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Abstract

In this work we are interested in standard and less standard structured linear systems
coming from applications in various fields of computational mathematics and often mod-
eled by integral and/or differential equations. Starting from classical Toeplitz and Circulant
structures, we consider some extensions as g-Toeplitz and g-Circulants matrices appearing
in several contexts in numerical analysis and applications. Then we consider special matrices
arising from collocation methods for differential equations: also in this case, under suitable
assumptions we observe a Toeplitz structure. More in detail we first propose a detailed study
of singular values and eigenvalues of g-circulant matrices and then we provide an analysis of
distribution of g-Toeplitz sequences. Furthermore, when possible, we consider Krylov space
methods with special attention to the minimization of the computational work. When the
involved dimensions are large, the Preconditioned Conjugate Gradient (PCG) method is
recommended because of the much stronger robustness with respect to the propagation of
errors. In that case, crucial issues are the convergence speed of this iterative solver, the use of
special techniques (preconditioning, multilevel techniques) for accelerating the convergence,
and a careful study of the spectral properties of such matrices. Finally, the use of radial basis
functions allow of determining and studying the asymptotic behavior of the spectral radii of
collocation matrices approximating elliptic boundary value problems.

Key words: circulant matrices, Toeplitz sequences, spectral properties, approximations,
preconditioning, g-circulant matrices, g-Toeplitz sequences, singular values, eigenvalues, dis-
tribution, linear systems, Krylov space methods, multigrid methods, regularizing techniques,
collocation matrices, elliptic boundary value problems, RBFs, spectral radii, block Toeplitz
matrices with unbounded generating functions.
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Introduction

This Thesis is devoted to the Approximation and Spectral Analysis of Special Classes of
Large Structured Systems.

More specifically we consider structures of Toeplitz type and related generalizations. A
Toeplitz matrix 7}, is characterized by the fact that its entries are constant along diagonals,
that is, (7},);x = a;_x for some coefficients {as}"Z]_, with n being the size of the matrices.
An interesting variant consists in considering the shift with a stepsize different from 1. If the
stepsize is g we encounter g-Toeplitz matrix. More explicitly 75, ;, is a g-Toeplitz matrix of
size n if (T, 4)jk = a;j_, for suitable coefficients and j,k =0,1,...,n — 1.

g-Toeplitz matrices arises in wavelet analysis [50] and subdivision algorithm or, equiva-
lently, in the associated refinement equations, see [58] and references therein. Systems of lin-
ear equations associated with a Toeplitz structure are encountered in many two-dimensional
digital signal processing applications, such as linear prediction and estimation [86], [97], [98],
image restoration [66], and the approximation by radial basis functions (RBFs) of constant-
coefficients elliptic boundary value problems. Toeplitz matrices are also related to Multigrid
methods (see the interesting book by G. Strang [150] which gives a lot of useful insights about
this topic), and they appear in certain restriction/prolongation operators [61,1,78,162] in
the context of discretization of differential and integral equations, spline functions, problems
and method in physics, mathematics, digital signal processing, such as linear prediction and
estimation [86,97, 98|, image restoration [66]. It is worth noticing that the use of different
boundary conditions is quite natural when dealing with signal /image restoration problems
or differential equations, see [129], [126]. To approximate and study the spectral radii of
matrices Ay, , where Ay are d,, X d, collocation matrices approximating elliptic boundary
value problems, we find a sequence {7}, }, of d, x d, symmetric block Toeplitz matrices
with symmetric Toeplitz blocks which is equally distributed and equally localized as the se-
quence {Ag, }». In order to solve the block Toeplitz system Ty u = b, where Ty, is an d,, X d,,
matrix with d,, x d,, blocks, by direct methods, such as Levinson-type algorithms, requires
O(d? x d2) operations [8], [113], [169]. Recently, there has been active research on the appli-
cation of iterative methods such as the preconditioned conjugate gradient (PCG) method to
solution of Toeplitz systems. To accelerate the convergence rate, various preconditioners have
been proposed for symmetric positive definite (SPD) Toeplitz matrices [38], [83], [92]. The
proposed preconditioning techniques can be easily generalized to block Toeplitz matrices.
Simply speaking, we construct the preconditioners in special matrix algebras related to fast
transforms such as the circulant algebra, the Tau algebra [12] and the general trigonometric
matrix algebras. The key for choosing the preconditioner P, is that its spectral behavior
has to be as close as possible to that of T; . An important condition is that the sequence

P Ty}, is spectrally clustered at 1: in that case the related preconditioned Krylov meth-
ods are very fast. Since P, Llu and Ty u, where u denotes an arbitrary vector of length d,,,
can be performed with O(d,logd,,) operations via two-dimensional fast Fourier transform,
the computational complexity per preconditioned Krylov iteration is O(d,log d,) only. The

preconditioned Krylov method can be much more attractive than direct methods for solving
block Toeplitz systems if it converges fast.
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In this Thesis, we first study the problem of the spectral analysis of circulant and Toeplitz
matrix sequences. Then we consider the approximation and preconditioning problem by using
the Korovkin theory. Furthermore, we address the problem of characterizing the singular
values and eigenvalues of g- circulant matrices and of providing an asymptotic analysis of
the distribution results for the singular values of g-Toeplitz sequences, in the case where
the sequence of values {ay}g, defining the entries of the matrices, can be interpreted as
the sequence of the Fourier coefficients of an integrable function f over the domain (—m, ).
Thirdly, we present powerful iterative methods for solving of large systems of linear equations
Az = bin which A is a (real) nonsingular n X n matrix. More precisely, we restrict our study
on the Krylov space methods and present a general idea of Multigrid methods. In general,
one obtains such systems by using difference methods or finite element methods for solving
boundary value problems in partial differential equations. The Krylov space methods start

with an initial vector (¥ and subsequently produce a sequence of vectors

which converges toward the desired solution x = A~'h. The general characteristics of these
methods is that the methods, in exact arithmetic, terminate with the exact solution x,, after
at most n steps, that is, m < n. However, if the spectrum of the matrix has good localization
features or is clustered, the convergence, up to a fixed error, can be obtained with m much
smaller than n. If the original matrix A does not possess such good spectral properties, then
we can use preconditioning. More precisely we look for a matrix P such that

1) A linear system with matrix P is cheap to solve (at most the cost of a matrix vector
product with matrix A).

2) P7'A has a spectrum with good localization and/or clustering features (so that the
number m is much less than n).

In analogy with the well studied Toeplitz case, we consider the preconditioning problem
of g-Toplitz sequences via g-circulants. In particular, we consider the general case with g > 2
and the interesting result is that the preconditioned sequence {P,}, cannot be clustered at
1 so that the case of g = 1 is exceptional and, by the way, widely studied in the literature
(the clustering at 1 of the preconditioning sequence is referred as optimal preconditioning;
see e.g. [50, 59] for the one-level case, [141] for the multilevel case, and [150] for the multilevel
block case). However, while the optimal preconditioning cannot be achieved, the result has a
positive implication since there exist choices of g-circulant sequences which are regularizing
preconditioning sequence for the corresponding g-Toeplitz structures. Generalizations to the
block and multilevel case are also considered. Finally, we approximate the elliptic boundary
value problems by the linear systems of types Ay, v = b. The shown method for approximat-
ing is based on the Radial Basis Functions. These types of approximations can be applied
for giving a numerical solution of certain PDEs. Under certain conditions, the convergence
is very fast (exponential in the number of grid points) when compared with Finite Differ-
ences or Finite Elements. The price that is paid is often an extreme ill-conditioning of the
resulting structured matrices. In these methods, a radial function is core for approximation
space and this space is made by translating a standard radial function with zero as its center
(core), to all of the space particles. Here, we present an interesting method using the nodes
that most of them are selected out of real domain and the others, in the domain. One of
the advantages of meshless methods based on the RBFs is high decrease of computational
volume that arises when changing multi-dimensions to one dimension. Kansa, [88] is the first
researcher who applied an approximation by RBFs (Pseudo interpolation) to the PDEs. The
use of the globally supported RBFs leads to dense, poorly conditioned, large linear systems
as will be shown in the following. A RBFs must be selected experimentally suitable for the
model problem. The Thesis is organized as follows:

The chapters 1 and 2 deal with the spectral analysis of circulant and Toeplitz matrices.
In these chapters, we study spectral properties of circulant and Toeplitz matrices and we
provide an analysis of optimal approximation for the Toeplitz sequence by a Korovkin-type

12



theory for finite Toeplitz operators via matrix algebra.

In chapters 3 and 4, we address the problem of characterizing the singular values and
eigenvalues of g-circulant matrices and of providing an asymptotic analysis of the distribu-
tion results for the singular values of g-Toeplitz sequences, in the case where the sequence
of values {ay}x, defining the entries of the matrices, can be interpreted as the sequence of
Fourier coefficients of an integrable function f over the domain (—m, 7). As a byproduct,
we show interesting relations with the analysis of convergence of multigrid methods given,
e.g., in [141,1] and we generalize the analysis to the block, multilevel case, amounting to
choose the symbol f multivariate, i.e., defined on the set (—m, 7)? for some d > 1, and matrix
valued, i.e., such that f(x) is a matrix of given size p X q.

The powerful iterative methods, such as Krylov space methods and Multigrid methods,
for solving of large systems of linear equations Az = b in which A is a (real) nonsingular
n X n matrix are presented in chapters 5 and 6. The Krylov space methods generate it-
erates x; that approximate the solution of linear equations Ax = b best among all vector
z; such that x; — zo belong to Kj(ro, A), where Ky(rg,A) is the Krylov space belong-
ing to the matrix A and the starting vector ro := b — Az given by the residual of x.
Ky (ro, A) == spanry, Arg, ..., A¥"1rg], k = 1,2, .... Because of roundoff errors, these meth-
ods do not terminate with the desired solution after finitely many steps. As in true iterative
methods, an infinite number of steps needs to be carried out to speed of convergence of the
iterates x,. The amount of work per step ) — 2+ roughly equals that of multiply-
ing the matrix A by a vector. For this reason, these methods are especially advantageous
for sparse unstructured matrices A as they occur, e.g in network calculations. They can be
competitive with direct methods also for dense structured and nonstructured matrices or
for band matrices, if the convergence speed is good. In any case, iterative methods have to
be preferred from the point of view of the accuracy when the linear systems are of large
dimension. Among these methods, one can note:

i. The conjugate gradient (CG) method proposed by Hestness and Stiefel (1952, [80]) for
systems with a positive definite matrix.

ii. The generalized minimal residual (GMRES) method of Saad and Schultz (1986, [116])
(more expensive) but is defined for general linear systems with a nonsymmetric non-
singular matrix.

iii. The quasi-minimal residual method (QMR method) of Freud and Nachtigal (1991,
[65]), for solving arbitrary sparse linear systems of equations. This method is based
on the more efficient (but numerically more sensitive) biorthogonalization algorithm
of Lanczos (1950, [95]), provides non-orthogonal bases vy, vs,...,v; for the Krylov
spaces Kj(rg, A) of dimension k. Using these bases, one can compute iterates xy €
xo + Ky(rg, A) with an approximately minimal residual.

iv. The biconjugate gradient algorithm (Bi-CG) due to Lanczos (1950, [95]) and thoroughly
studied by Fletcher (1976, [63]) is also a method for solving linear systems of equations
with an arbitrary matrix A. It is an inexpensive, natural generalization of the cg-
algorithm, and also generates iterates zj € xo + Ki(ro, A).

With regard to the applicability of Krylov space methods, the same remarks apply as for
the classical iterative methods [see Varga (2000), Young and Axelsson (1994, [4]), and Saad
(1996, [114])]. However, the very large systems of linear equations are related with the solu-
tion of boundary-value problems of partial differential equations by finite element techniques
and are mainly solved by Multigrid methods; e.g, Hackbusch (1985, [98]), Braess (1997, [18]),
Bramble (1993, [19]), Quarteroni and Valli (1997).

Chapter 7 is reserved to new material which is collected as the manuscript entitled: A
note on preconditioning g-Toeplitz sequences via g-circulants. As already remarked, we con-
sider the preconditioned problems, and we focalize our concerns in the general case with
g > 2. In this case, the main result is that the spectrum of the preconditioned sequence

13



{P,}» can not be clustered at 1. This result is different from the widely studied case with
g = 1 (where the spectrum can be clustered at 1, [36, 38,123, 124|) which cannot be general-
ized to g > 2. However, although the clustering at unity cannot be achieved, the g-circulant
preconditioning tool is useful because it has good regularizing properties. Generalization to
the block multilevel cases are also considered in this chapter.

In chapter 8, we treat the problem of preconditioning of collocation matrices approxi-
mating elliptic boundary value problems. The shown method of approximation is based on
the RBFs. Here, we present an interesting method using the nodes that most of them are
selected out of real domain and the others, in the domain. We determine in any case (uni-
dimension and multi-dimensions) the preconditioners and study the condition numbers of
obtained matrices. However, we find a sequence {7y, },, of symmetric Toeplitz matrices (re-
spectively, symmetric block Toeplitz matrices with symmetric Toeplitz blocks (SBTMSTB)
in the case of two-dimensions) which is equally distributed and equally localized as the se-
quence of collocation matrices {Ag, }, approximating elliptic boundary value problems. We
determine the preconditioners in the Tau class for the Toeplitz (respectively, block Toeplitz)
matrices and study the asymptotic growth of their spectral radii. For this purpose and since
a RBFs must be selected experimentally suitable for the model problem, some of the most
commonly used RBFs are:

e Direct Multiquadric: ¢(t) = (t* + 02)%,

e Inverse Multiquadric: ¢(t) = (¢* + 02)_%>

2

e Gaussian: ¢(t) = e 2,
where c is a shape parameter which determines the "accuracy" and the "stability".

In chapter 9, we apply the PCG algorithm for solving the systems of linear equations
Ty, v = f,in the case where T, are d,, x d,, symmetric Toeplitz matrices (with bounded gen-
erating function) (respectively, symmetric block Toeplitz matrices with symmetric Toeplitz

blocks (with generating functions just integrable)) related to the collocation matrices defined
in chapter 8, and we present some numerical results for such systems.

We end the dissertation by drawing the general conclusions in chapter 10.
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CHAPTER ONE

SPECTRAL ANALYSIS OF TOEPLITZ AND
CIRCULANT MATRIX SEQUENCES

1.1 Introduction

Throughout this chapter, we study the spectral properties of the circulant and Toeplitz
matrices. We put special attention to the case where the entries of the Toeplitz matrices
come from the Fourier coefficients of a given function f, usually called as symbol, defined
on (—m, 7). The circulant matrices will be chosen as optimal approximation, to Frobenius
distance, of the Toeplitz counterparts. In chapter 2 we will use the Korovkin theory to derive
clustering of the related preconditioned sequence, when the preconditioners are selected in
trigonometric matrix algebras such as Circulants, Tau, etc...

Definition 1.1.1. A Toeplitz matriz is an n X n matriz T,, = [tk,j]zgio where ty; = ty_;,
i.e., a matrixz of the form

to 1 oo o2 (-1

o fo by . (g

e t() t_l
th-1 lp—o ... 11 to

Such matrices arise in many applications. For examples, in solutions to differential and
integral equations, spline functions, and problems and methods in physics, mathematics,
statistics, and signal processing.

A common special case of Toeplitz matrices which will result in significant simplification
and play a fundamental role in developing more general results when every row of the matrix
is a right cyclic shift of the row above it so that ¢, = {_(,—x) = tx—p for £ =0,1,...,n —1. In

this case, the picture takes the form

to t_q e t_(n_g) t—(n—l)
t_(n—1) to t_q A t_(n—2)
(1.2) t-n-2) t-(m-1)
. to t,1
t th oty to
Definition 1.1.2. A circulant matriz C,, = [Ck’j]zgio 1s a Toeplitz matriz defined by the

form given in (1.2). The structure can also be characterized by noting that the (k,j) entry
of Cy, ckj 15 given by ckj = Clk—j)modn-

Circulant matrices arise, for example, in applications involving the discrete Fourier trans-
form (DFT) and the study of cyclic codes for error correction.
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A great deal is known about the behavior of Toeplitz matrices, the most common and
complete references being Grenander and Szego |77] and Widom [170]. A more recent text
devoted to the subject is Bottcher and Silbermann [16].

The most famous and arguably the most important result describing Toeplitz matrices
is Szego theorem for sequences of Toeplitz matrices {7}, }, which deals with the behavior of
the eigenvalues as n goes to infinity. Szego theorem deals with the asymptotic behavior of
the eigenvalues of a sequence of Hermitian Toeplitz matrices 7,, = [tk_j]z’;io. The theorem

requires that several technical conditions be satisfied, including the existence of the Fourier
series with coefficients t; related to each other by

(1.3) fla) =" te ™,

k=—o00

1 ™

=5 B (x)e‘gkzdx.

(1.4) by

Thus the sequence {t}, determines the function f and vice-versa, hence the sequence of
matrices is often denoted as T,, = T,,(f).

1.2 Spectral properties of circulant matrices.

The following theorems summarize the properties regarding the eigenvalues and eigenvectors
of circulant matrices and provides some implications.

Theorem 1.2.1. [73] Every circulant matriz C,, has eigenvectors

1 s s
Y = %[1, e~2mm/n_ em2mm=D/mT =y — 01,2, n—1

and the corresponding eigenvalues

n—1

wm _ E Cke—QTrzkm/n

k=0

and can be expressed in the form C, = UWV,,U*, where U has eigenvectors as columns in order
and U, is diag(y;, j = 0,1,...,n —1). In particular, all circulant matrices share the same
eigenvectors, the same unitary matriz U works for all circulant matrices, and any matriz of

the form C' = UWU* is circulant.
Proof. The eigenvalues 1/,,, and the eigenvectors y™ of C,, are the solutions of

(1.5) Cmy = vy

or equivalently, of the n difference equations

m—1 n—1
(1.6) ch_m+kyk + ch_myk =YYy; m=0,1,2,...n—1.
k=0 k=m

Changing the summation dummy variable results in

n—m—1 n—1
(17) Z CkYk+m T Z CkYk—(n—m) = wy’rrw m = 07 1a 27 s M — L.
k=0 k=n—m
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One can solve difference equations as one solves differential equations by guessing an intuitive
solution and then proving that it works. Since the equation is linear with constant coefficients,

a reasonable guess is y, = ¢* (analogous to y(t) = e in linear time invariant differential
equations). Substitution into (1.7) and cancelation of ¢™ yields

n

- n—1
Yoo+ > adt =

m—1
k=0 k=n—m

h

Thus, if we choose ¢~ = 1, i.e., ¢ is one of the n distinct complex n'" roots of unity, then

we have an eigenvalue

n—1
(1.8) T
k=0

with corresponding eigenvector

(1.9) y=n""21,6,¢% ..., 6" )T

where the normalization is chosen to give the eigenvector unit energy. Choosing ¢, =

e~2mim/n e have eigenvalue
n—1 A
(1.10) Uy = che—zmmk/n
k=0
and eigenvector
(m) _ L[L e—27r2m/n7 e—47r%m/n’ - e—?ﬂ%m(n—l)/n]T.

y - \/ﬁ
Thus, from the definition of eigenvalues and eigenvectors

(1.11) Cony™ = y™:; m=0,1,2,...,n— 1.

Equation (1.10) should be familiar to those with standard engineering back grounds as
simply the discrete Fourier transform (DFT) of the sequence {c}x. Thus we can recover the
sequence {cg}ty from ) by the Fourier inverse formula. In particular

ln_l 2miml/n _ ln_ln_l ( 727T%mk/n> 2miml/n _ — ln_l 2mim(l—k)/n _
(1.12) ”n;)wme ”mz:%; ce e kz;Ckan::oe c,
where we have used the orthogonality of the complex exponentials:
n-1 _
b B = (i

where 0 is the Kronecker delta, i.e.,

5. =11 ifm=0
m 0 otherwise

Thus the eigenvalues of a circulant matrix comprise the DF'T of the first row of the circulant
matrix, and conversely first row of a circulant matrix is the inverse DF'T of the eigenvalues.

17



Equation (1.11) can be written as a single matrix equation
(1.14) U =U0Y,

where

1
vn
is the matrix composed of the eigenvectors as columns and V,, = diag(¢x, k=0,1,....,n—1)
is the diagonal matrix with diagonal elements v, %1, ..., ¥, _1. Furthermore, (1.13) implies
that U is unitary. By way of details, denote that the (k, j)-th element of UU* by ay, ; and ob-

serve that ay ; will be the product of the k-th row of U, which is \/iﬁ[l, e 2mik/n  g=2mik(n—1)/n]

times the j-th column of U*, which is \/iﬁ[l, e2mii/n e2miin=1/m]T go that:

[6727rimk/n]nfl

U =[yOyW. |y = o

n—1
1 s
ap; = EZeQW’Lm(] k)/n _ 5(k—j)modn
m=0

and hence UU* = I. Similarly, U*U = I. Thus (1.14) implies that

(1.15) C, =U0v,U",
(1.16) v, =U"C,U.
Since C), is unitary similar to a diagonal matrix, it is normal. O]
Theorem 1.2.2. [75] Let a and 8 be two complex numbers, and let C, = [ck_j]’,;;io and

B, = [bkfj]z,;io be n X n circulant matrices with eigenvalues

n—1 n—1
—2mimk n. —2mimk/n
¢m:§ Cie€ " /7 ﬁmZE bke " /7 m:071727"'7n_]~7
k=0 k=0

respectively. Then

(1) C, and B, commute and
C.B, = B,C, = UT,U*,

where Iy, = diag(YmBm; m =0,1,2,....n— 1), and C,B,, is also a circulant matriz.
(2) aC,, + BB, is a circulant matriz and
aCy, + BB, = UQ,U* where Q, = diag(cathy, + BPm; m=0,1,2,...,n—1).
(3) If Yy, # 0 for allm =0,1,2,....,n — 1, then C, is nonsingular and
Ct=Uv,'U*

Proof. According to Theorem 1.2.1, we have C,, = UV, U* and B,, = U®,U* where ¥,, =
diag(Ym; m=0,1,2,....n—1) and &, = diag(fB,,; m=0,1,2,...,n—1).

(1) ¢,B, =U0v,U*U®,U* =UVY,®,U* =UP,V,U* = B,C,. Since ¥, P, is diagonal,
the first part of the theorem implies that C, B, is circulant.

(2) aC,, + B, = UV, U* + pUD,U* = U(a¥, + 9,)U* = UQ,U* where Q, =
aV,, +p, = diag(at,+LBm; m=0,1,2,...,n—1). Then aC,, + B, is a circulant matrix.

(3) If W,, is nonsingular, then

CUV'U* =UV,U*UV,'U* =UU* =1, also
UV tUrC = UVt U, Ut = UU* = .

Then C,, is nonsingular and C;! = U¥1U*. O

18



In the following, we denote by A = {C' € M,,(C)| C' is a circulant matrix } the set of all
the n x n circulant matrices.

Definition 1.2.1. A set A C M,,(C) is a matriz algebra if for every complex number o and
for A,B € A:

(i) A+ BeA,

(ii) aA € A,

(iii) AB € A.

Lemma 1.2.1. The set 2 is a matriz algebra of dimension n.

Proof. First of all, let us define the circulant matrix

0O ... ... 0 1
1 0 0
I=10 1 :
0 ... 0 1 0

and the vector space P,y = {p(II)|p is a polynomial of degree at most equal to n — 1}.
Then P,,_; is an algebra generated by II. So II has a minimal polynomial p of degree n — 1.
Now, let C' € 2 and (cg, ¢y, ..., ¢p_1)T the first column of C. Since for k =0,1,2,..,n — 1

0 ... 01 0
v lo 00 1
=17 0 0 0
0 10 ... 0
it is obvious that )
C:chn’fepn_l
k=0

soA CP,_;.
Conversely, let r(I) € P,_,, since for all k = 01,2,....,n — 1, IT* is a circulant matrix, it

follows from theorem 1.2.1 that r(IT) € 2, so P,,_; C 2. Because P,_; is a matrix algebra of
dimension n, one deduces that 2 is a matrix algebra of dimension n. [

A detailed study of the optimal approximation of Toeplitz sequences {7},(f)} sometimes
requires the knowledge of some properties of Toeplitz matrices T,,(f).

1.3 Spectral properties of Toeplitz matrices

This section deals with some properties of the Toeplitz matrices T,,(f) = [tk_j];;;io in the

case where {{;}x is the sequence of the Fourier coefficients of an integrable function f over
the domain Q = (—m, ).

Lemma 1.3.1. Let f € L(Q). The Toeplitz matriz T, (f) is Hermitian if and only if f is
real-valued.
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Proof. First of all, let us suppose that f is real-valued. For £k =0,1,2,...n — 1
1 " —omi(k—j)x
th—j = ) f(x)e dx,

then

X 1 [" o
R R

1 [7 —
= %/_ﬂ f(z)e=2mb=i)zdy
= i/7r f(x)eQﬁ(k_j)xdx

2 J_.

)

then T,,(f)* = T,.(f).
Conversely, let us suppose that T,,(f)* = T,(f), i.e., t;_; =t_4j), then

f*(ﬂf) — (i t]gékx) — i t’:e—ilm

k=—00 k=—0o0
_ Z tikefikx _ Z tkeikx _ f(x)
(@) k=—o0 k=—o0
Whence, f is real-valued. (a) follows from the hypothesis. O

Lemma 1.3.2. Let f € LY(Q). The Toeplitz matriz T,,(f) is symmetric if and only if f is
real-valued and even.

Proof. Let us suppose that f is real-valued and even, i.e., f(z) = f(—z) € R for all x €
(—m, 7). Then

1 " —2mi(k—j)x
th—j = %/ f(z)e2mik=Dz gy
— —i/ﬂ f(—x)e%%(k_j)rdx
2m ).

1 i 4
_ %/_Tr f($)€_27”(]_k)xdilf
- tj—k)

then 7, (f) is symmetric.

Conversely, assuming that T,(f) is symmetric, it follows from Lemma 1.3.1 that f is
real-valued. Now, let z € (—7, 7).

f(_$) _ Z ¢ e—zk::p _ Z t_kezkm _ Z tkezka: _ f(I),
k=—00 k=—o0 k
(b) follows from t_j = t;. Then f is even. O
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Lemma 1.3.3. Let f € L'(Q). The Toeplitz matriz T, (f) is Hermitian and positive definite
if f is nonnegative over the domain (—m, ).

Proof. Let us suppose that f is nonnegative over the domain (—m, 7). Let y = (Yo, Y1, -, Yn—1) "

— {0}, then
n—1 n-1
y*Tn<f)y == @0; gl? sery gnfl) [Ztkﬂ/]]
3=0 k=0

= Zykztk iYj
Jj=

— / f —27,7r(k 7) y]d.ilf
Zy 67227rk95262z7rjz )
k=0
n—1 A * /n—1 .
Zyk€2i7rkx> (Zeinjxyj) dr
k=0 j=0
n—1 2
JI) Zykeﬁwkx

k=0

since f > 0 and y # 0. indeed, for = # 0, {62'2”’“; k=0,1,...,n — 1} is a basis of C", so

1 s
= o _Wf(x)(

dz >0

1 i
o )

n—1 R

v = (Yo, Y1, -, Yn_1)T # 0 implies > yze*™* #£ 0. Then, T, (f) is Hermitian and positive
k=0

definite. O

In the following, we state without proof some fundamental theorems of linear algebra.
These results are very important for the study of the bounds of eigenvalues of Hermitian
Toeplitz matrices T, (f).

Theorem 1.3.1. (Minimaz or Courant-Fischer Theorem, [173]). Let A be an n x n Her-
mitian matriz and let A\ < A < ... < X\g = Amax (K < n) be the distinct eigenvalues of A.
Setting M; = {U C C"|U a vector subspace of dimension i}, then fori=1,2,....k :

z*Ax
A; = minmax )
Uel; zGU T*r

In particular, Yy = {lines of C"} and U € Uy implies U = span < u >, with w € C" and
u # 0. So, 4 |
Amin(A) = min > x, and Apax(A) = max %

2eCr T*x zeCn x*x
T#0 x#0

Remark 1.3.1. Let A be an n x n Hermitian matriz and let x € C", x # 0. The quantity
x*Ax

T*r

R(z) =
is called the RAYLEIGH QUOTIENT of A.
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Theorem 1.3.2. (Cauchy interlace Theorem, [173]). Let A be an n X n Hermitian matriz
and let B be an (n — 1) x (n — 1) principale submatriz of A, i.e.,

R

where x,y € C"! and z € C. Then
AM(A) SM(B) << A1(A4) S 0(B) < A (A).

Theorem 1.3.3. (Monotonicity Theorem, [173]). Let B and C be two n x n Hermitian
matrices, with the eigenvalues A\ (B) < Ao(B) < ... < A\y(B) and M (C) < X(C) < ... <
M (C) respectively. Setting A = B + C, then fori=1,2,...,n:

Ai(B) + A1(C) < Xi(A) < Xi(B) + Au(C).
Theorem 1.3.4. [170,117,154] Let f € L'(—=, ) be real-valued. Setting

my = 1nf f() and My := sup f(z),

ze[-m z€[—m,7]

then
ATo(f)) C [my, My].

where A(T,(f)) is the spectrum of T, (f).

Proof. Since f is real-valued, it follows from Lemma 1.3.1 that 7,,(f) is Hermitian. According
to Theorem 1.3.1, one has

(117) )\mm(Tn(f)) — 228% and /\max(Tn(f)) = Igggcx*j;—i;_f)x

Let x € C", x # 0, then

n—1 n—1
[L’*Tn(f)l' = (J_](),Zfl, ...,i’n_l) [Ztk_jl‘j]

1 ™ - .
_ - " Ty e 2@7r(kf])tl, dt
2 J
[

k=0 j5=0
1 - ,
— f (Zx —QMrktZ 2Z7Utl‘j> dt
k=0 7=0
1 T n—1 * /n—1
- f(t) ( 217rkt> ( 62@7r]t )
27 J k=0 j=0
1 T n—1 2
2 J_. ps




then

n—1 N
Zxke%ﬁrkt
1 (7 |z *T
(1.18) my.min —/ =0 Lt §minm
z20 | 2w J_. |z|2 2A0 T
and
nf ikt ’
xe2™
1 (™= *
(1.19) M.max —/ =0 dt | > max” n(f)x
a£0 | 2w ). | |2 A0 X
Or
T [n—1 . 2 rn—1 n-1 .
/ xke%wkt dt — / Zi,kze—%w(k—])tl,jdt
7 k=0 T k=0 j=0

n—1 n-—1 T
_ 2 T 2 x; / 67227r(kfj)tdt
k=0  j=0 -7

n—1
27?2|le2 = 27|z |?
=0

—
3
N

(c) follows from
/ﬂ— 6—2%7r(k—j)tdt _ { 2r if =k

0  otherwise

Then
n—1 2 n—1 2
T e?mrkt T eZwrkt
(1.20) max i/7T kzjok—dt = min i/7r kzjok—dt =1
' e#0 | 2w J_. | |2 a0 | 2w ) |z|? '

It follows from (1.17) — (1.18) — (1.19) — (1.20) that
)\min > mg and )\max < Mf

]

Theorem 1.3.5. (Density Results, [170]). Let f € L'(—m,7) be real-valued and A(T,(f)) =
{)\,(g"); k=1,2,...n} the spectrum of T,,(f). Setting

my = inf }f(x) and My := sup f(x),

z€[—m,mw z€[—m,7]

where inf f and sup f denote the infimum and the supremum of f, then

() lim X (T5(f) = my and lim A7 (T (f) = M.
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n

(i) U {A,@(Tn(f))} is dense in [my, My].

neN k=1

Dealing with iterative methods for linear systems, an important parameter is the con-

vergence speed of the iterations towards the solution of the system. For instance, it is well
known that the convergence speed of the CG method depends on the condition number of the
system matrix. However, the condition number does not completely force the convergence
speed, which is also controlled by the global distribution of the singular values of the system
matrix. Basically, the convergence speed is good if the singular values of the system are well
clustered "close" to the unity.
In order to increase the convergence speed, it is often useful to replace the system to solve
with an equivalent one, in which the clustering of the eigenvalues is improved. This approach
leads to the preconditioning: the system Af = g is replaced by the following equivalent sys-
tem, called preconditioned system,

(1.21) PAf =P g

where the invertible matrix P is the system preconditioner. If the CGLR method is now
applied to the preconditioned system, then the convergence speed is then related to the dis-
tribution of the singular values of the preconditioned matrix.

For Toeplitz systems, we can introduce the following preconditioner, called natural precon-
ditioner.

Definition 1.3.1. Let f € L'(—m, ) be a real-valued even function, and let T, (f) be the
symmetric Toeplitz matriz generated by f. The natural preconditioner of T, (f) is defined as

Py =To(f) = H(T.(f))
where H(T,(f)) is the Hankel matriz defined on the following form:

tay t3 ... t,—1 O 0
ts 0 0 go %1 e gnfl
HT(f) = | ot when T(f)= | T
tn61 0 t3 tn—l tn_g . t()
O 0 tn—l e t3 t2

Lemma 1.3.4. Let f € L'(—m,m) be an even function, and let T,(f) be the symmetric
Toeplitz matriz generated by f. Setting P, = T,,(f) — H(T,.(f)) and A, = T,(f) — P,, if P,
is nonsingular, sup||P; s < ¢ < oo (where ¢ is a constant number independent of n) and

the eigenvalues {\(A,)}, are clustered around 0, then the eigenvalues {\(P; T, (f))}n are
clustered around 1.

Proof. First of all, P,'T,(f) = P, A, + I, implies A, (P, T,(f)) = M(P,'A,) + 1. Since
(1.22) PIA, = PyVA(PVRA, PV P2,

according to Theorem 1.3.1,

Py PA, P e
A(P7Y2A,P7Y?) = minmax .
Ul aﬁ({ Tr*r

Setting y = PP for z € U, then U := {y = P{1/2x|x € U} is a subspace of dimension k.
Then

*An *An * ) *An

M(PY2A, PV = [ninmag(y Y < gninmag(y Y yy < [mnmagcy Y.

Uetly yel Yy Uewyel YUY YT T Oew, vel y'y
y7#0 y#0 y#0

)

24



1
Amax(Pn) > < then

. *
since ny:Zy > Aoin(Pr) =

(1.23) M(PTYV2ALPTY2) < e M(A).

Because the eigenvalues {\z(A,)}, are clustered around 0, one deduces from (1.23) that

the eigenvalues {\y(Py PPN Py 1/2)}n are clustered around 0. It follows from (1. 22) that the

eigenvalues { (P, 1A n)}n are clustered around 0. Hence the eigenvalues {\(P, 'T,(f))}x
are clustered around 1. ]

Lemma 1.3.5. Let f € L*(—m, ) be a compler-valued function and T,(f) be the Toeplitz
matriz generated by f. Let U be an n x n unitary matriz. Then the optimal preconditioner
of T,,(f) is defined as follows:

Proof. Setting Ay := {UAU*| A is diagonal matrix } and using the usual Frobenius norm

defined by
IMIIE = [
k,j=1
one has _
?U<T’Vl<f)) = argmln“Tn(f) - B”F
BeAy
or
IT.(f) = Bl = ITu(f) — UAU*|%

= |UNT.(f) - UAUM)Ul5
IU* (U — Al

= DTl + YU T (V)55 = Ayl

Py
the optimum is obtained for A = diag(U*T,,(f)U).
Then
PulTn(f)) = Udiag(U T, (f)U).U*
0

Lemma 1.3.6. Let f € L'(—m,7) be a real-valued function and T, (f) be the Toeplitz ma-
triz generated by f. Let U be a unitary matriz. If f > 0, then the optimal preconditioner
Py (T (f)) of T,.(f) is nonsingular and sup||Py(T,,(f)) |2 < ¢ < oo, where ¢ is a constant

number independent of n.

Proof. According to Lemma 1.3.5, X\;(Py(T(f))) = (U*T.(f)U)s5 = UsTo(f)Uj, (W
is the j-th column of U, ||Uj||2 = 1). One deduces from Theorem 1.3. 1 that A\yin(7,

N(Pu(To(f))) < Amax(T(f)). Using Theorem 1.3.5, it follows that my < X\ (T,,(f)) < My,
for all £ < n;k,n € N. So,

My < Amin(Tn(f)) < Nj(Pu(Tu(f))) < Amax(Tn(f)) < My

and because f > 0 over the compact set [—m, 7], it follows that m; > 0. Hence, Py (T,(f))
is nonsingular and sup|| Py (T,(f)) 2 < ¢ < oo. O
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Conclusion

In this chapter, we have furnished a detailed study of the spectral properties of circulants and
Toeplitz matrices. We will prove in Chapter 2 that suitably chosen sequences of circulant
matrices asymptotically approximate sequences of Toeplitz matrices. Further, we will use
the Korovkin Theory to derive clustering of the related preconditioned sequence when the
preconditioners are selected in trigonometric algebras such as Circulants, Tau, etc... This
new theory will mainly be based on the approximation of the Toeplitz sequences.
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CHAPTER TwoO

PRECONDITIONING TOEPLITZ SEQUENCES
VIA CIRCULANTS

2.1 Introduction

The purpose of this chapter is to present a detailed study of a Korovkin-type theory for finite
Toeplitz operators via matrix algebra. We consider the approximation of finite self-adjoint
Toeplitz operators T,,(-) by means of matrix algebra operators. Here the Hermitian Toeplitz
matrix 7,,(f) is generated by a Lebesgue-integrable real-valued function f defined in [, 7]
in the sense that the entries of T,,(f) along the k-th diagonal are given by the k-th Fourier
coefficients a; of f. Denoting by A = {M(U,) = {A = U, AU} : A diagonal } },, the se-
quence of the matrix algebra associated with the unitary transformations {U,}, and by U}
the complex conjugate of U, we introduce the sequence of operators P = {Py, : C" — C"},,

so that each operator Py, associates with any n x n matrix A the matrix X that minimizes
the functional F4(X) = ||A — X||F in the Frobenius norm over the whole algebra M(U,,) :
in this way Py, (A) is the matrix where the above defined functional F4(X), for A = T,,(f),
attains its minimum value.

First, we study the asymptotic equivalence of the matrices sequences {C,(f)}, and
{T,,(f)}» in the case where the generating function is chosen with some particular prop-
erties. Furthermore, we derive some general properties of the operator Py, , starting from
above considerations. Then we go on to consider the subset Ar of all sequences {M(U,)},
of algebras whose matrix-sequences {U,}, are related to trigonometric functions. More pre-
cisely, we focus our attention on the algebra M(U,,) for which the adjoint of U, that i.e., U},
is an n X n Vandermonde-like matrix [67] whose functions are linearly independent and be-
long to the space of the trigonometric polynomials P, (1) evaluated on a quasi-equispaced
set of points (the grid points) in a suitable interval I.

For {M(U,)}» € Ar, we will give two Weierstrass-Jackson type theorems which assure
the "approximation" of {T,,(f)}. by {Pv, (T.(f))}» under simple conditions on the matrices
{Puv, (T.(p)) }n, p ranging among the trigonometric polynomials. In order words, this means
that the approximation of the Toeplitz matrices generated by polynomials guarantees that
{Pu, (T,,(f))}n is an approximation process for {7,,(f)}, with f just continuous. It worth
mentioning that these two theorems cover, as special cases, the Theorems of R. Chan, Yeung
[43,44], Jin [85] and Serra [122], respectively, regarding the circulant [52], Hartley [12] and
7 [10] matrix algebras. This research line is very important from a practical viewpoint since
preconditioners belonging to a new algebra (not necessary circulant) can be more suitable
for a certain class of applications: refer to [34] for the use of a "cosine" algebra in image
restoration, to [36] for the use of circulants in the preconditioning of elliptic boundary value
problems (BV Ps) with periodic boundary conditions and to [62] for the application of the
T-class preconditioning when elliptic BVPs with Dirichlet conditions are considered.

Pursuing further, we notice that the eigenvalues of Py, (T,,(f)) can be viewed as the val-
ues of a trigonometric polynomial, which we denote as L,[U,](f), taken on the grid points of
the interval I. We show that f — L,[U,](f) is a linear positive operator (LPO) [90] so that
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its convergence to f is only dependent on the convergence at the functions 1, sinx, cosx
(or other equivalent test functions) as stated in the famous Korovkin Theorem [90]. In view
of this, by using the known trigonometric algebras, we derive both known and new linear
operators uniformly converging to the identity operator in the space of the continuous func-
tions equipped with the infinity norm. In particular, the circulant class leads to the classical
Cesaro sum, the 7 class to a mixed process involving a Cesaro sum and a correction in terms
of Chebyshev polynomials of second kind and so on (see also [54]).

Keenly aware of the mathematical elegance and power of the Korovkin Theorem, the
Frobenius operator Py, (-) is itself a linear positive operator (in the matrix sense) acting on
the space of the n x n complex valued matrices. By exploiting this and other properties
of Py, (-) and L,[U,](-), two matrix-versions of the Korovkin Theorem are obtained: The
continuous functions f are replaced by the Toeplitz sequences {7,(f)}, with continuous
f, the polynomials p are replaced by {T,,(p)}, and the approximation process is given by
{Puv, (T(+)) }» that is, by the sequence of Frobenius-optimal representatives of the sequences
{Puv, (T,,(p:)) }n converges "in a strong or weak sense" to {T,(p;)}n, where the symbols p;
denote the usual three test functions, then a similar convergence holds for {Py, (T.(f))}n to
{T.(f)}n with f merely continuous. More specifically in section 2.6 we prove the following
results.

Theorem 2.1.1. Let f be a continuous periodic function. If L,[U,)(p) = p + €n(p) for each
one of the three test functions p and with €,(p) going uniformly to zero, then {Py, (T.(f))}x
converges to {T,,(f)}n in the weak sense.

Theorem 2.1.2. Under the same assumption of the previous theorem, if €,(p) = O(n™!)
for the three test functions p, and if the grid points of the algebra are uniformly distributed,
then the convergence of {Pu, (T,,(f))}n and {T,,(f)}n is strong.

Besides the mathematical interest in itself, the above results have dramatic practical
implications. In fact, they provide a simple and powerful tool for analyzing the eigenvalue
distribution and clustering [43, 122] of the preconditioned matrices and to study the super-
linear (or sublinear) convergence of the preconditioned conjugate gradient (PCD) method
[6] applied to systems of the form 7),(f)x = b. See also [77,76,70,42] for several specific
applications of these linear systems.

2.2 Asymptotic equivalence of the matrix sequences {T,,(f)},

and {C,(f)}n.

In this section, we consider the case where the generating function f is in the Wiener class,

e., the case where the sequence {tx}, of the Fourier coefficients of the Toeplitz matrix
T,.(f) is absolutely summable. The basic approach is to find a sequence of circulant matrices
{C,(f)}» that is asymptotically equivalent to the sequence of Toeplitz matrices {T},(f)}n.
Obviously, the choice of an appropriate sequence of circulant matrices to approximate a
sequence of Toeplitz matrices is not unique, so we are free to choose a construction with
the most desirable properties. It will, in fact, prove useful to consider two slightly different
circulant approximations.

Definition 2.2.1. Let {A,}, and {B,}, be two matriz sequences of order n xn. {A,}, and
{Bn}n are said to be asymptotically equivalent if

(i) {A.}n and {B,}, are uniformly bounded in strong norm, i.e.,

supl||A, |2, sup||Bplls < M < oo,
n n

where M 1s a constant number independent of n.
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(ii) [[An = Bullr = o(v/n).

Notation: {A,}, ~ {B,}. means that the sequences {A,}n and {B,}, are asymptotically
equivalent.

Proposition 2.2.1. [75] Let T,,(f) = [tkfj]z,;io be the Toeplitz matriz generated by a Wiener
function f € L'(—m,7), i.e.,

[e.e]

> It < oo,

k=—00

and where

0 n—1
flz) = Ztkegkwa fulz) = Z toetke,

k=—o00 k=—(n—1)

Define the circulant matrices Cy(f) and Cy(fn) as follows:

1. C,(f) is the circulant matriz with top row (c(()n), c§”), o cﬁf_)l) where
1 n—1 .
Cén) — EZf(2,7.‘.‘7'/71)engk/n
=0
2. Cy(f,) is the circulant matriz with top row (één) éﬁ"), o éfln,)l) where
1 n—1
sy 4 ? . 2mijk/n
Gy ann(ZW]/n)e
7=0
n—1
= Z 610 (kt-Dymodn
I=—(n—-1)

— to if k=20
- t,k +tn7k or k = 1,2,...,n — 1.

Then,

(2-1) {Cn(f)}n ~ {Cn(fn)}n ~ {Tn<f)}n

Proof. Since C,(f) and C,(f,) are circulant matrices with the same eigenvectors (cf. The-

n—1 1/2
orem 1.2.1), we have from part 2 of Theorem 1.2.1 and from ||A|r = (Z)\k(A*A)>
k=0
that

1Cu(F) — Cul ) 3 = 1 (2 /) — Fu(2h/n)

oo el
Let € > 0, since f(x) = Y. t;e'*® then there exists N, € N such that for n > N,

k=—o0

<, forall z € [—m, .

(2.2) | Fla) =) e

k=—n
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It follows from (2.2) that {f,}, uniformly converges to f. So, for given € > 0, there is an
integer N, € N such that for n > N, one has

|f(2mk/n) — fo(2mk/n)|? <€, for k <n—1
and hence, for n > N,
n—1
Hch(f)‘_'C%(jh)H%'<:j£:€:: ne.
k=0
Since € > 0 is arbitrary, one has

1C(f) = Culf)lle = o(V/)
proving that
(2.3) {Coa()}n ~ {Cul(fo) }n-
Because C,(f,,) is also a Toeplitz matrix, define C,(f,) = T/, =

n

/

[tk ]]k] o With

=ty it ifk=—(n—1),—(n—2),...,—1
(2.4) ty=1 & =1, if k=0
A =ty e ifh=1,2,n—1

n

then
n—1ln—1 n—1

(2.5) 1T le =D Y It = > (n—I[kD]tl”
k=0 j=0 k=—(n—1)

According to (2.4) and (2.5), one obtains

n—1
ITa(f) = Culf)llF = (n — [kD)[te — ti|”
k=—(n—1)
—1 n—1
= Y (ARl (0= K)o
k=—(n—1) k=1
—1 n—1
= n Z |v¢n+,€|2+Z|t,(n,,€)|2 Z kltn skl —Zk:|t (n-r)?
k=—(n— k=1 k=—(n—1)

1 n—1 n—1
_ <Z|tk\2+2|t (n—k) >+Z (k—n)|ts]? — an iy |?
k=1 k=1
n—1
= nY ltpmonl+ Zklth - Zklt—(n—k)!2
k=1 k=1 k=1
n—1 n—1 n—1
= 0> [+ D kP + D (k= )t
k=1 k=1 k=1
n—1 n—1 n—1
= > RGP Kk =Y Rt + ).
k=1 k=1 k=1
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then

(2.6 ITu(F) = CalF) 2 = S K(ltel? + i),

k=1

On the other side, one has

Do <MY |t

k=—00 k=—0oc0

(o]
where M is a positive constant independent of k. Indeed: Since the series > |tx| con-
k=—oc0
verges, then the sequence {;} is uniformly bounded, so there exists a positive constant My
independent of k such that sup|t;| < M,. Further, kligl |tr] = 0, then there exists a positive
k — 00

integer N such that for |[k| > N, |tx| < 1, whence, for |k| > N, |[tx]* < |tx]. Let k € Z,

0 N —(N+1) o
>l = Z:|7fk|2 ST+ D Il
k=—00 k=—00 k=N+1
—(N+1)
< MOZItkH Z te] + Z ]
k=—o00 k=N+1
< (14 M) Z It
k=—oc0

For M = 1+ My, one has the result. So, the sequence {|tx|*} is summable. Hence, for given
e > 0, there exists an integer N, € N sufficiently large so that

oo

Dl + [t < e

k=Ne

Then, for n > N, + 1

n—1 Ne—1 n—1
(R T o B Y (L e [ o B N I (e )
k=1 k=1 k=N,

€

Ne—1 n—1
< Y Rt A k) (0= 1) D (8l + [El)
k=1 k':Ne

Ne—1
< TR+ 1) + (- De.
k=1

It follows from this inequality and (2.6) that

Ne—l

lim [ 7(f) — Culf)[13 < lim = kauu /) + lim

n—oomn,

n —
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and because € > 0 is arbitrary, one has

HTn(f) - Cn(fﬂ)HF = 0(\/5)-

Hence
(2.7) {Ta(F)}n ~ {Culf) }n-
One deduces from (2.3) and (2.7) that

]

2.3 Matrix algebras and Frobenius-optimal approxima-
tion

Let U, be a unitary complex n X n matrix, then by M(U,) we denote the communicative
algebra of all the matrices simultaneously diagonalized by the U, transform, that is,

MU,) ={A=U,AU} : A diagonal }.

Here the symbol x means transpose and conjugate. The operator Py, (-) is defined on C™*"
and takes values in M(U,) where both the spaces are equipped with the Frobenius norm

|1 X% = Y |z |* In addition, the Frobenius norm is induced by the positive scalar product
i;j=0
(-, ) on C"*™ defined as (A, B)r = trace(A*- B). Therefore the existence and the uniqueness

of the minimum
Pu,(A) = argmin||A — X||r
XeM(Uy)

follows from the fact that the space (C™*" (-, -)r) is a Hilbert space and M(U,) is a closed
convex subset since it is a finite dimensional vector space.

By means of simple algebraic arguments, we prove the following Lemma (see also [41] for
the circulant case).

Lemma 2.3.1. [55|. With A, B € C™*" and the previous definition of Py, (-), we have

1. Py, (A) = U,o(UrAU,)UY, with o(X) being the diagonal matriz having (X);; as diagonal
elements,

2. Py, (0A+ BB) = aPy, (A) + Py, (B) with o, 8 € C,
3. Py, (A%) = (Pu,(A)),

4. trace(Py, (A)) = trace(A),

5. [|Pu,llz =1,

6. [|Pv,llr =1,

7. A= Pu, (AN = 1AIF — [Po. (A1

Proof. 1. The proof of this point is done in Lemma 1.3.5 by replacing A and U,, by T,,(f)
and U respectively.
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2. Let A, Be C"™" and «, € C.
Pu, (@A+pB) = U,o (U, (acA+ BB)U,) Uy
Uno (U AU, + BU;BU,,) Ux
aU,o (UAU,) U} + BU,o (U;BU,) U}
aPy,(A) + BPu, (B).

3.
Pu, (A*) = U,o (U A*U,)U; = Una((U;AUn) VU
= U, (c(UrAU,))" Uy since o(X*) = (o(X))*
= (Uno (U AU)UR)”
= Pu.(A)"
4. trace(Py, (A)) = trace(o(UrAU,)) = trace(U} AU,,) = trace(A).

5. First of all, EQ%XKU;:AUTL)M < ||U*AU,||>. Indeed: Let zo = (0,...,0,1,0...,0)" € C".

w5 (Us AU (U AU )z0 = (0, ...,0, (U3 AU,) .
= |(U;AUn)ii|2,
then ||(UrAU,)xo||l2 = |(UFAU,)iil, so
[(UnAUL)i| < sup (U AUL)z|2 = [|U; AU |l2 = [|[All2-

0,...,0)(0, ...,0, (U AU,)i, 0, ...

ll|2=1
Now,
1P, (A)]l2 |Uno (U AU U |12 |o(Us AU,)||2
1P, ||l2 = sup—"——"— = sup 2 S = sup——
azo  ||A]l2 A0 [ All2 azo  ||All2
UrAU,)qi X
_ o 2 OAT AU A
A#£0 | All2 T azo (Al Aol Allz 7

so [Py, [la < 1.
On the other side,
[Pv, (L)llz _ NUno (U LU Uzl _ llo(a)llz _

1Pu,ll2 = = - =
[nll2 1l [l

Whence, [Py, |2 = 1.

6. The proof of this point is similar to the proof of point (5) by replacing || - ||2 by || -

7.
= |U;AU, — o(U; AU, |17
= > (UrAU,),
i?'éj
= Z| (UXAU,) 4| Z| (Un AU,
1,7=0

= |UZAUlIE - HO’(UiAUn)HF
= [|AlF = U (U AU Up |15
= [AlE = 1Po. (A%
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Also of interest is the following result which was proved and used for specific matrix
algebras [41,43,85,122,163], but extended in an abstract way in [55].

Lemma 2.3.2. [55]. If A is a Hermitian matriz (A = A*), then the eigenvalues of Py, (A)
are contained in the closed real interval [A(A), \,(A)] where X\;(A) are the eigenvalues of
A ordered in a nondecreasing way. Moreover, when A is positive definite, Py, (A) is positive
definite as well.

Proof. According to Lemma 2.3.1, A\j(Py, (A4)) = (U;AU,);; = (Un);A(Un);, (Where (Uy);
is the j-th column of U,, [|(U,);|l2 = 1). Since A is Hermitian, one deduces from Theorem

1.3.1 that A1 (A) < Aj(Pu(A4)) < Au(A) forall j =1,2,...,n, O

Trigonometric matrix algebras

Here we define a special subset of sequences of matrix algebras that we call trigonometric
matrix algebras and we denote it by Ar. Let {vy }new with v, = {vn;}7=7, be a sequence of
trigonometric functions on an interval I. Let S = {S,, },en be a sequence of grids of n points
on I, namely, S, = {:cz(-"),z' =0,1,2,....,n—1}.

Let us suppose that the generalized Vandermonde matrix

n—1
V= (i)

i,j=0
is a unitary matrix. Then, an algebra of the form M(U,,) is a trigonometric algebra if U,, = V*
with V,, a generalized trigonometric Vandermonde matrix. In addition, given a sequence
of unitary generalized trigonometric Vandermonde matrices {U, = V.*},, and the related
sequence of algebras {M(U,)}, belonging to Ar, we will call it regular if the grid points
form a sequence of quasi-uniformly distributed grid sequences in . For a formal definition
of quasi-uniform distribution, see the following.

Definition 2.3.1. A sequence of grids {S, = {xz("),i =0,1,2,...,n — 1}}, belonging to an
interval I is called quasi-uniform if

o5 >

with |I| being the width of I. If the previous relation holds for o(1) = O(n™'), then the
mesh-sequence {Sy}n is called uniform.

I n n
u — (xi ) _ :vl(_)l) =o(1), forn — oo
n

Examples of trigonometric algebras are the circulant, the 7, the Hartley [12] for which
the matrix U, is

1 - m
U,=F, = (%e”xi ), ,j=0,1,...,n—1

ny  2m
S, = {x§.):ﬂ:2:0,1,...,n—1}c[:[o,%],
n

2
U,=85, = (\/n+1sin((j+1)x§n))>, i,j=0,1,...,n—1

+ 1
S, = {:L‘E"):(Z+ >7T:i:0,1,...,n—1}CI:[O,W],
n+1
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1
U,=H, = ( [Sin(jxgn)) +cos(jx§n))]) , 1,7=0,1,...n—1
S, = Sz; ' =—:11=0,1,..n—1p, CI=10,27]
n

respectively.

Notice that all the associated sequences of algebras are trigonometric and regular with
uniform meshes. In addition, these algebras are characterized by a special kind of sequence
v of functions. In particular if n > m, then there exists a constant C'(n,m) such that

(Um')[i:(),mfl] = C(n,m)vy,.

This means that, up to a scaling factor, for any n, the functions related to v, can be viewed
as the first n functions of a unique sequence {v;};en.

2.4 A Weierstrass-Jackson matrix theory

In order to properly state the "matrix approximation results", we require the following
definitions concerning the concept of "matrix convergence".

Definition 2.4.1. Given a sequence of algebras {M(U, )}, with associated operators {Pu, (-) }n,
we say that "{Py, (T.(f))}n (strongly) converges to {T,(f)}n" if, for any € > 0, there exists
a nonnegative integer N such that, for n > N, T,(f)—Pu, (Tn(f)) has eigenvalues in (—e, €)
except for Ne = o(1) outliers (proper clustering at zero [164]).

Definition 2.4.2. Given a sequence of algebras {M(U,)},, with associated operators {Pu, (-)}n,
we say that "{Py, (To(f))}n (weakly) converges to {T,(f)}n" if, for any € > 0, there exists a
nonnegative integer N, such that, for n > N, T,,(f) — Pu, (T,.(f)) has eigenvalues in (—¢, €)
except for N. = o(n) outliers (general clustering at zero [164]).

We say that the convergence is also uniform, when the number N, does not depend on e.
In the case where there is strong convergence (strong or proper clustering in the terminology
used in [164]) and the function f is strictly positive, we have a superlinear convergence of the
related PCG methods having {Py, (T,,(f))}. as preconditioner, but we may have a sublinear
behavior when the weak convergence (weak or general clustering [164]) case occurs [151, 52].

Moreover, if the convergence is also uniform, that is, N. does not depend on €, the num-
ber of iterations decreases as the dimension n increases and, therefore, the associated PCG
method is comparable with the one devised in [119].
occgr}sle following result due to Tyrtyshnikov provides a criterion to establish if convergence
Lemma 2.4.1. [164] Let {A,},, and {B,}, be two sequences of n x n Hermitian matrices.
When || A,, — B,||% = O(1), then we have convergence in the strong sense. If ||A, — By||% =
o(n), then the convergence is weak.

Theorem 2.4.1. Let f be a continuous periodic real-valued function. Then, {Py, (T,,(f))}n
strongly converges to {T,,(f)}n if {Pu,(T(p))}n strongly converges to {T,,(p)}n for all the
trigonometric polynomials p.

Proof. Let p; be the polynomial having degree k of best approximation of f in the supremum
[84]. For any € > 0, there exists an integer M such that ||f — pa]leo < €/3. Then, by using
the Szego Theorem (see [77] at page 64) and Lemma 2.3.2 we have ||T,,(f) — Tn(pam)|2 < €/3,
|Pu, (T0(f)) — Pu, (Tn(pam))ll2 < €/3. Therefore, from the identity

Tu(f) = Pu (Ta(f)) = Tu(f) = Tapr) = Pu (To(f) + P (Tn(pan)) + Talpar) = Po, (T (par))
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we have that, except for a term of norm bounded by 2¢/3, the difference T,,(f) — Py, (T.(f))
coincides with T, (par) — Pu, (T, (par)). From the hypothesis of convergence, we may split the
Hermitian matrix T, (par) — Pu, (T, (par)) into two parts. The first part has a norm bounded
by €/3 and the second part has constant rank. Therefore, the claimed result is obtained, by
invoking the Cauchy interlace theorem (cf. Theorem 1.3.2). O

Theorem 2.4.2. Let [ be a continuous periodic real-valued function. Then, {Py, (T,,(f))}n
weakly converges to {T,(f)}n if {Pu, (T(p))}n weakly converges to {T,(p)}n for all the
trigonometric polynomaials p.

Proof. The proof is the same as the one of Theorem 2.4.1 with the exception of the last part
where we split {T,,(par) — Pu, (Tn(par)) }n into two sequences: the first has a norm bounded
by €/3 and the second one has o(n) rank. The use of the Cauchy Interlace theorem completes
the proof. [

The following corollaries are particularly useful for deriving and analyzing good precon-
ditioners for the conjugate gradient method.

Corollary 2.4.1. Under the assumption of Theorem 2.4.1, if f is positive then for any € > 0,

for n large enough, the matriz Py, (T,(f))"'T,,(f) has eigenvalues in (1 —€,1 + €) except
N, = O(1) outliers, at most.

Corollary 2.4.2. With the hypotheses of Theorem 2.4.2, if f is positive then for any € > 0,

for n large enough, the matriz Py, (T,(f)) " T,,(f) has eigenvalues in (1 —€,1 + €) except
N, = o(n) outliers, at most.

The proofs of the first corollary and Theorem 2.4.1 for specific algebras can be found in
[43], [85], [122]. However, in the cited papers, a bit different definition of strong convergence
is used since the notion of convergence is replaced by the fact that {7, (pa) — Pu, (T (Prr)) In
is viewed as the sum of a matrix with norm bounded by ¢/3 and another of constant rank.
Therefore, we observe that the argument used in [43] proves in effect a more general and
abstract formulation.

It is interesting to notice that the main effort made in the aforementioned papers was
toward proving of the "matrix convergence" in the polynomial case. Therefore, in section
2.6, in Theorems 2.6.3 and 2.6.4 (cf. [123, 124, 134]) we have given very simple conditions for
verifying the "matrix convergence" in the polynomial cases.

Finally, observe that the two corollaries tell us something about the convergence of the
associated PCG methods [6], [43] : in particular, if the assumption of corollary 2.4.1 is
fulfilled, then we have a superlinear PCG method.

2.5 The LPO sequences related to {Py (T,.(-))}.

The behavior of the eigenvalues of Py, (T,,(f)) is studied in this section. If U,, is completely
generic not very much can be said, but under the assumption that M(U,,) is a trigonometric
matrix algebra, a richer analysis can be carried out. Actually, in the light of the concepts
introduced in section 2.3, the j-th row of U, is a vector of trigonometric functions cal-
culated on the grid point :Eg-n) . Therefore, by exploiting the first part of Lemma 2.3.1, we
find that the j-th eigenvalue \; of Py, (T,,(f)) is o(UT,.(f)U,),;. Consequently, A; is the
value that a trigonometric function takes on x = xEn). If f is a real valued function, then \;
is a Rayleigh quotient related to the Hermitian matrix 7,,(f) and is a real-valued polynomial.

Now, let us consider the function [L,[U,](f)](z) obtained by replacing :cgn) with z € [ in

the formal expression of \; = o(UT,(f)U,);;. To formulate precisely this idea, let us define
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Car(I,R) as the space of the continuous real-valued 27-periodic functions defined on I and
let us define the sequence of operators {L,[U,](-)}x

Lo[U() : Con(I,R) — Cor(I,R)

as

Ln[Un)(f) = v(-)Tu(f)v"(-) € Con(I,R).

Here f is a real valued function and v(x) is the generic row of UY, where the grid points have

been replaced by the continuous variable z. In other words, it can be seen that L,[U,](f) is

nothing other than the continuous expressions of the diagonal elements of o(U}T,.(f)U,).
In order to analyze this sequence of operators, let us introduce the following definitions.

Definition 2.5.1. Let G be a linear space of functions and ® be an operator from G to G.
Let us suppose that

1. ®(af + Bg) = ad(f) + P(g) with f,g € G and a, § € C;
2. ®(f) > 0 for any nonnegative function f € G.

Under the above mentioned assumptions, the operator ® is said linear and positive operator

(LPO).

Definition 2.5.2. Let G be a linear space of matrices and ® be an operator from G to G. Let
us suppose that

1. d(aA+ BB) = a®(A) + P(B) with A,B € G and «, 5 € C;

2. ®(A) is self-adjoint and nonnegative definite whether the matriz A € G is self-adjoint and
nonnegative definite.

Under the above mentioned assumptions, the operator ® is said linear and positive (matriz)
operator (LPO).

Under the former notations, the following lemma holds.

Lemma 2.5.1. L,[U,](-) is a linear positive operator. In addition Py, (+) is also a LPO in
the matriz sense.

Proof. The linearity follows from the linearity of Py, (-) (see Lemma 2.3.1). Fix f > 0, then
T,.(f) is nonnegative definite (cf. Lemma 1.3.3) and therefore any Rayleigh quotient is non-
negative and particularly the one giving rise to L,[U,](f).

The second part is straightforward if we notice that the nonnegative definiteness of 7,,( f)
implies the nonnegativity of the diagonal entries of UXT,(f)U, and therefore the nonnega-
tivity of all the eigenvalues of the Hermitian matrix Py, (7,,(f)) (see Lemma 2.3.2). O

Now we resort to the well-known Korovkin theorem to establish whether the eigenval-
ues of {Py, (T,(f))}» tend to {{f(xgn))}]}n for n going to infinity. Observe that this also
implies that the spectra of Py, (T,,(f)) and T, (f) are equally distributed in the sense of
Weyl-Tyrtyshnikov [77], [164].

So the convergence of the j-th eigenvalue of the Frobenius-optimal matrix {Py, (T,.(f))}n
to {f (xﬁ"))}n would be trivially implied by the uniform convergence of {L,[U,](f)}. to f.

On the other hand, this general result is implied by the convergence of {L,[U,](pi)}n to p;
for three test functions as stated in the Korovkin Theorems.

We introduce the notion of Chebyshev set [102].
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Definition 2.5.3. A finite sequence of functions {b;}", defined on a set I is a Chebyshev
set if and only if for any choice of m distinct points {x;}", of I, the associated m X m
Vandermonde matriz {b;(z;)}7%_, is nonsingular.

Theorem 2.5.1. [Korovkin [90]]. Let G be the linear space of the continuous (periodic) real
valued functions on a suitable interval I and let {®,(-)}, be a sequence of linear positive
operators from G to G. If {®,(p;)}n uniformly converges to p;, for i = 1,2,3 and n going
to infinity, {p;}>_, being a Chebyshev set on I, then, for any function f € 9 {®,.(f)}n

umformly converges to f. The same statement holds if the "uniform convergence" is replaced
by "pointwise convergence or if the interval I is replaced by any subinterval J of I.

Observe that, in the case of 27-periodic functions, the most classical choice of the three
test functions is given by 1, cosz, and sinz. In terms of Hermitian Toeplitz matrices, this
means that the Korovkin test should be performed only on the three tridiagonal Toeplitz
matrices [ = T,(1), C' = T, (cosz) and S = T, (sinz) where I is the identity matrix. All this
is summarized in the following theorem.

Theorem 2.5.2. Let f be a continuous real valued periodic function and J be a subinterval
of I = [—m,w|. Then L,[U,|(f) converges uniformly to f on J if

v(z) T, (p)v*(z) — p(x)

converges uniformly to zero on J for any p being a test function. Here v(x) is given by the
formal expression of the j-th row of U}, where the value xén) has been replaced by x.

In addition, the result due to Korovkin can be refined a bit. Let us suppose that the order
of the error 'I7111a2X3||(I>n(pi) — Pilloo 18 O(6,,) with 6,, going to zero as n tends to infinity. Then

the same order of convergence holds for all trigonometric polynomials. This result, stated in
the following proposition, is crucial for the strong convergence obtained in Theorem 2.6.4.

Proposition 2.5.1. [123]. Let G be the linear space of the continuous (periodic) functions on

a suitable interval [—m, w| and let {®,(-)}, be a sequence of linear positive operators from G to
§G. Let ||||co.s be the usual infinity norm on a set J C [—m, w]. If .I_nla2x3HCI>n(pi)—pi||ooJ =0(0,)

for {p;}}_, being the Chebyshev set: 1, sinz and cosz (cf. [102]) on [—7, 7], then, for any
trigonometric polynomial p of a fized degree (independent of n) we find

@0 (P) = Plloc,s = O(0n).

The same statement holds true if G is the linear space of the continuous even periodic func-
tions, if p is an even trigonometric polynomial (with a finite cosine expansion) and if the
Chebyshev set {p;}3_, is given by 1, cosz and cos 2z over I = [0, w| with J C I.

2.5.1 Some special cases

We start with the operator associated with the circulant algebra. In this case, there is nothing
to check, since the eigenvalue function

Ln [Un] ()

is the Cesaro sum [C,(-)](x) (for the details of this derivation see [45] and for a practical
application see [133]). Therefore, as it is well known, this operator converges uniformly to
the identity operator over Cor (I, R, || - ||oo) with I = [, 7] and has a rate of convergence of
order n~! on a class of functions (see [176] at pages 122 —123) which contain the polynomials
(for a consequence of this property see Theorem 2.6.4).
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Now we consider the 7 and Hartley classes which are the algebras of all the matrices
simultaneously diagonalized by the matrices U, = S,, and U, = H, respectively, given in
section 2.3.

Before going on, we need an explicit expression of the eigenvalues of the Frobenius-optimal
approximation Py, (T,,(f)).
Theorem 2.5.3. [54]. Let f be the generating function of the Toeplitz matriz T,(f). Then
the eigenvalues of Py, (T,,(f)) are given by the values taken on the grid {nZL} by the function
[LolUnl()](z) defined as

[LalUn] (M) = MMﬁNw_nil

h(z) = s (z)— s(z)cot(x),

h(z),

n—1

where s(x) = Y a;sin(jz). Here K,(f) denotes the n-th Fourier sum of f.

i=1

Theorem 2.5.4. The operator L,[U,](+) can be written as

where U; denotes the j-th Chebyshev polynomial of second kind.

Concerning the representation of the eigenvalues of Py, (T,,(f)) in the 7 class, the vector
v(x) has the form

2
n+1

where each function acts on I = [0, 7|. Consequently the operator L,,[U,](f) is a combination
of products of functions sin(jz) and so it is impossible to approximate the constant function
f=latz=0and z =T.

We directly analyze the behavior of L,[U,|(f) on the test functions in the light of the
Korovkin Theorem. Since the 7 class is inherently symmetric, we have to consider symmetric
Toeplitz matrices. In terms of functions, this means that the generating functions have to
be even and so we consider the domain as the interval I = [0, 7]. By direct calculation we
find that {L,[U,](p)}» converges uniformly to p on each closed set [a,b] contained in (0, )
while this convergence is pointwise on (0,7). As expected at x = 0 and x = =, there is
no convergence. Finally, we point out that the calculation of L,[U,|(p) on the grid points
of the algebra z; = nij:l leads to convergence to p(x;) : this is a little surprising since
the first points x; and the last points xz,_;, for ¢ fixed with respect to n and n going to
infinity, tend to the critical points 0 and m, respectively. More precisely, the evaluation of
(L, [Un)(D)](z) = v(x)Iv*(x) leads to

(sin(x), sin(2x), ..., sin(nz))

n+1

5 s\ 2
B 2 2”: elir _ o—ij
- n+14 2i

J=1

LUID)) = =5 sin?(io)

n

2n 2 s o
— _ (627,]x _|_e—21]x)
2(n+1) 4(n+ 1);
1 1
=1 H(z).

T n+1 2n+1)
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Here X X
. eQm‘x -1 6—2m'a: -1

H _ 2T _ —2ix _ )

(l’) ¢ eix _ Te e~ 2z _ 1
Then, for any closed interval in the open set (0, 7), we find that H(z) is uniformly bounded
and therefore we have uniform convergence to the constant 1. The convergence is pointwise
in the open set (0,7). On the other hand, for = going to 0, the expression H(z) tends to
2n and, as expected, [L,[U,](1)](0) = 0. In a similar way we calculate L,[U,](cos(y)) which
is related to the tridiagonal Toeplitz matrix C' and L, [U,](cos(2y)) which is related to the
pentadiagonal Toeplitz matrix P having as = a_o = 1 and a; = 0 elsewhere. By making
the same kind of check and by expanding the sin(jx) functions in terms of complex valued
exponentials, we obtain that

LU (cos(u)](z) = cos(z) + O(n™") + ——Ga(e)
and
[Lo[Un](cos(2y))](z) = cos(2x) + O(n™) + - i 1G2(:B)

where G; are uniformly bounded functions in any compact set contained in (0,7) and are
diverging as n if we evaluate them at z = 0 and x = 7. Therefore, for any continuous f
defined on I, we find that

{L,[U,](f)}n converges to f uniformly on [a,b] C (0,7),

{L,[U,](f)}n converges to f pointwise on [0, 7],

{L,[U,](f)}n converges to f pointwise on the grid points.

Concerning the Hartley class, the vector of function which characterizes the algebra is
the following

% (sin(z) + cos(x), sin(2z) + cos(2x), ..., sin(nz) + cos(nx)) .

The eigenvalue function is also known [12, 52]

2
LalUn](N(x) = [Cal(](2) = —— 12% sin(kz).
k
In the light of the Korovkin Theorem we directly analyze the behavior of L, [U,](f) on the
test functions. Similar to the 7 class, the Hartley one is intrinsically symmetric and so the
test functions are 1, cos z and cos 2z defined on I = [0, 7]. By virtue of the same trivial checks
performed for the 7 class, we find that {L,,[U,](p)}, converges uniformly to p on each closed
set [a, b] contained in (0, 7) while this convergence is pointwise on I. Moreover, { L, [U,](p) }n
is convergent to p on the grid points of the algebra z; = QZT”
Therefore, for any continuous f defined on I, we obtain that

{L,[U,](f)}n converges to f uniformly on [a,b] C (0,7),
{L,[U,](f)}n converges to f pointwise on (0, ),

{L,[U,](f)}n converges to f pointwise on the grid points.
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2.5.2 Some remarks

Concerning the new linear positive operators related to the Frobenius-optimal approximation
of Toeplitz matrices by trigonometric matrix algebras (7 class, Hartley class, etc...), it is
interesting to observe that in [135] these LPOs have been used in connection with Theorem
2.6.5 in order to solve some nontrivial approximation problems (e.g. rational approximation
of f/g with ¢ > 0 and f/g continuous, "construction" of the essential range of f/g with g > 0
f,g € L?, etc...) under the assumption that computable expressions of f and g are unknown
(only the Fourier coefficients of f and ¢ are known) and when the generating functions are
continuous or in L2 More precisely, see chapter 9.

2.6 A Korovkin-type matrix theory

In this part, we would like to reduce the matrix approximation problem analyzed in section
2.4 to the very concise problem of checking the approximation only on the Toeplitz matrices
generated by the test functions. This can be done with the help of the Lemma 2.4.1.

Before going on, it is useful to recall the theory about the distribution of the spectra of
Toeplitz matrices. This kind of results goes back to Szegéd [77], but we have very recently
observed an impressive sequence of very interesting and enlightening papers on the subject
[171], [109], [172], [164], [153].

Theorem 2.6.1. [Szego- Tyrtyshnikov [77,164]/. Let f € L* and {)\gn) m_, be the eigenvalues
of T,.(f) (which are real since f is real valued and then the matriz T,(f) is Hermitian).
Then, for any continuous function F with bounded support, we find the following asymptotic
formula (the Szego relation)

2.9 lim — F A
( ) n1—>oon Py ( ) 27'('

| Ftes

In addition, mention has to be made of two very recent extensions accredited to Tilli
[153] and Tyrtyshnikov, Zamarashkin [167]. The first one seems to be the most general with
respect to the generality of the involved structures: actually this result is Theorem 2.6.1
modified to deal with finite dimensional Toeplitz operators generated by matrix-valued L?
functions, including also the non-Hermitian case and the nonsquared one. On the other
hand, in a complementary direction [167], the authors proved the classical Szego formula for
f ranging in L' space: of course, in the non-Hermitian case in formula (2.9), the eigenvalues
must be replaced by the singular values.

For our purpose, another needed result is a second-order one concerning the Szego for-
mula. This refinement is a little simpler to state in terms of the squares of the singular
values 0 ) of T.(f) (f is now complex valued) rather than the singular values themselves.
The restrlctlon on f is due to the assumption that it belongs to the Krein algebra K [91]

1
(the Besov space B3 ) of all the functions f that are essentially bounded and satisfy

IFI5 = D IKllaxf* < co.

k=—o0
More precisely, this result is stated in the following theorem [172] (see also [121], [120]).

Theorem 2.6.2. Let {o\™} the singular values of T,(f), " = (6\™)2, f € K and let G be
a function belonging to C°[m3, M7]. Then

(2.10) lim {ZG / G(|f(2)*)d }=c<f,G>.
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Here c(f,G) is a known constant characterized in [172], My = || f||cc and my is the distance
of the zero in the complex plane from the convex hull of the range of f. Indeed, if f is real

valued then my is the minimum of | f| and {t§">} are the squares of the eigenvalues of T,,(f).

Moreover we need another technical lemma.
(n)

Lemma 2.6.1. Let {S,}, be a sequence of quasi-uniformly distributed grid points x; ' on I.

Then, for any bounded and Riemann integrable function g, we have
n—1 n T
Solal) = 5= [ -+ ol

If the distribution is uniform and if g is bounded and Lipschitz continuous except, at most,
for a finite number of discontinuity points, then

S otel™) = 2= [“g+00),

i=0 -
Proof. Since g is Riemann integrable, it follows that
n—1 s
S (@)@ — al") = / g+o(1),
i=0 -

and therefore, calling

n—1 -
S= ;g(frg")) - 27; /ﬂg :
it follows that
n—1 n—1
S < D ogla™) = =3 gl — 2| + ofn)
1=0 =0
noe e (27w
= g 2ot (5~ =t )+ o)
n on
< galeled = (@ =)+ o(n)
< 5-llgllo(1) +o(n) = o(n).
In a very similar way, we prove the other part of the lemma. O

Now we are ready to prove the matrix versions of the Korovkin result. In these theorems
the test functions are given by 1, sinx and cosz in the 2m-periodic case and by 1, cosx
and cos2x in the case where the functions are also even (this situation typically occurs in
inherently symmetric problems [62], [34], [132] in which we use inherently symmetric algebras
as the 7 class, the Hartley class or some cosine algebras). Moreover, the results are stated
for f being real-valued because we are interested in the Hermitian case. However a complete
generalization, requiring some technical tools and taking into account of the case where f is
complex valued or matrix/tensor valued, is made in [124].
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Theorem 2.6.3. [123,124,134]. Let f be a continuous periodic function and let p a test
Junction. If L,[U,](p) = p + en(p) with €, going uniformly to zero, then {Py, (T.(f))}n
converges to {T,,(f)}n in the weak sense.

Proof. From identity 7 in Lemma 2.3.1, for any polynomial p we have

0 < || Ta(p) = Pu, (Ta))F = 1T — 1P, (Tp) 1E-

From the uniform convergence of {L,,[U,](p)}» to p on the test functions we obtain the same
convergence property for any polynomial of fixed degree. Therefore,

IT5p) = Pu, (TP 3 = [ Tu) 7 = 3 (plal™) + )a™))

7

Now, from the definition of the Frobenius norm and since 7, (p) is Hermitian, we find that

IT.(p) |7 = ZA?(Tn(p))

The preceding relation is very interesting because, after division by n, it coincides with the
sum appearing in the left-hand side of the famous Szego relation (see Theorem 2.6.1). Then,
by applying the quoted result, we find

2.11) 1) =n o [+ ofn).

In addition, by exploiting the convergence of {L,[U,](p)}. to p, we may conclude that

n—1

(212) (he) + eap)@)) = S + o),

)

Il
o

So, by virtue of the quasi-uniform distribution of grid points {xﬁ")}, we arrive at

—_

n—

(213) >~ (pa) + ) ™)) =5 [ 5ol

Il
o

1

The combination of equations (2.11) and (2.13), in the light of the powerful Lemma 2.4.1,
allows one to state the weak convergence of {Py (T, (p))}n to {T.(p)},. But, by noticing
that this is the assumption of the second Weierstrass-Jackson type Theorem 2.4.2, the proof
is proved. [

Theorem 2.6.4. [123,124,134]. Under the same assumption of Theorem 2.6.3, if €,(p) =

o(n™1) for the three test functions p and if the grid points of the algebra are uniformly
distributed, then the convergence is strong.

Proof. We follow the same proof given in Theorem 2.6.3. In particular, in all the equations
(2.11), (2.12) and (2.13) the terms o(n) are replaced by terms of constant order. In equation
(2.11), we notice that all the polynomials are in the Krein algebra and then the second-
order result due to Widom [172] can be applied (see Theorem 2.6.2) with G(t) = t¢. For
the relation (2.12), the hypothesis on €,(p) with p test function and Lemma 2.5.1 are used
while, for equation (2.13), we need the uniform distribution instead of the quasi-uniform one.
Finally, Lemma 2.4.1 and the first Weierstrass-Jackson type Theorem are invoked. [
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The L? case

It is worthwhile observing that we have used the last part of Lemma 2.3.1 in all the Korovkin-
type Theorems. This is again the key for stating the following theorem which gives a criterion

for testing the weak convergence in the L? case.

Theorem 2.6.5. Let [ be a function in L?. If Szego relation (2.9), referred to the eigenvalues
of {Pu, (T,,(f))}n, holds only for F(t) = t*, then the convergence is weak.

Proof. We make use only of the last part of Lemma 2.3.1, of the ergodic relation stated in
the hypothesis and of Szego-Tyrtyshnikov Theorem 2.6.1. The structure of the proof follows
the same steps as in Theorem 2.6.3. O

It should be remarked that Tyrtyshnikov [164] uses Theorem 2.6.1 in order to prove the
weak clustering when circulant preconditioners are considered. Here, we find that for general
algebras also containing the circulants, a much less restrictive condition is required, i.e., the
validity of the Szego relation only for F(t) = t2. Observe that this is a very natural request
because it can be viewed as the convergence of the discrete L2-norm of L,[U,](f) on the grid
points of the algebra to the L?-norm of f :

: 1 2 n)\ __ 1 " 2
(2.14) Jim S GO = 5 | P

2.7 The multilevel case

By following the notations of Tyrtyshnikov, a multilevel Toeplitz matrix of level m and
dimension n; X ng X ... X n,y, is defined as the matrix generated by the Fourier coefficients of
a multivariate Lebesgue integrable function f = f(x1, 22, ..., ;) according to the law given
in equation (6.1) at page 23 in [164]. Similarly, given the unitary matrix U, related to the
transform of a one-level algebra, a corresponding m-level algebra is defined as the set of
ny X ng X ... X n,, matrices simultaneously diagonalized by means of the following tensor
product of matrices

(2.15) U,=U,,®U,,®..0U,, .

Now, since we are interested in extending the results proved in the preceding sections to
m dimensions, we analyze what is necessary to have and, especially, what is kept when we

switch from one dimension to m dimensions: for the first level we used the Weierstrass and
Korovkin theorems, the last part of Lemma 2.3.1 (see [55]), Lemma 2.4.1 (see [164]) and

the Szego-Tyrtyshnikov theorem for one level Toeplitz matrices. Surprisingly enough, we

find that all these tools hold or have a version in m dimensions: for the Korovkin and the
Weierstrass theorems, the multidimensional extensions are classic results. Very recently, Tyr-

tyshnikov has proved the Szego relation in any dimension [164] while Lemma 2.4.1 contains
a statement not depending on the structure of the matrices and part (7) of Lemma 2.3.1 is
valid for any algebra and so for multilevel algebras as well (recall that U,, in (2.15) is unitary).

Therefore, we instantly deduce the validity in m dimensions of the main statements that
is Theorems 2.4.1,2.4.2,2.6.3,2.6.4,2.6.5. However, we remark that we have no examples in
which the strong convergence holds.

For instance, in the two-level circulant and 7 cases, only the weak convergence has been
proved because the number of the outliers is, in both cases, equal to O(n;+nz) [40], [53] even
if the function f is a bivariate polynomial: more precisely, this means that the hypotheses of
Theorems 2.4.1 and 2.6.4, regarding the strong approximation in the polynomial case, are not
fulfilled by the two-level circulant and 7 algebras and therefore strong convergence cannot
be proved in the general case (see also [124]). Very recently, in [143] and [144] it has been
proved that any sequence of preconditioners belonging to "partially Equimodular" algebras
[144] cannot be superlinear for sequence of multilevel Toeplitz matrices generated by simple
positive polynomials. Here, "partially Equimodular" refers to some very weak assumptions
on U, that are instantly fulfilled by all the known multilevel trigonometric algebras.
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Conclusion.

In this chapter, we have studied the asymptotic equivalence of circulant and Toeplitz se-
quences (in the case where the generating function f belongs to the Wiener class of func-
tions defined over the domain [—7, 7]). Furthermore, a large part of works was consecrated
to a detailed study of the Frobenius-optimal preconditioners for Toeplitz matrices. We will
extend these notions in the following chapters for a spectral analysis and the singular value
distribution of the g-circulants and g-Toeplitz sequences.
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CHAPTER THREE

SINGULAR VALUES AND EIGENVALUES OF
THE g-CIRCULANT MATRICES

3.1 Introduction

For a given nonnegative integer g, a matrix A, of size n is called g-circulant if A, =
[a(r_gs)modn]ﬁ;lo. As example, if n = 7 and g = 4 we have

Such kind of matrices arises in wavelet analysis [50] and subdivision algorithm or, equiv-
alently, in the associated refinement equations, see [58] and references therein. Furthermore,
it is interesting to remind that Gilbert Strang [150] has shown rich connections between di-
lation equations in the wavelets context and multigrid methods [78, 162], when constructing
the restriction/prolongation operators [61, 1] with various boundary conditions. It is worth
noticing that the use of different boundary conditions is quite natural when dealing with
signal /image restoration problems or differential equations, see [129, 126].

This work treats the problem of characterizing of singular values and eigenvalues of the
g-circulant matrices in the case where the sequence {ak(modn)} defines the entries of the ma-
trices and whose the values {a; }, can be interpreted as the sequence of Fourier coefficients of
an integrable function f over the domain (—7, 7). As special cases and observations, we will
show interesting relations with the analysis of convergence of multigrid methods given, e.g.,
in [141], [1]. Finally we generalized the analysis in a simple example to the block, multilevel
case, amounting to choose the symbol f multivariate, i.e., defined on the set G = (—x, 7)4
for some d > 1, and matrix valued, i.e., such that f(x) is a matrix of given size p X q.

3.2 General tools

For any n x n matrix A with eigenvalues \;(A4), 7 = 1,2, ...,n, and for any m X n matrix B
with singular values 0;(A), j =1,2,...,], | = min{m, n}, we set

Eig(A) ={)\;(A): j=1,2,..,n}, Sval(B)={0;(B) j=1,2,...,1}.
The matrix B*B is positive semidefinite, since z*(B*B)x = ||Bz|% > 0 for all z € C™,
with ”x” denoting the transpose conjugate operator. Moreover, it is clear that the eigenvalues

M(B*B) > X\(B*B) > ... > \(B*B) > 0 are nonnegative and can therefore be written in
the form

(3.1) \i(B*B) = o3,
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with o; > 0, j = 1,2, ...,n. The numbers 01 > 05 > ... > 0; > 0, [ = min{m, n} are called
"singular values of B", i.e., 0; = 0;(B) and if n > [ then \;(B*B) =0, j=1+1,...,n. A
more general statement is contained in the singular value decomposition theorem (see e.g.

[72]).
Theorem 3.2.1. Let B be an arbitrary (complex) m x n matriz. Then:

(a) There exists a unitary m X m matriz U and a unitary n x n matriz V such that
U*AV =% is an m x n "diagonal matriz" of the following form:

Y= [l()) 8] , D :=diag(0y,...,0.). 01 > 09> ... >0, > 0.

Here o4, ..., 0, are the nonvanishing singular values of B, and r is the rank of B.

(b) The nonvanishing singular values of A* are also precisely the number oy, ..., 0.
The decomposition B = UXV™* is called "the singular value decomposition of B."

We are interested in explicit formulae for the singular values and eigenvalues of g-circulant
matrices. Following what is known in the standard case ¢ = 1 (or ¢ = e = (1,1,...,1) in
the multilevel setting), we need to link the coefficients of the g-circulant matrix to a certain
symbol.

Let f be a Lebesgue integrable function defined on G = (—, 7)¢ and taking values in M,,,
for given positive integers p and ¢. Then, for d-indices r = (r1,72,...,7q), § = (J1,J2, -, Jd)s
n=(ny,ng,....ng),e=(1,1,...,1),0 = (0,0, ...,0), the circulant matrix C,,(f) of size pn x gn,
n = ni.ns...ng, is defined as follows

On(f) - [f(r—j)modn}z]_‘iga

where fk are the Fourier coefficients of f defined by equation

_ 1

(32) f] = f(jl,---,jd) = W/[ ]d f(t17 ...,td)eii(jltl+...+jdtd)dt1.”dtdj %2 et —17

for integers j; such that —oo < j; < oo for 1 <[ < d. Since f is a matrix-valued function of
d variables whose component functions are all integrable, then the (ji, jo, ..., jqo)-th Fourier
coefficient is considered to be the matrix whose (u, v)-th entry is the (j1, jo, ..., ja)-th Fourier
coefficient of the function (f(t1,...,tq))u.v-

According to this multi-index block notation, we can define general multi-level block g-
circulant matrices. Of course, in this multidimensional setting, g denotes a d-dimensional
vector of nonnegative integers that is, g = (g1, 92, ..., ga). In that case A, = [a(,—gos)modn]rseo
where the o operation is the componentwise product Hadamard between vector or matrices
of the same size and where

(r—gos)modn = ((r1 — g1 - s1)modny, (r2 — go - S2)modna, ..., (rg — gaq - Sq)modng) .

3.2.1 The extremal cases where g = 0 or ¢ = ¢, and the intermediate
cases

We consider a d-level setting and we analyze in detail the case where 0 < g < e and with
7 <7 denoting the componentwise partial ordering between real vectors. When g has at least

a zero component, the analysis can be reduced to the positive one as studied in subsection
3.2.2.
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g==c

In the literature the only case deeply studied is the case of g = e (standard shift in every
level). Here for multilevel block circulants A, = [a(r—gosymodn),seo the singular values are
given by those of

Uk(An) _ Zajei%'r(jlk’1/nl-i-j2k’2/n2-i-...-‘r]'dkd/nd)7 k = (k’l’ ]{;27 ey kd))
Jj=0

for any k; such that 0 < k; <n; —1; 1 =1,2,...,d. Of course when the coefficients a; comes

from the Fourier coefficients of a given Lebesgue integrable function f, i.e., f; = @;modn.
j=-n/2,..,n/2 (where n/2 = (ny/2,...,n4/2)), the singular values are those of (n/2)-th
Fourier sum of f evaluated at the grid points

21k /n = 2w (k1 /nq, ..., ka/na),

0<k; <n;—1;75=12,..d Moreover the explicit Schur decomposition is known. For
d =p = q =1, according to chapter 1 any standard circulant can be written in the form
(3.3) A, =C,=F,D,F,
where
(3.4) D, = diag(v/nF}a),
1 somik 11
(3.5) F, = 7 [e"QanLJgO, Fourier matrix,
(3.6) a = [ag,ai,...,an_1]", first column of the matrix A,.

Of course for general d, p, ¢ the formula generalizes as
An = (Fn ® [p)Dn(F; ® Il])?

with F,, = F,,, ® F,,, ® ... ® F,,,, D,, = diag(\/ﬁ(Fg ® I,)a), where n = nyns...ng and a being
the first "column" of A, whose entries a;, j = (j1,J2, ..., ja), ordered lexicographically, are
blocks of sizes p X ¢,

g=20

The other extreme is represented by the case where g is the zero vector. Here the multilevel
block g-circulant is given by

CLQ Ce CLQ
An = [a(’r—Oos)mOdn]?;iQ = [armodn]?’gig = [ar]:};ig = [ ] .

Ap—e . Qp_e

A simple computation shows that all the singular values are zero except for few of them

1/2
n—e
given by \/ﬁa, where n = nj.ns...ng and o is any singular value of the matrix (Za;a])
Jj=0
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and in the case where p = ¢, all the eigenvalues are also equal to zero except few of them
n—e

which are the eigenvalues of the matrix ) a;. In that case it is evident that
Jj=0

{A,}n ~6 (0,G) and {A4,}, ~A (0,G)

where G = (—m, 7)<,

NB: the relation {A,}, ~, (0,G) means that the matrix sequence {A,}, distributes

in the sense of the singular values as the null function over the domain G. For more detail
about the distribution, see chapter 4.

3.2.2 When some of the entries of g vanish

The content of this subsection reduces to the following remark: the case of a nonnegative g
can be reduced to the case of a positive vector so that we are motivated to treat in detail
the latter in section 3.3. Let g be a d-dimensional vector of nonnegative integers and let
N C {1,...,d} be the set of indices such that j € N if and only if g; = 0. Assume that N is

nonempty, let ¢ > 1 be its cardinality and d™ = d — t. Then a simple calculation shows that
the singular values of the corresponding g-circulant matrix A, = [a(r—gosymodn]yseo aT€ Zero

except for few of them given by /n[0]c where

TAZ[O] = Hnj> fL[O] = (njunjzv "'7njt)a N = {jl, “’7.71?}7

JEN
and o is any singular value of the matrix

alo]—e 12

(3.7) e,
=0

Also, the eigenvalues are equal to zero except few of them that are the eigenvalues of the
matrix

Here Cj is a d*-level g*-circulant matrix with g* = (gr,, gry,---» gr,, ) and of partial sizes
n[> 0] = (g, Mgy oy Ny, )y NO = {ka, ko, ..., kq+ }, and whose expression is

n[>0]—e
Cj = ar—gooymod )}y 1y

. / ’ . . . .
where (r — go $)y = ji for gy =0 and r, =1y, 8; = Sy;, @ = 1, ...,d". Also in this case, since

most of the singular values are identically zero, we infer that

{An} ~o (07 G)

3.3 Singular values of g-circulant matrices

Of course the aim of this chapter is to give the general picture for any nonnegative vector
g. Since the notations can become quite heavy, for the sake of simplicity, we start with the
case d = p = q = 1. Several generalizations, including also the degenerate case in which g
has some zero entries is treated in section 3.5 via the observations in subsection 3.2.2, which
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imply that the general analysis can be reduced to the case where all the entries of g are
positive, that is g; >0, j =1,2,...,d.

In the following, we denote by (n,g) the greatest common divisor of n and g, i.e.,
(n,g9)=ged(n, g), by ng = gy by g = ( , and by I; the identity matrix of order t.

If we denote by C),, the classical c1rculant matrix (i.e. with g = 1) and by C, , the g-

circulant matrix generated by its elements, for generic n and g one immediately verifies
that

(38) Cn,g = CnZn,g7
where

B ne1 _ [ 1 if k=0(modn);
(3.9) Zn.g = [0r—gsl75=0; O, = { 0 otherwise.

Lemma 3.3.1. Let n be an integer greater than 2 such that

(3-10) Zn,g = [?n,g|Zn7g|---|Zn7g]

/

(n,g) times

where Z, 4 is the matriz defined in (3.9) and Zn’g € C"*" s the submatriz of Z, 4 obtained
by considering only its first ng columns, that is

(3.11) Zng = Zong [%L} .

Proof. Setting Znog), Zy, n,g and denoting by an € C™™s the (j + 1)-th block-column of the
matrix Z, g; for j =1,...,(n,g) — 1, we find

Zng = | 2| 2851 250~
nXxXng nXng nxng

Forr=0,1,..,n—1and s =0,1,...,n, — 1, we observe that

(Zgg);)ns = (Zn,g)hjnﬁs’

and

(Z9)ringts = Or—glingts)
6T—j(nvg)~n—gs
6r—gs

= (Znog)])T'S = (an)r8>
where (a) is a consequence of the fact that ( ) is an integer greater than zero and so jgn, =
J (n g = 0(modn). Thus we conclude that ZT(LJ; = Z(f’g Zn,g for j=0,1,....,(n,g) — 1. O

Another useful fact is represented by the following equation

(3.12) Zng = Zn(ng)Z.

ng,g)

where Z,,, 5 is the matrix defined in (3.9) of dimension n, X n,. Therefore

ng—1
5 | = _ [ 1 if k=0(modn,),
[57«795] » Ok { 0 otherwise. !

r,s=0

(3.13) Z

ng7g -

Relation (3.12) will be used later.
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Proof. (of relation (3.12)). For r =0,1,....,.n —1 and s =0, 1, ...,n, — 1, we find

(Zn,g)r,s = 57‘—95
- 5(7“7gs)modna
and

ng—1

(Zn,(n,g)an,g)r,s = Z (Zn,(n,g))r,l(zng,g)l,s
=0

ng—1
Z 5r—(n,g)l5l—§5
=0

— 67"— (n,9)(gs)modnyg

5r—(n,g)(hb—?g)s>modng

—
S}
~

57“7 (gs)modn

I =

6(r—(gs)mod n)modn

5(r—gs)mod ny

]

where

(a) holds true since there exists a unique [ € {0, 1, ...,n, — 1} such that | — gs = 0(modny),
that is, I = gs(modng,) and hence 6,_(n,g)1 = Or—(n,g)-(Gs)modnyg »

(b) is due to the following property: if we have three integer numbers p, 6 and v, then
p(0 mod~y) = (p0) mod pry.

Lemma 3.3.2. If g > n then Z,, = Z, 4 where g° is the unique integer which satisfies
g=tn+g° where 0 < ¢° <n andt € N; Z, , is defined in (3.9).

Remark 3.3.1. One can define ¢g° as g° := gmodn.
Proof. From (3.9) we know that

B nel _ [ 1 if k=0(modn);
Zing = [57"—98]7’,8:0’ 0, = { 0 otherwise.

For r,s =0,1,...,n — 1, one has
(Zn,g>r,s = 6r—gs = 67’—(tn+g")s = 5r—gos - (Zn,go>r,87
since tns = 0(modn). Whence Z,, , = Z,, go. O

The previous lemma tells us that, for g-circulant matrices, we can consider only the case
where 0 < g < n. In fact, if ¢ > n, from (3.8) we infer that

Cn,g = C(nZn,g = CnZn,gO = Cn,go-
Finally, it is worth noticing that the use of (3.3) and (3.8) implies that
(3.14) Chy = FuDoFZ,,.

Formula (3.14) plays an important role for studying the singular values and the eigenvalues
of the g-circulant matrices.
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3.3.1 A characterization of 7, , in terms of Fourier matrices

Lemma 3.3.3. Let F,, be the Fourier matriz of order n defined in (3.5) and Zn,g e Crxns
be the matriz represented in (3.11). Then

~ 1
(315) FnZn,g = —[nng”gZ”g@V
(n,g)
where I, ;, € C*" and
In,
n .
L,= |—*— (n,g) times
I,

with I,, being the identity matriz of size ng and Z,, 4 as in (3.13).
Remark 3.3.2. n =n,4 X (n,g).

Proof. (of Lemma 3.3.3). Rewrite the Fourier matrix as

F, = %[fo!fﬂfz!---\fm],

where f, k =0,1,2,...,n — 1, is the k-th column of the Fourier matrix of order n:

_ 2mik.0
n
_ 2mik.1

27rfi.k(n71)
e n

From (3.12)

(317) FnZn,g = FnZn,(n,g)an,g [f0|f1 (n,9) |f2 (n,9) | |f (ng—1).(n, g)]an g € Cnan

\/_

Indeed, For £ =0,1,...,n; —1and j =0,1,...,n — 1, one has

n—1 n—1
~ ~ 2wkl
(3.18) (FaZnmg))ik = Y (Fn)it(Znng) ik = Y _Si-tngpe™ ™
1=0 1=0
and since 0 < (n,g)k < n — (n,g), there exists a unique [, € {0,1,...,n — 1} such that
Iy — (n,9)k = 0(modn), so Iy = (n,g)k. Consequently relation (3.18) implies
~ _27T§jl _27r2'(n, )k
(FnZn,(n,g))jk = 5lk7(n,g)ke " : =€ ]" ’ = (f(n,g)k)j7

forall0 <j<n-—1and 0 <k <ny—1, and hence

ann( = \/—[f0|f1 n,9) |f2 ng| ‘ (ng—1)- (”9)]'

For k =0,1,2,...,ny — 1, one has

2mig(n.g)k _2mijk

fonge = [e” oy

52



and then, taking into account the equalities n = (n, g)ﬁ = (n, g)ngy, we can write
[ _ 2mijk ng—l ]
6 "Lg
[ Lo
2mijk Zng—T
e "9
(319) f(n,g)k = [ :|jng 5

where

_ 27ik.0
(& g

 2mijk ng—1 6_2721;1

(3.20) e na = |-,

j=0 :

_ 2mik.(ng—1)

e g

According to formula (3.16), one observes that the vector in (3.20) is the k-th column of
the Fourier matrix F), . Furthermore, for [ =0,1,..., (n,g) — 1, we find

_ 2miking _ 27ik.0
e ng e ng
s 7 (+1)ng—1 _ 2mik(ing+1) T 2mik.al L ang—1
,27;11116 g9 B e 7719 B 7271_%“ 6— T B 727;& g
(3.21) | _ e _ [
jZlTLg - - ]:0
2mik.((+1)ng—1) _ 2mik.(ng—1)
e ng e ng

using (3.21), the expression of the vector in (3.20) becomes

727\'%jk}- ng_l )
e ng

L =0

_ 2mijk T
e ng

L =0 ’ (n,g) times.

(3.22) fingp =

_ 2mijk |
e g

Setting ﬁ = {e_ QTLZT] i , for 0 <7 < ny — 1, the Fourier matrix F},, of size n, takes the
form ’

1
TV
From formula (3.20), the relation (3.22) can be expressed as

I
fogke = L

(3.23) F, fol il fol.] fag—1]

(n, g) times.

Jr
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and, as a consequence, formula (3.17) can be rewritten as

Jo | il o] | fuum
Bl il Bl | |,

ng7g

FoZpy = FuZonmogZ

ng:g

Si-

ol filfol o | Fa

ngF”g
o 1 !{ ng ng 3
~ V(ngn, z
A /n91 ng
— Fn
4LI”
= . an,g
(n,9) :
L an
r I,
1 ng
. anan7g
(n,q) :
L Ing
1
I 9Fny,Zn, g
na 9

]

In the subsequent subsection, we will exploit Lemma 3.3.3 in order to characterize the sin-
gular values of g-circulant matrices C), 4. Here we conclude the subsection with the following
simple observations.

Remark 3.3.3. In Lemma 3.3.3, if (n,g) = g, we have ny, = (”—m = Q and § = (gg) = 1;

so the matric Z,, 5 = Zn, 1, appearing in (3.15), is the identity matriz of dimension ng X n.
The relation (3.15) becomnes

- - 1
FoZng = FoZnna? LgF,, .

ng 7.@ = nvg ng
V9

The latter equation with ¢ = 2 and even n appear (and is crucial) in the multigrid
literature; see [141], equation (3.2), page 59 and, in slightly different form for the sine algebra
of type I, see [60], section 2.1.

Remark 3.3.4. If (n,g) = 1, Lemma 3.3.3 is trivial, because ng = "~ =n, § = ~= =g,
and $0 Zny = Zny. The relation (3.15) becomes
FoZng = IngFn,Zn, s
= FnZn,gu
since the matriz 1, 4 reduces by its definition to the identity matriz of order n.

Remark 3.3.5. Lemma 3.3.3 is true also if, instead of I, and F,,, we put F; and Fy

respectively, because F* = F,. In fact there is no transposition, but only conjugation.
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3.3.2 Characterization of the singular values of the g-circulant ma-
trices
Now we link the singular values of g-circulant matrices with the eigenvalues of its circulant
counterpart C,. This is nontrivial given the multiplicative relation C, , = C,,Z,, .
Having in mind the definition of the diagonal matrix D,, given in (3.4), we start by setting
(n

9. )
DX D, = diag(|D,|%,; s=0,1,...,n-1) = diag(ds; s =0,1,....,n — 1) = @g Ay,
: =1

I”g 5”9 B §"9
(3.24) Jing) @ In, = [1”79|I"’9|'”|I”’91 - ?g ?g 7:19 (n, g) times,
(n.g) times T [Ty T [ Ty
where
(3.25) ds = Dy 2y = (Dn)ss(Dn)sis, s=0,1,...,n—1,
d(t-yn, ;
Al _ (I=1)ng+1 e Cngxng; | = 1,2, ..., (TL, g)’
d(lfl)ng+ngfl
B
(3.26) Jogy= |. . .. (n,g) times.
i1 .01

We now exploit relation (3.10) and Lemma 3.3.3, and we obtain that
FZng = Fu|Zug\Zngl| 70y
- [FnZn,g|Fn'Zvn,g|...]Fn'Zvn,g}

1
= [LngFny Zny gl IngFny Zng 5| Ing Fry Zny 5]

(n,9)
E, Z., -
'I’Lg 'I’Lg,g
_ 1 I |\I I anZ”gzg .
= (n g) [ n,g’ n,g‘-'-’ n,g] (n, g) times
’ FoyZny s
1
= (n g) [In7g|[n,g‘-“|[n,g] (I(n,g) ® anan,§>v
SO
1
(3.27) FoZng = ———=[Ingllngl--|Ing) Ung) @ FrnyZn, ),
(n,9)

where I, g is the identity matrix of order (n, g). Furthermore,
C;,gcmg = (FnDnF;Zn,gY(FnDnF;Zn,g)
Z DL E Dy F 7,
Zn DD F 2,
= (FiZng) DDy Z, g,
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SO
(3.28) Cr oCng = (F) Z, )" Dy Do F 2,

From (3.27) and (3.24), we plainly infer the following relations

* * 1 * ’
(FnZnyg) = <m [ ngl—[n g| | ng] (I(n,g) ® anané))
= (I(ng ® F* ng g) (J(mg) ® Ing)
= <[(ng ® Z* g> (J(n,g) ® L"Lg)
*x 1 *
FoZng = [ ng|[ng| | ng] (I(n,g)®anan,§>
(n,9)
1 *
_ (o) @ Iny) (Iono) @ Fiy Zuys) -
(n,9)

Hence

* * 1 * *
Cn,gcnﬂ = (I(mg) & an,ang> (J(n’g) ® [ng) WDHD” (J(n’g) ® [ng) <[(n,g) ® anan7§> .

Now using the properties of the tensorial product

(T ® Ziy 5P, ) (o) © Fiy Zy) = T lone) ® Ziy Py By g
= Iing) ®Z7*zg,gZ

ng 7g

= I(n,g) ® Ing = ]’m

and from a similarity argument, one deduces that the eigenvalues of Cy; /C,, ; are the eigen-
values of the matrix
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(Jong) © In,) gy DaDn (Jong) © In, )

(n.9)
i [ng Ing c. Ing T -Al Ing Ing [ng
I Sen b e B A, Lo [T T,.
(g | L] L :
T, (1, |- | L, 1L Awmg] [T, [T, I,
[ ]ng Ing s ]ng 17T Al Al .. Al
R kv S I S R Ay Ay A
RGN N N N A : : : :
| T, | T, L, 1 L B | Doy Ang)
[ (n,9) n,g) (n,9) T
Z AL S A A
=1 =1
(n,9) (n,9)
_ 1 Z A S A YA
(n7g) =1 =1 l:l.
(ng) | (n9) (n9)
SN DA DDA
L =1 =1 =1 J
11 ... 1 (n,9)
1 1 1 ... 1
= W o | ® ZAI
’ } i1 ... 3 =1
(n,g)Tfimes
Therefore, from (3.26), we infer that
1 (n,9)
(3.29) Eig(C';’gCn,g):mEig Ty ® > A1
! =1
where
1
3.30 Big (Jup) = {01},
(3.:0) a7 19 () = 021}

Here we must observe that ﬁb}(n,g) is a matrix of rank 1, so it has all eigenvalues equal to

zero except one eigenvalue equal to 1. In fact note that the trace of a matrix is, by definition,

the sum of its eigenvalues: in our case the trace is (n, g) - (n 5= = 1 and hence the only nonzero

eigenvalue is necessarily equal to 1. Moreover

(n.9) (n.9)
ZAZ = Zdiag(d(lfl)ng+j : 0 S] < Ng — 1)
=1
(n.9)
= diag | Y di—iyn,+;:0<j<ng—1
=1
(n.9)
Consequently, since Y A; is a diagonal matrix, we have
=1
(n.g) (n.9)
(3.31) Eig ZA =Y di—iyng4i0<j<mg—1p,
1=1
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where dj, are defined in (3.25).

Finally, by exploiting basic properties of the tensor product, we know that the eigenvalues
of a tensor product of two square matrices A ® B are given by all possible products of
eigenvalues of A of order p and of eigenvalues of B of order ¢, that is A(A® B) = X\;(A)\x(B)
for j = 1,2,...,p and k = 1,2,...,q. Therefore, by taking into consideration (3.29), (3.30)
and (3.31) we find

(n,g)

(3.32) Ni(CryCrng) = Y di-tyngjr 0<j<my—1,
=1

(3.33) M(CE,Crg) = 0, j=ng.on—1.

From (3.32), (2.33) and (3.1), one obtains that the singular values of an g-circulant matrix
C,.4 are given by

(n,g)

D di-ngris 0<j<ng—1,
=1

(3.35) 0;(Chy) = 0, j=mng...,n—1.

(3.34) 7i(Cng) =

where the values di, k = 0,1,...,n — 1 are defined in (3.25).

3.3.3 Special cases and observations

In this subsection we consider some special cases and we furnish a further link between the
eigenvalues of circulant matrices and the singular values of g-circulants. In the case where
(n,g) =1, we have n, = ﬁ = n. Hence the formula (3.34) becomes

Uj(cn’g):\/dj, 0§j§n—1

In order words, the singular values of C,, , coincide with those of ), (this is excepted
since Z, 4 is a permutation matrix) and in particular with the modulus of the eigenvalues of
Ch.

Concerning the eigenvalues of the circulant matrices it should be observed that formula
(3.4) can be interpreted in function terms as the evaluation of a polynomial at the grid points
given by the n-th roots of the unity. This is a standard observation because the Fourier ma-
trix is a special instance of the classical Vandermonde matrices when the knots are exactly
all the n-th roots of the unity.

n—1 R
Therefore, defining the polynomial p(t) = > ape™™, it is trivial to observe that the
k=1

eigenvalues of C,, = F,, D, F,« are given by
217 )
Ai(Cn) =p - 0<j<n-1

The question that naturally arises is how to connect the expression in (3.34) of the
nontrivial singular values of (), ;, with the polynomial p. The answer is somehow intriguing
and can be resumed in the following formula which could be of interest in the multigrid
community (see section 4.4 in chapter 4)

g

)t , [T+ 2wl 2y .
(3.36) 0i(Cug) = x| D_ Il o ) BT —=0,1,....,ny — 1.
1=0 ’
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In addition if g is fixed and a sequence of integers n is chosen so that (n,g) > 1 for n
large enough, then {C, 4}, ~» (0,G) for a proper set G. If the sequence of n is chosen so
that n and g are coprime for all n large enough, then the existence of the distribution is
related to the smoothness properties of a function f such that {ax}xr can be interpreted as
the sequence of its Fourier coefficients (see e.g. [131]). From the above reasoning it is clear
that, if n is allowed to be vary among all the positive integer numbers, then the sequence
{C,4}n does not possess a joint singular value distribution.

3.4 Eigenvalues of the g-circulant matrices

In perfect analogy with the singular values of the g-circulant matrix, we observe that C, ,
can be written in the form: C,, , = F,,D,, M, ,F}7, where D,, is the matrix defined in (3.4) and
M,, 4 is a product of three matrices F,,, Z,, 4, and F;. Here Z,, , is the matrix defined in (3.9)
and F), is the Fourier matrix. However, the study of the eigenvalues of the matrix C), ; asks
additional difficulties with respect to those of singular values, because it is not possible to

find a direct method of determination of these eigenvalues. Despite all these difficulties, and
since D, is a diagonal matrix and M, , is a sparse matrix whose entries are 0 and 1, one of the

best techniques consists to construct a finite sequence of matrices { Mé’:(_kl_)l)’gk : A%’Z;l_)l) }Z:O
of decreasing size satisfying Még_(l_)l),go . A%;(l_)l = M, 4D,. Find the eigenvalues of D, M, ,,
and because the matrices C,, ;, and D, M, , are similar, deduce those of C, .
3.4.1 Some preliminary results
In the following we denote by Eig(A) the spectrum of a matrix A.
Lemma 3.4.1. Let a, b, k be three positive integers, then
(3.37) (@ mod k)(b mod k) modk = abmodk
(3.38) (a mod k £ b mod k) mod k = (a = b) mod k
(3.39) amodk +b < k< amodk+ b= (a+b)modk
Proof. Setting a = ag + rk, b = by + rok with 0 < ag, by < k. one has
(a mod k)(b mod k) modk = agby modk  and
ab modk = agby modk,
furthermore
(a modk £ b modk)modk = (ag=+by) modk  and
(a£b) modk = (ag=by) modk
finally
amodk+b = ayp+b and (a+b) modk = (ap+b) modk, hence
amodk+b<k < amodk+0b= (a+0b)modk
O
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Proposition 3.4.1. (Euler-Fermat Theorem). Let a,b € N* (with a < b): If (a,b) = 1 then

a?® =1 (modb)
and
1. ¢(b) =b—1if b is coprime,
2. o(b)|b otherwise.
Lemma 3.4.2. If (n,g) = 1, then the map

1:{0,1,..,n—1} — {0,1,...,n—1}
k w— (k) =1 =gkmodn

is a bijection and there exists p(n) € N* such that for j € {0,1,...,n—1} fized, and for every

q€{0,1,...,¢0(n) — 1} one has
(3.40) 1) = jg?modn

where 9 =]olo...ol.
—— —

q times

Proof. Hypothesis: (n,g) =1
Injection. Let ki, ko € {0,1,...,n — 1} such that [y, = I, then

gk1 — ly, = 0(modn) and gky — Iy, = 0(modn)

then
g(k1 — ko) = 0(modn)
then
ki1 — ky = 0(modn) because (n,g) =1
then

ky = ks.

So, the map [ is an injection. Since the number of elements of the set {0,1,...,n — 1} is

finite one deduces that the map [ is a bijection.
Furthermore, since (n, g) = 1 then for j € {0, 1, ...,n—1} fixed, and for every ¢ € {0, 1,
1} one has

(3.41) 1) = jg?modn and 1*™ () = jmodn

Lemma 3.4.3. There exists an g-matriz M, , such that

(3.42) Zng = EnMngFy
with 1if k= 0(modn)
_ 1o(0) n—1 . o) /) = moan),
Mg = [5gi—j]i,j=0 with o _{ 0 otherwise.
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Proof. For j,k=0,1,...,n — 1; one has

n—1

(3.43) (FpZng)ik = Y _(E)jt(Zng)ie = Z5l ae(F0)jt = (F7)

=0

because there exists a unique (qg, ly) € Z* with 0 < [, < n such that Il — gk = gin. According
o (3.43), it follows that

i
—
3
|
—
3
,_.

1 i2mi. lk 77,271'/9 J
* * *
(Mng)is = (FnZngFn)iy = ) (FyZng)ie(Fn)ej = ) (F)a (F 55 €
k=0 k=0 k=0
n—1 n—1 n—1
1 1271'(2 lk k.j) 1 zQ‘rr['L(g k+nqk) k.j] 1 127”(1 z27rk(gz 7)
— e = — e e =
n n n
k=0

lnz_:emk(ji‘” _ { 1 if gi — j = 0(modn);
n 0 otherwise.

according to Lemma 3.4.2. So,

Remark 3.4.1. One deduces from (3.8), (3.3) and (3.42) that

Chny = F.D,F'F,M, F*
= F,D,M,,F".

Therefore
(3.44) Fig(C,y) = FEig(D,M,,)

3.4.2 Some preparatory tools

In the following we denote by 6° = (n,g) the greater common divisor of n and ¢g and by
Zn,g € C™M the matrix Z, 4 defined in (3.9) by considering only the n, = & first columns.

Lemma 3.4.4. Let n and g be two integers such that 1 < g < n and M, , be the g-matriz

defined by
_ 1500 -1 - © _ 1 o k=0(modn
(3.45) My = [0k with 8 = { i,k = 0(modn);
Then
My M, Miso_q
M(] Ml M(;O_l
Mn,g = . . . . 50 times
M(] M1 M(;O,l

with for j =0,1,...,0° — 1, M; € M, (C).
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Proof. According to (3.9) and (3.45), one has M, , = Z! . Or

7t
n,g ~
Zug=| : | and Z[, = [Mo|Mi]...[My1],
S
-vag_

because ZZQ € M, xn(C) and n = n,.6°, hence

My M, Mso_y
M(] M1 Mgo,l

M, = . ) ) . 6% times
My My .. Myp_,

with for j =0,1,...,0° = 1, M; e M,, (C).
Lemma 3.4.5.

§9—-1

FEig(C,4) = Eig (ZMjAj> U{0: mult. =n —n,},

Jj=0
where M; is a matriz of order ny and A; a diagonal matriz also of order n,.

Proof. According to Lemma 3.4.4, one has

"My M; ... M50_1 AO A
My M; .. Miso_q !
Mn,gDn = : : : :
My My ... My, U Agos
_M[)AO MiA, ... M50_1A50_1
M[)A() MlAl M50_1A50_1
_M[)AO MlAl M50_1A50_1
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then

M()A() - )\Ing MlAl M50_1A50_1
MoDy — MAy =M, My, Mso_1Ago 4
det(M, 4D, — \I,) = : : : :
M(]AO MlAl MgO,lA(;O,l - >\Ing
§0-1
_>\-[ng + Z M]A] MlAl M50,1A50,1
=0
6JO—1
Ao, + S MA; AN+ MA, MA, Myo_1Ago_y
= j:()
§0-1
AL, + M)A, MiA M+ Myo_1Ago_y
=0
§0-1
—)\Ing + Z MJA] MlAl M5071A50,1
j=0
B 0 ~A,, 0 0
: : 0
0 0 A,
§0-1
= (=N =ML, + > MA;
7=0

where I, is the identity matrix of dimension n, X ng4, then

89—1
(3.46) Fig(M, ,D,) = Fig (

=0
From (3.44) it follows that

Eig(Chy) FEig(D,M,

> M;A;

)U{O: mult. =n —ng}

)

Eig(M, 4D, )

§9—-1

Fig <

J=0

Lemma 3.4.6. Setting g1 = g (modngy) and defining s = {

the equality (3.47) holds true:

69—1
(3.47)

> MA,;

> M= A
k=0

) U{0: mult. =n —n,}.

]

1 if k=0(modny),

0 otherwise. then

Wi

Ng,g1

where AS)Q) is a diagonal matriz of order ng, M,(LS?gl is a matriz of order ng, and such that

fori,j=0,1,...,n,—1,
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Ng,91 g1i—j

(3.48) (A) = dyj modn) and (M) ) = o)
27

with dy := dgr, = (D) gk, Dy is the diagonal matriz defined in (3.4).
Proof. For k=0,1,...,6° — 1; one has

ng—1 ng—1

My, = [(M,g)kn,+i, kngﬂLj _ and Ap = [(D”)k”g“‘iﬂk”g'*‘j}i,jzo’
fori,7=0,1,...,ny — 1
ng—1
(MpAg)iy = (M) ip(Ak)p;
p=0
= (My)ij(Ar)jj

(n) d , A
g(kng+i)—kng—jkng+ikng+j

_ s
- 5gi—(kng+j)dk”g+j

Since g = gny + g1 then
gi = nggi + gii = ng(q:0° + ;) + g1i = gin +ring + i, 0 <r; <.

Hence, r;ng = (¢ — g1)i modn and

§0—1 §0—1
(Sma) = T
k=0 ij

§9—1

= 20y rni-i i

(i) 5(“) d

gri—j ring+i
_ (n)
= 0g1i_jdg—g1)imodn+j

(b) { dgi moan 1 J = g17 modn
0 otherwise

(c) { dgi modn 1f J = g1t modny,
0 otherwise

ng)
= 59119 ]dgzmodn

@ (A(O VO )
Ng,91
ij

e (a) is due to the fact that there exists a unique k; € {0,1,...,6° — 1} such that k; = r,
e (b) follows from Lemma 3.4.1
* (
(

e (d) is a straightforward calculation of the entries of AgMég%gl
O

Remark 3.4.2. If g1 # 0 then (ng,g) = (ng, g1).

Armed with the above tools we can start the study of the eigenvalues of the g-circulant
matrices C,, 4
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3.4.3 Characterization of eigenvalues

In this subsection, we start our study in the case where the positive integers n and g are
coprime. Furthermore, we reduce every time the size n of the matrix C,, ;, and the parameter g
by discussing following the greater common divisor of the reduced quantities and we provide
an algorithm that computes of recursive way the eigenvalues of C, ;. Finally, we use the

notation ds := dss = (D,,)s s where D,, is the diagonal matrix defined in (3.4).
Lemma 3.4.7. If (n,g) = 1, then

-dOdlomdlg(”)*l T
dqd, ...dlf(n)_1

(Mngn)«p(n)

dn_ldlnil...dlgp(n)—l
L n—1 .
where 1 : {0,1,....,n—1} = {0,1,...,n — 1} is the bijection defined in Lemma 3.4.2 satisfying
I3 =19(5), for1 <q<p(n)—1and 0<j<n—1 (p(n) is the Buler indicator). Furthermore
10 = 19" = .

Proof. First of all, ¢*™ = 1modn. For i,k =0,1,...,n — 1, one has

n—1 n—1
(3.49) (MpgDp)ir =Y (M g)a(Dn)ix = dlk5(?)_l = dj,,
g
1=0 1=0
according to Lemma 3.4.2.
also
n—1
(Mg Dy My g Dr)ix = Z(Mn,gDn)ip(Mn,gDn)pk
p=0
n—1
= Zdlipdlpk
p=0
= dlfkdlili

according to (3.49).
Let us suppose that for all ¢ € {2,3,...,¢(n) — 1},

(3.50) (Mngn)gk = dlgkdlili"'dlg_llg_l
then
n—1
n n)—1
(Mn,gDn)fk() = Z(Mn,gDn)vi;() (Mg D) pi
p=0

n—1
= E dlzp<n)7lpdlzlzdlf(n>72[f(n)72dlpk
p=0

- dikdlilidl?l?"'dl‘fo<”)7ll€"(n)71
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according to (3.50), (3.40) and Lemma 3.4.2.

Then
p(n)—1
(3.51) (M,.,D,)?™ = diag H dpp : j=0,1,..,n—1
]
Lemma 3.4.8. If (n,g) =1, then
k(i)
Eig(Cp,) = Big(My.,Dy) = 4 ¢ v H fir. 0,1,..n—1

where
; _ Z ")
;r(bj) - gmp(]) modn and flgz = Llf” @(n) 15 0m)

with d = (Dp)kx = Lkeiek, D,, is the diagonal matriz defined in (3.4).

Proof. Now, let us set Eig(M, 4D,) = diag(Bo, b1, .., Bn—1) then, there exists a unitary
matrix U such that

50 * - *
U*<Mn,g-Dn)U = R = 51 *x ... .
. .
0 671—1
then
580(n) * *
o(n
(U*(Mn,gDn)U><P(n) - U*(Mn,gDn)‘P(”)U _ peln) — B8 .
. .
0 By
So
Big ((My,yDy,)?™) = Eig(R#™),
SO
¢(n)—1
H dzg? j=0,1,...,n—1% = {ﬁf(n) =01, .m— 1}.
p=0

Then, for every j € {0,1,...n — 1} there exists an element i; € {0,1,....n — 1} (i; = p(j)
where p is a map from {0,1,...,n —1}) to {0,1,...,n — 1}) such that

B;O " H dlﬂ(]

Setting X .
Bj = a;e" = [ay, 5], di = Lye'™ = [Ly, 6],
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one obtains

- p(n)—1 ¢(n)— ”
pen) wym
B = H H Ly "7
m=0
then
(n) gl g
e(n _
[aj ’SO(n)Oéj] - H Z p(J)
then
1
p(n)-1 #(n)
(352) a; = H Ll;rzj)
m=0
and
1 p(n)-1
e {— |2 Om | k=0,1,.., -1
% € Vo \ P 2 =

Also, let us define by k; = k(j) an element of the set {0, 1, ..., ¢(n) —1} which corresponds
to index of «a;, so

- 1 -. sa(n)*lt9
(3.53) % = o (j)m + ZO s
It follows from (3.52) and (3.53) that
2rgae P LM e At
(3.54) ﬂj = e ¢n) H Llp(j>e e(n) — ' o(n) H flp(])
m=0

where ,

[ dn and _ [ i

() — 9 "p(j) modn an fl;j;j) = %)6 :

Whence
21’6(])7r ()~
Fig(M, ,D,) = Qe ¢m H 0,1,...,n—1

Since

Eig(M, ,D,) = Eig(D,M,.,)
it follows from (3.44) that

2k(])7r
Eig(Ch,) = (e et H fir i G =0,1,m =1
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Lemma 3.4.9. If n = g*.ng with p > 1, ng > 1 and (ng,g) = 1. Then

22k(j)m 30(77/())—1

Eig(C,4) = { € #00) | | flp<+;),;j =0,1,....,n0— 1 p U{0: mult. =n—ng}
v(j
q=0

where [ is the bijection defined in Lemma 3.4.2 and

p+q __ _pt+q - _ @(ng) 271’”
lv(j) =g U(]) modn, flp+_q - Llp+q e #no)
v(4) v(5)

with d; = Ljegaf, v(j) belongs to the set {0,1,...,ng — 1} and k(j) € {0,1,...,o(ng) — 1}.
Proof. Here 6° = (n, g) = g. From (3.46) — (3.47) it follows that

g—1
Eig(M, 4D, ,) = FEig (ZMjAj) U{0: mult. =n — g" 'ng}.

J=0

gP~1ng,g " gP~Ing

= PEig (M(O) A ) U{0: mult. =n — g* 'ng}

with

5 =0,1, ..., 9" g — 1.

_ s(g""'no)
)ij - 592'—] ’

(A(O) )m = dgimodn = dg’m (M(O)

gP~Ing gP~1no,g

If p > 1, when working of similar way with the matrix M © A

gr—1ng gD gp—10 ONE obtains

g—1
Eig(Mg(g)_lno,gAé?’)—lno) = Eig (ZMJAJ> U {0 : mult. = gp—lno - gp—2n0}.

=0
= Fig (M(l) AW ) U{0: mult. = ¢" 'ng — ¢" *ng}

gP~2n0,9— gP"2ng

where

1 1 P=2p, .o _
(AL 2 Vi = dygiy modn = dgzi; (MY )iy =089 0, =0,1,..,¢" g — 1.

So, one constructs by mathematical induction a finite matrix sequence
p—1
{M(k) AL } of decreasing order gP~*~1ng such that for k =1,2,....p — 1

—k—1 —k—1
gP no,g  g° no J .—o

g—1
Eig <Mg(f:klio,gA§]Zia)zo) = FEig (ZMJAJ) U{0: mult. = " "ng — g ne}.

=0
= FEig (Méﬁzk—lno,gAé]Z)—k—ln()) U{0: mult. = ("% — """ M)ne}
)
Eig (M40 ASTD ) = Big (M), A, ) U0 mult. = (g7 — g7 )no}
with
(AW i =g (M =08 = 0,1, g7 g — 1.
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From (3.44) and (3.55) it follows that

Fig(C,y) = FEig(M,,D,)
. 0 0 _
= Fig (M;p)_lnoygA;p)_lno) U{0: mult. = ¢’ng — ¢* 'ne}
= FEig (Méﬁ;l)Aﬁﬁ)’l)) U{0: mult. = ¢°ng —ne}
(3.56) = Eig (MP VAP U {0: mult. = g"ng — no}

n0,91

where g1 = gmodng. For i,7 =0,1,....,n9g— 1

-1y — ) -1y _sto) _ [ 1 if j =gimodn
(AL )55 = dgpjimodn = dgpgs (ME V)i =057 5 = { 0 otherve 4o

e Determination of Eig (M%;PA%_I)>

Setting d; = dg;, since (ng,g1) = 1 then ¢¢"") = Tmodng. As in case (n,g) = 1, when
replacing in relation (3.51) n, g and ¢(n) by ng, g1 and ¢(ng), respectively, we obtain:

p(no)—1
(3.57) (ME DALY~ diagd T diw: j=0,1,0m0— 1
=0
where -
I3 = gijmodny = g*jmodng
and

1:{0,1,....,ng —1} — {0,1,...,n9— 1}
i e 1) =1 = gijmodng

is a bijection (this is proved as in Lemma 3.4.2). Furthermore,

dig = dgajmodng
d(g‘lj modng)gP

(358) - dgp+qj modn — dlgqj = dl§+q

Always as in case (n,g) = 1 and according to (3.57) — (3.58), one deduces that the

eigenvalues 3; of Mé‘z;})Agﬁ_U are given by

_ 0 pim _
%%(j)wv(no) Ly %LJZ?}) %%(j)ﬂw(no) 1
(3.59) B, = %o H L2005t = ¢’ %tn0) H Frpim
lv(j) v(4)
where

1 Aelpfm

pEm _ pmy d d — ¢ ity

o) =9 v(j)modn an flp(+_;n = Lin e #to

V(i v ()

with d; = L v(j) € {0,1,...,n9 — 1} and k(j) € {0, 1, ..., o(no) — 1}. So

¢(no)—1
. _ _ 22k()m .
Eig (M DAP-D) = S eteto T fien: §=0,1,mp = 1
m=0
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from (3.56) we have that

1
2k:(7)7r O)

FEig(C,,,) = { ' #m0) H fpim 0 j=0,1,...,n0—1p U{0: mult. =n —mng}

v(4)

Lemma 3.4.10. If (ng, ¢1) =1, then

2k ])71'

Eig(Cp,) = { € %) Hflp 17=0,1,...,n,—1U{0: mult. =n—n,}

where 1 is the bijection defined in Lemma 3.4.2 and
o

v(j)

lf)’(] = ¢?v(j) modn and flp<J —L;(Lﬂ) K=o}
s v(4)

with d; = (D,);; = L;e®, v(j) € {0,1,...,ny — 1} and k(j) € {0,1, ..., p(ny) — 1}.
Proof. According to Lemma 3.4.5 and relation (3.47),

Eig(C4) = Eig(Még?glAgL(;)) U{0: mult. =n—ny}

Since (ng, g1) = 1, there exists p(n,) € N* such that gf("g) = 1modn,.
Furthermore,

ng—1
(Mé(g)),glAgz?)?j = Z(M,SS)QIA( )) (Még)glAg;))]
=0
ng—l
glz l g%modn g1l—j%glmodn
= 6(n9)

dgi modn g(glimodng)—jdg(glimOd”g) modn

—
~

(ng)
§g(glim0d”g)—jd9i mOdnd 2{modn

(7) follows from g(g1imodn,) modn = (g% mod gn) modn = g*imodn, where g = go°.
Setting 3" (j) = jgt modn,, one shows by mathematical induction that

(M(O) A%O))‘P(”g) _ (ng) Hdgpzmodn

ng,91 g /1] gg(w(ng) 1)

It follows from (3.38) — (3.39) that

(g@w(ng)—l)(i) —j) modn, = gﬁ(‘P(”g “U(i modng — jmodng,) modn,
= (( 915 )(i) modny) modn, — j) modny
= ( 2 @modng) modn, —]) modn,
= (g zmodng —]) modng

= (1—j)modn,=0&1i=j.
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(because g, = gmodn, and gf"" = 1modn,). Then

W(nq)
(Még),glA( ))Z(ng) — pl:[ dgpzmodn lfl]*l
0 otherwise.
Setting d; = Ly = [L;,6,] (t € N) then
v(ng)
(MT(L(;),gl = H Lgpj modmn> Z egi"] modn

Let E’Lg(]%(zg)g1 ) ={)\j: j=0,1,....,n, — 1}. As in the case (n,g) = 1 we have that

2’“(])77 Lp(n ) gpv(j)modn Qk(])ﬂ
J— n g n — n
)\j = ¢ Telng) Lgpv )moalne 2 =€ etng) | | fgpu modn

p=1

where v(j) € {0,1,...,ny — 1}, k(j) belongs to the set {0,1, ..., p(ny) — 1} and

i ggpv(j) modn

fgpv(j) modn — L;p(Z(g;) modnez o(ng)
Therefore
. 2k(])7r -
Big(Crg) = €0 H foroymodn + 3 =0,1,...;my —1 5 U{0: mult. =n—ngy}

Moreover, we have the following fundamental lemmas.

Lemma 3.4.11. Setting §) = (n,, g1) > 1, there exists a decreasing (componentwise) finite

sequence {(gk+1,5(k),ng(k))}k of elements of N® satisfying

9o = gi Ngg =Ng; g1 = g modng;
and for k € N*

n
_ D os(h—1) _ , Doy
Ik = Gk—1 mOdng(kfl)’ 0 (ng(k 1)’gk) Ngy = 5(k 1)

(k)

"9 (k) }k of order ng, (this sequence is finite

. . k
and a decreasing matriz sequence {Mégzk) b1

since the matriz M, ,D,, is of order n) such that

A(O)

— 10 A0
a) ]\/‘[”-‘%o)’g1 "9(0) = Mnyg1 By

b) A"Q(k) = diag <d9’“+1jm0dn) 17 =0,1,.., Mgy — 1)’

) e = )7
9(k) Ik+1 G177 =0 0 otherwise

n —1
) M(k . |:5(n9(k)) ] 9(k) . where 5((]ng(k)) { 1 ifqg= Omodng(k>
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Proof. First of all, let us set:

n
90 =i N, = Ngi g1 =g modng; 8% = (ng, 91); ngy) = <G

As it was shown in Lemmas 3.4.5 — 3.4.6, one immediately verifies that

501
FEig (M;Lg),glA'SL(;)) = FEig Z M,gl)A,(:) U{0: mult. = ny —ng }
k=0

where for k =0,1,...,69 —1and i,j =0, 1, Mgy — 1

() = (,) sy @ s(ng)
k) P9I gy, kg s O Ee T (e ) o) mhng )

and
A“)) - <A<0>> —d :
( M )i "9 ) kg, +ikng ) +i 9naq) timodn
(a) follows from gin,, = %6(0)719(1) = 5ng = 0modng. Furthermore, setting g, =

g1 modng<1), fori,7=0,1,...,ng, —1
1) A (1 1 1
MOPAD) = > (M)A,

(ng) d .
gli—(kng(l) +7) g(kng(l) +j)modn

Since g1 = ging,, + g2 then

G1t = g, g1t + got = ng(l)(qié(o) +7i) + gai = qing + ring,, + g2i, 0 <1 < 6.
Because 71, ,, = (91 — g2)i modng, we have that

501 601

(1) A — (ng)
Z M, Ay - Z 5glig—kn9(1)—jdg(kng(l)JFj)mOd”
k=0 k=0

]
601

5(ng) - d 4
(nfk)ng(l)Jrgz'ij g(kng(l) j)modn

k=0

(¢) 5(”5)) d

g21—jJ g(rmg(l) +j)modn

(ng)
- 5g2f*jd9((91*92)i modng+j)modn

&) { dg(grimodng)ymodn if J = got modny

otherwise
®) { dg2imoan if J = gt modng(l)
0 otherwise

(ng(l))
5921'_]‘ dgzi modn

AD O )
( "oy M) 92/ 45

)

—~
o~
=
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e (€) holds true because there exists a unique k; € {0,1,...,0©® — 1} such that k; = r;,
o (f) follows from Lemma 3.4.1,
e (h) follows from j < ng,,,

°

[) is a straightforward calculation of the entries of A&}jm Mégfl)m Here g5 can be equal to

Finally, for £ € N*, let us define

ng(k—l)

Sk—1)

(3.60) 9k = gk—lmOdng(kﬂ); gt = (ng(k—1)7gk); Mgy =

From (3.60) one constructs by mathematical induction a decreasing (componentwise) finite

sequence {(gk+17 5, Mg }keN of elements of N® and a matrix sequence {Mﬁﬁfk) ,9k+1A(k) }keN

"9 (k)
of decreasing order Mg such that for i, = 0,1, ..., Mgy — L
(k) o (nggy)
(Mng(k)79k+1>ij - 6gk+1i—j
k
(3.61) <A$Lg)<k)>” = dg[gl(92(...(91%1(9;61‘modng(k_l))modng(k_Q))...)modng(l))modngo]modn

—~
=

= dgk+1imodn
Indeed: for equality (5):

991 (.- (gr—1(grimod ng, _ ;) modng, _, )...) modng, | modn =
glg1(ga(...(g3_ imod ”g<k_2))'--) mod ng(l)) mod ng(o)] modn =

glg1(g2(...(g7_simod Mg )---) MO NG, ) modng | modn =

= glg¥imod Mg, | modn

= ¢*Yimodn

since, for j =1,...k, g; = gj—1 — my.ng,_,,, m; € Z.
m

Lemma 3.4.12. Let s € N be the first index associated with the sequences constructed in
Lemma 3.4.11 such that 6©) € {1,ng,}. Then

1. If 6©) = Ng,,» then gsi1 = 0. Hence

FEig (C,,) = FEig (M(S) Al >U{O mult. =n —ng }

"9(s) 0" Mo ()

= {do, 0: mult. =n—1}
2. For 8% =1, it holds
FEig(C,,) = FEig <M( 2 )7gS+IA%g< : ) U{0: mult. =n —ny,}

32k #(na) )1
_ ¢(ng
— 0, e ( (s)) H f99+1ks(l’ (7)) modn) 71 =0, 1,...,ng(s> -1,
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70" is of multiplicity=n — ng . where ky(j) = g jmodn, p(j) € {0, 1,...,ny, — 1},
k(j) is an element of {0, L...,p (ng(s)> — 1}, and

( 1 ) ggggﬂks(p(j))modn
o ¥ ng(s) W(”g s )
For kel modn = Lgn k(o)) modn® ©
with dj = (Dn)j,j = Ljeggf.
Proof. Case 1: 6 = n, .
Since 6) = g, then gs11 =0, so
dy 0 ... O
M7(ls) OAS) — dg : :
9(s)’ 9(s)
dy 0 ... 0

It follows from Lemmas 3.4.5-3.4.6 that

FEig(C,4) = FEig (M(O) A(O) ) U{0: mult. =n —ny}

ng(o) »g1

= Fig (M(l) A(l) > U{0: mult. =ng —ng } U{0: mult. =n —n,}

Tg1):92 Mgy

= FEig <M(1) Al ) U{0: mult. =n —ny,, }

"9(1)92 7 o(1)

= Fig <M( 5) A®) ) U {0 : mult. : Py~ ng(s>} U{0: n— ng(s_l)}

ng( ):gerl ng( )

= {dp, 0: mult. =n—1}

Case 2: §®)
There exists a positive integer (n,,, ) such that gsilg(s ) Lmodny,.Fori,j=0,1,..,ng  —
1

A® ) _ sMe) 4

Ng(g)* g (g) gt i - gst1i—7] g[gl(gg(...(g571(gsimodng(s_l))modng(S_Q)).A.) modng(l))modngo]modn
( g(g)
= 5gs+1z ]dk(
where
k(i) = g* Y modn.
Then
FEig(C,,) = FEig <M,§g) )7gS+IA(S< > U{0: mult. =n —ny}

Since (ng,,, gs+1) = 1, according to Lemma 3.4.10, one deduces by replacing ny by ng,, g1

by gst1, p(7) by ks(p(4)), and @(ng) by ¢(ng,)) that

1
; 2k(j)m SO( )

. (n ) . . .
Eig(Cp,) = ey H Sar kst modn = J = 0,1 ing ) —1 U{0 : mult. =n—ngy }
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with ,
~ h k j)) modn
w(nl 5 5 9511 s(p(4))
9(s) e ‘P(”Lg(5>>
gl 1 ks(p(4)) modn

Far, koo(@)y modn =

Furthermore, p(j) is an element of the set {0,1,...,ny  — 1} and k(j) belongs to the set
{0,1, ..., (ny,,) — 1}. O

In this way, we obtain a much simplified iterative method to determine the eigenvalues
of the g-circulant matrices C,, 4.

Algorithm

Initialization: Given a positive integer g, the Fourier matrix F,, and the matrix 7, , =
[0r—gs]i' o2, determine the matrix M, = FoZyFy = [6g—s]0sto. Set Mg,y = 1
_ n -1 (-1
8V = ged(n, g); go) = Jo = g5 Ng = Ng = 502773 M7(lg(,)1>790 = M, 4 A”H()n =
D, = diag(d; : j=0,1,2,.. n—l)én)—5 Put k£ := 0.

(1) If 6%-Y =1,

i. compute as in Lemma 3.4.7 the matrix

go(ng ) (P<ng(k—1))71

(k=1) A (k=1) k-1)) . . B

<Mng(k,1>79k A”g(kq)) = diag H dlg?, J=01,....ng, , —1
p=0

pP._ .ps
where [; := g’jmodng, _,,

ii. For fixed j € {0,1,...,ng,_,, — 1}, solve the equation

e (o)1
Z¢(n9(k*1)) = H dl]p
p=0
iii. Then the spectrum of C,, , is
. __ - (k—1) A1)
FEig(C,y) = FEig (Mng(k_l),gk Pag. 1)) {0}

k() ‘P(ng(k_l)) 1

F—2kU)T
— e(ng_1y) P — _
= 0, e (k=1) | | fglec L(p(i)modngy, ) Jj= 0,1,...,ng(k_1) 1
0

707 is of multiplicity=n —ng,_,; Rr-1(J) := g*jmodn; d; = Ljewj with |d;| =
L .

e

o Ry 1 (0(3) modng
1

_ pelrogen) . ¢(no_1))
fg Ri_1(p(7)) (modng<k 1)) - ngRk,I(p(j))(modng(kil)) € R

where ¢(a) denotes the Euler indicator associated with the positive integer a;
p(j) €{0,1,...;ng,_,, — 1} and k(j) € {O, 1,y (ng(kfl)> - 1}; stop.
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Otherwise,
(2) If k=1 .— Mgy

i. Compute:
g =05

FEig <M(’“_1) o Al-D > = {do, 0 : mult. = ngy, , —1}

"9(k—1) "9(k—1)

ii. Hence the spectrum of C,, 4 is

. L . (k—1) NGE)) . . .
Eig(C,,) = PEig (Mng(kil) 0 Ang(k—l)) U0 mult. =n —mng, }
= {do,0:mult. =n — 1}
stop.
Otherwise,

(3) Put k :=k+ 1, compute:

Mg (r-2) k—1
Mgy = Jemz) Ik = Ihet modng, S0 .= ged(ng, ), 9k);
and
k=1) . g D :
A%g(kjl) = diag <dgkjmodn 1 =01, ng, , — 1> ;
n —1 .
(k1) _ (ngge_yy) ] 0D (ng(p_1y) ': { 1 ifg= Omodng(k_l)
M”9<k_1)’9k ' [59”5 Lso X ’ 0 otherwise

Remark 3.4.3. The above algorithm determines of recursive way all the eigenvalues of the
g-circulant matrices C,, 4. It can stop in step (1) if the positive integers n and g are coprime,
in that we obtain the same values as those determined by William F. Trench in [161V]. Next,
the algorithm can stop in step (2) if g = 0.

In the following we present some examples of eigenvalues of the g-circulant matrices when
g € N% and some of the entries of g vanish.

3.5 Examples of g-circulant matrices when some of the
entries of g vanish

We begin this section with a brief digression on multilevel matrices. A d-level matrix A of
dimension 7 X 1 with n = (ny,n9,...,ng) and 1 = nyny...ng can be viewed as a matrix of
dimension n; X ny in which each element is a block of dimension nsns...ng X nong...ng; in
turn, each block of dimension nong...ng X nans...ng can be viewed as a matrix of dimension
ng X ng in which each element is a block of dimension ngng...ng X ngny...ng, and so on. So
we can say that ny is the most "outer" dimension of the matrix A and ng is the "inner"
dimension. If we multiply by an appropriate permutation matrix P the d-level matrix A,
we can exchange the "order of dimensions" of A, namely PT AP becomes a matrix again
of dimension 7 X 7 but with n = (1), Np2)s - Np(a)) and 1 = Np1)Np(2)-. . Npd) = N1N2...Nq
(where p is a permutation of d elements) and n,) is the most "outer" dimension of the
matrix A and n,q) is the most "inner" dimension.

This trick helps us to understand what happens to the singular values of g-circulant d-level
matrices, especially when some of the entries of the vector g are zero; indeed: as we observed
in subsection 3.2.1, if g = 0, the d-level g-circulant matrix A is a block matrix with constant
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blocks on each row, so if we order the vector g (which has some components equal to zero) so
that the components equal to zero are in the top positions, g = (0, ..., 0, gk, ..., g4), the matrix
PTAP (where P is the permutation matrix associated with p) becomes a block matrix with
constant blocks on each row and with blocks of dimension ngngiq...ng X ngpngi1...ng; with
this "new" structure, formula (3.7) is even more intuitively understandable, as we shall see
later in the examples.

Lemma 3.5.1. Let A be a 2-level circulant matriz of dimension n X n with n = (ny,ny) and
n = ning,
— . . n2_1 TL1—1
A= [[a(h*kl7]2*k2)m0dn]j2,k2=0]jhklzo :

There exists a permutation matriz P such that
T -1 qne—1
PTAP = [[a(]&*kl,jszz)WOdn];‘lll,klzo]

J2,k2=0
Moreover, one has the following Corollary

Corollary 3.5.1. Let A be a d-level circulant matriz of dimension nxn withn = (n1,ng, ..., Ng)
and N = Ningy...Ng,

ndfl na—1 ni—l
A= [[”'[%1’“10'2’f%"ﬂ‘dkd)modn]jd,kd=0“‘]jz,k2o]jl k=0

For every permutation p of d elements, there exists a permutation matriz P such that

TLp(Q)—l :| np(l)_l

T _ Np(d) —1
PTAP = |:|:"'[a'(j1kl»j2k2:--~7jdkd)m0d”] ]
Jp(2)-kp(2)=0

Ip(d)kp(@y=0""" - o
Ip1yskp)=

Remark 3.5.1. Lemma 3.5.1 and Corollary 3.5.1 also apply to d-level g-circulant matrices.

Now, let ¢ = (g1, 92,.--94) be a d-dimensional vector of nonnegative integers and t =
8{j : g; = 0} be the number of zero entries of g. If we take a permutation p of d elements
such that g,1) = gp2) = ... = gpry = 0, (that is, p is a permutation that moves all the zero
components of the vector ¢ in the top positions), then it is easy to prove that formula (3.7)
remains the same for the matrix P AP (where P is the permutation matrix associated with
p) but with n[0] = (ny1), M), - Np(r)), and where C; is a d*-level g*-circulant matrix, with

9% = (Gpt+1) Gp(t+2)» ---» Ip(a))» Of partial size n[> 0] = (Np+1), Mp+2), ---» Np(a)), and whose
expression is

Y

Tp(t42)—1 Paen
Tp(d)Sp(d)=0"""

C] = |: |: .. [a(r—gos)mod n]np<d) o

Tp(t+2)5p(t+2) =0 Tp(t41)Sp(t4+1)=0

with (7p(1), p(2), - Tpr)) = J. Obviously Sval(A) = Sval(PTAP).

We recall that if B is a matrix of size n X n positive semidefinite, that is B* = B and
x*Bx > 0V # 0, then Eig(B) = Sval(B). Moreover, if B = UXU* is a SVD for B (which
coincides with the Schur decomposition of B) with ¥ = diag (o;), then

Jj=1,..,n
(3.62) BY? = sty
where XY/2 = diag (\/T5)-

Jj=1,...,n
We proceed with a detailed example: a 3-level g-circulant matrix with g = (g1, g2, g3) =
(1,2,0) which helps us to understand what happens if the vector g is not strictly positive.
Finally we will propose the explicit calculation of the singular values of a d-level g-circulant
matrix in the particular case where the vector g has only one component different from zero.
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Example 3.5.1. Consider a 3-level g-circulant matriz A where g = (g1, g2, 93) = (1,2,0)

A= [ S o
= Q((r1—1-s1)mod ny,(ra—2-s2)modna,(r3—0.s3)mod n3) Irs,s3=0 r2,9=0] . o g

— [l —eomatnsra-semmatnars 52
- r1—s1)modni,(rog—2s2)modna,r3|rg= — .
(r1—s1) 1,(r2—2s2) 2,731r3=0 ] 1y 55=0 r1.81=0

If we choose the permutation p of 3 elements such that

(p(1),p(2),p(3)) = (3,2,1),
(9p1)s Ip(2)s Gp(3)) = (0,2,1),
(Mp(1)s Mp(2)s Mp(3)) = (N3, M2, 1),

and if we take the permutation matriz P related to p, then

no—1 i|n31

ro,52=0

PTAP = A = [[[a(rl—sl)modn1,(rg—252)modn2,r3]?11;11:0} 130

Now, for r3 =0,1,...,n3 — 1, let us set

— ni—1 ng—1
CTs - Ha(n—81)m0dnl,(T2—282)m0dn27T3]r1,51:0]Tz,s?:o'
As a consequence, C,, is a 2-level g*-circulant matriz with g* = (2,1) and of partial sizes

n[> 0] = (nz,Th) and

Cy Cyp ... (p
O
Cn:o,—l C?’L'3—1 . . CTL'3—1

and this is a block matriz with constant blocks on each row. From formula (3.1), the singular
values of A are the square root of the eigenvalues of A*A :

Ce Cr o Gl o ‘
A - Cy Cf .. 1 C? ! cl
-Cg C’f 7‘:3_1 Cng—l OTL3—1 CTL3—1
_n3—1 ng—1 ng—1 T
Y OiC YO0 .. YO0,
j=0 Jj=0 7=0
nz—1 nz—1 nz—1
_ %qq‘gqq.“tgqq
nz—1 nz—1 nz—1
PICEND A M6
1.1 el
=0
ny—1

= Jus® Y CIC;.
=0
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Therefore

nzy—1

(3.63) Eig(A*A) = Eig <Jn3 ® Zc;cj> ,
=0

where

(3.64) FEig(J,,) = {0,n3},

because J,, is a matrixz of rank 1, so it has all eigenvalues equal to zero except one eigenvalue
equal to trace(J,,) = ns (trace(J,,) is the trace of the matriz Jy,). If we put

nz—1
)\k = )\k (ZC;CB) y k= O, 1, ey NN — 1,

by exploiting basic properties of the tensor product and taking into consideration (3.63) and

(3.64) we find

(365) )\k(A*A) = ng)\k, k= 0, 1, e, Mo — 1,

(3.66) M(A*A) =0, k= nyng,mny + 1, ..., ninong — 1.

From (3.65), (3.66) and (3.1), and recalling that Sval(A) = Sval(A), one obtains that the
singular values of A are given by

O'k(A) =V ng)\k, k= O, 1, e, NNy — 1,

O'k(A) = O, k= niNg, N1Ng + 1, ceey 3NNy — 1.
ng—1
and, since 'Zo CrCj is a positive semidefinite matriz, from (3.62) we can write
]:

op(A) = /nzor, k=0,1,....n1ny — 1,

O'k(A) = 0, k= ninag, N1No + 1, ceey N3MN2Ny — 1.

Jj=0

1/2
ng—1
where oy, denotes the generic singular values of ( > C’;C}) :

Example 3.5.2. Let us see what happens when the vector g has only one component different

from zero. Let n = (ny,na, ...,ng) and g = (0, ...,0, gk, 0...,0), gr > 0; in this case we can give
an explicit formula for the singular values of the d-level g-circulant matriz. For convenience
and without loss of generality we take g = (0,...,0,94) (will all zero components in top
positions, otherwise we use permutation). From subsection 3.2.2, the singular values of A, =

[@(r—gosymodnlrseo are zer0 except for few of them given by \/n[0]c where, in our case, n[0] =

ning...ng—1, n[0] = (n1,na, ..., nq_,), and o is any singular value of the matriz

n[0]—e 1/2
C3C; ,

0

Jj=0
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where C; is an gq-circulant matriz of dimension ng X ng whose expression is

Cj=la [ [a [l
J (r—gos)modn rq,$q=0 (ri,r2,..,ra—1,(ra—gasa)modng) rq,8q=0

ng—1
(@), (ra—gasa)ymodna) re.54=0>

with j = (r1,re, ...,rq-1). For 7 =0,...,n[0] — e, if C’T(Lzl) is the circulant matriz which has as
its first column the vector a¥) = [a(; 0), agay, - a(J na—1)]© (which is the first column of the
matriz C;,) cY) = [a(j7(r_s)modnd)]rs o = F, D( Dy, with DY) = diag(\/naF;,a"), then,
from (3.28), (3.8) and (3.14), it is zmmedmte to verify that

n[0]—
Z C* = ndD7(7:7d)F;dan:gd)*<FndD£fd)F7): Z

d ndzgd)

i Znagd) (DY) DINE, 2

d nd7gd)

n[0]

> (F
i=0
n[0]—e
> (F;
7=0

n[0]—e
= (F;dan,gd)* Z (szjd)nyz]d) (F;danvgd)'
Jj=0

Now, if we put

Nag = gt and ¢ = |D)2, = (DE))ss - (DR))sss 5 = 0,1, .img — 1,
[n[0]—e i
Z ql Dng,q
)
Al = j=0 q(l_l)nd,g"l‘l e Cnd,gxnd,g’
Qe )
— q(l—l)nd,g—i-nd’g—l
L =0 i
for 1 = 1,2,....(ng, ga), then, following the same reasoning employed for proving formula
(3.29), we infer
1 (ndvgd)
FEig CiC | = ——=Lig | Jngge) @ AVE ¢
Z (14, ga) (raga) lz;
where
bt
Jnag) = | . N
i il
(nd,g;)rtimes
1
—Jn 0;1
(nd, gd) d»gd { }
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and

(na,9a) (na,ga) n[0]—e
Z A = Z diag qgf)l)wﬁk tk=0,1,...,nq5 — 1
=1 =1 j=0

s (4) A
= diag Z q({_l)n&ﬁk k=0,1,...,ng,—1

(ndagd)
Consequently, since Z Ay is a diagonal matriz, and by exploiting basic properties of the

tensor product, we ﬁnd

n[0]— (ng,9a)n[0]—e
A ZC* = Y qu g iwr K=01, 0 mgg — 1,
=1 j5=0
n[0]—
/\]€ Z C* = 0, k::nd’g,...,nd— 1.

Now, since Z;ﬂgﬁeC;Cj is a positive semidefinite matriz, from (3.62) we finally have

1/2
n[0]—e (na,ga)n[0]—e "
Tk Z O;Cj - Z q(ljfl)nd,ngk? k=0,1..,n4y — 1,
j= =1 j5=0
n[0]—e 1/2
Ok Z C;C] = O, k::nd,g,...,nd— 1.
Conclusion

In this chapter We have studied in detail the singular values of g-circulant matrices and have
provided a powerful technique for determining the eigenvalues of these matrices. The gener-
alization to the multilevel block setting has been sketched in the case of singular values. The
next chapter will treat the asymptotic distribution result of g-Toeplitz sequences associated
with a given integrable symbol.
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CHAPTER FOUR

SINGULAR VALUE DISTRIBUTION OF
g-TOEPLITZ SEQUENCES

4.1 Introduction

n—1

" —o, Where

A matrix A, of size n is called g-Toeplitz if its entries obey the rule A, = [a,_4s]
¢ is a nonnegative integer. As example, if n =5 and g = 3 then

go 3—3 3—6 3—9 3—12
1 -2 -5 -8 —11
Ay =T,g= |02 a1 a4 a7 a1
? as Qg a_3 a_g QA_9g

as Qap a_9 Q-5 Q_g

We recall that such kind of matrices arises in wavelet analysis [50] and in the refinement
equations associated with the subdivision algorithm, see [58] and references therein. In ad-
dition, Gilbert Strang [150] has found interesting relationships between dilation equations
in the wavelets context and multigrid methods [78], [162], for the restriction/prolongation
operators [61], [1] with various boundary conditions. Moreover, boundary conditions analysis
naturally arises when dealing with signal/image restoration problems or differential equa-
tions, see [129], [126].

In this chapter we address the problem of characterizing an asymptotic analysis of the
distribution results for the singular values of g-Toeplitz sequences, in the case where the
sequence of values {ay}x, defining the entries of the matrices, can be interpreted as the
sequence of Fourier coefficients of an integrable function f over the domain (—m, 7). As a
byproduct, we will show interesting relations with the analysis of convergence of multigrid
methods given, e.g., in [141,1]. Finally we generalized the analysis to the block, multilevel
case, amounting to choose the symbol f multivariate, i.e., defined on the set G = (—m, 7)4
for some d > 1, and matrix valued, i.e., such that f(x) is a matrix of given size p X q.

4.2 General definitions and tools

For any n x n matrix A with eigenvalues \;(A), j = 1,2,...,n, and for any m x n matrix B
with singular values 0;(A), j =1,2,...,], | = min{m, n}, we set

Eig(A) ={)\j(A): j=1,2,...,n}, Sval(B)={0;(B) j=1,2,..,1}.
The matrix B*B is positive semidefinite, since z*(B*B)x = ||Bz|3 > 0 for all z € C™,
with ”x” denoting the transpose conjugate operator. Moreover, it is clear that the eigenvalues

M(B*B) > X\(B*B) > ... > \(B*B) > 0 are nonnegative and can therefore be written in
the form

(4.1) \;j(B*B) = o7,

J
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with o; > 0, j = 1,2, ...,n. The numbers 01 > 05 > ... > 0; > 0, [ = min{m, n} are called
"singular values of B", i.e., 0; = 0;(B) and if n > [ then \;(B*B) =0, j=1+1,...,n. A
more general statement is contained in the singular value decomposition theorem (see e.g.
11)).

For any function F' defined on Ry and for any m x n matrix A, the symbol >__(F, A)
stands for the mean

min{m,n}

(4.2) ZU(F,A) ;:m Z F(oj(A) = —F— mm{m n} Z

oc€Sval(A

Throughout this chapter we speak also of matrix sequences { Ay}, where Ay is an n(k) x
m(k) matrix with min{n(k),m(k)} — oo as k — oo. When n(k) = m(k) that is all the
involved matrices are square, and this will occur often in this chapter, we will not need the
extra parameter k£ and we will consider simply matrix sequences of the form {4, },.

Concerning the case of matrix-sequences an important notion is that of spectral distribu-
tion in eigenvalue or singular value sense, linking the collective behavior of the eigenvalues or
singular values of all the matrices in the sequence to a given function (or to a measure). The
notion goes back to Weyl and has been investigated by many authors in the Toeplitz and
Locally Toeplitz context (see the book by Béttcher and Silbermann [16] where many classical
results by the authors, Szego, Avram, Parter, Widom Tyrtyshnikov, and many other can be
found, and more recent results in [71,93, 146, 167, 156, 157]). Here we report the definition of
spectral distribution only in the singular value sense since our analysis is devoted to singular
values. The case of eigenvalues will be the subject of future investigations.

Definition 4.2.1. Let Cy(R]) be the set of continuous functions with bounded support defined
over the nonnegative real numbers, d a positive integer, and 6 a complez-valued measurable
function defined on a set G C R® of finite and positive Lebesgue measure u(G). Here G
will be often equal to (—m,m)¢ so that €“ = T with T denoting the complex unit circle. A
matriz sequence { Ay} is said to be distributed (in the sense of the singular values) as the
pair (0,G) or to have the distribution function 0 ({Ax}r ~o (0,G)), if, VF € Co(RY), the
following limit relation holds

(4.3) lim 3, (F, A4) = ﬁ/GF(W(t)Ddt, = (b ).

When considering 0 taking values in M,,, where M, is the space of p X q matrices with
complex entries and a function is considered to be measurable if and only if the component
functions are, we say that {Ag}x ~o (0, G) when for every F € Co(RY) we have

/ZMMF(W)

min{p, ¢}

k—o00

dt, t=(t,...,tq),

with 0;(0(t)) = /A (0(t)*0(t)) = Xj\/0(t)*0(t). Finally we say that two sequences { Ay}
and {By}i. are equally distributed in the sense of singular values (o) if, VE € Co(Ry), we

have
klgrolo [ZG(R By) — ZU(R Ak)} =0.

Here we are interested in explicit formula of the distribution results for g-Toeplitz se-
quences. Following what is known in the standard case of g = 1 (or ¢ = e in the multilevel
setting), we need to link the coefficients of the g-Toeplitz sequence to a certain symbol.
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Let f be a Lebesgue integrable function defined on (—m,7)¢ and taking values in M,,,
for given positive integers p and ¢g. Then, for d-indices 7 = (1,79, ...,74), 7 = (J1, 72, -+ Jd)s
n = (ny,ng,...nqg),e=(1,1,..,1),0 = (0,0, ...,0), the Toeplitz matrix T,,(f) of size pn x qn,
N = nq.ns...ng, is defined as follows

T.(f) = [fr—j]:},]_'iga
where f; are the Fourier coefficients of f defined by equation

L 1 iy . .
(4.4) fi= f(jl:-~~7jd) — W/[ . fltr, .. ta)e (]1t1+...+]dtd)dt1'“dtd’ 2 1,

for integers 7; such that —oo < j; < oo for 1 <[ < d. Since f is a matrix-valued function of
d variables whose component functions are all integrable, then the (ji, jo, ..., ja)-th Fourier
coefficient is considered to be the matrix whose (u, v)-th entry is the (j1, jo, ..., ja)-th Fourier
coefficient of the function (f(t1,....t4))u.v-

According to this multi-index block notation, we can define general multi-level block
g-Toeplitz matrices. Of course, in this multidimensional setting, g denotes a d-dimensional
vector of nonnegative integers that is, g = (g1, g2, ..., ga). In that case A,, = [a,_gos); s—o Where

the o operation is the componentwise Hadamard product between vector or matrices of the
same size.

4.2.1 The extremal cases where g = 0 or g = ¢, and the intermediate
cases

We consider a d-level setting and we analyze in detail the case where 0 < g < e and with
< denoting the componentwise partial ordering between real vectors. When ¢ has at least a
zero component, the analysis can be reduced to the positive one as studied in section 4.6.

g=e

In the literature the only case deeply studied is the case of g = e (standard shift in every
level). For multilevel block Toeplitz sequences {T,,(f)} generated by an integrable d variate
and matrix valued symbol f the singular values are not explicitly known but we know the
distribution in the sense of Definition 4.2.1; see [156]. More precisely we have

(4.5) {Tn(f)} ~o (fa Qd)a Q= (_7‘-77]-)'

g=20

The other extreme is represented by the case where g is the zero vector. Here the multilevel
block g-Toeplitz is given by

) Ce )
An = [ar—()os]:}’;ig = [ar]ﬁgig = [ ] :
Ap—e .. Qp_¢

A simple computation shows that all the singular values are zero except for few of them
1/2

n—e
. - L . ) ) N
given by \/ﬁa, where 1 = ny.ny...n4 and o is any singular value of the matrix ;)ajaj
‘7:

Of course, in the scalar case where p = ¢ = 1 the choice of ¢ is unique and by the above
formula it coincides with the Euclidean norm of the first column a of the original matrix. In
that case it is evident that

{An} ~, (0,G),

for any domain satisfying the requirements of Definition 4.2.1.
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4.2.2 When some of the entries of g vanish

The content of this subsection reduces to the following remark: the case of a nonnegative g
can be reduced to the case of a positive vector so that we are motivated to treat in detail
the latter in section 4.3. Let g be a d-dimensional vector of nonnegative integers and let
N C {1,...,d} be the set of indices such that j € N if and only if g; = 0. Assume that N
is nonempty, let ¢ > 1 be its cardinality and d* = d — t. Then a simple calculation shows
that the singular values of the corresponding g-Toeplitz matrix A, = [a(—gos)|; sz are zero

except for few of them given by 1/n[0]c where

0] = [Jrs. 2l0] = (njy.ngy,my,), N = {1, .. 5},

JEN
and o is any singular value of the matrix

1/2

[0]—
(4.6) > T,
j=0

Here Tj is a d*-level g*-Toeplitz matrix with g* = (g, Gky, -+, gr,, ) and of partial sizes
n[> 0] = (g, Mgy -y, )y NO = {1, ko, ..., kg }, and whose expression is

. n[>0]—e
7}' = [a(r—gos)]rljs/zg 5

. / ’ . . . .
where (r — go $)y = ji for gy =0 and r, =1y, 8; = Sy,, © = 1,...,d". Also in this case, since

most of the singular values are identically zero, we infer that
{An} ~o (07 G)a

for any domain satisfying the requirements of Definition 4.2.1.

4.3 Singular values of g-Toeplitz matrices
For p = ¢ = 1, we recall that the g-Toeplitz matrices of dimension n x n are defined as
(4.7) Thy = [ar—gcm;:lm

where the quantities 7 — gs are not reduced modulus n. In analogy with the case g =1, the

elements a; are the Fourier coefficients of some function f in L'(Q), with Q = (=7, 7), i.e.,
a; = f; as in (4.4) with d = 1. If we denote by T}, the classical Toeplitz matrix generated
by the function f € LY(Q), T, = [ar—]lclto, a; = f; defined as in (4.4), and by T, , the g-
;[E);tplitz matrix generated by the same function, one verifies immediately for n and g generic

(4.8) Ty = [TnglTng) = [T Zng|Tngl,

where T, , € C™#s (with p, = [#1) is the matrix T, defined in (4.7) by considering only
the pg, first columns, T, , € C™("7#9) is the matrix T, , defined in (4.7) by considering only

the n — p, last columns, and Zn,g € C™*#s is the matrix defined by

(4.9)

> o _ _ _ _ [ 1 if k=0(modn);
Znpg=|0r—gs); 7=0,1,...;n—1, s=0,1,..., 4y — 1, where ¢ = { 0 otherwise.
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Proof. From relation (4.8). For r =0,1,....,.n —1 and s = 0,1, ..., 4y — 1, one has

(Tn,g>7‘,s = (Tn)r,gsy
(Zn.g

,)r,s — 5r—gS7
and

n—1

(TnZn,g)r,s = Z(Tn)r,l(zn,g)l,s

=0

n—1

= Zdl—gs (T
=0

= (Tn>ngs

= (Tn,g)r,s

where (a) follows from the fact that there exists a unique [y € {0,1,...,m — 1} such that
lo—gs = 0(modn), that is, [y = gs(modn), and, since 0 < gs < n—1, we obtain [y = gs. O

If we take the matrix T}, , of size n X (jy + 1), the relation (4.8) is no longer true. In
reality, looking at the (u, + 1)-th column of the g-Toeplitz matrix we observe the Fourier

coefficients with indices which are not present (less or equal to —n) in the Toeplitz matrix
T,,. More precisely,

~

(T.g)ouy = @0—guy = G—gp,, and — gug < —n.

It follows that p, is the maximum number of columns for which relation (4.8) is true.

4.3.1 Some preparatory results
We begin with some preliminary notations and definitions

Definition 4.3.1. Suppose a sequence of matrices {A,}n of size d,, is given. We say that
{{Bum}n : m >0}, B, of size d,,, m € N, is an approzimating class of sequences (a.c.s)
for {An}n if, for all sufficiently large m € N, the following splitting holds:

(4.10) A, = Bum~+ Rom + Nom for all n > n,y,,
with
(4.11) Rank(Rym) < dnc(m), || Nomll < w(m),
with || - || is the spectral norm (largest singular value), n,,, c(m) and w(m) depend only on
m and, moreover,
(4.12) lim w(m) =0, lim ¢(m) = 0.
m—r00 m—0o0

Proposition 4.3.1. [125]. Let {d,}, be an increasing sequence of natural numbers. Suppose
a sequence formed by matrices {A.}n of size dy, is given such that {{Bnm}tn : m > 0},

meNc N, ij 00, is an a.c.s for {A, }n wn the sense of Definition 4.3.1. Suppose that
{Bum}n ~o (Gm, G) cmd that 0, converges in measure to the measurable function 6 over G.
Then necessarily

(413) {An}n ~o (97 G):
(see Definition 4.2.1).
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Proposition 4.3.2. [125,128]. If {A,},, and {B,}, are two sequences of matrices of strictly
increasing dimension, such that {A,}, ~o (0,G) and {Bp}n ~o (0,G), then

{A, + B,}n ~s (0,G).

Proposition 4.3.3. [125]. Let f,g € L'(Q?), Q = (==, 7), and let {T,,(f)}n and {T.(9)}n
be two sequences of Toeplitz matrices generated by f and g, respectively. The following dis-

tribution result is true

{T.(HTu(9) b ~o (f9, Qd)'
Lemma 4.3.1. Let f be a measurable complez-valued function on a set K, and consider the
measurable function \/m : K — RT. Let {Anm}nm; with Ay m € Cdnxd), (d < d,) be a
sequence of matrices of strictly increasing dimension: d,, < d/nH, dy, < dpy1. If the sequences
of matrices { Ay Anmtnm, with Ay Apm € Cd/"Xd/", is distributed in the singular value
sense as the function f over a suitable set G C K in the sense of Definition 4.2.1, then the

sequence {Apm tnm is distributed in the singular value sense as the function +/|f| over the
same set G.

Proof. From the singular value decomposition (SV D), we can write A, ,, as

Vv,

O-d/

01
02
Apn = UV =U {
[ o "]

with U and V unitary matrices, U € C**¥ V € C¥*d and ¥ € R¥%*% o; > 0; by
multiplying A;’mAn,m we obtain

(4.14) A Apnm =VETUUSV = VETSV = VSOV =V v,

L o |

with £ = ¥TY € C%*d. We observe that (4.14) is an SV D for A% A, m, that is, the
singular values o;( Ay, Anm) of A}, A are the square of singular values 0;( Ay ) of Ap .
Since {A},, Anm} ~o (f,G), by definition it holds that for every F € Co(R])

Q
\N)

(4.15) gg—Zme o)) = g [ FU@Da = —s | 1 (VI

where H is such that F'= H o /., but, owing to 0;(A,m) = 4/0;(A} ,, Anm) We obtain

<“6J&dZF@” —MMQF -ﬁ%diﬂmnm

From (4.15) and (4.16), one deduces that

(4.17) J%%immezm%LH(uwwu
for every H € Cy(Ry), so {Anm} ~» (VIf ()], G). O
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Lemma 4.3.2. Let {A,}, and {Q,}, be two sequences of matrices of strictly increasing
dimension (A,, Q, € Ch>dn_d. < d,.,), where Q, are all unitary matrices (Q<Q, = I). If
{A,}n ~6 (0,G) then {A,Q, }n ~» (0,G) and {Q, A}, ~5 (0,G).

Proof. Putting B, = A,Q,, assuming that
An = UnEnVna

is an SVD for A,,, and taking into account that the product of two unitary matrices is still
a unitary matrix, we deduce that the writing

is an SVD for B,,. The latter implies that A,, and B,, have exactly the same singular values,
so that the two sequences {A,}, and {B,}, are distributed in the same way. O

Lemma 4.3.3. Let {A,}, and {Q,}, be two sequences of matrices of strictly increasing
dimension (A,,Q, € C>*d d. < d,1). If {A e ~o (0,G) and ||Q,]| < M for some
nonnegative constant M independent of n, then {A,Q, }n ~o (0,G) and {QnA.}n ~» (0,G).

Proof. Since {A,}, ~, (0,G), then {0, }, (sequence of null matrices) is an a.c.s for {A,},,
this means (by Definition 4.3.1) that we can write, for every m sufficiently large, m € N

(4.18) A, =0, + Ry + Ny for all n > n,,,

with
Rank(Rpm) < dpe(m), [|[Nymll < w(m),

where n,,, ¢(m) and w(m) depend only on m and, moreover,

W{l_rgow(m) =0, n&l_rgoc(m) =0.

Now consider the matrix A,Q,; from (4.18) we obtain
AnQn =0, + Ry @ + Ny @y for all n > n,,,
with
Rank (R, »Qn) < min{Rank(R,.,), Rank(Q,)} < Rank(R, ) < d,c(m),
[Nom@nl| < | Nnm || @Qn]l < Maw(m),

where
lim w(m) =0, lim ¢(m) =0,

then {0,}, is an a.c.s for the sequence {A,Q,}, and, by Proposition 4.3.1,
{AnQn}n ~o (07 G)' O

4.3.2 Singular value distribution for the g-Toeplitz sequences
As stated in formula (4.8), the matrix 7;, , can be written as
(4.19) Thg = [TnZAn,g|Tn,g} = [TnZAmgm] + [O|(~Tn,g]-

To find the distribution in the singular value sense of the sequence {7}, ,},, the idea is

to study separately the distribution of the two sequences {[T}Zp 4|01}, and {[0|Tp4]}n, to
prove {[0|T;4]}n ~ (0,G), and then to apply Proposition 4.3.2.
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Singular value distribution for the sequence {[T},Z,4|0]}»

Since T)y Zy, , € C**#s and [T}, Zy 4|0] € C™™, the matrix [T}, Z, 4|0] has n— p, singular values

~

equal to zero and the remaining p, equal to those of 7,7, ,; to study the distribution in the
singular value sense of this sequence of non-square matrices, we use Lemma 4.3.1 : consider

the g-Toeplitz matrix "truncated" Tn = TnZn,g, where the elements of the Toeplitz matrix
T.(f) = [ar_c]’,?;:lo are the Fourier coefficients of a function f in L'(Q), @ = (—m,7), then
we have

(420) T;,ng,g = (Tn(f)Zn,g)*Tn(f)Zn,g = Z;VQTn(f)*Tn(f)Zn,g = ZA;ng(fT)Tn(f)ZAn,g

We provide in detail the analysis in the case where f € L?(Q). The general setting in which
f € LY(Q) can be obtained by approximation and density arguments as done in [125]. From
Proposition 4.3.3, if f € L?(Q) C LY(Q) (that is, |f|* € LY(Q)), then {T,(f)T.(f)}n ~o
(|f1?, Q). Consequently, for every m sufficiently large, m € N, the use of Proposition 4.3.1
implies

Tu(HTu(f) = Tu(|f1*) + R + Nuy for all n > n,,,

with
Rank(Rym) <n-c(m), ||[Noml <w(m),

where n,, > 0, ¢(m) and w(m) depend only on m and, moreover,

lim w(m) =0, lim ¢(m) = 0.
m—0o0 m—00

Therefore (4.20) becomes

T Tog = 25 (Ta(lf12) + Rum + No) Zng
25 T 12) Zng + 255 yRonZng + 2o g N Zng
= Z’:,ng(|f|2>Zn,g + Rn,m + Nn,ma

that is,

(421) Trt,ngg = ZA;,ng(lfIQ)ZAnvg + anmvg _'_ anmvg
(4.22) Rank(Ry, o) < min{Rank(Zy ), Rank(Ry )} < Rank(Ry ) < n.c(m),

(4.23) [Nnm.gll < 20 Zngl[[ Nl < 20 (m),

and
lim ¢(m) =0, lim w(m) =0,
m—0o0 m—0o0

where in (4.22) and (4.23), an = [an|0] € C™", In order words, Znﬁm is the matrix
ZAn,m supplemented by an appropriate number of zero columns in order to make it square.
Furthermore, it is worth noticing that || Zym|| = || Z2,,|| = 1, because Z, , is a submatrix of
the identity: we have used the latter relation in (423)

Now, consider the matrix Z7 T, (|f|?) Zny € CroXts, i, = (21, f € L*(Q) € LYQ) (so
If|?> € LYQ)). From (4.8), setting T, = T,,(|f|>) = [@r_J"2y, With @; being the Fourier

r,c=0"
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coefficients of |f|?, and setting T, , the g-Toeplitz generated matrix by the same function
| f|?, it is immediate to observe

(4.24) TnZng=Tng € C™Ho (T Vre = r_ges

forr=0,1,...,n—1and ¢ =0,1,..., uy — 1. If we compute ZZ,ng,g € Croxts, where Z;,g =

[Oc—gr], 7=0,1,....,n—1and ¢ = 0,1, ..., iy — 1, (6 defined as in (4.9)) and ZA;g € Crs*™ ig
the submatrix of Z; ; obtained by considering only the p, first rows. For r, ¢ = 0,1, ..., iy — 1,
we obtain

Z5 L1 2ng)re = (25, Tugre
n—1

(a)
from:(4.24)

where (a) follows from the existence of a unique [ € {0,1,....n — 1} such that [ — gr =
0(modn), that is | = gr(modn), and, since 0 < gr < n — 1, we find [ = gr. Therefore

—_—

Z ng(|f‘2)ZAn,g = [dgr—gcmzzlo = Tm;(‘f‘@))
where W € L'(Q) is given by

(4.25) 71 Zm? (“ 2”) |

9

(4.26) £ ( Z are'*

k=—o00

Proof. (of relation (4.25)). We denote by a; the Fourier coefficients of | f|(?)(x). We want to
show that for 7,¢ = 0,1, ...,y — 1, @y = Ggr—gc, Where Gy are the Fourier coefficients of | f|?.
From (3.2), (4.25) and (4.26), we have

o0
ik (x+2w —7,7” o)z
Ap_pe = E E ae dx
—T

j =0k=—00

= / Zak< 2779’”)6 gel(” N .
27Tg <

Some remarks are in order:

e if k is a multiple of g, i.e., k = gt for some value of ¢, then we have that

g—1 2 k g— — g—1 g—1

=i Wg u 1271'tj _ _
> e Z =D M=) 1=y,
j=0 j=0 j=0 j=0
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s 2nkyj 9—1 ;M J . .
e if k is not a multiple of ¢, then e a # 1 and therefore Ze = <e g ) is a finite
7=0 j=0
geometric series whose sum is given by
! 271'k: J 1—¢€ Qngk
(Y -
=0 1-— 6 g

Finally, taking into account the latter statements and recalling that % fjﬂ eilrdy =

1 if]=0
{ 0 otherwise » "¢ find

)
§
4
I
M
>1
Na
|\
3
Q
e}
S
Na)
('B
Lm
:
0
ﬁ
R
Q.
g

In summary, from (4.21), one has
T:,ng,g = T, (111®) + Rymg + Nowmsg,

with {Tu (|f\ N}y ~ (W, Q). We recall that, owing (4.25), the relation |f|*> € L'(Q) im-
plies \f]@ € L'(Q). Consequently Proposition 4.3.1 implies that {T%Tn,g}n ~q (1£1®, Q).

Clearly | f|® € LY(Q) is equivalent to write \/|f|® € L?(Q) : therefore, from Lemma 4.3.1,

we infer {Tn,g}n ~e (1 W7 Q).

Now, as mentioned at the beginning of this subsection, by Definition 4.2.1, we have
1l »
B3 () = i 23 () + it 3 0
]:

.7 ,Ufg“!‘].
9 F (05([T10) _
Hg ( g N L )
= 1 lim ——=F'(0
Iy, TR O

— o [ (Vi) s+ (1-2) Fo0)

which results to be equivalent to the following distribution formula

(4.27) {1200} ~o (6,Q x [0,1]),
where

op) — /1@ (z) fort € [0, 1]
(4:28) o) { 0 fort € (+,1]
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Singular value distribution for the sequence {[0|T,4]}.

In perfect analogy with the case of matrix [T}, an|0] we can observe that T, , € C"*(=ro)
and [0[Tyg] € C**". Therefore the matrix [0Ty 4] has i, singular values equal to zero and
the remaining n — p, equal to those of 7, ;. However, in this case we have additional dif-

ficulties with respect to the matrix ng = TnZn,g, because it is not always true that T, ,
can be written as 1,2, 4, where Z, , is the matrix obtained by considering the n — 4 last
columns of Z,, 4. Indeed, in T, 4 there are Fourier coefficients with index, in modulus, greater

than n : the Toeplitz matrix 7,, = [a,— C]M o has coefficients a; with j ranging from 1 —n to

n — 1, while the g-Toeplitz matrix T, ;, = [ar,gc]mzo has a,_;1 as coefficient of maximum in-
dex and a_g(,—1) as coefficient of minimum index, and, if g > 2, we have —g(n—1) < —(n—1).

Even if we take the Toeplitz matrix 7,,, which has as its first column the last column
of T, , and the other generated according to the rule (7,);r = a;_, it is not always true
that we can write T, , = T,, P for a suitable submatrix P of a permutation matrix, indeed,
if, the matrix T, = 3]/ .2, has as first column the first column of T, 4, we find that 8y =
(Thg)oo = (T’n,g)o,/.tg = a_g,,- As a consequence, T}, has B_(,_1) = a_(n_1)—gu, as coefficient
of minimum index, while T,, ; has a_g(,—1) as coefficient of minimum index. Therefore

=g (=D =gm) = G-t 0 <om =] <@g
< 1-g)n—1)+n+g-—1
— (—gn-D)+m-1)+g
= (2—-9g)(n—1)+g<0 forg>2andn >4

Thus, if ¢ > 2 and n > 4 we have —(n — 1)g < —(n — 1) — gu, and the coefficient of the
minimum index a_g(,—1) of T, 4 is not contained in the matrix 7,, that has a_(,_1)_g,, as
coefficient of minimum index.

Then we proceed in another way: in the first column of T, , € C"*("~#9) (and consequently
throughout the matrix) there are only coefficients with index< 0, indeed: coefficient with the
largest index of Ty, 4 is (Tn,g)n-10 = (Thig)n-1u, = Gn-1-gp, and n—1—guyg <n—1-n <0
and the coefficient with smallest index is (Tyg)on—p,~1 = (Thg)on—pg—141, = (Tnglom-1 =
a_g(n—1)- Consider therefore a Toeplitz matrix Ty, , of size d,, , with d,, ; > @ + 1, defined
in this way:

A—dpg+1  O-dpy  O-dyg—1 --- (24, +2
A—d, +2 A—d, g+1 T T G-2d, 443 p )
— . . . . . — n,g
(429) Tdn,g = : .. .. .. : = |Ar—c—d,, g+1]rc 0 -
a_q a_s . . g,
ap a_q a_o c a,dwﬂ

Since the coefficient with smallest index is a_sq, , 42, We find

—1
—2d, .+ 2 < =2 (%le)—1—2:—g(n—1)—2+2:—g(n—1).

As a consequence, we obtain that all the coefficients of T, ; are "contained" in the matrix
Ta, ,- In particular, if
dng>(g—1)(n—1)+2,

(this condition ensures d,, ; > gn=1) 5 L) + 1, that all the subsequent inequalities are correct, and

that the size of all the matrices involved are non-negative), then it can be shown that
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(4.30) Tng = [01[1n]02]T0, , 24

n,g,9

where 2, , 4 € Cé9*(=#9) i5 the matrix of Zg, , , defined by considering only the n — p,

first columns and [0;]1,,]05] € C™*%9 is a block matrix with 0, € C™*(4ns=91s—1) and
0y € Cx(gng—n+tl),

Proof. (of relation (4.30)). First we observe that:

forr=0,1,..,n—1and s =0,1,...,n — g — 1, we have:

(4.31) (Tg)rs = (Tn,g)r,s+ug = Qr—gs—gug>

forr=20,1,..,n—1and s =0,1,...,d, 4 — 1, we have:

_J 1 ifs=r+dy,g—gu,—1,
(4.32) ([01’]?1‘02]%5 _{ 0 otherwise. ? !

forr,s =0,1,...,d, 4 — 1 we have:
(Tdn’g)'r,s = Qr—s—dy g+1;

forr=0,1,...,dpg—1and s =0,1,...,n — iy — 1, we have:
(Z’dn,g,g)r,s = 5T—98'

Since Tg, , 24, ,.9 € Clnox(n=hg) for p = 0,1,...,dpg—1and s = 0,1,....,n — py — 1, it
holds

dn,g—1

(Tdn,g Z’dn,g:g)'f',s = Z (Tdn,g)ral(z’dn,g:g)lys
=0

dng—1
= E 5l—gsar—l—dn,g+1
=0

=  Ar—gs—dy,q+1,
(a)
S0,

(4.33) (T4, 2 gog)ris = Qr—gs—dn g+15

where (a) follows from the existence of a unique [ € {0,1,...,d, , — 1} such that | — gs =
0(modd, ), that is, | = gs(modd,,,), and, since 0 < gs < d, , — 1, we have [ = gs. Since
[01|1,,]02) T4, ,Z4,.,.9 € Crx(=na) for r =0,1,...,n — 1 and s =0,1,....,n — p, — 1, we find

dn,g—1

> ([04110102))ra (T, Zi o018
=0

arJFdn»g*QMg*l*gS*dn,ngl

([01[ 2210217, 2t g9

—
=

(r—gpug—gs
= ‘In r,8)

from(4.31) ( ,g) ’

where (d) follows from (4.33), (T4, ,%d,.,.9)i,s = Gi—gs—dn,+1, and from the following fact:

using (4.32), we find ([01]/,,|02]),; = 1 if and only if | =7+ d,, ; — guy — 1. O
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We can now observe immediately that the matrix 75, , defined in (4.29) can be written
as

(4.34) T, . = J-H,

n,g n,g

where J is the "flip" permutation matrix of dimension d,, ; X d,, 4:

el

that is, (J)s; = 1 if and only if s +¢ = d, 4, + 1, and Hy, , is the Hankel matrix of
dimension d, 4 X d, 4.

agp a_q a_o c. a_dwﬂ

a_q a_o ce N a_dn’g . .

Hyy= 1| : : : : = la—r—clriZo -
a,dn,ngQ a,dwﬂ . c. a,anngrg
A—dpogtl  O-dyy  O-dyg—1 --- GA-24, +2

If f(z) € LYQ), Q = (—m,m), is the generating function of the Toeplitz matrix T, =
To(f) = [ar—c]}-2o in (4.8), where the k-th Fourier coefficient of f is ay, then f(—z) € L'(Q)

is the generating function of the Hankel matrix Hy, , = [a_r_c]f:;’igl; by invoking Theorem
6, page 161 of [59], the sequence of matrices {Hy, }, is distributed in the singular value
sense as the zero function: {Hg, ,}n ~» (0,Q). From Lemma 4.3.2, by (4.34), since J is a
unitary matrix, we have {7y,  }n ~o (0,Q). as well.

Consider the decomposition in (4.30) :
Tn,g = [01|In’02]Tdn,gZ’dn,g,g = an,gTdn,gZdn,gyg'

If we complete the matrix Qq, , € C**%9 and Z,, , , € Cdnsx(n=hs) by adding an appropriate
number of zero rows and columns, respectively, in order to make it square

Qi = [ ] € Clurxa,

Zd"’g - [ Z’dnvg ‘ 0 ] S Cd"*’Xd”vg’

then it is immediately to note that
an,gTdngdmmg = |: (-Tn 0 :| — Tdn,g c Cdn,ngn,g_

From Lemma 4.3.3, since ||Qq, || = [/Za4,,|| = 1 (indeed, there are both "incomplete"
permutation matrices), and since {73, ,}n ~o (0,Q), we infer that {Ty,  }» ~o (0,Q).

Recall that T, , € C¥9X%n9 with d,, > (g — 1)(n — 1) + 2; then we can always choose
dn,g such that gn = d, g > (g — 1)(n — 1) +2 (if n, g > 2). Now, since {Tq, }» ~» (0,Q), it
holds that the sequence {T4, ,}» is weakly clustered at zero in the singular value sense, i.e,
Ve > 0,

(4.35) {7 :05(Tq,,) > €} = o(dny) = o(gn) = o(n).

The matrix Ty, , is a block matrix that can be written as

.- et - [P
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where T, , € C**("~19) and [T, ,|0] € C**™. By the singular value decomposition we obtain

Too, = [ 6] = [0 bt | = [t ] o] [

that is, the singular values of Ty, that are different from zero are the singular values of
[Tngl0] € C**". Thus, (4.35) can be written as follows: Ve > 0,

#1795 ([Tngl0]) > €} = o(dng) = o(gn) = o(n).

The latter relation means that the sequence {[7T,,4|0]}, is weakly clustered at zero in the
singular value sense, and hence {[T,,4]0]}, ~o (0, Q). If we consider the matrix

6= [ Qo ] e e

where I,,_, is the identity matrix of dimension (n — pug) X (n— py), then [T.4101G = [0]T,n.4),
and since ||G|| = 1 and {[T,.4|0]}» ~o (0,Q), from Lemma 4.3.3 we find

(4.36) {01Tngl}n ~o (0,Q).
In conclusion, from (4.19), (4.27) and (4.36), using Proposition 4.3.2 with G = @ x [0, 1],

we obtain
{Tn,g}n ~o (‘97 G>7

where 0 is defined in (4.28). Notice that for ¢ = 1 the symbol 0(x,t) coincides with |f|(z) on
the extended domain @ x [0, 1]. Hence, the Szegd-Tilli-Tyrtyshnikov-Zamarashkin result is
found as a particular case. Indeed: 0(z,t) = |f|(x) does not depend on ¢ and therefore this
additional variable can be suppressed i.e. {1, 4}, ~» (f, Q) with T}, ;, = T,,(f). The fact that
the distribution formula is not unique should not surprise since this phenomenon is inherent
to the measure theory because any measure-preserving exchange function is a distribution
function if one representative of the class is.

4.4 Some remarks on multigrid methods

In the design of multigrid methods for large positive definite linear systems one of the key
points is to maintain the structure (if any) of the origin matrix in the lower levels. This
means that at every recursion level the new projected linear system should retain the main
properties of the origin matrix (e.g bandedness, the same level of conditioning, the same
algebra/Toeplitz/graph structure etc...). Here for the sake of simplicity the example that
has to be considered is the one-level circulant case. Following [1,141], if A, = C, is a
positive circulant matrix of size n with n power of 2, then the projected matrix A with

k =mn/2 is defined as
(4.37) Ay =21 Pr AP Zn s,

where P, is an additional circulant matrix. It is worth noticing that the structure is kept
since for every circulant P, the matrix Ay is a circulant matrix of size k = n/2. The features
of the specific P, have to be designed in such a way that the convergence speed of the
related multigrid is as high as possible (see [61, 1] for a general strategy). We observe that
the eigenvalues of Ay are given by

1 .
1 x; + 27l 2y .

4.38 = = i =—, j=0,1,...,k—1, k=n/2

( ) QZX(;g( 2 )7 x] k Y ] ) ) Y Y n/ )
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where g is the polynomial associated with the circulant matrix PrA, P, in the sense of
subsection 3.3.3. Therefore the singular values of (P;Anpn)l/QZn,g are given by

1 .
1 x; + 27l 2y .
4.39 — ), =2, j=0,1,.. k-1 k=n/2.
s (M) m= T /

Notice that the latter formula is a special instance of

(n,g)—1 .
x; + 27l 2y .
G0 oCug) =y 2 bl (— ) O T

) Ng

for [p|*> = ¢ (g is necessarily nonnegative since it can be written as |g|>f where ¢ is the
polynomial associated with P, and f the nonnegative polynomial associated with A,), for
g = 2 and n even number so that (n,2) = 2. Therefore, according to (4.40), the numbers

in (4.39) identify the nontrivial singular values of the 2-circulant matrix (P*A,P,)Y2Z, ,
up to a scaling factor. In order words, g-circulant matrices arise naturally in the design of
fast multigrid solvers for circulant linear systems and, along the same line g-Toeplitz ma-
trices arise naturally in the design of fast multigrid solvers for Toeplitz linear systems; see
[61,1,126].

Conversely, we now can see clearly that formula (4.40) furnishes a wide generalization of
the spectral analysis of the projected matrices, by allowing a higher degree of freedom: we
can choose n divisible by ¢ with g # 2, we can choose n not divisible by g. Such a degree
of freedom is not just academic, but could be exploited for devising optimally convergence
multigrid solvers also in critical cases emphasized e.g. in [1,126]. In particular, if z( is an
isolated zero of f (the nonnegative polynomial related to A, = C,) and also 7 + ¢ is a
zero for the same function, then due to special symmetries, the associated multigrid (or even
two-grid) method cannot be optimal. In other words, for reaching a preassigned accuracy, we
cannot expect a number of iterations independent of the order n. However these pathological

symmetries are due to the choice of g = 2, so that a choice of a projector as P,Z, , for a
different g # 2 and a different n could completely overcome the latter drawback.

4.5 Generalizations

First of all, we observe that the requirements that the symbol f is square integrable can be
removed. In [125] it is proven that the singular value distribution of {7,,(f)7,.(g)}~ is given
by h = fg with f, g being just Lebesgue integrable and with h that is only measurable and
therefore may fail to be Lebesgue integrable. This fact is sufficient for extending the proof
of relation {7, ,}n ~o (6,Q x [0, 1]) to the case where §(z,t) is defined as in (4.28) with the
original symbol f € L!.

Now we consider the general multilevel case. When ¢ is a positive vector, we have

(4.41) {Togtn ~o (6,Q% x [0,1]%)

where

(4.42) 0(x,t) = { F1@)(x) ifte0,1/g]
0 for t € (1/g,¢],

with
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(4.43) HROED (ﬂ)

i=0 g

and where all the arguments are modulus 27 and all the operations are intended compo-
nentwise, that is ¢ € [0, é] means that t; € [0, gik], k=1,2,...,dand t € (g—ly,e] means that

ty € (i, 1], k = 1,2,...,d. The writing %2”' defines the d-dimensional vector whose k-th
T +275
"o

component is ,k=1,2,....d and g = g192...94.

4.6 Examples of g-Toeplitz matrices when some of the
entries of g vanish

We start this subsection with a brief digression on multilevel matrices. A d-level matrix A
of dimension n x n with n = (ny, ne, ..., ng) and 1 = nyns...ng can be viewed as a matrix of
dimension n; X ny in which each element is a block of dimension nsns...ng X nons...ng; in
turn, each block of dimension nong...ng X nang...ng can be viewed as a matrix of dimension
ng X ng in which each element is a block of dimension ngng...ng X ngny...ng, and so on. So
we can say that ny is the most "outer" dimension of the matrix A and ng4 is the "inner"
dimension. If we multiply by an appropriate permutation matrix P the d-level matrix A,
we can exchange the "order of dimensions" of A, namely PTAP becomes a matrix again
of dimension 7 X 7 but with n = (npy1), Np)s - Np(a)) and 1 = Ny Np(2)-. . Np(d) = N1N2...Nq
(where p is a permutation of d elements) and 7,y is the most "outer" dimension of the
matrix A and n,g) is the most "inner" dimension.

This trick helps us to understand what happens to the singular values of g-Toeplitz d-level
matrices, especially when some of the entries of the vector g are zero; indeed: as we observed
in subsection 4.2.1, if g = 0, the d-level g-Toeplitz matrix A is a block matrix with constant
blocks on each row, so if we order the vector g (which has some components equal to zero) so
that the components equal to zero are in the top positions, g = (0, ..., 0, gk, ..., g4), the matrix
PTAP (where P is the permutation matrix associated with p) becomes a block matrix with
constant blocks on each row and with blocks of dimension ngng.1..ng X npngyy...ng; with
this "new" structure, formula (4.6) is even more intuitively understandable, as we shall see
later in the examples.

Lemma 4.6.1. Let A be a 2-level Toeplitz matriz of dimension i X . with n = (ny,n2) and
n = ning,
-1 ni—1
A= [[a(jl*k1712*k2)];22,k2=0]jhklzo :
There exists a permutation matriz P such that

na—1

T mol
P AP = [[a(ﬁ—k17j2—k2)]j117k1:0]j27k2:0.

Example 4.6.1. Let (n1,n2) = (2,3) and consider the 2-level Toeplitz matriz A of dimension
6 x6

o4 a a a a

0,1 0,0 0,~1 ~1,1 -1,0 ~1,-1

20723 ago’lg (1((0,0)) GE_ng aE_LI; Cg(_LO))

(1 0) a(lv_l) a(17_2) a(ovo) CL(O,—I) a(07_2)

1,1

0

a’(O,—l) G(O’_Q) a(_lvo) a(_l’_l) a(_17_2)

A:

(1,0 a(1,-1 a0,1 (0,0 a(o,-1
a§1,1§ C%(m)) agozg a§0,1§ a((o,O))
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This matriz can be viewed as a matriz of dimension 2 X 2 in which each element is a block
of dimension 3 x 3. If we take the permutation matrix

1 000 00
001 000
P = 000010
01 000 0]>
0001009
0O 00 O0O 01
then it 1s plain to see that
a0,00 a(-1,0 a,-1) G(-1,—-1 a,—2) Q(-1,-2
gEm; aa(<070)) @Eé,—lg acg(o,—l)) gglv—zg 65(07—2))
T 0,1 —1,1 0,0 ~1,0 0,—1 —1,-1
a(072) CL(_LQ) a(O,l) a/(—l,l) a/(0,0) a(—l,())
a(12)  4(0,2) a(,1)  4o,1) a(1,0) 40,0

and now PT AP can be naturally viewed as a matriz of dimension 3 x 3 in which each element
s a block of dimension 2 X 2.

Corollary 4.6.1. Let A be a d-level Toeplitz matriz of dimension nxn withn = (ny,ne, ..., ng)
and n = ning...ng,

ni—1

-1 ng—1
A= |:[CL i1—k1.io—k ik nd _ ] :| .
[ (j1—Fk1,92—k2,....ja d)]]d,kd—o G2ka=0] ;| 110

For every permutation p of d elements, there exists a permutation matriz P such that

-1 np1)—1
n. d)_l nP(Q)
PTAP = H laGy -t N e
- Qg1 —k1,52—k2,. . 0a—Ka) Koay=0"""1 .
DD Gy 2) ko) =0

JIp(1)Fp(1)=0
Remark 4.6.1. Lemma 4.6.1 and Corollary 4.6.1 also apply to d-level g-Toeplitz matrices.

Now, let ¢ = (g1,92,..-ga) be a d-dimensional vector of nonnegative integers and t =
8{j : g; = 0} be the number of zero entries of g. If we take a permutation p of d elements
such that g,1) = gp2) = -.- = gpry = 0, (that is, p is a permutation that moves all the zero
components of the vector ¢ in the top positions), then it is easy to prove that formula (4.6)
remains the same for the matrix P7 AP (where P is the permutation matrix associated with
p) but with n[0] = (ny1), M), ---» Np(er) ), and where T is a d*-level g*-Toeplitz matrix, with
gt = (.gp(tﬂ),gp(tﬁ), <.y Op(d) ), of partial size n[> 0] = (Np(t+1): Mp(t+2); - Np(a)), and whose
expression is

Tp(e+1)—1

)

Tp(t+1)5p(t+1)=0

with (7p(1), p(2), - Tpe)) = J- Obviously Sval(A) = Sval(PTAP).

We recall that if B is a matrix of size n X n positive semidefinite, that is B* = B and
x*Bx > 0 Va # 0, then Eig(B)—Sval(B). Moreover, if B = UXU* is a SVD for B (which
coincides with the Schur decomposition of B) with ¥ = diag (o;), then

Jj=1,..,n

-1
o np(d)fl Tp(t42)
1s= {["'[a(r_gos)]%(dwsp(d):()‘"

Tp(t+2),5p(t+2) =0

(4.44) B2 = U2y,
where $1/2 = diag (,/5;).

Jj=1,...n
We proceed with a detailed example: a 3-level g-Toeplitz matrix with g = (g1, g2, 93) =
(0,1,2) which helps us to understand what happens if the vector g is not strictly positive.
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Example 4.6.2. Consider a 3-level g-Toeplitz matriz A where g = (g1, g2, 93) = (0,1,2)

n1—1
—1 n2—1
A = [[[a J7350] }
r1—0-s1,72—1-5 5T —2s = =
(r1=0-s1,r2=1-52,73=253) l73,53=0] 1y 5,—0 r1,51=0
_ [[CL ]nsfl }n2*1 m-l
(r1,r2—52,73=253) I73,83=0] py 5,—0 r1=0

The procedure is the same as the example 3.5.1 in chapter 3 for an g-circulant matriz, but
in this case we do not need to permute the vector g since the only component equal to zero
s already in first position. For r1 =0,1,....ny — 1, let us set

nz—1 }m—l

Th = [[a(m,7"2—82,7“3—253)]r3753:0 ro,50=0"

then T, is a 2-level g*-Toeplitz matriz with g© = (1,2) and of partial sizes n[> 0] = (nz, n3)
and
T, T, . T,
T T T
T Ty oo Ty

The latter is a block matriz with constant blocks on each row. From formula (4.1), the singular
values of A are the square root of the eigenvalues of A*A :

A:

Ty Ty .. T

0 S m—1 Ti Ti Ti
A Ty T .. Ty, T(l) T(l) Ti)
e s T T T
_TO Tl e T’I’Ll—l 1-1 1—1 1-1
_nlfl ni1—1 ni—1 7
ST Y T, S
7=0 7=0 7=0
ni—1 ni1—1 ni—1
I YT > T7T;
= 7=0 i=0 J=0
n1—1 n1—1‘ ni—1
> ITy > T > T7T;
=0 =0 =0
-1 ni—1
= i } ® > TT
=0
ni—1
= Ju® > T/,
j=0
Therefore
ni—1
(4.45) Eig(A*A) = Fig (Jm ® ZT;Tj) :
=0
where
(4.46) Eig(J,,) ={0,n1},

99



because J,, is a matriz of rank 1, so it has all eigenvalues equal to zero except one eigenvalue

equal to trace(J,,) = ny. If we put

ni—1
e = A (ZTj*Tj) , k=0,1,....,n3n0 — 1,

Jj=0

by exploiting basic properties of the tensor product and taking into consideration (4.45) and

(4.46) we find

(447) )\k(A*A) :7’L1>\k, k‘:(),l,....,ngng—l,

(448) )\k<A*A) = 0, k= Nn3No, N3Ny + 1, ey 3NN — 1.

From (4.47), (4.48) and (4.1), one obtains that the singular values of A are given by

(4.49) ox(A) =/, k=0,1,....n3ny — 1,

(450) O'k(A) = 0, k= Nn3na2, N3MNo —+ 1, ceey 3NNy — 1.

ny—1

and, since Y T;Tj is a positive semidefinite matriz, from (4.44) we can write

jf
op(A) = /niog, k=0,1,....n3n5 — 1,

0k(A) =0, k=ngng,ngng+1,....,n3n9n, — 1.

1/2
ni—1

where oy, denotes the generic singular value of ( > T]*T]) .
Jj=0

Regarding the distribution in the sense of singular values, let F' € Co(R

over Ry with bounded support, then there exists a € R such that
(4.51) |F(z)] <a VzeR].

From formula (4.2) we have

1 ninsnz—1
Yo (F, A,) = F(\y/n.5;
( ) n1nang j=0 ( nla])
nong—1
TLQTLg(TLl - ]_)F(O) 1 - ~
= + F(\/nio;
ningns ninagng jZO ( ! J)

- (1_i> F(0) + ! nglF(ﬁ5j)

ninang e
j_

According to (4.51), we find

nonz—1

—angng < g F(y/n Jj < angns.
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Therefore

so that

(1 _ i) FO)+ —% < 5,(F.A,) < (1 _ i) F(0) +

ni ny

Now recalling that the writing lim min n; = oo, we obtain
n—o00l1<5<3

F(0) < lim X,(F, A,) < F(0)

n—00
which implies
lim 3, (F, A,) = F(0)
n—o0

Whence
{An} ~o (07 G)

for any domain G satisfying the requirements of Definition 4.2.1.

Conclusion

In this chapter We have studied the distribution in the singular value sense of g-Toeplitz
sequences associated with a given integrable symbol. The generalization to the multilevel
block setting has been sketched together with some intriguing relationship with the design
of multigrid procedures for structured linear systems. In chapter 5, we will recall some
preliminary notions of construction of Krylov Space Methods and will study in Chapter 6
powerful methods of solving of large structured systems of linear equations. More precisely,

the Krylov Space Methods and a general idea of Multigrid Methods.
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CHAPTER FIVE

PRELIMINARY NOTIONS OF
CONSTRUCTION OF THE KRYLOV SPACE
METHODS

Throughout this chapter, we present general ideas on least-squares problems, by recalling
some results of analysis based on the Newton method for the convergence of minimization
problems. The Lanczos method (see [95]) for the reduction of a Hermitian matrix to the
Tridiagonal form, which are useful for the study of Krylov space methods ends the chapter.

5.1 General idea of least-squares problems

In the following ||z||s denotes the Euclidian norm ||z||3 := vV2”x where x € R™.

5.1.1 Least square problems. The Normal equations

Let a real m x n matrix A and a vector y € R™ be given, and let
(5.1) ly = Azl3 = (y— Az)"(y — Ax)

be minimized as a function of x. We want to show that x € R" is a solution of the normal
equations

(5.2) ATAx = ATy
if and only if x € R is also a minimum point for (5.1). We have the following result:
Theorem 5.1.1. [27] The linear least-squares problem
min|ly — Az(;
has at least one minimum point xo. If x1 is another minimum point, then Axqy = Ax,. The

residual v = y — Az is uniquely determined and satisfies the normal equation ATr = 0.
Every minimum point xo is also a solution of the normal equations (5.2) and conversely.

Proof. Let L C R™ be the linear subspace
L = {Azx|z € R"}
which is spanned by the columns of A, and let LT be the orthogonal complement
LT ={reR™r’z=0forall z € L} = {r[r" A = 0}.

Because R™ = L @ LT, the vector y € R™ can be written uniquely in the form
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(5.3) y=s+r, se€L, relL”,
and there is at least one zy € R™ with Az, = s. Because A”r = 0, x, satisfies
ATy = ATs = AT Axy,

that is, x( is a solution of the normal equations. Further, each solution zy of the normal
equations is a minimum point for the problem

min |y — Azllz.

To see this, let x € R™ be an arbitrary vector, and set
z=Ax — Axg, 7=y — Ax.
Then, since 7z = 0,
ly = Az]l3 = llr — 23 = I7lI3 + 1213 = lIrll3 = lly — Awoll3,

that is, x¢ is a minimum point. O

If the columns of A are linearly independent, that is, if x # 0 implies Ax # 0, then the
matrix AT A is nonsingular (and positive definite). If this were not the case, there would
exist an z # 0 satisfying AT Ax = 0, from which

0=a2"AT Az = ||Az|3
would yield a contradiction, since Az # 0. Therefore the normal equations
AT Az = ATy

have a unique solution x = (AT A)~t ATy, which can be computed using the Choleski factor-
ization of AT A.

5.1.2 The use of orthogonalization in solving linear least-squares
problems

The problem of determining an x € R™ which minimizes
||y_A.TH2, (AE men; mZ”)

can be solved using the orthogonalization techniques (for instance: Gaussian Elimination,
Gauss-Jordan algorithm and Choleski Decomposition). Let the matrix A =: A and the
vector y =: y0) be transformed by a sequence of Householder transformations F;: AW =
PAGY @ = Py where P; := I — 2w;w?, with wfw; = 1 and w; € C". The final matrix
A™ has the form

M1 ... Tin

0

since m > n. Let the vector h := 4™ be the partitioned correspondingly:

(5.4) AM = [103] with R =
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(5.5) h= [Zﬂ . hi €R", hy € R™™,

The matrix P = P,P,_1...P;, being the product of unitary matrices, is unitary itself:
P*P=Pf..PP,.P =1,

and satisfies
A™ = PA, h=Py.

Unitary transformations leave the Euclidian norm |jul|s of a vector u invariant (||Pul|3 =
u* P*Pu = u*u = ||ul|3), so

ly — Azl = | P(y — Az)l2 = [y — AW|.
However, from (5.4) and (5.5), the vector ™ — A™x has the structure

ﬁm_Amx:Vu%Rﬂ.

Hence ||y — Az||2 is minimized if z is chosen so that
(5.6) h, = Ru.

The matrix R has an inverse R~! if and only if the columns ai, as, ..., a, of A are linearly
independent. Az = 0 for z # 0 is equivalent to

PAz=0

and therefore to
Rz=0.

If we assume that the columns of A are linearly independent, then
hl == R.T,

which is a triangular system, can be solved uniquely for x. This x is, moreover, the unique

minimum point for the given least-squares problem. |If the columns of A, and with them of

R, are linearly dependent, then, although the value of min|ly — Az||5 is uniquely determined,
X

there are many minimum points z|.
The size ||y — Azx||2 of the residual of the minimum point is seen to be

(5.7) ly — Azllz = [[hzll2-

We conclude by mentioning that instead of using unitary transformations, the Gram-Schmidt
technique with reorthogonalization can be used to obtain the solution, as should be evident.

5.1.3 The condition of the linear least-squares problem

In this part, we try to show how a minimum point x for the linear least-squares problem
(5.8) min(|y — Azl
X

changes if the matrix A and the vector y are perturbed. We assume that the columns of
A are linearly independent. If the matrix A is replaced by (A + AA), and y is replaced by

y + Ay, then the solution z = (AT A)~LATy of (5.8) changes to
v+ Az = [(A+ AAT(A+ AAD)] 1A+ AT (y + Ay).
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If AA is small relative to A, the [(A + AA)T(A + AA)]™! exists and satisfies, to a first

approximation,
[(A+AA)T(A+ AA)™ = (ATA(I + (ATA) T [ATAA + AAT A)))~!
= (I —(ATA)TATAA + AATA)(ATA)7

[to a first approximation, (I + F)~! = I — F' if the matrix F is "small" relative to I|. Thus
it follows that

(5.9) v+ Az = (ATA) ATy — (ATA)THATAA + AATAJ(ATA) T ATy

+(ATA)TTAATY + (AT A AT Ay,
Noting that
r=(ATA) ATy

and introducing the residual
r.=y— Az,

it follows immediately from (5.9) that

Az = —(ATA)TATAAz + (ATA) " AATr + (ATA) AT Ay.

Therefore, for the Euclidean norm || - ||» and the associated matrix norm "lub",
: lub(AA
(5.10) HAxHgglub((ATA)_lAT)lub(A)%||xH2 + lub((ATA) 1 AT) x
u
yll2 1Ayl lub(AAT) ||r]2

2|2 + lub((AT A) ™) iub(AT)lub(A)

lub(A z|lo.
D1l Tl Tab(AT) [ Aall; "2

This approximate bound can be simplified. According to subsection 5.1.2, a unitary matrix
P and a upper triangular matrix R can be found such that

PA:[JSL], A:PT[](ﬂ,

and it follows that
ATA = RTR,

(5.11) (ATA)' =R YR

(ATA) AT = [R710]P.
If it is observed that
lub(CT) = lub(C)
lub(PC) = lub(CP) = lub(C),
holds for the Euclidean norm, where P is unitary, then (5.10) and (5.11) imply

|Az||2 - lub(AA) 5 |I7l2 lub(AA)
<cond(R)————=% + cond(R
ey B 4wl Tub()
lls 11A9ll
+cond(R ELELSL LA
B Azl Tl
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If we define the angle ¢ by

LB u
= ) 0 S <z,
[ Az |2 73

then ||y|l2/||Az||2 = (1 + tan? )2 because of y = Az +r, r L Ax. Therefore

tan ¢

|Az2 - lub(AA) 5 lub(AA)
<cond(R)———= d tan p————= d 1 + tan?
il <cond(R) [ub(A) + cond(R)* tan ¢ Tub(A) + cond(R)+/1 + tan

1Ayll2
(2 .
[yl

Remark 5.1.1. According to (5.12), it follows that the condition of the least-squares problem
depends on cond(R) and the angle ¢ : If ¢ is small, say if cond(R)tany < 1, then the
condition is measured by cond(R). With increasing ¢ T w/2 the condition gets worse: it is
then measured by cond(R)? tan .

(5.12)

Conclusion. The relation (5.12) shows that the use of the normal equations is not
numerically stable if the first term dominates in this relation. Another situation holds if the
second term dominates. If tan ¢ = ||r||2/[|Az||2 > 1, for example, then the use of the normal
equations will be numerically stable and will yield results which are comparable to those
obtained through the use of orthogonal transformations.

5.1.4 The Moore-Penrose inverse of a matrix

For any arbitrary (complex) m X n matrix A there is an n X m matrix A", the so-called
Moore-Penrose inverse, which generalizes in a particular way the classical inverse matrix.
It is associated with A in a natural fashion and agrees with the inverse A=! of A in the case
m =n and A is nonsingular.

Consider the range space R(A) and the null space N(A) of A,

R(A) = {Az e C"|z € C"},
N(A) = {zeC"Azx =0},

together with their orthogonal complement spaces R(A)L cCm, N(A)L C C". Further,

let P be the n X n matrix which projects C™ onto N(A)L, and P be the m x m matrix which
projects C™ onto R(A) :

Pr=0 & zeN(A), P=P" =P
Py=y & yeR(A), P=P =P

For each y € R(A) there is a uniquely determined z; € N(A)L satisfying Az, = y, lie.,
there is a well-defined mapping f : R(A) — C" with

Af(y) =y, fly) € N(A)", forall y € R(A).
For given y € R(A), there is an = which satisfies y = Ax, hence
y = A(Pz+ (I — P)x) = APx = Az, where z; := Pz € N(A)",
since (I — P)z € N(A). Further, if 21,2, € N(A)" with Az, = Az, = y, it follows that
1z, — 29 € N(A)NN(A)" = {0},
which implies that 1 = z5. f is obviously linear. The composite mapping
folP: yE(Cm—>f(]5y) eC”
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is well defined and linear, since Py € R(A), hence it is represented by an n X m matrix,
which is precisely AT, the Moore-Penrose inverse of A :

Aty =f(Py) forally e C™.
Moreover, one has the following Theorem

Theorem 5.1.2. [149,100,112] Let A be an m x n matriz. The Moore-Penrose inverse AT
1s an n X m matriz satisfying

(1) ATA = P is the orthogonal projector P : C" — N(A)" and AA* = P is the orthogonal
projector P : C™ — R(A).

(2) The following formulas holds:
(a) ATA=(ATA)",
(b) AA* = (AA*)"
(c) AATA= A,
(d) ATAAT = AY,
Proof. According to the definition of AT,
AtAz = [ (PAz) = f(Az) = Px for all «,

so that ATA = P. Since P* = P, the point 2a) of Theorem 5.1.2 is satisfied. Further, from
the definition of f, - -

AATy = A(f (Py)) = Py forall y € C™,
hence AA* = P. Since P* = P, the point 2b) of Theorem 5.1.2 follows too. Finally, for all

reCr _ _
(AA*)Az = PAx = Az, according to definition of P |

and for all y € C™,
ATAATy = AT Py = f (P%) = [ (Py) = ATy,
hence, the points 2¢), 2d) of Theorem 5.1.2 hold. O

Remark 5.1.2. The properties (2: a — d) of Theorem 5.1.2 uniquely characterize A™.

Furthermore, the following crucial result characterizes the Moore-Penrose inverse of a
matrix.

Theorem 5.1.3. [13] Let A be a matriz of dimension m X n. If Z is a matriz satisfying

then the matriz Z is the Moore-Penrose inverse of the matriz A, i.e., Z = A*.
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Proof. From (a)—(d) of Theorem 5.1.2 and (a')—(d) we have the following chain of equalities:

7 =7A7Z = Z(AATA)AT(AATA)Z from d ), c)
= (A ZFA*AT)AT(ATFA*Z*AY) from a),a’),b),b)

= (AFATH)AT(ATFAY) from ¢')
= (ATA)AT(AAT) from a),b)
= ATAAT = A" from d))

It follows from Theorem 5.1.3 the following Corollary
Corollary 5.1.1. [13] For all matrices A,

AT = A, (AT) = (A%

Proof. This holds because Z := A [respectively Z := (A')*] has the properties of (A™)*

[respectively (A*)*] in Theorem 5.1.3.
[l

Exploiting these facts, an elegant representation of the solution to the least-squares prob-
o winll Az —
can be given with the aid of the Moore-Penrose inverse A™:
Theorem 5.1.4. [96] The vector T := ATy satisfies:
(@) Az —ylla = [|AT — yll2 for all z € C".
(b) Az —yll2 = Az = yll2, and x # T imply [|z]|2 > [|Z]2.

In other words, T = ATy is the minimum point of the least squares problem which has the
smallest Euclidean norm, in the event that the problem does not have a unique minimum
point.

Proof. From Theorem 5.1.2, AA™ is the orthogonal projector onto R(A), hence, for all
x € C" it follows that
Ar—y=u—v
u:= Az — ATy) e R(A), v:= (I — AA )y =y — AZ c R(A)".
Consequently, for all z € C"
[Az =yl = lull3 + ]3> [[0]5 = 1Az — y]3,
and ||Az — y||2 = |[|[AZ — y||2 holds precisely if
Ax = AATy.
Now, AA™ is the projector on N(A)*. Therefore, for all z such that Az = AATy,
T=u +v, u = ATAr=ATAATy=ATy=17xc N(A)L,
vp=r—u =x—7 € N(A),

from which it follows that ||z||3 > ||z||3 for all z € C" satisfying z — z # 0 and
Az = yll2 = [|AZ = yl|2. 0
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Remark 5.1.3. (important)[49]. If the m x n matriz A with m > n has mazimal rank, i.e.,
rank(A) = n, then there is an explicit formula for AT : it is easily verified that the matriz
Z = (A*A)"LA* has all properties given in Theorem 5.1.3 characterizing the Moore-Penrose
inverse A% so that

At = (A*A) A
By means of the QR decomposition of A, i.e., A = QR where Q) is a unitary matriz and R
is a upper triangular matriz, this formula for A" is equivalent to

A+ _ (R*Q*QR)—lR*Q* — R_lQ*.
This allows a numerically more stable computation of the Moore-Penrose inverse, AT =
R7'Q*.
If m < n and rank(A) = m, then because of (AT)* = (A*)*, the Moore-Penrose inverse
AT is given by
AT = Q(R")™,
if the matriz A* has the QR decomposition, A* = QR.

For General m x n matrices A of arbitrary rank the Moore-Penrose inverse AT can be
computed by means of the singular value decomposition of A.

5.2 On the convergence of the minimization methods

The purpose of this section is to recall some fundamental results on the minimization prob-
lems, which are important in the study of the conjugate gradient methods.

Let h : R" — R be a function which has a continuous derivative Dh(z) for all z € V()
in a neighborhood V' (z) of . We consider the set

(5.13) D(v,z) :=={s € R"| ||s]|a = 1 with Dh(x)s > ~||Dh(z)|]2}
of all directions s forming a not-too-large acute angle with the gradient Vh(z),

Oh(x) Oh(x)
ozt 7T O

Vh(z)" = Dh(z) = ( ) , where (z*,...,2™)7" € R".

The following lemma shows, given x, under which conditions a scalar A and an s € R" exist
such that h(x — pus) < h(z) for 0 < p < A:

Lemma 5.2.1. (23,64, 148|. Let h : R™ — R be a function which has a continuous derivative
Dh(z) for all x € V(Z) in a neighborhood V (z) of T. Suppose further that Dh(z) # 0, and
let 1 >~ > 0. Then there is a neighborhood U(z) C V(Z) of T and a number A\ > 0 such that
1Y\ o
Iz — ps) < M) = 7| Dh(Z)ll2

forallz € U(Z), s € D(v,z), and 0 < pu < \.
Proof. The set

Ul(z) = {z € V(2)| |IDh(z) — Dh(¥)|> < %HDh(i’)Hz}

is nonempty and a neighborhood of z, since ||Dh(Z)||s # 0 and ||Dh(z)||2 is continuous on
V(z). Now, for z € U(Z),

_ 1 _ 3 _
IDR(@)ll2 = [[DR()]]2 = 77 [IDR(E)]l2 = [ DR(Z)ll2,
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so that for s € D(~, )
3 _
Dh(z)s 2 7| Dh(z)]lz = 77 Dh(Z)]2-

Choose A > 0 with )
Boy == A{z| ||xr — Z||s < 2A\} C U (2)

and define - -
U(z) := By = {z] [z — zl2 < A}

Then for all z € U(z), 0 < pp < A\, and s € D(v,x) thereis a 0 < 6 < 1 with

h(x) — h(x — ps) = pDh(x —0us)s
= wu([Dh(z — 0us) — Dh(z)]s + Dh(z)s).

Now, x € U(z) = By implies z, x — us,x — Ous € Boy C U, and therefore
_ _ 1 _
[(Dh(z — Ous) — Dh(z)) + (Dh(z) — Dh(z))]s < 57[| Dh(Z)]2-
Using Dh(z)s > 3v||Dh(Z)||2, we obtain

% _ 3y _
h(z) — h(z — ps) = —7||Dh(w)llz T [Dh(z)]2
1y _
= Z||Dh($)||2-
]

Let us consider the following method for minimizing a differentiable function A : R" — R.
(5.14) Method
(a) Choose numbers v, <1, 0, >0, k =0,1, ..., with
irgka > 0, iréfcrk > 0,

and choose a starting point xy € R™.

(b) For all £ =0,1,..., choose an s € D(7yg,x)) and set
Tyt 1= T — ASk
where A\ € [0, ox||Dh(xg)]|2] is such that

M(2o41) = min{h(zy, — psi)| 0 < 4 < op]| Dh(zi)l|2}-

The convergence properties of this method are given by the following theorem:

Theorem 5.2.1. [21,23,64]. Let h : R" — R be a function, and let xo € R™ be chosen so
that

(a) K :={z|h(z) < h(xo)} is compact, and

(b) h is continuously differentiable in some open sets containing K.
Then for any sequence {xy}y defined by a method of the type (5.14):
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(1) zx € K for all k =0,1,..., {zx}x has at least one accumulation point T in K.

(2) Each accumulation point T of {xy}r is a stationary point of h :
Dh(z) = 0.

Proof. (1) : From the definition of the sequence {zy} it follows immediately that the se-
quence {h(zy)}r is monotone: h(xo) > h(xy) > .... Hence 73, € K for all k. K is compact,
therefore {4}, has at least one accumulate point T € K.

(2) : Assume that T is an accumulation point of {zy}x, but is not a stationary point of h:

(5.15) Dh(z) # 0.
Without loss of generality, let klim xr = Z. Let
—00

= ir]if’yk >0, 0:= ir];fak > 0.
According to Lemma 5.2.1 there is a neighborhood U(Z) of  and a number A > 0 satisfying
i _
(5.16) h(z — ps) < h(z) — p | Dh(2)]2

for all z € U(Z), s € D(v,z), and 0 < pu < \.
Since hm 0Ty = 7T, the continuity of Dh(x) together with (5.15) imply the existence of a kg

such that for all k > ko
(a) T € U(j)a
(b) IDA(zp)ll2 > 51 Dh(Z)]|2-

Let A := min{)\, 10| Dh(Z)|2}, € :== AZ||Dh(Z)|2 > 0. Since o}, > o, it follows that [0, A] C
[0, 0% || Dh(xk)||2] for all k& > kq. Therefore, from the definition of xj1,

h(zri1) < Irgﬂ{h(ﬂfk — psg)|0 < p < AL
Since A < A\, x, € U(Z), sx € D(Vk, xx) C D(7, k), (5.16) implies that
M) < hak) - —||Dh( M2 = h(zx) —

for all £ > kq. This means that klim h(zg) = —oo, which contradicts h(zg) > h(xgyr) > ... >
— 00
h(z). Hence, ¥ is a stationary point of A. O

Remark 5.2.1. Step (b) of Method (5.14) is known as the line research. Even though the
method given by (5.14) is quite general, its practical application is limited by the fact that
the line research must be exact, i.e, it requires that the exact minimum point of the function

e(p) == h(xy — psi)

be found on the interval [0, op||Dh(xy)||2] in order to determine xpy1. Generally, a great deal
of effort is required to obtain even an approrimate minimum point.
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The following variant of (5.14) has the virtue that in step (b) the exact minimization is
replaced by an inexact line research, in particular by a finite search process ("Armijo line
search"): Armijo line search DF

(5.17) Armijo Method

(a) Choose numbers v, <1, oy, k= 0,1, ..., so that

irgfyk > 0, iréfak > 0.

Choose a starting point xy € R".
(b) For each k =0,1, ..., obtain x4, from z; as follows:

(a) select
si. € D(vk, ),

define
pr. = ok| Dh(xp)ll2 (i) = b — psi),

and determine the smallest integer 7 > 0 such that

hi(pi27) < hi(0) = 277 2| Dh(a)
(8) Determine i € {0,1,...,j}, such that hy(p2~7) is minimum and let A := pp2~7,
Thy1 i= Tk — ApSk.
NB: h(xpyr) < lrgiléljhk(pﬁ_ ).
Theorem 5.2.2. Under the hypotheses of Theorem 5.2.1, each sequence {xy}r produced by
a method of the type (5.17) satisfies the conclusion of Theorem 5.2.1.

Proof. We assume as before that Z is an accumulation point of a sequence {zy}) defined in
(5.17), but not a stationary point, i.e.,

Dh(z) # 0.

Again, without loss of generality, let hm xr = 2. Also let o := ir’;fak >0, v:= ir]if’y;C > 0.

k—o0

According to Lemma 5.2.1 there is a neighborhood U(z) and a number A > 0 such that
7 _
(5.18) (e — ss) < h(z) — pJ | Dh(D)],

for all x € U(Z), s € D(v,x), 0 < p < A. Again, the fact that hm 0Ty = T, that Dh(z) is
continuous, and that Dh(Z) # 0 imply the existence of a kg such that

(5.19) zy € U(T),

(520) | DACg)l > 5| DRG]l

for all k& > k.
We need to show that there exists € > 0 for which

h(zgi1) < h(xg) — € for all k > ko,
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Note first that (5.19) — (5.20) and v, > v imply
el Dh(zi)l]e > %HDh(f)Hg for all k > ko.
Consequently, according to the definition of z4; and for j > 0
(5:21)  hlai) < hi(pe2™) < her) = p27 LIDRG) 2 < hew) = p27 ZIDA(E)]lo
Now, let j > 0 be the smallest integer satisfying
(5.22) hi(pr277) < hlae) = pi2 77 L[ D) |2
According to (5.21), j < 4, and the definition of z1, we have

(5.23) hzrs1) < hi(pe279).

There are two cases:
Case 1:j = 0. Note that p, = ox||Dh(zy)||2 > 20|/ Dh(Z)]2. Then (5.22) and (5.23) imply

haer) < haw) = pig IDA@) 2 < hlaw) = TEIDR@IE = haw) - .

with €; > 0 independent of wy. -
Case 2 :j > 0. From the minimality of j, we have

hi(pi2T70) > haw) = p27 0D TIDR@)l2 2 haw) = pi27 070 L[ Dha) o

Because zy € U(z) and s, € D(yg, xx) C D(7, ), it follows immediately from (5.16) that
pk27(j71) > .
Combining this with (5.22) and (5.23) yields

: A
h(pt1) < hi(pr277) < h(zy) — TgHDh(f)Hz = h(zg) — €
with €5 > 0 independent of z;. Hence, for € = min{e, €5}
h(wgps1) < hzg) — €

for all £ > ko, contradicting the fact that h(xy) > h(Z) for all k. Therefore Z is a stationary
point of A. [

5.3 Techniques of construction of the Krylov spaces: The
method of Lanczos
In this section, we present the techniques of construction of Krylov spaces and recall the

procedure of reduction of a Hermitian matrix to the Tridiagonal form, all based on the
Lanczos method.
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5.3.1 Techniques of construction of Krylov spaces

Krylov sequences of vectors g, Aq, A%q, ... belonging to an n x n matrix and a starting vector
q € C" are used for the derivation of the Frobenius normal form of a general matrix. They
also play an important role in the Lanczos method (1950) (see [95]) for reducing a Hermitian
matrix to tridiagonal form. Closely related to such a sequence of vectors is a sequence of
subspaces of C"

Ki(q, A) := spanlq, Aq, A%q, ..., A" 'q], i > 1, Koylq, A):= {0},

called Krylov spaces: K;(g, A) is the subspace spanned by the first i vectors of the sequence
{Alq};>0. If we denote by m the largest index i for which ¢, Aq, A%q, ..., A" q are still lin-
early independent, that is, dim K;(q, A) = i. Then m < n, A"q € K,,(q,A), the vectors
q, Aq, A%q, ..., A" q form a basis of K,,(q, A), and therefore AK,,(q, A) C K,.(q, A) : the
Krylov space K,,(q, A) is A-invariant and the map z — ®(x) := Ax describes a linear map
of K,,(q,A) into itself.

Theorem 5.3.1. (95,108, 115] There exists polynomials p; € I1; where
I0; == {p| p(z) = 2/ + ay2? ' + ... + a;}, j = 0,1,2, ..., such that

(5.24) (pispk) =0 fori # k.

These polynomials are uniquely defined by the recursions

(5.25) po(z) = 1,

(5.26) pir1(z) = (r — dip1)pi(x) — ’71'2+1pi71(95) for i >0,

where p_1(z) := 0 and

(5.27) Oiv1 = (xpi, pi)/(pi, pi) fori >0,
2 _ [ 1 fori=0
(5.28) Vi1 = { (pi, pi)/(Piz1, pi=1)  fori > 1.

Proof. The polynomials can be constructed recursively by a technique known as Gram-
Schmidt orthogonalization. Clearly po(x) = 1. Suppose then, as an induction hypothesis,
that all orthogonal polynomials p; with the above properties have been constructed for j <
and have been shown to be unique. We want to show that there exists a unique polynomial

Di+1 € ﬁi+1 with
(5.29) (pi+1,pj) =0 for j <1,

and that this polynomial satisfies (5.26). Any polynomial p;;1 € II;;; can be written uniquely
in the form

Pir1(7) = (2 — 0i1)pi(w) + cim1pim1(2) + ciapi—a(x) + ... + copo(),
because its leading coefficient and those of the polynomials p;, j < 4, have value 1. Since
(pj,pr) =0 for all j,k <i with j # k, (5.29) holds if and only if

(5.30) (piv1,pi) = (xpi, pi) — dira(pis pi) =0,

(5.31) (Pit1,Pj—1) = (xpj—1,pi) + ¢j—1(pj—1,pj—1) = 0, for j <.
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The condition (5.32) below

For polynomials s(z) which are nonnegative on [a, b],

(5.32) b
[ w(x)s(z)dx = 0 implies s(z) =0

a

(where w(z) is a given nonnegative weight function on the interval [a,b]) with p? and
p?_l, respectively, in the role of the nonnegative polynomial s, rules out (p;,p;) = 0 and
(pj—1,pj—1) = 0 for 1 < j < 4. Therefore, the equations (5.30) — (5.31) can be solved
uniquely. (5.30) gives (5.27). By the induction hypothesis,

pi(x) = (x = 0;)pj—1(x) — V7pj—2(x)

for 7 <. From this, by solving for xp;_1(z), we have (xp;_1,p;) = (p;, pi) for j <14, so that

S (13 ) { —y2,, forj =1i;
(Pj-1,Pj-1) for j < i.
in view of (5.30) — (5.31). Thus (5.26) has been established for i + 1. ]

The idea of the Lanczos method is closely related: Here, the map ® is described with
respect to a special orthonormal basis g1, ¢z, ..., ¢m of K;,,(q, A), where the g; are chosen such
that for all 7« = 1,2, ..., m, the vectors qi, qa, ..., ¢; form an orthonormal basis of K;(q, A).
If A = A* is a Hermitian n X n matrix, then such a basis is easily constructed for a given
starting vector g. We assume ¢ # 0 in order to exclude the trivial case and suppose in
addition that ||¢||o = 1. It follows from this the following result.

Proposition 5.3.1. [95,108,115]. There is a three-term recursion formula for the vectors
qi [similar recursions are known for orthogonal polynomials, cf. Theorem 5.3.1].

q1:=4q, Nqo:=0,

(5.33)
Agi = Yiqi-1 + 0i¢i + Vit1ita for i > 1,
where
;i == q; Agi,
(5.34) Yiv1 = ||rilla with ri == Ag; — 0iq; — Yigi—1,

Giv1 = Ti/Yi41, if Vi1 # 0.

Here, all coefficients ~;,0; are real. The recursion breaks off with the first index © = iy
with ;.1 = 0, and then the following holds

ip = m = max dim K;(q, A).
Proof. We show (5.33) — (5.34) by mathematical induction over i. Clearly, since ||¢|l2 = 1,

the vector ¢; := ¢ provides an orthonormal basis for K;(gq, A). Assume now that for some
j > 1, the vectors ¢i, ¢z, ..., ¢; are given, so that (5.33) — (5.34) and

8pan[q17 q2, -y Q1] = KZ(Q7 A)

hold for all 7 < j, and that 7; # 0 in (5.34) for all i < j. We show first that these statements
are also true for j + 1, if r; # 0. In fact, if 7; # 0 then ;41 # 0, d; and ¢; 41 are well defined
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by (5.34), and ||gi41]|2 = 1. The vector g;j+1 is orthogonal to all ¢; with ¢ < j: This holds for
i = 7, since yj41 # 0, because

Agi = YiGi—1 + 0iq; + Yit1Gi+1
from the definition of ¢;, and using the induction hypothesis

Yi+14;45+1 = ¢ Ag; — 6;45q; = 0.
For i = 7 — 1, the same reasoning and A = A* first give
Vi1 Q-18+1 = @1 A — V501951 = (Agi—1)"¢; — V-

The orthogonality of the ¢; for ¢« < j and Agj—1 = vj_1¢i—2 + 9;-1¢;—1 + 7j¢; then imply
(Agj-1)*q; = 7; = 7j, and therefore ¢5_;¢;j41 = 0. For i < j — 1 we get the same result with
the aid of Ag; = viqi—1 + 0ss + Vis1Gis1

Vi1 G+ = 4; Ag; = (Agi)"q; = 0.
Finally, since span|qi, ¢o, .., ¢;] = K;(¢q, A) C K;(q, A) for i < j, we also have
Ag; € Kj1(q, A),
which implies by (5.34)
qj+1 € spanlgj—1,q;, Ag;] C Kj1(q, A),

and therefore span[qi, g2, ..., ¢j4+1] C Kj41(q, A). Since the orthonormal vectors ¢i, ga, ..., ¢j+1
are linearly independent and dim K 1(q, A) < j + 1, we obtain

Kjy1(q, A) = span[qi, qa; -, @j11]-
This also shows j + 1 < m = maxdim K;(¢q, A), and ig < m for the break-off index iy of
(5.33) — (5.34). On the other hand, by the definition of 7
Agi, € span|qi,—1, Gi,) C span|qi, g2, ..., Gi,] = Kiy(q, A),
so that, because
Ag; € spanlqi, g, - ¢is1] = Kiz1(q, A) C Ky (g, A) for i < i,

we get the A-invariance of K; (¢, A), AK;,(q,A) C K, (¢, A). Therefore iy > m, since
K,(q, A) is the first A-invariant subspace among the K;(g, A). This finally shows iy = m,
and the proof is complete. O
5.3.2 Reduction of a Hermitian matrix to Tridiagonal form

The recursion (5.33) — (5.34) can be written in terms of the matrices

o1 72 0
Qi = lq, g2, r ), Jii= |2 _52 ;1 <i<m,
0 . %' gj

as a matrix equation
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(5-35) AQ; = QiJ; + [07 ooy 07%‘+1Qi+1] = QiJ; + %‘+1C]z‘+1€7;T= 1=1,2,...,m,

where ¢; = [0, ...,0,1]7 € R? is the i-th axis vector of R:. This equation is easily verified
by comparing the j-th columns, 7 = 1,2, ...,7, on both sides. Note that the n X ¢ matrices Q;
have orthonormal columns, Q7Q); = I; and the J; are real symmetric tridiagonal matrices.
Since ¢ = m is the first index with v,,,1 = 0, the matrix J,, is irreducible, and the matrix
equation (5.35) reduces to
AQm = Qmjm

where Q7 Q.. = I,,. Any eigenvalue of .J,, is also an eigenvalue of A, since J,,,z = Az, 2 # 0
implies x := Q,,z # 0 and

Ar = AQpz = Qumdmz = AQmz = Ax.

If m = n, i.e., if the method does not terminate prematurely with an m < n, then @, is a
unitary matrix, and the tridiagonal matrix J,, = Qr AQ),, is similar to A.

Given any vector ¢ =: ¢; with ||¢||2 = 1, the method of Lanczos consists of computing the
numbers v;, 0;, 7 = 1,2, ...m, 7, = 0, and the tridiagonal matrix .J,,, by means of (5.33)—(5.34).
Subsequently, one may compute the eigenvalues and eigenvectors of .J,, (and thereby those
of A). Concerning the implementation of the method, the following remarks are in order:

Remark 5.3.1. The number of operations can be reduced by introducing an auxiliary vector
defined by

u; = Ag; — Yii-1-

Then r; = u; — 9;q;, and the number
0 = q; Aqi = qju;
can also be computed from u;, since qq;—1 = 0.

Remark 5.3.2. It is not necessary to store the vectors q; if one is not interested in the
eigenvectors of A: In order to carry out (5.33) — (5.34) only two auziliary vectors u,v € C"
are needed, where initially v := q 1is the given starting vector with ||q||2 = 1. Within the
following program, which implements the Lanczos algorithm for a given Hermitian n X n
matric A = A*, v, and wg, k =1,2,...,n, denote the components of v and w, respectively:

progam
w:=0; 7 :=11:=1;
1: ¢f v, # 0 then
begin if i # 1 then
fork:=1 step 1 untiln do
begin t 1= vy; vy := wi/vi; wy = —;it end ;

w = Av 4+ w; §; == v'w; w = w — 6;v;

m:=t; 1 =1+ 1; y; 1= Vw*;
goto 1;
end;
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Each step v — 1 + 1 requires about d5n scalar multiplications and one multiplication of
the matriz A with a vector. Therefore, the method is inexpensive if A is sparse, so that it is
particularly valuable for solving the eigenvalue problem for large sparse matrices A = A*.

Remark 5.3.3. In theory, the method is finite: it stops with the first index @ = m < n
with v;41 = 0. However, because of the influence of roundoff, one will rarely find a computed
Yir1 = 0 in practice. Yet, it is usually not necessary to perform many steps of the method
until one finds a zero or a very small ;11 : The reason is that, under weak assumptions,
the largest and smallest eigenvalues of J; converge very rapidly with increasing i toward the
largest and smallest eigenvalues of A [Kaniel-Paige theory: see Kaniel (1966, [87]), Paige
(1975, [107]) and Saad (1980, [115,116])/. Therefore, if one is only interested in the extreme
eigenvalues of A (which is quite frequently the case in applications), only relatively few steps
of Lanczos method are necessary to find a J;, i << n, with extreme eigenvalues that already
approrimate the extreme eigenvalues of A to machine precision.

Remark 5.3.4. The method of Lanczos will generate orthogonal vectors q; only in theory:
In practice, due to roundoff, the vectors ¢; actually computed become less and less orthogonal
as 1 increases. This defect could be corrected by reorthogonalizing a newly computed vector
Gi+1 with respect to all previous vectors q;, j < i, that is, by replacing gi+1 by

i
Giv1 = Gi1 — D (G}, Gi+1) G-
j=1

Howewver, reorthogonalization is quite expensive: The vectors q; have to be stored, and step 1
of the Lanczos method now requires O(i - n) operations instead of O(n) operations as before.
But it s possible to avoid a full reorthogonalization to some extent and still obtain very
good approzimations for the eigenvalues of A in spite of the difficulties mentioned. Details
can be found in the following literature, which also contains a systematic investigation of the
interesting numerical properties of the Lanczos method: Paige (1971, [107]), Parlett and Scott
(1979, [108]) and Cullum and Willoughby (1985, [47]), where one can also find programs.

Conclusion

We have presented in this chapter some fundamental results in view of studying the Krylov
Space Methods. Section 5.2 is particularly exploited in the part on the conjugate gradient
(CG) method while the other sections find their use in the parts: generalized minimal residual
(GMRES) method, quasi-minimal residual (QMR) method, Bi-conjugate gradient (BCG)
method and Bi-conjugate gradient STAB (Bi-GCSTAB) algorithm. Finally, subsection 5.1.1
also finds its utility in chapters 6 and 9.
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CHAPTER SIX

KRYLOV SPACE METHODS AND (GENERAL
IDEA ON MULTIGRID METHODS

6.1 Introduction

We present in this chapter powerful Iterative methods for solving of large systems of linear
equations Az = b in which A is an n x n (real) nonsingular matrix. In general, one obtains
such systems by using difference methods or finite element methods for solving boundary
value problems in partial differential equations. The Krylov space methods start with an

initial vector 2(°) and subsequently produce a sequence of vectors

2O = 2® 5 2@

which converge toward the desired solution # = A~'b. The general characteristic of these
methods is that the methods, in exact arithmetic, terminate with the exact solution x,, after
at most n steps, m < n. The Krylov space methods generate iterates x; that approximate
the solution of linear equations Az = b best among all vectors x; such that x; —z( belong to
Ky (ro, A), where Ky (ro, A) is the Krylov space belonging to the matrix A and the starting
vector 1o := b— Az given by the residual of (. Because of roundoff errors, these methods do
not terminate with the desired solution after finitely many steps. As in true iterative methods,
an infinite number of steps needs to be carried out to speed of convergence of the iterates x.
The amount of work per step 2(*) — 2+ roughly equals to that of multiplying the matrix
A by a vector. For this reason, these methods are advantageous for sparse unstructured
matrices A as they occur, e.g: in network calculations, but are not recommended for dense
matrices or band matrices. Throughout this chapter, we restrict our study on the following
methods.

i. The conjugate gradient (CG) method proposed by Hestenes and Stiefel (1952, [80]) for
systems with a symmetric positive definite matrix.

ii. The generalized minimal residual (GMRES) method of Saad and Schultz (1986, [116])
(more expensive) but is defined for general linear systems with a nonsymmetric non-
singular matrix.

iii. The quasi-minimal residual method (QMR method) of Freud and Nachtigal (1991, [65]),
for solving arbitrary sparse linear systems of equations. This methods is based on
the more efficient (but numerically more sensitive) biorthogonalization algorithm of
Lanczos (1950, [95]), provides non-orthogonal bases vy, va, ..., vy for the Krylov spaces
Ky (rg, A) of dimension k. Using these bases, one can compute iterates x; € xo +
Ky (rg, A) with an approximately minimal residual.

iv. The biconjugate gradient (Bi-CG) algorithm due to Lanczos (1950, [95]) and thoroughly
studied by Fletcher (1976, [63]) is also a method for solving linear systems of equations
with an arbitrary matrix A. It is an inexpensive, natural generalization of the cg-
algorithm, and also generates iterates xj € xo + Ky (19, A).
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With regard to the applicability of Krylov space methods, the same remarks apply as for
the true iterative methods [see Varga (2000), Young and Axelsson (1994), and Saad (1996,
114])]

However, there exists other methods for solving certains special systems of linear equations

arising, for instance, with solution of so-called model problem ( the poisson problem on a
rectangle) which give the solution after finitely many steps and are superior to most iterative
methods. Such methods are the algorithm of Buneman (1968), and the Fourier methods
that use the FFT-algorithm of trigonometric interpolation. For a detailed treatment, see cf.
J.Stoer and R.Bulirsch [149].
Nowadays, the very large systems of equations are related with the solution of boundary-
value problems of partial differential equations by finite element techniques and are mainly
solved by Multigrid methods. We describe in section 6.6 only concepts of these important
iterative methods, using the context of a boundary value problem for ordinary differential
equations. For thorough treatments of multigrid methods, which are closely connected to the
numerics of partial differential equations, one can read the special literature of this subject,
e.g, Hackbusch (1985, [78]), Braess (1997, [18]), Bramble (1993, [19]), Quarteroni and Valli
(1997).

6.2 Conjugate gradient method (cg-method)

In this section, we only work with the matrices A, which are symmetric positive definite.
These matrices define a vector norm ||z||4 = (27 Az)"/?, and the cg-method generates a
vector sequence xy € xo + Kj(r9, A) with the minimality property

||£Bk—{f||,4: min ||:L‘—[i'||A
I€$0+Kk(7‘0,14)

An important role in this method, is played by A-conjugate vectors p, € R" k=0,1,2, ...
plAp, =0 for i #k,
that span the Krylov spaces K (rg, A), i.e.,
span[po, p1, - Pe—1] = Ki(ro, A), k=1,2,...
Now, let us consider a system of linear equations
(6.1) Az =b

where b € R™ and A is a real symmetric positive definite n x n matrix. Furthermore, defining
the quadratic functional A : R” — R by:

1
h(z) = §(b — Az)TA™H (b — Ax)
and developing the quantity 1 (b — Az)" A~ (b — Az), one obtains h(z) = 3|z — ||, where
T = A7'b. So, h is minimized by Z over R", i.e.,

0 = h(Z) = minh(z).

rER?
This part suggests using the methods 5.14, 5.17 (studied in section 5.2), in which the sequence
o — T1 — Ty — ... = T — ... is found by one-dimensional minimization of A in the
direction of the gradient, i.e., find x;,, such that

h(zgs1) = minh(xy + ury)
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with T ‘= —Vh(:ck) = —Axk —+ b.

At the step xx — x11, a (k + 1)-dimensional minimization is carried out:

k
Tpe1: h(zppr) = min A zp+ D our;
(62) UQ,UL -+, Uk j=0
rji=b— Ax; for j <
From (6.2), it follows that the vector zj4; can be computed easily. The r; obtained are
orthogonal, as long as r, # 0. Since R™ is of dimension n, one deduces in exact arithmetic

that there exists a first nonnegative integer m < n such that r,,, = 0. So, the corresponding
T, is the desired solution of (6.2), (see section 5.2).

(6.3) Conjugate-gradient algorithm
Initialization: Choose xy € R™, and put
po =10 :=b— Axg
For £ =0,1,2, ...
i) If pr =0, set m := k and stop: xy is the solution of Az = b. Otherwise,

ii) compute:

rLr
k'K ‘_
ak T A, ThHLS T + aipk,
Py, APk
T
o A b — P17 k+1
Tk+1 =Tk — APk, O 1= T
klk

Di+1 1= Tht1 + bipg.

Remark 6.2.1. In this method, only four vectors: xy, 1y, pr, and Apy need to be stored. At
each iteration step, only one matriz multiplication: Apy is required, the remaining works
amounts to the calculation of siz inner products in R™. So, the total computation effort, for
sparse matrices is modest.

Theorem 6.2.1. Let A be a symmetric positive definite real n X n matriz and let b € R™.
Then for each initial vector xo € R", there is a smallest nonnegative integer m, m < n,
such that p,, = 0. The vectors T, pk, Tk, k < m generated by the cg-method (6.3) have the
following properties:

(a) Az, = b (The method produces the exact solution of the equation: Az = b after at most
n steps).

(b) rfp; =0 for0<i<j<m.

(c) rIp; =rlr; fori=0,1,2,...,m.

(d) pfAp; =0 for0<i<j<m, andpprj>0f0rj:0717,_.’m_1_
(e) rlr; =0 for 0<i<j<m,andr]r; >0 forj=0,1,..,m—1.

(f) i =b— Ax; fori=0,1,2,...,m.
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Proof. By mathematical induction on k, we show that the following statement (A) holds
for all K =0,1,...m, where m is the first index with p,, = 0.
(M) rip;=0for0<i<j<k
(N3) r%rl>0f0r0<z<k,rzpz—r ri for 0 <i <k
(Ar)  (Ns) ZTApJ—Ofo1r0<7,<j<k’pﬁApl>0for0§z</<:
(Ny) rirj=0for0<i<j<k
(N5) leb—A.Tl forz':O,l,Q,...,k

(Ap) is trivially true. We assume inductively that, (A) holds for some 0 < k < m and we

show (Aj.1)(Ny). Since pr # 0 and A is symmetric positive definite, one has pf Apy, > 0,
from (6.3) it follows that:

T,
r
(6-4) T£+1pk = (Tk - akApk>Tpk = TkTpk - akpfAPk = rfpk kA Apk

= Tgpk — r,{rk =0
according to (Ag)(Na).
For j < k, ri,,p; = rip; — axpp Ap; = 0 because of (Ag)(N1)(N3). So, (Ags1)(N1) is
proved.
(N3): We have riry > 0, since otherwise r;, = 0, and thus, in view of (6.3)

r itk =
(6'5) Pr = { bl(c)flpkfl if k& 7&

Since k < m, we must have k > 0, otherwise pg = 7o = 0 and m = 0. For k£ > 0, in view of
pr # 0 it follows from (6.5) and (A)(N3) the contradiction: 0 < pl Apy = by_1p} Apr_1 = 0.
Then r]'r; > 0, so that by and py,; are defined through (6.3). From (6.3) and (6.4), one
deduces that: . . .

Tiea1Ph1 = Tt (Tt + OkDi) = Ty 1 Thr1-

whence (Ag41)(Na).
(N3) : From what was just proved, 7, # 0, so that aj_l is well defined for j < k. From
(6.3), we have for j < k

aj 'rga (ry — ripa) + bepy Ap;

= a5 ' (pj = bj—1pj1 = Pja + 0jp;) + by Ap;
—a; i1 + bk Ap;
_ 0 if j < k because of (Ax)(N3) and (Ag)(Ny);
- 0 for j = k by definition of ag, by, and (Ax)(N1)(N2).

pgﬂApj = le+1Apj +bkp£Apj

NB: When 57 = 0, the vector p_; has to be interpreted as the zero vector, i.e, p_; = 0. This
proves (Agi1)(Ns3).
(Ny) : From (6.3) and (Ag+1)(N1), one has for ¢ < k and (p_; = 0)
ri vk = (pi — bicipic1) e = P} et — bimap_q a1 = 0.

(N5) : It follows from (6.3) and (Ag)(V5) that

b— Az = b — Az + arpr) = ri — apApr = i1,
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whence, (Ajy1) is checked in its entirely, and consequently, by induction, (A,,) holds true.

Because of (A,,)(Ny)(Vy), we have r; # 0 for all i# < m, and these vectors form an
orthogonal system in R". Consequently, m < n. From p,, = 0, it finally follows, by virtue of
(A,)(Ny), that 72, = rlp, =0, and thus r,, = 0, so that x,, is a solution of Ax = b. The
proof of Theorem 6.2.1 is complete. O

Remark 6.2.2. It follows from Theorem 6.2.1 that the cg-method is well defined since riry >
0, pL Apy, > 0 for pi, # 0. Furthermore, property (d) states that the vectors py are A-conjugate.

Proof. of relation (6.2).
According to (6.3) and for & < m, the vectors r; and p;, i < k span the same subspace of

" ie,
k k
Sk = {ZUJ'TJ', Uy € R} = {ijpja Pj € R} .

Jj=0 Jj=0

k
For the function ®(pg, p1, ..., pr) = h(zr + > p;p;), we have
7=0

0P .
a_pj(p()?pla 710k) = =T Py,

k
where r = b — Az, x := x5 + > p;p;. Choosing
7=0

_Joap forj=k;
Pa-—{o for j < k.

We thus obtain, by (6.3), © = &g41, 7 = rg+1 and by Theorem 6.2.1 (part (b)), —rf,,p; =0,
so that indeed

k
min  ®(po, p1,...,pr) = min h (mk + ijpj) = h(Zp41)-

£0,015--+,Pk PO5PLs- Pk -
J=0

Using the recursion (6.3) for the vectors 7 and py, it is readily verified that:
pr € spanry, Arg, ..., Afrg),
so that .
Sk = span[po, p1, ..., px] = span|ro, Arq, ..., A"ro] = Kiy1(ro, A)
is the (k + 1)-st Krylov space of A belonging to the vector rq. If one replaces k + 1 by k and

uses (6.2) and h(z) = ||z — Z||4, one obtains

Sk—l = Kk(To,A), T — To € Kk(r(),A) and

(6.6) |z — Z||a = min{||u — Z||4 : u € o + Ki(ro, A)}.

O

Remark 6.2.3. In exact arithmetic, we would have, at the latest r, = 0, and thus in x,, the
desired solution of (6.1). Because of the effects of rounding errors, the value computed for r,
18, as a rule, different from zero. In actual computation, the method is then simply continued
beyond the value k = n until an r (or py) is found which is sufficiently small. An algo
program. for a variant of this algorithm can be found in Wilkinson, Reinsch (1971, [174]),
an extensive account of numerical experiments, in Reid (1971, [111]) and further results in
Azelsson (1976, [4]).
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6.2.1 Estimation of the speed of the cg-method

When introducing the error e; = x; — Z of x; and by 19 = —Aeg, any u € o + Kj(ro, A)
satisfies
u— T € ey + span|Aey, Aeq, ..., AFey),
k .
that is, there exists a polynomial p(t) =1+ > a;t/ with u —Z = p(A)ey. Then
j=1

lexla = min{|[p(A)eoll4 : p € i},

where II;; denotes the set of all real polynomials of degree< k with p(0) = 1. Or, the positive
definite matrix A has n eigenvalues: Ay > Ay > ... > A, > 0 and associated orthonormal

n
eigenvectors z;. Let us write eg in the form eg = > p;z;, then
J=1
n
2 _ T _ 2
leoll? = e5 Aeo = D _Aspi,
Jj=1

I()eoll = S A0 < (amascp(3y ) el
7j=1

and therefore

lex]| 4

(6.7) < min max|p(\;)| < min max [p(A)].

lleolla ~ perm, PETTAEAn ]

Given infinite floating point precision, the number of iterations required to compute an
exact solution is at most the number of distinct eigenvalues. (There is one other possibil-
ity for early termination: zy may already be A-orthogonal to some of the eigenvectors of
A. Tf eigenvectors are missing from the expansion of zg, their eigenvalues may be omitted
from consideration in Relation (6.7). Be forewarned, however, that these eigenvectors may
be reintroduced by floating point roundoff error).

If we know something about the characteristics of the eigenvalues of A, it is sometimes
possible to suggest a polynomial that leads to a proof of a fast convergence. For the remainder
of this analysis, however, we shall assume the most general case: the eigenvalues are evenly
distributed between A, and Apnax, the number of distinct eigenvalues is large, and floating
point roundoff occurs.

6.2.2 Application of (6.7) to Chebyshev polynomials

A useful approach is to minimize equation (6.7) over the range [A,, \{] rather than a finite
number of points. The polynomials that accomplish this are based on Chebyshev polynomials.
The Chebyshev polynomial of degree k is

Ty(x) = cos(k arccos x) := cos(kf) if v = cosf, k=0,1,2,...

Remark 6.2.4. The Chebyshev polynomials have the property that |Tx(z)| < 1 (in fact,
they oscillate between 1 and —1) on the domain x € [—1,1], and |Ty(z)| is mazimum on the
domain x ¢ [—1, 1] among all such polynomial. Loosely speaking, |Ty(x)| increases as quickly
as possible outside the boxes in the illustration.
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We can construct a polynomial of II;, := {p : polynomial of degree at most k| p(0) = 1}
with small max{|p(\)| : A € [A,, A1]} in the following way (in fact, we so obtain the optimal
polynomial): consider the mapping

z(): Ay M) = [-1,1]
=22+ (M + )

A= x(\)= VDY

According to Remark 6.2.4, the Chebyshev polynomial A\ — Tj(x())) is maximum outside
on the domain [A,, \1]. In particular, it is maximum at Ao = 0. So the polynomial

_ Ti(z(V)

) = 7 0)

belongs to II;, and satisfies

-1

(68)  max ()| = Tla(0)]" max [Ta(W)] = T(O)] ™ =

c+1
T
(59)

where ¢ = A1/, is just the condition number of the matrix A with respect to the lubs(:)-
norm. On the other side

Ti(x) = cos(karccosx) = % (e%kamo” teik arcco”)
_ %<(eiarccosx>k i (eiarccosx>—k>
= % ((g; +iV1—a?)F + (2 + %M)—’f)
and for z = z(0) = <}, one has

. 1. 1\*
r+iv1l—a? = et +1 1—<C+ )

c—1 c—1

c+1 ~ [(e=1)2—(c+1)2
= l

c—1 (c—1)2
e+l . 4i2c
-1 (c—1)2
e+l ~9 c
-1 (c—1)2

So, (6.8) becomes

n(E)| 2 ((E) (D)) ()

we finally obtain the estimate
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-1 k
o e(e() ()
leolla — c—1 — T \We+1
In practice, CG usually converges faster than Equation (6.9) would suggest, because of
good eigenvalue distributions or good starting points. However, it is not necessarily true that

every iteration of CG enjoys faster convergence. The factor of 2 in Equation (6.9) allows CG
a little slack for these poor iterations.

Thus, the speed of convergence of the conjugate gradient method is determined by /c =

v/ i—i and increases if the condition number ¢ of A decreases. This behavior is exploited by the

so-called preconditioning techniques in order to accelerate the conjugate gradient method.
One tries to approximate as well as possible the positive definite matrix A by another positive
definite matrix B, the preconditioner, so that B~'A is a good approximation of the unity
matrix. The positive definite matrix

A/ _ Bl/?(BflA)Bfl/Z _ B*l/QABfl/Z’
which is similar to B~'A, has a much smaller condition number than A, ¢ = cond(A") <<

¢ = cond(A) (since for any positive definite matrix B, there exists a positive definite matrix

C := BY? with C? = B). Moreover, the matrix B should be chosen such that linear system
Bq = r is easily solvable, which is the case, e.g., if B has a Choleski factor L. After having

chosen B, the vector Z := BY?Z solves the system
Az =0b; b =B,

which is equivalent to Az = b. We apply the cg-method (6.3) to solve the system A'z =1,
using z, := B'/2x, as starting vector. Because of (6.13) and ¢ << ¢, the sequence {z,} gen-
erated by the cg-method will converge very rapidly toward Z . But instead of computing the

matrix A" and the vectors az:;C explicitly, we generate the sequence xj, := B~/ 21’;@ associated
with directly as follows: using the transformation rules

’

A/ _ 371/214871/2, b = B71/2b
2= BV v = — Adl = BV, = BV,

we obtain from the recursions of (6.3) for the system A'z" = b immediately the recursions
of the following method.

(6.10) Preconditioned conjugate gradient method

Initialization: Choose zy € R"™, compute ry := b — Axg, qo := B~ 'ry and put py := qo.
For £k =0,1,2, ...

(1) If pr = 0, set m := k and stop: zj, is the solution of Az = b. Otherwise,

(2) compute:

ay = T Apy’ Th1 1= T + APk,

. _ p-1
Tht1 = Tk — QAPE, Qi1 7= B 1,

T
Thy149k+1
by = ———

7 DPk+1 = Qrt1 T brpr.
Ty dk
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Remark 6.2.5. The only difference, compared to (6.3), is that we have to solve at each step
an additional linear system Bq = r with the matriz B.

Now, the problem arises of finding an appropriate preconditioning matrix B, a prob-
lem similar to the problem of finding a suitable iterative method. When solving the linear
equations Axr = b arising from the discretization of boundary value problems for elliptic
equations, that is, the following model problem:

{ —Ugy —Uyy = f 0< 2,y <1,
u(z,y) =0 for (z,y) € 0N.

(for the unit square Q := {(z,y)|0 < z,y < 1} C R? with boundary 09),
it turned out to be useful to choose B as the SSOR matrix defined by

(6.11) B = ﬁ <£D — E) (%D) B (%D — ET)

with a suitable w € (0,2) [see Axelsson (1977, [4])]. Here, D and E are defined as in the
standard decomposition of A4, i.e., A=D — E — ET,
Note that the factor L = iD — E of B is a lower triangular matrix that is as sparse as
the matrix A. Indeed, below the diagonal, it is nonzero at the same positions as A.
Another more general proposal is due to Meijerink and Van der Vorst (1977, [99]): They

proposed to determine the preconditioner B and its choleski decomposition by the so-called
incomplete Choleski factorization of A. Here, we consider the Choleski decompositions

of the form B = LDL”, where L is a lower triangular matrix with [;; = 1 and D is a positive
definite diagonal matrix. With the incomplete Choleski decomposition it is even possible
to prescribe the sparsity structure of L: Given an arbitrary set G C {(4,)|j < i < n} of
pairs of indices with (7,7) € G for all 4, it is possible to find an L with

li,j 7é 0= (Z,]) €q.

However, incomplete Choleski factorization gives a decent B approximation to A only
for positive definite matrices A, which are also M-matrices, that is, matrices A with a;; <0

for i # j and A™' > 0 [see Meijerink and Van der Vorst [99]].

Fortunately, M-matrices occur very frequently in applications and there are simple suf-
ficient criteria for A to be an M-matrix. For instance, any matrix A = AT with a; > 0,
a;; < 0 for i # j that also satisfies the hypotheses of Weak row sum criterion (i.e., A is
irreducible and

la;;| > Z|aik| foralli=1,2,...,n
ki
further, |aiyi,| > > |aiyx| for at least one ig) is an M-matrix (e.g: the matrix A of the model
k#io
problem). This is shown, by establishing the convergence of the Neumann series

Al'=I+J+J*+.)D'>0
for A= D(I —J), with [|J|]2 < 1.
Given an index set G as earlier, the incomplete Choleski factorization of a positive def-
inite M-matrix A produces the factors D and L of a positive definite matrix B = LDLT

approximating A according to the following rules:

(6.12) Incomplete choleski factorization
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For:=1,2,...,n:
i—1
k=1
Forj=i+1,...,n:

1—1
dzl]z — { Qj; — kz::ldkljkllk if (Z,]) ed
0 otherwise.

That is, the only difference, compared to the ordinary Choleski algorithm, is that [;; = 0 is
set equal to zero at the "forbidden" places (7,j) € G.

6.2.3 Application to the least-squares problems

The cg-method can also be used to solve the least-squares problems for over determined
systems

(6.13) min||Bx — ¢||2,

where B is a sparse m X n matrix with m > n and rank(B) = n. According to (5.1), the
optimal solution Z of (6.13) is also solution of the normal equations

Az =b, A=B"B, b:= B¢

where A is a positive definite matrix. Even if B is sparse, the matrix A = BT B can be dense.
This suggests the following variant of the conjugate-gradient method (6.3) for solution of
(6.13), and has proved useful in practice

(6.14) Algorithm
Initialization: Choose zy € R™ and compute s := ¢ — Bxg, po := 1o := BT .
For £ =0,1,2, ...
(1) If pr = 0, stop: xy is the optimal solution of (6.13). Otherwise,
(2) compute:
T%T’k
Gk = Bpg, ar = —p—, Tgy1 = T + QPr,
gy, qk
Ski1 = Sk — Ay, Tri1 = BT spi,
by, = 7’/?+17"k+1

7> Dk+1:=Tkt1 + Okpr.

Clearly, the iterates {xy}x generated by this method satisfy
T — o € Kk(To, BTB>,
lzx — Z|| grp = min{||u — Z| grp : u € 29 + Ki(ro, BT B)}

Remark 6.2.6. Since the condy(BT B) = condy(B)?, the convergence speed of this variant
of the Conjugate gradient method is slow if the condition number condy(B) >> 1 of B is
large.

Conclusion: For a quadratic matrix, this algorithm could also be used to solve the linear
equation Bx = c even for a nonsymmetric matrix B. However, it is usually better to apply
one of the algorithms (GMRES, QMR, Bi-CGSTAB) which will be described in the following

for solving such linear equations.
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6.3 Generalized minimum residual (GMRES) algorithm

The generalized minimum residual (GMRES) method [Saad, Schulz (1986, [116]), Saad (1996,
[114])] is more expensive but it is defined also for general linear systems with a nonsymmetric
nonsingular matrix A. It generates vectors z € o + Ky(ro, A) with a minimal residual
b— AZEk,
|b — Axylls = min  ||b — Ax||s,
z€xo+ Ky (ro,A)

and uses, as main tool, orthonormal vectors vy, v, ..., that provide an orthonormal basis for
the Krylov spaces Kj(ro, A) of dimension £,

span[vlu V2, .-y Uk] - Kk(TOJ A)

These vectors are given by the method of Arnoldi (6.17), (1951).
Let us consider the system of linear equations

Arx =0

with a general real nonsingular n x n matrix A which may be nonsymmetric, and solution
7 := A~'b. There were many efforts to develop conjugate-gradient type algorithms for solving
such systems [see Saad (1996, [114])] for a comprehensive representation| that, among others,
lead to the generalized minimum residual (GMRES) method of Saad and Schult (1986, [116]).

It is a Krylov space method: starting with any approximate solution xy # Z with residual

ro := b — Axg # 0, it generates subsequence approximations xy to xy with the following
properties:
Ky (rg, A)
6.15 Tk € To + K70, _
(6.15) { |74 — Z]ls = min{ [u — |2 : u € 20 + Kx(ro, A)}.

As a tool, we use orthonormal bases of the Krylov spaces Ky(rg, A), K > 1. In view of the

definition
Ky (ro, A) = span[rg, Aro, A%rg, ..., Ak’lro],

and since ro # 0, then
1 < dim Ky(rg,A) <k, k>1.

Thus, there is a largest index m with 1 < m < n so that
dim Ky(rg, A) =k, for 1 <k <m.

The positive integer number m is the smallest integer for which the Krylov space K,,(rg, A)
is A-invariant, that is,

(6.16) AK,(ro, A) :={Ax . z € Ky, (r0, A)} C Ky (ro, A).
Indeed: The A-invariance of K,,(rg, A) is equivalent to
Ary € Ky (1o, A),

so that
dim Kerl(To, A) = dim Km(To, A) <m+1.

Remark 6.3.1. A main feature of the GMRES method is that it uses orthonormal vectors
v; € R™ to span all the Krylov spaces Ki(ro, A), k < m.
Span[vhv% "'7Uk] = Kk(r(hA)J fO'f‘ 1 S k S m.
The vector vy s determined, up to the sign:
To
v = —, Bi= ||7”0”2

B

and the remaining vectors vj (j = 2,3, ..., k) is computed by exploiting the Arnoldi algorithm
(1951, [3]); it generates the algorithm of Lanczos to nonsymmetric matrices A.
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(6.17) Arnoldi’s orthonormalization method

Initialization: Given ro # 0, put 5 := ||ro||2, v1 := ro/S.
For £k =0,1,2, ...
(1) Compute u = Avy.
(2) Fori=1,2,..k
Compute hj = v} u.
k
(3) Compute wy :==u — ;hikvi and hyy1 = [Jwg|2.
(4) If hgt1, =0, set m := k and stop. Otherwise,
(5) Compute vjy1 := wi/hgi1 k-
In the algorithm (6.17), the h;, are determined in step (2) such that
wglv;, for 1=1,2,... k.

Therefore, if ||wg||2 # 0, step (5) determines a new vector vg.1 such that vy, ve, ..., vVpyq
form an enlarged orthonormal system of &£+ 1 vectors. It follows by induction that Arnoldi’s
method generates vectors vy, vs, ..., vy, such that

(6.18) span(vy, vy, ..., vy = Kp(ro, A) = span[rg, Arg, ..., A¥ ']
for £ < m. It follows from (6.18) the following Lemma

Lemma 6.3.1. Fach v, 1 < k < m, generated by the method (6.17) can be represented in
the form

k
(6.19) Vg = ZvjAjflro with vy, # 0.
j=1

Proof. This is true for k = 1 by definition of v; = /8. If (6.19) holds for some k£ > 1, then
by the induction hypothesis, v; € K (rg, A) for i <k and (6.19) implies

K
Avg =Y Ao, % £0

j=1

k k
W = Z’YjAjTO — Zhjkvj.
7=1 J=1
By the induction hypothesis, each v;, 1 < 7 <k, has a representation

J
V; = E 5Z‘AZ_1T0.
i=1

and

Thus, wy has the form

k
Wp = ZejAjTO with €k = Yk 7& 0.

Jj=1
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Hence, if hgi1x = ||wkll2 # 0, assertion (6.19) for k + 1 follows, because of vg11 = wi/hg41 -

If w, = 0 then A*ry is a linear combination of the vectors Airg, 5 < k — 1, that is the
break-off index m = k of the Arnoldi’s method is the same index introduced earlier:

m = max{k > 1: dim Ky(ro, A) = k}.

Setting Vi, = [v1, g, ..., vg], k < m, it follows from (6.18) that
(6.20) Ki(ro, A) = {Vay : y € R}
So, for all € g + Ky (ro, A), there is a unique y € R* such that
(6.21) T = xo+ Viy.

The Arnoldi’s recursions may be formulated compactly in terms of the (k+1) x k Hessenberg
matrices

hll h12 s hlk
h21 h22 h2k
0 ... 0 Tlpsrs

and the k x k submatrices Hj, obtained by deleting the last row of H. The formulae of steps
(3) and (5) of algorithm (6.17) imply for all 1 <k <m

k+1 k
(622) Al}k = Zhjkvj = Zhjkvj —+ wy,
j=1 j=1
and
(6.23) Av,, = Zhjmvj, since w,, = 0.
j=1

The relations (6.22) — (6.23) are equivalent to

(6.24) AV, =V, H,,

and for 1 < k < m, to

(6.25) AVy = Vi Hy +wper = Vigr Hy, e :=(0,...,0,1)T € R,
For 1 < k < m and because V; wj, = 0, relations (6.24) — (6.25) imply:
(6.26) Hy, = V' AV,

Remark 6.3.2. The matriz H,, is nonsingular, and rank Hy, = k for k < m.
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Indeed: Looking the contradiction. If Remark 6.3.2 does not hold, there exists a vector
y € R™ y #0, with H,y = 0. Or 2z := V,,,y # 0, and relation (6.24) implies

Az=AV,y =V Hyuy =0

contradiction with the fact that A is nonsingular. Also, the subdiagonal elements h;y1 ;
g =12,....k of H,, k < m, are non zero: this establishes rank Hy = k.

On the other side, the matrices Hy, Hy and V, allow a straightforward determination of
the solution x of (6.15). Since 9 = fv1 = BViyié1, & = (1,0,...,0)7 € RFL VI Vi =1,
and (6.21)-(6.25) for k& < m, it follows for all € zg + Kj(ro, A) that

Ib— Azlls = [|b— Azo— AViyls
= ||7”0 - Vk+1Hky||2
= [[Vira(Ber — Hyy)ll2
= ||8e1 — Hyylla-

So, the solution y; of the least-squares problem

(6.27) min|| g, — Hyy|2
yERk

thus provides the solution zj of (6.15),
= 20 + Vil

In the case k = m, Relation (6.24) implies for z € xy + K, (79, A) that
(6.28) 16— Azlly = |[ro — AViyllz = IVin(Ber — Hmy)ll2 = [|Bex — Hmyll2-

where the vector e; = (1,0,...,0)T € R™,

Lemma 6.3.2. (Characterization of the break-off index m of (6.17) in terms of xy : solution

of (6.15))

The vector x,, solves the linear equations Ax = b, that is, x,, = A™'b, and x}, # A~b for all
k < m. The break-off index m is the first index for which xj solves the linear system Ax = b.

Proof. From Remark 6.3.2, the matrix H,, € R™*™ is nonsingular, then there is a unique
y € R™ with H,,y,, = Pe;. According to (6.28), the corresponding z,, := x¢ + Viuym solves
the linear system Ax = b.

For £ < m, all the subdiagonal elements h; ;;, 7 = 1,2, ..., k, of the Hessenberg matrix
H,, are nonzero. The linear equations

hiy hia ... hy
hor  hao hak g
Hy=10 " " : y= || =pe
. . h :
O ... O hk-ﬁ:k 0

are not solvable. Indeed, the unique solution of k last equations is y = 0, since hjyq; # 0,
but y = 0 does not solve the first equation as 5 # 0.
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Determination of an approximate solution of (6.15)

The least-squares problems (6.27) may be solved by the orthogonalization methods described
in section 5.1.2, taking advantage of the Hessenberg structure of matrices Hy. The idea is to
consider the (k4 1) x (k + 1) given rotations €2; = Q, ;41 for j = 1,2, ..., k of the type:

-1 -

Qjjr = S5 ¢ G

1

The parameters c;, s; are chosen such that for each matrix in the sequence:
F[k — Qlﬁk — QQ(Qlﬁk) —> s — Qk(Qk—IQk—2 s Qll_{kz) = Rk,

the first nonzero subdiagonal element is annihilated so that the sequence terminates with a
"upper triangular" (k4 1) x k matrix

X T T
. . . I
0O ... 0 =z

The concurrent transformations of the vector g := 3é; € RFFL,
go = go — L(1go) = -+ = U1 Q2 -+ - Q1Go) =1 G,

lead to the vector

1
gk = [’_nggu} o gk = || € R*.
Vi
Remark 6.3.3. The notation of its components is to indicate, that of the first k components
V1,72, - V& Of Gk will no longer change in the subsequent steps k — k+1 — - - -, of the

algorithm.

Example 6.3.1. Case where k = 4.

B & O stands for a left multiplication with the matriz €0, that is, C' .= QB. ” %7 denotes
elements that have changed during the preceding transformation:

T T X T X *x ok Kk K K T T X T X

i :6933593:8“48***:6%86**:*

anl = r I T . N * Xk %

Hlgol = 9 & 2 = 29 00 r = 0 00 2 2 :0

0O 00 = :0 00 0 =z :0 0O 0 0 =« :0
;63595.7::1: ;63:3:3::3:

Q r T x T| g T T T T R _

0 0 % % :% 0 0 : :[kgh]: _

ol I Bl D I I At 0 55 = [Halga
00 0 z :0 0 00 0 :%x

When setting Qp := Q1 - - - 0y, then @), is a unitary matrix, so
1861 — Hyylla = |Qr(Ber — Hiy)ll2 = llgr — Rayll2.

Then the solution y;, of the least squares problem (6.27) is obtained as the solution of
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9

c s D o 9\ _|R
ming; — Reylls = min |[(57%,) = 7] o]

that is, as the solution vy := R,;l gi of the linear equations

(R, is nonsingular, since for k < m, rank Hy, = k implies rank Ry, = rank(QyHy) = k).
Then
Ty = xo + Viyr == 10 + VkR;lgk
is the solution of (6.15).
NB: The size of the residual "b — Az," is given by

(6.30) I — Azy|l2 = (1861 — Hiyrll2 = 19 — Bayillz = e

Now, we can save a major portion of the previous computations as we step from £ — 1
to k. The reason is that the (k 4+ 1) x k Hessenberg matrix H;, differs from the & x (k — 1)
matrix Hy i essentially only by a computational column,

[hir ... higea P
h21 . _
7 ) i H;_ h
He=10 " hprpa : - { ]E) ' k+klk:|
D hijp—1 Ik
| 0 0 Prg1k
namely by the last column
P
- : _ [ }
L IS [hk+1,k ’
Py

the components which are computed in steps (2) and (3) of algorithm (6.17). This can be
used for the matrix Qy—_1Hy, (where Qr—1 = Q;_1Q%_2 - - - 1) which has the form

_ Rp_y r N -
Qr_1H, = |: kg ' pk:| = R, with [ié] = Qr_1hg, 11 € RF-1L,

g

Therefore, we have to compute only the last column 7 of Rk, which amounts to forming the
product

. r - -
(631) T ‘= [g] = Qk—lhk = Qk_lﬂk_g e thk

Whence, Ry, is transformed by a given rotation €2 of the type € 41 (with parameters ¢y, si)
to upper triangular form:

. Ry 1 r . _ Ry, r
Rk:{ ]61 ;}%QkRk:Rk:[%ﬂ:{ ]61 Tk’fk:|,
0 o 0 0
where the quantities ¢, and s are given by

p o

6.32 cp = ————= and s = ——F———.
(6:32) * Vp?+o? ’ Vo? 4 o2
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The last column 7, of Ry, finally is obtained as follows:

T1k
(6.33) Th = ng} = |, | = Uf, rex =/ p?+ 0%
T6k

Example 6.3.2. Case k = 5.

r r r T X
Tr T T| X D,
R4: x:p% $£Z:R5.
5 0

Since €; € R¥*1 is the first axis vector in R¥+! setting gy := 3¢, one has:

T
Qr-190 = [gko_l] , with gg1 = 71;—1 = [g%ﬂ )
Vk
as gr—1 € R¥. Hence gy 1= Q,Q_1...01 o satisfies
gi! - 71
Yk i
VE+1 0
that is,
(6.34) Ve = CkVks  Vh+1 = SkVk-
Thus, because of (6.30) — (6.34), the size of the residual b— Axj can be computed recursively
16— Azgll2 = [Yes1] = [s6xl,
so that
10— Azg|ls = [Frr1| = [SkSk-1..-51]8.

Remark 6.3.4. In general, we need not solve the linear equations Ry = gp for yr and
compute x = w9 + Viyg in order to find ||b — Axgl|la. This can be used in the GMRES
algorithm, if for a desired accuracy € > 0, the solution xy of (6.15) is computed only when

k
Vi1l = |11 5518 < € and not before.
j=1

k
Lemma 6.3.3. Let € > 0 be a given positive number such that |Yi+1| = |[[s;|8 < €. Then
j=1
the vectors xy can be computed recursively.
Proof. Introducing the matrices
Py, = ViR;' = [p1,pa, ..., pr] with column p;.
Then .
Ty = 2o + Vieyr = xo + ViR, gx = o + Prgi.

The equality

Ry = [Rlé_l Zkkk} ’

shows that P, satisfies
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if and only if vy, = Py_17x + riepr. Thus, the vectors pr can be computed recursively by:

k—1
1
(6.35) . ( k ;1: ik a)

This gives, because of

Prgr = [Pe-1, pi] [91%1} = Py 19k—1 + Dk

the following recursion for the vectors xy :

(6.36) Ty = To + Prgr = Ti—1 + VePk-

where
k—1
v = Ben] [ 55
j=1

]

Remark 6.3.5. According to (6.36), a storage of the matrices Ry, is not necessary. However,
this saving is more than offset since one has to compute the vectors pr by (6.35), which
becomes, with increasing k, progressively expensive. So, in general, the use of relation (6.36)

s not recommendable. On the other side, this balance changes if the matrices Hy, are band
matrices of small bandwidth [, | << n.

Reorthogonalization technique

A weakness of the Arnoldi’s method (6.17) is that, due to roundoff errors, the computed
vectors v;, i < k become less and less orthogonal as k increases [this is a known defect
of Gram-Schmidt orthogonalization]|. An expensive remedy is to use reorthogonalization
technique: A new computed vector U1 is orthogonalized against all already accepted vectors

V1, Vg, ..., Vg as follows
k

~ ~ o~ T~
V41 — Uk41 = Vg1 — E (Uj 'Uk+1)'Uja
Jj=1

before accepting vgy1 := Ugy1/||0ks1]]2 as next vector. Here, the computing effort is double ,
but an improvement, at no extra expenses, of the orthogonality of the computed v; is already
obtained if one replaces steps (1) to (3) of the Arnoldi’s method by

(1) Compute w := Auy,
(2) Fori:=1,2,.. k:

Compute hy = vl w, w = w — hyv;.
(3") Compute hy, 14 = ||w|2 and set wy, := w.

Remark 6.3.6. In contrast to the Conjugate-gradient algorithm (6.3), a more serious disad-
vantage of the GMRES method is that the computational expenses of step k—1 — k increase
proportionally to k, since each vector Avy has to be orthogonalized with respect to all previous
vectors vy, Vg, ..., Vg in order to find vgy.

A drastic remedy is to restart the GMRES method periodically, say every N-th step ,
where 1 < N << n (e.g., N = 10), according to the following scheme, which is denoted by
GMRES(N):

(6.37) Scheme
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(0) Given xg, compute ro := b — Axy.

(1) Compute zy by means of the GM RES method (more precisely, by relation (6.36)).
(2) Set zp := zn and go to step (0).

NB: A drawback of this approach is that, after each restart, one loses all information con-
tained in the vectors vy, vo, ..., UN.

Incomplete Quasi-minimal GMRES (QGMRES) method.

Instead of using restarts, one could artificially limit the number of orthogonalizations in
step (2) of the Arnoldi’s method (6.17) : one could fix an integer [ with 1 < [ << n and
orthogonalize the vector Avg only against the last [ vectors vk, vg_1, ..., Vx_;+1. Then, only
the information contained in the old vectors vy_; with ¢ > [ is not used anymore. This leads
to an incomplete GMRES method , where one replaces steps (1) to (3) in (6.17) by

(1) Compute w = Auy,

(2') For i :=max{l,k—1+1},. k:
Compute hy = vl w, w = w — hyv;.

(3") Compute hyy1 = ||wl]|z and set wy, := w.

This method generates (k + 1) x k Hessenberg matrices Hj that are band matrices of band-
width [, and k x k upper triangular band matrices Ry of bandwidth [ + 1.

Example 6.3.3. £ =8 and [ = 3.

ng

SESES Nenlananlanlen)

S

|
OOOOOOOR
OOOOOOR &
OOoOOOOR KR
enlenlenlanl RN
OOORBRRO
SORKEKRR OO
ORBRROOO
8 RK88 0000

OOOORKIRRO
OO ER R OO
OOR IR OOO
ORI OOOO

OO OOOR R
OOOOOOR R R
OOOOORRRR

X

The relations (6.25) are still valid, but the columns of the matrices Vj, = [vq, va, ..., vi] are
no longer orthogonal. Yet, the vectors vy, vs, ..., v remain linearly independent for £ < m |
and they form a basis of Kj(rg, A) [cf. (6.18), the induction proof given there remains valid|
so that each x € xg + Ky(ro, A) has the form z = x¢ + Viy with a unique y. But because of
the lacking orthogonality of the v;, we have for &k < m

|b— Azl = ||b— Axg —_AszyH2
= ||7“0 - Vk+1Hk?{||2 B
= |[[Viqr(Be1 — Hyy)l2 # ||8e1 — Hiyl|2

(since the columns of V., are no longer orthogonal), so that the minimization of || 3e; — Hyy||2
is no longer equivalent with the minimization of ||b — Az||5. Since, in general, the vectors v;
are approximately orthogonal, it is still meaningful to compute the optimal solution y; of

min || &1 — Hyyllz
yERK

and the associated vector xp = xo + Viyx : the vector z; will minimize ||b — Az||; on
xo + Ki(rg, A) not exactly, but to a good approximation.

Since Hj, and the triangular matrix Ry now are band matrices of bandwidth [ and [ + 1,
respectively, the use of the recursions (6.35) and (6.36) is advantageous. One then has to
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store only the [ vectors vy, vr_1,..., U511 and [ additional vectors py_1, ..., pr_;. A storage
of the full matrix Ry is no longer necessary, only the last column of Ry is needed. Formulae
(6.31) and (6.35) simplify, because of hy, = 0 for i < k —1, ry, =0 fori < k— (I +1), and
they read

fk - Qk*lefQ-'-QliLk
1 k—1

Pe = — | Uk — Z TikPi

r
ok i=max{1,k—1}

In sum, one obtains the following incomplete quasi-minimal GMRES method (QGMRES),
also denoted by QGMRES(!):

(6.38) QGMRES algorithm

Given € > 0, [ an integer with 2 <[ << n, and z¢ with o := b — Axy # 0.
(0) Put B :=%5o := |roll2, vi :=10/B, k := 1.

(1) Compute w := Auvy.

(2) Fori=1,2,...,k, compute

N {0 ifi<k—I:
k7 U vlw otherwise.
w = w— hipv;.
(3) Compute kg1, := ||wl|2, and thus the vector hy = [hig, hag, -, hiy1x) -

(4) Compute 7, := Qp_1Q%_o...Q1 by, the rotation parameters cy, s by (6.32),
Vi, Vi1 by (6.34) and the vector 7, by (6.33) i.e.,

T
T3
T = = Qkﬂzk
7’6k
(5) Compute
1 k—1
Pk = 7"_ U — Z TikPi
kk i=max{1,k—1}

(6) Compute zy := Tp_1 + YDk
(7) If |Jk41| <€, stop. Otherwise, set vgi1 1= w/hgi1x, k =k + 1 and go to (1).

Remark 6.3.7. For symmetric, but indefinite matrices A = AT, the method of Arnoldi is
identical with the Lanczos method (see Remark (5.3.2)). As in section 5.3, one can show that

all scalar products hi, = viTAvk =0, 1<i<k—2, vanish in this case and

hk,k—i—l = hk—i—l,ka k= 1,2, ey N
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Then also the matrices

hll h12 0 R 0
hor  hag hag :
Hy=1|1¢o . - 0
: T ik hg—ik
0O ... O hk,k—l Rk

are symmetric tridiagonal matrices. Therefore, we have before us, without artificial trun-
cation, the case | = 2 of the incomplete GMRES method, and the method reduces to the
SYMMLQ method of Paige and Saunders (1975, [107]).

Preconditioned GMRES method.

Similarly as in the Conjugate-gradient algorithm [cf. (6.10)], it is possible to accelerate also
the convergence of the GMRES-method by preconditioning techniques. These techniques are
based on the choice of a preconditioning matrix B with the following properties:

(1) B is a good approximation of A so that B~'A respectively AB~! are approximations of
the unity matrix.

(2) Equations of the form Bu = v are easy to solve, that is, it is simple to compute B~ !v.

NB: Property (2) is satisfied if one knows the LR decomposition of B = LR, where L and
R are sparse triangular matrices.

Having a preconditioner B, one has the choice between left preconditioning and right
preconditioning: with left preconditioning, the GMRES method is applied to the system

B 'Axz = B,
and with right preconditioning, to the system
AB 'u =10

in the new variable u = Bx. Both systems are equivalent to Az = b.

In this section, we only describe left preconditioning. We then have to modify the GMRES
method by replacing the matrix A by B~ A and the residual ry = b— Az by the new residual
qo := B7'0 — B~ Azy = B~ 'ry. We then obtain the following algorithm instead of (6.17).

(6.39) GMRES with left preconditioning (PGMRES)
Given € > 0, xo with rq := b — Axy # 0.

(0) Compute qo := B~ 'rg, 8 := 90 := ||qol|2, v1 := qo/ and set k := 1.
(1) Compute w := B~ Avy.

(2) Fori=1,2,..,k:
Compute hg, := vl w, w = w — hyv;.

(3) Compute gty := ||w||2 and g4y [cf. (6.34)].

(4) If || > ¢
Compute Vg1 = w/hgi1k, set k:=k+ 1 and go to (1). Otherwise,

(5) Compute the solution yj of (6.29) and xy := z¢ + Viys,
set m := k and stop.
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Conclusion: The Krylov spaces Ki(qo, B"'A), k = 1,2, ...,k have the orthonormal bases
V1, Vs, ..., v}, and the method computes the first vector x,, € xo + K,.(qo, B"1A) with

||B_1(b — Azp)lle = muin{HB_l(b — Au)lls : u € zo + Kin(qo, B_lA)} <.

Clearly, there are similar preconditioned versions of the truncated [cf. GMRES(N), (6.37)]
and incomplete versions [see: QGMRES(1), (6.38)] of the GMRES algorithm.

6.4 Biorthogonalization method of Lanczos and the QMR
algorithm

There are additional Krylov space methods for solving linear equations Az = b with arbitrary

real or complex nonsingular n x n matrices A. These methods work with pairs of Krylov
spaces:

Ki(v1,A) = spanfvy, Avy, ..., A 1oy
Kk(wl,AT) = span[wl,ATwl,...,(AT)k_lwl],

and not with single spaces, as the methods considered so far. Even though these methods
are applicable to systems with a complex matrix A, we still assume that A is real.

Again, let zy be an initial approximate solution of Az = b with 7o = b — Azy # 0. Then
the following biorthogonalization algorithm of Lanczos (1950, [95]) starts with the vectors

U1 = TO/B) 6 = ||TO||27
and an arbitrary additional vector w; € R™ with |Jw]ls = 1 (a common vector is wy = vy).

The algorithm seeks to generate two, as long as possible, sequences {v;};>1 and {w;};>1 of
linearly independent vectors that are biorthogonal, that is,

. [ o; fori#j
Wi U = { 0] otherwise.

and span Kylov spaces Ki(vy, A) and K(wy, AT), k > 1, respectively,

spanlvy, Avy, “'7Ak71'U1] = Ki(v1, A), Span[wl,ATwl, s (AT)kflwﬂ = Kk(wlaAT)'

(6.40) Biorthogonalization method of Lanczos

Given zy € R™ with 7o := b — Az # 0, set 8 := ||roll2, v1 := 10/, choose w; € R™ with
|lwi]la =1, and let vy := wo := 0, k := 1.

(1) Compute &y, := wivg. If 6, = 0, set m := k — 1 and stop. Otherwise,

(2) Compute oy, := wi Avg /O, f1 =€ := 0, and for k > 1,

By : 010 - PrOk
k- ) k= <
Ok—1 Ok—1
and
U1 = Avgy — ogvg — Brvk—1,
~ L T
Wprr = Al wp — apwy — € wy—_1.
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(3) Compute prey = [esillos ousr = [T o
If pro1 =0 or oxy1 = 0, set m := k and stop. Otherwise,

(4) Compute vgy1 = Upt1/Prr1, Wei1 = Wet1/Oks1-

(5) Set k:=k+1 and go to (1).
Theorem 6.4.1. Let m be the break-off index of the algorithm (6.40). Then for all 1 < k <

m7

(6.41) spanfvy, vg, ..., vx] = Kg(vy, A),
span[wy, wy, ..., wy| = Kj(wy, AT).

and

(6.42) wgvj:{ 070 ;g;g;z ik=1,2,..m.

The vectors v, Vs, ..., Uy, and also the vectors wy,ws, ..., w,, are linearly independent.

Proof. Steps (2) to (4) of the algorithm (6.40) imply immediately (6.41). The biorthogonality
(6.42) is shown by mathematical induction. It is trivial true for m = 0, and if m > 1 also for
k = 1. Assume inductively that for some k with 1 < k < m the following holds [cf. (6.42)]

T
K3
Because of £ < m, it follows that d; # 0 for all j <k, pri1 # 0, op41 # 0, and the vectors
Vk+1 and w1 are well-defined. We wish to show that also the vectors vy, vs, ..., vk1 and
Wy, Wy, ..., Wi, are biorthogonal.

First, we show that w/ vy, = 0 for @ < k. For i = k, this follows from the definition of
Uk+1. the induction hypothesis, and the definition of oy, since

1

w; v =0, viijzo 1<i1< <k

T T T T
Wy Vg1 = [wy, Av, — agpwy v, — Brw;, V1]
Pk+1
1 T T
= ——[w Avg, — agwy vg] = 0.
Pl+1
For i <k — 1, the induction hypothesis and the definition of wy; give
1
T T T T
Wi Vg1 = [w; Avy, — agw; v — Brw; vg_1]
Pk+1
1
T T
= [w; Avy — Brw; vi—1]
Pk+1
1
T~ T
= [, (Wi1 + cw; + €wi—1) — Brw; vg—1]
Pk+1
1
T T T T
= 5 (07110 i1 + Qv w; + €, wi—y — Prw; vg—1] = 0.
k1

Indeed, the induction hypothesis then implies wﬁlvk =0fori<k—1,and forv =%k — 1,
by the definition of £ one has

T T
T 1Wiy Uk = Brop—1 = Brw; vp—1.

In the same way, one shows that v/wyy; = 0 for i < k. Finally, in terms of the
matrices Vi = [v1,v9, ..., 0], Wi = [wy,we,...,wi], and the diagonal matrices D :=
diag(dy, 2, ..., 0r), relation (6.42) is equivalent to the equation

WV, = D.
The nonsingularity of D,,, and Wg;Vm = D,, then imply rank V,, = rank W,, = m. O
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(6.43) Transformation of recursion (6.40) in terms of matrices

Similarly to Arnoldi’s method (6.17), the recursions (6.40) can be expressed in terms of the
matrices Vi, Wy, the tridiagonal Hessenberg matrices

o o 0 7 (o € 0 7
p2 Qo 33 U% CYZQ €3
6.44 Ty, = R Sy = K ;
. I} (673
L0 pk—lf-l- | 0 Ok+1]

and their submatrices T}, and S of order k obtained by deleting the last row of T}, and Sy,
respectively: as in the proof of (6.24), (6.25), one shows for k < m

AV = Vi Te = ViTk + Ueraeq
ATW), = Wi Sk = WiSi + i€} .
Because of WEVk = Dy, Wka)kH = VkTIDkH = 0, this implies
WEAV, = DiTy,, VPATW,, = Dy.Sk,
and, by WAV, = (VT ATW,)T, also
St =Dy D"
NB: The last identity can also be verified by means of the definitions of £ and e.

Remark 6.4.1. The break-off behavior of the biorthogonalization algorithm (6.40) is more
complicated than that of the Arnoldi’s method (6.17).

It can terminate in step (4) if pry1 = 0 and/or oxy1 = 0. Because of k = rankVj, =
dim Ky (vy, A) = rank Wy = dim Ky, (wy, AT), this is equivalent to

dim Ky (v, A) =k, respectively dim Ky i(wy, AT) =k,

that is, with the A-invariance of Ky(vy, A), respectively, the AT -invariance of Kj(wy, AT).
The columns of V. (respectively, W) then provide a basis of the invariant Krylov space
Ky (vy, A) (respectively, Ky(wy, AT)). Therefore, the break-off index m of (6.40) is at most
equal to n, m < n.

Unfortunately, Lanczos’ algorithm (6.40) can also stop in step (1) because of 6 = wivy =0
even though, in this case, both vectors vy and wy are nonzero. Then the method terminates
"nrematurely”, that is, before invariant Krylov spaces have been found. This situation marks
a so-called "serious breakdown” of the method.

Remark 6.4.2. In floating point calculations, already situations in which || = 0 becomes
too small ("numerical breakdown") may cause a serious loss of accuracy of the quantities
computed in (6.40). However, these dangerous situations can be (almost) always avoided by
employing "look ahead techniques”, which weaken the biorthogonality requirements (6.42).
The QMR method of Freud and Nachtigal (1991, [65]) is such a wvariant of (6.40) which
avoid (almost) all numerical breakdowns, and still provides bases vy, vy, ..., v of Kg(v1, A),
and bases wi,ws, ..., wy, of Ki(wy, AT), without changing the simple structure of matrices
Ty, Sk [see, (6.44)] too much. In their method, these matrices will become block tridiagonal
matrices. Their block components o, B;, pi, €, 0; are no longer numbers but simple matrices
with a very small number of rows and columns. The dimension of these blocks are determined
in such a way that too small |0| are avoided. Since the details of the QMR method are fairly
sophisticated, we refer the reader to Freud and Nachtigal (1991, [65]).
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In the interest of simplicity, we restrict ourselves in this representation to describe the
QMR method in the basic situation when no numerical breakdown occurs. So, we assume
that (6.40) never terminates in step (1) but only in step (4). Then, o, # 0 for all k < m+ 1,
the columns of V) provide a basis of Ky(vi, A) = Ki(ro, A), for £ < m, and

AVy = Vi1 Ty, = ViTy, + Ugaef -

Each x € 29 + Ki(rg, A) then has the form = = x¢ + V,y with a unique vector y € R¥, and,
as in section 6.3,

16— Azlly = ||b— Azo — AViy2
= |lro — Vi1 Ty ll2
= |[Vita(Ber = Tiy)llo,
where €; := [1,0,...,0]7 € R*". Instead of minimizing ||b — Az||s over zy + Ky (ro, A), one

determines xj as in quasi-minimal GMRES method (6.38): one computes the solution y; of
the least-squares problem

(6.45) min|| 3, — Try|2
yERF

and sets xx = xo + Viyk.

The calculations are as in the incomplete quasi-minimal GMRES method (QGMRES
(6.38)), if we replace in (6.38) the Hessenberg matrix Hj, of bandwidth [ by the tridiagonal
matrix T}, (a band matrix of bandwidth [ = 2) of this section: We only have to choose [ = 2
in (6.38), and to replace the vector hy by

tik 0
(6.46) th=|tiiin| =1 0 |,

tk,k gk

Lt 1k Pri1

the last column of Tj.

In this way, we obtain a much simplified version of the QMR method, which, however,
does not take the possibility of a serious or of a numerical breakdown (6.40) into account,
which one should in practice.

(6.47) QMR method
Given o € R™ with 79 := b — Axg # 0 and € > 0.
Compute 5 := ||ro|l2, v1 = wy :=ro/P and set k := 1.

(1) Use (6.40) and (6.46) to determine o, Bk, €k, Prt1, Tht1, Vi1, Wrt1 and the last column
tk of Tk

(2) Compute 7 1= Qp_1Qk_ots, (with Q_; = Qg := I), the rotation parameters cy, s; of
as in (6.32), and Y, Jx11 as in (6.34).

(3) Compute the vectors



(4) Compute zy ‘= Tp_1 + YDk

(5) If |Jk+1| <€, then stop. Otherwise,
set k:=k+ 1 and go to (1).

Remark 6.4.3. As in the GMRES algorithm, it is possible to improve the efficiency of the
QMR method by incorporing preconditioning techniques [see Freud and Nachtigal (1991, [65])
for details].

Remark 6.4.4. (QMR approach with preconditioning [65])

Let M be a given nonsingular n x n matriz which approximates in some sense the coefficients
matriz A of the linear system (6.1), Ax = b. Moreover, assume that M is decomposed in the
form

(6.48) M = M, M.

Instead of solving the original linear system (6.1), we apply the QMR algorithm to the equiv-
alent linear system

Ay=1b, where A = M7YAM;?, b = MY (b— Axy), y= My(x — x0).

Here xq denotes some initial guess for the solution of (6.1).

e SSOR

The SSOR preconditioner is based on the decomposition of the matriz A into a nonsingu-
lar diagonal matrix D, a strictly lower triangular matriz L, and a strictly upper triangular
matriz U, such that A = D + L + U. D might have to be block diagonal to ensure it is
nonsingular. The preconditioner matriz M is given by

M= (D+L)D(D+U).

e ILUT(k)

The Incomplete LU decomposition is based on the LU decomposition of the coefficient
matriz A into a unit lower triangular matriz L and an upper triangular matriz U. The full
LU decomposition of A would result in factors L and U which, in general, have far more

nonzero elements than A. The incomplete LU factorization aims to reduce this additional
fill-in in the factors L and U.

In ILUT(k), we use a strategy due to Saad [115M] for dropping nonzero elements which
would fill-in L and U. Each row of L and U is constructed subject to the restriction that only
a small amount of fill-in, k more elements for each, is allowed beyond the number of elements
of A already present in that row (in the lower and upper part, respectively). Furthermore,
elements which are deemed to make only an insignificant contribution to the decomposition
are also dropped. For erxample, this means that if nmaxy, is the mazimum number of ele-
ments allowed for some row of L, ny, s the actual number of elements of that row computed
by the elimination process, and ctol is the cutoff tolerance, then the algorithm orders the ny,
elements in decreasing order of magnitude, and keeps only up to min(ng;nmazxy) elements,
or until the elements reach the level ctol, whichever cutoff comes first. The resulting matrices
L and U can be used either as My = L and My = U in (6.48), or in My = LU respectively
My = LU for right respectively left preconditioning.

The variant of ILU used is different from the standard one. For a Hermitian matriz A, the
standard ILU preconditioner [99] preserves the sparsity structure of the matriz, i.e., for k =0,
the preconditioner matrices have nonzero elements only in those locations where A itself has
nonzero elements. In [99] it is shown that this strategy does produce a good preconditioner,
provided that A is a Hermitian M-matriz. For a general non-Hermaitian matriz, there is no
reason to preserve the sparsity structure of A. Instead, the ILUT (k) variant discards elements
subject only to the constraints of fill-in and size, without regard to the sparsity structure of
A. However, this does mean that if A is Hermitian, we do not recover the standard ILU
preconditioner.
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6.5 Bi-CG and BI-CGSTAB algorithms

The biconjugate gradient (Bi-CG, also BCG) algorithm for solving a system Ax = b with a
nonsymmetric (real) n X n matrix A is a direct generalization of the classical cg-method (6.3)
of Hestenes and Stiefel (see [80]). It is related to the biorthogonalization algorithm (6.40)
and is due to Lanczos (1950, [95]) and Fletcher (1976, [63]).

In what follows, (v, w) and ||v]|s always denote the usual scalar product: (v, w) = vTw and
the Euclidian norm |v||y = (v,v)"/2, respectively.

(6.49) Bi-CG algorithm

Initialization: Given zg € R" with ry := b — Azg # 0. Choose 7y € R" with (7, o) # 0 and
set pg := 1o, Po = To.

For k=1,2,...:
Compute
(fkark)

(1) T Gudpgy TR TR GPe
Tkl =Tk — apApi, Tht1 =Tk — agA” Py
- (Pr+1,Tk+1)

(’flkark) ? N N N
D41 = Tht1 + OpPr Pr1 = Try1 + Oppr-

(2)

Remark 6.5.1. The algorithm is well-defined as long as (Tx,ry) and (pg, Apy) remain

nonzero. Its theoretical properties are comparable to those of the cg-algorithm [cf. Theorem
6.2.1/.

Theorem 6.5.1. Let A be any real nonsingular n X n matriz and b € R™. Then, to any
starting vectors o € R™, 7o with (To,r9) # 0, ro := b — Axg, the vectors Ty, Pk, Pk, Tk, Tk
generated by (6.49) have the following properties:

There is a first index m < n such that (Tp,Tm) =0 or (Pm, Apm) = 0, and all assertions
(1) to (6) of (A,,) hold:

(Am):
(1) (ﬁi,’l"j) = (f],pl) =0 fOT'i <] S m,

(2) (P4,73) #0 fori<m,
(73, 0i) = (F5,75) = (s, 75) # 0 fori <m,

(3) (pi, Ap;) = (ATpj,pi) =0 fori < j <m,
(Di, Api) # 0 for i < m,

(4) (Fi,r5) = (Fj,r) =0 fori < j<m,
(5) r=b— Ax; fori <m,
(6) Fori<m

Span[rovrl7"'7ri] = Span[p07p17"'7pi] -

SPCm[fo,TAl, 7%] = Span[ﬁmﬁla ---,ﬁi] =
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Proof. The proof is by mathematical induction and essentially the same as the proof of
Theorem 6.2.1: Property (Ap) is trivially true, and for any k£ > 0 the implication

(Ak),  (Prs Apr) # 0, (i, 7k) 7 0 = (Apya)
holds. Since (Ax)(2)(4) imply that the vectors r;, 7; are nonzero for i < k and biorthogonal
(T’AZ’,T]‘) = (TA’]’,H) =0 for <7< k,

then the vectors r;, 2 =0,1,2,....,k—1,and 7;, 2 = 0,1, ..., k— 1, must be linearly independent
vectors in R”. Hence k < n, so that there is a first index m < n such that (7,,r,) = 0 or
(Pm, Apm) = 0 holds. ]

The iterates x; exist for ¢ = 0,1,2,...,m, but there have no minimization property with
respect to the set xg + K;(r9, A), but only the Galerkin property

(w,b— Ax;) =0, for all w e K;_(fy, AT).

This follows at once form (A,,)(1)(6).

The break-off behavior of the algorithm is related to but even more complicated than that
of the Lanczos biorthogonalization algorithm (6.49). First, the algorithm stops if (P, Apm) =
0 but both p,, and p,, are nonzero: one can show that this happens exactly if there is
N0 Tpyi1 € xo + Kiyi1(ro, A) with the Galerkin property. But the algorithm stops also if
(P, m) = 0 even though the vectors 7, and r,, are nonzero: this happens exactly if the Lanc-
zos biorthogonalization algorithm (6.49), when started with vy := 7¢/||70|2, w1 := 7o/||70]|2,
stops because of a "serious break-down" [see section 6.4].

A further drawback of the algorithm is that the sizes ||r;||2 of the residuals may behave
quite erratically as ¢ increases: usually they fluctuate very much before settling down. More-
over, the accuracy of the computed vectors ry, 1, pr, Pr and zy suffer badly due to round-off
if a near break down occurs when some of the crucial quantities

(ffka Tk) (ﬁk? Apk)
Irell2lPelle” | ADk]l2]lDrll2

become small.

However, the "convergence" of the residuals r; and their erratic behavior can be much
improved by using techniques proposed by Van der Vorst (1992, [168]) (on the basis of results
found by Sonneveld (1989, [147])) in his Bi-CGSTAB algorithm that stabilizes the Bi-CG
method. For a description of this method we need some further properties of the vectors
generated by the Bi-CG algorithm (6.49).

Proposition 6.5.1. There are polynomials Ry(p), Pe(p), k = 1,2,...,m, of degree k with
Ri(0) = Py(0) = 1 satisfying
Ty = Ri(A)ro, = Rk(AT)fo
pr = Pu(A)ro, pr = Pu(AT)rg

and the recursions

} k=0,1,2,...,m,

oM R | orne

As a consequence of these recursions, the highest order terms of these polynomials are
known for £ =0,1,...m:

(6.51) Ri(p) = (=Dkagay...ap_1p* + lower order terms,
' Pi(n) = (—1)*agay...ar_1 ¥ + lower order terms.
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Moreover, property (A,,)(4) of Theorem 6.5.1 implies the orthogonality relation
(652) (RZ(AT)f'(), Rj(A)’I“()) = (720, RZ(A)R](A)TQ) for i < j <m.

We now introduce new vectors

P = QulA)RY(A)ro = Qu(A)ry
25]; = Q’Z(A)P:(A)rg = Q:(A)p: , k=0,1,2,..,

defined by the choice of real polynomials Q (1) of degree k of the form

Qr(p) = (1 —wip)(1 — wop)..(1 — wyp),

that satisfy the recursion

(6.53) Qrr1(p) = (1 — wir1p) Qi ().

It will turn out that the vectors 7 and p; (and the associated vectors Ty with residual
b — Az = 7%) can be computed directly without using the vectors defined by the Bi-CG
algorithm. Moreover, the parameter wy of () can be chosen such that the size of the new
residual 7, becomes as small as possible. To see this, we note first that the recursions (6.50)
and (6.53) lead to a recursion for 7y, p:

(6.54) Tt = Qrr1(A)Rir1(A)ro

(1 — wr1 A)Qr(A)[Ri(A) — axr AP, (A)]ro
= [Qr(A)R(A) — a1 AQk(A) Pi(A)]ro

— W1 AlQr(A)Ri(A) — ar AQk(A) Pr(A)]rg
= Tk — apApp — Wi A(Tr — arApy).

(6.55) Pri1 = Qi+1(A)Prr1(A)ro

= Qr1(A)[Rit1(A) + e Pi(A)]ro
Trr1 + (1 — wr1 A) bk Qi (A) Pr(A)ro
Tra1 + Ok (Pr — Wi 1 ADr)-

Next, we show that the quantities a; and b, can be expressed in terms of the vectors 7; and
p;. For this purpose, we introduce new quantities p;, and pj, by:

ok = (Pr, 1),
i = (Po, k) = (70, Qr(A) Ri(A)ro) = (Qu(AT)70o, Ri(A)ro).

Now, the highest order term of Q(u) is

(6.56)

(=) wiw; . . . wep®

and, by (6.51), each power u’ with i < k (< m) can be expressed as a linear combination of
the polynomials R;(x) with j < k. Therefore, the orthogonality relations (6.52) and (6.56)
give

ﬁk = (—1)kw1w2wk ((AT)IC’T’AQ, Rk(A)’I“()) .

This implies, using the same orthogonality arguments and (6.51),
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= (Ri(A")fo, Ri(A)ro)

= (—1)ka0 e Qp—1 ((AT)kfo, Rk<A)7”O) = ﬁk— . e A1 .

Therefore by = (Txr1,7k+1)/(Tk, 7) can also be computed as

Prk+1 Qg

(6.58) b, = — )
Pk Wiy

We reexpress (P, Apx) using (A4,,)(3), (6.49) and (6.51):
(7k + br—1Pr—1, Apx)
= (P Apr) = (Ru(A")7o, APs(A)ro)
(— 1)ka0a1 a1 ((AT ) 7o, APg(A)r).
On the other hand, again using (Am)(B),
(Fo, Apr) = (To, AQr(A) Pi(A)ro)

= (Qk( Vo, AP (A)ro)
= (=1)fwywy...wi((AT) 7, AP (A)ro)

(P, Apr)

holds so that a .
. 0 1
(D, Apr) = — - -
w1 Wi

(7“0, Apk)

Together with (6.57), this gives an alternative formula for

ar = (T, 7x)/ (P> Apr),

namely

(Po,Tk) P&

(To, Apr) (7o, Apy)

So far, the choice of wy,1 was left opened: since we wish to achieve the small residuals 7, it
is reasonable to choose wy1 such that the norm |[|7;,1||2 of [cf. (6.54)], that is,

(6.59) ay =

Th+1 = Sk — Wrt1lk,

where B ~
S =T — akApk, tk = Ask,

becomes minimal. This leads to the choice

(sk tr)
(tsth)

Finally, if 7, = b — AZy, is the residual of Zy, then (6.54) shows that 7, is the residual of

W1 =

(6.60) Tt1 7= Tg + agPy + We (T, — axApg).
Combining the formulas (6.54), (6.55) and (6.60) lead to the Bi-CGSTAB algorithm:
(6.61) Bi-CGSTAB algorithm

148



Initialization: Given Zy € R™ with 7y := b — AZy # 0. Choose 7y € R™ so that (7o, 79) # 0
and set pg := 7.

For k=0,1,2,....
Compute

(1)

v o= Ap; ap = <TAO7Tk>,
(T(]?U)
s = T —agv; t = As
(2)
(s
W41 = (t,t)’
Tpt1 = Tp+ QpPr + Wgp1S; Thy1 = S — Wiyl

Stop, if ||7x11]|2 is small enough. Otherwise,
(3)

(Po, Thi1) an
(To, k) Wes1
Dkt1 = Try1 + bp(Pr — Wep1v).

bk =

Remark 6.5.2. In step k, (7o, 7) need not be determined, since it has already been com-
puted in step k — 1. An operation count shows that each iteration of Bi-CGSTAB requires
the computation of two matriz-vector products with the n X n matriz A, four inner products,
and 12n additional floating point operations to update various vectors of length n.

Bi-CGSTAB is a powerful algorithm for solving even very large systems Ax = b with a
sparse nonsymmetric matriz A. It is possible to increase its efficiency still further by precon-
ditioning techniques [see Van der Vorst (1992, [168])].

Howewver, even though the stability of Bi-CGSTAB is much better than that of Bi-CG,
it will break down whenever the underlying Bi-CG method breaks down. Compared with the
QMR method, Bi-CGSTAB is much simpler but not so stable: unlike QMR, Bi-CGSTAB
takes no precautions against the danger of "serious” or "nearly serious” break-downs and is
also affected if the Galerkin condition defines some iterates only badly.

6.6 Multigrid methods

Multigrid methods belong to the most efficient methods for the solution of those linear
equations that result from the discretization of differential equations. As these methods are
very flexible, there are many variants of them. Here we wish to explain only the basic ideas
behind these powerful methods, and do this in a rather simple situation, which however,
already reveals their typical properties. For a detailed treatment, we have to refer the reader
to the special literature, for instance Brandt (1977, [20]), Hackbusch and Trottenberg (1982,
[79]), and the monographs of Hackbusch (1985, [78]), Bramble (1993, [19]), and Braess (1997,
[18]). Our treatment follows the elementary exposition of Briggs (1987, [25]). Instead of
boundary value problems for partial differential equations, where multigrid methods have
their greatest impact, we only consider their application to the boundary value problem

(6.62) { y—(%/;(i)yzwj)” @0 for z € Q := (0, 7),

149



for an ordinary differential equation, which can be viewed as the one-dimensional analog of
the two-dimensional model problem (6.79). The standard discretization with the grid size
h = m/n leads to a one-dimensional grid Qy, = {z; = jh: j=1,2,...,n—1} C Q and the
following set of linear equations for a vector uj, = [up 1, up 2, ..., uh,n,l]T of the approximations
up,j ~ y(x;) for the exact solution y on the grid j:

2 -1 0 fgxlg
(6.63) Apup = fr, Ap:= % -1 _2 , Jni= / ?:2
| :
0 -1 2 f(zn-1)

The index h also indicates that u;, and f; can be viewed as functions on the grid €2,.
Therefore, we will sometimes write the j-th component uy; of u, as the value of a grid
function uy(z) for © = ; € Qp, wpj = up(z;). The matrix Ay, is a matrix of order n — 1, for

which the eigenvalues )\Ef) and the eigenvectors z,(lk) are known explicitly:

(k) _ [q; . . _ T
(6.64) f\?’f) = [sllnkh,sm2kh,...,sm(n 1)kh]",

B = dsin® B = (1 — cos kh), k=1,2,..,n—1.

This is easily verified by checking Ahz}(Lk) = )\gﬁ)zf(f), k=1,2,...,n— 1. The vectors z}(Lk) have
the Euclidean norm ||z,(1k)|| = y/n/2 and are orthogonal to each other.
(k)

If we consider for fixed k the components sin jkh = sin(jkm/n) of the eigenvector z;

at the grid points z; of Q, for j = 1,2,...,n — 1, we see that the grid function PAREES z,(lk)

describes a wave on €2, with "frequency" k and "wavelength" 27 /k: the number & just gives
the number of half-waves on €2,,.

In order to simplify the notation, we omit the index h occasionally, if it is clear from the
context to which grid size h and grid points €2, the vectors v = up, f = f, and the matrix
A = A, belong.

One motivation for multigrid methods is connected with the convergence behavior of the
standard iterative methods, the Jacobi method and the Gauss-seidel method, for solving
linear equations Au = f. We study this in more detail for the Jacobi method. The usual
decomposition

2
Ap = Dyp(I — Jp), Dh:ﬁj’
of A = A, leads to the matrix of order n — 1
0 1 0
S = 27T
0 1 0

and the iteration of the Jacobi method
2
oD = Jp® 4 % f.

The errors e := v(® — 4 of the iterates v then satisfy the recursion
QD) — gl — it (0)

Clearly, the iteration matrix J = J, = I — %Ah has the eigenvalues
B ®) W2\ k)
,u():uh :1—7)% =coskh, k=1,...n—1,
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but still the same eigenvectors 2*) = z}(Lk) as Ay. In order to analyze the behavior of the error

e under an iteration step e = € = Je, we write e as a linear combination of the eigenvectors
2k = z}(lk) of J =J:

n—1
e =S p;20.
7=1

The weight measures the influence of frequency & in e. Because of
n—1
E—= Je— ij,u(j)z(j)
j=1

and 1 > p® > pu®@ > ... > =D = (D > 1 we see that all frequencies k = 1,2,...,n—1
are damped in €, but to a different extent. The central frequencies k &~ n/2 are damped most,
the extreme frequencies £ = 1 and k = n — 1 only slightly.

The damping of the large frequencies k with n/2 < k < n — 1 can be much improved
by introducing a suitable relaxation factor w into the iteration matrix. To this end, we
consider a slightly more general decomposition of A defined by: A = A, = B— (B — A) with
B := (1/w)D, which leads to the damped Jacobi method with the iteration rule

(6.65) V0D = J(w)e® + ghz f

in terms of the matrix J,(w) = J(w) := (1 — w)I + wJ. The original Jacobi method cor-
responds to w = 1, J(1) = J. Clearly, the eigenvalues ) (w) = ugf) (w) of J(w) are given

by
kh
6.66 u(k) w) = u(k) w):=1—-w —I—wu(k) =1—2wsin®’—, k=1,..,n—1,
4 2

and they belong to the same eigenvectors z*) = z}(Lk) as before.

Now, an iteration step transforms the error as follows:

n—1 n—1
(6.67) e= Zpkz(k) =e=J(w)e= Zpku(k)(w)z(k).
k=1 k=1

Since |u®(w)| < 1forall 0 <w <1, k=1,2,...,n — 1, all frequencies k will be damped if
0 < w < 1. However, by a suitable choice of w it is possible to damp the high frequencies
n/2 < k <n —1 most heavily. In particular,

(k)
. _llu (w)]

becomes minimal for the choice w = wy := 2/3, and then ™ (w)| < 1/3forn/2 <k < n—1:
the method acts as a "smoother," as the high-frequency oscillations are smoothed out. Note
that the damping factor 1/3 for the high frequencies does not depend on h, but the overall
damping factor mkaxm('“) ()] = pM(w) =1 —2wsin® & = 1 — O(h?) converges to 1 as h | 0,
so that the convergence rate of the damped Jacobi method deteriorates as h tends to zero.

A drawback of the damped Jacobi method is that it depends on a parameter w which
has to be chosen properly in order to ensure the damping property. In practice, one prefers
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parameter free damping methods. Such a method is the Gauss-seidel method that belongs
to the decomposition

0 0 ... ... 0
Ap = Dy — Ey — Fy, Eh:FhT::ﬁ 0 . A
0.0 0 10

of A,. With this method, the new iterate v(*1 is obtained from v® as the solution of the
linear equations

(Ah — Eh)v(”l) — Fhv(i) = fh~

One can show that the Gauss-Seidel method has similar damping properties as the damped
Jacobi method. Since The damped Jacobi method is easier to analyze we restrict the further
discussion to this method.

After relatively few steps of the damped Jacobi method one finds an iterate v = v,(f)

with an error X
o = off = S
j=1

containing almost no high frequencies anymore:

(@) (@)
n/zrgnkag};q‘pk | << 1;22(/2’/)'“ :

Now, there is a new consideration that comes into play: the vector es) is the exact

solution of the system Ape;, = —r,(f), where r,(f) = fr— Ahv,(f) is the residual of v,(j); hence the
) n—1 .
decomposition of rff) =—> p,(f))\gk)z,(lk) essentially contains only contributions of the lower

k=1
frequencies. But a long wave grid function g, on {2, can be approximated quite well by a
grid function g5, on the coarser grid Qo = {j-2h: j=1,2,...,(n/2) — 1} (here we assume
that n is even) by means of a projection operator I2":

1 21

1 1 ... *
1 21
Here, I?" is an ((n/2) — 1) x (n — 1) matrix. The coarse-grid function go; on gy, is obtained
from the fine-grid function g, on €2, by averaging:

. 1 . 2 . 1 . , n
(7 - 2h) = 79027 = 1) - 1) + 29027 - h) + 2 (27 + 1) - h), j =1, 5 — 1.
Instead of forming averages, one could also use the simple restriction operator

010
L= 01 0
0 10
for the projection. Then the function go, = I3"g;, would be just the restriction of the function
gn on Qy, to Oy,

g?h(.] : 2h) = gh<2j ' h)’ J = 1727"'a 5 -1
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We do not pursue this possibility further.
Conversely, interpolation operators % 2h can be used to extend a grid function go;, on the
coarse grid {29y, to a grid function g, = Ithgh on the fine grid €2, by defining,

= -
2
)
[élh = ! 1
2
1
2
L 1.
Here I}, is an (n — 1) x ((n/2) — 1) matrix, and the function g, is obtained from gy, by

interpolation (gop(0) = gop(m) := 0), that is, for j=1,2,...n—1,

v g (l : 2h) if j is even,
gn(Jh) == { 1 h2(1—1 -2h) + Lgon (431 -2h)  otherwise

Now an elementary form of a multigrid method runs as follows: A given approximate

solution th‘ of Apup, = fp is first transformed by a ﬁnite number of steps of the damped
Jacobi method (6.65) into a new approximate solution wh of Apuy = f5, with error es and

residual 7”1(1) Then the residual r,(l) is projected to the coarse grid (o r,(l) — ré}z = [Py ,(1),

and the linear "coarse-grid equation"

()

Aopeop, = —1sy
is solved. Its solution eg}z is then extended to the fine grid: egz — ég) : I hth by interpola-
tion. We expect that és) is a good approximation for the exact solution eh of Apep, = _7"/(1):
since eg) is a low-frequency grid function. Therefore, v,(L - v,(l) é;f) will presumably be

a much better approximation to uy; than ’U}(l).

In this way, we obtain the two-grid method, whose basic step v,(L) — v,(fﬂ) = TGM( )
is defined by a mapping TGM according to the following rules.

(6.68) Two-Grid method

Let v, be a grid vector on 2.

(1) Perform v steps of the damped Jacobi method (6.65), with w = wy := 2/3 and the
starting vector vy, which results in the vector wj, with the residual r, := f, — Aywy,
(smoothing step).

(2) Compute rop := I2hr), (projecting step).
(3) Solve Agpean, = —rap  (coarse-grid solution).
(4) Set TGM(vy,) := wy, — 1% eq,  (interpolation and fine-grid correction step).
It is relatively easy to analyze the behavior of the error
€ = Vp — Up, — € := VUp — Up,

during one iteration step v, — v := TGM (vy) of (6.68) in the case of our simple model
problem. Because of (6.67), after the v smoothing steps, the error dj, := wy — uy of wy,

satisfies . .
dh = J(CL)U) €h, Th = —Ahdh = —AhJ(wo) €Ep-.
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Further, by (6.68),

Agpegn = —ron = —Iry, = M Andy,,
eh="Th —up = dj — Iy,eon,
and we find the formula
(669) ep = ([ [élhA I2hAh) dh = Ch J( ) €n

where C}, is the (n — 1) x (n — 1) matrix
Cpi=1—108 AT A,

In order to study the propagation of the frequenc1es contained in e;, we need explicit
formulas for the maps C’hz,(lk) of the eigenvectors zh ) of Ap. Using the abbreviation ¢, :=

cos?(kh/2), si := sin?(kh/2), and k' :=n — k, a short direct calculation shows

(k) .
=1,2. .. 2)—1
(6.70) 29 = 2 o if k=1,2,...,(n/2) — 1,
—Sp 2oy for k=mn/2,..,n—1.

Here, the vector zéh), 1 <k < n/2, are just the eigenvectors of Ay, for the eigenvalues

o4 1
AR = P sin® kh = 5 sin® kh

[see (6.64)], so that

NG

1
T (s oy 1,2,...,%—1.
>\2h

Again, by a simple direct calculation one verifies

’

(6.71) I hzéh) = ckz,(Lk) — skz,(lk ), k=12, .., g -1

Combining these results, one has for k =1,2,...., 5 — 1

k) k
1A AL = AWk A1 2R ()
k) _
= )‘( kfghAzh 2h
Ay (k)
= A ck[ 2h*2h
A
A " "
= )\(k) —Cp (Ckzi(z ) — S le )> .
2h
Using that
AR A sin?(kh/2 45 1
?k:) = h21 - (2 / ) = i , CLSk — —Sll’l2<k'h),
Ay 72 sin®(kh) sin®(kh) 4

we finally obtain for k =1,2,...,5 —1
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(6.72) C’hz,(lk) = (I — I}, Ay 1" Ay) z}(f) = skz,(lk) + skz,(lk ),

Similarly, the maps of the high-frequency vectors z,(lk ) are given by

(6.73) Coe™) = 2™ 4 o) k=12, . g

We are now able to show the following theorem.

Theorem 6.6.1. Let v = 2, and wy = 2/3, and suppose that one step of the two-grid
method (6.68) transforms the vector vy, into v, == TGM (vy,). Then the errors e, = v, — up,
ep = Up — up, of vy and vy, satisfy

||éhH2 S 0782”€hl|2

Thus, the two-grid method generates a sequence v,(LjH) = TGM(U,(Lj)), 7 = 1,2,..., whose
errors eg) = U,(lj) —uy, converges to zero with a linear rate of convergence that is independent
of h,
: N
le’ll2 < (0.782)7 e}
This is quite remarkable: the convergence rate of the iterative method considered depends on
h and deteriorates as h | 0.

Proof. We start with the decomposition of the error e, := v, — up,

n—1
e = ijz}(f) .
7=1

We have already seen, in (6.66), that the vectors z,(Lk) are also the eigenvectors of J(wp)

belonging to the eigenvalues ,ugk)(wo) = 1—2ws, k = 1,2,...,n — 1. The choice of wy

guarantees, for k = 1,2,..., 7, k' :=n —k, that

k K 1
i (wo)| < 1, Jah (o) < 5
Next, (6.67), (6.72) and (6.73) imply for k =1,2,..., 5
(o)1 = (P (w0)” (s + sl = anlof + 24),

’

ChJ(wo)“z,(lk ) = (ugf )(wo))“ <ckz,(lk) + ckz,(lk )) = ﬁk(z,(f) + z,(lk )),

where the constants o and [, are estimated by

] < s < % 18| < Si for k=12,
We thus obtain the following formula for the errors é:
n/2
en = ChJ(wo)"en = Zék(pkak + e Bi) () + Z;(lk,)%
k=1
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where we have used the abbreviations (5k =1 for k < n/2 and 6,/, := 1/2. Finally, the

orthogonality of the vectors z,(L and ||zh | = n/2 imply that

_n/2

lenlls = n | > dklpiai + 0 BE + 2000y i)

_n/2
Zék prai + oy B + (o + P}l Bil)

VAN
S

n/2

11
< ht Se(p2 + p?
< n(4+2‘gv);k<pk+pk)

1 1
- (5+3) el

For v = 2 we obtain the estimate of the theorem. OJ

With the two-grid method there remains the problem of how to solve the linear equations
Agpean, = —rp, "on the coarse grid" y, in step (3) of (6.68). Here, the idea suggests itself
to use the two-grid method again, thereby reducing this problem to the problem of solving
further linear equations on the coarser grid €1y, etc.... In this way, we obtain multigrid
methods proper. From among the many variants of these methods we only describe the so-
called multigrid V-cycle, which is an essential ingredient of all such methods. In order to
solve Apup = f, on the grid €2, the multigrid V-cycle visits all grids

Qp — Qop = -+ = Qi = Qogjm1yy = - =
between the finest grid €2, and the coarsest grid {255, in the indicated order: it first descends
from the finest to the coarsest grid, and then ascends again to the finest grid, which also

explains the name of the method. During one V-cycle, an approximate solution v, of the
fine-grid equation Apu = f; is replaced by a new approximate solution

vp <= MV (vn, fn)
of the same equation, where the function MV}, (vy, fr) is recursively defined by the following:
(6.74) Multigrid V-cycle.

Suppose vy, fr are given vectors on €2,. Put H := h.

(1) By v steps of the damped Jacobi method (6.65) with wy = 2/3, transform the approx-
imate solution vy of Agyu = fg into another approximate solution, again denoted by
Vy.

(2) If H = 27h goto (4). Otherwise put
fQH = I?_IH(fH - AHUH); UoH ‘= M‘/ZH<O7 fQH)

(3) Compute vy := vy + [ vop.

(4) Apply the damped Jacobi method (6.65) v times with wy = 2/3 to transform the
approximate solution vy of Ayu = fy into another approximate solution of these
equations, again denoted by vy.
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Remark 6.6.1. The most efficient of these methods require only O(N) operations to compute

an approximate solution v, of a system Apu, = fn with N unknowns, which is sufficiently

accurate in the following sense. The error ||v, —uy|| = O(h?) has the same order of magnitude

as the truncation error Iré%XHy(x) —up(x)|| = 7(h) = O(h?) of the underlying discretization
x h

method. Since the exact solution uy of the discretized equation Apup = f differs from the
exact solution y(z) of the boundary value problem (6.62) by the truncation error T(h) any-
way, it makes no sense to compute an approximation vy to uy with ||vy — || << 7(h).
For the simple two-grid method (6.68), Theorem 6.6.1 implies only a weaker result: because
of N=n—1 and h? = 7r2/n2 this method requires j = O(In N) iterations to compute an
approzimate solution vh of Apup = fr, with Hvl(f) — up|| = O(h?), if we start with v}(LO) = 0.
Since the tridiagonal system in step (3) of (6.68) can be solved with O(N) operations, the

two-grid method requires altogether O(N In N) operations in order to find an approrimate
solution vy, of acceptable accuracy.

6.7 Comparison of methods

In this section, we determine the respective computational efforts required by the methods
discussed in this chapter when applied to the following boundary value problems for partial
differential equations:

(6.75) u(z,y) =0 for (z,y) € 00

—Ugg — Uyy + YTUL; + VYU, + 0u = f; 0,7 constants
Q= {(@y): 0<ay<1)

on the unit square € of R2.

We approximate problem (6.75) by discretization. We choose a step size h = N+r17 grid
points x; = ih, y; = jh with 4,7 = 0,1,2,..., N + 1. We assume that the function u is four
times continuously differentiable on €2, i.e., u € C*(Q2). Then, by the Taylor expansion of

u(x; £ h,y; £ h) about (z;,y;), one obtains by setting: u&k)(a:,y) =uy. z(z,y),

k+1
uz(/k)(%y) = y...y(iﬁvy) and u(z;, yr) = w:
~~~
k+1
0 h? R ht 3)
(1) U(l’i+1,yj) = u<xz7y])+huc(v )<xlay])+§u§c )<:U’L7yj>+ 3' ( )(xz7yj)+ 4' ( ($z+6;_hay])
h2 h3 h4

(2) w(zior,y;) = u(zs,y;) —hul® (2, yj)+§uil)($i7yj) — guf) (24, yj)+gu§)($i+9f‘ha Y;)

2

h h3 h*
(3) U(Ii7yj+l) ($z7y])+hu 0)(%,%)‘1‘ (1)(1'2,?/])‘{’ (2)(:171,y])+ u(g)(%‘,yj +9;_h)

21 3! 4l
h? h? h* _
(4) u(wi,yio1) = w(xs, y;) — bl (s, y;) + 5“151)(xi7 Yj) — gug(f) (zi,y5) + qu’)(% y;+0y 1)
2
(5) u(wi"rl?yj) = U(l'z,yj) + hu:(CO) (xia y]) + 57 2‘ ( (ml + 0+ h y])

2

aug})(xi + 03 .h, y;)

h2
(7) U(%, yj-‘rl) = U(l’z‘, y]) + hug(/O) (xia y]) + o7 ( )<l',” Yj + 9+ h)

or ¥
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h? _
(8) wl(ws,yj—1) = u(wi, y;) — huéo)(xi,yj) + Euél)(xi, y; + 65 .h)

with 0] < 1.
It follows respectively from (1) — (2), (3) — (4), (5) — (6) and (7) — (8) that

—Uit1,; + 22U — Uim1

_Ax:cuij - 12
A e — —Wij41 + 2Uij — Ui 1

TRyl = 2

Wit1,j — Wi-1,5

Aguy = b~ Uinlj

! 2h
Ui j+1 — Ui j—1
Ay = =55 =

When replacing the differential operators w,,, wyy, uz, u, at the grid points (x;,y;), 4,j =
1,2,...,N by the corresponding difference quotients: Agzw;j, Ayytiij, Aguij, Ayusj, one has:

—Uit1,; — Wij1 + AU — Uim1; — Ui

h2

(676) _uzx(xiu y]) - uyy<xi7 y]) ~

(6.77)  yaius (s, y5) + vy (@, ) ~ Lot T u+12h7 1j — Vil

Since u € C*(€), then u® is still continuous over €2, it follows from this that the trun-
cation error is

Tij(W) = U (i, Yg) + gy (T3, Y5) — Daatiy — Ayyui
h2
= E[uf’)(aﬁz +01.h,y5) + ué?’)(xi,yj + 65.h)] for some |6 < 1.

The scheme to three points defined by relations (6.76) — (6.77) produces a system of N2
linear equations

(6.78) Az=1b
for the vector
o T
zZ = [21,1722,17 <oy N1y ooy RI,N—15 -++y EN,N—15 R1,N ~-~ZN,N]

of N? unknowns z;;: i,j = 1,2, ..., N, by which we approximate u;; := u(z;, y;).
The matrix A depends on the choice of v and §. For v = § = 0, it is (up to factor h?) a
positive definite matrix A associated with the model problem:

—Ugg — Uyy = [
(6.79) { u(z,y) =0 for (z,y) € 002
Q:={(z,y): 0<x,y <1}

For v = 0 and all §, the matrix A is still symmetric, but it becomes indefinite if ¢§ is
decreased to sufficiently negative values. Finally, for v # 0, the matrix A is nonsymmetric.

For the group of tests, we use the linear equations (6.78) with a nonsymmetric matrix A
(corresponding to choices v # 0 and 6 << 0) in order to compare the Krylov space methods
(GMRES, QMR, Bi-CGSTAB) that are able to handle general linear equations.

Next, we consider all the Krylov space methods studied in this chapter. The test results
for these methods were obtained with the help of MATLADB using, with the exception of
the incomplete QGMRES(!) method (6.38), the MATLAB functions PCG, GMRES, QMR
and BICGSTAB realizing the corresponding Krylov space methods.
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a) The matrices involved in the below tests are in general Toeplitz matrices or close to
Toeplitz matrices.

b) The associated preconditioners belong to the circulant algebra, Tau algebra or in a
Trigonometric algebra. In the case of circulant algebra, the preconditioners are op-
timal or natural.

c) The reason of the test is to show in general the behavior of preconditioning techniques
in the Krylov subspace methods

Since the conjugate gradient method (6.3) is only applicable to positive definite systems,
we used also here the linear equations (6.78) belonging to the model problem (y = § = 0) for
numerical tests. The vector b := Ae, e := [1,1,...,1]7 € RY* was chosen as right hand side
of (6.78), so that z = e is the exact solution of (6.78), and z(*) ;= 0 was chosen as starting
point. we describe the test results obtained for N = 50 [i.e., the number of unknowns in
(6.78) is N? = 2500] in the form of a table which lists sizes.

| Az — b|,
. d; = 122 T2l
(6.80) re 1220 — |,

of the relative residuals versus the iteration number :.

The slow convergence of the unpreconditioned conjugate gradient algorithm is explained
by the estimate (6.9) and the relatively large condition number

4
¢ = condy(A) = — (N +1)* = 1054
m

of the matrix A [see for instance chapter 9, section 9.3: case of Toeplitz or block Toeplitz
matrices|. This slow convergence is very much improved by preconditioning (see also chapter
9, subsection 9.7.2). On the other hand, one step of the preconditioned algorithm is more
expensive, but not much. The following small table compares the number of floating point
operations (flops) per iteration if one uses the SSOR preconditioner:

| no preconditioning | with preconditioning
flops/iteration | 34.5N? | 47.5N?

The number of iterations (it) and of floating point operations (flops) needed to reduce
the size of the initial residual by a factor 10~7 is as follows:

| no preconditioning | with preconditioning
765 56

(6.81) it

flops ‘ 26378 N2 ‘ 26622
In this context belongs a theoretical result of Axelsson (1977, [4]): he shown that the
conjugate-gradient method using the SSOR preconditioner (defined in (6.11)) requires O(N%*5logN)
operations to find an approximate solution z of the linear equations (6.78) for the model prob-
lem (6.79) that is sufficiently accurate, ||z — ul|s = O(h?).

The behavior of the remaining three Krylov space methods GMRES, QMR, and Bi-
CGSTAB described in this chapter is illustrated by similar tables. Since these methods work
also for systems of linear equations with nonsymmetric matrices, they were tested using the
nonsymmetric system (6.78) resulting from problem (6.75) for the choice § = —100, v = 40,
N = 50, and the starting point (%) = 0, but only for the preconditioned versions of these
algorithms [the SSOR-preconditioner (6.11) with w = 1 was used for left-preconditioning).

The arithmetical expenses for the restarted GMRES(25) method (6.37), the incomplete
QGMRES(30) method (6.38), the QMR method, and the Bi-CGSTAB method are described
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in Table 6.82, where it and flops denote the number of iterations and operations needed to
reduce the initial residual by a factor 1072:

| GMRES(25) | QGMRES(30) | QMR | Bi-CGSTAB

(6.82) it 202 179 73 101
: flops 25199 N2 37893 N2 6843 N> 4928 N2
flops/it 124.7N? 211.7N? 93.7N? 48.8N?

Remark 6.7.1. The numerical results for the Krylov space methods show the following: The
QMR method and Bi-CGSTAB are clearly superior to both GMRES(restart), the restart
version (6.37) of GMRES, and the incomplete QGMRES(l) method (6.38). If the parameters
restart orl are small, each step of these methods is relatively inexpensive, but these methods
then are not able to reduce an initial residual substantially within a reasonable number of iter-
ations. For larger values of restart or [, the methods are able to compute accurate solutions,
but each iteration then becomes too expensive. In our tests, QMR needed about 40% more
operations but 30% fewer iterations to compute a high accuracy solution than Bi-CGSTAB.
The results also confirm that the residuals of the iterates converge more smoothly with QMR
than with Bi-CGSTAB, where larger fluctuations are observed.

Remark 6.7.2. (Important for preconditioning studied in chapter 8)

o The test results and Remark 6.4.4 show the efficiency of the QMR method for solving
the preconditioned collocation linear systems approximating elliptic boundary value problems.

e In fact, the collocation matrices are in general neither Toeplitz matrices and nor sym-
metric matrices (see chapter 8). According to Remark 6.4.4, for a Hermitian matriz A, the
standard Incomplete LU preconditioner [99] preserves the sparsity structure of the matriz,
that is, the preconditioner matrices have nonzero elements only in those locations where A
itself has nonzero elements. For a general non-Hermitian matriz, there is no reason to pre-
serve the sparsity structure of A. Instead, the ILUT (k) variant discards elements subject only
to the constraints of fill-in and size, without regard to the sparsity structure of A. However,
this does mean that if A is Hermitian, we do not recover the standard Incomplete LU pre-
conditioner. As it is shown in chapter 8 the collocation matrices are not symmetric, so the
preconditioners can be symmetric. Hence, the above arguments allow us to conclude that the
QMR method is a powerful algorithm to solve the preconditioned collocation linear systems
(involved in chapter 8) with symmetric preconditioners which belong to the Tau algebra.

Remark 6.7.3. Some final remarks on the methods considered in this chapter are in order.
All Krylov space methods are general purpose methods that may, in principle, be applied
to the solution of sparse linear systems Ax = b of an arbitrary origin. By contrast, the
ADI methods, Buneman’s algorithm and the Fourier methods are methods for solving only
special linear equations which result from the discretization of a restricted class of particular
boundary value problems for partial differential equations.

Remark 6.7.4. Compared to these specialized methods, the convergence of the classical
methods s too slow. Because of their partz’cular damping properties, the latter, however,
are still being used as part of the "smoothing step” of modern multigrid methods. In general,
multigrid methods are the methods of choice if one wishes to solve boundary value problems
for partial differential equations by discretization techniques: in rather general situations,
multigrid methods will yield a sufficiently accurate solution of the resulting linear equations
with a number of operations that grows only linearly or almost linearly with the number
of unknowns. In this respect multigrid methods are comparable to the ADI methods and
Buneman’s algorithm, but may be applied to much more general problems.

Remark 6.7.5. The natural realm of application of Krylov space methods is the solution of
general sparse linear systems Ax = b, in particular those which are not connected with the
discretization of partial differential equations. Such system arise e.g. with the treatment of
network problems. But Krylov space methods are also used within multigrid methods e.g. for
computing "coarse grid solutions”. For the efficiency of Krylov space methods, it is important
to know and use good preconditioners.
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Conclusion

In this Chapter, we have studied the Krylov space methods and we have provided a general
idea of Multigrid methods. The comparison of methods shows the practical importance of
Krylov space methods for solving the linear equations Az = b even with matrices A of large
dimension. We didn’t do a detailed study of Multigrid methods in this Thesis but, reserve

it for future investigations.
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CHAPTER SEVEN

REGULARIZING PRECONDITIONING
g-TOEPLITZ SEQUENCES VIA

g-CIRCULANTS

Abstract

For a given nonnegative integer g, a matrix A,, of size n is called g-Toeplitz if its entries
obey the rule A,, = [aT,gs}”_lo. Analogously, a matrix A, again of size n is called g-circulant

r,s=

"1 In a recent work we studied the asymptotic properties, in term of

if An = [a(r—gs) modn} rs=0"
spectral distribution, of both g-circulant and g-Toeplitz sequences in the case where {ay}

is the sequence of Fourier coefficients of a function f € L'(—m, 7). Here we are interested in
the preconditioning problem which is well understood and widely studied in the last three
decades for ¢ = 1. In particular, we consider the general case with ¢ > 2 and the nontrivial
result is that the preconditioned sequence {P,}, = {P;'A,},, where {P,}, is the sequence
of preconditioner, cannot be clustered at 1 so that the case of g = 1 is exceptional. However,
while a standard preconditioning cannot be achieved, the result has a positive implication
since there exist choices of g-circulant sequences which can be used as basic regularizing
preconditioning sequences for the corresponding g-Toeplitz structures. Generalizations to
the block and multilevel case are also considered, where g is a vector with nonnegative inte-
ger entries. Few numerical experiments, related to specific applications in signal and image
restoration, are presented and discussed.

Keywords: circulants, Toeplitz, g-circulants, g-Toeplitz, spectral distributions, cluster-

ing, preconditioning, multigrid methods.
AMS SC: 65F10, 15A18.

7.1 Introduction

A matrix A, of size n is called g-Toeplitz if its entries obey the rules A, = [ar_gs]f;io,
where ¢ is a given nonnegative integer. A matrix A, of size n is called g-circulant if
A, = [a(r,gs)modn]ﬁgio: for an introduction and for the algebraic properties of such ma-

trices refer to section 5.1 of the classical book by Davis [51], while new additional results
can be found in [161] and references therein. On the other hand, such structured matrices
are of interest in many fields such as e.g. multigrid methods [78,57], wavelet analysis [50],
and subdivision algorithms or, equivalently, in the associated refinement equations, see [58]
and references therein. Furthermore, it is interesting to remind that Gilbert Strang [150] has
shown rich connections between dilation equations in the wavelets context and multigrid al-
gorithms [78, 162}, when constructing the restriction/prolongation operators [1] with various
boundary conditions. It is worth noticing that the use of different boundary conditions is
quite natural when dealing with signal /image restoration problems or differential equations,
see [129, 126].
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In a recent paper [104] we addressed the problem of characterizing the singular values of
g-circulants and of providing an asymptotic analysis of the distribution results for the sin-
gular values of g-Toeplitz sequences, in the case where the sequence of values {ay }x, defining
the entries of the matrices, can be interpreted as the sequence of Fourier coefficients of an
integrable function f over the domain (—m, 7). Such results were plainly generalized the
block, multilevel case, amounting to choosing the symbol f multivariate, i.e., defined on the
set (—m, )¢ for some d > 1, and matrix valued, i.e., such that f(z) is a matrix of given size
pXxq.

Here we consider the preconditioning problem. In particular, we consider the general case
with ¢ > 2 and the interesting result is that the preconditioned sequence {P,}, cannot be
clustered at 1 so that the case of g = 1 is exceptional and, by the way, widely studied in the
literature (see e.g. [36,38] for the one-level case, [123] for the multilevel case, and [124] for
the multilevel block case). However, while the optimal preconditioning cannot be achieved,
the result has a positive implication since there exists choices of g-circulant sequences which
are regularizing preconditioning sequences for the corresponding g-Toeplitz structures. Gen-
eralizations to the block and multilevel cases are also considered.

The paper is organized as follows. In section 7.2 we introduce useful definitions and well-
known results concerning the notion of spectral distribution, while section 7.3 is devoted to
some preparatory and general results on preconditioning and clustering. In section 7.4 we
report distribution results on g-circulants and g-Toeplitz sequences. Section 7.5 is devoted
to the preconditioning analysis both in the standard and regularizing senses, while in section
7.6 we discuss the generalization of the results when we deal with the multilevel block case.
The aim of section 7.7 is to draw conclusions and to indicate the future lines of research.

7.2 General definitions and tools from spectral distribu-
tion theory

For any function F' defined on R{ and for any m x n matrix A, the symbol >__(F, A) stands
for the mean

min{m,n}

(7.1) ZU(F’ A) = mm{m n} Z - mln{m n} Z

oc€Sval(A

Throughout this chapter we speak also about matrix sequences {Ag}r where Ay is an
n(k) x m(k) matrix with min{n(k), m(k)} — oo as k — oco. When n(k) = m(k) that is all
the involved matrices are square, and this will occur often in the work, we will not need the
extra parameter k and we will consider simply matrix sequences of the form {4, },.

Concerning the case of matrix-sequences, an important notion is that of spectral distri-
bution in eigenvalue or singular value sense, linking the collective behavior of the eigenvalues
or singular values of all the matrices in the sequence to a given function (or to a measure).
The notion goes back to Weyl and has been investigated by many authors in the Toeplitz
and Locally Toeplitz context (see the book by Bdttcher and Silbermann [16] where many
classical results by the authors, Szego, Avram, Parter, Widom Tyrtyshnikov, and many other
can be found, and more recent results in [14, 15, 71,93, 146, 167, 156, 157]). Here we treat the
notion of spectral distribution only in the singular value sense since our analysis is devoted
to singular values: regarding eigenvalues the analysis, both in the preconditioned and even
non-preconditioned case, is substantially trickier given the inherent non-normality of the
involved structures.

Definition 7.2.1. Let Co(R7) be the set of continuous functions with bounded support defined
over the nonnegative real numbers, d a positive integer, and 6 a complex-valued measurable
function defined on a set G C R of finite and positive Lebesgue measure w(G). Here G

will be often equal to (—m,m)¢ so that €'“ = T with T denoting the complex unit circle. A
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matriz sequence {Ag}y is said to be distributed (in the sense of the singular values) as the
pair (0,G) or to have the distribution function 0 ({Ax}r ~o (0,G)), if, VF € Co(RY), the
following limit relation holds

(7.2) lim 3, (F, Ay) = ﬁ/(}p(\@(t)])dt, = (hyo o ta).

When considering 6 taking values in M,,, where M, is the space of p X q matrices with
complex entries and a function is considered to be measurable if and only if the component
functions are, we say that {Ag}x ~o (0,G) when for every F € Co(RY) we have

L[ o)
min{p, ¢}

with o;(0(t)) = )\j(e(t)*ﬁ(t)) = \j\/0(t)*0(t). Finally we say that two sequences {Ay}k
and {By}r are equally distributed in the sense of singular values (o) if, VE € Co(Ry), we

have
[ 550- ,540] =0

Definition 7.2.2. [39]. Consider a matriz sequences {A,},, where A, is of size d,,, and a
set M in the nonnegative real line. Take € > 0 and denote by M, the e-extension of M, i.e.,
the union of all real e-balls encircling M's points. For any n, let v,(€) be the number of those

singular values of A, not belonging to M.. Then M is called a general singular value cluster
if Ve > 0

k—o00

dt, t=(t,...,tq),

lim () _ 0

n—oo n

and M s called a proper singular value cluster if Ve > 0

m(€) < cle),

where c(€) is independent of n. In the case where M = {p} then we simply say that {A,},
15 clustered at p with respect to the singular values.

Proposition 7.2.1. [125,128]. If {A.}n, {Bu}n, and {Qn}, are sequences of matrices of
strictly increasing dimensions {d,}n, such that {A,}, ~, (0,G), {Bn}n ~» (0,G) and
|Qnll < M for some nonnegative constant M independent of n, then

{An + Bn}n ~o (07 G),
{AnQn}n ~o (Oa G)>
{QnAn}n ~o (07 G)‘

7.3 General definitions and tools from preconditioning
theory

When preconditioning is a spectrally bounded sequence it is compulsory to use a spectrally
bounded sequence of preconditioners; otherwise the preconditioned sequence will have nec-
essarily the minimal singular value tending to zero with the size and this is known to spoil
the convergence speed of any krylov like technique (see for instance the classical result of
Axelsson, Lindkog [6] in the context of the conjugate gradient). Therefore if we look at a
preconditioned sequence such that P, — I is clustered at 0, then the difference between the
original sequence and the sequence of preconditioners should be clustered at zero too. The
latter tells us that if the original sequence has a given distribution then, necessarily, the
preconditioning sequence has to be chosen with the same distribution. Such key statements
and other theoretical tools are given and proven in subsection 7.3.1.
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7.3.1 Tools and machineries

In this subsection, first we give some basic definitions and we introduce some general tools
for the spectral analysis of matrix sequences. as already mentioned in the previous section,
by {d,}, we denote an increasing sequence of natural numbers.

Definition 7.3.1. A sequence of matrices { X, }n, with X,, of size d,, is said to be sparsely
vanishing if there exists a nonnegative function x(s) with lin%x(s) = 0 so that Ve > 0 AN, € N
S—r

such that Yn > N,
—ﬂ{’l ' <€} <ale),

where {UZ(") : 1=1,2,...,d,} denotes the complete set of the singular values of X,.

Moreover {X,,},, is defined as sparsely unbounded if there erists a nonnegative function
x(s) with lirr(l]x(s) =0 so that Ye > 0 AN, € N such that ¥Yn > N,
s

Ti{iso <7} <at0

It is worth stressing that the reason of the previous definition is due to the notion of
sparsely vanishing Lebesgue-measurable functions introduced by Tyrtyshnikov as those func-
tions whose set of zeros has zero Lebesgue measure. In fact, a sequence {X,}, spectrally
distributed as a sparsely vanishing function is sparsely vanishing in the sense of Definition
7.3.1 and a sequence of matrices { X}, spectrally distributed as a sparsely unbounded func-
tion is sparsely unbounded also in the sense of Definition 7.3.1. In proposition 7.3.1 we prove
the above statements.

Proposition 7.3.1. Let {A,},, A, € C™™ be a sequence of matrices spectrally distributed

as a sparsely vanishing (sparsely unbounded) function f. Then the sequence {A,}, is sparsely
vanishing (sparsely unbounded).

Proof. First, we consider the case of a sparsely vanishing function f. For any ¢ > 0 define
the nonnegative test function

%4_1 for —c <y <0,

o fOI' 0< Yy S €,

Ge(y) = —¥ 42 fore<y< 2,
0 otherwise.

Now, since

S|
L=

@
T

e
N
3

Z I+ Z G (az«(n)>

ie{j:U;n)ge} iE{j:e<a§n)§26}

it holds that

Moreover, _
lin 236 (") = e [ Gullrar
< m{lK}m{xeK:|f(x)|<2e}



The thesis follows by recalling that the assumption f sparsely vanishing implies that
limm{z € K :|f(z)| <n}=0.
n—0

Now, we consider the case of a sparsely unbounded function f. For any € > 0 define the

nonnegative test function

211 for —c <y <0,

c

1 for0<y< L
F(y)=4 Tl =y
2ey +2 for 5- <y < o,

0 otherwise.

Now, since

%ZFE <UZ-(”)) = % Z 1+ Z G, (O'i(n)>

=1 . . . .
v ze{]:a](.n)gi ZE{jZi<U§n)S%}

Ll o 1 IES (n)
— oy < =y > — F6<. )
i < 2 3n (e

it holds that

Moreover,

1ma;qwgzﬂégémwmﬁ

m{rer i<}

v

The thesis follows by recalling that

1 1 1 (. o 1
—ﬂ{i:ag)2—}:1——jj{z:ai()<—}
n € n €

and that the assumption f sparsely unbounded implies that

limm{xEK: \f(z)| > 1} = 0.

n—0 n

It is worth noticing that essentially the same proof applies in the case of a sequence of
Hermitian matrices with a real-valued function f when considering the eigenvalues instead
of the singular values. The only change is in the definition of the test function F, and G. :

in fact it is enough to take new test functions 7. = T.(y) that coincides with T.(y) if the
argument y is nonnegative and coincides with 7.(—y) otherwise. Here the symbol ”T” means
"F” or ”G” according to the previous notations. [

The following result is very useful in practical manipulations in order to give norm bounds
from above.

Lemma 7.3.1. Consider a sequence of matrices {X,}n, X, of size d,. The following are
equivalent.

o The sequence {X,}, is sparsely unbounded.
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e There erists a nonnegative function x(s) with linéx(s) = 0 so that Ve > 0 3N, € N such
s—
that Vn > N, it holds that X,, = B, + Ly, where ||B,|ls < % and rank(L,) < z(e)d,.

Proof. The result trivially follows by using the singular value decomposition properties of
the involved matrices and the singular values interlacing properties [72].

The following technical lemmas will be useful for performing the spectral analysis of
preconditioned matrices in section 7.5.

Lemma 7.3.2. Let {X,,}, and {Y,}., X,, Y, of size d,,, be two sparsely unbounded matrix
sequences. Then {X, Y.}, is sparsely unbounded.

Proof. Under these assumptions, we can consider the following splitting
X, = B,+1L,
Y, = B,+L,

where V6 > 0, 3N; € N such that Vn > Nj, it holds ||Byll» <  and rank(L,) < &(0)d,

~

with lim#(d) = 0 and where ¥4 > 0, IN; € N such that ¥n > N, it holds || B,||2 < % and
0—0

rank(Ly,) < 2(6)d,, with imZ(J) = 0. Therefore, the matrix X,,Y;, can be written as
6—0

XY, =B,+ L,

with

rank(Ly) < (Z(8) + 2(8))d,.

For the arbitrariness of 6 and & the claimed thesis follows by virtue of Lemma 7.3.1 O

Lemma 7.3.3. Let {X,}, be a sequence of invertible matrices, with X,, of size d,. If the

sequence { X, }, is sparsely vanishing then the sequence { X'}, is sparsely unbounded and
vice versa.

Proof. The proof trivially follows by using the singular value decomposition properties of
the involved matrices. O]

Remark 7.3.1. The assumption of invertibility can be removed by considering the pseudo-
inverse of Moore-Penrose [100, 112] instead of the usual inverse matriz.

Lemma 7.3.4. Let {X,},, and {Y,}. be two sparsely vanishing matriz sequences, with X,,
Y, of size d,,. Then {X, Yy}, is sparsely vanishing. The same is true for sparsely unboundary
sequences. In addition, the notion sparsely unbounded sequence is also stable under linear
combinations: of course this is not true for the notion of sparsely vanishing sequence.

Proof. The first part trivially follows from Lemma 7.3.2 by recalling Lemma 7.3.3 and Re-
mark 7.3.1. The rest is a simple variation on the theme. [
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Lemma 7.3.5. Let {X,}, and {Y,}, be two matriz sequences, with X,, Y, of size d,.
Suppose that the sequence { X}, is sparsely unbounded and the sequence {Y,}, is clustered
at 0. Then both the sequences {X,Y,}n and {Y, X}, are clustered at 0.

Proof. Under these assumptions, we have that Vé > 0 4N; € N such that Vn > N; it holds
that

X,=B,+L,
where ||B,||2 < 1/€ and rank(L,) < z(€)d, with limz(s) = 0 and Ve > 0 3N, € N such that

5—0
Vn > N, we have
where || N,||s < € and rank(R,) < y(e)d, with lin%y(s) = 0. Now, by splitting the matrices
S—>

as . .
XY, =N, +R,

with
N, = B,N,
R, B.R, + L,(N, + R,),
where
INalla < e/

rank(R,) = (z(€)+y(e))dn

and for the arbitrariness of ¢ and €, by choosing ¢ = /¢, the desired result plainly follows.
The case {Y,, X}, can be proved in the same manner. O

Lemma 7.3.6. Consider a sequence {A,},, where A, is of size d,,. Then the following are
equivalent.

o There exists a sequence {D,}, so that ||A, — D,||% = o(d,) and rank(D,) = o(d,).

o There exists a sequence {D,}n so that ¥p € [1,00) it holds ||[A, — Dylls, = oldn),
rank(D,) = o(d,).

There exists a function x(s) such that lin%x(s) = 0 so that Ve > 0 IN. € N such that
s—
Vn > N. it holds A, = N, + R,, with | N,||2 < € and rank(R,) < x(€)d,.

The sequence { Ay}, is clustered at zero (refer Definition 7.2.2).

The sequence { Ay} is spectrally distributed as the identically null function (refer to Def-
inition 7.2.1).

Proof. Tt is a direct check by making a clever use of the singular value decomposition [72]. [

Lemma 7.3.7. Consider two sequences {A,}n and {By}n, where A, B, are of size d,,. If
there exists a sequence {D,}, so that ||A, — B, — Dy,||% = o(d,) and rank(D,) = o(d,),
then the sequence {A,, — By}, is spectrally distributed as the identically null function (in the
sense of Definition 7.2.1) and the sequences {An}n and { By}, are equally distributed (in the
sense of Definition 7.2.1). In addition, if one of the sequences is spectrally distributed as a
function then the other sequence possesses the same distribution.

Proof. By the equivalence Lemma 7.3.6 we get that {A, — B, },, ~» 0. The equal distribution
of the sequences {A,}, and {B,}, was proved by Tyrtyshnikov [164]. Lastly, if one of the
sequences is spectrally distributed as a function then, by definition of equal distribution, it
is easy to recognize that the other sequence possesses the same distribution.
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Theorem 7.3.1. Let {X,,},, and {P,}, be two sequences of matrices, with X,,, P, of size d,.
Let {1}, be the sequence of identity matrices of size d,. Suppose that the sequence {X,},
s sparsely unbounded, the matrices P, are all invertible and the sequence {P,;an — I} is
clustered at zero. Then {X, — P}, ~, 0 and the sequences {X,}, and {P,}, are equally
distributed. In addition, if the sequence { X, },, is distributed as a function then the sequence
{P,}, has the same distribution.

Finally, if {X,, — Py}n ~o 0 then {P;'X,, — I,},, is clustered at 0, under the condition
that {P; '}, is sparsely unbounded that is {P,}, is sparsely vanishing.

Proof. From the third assumption, by putting Y,, = X,, — P,, we have {P,'X,, — I,,},, =
{P; 'Y, }» ~o 0. Therefore, by virtue of Lemma 7.3.6, there exists a function @(s) such that
limZ(s) = 0 so that Ve > 0 3N, € N such that Vn > N, we have P; 'Y, = N, + R, with

s—0

| N, |2 < €/2 and rank(R,) < #(e)d,. Consequently an explicit computation implies

PX,=1,+ N, +R,,

that is - -
and finally

Pn_Xn:XnNn+Rna
with

Nn = (]n+Nn>_1_]n7

R, = —P,R,(I,+N,)™"
where (e < 1)
[Nall2 <€
rank(R,) = Z(e)dp,.

Since the sequence {X,}, is sparsely unbounded we deduce that {X, N,}, ~, 0 by virtue
Lemma 7.3.5 and therefore, by Lemmas 7.3.6 and 7.3.7, we deduce that {Y,,}, =

{X,, — P.}n ~» 0 and that the sequences {X,}, and {P,}, are equally distributed. Now,
if the sequence { X, }, is distributed as a function then the definition of equally distributed
implies that the sequence {F,}, has the same distribution.

For the last part we just observe that P, 'X,, — I, = P, '(X,, — P,) so that Lemma 7.3.5
implies {P,;'X,, — I,}», ~o 0 if {X,, — P,},, ~» 0 and {P; '}, is sparsely unbounded (which
is the same as {P,},, is sparsely vanishing given the invertibility of each P, and thanks to
Lemma 7.3.3). O

Remark 7.3.2. Lemma 7.3.4 tells us that the set of sparsely unbounded sequences forms an
algebra (that is closed under linear combinations and products). On the other side, Lemma
7.3.5 can be read by saying that the set of sequences which are clustered at zero forms a
two-sided ideal in the algebra of sparsely unbounded sequences.

Remark 7.3.3. Theorem 7.3.1 has a "philosophical” meaning. If we think to the matrices
P, as preconditioners then Theorem 7.3.1 states that a good preconditioning sequence { Py},
inherits from the original sequence {X,}, the distribution, if any. Moreover if the sequence
{X.}n is sparsely unbounded (sparsely vanishing) then the same is true for the sequence

{Poin-
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Remark 7.3.4. The sparsely unboundedness assumption of {X,}n is necessary and cannot
be removed as far as we are concerned with Theorem 7.3.1. For instance, take X, = (n+1)I,
and P, = nl,. Then the sequence {P;'X, — I, }pen = {%In}neN* is clustered at 0, but
{X,, — Pu}n = {1} is not. However {X,},, ~, {P}n since they are both distributed as the
constant function oco.

Theorem 7.3.2. Let { X, }n, {Ya}n and {P,}n be three sequences of matrices, with X,,, Yy,
P, of size d,, and P, invertible for any n. Let {I,}, be the sequence of identity matrices of
of size d,,. Suppose that

1. The sequence { X, }n is sparsely vanishing,

2. the sequence {X,, — Y, }, is clustered at 0,

3. the sequence {P;'X,, — I,},, is clustered at 0.
Then the sequence { P7YY, — I,},, is clustered at 0.

Proof. The matrices Pn_lYn — I,, can clearly be split as
(7.3) PY, —I,=(P'X, — L)+ P (Y, — X,),

where the sequence { P, ' X,, — I,,},, is clustered at 0 by virtue of the assumption 3. Moreover
the sequence {P,}, is sparsely vanishing since the sequence {X,}, is sparsely vanishing
(see Remark 7.3.3). Therefore the application of Lemmas 7.3.3 and 7.3.5 proves that the
sequence {P,; (Y, — X,,)}, is clustered at 0. As a final statement, by virtue of equation
(7.3), the sequence { P, 'Y, — I, }, is expressed as the sum of two matrix sequences that are
clustered at 0, so that the proof is concluded. [

7.4 Singular value distribution of g-circulants and g-Toeplitz
sequences

Let f be a Lebesgue integrable function defined on (—m, )¢ and taking values in M,,, for
given positive integers p and ¢. Then, for d-indices r = (r1,79,...,74), 7 = (J1, 72, - Jd)s
n = (ny,ng,...nqg),e=(1,1,..,1),0 = (0,0, ...,0), the Toeplitz matrix T,,(f) of size pn x qn,
N = ny.ny...ng, is defined as follows T, (f) = [f,«_j];‘,]_-ig, where f;, are the Fourier coefficients
of f defined by equation

L 1
(7.4) Jo = fter,ka) = (2m)d

/ f(th m’td)e—%(k1t1+...+kdtd)dt1_”dtd7 32 1,
[77r77r]d

for integers k; such that —oo < k; < oo for 1 <[ < d. Since f is a matrix-valued function of
d variables whose component functions are all integrable, then the (ki, ko, ..., kq)-th Fourier
coefficient is considered to be the matrix whose (u, v)-th entry is the (ki, k2, ..., kq)-th Fourier
coefficient of the function (f(t1,....t4))u.v-

According to this multi-index block notation we can define general multi-level block
g-Toeplitz and g-circulants. Of course, in this multidimensional setting, g denotes a d-
dimensional vector of nonnegative integers that is, ¢ = (g1, g2, ..., ga). In that case A, =
[y —gos]yseg Where the o operation is the componentwise Hadamard product between vec-
tor or matrices of the same size. A matrix A, of size pn x gn is called g-circulant if
A, = [a(r—gos)modn]?;iga where

(r—gos)modn = ((ry, — g1 - s1)modny, (re — g - So)modna, ..., (rg — ga - Sq)modny) .
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7.4.1 The singular value distribution result for g-Toeplitz sequences

We consider the general multilevel case, where f is allowed to be both Lebesgue integrable
over @ and matrix-valued, Q = (—m, 7). We have

(7.5) {Toghn ~o (07, Q" x 0,1]%)

where

76) 0,(e.t) — {SW@ irte[0.1/g]

fort € (1/g,¢],

(7.7 7100 = 1S p (ﬂ)
9= g

and where all the arguments are modulus 27 and all the operations are intended componen-
twise, that is t € [0, 5—1]] means that ¢, € [O, i] ,k=1,2,...,dand t € (é,e} means that

tr € <gik, 1} , k=1,2,....d. The writing %27”' defines the d-dimensional vector whose k-th

component is %, k=1,2,....,d and g = g19>...94. Moreover, if the vector g is degenerate

—

namely there exists an index s € {1,2,...,d} for which g; = 0 then the function \/|f|®(z)
becomes identically zero so that

{Thgtn ~o (0,G)

for every admissible set G. For some concrete examples of g-circulant and g-Toeplitz se-
quences and related spectra, where some of the entries of g vanish, see [103]. Interestingly
enough, if g is the vector of all ones that is we are in standard Toeplitz multilevel context,

then T, , = T,,(f), \/ ma(a:) reduces to |f(z)|, and the variable ¢ € [0, 1]¢ becomes useless

so that . .
(T ()} ~o (f, Q% % [0,1]9)
which is the same as the classical Szegd-Tyrtyshnikov-Tilli result [167, 156]

{T()}n ~o (f, Q).

We finally mention that the technique for obtaining formula (7.5), as in Locally Toeplitz
setting [155,130], strongly relies on the notion of approximating class of sequences [125]
which was aimed to develop a basic approximation theory, when the spectral distribution of
matrix sequences is considered.

7.4.2 The singular value distribution result for g-circulant sequences

Following the analysis in [104], for g fixed vector and n increasing sequence of vectors we do
not find a joint distribution. Assuming {C,}, ~o (h, Q%) with {C,}, standard sequence of
multilevel circulants (that is g-circulants where g is the vectors of all ones), and assuming
that the sequence is chosen so that v; = (n;, g;), i = 1,2, ...,d, are d fixed numbers, we find

(7.8) {Crgtn ~o (mn, Q" x [0,1])
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where

@) iftefo,1],

(7.9) m(z,t) =
0 for t € (%, e},
with
T T, -— T+ 21y
(7.10) |R|®)(x) = A|h|@)(z) = Z|h|2 (Tj)
§=0

and ¥ = 1172...74-

7.5 Preconditioning of g-Toeplitz sequences via g-circulant
sequences

We start by analyzing the possibility of a standard preconditioning in the light of the distri-
bution results and of the analysis of section 7.3. Then we consider the preconditioning in a
regularizing context.

7.5.1 Consequences of the distribution results on preconditioning
of g-Toeplitz sequences

We study the possibility of a standard preconditioning in the light of the distribution results
and of the analysis of section 7.3.

First of all, Theorem 7.3.1 tells one that {P,}, is a good preconditioning sequence for
{X,}n (that is {P;'X,, — I,}, ~, 0) if and only if {X,, — P,}, ~, 0 and {P,}, is sparsely
vanishing, with the matrices P, all invertible. The consequences below are of paramount
importance:

e The vector g has to be strictly positive; otherwise the original problem 7T, ,x = b is
substantially ill-posed since {7, 4}, ~» 0 and in addition C, 4 is singular and indeed
{Chgtn ~o 0 which violates the crucial condition of Theorem 7.3.1 that {P,}, is
sparsely vanishing with P, = C,, ,.

e Even in the case that g is strictly positive, relations (7.5), (7.6) and (7.7) imply that { X, },
with X,, = T, 4 is sparsely vanishing if and only if f is sparsely vanishing and g; = 1
(or more generally g; = £1), i = 1,2,...,d. In other words, again by Theorem 7.3.1,
a good preconditioning can be achieved only in standard case of multilevel Toeplitz
sequences and in fact the latter is a case widely studied in the literature [36, 38, 123]
(for d = 1 also with strong clustering when f is continuous [123], while for d > 1 the
clustering is necessary weak due to the computational barrier proven in [143]).

e In any case the condition required by Theorem 7.3.1 that the sequences {X,},, and {P,},
with X,, = T, 4, P, = C, 4, share the same distribution symbol is quite tricky. By
comparing (7.5), (7.6), (7.7) and (7.8), (7.9), (7.10) we have to choose h = f.

In conclusion, a good preconditioning can be reached only in the standard multilevel
Toeplitz setting. However, if we look at the preconditioning in a different sense something
can be said.
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7.5.2 Regularizing preconditioning

Suppose that {X,,}, is a sequence of matrices and there exists a sequence of subspaces {8, },
of dimension r, = [cd,], ¢ € (0, 1) for which Ve > 0, 3N, and

||X7LU|| S ||U||7 \V/?} € ‘Sna VTL Z NE'

This situation naturally arises when {X,}, ~, (0,G) with 6 vanishing on G C G with
m(G)/m(G) = ¢, m(-) being the Lebesgue measure and || > 0 almost everywhere in the

complement G — G. Under such conditions we look for a preconditioning {Jn}n already in
inverse such that

| Xl < €lv]], YveS§,, ¥n> N,
1T, X0 — || < €lv|, YveS8t, vn> N..

In other words J,X,, when restricted to 8, is close to the null matrix, while it is close to the
identity matrix in the orthogonal complement. These conditions, amounting in writing that
J, X, is an e-perturbation of
o]
?

7.5.3 Some preparatory tools

will be verified in the subsection 7.5.4.

Since the notations can become quite heavy, for the sake of simplicity and at the beginning,
we start with the case d = p = ¢ = 1. Several generalizations are given in section 7.6.
We observe that also the case of nonpositive g can be taken into consideration and can be
reduced to the case of a nonnegative g. In fact, the role of circulants will be played by (—1)-
circulant matrices (called also anti-circulants or skew-circulants), [51]: as for the circulants,
(—1)-circulants form a commutative algebra simultaneously diagonalized by another unitary
transform that can be written as the product of the Fourier matrix and a diagonal unitary
matrix.
In the following, we denote by (n,g) the greatest common divisor of n and g, i.e.,
(n,g) =ged(n, g), and by I; the identity matrix of order ¢, while the quantities n, and § are
n g

defined respectively as n, = ") and g = g

If we denote by C), the classical circulant matrix (i.e. with ¢ = 1) and by C,, the

g-circulant matrix generated by its elements, for generic n and g one immediately finds
Chg = CnZ, 4, where

B 1 _ [ 1 if k=0(modn);
(7.11) Zng = Or—gsliomor Ok = { 0 otherwise.

The following preparatory results are straightforward. The detailed proofs are reported in
[103]; see also [51].

Lemma 7.5.1. [103]. Let n be any integer greater than 2 such that

(7.12) Zng = |ZnglZngl|Zng)

N

~
(n,g) times

where Z,, 4 is the matriz defined in (7.11) and Zn,g € C""s 4s the submatriz of Z, 4 obtained
by considering only its first ng columns, that is

(7.13) Zng = Zng | L2] .



Moreover

(7.14) Zng = Zin(n.g)%ng,g0
where Zy, 5 is the matriz defined in (7.11) of dimension ng x ny. Therefore
ng—1 .
S s _ [ 1 ifk=0(modn,),
(7.15) Zngg = [5“98] r5=0 O = { 0 otherwise. !

Finally, if g > n then Z, , = Z, 4, where ¢° = g(modn) and Z, , is defined in (7.11), so

that
Cn,g = CnZn,g - CnZn,gO - Cn’go

and

(7.16) Cng = F.DnF} 2, g,

(7.17) D, = diag(v/nF;a),

1 227j n—1
(7.18) F,=— [6_7’¥] , Fourier matriz,
Vn k=0

a = [ag,a1,...,an_1]", first column of the matriz A,,.

Lemma 7.5.2. [103]. Let F, be the Fourier matriz of order n defined in (7.18) and Z, , €
C™™s be the matriz represented in (7.13). Then

1

V(n,9)

(719) FnZn,g = Inﬂang Z”g@?

where I, ;, € C*" and

I, = (n,g) times

with I, being the identity matriz of size ng and Z,, 5 as in (7.15). Therefore Ziggn7g = Ip,.
Finally of Z, 4 € C™Ho, g = [%L denotes the matriz Z, 4 by considering only the g first
columns, then 1 < (n,g) < g, g < ng <n, and

(7.20) 28 Zng = |t
Remark 7.5.1. In Lemma 7.5.2, if (n,g) = g, we have n, = (n"—m =2 and g = ﬁ = 1;

so the matriz Zy, 3 = Zn, 1, appearing in (7.19), is the identity matriz of dimension ng X ng.
The relation (7.19) becomes

~ 1
FyZny = —1IgFh.
V9
Remark 7.5.2. If (n,g) = 1, Lemma 7.5.2 is trivial, because ny, = (n”—m =n, §= (n’;g) =g,

and $0 Zyy = Zng. The relation (7.19) becomes
FoZng = IngFn,Zn, s
- FnZn,gu
since the matriz 1, 4 reduces by its definition to the identity matriz of order n.

Remark 7.5.3. Lemma 7.5.2 is true also if, instead of I}, and F,,, we put F} and Fy

respectively, because F) = F,.. In fact there is no transposition, but only conjugation.
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7.5.4 The analysis of regularizing preconditioners when
p=q=d=1and n chosen s.t. (n,g) =1
According to the very concise analysis in subsection 7.5.2, we will prove that a proper choice

of the matrix sequence {C,, ;},, leads to a satisfactory regularizing preconditioning for {7, ; },,
at least the entries of 7}, ; comes from the Fourier coefficients of a sparsely vanishing function

f.

Theorem 7.5.1. Let {T), ,}, be a sequence of g-Toeplitz matrices generated by a sparsely
vanishing function f € L'Q) then the sequence {C, }}n, where {Cpg}n = {CnZngtn, Cy is
the Frobenius distance minimizer of T,,(f) in the standard circulant algebra and Z, 4 defined
as in (7.11), is a reqularizing preconditioning for {1, 4}n-

Proof. 1f we denote by T,, the classical Toeplitz matrix

T, = [arfc] :L;:l(h

where the elements a; are the Fourier coefficients of some sparsely vanishing function f in
LYQ), with Q = (—m,7) and by T,,, the g-Toeplitz matrix generated by the same function

(7.21) Ty = lar—gelcl

r,c=0?

where the quantities » — gc are not reduced modulus n, one verifies immediately for n and
g generic that

Tn,g = [Tn,ngn,g} = [TnZn,gwn,g}
(7.22) = Tu[ Zug|0]+10]T0y ],

where T, , € C™¥s, yy, = [+], is the matrix T, , defined in (7.21) by considering only
the p, first columns, T, , € C**("#4) is the matrix T}, , defined in (7.21) by considering only

the n — p, last columns, and Zn,g € C™*#s is the matrix defined by
(7.23)

~

Zng = geli T =01 =1 5= 0,1, 1y — 1, where &= { } i K =0(modn),

(for the proof of relation (7.22) see [104] page 12). Regarding the second addend in (7.22),
in [104] section 4.2.2, it was shown that

(7.24) {0Tnglin ~o (0,Q).

Now we consider the g-circulant matrix

(725) Cn,g - [a(r—gc)madn]nil = CnZn,g>

r,c=0

where C,, is the classical circulant matrix generated from elements of the first column of C, ,
and

_ n—1 . _ [ 1 if k=0(modn),
(7.26) Zng = [6’"’95]’”’5:0’ O, = { 0 otherwise.

(we observe that Z,, in (7.23) is the matrix Z, , defined in (7.26) by considering only the
ftg first columns) and we suppose that C), is nonsingular and (n, g) = ged(n, g) = 1, so that
Zp,g is a permutation matrix (see Lemma 7.5.2). More in detail the last item in subsection
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7.5.1 prescribes that the symbol h should be chosen to be equal to f, the symbol of the stan-
dard Toeplitz sequence. For this reason we choose {C,}, with C, the Frobenius distance
minimizer of T),(f) in the standard circulant algebra (the one proposed by Tony Chan in the
one-level setting [38]). By the analysis in [131], for f € L}(Q%), we have {C,,},, ~» (f, Q%) so
that {Ch 4} ~o (f, Q) whenever (n;,g;) =1, i = 1,2, ...,d, because Z,, is a permutation
matrix (here we are for the moment interested only in the case where d = 1). As also observed
in subsection 7.5.1, it is necessary to assume that f is sparsely vanishing: this condition is
essential for the general clustering results in section 7.3, but it will be also essential in the
rest of the proof.

If we consider the product C, [T, ,, from (7.22) and since Z! Z, , = I,, we have that

CodThg = ZL O T Z3,gl0] + C (0] T, ),

n,g~'n
and, if {C'T,,},, ~, 1 or more precisely if {C,'T;, — I, },, ~, 0, i.e.,
C AT, =1,+E, with {E,},~,0,
we obtain

cir,, = Z7 C_lTn[ZAn7g|O]—|—C,;;[0|Tn,g]

n,g-='n

= Z, L+ E,)[Zngl0] + C, 1 [0[ T, ]

= ZnglZngl0] + Zpy g B[ Z3,4]0] + Cp g [0]T ]
L. 10 : _

= [t 5] + 20 BulZgl0) + C; {007

Now, from Lemma 4.7 in [104], since ||Z] || = 1 and 1[Zn.g0]] =1 (indeed the first is a per-
mutation matrix and the second is an "incomplete" permutation matrix), and since { E,, },, ~,
0, we infer that {Z7  E,[Z,,4|0]}n ~ 0. Finally, since {C; 1}, is sparsely unbounded (in fact
{Cutn, {Crgln ~o (f,Q) with f sparsely vanishing), we deduce {C, }[0|T,4]}n ~o 0 and
the proof is concluded. O

Remark 7.5.4. In Theorem 7.5.1 any preconditioning sequence {C,} for which {C T, —
L} ~5 0 will lead to a preconditioning sequence {C,, 4} with regularizing features. In other
words the choice of the Frobenius optimal preconditioners is just a possible example.

7.6 Generalizations

With all the constraints of subsection 7.5.4, we can allow to have d > 1 that is n =
(ny,na,...,ng) sequence of positive integer vectors with (n;,g;) = 1, ¢ = 1,2, ...,d, so that
Zn,q is still a permutation matrix. The proof reported in subsection 7.5.4 is identical with
the only observation that the cluster of {C’,;;Tn,g — I,,},, is weak and not strong, due to the
computational barrier proven in [143]. More precisely, under the assumption of positivity and
continuity of |f|, by using the Korovkin Theory [123] and the Tony Chan preconditioners,

d
we find that the number of outliers of {C};}T,, 4 — I5,}» grows asymptotically as 7 (Zm) )
j=1

d
n = [[n;. Moreover the weak clustering can be achieved by using the mild assumption that
j=1
f is only Lebesgue integrable and sparsely vanishing (see [131]).
Furthermore, by following the approach in [124], nothing changes if we assume that the
multilevel setting is accompanied by the block setting, i.e., p + ¢ > 3 (somehow the only
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condition is the recourse to the Moore-Penrose inverse when p # q).

A bit trickier is the case where the assumption (n;,¢;) = 1,7 =1,2,...,d, is dropped. In
that case C), , = C,,Z, 4 is inherently singular due to the singularity of Z, , whose rank is
ng with p, <ng <n, py = (%1 (see Lemma 7.5.2, where all the objets n, g, g, ng, (n, g) are

d-dimensional vectors of positive integers and the inequalities are componentwise). In this
case a good preconditioner already in inverse form is

I = Zn O

with C,, the usual Tony Chan preconditioner (refer subsection 7.5.2,). Since p, < ng < n
(because 1 < (n,g) < g) by Lemma 7.5.2 we find

78 g =[]

As a consequence the proof given in subsection 7.5.4 is the same and the final result is
identical: for the sake of completeness we only observe that the term C; ; is always replaced

by Zn,Ct so that {C;710]T,4] e ~0 0 because {Cy,}, ~o (f, Q) with f sparsely vanishing
and {[0/T;,4]}n ~o 0 and finally {Z ,C;*[0]T,4]}n ~o 0 because of Proposition 7.2.1, where

Z , plays the role of @, and C,'[0|T,, ] plays the role of A,. Finally we observe that we
have emphasized the role of the Frobenius optimal preconditioner proposed by Tony Chan,
for which a very general and rich clustering analysis is available thanks to Korovkin Theory
(see chapter 2). However, any other alternative and successful preconditioner for standard
Toeplitz structures can be employed thanks to Theorem 7.3.2, which states a kind of useful
transitive property.

7.7 Conclusion

In this paper we have studied in detail the singular values of matrix sequences obtained
by preconditioning g-Toeplitz sequences associated with a given integrable symbol via g-
circulant sequences. The generalization to the multilevel block setting has been sketched. The
main point is that the standard preconditioning works only in the classical setting, namely
when ¢g; = £1, ¢ = 1,...,d. However, when ¢ (or |g|) is positive a basic preconditioner
for regularizing techniques can be obtained by a clever choice of the g-circulant sequence
{Ch 4} In chapter 9, section 9.9, we have presented and discussed various numerical results,
also instructive for specific applications in image deblurring and denoising. In particular they
have confirmed that the proposed preconditioners can be used as a basic tool for obtaining
regularizing features, by means of filtering techniques which will be analyzed and discussed
in next works.
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CHAPTER EIGHT

PRECONDITIONING OF COLLOCATION
MATRICES APPROXIMATING ELLIPTIC
BOUNDARY VALUE PROBLEMS

Throughout this chapter, we study the preconditioning of collocation matrices approximating
elliptic boundary value problems and we provide an asymptotic analysis of spectral radii.
First, we present a general idea on the Perron-Frobenius theory and some results on the
Weyl-Tyrtyshnikov equal distribution.

8.1 Definitions and results

The purpose of this section is to recall some definitions and main results of linear algebra
which are useful in the study of collocation matrices.

8.1.1 Definitions and Perron Frobenius theory

Throughout this subsection, we recall the Perron-Frobenius theory.

Definition 8.1.1. Let A = (a;i) and B = (bji;) be two nxr matrices. Then, A > B (A > B)
if aji > b (ajr > bjg) forallj=1,2,...,n and k=1,2,...,r.

Definition 8.1.2. A € R™" is said to be nonnegative (positive) matriz if A >0 (A > 0).
Definition 8.1.3. Let B = (b;;) € C"*", then |B| denotes the matriz with entries |b;;|.

Definition 8.1.4. A matrix A € R™" is said to be reducible if there exists a permutation
matriz P such that

_ T_ [An A
C=par’=[4 4]
where A1y € R™", Agy € ROTIX=1) gnd Ay € R 0 < 1 < n.
Definition 8.1.5. A matriz A € R™*" is said to be irreducible if it is not reducible.

Theorem 8.1.1. [175]. For every matriz A € R"*" there exists a permutation matriz P €
R™ "™ such that

An A o0 Ay
C:PAPT: 0 AQQ A2r
0O 0 ... A,

where each block A;; is square matriz and either irreducible or 1 X 1 null matriz.

Proof. The proof is given by considering the 2 x 2 block form of a reducible matrix. If Ay
or Ags is reducible, we choose the associated permutation matrix to split it again to its 2 x 2
block form, and so on. Obviously, if A is irreducible then » = 1. The Frobenius normal form
is unique, up to a permutation. ]
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Theorem 8.1.2. [9,175]. Let A > 0 be an irreducible n x n matriz. Then,
1. A has a positive real eigenvalue equal to its spectral radius p(A).

2. To p(A) there corresponds an eigenvector x > 0.

3. p(A) increases when any entry of A increases.

4. p(A) is a simple eigenvalue of A.

5. There is not other nonnegative eigenvector of A different from x.

Definition 8.1.6. The associated directed graph, G(A) of an n x n matriz A, consists of n
vertices (nodes) Py, P, ..., P, where an edge leads from P; to P; if and only if a;; # 0.

Definition 8.1.7. A directed graph G is strongly connected if for any ordered pair (P;, P;) of
vertices of G, there exists a sequence of edges (a path), (Pi, P,), (P, P,), (Py, Py), ..., (P, Pj)
which leads from P; to P;. We shall say that such a path has length r.

Theorem 8.1.3. [9,175]. An n x n matriz A is irreducible if and only if G(A) is strongly
connected.

Proof. Let A be an irreducible matrix. Looking for contradiction, suppose that G(A) is not
strongly connected. So there exists an ordered pair of nodes (P;, P;) for which there is not
connection from P; to P;. We denote by S the set of nodes that are connected to P; and
by S5 the set of remaining nodes. Obviously, there is no connection from any node P, € Sy
to any node of P, € Sy, since otherwise I, € S; by definition. Both sets are nonempty since
P; € Sy and P; € Sy. Suppose that r and n—r are their cardinalities. Consider a permutation
transformation C' = PAPT which reorders the nodes of G(A), such that Py, P, ..., P, € S
and Pri1, Prio,..., P, € S;. This means that ¢;; = 0 for all £k = r + 1,7 + 2,...,n and
[ =1,2,...,7, which constitutes a contradiction since A is irreducible.

Conversely, suppose that A is reducible. Following the above proof in the reverse order we
prove that G(A) is not strongly connected. O
Theorem 8.1.4. [9,175]. Let A = [ay]},—; > 0 be an irreducible n X n matriz, and B be
n X n complex matriz with |B| < A. If 8 is any eigenvalue of B, then

(8.1) 1Bl < r=sup{r,: € C" >0 and x # 0},
where
2 i
(8.2) ry = min{ =
x; >0 x’i

Moreover, equality is valid in (8.1), i.e, § = rei®, if and only if |B| = A, and where B has
the form

(8.3) B = ¢“DAD™,

and D is a diagonal matriz with diagonal entries of modulus unity.
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Proof. If By = By, y # 0, then for all t = 1,2, ..., n,

> bijy;
j=1

By = Zbijyj = 18ly:| =
7=1

n n
< Ibisllys| < ailyl
j=1 Jj=1

this means that
(8.4) 1Byl < |Bllyl < [Al[yl,

which implies that |3| < ), < r, proving (8.1).
If |5] = r then |y| is an extremal vector and consequently it is a positive eigenvector of A
corresponding to the eigenvalue r. Thus,

(8:5) Bllyl = [Bllyl = Alyl,
and since |y| > 0 and |B| < A, we conclude that
(8.6) 1B] = A
[

Theorem 8.1.5. [9,175]. If A = [a;;]}';—; > 0 is an irreducible matriz, then either
(8.7) D a;=p(A) Vi=1,2,..n

j=1
or

i n
Jj=1 P
Proof. First suppose that all the row sums are equal. Then, the vector e of all ones is an

n
eigenvector of A : Ae = Zaij> e. Since e > 0, from the Perron Frobenius theorem (see
j=1

Theorem 8.1.10), it follows that p(A) = > a;;.
j=1

If all the row sums are not equal. then, we construct a nonnegative matrix B by decreasing
certain positive entries of A, so that for all £ =1,2,...,n,

n n
by, = min E Qi
Z kj 1<i<n v ’
=1 j=1

where 0 < B < A and B # A. Then, from the Perron Frobenius theorem (see Theorem

n

8.1.11), we get p(B) = 113i<n a;; | < p(A). Similarly, we construct an irreducible matrix
SAS O |

C by increasing certain positive entries of A, so that for all k = 1,2, ..., n,

Zij = 121?5; (Z%j) )
j=1 == =1
where 0 < A < C' and C # A. Then, from the Perron Frobenius theorem (Theorem 8.1.11),

we get p(C) = max (éaw) > p(A). O

1<i<n
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Theorem 8.1.6. [9;39]. Let A € R™" be a nonnegative matriz and B € C™™ be a complex
matriz such that 0 < |B| < A. Then

(8.9) p(B) < p(A)

Proof. If A is irreducible then the result follows from Theorem 8.1.4. If A is reducible,
we apply the same permutation transformation P to A and B such that PAPT be the
Frobenius normal form of A. It is obvious that the inequality 0 < |B| < A is invariant under
permutation transformation. Then, apply Theorem 8.1.4 to submatrices |B;;| and A;; to
obtain the result.

Definition 8.1.8. A matriz A € R™*" possesses the Perron-Frobenius property if its domi-
nant eigenvalue Ay is positive and the corresponding eigenvector xV) is nonnegative.

Definition 8.1.9. A matriz A € R™"™ possesses the strong Perron-Frobenius property if its
dominant eigenvalue \y is positive, simple (A > ||, = 2,3,...,n) and the corresponding
eigenvector Y is positive.

Definition 8.1.10. A matriz A € R™™ is said to be eventually positive (eventually nonneg-
ative) if there exists a positive integer ko such that A¥ >0 (A* > 0) for all k > k.

Theorem 8.1.7. [101, 105, 152]. For a symmetric matriz A € R™ ™ the following properties
are equivalent:

(1) A possesses the strong Perron-Frobenius property.
(ii) A is an eventually positive matriz.

Proof. (i = i) : Ay = p(A) > || > N3] > ... > \,|, where \; is a simple eigenvalue with
the eigenvector () € R being positive. Choose the i-th column (¥ € R" of A.

Expand a¥: a9 = 3" ¢;z0) (where {1, 2, ... 2(™} is an orthonormal basis of R").
i=1

¢; = (aP,20)) j = 1,2,..n. So, ¢; = (a?,2V) = A2V > 0. Apply power method:
lim A*q® > 0 = A*q® > 0 Vk > m. Choose mo = min{m : A*a® > 0Vk > m}, then,

k—o0
AF >0 Vk > ky = mg + 1. So, A is an eventually positive matrix.
(it = 1): From the Perron-Frobenius theory of nonnegative matrices, the assumption A* > 0

means that the dominant eigenvalue of A* is positive and the only one in the circle while the
corresponding eigenvector is positive. It is well known that the matrix A has as eigenvalues

the k-th roots of those of A* with the same eigenvectors. Since this happens Vk > ko, A
possesses the strong Perron-Frobenius property. [

Theorem 8.1.8. [101, 105, 152]. For a matriz A € R™ " the following properties are equiv-
alent:

i. Both matrices A and AT possess the strong Perron-Frobenius property.
ii. A is an eventually positive matriz.
iii. AT is an eventually positive matriz.

Proof. (i = ii) : Let A= XDX ™! be the Jordan canonical form of the matrix A. We assume
that the eigenvalue A\; = p(A) is the first diagonal entry of D. So the Jacobi canonical form
can be written as

lT

) M| 0 W
(810) A= ['I |Xn,n—1] 0 ‘ anl,nfl :| {h
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where y(l)T and Y,,_; ,, are the first row and the matrix formed by the last n — 1 rows of
X1, respectively. Since A possesses the strong Perron-Frobenius property, the eigenvector
(M) is positive. From (8.10), the block form of AT is

(8.11) AT =[O, ) | H
. =Y n,n—1 0 ‘ Dz;—l,n—l Xn—l,n

The matrix DZL’_M_1 is the block diagonal matrix formed by the transpose of the Jordan

blocks except A;. It is obvious that there exists a permutation matrix P € R™=Dx(=1) gych
that the associated permutation transformation on the matrix DZ_Ln_l transposes all the
Jordan blocks.

ThllS, Dn—l,n—l == PTDT

n—1,n—1

o = ot ] [ [t ] [

110 [ 2" ] oy [ A0 ()
X |: 0 ‘ PT i| |: XT - [y( )|Yn71,n] [ 01 ‘ Dn—l,n—l i| 7’1‘7

n—1,n n,n—1

P and relation (8.11) takes the form:

T

whereY, | =Y Pand X, ;= PTXT . Thelast relation is the Jordan canonical

n,n—1 n,
form of AT which means that " is the eigenvector corresponding to the dominant eigenvalue
A1. Since AT possesses the strong Perron-Frobenius property, 3" is a positive vector or a
negative one. Since y™™" is the first row of X!, we have that (yM, M) = 1 implying that
y is a positive vector.

We return now to the Jordan canonical form (8.10) of A and form the power A*.

1

& ) N 0 LT
A = [.I' ’Xn,nfl] 0 ‘Dk h

n—1ln—1

then
1

Lo o 1| 0 mr
)\_lch = [ZE |Xn,n—1] 0 ‘ )\_llchfol,nfl h
Since A\ is the dominant eigenvalue, the only one of modulus A1, we get that klim A—l,cD
—00 7'l
0. Thus

k

n—1ln—1 =

1
A

The last relation means that there exists an integer ky > 0 such that A* > 0 for all k& > k.
So, A is an eventually positive matrix and the first part of theorem is proved.

(77 < 4i1) : Obvious from Definition 8.1.10.

(it = 1) : The proof is the same as that of Theorem 8.1.7, by considering that A and AT are
both eventually positive matrices. O

Theorem 8.1.9. [29,152]. Let A € R™™ be an eventually nonnegative matriz. Then, both
matrices A and AT possess the Perron-Frobenius property.

Proof. Analogous to the proof of the part (it = ¢) of Theorem 8.1.8. O

Theorem 8.1.10. [101,105,152]. If AT € R™ " possesses the Perron-Frobenius property,
then either

(8.12) D a; = p(A) Vi=1,2,..n,
j=1
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or
(8.13) i (Zau> < p(4) < max (Z%>

Moreover, if AT possesses the strong Perron-Frobenius property, then both inequalities in
(8.13) are strict.

Proof. Let (p(A),y) be the Perron-Frobenius eigenpair of the matrix A7 and e be the vector
of ones. Then,

n
> ai;
j=1

yTAe = o j;azj = Z (yizaij) < max (Z%’j) Zyiy
: T \j=1 i=1

i=1 j=1

yTAe = ( Za”> llglgln (Zaij) Zyl
=1 j=1 =1

7=1

On the other hand, we get
y Ae = " ATy = p(A) Zyj

Combining the relations above, we get our result. Obviously, equality holds if the row sums
are equal. If AT possesses the strong Perron-Frobenius property, then y > 0 and the inequal-

ities become strict. O
Corollary 8.1.1. [101, 105, 152]. If A € R™*™ possesses the Perron-Frobenius property, then
either
(8.14) Y ay = p(A) Vi=12 ..n,

i=1
or

(8.15) in (;a”) < ) < max (Za”> :

Moreover, if A possesses the strong Perron-Frobenius property, then both inequalities in (8.15)
are strict.

Theorem 8.1.11. [101, 105, 152]. If the matrices A, B € R™™ are such that A < B, and

both A and BT possess the Perron-Frobenius property (or both AT and B possess the Perron-
Frobenius property), then

(8.16) p(A) < p(B).

Moreover, if the above matrices possess the strong Perron-Frobenius property and A # B
then, the inequality (8.16) becomes strict.
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Proof. Let x,y > 0 be the Perron right and left eigenvectors of A and B associated with the
dominant eigenvalues A4 and Ap, respectively. Then the following equalities hold

yT Az = May'z, vy Br = Agy’ .
Since A < B, B= A+ C, where C > 0. So,
Mpyle =y "Br = y"(A+C)x = yT Az + y" Cx > y" Ax = M y” o

Assuming that y?x > 0, the above relations imply that Ap > X4. The case where y’z = 0 is
covered by using a continuity argument and perturbation technique. It is also obvious that
the inequality becomes strict in the case where the associated Perron-Frobenius properties
are strong.

8.1.2 The Weyl-Tyrtyshnikov equal distribution

This part recalls some definitions on the distribution of matrix sequences. Furthermore, some
tools to evaluate the strength of the equal distribution and equal localization that are based
upon estimes of the singular values and involve the Frobenius norm. We denote by M, (C)
the linear space of all the square complex matrices of dimension s X s, and we equippe this
linear space by the Frobenius norm defined by:

[AllF = [Z%(A ?
j=1

where A = [a;];;-, € M,(C) and 0;(A) denotes the j-th singular value of A. The first
motivation is "practical" in the sense that, in the approximation of matrix sequences of
increasing dimension in the simpler space of matrices, this is the only Shatten p-norm whose
calculation is computationally not expensive. The second motivation is theoretical: actually
the Frobenius norm is the only Shatten p-norm induced by an inner product which makes
the space M;(C) into a Hilbert space. More specifically, setting < A, B >=trace(A*B), we

deduce that ||Afp =< A4, 4 >2 .

1
2

]

i=1 j=1

Definition 8.1.11. Two real sequences {aﬁ”)}igdn, {bE”)}igdn (dp, < dpy1) are equally dis-
tributed (ED) if and only if, for any real-valued continuous function F with bounded support,
the following relation holds:

(8.17) ,}LIEOCTZ< (a;") (bﬁ-”))) = 0.

When the previous limit goes to zero as O(d;') and F is Lipschitz continuous, we say that
there is strong equal distribution (SED). The same definition applies to the case of se-

quences of matrices {An}tn and {By}, of dimension d,, X d, : in this case {az(-n)}igdn and

{b,(”)}igdn are the sets of their singular values (or eigenvalues if the involved matrices are
Hermitian).

Notation {A,}, ~p {B.}, means that the matrix sequences {A,}, and {B,}, are
equally distributed.

Definition 8.1.12. Two real sequences {a§”>}i§dn, {bgn)}igdn (dp < dpy1) are equally local-

ized (EL) if and only if, for any nontrivial interval [o, 5] (o < B), the following relation
holds:
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(8.18) lim L (card{i : aE”) € o, 8]} — card{i : bg'”) € [a, 6]}) = 0.

n—oo n

When the previous limit goes to zero as O(d, '), we say that there is strong equal localiza-
tion (SEL). The same definition applies to the case of matriz sequences {A,}n and {B,}y

of dimension d, x d,: in this case {al(-")}igdn and {bgn)}isdn are the sets of their singular
values (or eigenvalues if the involved matrices are Hermitian).

Definition 8.1.13. Two real sequences {aE”)}iSdn, {bgn)}igdn (dp < dny1) are e-equally lo-
calized (e-EL) if and only if, for any € > 0, the following relation holds:

1
(8.19) lim — (card{i ; |a(n) - bg")| > (—:}) = 0.

K3
n—o0 n

When the previous limit goes to zero as O(d; '), we say that there is e-strong equal localization
(e-SEL). The same definition applies to the case of sequences of matrices { A}, and {By}y

of dimension d, X d,: in this case {aE”)}igdn and {bE“)}igdn are the ordered sets of their
singular values (or eigenvalues if the involved matrices are Hermitian).

Definition 8.1.14. We say that the sequence {a§”)}igdn is essentially bounded if there exists
an interval M = [, 5] so that M is a general cluster for it. If M is a proper cluster, then

we say that {agn)}igdn is properly bounded.

Definition 8.1.15. Given a sequence {az(n)}igdn, we say that p € R is a sub-cluster point
for {a{}iza, if and only if

1 n
(8.20) limd—lim sup {card{i cal” e (p—ep+ e)}} = ¢>0.

e=0dp n—oo
A sequence {agn)}igdn without sub-cluster point is called regular.

Theorem 8.1.12. [136,142,145]. Let {a{” }ica, and {8 }ica, (dn < dps1) be two ordered
real sequences. The following facts hold true.

1. SED wmplies ED, SEL implies EL and e-SEL implies e-EL. These implications cannot be
reversed.

EL implies ED.

SEL does not imply SED.

SED does not imply EL.

e-EL implies ED.

e-SEL does not imply SED.

SED does not imply e-EL.

e-SEL does not imply EL.

SEL does not imply e-FEL.

Lemma 8.1.1. [136, 142, 145]. Let {A,}, and {B,}, be two sequences of d,, x d,, matrices.

© ® X e ok W
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1. Assume that rank(A, — B,) = o(d,). Then the sequences {A,}, and {B,}, are equally
localized (EL) and equally distributed (ED).

2. If rank(A, — B,) = O(1). Then the sequences {A,}n and {B,}, are strongly equally
localized (SEL) and strongly equally distributed (SED).

Proof. 1. Let r, = rank(A, — B,). As a consequence of the Cauchy interlace theorem (cf.
Theorem 1.3.2) we have 0,9, (B,) > 0;(A,) > 0iror, (By) for i = 2r, + 1,....d,, — 2rp,.
Therefore, for any interval |« 3] we have

(8.21)  card{i:oi(A,) € [o,B]} = card{i:oiB,) € [a, 5]} +en |en] < 4dr,.

Consequently r,, = o(d,) and then the sequences {A,}, and {B,}, are equally localized
(EL). The use of part 2 of Theorem 8.1.12 leads to the equal distribution (ED).

2. If r, = O(1), then there is SEL by (8.21). For the proof of the last part, recall that
F is Lipschitz continuous with bounded support contained in M = [a, ]. Owing to its
Lipschitzness, F' is of bounded variation (F' € BV) too. Therefore it can be expressed as
the sum of two monotone functions. By linearity it is enough to focus our attention on
the monotone functions restricted to M. Let S(A,) and S(B,) be the sets of the singular
values ordered nonincreasingly. Let ¢ be an integer number and let S(B,,q) be such that
(S(Bn,q))i = (S(Bn))itq, t = 1,2, ...,dy, where (S(B,)); = min{a, (S(B,))q, } if j > d, + 1
and (S(B,)); = max{f, (S(B,)):1} if j < 0. Now, supposing that r, = O(1) i.e, r, < k
for some positive k, we find that S(B,,—2k) > S(B,),S(A,) > S(By,2k), where 7 > 7 is
intended componentwise. Finally, by monotonicity we deduce that

Y (F(oi(An) = F(ou(Ba)))| < i(F (0i(S(Bn, —2k))) — F(m(S(Bn,%))))‘

=1 =1

- di > (F'(0:(S(Bn))) — F(Uj(Bn)))‘

M i=1-2k,... 2k, j=dn—2k—+1,...,dn+2k

= 0(d,")
and the proof is complete. O
Lemma 8.1.2. [136, 142, 145]. Let {A,}, and {B,}, be two sequences of d,, X d,, matrices.

1. If ||A, — B,||% = o(d,) or || Ay — Bullee = 0(1), then the sequences {A,}, and {B,}, are
e-equally localized (e-EL) and equally distributed (ED).

2. When ||A, — B,|lr = O(1) or ||[A, — Bulleo = O(d;;}), then the matriz sequences { A, }n
and { By} are e-strongly equally localized (e-SEL).

3. If ||A, — Bu|li = O(1), then {A,}, and {B,}, are strongly equally distributed (SED).

dn dn
Where ||A|l1 = max)_|a;;| and ||Alloc = max)_|a;|, for any square complexr matriz A =
J oi=1 toj=1
[ai)in_y

Proof. 1. we follow an idea indicated by Tyrtyshnikov in [164] for the case of the Frobenius
norm. Let € be a positive arbitrary number and v, (¢) = card{i : |0;(A,) — 0;(B,)| > €}. Or
for any pair of matrices A,, B, € My, (C), we have
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N|—=

(8.22) [i’aj(An) — 0j(By)|?

then

[ilaj(An) —0;(B.)?| < oldy).

By definition of 7, (¢) we deduce that
dn
o(dy) = |An = Bull% > Z|Uj(An) - Uj(Bn)|2 > n(€)€?
j=1

that is, v,(€) = o(d,). The latter relationship is by definition equivalent to e-EL. In the case
of the norm ||.||o the proof is trivial. Now by the part 5 of Theorem 8.1.12 we deduce the
ED property.

2. When ||A,,— B,||r = O(1) or ||A,,— B, |lo = O(d;;}), then e-SEL property is easily deduced
by using the same argument as in the preceding part.

3. Finally, if ||A,, — B,||l1 = O(1), then the sequences {4, }, and {B,}, are strongly equally
distributed by the last part of Lemma 8.1.1. O]

Theorem 8.1.13. [136, 142, 145]. Let { A, },, and { B}, be two sequences of d,, X d,, matrices.

1. If ||A, — B, — D,||% = o(d,) and rank(D,,) = o(d,,), then the sequences { A, }n and {B,}n
are equally distributed (ED).

2. When ||A, — B, — Dy,|li = O(1), with rank(D,) = O(1), then {A,}, and {B,}, are
strongly equally distributed (SED).

Proof. 1. Let X,, = B, + D,. Then {A,},, and {X,}, fulfill the assumptions of part 1 of
Lemma 8.1.2. Therefore {A,}, and {X,}, are equally distributed (ED). Moreover, {B,},
and {X,}, fulfill the assumptions of part 1 of Lemma 8.1.1 and consequently are equally
distributed (ED). Since the ED relation is an equivalence relation, the transitivity yields the

claimed result.
2. Let X,, = B,+D,,. Then {A,,},, and {X,,},, are strongly equally distributed (SED) by part

3 of Lemma 8.1.2. Moreover, {B,}, and {X,}, fulfill the assumptions of part 2 of Lemma
8.1.1 and consequently are strongly equally distributed (SED). Since the SED relation is an

equivalence relation, the proof is concluded by applying the transitivity.
O

We prove the following corollaries with similar tools. In particular, the essentials of the
proof of Corollary 8.1.2 can be found in [166].

Corollary 8.1.2. [136,142,145,166]. Let {A,}, and {B,}. be two sequences of d, X d,
matrices.

1. Suppose that ||A, — B,||% = o(d,). Then M is a cluster for the sequence {Ay}, if and
only if M is a cluster for the sequence { B },.

2. When ||A, — By|lr = O(1). Then M is a proper cluster for {A,}, if and only if M is a
proper cluster for {By},.
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Proof. 1. Let M be a cluster for {A,},. Then for any € > 0 we have
P)/n(An) M, 6) = O(dn)7 ’Yn(Ana Ma 26) = O(dn)a

where the function 7, (A,, M, €) measures the cardinality of I,(A,, M,¢) being the set of
indices j so that o;(A,) ¢ M. (M. is the e-extension of a set M in the nonnegative real
line). Now for any positive €*, let J, (A, By, €") be the set of indices j such that |o;(4,) —
0;(B,)| > €. By Lemma 8.1.2, it holds that {A,}, and {B,}, are e-EL and consequently
card(J,(An, By, €")) = o(d,) for arbitrary €* > 0. For every ¢ € U,(€,e") = JS(A,, By, €°) N
I,(An, M, €) it simultaneously holds that:

oi(A,) € M. and |o;(Ay,) —0i(By)| < €.

If € < e and i € U,(e,€¥), by triangle inequality, it follows that o;(B,) € M. Finally,
recalling that card(JS(An, By, €")) = d,, — o(d,,), and card(IS(A,, M, €)) = d, — o(d,,), it is
transparent that

card(U, (e, €)) = d,, — o(d,,).
Since U, (e,€*) C {j : 0j(B,) € Ma} and since € is arbitrary it follows that M is a cluster
for {B,,}» and the proof of the first part is concluded.

2. When ||A,, — B,||r = O(1), by following the same argument and by replacing each o(d,,)
by O(1), we obtain the desired result. O

Corollary 8.1.3. [136,142,145]. Let {A,},, and {B,}, be two sequences of d,, X d,, matrices

and let M be a set of the real line so that for any positive €, the set M, is made up of a finite
union of intervals.

1. Suppose that ||A, — B, — D,||% = o(d,,), and rank(D,)) = o(d,). Then M is a cluster for
{A,}n if and only if it is a cluster for { B, },.

2. If ||An — B, — Dyl = O(1) with rank(D,,) = O(1). Then M is a proper cluster for
{A,}n if and only if it is a proper cluster for {By,},.

Proof. 1. Let X,, = B, + D,,. Then {A,}, and {X,}, have the same clusters by Corollary
8.1.2. But {B,}, and {X,}, fulfill the hypotheses of Lemma 8.1.1 so that {4, }, and {B,},
are equally localized (EL). Therefore, by definition of equal localization matrix sequences, it
follows that for any nontrivial interval [, 5] (o < ), we have

card{i : 0;(A,) € [, B]} = card{i : 0;(B,,) € [, B8]} + o(d,,).

Since M, is (for any €) a finite union of nontrivial intervals, the proof is concluded.
2. When ||A,, — B, — D,||r = O(1) with rank(D,,) = O(1), by following the same argument
and by replacing each o(d,,) by O(1), we obtain the desired result. O

Equipped of above results, we can start the study on the preconditioning of collocation
matrices approximating elliptic bounded value problems.

8.2 Preconditioning and approximation

Let € be an opened domain of model problems (8.23) and (8.24), 99 its boundary, £ = 9QUQ

an artificial domain greater than real domain Q and, {z;}7%} and {(z;,y;)}7 72, be given or

selected points that are chosen out of the real domain €2 and are in the artificial domain.
The problems we are interested in, are the best approximations of elliptic boundary value
problems defined by:

Uni-dimensional problem
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(8.23) { Z'(’(()gv):a;f (52,1) _, TE0=(01

or Multi-dimensional problem

(8.24) { Th(x,y) + 5k (ry) = floy), (z,y) € 2=(0,1) x (0,1)
u(z,y) = g(z,y), (z,y) € 00

by the linear systems of the type: Az = y. The shown method to approximate (8.23) and
(8.24) is based on the Radial Basis Functions. These types of approximations similar to
the others, can be applied for approximating PDEs. In these methods, a radial function is
core for approximation space and this space is made by translating a standard radial function
with zero as its center (core), to all of the space particles. Here, we present an interesting
method using the nodes that most of them are selected out of real domain and the others, in
the domain. We study in any case (uni-dimension and multi-dimensions) the preconditioners

and the condition numbers of the obtained matrices. .
One of the advantages of meshless methods based on the RBFs with respect to another,

is high decrease of computational volume that arises when changing multi-dimensions to
one dimension. Kansa, [88] is the first researcher that applied an approximation by BRFs
(Pseudo interpolation) to the PDEs. The use of the globally supported RBFs, reaches to
the large linear systems, poorly condition number, full matrices as will be shown in the
following. A RBFs must be selected experimentally suitable for the model problem. Some of
the most commonly used RBFs are:

e Direct Multiquadric: ¢(t) = (£ + 02)%,

e Inverse Multiquadric: ¢(t) = (t* + 02)_%,
t2

e Gaussian: ¢(t) = e 2,

where c is a shape parameter which determines the "accuracy" and the "stability".

8.2.1 Uni-dimensional problem

(8.25) { Z(é

Associated linear system

Let 0 =29 < 21 < ... < &, < ;11 = 1 be the subdivision of the interval (0,1). The radial
function method consists to set

n+1
v(x vip(r —x;), xe€Q=(0,1
526 (©) = Suyota — ) 0.1
v(0)=a, v(1)=0b
When differentiae, one obtains from (8.25) — (8.26)

n+1

(8.27) govjsb"(x — ;)= f(z), ©€Q=(0,1)
v(0)=a, v(l)=10
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For all © = xq, 1, ..., Tp41; System (8.27) becomes

n+1 " .
(8.28) kZ_kaqb (v; —ap) = fl;), j=1,...,n
v(0)=a, v(1)=b
Setting
(8.29) O = (e — ), f; = flay);

It follows from (8.28) the linear system
(8.30) Ag, v = Jfa,
where d,, = n + 2 and
Ag, = [aij]?j:lo, fdn = [a, f1, f2, ., fn, BT and v = [vg, vy, ..., Vpia]”,

with

= iy Oni1j = Ont1y J =0,
o st = 1=

Aij = P g

So, (8.30) is equivalent to

¢0,0 ¢0,1 S (b[),n ¢0,n+1

a
1" 1" 1" 1" U
¢1,0 ¢1,1 e ¢1,n ¢1,n+1 U(l) fi
¢n,0 ¢n,1 - d)n,n ¢n,n+1 Un+1 61
Ont1,0 Pt Ontin  Pntintl

Let us notice by 7,, the submatrix of Ay, obtained by deleting the first and the last rows

1"

and columns, i.e., T;, = [¢; ;|7';_,. Since

2

3 Multiquadric (MQ)
(£24c?)2
(8.33) o) = (i——ﬁ Inverse Multiquadric (IMQ)
+2
C%(i%z —1)e” @ Gaussian

Then ¢ (t) is an even function. Setting h = (n+ 1)~ and x; = jh for j = 0,1, ...,n+ 1, one
deduces that T}, is a symmetric Toeplitz matrix. Defining g = 7, it follows from (8.29) and
(8.33) that

2

%m Multiquadric (MQ)
(8.34) ¢;.’k #% Inverse Multiquadric (IMQ)

2 (20K et -
g 7 —1)e Gaussian

One deduces from (8.34) that the generating function of the symmetric Toeplitz matrix T,
is given by:
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s(x) = Z gb;e%k” z € (0,1)

k=—o0

(8.35)

and developing (8.35), one obtains

(8.36) s(x) = ¢ +2) ¢pcos(2kmz)  x € (0,1).

k=1

Study of matrices A;,

1. Determination of the preconditioners of A,

When setting gb;-:k = ¢;-/_k and ¢; = ¢;_y, it follows from (8.30) — (8.32) that the matrix
Ag, is given by

g Py .. Dn Pnp
¢1 ¢0 s gbn—l ¢n
A, = | Lo :
G Dys ¢y O
¢n+1 qbn ¢1 ¢0
Let us set: Ag, =Ty, + Ay, where
O (U A (O %o ; 0 Dni1 . -
Tdn - E// //E e E// E// and Adn — . .
O iy B 0 (R
gbn—i—l ¢n s ¢1 ¢0 an—l-l - ¢n+1 ¢0 - ¢0

Since Ty, is a symmetric Toeplitz matrix, then P; = Ty — H(T},) is a natural preconditioner
of Ty, where

"

R Sl 0 0]
o 0 0

H(T,) = | Oni1
¢n+1 ://

0 0 ¢,

| O O ¢n+1 ¢3 ¢2 n

is the Hankel matrix. Or rank(Aq, — Ty,) = o(d,), it follows from Lemma 8.1.1 that the
matrix sequences {Ay, }, and {T,, )}, are equally localized and equally distributed. Then,

Py, =14

n

2. Study of the spectral radius of A,,

Since Adn = Tdn + Adm then

(8.37)

— H(Ty,) are good preconditioners for A, .

p(Aa,) = |Ag, ll2 < | Ta, ll2 + | Aa, |2 = p(Ta,) + p(Ad,)

In the following we study the e-equal localization and clustering properties of the matrix
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sequences {Ay, }, and {T}, },. First of all, let us determine the eigenvalues of Ay, :

¢O ¢0 - )\ ¢1 ¢1 LR ¢n+l O ¢n+1
Ag, = M| = ;
0 . e —A O”
¢N+1_¢n+1 ¢n—¢n ¢0_¢0_>\
= (o — B — A (=1)" X" + (=1)"*($ps1 — Gpy1)
& = ¢1 Gy — By i Dpsr — Doy
% 0 0
0 R 0
= (o — B — A (=1)" X" + (=1)" " (Bps1 — Gpy1)
¢ = ¢2 B3 — By or Dnyr — Py
0 DO 0
= (1) (0 — 6 — NPX+ (SN G = ) [P 00 G
= (=1)"™(¢o — By — A)2X" + (=1)" TN (pri1 — By11)°
= ( 1)n)‘n[(¢0 - ¢0 - )‘) (¢n+1 ¢n+1)2]
= (=1)"\"(¢o — ¢y — A — bns1 + D1 (B0 — g — A+ buy1 — brir)
then
Ao =0, mult.=n
1Ay, — My | =0 < { AL = —(ﬁbo %o) + ¢y, N1 — ¢ny1,  mult.=1
Ay = —(% ¢0) — (Ppy1 — Pur1), mult.=1

Case 1: Multiquadric

In this case: ¢ = hy/k2+ g2 and ¢, = %( - ; —4— fork=0,1,...n+ 1. or

$o = hg = ¢ ¢n+1:h\/(n+1)2—|—92:\/1+02;

¢// . g2 . 1 ¢// . 1 g2 . C2
PUohgt T (2 (n+1)D)E (14 )3
So,
Ao =0 , . mult.—n;
A o= €=t el =1
oy AEDL
Mg = &=L =UF)T e —1
¢ (1+4c2)2
then

-1 -=(01+3)7°, 02—1+02—(1+02)2

)"+ (

1 ) 1
e VA [(

¢ (14 )2 c (14 )2
2 2_12 1 2 4\2
_ 2 (-1 (44 0
d, c? (1+¢?)3 n—o0
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then

(8.38)

1
Ag, — T, —- 0
\/d_n” an = Tallr - =
According to (8.38), it follows from Lemma 8.1.2 and Corollary 8.1.2 that the sequences
{Aq4, }n and {1y, }, are e-equally localized and are clustered. So

(8.39) p(Ag,) =~ p(Ta,)

n—oo

Now, let us study the spectral radius of the Toeplitz matrix 7y, .

Since the coefficients of T, are positive, then Ty 1is a positive matrix. It follows from
Theorem 8.1.8 that both the matrices 7, and Ti possess the strong Perron- Frobenius
property, and according to Theorem 8.1.10, one deduces that

n+1 n+1
<
(8.40) 0<r£1£1+1z¢z 5= Og{lanHZ(bZ -
1 ntl n+1 n+1 ‘
OI‘ ¢z -7 = E( 2+(2 )2 )3 ) then mln Z¢7, —J = Z¢n+1 —j = h (g +J % Settlng
fo(z) = h( 2+ e Vo € [0,n + 1], then f'(z) = %—_390(92%;“)“” )2 <0, then the function f is

nonincreasing over the interval [0,n + 1]. So, f(n+ 1) < f(z) Vz € [0,n + 1], in particular
fn+1) < f()Vi=0,1,...,n+1. Or, f(n+1) = —<— then

(14c%)2
2 7L+1 n+1
(8.41) —2% n+2) hZ % - 0<1/7,Ii1’r£1+1z¢1 —J
(1+¢?) (9% + 52

Conclusion: From (8.39) —(8.40) — (8.41), one deduces that the spectral radius of Ay, grows
as d, =n+2 Ve > 0. So, the matrix Ay, is ill-conditioned.
Case 2: Inverse Multiquadric
In order to simplify the study, we only work in the case where ¢ > f Indeed this require-
ment 1mposes to the entries of 7;; to be nonpositive. Since,
1 i k27292 for k=0,1,...,n+ 1, then

¢k - h \/m ¢k k2)%7

1 1
¢0 - Ea gbn-i-l - ﬁv
7 -2 7 (]_ — 202>C
o =% Pop1= 3
gc g(1+c?)2
So,
A =0 (-2 mult.—
_ 1 2 1—-2c¢”)c 1 _ _
M=c+z+ g((1+022))2 Ty an(c) mult.=1
_ 1 2 1—2c¢%)e 1 _ _
A=+ 5z Tre) e} »(c) mult.=1
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As Oén(C) =1 + K + (1=2¢%) 5 — L and Bn(c) =1 + 2 — (1—2¢?) + L s

¢ Sl T pn4e)E (14ed)? ¢ Sl inate)d | (14ed)?

then

i A 2 _ i 2 2 0

1A, Iz = —llen(c)” + [Ba(c)[T] —

d, d, nto0
then
(8.42) LA ~Tulle — 0

. \/d_n dn, dn || F

According to (8.42), it follows from Lemma 8.1.2 and Corollary 8.1.2 that the sequences
{Aqg, }» and {Ty, }, are e-equally localized and are clustered. So

(8.43) p(Ag,)  ~  p(Ta,).

n—oo

Now, let us study the spectral radius of the Toeplitz matrix T}, .

Since ¢ > \/Lﬁ then the coefficients ¢; = #% of Ty, are nonpositive, then TdQn is a
nonnegative matrix, so —7}, is an eventually nonnegative matrix. It follows from Theorem
8.1.9 that both the matrices —Ty, and (—T},)” possess the Perron- Frobenius property, and

according to Theorem 8.1.10, one deduces that

n+1 n+1

1" 1"

(8.44) pJuin 0( 9i-j) < p(=Ta,) < max 0(_¢ij>'
j= j=

1 2g7—(i=j)? : € 29> —a? ' _
Because, 3@7]‘ = W araanl setting g,(z) = W aran)] Vo € [0,n + 1], then g,(x) =
h% 3":(92*(;21%5‘492) < 0, then the function g, is nonincreasing over the interval [0, n+ 1], since

g,(z) =0 < 2 = 0, one deduces that g, is a decreasing function over [0,n+ 1]. Furthermore,
forj=1,2,....n

1 292 -1 ” "
5 _¢(j+1)—j =—¢

4 —,; = —-——
(8.45) qb(]_l)_] h2 (2 +1)3

It follows from (8.45) that

n+1 n+1 n+1 n+1
JJuin > (=6,;) = 03;1&12% i=§) = gan+1=75) = g.(0— ).
=0 =0 =0
i 1) < ga(j)Vj=0,1,...,n+1 1) = —22-1
Since g, \, then g,(n+1) < g,(j) Vj =0,1,...,n+ 1 and as g,(n + 1) sl one
has
2¢2 — 1 n+2 1 TR 242 — 2 o=,
(8.46) QZ 5 — i (—¢ij)-
(1 + 02)2 n+1 " h g _,_j 2 0§z§n+1j:0
n+1 9 k 9 n+l—k 9
On the other hand, let us set co = > (—¢;) and ¢ = > (=¢;) + > (—¢;), for k =
7=0 7=0 7=0
1,2, ..., [%]. Because the matrices Ty, T , =Ty, and (—Ty,)" possess the Perron-Frobenius

property, it follows from Theorems 8.1.6 and 8.1.10 that
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(8.47) p(To) = p(~Ts) < max {co.cc} = cpgy

1<k<[4p]
Or
4] n1- (4]
Cldn) = (_ij) + (_¢j)
j=1 7=0
" [dTn] 1"
—¢o +23(—9;) if d,, is odd
_ Jj=1
B 1 1 [dTH}il "
—¢g — Pray, T2 (—¢,;) otherwise
g T4 L T
and since for j > 1, —¢;’ = gn(j) < 92(0) = %, one deduces that Cldn| < C%ﬁ From
(8.43) — (8.44) — (8.46) — (8.47), one has
2 _
2 15 n <P(Ad)<z I
(14c2):in+17 Y Sn4+1

(1+¢2)3
Conclusion: The condition number of Ay, grows as [Amin(4g, )]

Then lim p(Ag,) € [ 271 ,%} :
n—oo

Case 3: Gaussian
Also in this part, we study the problem in the case where ¢ > v/2. First of all, one has:
2 2

_k " 2 _k
o =€ 9 andébk:h?Lg?(%—l)e 9. Then

_ 1
®o=1; ¢ppy1 =€

2’ 2\ 2
So,
Mo =0 . mult.=n
M=1+2 - (1+2-4)e 2 =afc) mult.=1
No=1+2+(1+2-3)e @ =5 mult.—1
then
1 2 1 2 2
g alle = gla@F +15F] 2 0
then
1
8.48 Ag, =T, 7. 0
( ) \/@H dn d"HF n—+00

According to (8.48), it follows from Lemma 8.1.2 and Corollary 8.1.2 that the sequences
{Aqg, }» and {Ty, }, are e-equally localized and are clustered. So
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(8.49) p(Ag,) =~ p(Tq,)

n>>1

Study of the spectral radius of T}, .

k2

. " 2 — oy .
Because ¢ > v/2, the entries O = ﬁ (29% — 1) e ¢° of T, are nonpositive, then —7}; 1is

an eventually nonnegative matrix. It follows from Theorem 8.1.9 that both the matrices
—T,, and (=T, )" possess the Perron-Frobenius property, according to Theorem 8.1.10,
one deduces that

n+1 n+l
(8.50) o Juin, 0( ¢iy) < p(—Ta,) < max O(—¢z‘—j)-
J= i=

[V

T

Setting gn(z) = h2292 (1 - 2gi22> % Vo € [0,n + 1], then g, (z) = h2 T (—3+ 2 ) T <0
Vr € [0,n + 1], then the function g, is nonincreasing over the interval [O,n + 1], since
g.(r) =0 x =0, then g, is a decreasing function over the interval [0, n 4 1]. Furthermore,

for j=1,2,....n

(8.51) — 1y = %92 (1 - %) € = =) = —0}.
According to (8.51) one has
ntl nt1 nt1 nt1
(8.52) O<rggg+ljzo< ¢ i) = O<rgl<17gl+129n i—j) ;gnm +1-j)= ;gnm — ).

e Let us suppose that ¢ > /2. Since g, \,, then g,(n + 1) < g.(j) Vj = 0,1,...,n. Or
1
gu(n+1)=2%(1—3)e =, then

2e~ 2 2 A 2 ntl
(8.53) 2 (1__> "—hz ZhQ ( ?)6 C T 0t 0(_¢z‘j)-

From (8.50) — (8.53), one deduces that

(8.54) 2% (1 - 3) dn < p(=T4,)

2
e If c = /2 : then, go(n 4+ 1) = 0, 50 gu(n) < gu(j) Vj = 0,1,....,n — 1. Or g,(n) =

n2
(1- ) ¢ 7 then

“ n+1 > 2
8.55 g n = (n+1)2 ~ —

It follows from (8.50) — (8.52) — (8.55) that

(8.56)



n+1 k n+l—k

On the other hand, setting co = > (—¢,) and ¢, = >.(—¢;) + > (—9¢,), for k =
i=0

j=0 7=0
1,2,...,[%]. Since both the matrices —T}, and (—Ty,)" possess the Perron- Frobenius prop-
erty, according to Theorem 8.1.10, one deduces that
(8.57) p(=Ty,) < max {co,ck} = Clan)
1<k<[%

Or it follows from (8.51) that

(41 n1-[4]
g = D (=0, + (=4;)
j=1 J=0
" [dTn] "
—Pg +2 (—¢j) if d,, is odd
_ i=1

n

2
— ¢y — dn] Z ( : ) otherwise

and since for j > 1, —gb; = gn(j) < 9,(0) = 1, one deduces that Cpd
has

| < dy. From (8.57), one

n
2

(8.58) p(=Ta,) < dy
According to (8.56) — (8.58), one has

(8.59) S o(=Ta,) < dy

One concludes according to (8.49) — (8.54) — (8.59), and Theorem 8.1.6 that the spectral
radius of Ay, grows as d, = n+2 Ve > v/2 and least rapidly grows than d, = n + 2 for
c= 2. Then, the matrix A, is ill-conditioned.

N

8.2.2 2D-dimensional problem
Let us consider the Poisson equation:
2u(x, 2u(z,
(8.60) { Tl 4 Oed) — f(a,y) for (z,y) € @ = (0,1)*
U(l’,y) :g(iU,y) if (fl?,y) € 0f2

2.1 Associated linear system and Preconditioners
Discretizing Q with grid points z;, = (zj,yx) = (hj, hk) with 5,k = 0,1,...,n+ 1, and

h =~ +1, one defines an approximated solution of (8.60) given by
n+1n+1

(8.61) v(z,y) =Y ) e ((2,9) — (25, ux)
§=0 k=0

where

V2 —i— y? + ¢ Multiquadric (MQ)

— I Itiquad IM
(8.62) o(x,y) = @ nverse multiquadric (IMQ)
e Gaussian
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The combination of (8.60) and (8.61) give

( n+1ln+1

sz]k[ a_g):| (l'_xjay_yk):f(xay) for (fl?,y)@ﬁ
0k=0
et ingl .
;);OUJ'W(—%,IU —yr) = 9(0,9) if y € 0, 1]
gz-_&-lnll )
i=0k=0
7]1—&-171—}—1
;)kzovjkqs(x Zyj, _yk) = g(l’, 0) if = € (Oa 1)
7J1—_&-1n;1 )
Z%Z virg(r — x5, 1 —y) = g(x,1) if z € (0,1)
\
By direct computations, one has:
(@ +y? ) y(@® +y* +c )*%
0 0
D)= —al@ 2+ Lo yla? 2+ D)
8$ _92p 7x2+y2 ay _2y x +y
02 6 62 7 e c
then ) ) \
4 @+ + ) —a2a 4y
——(wy) = —@ TP+ )7+ 307 Y’ 4 )
0x? 9 21y 1z? 24,2
\ =€ <+ z € <
(
P (22 42+ )2 =P Ly P
S @y) =4 —(@ Fyi+E)7E 43t +yt 4 )7
Yy _9 _= +2y 42 2 +2u
[ 2¢ < *+= ¢
then
5% 5% (% + 92 +2) (@ +3° + )72 (MQ)
(864) @(l‘, y) e (x y) (xQ + y2 — 202)(,1:2 + yj ;{— 02)*5 (IMQ)
;%((ﬁ +y?) —c?le 2 (Gaussian)
The linear system associated with (8.63) is defined as follows:
n+1 62¢> 82(15 .
(@ 3 vy (58 4+ 58] (a5 —wwe =) = flogpe) 2 Gk =1
=0
n+1
(b) lzovlp(b(_xlayj _yp) :g(()?y]) : J _0717 7n+1
p=
n+1
(865) (C) ZZ Ulp(b(l_xl’yj _yp) :g<17yj) j _0717 7n+1
p=0
I |
(d) lzovlp¢($j -z _yp) = g(xj70) : J = 17 y
il |
(e) lzovlp¢(xj_$l71_yp) :g(xj71) : .] = 17 7n
\ D=
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(a) implies for j,k =1,2,...,n Z ci- ;vlp fik, 1.e.

l,p=0
Voo ]
Uo,;wrl
V1,0
i—1 i—(n+1) i—(n+1 :
(8.66) G120, O) iy |CIg oo Gl | /G G0 | vt | = i
UnJ'rl,o
_Un+1:,n+1_
where
1 c?
M
\(/(xj_xl) W y)p2) +Cz2 " (Ij—xz)2+(yk—yp)2+02)% ( Q)
=l _ xj—x1)?+(yp—yp)*—2c IM
Ck‘fp (z '—$1)2+(yk—yp)2+62)% . i ( Q)
(zj—x)“+(yp —vyp)
Sy — ) + (ye — yp)* — PA)e” e (Gaussian)
Setting g = ¢/h and since x; = jh, y; = jh, then
1 1 1 g’
g \/(jfl)22+(k7p)22+922 T [(G—0)%+(k—p)>+9°] 3 (MQ)
j—l 1 _(G=D*+(k—p)?—2g M
(8.67) Cio = P l0m0ertmpretlE (IMQ)
4 . 9 9 gy — U=+ (k—p)? )
W28 (=0 +(k—p)*—g°le g (Gaussian)
. . . n+1
(b) implies for j = 0,1, ... Zovlqu( Y — Yp) = 9(0,y;), i.e
’p
(8.68)
ST
UO,;hLl
U1,0
_ _ _ n—l—l 0—(n+1 : :
[ 2_87--‘; g_?n+1)| ?—éw'- i (n+1)| | . ¢j—§n+1§] V1,n+1 = Joj :g(O,jh)
Un—;-l,()
_Un—&—l:,n—f—l_
n+1
(c) implies for j =0,1,....n+1: > vpo(l — 2,y — yp) = g(1,y5), ie.,
l,p=0
- v
U0,7:z+1
V1,0
n+1)— n+1)—0 n+1)—(n+1) n+1 n+1 .
(8.69) @5V o oY gl S I v | = g(1,5h)
Un—;—l,O
_Un+1:,n+1_
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(d) implies for j =1,...,n

D vpd(T;

n+1

200

x, —yp) = g(z;,0), ie.

1,p=0
(8.70)
- v
UQ;+1
V1,0
n+1 n+1
[¢0 050 @ n+1 |¢0 050 @ n+1 | |¢] s ) QSJ (nil)] U1,n+1
Unh,o
_Un-i—l:,n—‘rl_
n+1
(e) implies for j =1,...,n: > vpd(r; — a1, 1 —y,) = g(x;,1), ie.
l,p=0
[ Voo
’Uo,;zﬂ
V1,0
+1 i—(n+1) :
(871) [¢(n+1 ¢Jn+1) (n+1) | |¢(n+q ) zn—i-l)—(n—i-l)] U1n+1
'Un-;-l,O
_vn+1:,n+1_
where ¢(z; — x1,yx — Yp) = S1_
. 1
| h[(J—l) (k—p)*+g7: MQ
(8.72) o ((]<— 1)? ( )(k‘ P’ +g°) 72 IMQ
24 (b=
e o Gaussian
From (8.66) to (8.72), one deduces the following linear system:
B n+2 n+2 n+2 n+2 T
Aéfo : Aéfl : Aéfn) A(()—(nzi-l) U(O)
n-+2 n+2 n+2
Ag—o : Ag—l : Ai,(n)ﬂ) 1e)
(8.73) : : : : :
n-+2 n+2 n+2 n+2 n
gy A e ||
n+2 n+2 n+2 n+2
_A(nJrl) 0 A(nJrl)fl A(nJrl)fn A(n+1)7(n+1)_
Adn’l) = f~
where d,, = (n + 2)? and
B n+2 n+2 n+2 (n+2) 7
AT A A, "
n+2 n+2 n+2
Ag—o : Ag—l ) A1,(n+1) 1Y)
Ag, = : : : P U=
(n+2) (n+2) (n+2) (n+2) n)
i e e oy
A(nJrl) 0 A(nJrl)fl A(n+1) n A(n+1) (n+1) 4

= gjo = g(jh,0)

9(jh,1)



with for j =0,1,....n+1

n+2 0—71n . n+2 n+1 n
(874) [gb j] ,;_IOﬂ En+1§ —j [le ]l,;:loa
forj=1,2,...,.nand [ =0,1,....,n+ 1,
C -l i—1 i—1 i—1 T
Cbg)—o Q%—l s gbg)—n ¢6fsn+1)
i—1 i—1 i—1 i—
s Gl & A @ C{—(n—&-l)
(8.75) AT = . B
G Ga o G Gl
i J— i
| 7 (n+1)—0 (b(n—i-l)—l T ¢(n+1)—n (b n—l—l) (n+1) |
0o AT Hla
cittocrtt ot ot
Gt G G
O O %

for k=0,1,....,n+1,
v® = (Vk.0, Vk 1, --'7vk,n+1)T; fO = (90,05 90,14 -"790,n+1)T; Fo = (9n+1.0; ---’9n+1,n+1)T

and forp=1,2,....,n
f(p) = (gp,[hfp,ly .. fp,nagpn-‘rl)T'

For | = 0,1,....,n + 1, it follows from (8.74) that the matrices A +2 and A(Zﬁ _, are
symmetric Toeplitz matrices. For [ = 0,1,...,n + 1, let us set

(nt2) _ 1l (n+2 n+1 (n+1)—1]" 1

(8.76) AT = [T, — G, and A(n = |pp VT — ot .
From (8.76) the matrices A +2 and A _, are symmetric. Hence, it follows from
[=0,1,....,n+ 1, the symmetric Toephtz matrlces
(n+2) (n+2) (n+2) (n+2) (n+2) (n+2)

To—, 7 =Ap " —Ap " and T(n+1) l—A(n—H) ! A(n+1)—z
Whence

n+2) n+2) (n+2 n-+2 n+2) n+2)
(8.77) Py =Ty — H(TY"?) and PUYE =T - H(TY)

are natural preconditioners for T( +2) and T’ 5:1 _, respectively.

According to the study done in uni- d1rnens1on for j=12,...,nand [ =0,1,...,n+ 1, one
has:

(8.78) A = i A
where
¢é*l—océ*l ARG ¢n+1 o]
n+2 n+2) —l1n
(8.79) ALY = ‘ ‘ and T2 = [+,
e N e NN e
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and

)\O(Agrjm) =0, mult.=n
(8.80) MATD) =6 =0+ O — ¢l mult=1
A2(A (n+2)) ¢ -l Z—Cf”rll%—gzﬁnﬂ mult.—1
with
| h((G =12 +¢)2 - (MQ)
(8.81) =9 AU =D+ (IMQ)
e e (Gaussian).
i =17 +g) %+%92((j—l)25+92)‘% (MQ)
(8.82) cit = (U =1 =2¢)(0U '_zl22 +9%)72 (IMQ)
h%gél((j —1)* - 92)6_% (Gaussian).
((n+ 1%+ (= 1) + g% (MQ)
(8.83) oih =4 w(n+1)?+ (-0 +¢°)72 (IMQ)
o (Gaussian).
(8.84)
M1+ (G =07 +0°) 2+ 3% (n+ 12+ (=1’ +9°) 72 (MQ)
cit={ wln+1)?+(G-1>—29 >(<n+1) =1+ (IMQ)
h%gél((n—i—l)Q—l—(j—l) —g¥e S e (Gaussian).

Since for j =1,2,...,nand [ =0,1,...,n 4+ 1; Tj(f;&) is a symmetric Toeplitz matrix, then

is a natural preconditioner for TJ"+2 On the other side, Aj +2) just has two rows non
identically null. One easily shows that the non null rows are linearly independent, then

rank(A]nJ{m) = 2 50, rank(A;" (n+2) T(n+2)) = o(n+2). It follows from Lemma 8.1.1 that the

matrix sequences {455 (n+2) }n and {T }n are equally localized (EL) and equally distributed
(ED). i

(8.86) (A, = (T,

One deduces from (8.85) — (8.86) that P("+2) = TJ-(ELZ) - H(Tj(f;ﬂ)) is an efficient precondi-
tioner for A;’jz). Setting Ty, = [T(n+2)]ﬁ“10 then, 7}, is a symmetric block Toeplitz matrix
with symmetric Toeplitz blocks. Therefore

n+2)]n+1
l 7,0=0

(8.87) P, =[P}

j_

is a good preconditioner for T, (see, [92,62,40]). Furthermore, setting
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(8.88) Ag, = Ag, — Ty, = [AFD) 01

According to (8.76) — (8.78) one has

n+2 )
(8.89) Ta”kQ(AE-_T : § n+2, ) 1=0,1,...,n+1and j € {0,n+1};
A = A 7P 1=0,1,.,n+1and j=1,2,.,n

For j=1,2,..,nand [ =0,1,...,n+ 1, one deduces from (8.79) that

(8.90) rank(A
Exploiting (8.88) — (8.89) — (8.90), one easily shows that rank(A,,) < 4n + 4, then
(8.91) rank(Aq, — Ty,) = o(dy).

It follows from (8.91) and Lemma 8.1.1 that the matrix sequences {Ay, }, and {7}, }, are
equally localized (EL) and equally distributed (ED). i.e,

(8.92) {Ada, }n ~2.0 {Ta, }n

From (8.87) and (8.92), one deduces that P, is a good preconditioner for Ay, .

2.2. Study of the spectral radius of A,,

/1+\f

Throughout this section we suppose that ¢ > in Multiquadric case, ¢ > 1 in the In-

verse Multiquadric case and ¢ > v/2 in the Gaussmn case. These requirements impose to the
Toeplitz matrix 7Ty, to be nonpositive and to the matrix Ay, to be nonnegative. According
O (888), Adn = Tdn + Adn then

(8.93) (Ag)* = (Ty,)* + Ty, Ng, + Ng, Ty, + (Ag,)?

or

Ty, = [TJ(—;F )]]710 and Ay, = [Aﬁ )]j,l+:10

then
n+1 n+1 n+l n+1
Tdn ZT(n+2 Adn ZA(n+2 A
§,1=0 §,1=0
n+1 n+l1 n+1 n+1
TdnAdn — ZT(TL+2 A n+2 : Adann _ ZA T(n+2)
§,1=0 §,1=0
then
n+1 n+1
899 (44,0 = | ST L TALD £ ARITI 4 AlAARY }]
s=0 §,1=0
For k,p=0,1,...n+1
n+1 n+1
n+2) (n+2 n+2 n+2 S(s
(8.95) (T Ty = > (T (T D)y = > CL2 0,
q=0 q=0



n+1 n+1

(8.96) (T AT ) =Y (T (AL D) gy = D Clri(s7, — Co7)),
q=0 q=0
n+1 n+1
n+2 n+2 n+2 n+2 S
(8.97) (AT, =3 (AT g (T8 gy = D (6175 = Lo
q=0 q=0
n+1 n+1
n+2 n+2 n+2 n+2 S S—
(8.98)  (ALTPAIT) =S (AT (AT = D (017 - Gl (e, — Cih).
q=0 q=0
n+1
From (8.94) — (8.95) — (8.96) — (8.97) — (8.98), one deduces that (Ag,)? = [[a{clp]zzlo} o

where for 7,0 =0,1,....n+1and k,p=0,1,...n+1

n+1ln+1
l S ¥S— l j—s [ 1s—1 s—1 j—5 j—5 s—1
a/i?p - ZZ{C% qu -p Oljﬂ—q<¢q—p - Oq_p) + ( i?_q - C]]“_Q)Cq_p
s=0 ¢=0
+ (g — CLI(05, — G5}
n+1n+1
s sl
= 2D Hois, >0

s=0 ¢q=0

since ¢, > 0 Vi,n,m,r =0,1,...,n + 1. Then

(8.99) (Ag,)?

n+1 .
On the other side, —T,,, = [[ o/ ;]Z;l 0} L2 0 since —C’,Z,:; > 0 (for Inverse Multiquadric
41=0

and Gaussian cases) Vi, j, k,p=0,1,....n+ 1. Then (Ty,)* = (-Ty,)* > 0.

All the coefficients of the matrices (Ag,)? and (Ty,)? are nonnegative, then both (Ay,)?
and (T},)? are nonnegative matrices, so Ay, and T,, are eventually nonnegative matrices.
According to Theorem 8.1.9, the matrices Ay, AZ[n, Ty, and TdTn possess the Perron-Frobenius
property. Since Ay, — Ty, = Ay, > 0, it follows from Theorems 8.1.6 — 8.1.11 that

(8.100) p(—=Ta,) = p(Ta,) < p(Ag,)

and according to Theorem 8.1.10, one has

n+ln+1 n+1ln+1
Jj— l < j— l
(8.101) 0<]H131<rylz+1zz —C” —Ty) o<§r}2}n{+1zz —C”
=0 p=0 =0 p=0
Case 4: Multiquadric (c > \/%5)
' =0,1,... 1.9t =1 1 1 g’ T
For j,l,p,k =0,1,...,n+1:Ci_, TR e + TSy . Both T, and

Ag, are eventually positive matrices. according to Theorem 8.1.8, the matrices A, , Adn, Ty,
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and Td possess the strong Perron-Frobenius property. Since Ay, — Ty, =

c > 1+\[) it follows from Theorem 8.1.11 that

(8.102) p(Tu,) < p(Ag,)

and according to Theorem 8.1.10, one has

= Ay, > 0 (since

nt1n+l et lndl
(8.103) o<i%i<ri+1zopzf’i < p(Ty,) < 0<ﬁ%}5+1zopzﬂc’j“ -
For j,k=0,1,....,n+ 1,
n+1n+1O] - ntlntl 1 e
10 22k ‘ZZ( +<k—p>2+gz+[(j—z>2+<k—p>2+g2]3>
First of all, let us study the functions: f,(z) = L d gn(x) = g

(g2 +o2+(j-1)?)2
over the domain [—n

functions reduces over the interval [0,n + 1]. Since f,(z) =

—X

(g2 +a2+(j-1)?) 3

(g2+a2+(j—1)2)2

— 1,n + 1]. Since f,, and g, are even functions, the study of these

< 0and g,(z) =

ﬁ < 0for x > 0, then f, and g, are decreasing functions on [0,n+1]. One deduces
that,
| . it e
(8.105) 0<j{1131<r711+1§p;00k_p = —;pzo ( —P —— + T g2]§>
since for [,p=0,1,...,n + 1,
1 1 - 1 1 c? - g*
n+1y2+c¢2 7 /124 p2+ g2 n+12+2)2 = (2+p2+g2)°
then
1 2 AAVAR, e
(8.106) (\/2+—c2+(2+c2)§> (n+2)? ;;<m+[l2+p2+92]§>

It follows from (8.102) —
Ag, grows as (n + 2)?

(8.103) — (8.105) —
. Then the matrix Ay, is ill-conditioned.

Case 5: Inverse Multiquadric (¢ > 1)
For 5,0,p,k=0,1,...n+1:

1 G-

W {(j = 1)?

+ (k= p)? - 2¢°
+ (k—p)* +¢°)}

(8.107)

g—l
k—p —

<0 sincec>1,

(8.106) that the spectral radius of the matrix

it follows from (8.99) and (8.107) that, both T, and A,, are eventually nonnegative matrices.

according to Theorem 8.1.8, the matrices Ay, ,

property. For 5,1 = 0,1,...,n + 1 fixed, and for £ = 0,1,..n + 1, qbi_l
Agf{m >0, s0, Ay, — Ty, = Ay, > 0, it follows from Theorem 8.1.11 that
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(8.108) p(Tu,) < p(Ag,)

Furthermore, (=T, )T possesses the Perron-Frobenius property. According to Theorem 8.1.10,
one has

n+ln+1 n+ln+1
(8.109) min E E le —T,,) < max E E le
0<j.k<n+1 0<jk<n-+1
=0 p=0 =0 p=0

For 7,k =0,1,...n+ 1,

(8.110) ii (—=Ci5) = 3ii ( X j_(l,j_ (f_pfg)

1=0 p=0 1=0 p=0 p)?*+ 47

()42
[22+(i—1)2+g%] 2
1,n+1]. Since f, ;—; is an even function, the study of f,, ;_; reduces on the interval [0, n + 1].

; —a(g?+a?+(j—)2) 3 (1292302 -3(j—1)?
Because f,, ; () = (g2+x2+((j_l)2)5 )
is a decreasing function over [0,n+1]. So,

Case: ¢ > 1. Let us study the function: f, ;_(z) = over the domain [—n —

< 0 for x # 0 (since ¢ > 1), then f, ;_

n+1n+1 n+1ln+1

. iy . il
(8.111) oﬁi%;z;( ci7h) 0<1;11<1751+11ng0( ci)
=0 p= =U p=

Also, the function g, ,(x) = —2 P27 g g decreasing function over the interval |0,n+1].
” [a2+p2+92)7
One deduces that
n+1n+1 n+1n+1
: iy A
=0 p=0 =0 p=0
According to (8.111) — 8.112), it follows that
n+1n+1 n+1n+1
: j— l l
s i S5 =S
=0 p=0 =0 p=0
. . . . 1 . L 292_2(n+1)2 _ L 2 _
Since, mlm{mpln( Co)} =3 ramenn B G (62+ )%, then for I,p=0,1,....,n+1,
12 -1 <i292—l2—p2 _
h3 (n+1)3 (02—0—2)% TR (g2 402 _|_p2>§ P
S0,
02_1 n+1n+1 2 2_[ _p n+ln+1
(8.114) 2 (—5> (n+2)? ZZ = ) (=C)
(c2+2)> 10p09+l2+p )R-

It follows from (8.100) — (8.101) — (8.113) — (8.114) that the spectral radius of the matrix
Ay, grows as (n+2)? (if ¢ > 1).
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Case: ¢ = 1. One has:

n+1 + G —=0*+ (k—p)QJ%

S 2n+ 12— (j—n—1)2— P 2(n+1)2 = (j— 1) — (k — p)?
;[(Hl) 24+ (j—n—-1)2+ ;pzo n+ 124 (5 — )2+ (k- p)??

One shows as in the case ¢ > 1 that

(8.116) min S ({

2(n+1)2— (j—n—1)2 — (k - pv>_f“ (n+1)2—p?
0<jk<n+t1 o 2
p=0

(n+ D24 (G —n— 12+ (k—p)?

and

(8.117) 0<}%i<%+1i”2“ ( (n+1)2— (G —1)?>—(k—p)° ) )

n+1)2+ (5 — 12+ (k—p)??

5t ()

1=0 p=0 +l2+p]2

Also here, as in the studies done in case ¢ > 1, one has

12_ 2 12_ 2
(8.118) (nt 1) —n _< (nt1)°—p _VYp=0,1,..,n
2(n+1)2+n22  [2(n+1)2+p?2
and
12_ 2 12_ 2 _ 2
(8.119) (n+1) < A ) P 0t land V= 0.1,

2(n+1)% + n2]% [(n+1)2 + 12 +p2]%
From (8.116) — (8.118),

n+1

(2n+1)(n+1)° 2(n +1)° (‘7_”_1> —(kop)
(8.120) 2(n+1)2 + nQ]% (n+2) < 0<j, k<n+1 h3Z [(n+1)2 —n =12+ (k- p)2]§

and from (8.117) — (8.119),

(2n +1)(n + 1)* UNAE n+1 (J—l) (k —p)*
(8.121) [2(n + 1)2 + nZ]g (n+2) < 0<j, k<n+1h3ZZ =12+ (k- p)Q]%

since

(2n+1)(n+1)3
2(n +1)? + 0?3

I (2n+1)(n+1)4n L2
n>>19,/3 [2(n+1)2+n2]g( +2) n>>1 9\/5( +2)

one deduces from (8.115) — (8.120) — (8.121) — (8.122) that

(8.122) +2)
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n+1n+1

9
8.123 (n+3) < min —CiTh
8129 o9 Smn3 o3 (-0

=0 p=0

It follows from (8.100) — (8.101) — (8.123) that the spectral radius of A4, more rapidly grows
that n + 3.
Conclusion: one deduces from the above studies that the spectral radius of A4, grows
s (n+2)? if ¢ > 1 (respectively more rapidly than n + 3 if ¢ = 1). Then, the condition
number of the matrix Ay, more rapidly grows than (n + 2)? if ¢ > 1 (respectively n + 3 if
¢ =1). So, the matrix A,, is ill-conditioned.

Case 5: Gaussian (¢ > \/5)
For 5,0,p,k=0,1,...n+1:

8.124 0“—4 — 1%+ (k 2 2*w< ' > /2
(8.124) k—p h2g4[(]_>+( —p) —gle 9 <0 since c > ,

hence one shows as in the case of Inverse Multiquadric that

(8.125) p(Ta,) = p(=Ta,) < p(Aq,)
and

n+ln+1 n+ln+l
8120 pin 33O SAT) S mex 305 (-CL)

For j,k=0,1,...,n+ 1,

n+1n+1 n+1ln+1

B120) D D (G5 = 422(9 — (= 0% = (k= p)?e (”2;2‘“)2)

=0 p=0 =0 p=0

_ G=0)2+a>

Case: ¢ > /2. Let us study the function: f,; (z) = [¢° — (j — )2 —2%]e”  #*  over the

domain [—n — 1,n + 1]. It is obvious that fnj—1 is an even function, whence study of f, ;_;
j—1 2+12

: _ G-
over [0,n + 1. Because f,; () = —2z[1+ 5(¢° = (j —1)* —a?)]e” &> < Ofora #0
(since ¢ > v/2), then f,;_; is decreasing over [0,n + 1]. One deduces that,

n+1n+1 n+1n-+1
(8.128) min E E C’jl = min E E(—C’J_l)
0<j,k<n+1 0<j<n+1 p
=0 p=0 1=0 p=0

 p24a?

Also here, the function g, ,(z) = [¢> — p* —2%]e ¢ is decreasing over [0,n + 1], then

n+ln+l n+ln+l
: N I
(8.129) OSIJnSlTILlH;O EO(—C]{, )= ZEO EO(—Cp)

According to (8.128) — (8.129), it follows that
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n+1n+1 n+1n+1

(8.130) pmin > Y (=Gl =D > (=G
T T 1=0 p=0

=0 p=0
On the other side, min{min(—Ct)} = Li[g? —2(n+ 1)2e " = L(2—2)e %, th
n the other side, mlm{ngn(— Wt =mgale’ —2(n+1)%e 7 = 5(c" —2)e en
forl,p=0,1,....,.n+1,
2
(c® —2)e 2 Loy o g U 1
. §h294[g —F=ple & =-C
SO
(02 _ 2)6_% n+ln+1 2, n+l1n+1
¢ 2 p . l
BUINES S G RT DY Il $ e
=0 p=0 =0 p=0

It follows from (8.100) — (8.101) — (8.130) — (8.131) that the spectral radius of the matrix
Ay, grows as (n +2)? (if ¢ > V/2).

Case: ¢ = /2. First of all, one has

n+1n+1

(8.132) ZZ(Q—]_[ —(k—p)Ye W):Z[gz_(j_n_1>2

G4 n ol

(= p)?le = N ZZ (g G =12 = (k= p)e (J’l)Q;rQ(kp)Q)

=0 p=0

Furthermore, one shows as in Inverse Multiquadric case (case ¢ > 1) that

. U, 9 9 9y —U=n=1) +(k—p)?
(8.133) o Hin (2(n +1)*—=(j—n—1)7—(k—p)le P2 ) =
Sjksnt1e=
n+1
> ([(n +1) - p216—<"“;3*‘“2>
p=0
and
n n+l 2 2
e RV - Ci N
(8.134) 0<}222+1ZZ (g (j—0*—=(k—p)?e =
=0 p=0
n n+l
S5 (- )
=0 p=0
where g = v/2(n 4 1). Also here, as in the studies done in case ¢ > /2, one has
9 g — (n+D24n? N gy — (12 4p?
(8.135) (n+1)"—ne & <[(n+1)"—=pie <& Vp=0,1..,n

and
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(n+1)24n? 124p?

(8.136) [(n+1)*—n?le” & < [¢*—1*—p*le & Vp=0,1,...,n+1 and VI =0,1,...,n.

From (8.133) — (8.135),

n+1
9 9 M+ 2 _ (41?402 : ) N
. — _— g2 < — _n —
(8.137) (n+1)"—n ]4(n - 1)26 m?h2 p;o[g (j—n—1)
(G=n=1)%+(k=p)®
—(k —p)?le” s
and from (8.134) — (8.136),
+2 (41242 1 ot
8.138 102 —n2-2 T2 o <mi 2_(j—1)?
(8.138) [+ 1) =’ e < rlj{}gnhgnglZ;;[g (i —1)
(h it
Because
n—+2 _o+)Zen? 1
8.139 1)? —n—— e >
(8.139) (01 = e z 5
and
+ 2  _@+n?in? 1
14 12— T > P
(8.140) [(n+1) n]4(n+1)e 2. 26(n—|— )

One deduces from (8.132) — (8.137) — (8.138) — (8.139) — (8.140) that

n+1n+1

1
j— l
(8.141) 26 (n+3) S m’mg g —-Cy_

=0 p=0

It follows from (8.125) — (8.126) — (8.141) that the spectral radius of A4, more rapidly grows
than n + 3.

Conclusion: According to the studies done in cases ¢ > V2 and ¢ = \/5, the spectral
radius of Ay, grows as (n+2)? if ¢ > /2 (respectively n + 3 if ¢ = v/2). Then, the condition
number of the matrix Ay, more rapidly grows than (n + 2)? if ¢ > /2 (respectively n + 3 if
c= \/§) So, the matrix Ay, is ill-conditioned.

Remark 8.2.1. It follows from the studies done in this section that the spectral radius of
the collocation matrices grows as the size of the matrices if ¢ > /2.

Remark 8.2.2. The following property was fundamental in Inverse Multiquadric and
Gausstan cases: For two real functions f and g defined on the same interval I C R,

inff(z) + infg(z) < inf(f(z) + g(2)).
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Conclusion

We have studied in detail the preconditioners and spectral radii of collocation matrices
Ay, approximating the Elliptic Boundary Value Problems (8.23) — (8.24) by imposing some
constraints on the shape parameter ”¢” figuring in the radial basis functions ¢(t). Our future
researches will consist to delete these requirements and to look for another theory in order to
study the spectral radii of these collocation matrices. Furthermore, we exploit in chapter 9 the
sequence of symmetric bolck Toeplitz matrices with symmetric Toeplitz blocks (SBTMSTB)
{Ty, }» which is equally distributed and equally localized as the sequence of collocation

matrices {Ag, }, in order to present an application (with some numerical results) of the
PCG method for the SBTMSTB with unbounded generating functions.
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CHAPTER NINE

APPLICATION OF THE PCG METHOD TO
SBTMSTB WITH UNBOUNDED
(GENERATING FUNCTIONS

In this chapter, we introduce and discuss the PCG method for the solution of linear systems
associated with ill-conditioned symmetric block Toeplitz matrices with symmetric Toeplitz
blocks (SBTMSTB) generated by unbounded functions. Furthermore, we perform some nu-
merical experiments which confirm the theoretical results.

9.1 Introduction

The systems of linear equations associated with Toeplitz (block Toeplitz) matrices arise in
many one-dimensional (two-dimensional) digital signal processing applications, such as linear
prediction and estimation [86], [97], and [98], image restoration [46], and the discretization
of constant-coefficient partial differential equations. In order to solve the system of linear
equations Ay x = b, where {Ag, }, is the sequence of collocation matrices approximating
elliptic boundary value problems, it useful to find a sequence {1y, (s)}, of d, X d, sym-
metric Toeplitz (block Toeplitz) matrices which is equally distrituted and equally localized
as the sequence {Ay, },. Hence, solve the Toeplitz (block Toeplitz) system T, x = b, by
direct methods, such as Levinson-type algorithms, requires O (d3d?) operations [8], [113],
[169]. The spectral properties of these matrices, which are related to the behavior of the
generating function s, have been well understood and deeply studied in this century (see
for instance [77,110,2, 170, 162,167, 153]). More Recently, there has been active research on
the application of iterative methods such as the preconditioned conjugate gradient (PCQG)
method to the solution of Toeplitz systems. The most successful preconditioners for the case
where s is strictly positive have been devised in the algebras of circulant, Hartley, and 7
matrices [37,12,11]. For the nonnegative case, under the assumption of zeros of even or-
ders, the only "optimal" preconditioners [7] are those chosen in the 7 algebra [52] and in
the band Toeplitz class [31,56,42,120]. In particular, this last preconditioning strategy has
been the most flexible and versatile in allowing one to treat also nondefinite [118], the block
[120], and the non-Hermitian [35] cases and the case of zeros of any order [140]. This is
the reason for which we focus our attention on the Toeplitz preconditioning: therefore we
consider the positive definite matrix Ty, (g) generated by a nonnegative, nonzeros function g,
and then, on following a known strategy [56, 31|, the preconditioned matrix takes the form
Ty, (9) " T4, (s). The proposed preconditioning techniques can be easily generalized to block
Toeplitz matrices. Since both Ty, (g) *w and Ty, (s)w, where w denotes an arbitrary vector
of length d,,, can be performed with O (d, log d,,) operations via fast Fourier transform, the
computational complexity per PCG iteration is O (d,, log d,,) only. The PCG method can be
much more attractive than direct methods for solving Toeplitz systems if it converges fast.
Furthermore, it is important to recall that the PCG method is more appropriated for this
special type of preconditioned matrix (often when the generating function s of the Toeplitz
(block Toeplitz) matrix is unbounded) and it does not contradict the preconditioned ma-
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trix P, Ty (s) defined in chapter 8 which can be exploited by the symmetric quasi-minimal
residual (QMR) algorithm (see [26,65,107]) or the Bi-conjugate gradient (BCG) algorithm
(a direct generalization of the classical conjugate gradient method of Hestenes and Stiefel).
Indeed, a very simple no-look-ahead version of the coupled two-term QMR algorithm was
derived by Freud and Szeto in [66]. They have shown that the no-look-ahead QMR iterates
can be obtained from the classical biconjugate gradient (BCG) algorithm (see [94]) by per-
forming one additional vector update and a few scalar updates at each BCG iteration. The
resulting algorithm is called "QMR-from-BCG".

The convergence rate of the PCG method depends on the eigenvalue distribution of the
preconditioned matrix Ty (g) Ty, (s) [6]. Generally speaking, the PCG method converges
faster if Ty, (g) 1Ty, (s) has eigenvalues clustered to 1 and/or small condition number. Chan
and Strang have proved that, for a Toeplitz matrix with a positive generating function in the
Wiener class, the spectrum of the preconditioned matrix has eigenvalues clustered around
unity except for a finite number of outliers.

In this chapter, by collecting known results, we show that the function s/g describes
very precisely the spectrum of the family of matrices {T},(g) Ty, (s)}. and consequently
we introduce the concept of the generating function for such kind of preconditioned Toeplitz
(block Toeplitz) matrices.

Our main results can be summarized as follows. Let {Ay, }, be the sequence of d,, X d,
collocation matrices, find a sequence {Ty, (s)}, of d,, x d,, symmetric Toeplitz (block Toeplitz)
matrices such that the sequences {Ay, },, and {7}, (s)}, are equally distributed and equally
localized. Furthermore, find a preconditioner T, (g) generated by a nonnegative, nonzeros
function g of Ty, (s) and study the asymptotic growth of the spectral radius of Ty, (g) ' T4, (s)
by PCG method for positive definite Toeplitz (block Toeplitz) matrices. Finally, perform
some numerical experiments in order to give numerical evidence for the theoretical results.

9.2 Preliminary

In this section, we consider the Poisson equation (uni-dimension and two-dimensions cases)
defined in the chapter 8 by

(9.1) { Z((();C)::a,f(izi) , reN=(0,1)
and

BQUia;,y) + a%gz;,y) = f(x,y) for (z,y) € Q= (0,1)?
92 { U(gs,y) = g(?v,y) if (z,7) € 00

As it was shown in chapter 8, the associated linear system obtained by the method of radial
basis functions is defined as follows

(9.3) Agv=f

n
where in uni-dimension case,
; T T
Anio = a1, fava = la, f1, far oo fu, 0] and 0 = [0, 01, ..., Upa] ",
with

ap,; = (,15/9,]', nt1j = Pnt1; 7 =0,1,...,n+1
Q5 = 1=1,2,...n;7=0,1,...n+ 1.

l’j ’

Furthermore, setting T, 42(s) = [c;_]5£L, where
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2

—L Multiquadric (M
(—k)*+92) d (MQ)
Inverse Multiquadric (IMQ)

Sl

(G—k)>—2¢
((—k)2+9%) 2

2
h2g2

with g = ¢/h, it follows from (9.4) that the generating function of the symmetric Toeplitz
matrix T,.2(s) is given by:

17

(94) ¢k = by

=

R
2 i— k)2 _(G=k)
(]gzk) _ 1) e g2

Gaussian

co + Qch cos(2kx)  x € (0,m).
k=1

(9.5) s(x)

The Fourier coefficients related to s(x) are given by

1
Cp — —
™

/s(x)e_z(kx)dx, I =[0,n].
Q

Remark 9.2.1. The matriz sequences {Ani2}n and {Thi2}n are equally distributed and
equally localized. (see chapter 8).

In two-dimensions case, d,, = (n + 2)? and one has

B n+2 n—+2 n+2 n+2
A(()—02) A((J—l; 457 Aé(g)+1> ) O
AR pln2) Ag’jnlrl) e ) FO
Ag, =1 ¢ : : : rv=| o | =]
AT A AT AT A o
AR p ) AT D) o Flrry
L " (n+1)-0 (n+1)—1 (n+1)—n (n+1)—(n+1) ]
for j=0,1,...,n+1,
n+2 0—71n n+2 n+1)—71n
(9-6) A(()—j ) = [@_;}7][;:103 Agn_t,_l;_j = [ l(—p ) ]]l,;:lo
forj=1,2,...,.nand [ =0,1,....,n+ 1,
- - - - -
gbg)f(l) ¢‘(7]7 % (b‘[j)fal Q%_ Sn—&— 1)
CiZ CiZ ci, CiZn
g _ | . IR
(67 =t " " " i a
)= ] ] )=
S e e
_¢(n+1)70 ¢(n+1)71 ¢(n+1)fn (n4+1)—(n+1) |
oo G G
e Cior O
o e oot
R R A
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with for every £ =0,1,....,n+ 1

o) — 0 _

(Uk,o,vk,l,---,vk,nJrl)T; f (90,0790,1,-~-,90,n+1)T; f(nH) = (9n+1,07---79n+1,n+1)T

forp=1,2,....,n
f(p) = (gp,Oa fp,b ceey fp,nagp,n-i-l)T
forj=1,2,...nand [ =0,1,....,n+ 1,

(9.8) AT = i g A
where
I e A I
n+2 e n+2) l1n
(9.9) AL[ ) = ; O 5 Tj(4 = [} ]k,;lo
¢n+1 Cn+1 it —cit g =l
On the other side, for j,k,l,p = 0,1,....n + 1, let us define the symmetric Toeplitz
matrices Tj(f;rz) and whose Fourier coefficients are given by
1 1 1 g M
h /(=12 +(k—p)2+g2 th [(G—0)2+ (k—p)2+92)3 (MQ)

-l _ 1 _(G=D2+(k—p)?—24°
(9.10) Clop = Wi i iming ] (IMQ)
G=02%4(k—p)2

warll =0+ (k—p)?—g’le (Gaussian)

Setting Ty, = [T;ﬁfm]ﬁ:lo, then Ty, is a symmetric block Toeplitz matrix with symmetric

Toeplitz blocks and whose the generating function is defined as

(9.11) s(x,y) = coo0 + 223007;C (cos(2kx) + cos(2ky)) + 4ZZCM cos(2kx) cos(2jy)
k=1 k=1 j=1

for all (z,y) € (0,7) x (0, 7). The Fourier coefficients related to s(z,y) are given by

1 .
Cik = ﬁ/ s(x,y)e Ve dzdy, Q = [0,7] x [0, 7]
Q
and setting g = ¢/h, it follows from (9.10) that, for j,k =0,1,2,....,n+ 1,

2

bt Q)

h \/]2+]€22+g 24k24g2]2
. L 72 +k*—2g7
(9.12) Gk = W e ged . (IMQ)
J“tk

2494 2+ kK —gle ¥ (Gaussian)

Remark 9.2.2. When choosing the form parameter "¢ > /27, it follows from relations
(9.4) — (9.12) that the Fourier coefficients of the integrable function s are all positive (in
Multiquadric case) and all negative (for Inverse Multiquadric and Gaussian cases). Because
in the literature, most of the globally defined RBF's are only conditionally positive definite,
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without loss of this generality, we suppose that the matrices Ty, are positive definite (in Mul-
tiquadric case) and negative definite (in Inverse Multiquadric and Gaussian cases: indeed,
the smallest eigenvalue of these symmetric matrices is negative) since the matriz sequences
{Aa, }n and {1y, }, are equally distributed and equally localized. Otherwise, consider a pos-
itive number « (respectively a negative number ) such that s + « is essentially positive in
Multiquadric case (respectively s+ is essentially negative in Inverse Multiquadric and Gaus-
sian cases). Therefore the Toeplitz matrices Ty, (s + «) are positive definite (in Multiquadric
case) and Ty, (s + B) are negative definite (in Inverse Multiquadric and Gaussian cases).
Furthermore, the eigenvalues of Ty, (s + «) (respectively Ty, (s + B)) are the eigenvalues of
T, (8) shifted according to the constant « (respectively [3).

» 0

In the following we suppose that the shape parameter "¢’ appearing in the radial basis
function ¢(t) is strictly greater than /2.
Before starting the study of the asymptotical behavior of generating functions s(x) and

s(x,y) first, let us recall the following results due to Riemann (or Riemann-Lebesgue) for
the integrable functions.

Theorem 9.2.1. (Riemann or Riemann-Lebesgue). Let [a,b] be a bounded closed interval of
R. Then, any continuous function f : [a,b] — R is Riemann-Lebesque integrable on [a,b].

Theorem 9.2.2. (Riemann or Riemann-Lebesque). One suppose that the real-valued func-
tion f : [a,b] — R is integrable over [a,b]. Let us consider the regular grid points a = xo <
1 < - <z =b(n>1) of step h = b’Ta =z, —x;q (1 < i < n) and let us set

n
I, = > fla+x;)(x; — x;—1). Then the real sequence of general term I, converges in R and
i=1

its limit, denoted f:f(x)da: is called definite integral of f over |a,b].

9.3 Asymptotical behavior of generating functions s(x)
and s(z,y)

The purpose of this section is to study the behavior of s(z) and s(z,y) over the domains [
and () respectively.
9.3.1 Toeplitz case

In this subsection, we study the behavior of s(z) over the interval I = [—7, 7.

Multiquadric and Gaussian

Lemma 9.3.1. The real-valued integrable function s(x) is even and unbounded over the

compact domain [—7, m|.

Proof. First of all, for k =0,1,...,n 4+ 1, let us recall that: x; = niﬂ, h = n+r1 and g = ¢/h.
e Case 1: Multiquadric (MQ).

1 g2 g3 1 CQ
k=7 7 = 7 = T
higz g2z cln+1)? ((Lf 1 (;2) N Rk
n+1
Since the function x +— = 022) = is positive and continuous over the domain [0, 1], it follows
cétx<)2

from Theorem 9.2.1 that it is Riemann-Lebesgue integrable, so

1 2
O</ ——dxr = ag < 00,
o (

c? —|—x2)%
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and according to Theorem 9.2.2, one has

n+1 2 1 2
1 c / c
im = ——dr = «y.

Then, for € = /2, N, € N such that

n+1
1 2

n>N, = <X
n+1k:1 (02—1—:5%)5 2
ap s c? 3oy
= —(n+1)< - < (n+1)
2 ko1 (¢ +af)? 2
n+1 3o
= 2+1)< ch < To(n—i-l)
k=1
Then,
n+1
(9.13) > o~ (n+1).
k=1

From (9.13) and (9.5), one obtains

lim s(x) = 0.
z—=+m,0

Hence, s(z) is unbounded over I. Since the Toeplitz matrix Ty, (s) is symmetric, one
deduces from Lemma 1.3.2 that the function s(x) is even.
e Case 2: Gaussian.

2 (2% 2 4 (e N W e RS W
C A G L R I B e ) R

. . a2 12, . .
Since the function z — C—f (% — x2) e 2" is negative and continuous on the compact subset

[0, 1], according to Theorem 9.2.1 it is Riemann integrable so,

1 2
—4
[ (5]t ma
0

with |a| < co. Furthermore, it follows from Theorem 9.2.2 that

1 (AR e Vg )\ e
i SR (G ) [ G )

k=1

Then, for € = |ay|/2, AN, € N such that

SN o | nEH <|Oé1|
n . Cr — (0 —
n+1k:1k ! 2
3a an, o
= 71(n+1)< E < El(n"—l)
k=1 ~
<0
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then

n+1

(9.14) > o~ —(n+1).
k=1

From (9.14) and (9.5), one obtains
i) = ==

Hence, s(x) is even and unbounded over I.

Case 3: Inverse Multiquadric

Lemma 9.3.2. The real-valued integrable function s(x) is even and bounded over the compact
domain [—m, 7|

Proof.
Ck:% k2—2925 _ —(n+1) 262 — (#)25 o _202+x§
h (k2 + ¢2)2 (n+1)° <02+ (niﬂ)z)a (n+1) (2 +22)?
Then, the function x % is negative and continuous on the compact subset [0, 1],

according to Theorem 9.2.1 it is Riemann-Lebesgue integrable then,
1 2, .2
-2
0 (c+22)2

with |as| < co. Furthermore, one deduces from Theorem 9.2.2 that

1 S22+ 3 /1 —2¢% + 2*
——=dr = .
0

lim = = =
n—>oon—i—1k:1 <c2+xz)§ (2 + 22)2

that is

Because the Fourier coefficients ¢ of s(x) are all negative, one deduces that

00 00
D el = D x| = leo + al
k=0 k=0

So, s(x) belongs to the Wiener class of functions hence, s(z) € L*[0, r|. Since the Toeplitz
matrix Ty, (s) is symmetric, according to Lemma 1.3.2, it follows that s(z) is even over I [J

9.3.2 Block Toeplitz case

Throughout this subsection, we study the behavior of the function s(z,y) over the domain
Q= [-m, 7] X [-m, 7).

Lemma 9.3.3. The real-valued integrable function s(x,y) is even and unbounded over the
domain Q.

Proof. In this proof, we treat separately the cases: Multiquadric, Inverse Multiquadric and
Gaussian.
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Case 4: Multiquadric

1 1 1 g’ W, @
Cik = 7 + - =c,tch
PR r e h(2tR gt R

Here, one deduces from case 1 above that

1

3
+

c((f) ~n-+1,
k=1
then
n+1
(9.15) nh_)rglOZc(()g,)€ = 00.
k=1

Because the Fourier coefficients c; of s(x,y) are all positive, then

n+1 n+1 n+1ln+1
(9.16) D cr < oo+ (Zcffi +ZZ%>-
k=1 k=1

k=1 j=1

From (9.11) — (9.15) — (9.16), it follows that

lim s(x,y) = oo, lim s(z,y) =00
(z,y)— (L, £m) ( y) (z,y)—(0,£m) ( y)
and lim s(z,y) lim sz, y)
im  s(x,y) = oo, im  s(z,y) = oo.
(2,y)—(£m,0) Y (=,y)—(0,0) Y

Hence, s(z,y) is unbounded on the domain . On the other hand, because T}, (s) is sym-
metric, it follows from Lemma 1.3.2 (a generalization) that s(x,y) when defined over the
domain @ is even, in the sense that for every (z,y) € @ such that s is defined in (z,vy),

s(—z,—y) = s(—x,y) = s(z, —y) = s(z,y).

Case 5: Inverse Multiquadric
1 %+ k2 — 2¢°
WE(j2 + K2+ g*)2

ijk =

then )
1 k*—2g? (n+ 1) =2+ (7£5) —2¢% + 23

Cop = —= — _

B R ) D (@4 (A (@ +ad)i

One shows as in case 2 that

n+1
> cop~ —(n+1),
k=1
then
n+1
(9.17) Jggozco’k = —00.

219



Since the Fourier coefficients ¢;; of s(x,y) are all negative, one has

n+1 n+ln+1 n+1
(918) €0,0 + 4 (Zco’k + chj’k> S ZC()’k.
k=1 k=1

k=1j=1

From (9.11) — (9.17) — (9.18), it follows that

lim s(z,y) = —o0, lim s(z,y) = —o0
(@,y)—(£m, &) ( y) (z,y)—(0,£m) ( y)
e lm (1) lms(,y)
im  s(z,y) = —o0, im  s(x,y) = —o©
(z,y)—(£m,0) Y (z,9)—(0,0) Y

whence, s(x,y) is unbounded over the domain @, and because Ty, (s) is symmetric, it follows
from Lemma 1.3.2 (a generalization) that s(z,y) when defined over the domain @ is even.

Case 6: Gaussian

4 ) _j2+k2
Cjk = h2—g4(]2 —|—k32 —92)6 g2
Whence,
4 5 5 - An+1)! 9 N N S
eoi = g =9 = Gy | 0 (aep) )R = G et

The expression of ¢y is similar to that of ¢, obtained in case 2 so, one deduces from case
2 that

n+1
(9.19) JI—I&;CO”“ = —00.

Since the Fourier coefficients ¢, of s(x,y) are all negative, it follows that

n+1 n+ln+1 n+1
(920) C0,0 +4 (ZCQk + chj’k> S Zco’k'
k=1 k=1

k=1 j=1

According to (9.11) — (9.19) — (9.20), we deduce that

lim s(z,y) = —o0, lim s(z,y) = —o0
(z,y)—(Lm,£m) ( y) (z,y)—(0,£m) ( y)
e lis(z,9) lims(z,1)
im  s(z,y) = —o0, im  s(x,y) = —oc.
(z,y)—(£m,0) Y (z,y)—(0,0) Y

Therefore, s(z,y) is unbounded over the domain @), and since Ty, (s) is symmetric, it follows
from Lemma 1.3.2 (a generalization) that s(z,y) is even. O

Remark 9.3.1. The matriz sequences {Aq, }n and {Ty, (s)}, are equally distributed and
equally localized (see chapter 8). The generating function s of the Toeplitz (respectively block
Toeplitz) matriz Ty, (s) extended over the domain |—m, | (respectively [—m, 7| X [—m,7]) is
real-valued and even.
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Remark 9.3.2. The solution of the system of linear equations T, (s)v = f provides an
approximate solution of the initial system Ag v = f This solution is also an approrimate
solution of the Poisson problems (9.1) — (9.2).

As it was shown in chapter 8, the spectral radius of the matrices Ty, (s) is bounded in-
dependently of n in the Inverse Multiquadric case (for the Toeplitz case) and grows than
(n+2)? for Block Toeplitz case) so, the matrices Ty, (s) are ill-conditioned for any value of

n. More precisely, the Euclidean condition number of Ty, (s), as a function of the dimensions,
15 unbounded:

(9.21) lim ko (Ty, (s)) = 0.

n—oo
Hence, unless some preconditioning are used, all classic iterative methods are very slow.
We end this section by recalling the following fundamental result

Proposition 9.3.1. Let f,g € L'(—m,7) be two functions of constant signs such that
sign(f) = sign(g). Let \j (T,,(¢)"'T(f)) (1 < j < n) be the eigenvalues of T,,(g) T, (f).
If

~

0
(

~—

(9.22) 0<m<

<M V0e|[-nmm]

)

)

Q

then for j =1,2,...,n,

Proof. Because f and g are of constant signs and sign(f) = sign(g) then, the Toeplitz
matrices T,,(g) and T,(f) are positive (or negative) definite. By looking the contradiction,
let us suppose that there exists an eigenvalue \;, of T,,(¢) 'T,(f) such that \;, < m or
Aj, = M. Without loss of generality, one can suppose that A\;, < m. Then the matrix B,, =
T.(f) =X Tn(g) = T,.(f — \jp9) is singular. Indeed: since T,,(9) "' B, = T,,(9) " T,.(f) — Njo In
and )\, is an eigenvalue of T,,(9) *T,(f) then 0 is an eigenvalue of T,(g) B, whence,
T.(g9)"'B, is singular. Because T} (g) is nonsingular (since T, (g) is positive (or negative)
definite) one deduce that B, is singular.
On the other side, V0 € [—m, 7],

£(0) — Aog(0) = g(6) [@ - Ajo] > 0 for g(6) > 0 (or < 0if 9(8) < 0).

9(0)

Then B, = T,(f — Aj,9) is positive (or negative) definite, contradiction.Therefore relation
(9.23) holds true. O

In the following, we restrict our study on the Toeplitz matrices whose the generating
functions f(x) are Riemann-Lebesgue integrable over I = [—, 7] and on the block Toeplitz
matrices whose the generating functions f(x,y) are just integrable over Q = [—n,7]?. Fur-

thermore, we define the numbers d,, as the positive integer numbers such that d, < d,;
Vn € N.
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9.4 The Classical Szego theory

This section deals with the main results of the Szego theory on the spectral behavior of
symmetric or Hermitian Toeplitz matrices generated by a Lebesgue integrable function f.
Here and in the following we denote by essinf f and esssup f the essential infimum and the
essential supremum of f [77], that is, inf f and sup f up to zero-measure sets; moreover, the
symbol m{A} denotes the Lebesgue measure of the set A, where A is a subset of NV N > 0.
We denote I = [—m, 7]. Certain of these results were stated in chapters 1 and 2.

Theorem 9.4.1. [77,167]. Let /\Ed”) be the eigenvalues of Ty, (f) (which are real, since f
is (even) real-valued and the matriz Ty, (f) is (symmetric) Hermitian) ordered in a non-
decreasing way then, for any continuous function F' € Clmg, My] with my = essinf f,
M; = esssup f, the asymptotic formula

1 1 ("
(9:24) Jim g S FO = 5 [ R

™ -7

holds true.

As a direct consequence of the definition of the Fourier coefficients a; of the function
f and in the light of the Theorem 9.24, it is possible to prove a localization result on the
spectrum Y, (f) of the matrices Tg, (f) and a first estimate of the asymptotic distribution

of Zdn<f)

Definition 9.4.1. We define ER(f), the essential range of f, as the closed set of the real
values y such that, Ve > 0, the Lebesque measure, m{x € I : f(x) € (y — €,y + €)} is always
positive.

Theorem 9.4.2. [121]. Let f be a Lebesque integrable (even) real-valued function not essen-
tially zero on I (my < My). Then we have

1. A% ¢ (my, My) for any i < d, and d, € N*,

2. The topological closure of | {)\gd”) ci=1,....,d,} contains ER(f),

neN*

3. If we fix an index i independently of n, then

lim A = m; and lim A", = M.

n—oo n—oo
Of course, if my = My then Ty, (f) =my - 1.
More recently, in [170] finer relationships have been proved.

Theorem 9.4.3. [121]. If m{z € 1: f(x)=a} =m{x € : f(x) =b} =0, then

o A" €[00} mfz €1 f(2) € [a,b]}

n— 00 dn 27

Therefore, if we denote by X, the set
[y, My]/B(ER(S), €),

where B(A,¢€) is the union of the open balls centered in a € A with radius equal to € then,
roughly speaking, few eigenvalues of Ty, (f) belongs to X.. More precisely, for any positive e,
£ {34, (f) N X} = o(dy), so that most of the spectrum of Ty, (f) must be contained in the

essential range of f. However, surprisingly enough, in [170] the following theorem is proved.
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Theorem 9.4.4. J {)\Ed") ti=1, ...,dn} is dense in [mg, My].
neN*

In the case where f is complex-valued, it is evident that the related matrices T, (f) are,
in general, not Hermitian. When considering the singular values in place of the eigenvalues,
an elegant version of the Szego theory results.

Theorem 9.4.5. [121]. Let f be the compler-valued generating function of the matriz T, (f)
and let F be a continuous function defined on the closed set [mys, M|, where My = esssup | f|
and my is the Euclidean distance of zero from the convex hull of the essential range of f.
Then the relation

1 & 1 ["
(9.25) Jim >R = 5 | Frehas

(

is verified, where the quantities Jid") denote the singular values of the matriz Ty, (f).

This result, under some restriction assumptions, has been proved by Parter [110] by
exploiting linear-algebra tools, more general statements can be found in [2,167]: there the
argument is mainly based on functional analysis and operator theory.

In addition, in [172], under some hypotheses about f, the author proves a second-order
result which can be used in order to give an asymptotic estimate about the number of the
few eigenvalues not belonging to ER(f). This refinement is a little simpler to state in terms
of the squares of ai(d”) than in terms of the singular values themselves. The restriction about
f is due to the assumption that it belongs to the Krein algebra K [91] of all the functions f
such that f is essentially bounded and

15 = D kllaf* < co.

k=—o0

We remark that the Krein algebra contains the linear subspace of the C? periodic functions.
More precisely, by means of classical estimates on the Fourier coefficients of continuous
functions (see the chapter on the trigonometric interpolation in [149] and the Bible [176] on
trigonometric series), we can say that

1. K contains C! = {f € C': f" is absolutely continuous},
2. K contains T, = {f € C': f' € Lip,}, a € (0,1],
3. K contains T, = {f € C': f' is in the Dini-Lipchitz class}.

More precisely, for the class C}, we can conclude that the Fourier coefficients a; are O(k~?)
[149], while for the classes T, and T, we have a; = O(k~*) and ar = o((klogk)™)
respectively. Notice that all these spaces are subspaces of the C! and, with the exception of
T, are also subspaces of the well-known Wiener class [37,48]. Concerning the functions in
the Krein algebra the second-order result of Widom is stated in the following theorem [172].

2
Theorem 9.4.6. Let tl(»d") = (Ul(d")> ,let f € K, and let G be a function belonging to
C*[m%, M7]. Then

dn
. )y dn
(9.26) nlggo (;ZlG(ti ) — %/

—Tr

™

G(If(fﬂ)lg)dx) =
where ¢ is known constant characterized in [172].
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9.5 Fundamental results on the distribution of Toeplitz
spectra

In this section, by using the preceding limit relations (9.24) — (9.25) — (9.26), we want to ana-
lyze the asymptotic distribution of the eigenvalues and /or the singular values of the Toeplitz
matrix Ty, (f). We will show that the essential range of f or |f| plays a fundamental role in

understanding where "most" of the eigenvalues and/or the singular values of Ty, (f) tend to
concentrate.

In order to explain the technique used in the following, we start by proving in the following
proposition, a relation which is also a consequence of Theorem 9.4.3.

Proposition 9.5.1. For any positive number €, let X, be the set
[my, My]/B(ER(f), €),

with f an (even) real-valued integrable function, my = essinf f, My = esssup f. Then o(d,,)
eigenvalues of Ty, (f) belong to X..

Proof. For any € > 0, let us consider a continuous function F, constructed in the following
way:

1. F. is defined over the domain [ms, M¢], and 0 < F, <1,
2. Supp(F,) NER(f) is empty, and F. =1 on X..
Since F, is chosen continuous, we can apply Equation (9.24), obtaining

d
. RN (dn)
2 lim — Y F (\) =
(9.27) 1mdi1(z)0

n—oo n

since F, is nonzero only where f(x) does not belong to ER(f). Therefore, as zd” F.(\ (d”)) >
lj{)\gd”) € X} we have proved ti{)\gd") € X} =o(d,). O

Analogously it is possible to prove a similar result for the singular values.

Proposition 9.5.2. For any positive number €, let X, be the set
[my, My]/B(ER(f), €),

with f a complez-valued integrable function, My = esssup f, and my the distance of 0 from
the convex hull of the essential range of f (which is clearly less or equal to essinf |f|). Then
o(dy,) singular values of Ty, (f) belong to X..

Proof. 1t is enough to follow the same steps as in Proposition 9.5.1. O]

Now, with the help of the second-order result obtained by Widom (see Theorem 9.4.6), we
can obtain a finer result about the asymptotic distribution of the singular values of T}, (f).

Theorem 9.5.1. Let f € K. Then, for any € > 0, only O(1) singular values of Ty, (f) lie
in the set
Xe = [my, My]/B(ER(|f]), €).

Here my is the Euclidean distance of the convex hull of the essential range of f from zero,
while My is the supremum of | f].
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Proof. For any ¢ > 0, we define a three times continuously differentiable function G, char-
acterized by the following properties:

1. G. is defined on [m?, MJ%] and 0 < G, < 1,
2. G.=0on ER(|f|*) and Gc =1 on
[m3, M7]/B(ER(| ), €),

3. G, € C¥m2, M2].

From the regularity features of G. we may apply Theorem 9.4.6, obtaining that

(9.28) dinZZlGe(( / Go(|f(x dm+—+o(d1n>,

where ¢, is the constant ¢ in Theorem 9.4.6. In the light of the definition of G we have

d
1 Z" @2\ _ L oup (dn) 3 1
dn =1 Ge <(O-Z ) ) B dnjj{o-z © XE} + dn + ¢ dn ’

with 6. > 0 and going to zero When e — 0. Since G.(|f(x)]?) = 0 almost everywhere (a.e.) by
definition, it follows that ﬁ{a ) € X.} is bounded by a constant depending only on e. [

Proposition 9.5.3. Let f € K and f be an (even) real-valued function. Then, for any e > 0,
only O(1) eigenvalues of Ty, (f) lie in the set

[my, My]/B(ER(f),€).

Proof. 1t is enough to consider a positive number « such that f + « is essentially positive.
In this case the eigenvalues of T, (f + a) coincide with the singular values of T, (f + «).
Therefore we apply the former theorem by obtaining that O(1) eigenvalues of T, (f + «) lie

in the set
[my + a, My + o] /B(ER(f + a), €).

Since the eigenvalues of T, (f + «) are the eigenvalues of T, (f) shifted according to the
constant a, the claim holds true. O

9.6 Preconditioned Toeplitz matrices P; (f;g)

The aim of this section is a brief exposition of recent results [56, 137,138,139, 140, 118, 117]
about the spectra of preconditioned Toeplitz matrices. In particular, we want to point out
the formal connection with the classical spectral theory of symmetric or Hermitian (non-
preconditioned) Toeplitz matrices. Here and in the following, by preconditioned Toeplitz
matrix we mean a matrix of the form Ty, (g)~'T,,(f) which is also indicated by the shorter
symbol Py (f;g), where f and g belong to L'(I) are two (even) real-valued functions with g
is essentially nonnegative and nonzero. We observe that, from the assumptions, the matrices
T, (f) and Ty, (g) are well defined and T}, (g) is (symmetric) positive definite (see the first
part of Theorem 9.4.2), therefore the preconditioned matrix Ty, (g)~'Ty, (f) exists and is well
defined.

The first localization result is the version for the preconditioned Toeplitz matrices of the
first point of the classical Theorem 9.4.2.
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Theorem 9.6.1. Let {T,, (9)}n and {Ty, (f)}n be two sequences of (symmetric) Hermitian
Toeplitz matrices generated by two (even) real-valued integrable functions g and f respec-
tively, where g is essentially nonnegative and nonzero. Then, for any positive integer n, the
preconditioned matriz Py, (f; g) has eigenvalues in the open set (r, R), where r = essinf(f/g),
R = esssup(f/g) with r < R. Otherwise, if 1 = R then the preconditioned matriz has the

form P, (f;9) =71 Ia,.

The next theorem gives indications about the asymptotic distribution of the spectrum of
P4, (f;g) in the closed set [r, R] that is in the convex hull of the essential range of f/g.

Theorem 9.6.2. [137,140]. Let )\gd") be the eigenvalues of Py, (f;g) ordered in a nonde-
creasing way. Then the following relations hold true

(a) The topological closure of | {)\gd") ci=1,...,d,} contains ER(f/g),

neN*

(b) Py, (f;9) has eigenvalues in (r, R), and lim )\gd") =r, lim )\EZ") =R,

n—0o0 n—oo
(c) If f/g ~ |x — xo|” for some x¢ € I, then /\gd”) — r 18 asymptotic to d_°.

Now, we consider the PCG method proposed in [118] for the solution of indefinite sym-
metric or Hermitian Toeplitz systems. By using Proposition 9.5.3, we refine the convergence
analysis previously performed [118].

Brief description of the method

In this subsection we give a concise description of the PCG method introduced in [118] in
order to deal with the nondefinite case.

Let us assume that the entries of the Toeplitz matrix Ty, (f) are given and that the func-
tion (with nondefinite sign) f(z) is known, say, by means of its formal expression. Here and
in hereafter we assume that f(z) has zeros xq,xo, ..., z,, € I.

The method is outlined by the following stages:

e Stage 1. Find g such that g(z;) = 0, g is positive elsewhere, and the closed set ER(f/g)
is contained in [a~, 87| U [aT, 7], where o~ < 7 < 0 < o™ < 8T, for instance, set g = | f].

Remark 9.6.1. The hypotheses made in stage 1 are a generalization of Proposition 9.3.1.

e Stage 2. Compute the symmetric or Hermitian positive definite Toeplitz matric T}, (g)
(see Theorems 1.3.2 and 1.3.3), and consider the equivalent non-Hermitian system

Pa, (fr9)x = b

where b = T, ' (g)b.
e Stage 3. Consider the new equivalent system

P4, (f;9))’x =D
where the new coefficient matrix is associated with a symmetrizable positive definite form
and b = Py (f; g)b. Solve it by means of the PCG method.
Actually, since [Py, (f:9)]° = T, (9)Ta, (/)T (9)Ta, (f), we can look at the coefficient
matrix as the product of T, '(g), which is a symmetric or Hermitian positive definite matrix,

and Ty, = Ty, (f)T; ' (9)T4,(f), which is a (symmetric) Hermitian positive definite matrix
if Ty, (g) is (symmetric) positive definite and T}, (f) is nonsingular and is nonnegative (or
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nonpositive) definite otherwise.

Therefore, in stage 3, we may apply a PCG method in which 7y, is the coefficients ma-
trix of a new equivalent system and 7T, (g) is a preconditioner. Of course, the convergence
features of the PCG method, that is, the number of iterations needed to reach the solution

within a fixed accuracy, are determined by the spectral properties of the matrix [Py, (f; g)]Q,
or equivalently by the spectral behavior of Py (f;g).

Now, the main goal is to analyze the convergence speed of this procedure. Actually, by
applying the result [6] and the following theorems, we expect that the conjugate-gradient

method, applied to the system [Py (f; g)]2 X = B, converges to the solution with a preassigned
accuracy € in at most k + ¢ iterations, where

| log(2/e) + qlog(ct/N™) | . VeT = Ve
(929 ‘- log(1/0) T VEaveE

" = (max{|a”[,|37[})? ¢ = (max{la™|,[67[})%,
and ¢ is a constant if f and g belong to the Krein algebra (see Theorem 9.6.4). In addition,

if € is fixed and )\gd”) > 6 > 0 or goes to zero slowly, then the desired precision is practically
reached through a constant number of iterations.

From a practical point of view, in order to perform stage 1, we choose g(x) such that
g(x;) =0, g is positive elsewhere and

(9.30) 0 < lim inf i’ < limsup |[=| < 0.
=z | g vz | g
In this case we have
(931) ex (L) <l suiar. o
g

where o= < 5~ :S.up{M <0} <0<oﬂ“:inf{m >0} < BT,
e La@) zel L 9(@)
The following result holds true.

Theorem 9.6.3. [118]. Let f and g be two continuous functions satisfying the conditions
(9.30) and (9.31). Then the following statements hold true

(a) For any > 0, H{A(Pa, (f:9)) N (fa=, 8~ + 1] Ua* —n, B4} = du — o(d,),

(b) If f and g are even rational functions then, for any n > 0,
HAPa, (f:9) N ([a7, B +n] U’ —n, BT])} = dn — o(1).

Remark 9.6.2. It is worth noting that in that theorem we have demonstrated that the number
of "outliers" is constant only in the special case of f and g being trigonometric rational
symmetric functions. The next result is a strong generalization of the cited result, because we
extend this property to the whole Krein algebra, which contains all the spaces C[I] functions.

Theorem 9.6.4. Let f and g be two functions belonging to the Krein algebra and satisfying
the conditions (9.30) and (9.31). Then, for any n >0,

HAPa, (fr9) N ([a7, 87 +n]Ua’ —n, 7))} =d, — O(L).
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Proof. Let us take a = (B +a™)/2, and let us define f(x) as f(z) —tg(x), it is evident that
the function f;(z) vanishes if and only if x € {x, o, ..., 2., }, for all t € (67, a™). Moreover,
when setting € = (™ — 7)/2 — 1, fi(x) keeps the same sign for all t € [a — €, + €] (see
Lemma 2.1 in [118]), and it follows that

(9.32) m{z €I: foe(x) <0} =mi{x €1: for(x) <0}

It is worth pointing out that, by the assumptions of Theorem 9.4.3, we can choose n = 0 if
m{z € I: fo_e(x) =0} =0 and m{z € I : foi(x) = 0} = 0, that is, if the sets Z; and
Zy for which f/g coincides with f~ and a™ are zero-measure sets, otherwise, 7 has to be
positive but, it can be chosen as small as we like.

Therefore, by the results of Theorem 9.4.3, we obtain that the inertia of Ty, (f) — (o —
€)1y, (g) is almost the same as that of Ty, (f) — (o + €)1y, (g), that is,

(9.33) t{N (Ta, (f) — (a—€)Ty,(9) <0, i=1,2,....,d,}
=f{ N (Tu, (f) — (a+€)Ty,(9) <0, i=1,2,....d,} +w,

where w = O(1) if f and g are symmetric rational functions (see Theorem 2.4 of [118])
or if f and g are in the Krein algebra (see Proposition 9.5.3). But TC;UQ(g) is (symmet-
ric) positive definite, and therefore the inertia of Ty (f) — tTy,(g) coincides with that of
dell/Q(g)Tdn (f)Td;lm(g) —t-1 for any t € R, the latter matrix is similar to T, ' (9) Ty, (f) —t-1,
and so, using (9.33), we have

sign{Xi (Ta, (f) — (a = €)Ta,(9))} = signt{Ai (Ta,(f) — (o + €)Ta,(9))}

for all © € J where §J = d,, — w. Moreover,
X (T, N[ T, (f) = (@ + )T, (9)]) = N (T, (9D Ta, (f) = (@ = €)Tu,(9)]) — 2,

and consequently, T, ' (9) Ty, (f)—c-I has at most w eigenvalues in (—e, €), that is, T ' (9) Ty, (f)
has at most w eigenvalues in (o« —¢€, a+¢€). Since (o —€, a+¢€) coincides with (8~ +n,a™ —n),
the theorem is proved, with n = 0 if Z; and Z, are zero-measure sets, and with n > 0 but as
small as we like otherwise.

Therefore, we can conclude that the PCG method devised in [118] has a good convergence
rate. Since the number of outliers is independent of n (under the assumption that f and g
belong to the Krein algebra K), the total number of iterations required to reach the solution
within a preassigned accuracy € can grow, at most, logarithmically with the condition number
of the preconditioned matrix [Py, (f; ¢)]°. Finally, we recall that, in the light of the numerical
experiments [118], it seems that the decrease to zero of the minimal eigenvalue of [Py (f; )]
is also very slow, and, consequently, the convergence speed of the related PCG method is
substantially constant and independent of the dimension d,, of the problem.

In the following we extend our works to the Hermitian block Toelitz matrices with Her-
mitian Toeplitz bloks, Indeed: this generalizes the case of symmetric block Toeplitz matrices
with symmetric Toeplitz blocks.

9.7 Hermitian block Toeplitz matrices with Hermitian
Toeplitz blocks

We start by recalling that if f(z,y) is a Lebesgue integrable function defined over the domain

Q = [—m, 7| x [-7, 7] and extended periodically to R? then, the Fourier coefficients of f are
given by
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1

(9.34) Qg = 2

/ f(x,y)e’i(k”qy)dxdy, k,q € Z.
Q

By T4, a,,(f) we denote the d,, x d,, block Toeplitz matrix with d,, x d,, Toeplitz blocks
defined according to relation (9.34). If the pair (j, k) indicates the position in the matrix
Ta, .4, (f) and the pair (p, q) the position of the entry in the block, then we have

(Tdn,dm (f))(jvk),(pvq) = Qk—j,p—q

for j,k=0,1,....,d, — 1 and p,¢ = 0,1, ...,d,, — 1. Of course, if f is (even) real-valued then
the matrix Ty, 4, (f) is (symmetric) Hermitian so that its spectrum is real. In addition we
have this characterizing result which relates the eigenvalues of Ty, 4, (f) and the analytic
behavior of the function f.

Theorem 9.7.1. [117,154]. Let f : Q — R be a Lebesgue integrable function. Then all the

eigenvalues of Ty, a4, (f) lie in the open set (my, My) in the case where my = ?ss)ianf <
x,y)€E

My = esssup f. Moreover, if we order the eigenvalues )\gd"’d'”)(Tdmdm (f)) in a nondecreasing
(z,y)eQ
way, then for any fized k independent of n and m we find

lim A (T a0 (F) = my, JLH;O/\EJiZ’ZT)zC(Tdn,dm(f )) = M.

n,Mm—00
Finally, if my = My then Ty, a4, (f) =my - 14,.q,,

In addition we have [154] (for the whole ergodic theorem analogous to Theorem 9.4.1
holding in d,, > 1 dimensions and for L' functions see [167]).

Theorem 9.7.2. If m{(z,y) € Q : f(z,y) = a} = m{(x,y) € Q: f(z,y) =b} =0, then

) ) € Q: flaa) € [0 b)
n,m—00 d, - dpy, - A2 '

Now we recall a theorem about the localization of the spectrum of the considered block
Toeplitz matrices which is a direct generalization of the analogous Theorem 9.6.1 in the
scalar case.

Theorem 9.7.3. [137,117]. Let {T4, a,,(f) }n.m and {T4, a,,(9) }n.m be two sequences of (sym-
metric) Hermitian block Toeplitz matrices generated by two (even) real-valued integrable func-
tions f and g respectively, with g essentially nonnegative and nonzero is shown such that f/g
s bounded over Q. Then the preconditioned matriz

Parnan (1 9) = Taan(9) " Ty an (f)

has eigenvalues in the open set (r, R) with

r= essinff(x’ y) < R =ess supf(x’y).
(@1)Q g(T,y) (zneQ 9(.Y)

If r = R, then the precoditioned matriz simply coincides with r - Iy,

229



9.7.1 Some consequences of Tyrtyshnikov and Zamarashkin’s result

In this subsection we obtain a result of asymptotical distribution about the spectra of the
preconditioned matrices. As in the scalar case, the main tools are the properties of the
eigenvalues of the nonpreconditioned matrices, more specifically, the thesis of Theorem 9.7.2
will play a crucial role in the proof of the next result.

Theorem 9.7.4. Let )\Ed"’d’") be the eigenvalues of Py, 4,,(f;g) ordered in a nondecreasing
way. Then the following relations hold true

(a) The topological closure of | {/\(d”’d’”) ci=1,..,d,- dm} contains the essential

range ER(f/g),
(b) Pa, .4, (f;9) has eigenvalues in (r, R) and

1<n,m<oo

. dn,d . dn,d
lim )\g modm) r, lim )\El " m) = R.
n,Mm—00 n,m—oo M

Proof. We prove the general result under the sole hypothesis that g is essentially nonnegative
and m{(z,y) € Q : g(x,y) = 0} = 0. Indeed, the thesis is equivalent to the following
statement

Va € ER(f/g), Ve >0, In,m € N, I\ € ¥4, 4, such that A —af <e.

m

Here, ¥4, 4,, denotes the eigenvalue sets of Py, 4,.(f;9).

Let Hy, a0 = Lap.a,(f) — T, .a,,(9). I Hy, 4, is singular for some values of d,,, dn,,
then there exists A € Y4, 4,, such that A\ = a. Otherwise H,, 4,, » is nonsingular for any pair
of positive integers (d,,, d,,). Moreover, Hy, 4., o = Tu, a,, (ca(z,y)), where c,(z,y) is defined
as f(x,y) —vg(x,y), with v a real parameter.

Now we consider m® = m{(z,y) € Q : f(z,y) — (o + €)g(z,y) < 0} and m®, =
m{(z,y) € Q : f(z,y) — (a« — €)g(x,y) < 0}. Since g > 0 a.e, we have that V(z,y) € @
flz,y) — (a+€)g(z,y) < f(z,y) — (o — €)g(z,y) a.e, that is, % —(a+e¢) < % — (v —€) a.e.
But o € ER(f/g) and therefore m& > m® .

At this point we recall an asymptotic result about the distribution of the eigenvalues of
Toeplitz matrices due to Tilli [154] (it is also a simple consequence of the powerful result

of Tyrtyshnikov and Zamarashkin [167]): for all [a,b] and for any f € L'(Q) such that
m{(z,y) € Q: f(z,y) = a or f(z,y) = b} = 0, we have

jj{z’: A (T 0 () € (a, b)} m{(z,y) €Q: f(z,y) € (a,0)}

n,}rlzllloo dn . dm - 47'('2 ’
Consequently
) () _ e
(9.35) jj{z D (T, dy (Cate)) < O} =d,-dp, [47r2 + 0(1)] ,
3\ () _ mZ.
(9.36) £ i A (T, (o)) < 0f = dy - diy {47# + 0(1)] .

When using the relation m¢ > m®_, it follows that, for d,,, d,, large enough, "many" eigen-
values of T}, 4,.(c,) move from positive values to negative ones when the parameter v con-
tinuously moves from a — € to a + €. As a consequence, by using a continuity argument, we
find A(dp, d,) € (o — €, +€) such that the matrix Ty, 4., (cx(d,,d,.) (%, y)) is singular, that is,
Mdp,dy) € X4, a,,- Therefore the theorem is proved. O
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Remark 9.7.1. In the proof of the Theorem 9.7.4, in the equations (9.35), (9.36), we have

8Upp08€d that m{($>y> € Q : f(ﬂj,y) - (Oé + €)g<.’13‘,y) = 0} +m{(:l;,y) € Q : f(xay) - (Oé o
€)g(z,y) = 0} = 0. In the case where this assumption is not verified we can obviously choose
€, 0 < € <¢, such that

m{(z,y) € Q: f(z,y)—(at+e)g(z,y) = 0} = m{(z,y) € Q: f(z,y)—(a—€)g(z,y) = 0} = 0.
Moreover, if the thesis of the theorem is proved for € such that 0 < €* < €, then it holds for
€.

9.7.2 Applications to the solution of block Toeplitz linear systems

In this subsection we want to stress the consequences of the last results on the convergence
analysis of the CG and PCG methods applied to this kind of symmetric block Toeplitz with
symmetric Toeplitz blocks systems. In [117], Serra Capizzano has proved that the minimal
eigenvalue of Ty, 4..(f) tends to my as n,m tends to oo, and according to Theorem 9.7.1,
the maximal eigenvalue of T}, 4,.(f) tends to My as n,m tends to co. This means that, if
myg = 0, or my = —o0, or My = 0 or My = oo, then the associated linear system becomes
ill-conditioned (for estimates on the magnitude of this ill-conditioning see [138]), but we are
not able to give precise results on the convergence rate of the CG method, because we have
no information about the distribution of the rest of the spectrum. On the other hand, by
virtue of Theorems 9.7.1 and 9.7.2, we know very well the asymptotical behavior of the whole
spectrum of Ty, 4,.(f) and therefore, we can give a tight result on the convergence speed of
the CG method. More precisely, by means of Theorems 9.7.3 and 9.7.4, we can extend the
same remark to the case of preconditioned matrices. In particular we can conclude that the
asymptotic behavior of the CG and PCG methods is decided by the numbers M;/m; and
R/r and by the sets ER(f) and ER(f/g).

For instance, let us consider the symmetric block Toeplitz with symmetric Toeplitz blocks

linear system Ty, 4, (s)v = f with s(z,y) = % s(z,y) is nonpositive, even, unbounded

and Lebesgue integrable over the domain @). Indeed: it is obvious that s(z,y) is nonpositive

and even over (). On the other side, ( )li(ril ) )s(az‘,y) = —00, then s(x,y) is unbounded
zy)— (w7

over (). Now, let us show that s(z,y) is Lebesgue integrable on (). First of all, the function
s(z,y) is even, then fQ x,y)dedy =2 [ [ s(z,y)dxdy. Furthermore:

_ —z? — y?
/O/OS(x,y)dxdy = //272_332 sdrdy
2
= dxd
// —362 y)xy
= -2 dxd
W//%?—:ﬂ—y Y

27r2—y )

w2 — o2 / /
\/ - y 1 - 27r2 y2)2
i ]. / 27r2—y2
2 2 %
= 7 =27 —_— —dtdy
/0 V212 —y? Jo 1 —¢2
9 T T s
T =27 ——— arg th(——————)dy
| et i)

Since the function = — argth(z) is increasing on [0, 1) and 0 = argth(0) < arg th(\/ii) <

dy

argth (\/27:;—1/2) Yy € [0, ), then the function y — argth (\/2:2—1ﬁ> is positive over [0, 7).
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us
s

subset. Now, let us show that the function y — argth (W) is Lebesgue integrable on

Furthermore the function y +—

is continuous on [0, 7], then it is bounded on this

[0, 7]. First of all, for [z| < 1, argth(z) = 31In (1*£). Indeed: setting f(z) = argth(z) and
g(z) = In ($££), one has ¢'(z) = 2f (z) = 1_2902, so g(x) = 2f(x) + ¢ where ¢ is a constant
number. Because f(0) = ¢g(0) = 0, it follows that ¢ = 0, hence g(z) = 2f(x). Hence,

argth ( =3sIn <(7r+— M) =:In ((H— V27r2_y2)2> — 3 In(m — y). Because the

27r2 2 2 —y? T+y
/02 _ 022
function y — L 1n (7T+ﬂ_2+yy) is continuous on [0, 7], it is Lebesgue integrable. On the

other side, [ In(m —y)dy = [ In(t)dt = hmf In(t)dt = hm[t In(t) —¢]7 = wln7 — 7, with
the change of variable ¢ = m — y. So, the funct1on Yy ln(ﬂ — y) is Lebesgue integrable on

[0, 7]. Whence, the function y — argth - ~—— | is Lebesgue integrable on [0, 7]. Therefore

y2

the function y +— J%Zjarg th (\/2:2—y2) is Lebesgue integrable on [0, 7], so s(x,y) is
Ual+yD® ¢ hen g(x,y) is
2w —ge—y=? ’

real-valued, even, essentially nonnegative and nonzero, and has the same zero which is (0, 0)
of two-order as the function s(z,y) in the domain Q. Also, g(z,y) is Lebesgue integrable

over (). Indeed: (x,y)ii(ri]ﬂ,ﬂ);gi:z; = 3, then s(z,y) (igﬂ) %g(az,y). Because s(z,y) is

Lebesgue integrable at the neighborhood of (£7, +7), it follows that g(x,y) is also Lebesgue
integrable in this neighborhood. Hence, g(x,y) is Lebesgue integrable over ). Furthermore,

@9 s hounded in Q. In fact,

Lebesgue integrable over ). Considering the function g(z,y) =

9(z.y)
s(r,y) =@ +y*) =zl +|y])* + 2lzy| 2|zy|
= 5= 5 = -1+ T g
g(z,y) (=] +|y]) (J=| + ly[) (Jz| + [y])
Since V(z,y) € (0,7] x (0,7], 22y < z* + y? then, V(z,y) € (0,7] x (0, 7], (;f;’ < 1/2.
2zy 2xy o 1/2 ifx = Yy
So 0 < . yl)l—)(O 0) )2 < 1/2. Because . I)HI%O N { 0 <1/2 otherwise then

s(zyy) . N s(z,y) .
0.0 9@ =0 e [-14+a,-1/2]. So o(ryy is bounded on Q. Whence, Ty, 4,(g) is a

good preconditioner of Ty, 4, (s). From Theorems 9.7.3 (see also [117]) we can conclude that
the number of iterations of this PCG method [5], in order to reach the solution within a
fixed accuracy € > 0, is

R 1
(9.37) N, < 2rlog (e) +1,
where R = sup (s/g) =—1/2and r = inf (s/g) = —1.
(z,y)eQ (z,y)€Q

When using the new Theorems 9.7.4, we observe that the eigenvalues of Py, 4, (s;9) are
quite uniformly distributed on [r, R] = ER(s/g). This implies that the estimate of (9.37)
is tight in the sense that we cannot expect a number N, of PCG iterations much less that
(R/2r)log(1/€) + 1. More precisely, see Figure 9.3 in section 9.8 for a graphic illustration.

In sections 9.8 and 9.9 we present some numerical results for preconditioning of ill-
conditioned block Toeplitz matrices and we give some numerical evidences of ill-conditioned
g-Toeplitz matrices and related g-circulant preconditioning.
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NB: The references are ordered as follows: [n], [n™M], ], [n®)], [n®)], [n®)], [n + 1],
and so on, for n € N*,

9.8 Numerical results for ill-conditioned block Toeplitz
matrices

In this chapter we have proved some properties about the generating functions s(x) (re-
spectively s(z,y)) of the symmetric Toplitz matrices Ty, (s) (respectively symmetric block
Toeplitz matrices with symmetric Toeplitz blocks Ty, 4,(s)) which are equally distributed
and equally localized as the collocation matrices Ay, (respectively Ay, 4,) approximating
elliptic boundary value problems and we have recalled many fundamental results (due to
Serra Capizzano [121]) on the asymptotic distribution of the eigenvalues of preconditioned
matrices of the form Py (f;¢g). These results allow one to improve the convergence analy-
sis of the PCG method defined in [118] for the iterative solution of symmetric nondefinite
Toeplitz (respectively block Toeplitz with symmetric Toeplitz blocks) linear systems. More-
over, we have given a more precise description of the behavior of the PCG method devised
in [117] for the solution of positive (negative) definite block Toeplitz linear systems. Finally,
by combining this new spectral analysis with known properties [56, 137, 140] of the localiza-
tion and the extremes of the spectrum of Py (f;¢g), we can conclude that the function f/g
describes the eigenvalues of Py (f;g) as well as the the function f describes the eigenval-
ues of Ty (f) [77]. In this way a concept of generating function is introduced even for this
class of preconditioned matrices. The reason is to avoid the zeros and/or the unboundedness.

In order to illustrate, we consider in the symmetric Toeplitz case, the generating function
having the same properties as the generating functions of Toeplitz matrices (obtained in the
Inverse Multiquadric case (see subsection 9.3.2)) and any unbounded integrable function for
the case of symmetric block Toeplitz matrices with symmetric Toeplitz blocks. In fact, let
us consider the following three examples: f(z) = W;—_f;, g(x) = 2 —cosr). f(x) = sign(z)-2?

) 2422 1+|z]
g(x) = 2 and f(z,y) = 5L gla,y) = S5

Case: f(x) = W2+m2 and g(z) = 205c02)

w2412
First of all, f has one zero ”0” of order 2. Furthermore, £(z) = 2:—“72 Here, 70" is not
g (1—cosx)
a zero of 5, indeed: lir%g(x) = —1. If we denote again by % the continuation by continuity
z—>
of % over [—7,m] then, the study of the function § over I = [—7, x| provides the following

properties

1. § is nonpositive, symmetric and bounded on [;

fl@) =2,

2. i e = T

3. max 1@ = _1;
xe[0,x] 9 9(z)

4. § is a decreasing function on [0, 7|;

5. lim <%) = 0 (horizontal tangent at x = 07);

z—0t

6. lim (M> = =F < 0 (tangent at x = 7~ directed upward).

T—T
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e T

Figure 9.1: Eigenvalues of Py, (f;9), f(x) = ﬂ;—fiz and g(z) = 2528 g — 999

w2422

Conclusion: Figure 9.1 shows that the eigenvalues of Py (f;¢), for d, = 999, plotted
with respect to a uniform grid points xp = 1’8%, k=20,1,2,...,999, form a curve which has
the expected shape of f/g.

2

sign(z)-z2 T
Case: f(r) = 22 @)2” and g(x) = T+

1+|z|

Also in this case, 0" is a zero of order 2 of f. Next, Yz € [—m,0[U]0, 7], g(x) = sign(z).

Let us denote again by g the continuation by continuity of 5 over the domain [—m, 7| then,
Figure 9.2 shows perfect argument of the spectrum of the preconditioned matrix with the
behavior of the function f/g. More precisely, notice that all the eigenvalues belong to the
interval (—0.999;0.999) (because P4, (f;9) = Tu,(f/g) + Ag, where {A,}, ~x 0) with the

only exception of a few outliers, and the ones closest to zero (+0.4) are not very close to
7er0.
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0.5

—0.5

2

, g(x) = =~ and d, = 350.

Figure 9.2: Eigenvalues of Py (f;g), f(x) = sign(z)2 g

1+|z|

(lz[+lyD?
P -k

Case: f(z,y) = V) and 9(z,y) = g(v,y) =

2m2 —x2—y

First of all, (0,0) is a zero of order 2 of f(x,y). Furthermore, as it was proved in subsection
9.7.2, the functions f(z,y) and g(z,y) are unbounded over the domain () but, are Lebesgue
integrable.

e Brief study of the function 5 over ()
V(z,y) € [-m, 7] x [-m,7] and (z,y) # (£, +7), L& — —@4%) " Still by indicating by

9(z,y) (lz|+1yl)?
5 the continuation by continuity of § over the domain [—7, 7| X [—7, 7] then, g((;fzg is a
symmetric function, whence reduction of the study on [0, 7] x [0, 7]. Hence £ gzg = 7((53)3’22).
Next, (0,0) is not a zero of g, indeed: (a:,yl)ifgo,o)g(x’ y) = —3. Setting h(z,y) = ’;Eiz;, a direct
computation gives
Oh 2y(x —y) Oh 2¢(y —x) O*h dy(x — 2y)
—<J}',y):_—3, —(.T, ):_ 3 Q(xay):—47
oz (x+y) dy (x+vy) ox (x+y)
82/1( ) 4r(y —2x)  O*h (2.1) O%h (z.1) 2(2% + y? — day)
JR— :U, — , x7 _ x’ g
oy? Y (x 4+ y)* 0xdy Y Oyox Y (x 4+ y)*
then the derivative function and the Hessian matrix of h are given by
o 2y0(mo—y§) 42/0(%0—2?10) . 2($3+y3—4ﬁ090)
D) 9)lwoo) = | _sbeluroa |+ HON@0:50) = | o8t anim oo
(zo+y0)? (zo+y0)* (zo+yo)?
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Furthermore,

det (HL(h)(x0,y0) — M) = (—4%(% —2v0) _ )\) (—4‘”0(?’0 —220) _ A)

(zo + yo)* (zo + yo)*
o A(af + yg — dwoyo)®
(zo + ¥o)®
o2y {4‘%(1’0 — 2yo) + 4xo(yo — 2550)}
(zo + 9o)*

. 16z0y0(T0 — 2y0) (Yo — 220)  4(x§ + y5 — 4@0yo)’

(550 +40)® (zo + 9o)®
_ 2 g% O?JO‘HJO)\_ 7 — 22595 + Yo

( + yo)* (zo + y0)®
_ )\2+8 $0y0+yo)\ 4(373_3/3)2.

(7o + yo)* (w0 + 9o)®

If we denote by S = —8% and P = —4Ez°+‘z(’;8 the sum and the product of roots of

the polynomial det (H(h)(xo,y0) — Al2), since P < 0, then these roots are of different signs if
xo # Yo, one deduces that the eigenvalues of the Hessian matrix H(h)(xo,yo) are of different
signs if ¢ # yo. If g &~ yo, then P ~ 0 and at least one of the eigenvalues is close to zero.
More precisely, one can summarize the properties of the function f/g as follows

1. § is nonpositive, symmetric and bounded on Q;

2. inf L& _q.
(2,y)€[0,7]2 9@ Y)

(xy) _ _ 1.
(z,y 27

&
~s

sup
(z,y)€[0,7]?

=

Q

4. If g # yo then, the Hessian matrix (H(f/g)(zo,v0)) of § is nonpositive definite and
nonnegative definite so, the function f/g admits a saddle point (x1,y;) in [0, 7] x [0, 7],

that is: £(x — min max L(z,y) = max min £(x,y). If 2o = yo, then P ~ 0 and
( b yl) xE[O,ﬂ],yE[O,w]g( y> yE[O,w],xE[O,n]g( y) 0 Yo

at least one eigenvalue of (H(f/g)(xo,%0)) is close to zero;

5. lim D (%) (2, 9)| (wo,p0) = (00,00)T;

(z0,y0)—(0F,01)

6. lim D (L) @yl = (0,0,

(wo,y0)— (7= ,m7)
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T g(a,y) = 35 and d, = 99,

2m2 —g2 —

Figure 9.3: Eigenvalues of Py, 4. (f;9), f(z,y) =

Conclusion: Figure 9.3 shows that the eigenvalues of the preconditioned matrix Py, 4, (f; 9)

for d,, = 99, plotted with respect to a uniform grid points z;;, = (f&), 1—00) 4, k=0,1,2,...,99,

are concentrated in the interval [—1, — 2] except few of them which are outliers. Indeed, one
can write Py, 4. (f;9) = T, a,(f/9) + Ad,.a, where {Ag, 4, }n ~x 0. Because the spectrum
of Ty, a,(f/g) forms a curve which has the expected shape of f/g. It follows that Figure 9.3

shows perfect argument of the spectrum of the preconditioned matrix Py, 4,(f; g) with the

behavior of the function %.

9.9 Numerical evidences of g-Toeplitz matrices and re-
lated g-Circulant preconditioning

In chapter 7 we have studied by regularizing technique the singular values of matrix se-
quences obtained by preconditioning g-Toeplitz sequences associated with a given integrable
function via g-circulant sequences. In this section, we present some numerical evidences of
ill-conditioned g-Toeplitz matrices and related g-circulant preconditioning. In fact, we con-
sider an n X n linear system Af = g, where A is a g-Toeplitz matrix. Aimed of providing
numerical evidences to the theoretical results, we analyze

(i) the distribution of the singular values of g-Toeplitz matrices and related g-circulant
preconditioned matrices (subsection 9.9.1),

(i) the effectiveness of the g-circulant preconditioning for the solution of the corresponding
g-Toeplitz linear system Az = b (subsection 9.9.2), and

(iii) a possible real application related to a 2D inverse problem in imaging (subsection
9.9.3).

In particular, for the first two points (i) and (i) we consider six well-known test cases,

most of them firstly used in pioneer works by G. Strang, T. Chan and E. Tyrtyshnikov for
the classical Toeplitz preconditioning (i.e., g = 1). For each of any considered test, we report
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the elements of the first column Ay, for £ = 1,...,n, and some basic properties of the
corresponding basic Toeplitz matrix (g = 1).

o Test 1 Apq =kt
Strictly positive non-Wiener generating function, Well-conditioned [150("), 38]

e Test 2 Apr =k
Strictly positive Wiener generating function, Well-conditioned [150("), 38]

e Test 3 Aq=(2,-1,0,...,0)
Sparsely vanishing trigonometric polynomial generating function f(z) = 2 — 2cosz,
[ll-conditioned, Zero valued (order 2) at the origin [163]

o Test4 A, =(20,—15,6,—1,0,...,0)
Sparsely vanishing trigonometric polynomial generating function f(z) = (2 —2cosz)3,
Ill-conditioned, Zero valued (order 6) at the origin

o Test5 A, =(n2/2,-2,0,-2/9,0,—2/25,0,...,0, —2/(k — 1)2,0,...)"
Sparsely vanishing generating function f(x) = |z, Ill-conditioned, Zero valued (order
1) at the origin [58(¥]

o Test 6 A1 =1(2,0,21,0,-2%,0,25,0,...,0, (=1)*D/22/((k — 1) - 1),0,...)"
Sparsely vanishing generating function f(x) = m|cosz|, Ill-conditioned, Zero valued
(order 1) at 7/2 [58)]

We notice that the generating function f is strictly positive in the two (well-conditioned)
test cases 1 and 2, and sparsely vanishing in the four (ill-conditioned) test cases 3,4,5 and 6.
According to section 7.5.2, for any g-Toeplitz test matrix we consider both (i) the Natural
g-circulant preconditioner and (ii) the Optimal g-circulant preconditioner (see [150(}), 38] for
the classical Toeplitz case g = 1). The numerical tests have been developed with MatLab,

and the singular value decomposition has been computed by the built-in Matlab function
svd().

9.9.1 The distribution of the singular values

First, we plot the distribution of the singular values of the n x n g-Toeplitz matrix A,
the corresponding g-circulant preconditioner P, and the preconditioned matrix P~A, for
n = 1000 and g = 2,3,7(n and g are co-prime for g = 3 and g = 7, and are not co-prime for
g = 2). In particular, we have:

I) Fig. 9.5 and Fig. 9.6 show the singular values of the g-Toeplitz matrices A, the Natu-
ral (top) and Optimal (bottom) g-circulant preconditioners P and the corresponding
preconditioned matrices P14 in the coprime cases, respectively for ¢ = 3 and g = T;

IT) Fig. 9.7 shows the singular values of the optimal preconditioning in the non-coprime
case g = 2, for two test examples (Test 1 and Test 5).

Before dealing with the preconditioned matrix P~1A, it is quite interesting to notice that
the plotted distribution of the singular values of the g-Toeplitz matrix A and its g-circulant
preconditioner P "exactly" agrees with the corresponding expected distributions 7.5-7.6-7.7
and 7.8-7.9-7.10. Indeed, for g > 1 and sparsely vanishing generating functions, we have:

(i) regarding the g-Toeplitz matrix A, the first n/g singular values are positive, and equals

to \/|f|®(z), while the remaining n — n/g are null, as stated by 7.6 (see the blue line
in Fig. 9.5, 9.6 and 9.7);
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(ii) regarding the g-circulant preconditioner P, by introducing the positive integer value
v = ged(n, g), if v = 1 then the singular values are bounded away from zero or
sparsely vanishing as well as the generating function is (see the green line in Fig. 9.5
and 9.6), and, if v > 1, the first n/v singular values are always bounded away from
zero (regardless the sparsely vanishing generating function is or is not bounded away

from zero), and equals to \/|h|®) (x), while the remaining n — n/v are null, as stated
by 7.9 (see the green line in Figg. 9.7).

In particular, since n = 1000, then v =1 for ¢ = 3,7, and 7 = 2 for g = 2: in Fig. 9.5 and
Fig. 9.6 the singular values of both the natural and optimal g-circulant preconditioners are
bounded away from zero in the well-conditioned test cases 1 and 2, and sparsely vanishing
in the ill- conditioned test cases 3, 4,5 and 6, while one half of the singular values are always
null in Fig. 9.7 (green lines).

It is now interesting to analyze the distribution of the preconditioned matrix. Any co-
prime case (Figg. 9.5 and 9.6, red line) gives rise to a good clustering at unity, in the first
n/g singular values, while the remaining ones are null. This is a result which was expected
in the light of Theorem 7.5.1: the preconditioned matrix P~!A guarantees a good cluster-
ing in a subspace which is the most large possible (remember that the rank of A is n/g,
so that the rank of P~'A is just no larger than n/g). This good clustering at unity of the
preconditioned matrix P~*A occurs in both the well-conditioned case (see, in Figg. 9.5 and
9.6. the cases Test1l and Test 2, where the preconditioners have no vanishing singular values)
and the ill-conditioned case (see, again in Figg. 9.5 and 9.6, the cases from Test 3 to Test
6, where the preconditioners have always a zero measure vanishing singular subspace). We
can also observe that the singular values’ distributions of the natural preconditioned matrix
and the optimal preconditioned matrix are very similar. This agrees with the classical and
widely studied Toeplitz case (i.e., g = 1), where both the distributions tend to the gener-
ating function, as n grows. However, as expected, the optimal preconditioner, which is the
closest-to-A g-circulant matrix w.r.t. the Frobenius distance, gives a bit better clustering
than the natural one: as instance, see in particular the clustering at unity of Test 3 in the
optimal preconditioning (bottom) and in the natural preconditioning (top) in Figg. 9.5 and

The situation is different in the non-coprime case, as Fig. 9.7 shows. Before going on,
according to subsection 7.4.1, we mention that in this case instead of the inverse P~! we have
to consider the Moore-Penrose generalized inverse P!, P being a singular matrix. Due to the
non-coprime circularity, now the g-circulant preconditioner has a lot of cyclically repeated,
hence linearly dependent, columns. Heuristically, the g-circulant preconditioner P "loose" a
lot of informations which were contained in the related g-Toeplitz matrix A, which means
that P becomes less correlate to A, and a good clustering is no more possible. This is well
explained by Fig. 9.7, red line, where just a couple of test examples are reported (all the
others behave similarly, so they are not reported). In particular, in the first two columns
we can see that the singular values of the preconditioned matrix P'A are not clustered
(moreover they tend to diverge, giving rise to high instability in real applications). To avoid
such an amplification, instead of using P! for the preconditioned matrix, we can consider a
regularized version P! of PT, where the singular values of P smaller than a regularization
parameter o > 0 are not inverted. As very first attempt, we plot the singular values of the
preconditioned matrix PlA, being @ = 107'2||P||. As we can notice, a good clustering is
found also for the non-coprime case.

9.9.2 The preconditioning effectiveness

In this subsection we give a first evaluation of the behavior of the optimal g-circulant pre-
conditioning for the solution of the g-Toeplitz linear system Az = b, with g = 3 > 1. First of
all we mention that, since the square g-Toeplitz matrix A has no full rank (recall that here
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g > 1), we necessarily have to consider the least square solution A*Ax = A*b.
Accordingly, we consider the solution of the linear system by means of the (P)CGNR method,
that is, the (preconditioned) conjugate gradient method applied on the normal equations.

In order to evaluate the restoration errors, we choose the true data vector x, and then we
compute the known data b simply as b = Ax. In particular, we consider a true data vector
x whose i-th component, for i = 0,...,n — 1, is given by cos(gmi/n), so that the first n/g
values of the true data are a sampling on a uniform grid of an entire semi-period of the
cosine function.

Let x be the k-th iteration of the (P)CGNR method. We compute the relative resid-
ual error RelRes = ||A*Axzy — A*D||/||A*b|| and the relative error on the restored signal
RelErr = ||z, — 2t||/||z"||, where z' is the projection on N(A)* of the true data (which is
obviously the best possible restoration). Since n/g is the rank of A, to obtain z we compute
zt = VV*z, where V is the n x (n/g) matrix given by the first n/g columns of V, being V'
the orthogonal matrix of the singular value decomposition A = UXV*.

By using the built-in Matlab function pcg() within the first 100 iterations, in Table 9.1
the numerical results related to three different levels of noise on the data b are reported.
In particular, by denoting as b, = b + 7 the noisy data, where 7 is a white Gaussian noise,
we have the following test cases: in the left columns the data b is noiseless; in the central
columns the relative noise level ||b, — b||/||b]| = is 10~*%; in the central columns the relative
noise level ||b, — b||/||b]| = is 107'%.

As we can observe, the optimal g-circulant preconditioned conjugate gradient method
does not allow to obtain better results than the classical (i.e., "unpreconditioned") method.
This fact has been already observed for the Toeplitz case (i.e., g = 1), and we can say that
now, for g-Toeplitz linear system with g > 1, this phenomenon is amplified.

Indeed, most preconditioners for Toeplitz systems with high clustering of the singular
values such as the natural and optimal ones give rise to instability and noise amplification.
In Fig. 9.8 we plot the first n/g values (i.e., the significative ones) of the restored signals for
both the CGNR and PCGNR algorithms (g = 3, Test 4, 1% of data noise): As we can see,
here the noise amplification of the preconditioned case is higher, and hence some oscillations
occur. However, to improve the results (that is, speed up the convergence, without amplify-
ing the instability due to noise or floating point computation), a wide range of regularization

techniques can be added to the preconditioners (see [583)], for the classical Toeplitz case),
and future works will be devoted to this analysis.

In this direction, the g-circulant preconditioner can be considered as a basic tool for intro-
ducing regularization features, which could provide both speed-up and stability to the PCG
method.
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Noise level 0 (No noise) 0.0001% \ 1% \
Preconditioning Prec. | No prec. Prec. [ No prec. Prec. | No prec.
Test 1

Tter. Number 92 48 94 7 96 92
Relative Residual || 3.19¢-007 | 6.05e-010 || 3.16e-007 | 1.64e-009 | 1.2376e-007 | 1.3158e-007
Relative Error 4.29e-006 | 1.20e-008 || 1.89¢-005 | 1.88e-005 0.0183 0.0183
Test 2

Tter. Number 47 13 47 36 78 79
Relative Residual | 2.87e-010 | 2.89e-010 || 3.48e-010 | 8.94e-010 | 9.0800e-009 | 7.4287e-009
Relative Error 4.64e-010 | 4.72e-010 || 8.75e-006 | 8.75e-006 0.0088 0.0088
Test 3
Tter. Number 100* 2 100* 2 100* 2
Relative Residual 0.0214 1.10e-016 0.0213 1.12e-016 0.0213 1.1900e-016
Relative Error 0.0181 1.19¢-016 0.0181 2.98e-006 0.0183 0.0031
Test 4
Tter. Number 100* 14 100* 20 100* 20
Relative Residual || 1.93e-005 | 3.78¢-010 || 1.93e-005 | 8.39¢-010 | 2.3375e-005 | 9.5010e-010
Relative Error 7.48e-006 | 2.40e-010 || 7.62e-006 | 2.20e-006 0.0021 0.0021
Test 5
Tter. Number 100* 8 100" 37 98 99
Relative Residual || 6.08e-005 | 1.04e-010 || 5.97e-005 | 9.93e-010 | 8.9519e-005 | 1.3370e-008
Relative Error 3.22e-005 | 8.93e-011 || 3.17e-005 | 2.76e-006 0.0027 0.0027
Test 6
Tter. Number 77 4 75 10 76 72
Relative Residual | 1.92e-004 | 2.64e-013 || 1.93e-004 | 6.14e-010 | 2.0942e-004 | 7.8879¢-010
Relative Error 1.04e-004 | 2.65e-013 || 1.05e-004 | 7.57e-006 0.0076 0.0076

Table 9.1: g = 3: Best relative residual ||A* Az, — A*b,||/||A*D,]|, with corresponding iteration

number k and relative restoration error ||z — x7||/||z"||, with respect to different noise levels
§ = [|b — by||/||b]| of the CGNR and PCGNR with optimal g-circulant preconditioner.

9.9.3 Two dimensional g-Toeplitz matrices for structured shift-variant

image deblurring

We conclude the numerical section by introducing a real problem of image deblurring [9™V]
which is related to g-Toeplitz matrices. Basically, a blurring model (i.e., the forward model)
involves a Fredholm linear operator of the first kind as follows. A blurred version g € L*(R?)
of a true image f € L*(R?) is given by

(9.38)

oa) = [ hlavu) flu)du

R2

where the integral kernel h € L?*(R? x R?) is the known impulse response of the blurring
system, also called point spread function (PSF), being © = (z1,22) and u = (uy,us2) the
system coordinates of the blurred image ¢ and the true image f. Image deblurring is the
(inverse) problem of finding (an approximation of) the true data f (i.e., the cause) by means
of the knowledge of the blurred data g (i.e., the effect).

The value h(x,u) represents the weight of the true image f at point u in the formation
of the blurred image ¢ at point x. This way, g(x) is the average on R? of the values of f with
respect to the weights h(x,-). Among the proposed mathematical models, the simplest and
most common blurring operator (9.38) involves the so-called shift-invariant integral kernel,
in which the weight h(z,u) depends only on the relative position of u with respect to x, that
is, there exists a function h; € L*(R), of one variable, such that

(9.39) h(z,u) = hi(z —u).

In a shift-invariant blurring system like that, the impulse response does not change as the
object position is shifted, which means that exactly the same blur arises all over the image
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domain R2. In this case the blurring operator (9.38) becomes a simple convolution, and its
discretization gives rise to (classical) Toeplitz matrices. On the other hand, shift-invariant
mathematical models are often only basic approximations of real shift-variant imaging sys-
tems. Among all the shift-variant imaging systems, we are interested in the ones which are
intrinsically shift-invariant as follows: there exist two "coordinate transformations" b = b(z)
and ¢ = ¢(u) such

h(.T, u) = h[(b(.’ﬁ), C(“’))

where hy(b, ¢) = hy(b—c) is a shift-invariant PSF. Indeed, in some cases the discretization
of these models leads to two-levels g-Toeplitz matrices. We have

(9.40) g(x) = /Uh($,u)f(u)du = / hi(b(x) — c(u)) f(u)du.

U

that is
9.41 () = hi(7 — @) f(a)da
(9.41) 3() /C(U)< ) F(@)

where 7 = b(z), & = c(u), g=gob !, f=(c!) - foc !. Here the symbols o and - denote
respectively the composition and the point-wise function products. In practice, by using such
these two coordinate transformations b and ¢ in both the blurred image g and true object
f, we obtain that the imaging system becomes explicitly shift-invariant, since it is modeled
by the shift-invariant PSF h; of (9.41). The main example is the rotational blur, generated
when a moving object rotates with respect to the imaging apparatus. In this case, although
the blur changes with respect to the object position (in particular, it is small close to and in-
creases far from the center of the rotation), the blurring is intrinsically shift-invariant. If the
coordinate systems are changed from Cartesian © = (z1, z2) and u = (uy, u2) to Polar system
(s, 0:) and (py,0,), the PSEF becomes explicitly shift-invariant. As instance, concerning a
blur of uniform circular motion, we have h(z,u) = h((pz, 0z), (Pu, 0u)) = h1(pz — pu, 0z — 0u),
with h(p,0) = 1/0 for (p,0) € {0 x [0,0]} and 0 elsewhere, being o the whole angle of the
considered rotation.

In the simplest case where the coordinate transformation are linear functions such as b(z) =
v and ¢(u) = gu, with v and g two integer values. With a fixed discretization step d, we
have that

(9.42) A, = h(id, jd) = hy(b(id) — c(jd)) = hy(ivd — jgd) .

Figure 9.4: Non-perpendicular imaging system geometry.
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If b(x) = z, then the PSF matrix A is a g-Toeplitz matrix. However, in general, we have
to consider (g, v)-Toeplitz matrices, that is, matrices which obey the rule A,, = [avr_gs]”_l

r,s=0’
which are simple generations of g-Toeplitz matrices. By recalling that any 3D geometric pro-
jectivity is a linear transformation, we have that such (g, v)-Toeplitz matrices arise in many
imaging systems related to large scenes, where the projective geometry becomes important
due to perspective. As instance (g, v)-Toeplitz blur matrices arise when some objects are
moving with approximately the same speed in a plane which is not parallel to the image
plane of the imaging apparatus (this is usually called as "non-perpendicular imaging system
geometry", see Fig. 9.4). We remark that this is the classical scenario of high-way traffic flow
control systems.

A numerical simulation is shown in Fig. 9.9, where a structured shift-variant blurred
image related to a synthetic homography (i.e., a projectivity between two planes) has been
used (see the shift-invariant blur which corrupts the image on the left). Since a homography
is a linear transformation w.r.t. the homogeny coordinates, the discretization gives rise to
two-level (g,v)-Toeplitz matrices. By using the involved algebraic structure, the deblurring
process can be done within O(n?logn) as in the classical convolutive (i.e. Toepliz) case.
In Fig. 9.9, center, we show the projectivity under which the blur becomes shift-invariant,
which is modeled by a linear transformation of coordinates (see that the same blur all over
the domain of the image on the center). By means of such a shift-invariant blurred projected
image, we can obtain the deblurred image (left image), by using O(n?logn) computations.
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Natural g-circulant preconditioning
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Figure 9.5: g = 3 (coprime case) - Singular values of g-Toeplitz matrices A, Natural (top) and
Optimal (bottom) g-circulant preconditioners P and corresponding preconditioned matrices
P1A.
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Figure 9.6: ¢ = 7 (coprime case) - Singular values of g-Toeplitz matrices A, Natural (top) and
Optimal (bottom) g-circulant preconditioners P and corresponding preconditioned matrices
P1A.
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Figure 9.8: Restored signal with (P)CG on the normal equations (1% of data noise, g = 3).
Left: without preconditioning. Right: with Optimal g-circulant preconditioning.

Figure 9.9: Shift-variant blurred data, projected data (shift-invariant blur), deblurred data.
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CHAPTER TEN

(GENERAL CONCLUSIONS

This dissertation has described a detailed study of preconditioning, approximation and spec-
tral analysis of special classes of large structured linear systems. The structured linear sys-
tems considered in this Thesis arise in many applications. For examples, in solutions to
differential and integral equations, spline functions, problems and method in physics, math-
ematics, digital signal processing, such as linear prediction and estimation [86,97, 98], image
restoration [66], the approximation by radial basis functions (RBFs) of constant coefficients
elliptic boundary value problems, in wavelet analysis [50] and subdivision algorithm or,
equivalently, in the associated refinement equations, see [58] and references therein (cases
of Toeplitz, g-Toeplitz and g-circulant systems); in many applications involving the discrete
Fourier transform (DFT) and the study of cyclic codes for error correction (case of circulant
systems). The spectral analysis considered here can be viewed in the sense of singular val-
ues, eigenvalues and eigenvectors of such related matrices. The problem of preconditioning
and approximation approached in this Thesis concerns: the optimal approximation via the
Korovkin-type theory, the distribution results in the sense of the singular values and the
approximation in the sense of the Weyl-Tyrtyshnikov equal distribution.

Concerning the spectral analysis, we have determined the eigenvalues, singular values and
eigenvectors of circulant and g-circulant matrices, have done a detailed study of the optimal
approximation by the Korovkin-type theory for finite Toeplitz operators via matrix algebra
in the case of Toeplitz sequences and we have provided the distribution result in the sense
of singular values for the g-Toeplitz sequences.

Our second solved problem is specifically based on the preconditioning g-Toeplitz se-
quences via g-circulants and that of collocation matrices approximating elliptic boundary
value problems. In the case of the approximation of g-Toeplitz sequences, we have studied
the singular values of matrix sequences obtaining by preconditioning. The main point was
that the standard preconditioning works only in the classical setting but, the surprise was
that when, the stepsize g is positive, a regularizing preconditioning can be obtained by a
clever choice of the g-circulant sequences. Furthermore, the results on the Weyl-Tyrtyshnikov
equal distribution and the Perron-Frobenius theory were fundamental for the determination
of preconditioners and a detailed study of the spectral radii of collocation matrices ap-
proximating elliptic boundary value problems. From this study, it followed that one of the
advantages of meshless methods based on the radial basis functions with respect to another,
is high decrease of computational volume that arises when changing multi-dimensions to one
dimension, further, the use of the globally supported radial basis functions, reaches to the
large linear systems, poorly condition number and full matrices.

An application of the preconditioned conjugate gradient method to symmetric block
Toeplitz matrices with symmetric Toeplitz blocks generated by unbounded functions, which
are equally distributed and equally localized as the collocation matrices, associated with
some numeric results are presented in chapter 9 of this dissertation.

Finally, the difficulties met during the study of the g-circulant matrices and collocation
matrices have obliged us to restrict our researches on the singular values and eigenvalues in
the case of g-circulant and to impose some requirements on the shape parameter ”¢” figuring
in the radial basis functions for the collocation matrices. In the future works, we will delete
this constraint and then will try to look for another theory in order to study the spectral
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radii of such collocation matrices. The study of eigenvectors of the g-circulant matrices and
the distribution result in the sense of eigenvalues of the related g-Toeplitz sequences will also
be the subject of our researches.
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