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Abstract
In periodic media gap solitons with frequencies inside a spectral gap but close
to a spectral band can be formally approximated by a slowly varying enve-
lope ansatz. The ansatz is based on the linear Bloch waves at the edge of the
band and on effective coupled mode equations (CMEs) for the envelopes. We
provide a rigorous justification of such CME asymptotics in two-dimensional
photonic crystals described by the Kerr nonlinear Maxwell system. We use a
Lyapunov—Schmidt reduction procedure and a nested fixed point argument in
the Bloch variables. The theorem provides an error estimate in H>(R?) between
the exact solution and the envelope approximation. The results justify the formal
and numerical CME-approximation in Dohnal and Doérfler, [2013 Multiscale
Model. Simul. 11 162-191].
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1. Introduction

Maxwell’s equations in Kerr nonlinear dielectric materials without free charges are described
by

oOH = =V X E, €00:D =V x H, V.-D=V-H=0, (1.1)

where E = (E|, E,, E3) and H = (H,, H,, H3) are the electric and the magnetic field respec-
tively, D = (D(E), D2(E), D3(E)) is the electric displacement field and ey and p, are the
permittivity and the permeability of the free space, respectively. We assume the constitutive
relations

D(x,t) = eg(e(x1, x2)E(x, 1) + F(E)(x,1), x € R3 e R,

where

3
FuE)x 1) =Y XD eat, xDEEENx, 0, d € {1,2,3}. (1.2)

a,b,c =1

We model a two dimensional photonic crystal and hence assume that the dielectric function
(relative permittivity) e : R — R and the cubic electric susceptibility y® : R? — R3x3x3x3
are periodic and ¢ is positive. The periodicity is specified by two linearly independent lattice
vectors a'l,a® € R? defining the Bravais lattice A = spanz{a‘V,a®} of the crystal. Then
the required periodicity reads

€(x) = e(x + R), X(3)(x) = X(3)(x + R) forany x € R? and R € A. (1.3)

Since € = e(x1, x2) and Y = x®(x1, x), the material is homogeneous in the x3-direction. In
the following Q C R? denotes the Wigner—Seitz periodicity cell, defined as the set of points
in R? which are closer to 0 than to any other lattice point in A. More precisely,

Q={xeR?||x| <|x—2Z|, ZeA\{0}}US,

where the connected subset S C 9Q is chosen so that | J,.,(Q +Z) = R? and QN (Q + 2)
= () for all Z € A. We often use the term A-periodic to mean the periodicity as in (1.3).

We consider monochromatic waves propagating in the homogeneous x3-direction, i.e. out
of the plane of periodicity of the 2D crystal, and use the ansatz

(E, H)(x, 1) = €537y, h)(xy, x2; w) + c.c. (1.4)

where k € R and c.c. denotes the complex conjugate. We look for profiles u, i localized in
both x; and x, and with w in a frequency gap. The resulting solutions are called out-of-plane
gap solitons. Inserting such a monochromatic ansatz into the nonlinearity (1.2) and neglecting
the higher harmonics', one obtains for d € {1,2,3}

3
FaE)X 1) = > X a1 X2) Wattpite + uTlpite + tgupTi)(x1, x2) €7 4 c.c..

a,b,c=1

I Neglecting higher harmonics is a common approach in theoretical studies of weakly nonlinear optical waves [41].
Alternatively, one can use a time averaged model for the nonlinear part of the displacement field, see [43—45], where
no higher harmonics appear.
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We define
3
Fa(u):= Z be),c,d(ﬁauhuc + uqtlpit, + uglpl,)
a,b,c=1
3
= Z Xf;cdu“uhﬁc’ de {1,2,3},
a,b,c=1 o
where
3 NN C)] (3) 3)
Xﬁ,ﬁ,c,d =Xcbad T Xacbd T Xabed:
We rescale the frequency by defining w = %, where ¢ = ( 110€0)~ /2, but drop the tilde again

for better readability. Then, with the ansatz in (1.4) Maxwell’s equation (1.1) become
V' x u —ipgcwh = 0,
(1.5)
V' x h + iegcwe(u = iegcwF (1),

where V' := (), 0,1k)" is the restriction of the standard V applied to our 2D-ansatz (1.4).
Notice that, indeed, the divergence equations in (1.1) are automatically satisfied by our ansatz.
Equivalently, we may write (1.5) as a second-order equation for the electric field u,

(LE —Pe(Nu= V' x V' X u—we-)u=w?F(u), (1.6)
and then, having determined a solution u, the magnetic field can be recovered by
i

Hocw

h=— (V/ X u) .

For any w in a spectral gap of the linear problem (L® — w?e(-))u = 0 equation (1.6) is expected
to have localized solutions u with u(xy, x2) — 0 as |(x1, x2)| — 00, called gap solitons. This has
been proved variationally for other problems, e.g. the periodic Gross—Pitaevskii equation, see
[33], or equation (1.6) with other (not periodic) coefficients ¢ and x*, see e.g. [4, 31]. From
the physics point of view, gap solitons are phenomenologically interesting as they achieve a
balance between the periodicity induced dispersion and the focusing or defocusing of the non-
linearity. In addition, they exist for frequencies in spectral gaps, i.e. where no linear propagation
is possible. Examples of physics references for gap solitons in two dimensions are [20] or [42,
section 16.6].

In [43] an approximation of gap solitons of (1.6) with periodic coefficients and for w in
an asymptotic vicinity of a gap edge was formally obtained using a slowly varying enve-
lope approximation. In particular, envelopes of such gap solitons satisfy a system of nonlinear
equations with constant coefficients, so-called couple mode equations (CMEs), posed in a slow
variable. The advantage is that such a system can be numerically solved with less effort than
the original Maxwell system (1.6), which is posed in the ‘fast’ variable x. Then, the solution
of (1.6) for w near a band edge would be asymptotically approximated by the sum of linear
Bloch waves at the edge modulated by the corresponding envelopes, see ansatz (1.8). The aim
of this paper is to give a rigorous justification of this approximation.

5263



Nonlinearity 34 (2021) 5261 T Dohnal and G Romani

Let us now describe the approximation in more detail. First, recall that the (first) Brillouin
zone (here denoted by B C R?) is the Wigner—Seitz periodicity cell for the reciprocal lattice
A*:=spanz {1V, bP} C R2. The vectors bV, b? satisfy a - b = 274;; for i, j € {1,2},
with d;; being the Kronecker-delta.

Let now w, be a boundary point of the (real) spectrum of the pencil L& — w?e, i.e. such
that there is a choice of 2 € {—1, +1} for which w, + 7 lies outside and w, — 7€ inside the
spectrum for all 7 > 0 small enough. We are interested in studying solutions of equation (1.6)
when w lies in a band gap and is asymptotically close to w,. Hence, in our main result (theorem
1.1), we choose a small parameter 0 < ¢ < 1 and set

w = wy + N2, (1.7)

where Q € {—1,+1} is chosen such that w lies outside the spectrum. We aim to study the
existence of a solution of (1.6) close to the slowly varying envelope ansatz

N
Uans(X) = €Y Aj(EX)y, (x, k). (1.8)

=1
Here (A j)’}’: , are localized envelopes to be determined below and the function u,_ (x, k), for
n, € N, is a Bloch wave of L®) — w?e. Writing

V,=V'+ik for ke R?
a Bloch wave u,(-, k) : R* x R? — C? is defined as

up(x, k) = po(x, k)e**, neN,
where p, (-, k) is a solution of the periodic eigenvalue problem

Vi X Vi X pa(x, k) = wu(k)*e(x)pa(x, k),  for all x € R?,
(1.9)
Pu(x + R, k) = py(x,k) forall x € R? andall R € A,

which is to be solved for the eigenpair (w,(k), p,(-, k)). Let us choose the normalization
/e(x)|p,,(x,k)|2dx =1,neN, keB,
Q

see (2.11) below. Note that for a geometrically simple eigenvalue the eigenfunction p, (-, k) is
unique up to a phase factor e, o € R. We call p,(-, k) a Bloch eigenfunction. Clearly, Bloch
waves are quasiperiodic

up(x + R, k) = u,(x, k)e*®  for all x € R? andall R € A.

Note that, strictly speaking, a ‘Bloch wave’ is the time dependent function u,(x, k)e»®" but,
for the purpose of this paper, we use this name for the factor u,(x, k).

We assume that the band structure k — {w, (k) : n € N} attains the value w. at finitely many
points, denoted k", ..., k™ € B, see (1.8). In other words, there exist indices (n;)}_, for
which w,, (k') = w. holds, with k = w,(k) defined by (1.9). Notice that since at each k € B
the eigenvalues w, (k) are ordered by magnitude, we necessarily have w,, (k) = w, for some
n. € Nandall j € {1,...,N}. Due to the additional assumption of geometric simpleness at
ke {kV,... .k} at the level w,, there is only one Bloch eigenfunction (up to a complex
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phase factor) atk € {k(l), R 20 )} at the level w... We denote this eigenfunction by p, (-, kD).
For a precise formulation of the corresponding assumptions see assumption (A3) in section 3.
Also note that the spectrum of the pencil L&) — w?e equals the union of the ranges of the
functions w,, over all n, see sections 2.2 and 2.3.

In figure 1 we plot the material structure, the Brillouin zone, and the band structure for an
example adopted from [43]. Only the band structure along the boundary of an ‘irreducible’
Brillouin zone By is plotted, which is standard practice in the physics literature. It was checked
in [43] that the level sets of the first five band edges do not include any points from the interior
of By. Five spectral edges si, . . ., ss are labeled. Note that, for instance, the edge w,. = s3 has
N =1 as the level set includes only the point k&’ =T = (0,0). At w, = s5 we have N = 6
because the minimal point along the line I'-M is repeated 6 times in the full Brillouin zone B
due to a discrete rotational symmetry of the lattice.

As shown in [43], in order for the residual L uy,s — w?eltans — w?F(itzns) to be small, the
functions (A 1)7:1 in (1.8) have to satisfy the second-order CMEs

1
Q4;+ 3 (07 wn. (kD) 4 OF,wn, (k' )D;, + 204, Oy wn, (k)Dy, Dy, ) Aj+ Nj =0

(1.10)
in R?, where y :=ex is the slow variable and the nonlinear term A/} is given by
N;= Z I, AcAzA,. (1.11)
(.B.1E0;
where
oj={(,B,7) € {l,...,NP k@ + k@ — k@ kD ¢ A} (1.12)

The coefficients / a’ 3., are determined by the Bloch wave u,,, at the points k. in detail

3

; Wy ” / ,

=5 2 (D cattneaCok i oWk )ty aC K DY) (1L13)
ab,c,d=1

The formal derivation of the CMEs (1.10) as an effective model for the envelopes A; can be
summarized as follows. First, ansatz (1.8) is inserted into (1.6) and for each j the terms propor-
tional to e"”* times a A-periodic function are collected. Then, setting the L>(Q)-inner product
of the leading order part of these terms with u,, (-,k?) to zero, produces the jth equation in
(1.10). In the inner product the variable y :=ex is considered independent of x.

For several examples with the coefficients V>w,, (k'”) and I, ; _ obtained from actual Bloch
waves of the corresponding Maxwell problem, localized solutions were found numerically
in [43]. Figures 2(a) and (b) show an example solution of CMEs (1.10) corresponding to
w, = s5 in figure 1. We also plot the total intensity |u,ns|? of the corresponding formal approx-
imation (1.8) at w = w, — €2 with ¢ = 0.1 in figure 2(c). All plots in figure 2 are adopted
from [43].

The main result of this paper is that for ¢ > 0 small enough the existence of suitable solu-
tions of CMEs (1.10) implies the existence of gap solitons of (1.6) with w given by (1.7).
These gap solitons are approximated by the ansatz (1.8). The following theorem uses assump-
tions (A1)—(A7) on the band structure and on the functions e and ¥, see section 3, the
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(b)
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3.95

3.9
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3.6

Gamma M K Gamma

Figure 1. (a) Hexagonal periodicity cell Q with a cylindrical material structure and the
lattice vectors a'”,a®. (b) The corresponding Brillouin zone B (not to scale) with the
reciprocal lattice vectors 5V, 5@ and a shaded irreducible Brillouin zone By. (c) Band
structure along OBy for r; = %ao, e(x) = 2.1025 for r; < |x] < ag/2, and e(x) =0
otherwise. The diameter ao of the cylinder can be chosen arbitrary. Reproduced with
permission from [43]. Copyright ©2013 Society for Industrial and Applied Mathematics.

All rights reserved.

non-degeneracy property, see definition 3.1 as well as the P77 (parity-time reversal) symmetry
defined below.

Definition 1.1. A function A € L*(R") is called P T -symmetric if A = A(— -).
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3
(a) A2(y) (b) As(y) (c) Z [zans,; [
=1

.05 0 0.5 -0.5 0 0.5 x
¥q ¥y

Figure 2. (a) and (b) Components A, and A3 of CMEs for the case w, = s5 in figure 1,
where N = 6. A solution with the symmetry A; = A4 = 0, As = A, and A¢ = Az was
chosen. (c) The approximation of the square modulus of a gap soliton at w = w, — &>
with & = 0.1 as given by |uns.1|> + |Hans2|* + |ttans 3|7, see (1.8). Reproduced with per-
mission from [43]. Copyright © 2013 Society for Industrial and Applied Mathematics.
All rights reserved.

Theorem 1.1. Let x € R\{0}. Suppose A = (Aj)]}’:1 € HA(R?,C") is a PT-symmetric
non-degenerate solution of the CMEs (1.10) with s4 > 1. Then, under assumptions (Al)—(A7),
see section 3, there are constants ¢ > 0,2 € {—1,1},and gy > 0 such that for each e € (0, gy)
there exists a PT-symmetric solution u € H*(R?, C) of the reduced Maxwell equation (1.6)
with w as in (1.7), which satisfies

|t — tans || 22y < ce,

where Uy is defined by (1.8).
Before immersing ourselves in the details of the proof, let us make some important remarks.
Remark 1. The assumption « # 0 is needed in the Helmholtz decomposition in lemma A.1.

Remark 2. Note that [|uus||2m2) = O(1) (6 = 0) since [|Aj(e)|| 22y = € A 22)-
Analogously one has ||ttuns|2z2) = O(1). The next correction term in the asymptotics of the
solution u is expected to have the form e? Z];’:l A;z)(ex)r (x) with suitable (smooth) functions

A;z) and r;. It is the correction compensating for the residual at the formal order O(e?) after
satisfying the coupled mode equations (CMEs), see section 4.7. Hence, the expected correc-
tion term is O(¢) in H*(R?), which implies the error estimate of theorem 1.1 is expected to be
optimal.

Remark 3. Theorem 1.1 can also be considered as a result on the bifurcation of gap solitons
from the zero solution at w = w,. A sufficient condition is the existence of a P7T -symmetric
and non-degenerate solution A € H*4(IR?, CV) of the effective CME equations.

Remark 4. The CMEsin (1.10)are a system of coupled nonlinear Schrodinger equations and
have the same structure as those for stationary gap solitons of the 2D scalar Gross—Pitaevskii
equation with a periodic potential, see [10, 13]. In [43] several localized solutions of CMEs
(1.10) with coefficients determined by Bloch waves of the Maxwell system were found numer-
ically. The current paper does not discuss the existence of localized nontrivial solutions to
CME:s. Existence results based on bifurcation theory and variational analysis can be found,
e.g., in [28-30].
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Remark 5. The P7-symmetry has been extensively studied by the physics community in
the recent years, mainly with emphasis on localized solutions, as it serves as a model for a bal-
ance between gain and loss in the structure. It has been shown to have a lot of applications, e.g.
in Bose—Einstein condensates [25], non-Hermitian systems [5], quantum mechanics, optics
[37], or surface plasmons polaritons [3, 32]. For a survey on the topic we refer to [19]. Math-
ematically, the restriction of a fixed point argument to a P7 -symmetric (or more generally
anti-linearly symmetric) subspace has been used to obtain real nonlinear eigenvalues, see, e.g.,
[9, 11, 12, 36]. In particular, in our justification result, such symmetry, assumed on the func-
tions € and x® and then reflected in the band structure, is exploited to remove shift and space
invariances in perturbed CMEs. This enables us to invert the linearized operator when working
in the symmetric subspace.

Remark 6. The proof of theorem 1.1 is based on a generalized Lyapunov—Schmidt decom-
position in Bloch variables and on fixed point arguments. The CMEs can be seen as the
effective bifurcation system of the Lyapunov—Schmidt decomposition. This approach has been
used, e.g., for wave packets of the Gross—Pitaevskii equation with periodic coefficients in
[9, 10, 13, 14].

Remark 7. The term ‘CMES’ in the context of asymptotics of wave packets is often used
also for a different system, namely for time dependent first order envelope equations. These
are derived when the wave packet is built using Bloch waves with nonzero group velocities,
see [16, 21, 23, 39].

The rest of the paper is organized as follows. In section 2, after introducing the suitable
functional setting, we investigate the linear problem L®u — w?eu = 0, its spectrum and the
Bloch waves. Then, using the Bloch transform, we formulate (1.6) in the Bloch variables. In
addition, important regularity estimates on the Bloch eigenfunctions are also established here.
Next, precise formulations of our assumptions are given in section 3. The proof of theorem 1.1
is provided in section 4 and split into several subsections according to our Lyapunov—Schmidt
decomposition of the solution. We trim the solution u by rest terms, which are proved to be
small enough in sections 4.3—4.6, and we finally show that the leading order part is e-close to
our ansatz in section 4.7. The appendix collects some auxiliary lemmas which are used in our
analysis.

2. Function spaces, spectrum, Bloch transformation and linear estimates
In this section we firstly investigate the eigenvalue problem

V' x V' xu=wexu, xecR 2.1)
and the corresponding Bloch eigenvalue problem on the periodicity cell

Vi X Vi X p=wi(ke(x)p, x€ Q, 2.2)
where pis A-periodic, k € R? and (with x € R being a fixed parameter)

V= (0 + iky, 0r + ika, ir) .

Secondly, we prove estimates on a linear inhomogeneous problem on the periodicity cell. This
problem is obtained by applying the Bloch transformation to an inhomogeneous version of
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(2.1), which plays a central role in a Banach fixed point iteration for the nonlinear equation in
section 4.
The Bloch transformation and its properties are reviewed subsequently.

2.1. Function spaces

We start by defining some function spaces which we use below. Because of the presence of
the curl operator in the Maxwell system (1.1) we will make use of H(curl) spaces with the curl
defined using the above gradient V'. Let us first define

L(Q.C):={v € [1,.(R*,C’) : v is A — periodic},
Hy(Q, CH={v e H} (R*,C*:vis A — periodic}, s> 0.

The notation L% (Q, C*), H},(Q,C%) is chosen to make clear that the elements need to be

defined on the periodicity cell Q and periodically extendable in an L. resp. H;. fashion onto
R2. Note that for a vector field u : @ — C? we define

|uHH‘(Q) Z Z |Dauj||L2(Q)
J=1 |a|<s

with a € N} being the standard multi-index and s € No.
Next we define

Hy(curl, Q):={v € L,(Q,C°) | V' x v € L3(Q,C)}
and
Hy(cur’, Q)= {v € Hy(curl, Q)| V' x V' x v € L%(Q,C)}.

We will sometimes use the short notation Hy(curl) or Hx(curl?).
. . . . . /.
Note that in the majority of our calculations the gradient V' is replaced by V. However,
this makes no difference in the definition of the function spaces. Indeed, because

Hy(curl, Q) = {v € L3(Q,C*) |V} x v € LL(Q,C)}
and
Hy(curl’, Q) = {v € Hy(curl, Q)| V} x V; x v € L(Q,C)}

for any k € R?, we do not need to define new function spaces for problems involving the
gradient V.
For later use, we note the identity

Vi Vixu=0 forall u€ Hyg(curl, Q),
which can be easily checked.

2.2. Spectral problem for the H-field

We build our linear theory on the results of [8] for the spectral problem for the H-field

AVARY. (lV’ X v) = wv.
€
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It follows from the Bloch theory (see [18, 27]) that the spectrum of
L™ : H(curl?) — L*(R%,C?), L=V x (%v’ X ) ,
where
H(curl?) = {v € *(R%,C |V x v e X(R*,C?),V' x (év’ X v> € LZ(RZ,@)} ,
is obtained as the union (over all k¥ € B) of the spectra of
L,EH) : Hy(curl?) — L;L(Q, C3, L=V x (iv;{ x ) ,
where
2 2 3y | o 2 ENR Y 1o 2 3
Hy(curl)) = {v € Ly(Q,C )| Vi xve L(Q,C"), V) x (ka X v) €Ly(Q,C )} .

We emphasize that L,iH ) acts on periodic functions on the periodicity cell Q.
Let k € B be fixed. With the form domain of L" being
Vie={v € LL,(Q,C°) |V} x v € L3(Q,C), V} - v =0}, (2.3)
the authors of [8] prove that the spectrum is discrete and satisfies
o(L"y = {Wi k), w3(k), ... } C [0,00),
where
wik) < wih) < ...
The corresponding eigenfunctions (g(-, k)) jen C Vi satisfy
ai(q;(-, k), ©) = wi k) (g, k), 0) ¥ @ € Vi, (2.4)

where

1 -
a(, ) 12/ gic X -V} x pdx and
Q

<¢, <P> = (v, QD)LZ(Q) = /Qw ~pdx.
Moreover, they can be chosen L*(Q)-orthonormal, i.e.

It follows that for \ in the resolvent set, i.e. A € C\{wj(k),w3(k), ...}, and g € L3, (Q, C?)
there is a unique v € V; such that

a(v, ) — XM, 0) = (g, ) V p € VL. 2.5)
Moreover, there is a constant ¢ > 0 such that

vl < cllgllzg)- (2.6)
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Here the equivalence of the H(curl) and H'-norms on V has been used. In fact, the eigenfunc-
tions automatically satisfy the regularity

q;(-.k) € Hy(curl?) N V;. (2.7)

To show this, it suffices to prove that (2.4) holds for all ¢ € C2°(Q). Then the weak curl V;( x of
LV} % (-, k) equals w?(k)g;(-, k), whichis in L%(Q, C%). Due to the Helmholtz decomposition
in lemma A.1 we have

Hy(curl, Q) = V; ® ViHL(Q),

so, by a density argument, it remains to show that (2.4) holds for all ¢ € V;{C;f(@), where as

usual the subscript # denotes periodicity. Substituting ¢ = Vi) with ¢ € C‘;f(@), we clearly
have V) x Vi = 0, as well as

/Q q(x, k) - Vih(x)dx = o 0, k(x) - vdS(x) — /Q V- qi(x, kyp(x)dx = 0,

where v := (v, 15, 0)T and (v, 1/2)T being a.e. defined as the unit outer normal vector of 0Q.
Indeed, first V) - ¢ (k) = 0 because q(-, k) € V. Second, as Vi C HIIOC(]RZ), the boundary
term is well-defined and, by periodicity of both g (-, k) and ), the contributions of the boundary
integral on opposite sides of the periodicity cell Q cancel out.

Due to the regularity in (2.7) we conclude

V) x (iv’k X q,(-,k)> = wi(k)g;(-. k) in L% (Q,C’) foreach j € N. (2.8)

For the spectrum of the operator L) in L?(IR?) one has

o™ =Jo™ = |J wah),

keB keB, neN
see [18].

2.3. Spectral problem for the E—field

Let k € B be fixed. As we show now, for each eigenfunction g; of (2.4) the function (for

w (k) # 0)

pi(x, k)= ¢ X qi(x,k) (2.9)

1
—V
e(x)w (k)

is an Hy(curl®) eigenfunction of the eigenvalue problem for the E-field. Due to (2.7) we first
have p(-,k) € Hy(curl). Next, (2.8) implies V;{ X pi(-, k) = iw;(k)q (-, k) € Hy(curl), hence
p,(-.k) € Hy(curl?) and

LEpi( )=V x V} x pj(-.k) = ewi(k)p;(-.k) in LL(Q). (2.10)
The sequence (p;(-, k)), satisfies the orthogonality
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because
1 1, -
(PR = /Q 19, ait k) - T g, R

1
B Wak(q"(.’ k), (-, k) = dij.

Besides the periodicity in x the functions p,,n € R, are quasiperiodic in k, namely
P,k + K) = pu(x, k)e K% forall x € R* and K € A",

Two symmetries of the eigenfunctions p, will be used in the analysis. Firstly, because the
eigenvalue problem is invariant under the complex conjugation combined with replacing k
by —k, one sees that w,(k) = w,(—k) for all n € N since they are real. Similarly, one also
deduces that p,(x, k) is an eigenfunction of L(j{) if and only if p,(x, k) is an eigenfunction of
L,EE). This implies that the eigenfunction p,(x, —k) can be chosen to agree with p,(x, k) for all
k € R?\{0}. Notice that at k = 0 the operator L." is real, so a real eigenfunction can always
be chosen. Hence we have

Pu(x, —k) = pa(x, k) forall x,k € R?, n e N. (2.12)

Secondly, if €(x) = e(—x) and if p,(x, k) is an eigenfunction of L(E), it is easy to show that
Pu(—x, k) is an eigenfunction of L™, too. Therefore, if w, (k)? is a geometrically simple eigen-
value of (2.4), there is always a choice of the phase of the normalized eigenfunction p, such
that the P77 —symmetry

Pu(—x,k) = p(x, k) for all x € R? (2.13)

holds.

The map k — w, (k) with w,, > 01is called the nth eigenvalue and the map (k, n) — w, (k) the
band structure. Clearly, since the spectrum (for each k) is given by {w;(k)?,w,(k)?, . ..}, there
are also the negative eigenvalues w_, := — w,, but they play no role in our analysis. Notice
also that the band structure is the same for both operators L) and L'®.

2.4. Inhomogeneous linear equation for the E—field

Our asymptotic and nonlinear analysis is performed for the £— field and in the fixed point
argument we need to solve the inhomogeneous problem

LPu —wPeu=f (2.14)

with w? in the resolvent set of e 'L;", i.e. of L{"™. In our application we have f € H2(Q) and
the fixed point argument requires the estimate ||ul| 20, < ¢||f|;2(0)- We prove this estimate
next.

Lemma 2.1. Letk € B, e € W>*(Q), e ! € L*(Q), w? € C\{wi(k),w3(k),...}, and f €
H%E(Q). Then (2.14) has a unique solution u € Hy(curl®) such that

[ull 20y < cll flln2) (2.15)
holds.

Remark 8. Note that (2.15) is clearly not optimal as an estimate of the solution of (2.14). An
optimal estimate includes just the L>-norm on the right-hand side. However, as our nonlinear
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analysis below employs an estimate of the form ||u||2 < ¢l f]|;2, this suboptimality is not of
essence.

Proof. For w? € C\{w}(k),w3(k),...} we choose w such that e.g. argw € (—%,5]. We
define first

f';:_iv;{xi
w €

and solve L/™v — w?v = f in the weak sense, see (2.5). Due to (2.6) we get 0]l 10y <

c|lf 20 Since € € W'*(Q) and €' € L¥(Q), we get

vl < e llf llmeur- (2.16)

Moreover, similarly to (2.7), using the Helmholtz decomposition of lemma A.l, we get
v E H#(curlf) and

LMy —wv=f inLL(Q.C. (2.17)
Next, we set
i_, 1
u.= —kav——zf. (218)
we weEe

Then V) X u = iwv and using (2.16) as well as the assumptions on ¢, we have

]| Erccury < || f || eurn - (2.19)

Moreover, since v € Hy(curl), we have from V) x u = iwv also u € Hy(curl®) and thus,
applying V) x to (2.18), we obtain that (2.14) holds as an equation in L;&(Q).
Next, we derive the desired H2-estimate on u. We start with H'. Because

el o) < (”“”H(curl) +IVy - uHL2(Q)) (2.20)

and because of (2.19) it remains to estimate the divergence. Since V) - u = %(V;( - (eu) —
(V}e) - u), from (2.18) we infer

1/1
Viu=—- (;V;(-f—(V;(e)w). 2.21)

By e € Wi and ¢! € L™, we get then

Hvk “||L2(Q) C(HfHHl(Q) + ||“||L2(Q)) ¢ Hf”Hl(Q)’ (2.22)

where the last inequality holds by (2.19). Next,

|l 20y < (”“”LZ(Q) + Vi X ull gy + Vi - uHHl(Q))

and, using again (2.18) and (2.21), and ¢ € W>* we obtain

1
il < ¢ (Il + 196 % (16 % 0) o 19 % Flhn + 19+ Sl -

The estimate (2.15) is finally deduced by (2.16), (2.17) and (2.19), (2.20), (2.22). U
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2.5. Bloch transformation

To take advantage of the fact that the coefficients of our problem (1.6) are periodic, we will
work in Bloch variables, i.e. we will employ the Bloch transform to change the problem into
a family of problems on the periodicity cell Q, parametrized by the wave vector k € B. The
above discussion (sections 2.2 and 2.3) implies that the resulting equation has (for each k) a
linear operator with a discrete spectrum.

The Bloch transform T : L*(R*) — L*(B, L2,(Q)) so that v — ¥ and its inverse are formally
defined as

ﬁ(x, k) = (TU)(x, k) = Z i]\(k + K)eiKAX,

KeA*
v(x) = (T 'D)(x) = / O(x, ket~ dk
B

forall x, k € R?, see e.g. [38] or [2, chapter 7]. For the domain and range of 7 see (2.26). Here
¥ denotes the Fourier transform of v € L'(R?)

N 1 Cikx
(k) :ZW /]R 2u(x)e kX dx,

which is extended to L*(R?) functions as usual. We also define 0(x) := [, v(k)e**dk which
can be shown to be the inverse Fourier transform in L*(R?).
The definition of v yields naturally the periodicity in x and the quasi-periodicity in k, i.e.

v(x + R, k) = v(x, k) forall R e A, x € R?, k€ R?,
. (2.23)
U(x,k+ K) =e K 0(x, k) forall K € A*, x € R?, k € R%.
Moreover, the product of two functions f, g € L*(R?) for which also fg € L*(R?) is trans-
formed by 7 into a convolution of the transformed functions:

(T(fe)(x, k) = /B Fxk = Dgx, hydl = :(f*s@)(x, k), (2.24)

where the quasiperiodicity property in (2.23) is used if k — [ ¢ B. For the same reason the
convolution in B can be substituted by a convolution on any shifted Brillouin zone, i.e.

(f *B3)(x, k) = Flok—Dgx,hdl forall k, € C2.
B+k,

If h € L*(R?) enjoys periodicity with respect to the same lattice A and g € L*(R?), then
(T (hg))(x, k) = h(x)(Tg)(x, k) (2.25)

for almost all x € R? and k € B.
The function spaces for the Bloch transform. Let H*(R") with s > 0 be the stankdard
(possibly fractional) Sobolev space. The Bloch transform

T :H'[R",C)— X, :=L*(B, Hy(Q,C)) (2.26)

is an isomorphism for s > 0 [35, 38]. The norm in Xj is defined as

1
2
1t e, = (/Bll'ﬁ(wk)lﬁwg)dk) :
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where Q is an arbitrary interval in R" and B the corresponding reciprocal periodicity cell.
For our application we have n = 2 with Q and B as defined in section 1. For vector-valued
functions u € H*(R",C™), m € R, the transform 7 is defined componentwise and the space
Xy is Xy = LZ(B, H;#(Q, C™)) with the norm ”fHXs = maxlgjgmeijs.

Note that due to the quasi-periodicity of # in &, the X;-norm is equivalent to

( / |’ﬁ<-,k)||%1S(Q)>
B+k,

for any k. € R%. We take advantage of this property in our estimates below.

Because of the polynomial nonlinearity in (1.6) and our approach employing a fixed point
argument we require our function space to have the algebra property with respect to the point-
wise multiplication. We recall that if s > n/2, the Sobolev space H*(R") enjoys this property.
Moreover, it embeds into the space of bounded and continuous functions decaying to 0 at co.

In the Bloch variables, where multiplication is transformed into a convolution, we need
the algebra property with respect to the convolution. Combining the algebra property of
H*(R"),s > n/2, and (2.24), we get the following algebra property for our working space Xj:

If *egllx < e fIxllglly  forany £, € X if s > n/2. (2.27)

We introduce also the weighted spaces L2(R") defined as
Ly (R") = {f € @I 1 f Iz = / (1 + [x)Z|f 0] dx < oo} . (2.28)
b RH
0.

Recall that the Fourier transform is an isomorphism from H*(R") to L2(R") for s >

3. Assumptions

We start with the following basic assumptions on the coefficients and on the band structure.
(A1) €:R> = Rand y® : R? — R¥3%33 are A-periodic and real-valued and ¢ > 0;
(A2) The spectrum Upen e {wn(k)} C R possesses a gap;
(A3) The points k", ..., k™ € B are distinct and constitute the level set W,,, C B of one of

the gap edges, denoted by w, and the eigenvalues at the level w, are all geometrically
simple, i.e.

we=wpk), neN, keB=ke {kV,.. . kM},

and

dim ker (Lliﬁ)) — ewfl) =1.

Hence, due to the monotonicity w, (k) < w,+1(k), we have
In. €N: w, k") =w, Vje{l,...,N}.
(A4) The eigenvalue w,, is twice continuously differentiable at X and V2w, (k?), the

Hessian of w,, at k = k', is definite for each j € {I,...,N}.

The formal asymptotic analysis of gap solitons in [43] used assumptions (A1), (A2), and
(A4). In assumption (A3) multiple eigenvalues were allowed at the points k&, j=1,...,N.
Here, in order to be able to prove symmetries of the Bloch waves at k', j = 1,..., N, which
are needed in the restriction of the nonlinear problem to a symmetric subspace, we require
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the geometric simpleness. The unique (up to a phase factor e!®) normalized eigenfunction at
k = k' and w = w, is denoted by p,, (-, k).

Note that, according to the mathematical folklore, simple eigenvalues depend smoothly on
the coefficients of the operator. Nevertheless, we are not aware of an existing result applica-
ble to our operator L,iH) or L,iE), hence we assume the C*-regularity in (A4). In addition our
proof requires the Lipschitz continuity throughout B, which we prove in the appendix, see
lemma A.2.

Clearly, w, must be the maximum or minimum of the eigenvalue w,,. Hence, based on
(A4), V2w,, (k) is either positive definite for all j or negative definite for all j. Note that
the assumption that w, is attained at the points k = k', j = 1,..., N by the same eigenvalue
wy, is in accordance with the numbering of the eigenvalues w, (k) at each k according to the
magnitude.

Remark 9. Assumption (A3) seems relatively restrictive as it does not allow for
{kD, ...k} to be a proper subset of the level set W,,,. We need this assumption to estimate
the correction term, which is supported (in the wave-number k) away from small neighbour-
hoods of the points {k(l), 20 )}, i.e. away from the support of the main contribution of
the solution. The support of the correction term must not intersect W,,, because otherwise
(wWp, (k) — w,)~! blows up on this support. Note that this can be contrasted against the case of
the bifurcation of nonlinear Bloch waves in [15], where {k", ..., X"} can be a proper subset
of W,,, provided the k-points generated by (iterations of) the nonlinearity, i.e. the points

ke SidkD, ... k™})  for some n € N,
where
Sy({kD, . kMY = (k@ + kD — kD, B8,y € {1,...,N}},

lie outside the level set. Unlike in [15] the k-support of the leading order term of the gap solitons
contains whole neighbourhoods of the points {k'", . .., K"’} (and not isolated points) implying
iterations of S5 applied to the union of these neighbourhoods generate all k € B.

It is however possible for some components of the CME-solutions to be zero, i.e.
Ay, =---=A,, =0 for some 1 <my,...,my <N (with M <N). This can hap-
pen only if the CMEs are consistent with the reduction to the components Ay, k €
{1,...,N}\{my,...,my} orequivalently if

Sy({k kO N (kW kWY = {0, k)

In that sense assumption (A3) is effectively the same as assuming that {kV, ..., A"} is a
consistent subset (in the above sense) of the level set W,,, and that W,,_ is finite.

To rigorously justify the formal approximation via (1.8), we need to assume the following
additional conditions:

(A5) the material functions € and X satisfy e € W>*(R?), e ! € L*(R?), x® € H (R?);

(A6) symmetry of the material: e(x) = e(—x), Y (x) = x®(—x) for all x € R?;

(A7) the eigenvalue w,, (k) is geometrically simple for almost all (w.r.t. the Lebesgue measure)
k € B.

Note that assumption (A7) allows for the touching of eigenvalue graphs (k,w,, (k)) and
(k, wy(k)) with m # n, as long as they touch along a curve; which is the canonical situation.
This curve may include the points KD kY see assumption (A3).
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Under the above assumptions theorem 1.1 justifies the use of the effective amplitude
equation (1.10) to determine the envelopes A ; in the ansatz (1.8) and constitutes the main result
of the paper. It uses the following definition.

Definition 3.1. A solution A, € L*(R?)" of (1.10), denoted by G(A) = 0, is called non-
degenerate if the kernel of the Jacobian of G evaluated at A, is only three dimensional as
generated by the two spatial shift invariances and the complex phase invariance of the CME:s,

ie.
OaGr(AL)  04,Gr(A)\ AR AR —Asr
ker (@\RQI(A*) BA,QI(A*)> — span {ayl (A*,I> O (A*,I> ’ (A*,R ) } ’

where A, g :=Re(A,),A.; =Im(A,) and analogously for the other variables and functions.

Assumptions (A.6) and (A.7) are used to remove invariances (and thus eliminate non-trivial
elements of the kernel) in a perturbed CME-problem by restricting to a symmetric subspace.
This perturbed system is obtained in the justification analysis. The symmetric subspace is
defined by the P7T -symmetry, see definition 1.1. In this subspace the CMEs no longer possess
the invariances wrt. the spatial shift and the complex phase. Hence, under the non-degeneracy
condition, the linearized operator of the perturbed CME system is invertible. Note that other
symmetric subspaces can be used to eliminate the kernel, see [13].

Moreover, the evenness of ¢ and x® implies that the coefficients 1/, are real as explained
at the end of section 4.6.1.

4. Proof of theorem 1.1

From now on, the bifurcation parameter w is chosen to lie in the spectral gap in a O(¢?)-vicinity
of the edge w., i.e.

W= w, + 20, 4.1)

where (2 = +1, the sign being determined by the condition that w shall lie in the gap. Hence,
Q = +1 if w, is the bottom/top edge of a spectral gap, respectively.

4.1. Lyapunov-Schmidt decomposition

We study the problem in Bloch variables in the space X,. Applying the Bloch transform 7 to
(1.6), we get

Lii(x, k) ==V, x YV, X Gi(x, k) — w?e(x)i(x, k) = w>F@)(x, k), 4.2)
where

3
Fa@) = Y x& jiaxsiipxsie, 4.3)

a,b,c=1

Here properties (2.24) and (2.25) have been used. Recall that w is fixed as in (4.1). Note that
in (4.3) the double convolution equals (i, pitp)*pl. = Uy *p(Up*Bl,).
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Note also that below f*pg is understood componentwise for scalar f and vector valued g.

Theorem 1.1 claims that the solution can be approximated by a modulated sum of the Bloch
eigenfunction p,, (-, k) at the chosen points k7, ..., k). Therefore, we decompose # into the
part v corresponding to the eigenfunction p,, and the rest w. Next, v is once more split into a
first term which incorporates the behaviour in the vicinity of the points KD k™) and a rest.
To this end, we first introduce some projections on L?(Q) which take into account the presence
of the potential e(-).
Projections. Let P denote the standard L?(Q)-projection onto the mode p,_ (-, k), i.e. for f €

L*(Q)
(Pkf)(’ k) = <f’ Pn*(" k)> pn*(" k)’

and let Q :=I — Py be its L*>-orthogonal projection. As the normalization of the mode p,, (-, k)
holds in the L?-norm weighted by the periodic potential €(-) (see (2.11)), we also introduce

(Plif)(’ k) = <f’ 5(')Pn*(" k)> pn*(" k) and Q]i =1 — Ple(
as well as
Po=€()Pr and Qp:=I1—P,=1—€(-)Py.

Lemma 4.1. P, Of, “P,, and “Q, are projections in L*(Q) for which the following orthog-
onality conditions hold:

(@) PAL21,2°0, 12,

(b) ‘PL> 1,002,

() P> L0012,

d) EP,CLZJ_Li1 QL%

where L? stands for L*(Q) and L2, is the weighted L*(Q) by the weight w(-), i.e. f 128
means [of -gwdx = 0.

Proof. We prove just (a), the proof of the claims (b)—(d) being similar.
Let f € ‘Q,L*(Q), that is f € L*(Q) such that “P,v = 0. Hence (f, p,,(-,k)) = 0. Let
moreover g € P{L*(Q), i.e. ¢ = Pig. Then,

<f’ g> - <f’ <g’ 6(')pn*("k)> pn*(’k)> - <g’ 6()pn*(’k)> <f’ pn*(',k)> = O
(]

In the sequel the operator L; in (4.2) needs to be inverted with the inverse bounded inde-
pendently of €. Recall that for w = w, the kernel of L; is non-trivial at k € W, i.e. at
ke {kV, ... ,kM}, cf (A3). For w = w, + £2Q the bound on the inverse explodes as £ — 0.
The Lyapunov—Schmidt reduction based on the projections introduced above decomposes the
problem into a critical and a regular part. In particular, the projections “P, and Pj are onto
the set of modes, the eigenfunctions of which attain in B the ‘critical’ value w,, cf (A3). This
means, we expect that the complementary projections produce an operator with the inverse
bounded independently of <. This is what we prove in the following result.

Lemma 4.2. There exists €y > 0 such that for all € € (—eg, &9) and 2 = *1 the linear
operator Ly :="Q.L;Q; : Hy(curl’, Q) — ‘QkL;E(Q) with w = w, + £2Q is invertible on
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O\ H4 (curl?, Q) and
124 Negyiz, i cuny < Cr 4.4)

where the constant Cy is independent of ¢, 2, and k.
Remark 10. We point out that the operator £ depends on ¢ via the factor w? in L;.

Proof. Step 1. L, is injective. Due to the linearity of L; it is equivalent to show that if
v E Q;H#(curlz, Q) such that £v = 0, then v = 0. Let thus v € H#(curlz, Q) be such that
Ojv = v. Lyv = 0 means that

LiQv = Lyv € ker ‘Q;, = span{ep,,(-,k)}.
In addition, the assumption Qv = v implies P{v = 0, i.e. (v, €p,, (-, k)) = 0. Hence
Liv = €(Liv, pa, (-, K)) pu. (- k) = €{v, Lipn, (-, K)) Pu. (-, )
= e(wp, (k) = W) (v, €pu, (. K) pu, (. k) = 0.

This implies v = 0 because w ¢ o(L) = | J, (L)

Step 2. L; is surjective. The aim is to show that for any f € ‘QkL;E(Q) there exists
u € QHy (curl, Q) such that Liu = f.

First, notice that f € QL% (Q) if and only if f € L3(Q) and (f,p,,(-,k)) = 0. By
the closed range theorem the equation Lyu = f is solvable in the domain of L, i.e. in
H#(curlz, Q), if and only if | ker(L;). Here we are using that the operator Ly is self-adjoint
and we postpone the proof to the subsequent lemma 4.3. Let thus v € ker (‘ QkLkQ,i), i.e.
v = “P,L;Qyv, then there holds

(f,v) = (O f, “PLiQiv) = (‘PLi Qi f, Qpv),

where the symmetry of “P, L is shown in lemma 4.3. Noticing that by lemma 4.1(b) the spaces
“P.L? and Q{L? are L*-orthogonal, we deduce (f,v) = 0, i.e. f L ker (£;). The sought function
is then Qpu, with u given by the closed range theorem.

Step 3. The estimate (4.4). Recall first that for a linear self-adjoint operator A acting on a
Hilbert space, the well-known estimate

A~ < dist(0, o(A)) !

holds, where o(.A) denotes its spectrum. The self-adjointness of ‘Q,L;Q;, is shown in lemma
4.3(b), so we need to bound dist(0, U(EQkLkQ,i))’I.

For a fixed w the spectrum of Ly is given by U jeN{(Jsz'(k) — wz} as shown in sections 2.2 and
2.3. The application of the projections “Q; and Qf yields 0(Ly) = U jen g,y {wj (k) — w?}. By
our assumptions on the band structure (A3) we infer that each of the remaining eigenvalues has
some positive distance to w.., hence for all j # n. we have infiep |w3 (k) — w?| =:m; > 0. Since
the map j — w;(k) is increasing for every k € B fixed, m :== minj.,, .., m; > 0is well-defined
and we infer

QL O} ||kaL:2ﬁﬁQ;H#(curl2)

JEN] ey ny keB

-1
2
< dist(0, 0 (‘Q, L 05) ' < 2(A min_inf |w3(k) — w2> = =C
1

for all € small enough. (]
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Remark 11. Notice that without the projections estimate (4.4) does not hold even if
Q € {—1,1} is chosen such that w = w, + £ lies outside the spectrum. The operator L
would be invertible but by (4.1) we would only get dist(0, o(L;)) = O(¢?), whence HL,:1 || would
not be bounded uniformly in .

Lemma 4.3.
(a) The operator ‘P Ly : Hy (curl?, Q) — Lit(Q) is symmetric.
(b) The operator Ly, : H#(curlz, Q) — EQ,{Lgﬁ,E(Q) is self-adjoint.

Proof. (i) Letv,w € Hy(curl®, Q), then

(‘P Lyv,w) = (Pelyv, €w) = (Liv, pu, (-, k)Y {pa. (-, k), €w)
= (v, Lgpn. (. K)) (epn. (-, k), w)
= (v, €pn. (-, k) (wn, (k) epy, (-, k), w)
= (v, €pu, (-, k) (Lipn, (- k), w)
= (v, €pu; (. 0){pn, (. ), Lyw)
= (0, €pn, () (Liw, pa, (K)) = (v, “PyLiw).

(i1) First we claim that for v € Hy (curl®, Q) one can rewrite £ as
Liv = Liv — (Wi — w0, €pa, (-, k) €pa, (-, k). (4.5)
Indeed, recalling the expression of the projections “Q, and Qf, one finds

Liv = QL Qv = LiQpv — (LkQyv, pu, (-, K))€pn, (-, k)
= L (v — (v, €pu, (- K)) pu, (- )
= (v = (0 epu. (. R)Pu. (. K)) L, (1 K))€pu. (- K)
= Lev — (0, €pn, (- K)) Lipn, (-, k) — (v, Lipn, (-, K))€pn. (-, k)
+ (Vs €pn. () (Pa. (5 K), Lipa, (K €pa. (K,
having used the symmetry of L; on H#(curlz, Q). Identity (4.5) is then proven recalling that
P, (-, k) are normalized as in (2.11) and Ly p,. (-, k) = (w? — w?)ep,, (-, k).

Next, we show that D(L}) C H#(curlz, Q), where £} denotes the adjoint operator of L.
Let ¢ € D(L}), then there exists 7 € L,(Q) so that (Lyv, ¢) = (v,n) for all v € D(Ly) =

H#(curlz, Q). Using (4.5) and reorganising the terms, one obtains

(Liv, @) = (0,1 + I = W) (¢, P, (. ) epn, (-, K)) =t (v,17) (4.6)

with 7 € Lit(Q). This means that ¢ € D(L}) = D(Ly) = H#(curlz, Q) since L is self-adjoint
[8].

Finally, for ¢ € H#(curlz, Q) one has (Lyv, ¢) = (v, Ly¢), therefore from (4.5) and (4.6)
one infers

(Liv, d) = (v, L) — (w7 — w){(v, €, (- 5)) (€pu, (-, k), B)
= (v, Lxp — (WI — W) (D, €pa, (-, K))ep,, (-, K)) = (v, Li).
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This implies ¢ € D(L;) and that £ is symmetric. Having proved that D(L;) = Hy (curl?, Q) =

D(Ly) and the symmetry, we conclude that £y is self-adjoint.

O

Decomposition of the solution. We decompose the solution u of (4.2) using the above

projections as
u(x, k) = v(x, k) + w(x, k),

where

5()(’ k) = Pliﬁ(x’ k) = <ﬁ(? k)’ 5(')Pn*(" k)> pn*(x’ k) = U(k)pn*(x’ k)

and
w(x, k) := Quu(x, k),
and where we have defined
Uk) = (-, k), €()pn. (-, k).

We note that U is A-periodic because u(x, -) and p,, (x, -) are quasiperiodic.

4.7)

Now we suitable project equation (4.2) and find an equivalent system of two equations, the

linear part of which is decoupled. On the one hand, applying Py to (4.2), we find

WHF@) (-, k), pa, (- K)) = (U, k), (Vi x Vi x —we()) pa. (-, k)
= (u(, k), (wy (k) — w?) €()pa, (-, k).

By the definition of U we have
(w2 (k) — w?) Uk) = W (F@)(-, k), p. (- K)).
On the other hand, we get
QL QL (x, k) = w* “Qy f (@) (x, k).
Indeed, Lyu(x, k) = Ly (v(x, k) + w(x, k)), where w(x, k) = Qfw(x, k) and
QLB (x, k) = “Qy (U (wy (k) — w?) €()pa, (-, b))
= U(k) (wp. (k) — w?) (I — €()PY) (e(-)pa, (-, )
= U(k) (w} (k) — w?) (e(-)pu, (-, k)

- 5()<6()Pn*(’ k)’ Pn*(" k)>pn*(’ k))
=0

by the normalization (2.11) of the Bloch eigenfunctions.
Next, we decompose w further into

ﬂ}l(x’ k) = ﬁ}/()(x’ k) + iUVR(xa k)3
where w( and wg solve the equations

‘O Lk Qo (x, k) = w* “QuF(9)(x, k),
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‘O L Qi ir(x, k) = w* Q(F (i) — F(D))(x, k). .11

The system (4.8), (4.10), and (4.11) is an equivalent reformulation of equation (4.2). We
search for a solution u (represented by the variables U, wy, wg) which is close to the Bloch
transformation of the formal ansatz u,,s. In detail, for the sought solution the components w
and wp, are small and U is concentrated at the points k', j = 1, ..., N and near the concentra-
tion points k' it approximates A j» where A is a solution of the CMEs. The Bloch transformation
of the formal ansatz is

(@) S
Tlans (X, K) = Z A <u> Pu, (x, kD)l (4.12)

j—l KeA*

o A ~ . ~
using (2.25) and the fact that (A(e)elkm‘) (k) = e 2A(e " (k — k). Since A (=~ (k — kD))

is concentrated near k = k', we decompose U on BB into N + 1 parts with the first N being
compactly supported in the vicinity of one of the points & and the last one supported away
from all k. This is then extended A*-periodically onto R?. We write

N -
1~ (k—kO ~
Uk) = Z _B ( = ) +Ck), keR?

k=1

where

kWD N N
supp (Bj ( Ek )) NB=B.. (k") and supp(C)NB = ]B\U B (kY  (4.13)

j=1
and where C is A*-periodic and B ;is e 7' A*-periodic on R?. That means
Ctk+K)=C(k), Bjtk+e'K)=Bk) forall K € A*and k € R%.

Here r € (0,1) is a parameter to be specified to suit the nonlinear estimates. Moreover we
define B} and C* as the restrictions of such functions to the periodicity cell, i.e.

TB;‘ = Xg*l]BEj and C*:=ysC.

We point out that in B ; and C the 7 notation does not refer to the Fourier transform of
given functions B}, C; it just stresses out the connection between B jand A J» the latter of course
being the Fourier transform of A ;. With this further decomposition the sought solution has the
components Ej close to A ;j and the component C* small. Note that A j»J=1,...,N, satisfies
equation (1.10) transformed in Fourier variables, i.e.

QA,(k’)—((k’ )20%, win (kD) (K, )Zabw,,*(k(ﬁ)ﬂk’kzaklkzw,,*(k@)) JKY+N () =0, K eR2.

(4.14)

The aim now is to apply a fixed point argument to solve system (4.8), (4.10), and (4.11),
which is of course coupled in the components (B )Y =10 C, wy, wg. The equations for the compo-
nents wy and wg both involve the linear operator QkLka, see (4.10) and (4.11). This operator
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is boundedly invertible on its image by lemma 4.2, and the bound on the inverse is independent
of €. This is thanks to the fact that the projection Qj, projects the Bloch eigenfunction p,, out.
We will also make use of the notation

N 1~ (k—kO
Up(x, k)= Tp,(x,k) where Tp,(x,k):=—B; ( ) pu(x. k) (4.15)
’ 3 3

=1
and
Te(x, k) i= C)pa, (x,K).
We can thus write
v(x, k) = vp(x, k) + velx, k).
Inspired by the strategy of [9, 12, 13], our algorithm to construct a solution u € & of

problem (4.2) is the following nested fixed point argument.

(a) For any given v bounded, determine the unique small solution w of the linear problem
(4.10) by means of lemma 4.2;

(b) For any given v bounded and wy from step 1, apply the Banach fixed point theorem to
(4.11) in a neighbourhood of zero to find a small solution wg;

(¢) For any given N-tuple (B Y- with (IAij)f}’:1 decaying sufficiently fast, find a small C with
support as in (4.13) applying the Banach fixed point theorem to (4.8) on this support;

(d) For C given by step 3 prove the existence of such solutions (E}f)l}':l to (4.8) which are

close to (2 j)’}’: , and have the support as in (4.13). It is here where the restriction to a
‘PT-symmetric subspace is used.

The rest of the section carries this algorithm out.

4.2. Preliminary estimates

We define for convenience L? := L*(R?) and L}, := L} (R?) (the weighted space L} (R?) defined
in (2.28)).

Lemma 4.4. The following inequalities hold

N
‘WBH% < CZ HBJHLZ(E*IIB)’ ‘WCH?fz Sc HC||L2(B)~
j=1

Proof. Using the regularity resultin lemma A.3, we have || p,, (-, k)|| 2o, uniformly bounded
in k € B. Therefore,

‘|5C‘|Xz < ess SupkeB”pn*("k)”HZ(Q)”C”LZ(IB) <c ||CHL2(IB)’
1
[05][x, < ess Supke]BS”pn*("k)”HZ(Q)gZ

- [ — kD
> [ ()
Jj=1
N N % N R
Scz (/ |Bj(¢)2dt> :CZ”BJHLZ@—IB)-
j:l 571]}3 j:l
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Note that in the first inequality for |7z | v, the k'-shift of the k-integral is allowed due to the

periodicity of B;.

O

Clearly, the estimate in lemma 4.4 is O(1) in €. In estimating the residual below, it will be
necessary to show the smallness of the nonlinearity in the A>-norm for € small. Inspired by

(33) in [14], the next lemma produces this smallness for the components vp if sp > 2.

Lemma 4.5. Letsp > 2. Fora,b € {1,2,3} and vp defined in (4.15) there holds

N
Tsatsnslla, < ce 3 1B 13, 1Bz, -

ij=1

Proof. Fora € {1,2,3} we define vg, := T '0p,. First,

—~

H%,a*]ﬂﬁ&b“%{z = ||'UB,a'UB,bH%(2 < CHUB,aUB,bH%,z(Rz),

by the isomorphism (2.26). We now claim that

N
H’UB,a’UB,bH?_IZ(RZ) < 0542 ||Bj(€)Bj(E)||§12(R2)3
i,j=1

where B; := (Bf)" fori € {1,...,N}.Indeed, for i, j € {1,...,N} one has

2
dx

||’UB,-,a'UBj,bHiZ(R2) < CE4CSS SupkEBHPM("k)ch/ZH / 1 El(ﬁ)eia‘;w dk
C e~ 'B

=i
< 054HB,’-‘(E-)Bj(E')HiZ(((ﬂ)’

v (UB,',aUBjJ?) HiZ(RZ) < cetess supyep|| pu. (0|10

« / 11

R

< Y|B; (e)B (e 3 e

2
dx

/ (1 + ier)Bi(K)e™"* dk
e 1B

and analogously one infers

Hvz (UB,',aUBj,b) ||[242(]R2) < 54‘|B7(E)Bj(€)‘|?{2(R2)

(4.16)

4.17)

Notice that here we used the regularity estimate for the eigenfunctions given by lemma A.4.
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Therefore, combining (4.16) and (4.17) one finds

N
[opa*pms|%, < ce* Y IBi B e,

ij=1

N 2
:cs4Z/RZ(1+|k\2)2‘(B,»*(E-)Bj(g.))A(k)‘ dk

ij=1

N 2 N 2
gce“zAzl(Bj(g.)Bj(g.))A(k)’ dk+ce4Z/R2\k|4‘(B;‘(g-)Bj(e.))A(k)’ dk
ij=1 ij=1

N N
. . 14 o EENE
26542\|B,.<g->Bj<s-)||§z(R2)+cs4z/Rz|s | ‘(BiBj)A(s lk)] dk

i,j=1 ij=1

N N
A
<ee® Y |IB 1711}l 72gme, +c2° Y 1I(BiB)) Hig(Rz)
ij=1 ij=1

N
< ce’ Z HB;F||12-12(R2)HB}F‘||12-12(R2)
i,j=1

N
2 F (2 F (2
< ce Zl HB?||L%(R2)HB;”L%(R2)~
i,j=

Notice that we have used the embedding H*(R?) < L>(IR?) and, to conclude, the isomorphism
property of the Fourier transform between H*(R?) and L3(R?). O

For the analysis of the nonlinearityv we need to calculate the double convolutions 17a*135b*m%c
(fora,b,c € {1,2,3}) appearing in F(v). We have

(Va*mUp*aT.)(x, k) = /

B

( / Talk — 5 — 1, X)0p(1, x)dt) Be(s, x)ds

B

= / / Valk — 1, X)0p(I — 5, x)V(s, x)ds dI (4.18)
2BJB

using the transformation [/ = s + t. Also note that the integration domains 2B and B can be
both shifted by an arbitrary k., € R? due to the quasi-periodicity of ¥, v, and U, with respect
to the variable .

Lemma4.6. Let lAi’j S L?B(e‘l]BS) with sg > 1 and Ce L*(B) have the supports as in (4.13).

Then
. N N
IF@)|a < ce® | > 1Balliz [1B5 2 1B5 1] 2, + > 1Bz [1B5 .2 1€ 1.2
a,By=1 a,f=1
N
+eey 1Bz, ICT 7 + ¢ [IC7 13- (4.19)

a=1
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For 17"(53) we have for eachd = 1,2,3

3 /
N ~ (k= (k@ + kD — )
Fapx b=y x& 0 § / 1 / 1 B( . —1
7 -1BJe-1B

ab,c=1 a,fy=1

Byl — ) B(1) pual b — kP 4 k) — el

(6 kD el = 1) ppe(x, =k + 1) dr dl (4.20)
and the estimate
N
IF@lla < e > IBalliz, B3z IB: 1.z (@.21)
a,By=1

Proof. First, notice that

~ (€)
Tp(x, k) = ZB (k +Ek ) P (x, ).

]_

Indeed,

B kO .
vp(x) = —Z/ ( )p,,*(x, kye % dk
(@) .
_ 72 / ( —krk ) Do e dk
N .
1 = (k+kD\ ———
= - B; n, (x, —k)e™ " dk
6;/@,( = )p,xx e

and finally we use the symmetry p,, (x, —k) = p,,(x, k), see (2.12).
Similarly,

e, k) = CR)py. (x, k).

We start with formula (4.20). Using (4.18), we have

o (k=1—k@
F (0p)(x, k) = ¢ G (x / / Ba<7>
a(0B)(x, k) Z Xabea™ Z Dk JB—k) <

a,b,c=1 a,By=1

o (=t —kDPD\N =~ [+ kD
‘B, ( ) B, ( +€ ) Ptk — Dpa (6, L — D)pac(x, 1) dr dl,

3

where we have used (4.18) and the fact that due to the quasi-periodicity in k the convo-
lution domains can be shifted by arbitrary k, € R2. The transformations ¥ = ¢~ '(t + k),
I'=e'(I — kP + k) produce (4.20).
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The estimates (4.19) and (4.21) are proved next. Let us denote ||x|;2, =
3 . . :
MAaXypcde{1 2,3} ||X,E/3L 4ll#2(0)- Using the assumption on x® in (A5),

IF@ 2, < elx Pl max l1pn.allixe e

e{1.2,
__(a) B
> (1L lk)Bﬁ(i“k)
a,By=1 B €

~ )
« B, (Hk )drdl
a,B=1

k—1—k© I—t—k®
x B, <7> Bg (%) C(r)dt dl

@\ ~
( =k )C(l—t)C(t)dtdl

dk + e~

2
+¢€

2 P
dk

Clk — DO — HC(rydr dl
B

N
<cle Y |BaxpBax1pB, o p, + &

a,By=1
S
27 1B €
B /5’W&/5’WB

x By (I — 1) Clet)dl I

a,f=1
2 N
dk+562/
a=1

2
dk

S =
< B, ( = - z’) Cle(l — ))Clet)dl dI
1
2 2
+ / dr|
B

where we have used again transformations of the type ¢ = £~ '(t + k) and the fact that the
convolution domains can be shifted by arbitrary k, € R2.
Next, for j € {1,...,N} and m € N we introduce notation for B and C restricted to m?

periodicity cells. In detail, let

/ / Ctk — DT — HC(tyde dl
2BJB

B;"l) = Xme*l]BBj’ C(m) = XmpC.
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Note that E;l) = IAS’}‘ and C) = C*. With this notation we have

N N
~ ~ ~02 ) ~ ~0 =
IF@) |2y <c |t > B #BY B o, +€° > 1B # B  C*(e) | oy
a,By=1 a,B=1
N ~ ~ !
+e ) B * CPe) T (ellga,+ 1€V % CP 5 C'lfaay | -

a=1

where * denotes the convolution over the full R2. Using Young’s inequality for convolu-
tions and the fact that (due to the periodicity) ||B](m)|| w2y < ¢ |B|| o2y and [[C|| o2y <

c||6*\|y>(mg) forallme N,p>1,and j=1,...,N, we estimate

HB(?) * Bé ) B'yHLZ(RZ) <c ”BaHLZ(RZ)”BE’HLI(]RZ)||Bq/HL1(R2)’

D D2 = D Dk Sk

HBS) * Bé ) C' )z < clIBLllp@ay 1 Bs @)l CH () | 2may»

Hﬁc(?) * C(z)(e') * E*(e')HLZ(RZ) <c HEZ||L1(R2)HC*(S')HLI(RZ)HC*(S')HLZ(RZ)’

IC® % C? % Tl 2@2) < ¢ IC* | 2@y 1C7 171 sy

Finally, we arrive at (4.19) by using ||C*|| 1) < ¢ [[C*] 2@)»
1€ ey = 6_1||C||L2(IB%)’ 1C* @y = 6_2||C||L1(IB%)’
and
1B 11 g2y < € HB;”LSZB(]RZ) if 55 > 1. (4.22)

The last inequality follows from

1Bl = [ 1+ o2+ ey B

< ( / (1 [t dz) 2 ( / 1+ |r>2f8§;<r>|2dt) g
R2 R2

where the first factor is bounded provided sz > 1.
Estimate (4.21) is clearly the first part of (4.19). ([

For the whole analysis of the components wy and wg we assume that for all sufficiently
small € > 0 and some sz > 1 we have

1C* M2 = ICll 2@y < coe™ "
and
HE;F'”L%B = ”EJHL%B(s*I]B) <c forall je{l,...,N} (4.23)
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for some constants ¢y, ¢ > 0. The regularity parameter sp is chosen below in order for the
required estimates to work. Notice that under such an assumption the terms involving C in the
estimate (4.19) are o(e?), provided r € (0, 1].

4.3. Component wq

Under assumption (4.23) with sg > 2 we solve the (linear) equation (4.10) for w, and derive
an X5-estimate on wy.

Lemma 4.7. Let sg > 2 and assume (4.23), where Ej and C have the supports as in (4.13)
with r € (0, %]. Then (4.10) has a unique solution wy € X, with

[@ol|x, < 1l F@)|l2, < 267, (4.24)
where ¢, c; > 0 and c; depends polynomially on ||IA3§HL%B, ||6*||Lz forallje{1,...,N}.
Proof. By lemma 4.6 and assumption (4.23), we get for the right-hand side of (4.10)

I°QF @)L, < c|IF@)]a, < €2
if 5—4r > 2 and 6 — 6r > 2, which hold for r € (0, %]. Here the constant ¢ depends poly-
nomially on ||IA3;\|L3B, je{l.....,N}, and ||C*||;2. Lemma 4.2 produces a solution (-, k) €
Q¢ Hy (curl?, Q) with

H@OHLZ(JB,H#(curP,Q)) Sc¢ Hﬁ(a)HLZ(IB,LZ(Q)) < c|F@)| 2. (4.25)
For an X -estimate we need to control also the divergence V) - wy. First note that

Oy (ewo) (-, k) = ewo (-, k) — (ewo (-, k), pu, (-, K))epn, (-, k).

Taking the divergence V- of equation (4.10) produces
Vi = & (<94 QF® - Vie- o~ ( 5V x Vix b
- ewo<~,k>,pm<-,k>> 7 (epm(-,/o)) .
Due to (AS5) and the regularity p,, (-, k) € H*(Q) for all k € B given by lemma A.3, we have

V) - (-, k) € L*(Q) and hence (-, k) € H'(Q).
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This allows us to estimate the X-norm

1@ollay < € (IToll 2y oy + 1V - Bollx, )

-~ ~ 1 ~
<e (|F<a|x2 F IV OF@ g + | 594 x Vi .

- 6/EUVO(" k)’ pn*(" k)>

+ Ifﬁolzco>
L2(B)

<c (IF® |, + 195 - Fdllx, + IF@x

+ 1 @oll 2.1y 2.0 + WOHXO)
< c[|F@)|
where in the second and the last step we used (4.25). The X,-estimate is analogous:
1ol 4, < ¢ ([[@oll, + Vi x Wollay + [V - Wollx,)

< (IF@ |, + IV x @oll 220
IV X Vi x Bollson + IV ol )

< c[[F@)][,-
Note that in the second inequality the divergence V) of V) X wy vanishes and in the last
inequality the estimate of ||V}, - wo|| v, is analogous to the X estimate above. O
4.4. Component wgr

Next, we keep assumption (4.23) and solve equation (4.11) for wg via a Banach fixed point
argument with v satisfying (4.8) and wy as just obtained in section 4.3. We show that for
r € (0, 1] asolution of order O(e?) (in the X>-norm) exists. We write

Wg = (kaLkQ,i)*‘oﬂ ‘O (F(0 + o + bg) — F(D)) =: G(1ig) (4.26)
and we aim to show the contraction property of the map G in the ball
Bt ={f € %||fllx < K"}
for suitable values of K, 7 > 0. Applying the algebra property (2.27) of &>, we get
I6@ole <c | > (ITwrstlla, + sl )
abe{12,3}

% ([[wolle, + |kl ) + llol%, (15ll, + | @r|l2,)
+ k|, (012, + Dol ) + 7], oL, | Dkl + 0, + |kl
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Recalling lemmas 4.4 and 4.5 we first have for any a,b = 1,2,3

10a*B0b || 2, < [VBa*BUBL| 2y + [UBall2s [[Vchll 2y + [Vcallx, U85l 2, + 1Vcall 2 [[Ucs |2,

N N

<o 1Bz, 1Bl + ¢ 1B iz 1Cll2my + €€l
ij=1 i=1

g c (8 _|_62—2r _|_64—4r) )
Therefore, recalling (4.24), we obtain for wg € BXjn
|G(@R)||x, <€ [(e 4+ + ¥ ) + Ke) +e*(1 + Ke™)
+K%e¥(1 + &%) + Ke* ™ + % + K&
<@+ (& + K"+ KM,

where the second inequality holds for all r € (O, %] and ¢ is a constant depending just on the

norms H§§||L§B, je€{1,...,N},and co. Choosing y = 3and K = ¢ + 2, then G : B;2 xon —> BKJ,
ie.
|G(wr)|| 2, < Ke. (4.27)

Next, we address the contraction property. For #) .= 4 @y + @, j € {1,2} we have

1G(wg") — G 2,

<e [ max  (|[5sTillg + [Tl ) + ol + 175 1R,
a.

be{l1,2,3}
—2 1 2 ~(1 2
+ @13, + 10l g 2 + 1192 I(?)||X2:| lwg” — @ v,
<ce| @y — Wy | ay- (4.28)

The contraction thus follows provided ¢ is small enough. By the Banach fixed point theorem
there exists a unique solution to equation (4.26) for wg which satisfies the estimate

g2, < Ke?. (4.29)

For later use, we need also to show the Lipschitz dependence of w on v and v¢.

Lemma 4.8. The map BXZ(O) x B2 JEn 5,(0) 3 (Vp, v¢) — w(vp, vc) € B (0) is Lipschitz-
continuous for any p >0 and € > 0 small enough. The Lipschitz constant Cy satisfies
CL.=0()ase—0.

Proof. Let 7V =@, 5¢), 7@ = @5, 0¢)) € B2(0) x B 2 ,(0) and for i€ {1,2}

0 = We(@™) as solutions of (4.10) and WY = Wr(D (’)) as solutions of (4.11) with

define w,
Wy replaced by @,". Such functions are well- deﬁned since 0 € B;2(0) x B "5 2,(0) implies
that the respective coefficients B(’) C fulfill assumption (4.23). Since ||w(1) 52)” x <

cl|F@V) — F@®)|| v, we obtam similarly to (4.28)
(1 2
5" — @57 ||, < cel[" = T2 .
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For w ,({) we have
QLY = w0 (F@¥ + 6 + o) — F9))
and again with analogous computations as in (4.28) we then get
17 - TN, < c= (150 = 5@, + 17 = T )

which leads to the desired estimate. O

4.5. Component c

So far, we have completed the first two steps of the initial program: under assumption (4.23) we
inferred the existence of a small solution w of (4.9). Now we have to deal with the component
v, i.e. the projection of u onto the mode p,, . Recall that our aim is to find solutions v with B}

close to the coefficients A j from the ansatz (4.12) and with C small.
In this section we assume r € (0, 3], choose an arbitrary (B;))_, with [|B}|| 12,2 < cforall

j€{l,...,N}, and seek a small C. Recall that 7t = ¥ + @ = Vg + V¢ + w, where Ug is now
fixed and w is determined by sections 4.3 and 4.4. Hence, we write w = w(v¢) suppressing
the dependence on vp. R

Since the support of C* within the Brillouin zone B is in B\U_, B.-(k'), we introduce the
characteristic function

Xy =1— EN: X5 (k) (K-
j=1
The equation for C then reads
Ck) = (wn. (0% — ) WX R (F @8, k). o (-, K))
+ (Wi, (k) = ) '’ x )
% ((Fe@is + e + i) — Fin)) (K. pa. (1)
=: Ty (k) + T>(k). (4.30)

In order to enjoy the algebra property of X;, s > 1, we multiply both sides of (4.30) by p,. (-, k)
and apply a fixed point approach to the resulting equation for v¢ in a small ball in 5.

ve(x, k) = Ti(k)pn, (x, k) + To(k)p,, (x, k) =: H(vc)(x, k), (4.31)
which we aim to solve in the ball
By o ={f € Xa||lfllx, < K¥ 7}

for some K > 0 and all € > 0 small enough.
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_ We have isolated the leading order part F(vp) of the nonlinearity in the term 7';. Note that
F(vp) is concentrated only near a finite number of k-points, namely

supp(F(Up)(x, ) N B C B3 (S),
where
S={keB:k=k@ +kP -k + K with o, 8,y € {1,...,N}, K€ A*}.
We write
S=S8.US,, where S.:={k®", . .. k™}.

S. is the critical set as it lies in the level set W,,, . Note that x¢(k) = 0 for each k € B.-(S,). We
split 7'} accordingly

Tl - Tl,c + Tl,nc’ Where Supp(Tl,c) - B35’(Sc)\BE’(Sc) and Supp(Tl,nc) C BSE’(Snc)~

We estimate these components separately.
First, we estimate the factor (w? — w,, (k)*)~!. Due to assumption (A3) we have

|(w? — w,, ()7 < ¢ for k € supp(T ). (4.32)

On supp(7'; ) we use the locally quadratic nature of w,, (k) neark = k&, j = 1,...,N. Indeed,
as wy, has an extremum at each k. we have

V (wn, (0)%) [k ) = 2w, Vw,, (k) = 0.
Moreover,
V2 (@ (%) [jmitp = 20V, (kD) + K(wy (D),

where

K, ) = (( (81w,,*)2 (Drwn,) (82w,,*)> ,

alwn*) (azwn*) (32wn*)2

the determinant of which evidently vanishes. Using (A4), we deduce then that the Hessian of
k — (wn.(k))” is definite at k. This in turns implies that

|wn, (k)* — w?| 7! < ce™®  fork € supp(T}..) (4.33)

for £ small enough. It is mainly here where assumption (A3) is used. If {k, ..., k") was a
proper subset of the level set W,,,, then supp(7';.) would intersect W,,, and |w,, (k)* — w?|~!
would blow up on supp(7' ¢).

The estimate of T'; ,,. follows directly from (4.32) and (4.21). We get

N
ITinepn e < e 3 1Bz, 1Bz, 1Bz, < e (4.34)

a,By=1

using (4.23).
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For T . the estimate (4.33) causes loss of powers of € but we gain some powers by assuming
a fast decay of B . In detail, define the weight A ;(k) .= (1 + M) B. Then analogously to

the proof of (4.21) in lemma 4.6 we have, due to (4.33),

N N
ITrepn ]l <230 3" sup i) kD + 2B+ By B2
=1 a,fy—=1keB.r (kD)

N
<o S B s 1By B,
a,By=1
< 2 rH(-nsp (4.35)

The estimate of the term T, is more delicate as T is nonlinear in v¢. Since ||Vg|lx, < ¢
- N
by assumption, we get W € B;{ZZ as a solution of (4.9) with K dependent on (HBjH 2 ) ,
B/ j=1
provided ||oc||x, < Ke*~". We show now that such 9¢ exists. First, similarly to the map G in
section 4.4 and taking into account (4.33),

1T2pu ||y < e |F ) — F@)llay < e | [105]|, 15 s 0L,

+ 1011, + 19113, (1Psllx, + 19cll2) + Pcll, @],

+ Y (IPsarsollay + [FparaTmollas ) L,
a.be{1,23}

+ > 001.a*BU s p*BV el | - (4.36)
ab,c €{1,2,3} py,u2.u3€{B,C}
(p112.413)7#(B,B.B)

We may apply the algebra property of X, and lemma 4.5 to treat the convolution terms. For
vc € B;f:z,z, we obtain

H%,-,a*lﬂsj,b*]ﬂa%cm,cHXZ < 108,a8U8 0|1 2, Vel 2y < @77,

[08,.0%B0C;6%80C,e | 2 < |TB,all 2, 100112, 0|2y < ¥,

D¢, a*BUC,5%BVCcll 2, < [0c,all 2 1Tc6ll 20 [Ty ell2y < e

Analogous estimates hold when the complex conjugation is moved onto another term. From
(4.36) we then get

I Tapn ||, < ce™ (472 + €8+ 40 + 277
_|_66—4r + 63 4 63—2}’ 4 64—4}’ 4 66—6}')
<e’™, (4.37)
since r € (0, §].
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Combining then (4.34), (4.35), and (4.37), we obtain
‘|H(5C)||X2 S c (62 4 e(l—r)s3+2—2r + 63—4;-) .
Since for r € (O, %] all exponents are greater than or equal to 2 — 2r, we get

B, — B

Ke2-2r

with some K = K (HE*HLZ oo Byl )

We address now the contraction property of the map . Take 7

consider @ :=w(vY) for i € {1,2} as given by sections 4.3 and 4.4. We
M@y

| (2@ = T2 ol

< [l | Vxat) — @ Pxat
+ | @ Vxp@ Vgl — @@ pw @ a0 2,
+\|1E(1)*Bvé)*]35(l) w(z)*Bﬂ(Cz)*B%g)HXz
+ > (IBassTnslas + [FnarsTasl ) 158 -
a.be{1,23}
+[Usl 0196 *8 0 — B *30¢ |,
—|—||vg)*]3vg)*]358) vg)* véz)*BU(Z)H 2}.

All the terms are then estimated in a similar way, e.g.

\|1ﬂ(l)*gﬁél) —a®? *BU(Z)H
~( 2 2 ~
<@V 156" =T 2, + 108 2[00 — @,
< Bl = 8l + K5 — @)
<c @+ ) 9 = 5w
where we applied lemma 4.8 in the last step. Hence
HH(a((jl)) _ H(ac(?))HXZ g 6(62—2}’ + 63—4}’)“;{}/&1) _ 522)”/,{_2’
i.e. a contraction for € > 0 small enough due to r € (0, %].
As a result, we obtain a solution v¢ € B;:;z,z, of (4.31),
K (||z§1 o HTBN”L%B)’ and in turn the estimates
[Tcllay < e
and

ICl| 2@ < >
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c Ve

€ B®

Ke2-2r and

aim to estimate

’H(~(2))|| x,- Clearly, T is independent of ¥¢ and similarly to (4.36) we infer

~(2)||
A

where K =

(4.38)
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Indeed, (4.39) follows from (4.38):

1
2

~ -1 .2
1€l < (rkrleiéllpm<~,k>||f,z(g)) ( [ Jewl |pn*<-,k>|zz(g)dk)

S chﬁC”/\’z S C€272r.

4.6. Components §,~

We finally address the component vp of the solution u and with w and v¢ found above we

AN
solve for such v, for which (B j) - 1 of the CMEs (4.14). As
=

a result the component vg is the dominant part of the solution u.

Equation (4.8) on the compact support of IABj can be rewritten as

_\N
is close to the solutions (A j)

k— kW

(wy, (k) — w2>§§;‘» ( ) = W (F@(. k), pu. (k). k € Br(k)

or equivalently

2y 2 b1 _
wi (k) — w5, (k gk j) = WXk — KOYE@,K), pa( ), k€ T2 (4.40)

e J

where we define x., == X5_)-
Expanding the eigenvalue w,, near k' by assumptions (A3) and (A4) as

1
wn*(k) = w, + E(k _ k(ﬁ)TVan*(k(ﬁ)(k _ k(ﬁ) + w,(k),

where |w,(k)| < C|k — k3, and then recalling (4.1), we obtain
k— kONT k— kO
w2 (k) — w? = *w, (( . ) V2w, (kY (T) —2Q | —*Q* + wr(k)

with

lwr(k)| < Clk — kY. (4.41)

Inserting this into equation (4.40) and defining ¥’ := “£ we obtain for ¥’ € B_, 1(0)

15

w, ()TV20w,, (kD) — 29) Bi(K)

2 ~
- %Xa,rﬂ(k')(F@(-, kD + ek), pu. (kY + k)

w? ~ ~
+ X1 ((F@ = F@) (kD + K. po. (kD + k)

1 .
- (wr(kD + k') — £*Q) Bi(K). (4.42)

5296



Nonlinearity 34 (2021) 5261 T Dohnal and G Romani

Now we estimate separately the terms on the right. We will see that the second and third terms
are small, while the first one recovers the right-hand side of the CMEs (4.14), so that (4.42)
may be interpreted as a perturbed CME system.

First we deal with the third term of (4.42). By (4.41),

k) D)
OJR( +é€ )Bj
€

L2(c~'B)

1 -
=~ ( / |lwr(k? + ek [*|B(K)[* dk’)
e IB

K|° -
e’ / R s B v
( B, o (L [k EDZI,00!

K?
<ece? sup ———||BY
X C ‘k1‘<5—1(1+‘k/‘)58 || jHL%B

1
2

< ce2—max{0.(1-nG—sp)} ||§7 HL§B~ (4.43)

To make this term o(1), we need that 2 > max{0, (1 — r)(3 — sp)}. This is ensured for all r €
(0, 1] as long as we take s5 > 1.
The second term in (4.42) is estimated similarly as in section 4.4. Indeed,

2
H % <(f<’ﬁ> - f@)) (kD +el), pu. (kD + €k)))

L2(c—1B)

2

< w’eless supep [ pu. (5 Bl 20)

1

x ( / N (F@ - F@) (k0 + sk’)liw)dk’)

<ce™! (/}Mkml (IN’('LY) = 7’(5)) R pgE ™ dk)

= ce ?|F@) — F@)| 2, < ce, (4.44)

. N
where the constant ¢ depends just on (HB}‘ I LEB) L The last inequality is given by (4.27).
=

Let us now address the first term in (4.42) on its support K € B_-1(0). Equivalently we
consider k € B.-(k'”) and split the term as follows:

(F@)(, k), P, (-, b))
= ((F@) — F@p)(-, k), p, (-, )

N
o (k=1 —kON 5 ([—t—kD
+573 / /Bu ( )BS ( )
a,g/::l 2BJB € ‘ €
3

Z (B"’b""d(k,k B N ) drdl

87,0
ab,c,d=1

)

= [(t+kD
b ()
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3 N g
i - = k@\ < kBN ~ ()]
+e2 3 e‘{gﬁ;‘;"./ /Ba (k ! )Bg(l -k )Bﬂ,(wk )dzdl
B wJE 5 ! £ ! £

abed=1 a1
=W, (k) + War(k) + W (k), (4.45)
where
Bebed (ke k — 1,1 —t,1)
= (X PreaCok = Dyl = DG =0, pua-, k)
and

bed . ¢ (
O = (XD, Kt k)X KO, K D) )

= (X P KNP K D)% py G20, py i KD))

=B“5o (kD k@ — Ko g1 kD, —kD) (4.46)

a,B,7,j

with Ko 3, 1= KO L k@ _ ) _ O,
The aim is to show that e ='Wy and e~'W, are small and that "< x.,(- — k")W5 is the

Fourier transform of the nonlinear term /\/j in the CMEs applied to (TB*, o ,E*\,) and evaluated
ate (- — k).
First, W, is estimated analogously to the term 7, in section 4.5 producing

HWl HLZ(IB) < C6372r. (4.47)

For W, we take advantage of the Lipschitz continuity of b and of the asymptotically small
support of the double convolution of the B’s. We rewrite

3 N

| /
e~ 1B+k M —k D) J e~ 1 (B+k)

abed=1 apy=1
X Bok' — DByl — )B () - (B4 (k) + K/ k)
— Koprjte® —1),kP+ el — 1), —kV+ el
_ Baqbsch(k(ﬁ’ k(@ _ K(lﬁ%j’ k(ﬁ), _k(v))) df ar
using the obvious changes of variables and the e ' A*-periodicity of B,,a € {1,...,N}.Next,

we exploit the fact that the map (ky, ko, k3, k4) — B“P“4(ky, ky, k3, k4) is Lipschitz continuous
with respect to all variables, i.e. there is C > 0 such that for all ¥, /', 7 € e B *

Bk + ek, k@ — Ko pojt+ e — 1),k D+ el — 1), —k+ et
— B, kW= Ky kD, —k )|
< Cge (K| + K =1+l ={|+]|])
<2Cge (K =1+ |1 =1 +]7]).

5298



Nonlinearity 34 (2021) 5261 T Dohnal and G Romani

where we have omitted the indices of b for brevity. Therefore

Wk )l 21

N
<e D (2lrBal+ 1Bl + Byl + N1Bal 1B« 7B .2
a,By=1

N
<ee? 0 Bl IB B
a,By=1

N
<ce Y |IBl21Bs 1B .2 (4.48)
a,By=1

for any s > 1, where 7(k) :=k. Because ||W, || 2@ = &||Wa(k + £)|| 2. 15), We get from
(4.47) and (4.48)

e W1 + Wal o) < c(€¥F +6) < ce (4.49)
asr e (0,1].

4.6.1. Perturbed CMEs. We return to equation (4.42). By (4.43)—(4.45) and (4.49) we get for
eachje {l,...,N}and k' € B.1(0)

w, ((K) V2w, (kD) —2Q) Bi(K)

2 3 N
_ w / a,b,c.d
= X ®) > D0 O

ab,cd=1 a,fy=1

L/ [ k@ o [ kBN = [k
-3(Ba< ‘ )*BBa< ‘ )*BBW( ‘ ))(k@~+ew>
9 3 9 3

+ Kk + k), (4.50)

where 2K ; collects all the perturbations. Since r € (0, %] ,itis
15K jkD + &) 21y < € (527max{0,(17r)(3—s3)} +e4 5272r)
<c (EZ—max{O,(l—r)(3—sB)} + 25) . 4.51)

Prescribing now

1
1—r

sp=3— , (4.52)

we see that the first exponent in (4.51) is greater than or equal to 1. Therefore, under condition
(4.52) we get

9K (kD + )| 2o 1m) < ce. (4.53)

Note that (4.52) is satisfied e.g. by sy = 2 since r > 0.
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Next, a direct calculation shows that

1 ~ - k((l) - - k(ﬂ) ~ - k(’Y)
Xa,rfl(k/)&\_?, (Ba ( - > *BBB ( - > *BB'\/ ( - >> (k)

B+, ,0By*s, ,0B)K) =B, « By * B))K) if (a, 3,7) € 0;
- (4.54)
0 if (o, B,7) ¢ 0.

In detail: due to the periodicity of B, the convolution *g can be replaced by *g 4, for k, € R?
arbitrary. This implies by the obvious change of variables that the left-hand side equals

1 S — k@ . —k® = [(I+ kD
— B, 5 B, k—10B, d/
53Bkm< ( £ >*m“w3< £ )>( )q< € )
. k—el —k@ 4 kM — . — kPN ~
— ! / / B, ( : + S) By (S ) B,(I)ds dI
B, (0 B+k® € €

R k— (k@ 1 kB _ N ~
= / / B, ( ( + ) I - ) Bs(s"B.,(Ids' dl'.
B_—1(0)/B_—1(0)

3

With the further transformation /' + s =:¢ € B,.,1(0), we infer

. k_k(])_K(yc - ~ =
s / / B, (—“"” - r’) By (¢ —I)B: (I')dl'dr.
By ,1(0)JB_._1(0) €

Now recall that k € B.-(k'?) and that supp(lABj‘) C B.~1(0). Due to 7 € B, 1(0) and the

N kDK
e~ A*-periodicity of B,, the function B,, (% - t’) isnonzeroifandonlyif K, 5, ; €
A, ie. if (o, B,7) € 0}, with ¢; defined in (1.12). The periodicity allows then for dropping
the shift e 'K, 4 in the argument of B,,. Moreover, for k € B.r(k”) and ¢ € B,.1(0) it is

o~

B, ("‘cﬁ - t’) =B ("‘cﬁ - t’). We get

1 [~ [-—k@ = kD ~ [ kW
xg,,-_l(k’)g (B( . )ml%( . )*BBq( . >)<k<ﬁ+ek’)

eXer1(K) / / Bo (K —7)B5 (/= 1)B (I dl'dl  if (0 3,7) € o
= B,.r—1(0)/B,,_1(0) ‘
0 if (o, B,7) ¢ 0},

2¢7=1

from which (4.54) follows.

A\ N
Hence, by (4.50), (4.53), and (4.54) we deduce that (B;)

- satisfy the perturbed CMEs
j=

~ 1 ~ ~ o~ ~ ~
Gi(B)(K) = (2(k’)TV2wn* (kMK — Q) Bj(k') = N j(B)(K') = R{(B*)(K),
(4.55)
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for j€ {l,...,N} and k' € B_,1(0), where we recall that (cf (1.11) and (4.46))

3 N
w boed o~ o~ =
5 > Y 0ot x (BZ*BgHw)BE*Be,,I(O)Bi;) (K)

a,b,cd=1 a,f,y=1

Wi j Sk B L ok /
=23 1, (BQ*BB*BA,)(k),

(ovB,7)€0;

N (B

the coefficients I/

B being defined in (1.13). The remainder term IA?j(E*) = IAQj (IAB*[, ... ,IABI*\,)

is defined via
PN 1
R(B"(K) = 5K kD + ek, K € B.1(0) (4.56)
Wi

and satisfies
IR/B)| 2-1m) < ce. (4.57)

Notice that (4.55) is therefore an e-perturbation of the CMEs in Fourier variables on the com-
N

pact support k" € B_—1(0). In what follows, we prove the existence of solutions B = (TBj)
j=1

~ ~ ~\N
of (4.55) close to x.,_ 1A, where A == (A j) is the Fourier transform of the solution of the

CME:s (1.10). We follow the approach of [9, 17]. R
To this aim, for j € {1,...,N} we define A% = X.,-1A; and write

~

B =A5+b,

[

~

with supp(zj) C B.-1(0). In order to expand G = (G, ..., Gy) around the vector A% and use
the Jacobian of the CMEs, we write G; in the real variables. Indices R and I denote hereafter
the real and the imaginary part respectively, e.g. A; = A;r + 1A ;. We define (cf (1.10))

Pi(A) = — %VT(V%M(W)VA,) —QA; = NjA), je{l,...,N}

so that (¢(A))" = G(A), which in real variables becomes

Re(¢j(Ag +iA7)) ;
Im(qﬁj(A,ﬁ—iA,))) , je{l,...,N}.

D (Ar,Ap) = (
We denote its 2N x 2N Jacobian by D®(Ag, Ay), its Fourier counterpart by
D;G(A) = (DP(Ag, AD)',
as well as its Fourier-truncation

Xer1D3G(A%) = xor1 (DB(AR, AD)) ",

with A% := (Ki)v and A5 == (Kf )". Thus here D;G j(K) is just a symbolic notation. Recalling the
definition of AV} in (1.11), we have

Re(Nj(A)) = Z Iajﬁ,, (AarAsRAY R + AarAsiAr i+ AaiAsRAy s — AwtApiAsR) »

(w.By)€a;
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Im(NV;(A)) = Z Iaj, By (AarAsIAvR — AarAsRAYL + AatAsRAYR + AatAsiAvg) -

(.Bmea;

Therefore, form € {1,...,N}

N N
aA,,,,Rlze(-/\[j(A)) = Z V;gfmA(y,RAﬁ’,R + Z V;gij(y,lA{)’,l,
(1,{)’:1 (1,{)’:1

N
O, ReNG(A)) = Op,,  IMWNGA) = Y )%, A0rAs1,
a,B=1

N N
8Am,]Il’n(-/\[j(A)) - Z V(z,fq’j‘f/”A(y,RAﬁ’,R + Z V(z,(%ﬁmA(y,lA{)’,l,

a,f=1 a,f=1
: 11,R 22,1 ; At J
where the coefficients v, ;. ....,v,5;, are linear combinations of I, ~for all a,f €
{1,...,N}. Hence we may write

D®(Ag,A;) = L — DAN(A),
where

VT (V2w (k) Ids.c2

VT (V2w (k")) Idas
— Qdyyon

and D4 N (A) is a block matrix with the (j, k)-th block (j,k € {1,...,N}) being

M/\/(A) J— aAm,R RG(N,(A)) 8Am,1 RC(,/\/—/(A))
o Oa,, xIm(N;(A)) Ons Im(N(A))
N N
> (VR AwrAsn + Vi, AwiAnr) S U2 AakAs
a,f=1 a,f=1
- N N
Z V(zy}fjm Au,RAﬁ,I Z (Vié’ﬁn A(V,RAﬁ,R + Vi/zjim Au,[Aﬁ,l>
a,f=1 a,B=1
In Fourier variables this rewrites as
D;G(A) = L — D;N(A), (4.58)

where L is a block-diagonal matrix with N blocks of size 2 x 2, where the jth block is
KDYV w,, (kK — D)ds ., and D3N (A) is a block matrix with the (j, m)-th block (j,m €
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{1,...,N}) being

N

N
VIR A ek A + ! *A, V2 A e x A,
afijm R B.R {yi/m {Y[ 8.1 afjm Aa.R B

o,f=1 a,B=1

N N
E M/m Aar *Au E <l/a§jm R *Afk"rVuJ,mAal *AH)

a,f=1

MN @A), =

The action_of L is multiplicative but MV A (A) acts as a convolution operator, e.g.
(A R*AuR)(baR) R*AuR*b R IfA € L2 (R?) with s4 > 1, then

D;G(A) : I3(R?) — L2X(RY).
For L this follows from the second order property of L. For MV (X) we have, e.g.
|Aa* Apr* borllz < IAarlr|Asslle ook
< VArllig 1A srlz, Wbl

using Young’s inequality for convolutions and (4.22).
From (4.55) and using a Taylor e&)ansmn of Q(A° + b) we deduce then the following
system of equations for the error term b,

Ner 1DFGA)D = ey 1 RA" +B) = xero1 (GA° +B) — DzGA)D)
= Xer 1 RAT +b) = X
x (9% + (D36 — DGA)) b+ ¢B))
= W), (4.59)

where g is quadratic in b. Once more, we want to apply a fixed point argument to (4.59) on a
small ball around the origin in (LfB (Rz))N. Hence we need to estimate the terms in V. First,

~\N
using the assumption that (A j) - solves the CMEs (4.14), for k' € B.--1(0) we have
=

GAK) = (%(k’fvww)k' - Q) A = N jADE)

= NJAYK) — N AT
:% S, (A *Ag*A — A%+ A f,)(k’).

(.Bmea;

Notice that the right-hand side includes terms which are double convolutions between Kj and

a = A = Xj = (1 = Xer1) A j with at least one occurrence of @;. Since for k' € R*\B_-1,
there holds

(kD] < (1 + [KD4[ask)] sup (1+ [~

\k/\>” 1
< CESA(I—)')(l 4 |k/‘)sA ‘Aj(k/)|,
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we have by Young’s inequality for convolutions and (4.22)

|a;, * A *A_'Ey||L2(R2) < ||ZZ\Z||L2(R2)HA% |L1(R2)||Af,‘|L1(R2)

< C5SA(17r)||A04HL%A(RZ)”Aﬁ”L%A(]RZ)HA’Y||L§A(R2)

for s4 > 1, and similzgly one may handle all other terms, because again by (4.22) one has
I@3lls < @3]z, < 4;1]3, - Hence

1G (A 2 w2,

N
<c 32: gsA(l_r)HA(I”L%A(]RZ)HASHL%A(RZ)||A’Y||L§A(R2)' (4.60)
a,By=1

Next, we estimate the difference of the Jacobians in (4.59). Since the linear part of them
(cf(4.58)) is the same for A and A, we get

IXer1 (D3GA) = D;GA)) Bllzger

N
<D It (YA = WY @) o) Bl ey

Jim=1
N
< >[Ik (Ao Ak = Aak+ Ask) * sl
B, jm=1
+ ||V(11}3§m (A(EI,I * 1/4\%,[ - :4\(1,1 * 1/4\5,1) * /b\m,R”Z
+ ||V(11?3jm (AE,R * KE@[ - A\a,R * AAB,]) * Zm,1H2
+ ||l/olz%3]m ( Z,R *Afil - Aa,R *AB,I) * bm,RHZ
+ ||V§§fm (AZ,R * K%,R - A\(M,R * KAQ,R) * /b\m,IHZ

102 (Ao # A%y = Aas Ay Balla]

We see that all terms are of the same kind and, moreover, are linear in b and either linear or

quadraticin a® := AF —A. Applying then estimates analogous to the ones used to deduce (4.60),
we infer

IXer 1 (D3GA) = D;GA)) Bllzger
N

< e Z HAOé”LSZA(]RZ)HAﬁHL%A(]RZ)”bHL%B(RZ) (4.61)
a,By=1

if 54 > 1. Combining (4.57) (note that the dependence of ¢ on ||B||,» —and in turn on
SB

HEH 2, —is polynomial), (4.60), and (4.61), we can thus conclude from (4.59) that

WD)l 2z2) < ca (s +M0 4 (e + e Bllg, + b1, + Hbllig,B) : (4.62)
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In order to solve (4.59) for_ b by a fixed point argument, we would need the invert-
ibility of the Jacobian D;G(A) : L3(R?) — L*(R?). Indeed, from this it would follow that
Xs,r—lDXg(A\)Xs,r—l :L%(Rz)—>L2(R2) is uniformly invertible, see [21, theorem IV.3.17].
However, this is not the case, because of the presence of the three zero eigenvalues of
D®(Ag,Aj) produced by the two spacial shift invariances and the complex phase invariance
of the CMEs (1.10). To eliminate the zero eigenvalues, we assume the non-degeneracy of A,
see definition 3.1, and work (in Fourier variables) in a subspace of L3(IR?) in which the invari-
ances do not hold. A natural subspace is the one generated by the P7-symmetry, i.e. we work
with A and b such that

A(—x) =A(x), and b(—x) = b(x)
or equivalently,
A:R?=RY,  b:R*5RV

Under the non-degeneracy condition, the Jacobian D;G (X) is invertible in such a subspace

and we can apply a fixed point argument to equation (4.59). In detail, assuming A:R? RV ,
we look for a solution of

~ N P

b= (xg,,-_ngQ(A)) W(b) (4.63)
in the space

L3y = {E e LA(R* | supp(h) C B..-1, b(-) is real} :

However, we need to make sure that the P7 -symmetry is preserved by the maps W and

PN
(Xg,r—ngg(A)) . This is proved at the end of the section. Now we address the application
of the fixed point argument to (4.63) in the ball

B = {b e 13, | Blly <ce’}

where ¢, p > 0 have to be found. For b € B>2™ we deduce from (4.62) that

cel
WG| 2@y < ca (€ + 401 4 ce”) + ¥ 4 %) .
Choosing
p=min{l,s4(1 =)} and ¢ =2cy, (4.64)

we infer W(Z) € BXym, Moreover, the map b W(Z) is contractive in such a ball. Indeed,

cel

for by.by € B2Y™,
IWED) = WE)| )
< N8B = B2 + [l 1 (RAT+5) = RA"+52)) |

|

Yer1 (DAGA) = DG BV~ 5|
<cle+ EKA(I—r))”Z(l) _ 2;(2)”2’
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because of (4.57), (4.61), and of the quadratic nature of g. Since Xg,,_lDKQ(X) :L%,sym —
L*(R?) is boundedly invertible, the existence of a P7-symmetric solution b € L3 of

2,sym
equation (4.59) so that

[B]l3 < 2caemn{tnt=n} (4.65)

follows from the Banach fixed point theorem. Notice that the optimal estimate |3|| 3 < 2cpe

can be obtained for any sy > 1 as r € (0, ;] can be chosen arbitrarily small.

To conclude the argument, it remains to be proved that the P77 -symmetry is preserved by

PN —~
the maps WV and (xg,,._lDXQ (A)) , i.e. that they map real valued functions b to real valued

functions. First, note that u is P77 -symmetric if and only if u(-, k) is so for almost all k € B.
Hence, we can check the inheritance of the property in the Bloch setting. We now need to make
sure that all the components in which we decomposed our solution, and which now depend just
on b, inherit the P77 -symmetry. If so, then the residual term R in (4.56) is real. To complete
this step, analyzing the equations that wy, wg, and C have to fulfill, namely (4.10), (4.11),
and (4.30), we see that we just need that our operator L, the projections “Q, and Qf, and the
nonlinear map F commute with P7". In detail:

e L, is PT-symmetric since it involves only derivatives of order 2 and 0 and by assumption
(A6).

e By the simpleness assumption (A7), the Bloch eigenfunctions p,, (-, k) are P77 -symmetric
for almost all k € B, see (2.13). This, together with (A6), implies that the projections
‘P, Q,. PS, O commute with PT. E.g.,

P, (PT@)) (x, k)

N

<PT(FIZ)(’ k)’ Epn*(" k)>pn* (X, k)

j=1

(PT@)(, k), €PT(pu ). ))PT (pu.)(x, k)

N
=1

J

N

=PT | Y (PT@C. 5. PTpu ) 0) pu(x.6)

j=1

N
=PT | D> (@C.k). epu, .0 pu, (x. k) | = PT(Pii)(x. k),

=1

since

/R F(xh) cpy. (xR = /R TR e-3)pi 0, Iy

= [u(y,k) - €y)pn, (v, k)dy
RZ

. = <fi2('ak), €pn*(',k)>-
e F onlyinvolves convolutions in B (cf (4.3)), hence the P77 -symmetry is trivially preserved
using the evenness of x®, see assumption (A6).
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Consequently, if we start with a PT—symmetrlc solution A of the CMEs (1.10) and consider
be Bf;]ym then all components B, C, wp, wy inherit the same symmetry. This implies that the

term R(B) is real. Moreover, exploiting the P77 -symmetry of the mode p,, (-, k), see (2.13), it

is easy to show that the coefficients @f’ybfqd] defined in (4.46) (or equivalently the coefficients

I 5 , defined in (1. 13)) are real. Hence also G (B) and DAQ(A) are real. We are able to conclude
that (Xg,rqD;g(A)) W B2Y™ 5 B2Y™ with the former choices of p and ¢ in (4.64), and

cel cef

therefore we find a real solution b to (4.63) satisfying (4.65).
This shows that the function # in (4.7) constructed in sections 4.3—4.6 is a P77 -symmetric
H? solution of (4.2).

4.7. Approximation error of Uans

In order to complete the proof of theorem 1.1 we need to show that the initial ansatz u,, defined
in (1.8) is actually a good approximation of the solution u of (1.6) which we constructed in
sections 4.3—4.6. Recalling that

u(x, k) = v(x, k) + w(x, k) = vp(x, k) + vc(x, k) + wo(x, k) + wg(x, k),
and in virtue of the estimates (4.24), (4.29), and (4.38), we have

2-2r

||Eans - ﬁ‘le < ||Eans - %’BHXZ + CA(g + 52 + 53) < ||Eans - %’BHXZ + C52_2r~ (466)

We split now the first term as follows (cf (4.12)):

Utans (x, k) — vp(x, k)

N
~ (k—kV+K K S k— kO
=y {Z ( )pnxx,k(ﬁ)eK _B,( - )pnxx,k)}

Jj=1 KeA* <
k— kW
)pn*(x k)+(Xc) 1Aj) ( c )

N
1 ~
€

. KOy — k v 7 (k=K
(pn*(xa ) Pn*(x, )) +((l Xc,V*l)Aj)

€

'pn*(x,k(ﬁ)#— Z A; .

~ (k — kW 4+ K
0#£KeAN*

) JREN

and we estimate term by term. First, by (4.65) one gets
e — kD 2 o Sk — kDN |?
(2 <ef (1)
3 X B 3

< cg2(1min{Lsy(1-n)) (4.67)
Second, using the Lipschitz continuity of the map k — p,, (-, k) € H?(Q) for k in a vicinity of
k" given by lemma A.7, we get

dk = C€2||bj||12‘2(5*IIB)
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—~ k— kW
/’(Xs,rlAj) ( >
B e
~ (k= kWD
< c52/ A ( )
B.r (k) €

< 654/ PIA@P dz = A5 < o=t IR, (4.68)

-1(0)

2
| Pn, (- K) = P (-, km)“iﬂ(g) dk

2

k— kU2

g

el

Next,

2
y]12
[ Pn, kY )”HZ(Q) dk

~ k— kW
/‘(1 X 1A ( )
B 3

<e? sup (14 [ / (U+ [ A, d2
B, (0) E2\B_,_1 (0)

See 1+ PAG, < e AR, | (4.69)

Finally we consider the term involving the translated Brillouin zones:

N — kD LK
/ i (k kY + )
B 13

<clspwp el Y | (14 el A )P dz
0£KeA* zee~ 1 (B—k(D+K) 0£KEA* e 1(B-kD+K)

2
P o kD) |5 ) dk

0#£KeA*

<ee?(1+e ™2 /

(1 + |2 [A,(2)| dz
R2\ e~ 1 (B—k ()

< e HW|A )13, (4.70)
A
By combining estimates (4.66)—(4.70) we arrive at

[T =2y < % (50 (2 400 g ) R 42

< Camin{l,sA(l -}

since r € {(0, %]. Because s4 > 1, if we take r € (0,1 — é} then s4(1 — r) > 1 and hence

([tans — 1l x, < ce.

The proof is thus complete recalling that the Bloch transform is an isomorphism between A,
and H?(R?), see (2.26).
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Appendix A

In this last section we collect some auxiliary results needed throughout the paper. First, retrac-
ing the strategy of its standard proof (see e.g. [40, theorem 23.17]), we prove a Helmholtz
decomposition adapted to our ‘shifted’ operator V. This is employed in section 2.2 for the
well-posedness of the eigenvalue problem in Lf#(Q). Second, we address the regularity of the
eigenfunctions p,(-, k) and the Lipschitz continuity of the maps k — w;(k), k — ¢,(-,k), and
k — p;(-,k), i.e. of the eigenvalue and eigenfunctions of the Bloch eigenvalue problems (2.8)
and (2.10). The Lipschitz continuity is exploited in the nonlinear estimates of section 4.7.

A.1. Helmholtz decomposition

We note first that H'(Q2,C) = {f € LX(Q,C)| V,f € L*(,C?)} for any k € R* and any
measurable ) C RZ. We also define

H(curl, Q)= {v € [*(Q,C%: V' x v € L}(Q,C%}.

Lemma A.1. Let Q C R? be a bounded domain, k € R\{0} and k € R%. Then
H(curl, Q) = W, & Z,

where
Wk:: {’LUGH(CUI'LQ) ’/wV;{fZO, vfeHl(Q3(C)}
Q

and
Zi={g € LXQ,C) |3y e H(Q,C) : g = V}ib}

are closed subspaces.

Proof. Notice that W; and Z; are by definition orthogonal in L>(€), C*) and Z; C H(curl, Q)
since V), x (V1)) = 0 for all v» € H'(2, C).

Step 1: Wy and Z;. are closed.

Let(w)); C Wy, ie. [qw;- Vi f = Oforany j € N, and assume w; — w in H(curl, ). Then

‘/ij'v’kf—/ﬂw-vif‘ </Q|wj—w\|V2f\ < Jlwj = wll2[| Vi f{l2 = 0,

therefore w € W,.
Let now (g;); C Z be such that g; — g in H(curl, Q). Then g; = V¢, with ¢); € H'(, C)
for any j € N and the sequence (V}7;); is Cauchy in the L?-norm. Noticing that
IViill3 = 1018, + ikill3 + 11028 + ka3 + [ [[45113,
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one immediately infers that also (¢/;); is Cauchy in L*(Q, C) and since [|¢,]|2, < [|Vi;l7, +

c(k, k)[4 2,, the sequence (1)) is Cauchy also in H' (£, C). Hence there exists ¢ € H' (€, C)

and thus ¢; — ¢ in H'(, C), such that g; = V4); — V¢ in L*(Q, C’). By the uniqueness
of the limit we deduce g = V)1, hence g € Z;.

Step 2: decomposition.

Let v € H(curl, ) and introduce p, € (H'(Q2, C)) via

() :z/v -V forall p € H'(Q,0),
Q
as well as the sesquilinear form S; : H'(Q, C) x H'(Q, C) — C via
Sk(, ) 3:/V;<1/J - Vip
:/ﬂw-v_<p+(n2+k%+k§)/¢¢—i/w.k¢+i/v_¢-kw,
Q Q Q Q
which is clearly continuous in H'(€2, C). We now prove that S; is also coercive in H'(£2, C):
S = [ IVOP+ 2+ +) [ Juf +21m [/w.k@]
Q Q Q

> <1—6>/\Vw|2+ <m2+<1— 1)<k%+k%>)/|w|2. (A1)
Q 5 Q

L3
|2+ [K[2>
positive and the sesquilinear form is coercive in H'(€2, C). By the theorem of Lax-Milgram we
then find v € H'(€, C) such that

If we choose § € ( 1), which is nonempty since x # 0, both constants in (A.1) are

/V;(z/J-V;{w:/%V;{@ forall o € H'(Q,C).
Q Q

This means that V1) =: g € L*(Q2, C?) and, being a gradient field, also g € H(curl, Q). Hence,
w:=v — g € W since w € L*(Q, C?) and

Jw T = [0V~ [¢¥F = [ 057~ [ Viw-TF =0

O

A.2. Regularity of p;(-, k) and of the maps k wl?(k) and k — p;(-, k)

We prove here some regularity results for the Bloch eigenvalues (wjz»(k)) j» k € B, and eigen-
functions (g,(-,k)); and (p;(-,k)); (for problems (2.4) and (2.10), respectively) described in
sections 2.2 and 2.3. In particular, we show that the choice of our potential by (A1) and (A6),
i.e. 0 < e € W»®(Q), A-periodic and with e ~! € L>(Q), is sufficient to have for each j € N

() supegl|pj(s B2y < 00 and supycgl|p;(-, ©)[ly2.(g) < 00
(b) Themap K > k — p;(-,k) € Hf#(Q) is Lipschitz continuous, provided w j(k) is simple for
allk e K C B.
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To this aim, several lemmas will be needed. In the whole section, in addition to the notation
introduced in section 2, we denote || - || 12,9 by || - ||2. Our method of proof is inspired by that

in [7].
Lemma A.2. Themap B > k — wjz(k) € [0, 00) is Lipschitz continuous.

Proof. Recall that the sesquilinear form (-, ) of the H-eigenvalue problem is defined as
ar(p, ) = fQ%VZ X ¢ -V} x i dx for ¢, € Vy. Since for a fixed k° € B itis V} = V' +
ik = V', + i(k — k%), one has

ar(v,v) = a;0(v,v) + R(v, k, k°),
with
R, kK] < Jle Moo ([0l31k = K1 4 2[[ V50 x vll2[[o]l2]k = K°])
el =KL (Ioll3k + KD + flolla (V" < vl + [K]][0]2))
<elk =K (V" % ol3 + [|v]3) -

Using the variational characterization of the eigenvalues

w(k) = min maxak(v’ U),
J dim S=j ves  ||v||3

where S is an arbitrary subspace of Vy, we infer

. R(v, k, k°)
2y 200y AR
Wi —wik) < min max—o

. V' xv|3
< clk — k°] min max <||v||2+1>

dim S=j ves lv]|3
= c |k — K|3(0) + D).
Interchanging k and k°, we finally get

Wi tk) — Wik < c |k — K.

O
Notice that lemma A.2 evidently implies
sup|wi(k)| < C (A2)
keB
forall j € N.
Lemma A.3. Forall j € N and p; defined in (2.9) one has
sup||p;(, B[ 20y < 00 (A.3)
keB
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Proof. First, by the choice of the normalization of the Bloch eigenfunctions in (2.11), one
has

[TXRSIERS |61||oo/Q€(X)|Pj(x,k)|2dx = [l loe.

Next, applying the divergence operator V- to (2.10), one finds

Vi - pilx, k) = —e () Vie(x) - pj(x, k). (A4)
Noticing that

[Viello < Vel + rgeag(\kl + [&Dlelloe < ¢ llellwroe,
one infers

ilel[l;HV;( PR 20 < cllellwroo- (A.5)

To have a bound on the H'-norm, we need to estimate also V x pj(-, k). We exploit the
definition (2.9) and equation (2.8) that ¢ j(-, k) satisfies in the L?-sense to get

. 1 .
Vi % pi( k) =iV} x <€v'k x q;(, k)) = iwi(k)g,(-. k).
Therefore, from (A.2) and the normalization of the eigenfunctions ¢ j(-, k) we deduce

sup ||V x pi(-, b2 < suplwik)[lg,¢,k)l|2 < ¢ (A.6)
keB keB

We can thus conclude by (A.5) and (A.6) that the same bound holds also in H;#(Q), ie.

sup||p;(-, D10 < ¢ (A7)
keB

The H?-norm is estimated similarly since
12;Cs B2y < € (||Pj("k)||L2(Q) + IVi - 2iC )|l
+ Vi % piBmg) - (A.8)
First, by (2.10) and (A.2),

Vi % piC.Bllmg) < ¢ (IVi % piC. Bll2 + (Vi x Vi x pi.0)]2)

< e+ [lellclwi®llp oll2 < c. (A.9)
Next, from (A.4) we deduce
/ / / Ve , Ve
Vi (Vi piC.K) =Jk< . )p,(-,k>+1k<pj<-,k)) -

where J;(V) stands for the Jacobian of the vector field V : R* — R? with the derivatives 9,
replaced by the ‘shifted’ derivatives 9,, + ik,, for m € {1,2}. Hence from (A.7) we have

5312



Nonlinearity 34 (2021) 5261 T Dohnal and G Romani

HV;c ( ;c 'Pj("k)) HL2(Q)

Vie Ve
< J,Q( 6" ) ‘ 1, B2 + [[Te(piC k)2 ||[ =2 ‘
< ([lellwases lle o) 125C Do) < € (A.10)
for all k£ € B. Combining (A.8) with (A.9) and (A.10), one infers (A.3) and the proof is
concluded. U

Lemma A.4. Forall j € Nand p; defined in (2.9) one has
sup || p;(-, k)|l w20y < 00.
keB

Proof. By lemma A.3 and the embedding H*(Q) — L*(Q) we infer sup,p
|pi(-sk)||x < 0o. The upgrade to W2>>-regularity is then accomplished by following
the same steps as in the proof of lemma A.3. ([

Next, we aim to prove (b). Let K be a connected and contractible subset of B such that
w (k) is simple for all k € K. Notice that we meet such a condition if K = Bs(k?) with j = n,,
KO e {kV, ... k") and 0 < § < 1 by assumption (A3). Indeed, the geometric simpleness
of w,, (k™) can be extended to w,, (k) for k in a whole neighbourhood of ¥, see [26, theorem
1V.3.16].

As a first step, we prove the following.

Lemma A.5. Themap K > k— q;(-,k) € Lit(Q) is of class C.

In fact, Lipschitz continuity of the map in lemma A.5 will be enough for our purposes in
section 4.7.

Proof. Define the operator Ag(k) ==V X (%V;cx) + apl = L,EH) + apl, where ay is a pos-
itive constant. Since the spectrum of L is contained in the non-negative half-line (see
section 2.2), the operator Ag(k) is invertible, so in particular Ag(k) ™" : Lf#(Q) — Vj, the latter
space being the form domain of L,iH ) defined in (2.3). Hence

Sik):=Agk)'E — v, keEK,

where v;(k) := (ao + wi(k)) “andE: H,(Q) — L%(Q) is the identical embedding, is a well-
defined Fredholm operator on Li(Q) which depends on k in a C? fashion. Indeed, E is a
compact embedding (see e.g. [1, theorems 3.5, 3.7]) and so S;(k) is a compact perturbation
of (a multiple of ) the identity. The C>-regularity is a consequence of the same property that the
map k — w j(k) enjoys, see assumption (A4). Moreover, it is easy to see that ker S (k) coincides
with the jth eigenspace of L,EH ) and so, by the geometric simpleness of w j(k), it is of dimension
one for all k € K. This yields the structure of a vector bundle to ker S;:=J,.x ker S;(k) over
K, see [6, p 62]. Moreover, we claim that the map k — ker S (k) is 2.

To this aim let k° € K. Since S j(k) is a self-adjoint Fredholm operator with a nontrivial
kernel for all k € K, there exists an interval [—d, ] C R, such that o(S;(k)) N [—0, ] = {0}.2

2If A is a self-adjoint operator on a Hilbert space and A € C, then A — \ is Fredholm if and only if \ is a discrete
eigenvalue of finite multiplicity or lies in the resolvent of A. See also [22, chapter X VII theorem 2.1].
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Since k — S;(k) is continuous, by spectral continuity [22, chapter II, theorem 4.2], such 4 can
be chosen independent of k for all k € B,(k"). Consider therefore the map

1 _
10 = P = 5 fr (8,00 — A) " d,

where T is a closed curve in C that isolates {0} from the rest of the spectrum. Then P(k) is a
projection onto the eigenspace of the 0 eigenvalue for all k € K, i.e. P(k) = err(s_,-(k)), see [26,

section 6.4] or [34, theorems XII.5-6]. It is clear then that k — P(k) is Cc? relying on the same
property of k — S (k). Therefore the map k — Im P(k) = ker(S;(k)) shares the same regularity
too, and the claim is proved.

K being contractible, the vector bundle ker S is Cz—diffeomorphic to the trivial bundle K x
C, see e.g. [24, example 2 chapter 4.1], which clearly has a constant section 5;: K — K x C
such that 5 ;(k) = (k, 1). Then, calling such diffeomorphism ¢ ;, the map s; : K — ker §; defined

ass; = <pjT1 o§jisa C? section over ker § ;- This means that, up to a multiplication by a unitary
complex function, it is possible to redefine the jth eigenfunction g (-, k) normalized as in (2.11)

and such that the map K > k +— ¢;(-, k) € Lit(Q) is C2. U

Before transferring such a property to the eigenfunctions p;(-, k), we need a stronger result
onq,(-, k).

Lemma A.6. Themap K 3 k+— q;(-, k) € H#(Q) is Lipschitz continuous.

Proof. In other words, we aim to prove that for an arbitrary k° € K there exists a suitable
constant ¢(k”) > 0 such that

g, k) — g k") |10y < c [k —&°|,  for all k € K. (A.11)

Noticing that the Helmholtz decomposition of H#(Q) in lemma A.1 holds with the operators
V'x and V', as the particular case when k = 0, we estimate separately ||V’ - ¢ k) =V
q,(. KO and | V' x q,(.k) — V' x q (-, k)| |2 Since V- g;(-, k) = O for all k € B, one has
IV g k) = V' qiC kO = [k - i k) — K- g k)]
< JklllgiCo0) = q;Co k)2 — [k = K[l k)l
<clk -k, (A.12)

due to lemma A.5. The estimate for the difference of the curls’ is more involved and is based
on equation (2.4) which the eigenfunctions satisfy. First,

V' x q;(.k) = V' x q;(-.k))|)»
= ||V} X g, k) — Vo X q;C KO + ||k x g k) — K x g, k)| 2 (A.13)

where the second term is estimated like above. Noticing that V; = V;(O + i(k — &%), we write
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IV} X qj(- k) — V3o x q;(- kO[3

. /Qv'k X 4 - (VL X @) — (Vi — ik — ) X g/~ 9))

- /Q Vo % gk - (Vi + 10k — K0)) X 4,02 K) — Vg X 4,0, A))

=M, —iM,, (A.14)
where
- / Vio X g k%) - Wiy X (q,(. k) — g;(- k9)) (A.15)
Q
and

M= /Q VL x g2 k) - (= R0 % g, R0 - /Q Vo % gk - TR0 X g0
(A.16)

We estimate M| and M, separately. First, using (2.4),

1
My < [le !l ’/QEV;‘ % qi( k) - Vi x (q( k) — q;(-. k%))

1
- /QEV;‘O X q (- k") - Vi X (k) — Qj(',ko))’

<c

W) /Q G0 - @R = R — w2 E0) /Q 41RO - @ — 4,0 R)

< clwitk) — wikN)|llg,;Ck)2llg i k) — g;¢. kN2 + ciugww,?(knnqj(-,k) —q,;. k)3
S

<clk—kP, (A.17)

where in the last inequality we make use of (A.2) and lemmas A.2 and A.5. Similarly, we also
get

My < ||V % g5 B |alk = K2lllg . k) — g,¢, k)2
+ |V} X g k) — Vio % q;C. k") alk — Kll|q (-, kO]

k— 1O
< ciu]gHVL % qi( 02k — K12 + 8]V X (k) — Vi % g, K)|3 + | . |
S
(A.18)

for a small § > 0. Therefore, combining equations (A.12)—(A.18), we finally infer (A.11). [J

We are now in the position to prove (b).

Lemma A.7. Themap K > k— p(-,k) € Hi(Q) is Lipschitz continuous.
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Proof. Notice that lemmas A.2 and A.6 and the definition p;(x, k) = WW« X q(x, k)

already imply that the above map with values in Li(Q) is Lipschitz continuous.

First we show that K > k +— p;(-, k) € H;#(Q) is Lipschitz continuous. Once again we con-
sider the V'-Helmholtz decomposition and estimate separately ||V’ - p,(-,k) — V" p(., K2
and || V' x P k) = V' x pi(, k%)||. Similarly to (A.13) we may confine ourselves to estimate

Vi i) = Vig - pi( k9|2 and [V} x pj(- k) = Vi % pi, K02
First, by (A.4) we have

V5 i k) = Vo - piCa k2 < e ool Vie - i, k) = Vige - pi k)l
< clk — &0,

applying the triangular inequality and lemmas A.2 and A.6. Next, noticing that V}, x p;(-,k) =
iwj(k)q;(-, k) by (2.8), we may similarly infer the estimate ||V}, x p;(-,k) — Vi x p;(-.k%)[|2 <
c|k — k°| and, in turn, the Lipschitz continuity in the H'-norm.

The upgrade to the H>-norm can be deduced analogously, combining the estimates above
with (A.8)—(A.10). |
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