




 ! "!#$%$&'$(

%) *+&#!,$- #.*+&/+&!





 !"#$%&#

 !"# $%&'()*%#+ ,!"#-&"#) %# ,!.$%/$0 "#+%#""1%#+0 -1 ),,(%"2 $/%"#/"$0 -3*"# -#" !)$ *- 2")(

4%*! 3'#/*%-#)( "5')*%-#$ *!)* 2- #-* )2&%* )# )#)(.*%/)( $-('*%-#6 7"$/1%8%#+ *!"$" 1")( $%*'9

)*%-#$ %$0 !-4":"10 ,-$$%8("0 1"$-1*%#+ *- -#" -3 %*$ #'&"1%/)( ),,1-;%&)*%-#$ )#2 *1")*%#+ *!"

1"$'(*%#+ &)*!"&)*%/)( 1",1"$"#*)*%-#6 <!%$ *!"$%$ %$ ,()/"2 %# *!%$ /-#*";*= >#2""2 *!" ,'1,-$"

%$ *!)* -3 3'1#%$!%#+ $":"1)( '$"3'( *--($ *- 2")( 4%*! $-&" /-&,'*)*%-#)( ,1-8("&$0 $*"&&%#+

31-& 2%$/1"*%?)*%-# *"/!#%5'"$6 ># &-$* -3 *!" /)$"$ *!" #'&"1%/)( &"*!-2$ 4" )#)(.$" )1"

*!" /()$$%/)( Qp @)+1)#+%)# ABC )#2 *!" &-1" 1"/"#* D)("1E%# F9$,(%#"  !"#$"%$&'() *+,-./

!(! 0 #*1 ),,1-;%&)*%-# )#2 G*)++"1"2 2(!)"+&(+3"3! 4,-$'5(+ 0241 &"*!-2$6 H$ -'1 &-2"(

I7B0 4" /-#$%2"1 /()$$%/)( $"/-#29-12"1 "((%,*%/ 2%J"1"#*%)( "5')*%-#$ )#2 *!" >#/-&,1"$$%8("

K):%"19G*-E"$ "5')*%-#$6 ># )(( *!"$" $%*')*%-#$ *!" 1"$'(*%#+ &)*1%; $"5'"#/"$ fAngn ,-$$"$$ )

$*1'/*'1"0 #)&"(. *!". 8"(-#+ *- *!" /()$$ -3 <-",(%*? &)*1%; $"5'"#/"$ -1 *- *!" &-1" +"#"1)(

/()$$ -3 4$+$',-(6$7 8"),--. 9"$:-(&6 04891 &)*1%; $"5'"#/"$0 %# *!" &-$* +"#"1)( 8(-/E k9(":"(

/)$"6 L-#$"5'"#*(.0 *!" $,"/*1)( )#)(.$%$ -3 *!" /-"M/%"#* &)*1%/"$ ,().$ ) /1'/%)( 1-(" 3-1 )#

"M/%"#* )#2 3)$* 1"$-('*%-#6 >#2""2 *!" /-#:"1+"#/" ,1-,"1*%"$ -3 %*"1)*%:" &"*!-2$ ,1-,-$"20

(%E" &'(*%+1%2 -1 ,1"/-#2%*%-#"2 ;'.-"< *"/!#%5'"$0 )1" $*1%/*(. 1"()*"2 *- *!" #-*%-# -3 !.%="-

-3 *!" /-"M/%"#* &)*1%; $"5'"#/"6 ># -'1 $"**%#+ *!" $.&8-( %$ ) 3'#/*%-# 4!%/! )$.&,*-*%/)((.

,1-:%2"$ ) 1")$-#)8(" ),,1-;%&)*%-# -3 *!" "%+"#:)('"$ N$%#+'()1 :)('"$O -3 An 8. %*$ ":)(')*%-#$

-3 )# '#%3-1& +1%2 -# %*$ 2-&)%#6 <!"$" 1")$-#$0 )#2 &)#. -*!"1$0 &)E" *!" 1"$")1/! -3 &-1"

)#2 &-1" "M/%"#* "%+"#$-(:"1$ 1"(":)#* )#2 *-,%/)(6 ># *!%$ 2%1"/*%-#0 *!" $"/-#2 +-)( -3 *!%$

*!"$%$ %$ *- ,1-:%2" #"4 *--($ 3-1 /-&,'*%#+ *!" $,"/*1'& -3 ,1"/-#2%*%-#"2 8)#2"2 $.&&"*1%/

<-",(%*? &)*1%/"$0 <-",(%*?9(%E" &)*1%/"$0 n!1K
[p]
n 0 nM

[p]
n 0 n!2L

[p]
n 0 /-&%#+ 31-& *!" F9$,(%#" >+H

),,1-;%&)*%-# -3 !u00 = �u0 ,('$ %*$ &'(*%:)1%)*" /-'#*"1,)1* 3-1 !�u = �u0 )#2 8(-/E )#2

,1"/-#2%*%-#"2 8(-/E 8)#2"2 $.&&"*1%/ <-",(%*? &)*1%/"$6 A-1 )(( *!" )8-:" /)$"$ 4" ,1-,-$"

#"4 )(+-1%*!&$ 8)$"2 -# *!" /()$$%/)( /-#/",* -3 $.&8-(0 8'* 4%*! )# %##-:)*%:" :%"4 -# *!"

"11-1$ -3 *!" ),,1-;%&)*%-# -3 "%+"#:)('"$ 8. *!" '#%3-1& $)&,(%#+ -3 *!" $.&8-(6 <!" )(+-9

1%*!&$ 2":%$"2 )1" $,"/%)( %#*"1,-()*%-#9";*1),-()*%-# ,1-/"2'1"$ ,"13-1&"2 4%*! ) !%+! (":"( -3

)//'1)/. )#2 -#(. )* *!" /-$* -3 /-&,'*%#+ -3 *!" "%+"#:)('"$ -3 ) &-2"1)*" #'&8"1 -3 $&)((

$%?"2 &)*1%/"$6

 !" #$%&'(

C'(*%(":"( 8(-/E D@< )(+"81)0 $.&8-(0 $,"/*1)( 2%$*1%8'*%-#0 )$.&,*-*%/ ";,)#$%-#0 %#*"1,-()*%-#9

";*1),-()*%-# )(+-1%*!&$0 &'(*%+1%2 &"*!-2$0 ,1"/-#2%*%-#%#+ P1.(-: &"*!-2$0 G*)++"1"2 7D

&"*!-2$0 >+H ),,1-;%&)*%-#



  



 !"#$"#%

 !"#$"#%

 !"#$%&'"($! )!% *$"(+)"($! +

,-)."/#  0 1/2!("($!3 )!% 4!$5! #/3&6"3 7

&'( )*+*,-. +/0-01/+ ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' (

&'2 34.0151+6*7 +/0-01/+ ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 8

&'8 %9*:0,-. 61;0,1<401/+ /= >-0,17 ;*?4*+:*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' @

&'@ #/*9.10A ;0,4:04,*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' B

&'@'( %:-.-, #/*9.10A >-0,1:*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' B

&'@'2 C./:D -+6 >4.01.*E*. <./:D #/*9.10A >-0,1:*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' F

&'@'8 %9*:0,-. -+-.G;1; /= H*,>101-+ <./:D #/*9.10A ;*?4*+:*;I 61;0,1<401/+ ,*;4.0; J

&'@'@ %9*:0,-. -+-.G;1; /= H*,>101-+ <./:D #/*9.10A ;*?4*+:*;I *70,*>-. *1K*+5

E-.4*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' (L

&'M #,1K/+/>*0,1: 9/.G+/>1-.; -+6 <-+6*6 #/*9.10A >-0,1:*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ((

&'N %9*:0,-. -+-.G;1; -+6 :/>940-01/+-. =*-04,*; /= <./:D :1,:4.-+0 >-0,1:*; ' ' ' ' ' (M

&'B )O# ;*?4*+:*;I /9*,-01E* =*-04,*; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' (B

&'F P,*:/+6101/+1+K -+6 >4.01K,16 >*0Q/6; =/, #/*9.10A >-0,1:*; ' ' ' ' ' ' ' ' ' ' ' (F

&'J R;G>90/01: $79-+;1/+I 16*- /= 0Q* -99,/71>-01/+ *,,/,; ' ' ' ' ' ' ' ' ' ' ' ' ' ' 28

,-)."/#   0 8./'"#)6 )!)693(3 $! 81: */"-$%3 ;$# "-/ (!'$*.#/33(<6/

=)+(/#>8"$4/3 /?&)"($!3 @A

&&'( !E*,E1*S ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 2J

&&'2 %9*:0,-. -+-.G;1; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 82

&&'2'( R+-.G;1; /= 0Q* ;9*:0,-. ;G></. ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 82

&&'2'2 "4>*,1:-. 0*;0; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 8@

&&'2'2'( $E-.4-01/+ /= 0Q* *1K*+E-.4* =4+:01/+; /= 0Q* ;G></. ' ' ' ' ' ' ' 8@

&&'2'2'2 %9*:0,-. 61;0,1<401/+ /= fKN gN ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 8M

&&'2'8 R =/:4; /+ 0Q* *1K*+E-.4* =4+:01/+; 1+ - +*1KQ</,Q//6 /= 0Q* /,1K1+ ' ' ' ' @(

&&'2'@ %9*:0,-. -+-.G;1; /= KN E1- ./S ,-+D 9*,04,<-01/+; ' ' ' ' ' ' ' ' ' ' ' ' ' @8

&&'2'M T4,0Q*, E-,1-01/+; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' @M

&&'8 "4>*,1:-. *79*,1>*+0; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' @B

&&'8'( #-G./, ),**+ E/,0*7 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' @B

&&'8'2 3/61U*6 6/4<.* ;Q*-, .-G*, ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' @F

&&'8'8 P,*:/+6101/+1+K ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ML

111



 !"#$"#%

&&'(') * +,-./01/2 34415367 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 8(

 !"#$%& '''( )*+,#$-$./ 01#"2*.-23 "2 "45-&.$!, 6-& #&%/-27.$.-2%7

,"$&./%* 89

&&&'9 :;<;13-/=3./5< 5> .7; 41;65<2/./5<;2 *?@+4.5./6 $A43<?/5< ' ' ' ' ' ' ' ' ' ' ' ' 8B

&&&'C &+4-/6/. $1151? ;A43<?/5< ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' DE

&&&'C'9 $1151 F5,<2? >51 .7; 65;G6/;<.? ck /< .7; *?@+4.5./6 $A43<?/5< ' ' ' ' ' DC

&&&'( $1151 F5,<2? >51 <,+;1/63--@ 34415A/+3.;2 ;/0;<H3-,;? ' ' ' ' ' ' ' ' ' ' ' ' ' ' D)

&&&') ",+;1/63- .;?.? ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' D8

 !"#$%& ':( )*+,#$-$./ 01#"2*.-23 "##4.%7 $- $!% '5) 7.*/&%$.;"$.-2 99

&I'9 J15F-;+ ?;../<0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' BB

&I'C J154;1./;? 5> .7; ?4;6.13- ?@+F5- ep(�) ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' K(

&I'( $/0;<H3-,;? 3<2 ;/0;<H;6.51? 5> L
[p]
n >51 p = 1 3<2 p = 2 ' ' ' ' ' ' ' ' ' ' ' ' ' ' K)

&I'('9 #7; +3.1/A 3-0;F13? �m(�; �) >51 �; � 2 f0; 1;!1g ' ' ' ' ' ' ' ' ' ' ' ' ' ' K)

&I'('C $/0;<H3-,;? 3<2 ;/0;<H;6.51? 5> L
[p]
n >51 p = 1; 2 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' K8

&I') *-051/.7+ >51 65+4,./<0 .7; ;/0;<H3-,;? 5> L
[p]
n >51 p � 3 ' ' ' ' ' ' ' ' ' ' ' ' ' ' KK

&I'8 ",+;1/63- ;A4;1/+;<.? ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' LC

&I'8'9 ",+;1/63- ;A4;1/+;<.? /< ?,4451. 5> .7; ;/0;<H3-,; ;A43<?/5< ' ' ' ' ' ' ' LC

&I'8'C ",+;1/63- ;A4;1/+;<.? /--,?.13./<0 .7; 4;1>51+3<6; 5> 3-051/.7+ 9 ' ' ' ' LL

&I'D $A.;<?/5< .5 .7; +,-./2/+;<?/5<3- ?;../<0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' LL

&I'D'9 $/0;<H3-,;M;/0;<H;6.51 ?.1,6.,1; 5> L
[p]
n ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 9EC

 !"#$%& :( )*+,#$-$./ 01#"2*.-23 %1$%2*.-2 $- $!% <4-/= /"*% >?8

I'9  5<2/./5<? >51 .7; ;A/?.;<6; 5> F-56N 3?@+4.5./6 ;A43<?/5< ' ' ' ' ' ' ' ' ' ' ' ' ' 9ED

I'C *-051/.7+ >51 65+4,./<0 .7; ;/0;<H3-,;? 5> Tn(f) >51 s > 1 ' ' ' ' ' ' ' ' ' ' ' ' ' 99E

I'( ",+;1/63- ;A4;1/+;<.? ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 99)

I'('9 :-5F3- 65<2/./5< ;A3+4-; ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 998

I'('C O563- 65<2/./5<P /<.;1?;6./5< 5> .7; 13<0;? ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 99B

I'('( O563- 65<2/./5<P -36N 5> .7; +5<5.5</6/.@ ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 9C(

I'(') O563- 65<2/./5<P 1;2,6./5< >15+ F-56N .5 ?63-31' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 9CB

I'('8 $A36. >51+,-3; >51 Qp O3013<0/3< Q$R ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 9(9

 !"#$%& :'( @%/!2./"4 A%*B4$* >C9

I&'9 %.300;1;2 S: +3.1/A ?@+F5- >51 k = 2 3<2 p = 2 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 9(B

I&'C J155> 5> .7; 41;65<2/./5<;2 ;/0;<H3-,; ;A43<?/5< >51 � = 0 ' ' ' ' ' ' ' ' ' ' ' ' ' 9(K

I&'( J155>? 5> .7; .7;51;+? ?.3.;2 /< %;6./5< &I'C 5>  734.;1 &I ' ' ' ' ' ' ' ' ' ' ' ' 9)(

I&') J155> 5> .7; &0* ;/0;<H3-,; ;A43<?/5< >51 � = 0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 98C

I&'8 Qp O3013<0/3< Q$R +3.1/A ?@+F5- >51 p = 2; 3; 4 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 98D

I&'D J155> 5> .7; F-56N ;/0;<H3-,; ;A43<?/5< >51 � = 0 ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' 98B

 -2/4B*.-2* >D>

E.<4.-5&"#!+ >DF

/H



 !"#$%&'"($! )!% *$"(+)"($!

 !"#$%&'"($! )!% *$"(+)"($!

 !" #$%& #%''%(& () &*#"+%,$- $&$-.'/' %' /( ,(#0*/" 1*$&/%/%"' /!$/ $+" %& 2"&"+$- %&,$-,*-$3-"

)+(# $& $&$-./%,$- 0(%&/ () 4%"56  !" 0%4(/$- ,(&,"0/ %& &*#"+%,$- $&$-.'%' %' $&$-.7%&2 $&8

0+(4%8%&2 $-2(+%/!#' /( '(-4" $ 8"/"+#%&"8 ,-$'' () /!" 0+(3-"#' () #$/!"#$/%,'9 5!('" %&/+%&'%,

&$/*+" ,$& 3" "%/!"+ ,(&/%&*(*' (+ 8%',+"/"6 :;(&/%&*(*'< $+" #('/ () /!" +"$- 0+(3-"#' 5!%,!

',%"&," $&8 "&2%&""+%&2 $+" 3*%-/ *0(& 3*/ /!$/9 5%/!(*/ &*#"+%,$- /",!&%1*"'9 5(*-8 3" 1*%,=-.

*&/+"$/$3-"6 >& /!%' /!"'%' /!" )(,*' %' (& )$'/ $-2(+%/!#' )(+ /!" $00+(?%#$/%(& () ,(&/%&*(*'

#$/!"#$/%,$- "1*$/%(&'6

>&8""89 5!"& '%#*-$/%&2 0!"&(#"&$ %& 0!.'%,'9 "&2%&""+%&29 (+ $00-%"8 ',%"&,"'9 ()/"& (&"

!$' /( 8"$- 5%/! )*&,/%(&$- "1*$/%(&' @5+%//"&9 "6269 %& 8%A"+"&/%$- (+ %&/"2+$- )(+#B /!$/ 8( &(/

$8#%/ $& $&$-./%,$- '(-*/%(&6

C"',+%3%&2 /!"'" +"$- '%/*$/%(&' %'9 !(5"4"+9 0(''%3-"9 +"'(+/%&2 /( (&" () %/' &*#"+%,$- $0D

0+(?%#$/%(&' $&8 /+"$/%&2 /!" +"'*-/%&2 #$/!"#$/%,$- +"0+"'"&/$/%(&6 >& 0+$,/%," /!" $%# %' /(

,(&'/+*,/ 0+(0"+ &*#"+%,$- 8%',+"/%7$/%(& /",!&%1*"'9 /!$/ :/+$&')(+#< 0+(3-"#' )+(# :,(&/%&*D

(*'< /( $ #(+" #$&$2"$3-" :8%',+"/"< #(8"--%&26

;-"$+-. /!" /$'= () /!" &*#"+%,$- $&$-.'/ 8("' &(/ "&8 (&," /!$/ /!" $00+(?%#$/%(& %' 0"+D

)(+#"86 E" 5$&/ /( "&'*+" /!$/ /!" '(-*/%(& () /!" +"'*-/%&2 0+(3-"#9 5%/! +"'0",/ /( /!"

(+%2%&$- (&"9 %' #(+" ,(&4"&%"&/ %& /"+#' () +"'(-*/%(& '0""89 +"'(*+,"'9 $&8 ,(#0*/$/%(&$- ,('/6

 !%' /!"'%' %' 0-$,"8 %& /!%' ,(&/"?/F %/ !$' /!" 0*+0('" /( )*+&%'! '"4"+$- *'")*- /((-' /( 8"$-

5%/! '(#" ,(#0*/$/%(&$- 0+(3-"#'9 $+%'%&2 )+(# 8%',+"/%7$/%(& /",!&%1*"'6

>& #('/ ,$'"' /!" 0+(3-"#' 5" !$4" %& #%&8 ,(#" )+(# /!" -%&"$+ 8%',+"/%7$/%(& () 0$+/%$-

8%A"+"&/%$- "1*$/%(&' @GCH'B () /!" )(+#

A u = b;

5!"+" A %' $ -%&"$+ 8%A"+"&/%$- (0"+$/(+9 /$=%&2 %&/( $,,(*&/ 0(''%3-" %&%/%$-I3(*&8$+. ,(&8%D

/%(&'6 ;(#0*/%&2 /!" &*#"+%,$- '(-*/%(& un () u9 (+ $ 0$+/ () %/9 +"8*,"' /( '(-4%&2 $ -%&"$+

'.'/"# () /!" )(+#

Anun = bn: @JB

K*+/!"+#(+"9 %) /!" ,!('"& $00+(?%#$/%(& /",!&%1*" %' ,(&4"+2"&/9 /!" #(+" 5" %&,+"$'"

/!" &*#3"+ () 0(%&/' () /!" 8%',+"/%7$/%(& @n (+ $& %&,+"$'%&2 )*&,/%(& () nB /!" #(+" /!"

$00+(?%#$/%(& un () /!" $&$-./%,$- '(-*/%(& u 5%-- 3" $,,*+$/"6

K(+ /!%' +"$'(&9 (&" '!(*-8 &(/ ,(&'%8"+ /!" '0",%L, -%&"$+ '.'/"# @JB )(+ $ L?"8 n9 3*/ +$/!"+

4



 !" #"$%"&'" () *+&",- #.# "/#

fAnun = bngn;

0!(#" 1+/"&#+(&# 1"2"&1 (&  !" &%/3"- () 1+#'-" +4, +(& 2(+& #5 n6

7!" /, -+'"# 2-(1%'"1 3. /(#  .2"# () 1+#'-" +4, +(&# 2(##"## , # -%' %-"5 &,/"*.  !".

,-" () "& #2,-#"6 8%- !"-/(-"5 1"2"&1+&9 (&  !" *+&",- 1+:"-"& +,* (2"-, (-5  !". ',& 3" 3,1*.

'(&1+ +(&"16 ;(&#"$%"& *. +& 9"&"-,* < !, +# 0+ !(% , $%+ " # -(&9 # -%' %-"=5 1+-"' /" !(1#

#!(%*1 3" ,>(+1"15 #+&'"5 &( (&*.  !". /,. -"$%+-" , !+9! '(/2% , +(& '(# 5 3% ,*#(  !". () "&

1( &(  ,?" )%** ,1>,& ,9" ()  !" +&)(-/, +(& ()  !" # -%' %-"6

@ "-, +>" #(*>"-# <+& 2,- +'%*,- /%* +9-+1 ,&1 2-"'(&1+ +(&"1 A-.*(>  "'!&+$%"#= ,-" +&# ",1

>"-. '(&>"&+"& '!(+'"#6 @ +# +&1""1 ?&(0&  !, + "-, +>" /" !(1# "B2*(+  !" #2"' -,* +&)(-C

/, +(& () '("D'+"& /, -+B ,&1 '(&#"$%"& *.  !". ',& 3" ,1,2 "1 +& (-1"-  ( ,''"*"-, "  !"

'(&>"-9"&'" ,&1 (2 +/+4"  !" '(/2% , +(&,* '(# 6

E"&'" !"-"  !" #2"' -,* ,&,*.#+# ()  !" /, -+B An <,&1 '(&#"$%"& *. ()  !" '("D'+"& # /, -+B

#"$%"&'" fAngn= 2*,.# , '-%'+,* -(*" )(- ,& "D'+"& ,&1 ),# -"#(*% +(&6 F(-"(>"-5 '(/2,-+&9

 !" #2"' -%/ () An 0+ !  !, ()  !" 1+:"-"& +,* (2"-, (- ',& #%99"# 0!" !"-  !" 1+#'-" +4, +(&

+# ,22-(2-+, " (- &(  ( #2"' -,**. ,22-(B+/, "  !" (2"-, (- A 6

E(0">"-5 + /%# 3" !+9!*+9! "1  !,  !" +& "-"# +& G&1+&9 "+9"&>,*%"# +# +& -+&#+',**. +/C

2(- ,& 6 @& ),' 5 (& (&" !,&1  !"-" ,-" 2-(3*"/# +& 0!+'!  !" ?&(0*"19" ()  !" "+9"&>,*%"# +#

+&1+-"' *. %#")%* +& "D'+"& *. G&1+&9  !" #(*% +(&6 H&  !" ( !"- !,&1  !"-" ,-" #+ %, +(&# 0!"-"

 !". ,' %,**. !,>" , 2!.#+',* /",&+&9 ,&1 -"2-"#"&  !" ,22-(B+/, +(& ()  !" -",* #(*% +(&6

7!+# +#  !" ',#"5 )(- "B,/2*"5 () "+9"&>,*%" 2-(3*"/# IJK5 LKM6

N/(&9 #2"'+G' ,22*+', +(&#  !, ,-" &( -"*, "1  (  !" ,22-(B+/, +(& () 1+:"-"& +,* "$%,C

 +(&#5 0" ',& /"& +(& # -%' %-"1 F,-?(> '!,+&# IOPM5 #+9&,* ,&1 +/,9" 2-('"##+&9 2-(3*"/# 0+ !

#2,'" +&>,-+,& &, %-" IJQ5 RKM5 G&,&'+,* ,22*+', +(&# IOOSM5 " '6

7!" #"$%"&'"# '(&#+1"-"1 +&  !" 0!(*"  !"#+# "&T(. , >"-. &+'" # -%' %-"U  !". 3"*(&9  (  !"

'*,## ()  !"#$%&' /, -+B #"$%"&'"# (-  (  !" /(-" 9"&"-,* '*,## () (")"*+$%'", -!.+$$/  !"#$%&'

0(- 1 /, -+B #"$%"&'"#6

@& 9"&"-,*5 1"2"&1+&9 (& 0!" !"-  !" /, -+'"# '(/" )-(/ , (&"C1+/"&#+(&,* (- , kC1+/"&#+(&,*

2-(3*"/5 k > 15  !"+- # -%' %-" ',& 3" (&"C*">"* (- kC*">"*6 7!, +# ",'! /, -+B !,# , #'!"/"

-"2", "1 k  +/"# "$%,**. +&  !" +&&"- 2,  "-&#6 @& #%'! , ',#"  !" 1+/"&#+(& ()  !" /, -+B +#

N( ) = n1n2 � � �nk ,&1  !" /, -+B +# +&1"B"1 3.  !" /%* +C+&1"B  = (n1; n2; : : : ; nk)6 8(-

 !" /%* +C+&1"B &( , +(&5 #"" V"' +(& @6K6 W"2"&1+&9 (&  !" #+4" s ()  !" #.# "/ () XWY#5 0"

1",* 0+ ! , #',*,- <s = 1= (- , 3*('? <s > 1= /, -+B #"$%"&'"6 @&  !" *,  "- #"  +&9 ",'! 3,#+'

"& -. +&  !" /, -+B An +# +&  %-& ,& s � s /, -+B5 #(  !,  !" 9*(3,* 1+/"&#+(& +# sn � sn (-

N( ; s) �N( ; s)5 0+ ! N( ; s) = sN( ) = sn1n2 � � �nk5  = (n1; n2; : : : ; nk)6

E(0">"-5 ">"& +&  !" ',#" () , #',*,- XWY5  !" 3*('? # -%' %-" ',& 3" +&1%'"1 3.  !"

&%/"-+',* /" !(15 "6965 3. '*,##+',* pC1"9-"" G&+ " "*"/"& #5 p > 15 (- pC1"9-"" W+#'(& +&%(%#

Z,*"-?+& /, !(1#5 p � 15 (- pC1"9-"" +#(9"(/" -+' ,&,*.#+# () -"9%*,-+ . | 0+ ! p! | > 16

@& ,** #+ %, +(&#  !" -"#",-'! () #2"' -,* +&)(-/, +(&# ()  !" /"& +(&"1 '*,##"# +# -"*, "1  (

 !" '(&'"2 ()  !" 2/34!$5  !, +# , )%&' +(& f 0!+'!5 %&1"- '"- ,+& !.2( !"#"#5 2-(>+1"# ,

#2"' -,* (- , #+&9%*,- >,*%" 1"#'-+2 +(& ()  !" ,##('+, "1 /, -+B #"$%"&'"#6

@&  !" #+/2*"# #',*,-5 (&"C*">"* ',#"5 0!"-"  !" (&*. -"$%+-"/"& (& f : D � R " C +#  ( 3"

, ["3"#9%" /",#%-,3*" )%&' +(& (& , ["3"#9%" /",#%-,3*" 1(/,+& D5 0+ ! ["3"#9%" /",#%-"

>+



 !"#$%&'"($! )!% *$"(+)"($!

0 < �1(D) < 1 !" #$% &'$& &'" #"()"*+" fAngn '$# $* $#%,-&.&/+$0 #-"+&1$0 2#/*3)0$1 4$0)"5

6/#&1/7)&/.* 6"#+1/7"6 7% f /8 /& '.06# &'$&9

lim
n"1

1

n

nX

j=1

F (�j(An)) =
1

�1(D)

Z

D
F (f(�)) d�; :;<

2
4 lim

n"1

1

n

nX

j=1

F (�j(An)) =
1

�1(D)

Z

D
F (jf(�)j) d�;

3
5

8.1 $00 +.*&/*).)# 8)*+&/.*# F !/&' 7.)*6"6 #)--.1& .* C !'"1" �j(An); j = 1; : : : ; n 2�j(An); j =

1; : : : ; n5 $1" &'" "/3"*4$0)"# 2#/*3)0$1 4$0)"#5 .8 An=

>'" /*8.1,$0 :$*6 -1$+&/+$0 )#$70"< ,"$*/*3 .8 1"0$&/.* :;< /# &'$& 8.1 n #)?+/"*&0% 0$13" $

1"$#.*$70" $--1.@/,$&/.* .8 &'" "/3"*4$0)"# 2#/*3)0$1 4$0)"#5 .8An /# .7&$/*"6 81., $* "4$0)$&/.*

.8 f(�) 2jf(�)j5 .4"1 $* )*/8.1, 31/6 /* &'" 6.,$/* D= A*+" &'" #%,7.0 /# B*.!* !" '$4" &'"

C+.*&1.0D .8 &'" 7"'$4/.)1 .8 &'" !'.0" #-"+&1), 2#/*3)0$1 4$0)"#5 )- &. $ *),7"1 .8 .)&0/"1#

!'/+' /# /*E*/&"#/,$0 !/&' 1"#-"+& &. &'" ,$&1/@ #/F" $*6 !" +$* "@-0./& &'" 1"#)0&# 8.1 6"#/3*/*3

"?+/"*& #.04"1# 8.1 &'" +."?+/"*& ,$&1/@ An 8.1 0$13" n=

G0.*3 &'" #$," 0/*"# &'" kH0"4"0 70.+B +$#" !/&' 70.+B# .8 #/F" s +$* 7" 3/4"* 7% -0$%/*3 !/&'

&'" #%,7.0 !'/+' !/00 7" kH4$1/$&" $*6 s�s ,$&1/@H4$0)"6= I.1 #)+' 3"*"1$0 *.&/.* #"" J"+&/.*

K=L :$*6 J"+&/.* K=; 8.1 &'" *"+"##$1% ,)0&/H/*6"@ *.&$&/.*<=

M"*"1$00% #-"$B/*3 $00 &'" +.*+"-&# *.&$&/.*# $*6 ,$&'",$&/+$0 &..0# !'/+' !/00 7" )#"6 /*

&'" &'"#/# $1" 1"-.1&"6 /* ,-)."/#  =

K* &'" *"@& +'$-&"1# !" 8$+" #"4"1$0 &%-" .8 #"()"*+" #&1)+&)1"#9 81., &'" ,.#& 3"*"1$0 70.+B

kH0"4"0 #"&&/*3 &. &'" #/,-0"#& #+$0$1 .*"H0"4"0 +$#"= N0"$10% 8.1,)0$ :;< /# -1.-"10% ,.6/E"6

8.1 &'" ,.1" 3"*"1$0 &%-"# .8 &1"$&"6 #&1)+&)1"6 #"()"*+"#= K*6""6 !/&' &'" .74/.)# +'$*3"# .8

*.&$&/.* &'" )*/4"1#$0 1.0" .8 &'" #%,7.0 /# 7"/*3 .*" .8 &'" &..0 8.1 +.,-$+&0% 6"#+1/7/*3 &'"

$#%,-&.&/+ 7"'$4/.1 .8 &'" "/3"*4$0)"# 2#/*3)0$1 4$0)"#5 .8 An 8.1 0$13" n=

K* ,-)."/#   !" +.*#/6"1 &'" MO> #"()"*+" $1/#/*3 81., &'" $--1.@/,$&/.* .8 &'" /*+.,H

-1"##/70" P$4/"1HJ&.B"# "()$&/.*# 7% #",/H/,-0/+/& Q/#+.*&/*.)# M$0"1B/* ,"&'.6# .*  !"##$%$&

'$ ($ :JQM< /*&1.6)+"6 /* 2RS RR TLS TLU5=

>'"#" *"! #+'","# '$4" *"4"1 7""* $*$0%F"6 !/&' MO> &"+'*/()"# 7"8.1"= >'"1"8.1" &'"

E1#& $/, /# &'".1"&/+$0 $*6 +.*+"1*# &'" -.##/7/0/&% .8 )#/*3 $*6 "@&"*6/*3 &'" #-"+&1$0 &..0#

,"*&/.*"6 #. 8$1 &. &'/# *"! *),"1/+$0 81$,"!.1B $*6 .8 #&)6%/*3 /&# -1.-"1&/"#= J-"+/$0 $&&"*H

&/.* /# 3/4"* &. &'" #&1)+&)1$0 $*6 #-"+&1$0 $*$0%#/# .8 &'" /*4.04"6 0/*"$1 #%#&",# /* -$1&/+)0$19

#&1)+&)1$0 -1.-"1&/"# /* +.**"+&/.* !/&' ,)0&/0"4"0 70.+B >."-0/&FH0/B" :$*6 +/1+)0$*&< ,$&1/+"# 

6/#&1/7)&/.* #-"+&1$0 $*$0%#/# /* &'" V"%0 #"*#" +.*6/&/.*/*3 $#%,-&.&/+ 7"'$4/.)1 .8 &'" "@H

&1",$0 "/3"*4$0)"# 4/$ 0.! 1$*B -"1&)17$&/.*# $*6 #&)6% .8 .)&0/"1#= K* &)1* $00 .8 &'", $1"

.8 /*&"1"#& 8.1 *),"1/+ $*6 $03.1/&',/+ -)1-.#"#9 &'" $*$0%#/# .8 &'" /*&1/*#/+ 6/?+)0&% .8 &'"

-1.70", $/,"6 $& 6"#/3*/*3 $*6 $*$0%F/*3 :-1"+.*6/&/.*"6< W1%0.4 ,"&'.6# 2S TT5=

I/1#& !" 8.00.! $ +0$##/+$0 -1"+.*6/&/.*/*3 #&1$&"3% 6"#/3*/*3 $ X1"+.*6/&/.*"6 N.*Y)3$&"

M1$6/"*& :XNM< ,"&'.6 !/&' +/1+)0$*& J&1$*3 -1"+.*6/&/.*"1= Z)& /* $ ,)0&/0"4"0 #"&&/*3 

!'"* $* $#%,-&.&/+ +.*6/&/.* /# -1"#"*& $# /& /# !"00HB*.!* /* &'" 0/&"1$&)1" 2[\ T;] T;[5 

4//



 !" #$" %& '() *+,*#-'( .,"*%(/+ +%(", .",0+ $  % ,"'*! ' 0%$ ' $#12%. +0'- *%(3",4"(*"

%&  !" 567 0" !%/8 9% ' 0%," %,+4+('- '(/ ":*+"( '..,%'*! +$  % /"$+4( ' 1-%*; 0#- +-"3"-

0#- +4,+/ .,%*"/#," <+ !  <% 4,+/$ =>7?@A  !' <+-- "($#," *%(3",4"(*" '(/ %. +0'-+ ) +(  ",0$

%& + ",' +%($8 B- !%#4!A #.  % %#, ;(%<-"/4"A 0'()  !"%," +*'- ,"$#- $ %( 0#- +4,+/ *%(3",4"(*"

+( 1-%*; $"  +(4$ '," $ +-- 0+$$+(4 %, +( .,".',' +%( CDEFGA <" 3'-+/' "  !"0 (#0",+*'--)8 >!"

*!%+*" %&  !" '..,%.,+' " $0%% !", '(/ .,%-%(4' +%( %.",' %,$ '," H#$ +I"/ 1)  !" J'.-'*+'(

(' #," %&  !" $)01%- '(/ $#..%, "/ 1)  !" "(*%#,'4+(4 ,"$#- $ +( ' 1-%*; *%( "K +( CLMGA '(/

+(  !" $*'-', 0#- +-"3"- *'$"$ CNA EA OPG8

?%,"%3",A 1'$"/ %(  !" *%(*". %& $)01%-A + !'$ 1""( .%$$+1-"  % /"$+4( $."*+I* &'$ 0" !%/$

&%, $%-3+(4 -',4" -+("', $)$ "0$ <+ ! ' >%".-+ Q %, >%".-+ Q2-+;" $ ,#* #," +( 3',+%#$ $"  +(4$8

R!"( $."';+(4 '1%# >%".-+ Q2-+;" 0' ,+*"$A <" '," ,"&",,+(4  % $0'-- .", #,1' +%($ %& >%".-+ Q

0' ,+*"$ %, 1-%*; >%".-+ Q 0' ,+*"$A <!","  !" .,"*+$" $ ,#* #," +$ %1$",3"/ <!"( ,"0%3+(4 &"<

,%<$ '(/ *%-#0($8

S"*'#$" %&  !"+, .",3'$+3" '.."','(*" +( '() $!+& 2+(3',+'( .,%1-"0 CTA ENA PEGA  !"," !'$

1""( ' -% %& '  "( +%( %( &'$ 0" !%/$ &%, $%-3+(4 -',4" -+("', $)$ "0$ <+ ! >%".-+ Q %, >%".-+ Q2

-+;" $ ,#* #," =$""  !" ,"3+"< .'.",$ +( CENA PEA PLG@A +(*-#/+(4 1% ! /+,"* &'$ '(/ $#.",&'$ 

$%-3",$ CPEA PLG '(/ + ",' +3" $%-3",$ CEA ENG8

U"," <" *%($+/",  !" .,%1-"0 %& *%0.# +(4  !" $."* ,#0 '(/A &%, $#*!  )." %& .,%1-"0$A <"

/"3"-%." ' *-'$$ %& &'$ 0" !%/$ $ ', +(4 &,%0  !" ,"$#- $ +( ,"*"( <%,; CONGA <!"," V;$ ,W0A

7',%(+A '(/ 9",,'26'.+QQ'(% !'3" *%(H"* #,"/  !" "K+$ "(*" %& '( '$)0. % +* "K.'($+%( &%,  !"

"+4"(3'-#"$ %& 1'(/"/ $)00" ,+* >%".-+ Q 0' ,+*"$8 X(/"."(/"( -) S%4%)'A SW  *!",A 7,#/$;)A

'(/ ?'K+0"(;% CDOA DTA DPG !'3" %1 '+("/  !" .,"*+$" '$)0. % +* "K.'($+%( &%,  !" "+4"(3'-#"$

%& ' $"Y#"(*" %& >%".-+ Q 0' ,+*"$ fTn(f)gnA #(/", $#+ '1-" '$$#0. +%($ %(  !" '$$%*+' "/

4"(",' +(4 &#(* +%( f 8

X( CONG  !" '# !%,$ .,%3+/"/ (#0",+*'- "3+/"(*"$  !' $%0" %&  !%$" '$$#0. +%($ *'( 1"

,"-'K"/A 0'+( '+(+(4 %(-)  !" !).% !"$+$ %( f %& 1"+(4 ' ,"'- *%$+("  ,+4%(%0" ,+* .%-)(%0+'-

 !"#$%A 0%(% %(" %(  !" /%0'+(8

9 #/)+(4  !" ",,%,$ %&  !" '..,%K+0' +%( %& "+4"(3'-#"$ 1) #(+&%,0 $'0.-+(4 %&  !" $)02

1%-A <" /"3+$" '( "K ,'.%-' +%( .,%*"/#," &%, *%0.# +(4  !" "+4"(3'-#"$ %& 1'(/"/ $)00" ,+*

>%".-+ Q 0' ,+*"$ %& 3",) -',4" /+0"($+%(8 >!" '-4%,+ !0 +$ .",&%,0"/ <+ ! ' !+4! -"3"- %& '*2

*#,'*) '(/ %(-) '  !" *%$ %& *%0.# +(4  !" "+4"(3'-#"$ %& ' 0%/",' " (#01", %& $0'-- $+Q"/

0' ,+*"$8

Z,%0 '  !"%," +*'- 3+"<.%+( A +( "&'()*+, ---. -/. /  !" '$$#0. +%($ %(  !" 4"(",' +(4

&#(* +%( !'3" 1""( ,"-'K"/ '(/ "K "(/"/ '-$% &%,  !" "+4"(3'-#"$ %&[

D8 .,"*%(/+ +%("/ 1'(/"/ $)00" ,+* >%".-+ Q 0' ,+*"$ CDG\

N8 >%".-+ Q2-+;" 0' ,+*"$A n!1K
[p]
n A nM

[p]
n A n!2L

[p]
n A *%0+(4 &,%0  !" S2$.-+(" X4B '..,%K+0'2

 +%( %& !u00 = �uA .-#$ + $ 0#- +3',+' " *%#( ",.', &%, !�u = �u C]MG\

E8 1-%*; '(/ .,"*%(/+ +%("/ 1-%*; 1'(/"/ $)00" ,+* >%".-+ Q 0' ,+*"$ COFG8

R" '-$% .,%3"A &%, '-- *%( "K $ '1%3"A  !" I,$ %,/", '$)0. % +*  ",0 %&  !" "K.'($+%( '(/

<" *%0.-"0"(  !" ,"$#- $ %& C]DA TDA TNA TEA TLA TOA TTGA .,%3+(4 $"3",'- +0.%, '( '('-) +*

.,%.", +"$ %& ep(�)A $."* ,'- $)01%- %& fn!2L
[p]
n gn8

3+++



 !"#$%&'"($! )!% *$"(+)"($!

 !" #$%& ' (% )!*+,-%" $.% */$0"/1 %2$%*+,!* !3 $.% /*/14+,+ 3!" $.% )/+% !3 f 5%,*6 /* s� s

&/$",278/10%- 30*)$,!* (,$. s � 19 /*- Tn(f) $.% 51!): ;!%<1,$= &/$",2 6%*%"/$%- 54 f > ?%*)%

$.% */$0"/1 +$%< ,+ $./$ !3 -%",8,*6 $.% /*/1!6!0+ )!*-,$,!*+ (.,). %*+0"% $.% %2,+$%*)% !3 /*

/+4&<$!$,) %2</*+,!* 3!" $.% %,6%*8/10%+ ,* 51!): +%$$,*6+> #* </"$,)01/" .!( $.% /++0&<$,!*+ !*

$.% +)/1/" +4&5!1 f !3 5%,*6 / "%/19 &!*!$!*%9 )!+,*% $",6!*!&%$",) <!14*!&,/1 /"% $"/*+3!"&%-

3!" $.% &/$",278/10%- +4&5!1 ,> ?%"% $.% %,6%*8/10% 30*)$,!*+ !3 f 9 �(i)(f); i = 1; : : : ; s9 <1/4

/* /*/1!6!0+ "!1% !3 f 3!" $.% +)/1/" )/+%+>  0"$.%"&!"% (% -%/1 (,$. $.% )!*8%"+,!* 3"!&

<!14*!&,/1 -./012 $! ?%"&,$,/* &/$",278/10%- $",6!*!&%$",) <!14*!&,/1 -3012>

;.% .,--%* ,-%/ 3!" $.% )!*+,-%"%- /+4&<$!$,) %2</*+,!* ,+ 5/+%- !* $.% ",6.$ "%!"-%",*6 !3

%,6%*8/10%+ (,$. "%+<%)$ $! $.% %8/10/$,!*+ !3 f @!3 �(i)(,); i = 1; : : : ; s9 ,* )/+% s > 1A> #*-%%-

3!" s = 19 $.% /++0&<$,!* !3 &!*!$!*,),$4 !3 f ,+ )"0),/1 $! %*+0"% $.% )!""%)$ )!&5,*/$,!* !3

%,6%*8/10%+ /*- %8/10/$,!*+> B*/1!6!0+149 3!" s > 19 $.% ",6.$ "%!"-%",*6 /*- $.% 8/1,-,$4 !3 %27

</*+,!* /"% 60/"/*$%%-  !"#$!!% !* $.% +<%)$"0&9 "%C0,",*6 $.% &!*!$!*,),$4 !3 %8%"4 %,6%*8/10%

30*)$,!*+ /*- $.% %&<$4 ,*$%"+%)$,!* !3 $.% "/*6%+ $(! %,6%*8/10% 30*)$,!* �(j)(f) /*- �(k)(f)9

3!" %8%"4 </," !3 ,*-,)%+ j; k 2 f1; : : : ; sg +0). $./$ j 6= k> #3 $.% 61!5/1 )!*-,$,!* ,+ 8,!1/$%-9 ,$

,+9 .!(%8%"9 <!++,51% $! "%)!8%" $.% /+4&<$!$,) %2</*+,!* 3!" $.% <!"$,!* !3 +<%)$"0& /++!),/$%-

$! $.!+% %,6%*8/10% 30*)$,!*+ (.,). 8%",34 !"&$!!% 5!$. $.% *!*7,*$%"+%)$,!* /*- &!*!$!*,),$4

)!*-,$,!*+>

;.% /+4&<$!$,) +<%)$"/1 %2</*+,!* 5%)!&%+ / <!$%*$,/1 $!!1 3!" $.% )!&<0$/$,!* !3 $.%

+<%)$"0& !3 -,D%"%*$,/1 !<%"/$!"+> #* /4)5"6#  7 (% <%"3!"& / -%$/,1%- +<%)$"/1 /*/14+,+ !3

$.% &/$",)%+ n!1K
[p]
n ; nM

[p]
n ; n!2L

[p]
n >

#* </"$,)01/" 3!" p � 39 (% <"!8,-% *0&%",)/1 %8,-%*)% !3 / <"%),+% /+4&<$!$,) %2</*+,!* 3!"

$.% %,6%*8/10%+9 %2)%<$ 3!" $.% 1/"6%+$ nout
p = n! mod(p; 2) !0$1,%"+9 !3 n!2L

[p]
n >

#* /--,$,!*9 3!" p = 1 /*- p = 29 (% )!&<0$% $.% %2/)$ %,6%*8/10%+ /*- %,6%*8%)$!"+ !3 K
[p]
n 9

M
[p]
n 9 /*- L

[p]
n > #* 5!$. )/+%+ !3 p9 $.% %,6%*8/10%+ /"% 6,8%* "%+<%)$,8%14 54 fp(�j;n)9 gp(�j;n)9

/*- ep(�j;n)9 3!" j = 1; : : : ; n+p!29 �j;n = j�=n9 (.%"% fp(�)9 gp(�)9 /*- ep(�) /"% $.% 30*)$,!*+

$./$ +<%)$"/114 -%+)",5% $.% +%C0%*)%+ fn!1K
[p]
n gn9 fnM [p]

n gn9 /*- fn!2L
[p]
n gn9 "%+<%)$,8%14 EFF9

G%)$,!* HI>FJ> ;.% %2/)$ )!&<0$/$,!* ,+ &/-% <!++,51% +,*)% $.% &/$",)%+ K
[p]
n ; M

[p]
n ; L

[p]
n 5%1!*6

$! $.% +/&% &/$",2 /16%5"/> K4 0+,*6 $%*+!"7<"!-0)$ /"60&%*$+ (% )/* /1+! <"%+%*$ / -%$/,1%-

%2$%*+,!* !3 $.% (.!1% /*/14+,+ $! $.% 6%*%"/1 k7-,&%*+,!*/1 +%$$,*6>

L% +.!( ,*-%%- $./$ $.% %,6%*8/10%M%,6%*8%)$!" +$"0)$0"% !3 $.% &/$",2 /",+,*6 3"!& $.% #6B

/<<"!2,&/$,!* !3 $.% HN <"!51%&

8
<
:

!u00(x) = �u(x); x 2 (0; 1);

u(0) = u(1) = 0;
@'A

)!&<1%$%14 -%$%"&,*%+ $.% %,6%*8/10%M%,6%*8%)$!" +$"0)$0"% !3 $.% &/$",2 L
[p]
n ,* $.% k7-,&%*+,!*/1

+%$$,*6>

;.% %2/)$ 3!"&01/% 3!" $.% %,6%*8/10%+ /"% /1+! <"%+%*$%- ,*/4)5"6# 7 3!" $.% +)/1%- &/$",2

+%C0%*)%+9 fM (p)
n gn9 fK(p)

n gn /*- fL(p)
n gn = f(M

(p)
n )!1K

(p)
n gn9 )!&,*6 3"!& !"-%" p O/6"/*6,/*

 ,*,$% P1%&%*$ /<<"!2,&/$,!*+ !3 / +%)!*- !"-%" %11,<$,) -,D%"%*$,/1 <"!51%&> ;.% /16!",$.&

$./$ %2/)$14 )!&<0$%+ $.% +<%)$"0& !3 $.% &/++ M
(p)
n 9 +$,D*%++ K

(p)
n /*- L

(p)
n ,+ 5/+%- !* /

<"!<%" %8/10/$,!* !3 $.% +<%)$"/1 +4&5!1+ 89 , /*- # !* $.% )!""%)$ 6",->

,2



 !"#$%&' ((() (*) *  !" #$%&'"(") *!$% (+" #$%&,( (-$. ' /-"0&$-.( 12 )"'-/"!-.3 * 4(

5 .) & ! ''"'6 -.("!&$' (-$.7"8(! &$' (-$.  '3$!-(+%4 *$! #$%&,(-.3 (+" "-3"./ ',"4 $* 9("%4 :;

<; =>

9.  '' (+" (!" (") # 4"4 (+" !"4,'(-.3  '3$!-(+%4 # . 1" -.("!&!"( (")  4 "-3".4$'/"!4 (+ ( )$

.$( ."") ($ 4($!" "-(+"! (+" #$"?#-".(4 $* (+" % (!-#"4 $! &"!*$!% % (!-8@/"#($! &!$),#(4;  .)

*$! (+-4 !" 4$. (+"2 + /" 1"". !"#".('2 )"A.")  !"#$%&'()) 4$'/"!4 BCDE>

F" &!"4".(  .) #!-(-# ''2  . '2G" % .2 .,%"!-# ' "8 %&'"4> H. $." + .) (+-4 + 4 (+"

&,!&$4" ($ / '-) ("  .) .,%"!-# ''2 #$.A!% (+" &!$&$4") (+"$!"(-# '  .)  '3$!-(+%-# !"4,'(4>

H. (+" $(+"! + .) 0" 4+$0 +$0 ($ % .-&,' (" % .2 "8 %&'"4 $* &! #(-# ' -.("!"4(> I$! -.4( .#"

0" 4+$0 +$0 ($ 12& 44 (+" %$.$($." #$.)-(-$. -. *"0 4&"#- ' # 4"4  .) +$0 ($ !"),#"  1'$#J

&!$1'"% ($ *"0; 4"& ! (";  .) 4-%&'"! 4# ' ! &!$1'"%4>

K+" ' 4( 4"#(-$.4 0-'' 1" )")-# (") ($ -'',4(! (" *"0 ($&-#4 *$! *,(,!" !"4" !#+ !"' (") ($ (+"

(+"%"4 $* (+" &!"4".( (+"4-4> K+" &' . -. %-.) -4 (+ ( $* #$.(-.," &!$/-)-.3  .)  . '2G-.3

%"(+$)4 -. $!)"! ($ )" ' 0-(+ (+" %$4( 3"."! ' #' 44"4 $* 4(!,#(,!") % (!-8 4"L,".#"4  .) MNO

)-4#!"(-G (-$.4>

P$.#"!.-.3 (+-4 )-!"#(-$. (+" A!4( 4("& !"3 !)4  *" 4-1'" "8(".4-$. $* (+" &!$&$4") % (!-8@

'"44 "-3".4$'/"!4 ($ %,'(-'"/"' #$.("8(4; -. # 4"4 0+"!"  (".4$! &!$),#(  !3,%".( # ..$( 1"

"8&'$-(")> Q"!" (+" &!-.#-& ' $&". L,"4(-$. #$.#"!.4 (+" *$!% '-G (-$.; -. 1$(+ 4# ' ! $! 1'$#J

# 4"; $* (+"  42%&($(-# 4&"#(! ' "8& .4-$. *$! k@'"/"' % (!-#"4; (+ ( -. (,!. )"&".)4 $. (+" ' #J

$* (+" %$.$($.-#-(2 #$.#"&( *$!  k / !- (" 42%1$'>

9. (+" *$''$0-.3 0" 1!-"R2 )"4#!-1" (+" #$.(".(4 $* (+" ,&#$%-.3  !"#$%&' (+*  .) $* (+"

 !"#$%& *( $* (+" ("#+.-# ' !"4,'(4>

 9.  !"#$%& ( 0" 4"( (+" .$( (-$. ,4") (+!$,3+$,( (+" (+"4-4  .) 0" &!$/-)" (+" *,.) @

%".( ' 1 #J3!$,.) (+ ( -4 ."#"44 !2 *$! ,.)"!4( .)-.3 (+" 4,14"L,".( #+ &("!4>

9. & !(-#,' !S (+" )"A.-(-$.4  .) (+" % -. &!$&"!(-"4 $* K$"&'-(G; #-!#,' .(  .) TUK

4"L,".#"4 -. (+" %$4( 3"."! ' 1'$#J k@'"/"' *$!%; (+" .$(-$. $* 4&"#(! ' B4-.3,' ! / ',"E

)-4(!-1,(-$.;  .) (+" &!"'-%-. !2 /"!4-$. $* (+"  42%&($(-# 4&"#(! ' "8& .4-$.> V$!"$/"!

0" 1!-"R2 !"# '' (+" 1 4-# -)" 4 0+-#+ !"&!"4".( (+" %-.-% ' ($$'4 *$! ,.)"!4( .)-.3 (+"

%,'(-3!-)  .) &!"#$.)-(-$.") #$.W,3 (" 3! )-".( %"(+$)4>

 9.  !"#$%& (( 0"  !" -.("!"4(") -. "?#-".('2 4$'/-.3 (+" ' !3" '-." ! 424("%4  !-4-.3

*!$% (+" )-4#!"(-G (-$. $* (+" (0$7)-%".4-$. ' -.#$%&!"44-1'" X /-"!@Y($J"4 "L, (-$.4 12

N-4#$.(-.,$,4 T '"!J-. %"(+$)4 $. 4( 33"!") %"4+"4> K+"4" .$/"' * %-'2 $* +-3+ $!)"!

4"%-@-%&'-#-( 4#+"%"4  !"  . '2G") *$! (+" A!4( (-%" 0-(+ TUK ("#+.-L,"4> F" 4+$0

(+ ( (+" #$"?#-".( % (!-8 4"L,".#" + 4  %,'(-'"/"' 1'$#J K$"&'-(G 4(!,#(,!" &',4  '$0

! .J #$!!"#(-$.4> K+" !"4,'(4  !" (+". ,4") *$! )"),#-.3 4&"#(! ' -.*$!% (-$.4 $. $,('-"!4;

#$.)-(-$.-.3  .)  42%&($(-# 1"+ /-$,! $* (+" "8(!"% ' "-3"./ ',"4> 9. (,!.  '' $* (+"%  !"

$* -.("!"4( *$! .,%"!-#  .)  '3$!-(+%-# &,!&$4"4S % J-.3 ,4" $* (+" !"4,'(-.3  42%&($(-#

4&"#(! ' -.*$!% (-$.; 0" )"4-3. 4&"#-A# &!"#$.)-(-$.") Z!2'$/  .) (0$ 3!-)4 %"(+$) *$!

(+" "?#-".( !"4$',(-$. $* (+"  44$#- (") '-." ! 424("%4> F" $1( -. (+ ( (+" ,4" $* MPT

%"(+$) 0-(+ #-!#,' .( Y(! .3 &!"#$.)-(-$."! # ..$( ".4,!" (+" 4,&"!'-." ! #$./"!3".#";

8



 !"#$%&'"($! )!% *$"(+)"($!

 ! "# "! $%&'% ()&* +,-. /01. /0,2. 3&%45)!567  % 583"5%#  99)& 3: "! )59)5!5%#5; <7 #:5

<6&3$ *=6#"65456 #'& >)";! 9)&35;=)5. #: # >= ) %#55! 3&%45)>5%35  %; &9#"* 6"#7 "% #5)*!

&( "#5) #"&%!  %; >6&< 6 583"5%37?

 ,-)."/#    "! ;54&#5; #& 9)5!5%# #:5  !7*9#&#"3 !953#) 6 5@9 %!"&% (&) #:5 5">5%4 6=5!
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>5%5) 6 kG;"*5%!"&% 6 !5##"%>? I7 =!"%> #5%!&)G9)&;=3#  )>=*5%#!. '5 !:&' #: # #:5
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9!"#" '#" 7'(3 :#,:"#$)"* ,/ Tn(f) $!'$ /,;;, 63 >)#"-$ -,7:&$'$),( /#,7 '**&7:$),(* ,(

f 0 1( $!" /,;;, )(45  " #":,#$ $!,*" $!'$  );; 6" &*"> )( ("8$ -!':$"#* ?@A5 BCD0

A0 1/ f )* -,7:;"8E2';&">5 $!"( Tn(f) )* (,(EF"#7)$)'( /,# ';; *&.-)"($;3 ;'#4" n0 G,(2"#*";35

)/ f )* #"';E2';&">5 $!"( Tn(f) )* F"#7)$)'( /,# ';; n0

H0 1/ f )* #"';E2';&">5 (,(("4'$)2" '(> (,$ )>"($)-';;3 <"#, ';7,*$ "2"#3 !"#"5 $!"( Tn(f) )*

FIJ /,# ';; n0

@0 1/ f )* "2"(5 f(�) = f(!�)5 Tn(f) )* *377"$#)- /,# ';; n0 9!&*5 /#,7 :#,:"#$3 ,("5 )/ f )*

#"';E2';&"> '(> "2"(5 Tn(f) )* #"'; '(> *377"$#)- /,# ';; n0

 !"!# $%&'( )*+ ,-%./%010% 2%&'( 3&04%/.5 ,).6/'07

9!" /,;;, )(4 K&6*"-$),( )* >"2,$"> $, $!" 4"("#';)<'$),( ,/ $!" -,(-":$ ,/ *-';'# 9,":;)$< 7'$#)80

1( 4"("#'; $!" "($#)"* ak ,/ $!" 7'$#)8 An = [ai!j ]ni;j=1 -'( 6" 7'$#)-"* $!"7*";2"*0 1/ $!"

>)7"(*),(* ,/ $!" 6;,-L* '#" s� s5 s > 15 $!" #"*&;$)(4 7'$#)8 )* $!" 6;,-L 9,":;)$< 7'$#)8 4n5

 !"#" $!" 6,;> :,)($* ,&$ $!" /,;;, )(4 6;,-L *$#&-$&#" ,/ $!" 7'$#)8

4n = [Ai!j ]ni;j=1 =

2
666666666664

A0 A!1 A!2 � � � � � � A!(n!1)

A1
: : :

: : :
: : :

:::

A2
: : :

: : :
: : :

: : :
:::

:::
: : :

: : :
: : :

: : : A!2

:::
: : :

: : :
: : : A!1

An!1 � � � � � � A2 A1 A0

3
777777777775

;

 !"#"A!(n!1); : : : ; An!1 2 Cs�s
'#" $!" M6;,-LN 4"("#';)<'$),( ,/ a!(n!1); : : : ; an!1 ,/ $!" *"$$)(4

s = 10 O,$" $!'$ (, $!" *)<" ,/ 4n )* N = N(n; s) = sn0

+,;;, )(4 $!" *-';'# -'*"5  " -'( >"P(" :'#$)-&;'# 6;,-L Q#"*:0 kE;"2"; 6;,-LR 9,":;)$< 7'E

$#)-"* T
 

(5) *$'#$)(4 /#,7 7'$#)8E2';&"> Q#"*:0 kE2'#)'$" 7'$#)8E2';&">R /&(-$),( 5 2 L1(1; s)

Q#"*:0 5 2 L1(k; s)R0 +,# $!" 6;,-L *"$$)(4*  "  );;  #)$" $!" /&(-$),( 5 Q'(> -,##"*:,(>)(4

+,&#)"# -,".-)"($*R )( 6,;>0

)%*+,$,-+ '(6(7(  !" "#! $%&'(!' )%!*)(!+", %- . /(0!+ -&+)"(%+  2 L1(k; s) 1! 2!3+!2 .,

 ̂j :=
1

(2�)k

Z

Ik

 (�)e!�hj;�i d� 2 Cs�s; j = (j1; : : : ; jk) 2 Zk; �2 = !1; Q10BR

S



 !"! #$%&'()* +),-.)-,%+

 !"#" hj;�i =
Pk

t=1 jt�t $%& '!" (%'")#$*+ (% / !01 $#" ,-./0'"& ,-./-%"%' (+"1

2!"%3 '!" n'! 2-"/*('4 .$'#(5 $++-,($'"&  ('!  (+ '!" .$'#(5 -6 -#&"# N(!; s) = sn1n2 : : : nk

)(7"% 89

Tn( ) =

n!eX

j=!(n!e)

J j1
n1


 � � � 
 J jk
nk


  ̂j: / !231

 !"#" e = (1; : : : ; 1) 2 Nk; j = (j1; : : : ; jk) 2 Nk
$%& J

j�
n� (+ '!" n� � n� .$'#(5  !-+" (i; h)'!

"%'#9 ":0$*+ ; (6 (i! h) = j� $%& 0 -'!"# (+"1

2!" +"' fTn( )gn < ('! n 2 Nk
= (+ ,$**"& '!" 456('7 $4 k8'%9%' #$%&'()* 65),(.%+ :%;%,5)%< =7  3

'!$' (% '0#% (+ #"6"##"& '- $+ '!" :%;%,5)(;: 4-;.)($; $, )>% +76=$' $4 fTn( )gn1

 !"!# $%&'()*+ *,*+-./. 01 2&)3/(/*, 4+0'5 60&%+/(7 .&89&,'&.: ;/.()/49(/0,

)&.9+(.

#>% +(;:-'5, 95'-% 5;< +&%.),5' <(+),(=-)($; $4 #$%&'()* 65),(? +%@-%;.%+ >5+ =%%; $4 (;)%,%+)

$9%, )>% &5+) 4%A <%.5<%+!

#>% ,%&,%+%;)5)($; $4 )>% +&%.),5' <(+),(=-)($; $4 #$%&'()* +%@-%;.%+ (; )%,6+ $4 5 4-;.)($;

/(!%! )>% +76=$'1 A5+ &%,4$,6%< =7 B*%:CD #7,)7+>;(E$9 5;< F565,5+>E(;D #(''( +%%D %!:!D GH2D

2"3D 2"IJ!

#>% %5,'(%+) ,%+-') $; )>% %(:%;95'-% <(+),(=-)($; $4 #$%&'()* 65),(.%+ A5+ %+)5='(+>%< =7

B*%:C (; GH2JD &,$9(;: )>5) )>% %(:%;95'-%+ $4 )>% #$%&'()* 65),(? Tn(f) :%;%,5)%< =7 5 ,%5'8

95'-%< f 2 L1([!�; �]) 5,% 5+76&)$)(.5''7 <(+),(=-)%< 5+ f !

F565,5+>E(; 5;< #7,)7+>;(E$9 G2KLJD 5;< #(''( G2"3J 4-,)>%, A%5E%;%< )>% ,%@-(,%6%;) $; f

5;< +>$A%< )>5) )>% +56% ,%+-') >$'<+ 4$, f 2 L1([!�; �])!

#>% A$,E $4 #(''( G2"2J &,$<-.%< 5 E%7 .$;),(=-)($;D =7 5''$A(;: )>% .$;.%&) $4 +6$$)>'7

95,7(;: <(5:$;5'+ 5;< +$ 5''$A(;: )$ ),%5) )>% 5&&,$?(65)($; $4 $;%895,(5='% <(M%,%;)(5' $&%,5)$,+

A()> 95,(5='% .$%N.(%;)+!

O5+%< $; 5; 5&&,$?(65)($; .'5++ +%@-%;.% 5&&,$5.>D P5,$;(D B%,,58Q5&(**5;$D 5;< R5++5'$+

GS0J &,$9(<%< )>% +56% )>%$,%6 4$, f 2 L1([!�; �]) (; )>% 4,56%A$,E $4 )>% ;%A'7 <%9%'$&%<

)>%$,7 $4 P%;%,5'(*%< T$.5''7 #$%&'()* /PT#1 +%@-%;.%+ GSSJ!

 ; )>% 4$''$A(;: A% (''-+),5)% )>% ,%+-') .$;.%,;(;: )>% +&%.),5' <(+),(=-)($; $4 #$%&'()* +%8

@-%;.%+ -;<%, )>% >7&$)>%+(+ $4 f =%(;: 5 ,%5'895'-%< 4-;.)($;!

!"#$%#& '()(* /GH2J1( >"' f 2 L1(k; 1) 8" $ #"$*?7$*0"& 60%,'(-%  ('! k � 11 2!"%3

fTn(f)gn2Nk �� (f; Ik):

 ; )>% .5+% A>%,%  (+ 5 U%,6()(5; 65),(?895'-%< 4-;.)($;D 5..$,<(;: )$ #(''( G2"3JD )>%

&,%9($-+ )>%$,%6 .5; =% %?)%;<%< 5+ 4$''$A+V

!"#$%#& '()(+ /G2"3J1( >"'  2 L1(k; s) 8" $ @"#.('($% .$'#(5?7$*0"& 60%,'(-%  ('! k � 1; s �
21 2!"%3

fTn( )gn2Nk �� ( ; Ik):

0



 !"#$%& '( )%*+,$,-+. "+/ 0+-1+ &%.23$.

4%5"&0 6(  ! fTn( )gn2Nk "# #$%& '&(' )(%& Tn( ) "# #*++)',"% -"'& #*++)',"% (./ ,)(0 102%3#4

'&). '&) #*+120 &(# '&) (//"'"2.(0 5,25),'* '&('  (��1; : : : ;��k) �  (�1; : : : ; �k)4 8(�1; : : : ; �k) 2
I+

k = [0; �]k (./ '&),)!2,) 6&)2,)+  7879 %(. 1) ,)5&,(#)/ (#

fTn( )gn2Nk �� ( ; I+
k ):

 ! "#$ %&$'()"* +$"")!,- .#$! 7 )+ / k01/2)/"$ '&(3!&4)/(- "#$ 56/!")"3 o(N) &7 8$4/29

: ;$<&4$+ '2&'&2")&!/( "& N1! 1
k
- .)"# <&!+"/!" '2&'&2")&!/( "& s /!= "& "#$ =$,2$$ &7 "#$

'&(3!&4)/(>

 !"!" #$%&'()* )+)*,-.- /0 1%(2.'.)+ 3*/&4 5/%$*.'6 -%78%+&%-9 %:'(%2)* %.;%+<

=)*8%-

?&!<$2!)!, "#$ (&</()*/")&! /!= "#$ $@"2$4/( ;$#/1)&62 &7 "#$ +'$<"2/ &7 %&$'()"* +$56$!<$+

"#$2$ )+ / (&" &7 .&29 )! "#$ (/+" AB 3$/2+ <6(4)!/"$= .)"# "#$ .&29+ &7 CD""<#$2- E26=+93- /!=

F$22/0?/')**/!& G:A- ::H- ::I- ::J- :K:L> M&2$ '2$<)+$(3- )7 f )+ / 2$/(01/(6$= 76!<")&!- "#$! .$

#/1$ "#$ 7&((&.)!, 2$+6(">

8!%-&%5 '(9(: NG:A- ::JLO( :)' f 2 L1(k; 1) 1) ( ,)(0;<(0$)/ !$.%'"2. -"'& k � 17 :)' m 1) '&)

)##).'"(0 ".=+$+ 2! f (./ M 1) '&) )##).'"(0 #$5,)+$+ 2! f 7

>7  ! m = M '&). f = m (7)7 (./ Tn(f) %2".%"/)# -"'& m '"+)# '&) "/).'"'* 2! 2,/), N(!)7

97  ! m < M '&). (00 '&) )"?).<(0$)# 2! Tn(f) 1)02.? '2 '&) 25). #)' (m;M) !2, )<),* n 2 Nk
7

@7  ! m = " (./

~� "# '&) $."A$) B),2 2! f #$%& '&(' '&),) )C"#' 52#"'"<) %2.#'(.'# c; C; � !2,

-&"%&

ck� ! ~�k� � f(�) � Ck� ! ~�k�;

'&). '&) +"."+(0 )"?).<(0$) 2! Tn(f) ?2)# '2 B),2 (# (N(!))!�=k
7

 ! "#$ </+$ .#$2$ 7 )+ / P$24)")/! 4/"2)@01/(6$= 76!<")&!- /<<&2=)!, "& "#$ /!/(3+)+ )!

G::I- :K:L- "#$ '2$1)&6+ "#$&2$4 </! ;$ $@"$!=$= /+ 7&((&.+Q

8!%-&%5 '(9(9 NG::I- :K:LO( :)'  2 L1(k; s) 1) ( D),+"'"(. +(',"C;<(0$)/ !$.%'"2. -"'& k �
1; s � 27 :)' m1 1) '&) )##).'"(0 ".=+$+ 2! '&) +"."+(0 )"?).<(0$) 2!  4 M1 1) '&) )##).'"(0

#$5,)+$+ 2! '&) +"."+(0 )"?).<(0$) 2!  4 ms 1) '&) )##).'"(0 ".=+$+ 2! '&) +(C"+(0 )"?).<(0$)

2!  4 (./ Ms 1) '&) )##).'"(0 #$5,)+$+ 2! '&) +(C"+(0 )"?).<(0$) 2!  7

>7  ! m1 = Ms '&).  "# '&) %2.#'(.' m1Is (7)7 (./ Tn( ) %2".%"/)# -"'& m1 '"+)# '&) "/).'"'*

2! #"B) N(!; s) = sn1n2 : : : nk7

97  ! m1 < M1 '&). (00 '&) )"?).<(0$)# 2! Tn( ) 1)02.? '2 '&) 25). #)' (m1;Ms] !2, )<),*

n 2 Nk
7  ! ms < Ms '&). (00 '&) )"?).<(0$)# 2! Tn( ) 1)02.? '2 '&) 25). #)' [m1;Ms) !2,

)<),* n 2 Nk
7

@7  ! m1 = " (./

~� "# '&) $."A$) B),2 2! �(min)( ) #$%& '&(' '&),) )C"#' 52#"'"<) %2.#'(.'#

c; C; � !2, -&"%&

ck� ! ~�k� � �(min)( (�)) � Ck� ! ~�k�;

'&). '&) +"."+(0 )"?).<(0$) 2! Tn( ) ?2)# '2 B),2 (# (N(!))!�=k
7
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 !"! #$%&'(')*+$%, -'./(')%0.1 0(2 30(2*2 #'*-.%+4 )0+$%,*1

 !" #$%&'(')*+$%, -'./(')%0.1 0(2 30(2*2 #'*-.%+4 )0+$%,*1

 ( +5* ,6$$*(+ 1*,+%'( 7* $*,0.. +5* 2*8(%+%'(1 0(2 +5* -$%(,%-0. -$'-*$+%*1 '9 0 k:;0$%0+* )0+$%<:

;0.6*2 +$%&'(')*+$%, -'./(')%0. 0(2 7* ,'(,*(+$0+* '( +5* 1-*,%0. ,01* '9 #'*-.%+4 1*=6*(,*1>

50;%(& 0 +$%&'(')*+$%, -'./(')%0. 01 &*(*$0+%(& 96(,+%'(!

 ( +5* (*<+ ,50-+*$1 7* 2*0. 7%+5 &*(*$0+%(& 96(,+%'(1 '9 ;0$%'61 (0+6$*! ?* $*,0.. +50+

 2*-*(2%(& '( 75*+5*$ +5* 2%)*(1%'( '9 +5* 2')0%( Ik %1 k = 1 '$ k > 1 7* 2*0. 7%+5 0(

6(%;0$%0+* '$ 0 )6.+%;0$%0+* +$%&'(')*+$%, -'./(')%0.> $*1-*,+%;*./@

 2*-*(2%(& '( 75*+5*$ s = 1 '$ s > 1 %( +5* ,'2')0%( Cs�s
7* 2*0. 7%+5 0 1,0.0$ ;0.6*2

'$ 0 )0+$%<:;0.6*2 +$%&'(')*+$%, -'./(')%0.> $*1-*,+%;*./!

#5* -'./(')%0.1 +$*0+*2 %( +5* +5*1%1 7%.. 3* )6.+%;0$%0+* 0(2 )0+$%<:;0.6*2 A%(  !"#$%& ''B>

6(%;0$%0+* 0(2 1,0.0$ A%(  !"#$%&( '''> ')*> 0(2 6(%;0$%0+* 0(2 )0+$%<:;0.6*2 A%(  !"#$%&

)B! #561 7* $*,0.. +5* 2*8(%+%'(1 '9 0.. +5* -'11%3.* 9'6$ ,'(8&6$0+%'(1> +50+ 0$*C

 6(%;0$%0+* 0(2 1,0.0$@

 6(%;0$%0+* 0(2 )0+$%<:;0.6*2@

 )6.+%;0$%0+* 0(2 1,0.0$@

 )6.+%;0$%0+* 0(2 )0+$%<:;0.6*2!

+%,-.$./- '01020   !"#$%"$&' $!( )*$+$%! " #$%&%' ()*+%'*%,- ,'*./)/0-,'*$ 1/&2)/0*%& *# %

3()$,*/) f : I1 " C ,4%, $%) 5- 6'*,,-) %# % 7)*,- &*)-%' $/05*)%,*/) /3 ,4- 8/('*-' 3'-9(-)$*-#

fe�j� : j 2 Zg: ;/,- ,4%, f(�) 4%# % 7)*,- )(05-' /3 )/)<-'/ 8/('*-' $/-=$*-),# f̂j: >4- ?-.'--

/3 f *# % 1/#*,*+- *),-.-' r ?-7)-? %#

r = maxfjjj : f̂j 6= 0; j 2 Zg:

@-)$- f $%) 5- 6'*,,-) %# ,4- 8/('*-' #(0

f(�) =

rX

j=!r

f̂je�j�:

?* 10/ +50+ f %1 0 $*0.:;0.6*2 ,'1%(* +$%&'(')*+$%, -'./(')%0. ADE#FB> %9 f %1 +5* 9'..'7%(&

1,0.0$ 6(%;0$%0+* +$%&'(')*+$%, -'./(')%0. '9 2*&$** r!

f(�) = f̂0 + 2
rX

l=1

f̂l cos(l�); f̂0; f̂1; : : : ; f̂r 2 R:

 ( +5* 9'..'7%(&> *;*$/ +%)* 7* 2*0. 7%+5 ,'1%(* +$%&'(')*+$%, -'./(')%0.> 7* ,0( $*-.0,*> 61%(&

D*)0$G H> +5* %(+*$;0. I1 7%+5 I+
1 !

II
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 !" #$%#"$&'"( %)  %"#*'&+ ,-&$'."( '/ 0".&'%/ 12324 ',#*5 &!-& &!" n&!  %"#*'&+ ,-&$'6

7"/"$-&"8 95 f '( &!" 9-/8"8 $"-* (5,,"&$'. ,-&$'6 7':"/ 95

Tn(f) =

2
6666666666666666666666666664

f̂0 f̂1 � � � f̂r

f̂1
: : :

: : :
: : :

:::
: : :

: : :
: : :

: : :

f̂r
: : :

: : :
: : :

: : :

: : :
: : :

: : :
: : :

: : :

f̂r � � � f̂1 f̂0 f̂1 � � � f̂r

: : :
: : :

: : :
: : :

: : :

: : :
: : :

: : :
: : : f̂r

: : :
: : :

: : :
: : :
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: : :

: : :
: : : f̂1

f̂r � � � f̂1 f̂0
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:

;<$&!"$,%$" Tn(f) .-/ 9" =$'&&"/ -(

Tn(f) = �n(f) +Hn(f); >1244?

=!"$"@ )%$  AB C %) 8"7$"" r -/8 %$&!%7%/-* Q =
�q

2
n+1 sin

�
ij�
n+1

��n

i;j=1
@ �n( ) '( &!"

)%**%='/7 � ,-&$'6 D43E %) ('+" n 7"/"$-&"8 95  

�n( ) = Q diag
1�j�n

�
 

�
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Q; Q = QT = Q!1;

-/8 Hn( ) '( &!" F-/G"* ,-&$'6

Hn(�) =

2
6666666666666666666664

 ̂2  ̂3 � � �  ̂r

 ̂3 : :
:

::: : :
:

 ̂r

 ̂r

: :
: :::

: :
:

 ̂3

 ̂r � � �  ̂3  ̂2
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;

='&! rank(Hn( )) � 2(r ! 1)2

)%*+,$,-+ '(4(5(   !"#$%"$&' $!( )$&%"*+#$, '( ! " #$%&'()*$+,-. ,/'*$&'$%- %&'01/1#-%&'2

31+4/1#'$+ '5 $ 6,/2%'1/ - : I1 " Cs�s
7 s > 17 8&'%%-/ $5 $ 9/'%- +'/-$& 21#:'/$%'1/ 16 %;-
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 !"! #$%&'(')*+$%, -'./(')%0.1 0(2 30(2*2 #'*-.%+4 )0+$%,*1

 !"#$%# &#%'"%()$%* fe!�j� : j 2 Zg !#+ %'"$,-.%(/.0+ &!# -.. l;m = 1; : : : ; s+ $/* (l;m)/1 )!23!(%(/

flm : I1 " C $* - *)-.-# "($,-#$-/% /#$4!(!2%/#$) 3!.0(!2$-. !& 5%4#%% rlm6 71% 5%4#%% !&  $* -

3!*$/$,% $(/%4%# r 5%8(%5 -*

r = max
l=1;:::;s

m=1;:::;s

rlm:

71"*  )-( 9% :#$//%( -* /1%  !"#$%# *"2

 (�) =

rX

j=!r

 ̂je�j�:

5* 10/ +60+ f %1 0( 7*$)%+%0( )0+$%89:0.;*2 +$%&'(')*+$%, -'./(')%0. <7#=> ?%+6 @';$%*$

,'*A,%*(+1 f̂0; f̂1; : : : ; f̂r 2 Rs�s
B %C  %1 'C +6* C'$)

f(�) =
rX

l=!r

f̂le
�l� = f̂0 +

rX

l=1

�
f̂le

�l� + f̂T
l e!�l�

�
; r = deg (f(�)) ;

?6*$* ?* 1*+

f̂!l = f̂T
l ; l = 0; : : : ; r: < !DE>

#6* 011;)-+%'(1 '( f(�) %)-./ +60+ Tn(f) %1 +6* N(n; s) �N(n; s) 3.',F $*0. 30(2*2 1/))*+$%,

#'*-.%+4 )0+$%8 ?%+6 G3.',F 30(2?%2+6H 2r + 1B 'C +6* C'$)

Tn(f) =

2
666666666666666666666666666664

f̂0 f̂T
1 � � � f̂T

r

f̂1
: : :

: : :
: : :
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: : :

: : :
: : :

: : :

f̂r
: : :

: : :
: : :

: : :

: : :
: : :

: : :
: : :

: : :

f̂r � � � f̂1 f̂0 f̂T
1 � � � f̂T

r

: : :
: : :

: : :
: : :

: : :

: : :
: : :

: : :
: : : f̂T

r

: : :
: : :

: : :
: : :

:::
: : :

: : :
: : : f̂T

1

f̂r � � � f̂1 f̂0

3
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:

5* $*)0$F +60+

Tn(f) = �N(n;s)(f) +HN(n;s)(f); < !DI>

?6*$*B C'$  <7#=> 'C 2*&$** r 0(2 '$+6'&'(0. Q =
�q

2
n+1 sin

�
ij�
n+1

��n

i;j=1
B �N(n;s)( ) %1 +6*

C'..'?%(& � )0+$%8 JDKL 'C 1%4* N(n; s) &*(*$0+*2 3/  

�N ( ) = (Q
 Is) diag
1�j�n

�
 

�
j�

n+ 1

��
(Q
 Is); Q = QT = Q!1;

DI



 !"#$%& '( )%*+,$,-+. "+/ 0+-1+ &%.23$.

 !"#" HN(n;s)( ) $% &!" '()*"+ ,(&#$-

HN(n;s)( ) =

2
6666666666666666666664

 ̂2  ̂3 � � �  ̂r

 ̂3 : :
:

::: : :
:

 ̂r

 ̂r

: :
: :::

: :
:

 ̂3

 ̂r � � �  ̂3  ̂2

3
7777777777777777777775

;

 $&! � := �(s; r) = rank(HN(n;s)( )) � 2s(r ! 1).

)%*+,$,-+ '(4(5(   !"#$%&'$&#( &)* +,&"&'! " #$%&%' ()&*+,%'+%*- *'+./0/(-*'+$ 1/&20/(+%&

+# % 3)0$*+/0 f : Ik " C4 k > 14 5'+**-0 %# % 60+*- &+0-%' $/(7+0%*+/0 /3 *8- 9/)'+-' 3'-:)-0$+-#

fe!�hj;�i : - 2 Zkg; <8- =-.'-- /3 f +# % 1/#+*+,- k>+0=-? ' =-60-= %#

' = maxfj-j : f̂
 

6= 0; - 2 Zkg = max
 =(j1;:::;jk)2Zk

f(jj1j; : : : ; jjkj) : f̂
 

6= 0g:

<8)# f $%0 7- 5'+**-0 %# *8- 9/)'+-' #)(

f(�) =
!X

 =!!

f̂
 

ehj;�i:

@- #%2 *8%* f +# % ()&*+,%'+%*- '-%&>,%&)-= $/#+0- *'+./0/(-*'+$ 1/&20/(+%& ABC<DE4 +3 f +# *8-

3/&&/5+0. #$%&%' ()&*+,%'+%*- *'+./0/(-*'+$ 1/&20/(+%& /3 =-.'-- ';

f(�) = f̂
"

+ 2
!X

#=$

f̂
#

cos(h";�i); f̂
"

; : : : ; f̂
!

2 R:

<8- .-0-'%&+F%*+/0 /3 *8- 1'/1-'*+-# +0 G-$*+/0 H;I;J */ *8- ()&*+&-,-& $/0*-?* +(1&2 *8%* *8-

N(n; 1) �N(n; 1) </-1&+*F (%*'+? .-0-'%*-= 72 f +# *8- '-%& 7%0=-= #2((-*'+$ (%*'+? .+,-0 72

Tn(f) =

!!eX

#=!(!!e)

(J l1
n1


 � � � 
 J lk
nk

)f̂
#

: /0.123

58-'- J
l�
n� +# =-60-= %# +0 3/'()&% AH;JKE;

)%*+,$,-+ '(4(6(   !"#$%&'$&#( &)*  &#'$./%&"!(*! " (%*'+?>,%&)-= ()&*+,%'+%*- *'+./0/>

(-*'+$ 1/&20/(+%& +# % 3)0$*+/0 0 : Ik " Cs�s
4 k; s > 14 5'+**-0 %# % 60+*- &+0-%' $/(7+0%*+/0

/3 *8- 9/)'+-' 3'-:)-0$+-# fe!�hj;�i : - 2 Zkg /'4 -:)+,%&-0*&24 3/' %&& l;m = 1; : : : ; s4 +*# (l;m)*8

$/(1/0-0* flm : Ik " C +# % #$%&%' ()&*+,%'+%*- *'+./0/(-*'+$ 1/&20/(+%& /3 =-.'-- 'lm; <8-

=-.'-- /3 0 +# % 1/#+*+,- k>+0=-? r =-60-= %#

r = max
l=1;:::;s

m=1;:::;s

'lm:
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 !"! #$%&'()* )+)*,-.- )+/ &01$2')'.0+)* 3%)'2(%- 03 4*0&5 &.(&2*)+' 1)'(.&%-

 !"#  $%& '( )*+,,(& %# ,!( -."*+(* #"/

 (�) =
rX

 =!r

 ̂

 

ehj;�i:

6% -), '7)' f .- )+ 8%(1.'.)+ 1)'(.9:;)*2%/ 12*'.;)(.)'% '(.<0+01%'(.& $0*,+01.)* =8>?@

A.'7 B02(.%( &0%C&.%+'- f̂0; : : : ; f̂r 2 Rs�s
D .3  .- 03 '7% 30(1

f(�) =  ̂

 

+
rX

!="

�
 ̂

!

e�h!;�i +  ̂

!

T
e!�h!;�i

�
; r = deg (f(�)) ;

A7%(% A% -%'

f̂!! = f̂T
!

; ! = "; : : : ; r: = !EF@

>7% )--21$'.0+- 0+ f(�) .1$*, '7)' '7% N(#; s) �N(#; s) >0%$*.'G 1)'(.9 T
#

(f) <%+%()'%/ 4,

 .- '7% 12*'.*%;%* 4*0&5 4)+/%/ (%)* )+/ -,11%'(.& 1)'(.9 <.;%+ 4,

Tn(f) =
r!eX

!=!(r!e)

(J l1
n1


 � � � 
 J lk
nk

) 
  ̂

!

: = !E"@

A7%(% J
l�
n� .- /%H+%/ )- .+ 30(12*) = !EI@!

 !" #$%&'()* )+)*,-.- )+/ &01$2')'.0+)* 3%)'2(%- 03 4*0&5 &.(&26

*)+' 1)'(.&%-

 + '7.- -%&'.0+ A% (%$0(' 5%, 3%)'2(%- 03 '7% =4*0&5@ &.(&2*)+' 1)'(.&%-D )*-0 .+ &0++%&'.0+ A.'7

'7% <%+%()'.+< 32+&'.0+!

$%&#'(')# *+,+-+ 0(, ,!( -."*+(* $.(1$+(&,# .2 % 3+4(& 2"&$,+.&  2 L1(k; s) '( 5(6&(5 %# +&

2.*/"7% 89:;<:

 !(&= ,!( n,! $+*$"7%&, /%,*+> %##.$+%,(5 )+,!  +# ,!( /%,*+> .2 .*5(* N(!; s) = sn1n2 : : : nk

3+4(& '?

Cn( ) =
n!eX

j=!(n!e)

Zj1
n1


 � � � 
 Zjk
nk


  ̂j; = !EJ@

)!(*( e = (1; : : : ; 1) 2 Nk; j = (j1; : : : ; jk) 2 Nk
%&5 Z

j�
n� +# ,!( n� � n� /%,*+> )!.#( (i; h),!

(&,*? (@"%7# A +2 (i! h) /.5 n� = j� %&5 0 .,!(*)+#(:

./%)0%1 *+,+- =KLLM@+ 0(, f 2 L1(k; 1) '( % $./B7(>C4%7"(5 2"&$,+.& )+,! k � 1:  !(&= ,!(

2.77.)+&3 D$!"* 5($./B.#+,+.& .2 Cn(f) +# 4%7+5E

Cn(f) = FnDn(f)F �
n; = !EN@

)!(*(

Dn(f) = diag
0�r�n!e

(Sn(f))
�
�

(n)
r

�
; �

(n)
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r

n
; Fn =

1p
N(!)

�
e

!�
D

j;�
(n)
r

E�n!e

j;r=0

; = !EO@
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 !"#

D
j; �

(n)
r

E
=

Pk
t=1 2� jtrt

nt
$ %&'& Sn(f)(�) !( "#& n"# )*+'!&' (+, *- f .!/&0 12

(Sn(f)) (�) =

n1!1X

j1=1!n1

� � �
nk!1X

jk=1!nk

f̂je
�hj;�i; hj;�i =

kX

t=1

jt�t:  !"#$%

%&'& Fn !( "#& k34&/&4 )*+'!&' ,5"'!67 Fn = Fn1 
� � �
Fnk
7 508 !"( 9*4+,0( 5'& "#& &!.&0/&9"*'(

*- Cn(f)  !"# &!.&0/54+&( .!/&0 12 "#& &/54+5"!*0( *- "#& n"# )*+'!&' (+, Sn(f)(�) 5" "#& .'!8
:*!0"(

�
(n)
r = 2�

r

n
:

!& '() *+,) -().) 4 /, + 0).1/'/+& 1+'./234+56)7 86&*'/9&: '() ;.)4/96, '()9.)1 *+& <)

)2')&7)7 +, 89559-,=

5!%-&%6 '(7(8  >?@A%  !"  2 L1(k; s) #! $ %$"&'()*$+,!- .,/0"'1/ 2'"3 k � 1; s � 24 53!/6

"3! .1++12'/7 #+108)903,& -!01%:1;'"'1/ 1. Cn( ) '; *$+'-<

Cn( ) = (Fn 
 Is)Dn( )(Fn 
 Is)�;  !"#$%

23!&!

Dn( ) = diag
0�r�n!e

(Sn( ))
�
�

(n)
r

�
; �

(n)
r = 2�

r

n
; Fn =

1p
N(!)

�
e
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D

j;�
(n)
r

E�n!e

j;r=0

;  !"##%
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D
j; �

(n)
r

E
=

Pk
t=1 2� jtrt

nt
$/- Is "3! s � s '-!/"'"= %$"&'(4 >!&! Sn( )(�) '; "3! n"3 ?1,&'!&

;,% 1.  7'*!/ #=

(Sn( )) (�) =

n1!1X

j1=1!n1

� � �
nk!1X

jk=1!nk

 ̂je
�hj;�i; hj;�i =

kX

t=1

jt�t:  !"#&%

>!&! "3! !'7!/*$+,!; 1. Cn( ) $&! 7'*!/ #= "3! !*$+,$"'1/; 1. �(t)(Sn( ))6 t = 1; : : : ; s6 $" "3! 7&'-

:1'/";

�
(n)
r = 2�

r

n
:

!"#$%&%'$ ( ) * @! ;$= "3$" $ 01/"'/,1,; 2�):!&'1-'0 .,/0"'1/  #!+1/7; "1 "3! A'/') ':;03'"B

0+$;; '. '"; %1-,+,; 1. 01/"'/,'"= !*$+,$"!- $" � 71!; "1 B!&1 .$;"!& "3$/ 1=j log(�)j6 "3$" ';

lim
�"0+

log(�)!
 

(�) = 0:

+",-./ 0 C.  '; $ "&'71/1%!"&'0 :1+=/1%'$+ 1. D(!- -!7&!! E2'"3 &!;:!0" "1 nF6 "3!/ '" ';

21&"3 /1"'0'/7 "3$" Sn( )(�) =  (�) .1& n +$&7! !/1,73< %1&! :&!0';!+=6 !*!&= nj ;31,+- #! +$&7!&

"3$/ "3! -1,#+! 1. "3! -!7&!! 2'"3 &!;:!0" "1 "3! j"3 *$&'$#+!4 53!&!.1&!6 '/ ;,03 $ ;!""'/76 "3!

!'7!/*$+,!; 1. Cn( ) $&! !'"3!& "3! !*$+,$"'1/; 1. f $" "3! 7&'- :1'/"; '. s = 1 1& "3! G,$/"'"=

�t ( (�))6 t = 1; : : : ; s6 !*$+,$"!- $" "3! *!&= ;$%! 7&'- :1'/";4 C" '; 21&"3 /1"'/7 "3$" 2! 2&'"!

�t ( (�))6 '/;"!$- 1.
 
�(t)( )

�
(�)6 :1'/"'/7 1," "3$" 2! D&;" 0$+0,+$"! "3! %$"&'0!;

 

�
�

(n)
r

�
; 0 � r � n ! e;

$/- "3!/ "3!'& !'7!/*$+,!;

�t

�
 

�
�

(n)
r

��
; t = 1; : : : ; s:

H %1&! -!"$'+!- -';0,;;'1/ 1/ "3! !*$+,$"'1/ 1. "3! !'7!/*$+,! .,/0"'1/; 1. $ %$"&'()*$+,!-

;=%#1+ 2'++ "&!$"!- '/ 9,#;!0"'1/; CC4I4I4J6 CC4I4K6 .1& k > 16 $/- 9!0"'1/ L4M6 .1& k = 14
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 !"! #$% &'()'*+'&, -.'/0123' 4'01)/'&

 !"#$% &'  !"#$! %!& &'$&()*+#&, "- *(. Cn( ) */& &01+'2'%+. 3("4(5 /&,#+%, +'3&  !&"/&6 7898:

*(;  !&"/&6 7898< ;" ("% !"+; -"/ ,&=#&(2&, fCn( )gn2Nk '( -#++ $&(&/*+'%.> %!', ', ;#& %" %!&

-*2% %!*% %!& ?"#/'&/ ,#6 "-  2"()&/$&, %"  #(;&/ =#'%& /&,%/'2%')& *,,#61%'"(, @,&& A:B9CD8

7( -*2% '-  5 E&+"($, %" %!& F'('GH'1,2!'%I 2+*,,5 %!&( fCn( )gn2Nk �� (f; Ik)5 ,'61+. E&2*#,&

Sn( )(�) #('-"/6+. 2"()&/$&, %"  @,&& AJ9C -"/ 6"/& /&+*%'"(, E&%4&&( 2'/2#+*(% ,&=#&(2&, *(;

,1&2%/*+ ;',%/'E#%'"( /&,#+%,D8

5' '*6 172& &)8&'+12-* 89 /'+0::2*; 17' +-<.)1012-*0: ./-.'/12'& -4 =8:-+>? +2/+):0*1&! @3'/9

<01/2AB3'+1-/ -.'/012-* C217 +2/+):0*1& 70& +-&1 O(N(() logN(()) C217 <-6'/01' <):12.:2+0123'

+-*&10*1&, 2* .0/12+):0/D 172& 2& 1/)' 4-/ 17' <01/2AE3'+1-/ ./-6)+1D 4-/ 17' &-:)12-* -4 0 :2*'0/

&9&1'<D 4-/ 17' +-<.)1012-* -4 17' 8:-+>& (Sn()))
�
�

(n)
r

�
0*6 +-*&'()'*1:9 -4 17' '2;'*30:)'&

=&''D '!;!D FGHIJ?!

 !" #$% &'()'*+'&, -.'/0123' 4'01)/'&

5' 8/2'K9 ./'&'*1 17' +:0&& -4 #'*'/0:2L'6 $-+0::9 %-'.:21L =#$%? &'()'*+'& 0*6 21& -.'/0123'

4'01)/'&D C72+7 C2:: 8' 17' .23-10: 1--:& )&'6 2* 17' *'A1 +70.1'/& =&'' 17' .2-*''/2*; C-/> FGHGJ

89 %2::2 4-/ 6'&+/282*; 17' &.'+1/)< -4 -*'E62<'*&2-*0: 62M'/'*120: -.'/01-/& 0*6 17' ;'*'/0:E

2L012-*& 2* FGNOD GNPJ 89 Q'//0ER0.2LL0*- 4-/ <):1230/201' 62M'/'*120: -.'/01-/&?!

#-2*; 17/-);7 17' 6'102:& -4 #$% +:0&& /'()2/'& /017'/ 1'+7*2+0: 1--:& 0*6 2& *-1 C2172* 17'

02<& -4 172& 17'&2&D 7'*+' 7'/' C' :2&1 &-<' ./-.'/12'& -4 17' #$% +:0&& 2* 17'2/ <):12:'3': 8:-+>

4-/< =&'' FGNPJ?D C72+7 0/' &)S+2'*1 1- -)/ .)/.-&'&!

*+,- @0+7 #$% &'()'*+' 70& 0 &2*;):0/ 30:)' &9<8-: )(.;�) 4-/ (.;�) 2 [0; 1]k � [!�; �]k

0++-/62*; 1- 17' &'+-*6  1'< 2* T'U*212-*  !V!H C217 ‘ = 2k!  4 17' &'()'*+' 2& W'/<2120*D

17'* 17' 62&1/28)12-* 0:&- 7-:6& 2* 17' '2;'*30:)' &'*&'!  4 fGngn 70& 0 #$% &9<8-: )(.;�)
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*+,/ %7' &'1 -4 #$% &'()'*+'& 4-/< 0 �E0:;'8/0D 2!'!D 21 2& +:-&'6 )*6'/ :2*'0/ +-<82*012-*&D

./-6)+1&D 2*3'/&2-* =C7'*'3'/ 17' &9<8-: 2& &2*;):0/D 01 <-&1D 2* 0 &'1 -4 L'/- $'8'&;)'

<'0&)/'?D +-*X);012-*! W'*+'D 17' &'()'*+' -8102*'6 320 0:;'8/02+ -.'/012-*& -* 0 U*21'

&'1 -4 ;23'* #$% &'()'*+'& 2& &12:: 0 #$% &'()'*+' 0*6 21& &9<8-: 2& -8102*'6 89 .'/E

4-/<2*; 17' &0<' 0:;'8/02+ <0*2.):012-*& -* 17' +-//'&.-*62*; &9<8-:& -4 17' 2*.)1 #$%

&'()'*+'&!

*+,0 @3'/9 %-'.:21L &'()'*+' ;'*'/01'6 89 0* L1(k; s) 4)*+12-* ) = )(�) 2& 0 #$% &'()'*+'&

0*6 21& &9<8-: 2& )D C217 17' &.'+2U+012-*& /'.-/1'6 2*  1'< *+,-! 5' *-1' 1701 17'

4)*+12-* ) 6-'& *-1 6'.'*6 -* 17' &.0+' 30/208:'& . 2 [0; 1]k!

*+,& @3'/9 &'()'*+' C72+7 2& 62&1/28)1'6 0& 17' +-*&10*1 L'/- 2* 17' &2*;):0/ 30:)' &'*&' 2& 0

#$% &'()'*+' C217 &9<8-: 0 =2* .0/12+):0/ '3'/9 &'()'*+' 2* C72+7 17' /0*> 62326'6 89

17' &2L' 1'*6& 1- L'/- 0& 17' <01/2A &2L' 1'*6& 1- 2*U*219?!

 * &7-/1D #$% &'()'*+'& 4-/< 0* 0:;'8/0 +-*102*2*; &'()'*+'& -4 <01/2+'& 2*+:)62*; 17' %-'.:21L

&'()'*+'& C217 $'8'&;)' 2*1';/08:' &9<8-:& 0*6 32/1)0::9 0*9 &'()'*+' -4 <01/2+'& +-<2*; 4/-<

Y/'0&-*08:'Z 0../-A2<012-*& 89 :-+0: 62&+/'12L012-* <'17-6& =[2*21' T2M'/'*+'&D [2*21' @:'<'*1&D
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 !" #$%&'()*+*'(*(, -() ./0+*,$*) .%+1')2 3'$ 4'%50*+6 .-+$*&%2

 ! "!#$%% &'$& ()&!* &'! $++"(,-.$&-(* () $ +"(/%!. -* $* -*0*-&! 1-.!*2-(*$% 2+$#! +"(13#!2

$ 2!43!*#! () %$"5! %-*!$" 262&!.

fA
 

u
 

= b
 

g
 

;

() 2-7! N � N(n; s)8 9'!"! A
 

$"! 2&"3#&3"!1 .$&"-#!2: ;) '-5' +"!#-2-(* -2 "!43-"!18 &'!* 9!

'$<! &( #(.+3&! &'! *3.!"-#$% 2(%3&-(* u
 

)(" $ %$"5! <$%3! () +: ;*1!!1 &'! %$"5!" &'! 1-.!*2-(*

+ -28 &'! .("! $##3"$&! &'! 2(%3&-(* 9-%% /!:

;* &'!2! #$2!2 &'! 1-"!#& .!&'(12 #$* /! 3*2&$/%! $*1 ()&!* $"! &(( #(2&%6 2-*#! &'!6 1(

*(& !,+%(-& &'! 2&"3#&3"! () &'! #(!=#-!*& .$&"-#!28 #(*<!"2!%6 &'! 32! () -&!"$&-<! .!&'(12 -2

"!#(..!*1!1 /!#$32! () &'! .!.("6 $*1 $##3"$#6 "!43-"!.!*&2:

>'! 5($% -2 &( #'((2! &'! "!2(%3&-(* .!&'(12 9'-#' $"!  !"#$%&: ?!"! 9! 5-<! $ 1!0*-&-(* ()

(+&-.$%-&6 )(" -&!"$&-<! .!&'(12 $++%-!1 &( 2!43!*#!2 () %-*!$" 262&!.2 @A8 BCDE:

)%*+,$,-+ '(4(5(  !"#$%&'$#() '#()* % +),-)*.)
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g
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 / &#*)%0 +1+")$+  / +#2) N � N(n; s)3 %* #")0%"#() $)"4 5 #+ +%#5 " 6)  !"#$%& #/

78 #"+ . +" / 0 . $!-"#*9 "4) + &-"# * #+ !0 ! 0"# *%& " "4%"  / "4) $%"0#:;()." 0 !0 5-."<

=8 "4) *-$6)0  / #")0%"# *+ 0),-#0)5 / 0 . $!-"#*9 u
 

>#"4#* % !0)%++#9*)5 %..-0%.1 � #+

6 -*5)5 61 % . *+"%*" #*5)!)*5)*"  / * %*5 ! ++#6&1 5)!)*5#*9  * �

;* #$2! () >(!+%-&7 2&"3#&3"!2 &'! .(2& +(+3%$" -&!"$&-<! 2(%<!"2 FI(*J35$&! K"$1-!*& FIKH8

I(*J35$&! K"$1-!*& )(" L!$2& M43$"!2 FIKLMH8 K!*!"$%-7!1 N-*-.$% O!2-13$% FKNOPMH8 !&#:H

2$&-2)6 &'! 0"2& "!43-"!.!*&:
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i�2 ; @  !ADB
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"# !./#%$# -0,- -0# 1,-%)2 0,/ %!" /31 #43,' -! 5#%! 6!% #$#%7 %!"8

90)/ 1#,*/ -0,- 5(0; 0)e = 0 "0#%# e 2 R9
)/ -0# $#:-!% !6 ,'' !*#/8 90#%#6!%# 5(0; 0) )/

,*,'7-):,''7 /)*+3',% ,*; m1 = 0& /)*:# -0# /71.!' )/ -0#!%#-):,''7 *!**#+,-)$# ;#<*)-# .#:,3/#

!6 -0# =,'#%()* ,>>%!,:08 ?!"& %#:,'')*+ -0# /#:!*; @-#1 !6 90#!%#1 @8A8A ,*; !./#%$)*+ -0,-

5(�; �) )/ >!/)-)$# ;#<*)-#& "# ;#;3:# -0,-
 
�(1)(5)

�
(�1; �2) 0,/ >!/)-)$# 1,2)131 ,*; -0#%#6!%#

-0# )*-#%$,' [m1;M1] :,* .# %#>',:#; .7 (0;M1]8

B%!1 *!" !*",%;/& "# ,//31# (0;M1]& (ml;Ml)& l = 2; : : : ; 9& -! .# #43,' -! )-/ #/-)1,-#8

C#- 3/ !./#%$# -0,- -0# 6!''!")*+ %#',-)!*/ 0!';

M1 < m2;

M3 = m4;

M6 < m7:

D@@8EFG

@* !-0#% "!%;/& ,::!%;)*+ -! %#',-)!*/ D@@8EHG& D@@8EFG& ,*; I#1,%( E& "# #2>#:- -0# #)+#*J

$,'3#/ !6 KN -! /,-)/67

# fi : �i(KN ) 2 (0;M1]g =
9n2

9
+ o(9n2);

# fi : �i(KN ) 2 [m2;M3]g = 2
9n2

9
+ o(9n2);

# fi : �i(KN ) 2 [m4;M6]g = 3
9n2

9
+ o(9n2);

# fi : �i(KN ) 2 [m7;M9]g = 3
9n2

9
+ o(9n2);
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)+/ '0%+ '1 ./%+'.2, 4 3*1&4-

Bl1 = [�1(KN ); : : : ; �n2(KN )] ;

Bl2 = [�n2+1(KN ); : : : ; �3n2(KN )] ;

Bl3 = [�3n2+1(KN ); : : : ; �6n2(KN )] ;

Bl4 = [�6n2+1(KN ); : : : ; �9n2(KN )] :

51((%-$1+/.+6*,7 8% &)+ -$*.' '0% 9%&'1( P (n)
&1+').+.+6 '0% -):$*.+6 12 '0% %.6%+9)*;% 2;+&'.1+-

1+ Gn )- 21**18-

Eval1 = [(P (n))1; : : : ; (P
(n))n2 ];

Eval2 = [(P (n))n2+1; : : : ; (P
(n))3n2 ];

Eval3 = [(P (n))3n2+1; : : : ; (P
(n))6n2 ];

Eval4 = [(P (n))6n2+1; : : : ; (P
(n))9n2 ]:
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B1( .+-')+&%7 80%+ n = 40 =N = 14400@7 8% A+/

9n2

9
= 1600; 2

9n2

9
= 3200; 3

9n2

9
= 4800;
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# fi : �i(KN ) 2 (0;M1]g = 1444;

# fi : �i(KN ) 2 [m2;M3]g = 2911;

# fi : �i(KN ) 2 [m4;M6]g = 4670;

# fi : �i(KN ) 2 [m7;M9]g = 5016:
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