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Abstract

We study singular perturbations of eigenvalues of the polyharmonic operator on bounded
domains under removal of small interior compact sets. We consider both homogeneous
Dirichlet and Navier conditions on the external boundary, while we impose homogeneous
Dirichlet conditions on the boundary of the removed set. To this aim, we develop a notion
of capacity which is suitable for our higher-order context, and which permits to obtain a
description of the asymptotic behaviour of perturbed simple eigenvalues in terms of a capac-
ity of the removed set, in dependence of the respective normalized eigenfunction. Then, in
the particular case of a subset which is scaling to a point, we apply a blow-up analysis to
detect the precise convergence rate, which turns out to depend on the order of vanishing of
the eigenfunction. In this respect, an important role is played by Hardy—Rellich inequalities
in order to identify the appropriate functional space containing the limiting profile. Remark-
ably, for the biharmonic operator this turns out to be the same, regardless of the boundary
conditions prescribed on the exterior boundary.
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1 Introduction

The aim of the present work is to study perturbations of the eigenvalues of the polyharmonic
operator (—A)™, m > 2, when from a given bounded domain Q C RY an interior compact
set K is removed, thus introducing a singular perturbation. We focus on the case in which
K is small, in the sense that its capacity is asymptotically near 0, with respect to a notion
of capacity suitably developed for our higher-order setting. More specifically, for m > 2 we
consider the eigenvalue problems

=du=--=03""u=0 ondQ, u=Au=---=A""1yu=0 ondQ,
(1.1)

with Dirichlet and Navier boundary conditions (BCs) respectively, and, given a compact set
K CccC 2, we are interested in the corresponding eigenvalue problems in case K is removed
from €2, that is

{(—A)mu = in Q, {(—A)’”u — in Q,
5 resp
U= 0pu =

(=A)"u = \u inQ\ K, 12)

U=du=--=9""lu=0 ind(Q\K), ’
in the Dirichlet case, and

(—=A)"u = \u in 2\ K,

u=Au=---=A"ly=0 onadQ, (1.3)

u=dhu=--=3a""1lu=0 ondk,

where, instead, Navier BCs on d€2 are considered. Note that in both cases we always deal
with Dirichlet BCs on 9 K. The goal is to investigate spectral stability and sharp asymptotic
estimates for the eigenvalues of problems (1.2) and (1.3) when K vanishes in a capacitary
sense.

Qualitative properties of solutions to higher-order problem are deeply related to the bound-
ary conditions that one prescribes. The most common ones in the literature are Dirichlet BCs

u=du=---=03"u=0 ondQ, (1.4)
and Navier BCs
u=Au=---=A""lu=0 on Q. (1.5)

Indeed, from the point of view of the applications, they correspond to the simplest Kirchhoft-
Love models of a thin plate, either clamped or hinged at the boundary, respectively in the
Dirichlet and the Navier case.

While the existence and regularity theory for linear problems is essentially the same in
both cases (see e.g. [17]), however solutions have relevant differences, even when 2 is a
smooth domain. The most striking and famous one is regarding positivity. In the Navier case
the solution inherits its sign from the data, since one can decouple the problem into a system of
second-order equations, for which a maximum principle holds. Instead, positivity preserving
is in general lost in the Dirichlet case, even for smooth and convex domains, except for
peculiar situations in which one can rely on a global analysis of the Green function, such as
for the case of the ball and its smooth deformations, see [17, 19]. On the other hand, functions
which undergo Dirichlet BCs can be trivially extended by 0 outside the domain, so that the
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extension continues to belong to the same higher-order Sobolev space, while this is not true
anymore for solutions of Navier problems because of possible jumps on d€2 of the normal
derivative. Motivated by these arguments, we investigate perturbations of the eigenvalues of
(=A)™ in both context of Dirichlet and Navier BCs on 2. Since we rely more on extension
properties rather than positivity issues, our analysis will be harder in the Navier case.

In the second-order case (i.e. m = 1), spectral stability under removal of small (condenser)
capacity sets is proved in [10] in a very general context, see also [7] and [ 14]. More specifically,
in [10] it is shown there that the function A (2\ K) — A(£2) is differentiable with respect to the
capacity of the removed set K relative to 2. A sharp quantification of the vanishing order of
the variation of simple eigenvalues is given in [2], when concentrating families of compact
sets are considered: the precise rate of convergence is asymptotic to the u-capacity associated
to the limit eigenfunction u (see [7, Definition 2.1] and [10, (14)] for the notion of u-capacity)
and sharp asymptotic estimates are given in terms of the diameter of the removed set if the
limit set is a point in R2, and either if the eigenfunction does not vanish there, or in case of
specific concentrating sets such as disks or segments. Asymptotic estimates of u-capacities
and eigenvalues of the Dirichlet Laplacian, on bounded planar domains with small holes of
the more general form ew with w a bounded domain and ¢ — 0, are given in [1]. In both
[2] and [1], a tool that helps to provide precise asymptotic estimates in dimension two is
given by elliptic coordinates, which allow rewriting the equations satisfied by the capacitary
potentials in a rather explicit way and which however do not have a simple analogue in higher
dimensions. In the complementary case N > 3, an approach based on a blow-up argument is
used in [13] to derive sharp asymptotic estimates of the u-capacity, and consequently of the
eigenvalue variation, for general families of sets which may also concentrate at the boundary.
This method has been applied also to fractional problems in [3].

For the higher order setting m > 2, asymptotic expansions of eigenvalues of biharmonic
operators under removal of a family of sets which are uniformly vanishing to a point {x¢}
have been obtainsed in [8, 21, 22]. All these papers deal with the two-dimensional case and
only Dirichlet boundary conditions, both on d€2 and on 9K, are considered. The main dif-
ference with the corresponding two-dimensional second-order problem, is that the limiting
problem involves the punctured domain €2 \ {x¢}. In [8] formal recursive asymptotic expan-
sions are found in the nondegenerate case, namely when the gradient of the corresponding
eigenfunction does not vanish at xo, as well as in the degenerate case. In the former case,
these expansions are justified in a suitable functional setting which makes use of weighted
Sobolev spaces, named after Kondrat’ev, in order to deal with the point constraint. On the
other hand, motivated by the study of MEMS devices, in [21], the asymptotic behaviour of
eigenpairs is formally obtained, using the method of matching asymptotic expansions. A
more delicate situation is taken into account in [22], when both the removed subdomain is
vanishing, as well as the biharmonic part of the operator, provided a second-order term is
introduced in the equation. In all these works, the asymptotic expansions of the perturbed
eigenvalues are of logarithmic kind, fact that recalls the expansion in the two-dimensional
case for the Laplace operator given in [2, Theorem 1.7]. We note however that, unlike what
happens for the second order problem, capacities cannot play there the role of perturbation
parameters, since in dimension 2 the higher order capacity of a point (defined as in (1.11))
is different from zero; this is also the reason why the limiting problem is formulated in the
punctured domain. We mention that the spectral behavior of higher-order elliptic operators
upon domain perturbation is investigated also in [5] for Dirichlet, Neumann and intermediate
boundary conditions.

The first aim of the present paper is a rigorous description of the asymptotic behaviour of
the perturbed eigenvalues for polyharmonic operators (—A)™ for any m > 2 and for a large
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class of removed sets, in the spirit of [2, 3, 13]. Since we deal with sets of vanishing capacities,
we are focused on the high dimensional case N > 2m. Furthermore, as second important
objective, we investigate whether and how different boundary conditions on €2 affect the
analysis. As already remarked, in the present work we consider Dirichlet boundary conditions
on d K. In order to have a complete picture of the influence of the boundary conditions, the
complementary situation of Navier BCs on 9 K should be addressed. However, the techniques
developed in the present work strongly rely on extension properties which are characteristic
of the Dirichlet case, so that a different approach should be devised to treat the Navier case
on K. We plan to address this in a future work.

In order to give the precise statements of the main results, we first describe the functional
setting and the notation we are going to use throughout the paper.

Notation We denote the normal derivative of the function u by 8,u. Foraset D ¢ RN, /(D)
denotes some open neighbourhood of D, C§°(D) is the space of the infinitely differentiable
functions which are compactly supported in D, and L? (D) with p € [1, +00] is the space of
p-integrable functions. The norm of L” (D) is denoted simply by || - ||, whenever the domain
is clear from the context. For every m € Nand u : D — R with D C RY, we denote as
D™y the tensor of m-th order derivatives of u and define | D" u|? = Z‘a‘:m |D%u|?, where
|| is the length of the multi-index .

The symbol < is used when an inequality is true up to an omitted structural constant, and
we write f = O(g) (resp. f = ©(g)) as x — xo when there exists a constant C > 0 such

that | f(x)| < C|g(x)| in a neighbourhood of x¢ (resp. g((;‘)) — 0as x — xq).

1.1 The functional setting

Let © be a bounded smooth domain in RY. In order to treat at once different boundary
conditions on 92, i.e. the settings of problems (1.2) and (1.3), we introduce the following
notation. For m > 2 the set V" (Q2) C H™(2) is defined either as

V(Q) = HJ'(R)

in case Dirichlet boundary conditions (1.4) are prescribed on 92, where H" (2) is the closure
in H™(Q) of C§°(L2), or by

V(Q) = HJN(RQ)

if Navier boundary conditions (1.5) are assumed on 9<2. Here H' (£2) is the closure in H"™ (£2)
of the space

Cr(Q) = [u e C"™(Q) | Aulyq = 0forall0 < j < %l
and it can be characterized as

H'(Q) = [u € H™(Q) | A/ ulyq = 0 in the sense of traces forall 0 < j < ﬂ].

Note that for m = 2 we have Hg(Q) = HX Q)N HO1 (€2). In both cases V™ (L2) is a closed
subspace of H™(2). Moreover, for a bounded domain Q C R the norms

I llame = Y, I1ID” - llz2q)

|| <m
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(with the multi-index notation) and

m m AT f for m even,
IV" - ll2q)  Where V™ f = -
VA2 f  form odd,

are equivalent on both H' (Q2) and Hy'(R2), see e.g. [17, Theorem 2.2] for the Dirichlet case
and [18] for the Navier case. In particular, there exists a constant C = C(N,m, Q) > 0,
depending only on N, m, and €2, such that

lullgmy < CIV™ull 2y forallu € V™(R). (1.6)

Note also that in the Dirichlet case all boundary conditions are stable, and therefore they are
all included in the definition of the space H(;" (£2); on the other hand, only the first half of the
Navier conditions are stable, while the boundary conditions A’ u|yq = 0 for % <j<m-1
are natural and thus do not appear in the definition of Hjj' (2). For acomprehensive discussion,
see [17, Sec.2.4].

The next spaces are relevant when a “hole” is produced in the domain. For a compact set
K C Q, we define

V@ \ K) = Hy'(2\ K) in the Dirichlet case,
0 o H{',(2\ K)  in the Navier case.

Here Hng(Q \ K) denotes the space suitable for Navier BCs on 92 and Dirichlet BCs on
9K . More precisely, Hz;',lo(Q \ K) is the closure in Hg'(Q2) of
CHoQ\K) = {u € C}(Q) | suppu NU(K) = ¢ for some U(K)} .
In case 0K is smooth, u € Hl’,'fo(Q\K) if and only if u € H™(2\K) and
Aju|3gz =0forall 0 <j < % and B,fu|31< =0foral0<h<m-—1
in the sense of L2-traces. Note that we have the following chain of inclusions
Hy'(2\ K) & Hy'o(Q\ K) C Hy' () C H"(Q), (1.7)

where the second inclusion holds by extending to O in K functions defined in 2\ K, thanks to
the Dirichlet conditions imposed on d K . For the same reason, note also that, for any compact
sets K1, K, such that K1 C K» C €2, one has

V"(Q\ K2) CV™(Q\K)).

All such spaces are Hilbert spaces with scalar product! g,, (i, v) = fQ V™u V™v. Note
that, unlike the general case, ¢, (-, -) does not involve boundary integrals, see [17, Sec.2.4].
By standard arguments [17, Theorem 2.15], the linear problem (—A)"u = fin Q\ K, with
f € L?(\ K) and boundary conditions either (1.4) or (1.5), admits a unique weak solution
u € Vg"(\ K), in the sense that

/V”MV”‘(/J:/ fo  forall ¢ € V" (Q2\ K).
Q Q

Analogously, we define the eigenvalues of problems (1.2) and (1.3) in the weak sense. We
say that (A, u) is an eigenpair of (1.2) (resp. (1.3)) if (A, u) € R x V" (Q\ K) satisfies

u#=0 and /v’”uv’"w:x/w forall ¢ € V§'(2\ K). (1.8)
Q Q

I we always omit to indicate the scalar product in RY with -.
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By classical spectral theory, problems (1.2) and (1.3) admit a diverging sequence of positive
eigenvalues

0<A(Q\K) < <Aj(Q\K) < = +00,

where each one is repeated as many times as its multiplicity. Of course the same holds for the
unperturbed problems (1.1), whose eigenvalues are denoted as ()\. j (Q)) jeN- We recall that
the eigenvalues may be variationally characterized as '

. fQ\K V™ vl?
Aj(Q\K) = min max ——————. (1.9)
XV (Q\K) veX; fQ\K [v|
dimX_,-:j

Finally, for 2 and K as before, we define

X"(Q) = (O (52) %n the Diri.chlet case, (1.10)
Cy(2) in the Navier case,
and
CP(Q2\ K) in the Dirichlet case,
X (Q\K)y:=1"9"" . _
Cﬂ’O(Q \ K) in the Navier case,

for the sake of a compact notation in some of the proofs.

1.2 Main results

In the spirit of the previously cited works [2, 3, 13], asymptotic expansions of eigenvalues
under removal of small sets can be established treating as a perturbation parameter a suitable
notion of capacity. Extending to the higher-order Sobolev framework the classical definition
in the second-order case, for every compact set K C 2 we define the (condenser) V" -
capacity of K in Q as

capym o(K) i= inf{/ﬂ [V £12 ‘ fevV™Q), f—nk € v(;"(sz\K)}, (1.11)

where n is a fixed smooth function such that supp ng C € and ng = 1 in a neighbourhood
of K. The V™ -capacity of a set K gives an indication about its relevance for the higher-order
Sobolev space V'™, in the sense that zero V" -capacity sets do not affect the space V" (2)
when they are removed from €2, and hence nor the spectrum of the polyharmonic operator
(Proposition 2.1).

In our analysis, a notion of “weighted” capacity, which represents the higher order ana-
logue of the u-capacity introduced in [7, Definition 2.1] and [10, (14)] for second order
problems, will be significant too. Given a function u € V" (), we define the (u, V"")-
capacity of K in 2 as

capym (K, u) := inf {/ V™" 12 ’ eV, f—ueVy"(Q2\ K)}. (1.12)
Q
Note that u is relevant only in a neighbourhood of K. Hence,

capym (K, u) = capym (K, nxu)
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for any cut-off function ng as before. This permits to extend the notion of (u, V™)-capacity
to functions u € Hj). (RM).
For those cases in which we need to distinguish the capacities according to the boundary

conditions on 92, we use the following notation:

cap,, o(K) = capH(;n’Q(K) and cap,, y o(K) = capng’Q(K),
for the Dirichlet and Navier BCs on 92, respectively. Similarly we denote

cap,, o(K,u) = capngyQ(K, u) and cap, 5 (K, u) = capHén’Q(K, u).
(1.13)

We point out that the V" -capacity as well as the (u, V"*)-capacity of a compact set K are
attained by a unique minimizer, which is called capacitary potential, and which we denote
by Wk and Wk , respectively. The proof of the attainment of both capacities, together with
some basic properties which will be used throughout the paper, is presented in Sect. 2.

Our first result is about the stability of the spectrum of (—A)™, once a set of small V-
capacity is removed.

Theorem 1.1 Let N > 2m and Q@ C RY be a smooth bounded domain. Suppose one of the
Sollowing:

(D) V"™(Q) = Hy'(Q) and K C Q is compact;
(N) V"™() = Hg' (2) and the exists Ko C Q2 compact such that K is compact and K C Ko.

Denote by A ;(2) and 1 ;j(2\ K), j € N\ {0}, the eigenvalues respectively for (1.1) and
(1.8). For all j € N\ {0}, there exist § > 0 and C > 0 (which depends on K in the Navier
case (N)) such that, if capym o(K) < 8, one has

1/2
AR\ K) = 4;(Q)] < C (capym o(K))'"?.
In particular 2; (2 \ K) — 1;(2) as capym o(K) — 0.

The proof of Theorem 1.1 is based on the variational characterization of the eigenvalues
(1.9) and it is detailed in Sect. 3.1. We remark that spectral stability in a more general higher-
order context was also established in [5] with a different approach. Here we propose a
self-contained and simple proof for our Dirichlet and Navier-Dirichlet settings.

Aiming now at a more precise estimate of the convergence rate, we introduce the following
notion of convergence of sets.

Definition 1.1 Let {K.}.~0 be a family of compact sets contained in Q. We say that K, is
concentrating to a compact set K C Q as ¢ — 0 if, for every open set U € 2 such that
U D K, there exists ey > 0 such that U D K, for every ¢ € (0, ep).

An example is given by a decreasing family of compact sets, see e.g. [13, Example 3.7].
Note that this property alone is not sufficient to have the standard (i.e. metric) convergence of
sets. For instance, the uniqueness of the limit set is not assured (e.g. if K, is concentrating to
K then K is concentrating also to K for any compact set K which contains K ). However, as
for second-order problems, in the case of a O-capacity limit set, this concept of convergence
of sets is enough to prove the continuity of the capacity (Proposition 3.1) and the Mosco
convergence [11, 25] of the respective V" -spaces (Proposition 3.2). These will be the tools
needed for a sharp asymptotic expansion of a perturbed simple eigenvalue A ; (2 \ K;) in
terms of the (u 7, V'™)-capacity of the vanishing compact sets K., where u ; is a normalized
eigenfunction relative to Ay (£2).
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Theorem 1.2 Let N > 2m and 2 C R be a smooth bounded domain. Let %;(S2) be a
simple eigenvalue of (1.1) and uy € V™ (Q2) be a corresponding eigenfunction normalized
in L2(Q). Let {K;}s=0 be a family of compact sets concentrating, as € — 0, to a compact
set K with capym (K) = 0. Then, as ¢ — 0,

A2\ Ke) = A5 (82) + capym o(Ke, uy) + 0(capym o(Ke, uy)). (1.14)

Theorem 1.2 is the higher-order counterpart of [2, Theorem 1.4] and its proof is presented
in Sect.3.2. In the expansion (1.14), the asymptotic parameter is the (u;, V'™)-capacity of
the vanishing set. The next aim is to quantify capym (K, u,) as a function of the diameter
of K;. In this respect, we focus on the particular case in which the limit set K is a point
X0 € © (which in dimension N > 2m has zero V" -capacity, see Proposition 2.3); without
loss of generality, we consider xo = 0. We deal with a uniformly shrinking family of compact
sets K., the model case being K, = ¢K > 0 for some fixed compact set  C R¥ . In this
case, assuming 0 to be an interior point of €2, and having the operator (—A)™ — A constant
coefficients, the eigenfunction u ; is analytic at 0, see [20], and hence it does not have infinite
order of vanishing there. Therefore, there exist y € N and a y-homogeneous polyharmonic
polynomial Uy € H™ (RV) such that

loc

uy(e-)

U, :=
&€ SV

— Uy in H™(Bg(0)) (1.15)

for all R > 0 as ¢ — 0. This fact follows from a general result about elliptic equations
by Bers [6, Sec.4 Theorem 1], see also [9, Theorem 2.1], provided—as in our case—one
discards the possibility of an infinite order of vanishing.

In light of (1.15), our strategy to find an asymptotic expansion of capym q(Ke, uy) is
based on a blow-up argument: we rescale the boundary value problem defining the capac-
itary potential Wk, ,,, find a limit equation on R \ K, and prove the convergence of the
family of rescaled capacitary potentials to the one for the limiting problem. To this aim,
a suitable notion of capacity in RV, involving homogeneous higher-order Sobolev spaces
Dg’ ’2(]RN ) and denoted by cap,, g~ , will be needed, see Sect.2.2. The asymptotic expansion
of capym o (K, uy) obtained by these arguments turns out to depend on the order of vanish-
ing of u ; at the point 0. More precisely, we have the following results, which we state below
for the model case K, = ¢k and prove in more generality in Sect.4.1. For the Dirichlet case
we have the following:

Theorem 1.3 (Dirichlet case) Let N > 2m and 2 C RN be a bounded smooth domain with
0 € Q. Let K C RN be a fixed compact set and, for all ¢ > 0, K, = ¢K. Let Aj be an
eigenvalue of (1.1) with Dirichlet boundary conditions and uy € H{' (Q2) be a corresponding
eigenfunction normalized in L*(Q2). Then

cap,, o(Ke. uy) = """ (cap,, gn (K, Uo) + 0(1)) (1.16)
as ¢ — 0, with y and Uy as in (1.15).

The dimensional restriction N > 2m is mainly due to the possibility of characterizing
higher-order homogeneous Sobolev spaces as concrete functional spaces satisfying Sobolev
and Hardy-type inequalities (see Sects.2.2.1 and 2.2.2 ). In the conformal case N = 2m such
spaces are instead made of classes of functions defined up to additive polynomials, see [15,
I1.6-7]. In the Navier setting, we need to restrict to the biharmonic case m = 2.

Theorem 1.4 (Navier case) Let N > 4 and  C RY be a bounded smooth domain with
0 € Q. Let K C RN be a fixed compact set and, for all ¢ > 0, K, = ¢K. Let Aj be an
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eigenvalue of (1.1) with m = 2 and Navier boundary conditions and u; € Hg(Q) be a
corresponding eigenfunction normalized in L*(2). Then

cap, y o(Ke,uy) = N —4+2r (capy gy (K, Up) + 0(1))
as e — 0, with y and Uy as in (1.15) withm = 2.

It is remarkable that the same asymptotic expansion (1.16) for m = 2 holds true for both
Dirichlet and Navier BCs on 9. As a consequence, imposing different conditions on the
external boundary does not affect the first term of the asymptotic expansion of the perturbed
eigenvalues. In the proof of Theorems 1.3 and 1.4 we will need to distinguish between the two
settings. If in the case of Dirichlet BCs on d€2 the natural candidate as functional space for
the limiting problem is Dg1 ’Z(RN \ k), on the other hand, in the Navier case, because of the
impracticability of the trivial extension of a function outside €2, this is not evident and follows
after a more involved analysis which makes use of suitable Hardy—Rellich inequalities. In
Sect.2.2.2 we give the precise statement and proofs of such inequalities. This is the main
reason for the restriction to the case m = 2, see Sect.4.1.

Braiding together Theorem 1.2 and Theorems 1.3-1.4, we obtain the following sharp
asymptotic expansions of A (2 \ K,), stated here for the model case K, = K.

Theorem 1.5 (Dirichlet case) Let N > 2m and @ C RN be a bounded smooth domain
containing 0. Let K C RY be a fixed compact set and, for all ¢ > 0, K, = €K. Let A; be
a simple eigenvalue of (1.1) with Dirichlet boundary conditions and let u; € Hy' () be a
corresponding eigenfunction normalized in L*>(S2). Then

A\ Kp) = Ay () + eV 72 (cap,, gy (K, Up) + (1))

as e — 0, with y and Uy as in (1.15).

Theorem 1.6 (Naviercase) Let N > 4and Q C RN be a bounded smooth domain containing
0. Let K C RY be a fixed compact set and, for all ¢ > 0, K, = K. Let A be a simple
eigenvalue of (1.1) with m = 2 and Navier boundary conditions and let uj € Hg(Q) be a
corresponding eigenfunction normalized in L*(2). Then

M (Q\ Ke) = Ay (2) + &V 2 (capy gy (K, Up) + 0(1))
as e — 0, with y and Uy as in (1.15) withm = 2.

Theorems 1.3—-1.6 deal with the model case K, = ¢K. Section4.1 will be devoted to the
proof of their analogues for a more comprehensive setting of general families of concentrating
compact sets {K;}¢~o which uniformly shrink to a point, see Theorems 4.4—4.7.

The asymptotic expansion provided by Theorems 1.5-1.6 detects the sharp vanishing
rate of the eigenvalue variation whenever cap,, gy (K, Up) # 0. In Sect.4.2 we establish
sufficient conditions for this to hold. In particular, this will always be the case when the
Lebesgue measure of /C is positive (Proposition 4.8), or when either the eigenfunction u
does not vanish at the point xo (Proposition 4.9), or it does vanish but the compactum K and
the null-set of the limiting polynomial Uy in (1.15) are “transversal enough” (Proposition
4.10).

The paper is then concluded by the short Sect.5 which contains a discussion about ques-
tions which are left open by our analysis and possible directions in which our results may be
extended.
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2 Definition of higher-order capacity with Dirichlet and Navier BCs and
first properties

The aim of this section is to introduce a notion of capacity which agrees with the higher-
order framework of the problem and which turns out to be an important tool in order to
study the asymptotics of the eigenvalues of the perturbed problems (1.2)—(1.3). The concept
of (condenser) capacity, well-known for the second-order case, was first considered in the
higher-order setting by Maz’ya for bounded domains on which Dirichlet boundary condi-
tions are imposed, or for the whole space, see® e.g. [23, 24]. In Sect.2.1 we propose an
unified treatment for both Dirichlet and Navier settings and establish the main properties
of the capacities defined by (1.11)—(1.12). In Sect.2.2 we recall the main properties of the
homogeneous Sobolev spaces and establish a Hardy—Rellich inequality with intermediate
derivatives. Moreover we introduce the notion of capacity of a compact set in the whole
space RY for large dimensions N > 2m.

2.1 Higher-order capacities in V"

Let m € N\ {0}, Q be a bounded smooth domain in RY and K be a compact subset of Q.
First, we observe that both capacities (1.11)—(1.12) are attained. Indeed, for any u € V" (<),
we have that S, := {g € V"(Q) | g — u € V{"(2\K)} is an affine hyperplane in V" (), so
in particular a convex set. This implies that there exists a unique element in V" (£2) which
minimizes the distance from the origin, i.e. the norm || V" - ||, in S,,, which is called capacitary
potential and is denoted by Wk ,, (in case u is replaced by nk, we simply denote it by Wg).
This means that Wk ,, is such that

capym (K, u) = / V" Wk u|?
Q
and it is the unique (weak) solution of the problem

(—A"Wk.,=0 inQ\K,
Wi € V"(Q), @.1)
Wi u —u € VJ(Q\ K),

in the sense that Wi , € V"(Q), Wx — u € V3" (Q\K) and
/ V"Wg V"e =0 forall ¢ € Vi"(Q2\ K).
Q\K

In (2.1) we are in fact prescribing homogeneous Dirichlet or Navier boundary conditions on
d$2 and, in case 0K is smooth, an “m-Dirichlet-matching” between Wi , and u on 0K, i.e.
the m conditions Wk , = u, 9, Wk ,, = onu, ..., 8}1"_1 Wk.u= 8,’1"_1u on 0K.

In particular, the minimizer W of the V" -capacity is such that

capy oK) = [ 19" Wi’
Q

2 In these works the higher-order capacity is defined through the L”-norm of the tensor of the m-th derivatives
D™ u. However, the two norms are equivalent on any bounded smooth domain.
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and it is the unique (weak) solution of the problem

(—A)"Wg =0 inQ\K,
Wi € V(Q),
Wk —nk € V" (Q\ K),

in the sense that Wx € V"(Q), W — ng € V" (Q\K) and
/ V™"Wxk V" =0 forall ¢ € V§"(2\ K). (2.2)
Q\K

We observe that capym (K) = 0 implies that 0 € S, i.e. nx € Vy' (2 \ K). Since
ng = 1 on K, this can only hold true when the Sobolev space “does not see” K, i.e. when
Vo' (2 \ K) = V™(). As a consequence, the eigenvalues of problems (1.2) and (1.3)
coincide with those of (1.1). More precisely, in the spirit of [10, Propositions 2.1 and 2.2]
(see also [13, Proposition 3.3]), we prove the following.

Proposition 2.1 The following statements are equivalent:
l) Came, Q(K) = 0,'

i) Vi'(RQ\ K) = V™(Q);
iii) Ap(2\ K) = 1, (2) foralln € N.

Proof To show (i) = (ii), by density of X" (R2) in V™ (R2), see (1.10), it is enough to
prove that each u € X" (2) may be approximated by functions in Vj"(2 \ K) in the V-
norm. Since capym o(K) = 0, there exists (w;); C V™(R) with w; — ng € Vi"(Q\K)
so that ||Vmw,~||% — 0 as i — +oo. Hence, defining v; := u(1 — nxw;), one has that
v; € V" (Q\ K) and, in view of (1.6),

m
V™ (= vl = V" (wngwi) 3 < Z/Q D" () P DTw;
j=0

m
2 j 2 2 2
< Ingulfymesiy Y / |D7wi [* = [k ullFymoo ey Iwi lFm o
; Q
j=0

2 2 2
<C ||77K”||Wm,oc(g)||vmwi”2 -0

asi — +o00.

The reversed implication (ii) = (i) is due to the fact that ¢ = Wg may be used as a test
function in (2.2) to obtain that || Wk ||V5" @\k) = Wkllym) = 0, which is equivalent to
@@).

(ii) = (iii) easily follows from the minimax characterization of the eigenvalues (1.9).
The converse is implied by the spectral theorem, because by (iii) one is able to find an
orthonormal basis of V" (£2) made of V" (€2 \ K)-functions. O

Remark 1 From Proposition 2.1, in particular from the implication (i) = (ii), one derives
the following equivalence:

Capvm’ Q(K) =0 < Capvm’ Q(K, M) =0 forall u e V" (Q)

Next, we investigate some properties of the above defined capacities, in particular the
monotonicity properties with respect to €2 and K, and the relation between the Dirichlet and
the Navier capacities.
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Proposition 2.2 (Monotonicity properties of the capacity) The following properties hold.
i) If K1 C Ko C Q, Ky, Ky are compact, and h € V" (R2), then
capym o(K1, h) < capym (K2, h).
ii) If K C Q1 C Qy, K is compact, and h € H™ (), then
cap,, o, (K,h) < cap, o, (K, h).
iii) For every K C Q compact and h € H™(R2), there holds
cap, y, (K, h) = cap,, (K, h).

Proof i) It is enough to notice that, for u € V" (L), the condition u — h € V(2 \ K3) is
more restrictive thanu — h € V" (Q \ Ky).

it) Any u € H{'($21) can be extended by 0 to a function in H)" (22), so the minimization
for cap,, o, (K, h) takes into consideration a larger set of test functions than the one for
cap,, o, (K, h), and consequently the inf decreases.

iii) It follows directly from the inclusions in (1.7). O

Remark 2 Note that the argument used in the proof of (if) for Dirichlet BCs is no more
available in the case of Navier BCs on 2.

As an example, which is also relevant for our purposes, we compute the capacity of a
point in RV,

Proposition 2.3 (Capacity of a point) Let xo € 2. Then capym o({x0}) = 0 if N > 2m,
while capym g ({xo}) > O when N < 2m — 1.

Proof Tt is not restrictive to assume that xo = 0 € Q. If N < 2m — 1, then the embedding
V() — C%(Q) is continuous i.e. |V"ull» > C(m, N, Q)|lulloo for all u € V™ (2), with
a constant C(m, N, ) > 0 which does not depend on u. In particular for those functions
in V™ () for which u(0) = 1, one has [|V"ull > C(m, N, ). Hence the infimum in the
definition of capym o (K) is strictly positive.

In view of Proposition 2.2(iii), it is sufficient to prove the result for the Dirichlet case. Let
N > 2m+1 and take a sequence of shrinking cut-offin the following way: let¢ € C5°(B2(0))
such that ¢ = 1 on B;(0) and consider ¢ (x) := ¢ (kx). One has that ¢; € C(C)’O(B% (0)) and

Zr=1on B% (0), hence supp ¢ C 2 for k > ko = ko(dist(0, 02)). We compute
/ V" g =f K™ (V" ¢) (kx)|*dx = kz’"‘N/ V"> =0
Q B%(O) B>(0)

as k — oo since 2m — N < 0. Being such functions admissible for the minimization of
cap,, o,wededucecap,, o({0}) = 0.Theargumentis similar for the case N = 2m, provided
we choose accurately the sequence of cut-off functions, see [24, Proposition 7.6.1/2 and
Proposition 13.1.2/2]. For the sake of completeness, we retrace here the proof. Let « denote a
function in C* ([0, 1]) equal to zero near ¢ = 0, to 1 neart = 1, and such that 0 < «(¢) < 1.
Define then ¢, := a(v.), where

1 if |x] < e,
. ) loglx|-log e .
Ve (x) 1= ozt TTog = ife < |x| < /e,
0 if x| > 2.
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Notice that v, is continuous but not C'; on the other hand ¢, € CgO(BJg(O)), since « is
constant in a neighbourhood of 0 and in a neighbourhood of 1 by construction. Therefore
¢e € HY'(B1(0)) forany ¢ € (0, 1). Moreover ¢, = 1 in B¢ (0) so that . is an admissible test
function in the minimization of cap,, ¢({0}). By direct calculations, there exists a constant
C = C(m) > 0 (independent of ¢) such that

[V"¢e(x)| < —— foralle < |x| < /e,
[logel [x|™
whereas
V", (x) =0 if either [x| < ¢ or |x| > V.
Therefore
1 [Ye 1

Q logce Jo 1 2|loge|

as ¢ — 0. The argument is concluded as above. O

2.2 Homogeneous Sobolev spaces and capacities in R"Y

2.2.1 The homogeneous Sobolev spaces D(')"’Z(RN)

So far, we defined the notion of V" -capacity for compact sets contained in an open bounded
smooth domain © ¢ R¥. An analogous definition can be given when Q = R¥, provided the
underlined space is of homogeneous kind. We introduce the homogeneous Sobolev spaces
(sometimes referred to as Beppo Levi spaces) D(')" 2 (RN) as the completion of C§° (RN) with

respect to the norm
1
m_ 2 2
u|| ym2 = V™u .
lull 2 (fRN| |>

Actually, the spaces D' ’2(RN ) are more commonly defined as the completion with respect
to the norm || D™ - ||, i.e. with respect to the full tensor of all highest derivatives. However,
the two definitions are equivalent since, by integration by parts, || D™ - ||2 and ||[V™ - ||, are
equivalent norms on Cé’o (RN), see e.g. [17, Sec.2.2.1].

For large dimensions N > 2m, the following Sobolev inequalities are well-known: for
every 0 < j < m there exists a constant S(N, m, j) > 0 (depending only on N, m and j)
such that

2
. * 2%
S(N,m, j) IDu>mi ) ™ < |D™u)%,,y. forallu € COMRYY,  (2.3)
RN L2(RN) 0

2N

* —
where 2m’j = N

that

In particular, for j = 0, there exists a constant S(N, m) > 0 such

2
«\ 25
S(N,m) (/RN |u|2'"> < llull 2w, forallu € CF7@®RY),
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where 25, 1= 2% | = 324, see [17, Theorem 2.3]. In view of (2.3), if N > 2m, one may

also characterize D81 ’Z(RN ) as
DI 2R = {u e L% ®RY) | D/u € L RV) forall 0 < j < m}.

Analogously, for K ¢ RY compact, one may consider the exterior domain = RY \ K and
define D(T ’Z(RN \ K) as the completion of C{° (RN \ K) with respect to the norm ||V - |2,
which is characterized, for N > 2m, as

DIRN \ K = {u € L2 RN\ K) | Diu e L*i (RN \ K) forall 0 < j < m }
; -

and yu € H' (RN \ K) forall ¢ € C(RY)
see [15, Theorem 11.7.6].

2.2.2 A Hardy-Rellich-type inequality with intermediate derivatives

Besides Sobolev inequalities, an important tool in the theory of Sobolev spaces in large dimen-
sions N > 2m is represented by Hardy—Rellich inequalities, which state that the Sobolev
norm of the highest order derivatives controls a singularly weighted Sobolev norm of the
function. We refer to [12] for such inequalities in H)' (2) and to [16, 18] for their extensions
to Hg' (€2). In this section, inspired by [26], we prove a Hardy—Rellich-type inequality for the
space Hg(Q) including also the gradient term, which provides a further characterization of
the space DS‘Z(RN ) for N > 4.1t will be needed in Sect. 4.1 to identify the functional space
containing the limiting profile in the blow-up argument, when Navier BCs are imposed on
0%2.

Theorem2.4 Let N > 4and Q2 C RN be a Ymooth bounded domain. Then, for every function
u € HX(Q) N H}(K), one has that e L%(Q) and

IIZ’ |x|

2
(N—4)2/ : :4d +2(N — 4)/'

Proof Let u € C®(2) be such that u|3q = 0. Let us assume that 0 € Q. Let us introduce a
parameter A to be fixed later and, for ¢ > 0 small, let us denote 2, := Q2 \ B.(0). We have
that

X 2 2 2 MZ u
0< A + Au—7r 3 dx = (Au) 4+ A —4dx+2k —2Audx.
x| x| Qs . 1x] . 1
2.5)

/ |Au| dx. 2.4)

We can rewrite the third term as

Vu X 1 X
Audx = Vul| — —2u— | dx + oyudo — uVu - —do
Q |x |2 . |x|? x|+ aq X |2 &2 Jy, €

2
:_/ [Vul dx+/ V(u?) = dx + OV )
Q Q. x|

. X

[Vu|? / u? / KXV
=— dx — (N —4) —dx + U —
/g |x|? Q. lxl* s xl*

u2
—/ —3d0+(’)(8N73)
9B, €
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as ¢ — 0. Since the third term vanishes and the second to last term is O(e¥ %) as ¢ — 0,
from (2.5) we get

Vu
05/ (Au)2+A2/ —4d f [Vup
o x| Q. |xI?

Choosing now L = N — 4, we obtain

dx +0@EN .

(N — 4)[ ||4dx+2(N 4)/ 5/ (Au)* + 0" ™) ase — 0.
2

Inequality (2.4) follows by letting ¢ — 0 and by density of the set {u € C®(Q) | u|sq = 0}
in H2(Q) N HO1 (£2). If O ¢ 2 the above argument can be repeated by considering directly in
(2.5) the integral on the whole €2. ]

We observe that (2.4) holds also for all functions in Cgo (RN) (since any u € Cgo RM)
is contained in some Hg(Q)). Therefore, by density of C3° (RM) in DS’Z(RN ) and Fatou’s
Lemma we easily deduce that, if N > 4, then

dx < / |Au|2 dx
RN

2
(N — 4)/ ||d—+—2(N 4)/

forallu € D(Z)’Z(RN ). In particular we have that D(Z)’Z(RN ) is contained in the space

V2—k
S2®Y) = {u e H,%,C(RN)’ | I"u e L2RY) for k € {0, 1,2}}.
We prove now that the two functional spaces coincide.

Proposition 2.5 S2(RY) = D32 (RN) for all N > 4.

Proof We have already observed above that S2(RV) D Dé’z(RN ). Let now u € S2RN),
be a cutoff function with support in B>(0) and which takes the value 1 in B;(0), and define
nR = n( )forallR > 0.Hence nru € H0 (B2r(0)) and we claim that | A(ngru—u)|l» — 0
as R — +oo. Indeed,

IA((r = Du)l3 S ARl + IVarVul3 + 1| (1r — 1) Aull3,
where
[ (ma—l)Aun%sf |Aul?
RN\Bg

as R — +o0, and for k € {1, 2},

1 x\ |2
IVner = [ |9 () 19
2 R<|x|<2r R (V) R

v2-k, 2
§ 22k/ % dx g 0
RM\Bp(0) | XI

as R — 4-00. By density of C5°(B2r (0)) in HOZ(BZR (0)), this implies that C§° (RN) is dense
in S2(RY) in the D} *-norm, thus concluding the proof. O
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2.2.3 Capacities in RY

Similarly to the case of a bounded set  described in Sect. 2.1, for any compact set K ¢ RY
and any u € Dg’z(RN) with N > 2m, we define

cap,, gy (K, u) := inf {/RN V"™ £? ‘ feD*RY), f—ueD*®RV\ K)} ,(2.6)

which we simply denote by cap,, gv (K) when u = ng. The argument for the attainability
of the capacity is easily adapted from the one for capym (K, ). Analogous properties hold
also in this setting, in particular it is true that

DyA(RY) = DJ* (RN \ K) ifand only if cap,, gy (K) =0 2.7)
which directly implies that
cap,, gv(K) =0 & cap,, pv(K,u) =0 forall u e Dj"*(RY).

The analogue of (2.7) in the case of a bounded domain €2 is contained in Proposition 2.1
and its proof relies on (1.6), which in turn is based on a Poincaré inequality, the latter being
no longer valid in RY. However, if N > 2m, the role played by Poincaré inequalities can
be replaced by the critical Sobolev embedding. Although known, here we retrace the proof
of (2.7) for the sake of completeness. Let u € C§° (RM), set £ := supp(u), and consider

(w;); C Dg"z(RN) with w; — ng € D(’)”’Z(RN\K) such that | V" w; ||} — 0 asi — +oo.
2 .
Then v (= u(l —w;) € DS’ (RN \ K) and, defining qj = 2;:1,] = #j’\;i/) > 2 for
j €10, ..., m}, one has that
m
197 = ) I3 = 19" w32y S 1elymoeany D /E 1D w;?
j=0

<Z<[ 1D/ w |‘ff> ZHD will7a) @,

S 1D w; S IIVmwi — 0,

”LZ(RN) ”LZ(RN)

where in the last steps we used Holder inequality, the Sobolev inequality (2.3), and the
equivalence of the norms || D™ - ||, and |V™ - ||2.
For later use, we also recall the right continuity of the capacity, see [24, Sec. 13.1.1].

Lemma 2.6 Let K be a compact subset of Q2 C RN For any ¢ > 0 there exists a neighbour-
hood U(K) C Q such that for any compact set KwithK c K C U(K), there holds

capm’Q(K) < cap, o(K) +e.

Although the notion of capacity needed for the blow-up analysis in Sect.4.1 is the one
given in (2.6), sometimes it is useful to consider a second one defined as

Cap> _,(K) ::inf{/ V" fI2 ‘ feDy?®RY), f>1ae on K}, (2.8)
m, R RN

which is well-defined for N > 2m, and similarly CapiQ for Q@ cc RV, see [23, 24]. One
of the advantages in this approach is that the capacitary potential associated to Capi RN 18
positive, see [17, Sec. 3.1.2]. Note that for all Q2 C RY one has Capi’Q(K) < cap,, o(K)
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because the class of test functions considered in (2.8) includes the one considered for the
minimization in (2.6). Actually it turns out that the two definitions are equivalent, in the
sense that the two capacities estimate each other, as stated below. We report here the result
for @ = RV, referring to [23] for the general case @ C RV,

Lemma 2.7 ([24], Theorem 13.3.1) Let m € N\ {0} and N > 2m. There exists a constant
¢ > 0 such that

ccap,, gy (K) < Capi RN (K) < cap,, gy (K)
for any compact set K C RV,

Remark 3 The constant ¢ appearing in Lemma 2.7 can be taken 1 in the second-order case
m = 1, so the two definitions coincide, see e.g. [24, Sec. 13.3]. Whether this is the case also
for the higher-order case it is still an open question.

Remark 4 As an extension of Proposition 2.3, it is known that a regular manifold of dimension
d has zero capacity in the sense of (2.8) if and only if d < N — 2m, see [4, Corollary 5.1.15].
By Lemma 2.7, this result holds also for the notion (2.6) of capacity.

3 Convergence and asymptotic expansion of the perturbed
eigenvalues

In this section we study stability and asymptotic expansion of the perturbed eigenvalues of
(1.2) and (1.3), when from a bounded domain ¢ R one removes a compact set K of small
V"™ -capacity. The main goal is to extend the results obtained in the second-order framework
(in particular [2, Theorem 1.4]) to the higher-order settings described in the introduction. The
first part is devoted to the proof of the stability result of Theorem 1.1, which applies for rather
general domains, while in the second part we focus on the asymptotic expansion of simple
eigenvalues contained in Theorem 1.2, for which we require the notion of concentrating
family of compact sets.

3.1 Spectral stability: Proof of Theorem 1.1

We present here a simple and self-contained proof of the stability of the point spectrum of
the polyharmonic operator with respect to the capacity of the removed compactum, in both
Dirichlet and Navier settings described in Sect. 1.1. It is essentially based on the variational
characterization of the eigenvalues (1.9) and on the properties of the capacitary potentials,
and it follows some ideas exploited for the same question in the second-order case in [3,
Theorem 1.2].

Proof of Theorem 1.1 Denote by (#;)7° an orthonormal basis of L%(2) such that each u; is
an eigenfunction of problem (1.1) associated to the eigenvalue A;(€2). By classical elliptic
regularity theory (see e.g. [17, Section 2.5]), the smoothness of 92 yields u; € C™ () for
all i € N. In order to deal at once with both cases (D) and (N), we introduce the function H
defined by H = 1 in the Dirichlet case, and by H = ng, in the Navier case. Here 7k, is
a cutoff function which is equal to 1 in a neighbourhood on K¢ and with support contained
in some compact set I?B such that Ko C IF(VO C Q. The cutoff 5, is introduced in order to
enforce the boundary conditions on 92 in the Navier case.
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Fix j € N\ {0}. Forany ¢ € {1, ..., j}, we define ®; := u,(1 — HWg) and introduce
the subspace X ; := span{cbg}é:l. Note that ®, € V" (Q2\K) by definition of the capacitary
potential Wk, so X; C V" (2\ K). The aim is to prove that X ; is a j-dimensional subspace
of V" (2\ K) so that the right hand side of (1.9) is smaller than the maximum of the Rayleigh

quotient over X ;. Note that, by trivially extending the functions {<I>g}£:1 in K, the integrals
may be evaluated on 2. First,

/ O, Dy =/ Uplly —2/ upug HWg +/ Uplly HZWIZ(,
Q Q Q Q
therefore, by orthonormality of {u@}é:] in L2() and (1.6),

DDy — Spy| < 2 oo 21212 W W ll3
fQ $®0 = 81| = max ey (I 2IWil + I W 1B)

3.1
1/2
< (capym o(K))'? + capym o (K),

where 8, ¢ stands for the Kroenecker delta. Let now (W), C X" (), see (1.10), be a
sequence of smooth functions which approximates in the V" -norm the capacitary potential
Wk and satisfying W,, = 1 in U/ (K). The existence of such a sequence is guaranteed by the
definition of W . Define moreover d>£ = u¢(1 — HW,) for n € N. Note that CIDf, — ®yin
V™ (Q) as n — +00. We get

/ v ohvm el :/ V™ (up (1 — HW,) V" (ue(1 — HW,,))

& 2 3.2)

= / V”’uhvmu[(l - HWn)2 + Tm(u/h ug, Wn)v
Q

where the term 7, contains all remaining products between the derivatives of u, uy, and
1 — HW,,. To deal with the first term on the right in (3.2), consider u, (1 — HW,)% e V"(Q)
by regularity of the factors, as a test function for the eigenvalue problem (1.8) for Aj(<2).
One obtains

Ah(sz)/ o) D, =Ah<sz>/ wpue(l —Hwn>2=/ V" up V" (ue(1 = HW,)?)
Q Q Q

=/ V™ up V™ g (1 —Hwn>2+/ V™ S (e, W),
Q Q

where again all remaining products involving intermediate derivatives of uy and 1 — HW,,
are collected in the term S, (which is a vector if m is odd). Isolating the first term on the
right hand-side, and substituting it into (3.2), we get

/v%i:v%ﬁ—xh(sz)f d>f;<1>ﬁ=—f V" S e, W) + Ton (i, g, W).
Q Q Q
(3.3)
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Moreover,

| [ v unsntan, W)
Q

m i
SZZ/QIV’"uhllD’”"uzllD"’(l—HWn)||Df(1—HWn)

i=1t=0
m i
< IV unlloolluellwmosiy Y D ID"T(1 = HW,) |2 DT (1 — HW,)ll2
i=1t=0
m
, .
= max Juk liyms @ Z(zuD'(Hwn)uzul — HWyll2
i=1 3.4
i—1
+y ||D"f(Hw,»||z||Df<HWn>||z)
=1
= €@, jm) (1 H llwmos e I Wallm @ (1212 + W, 1)
L e | W g )
. 172
S C@. ., m)(an W@ (capym o (K) + on(1)"/
1 e g €apym, o (K) + 04 (1)) a7 — o0,
having used the equivalence of the norms | - || gm(q) and |[V™ - ||z in V(). Here 0,(1)

denotes a real sequence converging to 0 as n — +o0o. Analogously one may estimate the
last term in (3.3):

T (s e, Wl <Y /Q|D"’—"uh||D“<1—HWn>||D'"—’uz||Df<1—HWn)|
}

i,7€{0,...,m

(1,7)#(0.0)

m
< 2 T _
= max lunlm sy (2D 10T (HW) 2T = HWallz

=1

+ > ||Df(HWn)nanf(HWn)nz)

i,te{l,...,m}

(3.5)
= €. jom)(IHllwni@) I Wallam @ (19172 + [ Wall2)
AL L AT
S €@, jom)(I1H lwnoe ) (capyn o (K) + 0n(1)'*
+ I Bymos ) (capym oK) +04(1))) a5 — oo,

All in all, from (3.3)—(3.5), one concludes

/vaq>ﬁvmq>f,—xh(sz)/9q>f:q>ﬁ

< 5 ((Capvm’ Q(K) + 0n(1))1/2 + CElIJ‘/'m7 Q(K) + On(l)) 5
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where C depends on Ky in the Navier case. Letting now n — 400 in both sides of the
inequality, and taking into account (3.1), one infers

/ VD, V" Dy — Ay (S
Q

= C((capym oK) +capyn o (K)) . (3.6)

Hence, from (3.1) and (3.6) one sees that, when capym (K ) is small enough, the functions

{ dDg}é:l are linearly independent in V" (2 \ K), and so the subspace X ; has dimension j.
Therefore, recalling that A, (£2) < A;(€2) forall & € {1, ..., j}, again from (3.1) and (3.6)
one finally infers that

J
> apay fQ Vo, V"o,
JL=1

Aj(R2\K) < max

(o1, j) R J 5 1
Z{:] Oji:l hgl ah + @) ((Capvmq Q(K)) )

= 1/2
1+0 ((Capvm’ Q(K)) )

as capym q(K) — 0. O

=21 (Q)+0 ((capvm, Q(K))l/z)

3.2 Asymptotic expansion of eigenvalues: Proof of Theorem 1.2

Let {K;}c~0 be a family of compact subsets of €2 and denote by A 7 (2\ K;) the J-th eigenvalue
of (=A)™in V" (2 \ K¢), i.e. of problem (1.8) with K = K. If there exists a limiting set K
for which capym o(Kg) — capym o(K) = 0, Theorem 1.1 and Proposition 2.1 guarantee
that Lj(Q\K:) — Aj(Q\K) = 1;(2), if we denote by A;(2 \ K) the corresponding
eigenvalue of the limiting problem in V" (Q\K) = V;"(2). Moreover, Theorem 1.1 gives
us a first estimate on the eigenvalue convergence rate in terms of the V" -capacity of the
removed set K. Inspired by [2], we are now going to sharpen this result, by detecting the
first term of the asymptotic expansion of A ; (2 \ K;), provided the family of compact sets
{K:}e=0 converges to K as specified in Definition 1.1. Indeed, as the next two propositions
show, this definition of convergence, although very general, is enough to prove the stability
of the (u, V™)-capacity in case capym o(K) = 0, as well as the Mosco convergence of the
functional spaces.

Proposition 3.1 Let { K}~ be a family of compact sets contained in 2 C RN concentrating
to a compact set K C Q with capym o(K) = 0 as ¢ — 0. Then, for every function
u € V" (Q), one has that Wk, , — Wk , = 0 strongly in V"™ (Q2) and

capym o(Ke, u) = capym o(K,u) =0 as ¢ — 0.

Proof 1t is analogous to the one for the case m = 1 given in [2, Proposition B.1]. It is in
fact essentially based on the fact that V" (2 \ K) = V" () for sets of null V" -capacity, as
shown in Proposition 2.1, and on the consequent Remark 1. O
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Definition 3.1 Let {K.}.~0 be a family of compact sets compactly contained in a bounded
domain . We say that Q\ K converges to Q\ K in the sense of Mosco in V" if the following
two conditions are satisfied:

(i) the weak limit points in V" (2) of every family of functions u. € V{j" (2\ K) belong
to V' (2 \ K);

(ii) forevery u € Vi"(Q\ K), there exists a family of functions {u,}¢~0 such that, for
every € > 0, u, € V)" (Q\K,) and u; — u in V" ().

In order to stress the underlined functional space, we also say that V" (R \ K) converges
to V" (22 \ K) in the sense of Mosco.

Lemma 3.2 Let {K.}c~0 be a family of compact sets concentrating to a compact set K C Q
with capym o(K) = 0 as & — 0. Then V" (2 \ K¢) converges to Vi" (2 \ K) as e — 0 in
the sense of Mosco.

Proof Verification of (i). Let {uc}, C V™ () be such that u; € Vj"(Q \ K) and uz—u
in V" (). Since cap,, o(K) = 0, we have that V"' () = V' (2 \ K) by Proposition 2.1,
hence u belongs to V' (2\K).

Verification of (ii). Let u € V' (Q\K) = V"™ (). For every k € N\{0}, by density there
exists xx € X{' (R \ K) such that | V" (xx — u)ll2 < % Note that, if K, is concentrating to
K in the sense of Definition 1.1, for a chosen cutoff function nx € C3°(2) such that ng = 1
in a neighbourhood of K, one has that ng = 1 in a neighbourhood of K for ¢ small enough.
By definition of Wk, one may find (W,),, C V™ (2) and a sequence (&,), \, 0 such that
IV Wyll2 < Landw, =1ina neighbourhood of K, for all ¢ € (0, &,]. Defining, for all

n

n,k € N\{0}, ZX := xx (1 — ng W,), one has that ZX € V/"(Q\ K,) forall ¢ € (0, &,] and

Ck
19" (2 = 3) 2 S Inllwns @ | Walv @y e lwmesay < =

for some Cy > 0 depending on k. Hence, for each k € N\ {0}, there exists ny € N such that
ng / oo ask — ooand | V" (Z’,jk — Xk) 2 < % In order to construct the family required

for the Mosco convergence, for any € € (0, &,,) itis sufficient to define u, := Z,’jk, choosing
k such that ¢ € (e, &n, ). Indeed, for any § > 0, letting k € N\ {0} be such that % <4,
we have that, for all ¢ € (0, &,, ], ue = Zﬁj for some j > k, so that

IV (e —u) lla < IV"(Z3h, = xj) 2+ IV" (xj —u) 2 < = <
thus proving that u, — u in V" (Q2) as ¢ — 0. ]

Remark 5 Note that the Mosco convergence of sets implies the convergence of the spectra
of the polyharmonic operators, see [5]. For the Dirichlet case, in particular this can be seen
combining [5, Proposition 2.9, footnote 2 p.8, and Theorem 4.3].

Lemma3.3 Let K C Q be a compact set and {K;}c~0 be a family of compact subsets of Q2
concentrating to K as ¢ — 0. If capym o(K) = 0, then, for every f € V" (), we have that
IWK,. £ 131y = Ocapym o(Ke, f)) as e — 0.

Proof The proof is inspired by [2, Lemma A.1]. Suppose by contradiction that there exist
C > 0 and a sequence &, — 0 such that

|Wk,, > Ccapym q(Ke,, f) foralln. 3.7

2
.f”Hm—l(Q)
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Let us consider

YT Wk, 1)
We have
V"W, I3 1
1 Zullgn-1gy =1 and  [[V"Z,|j= ——— 202 < —
” WKEU ,f ”Hm—l (Q) C

with C > 0 as in (3.7).

Then one may find a subsequence (still denoted by Z,)) and Z € V" (), so that Z,,—~Z
in V™ ($2). By the compact embedding H™ (Q2) << H™1(Q), Z is also the strong limit
in the H"~1(Q) topology. This implies that || Z|| am-1¢q) = 1. However, by the Mosco
convergence of Lemma 3.2 one may show that

/ V"ZV"9 =0 forallg € V§"(Q\ K), (3.8)
Q\K

and hence for all ¢ € V™(Q2) by Proposition 2.1, since we assumed capym o(K) = 0.
Indeed, given ¢ € V' (2 \ K) there exists a sequence {¢;, }, so that ¢¢, € V" (Q\K,) for
eachn € Nand ¢,, — ¢ in V" (£2), for which then

/ V" Z, V", =0
Q\Ke),

foralln € N by definition of Z, as a multiple of the capacitary potential Wk, _r. Then, (3.8)
follows by weak-strong convergence in V" (R2), yielding Z = 0, a contradiction. O

We are now in the position to prove the asymptotic expansion of the perturbed eigenvalues.
The suitable asymptotic parameter turns out to be the (u 7, V")-capacity of the removed set,
where u is an eigenfunction normalized in L2(S2) associated to the eigenvalue A ;.

In the following, (—A)* stands for the polyharmonic operator acting on V" (\K,).
Similarly, to shorten notation, we write A, := A; (2 \ K;) and the corresponding (u;, V"")-
capacitary potential is denoted by W, := Wk, ,,, € V"(Q2); we also write Ay := A7 ().

Proof of Theorem 1.2 First note that the simplicity of A 7, i.e. of 1 ; (€2\ K) by Proposition 2.1,
together with the convergence of the perturbed eigenvalues given by Theorem 1.1, implies
the simplicity of A, for ¢ sufficiently small.

Let e :=uy — We € V" (Q\K,) and ¢ € V' (Q\K,). Then

/ V"’%V’"w—kJ/ Iﬁs<p=/ V”’uJV'”go—kJ/ w=m/ Wep.
Q Q Q\K, Q Q

This means that . satisfies weakly in V" (22 \ K. ) the equation
(A" =2g) Yo = Ay We. (3.9)

Since by Lemma 3.3 with f = u; one has [|W; |2 = O(capym o(Ke, up?yase — 0, we
infer

[(=A)" = A Pell2

dist(Ay, o (—A)™) <
ist(hy, o ((—A))) = TAE

= o(capym (Ko, up)'?)
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as ¢ — 0. Since we know by Theorem 1.1 and Proposition 3.1 that the spectrum of (—A)"
in V" (Q\K) varies continuously with respect to & and that the eigenvalue A, is simple for
& small enough, one first deduces

ke — As| = O(capyn o(Ke, uy)'/?) ase — 0.

Denote now by IT, the projector (with respect to the scalar product in L2) onto the eigenspace

related to A, and take u, := % as normalized eigenfunction. The first goal is to estimate
the difference of the two eigenfunctions u ; and u,:
e
lug —uella < lluy — Vella + 1Ye — Hetell2 + Hnsws I re————
ITLe e l2 2

= IWellz + e = Tewrella + 1= ITewe 3 [ ITLew .

Note that Lemma 3.3 yields ||We |2 = O(capym q(Ke, u 1/2) and, moreover, we have
Tevellz < IYellz < luslla + [[Wellz = O(1) ase — 0.

Hence, we need to estimate ||y — 1,12 and ’l — [T ||2_l ’.We claim that both quantities

are o(capym o (Ke, w2y, obtaining thus
luy — uella = 0(capym o(Ke,up)'?) ase — 0, (3.10)

and postpone the proof of such claim to the end of the proof. Then we have
capym o(Ke, uy) = / V"W, | = f V™' uy — Y ) V"W, = / V™ u V"W,
Q Q Q
=)\J/ uyWe =Ajf ugWe +)\J/(MJ —ug)W;
Q Q Q
3.9 m m
= V%% VU — Ay ugWe + Ay (g —ug)We
Q Q Q
= (A _)\1)/ ug\We +)\1/(“J —ug)We,
Q Q
and therefore
(Ae — )LJ)/ Uge = Capvm,Q(Km uy) —Ary / (uy —ug) We. (3.11)
Q Q
Since now
/ugws = ||ug||%+/ ue (Ye —ug) = 1 +/ ue (Ye — ug)
Q Q Q
and
< lluel2lle — uella = O(capym o(Ke, up)'’?),

/ ug (Ve — ug)
Q

where the last equality is again due to the claims above, from (3.11) and (3.10), we infer

capym o(Ke, uy) + 0(capym o(Ke, uy))
1+ o(1)

he — Ay = = capym o(Ke,uy) (1+ o(1))
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ase — 0, as desired. To conclude, we prove the claims above. Since A, is a simple eigenvalue,
denoting by T the restriction of (—A)7* on ker I1,, we have that o (T;) = o ((—A)7) \ {A¢}
and, by simplicity, dist(Ag, o (T;)) > & for some § > 0, uniformly with respect to €. Hence,

1
¥e — Meella < g 1(Te = Xe) (e — stE)HZ S I ((_A)m - )hs) Vell2
S ()" = Ag) Yella + 12g = Relllell2 = 1Ag I Well2 + |2 — Al 2
= O(capym (Ko, uy)'/?).

Since, by definition of ¥, and Lemma 3.3, |[{¢ll2 = 1 4 O(capym o(Ke.uy)V/?) as € — 0,
one thus finds that [T [l2 = 1 + O(capym o(Ke, uy)'/?), which in particular yields the

desired estimate 1 — ||1'[51p8||2_1 = O(capym q(Ke, 1 7)"/2). This concludes the proof. 0O

Remark 6 We observe that, in the proof of Theorem 1.2, the following estimate for the
normalized eigenfunction u, € VO'” (Q\K¢) of (—A)™ relative to A y (2\ K ) was established:

lue —uslo = o(capym o(Ke,up)'?) ase — 0.

4 Sharp asymptotic expansions of perturbed eigenvalues: the case of
uniformly shrinking holes.

4.1 A blow-up analysis

In Theorem 1.2 we obtained an asymptotic expansion of a perturbed simple eigenvalue in
terms of capym o(Ke, uy), in case the limiting removed set has zero V" -capacity. However,
in view of possible applications, the dependence on the removed set K, is quite implicit
using such an asymptotic parameter. Therefore, we aim to understand how this quantity
behaves with respect to the diameter of the hole, in the case of a uniformly shrinking family
of compact sets which concentrate to a point, a set with zero V" -capacity in large dimensions
by Proposition 2.3.

First, we only suppose that {K}¢~o uniformly shrinks to a point, which is assumed to be
0 in the following, in the sense that

Ka C BCs(o) (4-1)

for some constant C > 0 and € small enough. The following is a generalization of [2, Lemma
2.2] to the higher-order setting.

Proposition 4.1 Let @ C RN be a smooth bounded domain such that 0 € Q and let {K,}s~0
be a family of compact sets satisfying (4.1). Let h € H™(2) be such that

IDFh(x)| = O(x["™) as x| — 0
forsomey € Nandallk € {0, ..., m}. Then
capym o(Ke, h) = OV ™24 ase — 0. 4.2)

Proof By Proposition 2.2(iif), it is sufficient to prove (4.2) for the Dirichlet case V™ (Q2) =
H)' (). Let ¢ € C§° (RN) with supp¢ C B(0) and ¢ = 1 in a neighbourhood of B;(0),
and define g (x) := ¢((Ce)~'x) for all ¢ > 0 small. Then h, := @.h coincides with % in a
neighbourhood of B¢, (0). By monotonicity
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cap,, o(Ke, h) < capmqg(my h) < / IV"’hg|2
Q

m

<Y / D" e (x) P DX ()| dx
k=0 Bace (0)
m X 2

sy o [ ot (o) Dt dx
=0 Bace (0) Ce
m

S Y (CeyEmEN / D" * ()P ID*h(Cey) > dy
k=0 B(0)

m
5 8N72m+2y / |Dm7k¢(y)|2 dy 5 8N72m+2y7
k=0 B»(0)

< ¥ % in By, (0). O

~

having used the assumption that || D*h|loo

Next, having in mind the model case K, := €K for a fixed compactum /C, we consider
families of compact sets which uniformly shrink to {0} as in (4.1) but enjoying a more specific
structure. To this aim we assume

(M1) there exists M c RN compact such that e~ lK, C Mforalle € (0,1);
(M2) there exists &L C RY compact such that RV \ e 7' K, — RV \ K in the sense of Mosco
ase — 0.

In our context (M2) means the following:

(i) if ue € DYP2 (RN \ e7'K,) is so that u,—u in D *(RV) as & — 0, then we have
thatu € DJ"* (RN \ K);

(i) ifu e D(')" ’Q(RN \ K), then there exists a family of functions {u.}.~o such that
ue € DJP(RN\e~'K,) foralle > 0 and uy — u in Dj*(RV) as & — 0.

m,2

In this case we also say that D, RN\ e71K,) converges to DZ)" ’Z(RN \ K) in the sense of
Mosco.

Remark 7 Assumption (M1) is actually equivalent to the condition (4.1), since M C B¢ (0)
for some C > 0.

Lemma4.2 Let N > 2m. Under the assumption (M1) the following are equivalent:

1. D6”‘2(RN \ e~ 1'K,) converges to DS"’Z(RN \ K) in the sense of Mosco;
2. Hy'(Br(0) \8_1 K¢) convergesto H)' (Br(0)\K) in the sense of Mosco for all R > r (M),
where r(M) :=inf{p > 0| B,(0) D M}.

We denote by (Mg2.i) and (M 2.ii) the correspondent conditions (M2.i) and (M2.ii) which
enter in the definition of the Mosco convergence relative to the space H6" (Bg(0)). In the
following we use the shorter notation Bg := Bg(0).

Proof 1) = 2). Verification of (M g2.i). Let {uc}e~0 C Hy'(Bgr) be a family of functions
such that u, € H(’)"(BR\S_IKS) and ug—u in Hy'(Bg). We show that u € Hy'(Bg \ K).
Denoting by u f and u® the trivial extension of u, and u outside Bg respectively, then
uft e DS“Z(RN \ e7'K;) and uf —uf in ng’z(RN). Hence condition (M2.i) guarantees
that u? e Dg1 ’Z(RN \K), which by construction implies that u € Hy' (Bg \ K).
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Verification of (Mg2.ii). Let v € C3°(Br\K) and A1, A C 2 be two open sets such
that suppv CC Ay CC Az CC Bg. Take n € Ci°(A2) with n = 1 on Aj. Since
vE € DJPA(RN \ K), then by (M2.ii) there exists a family {v:}e=o C Dj"*(RY) with
Ve € D(')”’Z(RN \ ¢~!K,) for all ¢ > 0 such that v, — vF in Dg”z(RN), ie.

V" (e = v5) Il 2@nvy > 0 as & — 0.

By construction, nv, € Hé”(BR\e’le). We claim that nv, — v in Hj'(BR). Indeed,
denoting by ¢; := 2}, ; = #’Xl_” > 2and p; := 2(%)/ = mL—/ for j € {0, ..., m},
one has '

m
19" (ve = W)l 254y = 19" 1@ = )28y < D ID" /0 DI (v = V)l 125
j=0
m

< D ID"™ I nll v uppmy 1D e = vE) L1 oy
= 4.3)

" L .
< Y Isuppnl” D" I lloo | D™ (ve = vl 2y
j=0
< Cm, N, B)nllwmo @ | V" ve = vl 2wy — 0.

The last steps are due to the critical Sobolev embedding on RY (for which it is fundamental
that N > 2m), see (2.3), and to the equivalence of the norms || D™ - || and ||V"" - ||2, see e.g.
[17, Chp. 2.2].

The above argument and the density of C5°(Bg \ K) in H)' (Bg \ K) imply that, fixing any
v € Hy'(Br\K),forevery § > O there exists a family {vs ¢ }.~0 suchthatvs . € Hy' (Br\K¢)
and [[vse — v|lgmBg) < O for all & € (0, &] for some &5 > 0. Therefore there exists a
vanishing sequence (&;), \ 0 such that H v%’g —v ” Hn(Bg) < % for all ¢ € (0, &¢]. Defining
Ve = V1, fore € (€441, &4], we have that, forall e € (0, &1], v, € Hy'(Br\K,) and v, — v
in H6”(”BR) ase — 0.

2) = 1). Verification of (M2.i). Let {ug}e=0 C Dgl’z(RN) be a family of functions such
thatu, € DJ"*(RN\e~'K,) and u,—u in DJ"*(RV). Taking n € C**(RV) and R > 0 such
that suppn C Br(0), due to the continuity of the map D(’)"’z(]RN) — H(’)" (BRr), u — nu,
which can be easily proved arguing as in (4.3), one has that nu.—nu in Hg'(Br). Hence,
(Mg2.i) implies nu € H"(Bg \ K). Hence nu € Djj*(RN\K) for every n € CS°(RY). Let
us now take n; € C°(RY) with0 <y < 1,7y =1 on B% and suppn; C By, and define
Nk = N1 (E)’ so that supp nx C Bi. We are going to prove that nyu — u in Dg“z(RN) as
k — 400, in order to conclude that u € D(’)"‘Z(RN \ K). We estimate as follows:
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m—1

V™" (e — u)lliz(RN) < /RN e — 121V ul* + ) / | D" i || DY u)?
; B,
j=0

i\ Bk
2
m—1
2 —j 2 o2
S IR DL AT P LU
\B% j=0 2
m—1
2 —j 2 j 2
=/RN\Bk 9l 4+ 3 D01 oy 1D 1, v,
b j=0 ?

“4.4)
where we have used the fact that supp (D" i) C Bk\Bg if j <m —1and

20m—j)
N

DI 2, = g2 D" (x /KT d
1D T2 1, v, [ D" 1 dx

= (/ D" ()77 dy)
RN

Since u € DS1 ’2(RN ), the first term at the right-hand side of (4.4) tends to 0 as k — +-o00;
moreover, the critical Sobolev embedding (2.3) implies that D/u e L9 (RN) forall 0 <
Jj < m, so that also the second term goes to 0. We conclude that nyu — u in D(')”’Z(RN) as
k — 400, which yields u € Dj"*(RN\K).

Verification of (M2.ii). Letu € D(’)" 2 (RM\K).Let$§ > 0.By density, there exists a function
v e CSO(RN \ K) such that || V" (u — Wl 2@y < %. Take R > 0 so thatsuppv C Bg. Then
v € Hy'(Bg \ K) and by (Mg2.ii) there exist £ > 0 and a family of functions {(pg}ge(oyga)
such that gug € Hj'(Br \ e71K,) and |V" (v — ‘PE)HLZ(BR) < % for all ¢ € (0, &s). Hence,
forall & € (0, &), (¢2)F € DJ"*(RN \ e~ 'K,) and | V" (u — @) 2@y < 8.

As a consequence, there exists a strictly decreasing and vanishing sequence {g,}, such
that, for every n € N\{0}, there exists a family of functions {u}.c(0,s,) such that

2(m—j)
N

1
! € DY PR\ e7'K,) and V" —ul)|l 2@ny < —
n

for all ¢ € (0, ¢&,). For every ¢ € (0,¢e1), we define u, := ul if .01 < & < g,. It
is easy to verify that, by construction, u, € Dg"z(RN\s_lKg) for all ¢ € (0,¢&1) and
V™ — ug)ll 2wy = 0as e — 0. (M2.ii) is thereby verified. m]

Before stating the main results of the section, we prepose a lemma about the stability of
the (h, V'™)-capacitary potential with respect to the function /.

Lemma4.3 Let K C @ C RN, K compact, {hy}pen C H".(Q) and h € H" (Q). Let us

suppose that, for some U(K) C Q2 open neighbourhood of K, h, — h in H"(U(K)) as
n — ooanddenote by Wk ,, (resp. Wk 1) the capacitary potential for capym (K, hy) (resp.
capym o(K, h)). Then Wk j, — Wk p in V() and capym (K, hy) — capym o(K, h).

Proof Being capacitary potentials, the functions Wk p, and Wk j satisfy

/V’”WK,thwzo and /VmWK,thmgozo foralln e Nand ¢ € V' (2 \ K).
Q Q
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Let ng € C®°(RN) be a cutoff function such that 0 < nx < 1, suppng CU(K)andng =1
in a neighbourhood of K. Hence, by construction, one has that

Wk b, — nkhn € VOm(Q \ K) and Wk .n —nkh € Vom(Q \ K).
Therefore

IV™ (Wi, — W)l

= /Q (V"Wk , — V" Wi 1) (V"W p, — V" Wk 1)

= /QVmWK,h,, V" (Wk b, — K hn) + /Q V"W 5, V" (g hn — nich)
+ /Q V"W, V" (nkh — Wi p) — /Q V"W 1 V" (Wk b, — 1k hn)
- /s; V" Wk w V™ (khn — nxh) — /Q V" Wk 1 V" (nkh — W i)

= /S;Vm (Wi h, — Wk o) V" (khn — ngh)
< IV"Wk n, — V" Wk all2IV" (g (hp — 1)) |l2.
This yields
V" Wk n, = V" Wk pll2 < IV"™ ik (hy — 1)) 2 S hn = BllHm @iy — 0,

ie. Wg p, = Wk in V(Q), directly implying that capym (K, hy) — capym (K, h)
asn — oo. O

Remark 8 In case Q = R" the same result holds with W, — Wk j, in D(r)”’z(RN).

We are now in a position to prove the main results of this section, namely a generalized
version of Theorems 1.3—1.6, which take into account families of domains which satisfy
(M1)—-(M2), rather than just the model case K, = ¢X.

Motivated by the asymptotic scaling properties of the eigenfunctions (1.15), we apply a
blow-up argument to a rescaled problem, in order to find a limit equation on RY \ K and to
prove the convergence of the family of scaled capacitary potentials to the one for the limiting
problem. The capacity capym (K, u;) will behave then as the limit capacity on RV \ K
multiplied by a suitable power of ¢ given by the scaling. In this argument, we work with
the homogeneous Sobolev spaces and, in particular, for the Navier case the characterization
via Hardy—Rellich inequalities of Sect.2.2.2 will be needed. This is the main reason for the
restriction to the fourth-order case in the Navier setting, since, up to our knowledge, the
extension of Proposition 2.5 to the full generality m > 2 is an open problem.

Theorem 4.4 (Asymptotic expansion of the capacity, Dirichlet case) Let N > 2m and Q2 C
RY be a bounded smooth domain with 0 € Q. Let {K;}e~0 be a family of compact sets
uniformly concentrating to {0} satisfying (M1)—(M2) for some compact set K. Let Ay be an
eigenvalue of (1.1) with Dirichlet boundary conditions andu; € H{'(2) be a corresponding
eigenfunction normalized in L*>(S2). Then

cap,, o(Ke,uy) = """ (cap,, gy (K, Up) + 0(1)) (4.5)

as ¢ — 0, with y and Uy as in (1.15).
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Theorem 4.5 (Asymptotic expansion of the capacity, Navier case) Let N > 4 and Q@ c RV
be a bounded smooth domain with 0 € Q. Let {K:}¢~0 be a family of compact sets uniformly
concentrating to {0} satisfying (M1)—(M2) for some compact set K. Let Ly be an eigenvalue
of (1.1) with m = 2 and Navier boundary conditions and uj € Hg(Q) be a corresponding
eigenfunction normalized in L*>(S2). Then

cap, g o(Ke,uy) = gV —4+2y (capz,RN (KX, Up) + O(l)) (4.6)

as e — 0, with y and Uy as in (1.15) withm = 2.

As a direct consequence, braiding together Theorem 1.2 and Theorems 4.4-4.5 respec-
tively, and recalling that for N > 2m the point has null V" -capacity by Proposition 2.3, we
obtain Theorems 4.6 and 4.7 below.

Theorem 4.6 (Asymptotic expansion of perturbed eigenvalues, Dirichlet case) Let N > 2m
and 2 C RN be a bounded smooth domain containing 0. Let { K ;}¢=0 be a family of compact
sets uniformly concentrating to {0} satisfying (M1)—(M2) for some compact set K. Let ).y be
a simple eigenvalue of (1.1) with Dirichlet boundary conditions and let u; € Hy' () be a
corresponding eigenfunction normalized in L*(S2). Then

2@\ Ke) = 2y (Q) + V72" (cap,, gy (K, Uo) + 0(1) @7
as ¢ — 0, with y and Uy as in (1.15).
Theorem 4.7 (Asymptotic expansion of perturbed eigenvalues, Navier case) Let N > 4 and
Q C RN be a bounded smooth domain containing 0. Let {K}¢~0 be a family of compact sets
uniformly concentrating to {0} satisfying (M1)-(M2) for some compact set K. Let Ay be a

simple eigenvalue of (1.1) with m = 2 and Navier boundary conditions and let uj € Hg(Q)
be a corresponding eigenfunction normalized in L*($2). Then

21 (Q\ Ke) = 17 (2) + V2 (capy g (K., Up) + 0(1)) (4.8)
as e — 0, with y and Uy as in (1.15) withm = 2.

The proofs of Theorems 4.4 and 4.5 follow a similar structure. We proceed hence to prove
them at once using the introduced unifying notation, detailing the differences when needed.

Proof of Theorems 4.4-4.5 Motivated by (1.15), we define the analogously scaled potentials

~ We(e-
W = ZE/ ), where We := Wk, u,-

It is easy to verify that Ws is the capacitary potential for U, in e~ 'Q\ ¢ 'K, i.e.

(=A)"W, =0 ine"'Q\ e 'K,
We e Vi(e~1Q), 4.9)
We — U, e V(712 )\ e 'K,),

where m = 2 in the Navier case. The first goal now is to prove that the so-rescaled capacitary
potentials weakly converge to some function W and prove that Wisa capacitary potential in
RN\ K. To this aim, we need to distinguish between Dirichlet and Navier conditions on 9<2.
Indeed, by extension by zero outside the rescaled domains, in the first case it is rather natural
to prove that the limit functional space is D(')” 2 (RN'\ K); that the same holds true in the Navier
case is not evident and requires a finer analysis. A fundamental role in this second case is
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played by the Hardy—Rellich inequality discussed in Sect.2.2.2, which is however available
just for m = 2. The two cases will converge then in the final step where the asymptotic
expansions (4.5)—(4.6) are proved.

Step 1 (Dirichlet case V" = H(;”). By (M1) there exists R > 0 such that, for ¢ small
enough, e~ 1K, ¢ M c Br(0) C ¢~ 1Q, and hence, in view of Proposition 2.2,

Capm,a*‘ﬂ(g_le Ue) < Capm,BR(O)(M» Ue).
Since U, — Up in H™(Bg(0)) by (1.15), applying Lemma 4.3 in Bg(0), we infer that
cap,, g0 (M, Us) = cap,, p.)(M,Up) ase — 0.

This yields in particular that || V™ Wg||L2(‘g g = capm’qu(e—lKa, U,) is bounded uni-
formly with respect to ¢. Letting WEE be the extension by 0 of Ws outside £~ 'Q, we have

thus that || WSE I DI (RN < C. Since Dg’ ’Z(RN ) is a Hilbert space, and so reflexive, for every

sequence &, — O there exist a subsequence &,, and W € Dy 2(RM) such that
VT/SEI —~W weakly in Dy" 2Ry as k — oo. (4.10)

We claim now that || V™ VT’H% = cap,, rv (K, Up).

Let ¢ € CSO(RN\IC) and R > r(M) be such that suppy C Bg, then by (Mg2-ii) of
Lemma 4.2, one may find a family {¢;}¢~0 C Hy' (Bg) such that ¢, € Hy'(Bg \e 'K,)and
®: — ¢ in Hy'(Bg) as ¢ — 0. In particular, for & small enough, one has that Bg C e71Q,
so ¢, may be taken as test function for the capacitary potential W,. Hence,

_ myxs m
0= /71 B v Wg”k \% Pep,
Eny, Q\Snk Ks,,k

:/ VrWE v, — V"W V" ask — oo
RN \ezr! Ko, " ¥ RN\KC

by weak-strong convergence in Dg1 ’Z(RN ). We are left to show that W—nUo € D(')" 2 (RN\K),
for some cutoff function n which is equal to 1 in a neighbourhood of K. Let n € C °°(]RN ) be
equal to 1 on anopen setYd with CUM C U; hence 1 is also equal to 1 on neighbourhoods of
each e 7' K, by (M1). Then WE —nU; € Do (RN\E_IKS) and WE nUgn —~W - nUy
in Dy" 2RN) as k — 00, and so by (M2-i) one infers that W — U € D(')”’Z(JR{N \ K). All
in all, we deduce that W is the capacitary potential relative to cap,, gy (K, Up), i.€.

IV W32 gny = Capy, r (€, Uo). (@.11)

Since the limit W in (4.10) depends neither on the sequence {¢,} nor on the subsequence
{&n, }, we conclude that

WE-W weakly in DJ"*(RN) as & — 0. (4.12)

Step I (Navier case VZ=H 2) We recall that here we are assuming m = 2. The boundedness
of ||AW£ ll2(:~1q) With a constant independent of ¢ follows from the Dirichlet case, by
recalling Proposition 2.2(iii). However, unlike the former case, one cannot now extend WE to
0 outside £ 12 and still obtain a function in D(Z)’Z(RN ). To overcome this problem we rely
on the Hardy—Rellich inequality proved in Theorem 2.4. In fact, we have

W, |2 VW, |2 ~
f | ng dx—i—/ | ;' dx,s/ [AW.]?> < C
el |x] el x| e 1Q
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and therefore, by a diagonal process of extracted subsequences, for every sequence &, — 0
there exist a subsequence ¢, i and W € Hﬁ) . (RN) for which

2—k Y7 ~
\ Wg”j N VzikW

Jx[* |x[¥

in L*>(Bg) (4.13)

as j — oo forany R > O and k € {0, 1, 2}. By weak lower semicontinuity of the norm, we
infer that

|V2-k W2 |V2kW,, P
/ 7dx§hminf/ ——1 _dx <,
B | x| j—oo Jpg |x| 2
so that, letting R — +o0,

VZ—kW 2
/ %d}cfc forallke{O,l,Z}.
RN X

By Proposition 2.5, this is equivalent to W e DS’Z(RN ).
It remains to prove that W is the capacitary potential relative to cap, g (IC, Up). Let
be as in the former case. Let ¢ € C;°(B)) be such that ¢ =1 in B1;2(0) and consider the

scaled functions g = <p(ﬁ) with R > r(M). Then (pR(Wg”j — ﬂUanj)—‘fﬂR(W — nUo)
weakly in HZ(Bg) and gr(W, — nU;) € HZ(Br\e ' K). By (Mg2-i) we know then that
(pR(W — 77U0) € Hg(BR\IC). Now we claim that (pR(W/ — nUo) - W= nUp as R — 400
in Dy*(RV), thus concluding that W — nUp € D> (RV\KC). Indeed,
1A((pr — 1) (W = nU0)) I3 < lA@r(W — nUo)II5 + IVerV (W — nUo) 13
+ 1l (pr — 1) A(W = nUo) 3.
where
Hor=DAW =)= [ A = gth) P >0
RN\ B2
as R — +o0, and, for any k € {1, 2},

kT 1
IV R V> (W — nUo) 13 =/

X\ |2 L~
R x|<R R (Vk(p) (ﬁ)’ |V2 k(W - 77U0)|2dx
2

V2R(W = nUo)?
5/ | ( 2kn 0)l dx — 0
RN\ B (0) |x]

as R — +oo since W — nUp € Dé’z(]RN ) together with Proposition 2.5.
Next, we verify that

/ AW Ap =0 forall g € D3> (R \ K). (4.14)
RN\K

By density, it is enough to prove (4.14) for all ¢ € C§° (RM\K). Letting ¢ € Cy° RN\K),
there exist R > r(M) and gy > 0O such that suppp C Br C e1Q for all ¢ < e,
so that ¢ € HZ(Bg\K). By (Mg2-ii) there exists a family {g,}, C HZ(Bg) such that
¢e € H3(Bg \ ¢7'K,) and ¢, — ¢ in H3(Bg). Hence,

AWA(/J:/ AW Ag

0:[ AW,, A, :/ AW, Age, —
8;_1 Q J J Br j J RV\KC

Bg
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as j — 00, by weak-strong convergence in H 2(BR) We have thereby proved the claim that
W is the capacitary potential relative to cap, g (IC, Up). Since the limit W in (4.13) depends
neither on the sequence {¢, } nor on the subsequence {¢,, }, we conclude that the convergences
in (4.13) actually hold as ¢ — 0, i.e.

VZ—k WE VZ—kﬁ}

— in LZ(BR) ase > 0 forall R > 0andk € {0, 1, 2}.
|x [k |x [k

(4.15)

Step 2. (m = 2 in the Navier case, m > 2 in the Dirichlet case). We aim now to prove the
asymptotic expansions (4.5)—(4.6). As above, letn € C§° (RN ) be equal to 1 on an open set U/
with UM C U.Let R > Obesuchthatsuppn C Bg.Since Ws nU. e Vy' (e~'Q\e71K,),
by (4.9) and (4.11), together with (4.12) or (4.15), we obtain that

||VmW8||iz(5—IQ) = /_1 me/f/g v (Y]Ue) = / Vm Vm(nUe)
ee Br (4.16)
= [ VT U = 19T,

as ¢ — 0 by weak-strong convergence. On the other hand, by rescaling one has that

~ 1 2 _ _
V" Welf2 o 10) = =7 / |V (We(ex))|” dx = g~ N H2m=2r / IV W, ()| dy
& el Q

= 8_N+2m_2ycapvm’ Q(Kg, M]).
(4.17)

Hence, from (4.11) and (4.16)—(4.17) we finally infer that

Capvm’Q(Kg9 uy) = 8N—2m+2y||vmW6 gN—2m+2y (Capm ry (K, Up) + 0(1))

”LZ(S IQ)

ase — 0. ]

4.2 Sufficient conditions for a sharp asymptotic expansion

Looking at the asymptotic expansions we have found in Theorems 4.6—4.7, one may ask
whether the results are sharp, in the sense that the vanishing rate of the eigenvalue variation
A7(Q2\ Kg) — Ay (Q2) isequal to N —2m + 2y . The next results provide sufficient conditions
on K and Uy in order to ensure that cap,, gy (IC, Up) # 0.

Proposition 4.8 Under the assumptions of Theorems 4.6 or 4.7, suppose that the Lebesgue
measure of K is positive. Then

. AT\ Ke) — Ay (R2)
8151}) N 212y = cap,, gv (K, Up) > 0.
Proof Denote by W,(CO ) the capacitary potential for cap,, gy (KC, Up) and suppose by con-
tradiction that cap,, gy (K, Up) = 0. Then, by the Hardy inequality for the polyharmonic
operator (see [12, Theorem 12]), there exists a constant ¢ = ¢(N, m) such that

(0) (0) 2 2
L (RY) = RN |x|2m |2m i |x|2m
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since W,(CO) = Uy on K. Since || > 0, this readily implies that Uy vanishes a.e. on K.
However, by construction, Uy is a polyharmonic polynomial on RY which is not identically
zero (see [6, Sec.4 Theorem 1]), so it cannot vanish on a set of positive measure (since
nontrivial analytic functions cannot vanish on positive measure sets). This, together with
Theorems 4.6 and 4.7, concludes the proof. O

The next results apply to some specific situations in which, although K has vanishing
Lebesgue measure, one may anyway have that cap,, gy (IC, Up) # 0.

Proposition 4.9 Let N > 2m and K C RN be a compactum with cap,, gy (K) > 0. Suppose
moreover that u j(0) # 0. Then, in the setting of Theorems 4.6 or 4.7, we have that

AJ(Q\ Ke) = 2y (R2) + V72w (0)cap,, gy (K) + 0(eN 72 (4.18)

as e — 0.

We mention that an expansion of type (4.18) was obtained in [10, Theorem 1.4] and [2,
Theorem 1.7] in the case N = 2m = 2, in which the vanishing rate of the eigenvalue variation
is logarithmic.

Proof of Proposition 4.9 Since {K.}.~( is concentrating at {0} and u; (0) # 0, then the degree
y of the polynomial Uy is 0, and Uy = u 7 (0). It is then easy to see that

cap,, g (KC, 1y (0)) = u} (0)cap,, gy (K) > 0,
so that (4.7) and (4.8) can be rewritten as in (4.18). ]

In the case u;(0) = 0, the next result, inspired by [13, Lemma 3.11], may be useful. It
tells that, if the compactum K and the null-set of the polynomial Uy are “transversal enough”,
then again cap,, gv (IC, Up) > 0.

Proposition 4.10 Let N > 2m and K C RN be a compactum with cap,, gy (K) > 0. Letting
f € C®RN), let us consider the set

Zf ={x e K| f(x) =0}
If cap,, gy (Z)5) < cap,, gy (K), then cap,, gy (K, f) > 0.

Proof Let {i4,} be a sequence of nested open sets in R" so that Z ;? C U, for all n € N and

75 = Mhen U, and let K,, := K\ U,, which is a sequence of compact sets. By subadditivity

and monotonicity of the capacity (see e.g. [24]) one has that
cap,, gy (K) < cap,, gy (Kn) + cap,, gy Uy)-

Moreover, fixing 0 < § < cap,, gy (K) — cap,, gy (Z?), one may find a neighbourhood
U(ZX) such that one has U, C U(ZX) by construction and cap,, pn Uy) < cap,, g (Z?) +6
by Lemma 2.6, provided n is large enough. This implies

cap,, gy (Ky) > cap,, gy (K) — cap, gy (Zlf?) —-6>0 (4.19)

for n large enough. We define IC,T ={xek,: f(x)>0land K, :={x € K, : f(x) <0}
for all n € N. Noticing that K, is the union of K and K, we necessarily have that either
cap,, gy (K1) > 0 or cap, gwv (K;; ) > 0; let us e.g. consider the case cap,, gy (K,7) > 0. By
regularity of f and since KC; is compact, then ¢, := inf K f is attained and strictly positive.
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Take now any u,, € D6”’2(RN) so that u, — nyc+ f € D6”’2(RN\IC,T) and define v, 1= .

Cn

Then it is clear that v, € DS”Z(RN) and v, > 1 a.e. on KC;. Hence,

1
Cap,, v () S/RNIV'"vnIZZ = /RNW’"unP.
n

By arbitrariness of u,, this yields (c,f)2 Cap- oy () < cap,, v (GF, f) < cap,, gy (K, f),

since Kb € K for all n € N. Using now the equivalence of the capacities in R" stated in
Lemma 2.7, one infers that

2
cap,, gy (K, ) = ¢ (¢;f)” cap,, gy (K;F) > 0

by (4.19). This concludes the proof. O

Remark 9 In view of Remark 4 it is immediate to see that, if cap,, gy (K) > 0 and Zﬁ) has
dimension d < N —2m, then the assumptions of Proposition 4.10 are fulfilled, thus ensuring
that cap,, gv (KC, Up) > 0.

5 Open problems

We finally discuss possible generalizations and questions which are left open by our analysis
and which we believe of interest.

Higher-order Navier setting. The results in Sect.3 for the Navier setting are obtained in the
general case m > 2. On the other hand, Theorem 4.5 and its consequent Theorem 4.7 are
established only for m = 2. The main difficulty in their extension to higher orders relies
in the characterization of homogeneous Sobolev spaces via Hardy—Rellich inequalities. In
our argument this was necessary to compensate for the lack of a trivial extension, which is
instead available in the Dirichlet setting. Although we envision that a generalization of the
Hardy—Rellich inequality of Proposition 2.4 is reachable, the extension of the characterization
contained in Proposition 2.5 seems to be a non trivial problem. Indeed, for m = 2 the
only intermediate derivative is the gradient and Vu = Du; on the other hand for m > 3
the Hardy—Rellich inequality would provide a weighted estimate on the derivatives V¥u,
k € {1,...,m — 1}, while one would need to estimate the full tensor of the derivatives D*y
to be able to conclude that u € D' Z(RM).

Small dimensions. Most of our results deal with the high dimensional case N > 2m, because
the concentration of the family of sets {K:}.~0 to a zero V™-capacity compact set was
needed. Recall that for N < 2m all compact sets are of positive capacity, see Proposition 2.3.
Nevertheless, in order to prove that the asymptotic expansions given by Theorem 1.2 are sharp,
in Theorems 1.3 and 1.4 we have to restrict to N > 2m. It seems that the conformal case
N = 2m cannot be treated by blow-up analysis, not only due to the different characterization
of the spaces D81 ’Z(RN ) and the use of Hardy—Rellich inequalities, but also because the m-
capacity cap,, g2 (K) of any compact set K in R is null (see [23]). A different approach
for conformal (and smaller!) dimensions should be in fact developed and we expect that the
expansion involves the logarithm of the diameter of the shrinking sets, in analogy with the
results in [2] for the case m = 1. We remark in particular that, when our results are applied
to the biharmonic operator, i.e. m = 2, we cover the case N > 5, while the two-dimensional
case, from a completely different point of view, is studied in [8, 21, 22]. The case N = 3 is
left open and N = 4 only partially answered by Theorem 1.2.
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Equivalent definitions of capacities. As described in Sect.2, both cap,, gy in (2.6) and
Capi’ gy 10 (2.8) are good definitions of capacity, and they are also equivalent for N > 2m,
see Lemma 2.7. In the second order case, it is not difficult to prove that the two coincide,
while—up to our knowledge—this is still unknown in the higher-order setting. A weaker
question would be to ask whether the two capacities are asymptotic for families of shrinking
domains, e.g. for K, = ¢k as considered in Sect. 4.1. It would be also interesting to under-
stand whether the equivalence remains true for the weighted capacities cap,, gn (-, 1) and the
analogue Capi g (> h) for some class of nonconstant functions 4.

Boundary conditions. As mentioned in the introduction, it would be interesting to investigate
the complementary cases of prescribing Navier BCs on the removed set and either Navier
or Dirichlet BCs on the external boundary d€2. Because of the lack of an extension by zero
in case of Navier BCs, which has consequences on the mutual relations between the spaces
V™(Q\ K), a different argument would be needed. More in general, it would be challenging
to consider more general types of BCs, which yield a different quadratic form associated to
the polyharmonic operator, involving possibly also boundary integrals. An interesting case
in the biharmonic setting, related to the physical model of hinged thin plates, is for example
given by Steklov BCs u = Au — dkd,u = 0, where d € R and « is the signed curvature of
the boundary.
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