISA frame. This allows us to produce a more realistic estimate
of the resulting signal.
Table 4.3 also reports the number of resolvable sources subtracted before and after applying
the IFE algorithm. Clearly, including the SGWB contribution in the SNR estimation
significantly reduces the number of detectable sources. We compare our results with the
only two estimates currently available in the literature, namely [43] and [31]. Column 5
of Table 4.3 reports the number of EMRIs detected over a four-year mission, computed
following the same procedure as in [43], but updated to reflect our selection criteria. Before
applying IFE, our detection rates are broadly consistent with those previously reported.
However, after accounting for the IFE, the number of resolvable EMRIs decreases by more
than a factor of three in all models—except for M11, where no EMRIs are detectable.

4.1.4 Caveats and takeaways

This study presented a comprehensive assessment of the SGWB generated by unresolved
EMRIs for LISA, incorporating the full detector response and realistic waveform models.
Our key findings were:

Main results. Except for the pessimistic M11 model, all astrophysical scenarios
yielded a detectable background with accumulated SNR ranging from ∼ 20 to over 1000
after four years of observation. The signal primarily affected the frequency range 10−3–
10−2 Hz, with optimistic models (e.g., M12) predicting a background exceeding LISA in-
strumental noise in this band. In addition, LISA was expected to resolve several hundred
individual EMRI systems in optimistic scenarios, although our exclusion of sources with
p0 < 10 rendered these estimates conservative.

LISA implications. The EMRI SGWB could significantly affect the total noise level
near the LISA sensitivity minimum, potentially compromising the detectability of high-
redshift MBHB mergers and SOBBH. This astrophysical foreground has to be carefully
accounted for in studies of source detectability and in the design of detection pipelines.

Methodological considerations. Discrepancies with previous literature [43, 31]—in-
cluding systematically lower SNR estimates and reduced detection counts—arose from two
key differences: (i) we included the EMRI SGWB contribution in the noise budget during
source subtraction, yielding more realistic identification of resolvable sources, and (ii) we
injected signals with their actual inclinations relative to the LISA frame rather than using
inclination- and polarization-averaged fluxes. The substantial uncertainties in both am-
plitude (spanning three orders of magnitude) and spectral shape underscored the need for
model-agnostic detection strategies that exploited distinctive statistical signatures such as
non-Gaussianity or anisotropies.
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4.2 Characterization of environmental-effects on SOBBH back-

ground

LISA is well suited to detect the dynamical signatures induced by astrophysical environ-
ments [37, 168, 120, 25]. The primary reason for this is that environmental effects are
typically more significant earlier in the inspiral. In the LISA band, EMRI binaries are
typical probes of the strong dynamics induced by the astrophysical environment [40, 200,
86, 38, 72, 60, 61, 178, 69]. Yet, the resolvable SOBBH that form in gas-rich environments,
e.g., in the disks of Active Galactic Nuclei (AGNs), are also potentially sensitive to envi-
ronmental effects [189, 60, 167, 114]. However, the largest majority of SOBBH will not
be detectable in the LISA band, resulting in the build-up of a SGWB, as mentioned in
Section 3.6.
Environmental effects typically GN additional energy dissipation that are negative PN rel-
ative to the leading point-particle GW flux [38]. Consequently, when the additional energy
loss due to the environment dominates over the GW flux at low frequencies, there will be
a significant drop in the SGWB relative to the vacuum case. A similar scenario has been
proposed to explain Pulsar Timing Array (PTA) measurements [11, 8, 10, 17, 18, 198],
where the observed SGWB may originate from a population of supermassive binary black
holes influenced by environmental effects [64, 44, 90]. The main environmental effects ex-
pected to affect SOBBHs in gas-rich environments are dynamical friction and accretion [38,
60, 189, 167]. Dynamical friction is the result of the gravitational interaction of each BH
with the density wake produced by its motion through a fluid, collisionless [62] or colli-
sional [107, 36, 38]. Accretion affects the binary because the infalling gas carries energy
and momentum, which are transferred to the BH and change its mass and momentum [40,
60, 189].
Treating dynamical friction and accretion effects as perturbations on the Keplerian or-
bital motion, we derive their effect on the spectrum of the stochastic background from
a population of SOBBHs consistent with the observational constraints from LVK third
observing run (O3) [3, 4]. Specifically, the redshift-dependent merger rate is assumed to
follow the cosmic star formation rate [125], weighted by metallicity [116] and convolved
with a distribution of time delays [57]. The mass distribution follows the Power Law +
Peak model [182] with negligible spins, consistent with LVK observations [2, 135]. With
these models and the posterior distributions of their parameters inferred from Refs.[3, 4],
we numerically evaluate Eq. 1.85 via Monte Carlo integration to generate posterior pre-
dictions for the SGWB. The median SGWB posterior prediction and the corresponding
model parameters are adopted as fiducial values. A comparison with the O3-based forecast
is shown in Appendix A, demonstrating consistency across the relevant frequency range.
In what follows, we analyze separately the effect of dynamical friction (Section 4.2.1) and
accretion (Section 4.2.2) on SGWB spectrum, and we develop phenomenological analytic
models for both.

4.2.1 Dynamical friction

Density wakes arise as each BH moves through the accretion disk. When the disk density
is higher in the region trailing the BH than in the leading region, an opposing force acts
on the BH, giving rise to dynamical friction [62, 140, 107, 36, 39, 38]. Such a force causes
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Figure 4.2: (Left panel) The SGWB spectra ΩGW(f) for various disk densities ρ, with

the normalization ρ0 = 10−10g cm−3. The solid lines correspond to different values of ρ,

with the vacuum case corresponding to ρ = 0. The gray dashed (black dotted) curves

denotes the LISA PLS, assuming a signal-to-noise ratio of 10. (Right panel) Marginalized

posteriors for the dynamical friction model across various matter density regimes. Solid

(dashed) contours and histograms correspond to analyses with (without) the inclusion of

the GF. Two-dimensional contours correspond to 90% credible regions. Dash-dot represent

the true value for ρ and the single asymptotic value for Avac (as listed in Table 4.4).
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the Binary Black Hole (BBH) system to transfer binding energy to the gas. Thus, in
addition to GW emission, energy dissipates through another channel. When such effect
dominates over GW emission, a drop in the GW energy spectrum, hence in the SGWB, is
expected. To compute it, we choose the center-of-mass frame and assume that the disk is
co-moving with the center-of-mass. We model the dynamical friction using a Newtonian
approximation, relativistic effects being negligible corrections at the frequencies of interest
for this study. Dynamical friction on a BH depends on its mass mA, the local disk density
ρ and speed of sound vs, their relative velocity v⃗A, and the Coulomb logarithm IA. Doing
so, the dynamical friction F⃗DF,A on the A-th body is expressed as [107, 140, 62]

F⃗DF,A = −4πρm2
A

v2
A

IAv̂A. (4.6)

Further, we assume that each BH is moving at highly supersonic speeds relative to the
local sound speed of the disk, i.e. yielding a Mach number MA ≡ vA/vs ≫ 1. For a typical
environment where the SOBBH is embedded in the AGN disk of a supermassive BH, for a
wide range of systems, the center of mass velocity is small compared to the stellar binary
velocity [189].
For circular orbits, we only need the azimuthal component of the force, and for supersonic
motion, the azimuthal Coulomb logarithm IA (based on [107]) to leading order in MA ≫ 1
(neglecting O(1/MA) corrections) can then be expressed as

IA = ln

(

100rA
11MArmin,A

)

, (4.7)

with rmin,A = 2mA [189]. Since rmin,A is effectively the smallest length scale in the system
arising from the regularization of the dynamical friction integrals [107], as long as rmin,A ≪
rA, the precise parameterization of rmin,A is not important.

The resulting (outgoing) energy flux lost due to dynamical friction is given by ĖDF =
−∑A F⃗DF,A · v⃗A, becoming

ĖDF =
4π2/3ρ m2

1m
2/3

m2f
1/3
s

ln

(

f∗
1

fs

)

+ (m1 ↔ m2), (4.8)

where f∗
A = 50vs/(11πmA). From the energy-balance law, the rate of change of binding

energy Eb is given by Ėb = −ĖGW − ĖDF, yielding an additional contribution to ḟ :

dfs
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(
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)
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)
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]

, (4.9)

where (dfs/dt)vac is given by Eq. 1.87.

Thus, the GW energy spectrum is modified in the presence of dynamical friction and
reads

(

dEGW

dfs
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DF
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dfs
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vac
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]}−1

, (4.10)
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where (dEGW/dfs)vac is given by Eq. 1.86. The energy flux due to dynamical friction

is a -5.5PN relative to the GW flux, owing to the f
−11/3
s scaling. Consequently, at low

frequencies dynamical friction will dominate the orbital evolution and energy loss, and can
deplete the SGWB.
At a critical turning point frequency fturn,DF, the flux due to dynamical friction becomes
comparable to that of GW emission. For fs < fturn,DF, the amplitude of the GW spectrum
will start to decrease as more energy flows through the dynamical friction channel than
the GW emission channel. We compute fturn,DF from |ĖDF| = |ĖGW|, which amounts to
setting the ρ-dependent term in the denominator of Eq. 4.10 to 1.
To gain insight onto fturn,DF, let us note that typical astrophysical systems yield fA,∗ ∼
10−1Hz, much higher than the observed frequencies that we want to probe. Observing that
fA,∗ ≫ fturn,DF and focusing on nearly equal mass systems, we obtain

fturn

(ln[1Hz/fturn])3/11
≈ (1.69 × 10−3Hz)

(

m

50M⊙

)−5/11

×
(

ρ

10−10g cm−3

)3/11

, (4.11)

where we have scaled the estimate for typical astrophysical thin disk densities of ρ ∼
10−10g cm−3 and typical stellar masses of m ∼ 50M⊙.
In the left panel of Fig. 4.2, we show the SGWB computed with Eq. 4.10. As for the
vacuum case, we perform a three-dimensional Monte Carlo population integral. SGWB
are bracketed by a few reference ρ values. As ρ is increased, the turning point in the
spectrum does increase as expected from Eq. 4.11. Further, the spectral index of the
SGWB asymptotes to a value of 13/3 at low frequencies and 2/3 at high frequencies, the
latter being the vacuum result.

4.2.2 Gas accretion

The gas from the surrounding disk will accrete onto the two BHs. We model the accretion
of the A-th body as ṁA,Edd = LA,Edd/ζ, where LA,Edd is the Eddington luminosity and
ζ is the radiative efficiency [38]. We pick a conservative value for the radiative efficiency
of ζ = 0.1 and the resulting accretion rate is ṁA,Edd ≃ 2.2 × 10−8(mA/M⊙)M⊙yr−1 [38,
60]. For simplicity, we parameterize the accretion rate of both BHs by the same Eddington
ratio fEdd ≡ ṁA/ṁA,Edd. Doing so, the mass as a function of time reads [60]

mA(t) = mA,0e
fEddt/τ , (4.12)

where τ = 4.5 × 107yr is known as the Salpeter time scale, and mA,0 is the initial mass of
the A-th BH of binaries.

For a slowly accreting binary, the component masses evolve adiabatically, satisfying
the condition ṁA ≪ mAωs/(2π). In addition to the adiabatic mass increase of each body,
the accreted material will additionally carry some angular momentum, which results in a
hydrodynamic drag torque imparted on each body. We parameterize this drag force as:

F⃗Acc,A = −ξṁAv⃗A, , (4.13)

where ξ ∼ O(1) is the linear hydrodynamic drag coefficient that captures the effect of
momentum transferred from the accreted material [189, 38, 86, 40]. Since angular mo-
mentum is an invariant under an adiabatic change in the masses [115], we can use angular
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Figure 4.3: (Left panel) The SGWB spectra ΩGW(f), driven by gas accretion, for a range
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momentum balance law to obtain the back-reaction ḟs under gas accretion [60]. In doing
so, we obtain

(

dfs
dt

)

Acc
= (5 + 3ξ)

fEdd

τ
fs. (4.14)

Thus, using Eq. 4.14 together with Eqs. 1.86 and 1.87, we obtain the energy spectrum
of gravitational waves in the presence of accretion as

(

dEGW

dfs

)

Acc

=

(

dEGW

dfs

)

vac

×
[

1 +
5(fEdd/τ)(5 + 3ξ)

96π8/3m
5/3
0 η

f−8/3
s

]−1

, (4.15)

where (dEGW/dfs)vac is given Eq. 1.86 and evaluated with the initial value of the masses.
Similar to the case of dynamical friction, the stochastic GW signal will have a turning

point due to additional energy dissipation in the presence of accretion. At this turning
point, the energy flux from gas accretion becomes comparable to that from gravitational-
wave emission, i.e. |ĖAcc| = |ĖGW|, which is equivalent to setting the fEdd-dependent term
in the denominator of Eq. 4.15 to 1.

We consider typical stellar binaries embedded in thin disks and estimate the turning
point analytically as which

fturn ≈ 10−4Hz

(

fedd

1

)3/8 ( m

50M⊙

)−5/8

×
(

5 + 3ξ

8

)3/8 ( τ

4.5 × 107 yr

)−3/8

. (4.16)

In addition, as the total mass increases, the turning point shifts toward lower frequen-
cies. For typical values of fEdd ∼ 1, we find that fturn ∼ 10−4Hz, implying that the effects
are significant only at the lower end of the LISA sensitivity band. Only with much higher
values of fEdd ∼ 103, which may not be astrophysically realistic, we have fturn ∼ 10−3Hz,
which is comparable to that of dynamical friction. As expected, the effect of gas accretion
occurs at -4PN order.

The key reason that gas accretion has an overall lower turning point than dynamical
friction is its higher (less negative) PN order relative to GW emission.

In the left panel of Fig. 4.3, we show the SGWB computed with Eq. 4.15 for different
astrophysical values of fEdd, and we set ξ = 1 for simplicity. As expected, the signal is
suppressed at low frequencies due to the additional energy loss channel, and asymptotes to
the vacuum SGWB at high frequencies. Although the stochastic signals shown in Fig. 4.3
lie above the PLS curve for the frequency range of f ≳ 10−3Hz, suggesting that they are
detectable, the turning points are outside the LISA SGWB sensitivity band for the range
of astrophysical fEdd values considered here. Thus, we do not expect to clearly measure
fEdd with LISA and distinguish gas accretion from vacuum.

4.2.3 Parametrisation and inference

The stochastic signals described in Sections 4.2.1 and 4.2.2 are computationally expensive
to evaluate for data analysis purposes. In order to analyze the effects of dynamical friction
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Parameter Dynamic Friction Accretion

α ρ (5 + 3ξ) fEdd/τ

β −11/3 −8/3

κ 1 0

Asymptotic matching parameters

Avac 4.97 × 10−11 4.97 × 10−11

Am −2.73 × 10−7 4.35 × 102

Gaussian spectral correction parameters

Ag 1.02 − 0.0262 log10(α/α0) 0.904

fpeak 0.0269 (α/α0)0.262 9.73 (α/α0)0.374

σ 0.222 0.321

Table 4.4: The mapping parameters under different environmental effects. The first three

rows correspond to the environmental coefficient and respective spectral indices. The

asymptotic matching and Gaussian correction parameters under different environmental

effects are given in the next set of rows. All coefficients are scaled to convenient SI units

as follows: Avac in Hz−2/3; Am in kg−1m3s−11/3 (dynamical friction) and s−5/3 (accretion);

fpeak in Hz. Here, α denotes the mapping parameter, normalized by α0 = kg m−3 (dynam-

ical friction) and s−1 (accretion).

and accretion, we develop “ready-to-use” phenomenological models. As a first step, we
construct a Rational Power Law (RPL) model ΩRPL given by

ΩRPL =
Avacf

γ

1 +Amαfβ[ln(f/1Hz)]κ
, (4.17)

where Avac is the vacuum amplitude, γ the vacuum spectral index, α is a phenomenological
coefficient, {β, κ} are spectral indices parameterizing each environmental effect, and Am
controls the fractional change in the SGWB amplitude due to the environment. We obtain
Avac and Am using asymptotic matching at low and high frequencies. Specifically, we
expand both ΩRPL and ΩGW to leading order for fs ≪ fturn and for fs ≫ fturn and
solve for Avac and Am. Values for Avac and Am are listed in Table 4.4. At intermediate
frequencies fs ∼ fturn, the asymptotic expansions break down and ΩRPL is not a sufficiently
accurate approximation. To improve the model accuracy at intermediate frequencies, we
include a Gaussian correction to the RPL model. The resulting Rational Power Law +
Peak (RPLP) model ΩRPLP performs well across all frequencies. The model ΩRPLP is given
by

ΩRPLP =
ΩRPL

1 + G(f, α)
, (4.18)
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where the Gaussian correction G(f, α) captures deviations near the turning point cor-
rection and reads

G(f, α)=Ag(α) exp

{

− [log10(f/fpeak(α))]2

2σ2

}

. (4.19)

Here Ag(α), fpeak(α) and σ control the amplitude, central log-frequency, and width of the
correction to ΩRPL. In Table 4.4, we show the mapping between model parameters and
the specific cases of dynamical friction and gas accretion.

Afterwards, we perform several injection-recovery studies to assess the measurability of
the environmental effects. Specifically, we assess separately the measurability of dynamical
friction and gas accretion parameters. To quantify the impact of the GF, we perform a
separate set of analyses where its parameters are assumed perfectly known. Environmental
effects are typically measurable when the recovered one-dimensional marginal posterior
is well constrained relative to the prior. To quantify the measurement precision for a
parameter θ, we quote the (symmetric, fractional) statistical uncertainty corresponding to
the 90% credible interval given by

δθ

θinj
=

∣

∣

∣

∣

∣

θ95% − θ5%

2θinj

∣

∣

∣

∣

∣

, (4.20)

where θinj denotes the true injected parameter value. We further assess the distinguisha-
bility from a vacuum signal by computing the Bayes factor between the non-vacuum and
vacuum hypotheses.

We model LISA data in the AET combinations. Under the assumption of static arms
and equal link noises (see Sections 3.3 and 3.4), we do not consider TDI correlation.
Moreover, we do not account for additional features beyond a stationary Gaussian spectrum
such as anisotropy, non-Gaussianity, and non-stationarity.

In each TDI channel, we perform inference on frequency-domain data that have been
coarse-grained over N neighboring points, resulting in D = 5096 segments. The likeli-
hood associated with the coarse-grained spectrum is expected to follow a complex Wishart
distribution, as shown in Eq. 2.57. However, under the above conditions, the likelihood
simplifies to a Gamma distribution [21], where the covariance matrix is diagonal for each
frequency bin in the TDI domain.

In the most general case, PSD includes contributions from instrumental noise, the GF,
and the superposition of multiple SGWBs, possibly accounting for environmental effects.
We adopt a two-parameter model for the instrumental noise Sn, describing the spectral
amplitudes of the TM and OMS noises, respectively, with parameters θn (Eq. 3.60).

We adopt the phenomenological model for the GF, given in Eq. 3.62 with θGal =
{αGal, AGal, fkn, f1, f2}.

We simulate data for SGW,SOBBH using ΩGW,SOBBH models introduced in Sections 4.2.1
and 4.2.2. Instead, for parameter estimation, we use the RPLP models introduced in
Eq. 4.17 and Eq. 4.18, parameterized by θSOBBH = {Avac, γ, α, β, κ,Am}. Thus, in the
most general case, the inference parameter space is θ = θn ∪ θGal ∪ θSOBBH.

Dynamical friction

We first consider the effects of dynamical friction by generating injected SGWB data (us-
ing methods of Section 4.2.1) with ρinj ∈ {10−7, 10−8, 10−9, 10−10, 10−11}g cm−3. For the
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RPLP model parameters θSOBBH, we are mainly interested in recovering the vacuum am-
plitude Avac and the environmental parameter α, which in this case is just the disk density
ρ. Since Avac and γ, are strongly correlated, we fix γ = 2/3 in our inference. Likewise,
we also set {Am, β, κ} to the values listed in Table 4.4, due to the strong correlation with
α. These parameters are therefore not sampled in our parameter estimation experiments.
We use log-uniform priors log10Avac ∼ U(−12,−8) to be agnostic regarding the order of
magnitude of the vacuum amplitude. Based on astrophysically motivated values for the
disk density [39, 38], we take a conservative upper bound on ρ ≲ 10−6g cm−3, consistent
with the perturbative regime of dynamical friction with respect to the Keplerian motion.
We set log-uniform priors log10(ρ/ρ0) ∼ U(−2, 4), with ρ0 = 10−10g cm−3.

We checked, by further lowering the lower prior bound, that posteriors and evidences
are not affected. Therefore, we consider our results robust in the limit of ρ → 0.

For the GF parameters, we use the following uniform priors: αvac ∼ U(0, 2.5), log10AGal ∼
U(−47,−40), log10 fkn/Hz ∼ U(−4,−2), log10 f1/Hz ∼ U(−4,−2), log10 f2/Hz ∼ U(−4,−2).

In the right panel of Fig. 4.2, we show the one-dimensional and two-dimensional
marginalized posteriors for Avac and ρ, inferred with fixed (dashed curves) or free (solid
curves) θGal. Overall, we find that the recovered posteriors are well constrained relative to
the prior, and the effect of dynamical friction is indeed measurable.

For known GF parameters, we observe a trend in the posteriors for increasing ρinj.
When ρinj ≳ 10−9g cm−3, the recovered posteriors of ρ do not overlap, implying that we
can better resolve between different orders of magnitude of the disk density. We quantify
this further by computing the statistical uncertainty δρ/ρ using Eq. 4.20. As listed in
Table 4.5, with increasing ρinj, we find that δρ decreases. Specifically, we find that δρ ≲ ρinj

when ρinj ≳ 10−9g cm−3, with known GF parameters. In all cases, we can infer the vacuum
amplitude Avac to O(1)% precision. The fact that we can strongly measure the vacuum
amplitude is consistent with the results of [29], which also investigated the detectability
of SGWB produced by SOBBHs in vacuum. While the one-dimensional marginalized
posterior of ρ shrinks with increasing ρinj, the one-dimensional marginalized posterior of
Avac widens instead due to the correlation between the two parameters.

We now discuss the impact of the GF parameters on the marginalized posteriors shown
in Fig. 4.2. As expected, the simultaneous inference on GF parameters results in wider
marginal posteriors. For ρinj ≲ 10−9g cm−3, however, fixing the GF parameters θGal causes
an underestimation of Avac and ρ compared to inferring on them. At higher densities, the
influence of GF becomes negligible. This is related to how the SNR is affected by the GF
for different densities.

In Fig. 4.4, we show the cumulative SNR with and without including the GF param-
eters, for different values of ρinj. We find that as ρinj increases, the total SNR decreases,
consistent with the behavior of the SGWB shown in Fig. 4.2. Further, including the GF
lowers the SNR, which along with the additional five GF parameters, contributes to wider
posteriors. From Fig. 4.4, we also observe that with increasing ρinj, the difference in SNR
with and without GF decreases. This is because as ρinj increases, the turning point shifts to
frequencies above ∼ 5 × 10−3Hz, where the GF is suppressed. Consequently, the posteriors
of ρ with and without GF overlap better as ρinj is increased, with virtually no difference
in the case of ρinj ≳ 10−8g cm−3. Additionally, the recovered SNR (with and without GF)
typically accumulates above 50 only at f ≳ (few) × 10−3Hz. Thus, the measurements of
signal parameters are typically informed by this specific frequency regime.

For each injection, we performed a separate set of runs with a vacuum SGWB model
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ρinj/ρ0 δρ/ρinj δAvac/A
inj
vac log10 Bnon−vac

vac

With Without With Without With Without

10−1 37.85 8.218 0.02188 0.01727 1.424 1.010

1 4.248 1.4670 0.02075 0.01490 1.146 3.965

10 1.118 0.4042 0.02114 0.01430 1.777 8.240

102 0.3362 0.2033 0.03404 0.02478 1.281 10.16

103 0.1606 0.1340 0.05334 0.0493 1.427 7.570

Table 4.5: Posterior statistical uncertainties (from 90% quantiles) on ρ and Avac together

with the Bayes factor between the non-vacuum and vacuum hypotheses. For each injection,

results are listed with uncertain (With) or fixed (Without) GF parameters. We observe

that the precision of ρ improves with increasing ρinj, while that of Avac worsens. Although

the Bayes factor decreases significantly when inferring on the GF, in all cases the non-

vacuum model is strongly preferred.

by setting α = ρ = 0 in ΩRPLP. We compute the Bayes factor Bnon−vac
vac in favor of the

non-vacuum model (ρ ̸= 0), which we list in Table 4.5. For all injections, we find that
Bnon−vac

vac > 10, even when including the GF. Thus, despite the marginalized posteriors
for Avac and ρ displaying biases, the RPLP model can detect dynamical friction effects by
strongly disfavoring the vacuum model. We also checked that the posterior predictive from
the RPLP model accurately describe the injected signal within statistical errors, consistent
with our Bayes factor results.

If we detect a SGWB consistent with vacuum, our RPLP model can also be used to place
upper bounds on the environmental parameters. In Fig. 4.5, we show the constraints on
ρ, with and without including the GF parameters in our model. The constraints, as given
by the 90% one-sided credible interval, are informative, because the prior extends to ρ =
10−6g cm−3. When excluding the GF, we find an upper bound of ρ < 8.51 × 10−11g cm−3.
Owing to the increase in dimensionality when including GF, the constraint weakens slightly
to ρ < 7.58×10−10g cm−3. To explore systematic biases on the vacuum SGWB induced by
neglecting environmental effects, we inject a SGWB containing dynamical friction effects,
and analyze it with the vacuum model, i.e. ΩRPL with α = 0. In Fig. 4.6, for the injected
values of ρinj ∈ {10−7, 10−8, 10−9, 10−10, 10−11}g cm−3, we show the recovered two- and
one-dimensional marginalized posteriors for the vacuum amplitude Avac and the vacuum
spectral index γ. When assessing the systematic bias in Avac and γ, we compare the
maximum posterior point to the asymptotic vacuum values (vertical dash-dotted lines)
listed in Table 4.4. As expected, with increasing ρinj, the systematic biases increase in
significance.

In more details, γ is biased to values larger than the asymptotic value of γ = 2/3, be-
cause the SGWB containing dynamical friction effects has a steeper slope, with an asymp-
totic value of 13/3. Due to the expected positive correlation with Avac (given the functional
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form of the SGWB), we find that Avac is biased to larger values. When simultaneously
inferring the GF parameters, the reduced constraining power on dynamical friction, shown
in Fig. 4.2, leads to correspondingly milder biases on Avac and γ, as expected.

Gas accretion

To characterize gas accretion measurability, we inject SGWB data (using models in Sec-
tion 4.2.2) with f inj

Edd ∈ {0.01, 0.10, 1.00, 10}. We use a log-uniform prior given by log10 fEdd ∼
U(−3, 2), where the upper bound reflects astrophysical expectations of how large the Ed-
dington ratio can be. We have checked that our results are robust to the exact choice of the
lower bound, which we cannot set exactly to zero due to the log-uniform prior. We carry
out the Bayesian inference just like we did for dynamical friction by fixing {γ,Am, β, κ}.

In the right panel of Fig. 4.3, we show the two-dimensional and one-dimensional
marginalized posteriors of Avac and fEdd. We accurately measure the vacuum amplitude
across all injections, thus finding that marginalizing over gas accretion does not impact the
measurability of the vacuum stellar SGWB. However, we do not obtain informative pos-
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teriors of Eddington ratios for any of the injected values, even with f inj
Edd = 10 marginally

recovering the prior. The lack of constraining power on fEdd is due to the turning point
of the SGWB occurring at frequencies lower than the LISA sensitive band. Given our
findings, we do not perform any additional Bayesian analysis for gas accretion effects.

4.2.4 Caveats and takeaways

We investigated the detectability of environmental signatures—dynamical friction and gas
accretion—in the SOBBH SGWB, developing phenomenological templates suitable for
rapid parameter estimation.

Main results. For typical disk densities ρ ∼ 10−10–10−9 g cm−3, dynamical friction
effects were measurable with LISA: the non-vacuum model was strongly favored over the
vacuum hypothesis even when marginalizing over Galactic foreground parameters, with
Bayes factors exceeding 10. In contrast, gas accretion remained undetectable even for Ed-
dington ratios fEdd = 10, as the characteristic frequency turnover lay below the LISA sen-
sitive band. Neglecting environmental effects when present induced significant systematic
biases in the inferred vacuum amplitude and spectral index, potentially mischaracterizing
the underlying SOBBH population.

Model limitations. Our analysis assumed a monochromatic environmental model—all
non-vacuum SOBBHs experienced identical disk densities and Eddington ratios. Realisti-
cally, a distribution of environmental parameters across the population would modify the
resulting SGWB. We further neglected orbital eccentricity, which suppressed the SGWB
at low frequencies [64] and could be degenerate with environmental effects. Moreover, dy-
namical friction and gas accretion themselves influenced eccentricity evolution [40, 86, 61],
motivating further study of how environmental processes affected the eccentricity distribu-
tion in non-vacuum SOBBH populations.

LISA implications. The measurability of dynamical friction signatures provided a
novel avenue for constraining the astrophysical environments of SOBBH formation, partic-
ularly in AGN disks. However, confusion from overlapping SGWB components—including
EMRI and extragalactic white dwarf backgrounds—could complicate detection. Optimisti-
cally, a ground-based detection of the SOBBH SGWB could inform priors for LISA anal-
yses, enhancing detectability despite foreground contamination.
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4.3 Flexible parametric approach

Disentangling the various components of the SGWB from instrumental noise is one of
the key challenges in LISA data analysis. Several approaches have been proposed in the
literature [7, 42, 59, 32, 165], falling into two broad categories: some rely on predefined
templates for both noise and SGWB spectra, while others relax these assumptions for one
of the components. The analyses in Sections 4.1 and 4.2 reveal significant uncertainties
in both the amplitude and spectral shape of astrophysical SGWB sources. For EMRIs,
the uncertainty is primarily due to the lack of constraints on population properties, with
predictions spanning approximately three orders of magnitude; for SOBBHs, additional
uncertainties are introduced by possible environmental effects that can substantially mod-
ify the spectral shape at low frequencies. These findings motivate the development of
inference methods that do not rely on strong template assumptions. In this section, we
introduce a weakly-parametric approach by implementing an inference based on stochastic
Gaussian Processes (GPs), which can be applied with great flexibility in the SGWB spec-
tral shape. The framework is implemented within balrog [176, 154, 177, 55, 109, 82], and
we demonstrate its capabilities by applying it to the EMRI background characterized in
Section 4.1. The method ability to capture complex spectral features without strong prior
assumptions provides an important complement to the parametric environmental models
explored in Section 4.2.

4.3.1 Model definition

A GP is a stochastic model, formally describing distributions over functions g(x). It is
parameterized by a mean function m(x) and positive definite covariance function k(x, x′).
Realizations from such process are denoted as follows

g(x) ∼ GP(m(x), k(x, x′)), (4.21)

The defining properties of GPs is that for any finite subset X = {x1 . . . xn} of the domain
for x, the marginal distribution is a multivariate Gaussian

g(X) ∼ N (µ,Σ), (4.22)

with mean vector and covariance matrix defined by µ = m(xi) and Σij = k(xi, xj), respec-
tively. Typically, GP are used to flexibly incorporate some observed data in the distribution
over g(X) and make predictions on new domain points X∗ as g(X∗). The joint probabil-
ity distribution p(g(X∗), g(X)) is a multivariate normal distribution. In order to employ
this formalism as a regression model, one needs the conditional probability p(g(X∗)|g(X)).
Upon suitable marginalization, the conditional distribution is also a multivariate normal
distribution

p(g(X∗)|g(X)) = N (µ (X∗|X) ,Σ (X∗|X)), (4.23)

where

µ (X∗|X) = µ(X∗) + Σ (X∗, X) Σ (X,X)−1 (g(X)−µ(X)) (4.24)

and

Σ (X∗|X) = Σ (X∗, X∗) + Σ (X∗, X) Σ−1 (X,X) Σ (X,X∗) , (4.25)
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are specified by the single kernel function k(x, x′). The matrix Σ is also referred to
as kernel matrix, and it models the covariance between each pair of its two arguments
through the definition of the bivariate function k. In order to be a valid covariance for
the multivariate Gaussian in Eq. 4.23, the kernel matrix must be symmetric and positive
definite. A variety of kernels are available in literature, to capture different processes
peculiarities. In this work, we consider the radial basis kernel function (RBF) defined by

ΣRBF
ij (X,Y ) = kRBF(xi, yj) = exp

(

−|xi − yj |2
2σ2

)

, (4.26)

where σ is a model positive hyperparameter.
In the present study, we exploit GPs in an unconventional way: we use each EGP from

Eq. 4.24 as a proposed spectrum, and set g(X) as free parameters. The GP covariance is
not used in the inference model. The dimensionality and domain location of X are to be
considered hyperparameters.

Henceforth, we model the logarithm of noise and signal PSDs as two independent EGPs
over the logarithmic frequencies, i.e. X = {log10 f1, . . . , log10 fn}. We illustrate both in
the following sections. We will refer to the parameters X and to the mean function m(X)
as knots and baseline, respectively.

Signal

We assume the response matrix R(f, t0) in Eq. 3.54 to be exactly known, allowing us to
model the signal directly at the link level through Sh(f).

We use an EGP, with baseline and knots left free to vary simultaneously. We do so to be
able to capture both global spectral shapes and fine structure in specific frequency regions:
the choice of baseline influences globally the spectral-shape proposals, while knots control
the fine-local structure. Signal detection is robust against variations in the baseline shape.
The knots variability can compensate easily for misidentification of the truth baseline
family. In our inference, we use a power-law baseline family for log10 Sh(f), parametrized
by logarithmic amplitude log10A at a reference frequency f⋆ = 10−2.5Hz and slope γ. Thus,
µ(X∗) in Eq. 4.24 reads log10A+ γ log10(f/f⋆). Fine-structure deviations with respect to
the baseline are parameterized through knots δh, defined by

g(X)k − µ(X)k = log10(Sh(fk) · δhk ) − log10 Sh(fk)

= log10 δ
h
k (4.27)

The number of knots is fixed in each inference, and we choose the associated frequencies
fk equally log-spaced within the data frequency range. Overall,the model is summarized
by functions from the parametric family

log10 Sh(f ; log10A, γ, δ
h) = log10A+ γ log10 (f/f⋆) + k(f, fj)k(fj , fk)

−1 log10 δ
h
k , (4.28)

Noise

We follow a similar approach to parameterize and infer upon the noise uncertainties. Again,
we assume a well known TDI transfer matrix MTDI in Eq. 3.55, so the modelling freedom
is left for the single-link noise PSD. Specifically, we introduce a set of parameter log10 δn.
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Figure 4.7: Noise realizations from GP and EGPs model. (Left panel) Realizations from

GP. The gray shaded region represents the 90% credible interval. (Right panel) Real-

izations from EGP. The gray area represents the prior 90% credible interval. While GP

allows for straightforward inclusion of observed data, EGPs smoothly explores a large set

of spectral shapes, with the data (i.e. knots amplitudes at chosen locations shown as grey

dashed vertical lines) effectively proposed as inference parameters.

Unlike the signal case, we fix the baseline to the nominal PSD level, using the reference
amplitude values for the TM and OMS noise components given in Eq. 3.33 and Eq. 3.34:

S0
n(f) = 2STM(f) + SOMS(f). (4.29)

This choice is consistent with the assumption of identical and independent link noises.
Thus, the final noise model reads:

log10 Sn(f ; δn) = log10 S
0
n(f) + k(f, fj)k(fj , fk)

−1 log10 δ
n
k , (4.30)

With this parameterization, we augment the noise reference model with considerable
flexibility to vary across a large functional space. In each inference, the injected noise in
the data is generated according to the fixed baseline, so we anticipate recovering zero values
for log10 δn. In Fig. 4.7, we show a comparison between GP- and EGP-like instrumental
noise modelling, illustrating the different degree of flexibility each one exhibits.

In the next section, we present parameter estimation results performed using the model
introduced. First, we use a simple toy model to control the correct recovery of a SGWB
with known spectral shape (Section 4.3.2). Then, we apply our formalism to the parameter
estimation of SGWB from a population of unresolved EMRIs, as generated in Section 4.1.
In this study, we model the data using the Whittle likelihood, as introduced in Eq. 2.53.
We choose uniform priors for each parameter in θ, and the following prior ranges:

• Power-law amplitude log10A: [−70,−35]

• Power-law slope γ: [−5, 5]

• Signal knots amplitudes log10 δh: [−2, 2]
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• Noise knots amplitudes log10 δn: [−0.5, 0.5]

We highlight once again that the number of knots δh and δn can be further optimized,
as much as the remaining hyperparameters (i.e. the kernel length scale, its functional
form, and the knots locations). This represents a potential high-degree of flexibility to
our algorithm, which can be leveraged to find unexpected spectral features upon inference.
In this study, we focus on a finite set of kernel lengths σ and number of knots. Noise
parameter estimation is instead fixed to three knots, given the baseline choice matching
the noise model used for injection in the data.

In the absence of a trans-dimensional sampling framework [93] in our codebase, our
study is constrained to perform inference for each choice of hyperparameters, and select
the most suitable via Bayesian model selection. In order to compare the different choices,
we use the log-Bayes factor

log10 Bσ,nσ′,n′ = log10 Zσ,n − log10 Zσ′,n′ , (4.31)

where (σ, n) and (σ′, n′) are labels identifying competing models with different kernel length
scale and number of knots, respectively. The evidences Z and the posterior distributions
are computed using nessai.

4.3.2 Application to toy Model

We conduct a test retrieving EGPs model with a power-law baseline and non-zero knot
amplitudes. Although the injected signals lack an astrophysical interpretation, they serve
as a compelling test for our method capability of recovering complex spectral shapes. We
inject separately two SGWBs, with SNR of 209 and 5, respectively. We choose the following
parameters for each signal:

• Power-law baseline with log10A = −43, γ = −2 (SNR=209) and log10A = −44.5, γ =
−1.5 (SNR=5);

• Knots amplitudes log10 δh = [0.6,−0.2,−0.3, 0.4], identical in both cases.

We choose the parameters as representative of two SGWBs, above and below the nominal
PLS curve at SNR= 10 after 4 years of observation. We emphasize once more that the
injected model is an EGPs with local features arising with respect to a simple power-law.
In this specific context, the PLS is not a faithful indicator of a signal detectability, but
should be interpreted as a rough reference level.

Spectral inference results and parameter posteriors are shown in Figs. (4.8) and (B.1)
in Appendix B, respectively. The EGPs model is able to capture the spectral shape of the
high SNR injected signal, and posterior distributions are consistent with the injected values
within their 90% credible intervals. The posterior distributions for noise parameters are
consistent with zero, as expected. If the signal SNR is too low, as for the second simulated
SGWB (SNR=5) the posterior distribution for its parameters is effectively an upper limit,
only.

4.3.3 Application to astrophysical case

We further apply our method to the astrophysical case of a SGWB from EMRIs. We inject
a background signal chosen from a set available, discussed earlier in Section 4.1. Resulting
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Figure 4.8: Spectral reconstruction of two toy models SGWBs. Injected SGWBs are
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light-red shared areas. The EGPs flexibility captures features in the PSD shape.
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SGWBs exhibit a wide range of amplitudes, though the majority of them provides a SGWB
potentially detectable with LISA over 4 years of observation time.

In this study, we use M1 as our fiducial model, as it provides an intermediate SGWB
amplitude across the populations studied. Because of uncertainties on spectral morphology
and population distribution, our flexible inference method is suitable to analyse such signal.
To coherently inject the signal into balrog, we first divide the smoothed A channel signal
realization obtained in Section 4.1 by the response function. The resulting spectrum is
then smoothed to define a reference model PSD. Finally, we re-generate the data for each
TDI channel and use it for inference.

Exploring hyperparameters space

We perform a set of Bayesian inferences, exploring two hyperparameters for the signal
model: the number of knots, n = 3, 4, . . . , 8, and the kernel length-scale, as integer mσ

multiples of σ = 0.6, with mσ = {1, 2, 4, 8, 16, 32}.

We evaluate each evidence through stochastic NS. Results are presented in Fig. 4.9 (top
panel), as Bayes factors with respect to the highest-evidence model, i.e. (n,mσ) = (8, 32).
They reveal a prevailing trend: as mσ increases, the number of knots become less effective
at influencing each model evidence, resulting in Bayes factors increasingly close to each as
function of mσ.

For completeness, in Fig. 4.9 (bottom panel) we also provide the computational cost of
each inference, measured in CPU core kilohours (kh). The observed trend is the result of
two competing factors: as the number of parameters (i.e., the number of knots n) increases,
the inference process would take longer. However, if the increased model complexity (e.g.,
shorter kernel length-scale) is not required by the simulated data, exploration of parameter
space is typically fast. As a result, we observe a pattern in computational cost broadly
similar to the log Bayes factors: as the number of knots (mσ) increases (decreases), the
computational cost diminishes.

As a further check, we perform inference for the null-hypothesis H0, where we exclu-
sively model the data as instrumental noise. Results reveal decisive evidence, in favour of
any signal-including model (n,mσ) with respect to the noise-only model H0, with log-Bayes
factors largely greater than 103. As expected, the spectral noise reconstruction in Fig. 4.10
shows significant biases to compensate for the unmodelled SGWB signal in the data.

Spectral reconstruction

We discuss here in greater detail the signal spectral reconstruction of each model. Our find-
ings are best described by a comparison between the inferences with (n,mσ) equal to (8, 1)
and (8, 32), shown in the left and right panels of Fig. 4.11, respectively. The reconstruction
of fiducial EMRI background is displayed both with and without the inclusion of the T
channel data, in the top and bottom panels of Fig. 4.11, respectively. We observe however
that the spectral reconstructions with and without the T channel are broadly consistent,
with broader posteriors when the T channel is excluded, since its inclusion contributes to
a more precise characterization of the instrumental noise. This is due to the common noise
modelling of the single link PSD spectrum, which is then propagated coherently to each
channel through MTDI Eq. 3.55. Relaxing the exact knowledge of the transfer matrix is
expected to significantly broaden the noise PSD posterior.
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Figure 4.9: (Top panel) Grid of logarithmic Bayes factor for different pairs of number of

signal knots (n) and integers of Kernel length scale σ. The numbers are computed in rela-

tion to the model that has the highest evidence, specifically (n,mσ) = (8, 32). We observe

a diagonal pattern: as mσ decreases and n increases, the model becomes progressively

less preferred. (Bottom panel) Computational Cost (i.e. Sampling time as reported by

nessai) of parameter estimations as function of integer multiple of σ, mσ (with σ = 0.6)

and the number of knots of the signal model, n. The numbers are in unit of kilohours Each

inference is run in multi-threading over 40 cores.
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the presence of a SGWB in the data. Nonetheless, its evidence is significantly lower when

compared to the noise and signal models, as illustrated in Fig. 4.9.
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A comparison between left and right panels reveals an important result, originating
from the competition in Bayes factors between excess model complexity and the effective-
ness of our chosen parameterization. The inference presented in this study is inherently
integrated across a large frequency band: we annotate the injected SGWB with blue values
for cumulative SNR with respect to the true noise level on a set of representative frequen-
cies. It is readily apparent that 80% of the SNR is accumulated between 1 and 4mHz:
in this frequency range, the reconstruction is consistent with the injected spectrum. The
dashed red lines and red shaded area denote the posterior median and 90% confidence
interval, respectively.

At the lowest frequencies, the preferred model (top panel, n,mσ = 8, 32) exhibits
larger biases as compared to the disfavoured one (bottom panel, n,mσ = 8, 1). This is
due to the narrowband (mσ = 1) fluctuations being highly disfavoured by the data in
the high SNR region, where the spectrum is close to a power-law model, a shape already
described by the baseline parameters. On the contrary, broad-band (mσ = 32) fluctuations
can be absorbed by an adjustment of the baseline parameters, while keeping an accurate
spectral reconstruction. However, the preference for mσ = 32 has an important side effect:
mσ is fixed and equal for every knot in each analysis, including the four at the lowest
frequencies. Therefore, the model with the highest evidence is not capable of introducing
local fluctuations to capture significant tilts with respect to the baseline powerlaw. These
are instead provided by the disfavoured model.

Figs. (B.2) and (B.3) in appendix B further support our interpretation, where we com-
pare the posterior distributions for the two runs shown in Fig. 4.11 (red contours) with two
more differing only by a broader prior for the knot amplitudes δh, uniform in [−5, 5] (blue
contours). The inference results for the noise are largely unaffected and uncorrelated to the
signal parameters (and hyperparameters). However, we find that relaxing the knot priors
affects the posterior on the baseline parameters: a sign of strong correlation. Moreover,
posteriors on δh for the preferred runs (Fig. B.2) are prior dominated, while the likelihood
becomes informative in the disfavoured models (n,mσ) = (8, 1) (Fig. B.3). In conclusion,
we argue that in a realistic scenario models more flexible than EGPs should be developed,
alongside astrophysically motivated priors to avoid introducing –even in an evidence based
model selection– unwanted biases.

T channel influence

Given its reduced sensitivity to the SGWB, we further investigate the impact of the T
channel on parameter estimation. We anticipate that excluding the T channel from data
analysis will result in less informative posterior distributions (as depicted in bottom pan-
els of Fig. 4.11). To be more specific, we seek to assess whether hyperparameterization
modeling remains influential, as depicted in Fig. 4.9.

To achieve this, we examine two models characterized by the highest and lowest val-
ues of evidence (or hyperlikelihood), denoted as (n,mσ) = (8, 32) and (n,mσ) = (8, 1),
respectively. The calculated logarithmic Bayes factor stands at −10.95, underscoring a
substantial strength of evidence in favor of one model over the other. In other words, the
outcome suggests that the trend observed in Fig. 4.9 is robust and not significantly affected
by variations in our ability to estimate the noise level.
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Figure 4.11: Signal reconstruction of the M1 EMRI background carried out using the EGPs

parametrization. In both figures, the noise estimation employs 3 knots. (Left panel) The

model features 8 knots for the signal and a kernel length scale that is 32 times larger than

σ. This configuration aligns with the model exhibiting the highest evidence. (Right panel)

the model features 8 knots for the signal, and the kernel length scale is set equal to σ. This

configuration corresponds to the model with the lowest evidence. Blue numbers denote the

cumulative SNR integrated from 10−4Hz up to the frequency they are located at.
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4.3.4 Caveats and takeaways

We introduced a weakly-parametric method for SGWB inference using EGP, enabling
reconstruction of spectra with uncertain shape.

Main results. The EGP framework successfully captured complex spectral morpholo-
gies, as demonstrated through toy models and application to the fiducial EMRI background
(M1). For high-SNR signals, the method accurately recovered both baseline power-law
parameters and fine-scale spectral structure. Bayesian model selection effectively distin-
guished between competing hyperparameter choices (kernel length-scale σ and number of
knots n), though computational costs scaled with model complexity.

Methodological caveats. While the EGP formalism provided considerable flexibility,
it introduced non-locality: inference in high-SNR frequency regions influenced spectral
reconstruction in low-SNR regimes through correlated baseline parameters. Specifically,
models favored by the data in the sensitive band (1–4 mHz) exhibited systematic biases
at lower frequencies where SNR accumulation was minimal. This behavior arose because
the kernel length-scale σ was held constant across all frequencies, preventing localized
adjustments. Evidence-based model selection, while principled, therefore favored reduced
complexity in high-SNR regions at the expense of accuracy elsewhere.

Future developments. Realistic LISA analyses should incorporate astrophysically
motivated priors on spectral parameters to mitigate biases from excessive model flexibil-
ity. Trans-dimensional sampling frameworks [93] would enable simultaneous optimization
of hyperparameters within a single inference, avoiding the computational burden of sep-
arate runs for each hyperparameter choice. The EGP method versatility extends beyond
SGWB characterization; Ref. [141] successfully applied EGPs to tests of general relativity,
demonstrating its broad utility for LISA science.
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4.4 Bayesian sensitivity

The uncertainties showed in Sections 4.1 and 4.2 pose fundamental challenges for assessing
SGWB detectability. The traditional PLS curve introduced in Section 2.1.3 provides a
useful heuristic based on SNR thresholds. However, as shown in Section 2.1.2, the SNR
definition corresponds to a statistic assuming perfect knowledge of both signal and noise
spectral shapes and noise level, neglecting their respective prior uncertainties. Several
studies in the literature have focused on relaxing such assumptions [100, 32, 138], and
the flexible parametric analysis in Section 4.3 demonstrates how model uncertainties can
affect spectral reconstruction. In this section, we propose a novel formalism that sys-
tematically addresses these limitations by employing the Bayes factor as our fundamental
detectability metric, as introduced in Section 2.2.3. By leveraging conjugate priors on the
covariance matrix describing the total data, we derive semi-analytic expressions that nat-
urally marginalize over uncertainties in both signal and noise properties. This allows us to
rapidly evaluate model evidences and construct Bayesian Power-Law Sensitivity (BPLS)
curves following the standard PLS methodology of Ref. [184]. We apply this framework to
LISA under various assumptions about noise uncertainty, providing a robust approach to
quantify detection prospects for the SGWB in the presence of the modeling uncertainties
identified throughout this chapter. This methodology offers a principled way to assess
detectability when the astrophysical uncertainties documented in Sections 4.1 and 4.2 and
the spectral flexibility explored in Section 4.3 must be systematically incorporated into the
detection framework.

4.4.1 Conjugate priors

Here, we adopt the same assumptions outlined in Section 2.2.1, working with the time-
domain datastreams from p detectors. We segment the data to construct coarse-grained
representations and define the averaged periodograms Y (f) as in Eq. 2.56. These are
modeled using the complex Wishart likelihood given in Eq. 2.57, with nc degrees of freedom
and a scale matrix Γ(f), as defined in Eq. 2.58. This approach significantly reduces the
computational cost of the analysis, but at the expense of limiting the frequency resolution,
particularly at low frequencies.

To evaluate model evidences, priors must be specified and marginalized over as follows,

Z(Y ) =

∫

dΓL(Y | Γ)π(Γ), (4.32)

where we drop the frequency dependence of the matrices for brevity. We choose priors
conjugate to the likelihood in Eq. 2.57 for two main reasons: first, upon inference the
posterior preserves the same functional form of the prior; second, as we shall see below,
the free parameters available yield enough flexibility to choose a reference expectation value
and variance for Γ. We assume a complex inverse-Wishart prior CW−1 on Γ, with ν degrees
of freedom and scale matrix Ψ.

Γ | Ψ, ν ∼ CW−1(Ψ, ν) (4.33)

π(Γ|Ψ, ν) ∝ |Ψ|ν |Γ|−(ν+p) exp
[

−tr(ΨΓ−1)
]

. (4.34)

The chosen prior yields an expectation value for Γ

E[Γ] =
Ψ

(ν − p)
(4.35)
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for ν > p+ 1. Therefore, we set the scale-matrix parameter of the prior to

Ψ =
ν − p

nc

(

Σ0
n + ΣGW(λ⃗)

)

, (4.36)

where Σ0
n denotes a fiducial estimate of the noise covariance matrix, and λ⃗ are the pa-

rameters describing the SGWB power spectral density (e.g., the amplitude and slope for a
power-law signal). As a consequence, the mean of the prior distribution is the expected Γ in
Eq. 4.35. The value of ν can be adjusted to represent the scale of our prior uncertainty on
Γ, since the variances Var(Γii) are proportional to Ψ2

ii/
[

(ν − p)2(ν − p− 1)
]

. For instance,
ν ∼ 10 represents almost 10% uncertainty for p = 3.

In realistic data-analysis scenarios, the parameter λ⃗ must be inferred, hence a prior
on it must be placed. On the contrary, following the PLS construction, here we will
explore it systematically. The posterior distribution for Γ follows a complex inverse-Wishart
distribution with parameters updated according to the observations, which are described
by the amount of data observed, nc, and the average periodogram, Y , from Eq. 2.56:

Γ | Y,Ψ, ν ∼ CW−1(Ψ + Y, ν + nc), (4.37)

p(Γ|Y,Ψ, ν)∝ |Ψ|ν |Y |nc−p

|Γ|nc+ν+p
exp

[

−tr((Y + Ψ)Γ−1)
]

(4.38)

Upon marginalization, the evidence in Eq. 4.32 reads

Z(Y |Ψ, ν) = C
|Ψ|ν |Y |nc−p

|Ψ + Y |(ν+nc)
, (4.39)

where C is a suitable normalization constant, independent on Ψ, ν. Notably, the evidence
retains a dependence on the prior hyperparameters Ψ and ν. Reinstating explicitly the
dependence on the frequency, the Bayes factor for a given bin—between the presence (H1)
and absence (H0) of GW signal hypotheses— can be written as:

log B(f |ν, nc, λ⃗, Y ) = (nc + ν) log

∣

∣

∣

∣

Ψ(f |H0) + Y (f)

Ψ(f |H1) + Y (f)

∣

∣

∣

∣

+

+ ν log

∣

∣

∣

∣

Ψ(f |H1)

Ψ(f |H0)

∣

∣

∣

∣

, (4.40)

where the scale matrices under the two hypotheses read:

Ψ(f |H1) =
Σ0
n(f) + ΣGW(f, λ⃗)

nc
(ν − p), (4.41)

Ψ(f |H0) =
Σ0
n(f)

nc
(ν − p). (4.42)

Under the assumption that the signal and noise are stationary, the overall Bayes factor
is obtained by taking the product over all frequencies. Eq. 4.40 is the central result of
this work, as it allows for quick evaluation of Bayes factors assuming a priori uncertain
knowledge of the noise and signal. From Eq. 4.40, we now want to identify the values of λ⃗
yielding a specified Bayes factor. Typically, we are interested in the contour corresponding
to log10(B) ≥ 1 as fiducial threshold of strong evidence in favor of H1.
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Since Eq. 5.26 depends on the specific observed realization of Y , we compute the
expectation value of log10(B) over multiple realisations. Two viable approaches are possible
here: numerical and analytical approximation. For the former, given each λ⃗, we draw
realizations of Y from the Wishart distribution and compute the average of the logarithm
in Eq. 5.26. For the latter, we first rewrite Eq. 4.40 as

ln B = νtr(ln Ψ1 − ln Ψ0)+

+ (nc + ν)tr(ln(I + Y −1Ψ0)+

− ln(I + Y −1Ψ1)). (4.43)

using the identity ln |M | = tr(lnM). We now use the expansion

ln
(

I + Y −1Ψ
)

=

( ∞
∑

k=1

(−1)k+1(Y −1Ψ)k/k

)

, (4.44)

which holds under the assumption that Y −1Ψ ≪ 1. Since Ψ ∝ (ν − p)/nc, this condition
corresponds to the limit where ν − p is small and nc is large. Practically, this represents
a scenario characterized by significant uncertainty in the process and a long observation
period. At leading order, the log Bayes factor reads

ln B = νtr(ln Ψ1 − log Ψ0)+

+(ν+nc)tr(Y
−1Ψ1−Y −1Ψ0)+O(Y −1Ψ), (4.45)

and taking its expectation value

E[ln B] = νtr(ln Ψ1 − ln Ψ0)+

+
(ν+nc)

nc − p
tr(Γ−1Ψ1−Γ−1Ψ0)+O(Y −1Ψ) (4.46)

≈ νtr
[

ln(Σ0
n + ΣGW) − ln Σ0

n

]

+

+
(ν + nc)(ν − p)

nc − p
tr
[

(Σ0
n + ΣGW)−1Σ0

n − I

]

(4.47)

where we used the relation E[Y−1] = Γ−1/(nc − p) [162]. Even though Eq. 4.45 can
be expanded by including higher order moments from the complex inverse-Wishart dis-
tribution [127], we provide here results at leading-order only. As expected, in the case of
Σ0
n ≫ ΣGW, the expectation value of the log-Bayes factor goes to 0. Instead for Σ0

n ≪ ΣGW,
the expectation value is

νtr
[

ln(ΣGW(Σ0
n)−1)

]

− (ν + nc)(ν − p)

nc − p
tr[I] . (4.48)

4.4.2 Application to LISA

We show here a concrete example by considering the SGWB detection problem for LISA.
Specifically, we consider a four-year mission duration. To reduce the computational cost, we
restrict our analysis to the frequency range

[

10−4, 10−2
]

Hz. We assume three datastreams,
i.e., p = 3, each corresponding to a TDI variable. Specifically, we assume equal and
constant armlengths, using the AET variables. In doing so, the model for Γ simplifies to a
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Figure 4.12: SGWB PLS with Bayes factor threshold of 10, for three reference noise

uncertainties (10%, 25%, 50%). (Left panel) Bayesian power-law sensitivity corresponding

to a log-Bayes factor threshold of one. The colors represent different numbers of prior

degrees of freedom, ν, reflecting varying levels of uncertainty. The dashed curves represent

the power-law sensitivity for different SNR thresholds (10, 100, 1000). For reference, we

show as solid light grey lines the power-law spectra used to construct the PLS at SNR 10.

(Right panel) The solid curves denote contours corresponding to E [log10(B)] = 1 in the

parameter space of the amplitude and slope of a power-law spectrum. The dashed lines

represent contours of fixed SNR within the same parameter space.

diagonal matrix. Under these assumptions, the SNR of a signal with parameters λ⃗ is given
by Eq. 2.39, combined with SGWB response and PSD noises as described in Sections 3.2.3,
3.3, and 3.4.2. It is important to note that Eq. 2.23 is valid in the regime where the noise
dominates over the signal. Otherwise, more robust statistics need to be considered, as in
[160].

We consider power-law shaped spectra, characterized by their amplitude A = ΩGW(f =
10−2.5Hz) and slope γ, as in Eq. 2.41 We evaluate the expectation value of the Bayes factor
as a function of (A, γ), for three reference values of ν: ν10 = 10, ν25 = 8, and ν50 = 7,
corresponding to 10%, 25% and 50% prior uncertainties on the covariance in Eq. 2.58.

For each ν, we construct the contour for λ⃗ corresponding to the level E [log10(B)] = 1.
This is shown in the right panel of Fig. 4.12. The contour (A(s), γ(s)) describes a collection
of power-law signals detectable with a fixed, Bayesian significance. By identifying at each
frequency the one yielding the highest ΩGW(f), we define the envelope (Aν(f), γν(f))

ΩBPLS
GW (f) = Aν(f)

(

f

10−2.5Hz

)γν(f)

(4.49)

:= max
s

[

A(s)

(

f

10−2.5Hz

)γ(s)
]

. (4.50)

This is the BPLS. We show the resulting curve in the left panel of Fig. 4.12. For a direct
comparison, we over-plot the standard SNR-based PLS, following Ref. [184].

An unambiguous mapping between PLS and BPLS is possible only in the regime where
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Figure 4.13: Mapping between BPLS and standard PLS. The solid curves represent the

same BPLS curves shown in the left panel of Fig. 4.12. The shaded region encompasses

the PLS curves intersecting the BPLS at least once. Therefore, SNRs associated with the

PLS curves in each band correspond to SGWB signals detectable at log10 B = 1 or higher.

For reference, the dashed curve denotes a PLS closely matching the BPLS associated with

ν10, and corresponds to an SNR = 35 over 4yr of observation. Each color corresponds to

a different level of a priori uncertainties, as described by the parameter ν.

the posterior distribution is dominated by the likelihood, such that log10(B) ∝ SNR2[70],
as also shown in Section 2.2.3. In general, such a comparison is non-trivial. Notably,
we find that the relationship between the two quantities becomes increasingly degener-
ate as the prior uncertainty in the covariance matrix grows. We illustrate this effect
in Fig. 4.13. Therein, we identify the set of PLSs (shown as shaded areas) intersecting
a given BPLS at least once. Each intersection corresponds to a SGWB signal yielding
a certain SNR and log10 B = 1. As shown in the figure, to higher prior uncertainties
correspond larger PLS bands, hence a larger set of SNRs. SNRs yielding a detection
significance log10 B = (0.5, 1, 2) —substantial, strong, and decisive, respectively— may
range in ([20, 30], [25, 40], [37, 60]) for ν10, in ([248, 917], [253, 920], [263, 924]) for ν25, and
in ([664, 1897], [673, 1900], [690, 1905]) for ν50.

In the analysis presented so far, we assumed a nominal mission duration of four years
[67]. To explore the dependence of the BPLS on the observation time, we vary Tobs

by adjusting the number of chunks nc at fixed chunk duration, while keeping the prior
uncertainty level fixed at ν10. We focus on the dependency on Tobs of the BPLS at
a single significance log10 B = 1, which closely matches the PLS with SNR = 35 over
the nominal mission duration Tobs = 4yr. We illustrate our findings in the left panel of
Fig. 4.14. Notably, the PLS shows a stronger dependence on time than BPLS. At fixed
frequency and SNR, the PLS level is inversely proportional to the square root of the ob-
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servation time, i.e., ∝ 1/
√
Tobs. Instead, the BPLS depends non-trivially on Tobs: from

the expansion in Eq. 4.47 and considering nc = Tobs/T , we observe that at leading order
E [ln B] ∝ (ν + nc)/(nc − p) = (νT + Tobs)/(Tobs − pT ). A fit of this form agrees well with
the numerical data (see right panel of Fig. 4.14). The BPLS does in fact show the expected
1/

√
Tobs behavior, but only in the regime nc ≪ ν. This can be derived by considering the

ν → ∞ limit of Eq. 5.26. The physical interpretation is that we are able to measure the
total stochastic component in the data with a certain precision, which increases as the
number of segments increases. For small observation times, the uncertainty in the mea-
sured background is large compared to the prior uncertainty, and so the latter is irrelevant:
the BPLS behaves like the PLS in this regime. As the number of segments increases, the
precision on the total stochastic component of the data improves, and there is a transition
into a regime in which the prior uncertainty dominates. From this point onward, the back-
ground constraint can no longer improve: at leading order, the background level observable
at a fixed B exhibits a saturation effect.

4.4.3 Caveats and takeaways

We developed a Bayesian framework for assessing SGWB detectability systematically ac-
counting for uncertainties in both signal and noise properties, generalizing the standard
PLS concept.

Main results. By employing conjugate priors on the model covariance matrix, we
obtained semi-analytic expressions for the Bayes factor comparing models with and without
a signal, enabling efficient construction of BPLS curves. When applied to LISA with a 4-
year observation time, we found that although the mapping between Bayes factor and SNR
is not one-to-one, SGWB signals with a 10% prior uncertainty on the noise level typically
require SNR ∼ 25–40 to reach log10 B = 1, with the closest PLS occurring at SNR ≃ 35.

Extensions and limitations. Our idealized LISA analysis assumed uncorrelated
TDI channels and power-law signal morphologies. Realistic scenarios involving correlated
datastreams would increase model complexity but were naturally accommodated by the
Wishart likelihood framework. The BPLS concept generalized straightforwardly to arbi-
trary spectral shapes by constructing (n − 1)-dimensional surfaces at fixed Bayes factor
in the parameter space, then enveloping these surfaces at each frequency. This versatile
methodology applies to any GW observatory targeting stochastic backgrounds, providing
a principled alternative to SNR-based detectability assessments when model uncertainties
are non-negligible.



Chapter 5

Uncovering statistical signatures in

the astrophysical SGWB

In this chapter, we present results published in [147, 150, 149]. In the previous chapter,
we focused on the analysis of stationary, isotropic, and Gaussian signals. We now turn to
cases where these assumptions break down for certain astrophysical SGWB components.
Rather than treating these deviations as complications, we aim to exploit them to enhance
the extraction and characterization of the signal.

In Section 5.1, we focus on quantifying the non-Gaussian and non-stationary features
of EMRIs background. In Section 5.2, we explore the concept of cyclostationarity and its
application to modeling the MW foreground and background from its satellite galaxies.
Finally, in Section 5.3, we present an alternative methodology based on time-frequency
analysis, implemented within the bahamas pipeline, specifically designed to accommodate
the non-stationarity of the Galactic foreground in the context of a global fit analysis for
LISA.

5.1 Non-Gaussianity

The characterization of the EMRI background presented in Section 4.1 reveals significant
uncertainties spanning approximately three orders of magnitude in the predicted back-
ground amplitude. Under the assumptions of stationarity, isotropy, and Gaussianity, the
flexible parametric reconstruction in Section 4.3 demonstrates that spectral features alone
may be insufficient to extract the SGWB signal when astrophysical uncertainties are signif-
icant. To improve signal reconstruction and enhance our ability to disentangle overlapping
SGWB components, we aim to characterize additional statistical features beyond the simple
power spectral description. Notably, EMRIs are typically highly eccentric systems—with
eccentricities ranging from 0.1 to 0.9—and emit GWs across a broad frequency range [143],
resulting in a complex spectral structure that may violate the Gaussianity. Moreover, the
discrete nature of the source population—particularly in pessimistic formation scenar-
ios—suggests that the central limit theorem may not hold in all frequency bands, leading
to detectable deviations from Gaussianity and stationarity. For this reason, in this work,
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we investigate thoroughly the contribution of individual emissions to the collective SGWB,
and their effect on its stationarity and Gaussianity. These findings motivate the need for
extended likelihood models that incorporate non-Gaussian features.

5.1.1 Rayleigh test

We now want to find a statistical test to assess the Gaussianity and stationarity of a SGWB.
We take inspiration from the literature available for ground-based detectors [83, 80], where
such a test is employed for data-quality diagnostics, e.g., to detect the presence of glitches.
The null-hypothesis we test against is that of an ergodic, zero-mean stationary GP. We
further assume the signal to be second-order stationary. Thus, given Eq. 2.8, the absolute
value of the complex variable x(f) is therefore distributed as follows

|x(f)| :=
√

ℜx(f)2 + ℑx(f)2 ∼ Rayleigh(σ(f)) (5.1)

Similarly, the squared norm of the Fourier variable is distributed as follows

|x(f)|2 ∼ Γ(1, 2σ(f)) (5.2)

where Γ(k, θ) denotes the Gamma distribution and k, θ are the positive shape and scale
parameters, respectively. The Gamma distribution has mean kθ and variance kθ2, re-
spectively. The test is constructed the following Eq. 5.2 by taking the ratio between the
standard deviation and mean of the Gamma distribution. Under the null-hypothesis, the
variable is identically one across all frequencies,

ρ[x](f) =

√

〈

(

|x(f)|2 −
〈

|x(f)|2
〉)2

〉

〈

|x(f)|2
〉 =

2σ(f)

2σ(f)
= 1 (5.3)

where ρ denotes the operator acting on the process x. We will denote the expected value one
as, ρ[x],exp. The Rayleigh test is then a statistical test of the stationarity and Gaussianity
hypotheses that the coefficient of variation (standard deviation over mean) of the signal
FT has the value expected for the corresponding Rayleigh random variable. An equivalent
statistic is that implemented by LIGO and Virgo where the squared norm, distributed like
a Gamma variable [75], is considered. The test is practically carried out by constructing
estimators for the random quantities in Eq. 5.3. To obtain multiple samples, we leverage
the process ergodicity and suitably chunk the data. The denominator is evaluated through
Welch’s PSD estimator [196] while the numerator is obtained through FT, and represents a
measure of the signal’s statistical properties variability. Critical values for the test statistic
can be obtained under the null-hypothesis, i.e., for a perfectly Gaussian, stationary signal of
the same (finite) duration of our SGWB datastreams. Asymptotically, for a finite number
N of samples (which in this context are to be regarded as the chunks), the test is distributed
as a N (1, 1/2

√
N
)

. Ref. [54] presented a simplified example demonstrating how violations
of stationarity and Gaussianity are detected using such test.

5.1.2 Updating EMRI catalogs

We build a selection of EMRI population signals following closely Refs. [43, 148]. Further
details are presented in Sections 4.1.1 and 4.1.2. We construct a family of populations
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leading to three representative models out of the twelve presented in [31]. Our choice
is driven by the findings of Section 4.1.3, showing that the EMRI SGWB amplitudes are
bracketed by M8 and M12 as extreme scenarios, with M1 providing a fiducial, intermediate
case. For each one, we construct a catalog of EMRI systems in a simulated Universe. A
list of primary MBH masses M and spins a, along with a redshift z for each event is given.
In Section 4.1, the mass µ of the CO was fixed to 10 or 30M⊙. Here, we instead sample
it from a distribution inspired by the population of compact binary mergers observed by
GW ground-based detectors. In reality, it is likely that COs in EMRIs follow a more top-
heavy mass distribution compared to that of coalescing compact binaries. This is because
EMRIs form in galactic nuclei, where the more massive COs are expected to cluster toward
the center due to dynamical processes such as relaxation and mass segregation [85, 98].
However, in the absence of robust observational constraints on the CO mass distribution
in galactic nuclei, we just opt here to introduce a reasonable scatter in the underlying mass
distribution to explore its role. A more realistic population choice goes beyond the scope
of this work and is left for future investigation.

In the third Gravitational Wave Transient Catalog (GWTC-3) observations of the
Advanced LIGO [118] and Virgo [194] detectors from the first three observing runs (O1,
O2, and O3, respectively) are collected [1]. Among those, 69 confident BBH events are
identified based on their significativity to perform population inference [6] with a variety
of mass-distribution models. As a reference for our CO mass distribution, we choose the
point-wise median of the marginal population posterior on µ PowerLaw+Peak model.
We highlight here that our extension remains in excellent agreement with the former choice
of fixed-CO mass in Ref. [31], as shown in Fig. 5.1. The median of our chosen CO mass
distribution (solid line) is very close to the nominal value of 10M⊙, and is in good agreement
with the variability inferred in Ref. [6] (dashed lines). For reference, we also show the overall
population posterior (orange shaded regions) and our chosen reference model (orange solid
line).

The remaining parameters are sampled in the same way as described in Section 4.1.2.
In particular, we highlight that the sky positions (θS , ϕS) are drawn uniformly over the
celestial sphere, ensuring isotropy.

The EMRI background signals are then computed, following the procedure outlined in
Section 4.1.3, as follows:

1. For each source in the catalog (after the initial selection, with a total count of Nfinal),
we compute the two gravitational-wave polarizations h+(t) and h×(t) using the 5PN-
AAK waveform model.

2. We generate the noise-orthogonal TDI variables AET .

3. We compute the accurate SNR ρ for each individual source and classify sources as
unresolvable if ρ < 20. This threshold is consistent with values adopted in the
literature to define detectability of EMRIs [31, 43, 148, 49].

4. For each TDI channel, we sum the contributions of all unresolvable sources to con-
struct a composite data stream representing the unresolved EMRI background.

Following this procedure, we generate the EMRI backgrounds corresponding to models
M1, M8, and M12 in the time domain, yielding three global time series for each catalog.
We consider LISA mission duration of Tobs = 4 years, resulting in a frequency resolution of
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Figure 5.1: Distribution of stellar-mass black hole based on current gravitational wave

detections [6]. The orange-shaded area represents the overall posterior distribution, while

the solid orange line shows our selected reference model. Solid and dashed black lines

denote the posterior on the median, µmed = 10+1.4
−1.3M⊙, which is in large agreement with

the fixed µ = 10M⊙ model employed in Ref. [6]. In blue are highlighted the samples from

the chosen distribution used in the analysis.

∆f = 1/Tobs ≈ 8×10−9 Hz. The cadence is set to ∆t = 20 s, corresponding to a maximum
non-aliased frequency of fmax = 1/(2∆t) = 0.025 Hz. While a realistic data stream will
likely have a higher sampling rate of approximately 0.25 s, we note that for f > 0.01 Hz,
the LISA noise budget begins to increase, and the EMRI foreground brightness starts to
decrease [148]. Thus, our choice of fmax = 0.025Hz allows us to characterize the statistical
properties within a region of primary interest for LISA observations.

5.1.3 Non-gaussianity and background Evaluation

To assess the stationarity and Gaussianity of the EMRI backgrounds, we employ the
Rayleigh test introduced in Section 5.1.1. Our catalog construction enforces isotropically
distributed sources. Therefore, a GW detector receives an overall signal (and couples to
it) whose spectral contributions arise equally from each direction. This assumption is ex-
pected to hold for cosmological backgrounds but may be partially or entirely violated for
astrophysical ones. Stochastic signals are often modeled as the superposition of infinitely
many signals overlapping in time or frequency domain. However, for this limit to be a suit-
able approximation, the central limit theorem must hold, justifying the use of a Gaussian
likelihood model for inference [159]: for each given frequency and sky-location intervals,
the number of sources contributing individually must be ≫ 1. Failure in satisfying this
constrain implies different degrees of deviations from Gaussianity and stationarity. Of-
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Figure 5.2: Rayleigh test applied to the constructed EMRI foregrounds. (Left Column)

EMRI SGWB in the time domain A channel for models M12 (top), M1 (middle), and M8

(bottom), to notice the different scales on the y-axis. (Left panel) Rayleigh statistics as a

function of frequency in logarithmic scale. The test applied to a stationary and Gaussian

stochastic time series is shown by the teal region. Within this region, the expected value

ρ[A],exp = 1 is shown as a black dashed line, while inner (middle, outer) teal-shaded bands

denote the critical values for the null-hypothesis rejection, at 1σ ( 2σ, 3σ) confidence. As

mentioned in Section 5.1.1 these are asymptotic values constructed for a finite number of

realizations of a stationary GP.

ten, the resulting signal exhibits a “popcorn-like” behaviour [161]. While the frequency
content is non-trivial to characterize due to the broadband nature of each signal, the sky
distribution can be readily tested via catalogs inspection. We do so by performing Upon
cross-checking our hypothesis, we observe through a simple angular multipole decomposi-
tion and find that M8 (M1) yields SGWB power at ℓ > 1 relative to the monopole (ℓ = 0)
100 (10) times larger than M12. This is confirmed by the increasing degree of popcorn-like
behaviour for the timeseries we construct below and present in Fig. 5.2.

Following the common practice for statistical tests on time series when only a single
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Figure 5.3: Rayleigh test applied to the constructed EMRI foregrounds model M1 with

varying downselection SNR thresholds ρAK,tr = 1 (0.1) in orange (brown). (Left panel)

EMRI SGWB in the time domain A channel. (Left panel) Rayleigh statistics as a function

of frequency in logarithmic scale. In the right panel, the expected value ρ[A],exp = 1 is

shown as a black dashed line, and the shaded blue area represents the Rayleigh test’s

confidence intervals. Adding faint sources does not significantly change the test statistics,

as the loudest sources dominate the time series.

realization is available, we invoke ergodicity (i.e., the equivalence in distribution between
ensemble averages and time averages) as a working hypothesis. We divide the time series
into 3000 chunks, resulting in a frequency resolution of ∆f ∼ 10−5Hz. This value is small
enough to consider individual chunks’ spectra approximately stationary, provides suitable
resolution in the mHz band, and yields a large enough set of samples for ensemble average
estimators with small variances. Fig. 5.2 (right column) shows the results of the Rayleigh
test statistic for the three models considered. We present the test statistics ρ[A] as a
function of frequency for the TDI channel A; depending on the considered EMRI catalogs,
approaching higher frequencies (f ≳ 1mHz), the test shows varying degrees of deviation
from the expected value ρ[A],exp = 1 (shown as a black line in each panel), suggesting the
presence of either non-Gaussianities or non-stationarities at such frequencies.

Upon closer inspection of each model, we discern the test response to variations in the
number of sources in the catalogs:

• M8 (Fig. 5.2, bottom row): the time-domain SGWB shows a time-modulation due
to the low number of sources in the catalog contributing to the foreground (Nfinal =
3209). This is expected to be a source of deviation from the null hypothesis, i.e.
stationarity and Gaussianity. The test exhibits small fluctuations at low frequencies
and more substantial ones at f ≳ 1mHz. See also Ref. [54] for a discussion on
non-Gaussian signals as non-stationarity mimickers for tests involving ergodicity.

• M1 (Fig. 5.2, middle row): the larger number of sources (Nfinal = 26932) corresponds
to a smaller time-modulation compared to M8. The test fluctuations at low fre-
quencies disappear, but deviations at high frequencies exceeding ∼ 1 mHz are still
noticeable, indicating a stationarity or Gaussianity violation, albeit much smaller
than M8.
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• M12 (Fig. 5.2, top row): having the largest number of sources in the catalog (Nfinal =
319309), the high-frequency range of the SGWB is more densely populated, making
the test violation almost negligible at the target highest significance of 3σ.

We additionally investigate the robustness of our findings on model M1, relaxing the
threshold for source removal described in Section 4.1.2 from ρAK,th = 1 to 0.1. Therefore,
the number of sources effectively contributing to the SGWB evaluation is increased from
Nfinal = 26932 to 209072. Fig. 5.4, illustrates how the EMRI foreground for M1 changes
when adding sources with starting approximated SNR in the range 0.1 < ρAK < 1. Non-
coalescing EMRIs with ρ < 1 accumulate below 1mHz, contributing to the low-frequency
component of the SGWB, with only a modest increase in SNR of about 2.5%, from
SNRSGWB = 311 to 319. This is in line with our expectations: as coalescing binaries are
typically resolvable with SNR = 20 up to z = 1, EMRIs would have an SNR above 1 should
they be placed at the largest redshift in our integration range, z < 4.5, except for low-mass
systems (M ≈ 104M⊙) contributing only very little to the SGWB. Conversely, a large
number of non-coalescing EMRIs with ρ < 1 accumulates below 1mHz, hence the observed
contribution SGWB. Moreover, low-frequency non-coalescing EMRIs are expected to be
highly eccentric, which suppresses GW emission in the cross-polarization. This aligns with
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Figure 5.4: SGWB PSD in the LISA A channel for model M1 with two different preliminary

cuts in the populations, ρAK,th = 1 (ρAK,th = 0.1) solid orange line (solid brown line). Solid

blue line represents the LISA instrumental noise, together with the GF. The inclusion of

fainter sources in the analysis populates the low-frequency band.

findings from Ref. [148], which shows a consistent 5% reduction in background SNR after
excluding the faintest sources across all examined models. Fig. 5.3 (right panel), shows
that the Rayleigh test results remain largely unchanged. The addition of faint sources to
the catalog does not substantially alter the foreground properties investigated. In fact,
including low SNR sources appears to primarily affect the signal PSD in Fig. 5.4 only at
f < 1mHz, whereas the Rayleigh test in Fig. 5.3 shows deviation at and above f > 1mHz.
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Therefore, the choice of considering only sources with ρAK > 1 suffices to support our
conclusions.

The threshold for detectability (ρ = 20), could similarly influence the SGWB station-
arity and its overall brightness. Establishing realistically EMRI detectability is heavily
dependent on (i) an accurate detector characterization and (ii) a precise definition of the
detection statistics. In absence of those, we opt to leave this for future work.

5.1.4 Caveats and takeaways

We performed a statistical analysis of EMRI backgrounds to quantify deviations from the
core assumptions of Gaussianity and stationarity that underlie standard LISA inference
methods.

Main results. The Rayleigh test revealed varying degrees of non-Gaussianity and
non-stationarity, with violations scaling inversely with the number of unresolved sources
contributing to each foreground model. Model M12 (Nfinal ≈ 3.2×105 sources) showed neg-
ligible deviations at 3σ significance across the LISA band, whereas M8 (Nfinal ≈ 3.2 × 103)
exhibited substantial departures from the null hypothesis at f ≳ 1 mHz. The fiducial M1
model (Nfinal ≈ 2.7 × 104) displayed intermediate behavior, with detectable but moderate
violations.

LISA implications. The observed violations have dual implications for LISA science.
First, non-Gaussian and non-stationary signatures provide discriminating features to dis-
entangle overlapping SGWB components through extended likelihood models [166, 150].
Second, and more critically, misestimation of the PSD under the Gaussian approximation
introduces systematic biases in parameter reconstruction for resolvable sources. As demon-
strated in [166], overestimating the PSD through Gaussian likelihood assumptions leads to
overestimation of source luminosity distances, potentially producing systematic offsets in
population-level inference.
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5.2 Anisotropies from Milky Way and its satellites

As mentioned in Section 3.6, the GF [139] is expected to dominate LISA observations,
particularly in the 0.5–3 mHz range. Unlike isotropic EMRI and SOBBH background
characterized in Sections 4.1 and 4.2, the bulk of GF arises from systems located toward
the Galactic center, leading to a strongly anisotropic signal. Combined with the annual
orbital motion of LISA, this anisotropy produces a time-domain modulation of the signal,
resulting in a cyclostationary stochastic process. The relevance of this statistical feature
is twofold: it allows better characterization of the foreground itself, and it facilitates the
study and identification of other overlapping signals through degeneracy breaking. Previous
works [134, 76] have studied this phenomenon, although typically using empirical formulas.
Additionally, similarly to Section 5.1, Ref. [53] has shown that the GF exhibits significant
non-Gaussianity in the 2–10 mHz range, suggesting that multiple statistical signatures
may need to be jointly modeled for accurate foreground characterization. As discussed in
Section 3.6, we also expect highly anisotropic stochastic signals from unresolved sources
in MW satellite galaxies, similar to the GF. These satellite contributions offer valuable
probes of underlying astrophysical populations—providing insights into total stellar mass,
metallicity, and star formation history [47, 89]. A detailed analysis of the SGWB from the
LMC has been presented in Ref. [157], where anisotropy is modeled via spherical harmonic
decomposition—a technique widely adopted for cosmological sources. In this section, we
introduce an alternative analytic framework to characterize cyclostationary SGWBs in
LISA through frequency-domain modeling of the autocorrelation function. This approach
provides a natural parameterization in terms of sky distribution properties and detector
response, enabling signal recovery and parameter estimation without requiring pixelation
or spherical harmonic expansions. The method will be further extended to the time-
frequency domain in Section 5.3 to address practical limitations in global fit scenarios
requiring sub-annual noise updates.

5.2.1 Cyclostationary processes

Cyclostationary processes are stochastic processes whose statistical properties are peri-
odic in time. In this work, we focus on those exhibiting periodicity in their second-order
statistics (e.g., the autocorrelation function) [192]. In particular, a continuous stochastic
process X(t) having finite second-order moments is said to be wide-sense cyclostationary
with period T if the expectation values

E [X(t)] = m(t) = m(t+ T ), (5.4)

E
[

X(t′)X(t)
]

= Σ(t′, t) = Σ(t′ + T, t+ T ) (5.5)

are periodic functions with period T , for (t′, t) ∈ R2. Defining τd = t′ − t, then Σ(t′, t) can
be equivalently represented as a Fourier series:

Σ(t′, t) =
+∞
∑

n=−∞
Bn(t′ − t)e−2πint/T , (5.6)

where Bn(τd) is

Bn(τd) =
1

T

∫ T

0
dtΣ(t+ τd, t)e

−2πint/T . (5.7)
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The FT of Eq. 5.7 corresponds to the so-called cyclic spectrum. We contextualize the above
formalism to populations of unresolved WD binaries in the MW and its satellites, as seen
by LISA. For an ensemble of N WD binaries, the total signal s(t) is given by

s(t) =
N
∑

i=0

XGW(t, θ), (5.8)

where θ is the vector of parameters characterizing the GW signal XGW. We list them here
for completeness: the initial phase of the signal ϕ0, the inclination angle ι of the binary
system’s angular momentum relative to the line of sight, the polarization angle ψ, the
distance D to the binary, the ecliptic coordinates (λ, β) describing the source locations in
the SSB, the chirp masses Mc, and the angular frequencies ωs. XGW is the signal in one
of the three LISA noise-orthogonal channel [185]. We will consider only sources in their
early inspiral, such that in the low-frequency approximation, each monochromatic signal
in XGW is expanded as

XGW(t) =2C(t)(1 + cos2 ι) cos(ωst+ ϕ0)A+ 4S(t) cos ι sin(ωst+ ϕ0)A, (5.9)

where C(t) and S(t) depend on the motion of the LISA satellites constellation. Here, A is
the GW amplitude, introduced in Eq. 1.61.

The largest fraction of Galactic WD binaries are roughly approximated to share the
same distance D (this is even more true for MW satellites). Thus, to compute the auto-
correlation function Σ(t′, t), we assume that the population distribution p(θ) is separable
into five distributions, p1(ϕ0), p2(ι), p3(ψ), p4(β, λ), and p5(Mc, ωs). Specifically, we as-
sume probability distributions for ψ (ϕ0, cos ι) uniform in [0, 2π] ([0, 2π], [−1, 1]). In what
follows, we refer for brevity to whole WD populations in MW satellites as “sources”. Then,
we compute the autocorrelation function as

Σ(t′, t) = N

∫ 2π

0
dϕ0

∫ 2π

0
dψ

∫ 1

−1
dι

∫

V4

dV4
p4

16π2

∫

V5

dV5p5XGW(t′)XGW(t), (5.10)

where V4 (V5) is the differential volumes of the ecliptic latitude and longitude β, λ (chirp
mass, orbital angular frequency Mc, ωs) parameter space, respectively. By inserting Eq. 5.9
in Eq. 5.10 and performing the integral over ψ, cos ι and ϕ0, we obtain:

Σ(t′, t) =
N

8

∫

V4

dV4p4

∫

V5

dV5p5A
2 cos

(

ωs(t
′ − t)

)

[

56

15
C(t′)C(t) +

8

3
S(t′)S(t)

]

. (5.11)

Introducing the additional variable τs = t+t′

2 , we define B(τs, τd) = Σ(τs + τd/2, τs − τd/2).
Therefore, the autocorrelation B(τs, τd) is explicitly periodic in τs for any fixed τd. Thus,
similarly to Eq. 5.6 we decompose it in Fourier series

B(τs, τd) =
N

8

∫

V5

dV5p5

n=8
∑

n=−8

Bn(τd) exp

[

2πi
nτs
T

]

A2 cos(ωsτd). (5.12)

Note that the limitation to |n| ≤ 8 is a known result for the Fourier series decomposition of
product of oscillating functions at harmonic frequencies (see e.g. [91]). Further assuming
that p5(Mc, ωs) is only mildly frequency dependent – or equivalently that τd is such that
τd/T ≪ 1– we can approximate Bn(τd) = Bn(τd = 0), as in Ref. [78]. Therefore, we will
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Figure 5.5: Harmonic decomposition of LISA modulation. Each point in the sky corre-

sponds to a source with the angular size of the LMC (σ ≈ 0.015 rad). In each panel,

the plots are associated with harmonics in increasing order of n from top left (n = 0) to

bottom right (n = 8). The projections are expressed in ecliptic coordinates. (Left panel)

Each heatmap represents the magnitude of the Fourier Coefficient normalized to the rel-

ative maximum value in each plot. (Right panel) The absolute magnitude of the Fourier

coefficient is shown in logarithmic scale.

refer to it in what follows as Bn. We express the autocorrelation function in Eq. 5.12 as
the product of two functions

B(τs, τd) = R(τs)C(τd), (5.13)

where

R(τs) =
n=8
∑

n=−8

Bne
2πinτs

T , (5.14)

C(τd) =
N

8

∫

V5

dV5p5A
2 cos(ωsτd). (5.15)

By Fourier transforming over τd and τs, we obtain

C(f, f ′) =
n=8
∑

n=−8

BnSh

(

f ′ + f

2

)

δ

(

f − f ′ +
n

T

)

, (5.16)

where δ is the Dirac delta function. In a discretized form (which is the natural domain for
an observed digital timeseries), C(f, f ′) corresponds to a band matrix Cij with 2n+1 = 17
non-zero diagonals spaced |i − j| = Tobs/T apart from each other. Here, the periodicity
of the correlation function is T and the frequency resolution is limited by the observation
time (i.e., the LISA mission duration) Tobs. Each diagonal is proportional to the one-sided
PSD Sh, which depends on the intrinsic astrophysical properties of the source population.

The proportionality constants Bn are the n-th harmonic Fourier coefficients of the time-
domain signal modulation, and they depend solely on the extrinsic properties of the source
population, e.g., the sky distribution. This is a crucial advantage of our approach, as it
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directly relates the signal modulation to the source distribution. As compared to other
approaches in literature, it does not require either pixelation or spherical harmonics de-
composition. Once a suitable parameterization for Cij is introduced for a specific detector,
it allows for a straightforward interpretation of the inference results.

5.2.2 Modulation characterization

Following the detailed mathematical derivation in Ref. [53], reported for completeness in
Appendix C, we construct the LISA modulation for a bivariate Gaussian distribution in
the sky-coordinates. Therein, the contribution of different harmonics to the overall time
domain modulation are listed. In particular, the Fourier coefficient Bn, are described by
five independent parameters: the ecliptic coordinates of the distribution expectation value
(sin β, λ), and the two principal component axes variances (σ1, σ2), along with their rotation
angle ψ with respect to the coordinate system. Given the modest angular size of MW
satellites, we choose to enforce the constraint σ1 = σ2, which reduces the number of free
parameters to four, with ψ being completely degenerate. Therefore, the only parameters
left are σ ≡ σ1, sin β, λ, and our inference model is therefore specified by R(τs; sin β, λ, σ).

In what follows, we explore the satellite modulation as a function of its free parameters.
In Fig. 5.5, we show the magnitude of the Fourier coefficients across the sky, each panel
corresponding to a single harmonic, for a reference σ ≈ 0.015 rad. We highlight that due
to the modulation being a real function of time, B−n = B∗

n. The zero-th mode, which
corresponds to the main diagonal in the covariance matrix, is dominant compared to the
others. For a given sky position, the higher-order modes are increasingly subdominant.
The odd (even) harmonics share common maxima (minima) along the directions (sin β, 0)
, although we point out that the specific value depends crucially on the chosen initial LISA
position along its orbit. Overall, far from the ecliptic plane, the LISA modulation becomes
less relevant: if a source is located close to the ecliptic poles, the Doppler effect induced by
the LISA orbital motion is negligible. Conversely, the ecliptic longitude appears to have a
less significant influence on the modulation.

In Fig. 5.6, we additionally show the magnitude of each Fourier coefficient for a set of
known MW satellites (together with Andromeda), whose parameters are listed in Table 5.1
(for more details, see Ref. [158] and references therein). These are the sources we will
consider in this study. We observe that the size of a source may also play a role on its
modulation. In particular, smaller objects result in larger coefficients. However, this effect
is less significant compared to that of the ecliptic latitude and longitude. Sagittarius and
the MW are relatively close to each other in the sky, but some Bns of the former are larger
than those of the latter (e.g., n = 4). On the contrary LMC, located near the ecliptic South
Pole, yields much weaker modulation than the MW even if it has a comparable angular
size to Sagittarius.

We further investigate the impact of the source angular size in Fig. 5.7. In the left
panel, we show the relative uncertainties in the time modulation for the SMC and the
MW, varying their σ by ±50%. For the Galactic case, relative deviations reach nearly 10%
during a LISA orbit, as opposed to a maximum of 2% for SMC. Similarly, in the right panel
of Fig. 5.7, the same variability is illustrated in frequency domain. Ranges for each MW
modulation coefficient are much larger than the corresponding ones for the SMC. Hence,
the modulation phenomenology is only mildly influenced by the satellite angular size, thus
only marginally affecting the SGWB detection. A more detailed discussion is provided in
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Table 5.1.

Section 5.2.4.

5.2.3 Spectrum characterization

We now aim to provide a framework to compute the effective astrophysical signal. We
present below two simple models to characterize the spectra Sh in Eq. 2.9 for the MW,
its satellites, and other nearby Galaxies. In Fig. 5.8 (left panel), we show the spectra
for the LMC, and SMC, Sculptor, Fornax, and Sagittarius, as well as Andromeda and
the MW foreground. The SNR values are computed for each source, assuming a LISA
mission duration of 4 years, and are shown for the loudest (LMC, SNR = 3.46) and
faintest (Sculptor, SNR = 0.002). For simplicity, we show only the upper envelope of each
modulated stochastic signal. The spectra are accompanied by the individual modulations
(right panel), as described in Section 5.2.2.

Satellites and nearby Galaxies

Upon Fourier transforming C in Eq. 5.15 we describe the spectrum of the signal as

Sh(f) =
N

8

∫

dMc

∫

dfsp(Mc)p(fs)
(GMc)

10/3

(c4D)2
(πfs)

4/3 δ(f − fs), (5.17)

where for brevity we relabelled f = f+f ′

2 . The integral in Eq. 5.17 corresponds to the
isotropic spectrum amplitude evaluated within a spherical shell of radius D, as computed
in Ref. [145]. This formulation is particularly convenient, as the sky integration is already
incorporated in the coefficients Bn.
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We recast the frequency dependence in the integral in terms of x = a/(Kt0)1/4. The
variable x represents the separation normalized to that of a binary with time to merger t0,
and a is related to fs through Kepler’s law and

K =
256G3

(5c5)
(m1 +m2)m1m2. (5.18)

Thus, Eq. 5.17 becomes

Sh(f) =
N

8

∫

dMc

∫
∣

∣

∣

∣

dx

dfs

∣

∣

∣

∣

dfsp(Mc)p(x(fs))
(GMc)

10/3

(c4D)2
(πfs)

4/3 δ(f − fs). (5.19)

The Jacobian in Eq. 5.19 reads

∣

∣

∣

∣

dx

dfs

∣

∣

∣

∣

=
2

3

G1/3

π1/3K̄1/4

(m1 +m2)1/12

(m1m2)1/4
f−5/3
s , (5.20)

and upon substitution in Eq. 5.19 and integrating with the Dirac delta, we get

Sh(f) ∝
∫

dMcM35/12
c f−1/3p(Mc)p(x(fs = f)) (5.21)

This is a convenient parametrization of the integral, as it matches closely the one adopted
in previous population studies (see, e.g., Ref. [129, 130, 111]). In particular, we adopt the
following parametrization

p(x) ∝






x4+α
[

(1 + x−4)
α+1

4 − 1
]

, if α ̸= −1

x3 ln
(

1 + x−4
)

, if α = −1
. (5.22)
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where α is the power-law slope describing the separation distribution at WD formation
and the star formation is assumed to be constant (for detailed derivation, see Ref. [129]).
In our analysis, we will consider α = −1.3 following results obtained in Ref. [130], based
on two complementary large, multi-epoch, spectroscopic samples: the Sloan Digital Sky
Survey (SDSS), and the Supernova Ia Progenitor survey (SPY). When α ≤ −1, in the limit
of x ≪ 1, p(x) can be approximated by x4+α, so that the final model for Sh(f) is

Sh(f) ∝ f−(9+2α)/3
∫

dMcM5(3−α)/12
c p(Mc). (5.23)

Eq. 5.23 provides a semi-analytical power-law describing the SGWB spectrum for a generic
MW satellite with constant star formation. This may be an optimistic assumption for
lower-mass satellites, which typically stop forming stars early, but it represents a good
approximation for satellites like the SMC and LMC that continue forming stars. Its am-
plitude depends on the integral in the chirp mass, which we perform numerically from the
distribution on m1 and m2. We assume that m1 follows the mass distribution of single
white dwarfs. Following Ref. [111], we consider a univariate Gaussian mixture with three
components for m1 with weights w = (0.66, 0.24, 0.1), means µ = (0.55, 0.72, 0.3)M⊙, and
standard deviations σ = (0.07, 0.3, 0.078)M⊙, as measured in Ref. [106] based on large
spectroscopic sample. Observations show that at the main-sequence stage, the secondary
stars follow a mass-ratio distribution that is approximately flat, rather than the same mass
distribution as the primary (e.g., [136]) Therefore, in our model we draw m2 from a flat
distribution between 0.15M⊙, the minimum mass of observed extremely-low-mass (ELM)
white dwarfs, and m1. For a small number of cases in which we get m1 < 0.25M⊙ ,
i.e., falling into the ELM category, we draw m2 from the range [0.2, 1.2]M⊙ with equal
probability. Note that in the latter case, the definitions of m1 and m2 are swapped.

The amplitudes of the SGWB at f = 10−3.5Hz are reported for different satellites in
Table 5.1. Therefore, a satellite spectrum with assumed mass distribution has only two
free parameters: we reparameterize them with the power-spectrum amplitude at a reference
frequency A(f = 10−3.5Hz) and its slope γ = −(9 + 3α)/3. Notably, when α = −1, the
slope simplifies to −7/3, which is the well-known value associated with a SGWB originating
solely from inspiral signals.

For modeling the GF spectrum, we adopt the phenomenological approach introduced
in Ref. [102], with its explicit formulation given in Eq. 3.62.

System λ β Sky Area [deg2] D [kpc] Stellar Mass [M⊙] log10A(f = 10−3.5Hz)

Andromeda 27.8◦ 33.3◦ 3.11 765.0 ∼ 1010 -41.96

Fornax 22.5◦ −46.9◦ 0.17 139.0 2.0 × 107 -43.18

LMC −47.7◦ −85.4◦ 77 50.0 1.5 × 109 -40.42

SMC −47.9◦ −64.6◦ 13 60.6 4.6 × 108 -41.10

Sagittarius −78.1◦ −7.6◦ 37 26.7 2.1 × 107 -41.73

Sculptor −1.6◦ −36.5◦ 0.076 86.0 2.3 × 106 -43.70

Table 5.1: Properties of selected systems including MW satellites and Andromeda. Masses,

distances, and sky locations are from Refs. [132, 68, 174]. The last column shows the

logarithmic amplitude of the SGWB as defined in Section 5.2.3.
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Figure 5.8: (Left panel) The astrophysical SGWB spectrum is computed using a semi-

analytical model from Eq. 5.23. The amplitude level mainly depends on the distance and

size of the source, in terms of stellar mass (or the number of WD binaries within it). The

slope of the power-law is γ = −(9 + α)/3, where α, a parameter related to the initial

WD separation distribution, is α. The black dashed line refer to the LISA instrumental

noise. Right panel) The modulation in time as seen by LISA during one year for different

astrophysical sources, assuming a two-dimensional Gaussian distribution of unresolved WD

binaries in the sky for each of them.
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Data Model Parameters References

SMC Cyclo (A, γ, σ) Fig. 5.9 (Panel 1)

LMC Cyclo (A, γ, σ) Fig. 5.9 (Panel 2)

Andromeda Cyclo (A, γ, σ) Fig. 5.9 (Panel 3)

Sagittarius Cyclo (A, γ, σ) Fig. 5.9 (Panel 4)

MW + SMC Cyclo + Cyclo (α,A, f2, ψ, σ1, σ2) + (A, γ, σ) Fig. D.1

MW + LMC Cyclo + Cyclo (α,A, f2, ψ, σ1, σ2) + (A, γ, σ) Fig. D.2

MW + Andromeda Cyclo + Cyclo (α,A, f2, ψ, σ1, σ2) + (A, γ, σ) Fig. D.3

MW + Sagittarius Cyclo + Cyclo (α,A, f2, ψ, σ1, σ2) + (A, γ, σ) Fig. D.4

LMC (realistic) Cyclo (A, γ, σ) Fig. D.5

LMC (realistic) Stat (A, γ) Fig. D.5

MW + LMC-like Cyclo + Cyclo (α,A, f2, ψ, σ1, σ2) + (A, γ, λ, sin β, σ) Fig. D.6

Table 5.2: Summary of parameter estimation. The first column lists injected sources (all

including LISA noise), the second describes the signal model, the third specifies the inferred

parameters, and the last column points to the corresponding figure showing posteriors.

5.2.4 Inference result

In this study, we focus exclusively on the parameter estimation of satellites’ and MW
SGWBs together with the instrumental noise. We proceed with the assumption that non-
stochastic GWs sources have been subtracted perfectly. Additionally, we consider the ab-
sence of data gaps, resulting in the generation of an idealized residual dataset. Throughout
the analysis, we consider 4 years of observation time of LISA. Data are expressed in terms
of TDI variables [185]. Specifically, we work with the FT of the A and E channels. We
assume that data are distributed according to the Gaussian likelihood. In the most general
case, we include in the likelihood the contribution from the GF, the satellite SGWB and
the instrumental noise:

log L(d̃|θ = {θMW,θsat,θn}) ∝ −
∑

i=A,E

(

1

2
log(detCi) +

1

2
d̃Ti C

−1
i d̃i

)

, (5.24)

Ci = [CMW(θMW) + Csat(θsat) + Cn(θn)]i (5.25)

where CMW and Csat correspond to the MW and satellite covariance matrices, described
earlier. Cn is the diagonal noise covariance matrix with PSD, as described in Eq. 3.60.
The parameters for each process are:

• θMW = {AMW, α, fknee, f2, f1, λ, sin β, σ1, σ2, ψ} ;

• θsat = {Asat, γ, λ, sin β, σ};

• θn = {Ptm,Poms}.

Calligraphic letters indicate the log10 of the corresponding quantity, e.g., AMW = log10AMW.
We choose uniform priors for each parameter listed. To compare results obtained from cy-
clostationary and stationary inference, we use the log-Bayes factor:

log10 Bcyclo
stat = log10 Zcyclo − log10 Zstat, (5.26)
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Figure 5.9: Marginalized probability distribution of the amplitude and slope SGWB pa-

rameters for SMC, LMC, Andromeda, and Sagittarius (from left to right). In this analysis,

the GF is excluded from both the injection and parameter estimation stages. Addition-

ally, we assume that the sky locations of the satellites are known throughout the inference

process.

.

We now present our inference results. First, we examine LISA capability to observe
sources in the presence of instrumental noise alone. Next, we assess the impact of including
the MW foreground in both simulated data and inference model. In addition, we investigate
the detectability of the MW largest nearby Galaxy, Andromeda.

The characteristic parameters of galaxies and satellites we investigate are reported in
Table 5.1. Table 5.2 provides a summary of the parameter estimation discussed in this
section and the following ones.

Milky Way satellites and Andromeda

To determine which MW satellite might be observable by LISA, we first study its de-
tectability in presence of instrumental noise only, excluding the MW foreground from the
data and parameter estimation. Specifically, we inject idealized satellites one by one, with
their spectra and modulation described in Sections 5.2.2 and 5.2.3, along with their corre-
sponding amplitude, sky location, and angular radius.

Initially, we also fit the extrinsic parameters of the SGWB source, specifically the
size and sky location. The results indicate that we can clearly recover both the spectrum
amplitude and slope only for the SMC. Regarding other parameters, the sinβ value closely
matches the true value, while the ecliptic longitude appears difficult to estimate accurately.
This inaccuracy is likely due to the SMC’s proximity to the South Pole, where the partial
degeneracy in longitudes becomes stronger. The size σ is not constrained due to its mild
influence on the modulation with respect to the latitude, as explained in Section 5.2.2.

From this initial analysis, we report a central finding: the ability to detect a satellite is
influenced by the interplay between the astrophysical spectrum and the modulation effects
in reconstructing this type of SGWB. From an astrophysical point of view, the LMC is
favored due to its mass and distance, which makes it more probable to detect individual
WD binaries [158]. However, from the perspective of SGWB detection, the SMC proves to
be easier to detect due to its location.
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Despite the SGWB signal from satellites still being unknown, these objects have al-
ready been observed through electromagnetic emission. Therefore, in what follows, we
assume perfect prior knowledge of their locations to determine if this improves the spec-
trum parameter estimation. By doing so, the spectral reconstruction improves for LMC,
Sagittarius and Andromeda. The SGWB amplitude is well constrained only for SMC. The
marginalized posterior probability of their slope and amplitude are shown in Fig. 5.9. Al-
though LISA is more sensitive to the sky positions of Fornax and Sculptor compared to
the LMC or SMC, the spectra from these satellites are too faint to be detected, even if
their positions (hence their signal modulation) are known.

Next, we consider the case where the MW foreground is included in the data, alongside
the instrumental noise and each satellite signal. The Galactic signal is generated using the
spectrum given by Eq. 3.62 with the optimal fit parameters found in Ref. [102], considering
4 years of LISA observation time and SNR threshold of 7 for WD detection. For the
modulation, we adopt the same strategy used by Ref. [53], where it is generated with
λ = −93.16◦, β = −5.53◦, σ1 = 0.042, σ2 = 0.138, and ψ = −56.72◦. These parameters
result from the best fit of the interpolation between a rotated two-dimensional Gaussian
distribution and a realistic unresolved MW catalog of WD binaries. This approach is
an approximation that only partially captures the more complex structure of the MW (as
depicted in Fig.5 of Ref. [53]). A more sophisticated description of the MW time-variability
is deferred to future work, where we employ a mixture of distributions to better reconstruct
the global structure of the MW. In this scenario, as expected, the detection of MW
satellites is highly compromised. The posterior distribution for SMC, LMC, Andromeda,
and Sagittarius are presented in the Appendix D. Using informative priors on sky location
(both for the satellite and MW), we are able to put an upper limit on the amplitude
of the SGWB spectrum, while the slope is in general easier to constrain. Nonetheless,
a good reconstruction is guaranteed for both the MW foreground and the instrumental
noise. In particular, for the MW, we infer only A, f2, and α, which are the most relevant
parameters from an astrophysical point of view. We fix the remaining parameters to their
injected values due to computational limitations. By doing so, the NS algorithm will
converge more quickly without introducing significant biases in the analysis.

We emphasize that, unlike what is observed for the satellites, we are indeed able to
recover the MW size. This is due to the fact that the MW angular size is sufficiently large
that modulation effects become sensitive to fluctuations around the true value in the prior
parameter space. This aligns with our expectations from Fig. 5.7.

After applying our cyclostationary model to ideal scenarios, we aim to test it in the
presence of realistic datasets. Therefore, we inject a realization of the SGWB generated
from a realistic catalog of individual WDss. We consider the case of the LMC, since its
source catalog has been already used in previous work [113, 112].

Similarly to the previous section, we fix the satellite position in our model. The results
align well with those obtained using mock data. We successfully constrain the spectral
parameters, particularly the slope. However, the satellite size has a minimal impact on the
model, making it difficult to effectively constrain this parameter. We report the posterior
distribution in Fig. D.5 in Appendix D. We also infer the signal under the assumption
of stationarity, modeling the background signal using a power-law. It is important to
note that the amplitude here directly refers to the TDI domains. Additionally, since the
T channel is consistently excluded from our analysis, we simplify the model by using a
single amplitude parameter associated with both the A and E channels. To compare the
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Figure 5.10: (Left panel) Simulated signals for MW (teal) and LMC (red), and shifted

LMC within the Galactic disk (light blue) field of view over the course of one year. The

corresponding modulations are represented as envelopes superimposed on the top and

bottom of the signals. (Right panel) Cosine similarity map between the MW and the

LMC-like satellite modulations. The three dots represent: the center of the MW (navy),

the true position of the LMC (red), and the hypothetical position of the LMC-like satellite

in the Galactic disk (gold).

amplitude between two models, we divide the TDI amplitude in the stationary case by
the zero order Fourier coefficient, computed using the real satellite parameters (size and
sky position). It is interesting to note that in both models, the slope of the background is
consistent with our simplified theoretical model described in Section 5.2.3.

We compute the Bayes factor as described in Eq. 5.26. We find that log10 Bcyclo
stat ≲

−0.5, which does not indicate a strong evidence in favor of one of the two hypothesis.
This is due to the faintness of the signal modulation. The off-diagonal elements in the
covariance matrix are not significant enough to help distinguish the signal from the noise
in the main diagonal. As a result, the stationary model can extract the same amount of
information. Instead, for the Galactic signal, exploiting the off-diagonal elements will be
crucial. However, as previously mentioned, a detailed analysis of realistic data for the MW
foreground will be addressed in future work.

Discovering hidden satellite

Unlike electromagnetic emission, which is obstructed by dust and gas in the Zone of Avoid-
ance, GWs are not hindered by such obstructions. Thus, with LISA, we have the potential
to observe beyond the Galactic plane. According to Ref. [158], detecting an excess of
∼ 100 WDs binaries within the Galactic disk would be considered a statistically signifi-
cant overdensity. In an ideal scenario, if a satellite were located behind the MW disk, we
could attempt to detect its SGWB. For this reason, we inject a LMC like SGWB (i.e.,
with the same slope and amplitude), in a region close to the Galactic center. For simplic-
ity, we consider the same σ. In Fig. 5.10, we display the simulated signals for the MW
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(navy), LMC (red), and the hypothetical LMC behind the MW (green olive). We observe
that moving the LMC away from the pole enhances LISA sensitivity to the corresponding
SGWB. This adjustment causes the modulation of the signal to become similar to the
MW one. Consequently, this can lead to a degenerate covariance matrix structure between
the two processes, potentially resulting in inaccurate signal reconstruction or, in the worst
case, failure to detect the SGWB. However, this does not occur. As shown in Fig. D.6, we
successfully disentangle the SGWB from both the LISA instrumental noise and the MW
foreground. Additionally, we reanalyze the same dataset assuming LMC-like SGWB as
stationary. In this case, we not only obtain a smaller evidence (log10 Bcyclo

stat ≳ 1000) but
also introduce biases in both the foreground and background parameters. This finding rein-
forces our earlier point regarding the realistic LMC dataset analysis: as the signal becomes
more modulated, the importance of cyclostationarity increases for accurately resolving the
background, leading to stronger evidence. However, it is important to note that, contrary
to the realistic LMC analysis, the dataset is generated under ideal conditions.

5.2.5 Caveats and takeaways

We developed an analytic framework to exploit the cyclostationary properties of SGWB
signals from unresolved WD binaries in the MW, its satellite galaxies, and nearby galaxies,
enabling signal recovery and parameter estimation through time-dependent modulation
induced by LISA orbital motion.

Main results. Satellite detectability depended critically on the interplay between spec-
tral amplitude and sky location. Despite being astrophysically fainter, the SMC proved
more readily detectable than the LMC due to its ecliptic latitude, which yielded stronger
LISA modulation sensitivity. With perfect prior knowledge of satellite positions, we suc-
cessfully constrained spectral parameters for SMC, LMC, Sagittarius, and Andromeda. In
the presence of the dominant MW foreground, satellite detection became severely chal-
lenged, yielding primarily upper limits on amplitudes while slopes remained moderately
constrained. For realistic LMC catalog data, both cyclostationary and stationary models
recovered consistent spectral slopes.

Discovery potential. We demonstrated the potential for discovering hidden satellite
galaxies through GW observations. By injecting an LMC-like signal near the Galactic
center—a region obscured electromagnetically—we successfully disentangled it from both
instrumental noise and the MW foreground using the cyclostationary framework. This
finding illustrated how cyclostationarity provided essential degeneracy-breaking power as
signals became increasingly modulated, offering a unique avenue for probing stellar popu-
lations inaccessible to electromagnetic astronomy.

Framework generality and limitations. Our method modeled time-dependent
modulation analytically in the frequency domain via a band-diagonal covariance matrix
structure arising from the Fourier decomposition of the autocorrelation function. While
we adopted a simplified bivariate Gaussian sky distribution, the framework could naturally
extend to more complex spatial distributions—e.g., Gaussian mixtures or physically moti-
vated models discretized over numerical sky grids. However, capturing the full cyclostation-
ary correlation structure required accumulating at least one full LISA orbit (T = 1 yr) to
achieve sufficient frequency resolution for modeling off-diagonal covariance elements. This
temporal requirement could have limited applicability in low-latency detection scenarios
or during early-mission global fit analyses, where frequent noise updates with shorter in-
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tegration times were critical. Section 5.3 explore quasi-stationary approximations suitable
for sub-annual timescales.
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5.3 Time-frequency analysis

The cyclostationary framework developed in Section 5.2 provides a method to account for
non-stationarities arising from astrophysical anisotropies in LISA, fully formulated in the
frequency domain through a band-diagonal covariance matrix structure. While we demon-
strated the effectiveness of this approach for characterizing the MW and satellite galaxy
backgrounds, we also emphasized a fundamental limitation: achieving sufficient frequency
resolution to model the covariance matrix off-diagonal elements requires accumulating at
least one year of LISA data. This requirement may limit applicability in global fit anal-
yses or low-latency searches where frequent updates to the noise estimate are critical on
timescales much shorter than the annual LISA orbital period. The GF estimate is in-
fluenced by two time-dependent effects that must be captured on sub-annual timescales.
First, as LISA observes longer, more WDs binaries are individually resolved and subtracted
from the overall confusion noise, inducing a spectral variation consistent with a gradual
drift toward lower frequencies, as captured by the phenomenological template in Eq. 3.62.
Second, the cyclostationary nature of the foreground discussed in Section 5.2 manifests
as a time-dependent modulation on annual timescales. To better account for both effects
simultaneously while enabling sub-annual inference, we extend our approach to the time-
frequency domain using the Short Time Fourier Transforms (STFT). This representation
allows us to treat the signal as locally stationary within short time segments, while cap-
turing the long-term spectral evolution and modulation pattern across the full mission.
We note that this representation is not unique; alternative time-frequency methods—such
as those based on wavelets—have also been explored in the literature. In this section, we
extend the likelihood framework introduced in Chapter 4 to the time-frequency domain by
incorporating the cyclostationary nature of the MW foreground through a quasi-stationary
approach. This is achieved by leveraging the modulation model developed in Sections 5.2
and 5.2.2 and applying it locally to each time segment. The resulting framework, im-
plemented in the bahamas pipeline, provides a flexible and computationally efficient ap-
proach suitable for integration into global fit analyses where frequent noise updates with
sub-annual resolution are essential. We demonstrate its effectiveness on both synthetic
datasets and realistic simulations from the Yorsh data challenge [121].

5.3.1 STFT representation

To capture the time-varying frequency content of the cyclostationary GF signal , we divide
the full data stream into Nchunk non-overlapping segments and perform a STFT on each.
This time-frequency decomposition allows us to construct a likelihood that accounts for
the local stationarity of the signal and noise within each chunk.

The total log-likelihood is expressed as the sum of the log-likelihoods for each chunk:

log L(d|θ) =
Nc
∑

c=1

log Lchunk
W,G (dc|θ), (5.27)

where dc is the data segment corresponding to the c-chunk, and Lchunk
W,G represent the two

likelihood models considered for each single chunk, conditioned on the full set of model
parameters θ, and described below. Each chunk has a duration T , sampling interval dt,
and sampling frequency fs = 1/dt, so the number of points per chunk is N = T/dt. For a
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given frequency range [fmin, fmax], we define nf as the total number of frequency bins. We
adopt the following index notation:

• c — time chunk, c = 1, . . . , Nchunk

• j — TDI channel, j ∈ A,E

• k — frequency bin, k = 1, . . . , nf

• l — time sample within a chunk, l = 1, . . . , N

In what follows, we will consider equal-duration chunks. However, our approach can be
readily applied to unequal chunk-lengths, allowing to allocate time or frequency resolution
where needed.

Full-resolution data. First, we consider each chunk at full frequency resolution, i.e.,
through the discrete FT of time-domain data, defined as

d̃cjk =

√

2

Wfs

N
∑

l=1

wl d
c
jl exp

[

−2πı

N
k l

]

, (5.28)

where wl is a window function. The factor W =
∑N
l=1 |wl|2 accounts for the window

normalization. In this work, we generate synthetic data directly in the frequency domain,
so windowing effects do not arise during preprocessing. For normalization consistency, we
choose W = N . However, in Section 5.3.5 we use time-domain, simulated data, hence we
apply the Kaiser window with shape parameter equal to 30. Assuming perfect Gaussianity,
the single-chunk Whittle log-likelihood reads

log Lchunk
W (d̃

c|θ) = −1

2

∑

j∈{A,E}

nf
∑

k=1

( |d̃cjk|2
Scjk(θ)

+ logScjk(θ) + log 2π

)

. (5.29)

Here, the factor 2/(Nfs), which converts the discrete Fourier amplitudes into a one-sided
power spectral density (PSD) with units of Hz−1 [195], is implicitly accounted for in the
definition of dcjk in Eq. 5.28.

Average Periodograms. Alternatively, we consider data preprocessed into averaged
periodograms

P̂ cjm =
1

nbm

nbm
∑

k=1

|d̃cjk|2. (5.30)

to reduce the data volume, and the likelihood computation time. Here, the initial nf
frequency values within each chunk c are compressed into ng coarse-grained points, indexed
by m = 1, . . . , ng. We adopt the following data compression scheme (where all frequencies
are expressed in Hz):

∆ =
log10(fmax) − log10(fmin)

ng
, (5.31)

log10 fm = log10 fmin +m∆ , (5.32)

Fk = {m|fm < fk < fm+1} , (5.33)

nbm
= |Fm| , (5.34)
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where ∆ denotes the logarithmic-interval width, Fm is the set of frequencies falling within
the m-th interval, and nbm

its cardinality. In our analyses we choose fmin = 0.1 mHz,
fmax = 2.9 mHz, and ng = 1000.

Being P̂ cjm the sum of uncorrelated, squared, circular Gaussian complex random vari-
ables, they follow a Gamma distribution. Accordingly, the single-chunk likelihood reads

log Lchunk
G (d = P̂

c|θ) = −
∑

j∈{A,E}

ng
∑

m=1

[

log Γ

(

nbm

2

)

+
nbm

2
logScjm(θ)+

−
(

nbm

2
− 1

)

log P̂ cjm +
P̂ cjm

Scjm(θ)

]

. (5.35)

Power spectral density model. We model the PSD in each chunk as the sum of three
components:

Scjk(θ) = M
c
j(θGFII

)SGF
k (θGFI

) + S
(n)
jk (θn) +RjkS

EF
k (θEF), (5.36)

We adopt the phenomenological spectral model for the Galactic foreground SGF
k (θGFI

)
proposed in [101], shown in Eq. 3.62. The spectral-tilt frequencies f1 and fknee are functions
of the observation time, as defined in Eqs. 3.63 and 3.64. We simulate data assuming the
following parameters: log10A = −43.9, α = 1.8, a1 = −0.25, b1 = −2.7, aknee = −0.27,
bknee = −2.47, log10 f2 = −3.5.

The factor M
c
j captures the time-averaged square of the LISA modulation function

Mj(t) during chunk i:

M
c
j =

1

tcE − tcS

∫ tc
E

tc
S

dtM2
j (t|θGFII

), (5.37)

where tcS and tcE denote the start and end times of the chunk. We distinguish between
θGFI

and θGFII
to emphasize that the first describe the signal spectrum θGFI

= {A =
log10A, log10 fknee, log10 f1, log10 f2, }, while the latter includes all parameters affecting the
time-dependent LISA modulation. For a bivariate Gaussian source distribution over the
sky, the parameter space is defined by θGFII

= {sin β, λ, sinψ, σ2
1, σ

2
2}. A detailed discussion

of such parametrization is provided in Section 5.2.2. Here, sin β and λ describe the position
of the distribution center in Ecliptic coordinates, whose principal axes are rotated by
an angle ψ with respect to the Ecliptic latitude direction, and yield variances σ2

1,2. In
what follows, we inject a signal consistent with the following values: sin β = −0.096,
λ = −1.62rad, sinψ = −0.83, σ2

1 = 0.04rad2, σ2
2 = 0.14rad2.

The last term in Eq. 5.36 describes the SGWB of extragalactic origin considered
in Section 5.3.4. We model it as stationary and isotropic signal by applying the chunk-
independent response Rjk [32, 152], described in Section 3.2.3. We adopt, for simulation
and inference, the template spectral model from [97, 180], which is consistent with a broken
power law with an exponential cut-off at the highest frequencies, as defined in Eq. 3.65.
In this work, we choose to infer on the parameters θEF = {AEF = log10AEF, γ1, γ2} and
simulated data assuming log10AEF = −10.76, γ1 = 0.741, γ2 = −0.255. We emphasize
that the cutoff observed in the Extragalactic Foreground (EF) component arises purely
from physical considerations, rather than from DWD subtraction, by contrast with the GF
case. Therefore, the spectral parameters are not a function of Tobs. This cutoff is expected
to occur at approximately 40.2mHz.
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Tchunk Inf. Gaps Lkl. Sampler Model Ref.

2 wks Seq. ✗

Whittle HMC, NS
Quasi-stat.

Figs. (5.11), (5.13), and (E.2)
Stat.

Gamma HMC, NS
Quasi-stat.

Figs. (5.13), (E.1), (E.2), and (E.4)
Stat.

1 wk Seq. ✓, sch. Gamma NS
Quasi-stat.

Fig. E.4
Stat.

1 wk Seq. ✓, unsch. Gamma NS
Quasi-stat.

Fig. E.4
Stat.

2 wks Diff. ✗ Gamma NS Quasi-stat. Figs. (5.15) and (E.3)

2 wks Seq. ✗ Gamma NS

EGF + GF (cyclo) + noise

Figs. (5.16), (5.17), and (E.5)GF (cyclo) + noise

EGF + GF (stat) + noise

Table 5.3: Summary of parameter estimation (PE) runs performed over the full 1-year

dataset, including configurations with the extragalactic foreground.

Finally, the instrumental noise model adopted in this work accounts for the two domi-
nant contributions that remain after TDI post-processing: OMS noise and TM noise. Both
components are projected into the TDI channels through the corresponding transfer func-
tions, following the implementation described in [155]. The PSD of these noise terms are
given in Eqs. 3.33 and 3.34. Throughout this analysis, we inject fixed amplitude values for
both components and do not introduce additional non-stationarity by varying them across
segments.

π(θ) Packet 1
Noise

p(θ | d)

π(θ) Packet 1 Packet 2
Noise

p(θ|d)

π(θ) Packet 1 · · · Packet n
Noise

p(θ|d)

π(θ) Packet 1
Noise

p(θ | d1)

π(θ) Packet 1 Packet 2
Noise

p(θ | d2)

π(θ) Packet 1 · · · Packet n
Noise

p(θ | dn)

Figure 5.11: (Left) Sequential analysis scheme: data are analyzed packet by packet over

the observation time. (Right) Differential analysis scheme: pairs of adjacent segments are

analyzed independently.

In Fig. 5.12, we illustrate the evolution of the GF spectrum across different time chunks
(top left panel) and as a function of the total observation time (top right panel), for seven
reference times across a year. For reference, we underplot the instrumental noise and EF
spectra, both assumed stationary. In addition, we show the modulation squared amplitude
(bottom panel), highlighting the same reference times.
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Figure 5.12: (Top left) Evolution of the Galactic foreground spectrum across different time

chunks, with the corresponding modulation amplitudes shown in the bottom subplot as

colored crosses. The spectrum level is obtained for a fixed total observation time Tobs =

1 yr. (Top right) Evolution of the spectrum as the observation time increases. By contrast

to the left panel, the modulation amplitude is fixed to that of the first chunk, shown in

the bottom subplot as a colored dark blue circle. The overall effect on the spectrum is a

shift toward lower frequencies as Tobs increases. Instrumental noise and EF background are

represented in gray and black, respectively. (Bottom) Time evolution of the modulation

amplitude M2A(t) over one year, where the colored markers correspond to the time chunks

used in the top panels. For simplicity, all quantities refer to the A channel.

In a global fit scheme, Galactic foreground estimates have to be continuously updated
as the individual source-content evolves during Gibbs-sampling steps—sources are added,
removed, or their parameters changed— and as more data are accumulated during the
mission. In the absence of a full global fit pipeline, we use an iterative source subtraction
scheme to approximate the GF evolution, following [101]. Therefore, we adopt the fol-
lowing procedure: we generate random Gaussian samples consistent with the PSD model
defined in Eq. 3.62, and sequentially, at each iteration we increase the number of time
segments, adjusting new segments spectra for their corresponding observation time, as de-
scribed by Eqs. 3.63 and 3.64. We emphasize once again that the GF PSD level in each
segment (or packet) accounts for the corresponding modulation factor, too. Therefore,
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the GF PSD evolution reflects both the gradual subtraction of simulated individual DWD
signals—resulting in a drift toward lower frequencies—and the modulation-induced varia-
tions, resulting in an up-and-down drift of the spectrum. This behavior is illustrated in
Fig. 5.12. In the left panel, we show the evolution of the spectrum over a one-year obser-
vation period, highlighting the impact of modulation. By contrast, in the right panel, we
illustrate the effect of binary subtraction at fixed modulation amplitude.

Code infrastructure. The model described above is implemented in bahamas code,
flexible enough to support a variety of operational configurations [149].

First, parameter estimation can be performed using either NS or the NUTS, introduced
in Section 2.2.2, as implemented in nessai [197] and NumPyro [144], respectively. While
the former yields directly marginal-likelihood estimates, the latter is a more suitable candi-
date for deployment in a global-fit infrastructure. The typically large data volume at each
likelihood evaluation makes HMC particularly appealing, as native support for automatic
differentiation and accelerated hardware in Numpyro offsets dramatically the posterior ex-
ploration time. Second, bahamas hosts implementations of both the Whittle likelihood on
STFT data and the Gamma likelihood on averaged power spectra, as described in Eqs. 5.29
and 5.35. Finally, bahamas can flexibly simulate and analyse segments of arbitrary, hetero-
geneous lengths. For simplicity, we will consider equal-length segments of 1 and 2 weeks,
both yielding frequency content well below 0.1 mHz.

Our results are organized as follows. In Section 5.3.2 we first present inferences, on
simulated GF and instrumental noise, only. We show the equivalence of the two likelihood
models introduced in Eqs. 5.29 and 5.35, and quantify the evidence in favour of a cyclo-
stationary GF model during the first year of LISA operations. We argue for the suitability
of our approach, by showing the equivalence of posteriors obtained through nested sam-
pling and HMC. Then, we investigate the impact of data gaps in Section 5.3.3, and of an
additional EF component in Section 5.3.4. Finally, we apply our methodology to the more
realistic Yorsh data challenge [121] in Section 5.3.5. A summary of inferences performed is
provided in Table 5.3. Additional, auxiliary plots are shown in Appendix E. Overall, our
model parameter space consists of 14 real numbers and we adopt uniform priors over θGFI

,
θGFII

, θEF, and A,P .

5.3.2 Galactic Foreground across the first year

We consider a first analysis scheme mimicking a global-fit-like approach, as illustrated in the
left panel of Fig. 5.11. Henceforth, in Table 5.3 and Fig. 5.11, we refer to it as the sequential
analysis. At each iteration we produce posterior distributions for both the instrumental
noise and the GF for increasingly longer, segmented datasets.

Posterior evolution and comparison. We first inject and recover the GF and LISA
instrumental noise, only. Marginal posteriors for the former at each iteration are shown
in Fig. E.1, where we highlight the progressive improvement in parameter estimation as
more data are accumulated.

As expected, the Whittle and Gamma likelihood yield consistent posterior distribu-
tions [84]. To illustrate our finding, we compute the Jensen-Shannon Divergence (JSD)
between the posterior distributions obtained from the two likelihoods. This metric quan-
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Figure 5.13: Jensen–Shannon divergence between the posterior distributions of the modu-

lation parameters inferred from the Gamma and Whittle likelihoods, as a function of time.

Each value remains below 0.02 nat (black dashed line), which is the typical threshold used

to claim indistinguishability between two distributions.

tifies the similarity between two distributions, P and Q, as [119]:

JSD(P ||Q) = 1
2D(P ||M) + 1

2D(Q||M), (5.38)

D(P ||M) =

∫

X
p(x) log

(

p(x)

m(x)

)

dx, (5.39)

where M = 1
2(P + Q). For clarity, we display in Fig. 5.13 only results on divergences for

θGFII
, for each iteration of the sequential analysis. The observed values over time suggest

that the posterior distributions derived from the two likelihoods are largely compatible.
Likewise, different stochastic samplers yield very similar outcomes. We illustrate consis-
tency across samplers and likelihoods in the full parameter space with a representative
corner plot in Fig. E.2, obtained after 34 weeks of observation: we present three joint pos-
terior distributions, obtained from NS and Whittle likelihood, NS with Gamma likelihood,
and NUTS with Gamma likelihood. The agreement across the different methods is largely
satisfactory over the full parameter space.

Yielding the same posteriors under the same prior assumptions, both likelihoods are
expected to produce consistent values of marginal-likelihood. While NS algorithms natu-
rally compute the evidence as part of their inference process [175], Monte Carlo Markov-
chain methods such as NUTS do not provide direct estimates of it. Nevertheless, several
approaches have been developed to infer the evidence from samples drawn from power
posterior distributions, described in Section 2.2.3. We verify that GSS algorithm [201] re-
turns evidence estimates consistent with those obtained via NS, with a relative discrepancy
smaller 1% on log Z.

In Fig. 5.14, we show the performance gain achieved under different setups. Specifically,
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Figure 5.14: Time evolution of the gain factor across different setup configurations available

in bahamas. Circles indicate the ratio of CPU time required to obtain one sample using the

Whittle and Gamma likelihoods, showing that the latter is approximately 15 times faster.

Diamonds represent the analogous comparison between NS and NUTS. Each marker is

colored according to the total observation time considered, matching those in Fig. E.1.

posterior sampling with NUTS—fully relying on jax for reverse-mode differentiation—
results in a speed-up factor of approximately 2.5. In this work, we do not exploit GPU
acceleration (natively supported by jax), so an even larger gain is expected when doing
so. Using the Gamma likelihood, a significant reduction in computational cost occurs.
This depends on the exploitation of power spectra averages, which allows to reduce the
number of computations from nf to ng ≪ nf . The adopted averaging and binning scheme
introduced in Section 5.3 results in additional speed-up factor of about 15. Overall, a
total computational gain of roughly a factor ×30 is achieved. Based on our findings,
we henceforth adopt the Gamma likelihood, as it is significantly faster to evaluate while
providing unbiased results with respect to the full-frequency resolution Whittle.

Bayes Factor time evolution We now assess the statistical suitability of the quasi-
stationary model, as compared to a simpler, stationary one. We compute the (log-)Bayes
factor, defined as the (log-)ratio of marginal likelihoods between the quasi-stationary hy-
pothesis and the stationary one

log BQSS = log ZQS − log ZS , (5.40)

where the stationary assumption corresponds to setting M
i
j = 1 in Eq. 3.62. We show in

the left panel of Fig. 5.15 the evolution of B over time for both the Whittle and Gamma
likelihoods. As anticipated in Section 5.3.2, the two approaches are equivalent. The evi-
dence in favour of the quasi-stationary hypothesis increases significantly over time. After
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the first few weeks of data are accumulated, the quasi-stationary hypothesis is overwhelm-
ingly favored. A more complex, oscillating and upwards drifting structure, emerges over
longer Tobs, likely tracking the shape of the Galactic modulation.

We investigate the observed trend, performing a ‘differential’ analysis (as referred to
in Table 5.3 and Fig. 5.11, right panel), where the year of simulated data is divided into
two weeks segments. Unlike the previous analysis, we now examine each pair of consecu-
tive weeks independently using the quasi-stationary model. By tracking the single-segment
evidence over time, we aim to identify which segment yields the largest constraining power,
likely driven by the varying modulation pattern. The evolution of the model evidence over
time is shown in the right panel of Fig. 5.15. Interestingly, the evidence does not track the
modulation directly; rather, it appears to follow the second time derivative of the squared
modulation amplitude M2. The smooth, rapid variations in the modulation help break
degeneracies between adjacent chunks, constrain the fundamental harmonics in the modu-
lation model, allowing the QS model to better constrain the signal over time. This behavior
has important implications for parameter reconstruction, which we illustrate in Fig. E.3,
focusing on three distinct periods of increasing log-evidence throughout the year. We omit
the reconstruction of (sinψ, σ2

1, σ
2
2), as these parameters are poorly constrained when in-

ferred from two-weeks intervals, only. We observe that the reconstruction of the source
sky distribution progressively and steadily improves. In particular, after 3 months, the in-
ference is primarily driven by the spectral shape parameters, which are better constrained
in the early stages as compared to sin β and λ. Conversely, the differential inference on
the last segment yield tight constrains on the quasi-stationarity of the signal, while those
on the spectral parameters are not significantly improved. As expected, an intermediate
behavior is observed after a few months of data.

5.3.3 Impact of data gaps

We now quantify the effect of gapped datastream on the reconstruction of the Galactic
foreground, as presented in Section 5.3.2. Periods of no usable data due to maintenance,
antenna-repointing, or unforeseen exogenous events, gaps can be broadly classified either
as scheduled or unscheduled ones.

In contrast to other studies [48], in bahamas we do not explicitly model for the presence
of data gaps in the data. Instead, assuming the start and end times of each gap is known,
we exclude the corresponding data segments in our inference.

To explore their effect on our results, we simulate both types of gaps, following the
approach in [74]:

• we consider regular blind periods of either 3.5 or 7 hours, occurring every 1 or 2
weeks, respectively, as representative of scheduled gaps;

• we assume a fixed duration of 3 days per unscheduled gap, and model interval ∆T
between consecutive gaps as an exponential distribution:

p(∆T | λ) = λ exp [−λ∆T ] . (5.41)

where the rate parameter λ is chosen to achieve an expect mission duty cycle of
approximately 70%.
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With this setup, we first analyze data corresponding to a total observation time of
Tobs = 1 year, divided into 2 weeks-long segments, and accounting only for scheduled gaps
occurring every two weeks, each lasting for Tgap = 7hr.

In a second, more realistic scenario, we include both scheduled and unscheduled gaps.
The former occur weekly with Tgap = 3.5hr, while realisations of unscheduled gaps are
generated according to the distribution in Eq. 5.41. As a consequence, the data segments
have variable durations due to the irregular occurrence of unscheduled gaps. We adopt
a conservative approach and retain only chunks with an effective duration of Tchunk = 1
week, discarding all other data. An example of such data segmentation is shown in the
subplot of Fig. E.4. Therein, (i) we illustrate the chosen unscheduled gap realisation to
achieve a target duty cycle close to 70% and (ii) compare posterior distributions obtained
in absence of gaps, with scheduled gaps only, and with both scheduled and unscheduled
gaps. For both gapped scenarios, their presence does not compromise the reconstruction
of either the Galactic foreground or the instrumental noise. We highlight that fknee and
f1 take different injected values compared to the no-gap case, since the presence of gaps
reduces the effective observation time, leading to modified values in Eqs. 3.63 and 3.64.
We highlight that for the instrumental noise model, we make the simplifying assumption
of same amplitude level across before and after gaps. This is, of course, a simplification,
as the LISA noise could vary following periods with gaps.

5.3.4 Extragalactic foreground

We now study how a putative additional EF in the datastreams influences the time–frequency
reconstruction of the GF. As discussed in Section 5.3.1, we inject it as an additional sta-
tionary, isotropic, Gaussian noise component. The corresponding PSD model is given by
Eq. 3.65. We perform inference using the sequential approach and two-weeks long segments.
Specifically, we consider three alternative hypotheses:

GFQS ∪ EF : we model consistently the stationary EF the quasi-stationary GF;

GFS ∪ EF : we model both EF and GF as stationary.

GFQS : we neglect the EF and model the GF as quasi-stationary.

For brevity, we omit from all three model names the instrumental noise, which is nonethe-
less jointly inferred upon. The time evolution of the reconstruction for the GFQS ∪ EF
model is illustrated by the ridgeplot in Fig. E.5.

As discussed in Section 5.3.1, the cutoff frequency of the EF spectrum occurs at approx-
imately 40.2mHz, whereas the Galactic knee, following the parametrization in Eq. 3.64,
spans from about 10mHz down to 3.4mHz over the course of a year. This clear spectral
separation keeps the two components distinguishable. For this reason, we do not further
infer on fcut. The posterior on the EF becomes informative starting from packet 7, in-
dicating that after roughly 3 months we may be able to detect it with large confidence.
We leave a more detailed study of the EF detectability as a function of the underlying
assumptions to future work.

We observe that the presence of an EF does not compromise the reconstruction of the
GF, provided it is suitably incorporated into the data model. This is demonstrated in the
left panel of Fig. 5.16: we show the relative fractional error of the reconstructed modulation
derived from the posterior distribution across data packets, and averaged over them. When
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Figure 5.16: (Left panel) Reconstructed residual average modulation obtained from the

posterior distributions of packets 5 (purple), 12 (salmon), and 24 (yellow), projected over

one year. The posteriors are obtained including the EF in the model hypothesis. Diamonds

and error bars represent the median and the 90% credible interval of the relative fractional

error between the injected and reconstructed modulation, averaged over all packets anal-

ysed up to that time. (Right panel) Same as left panel, but with EF neglected in the model

hypothesis.

only the first five packets (purple points) are analysed, the modulation amplitude posterior
predictive distribution is both poorly constrained and biased. However, after roughly six
months, an unbiased GF reconstruction emerges with nearly the same level of precision
obtained after a full year of observations, namely at the percent level. Achieving such
high precision in the measurement of the modulation is crucial for future prospects of
constraining key parameters describing the Galactic geometry, such as the bulge and disk
sizes.

Analogously, the right panel of Fig. 5.16 shows the same quantity obtained from infer-
ences where the EF is neglected. As in the previous case, the modulation is initially poorly
constrained. As more segments are collected, the reconstruction becomes nearly unbiased.
However, as GF and EF spectra builds up signal-to-noise ratio over time, their cross-
contamination becomes comparable to their respective posterior uncertainties. Therefore,
after one year of observation, the modulation is severely biased if the EF is not accounted
for. Our findings illustrate how cyclostationarity provides strong degeneracy breaking
power, allowing the modulation—and thus potentially the structure of the Milky Way
inferred from unresolved sources—to be characterized even after the first few months of
observation. Nevertheless, considering predictions over a full year of data —thereby lever-
aging the complete information encoded in the LISA response to anisotropic background—
is safer to achieve unbiased results, and fully breaking parameter degeneracies.

We conclude illustrating in Fig. 5.17 the Bayes factors between the three hypotheses
introduced above. Circled and starred markers denote the log-evidence comparison when
the GF cyclostationarity and the EF are ignored against the full model, respectively. Note-
worthily, the log-evidence loss due to neglecting the GF quasi-stationarity is systematically
larger over that of ignoring the EF. From a statistical perspective, it is therefore prefer-
able to neglect the EF rather than sacrifice the GF quasi-stationarity. As shown by the
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Figure 5.18: Spectrogram of the first year of the Yorsh 1b challenge, using only GF data.

The white contours represent the median power reconstruction from the posterior distribu-

tion of the quasi-stationary model. The colored window highlights a zoomed-in segment,

with the corresponding PSD shown in the bottom panels. Specifically, the solid black line

represents the median posterior predictive of the model, while the colored lines indicate

the PSD levels from the data within the selected segment. The gray lines correspond to

the PSD obtained after coarse-graining the data.

triangular markers, the difference is linear in Tobs, as both competing models account for
the GF cyclostationarity.

5.3.5 Application to Yorsh

As a final validation step, we apply our framework to realistic observational data. Specif-
ically, we analyze the Yorsh 1b dataset [121], which contains two years of time-domain
data modelled generated as second-generation TDI variables (X,Y, Z), downsampled to a
5-second cadence. While this dataset was originally designed for testing the reconstruction
of stellar-origin black hole binaries, its lego-like let us isolate data from instrumental noise
and GF, and analyse them.

We show in Fig. 5.18 the GF reconstruction: in the top panel the GF data spectrogram
is overlaid with contours of constant PSD, as posterior medians inferred by our model
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over each segment. This visualization demonstrates our framework ability to recover the
characteristic time-frequency structure of the galactic signal. In addition, we focus on
the spectral reconstruction of posterior predictive PSDs from the quasi-stationary model
for packets 5 (13, 20) after 10 (26, 40) weeks of observation. Although residual spurious
power at frequencies above 3 mHz is not capture — likely originating from near-threshold
unresolved DWDs— the PSD reconstruction remains at lower frequencies is robust and
uncompromised, despite the increased complexity of the data with respect to our data
model.

5.3.6 Caveats and takeaways

We extended SGWB inference to the time-frequency domain using STFT representations,
enabling joint characterization of the evolving GF spectrum and its cyclostationary mod-
ulation on sub-annual timescales.

Main results. The modular bahamas pipeline provided a flexible framework for re-
constructing the GF spectral evolution, driven by the progressive subtraction of WDs
binaries, as well as its time-dependent modulation induced by LISA annual motion. After
approximately six months of observation, modulation reconstruction reached percent-level
precision, with posterior predictive distributions converging to unbiased estimates. Both
the Whittle likelihood on full-resolution STFT data and the Gamma likelihood on coarse-
grained periodograms produced statistically indistinguishable posteriors, although the lat-
ter offered a ∼ 15× computational speed-up. Implementing automatic differentiation via
NumPyro further accelerated sampling by a factor of ∼ 2.5.

Model discrimination. The quasi-stationary hypothesis was overwhelmingly favored
over the stationary model, with log BQS

S increasing systematically over time and exhibiting
structure correlated with the second time derivative of the squared modulation amplitude.
Differential analysis of two-week segments revealed that rapid, smooth modulation vari-
ations—rather than peak amplitudes—provided maximal constraining power by breaking
degeneracies between adjacent chunks. When the EF component was present, spectral
separation between the GF knee frequency and the EF cutoff enabled joint reconstruc-
tion. Critically, neglecting GF cyclostationarity incurred larger evidence penalties than
neglecting the EF itself, establishing cyclostationarity as the statistically dominant fea-
ture. However, failure to model the EF introduced systematic biases in the modulation
reconstruction after one year of observation, emphasizing the necessity of complete models
for unbiased long-term inference.

Robustness and practical considerations. The framework accommodated both
scheduled and unscheduled data gaps by excluding affected segments rather than explicitly
modeling gaps in the likelihood. Simulations incorporating realistic duty cycles (∼ 70%)
demonstrated robust parameter recovery without significant bias. Application to the Yorsh
1b challenge confirmed the method’s effectiveness on a realistic dataset, successfully recov-
ering the time-frequency structure of the GF despite residual power from near-threshold
unresolved DWDs above 3 mHz.

Limitations and future directions. Our analysis assumed perfect subtraction of re-
solvable sources and neglected instrumental noise non-stationarity across data gaps. These
simplifications would need to be relaxed for realistic global fit integration. The bivariate
Gaussian sky distribution, while analytically tractable, provided only a first-order approx-
imation to the MW complex morphology; future work should employ Gaussian mixture
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models or numerical catalogs to capture finer structural details, as already anticipated in
appendix C.2.



Chapter 6

Conclusion and Outlook

In this thesis, we explored the landscape of GW signals in the millihertz regime, as ob-
served by LISA. In particular, we focused on the characterization of SGWB arising from
unresolved astrophysical populations. From a data analysis perspective, the detection of
such signals presents numerous challenges. Throughout this thesis, we tackled several of
them.

Both SGWB signal and instrumental noise suffer from significant uncertainties, due
to our limited physical understanding and prior predictive ability on both. This trans-
lates into poor constraints on stochastic components in LISA datastream, to be suitably
propagated onto Bayesian inference methods. In Sections 4.1 and 4.2, we characterized
the SGWB from EMRIs and SOBBHs, respectively. For EMRIs, we explored a range
of population scenarios, while for SOBBHs, we incorporated the effects of environmental
interactions—specifically, dynamical friction and accretion—on the background, informed
by current constraints from the LVK. In both cases, we observed that different modeling
assumptions lead to significantly different amplitudes and spectral shapes for the recon-
structed SGWB.

Focusing on the SOBBH signal, we investigated the detectability of environmental
effects using parametric models. Although non-vacuum effects are more significant in
frequency bands where instrumental noise exceeds the signal by several orders of magni-
tude, employing parametric templates enhances both sensitivity and information extrac-
tion. However, we also find that parameter estimation may be biased due to the imperfect
nature of the adopted models.

To mitigate the limitations arising from incomplete physical knowledge in parametric
templates, in Section 4.3, we introduced a more flexible, weakly parametric approach known
as the EGP. This method proves highly effective in exploring a wide variety of spectral
shapes. Nonetheless, when applied to the detection of the EMRI background, the benefits
of this flexibility are diminished due to the Occam factor: in low-SNR regimes, the method
favors simpler models that better balance fit quality and model complexity, thus limiting
its ability to fully explore more intricate spectral features.

While the EGP approach enhances model flexibility, it primarily addresses limitations
in spectral modeling. To further account for uncertainties in both signal and noise char-
acterization, we further developed in Section 4.4 a Bayesian framework to systematically
assess SGWB detectability while marginalizing over uncertainties in both signal and noise
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properties. We derived semi-analytic expressions for the Bayes factor between signal-
present and signal-absent hypotheses, enabling efficient construction of BPLScurves that
generalize the standard SNR-based PLS.

In the current global fit pipelines, Bayesian inference is performed under idealized as-
sumptions about the statistical properties of stochastic components— Gaussianity being
ubiquitous. However, this assumption may not hold in the case of astrophysical back-
grounds, where the number of unresolved overlapping sources may be insufficient for the
central limit theorem to hold. Using an incorrect statistical model (i.e. inappropriate
likelihood function), can introduce significant biases in the inference process.

In Section 5.1, we investigated the presence and impact of non-Gaussianity in the
specific case of an EMRI-generated background. Despite the large uncertainties associated
with the EMRI population and its overall amplitude, we found that non-Gaussian features
can be non-negligible in a variety of scenarios. Moreover, although not explicitly discussed
in our study, we expect that non-Gaussianity will naturally emerge in a global-fit context
due to residuals left from the subtraction of other signals.

Our findings motivate the need to go beyond the traditional Gaussian likelihood and
develop more general statistical frameworks. In future work, we aim to explore method-
ologies inspired by the Cosmic Microwave Background analysis, which offer effective tools
for capturing non-Gaussian signatures in cosmological data.

Anisotropies are expected to arise from unresolved sources concentrated in well-defined
regions of the sky, such as the MW and its satellite galaxies. When computing the overall
response to such anisotropic distributions, the periodic motion of the LISA constellation
over the course of a year induces a cyclostationary signature in the SGWB data. This
effect was addressed in Section 5.2, where we extended the balrog framework to include
a frequency-domain prescription for cyclostationary signals. Accounting for anisotropies is
not only crucial to avoid biases in signal reconstruction, but also potentially beneficial, as
it may allow to uncover previously unknown structures in the sky, as found in Section 5.2.4.

In this work, we implemented a method to compute the LISA response to an anisotropic
distribution using a simplified sky distribution. In the future, we aim to extend this
methodology incorporating more complex and realistic sky distributions, as partially demon-
strated in Appendix C.2.

Finally, we note that this thesis does not explore anisotropies arising from the cosmolog-
ical redshift dependence of the compact object (CO) population. According to the current
literature, such effects are not expected to significantly impact LISA observations, but may
become relevant in future investigations as our understanding and sensitivity improve.

Both the stochastic signal and the instrumental noise in LISA are expected to exhibit
non-stationary features. From an astrophysical perspective, we have already highlighted
the cyclostationary nature of the GF and potential contributions from MW satellites. A
similar effect is likely to manifest in the instrumental noise as well. In realistic scenarios,
the LISA arm lengths are not constant over time, leading to time-varying delays and
modulations. This orbital motion induces a nonstationary imprint on the noise, similar to
those observed in the Galactic foreground.

As discussed in Section 3.3, the noise associated with individual links is expected to
be unequal and may vary over the course of the mission. Additional sources of transient
non-stationarity include mission-related artifacts such as glitches and data gaps.

The time-frequency domain provides a natural framework to analyze locally-stationary
processes. For this reason, in Section 5.3, we have extended the GF analysis within the
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bahamas pipeline to represent data in terms of STFT. In future developments, we plan
to incorporate more advanced methods into the pipeline to address the various sources of
non-stationarity outlined above.

Challenges in SGWB and noise characterization are numerous and must be addressed
to achieve a successful LISA global fit. In this thesis, we introduced tools, methodologies,
and codebases laying the foundations for future developments.



Appendix A

Merger Rate and Population

Model

The local merger rate of BBH near redshift z = 0 is relatively well constrained [4]. However,
its evolution at higher redshifts remains highly uncertain [3, 4]. We assume that the merger
rate density of GW sources, RGW(z), as being proportional to the cosmic Star Formation
Rate (SFR) RSFR [125], expressed as

RSFR(z) =
R0

C
(1 + z)λ1

1 +
(

1+z
1+zp

)λ1+λ2
. (A.1)

Here, R0 denotes the local rate of binary systems at redshift z = 0, while C is a
normalization constant ensuring RGW(0) = R0.

As SOBBH formation is expected to be more efficient in low-metallicity environments,
we weigh the SFR by the fraction of stars formed with metallicity below a critical threshold,
F (Z < Zthresh, z). This fraction follows the fitting formula of Ref. [116], and we adopt a
more stringent cutoff Zthresh = 0.1Z⊙ [65, 131]. Moreover, black holes are expected to
undergo a range of evolutionary time delays between formation and their eventual binary
mergers. We assume these time delays follow a log-uniform distribution, p (td) ∼ t−1

d ,
within the range 10 Myr ≤ td ≤ 13.5 Gyr [57].

The unnormalized merger rate is then obtained by convolving this distribution with
the metallicity-weighted star formation rate:

R̃GW(z) =

∫

dtdRSFR (zf )F (Z < Zthresh, zf ) p (td) , (A.2)

where zf ≡ zf (z, td) denotes the redshift corresponding to the formation time of the BBH.
Finally, we normalize the merger rate as

RGW(z) = R0
R̃GW(z)

R̃GW(0)
. (A.3)

Recent observations indicate that the SOBBH population exhibits low effective spins [2,
135]. Consequently, when computing the SGWB, we assume that SOBBH have negligible
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spin and focus solely on the mass distribution, which is described by the Power Law +
Peak mode [182]. Under this assumption, the source parameters φ in Eq. 1.85 contain the
primary mass m1 and mass ratio q, and the distribution p(φ) reduces to joint probabil-
ity density function p(m1, q| Λm), where Λm = {αpop, βpop,mmin,mmax, δm, λpeak, µm, σm}
represents the set of hyperparameters governing the mass distribution.

10 20 30 40 60 100
f [Hz]

10−10

10−9

Ω
G
W
(f
)

BBH O3

Predictive median

Remapped SGWB

Figure A.1: The predictive median SGWB spectrum generated by our adopted model of

SOBBH mergers (red solid) and the remapped spectrum based on fiducial parameter values

(black dotted), compared with the predicted 90% credible spectrum band (green) from the

O3 observational data [4] in the frequency band of 10-100 Hz.

We numerically evaluate Eq. 1.85 via Monte Carlo integration, using the corresponding
posterior distributions of merger rate and mass distribution models inferred from [3, 4]
and generate posterior predictions for the SGWB. We obtain the predictive posterior
median by evaluating, at each frequency, the median of the SGWB realizations from the
posterior samples. By computing the ℓ2-norm between each sampled SGWB spectrum and
the median curve, we select the sample that minimizes this distance and the corresponding
parameters are adopted as fiducial values in this work. The merger rate parameters are
taken as R0 = 21 Gpc−3yr−1, λ1 = 1.5, λ2 = 3.7, and zp = 3.0. The hyperparameters
of mass distribution are αpop = 3.6, βpop = 3.4, mmin = 4.6M⊙, mmax = 84M⊙, δm =
4.5M⊙, λpeak = 0.018, µm = 29,M⊙, and σm = 8.3,M⊙. In Fig. A.1, we demonstrate
the consistency between the median predicted SGWB curve generated by our adopted
model and the forecast based on the O3 observational data [4]. Further, we observe that
the spectral indices match well at low frequencies corresponding to the inspiral regime.
However, at higher frequencies, higher order PN effects become relevant as the spectrum
transitions toward merger and ringdown regimes. Since we use a leading PN approximation
to compute the energy spectrum given by Eq. 1.86, we find that the spectral index is
overestimated relative to the O3 inference that uses the higher PN terms. In the lower-
frequency bands relevant to LISA, which is our primary focus, the energy spectrum of
SOBBHs is well described by the leading PN expression of Eq. 1.86, and thus we are
justified in neglecting higher PN terms for this work.



Appendix B

Corner from EGP inference

This appendix presents the full posterior parameter distributions obtained from the EGP
inference analyses. Figure B.1 corresponds to the toy-model validation case presented in
Sec. 4.3.2, demonstrating the recovery of injected parameters under idealized conditions.
Figures B.2 and B.3 display the posteriors for the M1 EMRI SGWB reconstructions shown
in Fig. 4.11, corresponding to different choices of the noise model complexity parameter
mσ. These distributions complement the spectral reconstructions by revealing the under-
lying parameter space structure and the degree of correlation between signal and noise
parameters.
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Figure B.1: Posterior parameter distribution for the toy-model SGWB with SNR=209

described in Sec. 4.3.2, obtained with an EGP model inference. The signal injected param-

eters are
{

log10 δh, log10A, γ
}

= {[0.6,−0.2,−0.3, 0.4] ,−43,−2}. The injected noise level

matches the nominal LISA sensitivity curve [122]. Darker (lighter) shaded areas denote

90% (50%) credible regions, and solid orange lines indicate the injected values. Posteriors

are consistent with the injected values at the 90% credible level, and the noise parameters

are consistent with zero with accuracies between 10−3 and 10−2.
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Figure B.2: Posterior parameter distribution for M1 EMRI SGWB for model (n,mσ) =

(8, 32) using a larger and narrower prior on δh. Posteriors shown in this plot correspond

to the spectral reconstructions in left panels of Fig. 4.11. They support the result inter-

pretation provided in Sec. 4.3.3.
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Figure B.3: Posterior parameter distribution for M1 EMRI SGWB for model (n,mσ) =

(8, 1) using a larger and narrower prior on δh. Posteriors shown in this plot correspond to

the spectral reconstructions in right panels of Fig. 4.11. They support the result interpre-

tation provided in Sec. 4.3.3.



Appendix C

Stochastic signals envelopes

In order to derive the envelope of the LISA response to unresolved Galactic sources, we start
by writing the LISA response to a single binary source in the low-frequency approximation.
The spacecraft orbits can be described by the following Keplerian orbits:

Pj = rj







cos i cosβj cos vj − sin βj sin vj
cos i sin βj cos vj + cosβj sin vj

− sin i cos vj






, (C.1)

rj =
R
(

1 − e2
)

1 + e cos vj
, (C.2)

βj =
2πj

3
+ β0, (C.3)

where Pj is the position of spacraft j ∈ {1, 2, 3} with semimajor axis R = 1AU, true
anomaly vj , inclination i, and eccentricity e.

The mean anomaly lj increases linearly with time t, and is related to the true anomaly
by

lj = Ωt+ α0 − βj = uj − e sin uj , (C.4)

tan
uj
2

=

√

1 − e

1 + e
tan

vj
2
, (C.5)

with mean orbital angular frequency Ω = 2π/yr, mean anomaly lj , and eccentric anomaly
uj .

In the following, we will use α0 = β0 = 0 to simplify the derivation. The signal in the
low frequency approximation from a binary with sky angles (β, λ), with an arbitrary α0

and β0, can then be computed with

hA(β, λ) = cos 2(β0 − α0)hA,0(β, λ− α0)

− sin 2(β0 − α0)hE,0(β, λ− α0), (C.6)

hE(β, λ) = sin 2(β0 − α0)hA,0(β, λ− α0)

+ cos 2(β0 − α0)hE,0(β, λ− α0), (C.7)

where hA,0 and hE,0 have been computed assuming α0 = β0 = 0.
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C.1 Response to an individual binary

We assume that the GW signal is described in the SSB frame by

hab(t) = −A

2

(

1 + cos2 ι
)

e+
ab cosϕ(t) +A cos ι e×

ab sinϕ(t), (C.8)

where epab are the polarization tensors defined in Eq. 1.33, A is the signal amplitude given
in Eq. 1.61, ϕ(t) is the phase evolution defined in Eq. 1.62, and ι is the inclination angle
of the binary.

In the low-frequency approximation, the LISA response to this wave can be modelled
by two noise-independent GW detectors with signals hA and hE described by

hA(t) =
1√
2

[hZ(t) − hX(t)] , (C.9)

hE(t) =
1√
6

[hX(t) − 2hY (t) + hZ(t)] , (C.10)

hX(t) =
[

L̂a3(t)L̂b3(t) − L̂a2(t)L̂b2(t)
]

hab(u), (C.11)

hY (t) =
[

L̂a1(t)L̂b1(t) − L̂a3(t)L̂b3(t)
]

hab(u), (C.12)

hZ(t) =
[

L̂a2(t)L̂b2(t) − L̂a1(t)L̂b1(t)
]

hab(u), (C.13)

u = t− k̂ · P̂ (t), (C.14)

P̂ (t) = R (cos Ωt, sin Ωt, 0) , (C.15)

where R = 1 AU is the distance from the Sun to the detector barycenter, Ω = 2π/yr is the
detector barycenter angular orbital frequency, and k̂ is given by Eq. 3.4 The directions of
the LISA arms L̂i(t) can be described by

L̂1 = −1

2
x̂ −

√
3

2
ŷ, (C.16)

L̂2 = x̂, (C.17)

L̂3 = −1

2
x̂ +

√
3

2
ŷ, (C.18)

where x̂ and ŷ are part of a triad tied to the detector arms together with ẑ, which are
expressed in a fixed ecliptic frame by

x̂ =

[

1

4
(3 − cos 2Ωt),−1

4
sin 2Ωt,

√
3

2
cos Ωt

]

, (C.19)

ŷ =

[

−1

4
sin 2Ωt,

1

4
(3 + cos 2Ωt),

√
3

2
sin Ωt

]

, (C.20)

ẑ =

[

−
√

3

2
cos Ωt,−

√
3

2
sin Ωt,

1

2

]

. (C.21)

In order to model the envelope of a signal constituting of the sum of a large number of
signals, we start by computing the inclination and polarization averages of the signal from
an individual source. The structure of hA and hE can be expressed by setting A = 1,

hA,E(t) = 2CA,E(t)
(

1 + cos2 ι
)

cos 2ϕ(t) + 4SA,E(t) cos ι sin 2ϕ(t). (C.22)
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This allows us to compute the inclination, polarization, and orbital averages

⟨hA,E(λ, β)⟩2
(ι) =

1

2π

∫ π

0
dψ

∫ 1

−1
d cos ι

1

T

∫ T

0
dthA,E(t)2 (C.23)

=
8
∑

n=−8

[

h2
(c;A,E;ι,ψ;n) cosnΩt+ h2

(s;A,E;ι,ψ;n) sinnΩt
]

. (C.24)

We can write the result using

h2
S = ⟨hA⟩2

(ι,ψ) + ⟨hE⟩2
(ι,ψ) (C.25)

=
4
∑

n=0

h2
S;(n)(β) cos(nΩt− nλ), (C.26)

h2
D = ⟨hA⟩2

(ι,ψ) − ⟨hE⟩2
(ι,ψ) (C.27)

=
8
∑

n=0

h2
D;(n)(β) cos

(

nΩt− nλ+ 4(λ+
π

12
)

)

, (C.28)

with coefficients given by

h2
S;(0) =

9

320

(

328 + 152 cos2 β − 37 cos4 β
)

, (C.29)

h2
S;(1) = −9

√
3

40
cosβ sin β

(

52 + 5 cos2 β
)

, (C.30)

h2
S;(2) =

81

80
cos2 β

(

10 − cos2 β
)

, (C.31)

h2
S;(3) = −27

√
3

40
sin β cos3 β, (C.32)

h2
S;(4) =

81

320
cos4 β, (C.33)

h2
D;(4) = − 81

320

(

8 − 40 cos2 β + 35 cos4 β
)

, (C.34)

h2
D;(3) = −81

√
3

80
sin β cosβ

(

4 − 7 cos2 β
)

, (C.35)

h2
D;(5) =

27
√

3

80
sin β cosβ

(

4 − 7 cos2 β
)

, (C.36)

h2
D;(2) = −243

160
cos2 β

(

6 − 7 cos2 β
)

, (C.37)

h2
D;(6) = − 27

160
cos2 β

(

6 − 7 cos2 β
)

, (C.38)

h2
D;(1) = −243

√
3

80
sin β cos3 β, (C.39)

h2
D;(7) =

9
√

3

80
sin β cos3 β, (C.40)

h2
D;(0) = −729

640
cos4 β, (C.41)

h2
D;(8) = − 9

640
cos4 β. (C.42)
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C.2 Sky Distribution

Having computed the response averaged over the orbit, polarization, and inclination angles
in Eq. C.23, we now compute the average response to a large number of sources distributed
over the sky according to a specified spatial distribution.

H2
S,D(t, β, λ|θ) =

∫

cosβdβ

∫

dλ p(λ, β|θ)h2
S,D(t), (C.43)

We consider two possible approaches: an analytical integration and a numerical one. The
analytical method, adopted in Section 5.2, is derived in full detail in [52]. In this approach,
we assume that the sources follow a two-dimensional probability distribution p(λ, β|θ),
where θ denotes the set of parameters defining the distribution. For instance, in the case
of a 2D Gaussian, θ = {λM , βM , ψ, σ1, σ2}, where (λM , βM ) is the center of the distribution,
ψ is the rotation angle with respect to the ecliptic coordinate frame, and (σ1, σ2) are the
standard deviations along the principal axes.

p(β, λ) =
1

2πσ1σ2
exp

[

−1

2
θTMθ

]

, (C.44)

θ =

(

β − βM
λ− λM

)

, (C.45)

M =

(

cosψ sinψ
− sinψ cosψ

)(

σ−2
1 0

0 σ−2
2

)(

cosψ − sinψ
sinψ cosψ

)

, (C.46)

For a generic random variable x distributed according to p(x), we define the characteristic
function φx(m) as

φx(m) =

∫

dx p(x) eimx. (C.47)

This corresponds to a well-known analytical form for many standard distributions. By
leveraging the characteristic function, we can analytically compute the averaged response
function in Eq. C.43. This approach generalizes naturally to more complex distributions,
such as Gaussian mixtures. As an example, in Fig. C.1, we illustrate the modulation of
the Galactic foreground for different choices of sky distributions.

We emphasize that the probability distribution used here is an idealization: Galactic
binaries are unlikely to follow a Gaussian spatial distribution on the sky, and the probability
density is normalized over (λ, β) ∈ R

2, rather than over the physically meaningful sky
domain λ ∈ [0, 2π], β ∈ [−π/2, π/2]. However, with a suitable choice of parameters, the
impact of these limitations can be significantly reduced.

For these reasons, we also propose a more accurate approach in this thesis, based on
a numerical integration of Eq. C.43. Specifically, we define a grid (or cube) over sky
position and distance, which we transform into Galactic coordinates in order to evaluate a
probability density, which depends on physically motivated parameters. We then transform
back to ecliptic coordinates and perform the integration over distance and sky position
numerically. Although this approach is more computationally expensive, it allows us to
directly incorporate physically motivated source distributions in the sky. For example, we
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Figure C.1: (Top panel) Fit of rotated coordinates with various probability distributions.

(Bottom Panel) Galactic confusion noise over one year of observation, incorporating time

modulation from different probability distributions.
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Figure C.2: (Left panel) Modulation of the LISA response to unresolved Galactic sources

assuming a bulge-like distribution, as defined in Eq. C.48. (Right Panel) Modulation of

the LISA response assuming a disk-like distribution, defined in Eq. C.49. In both cases,

the modulation is shown for the TDI A channel, averaged over one year of observation. For

the bulge model, we fix r0 = 0.075 kpc and q = 0.5, and explore different values of Rb. For

the disk model, we fix Rd = 3.25 kpc and vary zd to explore its effect on the modulation.

consider a bulge-like and a disk-like distribution, defined respectively as:

pbulge(R, z;Rb, r0, q) = p0 exp

(

− R

Rb

)

(

1 +

√

R2 + (z/q)2

r0

)−1

(C.48)

pdisk(R, z;Rd, zd) = p0 exp

(

− R

Rd

)

exp

(

−|z|
zd

)

, (C.49)

where p0 is an appropriate normalization constant in each case. We consider distribution
as given in [47].

In Fig. C.2, we show the modulation in the TDI A channel resulting from the numerical
integration using the distributions given in Eqs. C.48 and C.49.



Appendix D

Corner from Cyclostationary

Model

Corner plots in Figs. D.1–D.4, illustrate the posterior distributions analyzing mock data
containing instrumental noise, SGWB, and Galactic Foreground. Both the MW and SMC
signals are modeled as cyclostationary, following the formalism in Section 5.2. The true
positions of the source centers are assumed known. In general, the MW signal is well con-
strained both in terms of its spectrum (α,AMW, f2) and modulation parameters (ψ, σ1, σ2).
The presence of the MW let us set an upper bound only on the SGWB amplitude, while
the spectral slope remains accurately constrained. Fig. D.5 refers to realistic LMC data
and compares the stationary and cyclostationary models. Figure D.6 shows the reconstruc-
tion of the SGWB from an hypothetical satellite located behind the Galactic disk, in the
presence of the MW foreground and instrumental noise.
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Figure D.1: Posterior distribution on SMC SGWB in the presence of noise and MW

foreground. Darker (lighter) shaded areas denote 90% (50%) credible regions and black

lines indicate the true values.
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Figure D.2: Posterior distribution on LMC SGWB in presence of noise and MW foreground.

Darker (lighter) shaded areas denote 90% (50%) credible regions and black lines indicate

the true values.
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Figure D.3: Posterior distribution on Andromeda’s SGWB in presence of noise and MW

foreground. Darker (lighter) shaded areas denote 90% (50%) credible regions and black

lines indicate the true values.
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Figure D.4: Posterior distribution on Sagittarius’ SGWB in presence of noise and MW

foreground. Darker (lighter) shaded areas denote 90% (50%) credible regions and black

lines indicate the true values.
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Figure D.6: Posterior distribution of MW foreground, noise, and an LMC-like mock signal

emitted from the Galactic disk. The plot is discussed in Sec. 5.2.4. Darker (lighter) shaded

areas denote 90% (50%) credible regions and black lines indicate the true values.



Appendix E

Plot from Bahamas

This appendix provides supplementary visualizations from the bahamas analysis frame-
work, illustrating the temporal evolution of parameter constraints, the robustness of infer-
ence across different algorithmic configurations, and the impact of observational gaps on
parameter recovery. Results are discussed in Section 5.3.
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Figure E.1: Ridgeline plot of the posterior distributions of Galactic foreground parameters

obtained from a sequential analysis over one year of observation. Posteriors are centered

on the injected values, indicating unbiased reconstruction. From top to bottom, the distri-

butions narrow as more data accumulates, with parameters describing the Galactic mod-

ulation becoming increasingly well-constrained by leveraging consistency across different

segments.
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Figure E.5: Ridgeline plot of the posterior distributions of extragalactic and Galactic fore-
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et al. “Waveform Modelling for the Laser Interferometer Space Antenna”. In: arXiv e-prints,
arXiv:2311.01300 (Nov. 2023), arXiv:2311.01300. doi: 10.48550/arXiv.2311.01300. arXiv:
2311.01300 [gr-qc] (cit. on p. 72).

[121] LISA Data Challenge 1b: Yorsh. https://sbgvm-151-90.in2p3.fr/challenge1b (cit. on
pp. 125, 130, 138).

[122] LISA Science Study Team. LISA Science Requirements Document. Tech. rep. 1.0. ESA, May
2018. url: https://www.cosmos.esa.int/web/lisa/lisa-documents (cit. on p. 147).



178 BIBLIOGRAPHY

[123] T. B. Littenberg and N. J. Cornish. “Prototype global analysis of LISA data with multiple
source types”. In: Phys. Rev. D 107.6, 063004 (Mar. 2023), p. 063004. doi: 10 . 1103 /
PhysRevD.107.063004. arXiv: 2301.03673 [gr-qc] (cit. on p. 36).

[124] T. B. Littenberg and A. K. Lali. “Have any LISA verification binaries been found?” In:
arXiv e-prints, arXiv:2404.03046 (Apr. 2024), arXiv:2404.03046. doi: 10.48550/arXiv.
2404.03046. arXiv: 2404.03046 [astro-ph.HE] (cit. on p. 57).

[125] P. Madau and M. Dickinson. “Cosmic Star Formation History”. In: Ann. Rev. Astron. As-
trophys. 52 (2014), pp. 415–486. doi: 10.1146/annurev-astro-081811-125615. arXiv:
1403.0007 [astro-ph.CO] (cit. on pp. 72, 144).

[126] M. Maggiore. Gravitational Waves. Vol. 1: Theory and Experiments. Also available as ISBN
978-0-19-171766-6. Oxford University Press, 2007. isbn: 978-0-19-852074-0. doi: 10.1093/
acprof:oso/9780198570745.001.0001 (cit. on p. 26).

[127] D. Maiwald and D. Kraus. “On moments of complex Wishart and complex inverse Wishart
distributed matrices”. In: 1997 IEEE International Conference on Acoustics, Speech, and
Signal Processing. Vol. 5. 1997, 3817–3820 vol.5. doi: 10.1109/ICASSP.1997.604712 (cit.
on p. 98).

[128] A. Mangiagli, C. Caprini, M. Volonteri, S. Marsat, S. Vergani, N. Tamanini, and H. In-
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