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❆❜"#$❛❝#

❲❤❡♥ $✐♠✉❧❛*✐♥❣ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣❤②$✐❝$✱ ❡♥❣✐♥❡❡1✐♥❣✱ ♦1 ❛♣♣❧✐❡❞ $❝✐❡♥❝❡$✱ ♦❢*❡♥ ♦♥❡ ❤❛$ *♦ ❞❡❛❧

✇✐*❤ ❢✉♥❝*✐♦♥❛❧ ❡5✉❛*✐♦♥$ *❤❛* ❞♦ ♥♦* ❛❞♠✐* ❛♥ ❛♥❛❧②*✐❝❛❧ $♦❧✉*✐♦♥✳ ❉❡$❝1✐❜✐♥❣ *❤❡$❡ 1❡❛❧ $✐*✉✲

❛*✐♦♥$ ✐$✱ ❤♦✇❡✈❡1✱ ♣♦$$✐❜❧❡✱ 1❡$♦1*✐♥❣ *♦ ♦♥❡ ♦❢ ✐*$ ♥✉♠❡1✐❝❛❧ ❛♣♣1♦①✐♠❛*✐♦♥$ ❛♥❞ *1❡❛*✐♥❣ *❤❡

1❡$✉❧*✐♥❣ ♠❛*❤❡♠❛*✐❝❛❧ 1❡♣1❡$❡♥*❛*✐♦♥✳ ❚❤✐$ *❤❡$✐$ ✐$ ♣❧❛❝❡❞ ✐♥ *❤✐$ ❝♦♥*❡①*✿ ■♥❞❡❡❞ *❤❡ ♣✉1♣♦$❡

✐$ *❤❛* ♦❢ ❢✉1♥✐$❤✐♥❣ $❡✈❡1❛❧ ✉$❡❢✉❧ *♦♦❧$ *♦ ❞❡❛❧ ✇✐*❤ $♦♠❡ ❝♦♠♣✉*❛*✐♦♥❛❧ ♣1♦❜❧❡♠$✱ $*❡♠♠✐♥❣

❢1♦♠ ❞✐$❝1❡*✐③❛*✐♦♥ *❡❝❤♥✐5✉❡$✳ ■♥ ♠♦$* ♦❢ *❤❡ ❝❛$❡$ *❤❡ ♥✉♠❡1✐❝❛❧ ♠❡*❤♦❞$ ✇❡ ❛♥❛❧②$❡ ❛1❡

*❤❡ ❝❧❛$$✐❝❛❧ Qp ▲❛❣1❛♥❣✐❛♥ ❋❊▼ ❛♥❞ *❤❡ ♠♦1❡ 1❡❝❡♥* ●❛❧❡1❦✐♥ ❇✲$♣❧✐♥❡ ■!♦❣❡♦♠❡&'✐❝ ❆♥❛❧②✲

!✐! ✭■❣❆✮ ❛♣♣1♦①✐♠❛*✐♦♥ ❛♥❞ ❙*❛❣❣❡1❡❞ ❉✐!❝♦♥&✐♥✉♦✉! ●❛❧❡'❦✐♥ ✭❉●✮ ♠❡*❤♦❞$✳ ❆$ ♦✉1 ♠♦❞❡❧

I❉❊✱ ✇❡ ❝♦♥$✐❞❡1 ❝❧❛$$✐❝❛❧ $❡❝♦♥❞✲♦1❞❡1 ❡❧❧✐♣*✐❝ ❞✐✛❡1❡♥*✐❛❧ ❡5✉❛*✐♦♥$ ❛♥❞ *❤❡ ■♥❝♦♠♣1❡$$✐❜❧❡

◆❛✈✐❡1✲❙*♦❦❡$ ❡5✉❛*✐♦♥$✳ ■♥ ❛❧❧ *❤❡$❡ $✐*✉❛*✐♦♥$ *❤❡ 1❡$✉❧*✐♥❣ ♠❛*1✐① $❡5✉❡♥❝❡$ {An}n ♣♦$$❡$$ ❛
$*1✉❝*✉1❡✱ ♥❛♠❡❧② *❤❡② ❜❡❧♦♥❣ *♦ *❤❡ ❝❧❛$$ ♦❢ ❚♦❡♣❧✐*③ ♠❛*1✐① $❡5✉❡♥❝❡$ ♦1 *♦ *❤❡ ♠♦1❡ ❣❡♥❡1❛❧

❝❧❛$$ ♦❢ ●❡♥❡'❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐&③ ✭●▲❚✮ ♠❛*1✐① $❡5✉❡♥❝❡$✱ ✐♥ *❤❡ ♠♦$* ❣❡♥❡1❛❧ ❜❧♦❝❦ k✲❧❡✈❡❧

❝❛$❡✳ ❈♦♥$❡5✉❡♥*❧②✱ *❤❡ $♣❡❝*1❛❧ ❛♥❛❧②$✐$ ♦❢ *❤❡ ❝♦❡✣❝✐❡♥* ♠❛*1✐❝❡$ ♣❧❛②$ ❛ ❝1✉❝✐❛❧ 1♦❧❡ ❢♦1 ❛♥

❡✣❝✐❡♥* ❛♥❞ ❢❛$* 1❡$♦❧✉*✐♦♥✳ ■♥❞❡❡❞ *❤❡ ❝♦♥✈❡1❣❡♥❝❡ ♣1♦♣❡1*✐❡$ ♦❢ ✐*❡1❛*✐✈❡ ♠❡*❤♦❞$ ♣1♦♣♦$❡❞✱

❧✐❦❡ ♠✉❧*✐❣1✐❞ ♦1 ♣1❡❝♦♥❞✐*✐♦♥❡❞ ❑'②❧♦✈ *❡❝❤♥✐5✉❡$✱ ❛1❡ $*1✐❝*❧② 1❡❧❛*❡❞ *♦ *❤❡ ♥♦*✐♦♥ ♦❢ !②♠❜♦❧

♦❢ *❤❡ ❝♦❡✣❝✐❡♥* ♠❛*1✐① $❡5✉❡♥❝❡✳ ■♥ ♦✉1 $❡**✐♥❣ *❤❡ $②♠❜♦❧ ✐$ ❛ ❢✉♥❝*✐♦♥ ✇❤✐❝❤ ❛$②♠♣*♦*✐❝❛❧❧②

♣1♦✈✐❞❡$ ❛ 1❡❛$♦♥❛❜❧❡ ❛♣♣1♦①✐♠❛*✐♦♥ ♦❢ *❤❡ ❡✐❣❡♥✈❛❧✉❡$ ❬$✐♥❣✉❧❛1 ✈❛❧✉❡$❪ ♦❢ An ❜② ✐*$ ❡✈❛❧✉❛*✐♦♥$

♦❢ ❛♥ ✉♥✐❢♦1♠ ❣1✐❞ ♦♥ ✐*$ ❞♦♠❛✐♥✳ ❚❤❡$❡ 1❡❛$♦♥$✱ ❛♥❞ ♠❛♥② ♦*❤❡1$✱ ♠❛❦❡ *❤❡ 1❡$❡❛1❝❤ ♦❢ ♠♦1❡

❛♥❞ ♠♦1❡ ❡✣❝✐❡♥* ❡✐❣❡♥$♦❧✈❡1$ 1❡❧❡✈❛♥* ❛♥❞ *♦♣✐❝❛❧✳ ■♥ *❤✐$ ❞✐1❡❝*✐♦♥✱ *❤❡ $❡❝♦♥❞ ❣♦❛❧ ♦❢ *❤✐$

*❤❡$✐$ ✐$ *♦ ♣1♦✈✐❞❡ ♥❡✇ *♦♦❧$ ❢♦1 ❝♦♠♣✉*✐♥❣ *❤❡ $♣❡❝*1✉♠ ♦❢ ♣1❡❝♦♥❞✐*✐♦♥❡❞ ❜❛♥❞❡❞ $②♠♠❡*1✐❝

❚♦❡♣❧✐*③ ♠❛*1✐❝❡$✱ ❚♦❡♣❧✐*③✲❧✐❦❡ ♠❛*1✐❝❡$✱ n−1K
[p]
n ✱ nM

[p]
n ✱ n−2L

[p]
n ✱ ❝♦♠✐♥❣ ❢1♦♠ *❤❡ ❇✲$♣❧✐♥❡ ■❣❆

❛♣♣1♦①✐♠❛*✐♦♥ ♦❢ −u′′ = λu✱ ♣❧✉$ ✐*$ ♠✉❧*✐✈❛1✐❛*❡ ❝♦✉♥*❡1♣❛1* ❢♦1 −∆u = λu✱ ❛♥❞ ❜❧♦❝❦ ❛♥❞

♣1❡❝♦♥❞✐*✐♦♥❡❞ ❜❧♦❝❦ ❜❛♥❞❡❞ $②♠♠❡*1✐❝ ❚♦❡♣❧✐*③ ♠❛*1✐❝❡$✳ ❋♦1 ❛❧❧ *❤❡ ❛❜♦✈❡ ❝❛$❡$ ✇❡ ♣1♦♣♦$❡

♥❡✇ ❛❧❣♦1✐*❤♠$ ❜❛$❡❞ ♦♥ *❤❡ ❝❧❛$$✐❝❛❧ ❝♦♥❝❡♣* ♦❢ $②♠❜♦❧✱ ❜✉* ✇✐*❤ ❛♥ ✐♥♥♦✈❛*✐✈❡ ✈✐❡✇ ♦♥ *❤❡

❡11♦1$ ♦❢ *❤❡ ❛♣♣1♦①✐♠❛*✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡$ ❜② *❤❡ ✉♥✐❢♦1♠ $❛♠♣❧✐♥❣ ♦❢ *❤❡ $②♠❜♦❧✳ ❚❤❡ ❛❧❣♦✲

1✐*❤♠$ ❞❡✈✐$❡❞ ❛1❡ $♣❡❝✐❛❧ ✐♥*❡1♣♦❧❛*✐♦♥✲❡①*1❛♣♦❧❛*✐♦♥ ♣1♦❝❡❞✉1❡$ ♣❡1❢♦1♠❡❞ ✇✐*❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢

❛❝❝✉1❛❝② ❛♥❞ ♦♥❧② ❛* *❤❡ ❝♦$* ♦❢ ❝♦♠♣✉*✐♥❣ ♦❢ *❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❛ ♠♦❞❡1❛*❡ ♥✉♠❜❡1 ♦❢ $♠❛❧❧

$✐③❡❞ ♠❛*1✐❝❡$✳

❑❡② ✇♦%❞'✿

▼✉❧*✐❧❡✈❡❧ ❜❧♦❝❦ ●▲❚ ❛❧❣❡❜1❛✱ $②♠❜♦❧✱ $♣❡❝*1❛❧ ❞✐$*1✐❜✉*✐♦♥✱ ❛$②♠♣*♦*✐❝ ❡①♣❛♥$✐♦♥✱ ✐♥*❡1♣♦❧❛*✐♦♥✲

❡①*1❛♣♦❧❛*✐♦♥ ❛❧❣♦1✐*❤♠$✱ ♠✉❧*✐❣1✐❞ ♠❡*❤♦❞$✱ ♣1❡❝♦♥❞✐*✐♦♥✐♥❣ ❑1②❧♦✈ ♠❡*❤♦❞$✱ ❙*❛❣❣❡1❡❞ ❉●

♠❡*❤♦❞$✱ ■❣❆ ❛♣♣1♦①✐♠❛*✐♦♥
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❈❖◆❚❊◆❚❙

❈♦♥#❡♥#%

■♥"#♦❞✉❝"✐♦♥ ❛♥❞ ♠♦"✐✈❛"✐♦♥ ✈

❈❤❛♣"❡# ■✳ ❉❡✜♥✐"✐♦♥3 ❛♥❞ ❦♥♦✇♥ #❡3✉❧"3 ✶

■✳✶ ●❡♥❡,❛❧ ♥♦0❛0✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

■✳✷ ▼✉❧0✐✲✐♥❞❡① ♥♦0❛0✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

■✳✸ ❙♣❡❝0,❛❧ ❞✐;0,✐❜✉0✐♦♥ ♦❢ ♠❛0,✐① ;❡?✉❡♥❝❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

■✳✹ ❚♦❡♣❧✐0③ ;0,✉❝0✉,❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✶ ❙❝❛❧❛, ❚♦❡♣❧✐0③ ♠❛0,✐❝❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✷ ❇❧♦❝❦ ❛♥❞ ♠✉❧0✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐0③ ♠❛0,✐❝❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■✳✹✳✸ ❙♣❡❝0,❛❧ ❛♥❛❧②;✐; ♦❢ ❍❡,♠✐0✐❛♥ ❜❧♦❝❦ ❚♦❡♣❧✐0③ ;❡?✉❡♥❝❡;✿ ❞✐;0,✐❜✉0✐♦♥ ,❡;✉❧0; ✾

■✳✹✳✹ ❙♣❡❝0,❛❧ ❛♥❛❧②;✐; ♦❢ ❍❡,♠✐0✐❛♥ ❜❧♦❝❦ ❚♦❡♣❧✐0③ ;❡?✉❡♥❝❡;✿ ❡①0,❡♠❛❧ ❡✐❣❡♥✲

✈❛❧✉❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

■✳✺ ❚,✐❣♦♥♦♠❡0,✐❝ ♣♦❧②♥♦♠✐❛❧; ❛♥❞ ❜❛♥❞❡❞ ❚♦❡♣❧✐0③ ♠❛0,✐❝❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

■✳✻ ❙♣❡❝0,❛❧ ❛♥❛❧②;✐; ❛♥❞ ❝♦♠♣✉0❛0✐♦♥❛❧ ❢❡❛0✉,❡; ♦❢ ❜❧♦❝❦ ❝✐,❝✉❧❛♥0 ♠❛0,✐❝❡; ✳ ✳ ✳ ✳ ✳ ✶✺

■✳✼ ●▲❚ ;❡?✉❡♥❝❡;✿ ♦♣❡,❛0✐✈❡ ❢❡❛0✉,❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

■✳✽ P,❡❝♦♥❞✐0✐♦♥✐♥❣ ❛♥❞ ♠✉❧0✐❣,✐❞ ♠❡0❤♦❞; ❢♦, ❚♦❡♣❧✐0③ ♠❛0,✐❝❡; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

■✳✾ ❆;②♠♣0♦0✐❝ ❊①♣❛♥;✐♦♥✿ ✐❞❡❛ ♦❢ 0❤❡ ❛♣♣,♦①✐♠❛0✐♦♥ ❡,,♦,; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

❈❤❛♣"❡# ■■✳ ❙♣❡❝"#❛❧ ❛♥❛❧②3✐3 ♦♥ ❙❉● ♠❡"❤♦❞3 ❢♦# "❤❡ ✐♥❝♦♠♣#❡33✐❜❧❡

◆❛✈✐❡#✲❙"♦❦❡3 ❡?✉❛"✐♦♥3 ✷✼

■■✳✶ ❖✈❡,✈✐❡✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

■■✳✷ ❙♣❡❝0,❛❧ ❛♥❛❧②;✐; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

■■✳✷✳✶ ❆♥❛❧②;✐; ♦❢ 0❤❡ ;♣❡❝0,❛❧ ;②♠❜♦❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

■■✳✷✳✷ ◆✉♠❡,✐❝❛❧ 0❡;0; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

■■✳✷✳✷✳✶ ❊✈❛❧✉❛0✐♦♥ ♦❢ 0❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝0✐♦♥; ♦❢ 0❤❡ ;②♠❜♦❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

■■✳✷✳✷✳✷ ❙♣❡❝0,❛❧ ❞✐;0,✐❜✉0✐♦♥ ♦❢ {KN}N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

■■✳✷✳✸ ❆ ❢♦❝✉; ♦♥ 0❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝0✐♦♥; ✐♥ ❛ ♥❡✐❣❤❜♦,❤♦♦❞ ♦❢ 0❤❡ ♦,✐❣✐♥ ✳ ✳ ✳ ✳ ✹✶

■■✳✷✳✹ ❙♣❡❝0,❛❧ ❛♥❛❧②;✐; ♦❢ KN ✈✐❛ ❧♦✇ ,❛♥❦ ♣❡,0✉,❜❛0✐♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

■■✳✷✳✺ ❋✉,0❤❡, ✈❛,✐❛0✐♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

■■✳✸ ◆✉♠❡,✐❝❛❧ ❡①♣❡,✐♠❡♥0; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

■■✳✸✳✶ ❚❛②❧♦, ●,❡❡♥ ✈♦,0❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

■■✳✸✳✷ ▼♦❞✐✜❡❞ ❞♦✉❜❧❡ ;❤❡❛, ❧❛②❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

■■✳✸✳✸ P,❡❝♦♥❞✐0✐♦♥✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✐✐✐



❈❖◆❚❊◆❚❙

■■✳✸✳✹ ❆ ♠✉❧.✐❣1✐❞ ❛♣♣1♦❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞

♠❛$&✐❝❡* ✺✼

■■■✳✶ ●❡♥❡1❛❧✐③❛.✐♦♥ ♦❢ .❤❡ ♣1❡❝♦♥❞✐.✐♦♥❡❞ ❆?②♠♣.♦.✐❝ ❊①♣❛♥?✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

■■■✳✷ ■♠♣❧✐❝✐. ❊11♦1? ❡①♣❛♥?✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

■■■✳✷✳✶ ❊11♦1 ❜♦✉♥❞? ❢♦1 .❤❡ ❝♦❡✣❝✐❡♥.? ck ✐♥ .❤❡ ❆?②♠♣.♦.✐❝ ❊①♣❛♥?✐♦♥ ✳ ✳ ✳ ✳ ✳ ✻✷

■■■✳✸ ❊11♦1 ❜♦✉♥❞? ❢♦1 ♥✉♠❡1✐❝❛❧❧② ❛♣♣1♦①✐♠❛.❡❞ ❡✐❣❡♥✈❛❧✉❡? ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

■■■✳✹ ◆✉♠❡1✐❝❛❧ .❡?.? ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

❈❤❛♣$❡& ■❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐*❝&❡$✐③❛$✐♦♥ ✼✼

■❱✳✶ J1♦❜❧❡♠ ?❡..✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

■❱✳✷ J1♦♣❡1.✐❡? ♦❢ .❤❡ ?♣❡❝.1❛❧ ?②♠❜♦❧ ep(θ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

■❱✳✸ ❊✐❣❡♥✈❛❧✉❡? ❛♥❞ ❡✐❣❡♥✈❡❝.♦1? ♦❢ L
[p]
n ❢♦1 p = 1 ❛♥❞ p = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

■❱✳✸✳✶ ❚❤❡ ♠❛.1✐① ❛❧❣❡❜1❛? τm(ǫ, φ) ❢♦1 ǫ, φ ∈ {0, 1,−1} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

■❱✳✸✳✷ ❊✐❣❡♥✈❛❧✉❡? ❛♥❞ ❡✐❣❡♥✈❡❝.♦1? ♦❢ L
[p]
n ❢♦1 p = 1, 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

■❱✳✹ ❆❧❣♦1✐.❤♠ ❢♦1 ❝♦♠♣✉.✐♥❣ .❤❡ ❡✐❣❡♥✈❛❧✉❡? ♦❢ L
[p]
n ❢♦1 p ≥ 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

■❱✳✺ ◆✉♠❡1✐❝❛❧ ❡①♣❡1✐♠❡♥.? ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

■❱✳✺✳✶ ◆✉♠❡1✐❝❛❧ ❡①♣❡1✐♠❡♥.? ✐♥ ?✉♣♣♦1. ♦❢ .❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥?✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

■❱✳✺✳✷ ◆✉♠❡1✐❝❛❧ ❡①♣❡1✐♠❡♥.? ✐❧❧✉?.1❛.✐♥❣ .❤❡ ♣❡1❢♦1♠❛♥❝❡ ♦❢ ❛❧❣♦1✐.❤♠ ✶ ✳ ✳ ✳ ✳ ✾✾

■❱✳✻ ❊①.❡♥?✐♦♥ .♦ .❤❡ ♠✉❧.✐❞✐♠❡♥?✐♦♥❛❧ ?❡..✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

■❱✳✻✳✶ ❊✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝.♦1 ?.1✉❝.✉1❡ ♦❢ L
[p]
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡ ✶✵✺

❱✳✶ ❈♦♥❞✐.✐♦♥? ❢♦1 .❤❡ ❡①✐?.❡♥❝❡ ♦❢ ❜❧♦❝❦ ❛?②♠♣.♦.✐❝ ❡①♣❛♥?✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

❱✳✷ ❆❧❣♦1✐.❤♠ ❢♦1 ❝♦♠♣✉.✐♥❣ .❤❡ ❡✐❣❡♥✈❛❧✉❡? ♦❢ Tn(f) ❢♦1 s > 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

❱✳✸ ◆✉♠❡1✐❝❛❧ ❡①♣❡1✐♠❡♥.? ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

❱✳✸✳✶ ●❧♦❜❛❧ ❝♦♥❞✐.✐♦♥ ❡①❛♠♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

❱✳✸✳✷ ▲♦❝❛❧ ❝♦♥❞✐.✐♦♥✿ ✐♥.❡1?❡❝.✐♦♥ ♦❢ .❤❡ 1❛♥❣❡? ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

❱✳✸✳✸ ▲♦❝❛❧ ❝♦♥❞✐.✐♦♥✿ ❧❛❝❦ ♦❢ .❤❡ ♠♦♥♦.♦♥✐❝✐.② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

❱✳✸✳✹ ▲♦❝❛❧ ❝♦♥❞✐.✐♦♥✿ 1❡❞✉❝.✐♦♥ ❢1♦♠ ❜❧♦❝❦ .♦ ?❝❛❧❛1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❱✳✸✳✺ ❊①❛❝. ❢♦1♠✉❧❛❡ ❢♦1 Qp ▲❛❣1❛♥❣✐❛♥ ❋❊▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡*✉❧$* ✶✸✼

❱■✳✶ ❙.❛❣❣❡1❡❞ ❉● ♠❛.1✐① ?②♠❜♦❧ ❢♦1 k = 2 ❛♥❞ p = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

❱■✳✷ J1♦♦❢ ♦❢ .❤❡ ♣1❡❝♦♥❞✐.✐♦♥❡❞ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥?✐♦♥ ❢♦1 α = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

❱■✳✸ J1♦♦❢? ♦❢ .❤❡ .❤❡♦1❡♠? ?.❛.❡❞ ✐♥ ❙❡❝.✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣.❡1 ■❱ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸

❱■✳✹ J1♦♦❢ ♦❢ .❤❡ ■❣❆ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥?✐♦♥ ❢♦1 α = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✷

❱■✳✺ Qp ▲❛❣1❛♥❣✐❛♥ ❋❊▼ ♠❛.1✐① ?②♠❜♦❧ ❢♦1 p = 2, 3, 4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

❱■✳✻ J1♦♦❢ ♦❢ .❤❡ ❜❧♦❝❦ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥?✐♦♥ ❢♦1 α = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✼

❈♦♥❝❧✉*✐♦♥* ✶✻✶

❇✐❜❧✐♦❣&❛♣❤② ✶✻✹

✐✈



■♥"#♦❞✉❝"✐♦♥ ❛♥❞ ♠♦"✐✈❛"✐♦♥

■♥"#♦❞✉❝"✐♦♥ ❛♥❞ ♠♦"✐✈❛"✐♦♥

❚❤❡ ♠❛✐♥ ♠✐''✐♦♥ ♦❢ ♥✉♠❡+✐❝❛❧ ❛♥❛❧②'/' ✐' /♦ ❝♦♠♣✉/❡ 1✉❛♥/✐/✐❡' /❤❛/ ❛+❡ ✐♥ ❣❡♥❡+❛❧ ✐♥❝❛❧❝✉❧❛❜❧❡

❢+♦♠ ❛♥ ❛♥❛❧②/✐❝❛❧ ♣♦✐♥/ ♦❢ ✈✐❡✇✳ ❚❤❡ ♣✐✈♦/❛❧ ❝♦♥❝❡♣/ ✐♥ ♥✉♠❡+✐❝❛❧ ❛♥❛❧②'✐' ✐' ❛♥❛❧②③✐♥❣ ❛♥❞

♣+♦✈✐❞✐♥❣ ❛❧❣♦+✐/❤♠' /♦ '♦❧✈❡ ❛ ❞❡/❡+♠✐♥❡❞ ❝❧❛'' ♦❢ /❤❡ ♣+♦❜❧❡♠' ♦❢ ♠❛/❤❡♠❛/✐❝'✱ ✇❤♦'❡ ✐♥/+✐♥'✐❝

♥❛/✉+❡ ❝❛♥ ❜❡ ❡✐/❤❡+ ❝♦♥/✐♥✉♦✉' ♦+ ❞✐'❝+❡/❡✳ ✏❈♦♥/✐♥✉♦✉'✑ ❛+❡ ♠♦'/ ♦❢ /❤❡ +❡❛❧ ♣+♦❜❧❡♠' ✇❤✐❝❤

'❝✐❡♥❝❡ ❛♥❞ ❡♥❣✐♥❡❡+✐♥❣ ❛+❡ ❜✉✐❧/ ✉♣♦♥ ❜✉/ /❤❛/✱ ✇✐/❤♦✉/ ♥✉♠❡+✐❝❛❧ /❡❝❤♥✐1✉❡'✱ ✇♦✉❧❞ ❜❡ 1✉✐❝❦❧②

✉♥/+❡❛/❛❜❧❡✳ ■♥ /❤✐' /❤❡'✐' /❤❡ ❢♦❝✉' ✐' ♦♥ ❢❛'/ ❛❧❣♦+✐/❤♠' ❢♦+ /❤❡ ❛♣♣+♦①✐♠❛/✐♦♥ ♦❢ ❝♦♥/✐♥✉♦✉'

♠❛/❤❡♠❛/✐❝❛❧ ❡1✉❛/✐♦♥'✳

■♥❞❡❡❞✱ ✇❤❡♥ '✐♠✉❧❛/✐♥❣ ♣❤❡♥♦♠❡♥❛ ✐♥ ♣❤②'✐❝'✱ ❡♥❣✐♥❡❡+✐♥❣✱ ♦+ ❛♣♣❧✐❡❞ '❝✐❡♥❝❡'✱ ♦❢/❡♥ ♦♥❡

❤❛' /♦ ❞❡❛❧ ✇✐/❤ ❢✉♥❝/✐♦♥❛❧ ❡1✉❛/✐♦♥' ✭✇+✐//❡♥✱ ❡✳❣✳✱ ✐♥ ❞✐✛❡+❡♥/✐❛❧ ♦+ ✐♥/❡❣+❛❧ ❢♦+♠✮ /❤❛/ ❞♦ ♥♦/

❛❞♠✐/ ❛♥ ❛♥❛❧②/✐❝❛❧ '♦❧✉/✐♦♥✳

❉❡'❝+✐❜✐♥❣ /❤❡'❡ +❡❛❧ '✐/✉❛/✐♦♥' ✐'✱ ❤♦✇❡✈❡+✱ ♣♦''✐❜❧❡✱ +❡'♦+/✐♥❣ /♦ ♦♥❡ ♦❢ ✐/' ♥✉♠❡+✐❝❛❧ ❛♣✲

♣+♦①✐♠❛/✐♦♥' ❛♥❞ /+❡❛/✐♥❣ /❤❡ +❡'✉❧/✐♥❣ ♠❛/❤❡♠❛/✐❝❛❧ +❡♣+❡'❡♥/❛/✐♦♥✳ ■♥ ♣+❛❝/✐❝❡ /❤❡ ❛✐♠ ✐' /♦

❝♦♥'/+✉❝/ ♣+♦♣❡+ ♥✉♠❡+✐❝❛❧ ❞✐'❝+❡/✐③❛/✐♦♥ /❡❝❤♥✐1✉❡'✱ /❤❛/ ✏/+❛♥'❢♦+♠✑ ♣+♦❜❧❡♠' ❢+♦♠ ✏❝♦♥/✐♥✉✲

♦✉'✑ /♦ ❛ ♠♦+❡ ♠❛♥❛❣❡❛❜❧❡ ✏❞✐'❝+❡/❡✑ ♠♦❞❡❧❧✐♥❣✳

❈❧❡❛+❧② /❤❡ /❛'❦ ♦❢ /❤❡ ♥✉♠❡+✐❝❛❧ ❛♥❛❧②'/ ❞♦❡' ♥♦/ ❡♥❞ ♦♥❝❡ /❤❛/ /❤❡ ❛♣♣+♦①✐♠❛/✐♦♥ ✐' ♣❡+✲

❢♦+♠❡❞✳ ❲❡ ✇❛♥/ /♦ ❡♥'✉+❡ /❤❛/ /❤❡ '♦❧✉/✐♦♥ ♦❢ /❤❡ +❡'✉❧/✐♥❣ ♣+♦❜❧❡♠✱ ✇✐/❤ +❡'♣❡❝/ /♦ /❤❡

♦+✐❣✐♥❛❧ ♦♥❡✱ ✐' ♠♦+❡ ❝♦♥✈❡♥✐❡♥/ ✐♥ /❡+♠' ♦❢ +❡'♦❧✉/✐♦♥ '♣❡❡❞✱ +❡'♦✉+❝❡'✱ ❛♥❞ ❝♦♠♣✉/❛/✐♦♥❛❧ ❝♦'/✳

❚❤✐' /❤❡'✐' ✐' ♣❧❛❝❡❞ ✐♥ /❤✐' ❝♦♥/❡①/✿ ✐/ ❤❛' /❤❡ ♣✉+♣♦'❡ /♦ ❢✉+♥✐'❤ '❡✈❡+❛❧ ✉'❡❢✉❧ /♦♦❧' /♦ ❞❡❛❧

✇✐/❤ '♦♠❡ ❝♦♠♣✉/❛/✐♦♥❛❧ ♣+♦❜❧❡♠'✱ ❛+✐'✐♥❣ ❢+♦♠ ❞✐'❝+❡/✐③❛/✐♦♥ /❡❝❤♥✐1✉❡'✳

■♥ ♠♦'/ ❝❛'❡' /❤❡ ♣+♦❜❧❡♠' ✇❡ ❤❛✈❡ ✐♥ ♠✐♥❞ ❝♦♠❡ ❢+♦♠ /❤❡ ❧✐♥❡❛+ ❞✐'❝+❡/✐③❛/✐♦♥ ♦❢ ♣❛+/✐❛❧

❞✐✛❡+❡♥/✐❛❧ ❡1✉❛/✐♦♥' ✭G❉❊'✮ ♦❢ /❤❡ ❢♦+♠

A u = b,

✇❤❡+❡ A ✐' ❛ ❧✐♥❡❛+ ❞✐✛❡+❡♥/✐❛❧ ♦♣❡+❛/♦+✱ /❛❦✐♥❣ ✐♥/♦ ❛❝❝♦✉♥/ ♣♦''✐❜❧❡ ✐♥✐/✐❛❧✴❜♦✉♥❞❛+② ❝♦♥❞✐✲

/✐♦♥'✳ ❈♦♠♣✉/✐♥❣ /❤❡ ♥✉♠❡+✐❝❛❧ '♦❧✉/✐♦♥ un ♦❢ u✱ ♦+ ❛ ♣❛+/ ♦❢ ✐/✱ +❡❞✉❝❡' /♦ '♦❧✈✐♥❣ ❛ ❧✐♥❡❛+

'②'/❡♠ ♦❢ /❤❡ ❢♦+♠

Anun = bn. ✭✶✮

❋✉+/❤❡+♠♦+❡✱ ✐❢ /❤❡ ❝❤♦'❡♥ ❛♣♣+♦①✐♠❛/✐♦♥ /❡❝❤♥✐1✉❡ ✐' ❝♦♥✈❡+❣❡♥/✱ /❤❡ ♠♦+❡ ✇❡ ✐♥❝+❡❛'❡

/❤❡ ♥✉♠❜❡+ ♦❢ ♣♦✐♥/' ♦❢ /❤❡ ❞✐'❝+❡/✐③❛/✐♦♥ ✭n ♦+ ❛♥ ✐♥❝+❡❛'✐♥❣ ❢✉♥❝/✐♦♥ ♦❢ n✮ /❤❡ ♠♦+❡ /❤❡

❛♣♣+♦①✐♠❛/✐♦♥ un ♦❢ /❤❡ ❛♥❛❧②/✐❝❛❧ '♦❧✉/✐♦♥ u ✇✐❧❧ ❜❡ ❛❝❝✉+❛/❡✳

❋♦+ /❤✐' +❡❛'♦♥✱ ♦♥❡ '❤♦✉❧❞ ♥♦/ ❝♦♥'✐❞❡+ /❤❡ '♣❡❝✐✜❝ ❧✐♥❡❛+ '②'/❡♠ ✭✶✮ ❢♦+ ❛ ✜①❡❞ n✱ ❜✉/ +❛/❤❡+

✈



 ❤❡ #❡$✉❡♥❝❡ ♦❢ ❧✐♥❡❛- #②# ❡♠#

{Anun = bn}n,
✇❤♦#❡ ❞✐♠❡♥#✐♦♥# ❞❡♣❡♥❞ ♦♥  ❤❡ ♥✉♠❜❡- ♦❢ ❞✐#❝-❡ ✐③❛ ✐♦♥ ♣♦✐♥ #✱ n✳

❚❤❡ ♠❛ -✐❝❡# ♣-♦❞✉❝❡❞ ❜② ♠♦#  ②♣❡# ♦❢ ❞✐#❝-❡ ✐③❛ ✐♦♥# ♣♦##❡## ❛ # -✉❝ ✉-❡✱ ♥❛♠❡❧②  ❤❡②

❛-❡ ♦❢ ❡♥ #♣❛-#❡✳ ❋✉- ❤❡-♠♦-❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥  ❤❡ ❧✐♥❡❛- ❞✐✛❡-❡♥ ✐❛❧ ♦♣❡-❛ ♦-✱  ❤❡② ❝❛♥ ❜❡ ❜❛❞❧②

❝♦♥❞✐ ✐♦♥❡❞✳ ❈♦♥#❡$✉❡♥ ❧② ✐♥ ❣❡♥❡-❛❧ ✭ ❤❛ ✐# ✇✐ ❤♦✉ ❛ $✉✐ ❡ # -♦♥❣ # -✉❝ ✉-❡✮✱ ❞✐-❡❝ ♠❡ ❤♦❞#

#❤♦✉❧❞ ❜❡ ❛✈♦✐❞❡❞✱ #✐♥❝❡✱ ♥♦ ♦♥❧②  ❤❡② ♠❛② -❡$✉✐-❡ ❛ ❤✐❣❤ ❝♦♠♣✉ ❛ ✐♦♥ ❝♦# ✱ ❜✉ ❛❧#♦  ❤❡② ♦❢ ❡♥

❞♦ ♥♦  ❛❦❡ ❢✉❧❧ ❛❞✈❛♥ ❛❣❡ ♦❢  ❤❡ ✐♥❢♦-♠❛ ✐♦♥ ♦❢  ❤❡ # -✉❝ ✉-❡✳

■ ❡-❛ ✐✈❡ #♦❧✈❡-# ✭✐♥ ♣❛- ✐❝✉❧❛- ♠✉❧ ✐❣-✐❞ ❛♥❞ ♣-❡❝♦♥❞✐ ✐♦♥❡❞ ❑-②❧♦✈  ❡❝❤♥✐$✉❡#✮ ❛-❡ ✐♥# ❡❛❞

✈❡-② ❝♦♥✈❡♥✐❡♥ ❝❤♦✐❝❡#✳ ■ ✐# ✐♥❞❡❡❞ ❦♥♦✇♥  ❤❛ ✐ ❡-❛ ✐✈❡ ♠❡ ❤♦❞# ❡①♣❧♦✐  ❤❡ #♣❡❝ -❛❧ ✐♥❢♦-✲

♠❛ ✐♦♥ ♦❢ ❝♦❡✣❝✐❡♥ ♠❛ -✐① ❛♥❞ ❝♦♥#❡$✉❡♥ ❧②  ❤❡② ❝❛♥ ❜❡ ❛❞❛♣ ❡❞ ✐♥ ♦-❞❡-  ♦ ❛❝❝❡❧❡-❛ ❡  ❤❡

❝♦♥✈❡-❣❡♥❝❡ ❛♥❞ ♦♣ ✐♠✐③❡  ❤❡ ❝♦♠♣✉ ❛ ✐♦♥❛❧ ❝♦# ✳

❍❡♥❝❡ ❤❡-❡  ❤❡ #♣❡❝ -❛❧ ❛♥❛❧②#✐# ♦❢  ❤❡ ♠❛ -✐① An ✭❛♥❞ ❝♦♥#❡$✉❡♥ ❧② ♦❢  ❤❡ ❝♦❡✣❝✐❡♥ # ♠❛ -✐①

#❡$✉❡♥❝❡ {An}n✮ ♣❧❛②# ❛ ❝-✉❝✐❛❧ -♦❧❡ ❢♦- ❛♥ ❡✣❝✐❡♥ ❛♥❞ ❢❛# -❡#♦❧✉ ✐♦♥✳ ▼♦-❡♦✈❡-✱ ❝♦♠♣❛-✐♥❣

 ❤❡ #♣❡❝ -✉♠ ♦❢ An ✇✐ ❤  ❤❛ ♦❢  ❤❡ ❞✐✛❡-❡♥ ✐❛❧ ♦♣❡-❛ ♦- ❝❛♥ #✉❣❣❡# ✇❤❡ ❤❡-  ❤❡ ❞✐#❝-❡ ✐③❛ ✐♦♥

✐# ❛♣♣-♦♣-✐❛ ❡ ♦- ♥♦  ♦ #♣❡❝ -❛❧❧② ❛♣♣-♦①✐♠❛ ❡  ❤❡ ♦♣❡-❛ ♦- A ✳

❍♦✇❡✈❡-✱ ✐ ♠✉# ❜❡ ❤✐❣❤❧✐❣❤ ❡❞  ❤❛  ❤❡ ✐♥ ❡-❡# ✐♥ ✜♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡# ✐# ✐♥ -✐♥#✐❝❛❧❧② ✐♠✲

♣♦- ❛♥ ✳ ■♥ ❢❛❝ ✱ ♦♥ ♦♥❡ ❤❛♥❞  ❤❡-❡ ❛-❡ ♣-♦❜❧❡♠# ✐♥ ✇❤✐❝❤  ❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢  ❤❡ ❡✐❣❡♥✈❛❧✉❡# ✐#

✐♥❞✐-❡❝ ❧② ✉#❡❢✉❧ ✐♥ ❡✣❝✐❡♥ ❧② ✜♥❞✐♥❣  ❤❡ #♦❧✉ ✐♦♥✳ ❖♥  ❤❡ ♦ ❤❡- ❤❛♥❞  ❤❡-❡ ❛-❡ #✐ ✉❛ ✐♦♥# ✇❤❡-❡

 ❤❡② ❛❝ ✉❛❧❧② ❤❛✈❡ ❛ ♣❤②#✐❝❛❧ ♠❡❛♥✐♥❣ ❛♥❞ -❡♣-❡#❡♥  ❤❡ ❛♣♣-♦①✐♠❛ ✐♦♥ ♦❢  ❤❡ -❡❛❧ #♦❧✉ ✐♦♥✳

❚❤✐# ✐#  ❤❡ ❝❛#❡✱ ❢♦- ❡①❛♠♣❧❡✱ ♦❢ ❡✐❣❡♥✈❛❧✉❡ ♣-♦❜❧❡♠# ❬✹✷✱ ✾✷❪✳

❆♠♦♥❣ #♣❡❝✐✜❝ ❛♣♣❧✐❝❛ ✐♦♥#  ❤❛ ❛-❡ ♥♦ -❡❧❛ ❡❞  ♦  ❤❡ ❛♣♣-♦①✐♠❛ ✐♦♥ ♦❢ ❞✐✛❡-❡♥ ✐❛❧ ❡$✉❛✲

 ✐♦♥#✱ ✇❡ ❝❛♥ ♠❡♥ ✐♦♥ # -✉❝ ✉-❡❞ ▼❛-❦♦✈ ❝❤❛✐♥# ❬✶✺❪✱ #✐❣♥❛❧ ❛♥❞ ✐♠❛❣❡ ♣-♦❝❡##✐♥❣ ♣-♦❜❧❡♠# ✇✐ ❤

#♣❛❝❡ ✐♥✈❛-✐❛♥ ♥❛ ✉-❡ ❬✹✻✱ ✽✷❪✱ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛ ✐♦♥# ❬✶✶✵❪✱ ❡ ❝✳

❚❤❡ #❡$✉❡♥❝❡# ❝♦♥#✐❞❡-❡❞ ✐♥  ❤❡ ✇❤♦❧❡  ❤❡#✐# ❡♥❥♦② ❛ ✈❡-② ♥✐❝❡ # -✉❝ ✉-❡✿  ❤❡② ❜❡❧♦♥❣  ♦  ❤❡

❝❧❛## ♦❢ ❚♦❡♣❧✐&③ ♠❛ -✐① #❡$✉❡♥❝❡# ♦-  ♦  ❤❡ ♠♦-❡ ❣❡♥❡-❛❧ ❝❧❛## ♦❢ ●❡♥❡*❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐&③

✭●▲❚✮ ♠❛ -✐① #❡$✉❡♥❝❡#✳

■♥ ❣❡♥❡-❛❧✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡ ❤❡-  ❤❡ ♠❛ -✐❝❡# ❝♦♠❡ ❢-♦♠ ❛ ♦♥❡✲❞✐♠❡♥#✐♦♥❛❧ ♦- ❛ k✲❞✐♠❡♥#✐♦♥❛❧

♣-♦❜❧❡♠✱ k > 1✱  ❤❡✐- # -✉❝ ✉-❡ ❝❛♥ ❜❡ ♦♥❡✲❧❡✈❡❧ ♦- k✲❧❡✈❡❧✳ ❚❤❛ ✐# ❡❛❝❤ ♠❛ -✐① ❤❛# ❛ #❝❤❡♠❡

-❡♣❡❛ ❡❞ k  ✐♠❡# ❡$✉❛❧❧② ✐♥  ❤❡ ✐♥♥❡- ♣❛  ❡-♥#✳ ■♥ #✉❝❤ ❛ ❝❛#❡  ❤❡ ❞✐♠❡♥#✐♦♥ ♦❢  ❤❡ ♠❛ -✐① ✐#

N(♥) = n1n2 · · ·nk ❛♥❞  ❤❡ ♠❛ -✐① ✐# ✐♥❞❡①❡❞ ❜②  ❤❡ ♠✉❧ ✐✲✐♥❞❡① ♥ = (n1, n2, . . . , nk)✳ ❋♦-

 ❤❡ ♠✉❧ ✐✲✐♥❞❡① ♥♦ ❛ ✐♦♥✱ #❡❡ ❙❡❝ ✐♦♥ ■✳✷✳ ❉❡♣❡♥❞✐♥❣ ♦♥  ❤❡ #✐③❡ s ♦❢  ❤❡ #②# ❡♠ ♦❢ X❉❊#✱ ✇❡

❞❡❛❧ ✇✐ ❤ ❛ #❝❛❧❛- ✭s = 1✮ ♦- ❛ ❜❧♦❝❦ ✭s > 1✮ ♠❛ -✐① #❡$✉❡♥❝❡✳ ■♥  ❤❡ ❧❛  ❡- #❡  ✐♥❣ ❡❛❝❤ ❜❛#✐❝

❡♥ -② ✐♥  ❤❡ ♠❛ -✐① An ✐# ✐♥  ✉-♥ ❛♥ s × s ♠❛ -✐①✱ #♦  ❤❛  ❤❡ ❣❧♦❜❛❧ ❞✐♠❡♥#✐♦♥ ✐# sn × sn ♦-

N(♥, s)×N(♥, s)✱ ✇✐ ❤ N(♥, s) = sN(♥) = sn1n2 · · ·nk✱ ♥ = (n1, n2, . . . , nk)✳

❍♦✇❡✈❡-✱ ❡✈❡♥ ✐♥  ❤❡ ❝❛#❡ ♦❢ ❛ #❝❛❧❛- X❉❊✱  ❤❡ ❜❧♦❝❦ # -✉❝ ✉-❡ ❝❛♥ ❜❡ ✐♥❞✉❝❡❞ ❜②  ❤❡

♥✉♠❡-✐❝❛❧ ♠❡ ❤♦❞✱ ❡✳❣✳✱ ❜② ❝❧❛##✐❝❛❧ p✲❞❡❣-❡❡ ✜♥✐ ❡ ❡❧❡♠❡♥ #✱ p > 1✱ ♦- p✲❞❡❣-❡❡ ❉✐#❝♦♥ ✐♥✉♦✉#

●❛❧❡-❦✐♥ ♠❛ ❤♦❞#✱ p ≥ 1✱ ♦- p✲❞❡❣-❡❡ ✐#♦❣❡♦♠❡ -✐❝ ❛♥❛❧②#✐# ♦❢ -❡❣✉❧❛-✐ ② k ✇✐ ❤ p− k > 1✳

■♥ ❛❧❧ #✐ ✉❛ ✐♦♥#  ❤❡ -❡#❡❛-❝❤ ♦❢ #♣❡❝ -❛❧ ✐♥❢♦-♠❛ ✐♦♥# ♦❢  ❤❡ ♠❡♥ ✐♦♥❡❞ ❝❧❛##❡# ✐# -❡❧❛ ❡❞  ♦

 ❤❡ ❝♦♥❝❡♣ ♦❢  ❤❡ 2②♠❜♦❧✱  ❤❛ ✐# ❛ ❢✉♥❝ ✐♦♥ f ✇❤✐❝❤✱ ✉♥❞❡- ❝❡- ❛✐♥ ❤②♣♦ ❤❡#❡#✱ ♣-♦✈✐❞❡# ❛

#♣❡❝ -❛❧ ♦- ❛ #✐♥❣✉❧❛- ✈❛❧✉❡ ❞❡#❝-✐♣ ✐♦♥ ♦❢  ❤❡ ❛##♦❝✐❛ ❡❞ ♠❛ -✐① #❡$✉❡♥❝❡#✳

■♥  ❤❡ #✐♠♣❧❡# #❝❛❧❛-✱ ♦♥❡✲❧❡✈❡❧ ❝❛#❡✱ ✇❤❡-❡  ❤❡ ♦♥❧② -❡$✉✐-❡♠❡♥ ♦♥ f : D ⊂ R → C ✐#  ♦ ❜❡

❛ ▲❡❜❡#❣✉❡ ♠❡❛#✉-❛❜❧❡ ❢✉♥❝ ✐♦♥ ♦♥ ❛ ▲❡❜❡#❣✉❡ ♠❡❛#✉-❛❜❧❡ ❞♦♠❛✐♥ D✱ ✇✐ ❤ ▲❡❜❡#❣✉❡ ♠❡❛#✉-❡

✈✐



■♥"#♦❞✉❝"✐♦♥ ❛♥❞ ♠♦"✐✈❛"✐♦♥

0 < µ1(D) < ∞✱ ✇❡ #❛② &❤❛& &❤❡ #❡(✉❡♥❝❡ {An}n ❤❛# ❛♥ ❛#②♠♣&♦&✐❝❛❧ #♣❡❝&1❛❧ ❬#✐♥❣✉❧❛1 ✈❛❧✉❡❪

❞✐#&1✐❜✉&✐♦♥ ❞❡#❝1✐❜❡❞ ❜② f ✐❢ ✐& ❤♦❧❞# &❤❛&✿

lim
n→∞

1

n

n∑

j=1

F (λj(An)) =
1

µ1(D)

∫

D
F (f(θ)) dθ, ✭✷✮


 lim
n→∞

1

n

n∑

j=1

F (σj(An)) =
1

µ1(D)

∫

D
F (|f(θ)|) dθ,




❢♦1 ❛❧❧ ❝♦♥&✐♥✉♦✉# ❢✉♥❝&✐♦♥# F ✇✐&❤ ❜♦✉♥❞❡❞ #✉♣♣♦1& ♦♥ C✱ ✇❤❡1❡ λj(An), j = 1, . . . , n ❬σj(An), j =

1, . . . , n❪ ❛1❡ &❤❡ ❡✐❣❡♥✈❛❧✉❡# ❬#✐♥❣✉❧❛1 ✈❛❧✉❡#❪ ♦❢ An✳

❚❤❡ ✐♥❢♦1♠❛❧ ✭❛♥❞ ♣1❛❝&✐❝❛❧ ✉#❛❜❧❡✮ ♠❡❛♥✐♥❣ ♦❢ 1❡❧❛&✐♦♥ ✭✷✮ ✐# &❤❛& ❢♦1 n #✉✣❝✐❡♥&❧② ❧❛1❣❡✱ ❛

1❡❛#♦♥❛❜❧❡ ❛♣♣1♦①✐♠❛&✐♦♥ ♦❢ &❤❡ ❡✐❣❡♥✈❛❧✉❡# ❬#✐♥❣✉❧❛1 ✈❛❧✉❡#❪ ♦❢An ✐# ♦❜&❛✐♥❡❞ ❢1♦♠ ❛♥ ❡✈❛❧✉❛&✐♦♥

♦❢ f(θ) ❬|f(θ)|❪ ♦✈❡1 ❛♥ ✉♥✐❢♦1♠ ❣1✐❞ ✐♥ &❤❡ ❞♦♠❛✐♥ D✳ ❖♥❝❡ &❤❡ #②♠❜♦❧ ✐# ❦♥♦✇♥ ✇❡ ❤❛✈❡ &❤❡

✏❝♦♥&1♦❧✑ ♦❢ &❤❡ ❜❡❤❛✈✐♦✉1 ♦❢ &❤❡ ✇❤♦❧❡ #♣❡❝&1✉♠ ❬#✐♥❣✉❧❛1 ✈❛❧✉❡#❪✱ ✉♣ &♦ ❛ ♥✉♠❜❡1 ♦❢ ♦✉&❧✐❡1#

✇❤✐❝❤ ✐# ✐♥✜♥✐&❡#✐♠❛❧ ✇✐&❤ 1❡#♣❡❝& &♦ &❤❡ ♠❛&1✐① #✐③❡✱ ❛♥❞ ✇❡ ❝❛♥ ❡①♣❧♦✐& &❤❡ 1❡#✉❧&# ❢♦1 ❞❡#✐❣♥✐♥❣

❡✣❝✐❡♥& #♦❧✈❡1# ❢♦1 &❤❡ ❝♦❡✣❝✐❡♥& ♠❛&1✐① An✱ ❢♦1 ❧❛1❣❡ n✳

❆❧♦♥❣ &❤❡ #❛♠❡ ❧✐♥❡# &❤❡ k✲❧❡✈❡❧ ❜❧♦❝❦ ❝❛#❡ ✇✐&❤ ❜❧♦❝❦# ♦❢ #✐③❡ s ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② ♣❧❛②✐♥❣ ✇✐&❤

&❤❡ #②♠❜♦❧✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ k✲✈❛1✐❛&❡ ❛♥❞ s×s ♠❛&1✐①✲✈❛❧✉❡❞✳ ❋♦1 #✉❝❤ ❣❡♥❡1❛❧ ♥♦&✐♦♥ #❡❡ ❙❡❝&✐♦♥

■✳✸ ✭❛♥❞ ❙❡❝&✐♦♥ ■✳✷ ❢♦1 &❤❡ ♥❡❝❡##❛1② ♠✉❧&✐✲✐♥❞❡① ♥♦&❛&✐♦♥✮✳

●❡♥❡1❛❧❧② #♣❡❛❦✐♥❣ ❛❧❧ &❤❡ ❝♦♥❝❡♣&#✱ ♥♦&❛&✐♦♥# ❛♥❞ ♠❛&❤❡♠❛&✐❝❛❧ &♦♦❧# ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉#❡❞ ✐♥

&❤❡ &❤❡#✐# ❛1❡ 1❡♣♦1&❡❞ ✐♥ ❈❤❛♣"❡# ■✳

■♥ &❤❡ ♥❡①& ❝❤❛♣&❡1# ✇❡ ❢❛❝❡ #❡✈❡1❛❧ &②♣❡ ♦❢ #❡(✉❡♥❝❡ #&1✉❝&✉1❡#✿ ❢1♦♠ &❤❡ ♠♦#& ❣❡♥❡1❛❧ ❜❧♦❝❦

k✲❧❡✈❡❧ #❡&&✐♥❣ &♦ &❤❡ #✐♠♣❧❡#& #❝❛❧❛1✱ ♦♥❡✲❧❡✈❡❧ ❝❛#❡✳ ❈❧❡❛1❧② ❢♦1♠✉❧❛ ✭✷✮ ✐# ♣1♦♣❡1❧② ♠♦❞✐✜❡❞

❢♦1 &❤❡ ♠♦1❡ ❣❡♥❡1❛❧ &②♣❡# ♦❢ &1❡❛&❡❞ #&1✉❝&✉1❡❞ #❡(✉❡♥❝❡#✳ ■♥❞❡❡❞✱ ✇✐&❤ &❤❡ ♦❜✈✐♦✉# ❝❤❛♥❣❡# ♦❢

♥♦&❛&✐♦♥✱ &❤❡ ✉♥✐✈❡1#❛❧ 1♦❧❡ ♦❢ &❤❡ #②♠❜♦❧ ✐# ❜❡✐♥❣ ♦♥❡ ♦❢ &❤❡ &♦♦❧ ❢♦1 ❝♦♠♣❛❝&❧② ❞❡#❝1✐❜✐♥❣ &❤❡

❛#②♠♣&♦&✐❝ ❜❡❤❛✈✐♦1 ♦❢ &❤❡ ❡✐❣❡♥✈❛❧✉❡# ❬#✐♥❣✉❧❛1 ✈❛❧✉❡#❪ ♦❢ An✱ ❢♦1 ❧❛1❣❡ n✳

■♥ ❈❤❛♣"❡# ■■ ✇❡ ❝♦♥#✐❞❡1 &❤❡ ●▲❚ #❡(✉❡♥❝❡ ❛1✐#✐♥❣ ❢1♦♠ &❤❡ ❛♣♣1♦①✐♠❛&✐♦♥ ♦❢ &❤❡ ✐♥❝♦♠✲

♣1❡##✐❜❧❡ ◆❛✈✐❡1✲❙&♦❦❡# ❡(✉❛&✐♦♥# ❜② #❡♠✐✲✐♠♣❧✐❝✐& ❉✐#❝♦♥&✐♥♦✉# ●❛❧❡1❦✐♥ ♠❡&❤♦❞# ♦♥  !❛❣❣❡%❡❞

♠❡ ❤❡ ✭❙❉●✮✱ ✐♥&1♦❞✉❝❡❞ ✐♥ ❬✻✺✱ ✻✻✱ ✶✸✺✱ ✶✸✼❪✳

❚❤❡#❡ ♥❡✇ #❝❤❡♠❡# ❤❛✈❡ ♥❡✈❡1 ❜❡❡♥ ❛♥❛❧②③❡❞ ✇✐&❤ ●▲❚ &❡❝❤♥✐(✉❡# ❜❡❢♦1❡✳ ❚❤❡1❡❢♦1❡ &❤❡

✜1#& ❛✐♠ ✐# &❤❡♦1❡&✐❝❛❧ ❛♥❞ ❝♦♥❝❡1♥# &❤❡ ♣♦##✐❜✐❧✐&② ♦❢ ✉#✐♥❣ ❛♥❞ ❡①&❡♥❞✐♥❣ &❤❡ #♣❡❝&1❛❧ &♦♦❧#

♠❡♥&✐♦♥❡❞ #♦ ❢❛1 &♦ &❤✐# ♥❡✇ ♥✉♠❡1✐❝❛❧ ❢1❛♠❡✇♦1❦ ❛♥❞ ♦❢ #&✉❞②✐♥❣ ✐&# ♣1♦♣❡1&✐❡#✳ ❙♣❡❝✐❛❧ ❛&&❡♥✲

&✐♦♥ ✐# ❣✐✈❡♥ &♦ &❤❡ #&1✉❝&✉1❛❧ ❛♥❞ #♣❡❝&1❛❧ ❛♥❛❧②#✐# ♦❢ &❤❡ ✐♥✈♦❧✈❡❞ ❧✐♥❡❛1 #②#&❡♠#✱ ✐♥ ♣❛1&✐❝✉❧❛1✿

#&1✉❝&✉1❛❧ ♣1♦♣❡1&✐❡#✱ ✐♥ ❝♦♥♥❡❝&✐♦♥ ✇✐&❤ ♠✉❧&✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐&③✲❧✐❦❡ ✭❛♥❞ ❝✐1❝✉❧❛♥&✮ ♠❛&1✐❝❡#✱

❞✐#&1✐❜✉&✐♦♥ #♣❡❝&1❛❧ ❛♥❛❧②#✐# ✐♥ &❤❡ ❲❡②❧ #❡♥#❡✱ ❝♦♥❞✐&✐♦♥✐♥❣✱ ❛#②♠♣&♦&✐❝ ❜❡❤❛✈✐♦✉1 ♦❢ &❤❡ ❡①✲

&1❡♠❛❧ ❡✐❣❡♥✈❛❧✉❡# ✈✐❛ ❧♦✇ 1❛♥❦ ♣❡1&✉1❜❛&✐♦♥# ❛♥❞ #&✉❞② ♦❢ ♦✉&❧✐❡1#✳ ■♥ &✉1♥ ❛❧❧ ♦❢ &❤❡♠ ❛1❡

♦❢ ✐♥&❡1❡#& ❢♦1 ♥✉♠❡1✐❝ ❛♥❞ ❛❧❣♦1✐&❤♠✐❝ ♣✉1♣♦#❡#✿ &❤❡ ❛♥❛❧②#✐# ♦❢ &❤❡ ✐♥&1✐♥#✐❝ ❞✐✣❝✉❧&② ♦❢ &❤❡

♣1♦❜❧❡♠ ❛✐♠❡❞ ❛& ❞❡#✐❣♥✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ ✭♣1❡❝♦♥❞✐&✐♦♥❡❞✮ ❑1②❧♦✈ ♠❡&❤♦❞# ❬✺✱ ✶✶❪✳

❋✐1#& ✇❡ ❢♦❧❧♦✇ ❛ ❝❧❛##✐❝❛❧ ♣1❡❝♦♥❞✐&✐♦♥✐♥❣ #&1❛&❡❣②✱ ❞❡#✐❣♥✐♥❣ ❛ X1❡❝♦♥❞✐&✐♦♥❡❞ ❈♦♥❥✉❣❛&❡

●1❛❞✐❡♥& ✭X❈●✮ ♠❡&❤♦❞✱ ✇✐&❤ ❝✐1❝✉❧❛♥& ❙&1❛♥❣ ♣1❡❝♦♥❞✐&✐♦♥❡1✳ ❇✉& ✐♥ ❛ ♠✉❧&✐❧❡✈❡❧ #❡&&✐♥❣✱

✇❤❡♥ ❛♥ ❛#②♠♣&♦&✐❝ ❝♦♥❞✐&✐♦♥ ✐# ♣1❡#❡♥&✱ ❛# ✐& ✐# ✇❡❧❧✲❦♥♦✇♥ ✐♥ &❤❡ ❧✐&❡1❛&✉1❡ ❬✾✽✱ ✶✷✹✱ ✶✷✾❪✱

✈✐✐



 ❤❡ ✉$❡ ♦❢ ❛♥② ❝✐,❝✉❧❛♥ ♣,❡❝♦♥❞✐ ✐♦♥❡, ♣❡,♠✐ $  ♦ ,❡❛❝❤ ❛ ♠♦$ ❛ $✉❜✲♦♣ ✐♠❛❧ ❝♦♥✈❡,❣❡♥❝❡

♦❢  ❤❡ 5❈● ♠❡ ❤♦❞✳ ❙♦ ❛ ♠♦,❡ ♦,✐❣✐♥❛❧ ❛♥❞ ❡✣❝✐❡♥ ❛♣♣,♦❛❝❤ ✐$  ♦ ❞❡$✐❣♥ ❛ ❜❧♦❝❦ ♠✉❧ ✐❧❡✈❡❧

♠✉❧ ✐❣,✐❞ ♣,♦❝❡❞✉,❡ ✇✐ ❤  ✇♦ ❣,✐❞$ ✭❚●▼✮✱  ❤❛ ✇✐❧❧ ❡♥$✉,❡ ❝♦♥✈❡,❣❡♥❝❡ ❛♥❞ ♦♣ ✐♠❛❧✐ ② ✐♥  ❡,♠$

♦❢ ✐ ❡,❛ ✐♦♥$✳ ❆❧ ❤♦✉❣❤✱ ✉♣  ♦ ♦✉, ❦♥♦✇❧❡❞❣❡✱ ♠❛♥②  ❤❡♦,❡ ✐❝❛❧ ,❡$✉❧ $ ♦♥ ♠✉❧ ✐❣,✐❞ ❝♦♥✈❡,❣❡♥❝❡

✐♥ ❜❧♦❝❦ $❡  ✐♥❣$ ❛,❡ $ ✐❧❧ ♠✐$$✐♥❣ ♦, ✐♥ ♣,❡♣❛,❛ ✐♦♥ ❬✶✸✵❪✱ ✇❡ ✈❛❧✐❞❛ ❡  ❤❡♠ ♥✉♠❡,✐❝❛❧❧②✳ ❚❤❡

❝❤♦✐❝❡ ♦❢  ❤❡ ❛♣♣,♦♣,✐❛ ❡ $♠♦♦ ❤❡, ❛♥❞ ♣,♦❧♦♥❣❛ ✐♦♥ ♦♣❡,❛ ♦,$ ❛,❡ ❥✉$ ✐✜❡❞ ❜②  ❤❡ ▲❛♣❧❛❝✐❛♥

♥❛ ✉,❡ ♦❢  ❤❡ $②♠❜♦❧ ❛♥❞ $✉♣♣♦, ❡❞ ❜②  ❤❡ ❡♥❝♦✉,❛❣✐♥❣ ,❡$✉❧ $ ✐♥ ❛ ❜❧♦❝❦ ❝♦♥ ❡① ✐♥ ❬✹✽❪✱ ❛♥❞

✐♥  ❤❡ $❝❛❧❛, ♠✉❧ ✐❧❡✈❡❧ ❝❛$❡$ ❬✷✱ ✸✱ ✻✾❪✳

▼♦,❡♦✈❡,✱ ❜❛$❡❞ ♦♥  ❤❡ ❝♦♥❝❡♣ ♦❢ $②♠❜♦❧✱ ✐ ❤❛$ ❜❡❡♥ ♣♦$$✐❜❧❡  ♦ ❞❡$✐❣♥ $♣❡❝✐✜❝ ❢❛$ ♠❡ ❤♦❞$

❢♦, $♦❧✈✐♥❣ ❧❛,❣❡ ❧✐♥❡❛, $②$ ❡♠$ ✇✐ ❤ ❛ ❚♦❡♣❧✐ ③ ♦, ❚♦❡♣❧✐ ③✲❧✐❦❡ $ ,✉❝ ✉,❡ ✐♥ ✈❛,✐♦✉$ $❡  ✐♥❣$✳

❲❤❡♥ $♣❡❛❦✐♥❣ ❛❜♦✉ ❚♦❡♣❧✐ ③✲❧✐❦❡ ♠❛ ,✐❝❡$✱ ✇❡ ❛,❡ ,❡❢❡,,✐♥❣  ♦ $♠❛❧❧ ♣❡, ✉,❜❛ ✐♦♥$ ♦❢ ❚♦❡♣❧✐ ③

♠❛ ,✐❝❡$ ♦, ❜❧♦❝❦ ❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$✱ ✇❤❡,❡  ❤❡ ♣,❡❝✐$❡ $ ,✉❝ ✉,❡ ✐$ ♦❜$❡,✈❡❞ ✇❤❡♥ ,❡♠♦✈✐♥❣ ❢❡✇

,♦✇$ ❛♥❞ ❝♦❧✉♠♥$✳

❇❡❝❛✉$❡ ♦❢  ❤❡✐, ♣❡,✈❛$✐✈❡ ❛♣♣❡❛,❛♥❝❡ ✐♥ ❛♥② $❤✐❢ ✲✐♥✈❛,✐❛♥ ♣,♦❜❧❡♠ ❬✼✱ ✸✷✱ ✾✸❪✱  ❤❡,❡ ❤❛$

❜❡❡♥ ❛ ❧♦ ♦❢ ❛  ❡♥ ✐♦♥ ♦♥ ❢❛$ ♠❡ ❤♦❞$ ❢♦, $♦❧✈✐♥❣ ❧❛,❣❡ ❧✐♥❡❛, $②$ ❡♠$ ✇✐ ❤ ❚♦❡♣❧✐ ③ ♦, ❚♦❡♣❧✐ ③✲

❧✐❦❡ $ ,✉❝ ✉,❡ ✭$❡❡  ❤❡ ,❡✈✐❡✇ ♣❛♣❡,$ ✐♥ ❬✸✷✱ ✾✸✱ ✾✹❪✮✱ ✐♥❝❧✉❞✐♥❣ ❜♦ ❤ ❞✐,❡❝ ❢❛$ ❛♥❞ $✉♣❡,❢❛$ 

$♦❧✈❡,$ ❬✾✸✱ ✾✹❪ ❛♥❞ ✐ ❡,❛ ✐✈❡ $♦❧✈❡,$ ❬✸✱ ✸✷❪✳

❍❡,❡ ✇❡ ❝♦♥$✐❞❡,  ❤❡ ♣,♦❜❧❡♠ ♦❢ ❝♦♠♣✉ ✐♥❣  ❤❡ $♣❡❝ ,✉♠ ❛♥❞✱ ❢♦, $✉❝❤  ②♣❡ ♦❢ ♣,♦❜❧❡♠$✱ ✇❡

❞❡✈❡❧♦♣❡ ❛ ❝❧❛$$ ♦❢ ❢❛$ ♠❡ ❤♦❞$ $ ❛, ✐♥❣ ❢,♦♠  ❤❡ ,❡$✉❧ $ ✐♥ ,❡❝❡♥ ✇♦,❦ ❬✻✷❪✱ ✇❤❡,❡ ❊❦$ ,W♠✱

●❛,♦♥✐✱ ❛♥❞ ❙❡,,❛✲❈❛♣✐③③❛♥♦ ❤❛✈❡ ❝♦♥❥❡❝ ✉,❡❞  ❤❡ ❡①✐$ ❡♥❝❡ ♦❢ ❛♥ ❛$②♠♣ ♦ ✐❝ ❡①♣❛♥$✐♦♥ ❢♦,  ❤❡

❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❜❛♥❞❡❞ $②♠♠❡ ,✐❝ ❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$✳ ■♥❞❡♣❡♥❞❡♥ ❧② ❇♦❣♦②❛✱ ❇W  ❝❤❡,✱ ●,✉❞$❦②✱

❛♥❞ ▼❛①✐♠❡♥❦♦ ❬✶✻✱ ✶✼✱ ✶✾❪ ❤❛✈❡ ♦❜ ❛✐♥❡❞  ❤❡ ♣,❡❝✐$❡ ❛$②♠♣ ♦ ✐❝ ❡①♣❛♥$✐♦♥ ❢♦,  ❤❡ ❡✐❣❡♥✈❛❧✉❡$

♦❢ ❛ $❡Y✉❡♥❝❡ ♦❢ ❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$ {Tn(f)}n✱ ✉♥❞❡, $✉✐ ❛❜❧❡ ❛$$✉♠♣ ✐♦♥$ ♦♥  ❤❡ ❛$$♦❝✐❛ ❡❞

❣❡♥❡,❛ ✐♥❣ ❢✉♥❝ ✐♦♥ f ✳

■♥ ❬✻✷❪  ❤❡ ❛✉ ❤♦,$ ♣,♦✈✐❞❡❞ ♥✉♠❡,✐❝❛❧ ❡✈✐❞❡♥❝❡$  ❤❛ $♦♠❡ ♦❢  ❤♦$❡ ❛$$✉♠♣ ✐♦♥$ ❝❛♥ ❜❡

,❡❧❛①❡❞✱ ♠❛✐♥ ❛✐♥✐♥❣ ♦♥❧②  ❤❡ ❤②♣♦ ❤❡$✐$ ♦♥ f ♦❢ ❜❡✐♥❣ ❛ ,❡❛❧ ❝♦$✐♥❡  ,✐❣♦♥♦♠❡ ,✐❝ ♣♦❧②♥♦♠✐❛❧

✭❘❈❚$✮✱ ♠♦♥♦ ♦♥❡ ♦♥  ❤❡ ❞♦♠❛✐♥✳

❙ ✉❞②✐♥❣  ❤❡ ❡,,♦,$ ♦❢  ❤❡ ❛♣♣,♦①✐♠❛ ✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡$ ❜② ✉♥✐❢♦,♠ $❛♠♣❧✐♥❣ ♦❢  ❤❡ $②♠✲

❜♦❧✱ ✇❡ ❞❡✈✐$❡ ❛♥ ❡① ,❛♣♦❧❛ ✐♦♥ ♣,♦❝❡❞✉,❡ ❢♦, ❝♦♠♣✉ ✐♥❣  ❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❜❛♥❞❡❞ $②♠♠❡ ,✐❝

❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$ ♦❢ ✈❡,② ❧❛,❣❡ ❞✐♠❡♥$✐♦♥✳ ❚❤❡ ❛❧❣♦,✐ ❤♠ ✐$ ♣❡,❢♦,♠❡❞ ✇✐ ❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝✲

❝✉,❛❝② ❛♥❞ ♦♥❧② ❛  ❤❡ ❝♦$ ♦❢ ❝♦♠♣✉ ✐♥❣  ❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❛ ♠♦❞❡,❛ ❡ ♥✉♠❜❡, ♦❢ $♠❛❧❧ $✐③❡❞

♠❛ ,✐❝❡$✳

❋,♦♠ ❛  ❤❡♦,❡ ✐❝❛❧ ✈✐❡✇♣♦✐♥ ✱ ✐♥ ❈❤❛♣)❡+, ■■■✱ ■❱✱ ❱  ❤❡ ❛$$✉♠♣ ✐♦♥$ ♦♥  ❤❡ ❣❡♥❡,❛ ✐♥❣

❢✉♥❝ ✐♦♥ ❤❛✈❡ ❜❡❡♥ ,❡❧❛①❡❞ ❛♥❞ ❡① ❡♥❞❡❞ ❛❧$♦ ❢♦,  ❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢✿

✶✳ ♣,❡❝♦♥❞✐ ✐♦♥❡❞ ❜❛♥❞❡❞ $②♠♠❡ ,✐❝ ❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$ ❬✶❪❀

✷✳ ❚♦❡♣❧✐ ③✲❧✐❦❡ ♠❛ ,✐❝❡$✱ n−1K
[p]
n ✱ nM

[p]
n ✱ n−2L

[p]
n ✱ ❝♦♠✐♥❣ ❢,♦♠  ❤❡ ❇✲$♣❧✐♥❡ ■❣❆ ❛♣♣,♦①✐♠❛✲

 ✐♦♥ ♦❢ −u′′ = λu✱ ♣❧✉$ ✐ $ ♠✉❧ ✐✈❛,✐❛ ❡ ❝♦✉♥ ❡,♣❛, ❢♦, −∆u = λu ❬✺✽❪❀

✸✳ ❜❧♦❝❦ ❛♥❞ ♣,❡❝♦♥❞✐ ✐♦♥❡❞ ❜❧♦❝❦ ❜❛♥❞❡❞ $②♠♠❡ ,✐❝ ❚♦❡♣❧✐ ③ ♠❛ ,✐❝❡$ ❬✻✵❪✳

❲❡ ❛❧$♦ ♣,♦✈❡✱ ❢♦, ❛❧❧ ❝♦♥ ❡① $ ❛❜♦✈❡✱  ❤❡ ✜,$ ♦,❞❡, ❛$②♠♣ ♦ ✐❝  ❡,♠ ♦❢  ❤❡ ❡①♣❛♥$✐♦♥ ❛♥❞

✇❡ ❝♦♠♣❧❡♠❡♥  ❤❡ ,❡$✉❧ $ ♦❢ ❬✺✶✱ ✼✶✱ ✼✷✱ ✼✸✱ ✼✹✱ ✼✻✱ ✼✼❪✱ ♣,♦✈✐♥❣ $❡✈❡,❛❧ ✐♠♣♦, ❛♥ ❛♥❛❧② ✐❝

♣,♦♣❡, ✐❡$ ♦❢ ep(θ)✱ $♣❡❝ ,❛❧ $②♠❜♦❧ ♦❢ {n−2L
[p]
n }n✳

✈✐✐✐



■♥"#♦❞✉❝"✐♦♥ ❛♥❞ ♠♦"✐✈❛"✐♦♥

❋♦" ■$❡♠ ✸ ✇❡ ❝♦♥+✐❞❡" $❤❡ ♥❛$✉"❛❧ ❡①$❡♥+✐♦♥ ♦❢ $❤❡ ❛♥❛❧②+✐+ ❢♦" $❤❡ ❝❛+❡ ♦❢ f ❜❡✐♥❣ ❛♥ s× s

♠❛$"✐①✲✈❛❧✉❡❞ ❢✉♥❝$✐♦♥ ✇✐$❤ s ≥ 1✱ ❛♥❞ Tn(f) $❤❡ ❜❧♦❝❦ ❚♦❡♣❧✐$③ ♠❛$"✐① ❣❡♥❡"❛$❡❞ ❜② f ✳ ❍❡♥❝❡

$❤❡ ♥❛$✉"❛❧ +$❡♣ ✐+ $❤❛$ ♦❢ ❞❡"✐✈✐♥❣ $❤❡ ❛♥❛❧♦❣♦✉+ ❝♦♥❞✐$✐♦♥+ ✇❤✐❝❤ ❡♥+✉"❡ $❤❡ ❡①✐+$❡♥❝❡ ♦❢ ❛♥

❛+②♠♣$♦$✐❝ ❡①♣❛♥+✐♦♥ ❢♦" $❤❡ ❡✐❣❡♥✈❛❧✉❡+ ✐♥ ❜❧♦❝❦ +❡$$✐♥❣+✳ ■♥ ♣❛"$✐❝✉❧❛" ❤♦✇ $❤❡ ❛++✉♠♣$✐♦♥+ ♦♥

$❤❡ +❝❛❧❛" +②♠❜♦❧ f ♦❢ ❜❡✐♥❣ ❛ "❡❛❧✱ ♠♦♥♦$♦♥❡✱ ❝♦+✐♥❡ $"✐❣♦♥♦♠❡$"✐❝ ♣♦❧②♥♦♠✐❛❧ ❛"❡ $"❛♥+❢♦"♠❡❞

❢♦" $❤❡ ♠❛$"✐①✲✈❛❧✉❡❞ +②♠❜♦❧ ❢✳ ❍❡"❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝$✐♦♥+ ♦❢ f ✱ λ(i)(f), i = 1, . . . , s✱ ♣❧❛②

❛♥ ❛♥❛❧♦❣♦✉+ "♦❧❡ ♦❢ f ❢♦" $❤❡ +❝❛❧❛" ❝❛+❡+✳ ❋✉"$❤❡"♠♦"❡ ✇❡ ❞❡❛❧ ✇✐$❤ $❤❡ ❝♦♥✈❡"+✐♦♥ ❢"♦♠

♣♦❧②♥♦♠✐❛❧ ✭❘❈❚1✮ $♦ ❍❡"♠✐$✐❛♥ ♠❛$"✐①✲✈❛❧✉❡❞ $"✐❣♦♥♦♠❡$"✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❍❚1✮✳

❚❤❡ ❤✐❞❞❡♥ ✐❞❡❛ ❢♦" $❤❡ ❝♦♥+✐❞❡"❡❞ ❛+②♠♣$♦$✐❝ ❡①♣❛♥+✐♦♥ ✐+ ❜❛+❡❞ ♦♥ $❤❡ "✐❣❤$ "❡♦"❞❡"✐♥❣ ♦❢

❡✐❣❡♥✈❛❧✉❡+ ✇✐$❤ "❡+♣❡❝$ $♦ $❤❡ ❡✈❛❧✉❛$✐♦♥+ ♦❢ f ✭♦❢ λ(i)(❢), i = 1, . . . , s✱ ✐♥ ❝❛+❡ s > 1✮✳ ■♥❞❡❡❞

❢♦" s = 1✱ $❤❡ ❛++✉♠♣$✐♦♥ ♦❢ ♠♦♥♦$♦♥✐❝✐$② ♦❢ f ✐+ ❝"✉❝✐❛❧ $♦ ❡♥+✉"❡ $❤❡ ❝♦""❡❝$ ❝♦♠❜✐♥❛$✐♦♥ ♦❢

❡✐❣❡♥✈❛❧✉❡+ ❛♥❞ ❡✈❛❧✉❛$✐♦♥+✳ ❆♥❛❧♦❣♦✉+❧②✱ ❢♦" s > 1✱ $❤❡ "✐❣❤$ "❡♦"❞❡"✐♥❣ ❛♥❞ $❤❡ ✈❛❧✐❞✐$② ♦❢ ❡①✲

♣❛♥+✐♦♥ ❛"❡ ❣✉❛"❛♥$❡❡❞ ❣❧♦❜❛❧❧② ♦♥ $❤❡ +♣❡❝$"✉♠✱ "❡C✉✐"✐♥❣ $❤❡ ♠♦♥♦$♦♥✐❝✐$② ♦❢ ❡✈❡"② ❡✐❣❡♥✈❛❧✉❡

❢✉♥❝$✐♦♥+ ❛♥❞ $❤❡ ❡♠♣$② ✐♥$❡"+❡❝$✐♦♥ ♦❢ $❤❡ "❛♥❣❡+ $✇♦ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝$✐♦♥ λ(j)(f) ❛♥❞ λ(k)(f)✱

❢♦" ❡✈❡"② ♣❛✐" ♦❢ ✐♥❞✐❝❡+ j, k ∈ {1, . . . , s} +✉❝❤ $❤❛$ j 6= k✳ ■❢ $❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐$✐♦♥ ✐+ ✈✐♦❧❛$❡❞✱ ✐$

✐+✱ ❤♦✇❡✈❡"✱ ♣♦++✐❜❧❡ $♦ "❡❝♦✈❡" $❤❡ ❛+②♠♣$♦$✐❝ ❡①♣❛♥+✐♦♥ ❢♦" $❤❡ ♣♦"$✐♦♥ ♦❢ +♣❡❝$"✉♠ ❛++♦❝✐❛$❡❞

$♦ $❤♦+❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝$✐♦♥+ ✇❤✐❝❤ ✈❡"✐❢② ❧♦❝❛❧❧② ❜♦$❤ $❤❡ ♥♦♥✲✐♥$❡"+❡❝$✐♦♥ ❛♥❞ ♠♦♥♦$♦♥✐❝✐$②

❝♦♥❞✐$✐♦♥+✳

❚❤❡ ❛+②♠♣$♦$✐❝ +♣❡❝$"❛❧ ❡①♣❛♥+✐♦♥ ❜❡❝♦♠❡+ ❛ ♣♦$❡♥$✐❛❧ $♦♦❧ ❢♦" $❤❡ ❝♦♠♣✉$❛$✐♦♥ ♦❢ $❤❡

+♣❡❝$"✉♠ ♦❢ ❞✐✛❡"❡♥$✐❛❧ ♦♣❡"❛$♦"+✳ ■♥ ❈❤❛♣"❡# ■❱ ✇❡ ♣❡"❢♦"♠ ❛ ❞❡$❛✐❧❡❞ +♣❡❝$"❛❧ ❛♥❛❧②+✐+ ♦❢

$❤❡ ♠❛$"✐❝❡+ n−1K
[p]
n , nM

[p]
n , n−2L

[p]
n ✳

■♥ ♣❛"$✐❝✉❧❛" ❢♦" p ≥ 3✱ ✇❡ ♣"♦✈✐❞❡ ♥✉♠❡"✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❛ ♣"❡❝✐+❡ ❛+②♠♣$♦$✐❝ ❡①♣❛♥+✐♦♥ ❢♦"

$❤❡ ❡✐❣❡♥✈❛❧✉❡+✱ ❡①❝❡♣$ ❢♦" $❤❡ ❧❛"❣❡+$ noutp = n−mod(p, 2) ♦✉$❧✐❡"+✱ ♦❢ n−2L
[p]
n ✳

■♥ ❛❞❞✐$✐♦♥✱ ❢♦" p = 1 ❛♥❞ p = 2✱ ✇❡ ❝♦♠♣✉$❡ $❤❡ ❡①❛❝$ ❡✐❣❡♥✈❛❧✉❡+ ❛♥❞ ❡✐❣❡♥✈❡❝$♦"+ ♦❢ K
[p]
n ✱

M
[p]
n ✱ ❛♥❞ L

[p]
n ✳ ■♥ ❜♦$❤ ❝❛+❡+ ♦❢ p✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡+ ❛"❡ ❣✐✈❡♥ "❡+♣❡❝$✐✈❡❧② ❜② fp(θj,n)✱ gp(θj,n)✱

❛♥❞ ep(θj,n)✱ ❢♦" j = 1, . . . , n+p−2✱ θj,n = jπ/n✱ ✇❤❡"❡ fp(θ)✱ gp(θ)✱ ❛♥❞ ep(θ) ❛"❡ $❤❡ ❢✉♥❝$✐♦♥+

$❤❛$ +♣❡❝$"❛❧❧② ❞❡+❝"✐❜❡ $❤❡ +❡C✉❡♥❝❡+ {n−1K
[p]
n }n✱ {nM [p]

n }n✱ ❛♥❞ {n−2L
[p]
n }n✱ "❡+♣❡❝$✐✈❡❧② ❬✼✼✱

❙❡❝$✐♦♥ ✶✵✳✼❪✳ ❚❤❡ ❡①❛❝$ ❝♦♠♣✉$❛$✐♦♥ ✐+ ♠❛❞❡ ♣♦++✐❜❧❡ +✐♥❝❡ $❤❡ ♠❛$"✐❝❡+ K
[p]
n , M

[p]
n , L

[p]
n ❜❡❧♦♥❣

$♦ $❤❡ +❛♠❡ ♠❛$"✐① ❛❧❣❡❜"❛✳ ❇② ✉+✐♥❣ $❡♥+♦"✲♣"♦❞✉❝$ ❛"❣✉♠❡♥$+ ✇❡ ❝❛♥ ❛❧+♦ ♣"❡+❡♥$ ❛ ❞❡$❛✐❧❡❞

❡①$❡♥+✐♦♥ ♦❢ $❤❡ ✇❤♦❧❡ ❛♥❛❧②+✐+ $♦ $❤❡ ❣❡♥❡"❛❧ k✲❞✐♠❡♥+✐♦♥❛❧ +❡$$✐♥❣✳

❲❡ +❤♦✇ ✐♥❞❡❡❞ $❤❛$ $❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝$♦" +$"✉❝$✉"❡ ♦❢ $❤❡ ♠❛$"✐① ❛"✐+✐♥❣ ❢"♦♠ $❤❡ ■❣❆

❛♣♣"♦①✐♠❛$✐♦♥ ♦❢ $❤❡ ✶❉ ♣"♦❜❧❡♠




−u′′(x) = λu(x), x ∈ (0, 1),

u(0) = u(1) = 0,
✭✸✮

❝♦♠♣❧❡$❡❧② ❞❡$❡"♠✐♥❡+ $❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝$♦" +$"✉❝$✉"❡ ♦❢ $❤❡ ♠❛$"✐① L
[p]
n ✐♥ $❤❡ k✲❞✐♠❡♥+✐♦♥❛❧

+❡$$✐♥❣✳

❚❤❡ ❡①❛❝$ ❢♦"♠✉❧❛❡ ❢♦" $❤❡ ❡✐❣❡♥✈❛❧✉❡+ ❛"❡ ❛❧+♦ ♣"❡+❡♥$❡❞ ✐♥❈❤❛♣"❡# ❱ ❢♦" $❤❡ +❝❛❧❡❞ ♠❛$"✐①

+❡C✉❡♥❝❡+✱ {M (p)
n }n✱ {K(p)

n }n ❛♥❞ {L(p)
n }n = {(M (p)

n )−1K
(p)
n }n✱ ❝♦♠✐♥❣ ❢"♦♠ ♦"❞❡" p ▲❛❣"❛♥❣✐❛♥

❋✐♥✐$❡ ❊❧❡♠❡♥$ ❛♣♣"♦①✐♠❛$✐♦♥+ ♦❢ ❛ +❡❝♦♥❞ ♦"❞❡" ❡❧❧✐♣$✐❝ ❞✐✛❡"❡♥$✐❛❧ ♣"♦❜❧❡♠✳ ❚❤❡ ❛❧❣♦"✐$❤♠

$❤❛$ ❡①❛❝$❧② ❝♦♠♣✉$❡+ $❤❡ +♣❡❝$"✉♠ ♦❢ $❤❡ ♠❛++ M
(p)
n ✱ +$✐✛♥❡++ K

(p)
n ❛♥❞ L

(p)
n ✐+ ❜❛+❡❞ ♦♥ ❛

♣"♦♣❡" ❡✈❛❧✉❛$✐♦♥ ♦❢ $❤❡ +♣❡❝$"❛❧ +②♠❜♦❧+ ❣✱ ❢ ❛♥❞ # ♦♥ $❤❡ ❝♦""❡❝$ ❣"✐❞✳

✐①



❈❤❛♣$❡&' ■■■✱ ■❱✱ ❱ ❛!❡ ❝♦♠♣❧❡(❡❞ ❢!♦♠ (❤❡ ❝♦♠♣✉(❛(✐♦♥❛❧ ✈✐❡✇♣♦✐♥( ❜② ❞❡❧✐✈❡!✐♥❣ ❢❛4(

✭❛♥❞ ♣❛!❛❧❧❡❧✮ ✐♥(❡!♣♦❧❛(✐♦♥✕❡①(!❛♣♦❧❛(✐♦♥ ❛❧❣♦!✐(❤♠4 ❢♦! ❝♦♠♣✉(✐♥❣ (❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ ■(❡♠4 ✶✱

✷✱ ✸✳

■♥ ❛❧❧ (❤❡ (!❡❛(❡❞ ❝❛4❡4 (❤❡ !❡4✉❧(✐♥❣ ❛❧❣♦!✐(❤♠4 ❝❛♥ ❜❡ ✐♥(❡!♣!❡(❛(❡❞ ❛4 ❡✐❣❡♥4♦❧✈❡!4 (❤❛( ❞♦

♥♦( ♥❡❡❞ (♦ 4(♦!❡ ❡✐(❤❡! (❤❡ ❝♦❡✣❝✐❡♥(4 ♦❢ (❤❡ ♠❛(!✐❝❡4 ♦! ♣❡!❢♦!♠ ♠❛(!✐①✲✈❡❝(♦! ♣!♦❞✉❝(4✱ ❛♥❞

❢♦! (❤✐4 !❡❛4♦♥ (❤❡② ❤❛✈❡ ❜❡❡♥ !❡❝❡♥(❧② ❞❡✜♥❡❞ ♠❛"#✐①✲❧❡)) 4♦❧✈❡!4 ❬✺✼❪✳

❲❡ ♣!❡4❡♥( ❛♥❞ ❝!✐(✐❝❛❧❧② ❛♥❛❧②③❡ ♠❛♥② ♥✉♠❡!✐❝❛❧ ❡①❛♠♣❧❡4✳ ❖♥ ♦♥❡ ❤❛♥❞ (❤✐4 ❤❛4 (❤❡

♣✉!♣♦4❡ (♦ ✈❛❧✐❞❛(❡ ❛♥❞ ♥✉♠❡!✐❝❛❧❧② ❝♦♥✜!♠ (❤❡ ♣!♦♣♦4❡❞ (❤❡♦!❡(✐❝❛❧ ❛♥❞ ❛❧❣♦!✐(❤♠✐❝ !❡4✉❧(4✳
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n ✱ L

[p]
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[p]
n ✱
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[p]
n ✱ ❡①❝❧✉❞✐♥❣ #❤❡ ❧❛)❣❡!# noutp =

p−2+mod(p, 2) ♦✉#❧✐❡)!✳ ❚❤❡ ♣❡)❢♦)♠❛♥❝❡ ♦❢ #❤❡ ❛❧❣♦)✐#❤♠ ✐! ✐❧❧✉!#)❛#❡❞ #❤)♦✉❣❤ ♥✉♠❡)✐❝❛❧

❡①♣❡)✐♠❡♥#!✳ ❲❡ ❡♥❞ #❤❡ ❝❤❛♣#❡) ✇✐#❤ ❛ ❞❡#❛✐❧❡❞ ❡①#❡♥!✐♦♥ ♦❢ #❤❡ ✇❤♦❧❡ ❛♥❛❧②!✐! #♦ #❤❡

❣❡♥❡)❛❧ k✲❞✐♠❡♥!✐♦♥❛❧ !❡##✐♥❣✳ ❇② ✉!✐♥❣ #❡♥!♦)✲♣)♦❞✉❝# ❛)❣✉♠❡♥#!✱ ✇❡ !❤♦✇ #❤❛# #❤❡

❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝#♦) !#)✉❝#✉)❡ ♦❢ #❤❡ ♠❛#)✐① ❛)✐!✐♥❣ ❢)♦♠ #❤❡ ■❣❆ ❛♣♣)♦①✐♠❛#✐♦♥ ✐♥ ♦♥❡

❞✐♠❡♥!✐♦♥ ✐! ❡♥♦✉❣❤ #♦ ❝♦✈❡) ❛❧!♦ #❤❡ ♠✉❧#✐❞✐♠❡♥!✐♦♥❛❧ ❝❛!❡✳

❼ ■♥ ❈❤❛♣"❡# ❱ ✇❡ ❢♦❝✉! ♦♥ #❤❡ ❣❡♥❡)❛❧✐③❛#✐♦♥ ♦❢ #❤❡ )❡!✉❧#! ♦❢ ❈❤❛♣"❡#1 ■■■✲■❱ ✉♥❞❡)

#❤❡ ❛!!✉♠♣#✐♦♥! #❤❛# f ✐! ❛ s× s ♠❛#)✐①✲✈❛❧✉❡❞ #)✐❣♦♥♦♠❡#)✐❝ ♣♦❧②♥♦♠✐❛❧ ✇✐#❤ s ≥ 1✱ ❛♥❞

Tn(f) ✐! #❤❡ ❛!!♦❝✐❛#❡❞ ❜❧♦❝❦ ❚♦❡♣❧✐#③ ♠❛#)✐①✱ ✇❤♦!❡ !✐③❡ ✐! N(n, s) = sn✳

❋✐)!# ✇❡ ♥✉♠❡)✐❝❛❧❧② ❞❡)✐✈❡ ❝♦♥❞✐#✐♦♥! ✇❤✐❝❤ ❡♥!✉)❡ #❤❡ ❡①✐!#❡♥❝❡ ♦❢ ❛♥ ❛!②♠♣#♦#✐❝ ❡①♣❛♥✲

!✐♦♥ ❢♦) #❤❡ ❡✐❣❡♥✈❛❧✉❡!✱ ❣❡♥❡)❛❧✐③✐♥❣ #❤♦!❡ ❢♦) #❤❡ !❝❛❧❛)✲✈❛❧✉❡❞ !❡##✐♥❣ s = 1✳ ❋✉)#❤❡)✲

♠♦)❡✱ ❢♦❧❧♦✇✐♥❣ #❤❡ ♣)♦♣♦!❛❧ ❢♦) s = 1 ✐♥ #❤❡ ♣)❡✈✐♦✉! ❝❤❛♣#❡)!✱ ✇❡ ❞❡✈✐!❡ ❛♥ ✐♥#❡)♣♦❧❛#✐♦♥✕

❡①#)❛♣♦❧❛#✐♦♥ ❛❧❣♦)✐#❤♠ ❢♦) ❝♦♠♣✉#✐♥❣ #❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ ❜❛♥❞❡❞ !②♠♠❡#)✐❝ ❜❧♦❝❦ ❚♦❡♣❧✐#③

♠❛#)✐❝❡!✱ ✇✐#❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉)❛❝② ❛♥❞ ❛ ❧♦✇ ❝♦♠♣✉#❛#✐♦♥❛❧ ❝♦!#✱ ❛♥❞ ✇❡ ♣)❡!❡♥# !❡✈❡)❛❧

❡①❛♠♣❧❡! ♦❢ ♣)❛❝#✐❝❛❧ ✐♥#❡)❡!#✳ ❋✉)#❤❡)♠♦)❡ ✇❡ ♣)♦✈✐❞❡ ❡①❛❝# ❢♦)♠✉❧❛❡ ❢♦) #❤❡ ❡✐❣❡♥✈❛❧✉❡!

♦❢ #❤❡ ♠❛#)✐❝❡! ❝♦♠✐♥❣ ❢)♦♠ #❤❡ Qp ▲❛❣)❛♥❣✐❛♥ ❋✐♥✐#❡ ❊❧❡♠❡♥# ❛♣♣)♦①✐♠❛#✐♦♥ ♦❢ ❛ !❡❝♦♥❞

♦)❞❡) ❡❧❧✐♣#✐❝ ❞✐✛❡)❡♥#✐❛❧ ♣)♦❜❧❡♠ ❛♥❞ #❤❡ ♣)❡❝♦♥❞✐#✐♦♥❡❞ ❜❧♦❝❦ ♠❛#)✐❝❡! ❝♦♠✐♥❣ ❢)♦♠ #❤❡

❝❧❛!!✐❝❛❧ ▲❛❣)❛♥❣✐❛♥ ❋✐♥✐#❡ ❊❧❡♠❡♥# ❛♣♣)♦①✐♠❛#✐♦♥ ♦❢ #❤❡ ❝❧❛!!✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣)♦❜❧❡♠ ❢♦)

#❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡)❛#♦) ✐♥ ♦♥❡ ❞✐♠❡♥!✐♦♥✳

❼ ❚❤❡ ❈❤❛♣"❡# ❱■ ❝♦♥#❛✐♥! #❤❡ ❛❞❞✐#✐♦♥❛❧ #❤❡♦)❡#✐❝❛❧ )❡!✉❧#! ❛♥❞ !♣❡❝✐✜❝❛#✐♦♥! )❡❧❛#❡❞ #♦

#❤❡ ❝♦♥#❡♥#! ✐♥ #❤❡ #❤❡!✐!✿ ✐# ✐! ❞✐✈✐❞❡❞ ✐♥ !❡✈❡♥ !❡❝#✐♦♥! ✇❤❡)❡ ❞✐✛❡)❡♥# #♦♣✐❝! ❛)❡ #)❡❛#❡❞✳

❚❤❡ ❝❤♦✐❝❡ ♦❢ ❝♦❧❧❡❝#✐♥❣ #❤❡♠ #♦❣❡#❤❡) ✐♥ #❤❡ ❡♥❞✱ ✐♥!#❡❛❞ ♥❡❛) #❤❡ )❡!♣❡❝#✐✈❡ ❝❤❛♣#❡)!✱ ✐!

♠❛❞❡ ✐♥ ♦)❞❡) #♦ ♠❛❦❡ #❤❡ #❡①# ♠♦)❡ )❡❛❞❛❜❧❡✱ ✇✐#❤♦✉# #❤❡ ✐♥#❡))✉♣#✐♦♥✱ ❡✳❣✳✱ ♦❢ #❤❡ ❧♦♥❣

❞❡)✐✈❛#✐♦♥! )❡♣)❡!❡♥#❡❞ ❜② #❤❡ ♣)♦♦❢ ♦❢ #❤❡ #❤❡♦)❡♠!✳
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❚❤❡ #❡$✉❧'$ ✇✐❧❧ ❜❡ ❛♥②✇❛② #❡❢❡##❡❞ '❤#♦✉❣❤ '❤❡ '❤❡$✐$✳ ❆♠♦♥❣ '❤❡♠ ✇❡ ♣#❡$❡♥' '❤❡ ♣#♦♦❢

♦❢ '❤❡ ✜#$' ♦#❞❡# ❛$②♠♣'♦'✐❝ '❡#♠ ♦❢ '❤❡ ❡①♣❛♥$✐♦♥ ❢♦# '❤❡ '❤#❡❡ ■'❡♠$ ✐♥ ✶✱ ✷✱ ✸✳ ❲❡

$❤♦✇ $❡✈❡#❛❧ '❤❡♦#❡'✐❝❛❧ #❡$✉❧'$ #❡❣❛#❞✐♥❣ ep(θ)✱ '❤❡ $②♠❜♦❧ ♦❢ '❤❡ ♥♦#♠❛❧✐③❡❞ $❡A✉❡♥❝❡

{n−2L
[p]
n }n ♦❢ ❈❤❛♣$❡& ■❱✱ $✉❝❤ ❛$ '❤❡ ♣#♦♦❢ ♦❢ ❛ ❝♦♥✈❡#❣❡♥❝❡ #❡$✉❧' ❛♥❞ ♦❢ ✐'$ ♠♦♥♦'♦♥❡

✐♥❝#❡❛$✐♥❣ ❜❡❤❛✈✐♦✉#✳ ❆$ ♦❜$❡#✈❡❞ ❜❡❢♦#❡✱ ✐♥ ❝♦♥♥❡❝'✐♦♥ ✇✐'❤ ❈❤❛♣$❡&) ■■■✱ ■❱✱ ❱✱ '❤❡

♠♦♥♦'♦♥✐❝✐'② ♦❢ '❤❡ $②♠❜♦❧ ✐$ ❝#✉❝✐❛❧ ❢♦# '❤❡ ❛$②♠♣'♦'✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥$✐♦♥$ ❛♥❞ ❢♦# '❤❡

♣#♦♣❡# ❡✣❝✐❡♥' ❜❡❤❛✈✐♦# ♦❢ ♦✉# ❛❧❣♦#✐'❤♠$✳

❆❧❧ ♦✉# ♣#✐♥❝✐♣❛❧ ✜♥❞✐♥❣$ ❛#❡ $✉♠♠❛#✐③❡❞ ✐♥ '❤❡ ❝♦♥❝❧✉$✐♦♥ ❝❤❛♣'❡#✳

❚❤❡ #❡$✉❧'$ ♦❢ ♦✉# #❡$❡❛#❝❤ ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐$❤❡❞ ♦# ❛#❡ ✐♥ '❤❡ ♣#♦❝❡$$ ♦❢ ♣✉❜❧✐❝❛'✐♦♥ ✐♥

❬✶✱ ✺✺✱ ✺✽✱ ✺✾✱ ✻✵✱ ✻✼❪✳

❲❡ $'#❡$$ '❤❛' '❤❡ ❈❤❛♣$❡&) ■■✱ ■■■✱ ■❱✱ ❱ ❢❛✐'❤❢✉❧❧② #❡♣♦#' '❤❡ ❝♦♥'❡♥'$ ♦❢ '❤❡ ♣❛♣❡#$

❬✶✱ ✺✺✱ ✺✽✱ ✻✵❪ #❡$♣❡❝'✐✈❡❧②✳ ❍♦✇❡✈❡#✱ ✐♥ ♦#❞❡# '♦ ❛✈♦✐❞ ♣♦$$✐❜❧❡ #❡♣❡'✐'✐♦♥$ ❛♥❞ '♦ ♠❛❦❡ '❤❡

#❡❛❞❛❜✐❧✐'② ♦❢ '❤❡ ✇❤♦❧❡ '❤❡$✐$ ❛$ ✢✉❡♥' ❛$ ♣♦$$✐❜❧❡✱ ✐♥ '❤❡ ♥❡①' ❝❤❛♣'❡#$ $♦♠❡ ♠✐♥✐♠❛❧ ❝❤❛♥❣❡$

❛#❡ ♣❡#❢♦#♠❡❞ ✇✐'❤ #❡$♣❡❝' '♦ ❬✶✱ ✺✺✱ ✺✽✱ ✻✵❪✳ ❋♦# ❡①❛♠♣❧❡✱ ✇❡ ✉$❡ '❤❡ ✉♥✐✜❡❞ ♥♦'❛'✐♦♥ $'❡♠♠✐♥❣

❢#♦♠ ❈❤❛♣$❡& ■✱ '❤❡ ♦#❞❡# ♦❢ '❤❡ $❡❝'✐♦♥$ ✐$ $♦♠❡'✐♠❡$ ✐♥✈❡#'❡❞✱ ❛♥❞ ✇❡ ✐♥'#♦❞✉❝❡ ❛❞❞✐'✐♦♥❛❧

♦❜$❡#✈❛'✐♦♥$ ❛♥❞ ❡①❛♠♣❧❡$✱ ✇❤✐❝❤ ❛#❡ ♥♦' ♣#❡$❡♥' ✐♥ '❤❡ ♣❛♣❡#$✱ ❜✉' ✇❤✐❝❤ ❤❡❧♣ '♦ ✐❧❧✉$'#❛'❡ ❛♥❞

❡①♣❧❛✐♥ ❜❡''❡# '❤❡ '#❡❛'❡❞ '♦♣✐❝$✳
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❈❤❛♣$❡& ■

❉❡✜♥✐%✐♦♥' ❛♥❞ ❦♥♦✇♥ ,❡'✉❧%'

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣-❡. ✐/ ❞❡✈♦-❡❞ -♦ /❡- -❤❡ ♥♦-❛-✐♦♥ ❛♥❞ -♦ ✐♥-.♦❞✉❝❡ -❤❡ ❞❡✜♥✐-✐♦♥/ ❛♥❞ ❢❡✇

❦♥♦✇♥ .❡/✉❧-/ ❛❞♦♣-❡❞ -❤.♦✉❣❤♦✉- ❛❧❧ ❝❤❛♣-❡./✳ ■♥ ♣❛.-✐❝✉❧❛.✱ ❛❢-❡. ❜❛/✐❝ ♥♦-✐♦♥/ ♦❢ ♥✉♠❡.✐❝❛❧

❧✐♥❡❛. ❛❧❣❡❜.❛✱ ✇❡ ♣.❡/❡♥- -❤❡ ♠✉❧-✐✲✐♥❞❡① ♥♦-❛-✐♦♥✱ -❤❛- ✇✐❧❧ ❜❡ ❧❛.❣❡❧② ✉/❡❞ -❤.♦✉❣❤♦✉- -❤❡

✇❤♦❧❡ -❤❡/✐/✳ ▼♦.❡♦✈❡. ✇❡ ♣.♦✈✐❞❡ -❤❡ ❢♦.♠✉❧❛-✐♦♥ ♦❢ -❤❡ ♠♦/- ❣❡♥❡.❛❧ ♠✉❧-✐❧❡✈❡❧ ❜❧♦❝❦ ❢♦.♠ ♦❢

❚♦❡♣❧✐-③ ❛♥❞ ❝✐.❝✉❧❛♥- ♠❛-.✐❝❡/ ❛♥❞ -❤❡✐. ♠❛✐♥ ❛❧❣❡❜.❛✐❝✱ /-.✉❝-✉.❛❧✱ ❛♥❞ /♣❡❝-.❛❧ ♣.♦♣❡.-✐❡/✳

❲❡ ✐♥-.♦❞✉❝❡ -❤❡ ❝♦♥❝❡♣- ♦❢ /♣❡❝-.❛❧✴/✐♥❣✉❧❛. ✈❛❧✉❡ ❞✐/-.✐❜✉-✐♦♥✱ ✇❡ /❤♦✇ ❦❡② .❡/✉❧-/ ♦♥ -❤❡

❡①-.❡♠❛❧ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ ❍❡.♠✐-✐❛♥ ❇❧♦❝❦ ❚♦❡♣❧✐-③ /❡C✉❡♥❝❡/✱ ❛♥❞ ✇❡ ❜.✐❡✢② ❞❡/❝.✐❜❡ -❤❡ ♠❛✐♥

♣.♦♣❡.-✐❡/ ♦❢ -❤❡ ●▲❚ ❝❧❛//✱ ✇❤✐❝❤ ❝❛♥ ❜❡ /❡❡♥ ❛/ ❛ ✈❛.✐❛❜❧❡ ❝♦❡✣❝✐❡♥- ❣❡♥❡.❛❧✐③❛-✐♦♥ ♦❢ -❤❡

❚♦❡♣❧✐-③ ♥♦-✐♦♥✳

❙-❛.-✐♥❣ ❢.♦♠ ❜❛/✐❝ ❢❡❛-✉.❡/ ♦❢ -.✐❣♦♥♦♠❡-.✐❝ ♣♦❧②♥♦♠✐❛❧/✱ ✇❡ ❢♦❝✉/ ♦✉. ❛--❡♥-✐♦♥ ♦♥ -❤❡

/♣❡❝✐❛❧ ❝❛/❡ ♦❢ ❚♦❡♣❧✐-③ ♠❛-.✐❝❡/ ❤❛✈✐♥❣ ❛ -.✐❣♦♥♦♠❡-.✐❝ ♣♦❧②♥♦♠✐❛❧ ❛/ ❣❡♥❡.❛-✐♥❣ ❢✉♥❝-✐♦♥✳ ■♥

♣❛.-✐❝✉❧❛.✱ ❛ ♣.❡❧✐♠✐♥❛.② ❛/②♠♣-♦-✐❝ ❡①♣❛♥/✐♦♥ ✐♥ -❡.♠/ ♦❢ -❤❡ ✜♥❡♥❡// ♣❛.❛♠❡-❡. .❡❧❛-❡❞ -♦ -❤❡

♠❛-.✐① /✐③❡ ✐/ ❛❧/♦ ♣.❡/❡♥-❡❞ ❢♦. -❤❡ /❝❛❧❛. ♥♦♥✲♣.❡❝♦♥❞✐-✐♦♥❡❞ ❝❛/❡✳

❚❤❡ ❝❤❛♣-❡. ❡♥❞/ .❡❝❛❧❧✐♥❣ ❛❞✈❛♥❝❡❞ ♠❡-❤♦❞/ ❢♦. /♦❧✈✐♥❣ ❧✐♥❡❛. /②/-❡♠/✱ ✐♥❝❧✉❞✐♥❣ ♣.❡❝♦♥✲

❞✐-✐♦♥✐♥❣ /-.❛-❡❣✐❡/ -♦ ❜❡ ✉/❡❞ ✐♥ ❝♦♥♥❡❝-✐♦♥✱ ❡✳❣✳✱ ✇✐-❤ ❑.②❧♦✈ /♦❧✈❡./ ❛♥❞ ♠✉❧-✐❣.✐❞ ♠❡-❤♦❞/

-❛✐❧♦.❡❞ ❢♦. ❚♦❡♣❧✐-③ /-.✉❝-✉.❡/✳

■✳✶ ●❡♥❡&❛❧ ♥♦*❛*✐♦♥

❼ Rm×n (Cm×n) ✐/ -❤❡ /♣❛❝❡ ♦❢ .❡❛❧ ✭❝♦♠♣❧❡①✮ m× n ♠❛-.✐❝❡/✳

❼ ■❢ x = [x1, . . . , xn] ∈ Cn
✐/ ❛ ✈❡❝-♦.✱

✕ xT ❞❡♥♦-❡ -❤❡ -.❛♥/♣♦/❡ ♦❢ x❀

✕ x∗ ❞❡♥♦-❡ -❤❡ ❝♦♥❥✉❣❛-❡ -.❛♥/♣♦/❡ ♦❢ x❀

❼ ■❢ A = [aij ]
n
i,j=1 ∈ Cn×n

✱

✕ AT
❞❡♥♦-❡ -❤❡ -.❛♥/♣♦/❡ ♦❢ A❀

✕ A∗
❞❡♥♦-❡ -❤❡ ❝♦♥❥✉❣❛-❡ -.❛♥/♣♦/❡ ♦❢ A❀

✕ rank(A) ✐/ -❤❡ .❛♥❦ ♦❢ A❀

✕ det(A) ✐/ -❤❡ ❞❡-❡.♠✐♥❛♥- ♦❢ A❀

✶



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✕ λj(A)✱ j = 1, . . . , n✱ ✭σj(A)✱ j = 1, . . . , n ✮ ❛$❡ &❤❡ ❡✐❣❡♥✈❛❧✉❡. ❬.✐♥❣✉❧❛$ ✈❛❧✉❡.❪ ♦❢ A❀

■❢ ♥♦& .♣❡❝✐✜❡❞ ❞✐✛❡$❡♥&❧②✱ ✇❡ ❛..✉♠❡ σ1(A) ≤ σ2(A) ≤ · · · ≤ σn(A)❀

✕ Λ(A) = {λ1(A), . . . , λn(A)} ✐. &❤❡ .♣❡❝&$✉♠ ♦❢ A❀

✕ ●✐✈❡♥ 1 ≤ p ≤ ∞✱ ‖A‖p ❞❡♥♦&❡. &❤❡ ❙❝❤❛&&❡♥ p✲♥♦$♠ ♦❢ ❆✱ ✇❤✐❝❤ ✐. ❞❡✜♥❡❞ ❛. &❤❡

p✲♥♦$♠ ♦❢ &❤❡ ✈❡❝&♦$ ♦❢ &❤❡ .✐♥❣✉❧❛$ ✈❛❧✉❡. [σ1(A), . . . , σn(A)]✳ ❚❤❡ ❙❝❤❛&&❡♥ ✶✲♥♦$♠

✐. ❛❧.♦ ❝❛❧❧❡❞ &❤❡ &$❛❝❡✲♥♦$♠ ❛♥❞ &❤❡ ❙❝❤❛&&❡♥ ∞✲♥♦$♠ ‖A‖∞ = σn(A) ✐. &❤❡ ❝❧❛..✐❝❛❧

✐♥❞✉❝❡❞ ❊✉❝❧✐❞❡❛♥ ♥♦$♠ ✭♦$ .♣❡❝&$❛❧ ♥♦$♠✮ ❛♥❞ ✐& ✐. ❛❧.♦ ❞❡♥♦&❡❞ ❜② ‖A‖✳

✕ κ(A) ✐. &❤❡ ❝♦♥❞✐&✐♦♥ ♥✉♠❜❡$ ♦❢ ❛♥ ✐♥✈❡$&✐❜❧❡ ♠❛&$✐① A ❞❡✜♥❡❞ ❛. &❤❡ G✉❛♥&✐&②

κ(A) = ‖A‖‖A−1‖ (≥ ‖AA−1‖ = 1).

■♥ ♣❛$&✐❝✉❧❛$✱ ✐❢ ✐♥ ❛❞❞✐&✐♦♥ A ✐. ♥♦$♠❛❧✱

κ(A) = ‖A‖‖A−1‖ =
σmax(A)

σmin(A)
=

maxj |λj(A)|
minj |λj(A)|

.

❼ ■❢ A, B ∈ Cn×n
✱

✕ A ∼ B ♠❡❛♥. &❤❛& A ✐. .✐♠✐❧❛$ &♦ B✱ &❤❛& ✐. &❤❡$❡ ❡①✐.&. ❛♥ ✐♥✈❡$&✐❜❧❡ ♠❛&$✐① P .✉❝❤

&❤❛& B = P−1AP ❀

✕ A ≥ B ✐❢ A ❛♥❞ B ❛$❡ ❍❡$♠✐&✐❛♥ ❛♥❞ A − B ✐. ❍❡$♠✐&✐❛♥ I♦.✐&✐✈❡ ❙❡♠✐❉❡✜♥✐&❡

✭❍I❙❉✮❀

✕ A > B ✐❢ A ❛♥❞ B ❛$❡ ❍❡$♠✐&✐❛♥ ❛♥❞ A−B ✐. ❍❡$♠✐&✐❛♥ I♦.✐&✐✈❡ ❉❡✜♥✐&❡ ✭❍I❉✮❀

❼ ✐❢ A ∈ Cn×n
✐. ❍I❉✱ ‖ · ‖A = ‖A1/2 · ‖2 ❞❡♥♦&❡. &❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦$♠ ✇❡✐❣❤&❡❞ ❜② A ♦♥ Cn

❛♥❞ &❤❡ ❛..♦❝✐❛&❡❞ ✐♥❞✉❝❡❞ ♠❛&$✐① ♥♦$♠✳

❼ Om ❛♥❞ Im ❛$❡ &❤❡ m×m ③❡$♦ ♠❛&$✐① ❛♥❞ ✐❞❡♥&✐&② ♠❛&$✐①✱ $❡.♣❡❝&✐✈❡❧②✳

❼ ei ❞❡♥♦&❡ &❤❡ i&❤ ✈❡❝&♦$ ♦❢ &❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛.✐. ♦❢ Rk
✳

❼ µk ❞❡♥♦&❡. &❤❡ ▲❡❜❡.❣✉❡ ♠❡❛.✉$❡ ✐♥ Rk
✳

❼ ι ✐. &❤❡ ✐♠❛❣✐♥❛$② ✉♥✐&✱ &❤❛& ✐. ι2 = −1✳

❼ ■❢ A,B ❛$❡ ♠❛&$✐❝❡. ♦❢ ❛♥② .✐③❡✱ .❛② A ∈ Cm1×m2
❛♥❞ B ∈ Cl1×l2

✱ &❤❡ &❡♥.♦$ ✭❑$♦♥❡❝❦❡$✮

♣$♦❞✉❝& ♦❢ A ❛♥❞ B ✐. &❤❡ m1l1 ×m2l2 ♠❛&$✐① ❞❡✜♥❡❞ ❜②

A⊗B = [aijB]i=1,...,m1 , j=1,...,m2 =




a11B . . . a1m2B

a21B . . . a2m2B
...

. . .
...

am11B . . . am1m2B



.

❼ ■❢ D ✐. ❛ ♠❡❛.✉$❛❜❧❡ .✉❜.❡& ♦❢ Rk
✱ ✇❡ ❞❡✜♥❡

✕ Lp(D) &❤❡ .♣❛❝❡ ♦❢ ♠❡❛.✉$❛❜❧❡ ❢✉♥❝&✐♦♥. f : D → C .✉❝❤ &❤❛&

∫

D
|f |p <∞, 1 ≤ p <∞;

✷



■✳✷✳ ▼✉❧&✐✲✐♥❞❡① ♥♦&❛&✐♦♥

✕ L∞(D) &❤❡ 0♣❛❝❡ ♦❢ ♠❡❛0✉5❛❜❧❡ ❢✉♥❝&✐♦♥0 f : D → C 0✉❝❤ &❤❛&

ess supD|f | <∞.

❼ ●✐✈❡♥ f ∈ Lp(D)✱ ✇❡ ✇5✐&❡ ‖f‖p &♦ ✐♥❞✐❝❛&❡ &❤❡ Lp
✲♥♦5♠ ♦❢ f ✱ &❤❛& ✐0

‖f‖p =





(∫
D |f |p

)1/p
, if 1 ≤ p <∞,

ess supD|f |, if p = ∞.

❼ ❲❡ ❞❡♥♦&❡ ❜② Ik &❤❡ k✲❞✐♠❡♥0✐♦♥❛❧ ❝✉❜❡ [−π, π]k ❛♥❞ ❜② Lp(k, s) &❤❡ ❧✐♥❡❛5 0♣❛❝❡ ♦❢

k✲✈❛5✐❛&❡ ♠❛&5✐①✲✈❛❧✉❡❞ ❢✉♥❝&✐♦♥0 ❢ : Ik → Cs×s
✱ ❢ ∈ Lp(Ik)✳ ❲❡ 5❡♠❛5❦ &❤❛& ❛ ♠❛&5✐①✲

✈❛❧✉❡❞ ❢✉♥❝&✐♦♥ ❢ ❜❡❧♦♥❣0 &♦ Lp(D) ✭5❡0♣✳ ✐0 ♠❡❛0✉5❛❜❧❡✱ ❝♦♥&✐♥✉♦✉0✱ ❜♦✉♥❞❡❞✱ ❡&❝✳✮ ✐❢

❛❧❧ ✐&0 ❝♦♠♣♦♥❡♥&0 fij : D → C, i, j = 1, . . . , s, ❜❡❧♦♥❣ &♦ Lp(C) ✭5❡0♣✳ ❛5❡ ♠❡❛0✉5❛❜❧❡✱

❝♦♥&✐♥✉♦✉0✱ ❜♦✉♥❞❡❞✱ ❡&❝✳✮✳

❼ ●✐✈❡♥ ❛ ❢✉♥❝&✐♦♥ ❢ ∈ Lp(k, s)✱ ✇❡ ❞❡✜♥❡

‖❢‖p =





(∫ π
−π ‖❢(①)‖

p
p d①

)1/p
, if 1 ≤ p <∞,

ess sup
①∈[−π,π]‖❢(①)‖∞, if p = ∞.

❼ ●✐✈❡♥ ❛ ❢✉♥❝&✐♦♥ ❢ ∈ Lp(k, s)✱ ✇❡ ❞❡♥♦&❡ ❜② λ(i)(❢) ❬5❡0♣✳ σ(i)(❢)❪✱ i = 1, . . . , s✱ &❤❡

❡✐❣❡♥✈❛❧✉❡ ❬5❡0♣✳ 0✐♥❣✉❧❛5 ✈❛❧✉❡❪ ❢✉♥❝&✐♦♥0 ♦❢ ❢ ❛♥❞ ❜②

(
λ(i)(❢)

)
(θ) ❬5❡0♣✳

(
σ(i)(❢)

)
(θ)❪✱

i = 1, . . . , s✱ &❤❡✐5 ❡✈❛❧✉❛&✐♦♥ ❛& ❛ ♣♦✐♥& θ ∈ Ik✳

❼ ■❢ z ∈ C ❛♥❞ ǫ > 0✱ ✇❡ ❞❡♥♦&❡ ❜② D(z, ǫ) = {ω ∈ C : |ω − z| < ǫ} &❤❡ ❞✐0❦ ❝❡♥&❡5❡❞ ❛& z

❛♥❞ ✇✐&❤ 5❛❞✐✉0 ǫ✳ ■❢ S ⊆ C✱ D(S, ǫ) = ∪z∈SD(z, ǫ) ❞❡♥♦&❡0 &❤❡ ǫ−❡①♣❛♥0✐♦♥ ♦❢ S✳

■✳✷ ▼✉❧&✐✲✐♥❞❡① ♥♦&❛&✐♦♥

❲❡ ✐♥&5♦❞✉❝❡ &❤❡ ♠✉❧&✐✲✐♥❞❡① ♥♦&❛&✐♦♥ &❤❛& ✇✐❧❧ ❜❡ 0②0&❡♠❛&✐❝❛❧❧② ✉0❡❞ &❤5♦✉❣❤♦✉& &❤❡ &❤❡0✐0✳

❆ ✈❡❝&♦5 ✐ = (i1, i2, . . . , ik) ∈ Zk
✐0 ❝❛❧❧❡❞ ❛ k✲✐♥❞❡① ✭♦5 0✐♠♣❧② ❛ ♠✉❧&✐✲✐♥❞❡①✮✳ ❋♦5 ❛ ♠♦5❡

❞❡&❛✐❧❡❞ ❞❡0❝5✐♣&✐♦♥ 0❡❡ ❬✼✻❪✳

❼ ✵✱ ❡✱ ✷✱. . . ❛5❡ 5❡0♣❡❝&✐✈❡❧② &❤❡ ♠✉❧&✐✲✐♥❞✐❝❡0 ♦❢ ❛❧❧ ③❡5♦0✱ ❛❧❧ ♦♥❡0✱ ❛❧❧ &✇♦0✱ . . . ❛♥❞ &❤❡✐5

0✐③❡ ✇✐❧❧ ❜❡ ❝❧❡❛5 ❢5♦♠ &❤❡ ❝♦♥&❡①&✳

❼ ❋♦5 ❛❧❧ ♠ = (m1,m2, . . . ,mk) ∈ Zk
✇❡ 0❡& N(♠) = m1m2 . . .mk ❛♥❞ ✇❡ ✇5✐&❡ ♠ → ∞ &♦

✐♥❞✐❝❛&❡ &❤❛& ❛❧❧ &❤❡ ❝♦♠♣♦♥❡♥&0 ♦❢ ♠ &❡♥❞ &♦ ✐♥✜♥✐&②✱ ✐✳❡✳ mini=1,...,kmi → ∞✳

❼ ❋♦5 ❛❧❧ ❤, ♠ ∈ Zk
✱ ❤ ≤ ♠ ♠❡❛♥0 hi ≤ mi✱ ∀ i = 1, . . . , k✳

❼ ■❢ ❤, ♠ ∈ Zk
❛5❡ 0✉❝❤ &❤❛& ❤ ≤ ♠✱ &❤❡ ♠✉❧&✐✲✐♥❞❡① 5❛♥❣❡ ❤, . . . ,♠ ✐0 &❤❡ 0❡&

{❥ ∈ Zk : ❤ ≤ ❥ ≤ ♠}.

❼ ❲❤❡♥ ❛ k✲✐♥❞❡① ❥ ✈❛5✐❡0 ♦✈❡5 ❛ ♠✉❧&✐✲✐♥❞❡① 5❛♥❣❡ ❤, . . . ,♠ ✭❛♥❞ ✇❡ ✇5✐&❡ ❥ = ❤, . . . ,♠✮

✐& ✐0 ✉♥❞❡50&♦♦❞ &❤❛& ❥ ✈❛5✐❡0 ❢5♦♠ ❤ &♦ ♠ ❢♦❧❧♦✇✐♥❣ &❤❡ 0&❛♥❞❛5❞ ❧❡①✐❝♦❣5❛♣❤✐❝ ♦5❞❡5✐♥❣✳

◆♦&❡ &❤❛& ❤, . . . ,♠ ❝♦♥0✐0&0 ♦❢ N(♠✲❤✰❡) k✲✐♥❞✐❝❡0✳

✸



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

❼ ❆❧❧ "❤❡ ❛❧❣❡❜(❛✐❝ ♦♣❡(❛"✐♦♥. ✐♥✈♦❧✈✐♥❣ k✲✐♥❞✐❝❡. "❤❛" ❤❛✈❡ ♥♦ ♠❡❛♥✐♥❣ ✐♥ "❤❡ .♣❛❝❡ Zk

♠✉." ❛❧✇❛②. ❜❡ ✐♥"❡(♣(❡"❡❞ ✐♥ "❤❡ ❝♦♠♣♦♥❡♥"✇✐.❡ .❡♥.❡✿ ✐❥ = (i1j1, . . . , ikjk)✱ α✐/❥ =

(αi1/j1, . . . , αik/jk)✱ ❢♦( ❛❧❧ α ∈ C ❛♥❞ ❛❧❧ j1, . . . , jk 6= 0✱ ✐ mod ❥ = (i1 mod j1, . . . , ik

mod jk)✱ max(✐, ❥) = (max(i1, j1), . . . ,max(ik, jk))✱ ❛♥❞ %♦ ♦♥✳

❼ ●✐✈❡♥ ❤,♠ ∈ Zk
✱ ✇✐-❤ ❤ ≤ ♠✱ -❤❡ ♥♦-❛-✐♦♥

∑
♠

❥=❤ ✐♥❞✐❝❛-❡% -❤❡ %✉♠♠❛-✐♦♥ ♦✈❡2 ❛❧❧

♠✉❧-✐✲✐♥❞✐❝❡% ❥ = ❤, . . . ,♠✳

❼ ■❢ ♠ ∈ Nk
-❤❡♥

① = [x
✐

]♠
✐=❡

✐% ❛ ✈❡❝-♦2 ♦❢ %✐③❡ N(♠) ✇❤♦%❡ ❝♦♠♣♦♥❡♥-% x
✐

✱ ✐ = ❡, . . . ,♠ ❛2❡ %♦2-❡❞ ✐♥ ❛❝❝♦2❞❛♥❝❡ ✇✐-❤

-❤❡ ❧❡①✐❝♦❣2❛♣❤✐❝ ♦2❞❡2✐♥❣✳ ❙✐♠✐❧❛2❧②

❳ = [x
✐❥

]♠
✐,❥=❡

✐% -❤❡ N(♠)×N(♠) ♠❛-2✐① ✇❤♦%❡ ❝♦♠♣♦♥❡♥-% ❛2❡ ✐♥❞❡①❡❞ ❜② -✇♦ k✲✐♥❞✐❝❡%✱ ❜♦-❤ ✈❛2②✐♥❣

✐♥ ❡, . . . ,♠ ❛❝❝♦2❞✐♥❣ -❤❡ ❧❡①✐❝♦❣2❛♣❤✐❝ ♦2❞❡2✐♥❣✳

❊①❛♠♣❧❡

▲❡- A ❜❡ -❤❡ ♠❛-2✐①

A =




4 4 0 0

4 4 0 0

0 0 1 1

0 0 2 2


 . ✭■✳✶✮

■♥%-❡❛❞ ♦❢ ✉%✐♥❣ -❤❡ -2❛❞✐-✐♦♥❛❧ ❧✐♥❡❛2 ✐♥❞✐❝❡% i, j = 1, . . . , 4✱ ✇❡ ❝❛♥ ✐♥❞❡① -❤❡ ❡♥-2✐❡% ♦❢ A

❜② ♠❡❛♥% ♦❢ -✇♦ ♠✉❧-✐✲✐♥❞✐❝❡% ✐, ❥ = ❡, . . . ,✷✳ ❚❤✉%✱ ✐♥%-❡❛❞ ♦❢ [Aij ]
4
i,j=1✱ ✇❡ ❤❛✈❡ [A✐❥]

✷

✐,❥=❡✳

❚❤❡ ✐♥❞❡①✐♥❣ ♦❢ -❤❡ ❡♥-2✐❡% ♦❢ A ✇✐-❤ -✇♦ ♠✉❧-✐✲✐♥❞✐❝❡% ✐, ❥ 2❡✢❡❝-% -❤❡ ❢❛❝- -❤❛- ✇❡ ❛2❡

-❤✐♥❦✐♥❣ ❛- -❤❡ ♠❛-2✐① A ❛% ❛ ❜❧♦❝❦ ♠❛-2✐① ❛% ✭■✳✶✮✿ ❢♦2 ❛❧❧ ✐, ❥ = ❡, . . . ,✷ -❤❡ ❡♥-2② A
✐❥

✐%

-❤❡ (i2, j2) ❡♥-2② ♦❢ -❤❡ (i1, j1) ❜❧♦❝❦ ♦❢ A✳

❚❤2♦✉❣❤♦✉- -❤❡ -❤❡%✐% ✇❡ ✐♥❞✐❝❛-❡ ❜② {An}n∈Nk ✱ ♦2 %✐♠♣❧② {An}n✱ -❤❡ ♠❛-2✐① %❡E✉❡♥❝❡

✇❤♦%❡ ❡❧❡♠❡♥-% ❛2❡ -❤❡ ♠❛-2✐❝❡% An ♦❢ ❞✐♠❡♥%✐♦♥% N(♥, s)×N(♥, s)✱ ✇✐-❤ N(♥, s) = sN(♥) =

sn1n2 . . . nk✱ ♥ = (n1, n2, . . . , nk)✳

■✳✸ ❙♣❡❝'(❛❧ ❞✐-'(✐❜✉'✐♦♥ ♦❢ ♠❛'(✐① -❡5✉❡♥❝❡-

■♥ -❤✐% %❡❝-✐♦♥ ✇❡ ✜2%- ✐♥-2♦❞✉❝❡ -❤❡ ❝♦♥❝❡♣- ♦❢ %♣❡❝-2❛❧✴%✐♥❣✉❧❛2 ✈❛❧✉❡ ❞✐%-2✐❜✉-✐♦♥ ♦❢ ❣❡♥❡2✐❝

♠❛-2✐① %❡E✉❡♥❝❡ {An}n∈Nv
✱ v ≥ 1 ✭✇❤♦%❡ ❞✐♠❡♥%✐♦♥✱ N ≡ N(n, s)✱ ❤❛% -♦ ❜❡ ❛ ♠♦♥♦-♦♥✐❝ ❢✉♥❝✲

-✐♦♥ ✇✐-❤ 2❡%♣❡❝- -♦ ❡✈❡2② %✐♥❣❧❡ ✈❛2✐❛❜❧❡ ni✱ i = 1, . . . , v✮✳ ❙❡❝♦♥❞❧② ✇❡ ♣2♦✈✐❞❡ -❤❡ ❢♦2♠✉❧❛-✐♦♥

♦❢ ❚♦❡♣❧✐-③ ❛♥❞ ❝✐2❝✉❧❛♥- ♠❛-2✐① %❡E✉❡♥❝❡% ✐♥ -❤❡ ♠♦%- ❣❡♥❡2❛❧ ❜❧♦❝❦ k✲❧❡✈❡❧ ❢♦2♠✱ 2❡❝❛❧❧✐♥❣ -❤❡✐2

♠❛✐♥ ❛❧❣❡❜2❛✐❝ ❛♥❞ %♣❡❝-2❛❧ ♣2♦♣❡2-✐❡%✳ ■♥ ♣❛2-✐❝✉❧❛2 %♣❡❝✐❛❧ ❛--❡♥-✐♦♥ ✐% ❞❡❞✐❝❛-❡❞ -♦ -❤❡ ❧♦✲

❝❛❧✐③❛-✐♦♥ 2❡%✉❧-% ❛♥❞ -♦ -❤❡ ❛%②♠♣-♦-✐❝ ❜❡❤❛✈✐♦✉2 ♦❢ -❤❡ ❡①-2❡♠❛❧ ❡✐❣❡♥✈❛❧✉❡% ♦❢ -❤❡ ❍❡2♠✐-✐❛♥

❇❧♦❝❦ ❚♦❡♣❧✐-③ %❡E✉❡♥❝❡%✳

✹



■✳✸✳ ❙♣❡❝'(❛❧ ❞✐-'(✐❜✉'✐♦♥ ♦❢ ♠❛'(✐① -❡5✉❡♥❝❡-

❉❡✜♥✐%✐♦♥ ■✳✸✳✶ ✭❝❧✉.%❡/✐♥❣ ♦❢ ❛ ♠❛%/✐①✲.❡6✉❡♥❝❡✮✳ ▲❡" S ⊆ C ❜❡ ❛ ♥♦♥❡♠♣"② *✉❜*❡" ♦❢

C✳ ▲❡" {An}n∈Nv
✱ v ≥ 1✱ ❜❡ ❛ *❡/✉❡♥❝❡ ♦❢ ♠❛"1✐❝❡* ✇✐"❤ ❡✐❣❡♥✈❛❧✉❡* λj(An)✱ j = 1, . . . , N ❛♥❞

*✐♥❣✉❧❛1 ✈❛❧✉❡* σj(An)✱ j = 1, . . . , N ✳

❼ ❲❡ *❛② "❤❛" {An}n∈Nv
✐* *"1♦♥❣❧② ❝❧✉*"❡1❡❞ ❛" S ✭✐♥ "❤❡ *❡♥*❡ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡*✮✱ ♦1

❡/✉✐✈❛❧❡♥"❧② "❤❛" "❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ {An}n∈Nv
❛1❡ *"1♦♥❣❧② ❝❧✉*"❡1❡❞ ❛" S✱ ✐❢✱ ❢♦1 ❡✈❡1② ǫ > 0✱

"❤❡ ♥✉♠❜❡1 ♦❢ ❡✐❣❡♥✈❛❧✉❡* ♦❢ An ♦✉"*✐❞❡ D(S, ǫ) ✐* ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥*"❛♥" Cǫ ✐♥❞❡♣❡♥❞❡♥"

♦❢ ♥✳ ■♥ ♦"❤❡1 ✇♦1❞*✱ ❢♦1 ❡✈❡1② ǫ > 0 ✇❡ ❤❛✈❡

#{j ∈ {1, . . . , N} : λj(An) /∈ D(S, ǫ)} = O(1) ❛* ♥→ ∞✳ ✭■✳✷✮

❼ ❲❡ *❛② "❤❛" {An}n∈Nv
✐* ✇❡❛❦❧② ❝❧✉*"❡1❡❞ ❛" S ✭✐♥ "❤❡ *❡♥*❡ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡*✮✱ ♦1 ❡/✉✐✈✲

❛❧❡♥"❧② "❤❛" "❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ {An}n∈Nv
❛1❡ ✇❡❛❦❧② ❝❧✉*"❡1❡❞ ❛" S✱ ✐❢✱ ❢♦1 ❡✈❡1② ǫ > 0✱

#{j ∈ {1, . . . , N} : λj(An) /∈ D(S, ǫ)} = o(N) ❛* ♥→ ∞✳ ✭■✳✸✮

❇② 1❡♣❧❛❝✐♥❣ ✏❡✐❣❡♥✈❛❧✉❡*✑ ✇✐"❤ ✏*✐♥❣✉❧❛1 ✈❛❧✉❡*✑ ❛♥❞ λj(An) ✇✐"❤ σj(An) ✐♥ ✭■✳✷✮✕✭■✳✸✮✱ ✇❡

♦❜"❛✐♥ "❤❡ ❞❡✜♥✐"✐♦♥* ♦❢ ❛ ♠❛"1✐①✲*❡/✉❡♥❝❡ *"1♦♥❣❧② ♦1 ✇❡❛❦❧② ❝❧✉*"❡1❡❞ ❛" S ✐♥ "❤❡ *❡♥*❡ ♦❢ "❤❡

*✐♥❣✉❧❛1 ✈❛❧✉❡*✳

❲❤❡♥ ✇❡ ✇(✐'❡ -'(♦♥❣✴✇❡❛❦ ❝❧✉-'❡(✱ ♠❛'(✐①✲-❡5✉❡♥❝❡ -'(♦♥❣❧②✴✇❡❛❦❧② ❝❧✉-'❡(❡❞✱ ❡'❝✳✱ ✇✐'❤✲

♦✉' ❢✉('❤❡( -♣❡❝✐✜❝❛'✐♦♥-✱ ✐' ✐- ✉♥❞❡(-'♦♦❞ ✏✐♥ '❤❡ -❡♥-❡ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡-✑✳

❉❡✜♥✐%✐♦♥ ■✳✸✳✷✳ ❬❡""❡♥#✐❛❧ '❛♥❣❡ ♦❢ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝#✐♦♥❪✳ ▲❡" f : D ⊂ Rℓ → C✱

ℓ ≥ 1✱ ❜❡ ❛ ♠❡❛*✉1❛❜❧❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♠❡❛*✉1❛❜❧❡ *❡" ✇✐"❤ 0 < µℓ(D) <∞✳

❚❤❡ ❡**❡♥"✐❛❧ 1❛♥❣❡ ♦❢ f ✐* ❞❡♥♦"❡❞ ❜② ER(f) ❛♥❞ ✐* ❞❡✜♥❡❞ ❛* "❤❡ *❡" ♦❢ ♣♦✐♥"* z ∈ C *✉❝❤ "❤❛"✱

❢♦1 ❡✈❡1② ǫ > 0✱ "❤❡ ♠❡❛*✉1❡ ♦❢ "❤❡ *❡" {f(θ) ∈ D(z, ǫ)} ✐* ♣♦*✐"✐✈❡✳ ■♥ ♦"❤❡1 ✇♦1❞*✱

ER(f) = {z ∈ C : µℓ{f(θ) ∈ D(z, ǫ)} > 0 ❢♦1 ❛❧❧ ǫ > 0}.

❉❡✜♥✐%✐♦♥ ■✳✸✳✸✳ ❬❡""❡♥#✐❛❧ '❛♥❣❡ ♦❢ ❛ ♠❛#'✐①✲✈❛❧✉❡❞ ❢✉♥❝#✐♦♥❪✳ ▲❡" ❢ : D ⊂ Rℓ → Cs×s
✱

ℓ ≥ 1✱ ❜❡ ❛ ♠❡❛*✉1❛❜❧❡ ♠❛"1✐①✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥ ❞❡✜♥❡❞ ♦♥ ❛ ♠❡❛*✉1❛❜❧❡ *❡" ✇✐"❤ 0 < µℓ(D) <∞✳

❚❤❡ ❡**❡♥"✐❛❧ 1❛♥❣❡ ♦❢ ❢ ✐* ❞❡♥♦"❡❞ ❜② ER(❢) ❛♥❞ ✐* ❞❡✜♥❡❞ ❛* "❤❡ ✉♥✐♦♥ ♦❢ "❤❡ ❡**❡♥"✐❛❧ 1❛♥❣❡*

♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝"✐♦♥* ♦❢ ❢✱ λ(i)(❢) : D → C✱ i = 1, . . . , s✳ ■♥ ♦"❤❡1 ✇♦1❞*✱

ER(❢) = ∪s
i=1ER(λ(i)(❢)).

❉❡✜♥✐%✐♦♥ ■✳✸✳✹✳ ❬"♣❡❝#'❛❧✴"✐♥❣✉❧❛' ✈❛❧✉❡ ❞✐"#'✐❜✉#✐♦♥❪✳ ▲❡" ❢ : G→ Cs×s
❜❡ ❛ ♠❡❛*✉1❛❜❧❡

❢✉♥❝"✐♦♥✱ ❞❡✜♥❡❞ ♦♥ ❛ ♠❡❛*✉1❛❜❧❡ *❡" G ⊂ Rℓ
✇✐"❤ ℓ ≥ 1✱ 0 < µℓ(G) < ∞✳ ▲❡" C0(K) ❜❡ "❤❡

*❡" ♦❢ ❝♦♥"✐♥✉♦✉* ❢✉♥❝"✐♦♥* ✇✐"❤ ❝♦♠♣❛❝" *✉♣♣♦1" ♦✈❡1 K ∈ {C,R+
0 } ❛♥❞ ❧❡" {An}n∈Nv

✱ v ≥ 1✱

❜❡ ❛ *❡/✉❡♥❝❡ ♦❢ ♠❛"1✐❝❡* ✇✐"❤ ❡✐❣❡♥✈❛❧✉❡* λj(An)✱ j = 1, . . . , N ❛♥❞ *✐♥❣✉❧❛1 ✈❛❧✉❡* σj(An)✱

j = 1, . . . , N ✳

❼ {An}n∈Nv
✐* ❞✐-'(✐❜✉'❡❞ ❛- '❤❡ ♣❛✐( (❢, G) ✐♥ '❤❡ -❡♥-❡ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡-✱ ✐♥ *②♠❜♦❧*

{An}n∈Nv ∼λ (❢, G),

✐❢ "❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐" 1❡❧❛"✐♦♥ ❤♦❧❞* ❢♦1 ❛❧❧ F ∈ C0(C)✿

lim
n→∞

1

N

N∑

j=1

F (λj(An)) =
1

µℓ(G)

∫

G

∑s
i=1 F

((
λ(i)(❢)

)
(θ)

)

s
dθ. ✭■✳✹✮

✺



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

❼ {An}n∈Nv
✐! ❞✐"#$✐❜✉#❡❞ ❛" #❤❡ ♣❛✐$ (❢, G) ✐♥ #❤❡ "❡♥"❡ ♦❢ #❤❡ "✐♥❣✉❧❛$ ✈❛❧✉❡"✱ ✐♥ !②♠❜♦❧!

{An}n∈Nv ∼σ (❢, G),

✐❢ )❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐) .❡❧❛)✐♦♥ ❤♦❧❞! ❢♦. ❛❧❧ F ∈ C0(R+
0 )✿

lim
n→∞

1

N

N∑

j=1

F (σj(An)) =
1

µℓ(G)

∫

G

∑s
i=1 F

((
σ(i)(❢)

)
(θ)

)

s
dθ. ✭■✳✺✮

■♥ )❤✐! !❡))✐♥❣ )❤❡ ❡①♣.❡!!✐♦♥ n → ∞ ♠❡❛♥! )❤❛) ❡✈❡.② ❝♦♠♣♦♥❡♥) ♦❢ )❤❡ ✈❡❝)♦. n )❡♥❞! )♦

✐♥✜♥✐)②✱ )❤❛) ✐!✱ mini=1,...,v ni → ∞✳

❘❡♠❛&❦ ✶✳ ❉❡♥♦)❡ ❜② λ(1)(❢), . . . , λ(s)(❢) ❛♥❞ ❜② σ(1)(❢), . . . , σ(s)(❢) )❤❡ ❡✐❣❡♥✈❛❧✉❡! ❛♥❞ )❤❡

!✐♥❣✉❧❛. ✈❛❧✉❡! ♦❢ ❛ s × s ♠❛).✐①✲✈❛❧✉❡❞ ❢✉♥❝)✐♦♥ ❢✱ .❡!♣❡❝)✐✈❡❧②✳ ■❢ ❢ ✐! !♠♦♦)❤ ❡♥♦✉❣❤✱ ❛♥

✐♥❢♦.♠❛❧ ✐♥)❡.♣.❡)❛)✐♦♥ ♦❢ )❤❡ ❧✐♠✐) .❡❧❛)✐♦♥ ✭■✳✹✮ ✭.❡!♣✳ ✭■✳✺✮✮ ✐! )❤❛) ✇❤❡♥ )❤❡ ♠❛).✐①✲!✐③❡ ♦❢ An

✐! !✉✣❝✐❡♥)❧② ❧❛.❣❡✱ )❤❡♥ N/s ❡✐❣❡♥✈❛❧✉❡! ✭.❡!♣✳ !✐♥❣✉❧❛. ✈❛❧✉❡!✮ ♦❢ An ❝❛♥ ❜❡ ❛♣♣.♦①✐♠❛)❡❞ ❜②

❛ !❛♠♣❧✐♥❣ ♦❢ λ(1)(❢) ✭.❡!♣✳ σ(1)(❢)✮ ♦♥ ❛ ✉♥✐❢♦.♠ ❡A✉✐!♣❛❝❡❞ ❣.✐❞ ♦❢ )❤❡ ❞♦♠❛✐♥ G✱ ❛♥❞ !♦ ♦♥

✉♥)✐❧ )❤❡ ❧❛!) N/s ❡✐❣❡♥✈❛❧✉❡! ✭.❡!♣✳ !✐♥❣✉❧❛. ✈❛❧✉❡!✮ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣.♦①✐♠❛)❡❞ ❜② ❛♥ ❡A✉✐!♣❛❝❡❞

!❛♠♣❧✐♥❣ ♦❢ λ(s)(❢) ✭.❡!♣✳ σ(s)(❢)✮ ✐♥ )❤❡ ❞♦♠❛✐♥✳

❋♦$ ❡①❛♠♣❧❡✱ #❛❦❡ G ❛♥② ❞♦♠❛✐♥ ❛" ✐♥ ❉❡✜♥✐#✐♦♥ ■✳✸✳✹ ❛♥❞ ❧❡# F = χ[a,b](·) ❢♦$ ❛ ✜①❡❞ $❡❛❧

✐♥#❡$✈❛❧ [a, b] "✉❝❤ #❤❛#

µℓ

{
θ ∈ G :

(
λ(r)(❢)

)
(θ) = a

}
= µℓ

{
θ ∈ G :

(
λ(r)(❢)

)
(θ) = b

}
= 0 ✭■✳✻✮

❢♦$ ❡✈❡$② r = 1, . . . , s✳ ◆♦#❡ #❤❛# F = χ[a,b](·) ✐" ❛ ❞✐"❝♦♥#✐♥✉♦✉" ❢✉♥❝#✐♦♥✱ ❜✉#✱ ✉♥❞❡$ #❤❡

❛""✉♠♣#✐♦♥" ✐♥ ✭■✳✻✮✱ #❤❡ ❧✐♠✐# $❡❧❛#✐♦♥ ✭■✳✹✮ "#✐❧❧ ❤♦❧❞"✳ ❚❤❡ ❛$❣✉♠❡♥# ♦❢ #❤❡ ♣$♦♦❢ $❡❧✐❡" ✐♥

❝❤♦♦"✐♥❣ #✇♦ ❢❛♠✐❧✐❡" ♦❢ ❝♦♥#✐♥✉♦✉" ❛♣♣$♦①✐♠❛#✐♦♥" {F−
δ }δ✱ {F+

δ }δ ♦❢ χ[a,b] "✉❝❤ #❤❛# F+
δ <

χ[a,b] < F+
δ ✭"❡❡ ❬✶✶✼❪ ❢♦$ ♠♦$❡ ❞❡#❛✐❧"✮✳ ■❢ ✇❡ ❞❡✜♥❡

mr = essinfG

(
λ(r)(❢)

)
(θ), Mr = esssupG

(
λ(r)(❢)

)
(θ), r = 1, . . . , s,

✇❤❡♥ F = χ[mr,Mr](·)✱ #❤❡♥ ❡I✉❛#✐♦♥ ✭■✳✹✮ ❜❡❝♦♠❡"

lim
n→∞

1

N

N∑

j=1

χ[mr,Mr] (λj(A♥)) =
1

sµℓ(G)

∫

G

s∑

i=1

χ[mr,Mr]

((
λ(i)(❢)

)
(θ)

)
dθ, ✭■✳✼✮

❛♥❞ ❤❡♥❝❡

lim
N→∞

1

N
# {j : λj(An) ∈ [mr,Mr]} =

1

sµℓ(G)

s∑

i=1

µℓ

{
θ ∈ G :

(
λ(i)(❢)

)
(θ) ∈ [mr,Mr]

}
.

✭■✳✽✮

▼♦$❡♦✈❡$✱ ✐❢

esssupG

(
λ(r)(❢)

)
(θ) ≤ essinfG

(
λ(r+1)(❢)

)
(θ), r = 1, . . . , s− 1,

✻



■✳✹✳ ❚♦❡♣❧✐)③ +),✉❝)✉,❡+

❛♥❞

µℓ

{
θ ∈ G :

(
λ(r)(❢)

)
(θ) = c

}
= 0, ∀c ∈ R, r = 1, . . . , s− 1,

)❤❡♥ ❡3✉❛)✐♦♥ ✭■✳✽✮ ✐♥ )✉,♥ ❜❡❝♦♠❡+

lim
n→∞

1

N
# {j : λj(An) ∈ [mr,Mr]} =

1

sµℓ(G)
µℓ

{
θ ∈ G :

(
λ(r)(❢)

)
(θ) ∈ [mr,Mr]

}
=

1

s

✇❤✐❝❤ ♠❡❛♥+ )❤❛)

# {j : λj(An) ∈ [mr,Mr]} =
N

s
+ o(N).

■✳✹ ❚♦❡♣❧✐)③ +),✉❝)✉,❡+

❚♦❡♣❧✐)③ ♠❛),✐❝❡+ ,❡♣,❡+❡♥) ❛♥ ✐♠♣♦,)❛♥) ❛♥❞ ✈❡,② ❛❝)✐✈❡ )♦♣✐❝ ✐♥),♦❞✉❝❡❞ ♠♦,❡ )❤❛♥ ♦♥❡ ❤✉♥✲

❞,❡❞ ②❡❛,+ ❛❣♦ ✐♥ )❤❡ ♦,✐❣✐♥❛❧ ♣❛♣❡,+ ❜② ❖✳ ❚♦❡♣❧✐)③ ❬✶✹✸✱ ✶✹✹❪✳ ❚❤❡ ),❡❛)❡❞ ❚♦❡♣❧✐)③ ♠❛),✐❝❡+

❞❡,✐✈❡ ♠♦+)❧② ❢,♦♠ )❤❡ ❛♣♣,♦①✐♠❛)✐♦♥ ♦❢ ❞✐✛❡,❡♥)✐❛❧ ❡3✉❛)✐♦♥+✱ ❜✉)✱ ✐♥ ❣❡♥❡,❛❧✱ )❤❡② ❝❛♥ ❜❡ ❢♦✉♥❞

✐♥ ♠❛♥② ❛♣♣❧✐❝❛)✐♦♥+✿ )❤❡② ❛,✐+❡✱ ❢♦, ❡①❛♠♣❧❡✱ ❛❧+♦ ❢,♦♠ +),✉❝)✉,❡❞ ▼❛,❦♦✈ ❝❤❛✐♥+ ❬✶✺❪✱ +✐❣♥❛❧

❛♥❞ ✐♠❛❣❡ ♣,♦❝❡++✐♥❣ ♣,♦❜❧❡♠+ ✇✐)❤ +♣❛❝❡ ✐♥✈❛,✐❛♥) ♥❛)✉,❡ ❬✹✻✱ ✽✷❪ ❛♥❞ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛)✐♦♥+

❬✶✶✵❪✳

■♥ )❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ♣,♦✈✐❞❡ )❤❡ ❢♦,♠✉❧❛)✐♦♥ ♦❢ )❤❡ ♠♦+) ❣❡♥❡,❛❧ ♠✉❧)✐❧❡✈❡❧ ❜❧♦❝❦ ❢♦,♠ ♦❢

❚♦❡♣❧✐)③ ♠❛),✐①✳ ❲❡ +)❛,) ❢,♦♠ )❤❡ +✐♠♣❧❡+) ❝♦♥❝❡♣) ✐♥ )❤❡ +❝❛❧❛, +❡))✐♥❣ ❛♥❞ ✇❡ ❣❡♥❡,❛❧✐③❡ )❤❡

❞❡✜♥✐)✐♦♥+✱ ❛❝❤✐❡✈✐♥❣ )❤❡ ❝❛+❡ ♦❢ ♠✉❧)✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐)③ ♠❛),✐① ❣❡♥❡,❛)❡❞ ❜② ❛ ♠❛),✐①✲✈❛❧✉❡❞

❢✉♥❝)✐♦♥ ❢✳

■✳✹✳✶ ❙❝❛❧❛( ❚♦❡♣❧✐.③ ♠❛.(✐❝❡1

❆ ♠❛),✐① ♦❢ ♦,❞❡, n✱ ❤❛✈✐♥❣ ❛ ✜①❡❞ ❡♥),② ❛❧♦♥❣ ❡❛❝❤ ❞✐❛❣♦♥❛❧✱ ✐+ ❝❛❧❧❡❞ ❚♦❡♣❧✐)③ ❛♥❞ ❡♥❥♦②+ )❤❡

❡①♣,❡++✐♦♥

An = [ai−j ]
n
i,j=1 =




a0 a−1 a−2 · · · · · · a−(n−1)

a1
. . .

. . .
. . .

...

a2
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . a−2

...
. . .

. . .
. . . a−1

an−1 · · · · · · a2 a1 a0




.

❆♥ ✐♥)❡,❡+)✐♥❣ ❝❛+❡ ♦❢ ❚♦❡♣❧✐)③ ♠❛),✐① ✐+ ❣✐✈❡♥ ❜② Tn(f) ∈ Cn×n
✱ )❤❛) ✐+ ❛++♦❝✐❛)❡❞ ✇✐)❤ ❛

+❝❛❧❛, ✈❛❧✉❡❞ ❢✉♥❝)✐♦♥ f ∈ L1(1, 1)✱ ❞❡✜♥❡❞ ♦♥ [−π, π] ❛♥❞ ♣❡,✐♦❞✐❝❛❧❧② ❡①)❡♥❞❡❞ ♦♥ )❤❡ ✇❤♦❧❡

,❡❛❧ ❧✐♥❡✳ ❙✉❝❤ ❛ ♠❛),✐① Tn(f) ✐+ ❞❡✜♥❡❞ ✈✐❛ )❤❡ ❋♦✉,✐❡, +❡,✐❡+ ♦❢ f

f(θ) =
∞∑

k=−∞

f̂ke
ιkθ,

❛♥❞ ❤❛+ )❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣,❡++✐♦♥✱

Tn(f) =
[
f̂i−j

]n
i,j=1

,

✼



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✇❤❡#❡ $❤❡ %✉❛♥$✐$✐❡* f̂k

f̂k =
1

2π

∫ π

−π
f(θ) e−ιkθdθ, k ∈ Z,

❛#❡ $❤❡ ❋♦✉#✐❡# ❝♦❡✣❝✐❡♥$* ♦❢ f ✳

■❢ n ✐* ✈❛#②✐♥❣ ✐♥ N✱ ✇❡ ♦❜$❛✐♥ ❛ ♠❛$#✐① *❡%✉❡♥❝❡ {Tn(f)}n✱ ❝♦♥*✐*$✐♥❣ ♦❢ ❚♦❡♣❧✐$③ ♠❛$#✐❝❡*
♦❢ ✐♥❝#❡❛*✐♥❣ *✐③❡✳

❲❡ #❡❢❡# $♦ {Tn(f)}n ❛* $❤❡ ❚♦❡♣❧✐$③ *❡%✉❡♥❝❡ ❣❡♥❡#❛$❡❞ ❜② f ✱ ✇❤✐❝❤ ✐♥ $✉#♥ ✐* ❝❛❧❧❡❞ $❤❡
❣❡♥❡#❛$✐♥❣ ❢✉♥❝$✐♦♥ ♦❢ {Tn(f)}n✳

❚❤❡#❡ ❛#❡ ♠❛♥② ♣#♦♣❡#$✐❡* ♦❢ Tn(f) $❤❛$ ❢♦❧❧♦✇ ❜② ❞✐#❡❝$ ❝♦♠♣✉$❛$✐♦♥ ❢#♦♠ ❛**✉♠♣$✐♦♥* ♦♥

f ✳ ■♥ $❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ #❡♣♦#$ $❤♦*❡ $❤❛$ ✇✐❧❧ ❜❡ ✉*❡❞ ✐♥ ♥❡①$ ❝❤❛♣$❡#* ❬✸✶✱ ✾✻❪✳

✶✳ ■❢ f ✐* ❝♦♠♣❧❡①✲✈❛❧✉❡❞✱ $❤❡♥ Tn(f) ✐* ♥♦♥✲❍❡#♠✐$✐❛♥ ❢♦# ❛❧❧ *✉✣❝✐❡♥$❧② ❧❛#❣❡ n✳ ❈♦♥✈❡#*❡❧②✱

✐❢ f ✐* #❡❛❧✲✈❛❧✉❡❞✱ $❤❡♥ Tn(f) ✐* ❍❡#♠✐$✐❛♥ ❢♦# ❛❧❧ n✳

✷✳ ■❢ f ✐* #❡❛❧✲✈❛❧✉❡❞✱ ♥♦♥♥❡❣❛$✐✈❡ ❛♥❞ ♥♦$ ✐❞❡♥$✐❝❛❧❧② ③❡#♦ ❛❧♠♦*$ ❡✈❡#②✇❤❡#❡✱ $❤❡♥ Tn(f) ✐*

❍I❉ ❢♦# ❛❧❧ n✳

✸✳ ■❢ f ✐* ❡✈❡♥✱ f(θ) = f(−θ)✱ Tn(f) ✐* *②♠♠❡$#✐❝ ❢♦# ❛❧❧ n✳ ❚❤✉*✱ ❢#♦♠ ♣#♦♣❡#$② ♦♥❡✱ ✐❢ f ✐*

#❡❛❧✲✈❛❧✉❡❞ ❛♥❞ ❡✈❡♥✱ Tn(f) ✐* #❡❛❧ ❛♥❞ *②♠♠❡$#✐❝ ❢♦# ❛❧❧ n✳

■✳✹✳✷ ❇❧♦❝❦ ❛♥❞ ♠✉❧.✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐.③ ♠❛.6✐❝❡7

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❙✉❜*❡❝$✐♦♥ ✐* ❞❡✈♦$❡❞ $♦ $❤❡ ❣❡♥❡#❛❧✐③❛$✐♦♥ ♦❢ $❤❡ ❝♦♥❝❡♣$ ♦❢ *❝❛❧❛# ❚♦❡♣❧✐$③ ♠❛$#✐①✳

■♥ ❣❡♥❡#❛❧ $❤❡ ❡♥$#✐❡* ak ♦❢ $❤❡ ♠❛$#✐① An = [ai−j ]
n
i,j=1 ❝❛♥ ❜❡ ♠❛$#✐❝❡* $❤❡♠*❡❧✈❡*✳ ■❢ $❤❡

❞✐♠❡♥*✐♦♥* ♦❢ $❤❡ ❜❧♦❝❦* ❛#❡ s× s✱ s > 1✱ $❤❡ #❡*✉❧$✐♥❣ ♠❛$#✐① ✐* $❤❡ ❜❧♦❝❦ ❚♦❡♣❧✐$③ ♠❛$#✐① ❆n✱

✇❤❡#❡ $❤❡ ❜♦❧❞ ♣♦✐♥$* ♦✉$ $❤❡ ❢♦❧❧♦✇✐♥❣ ❜❧♦❝❦ *$#✉❝$✉#❡ ♦❢ $❤❡ ♠❛$#✐①

❆n = [Ai−j ]
n
i,j=1 =




A0 A−1 A−2 · · · · · · A−(n−1)

A1
. . .

. . .
. . .

...

A2
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . A−2

...
. . .

. . .
. . . A−1

An−1 · · · · · · A2 A1 A0




,

✇❤❡#❡A−(n−1), . . . , An−1 ∈ Cs×s
❛#❡ $❤❡ ✏❜❧♦❝❦✑ ❣❡♥❡#❛❧✐③❛$✐♦♥ ♦❢ a−(n−1), . . . , an−1 ♦❢ $❤❡ *❡$$✐♥❣

s = 1✳ ◆♦$❡ $❤❛$ ♥♦✇ $❤❡ *✐③❡ ♦❢ ❆n ✐* N = N(n, s) = sn✳

❋♦❧❧♦✇✐♥❣ $❤❡ *❝❛❧❛# ❝❛*❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ♣❛#$✐❝✉❧❛# ❜❧♦❝❦ ✭#❡*♣✳ k✲❧❡✈❡❧ ❜❧♦❝❦✮ ❚♦❡♣❧✐$③ ♠❛✲

$#✐❝❡* T
♥

(❢) *$❛#$✐♥❣ ❢#♦♠ ♠❛$#✐①✲✈❛❧✉❡❞ ✭#❡*♣✳ k✲✈❛#✐❛$❡ ♠❛$#✐①✲✈❛❧✉❡❞✮ ❢✉♥❝$✐♦♥ ❢ ∈ L1(1, s)

✭#❡*♣✳ ❢ ∈ L1(k, s)✮✳ ❋♦# $❤❡ ❜❧♦❝❦ *❡$$✐♥❣* ✇❡ ✇✐❧❧ ✇#✐$❡ $❤❡ ❢✉♥❝$✐♦♥ ❢ ✭❛♥❞ ❝♦##❡*♣♦♥❞✐♥❣

❋♦✉#✐❡# ❝♦❡✣❝✐❡♥$*✮ ✐♥ ❜♦❧❞✳

❉❡✜♥✐$✐♦♥ ■✳✹✳✶✳ ▲❡" "❤❡ ❋♦✉'✐❡' ❝♦❡✣❝✐❡♥", ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝"✐♦♥ ❢ ∈ L1(k, s) ❜❡ ❞❡✜♥❡❞ ❛,

❢̂j :=
1

(2π)k

∫

Ik

❢(θ)e−ι〈j,θ〉 dθ ∈ Cs×s, j = (j1, . . . , jk) ∈ Zk, ι2 = −1, ✭■✳✾✮

✽



■✳✹✳ ❚♦❡♣❧✐)③ +),✉❝)✉,❡+

✇❤❡#❡ 〈j,θ〉 = ∑k
t=1 jtθt ❛♥❞ '❤❡ ✐♥'❡❣#❛❧+ ✐♥ ✭■✳✾✮ ❛#❡ ❝♦♠♣✉'❡❞ ❝♦♠♣♦♥❡♥'✇✐+❡✳

❚❤❡♥✱ '❤❡ n'❤ ❚♦❡♣❧✐'③ ♠❛'#✐① ❛++♦❝✐❛'❡❞ ✇✐'❤ ❢ ✐+ '❤❡ ♠❛'#✐① ♦❢ ♦#❞❡# N(♥, s) = sn1n2 . . . nk

❣✐✈❡♥ ❜②

Tn(❢) =

n−e∑

j=−(n−e)

J j1
n1

⊗ · · · ⊗ J jk
nk

⊗ ❢̂j. ✭■✳✶✵✮

✇❤❡#❡ e = (1, . . . , 1) ∈ Nk, j = (j1, . . . , jk) ∈ Nk
❛♥❞ J

jξ
nξ ✐+ '❤❡ nξ × nξ ♠❛'#✐① ✇❤♦+❡ (i, h)'❤

❡♥'#② ❡:✉❛❧+ ✶ ✐❢ (i− h) = jξ ❛♥❞ 0 ♦'❤❡#✇✐+❡✳

❚❤❡ +❡' {Tn(❢)}n ✭✇✐'❤ n ∈ Nk
✮ ✐+ ❝❛❧❧❡❞ '❤❡ ❢❛♠✐❧② ♦❢ k✲❧❡✈❡❧ ❚♦❡♣❧✐)③ ♠❛),✐❝❡+ ❣❡♥❡,❛)❡❞ ❜② ❢✱

'❤❛' ✐♥ '✉#♥ ✐+ #❡❢❡##❡❞ '♦ ❛+ '❤❡ ❣❡♥❡,❛)✐♥❣ ❢✉♥❝)✐♦♥ ♦, )❤❡ +②♠❜♦❧ ♦❢ {Tn(❢)}n✳

■✳✹✳✸ ❙♣❡❝()❛❧ ❛♥❛❧②.✐. ♦❢ ❍❡)♠✐(✐❛♥ ❜❧♦❝❦ ❚♦❡♣❧✐(③ .❡8✉❡♥❝❡.✿ ❞✐.()✐❜✉(✐♦♥

)❡.✉❧(.

❚❤❡ +✐♥❣✉❧❛, ✈❛❧✉❡ ❛♥❞ +♣❡❝),❛❧ ❞✐+),✐❜✉)✐♦♥ ♦❢ ❚♦❡♣❧✐)③ ♠❛),✐① +❡@✉❡♥❝❡+ ❤❛+ ❜❡❡♥ ♦❢ ✐♥)❡,❡+)

♦✈❡, )❤❡ ♣❛+) ❢❡✇ ❞❡❝❛❞❡+✳

❚❤❡ ,❡♣,❡+❡♥)❛)✐♦♥ ♦❢ )❤❡ +♣❡❝),❛❧ ❞✐+),✐❜✉)✐♦♥ ♦❢ ❚♦❡♣❧✐)③ +❡@✉❡♥❝❡+ ✐♥ )❡,♠+ ♦❢ ❛ ❢✉♥❝)✐♦♥

✭✐✳❡✳ )❤❡ +②♠❜♦❧✮ ✇❛+ ♣❡,❢♦,♠❡❞ ❜② ❙③❡❣➤✱ ❚②,)②+❤♥✐❦♦✈ ❛♥❞ ❩❛♠❛,❛+❤❦✐♥✱ ❚✐❧❧✐ +❡❡✱ ❡✳❣✳✱ ❬✽✶✱

✶✹✵✱ ✶✹✻❪✳

❚❤❡ ❡❛,❧✐❡+) ,❡+✉❧) ♦♥ )❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞✐+),✐❜✉)✐♦♥ ♦❢ ❚♦❡♣❧✐)③ ♠❛),✐❝❡+ ✇❛+ ❡+)❛❜❧✐+❤❡❞ ❜②

❙③❡❣➤ ✐♥ ❬✽✶❪✱ ♣,♦✈✐♥❣ )❤❛) )❤❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢ )❤❡ ❚♦❡♣❧✐)③ ♠❛),✐① Tn(f) ❣❡♥❡,❛)❡❞ ❜② ❛ ,❡❛❧✲

✈❛❧✉❡❞ f ∈ L∞([−π, π]) ❛,❡ ❛+②♠♣)♦)✐❝❛❧❧② ❞✐+),✐❜✉)❡❞ ❛+ f ✳

❩❛♠❛,❛+❤❦✐♥ ❛♥❞ ❚②,)②+❤♥✐❦♦✈ ❬✶✺✷❪✱ ❛♥❞ ❚✐❧❧✐ ❬✶✹✵❪ ❢✉,)❤❡, ✇❡❛❦❡♥❡❞ )❤❡ ,❡@✉✐,❡♠❡♥) ♦♥ f

❛♥❞ +❤♦✇❡❞ )❤❛) )❤❡ +❛♠❡ ,❡+✉❧) ❤♦❧❞+ ❢♦, f ∈ L1([−π, π])✳
❚❤❡ ✇♦,❦ ♦❢ ❚✐❧❧✐ ❬✶✹✶❪ ♣,♦❞✉❝❡❞ ❛ ❦❡② ❝♦♥),✐❜✉)✐♦♥✱ ❜② ❛❧❧♦✇✐♥❣ )❤❡ ❝♦♥❝❡♣) ♦❢ +♠♦♦)❤❧②

✈❛,②✐♥❣ ❞✐❛❣♦♥❛❧+ ❛♥❞ +♦ ❛❧❧♦✇✐♥❣ )♦ ),❡❛) )❤❡ ❛♣♣,♦①✐♠❛)✐♦♥ ♦❢ ♦♥❡✲✈❛,✐❛❜❧❡ ❞✐✛❡,❡♥)✐❛❧ ♦♣❡,❛)♦,+

✇✐)❤ ✈❛,✐❛❜❧❡ ❝♦❡✣❝✐❡♥)+✳

❇❛+❡❞ ♦♥ ❛♥ ❛♣♣,♦①✐♠❛)✐♦♥ ❝❧❛++ +❡@✉❡♥❝❡ ❛♣♣,♦❛❝❤✱ ●❛,♦♥✐✱ ❙❡,,❛✲❈❛♣✐③③❛♥♦✱ ❛♥❞ ❱❛++❛❧♦+

❬✼✾❪ ♣,♦✈✐❞❡❞ )❤❡ +❛♠❡ )❤❡♦,❡♠ ❢♦, f ∈ L1([−π, π]) ✐♥ )❤❡ ❢,❛♠❡✇♦,❦ ♦❢ )❤❡ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞

)❤❡♦,② ♦❢ ●❡♥❡,❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐)③ ✭●▲❚✮ +❡@✉❡♥❝❡+ ❬✼✼❪✳

■♥ )❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✐❧❧✉+),❛)❡ )❤❡ ,❡+✉❧) ❝♦♥❝❡,♥✐♥❣ )❤❡ +♣❡❝),❛❧ ❞✐+),✐❜✉)✐♦♥ ♦❢ ❚♦❡♣❧✐)③ +❡✲

@✉❡♥❝❡+ ✉♥❞❡, )❤❡ ❤②♣♦)❤❡+✐+ ♦❢ f ❜❡✐♥❣ ❛ ,❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝)✐♦♥✳

❚❤❡♦%❡♠ ■✳✹✳✶ ✭❬✽✶❪✮✳ ▲❡' f ∈ L1(k, 1) ❜❡ ❛ #❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ✇✐'❤ k ≥ 1✳ ❚❤❡♥✱

{Tn(f)}n∈Nk ∼λ (f, Ik).

■♥ )❤❡ ❝❛+❡ ✇❤❡,❡ ❢ ✐+ ❛ ❍❡,♠✐)✐❛♥ ♠❛),✐①✲✈❛❧✉❡❞ ❢✉♥❝)✐♦♥✱ ❛❝❝♦,❞✐♥❣ )♦ ❚✐❧❧✐ ❬✶✹✵❪✱ )❤❡

♣,❡✈✐♦✉+ )❤❡♦,❡♠ ❝❛♥ ❜❡ ❡①)❡♥❞❡❞ ❛+ ❢♦❧❧♦✇+✿

❚❤❡♦%❡♠ ■✳✹✳✷ ✭❬✶✹✵❪✮✳ ▲❡' ❢ ∈ L1(k, s) ❜❡ ❛ ❍❡#♠✐'✐❛♥ ♠❛'#✐①✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ✇✐'❤ k ≥ 1, s ≥
2✳ ❚❤❡♥✱

{Tn(❢)}n∈Nk ∼λ (❢, Ik).

✾



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

❘❡♠❛&❦ ✷✳ ■❢ {Tn(❢)}n∈Nk ✐# #✉❝❤ '❤❛' ❡❛❝❤ Tn(❢) ✐# #②♠♠❡',✐❝ ✇✐'❤ #②♠♠❡',✐❝ ❛♥❞ ,❡❛❧ ❜❧♦❝❦#✱

'❤❡♥ '❤❡ #②♠❜♦❧ ❤❛# '❤❡ ❛❞❞✐'✐♦♥❛❧ ♣,♦♣❡,'② '❤❛' ❢(±θ1, . . . ,±θk) ≡ ❢(θ1, . . . , θk)✱ ∀(θ1, . . . , θk) ∈
I+
k = [0, π]k ❛♥❞ '❤❡,❡❢♦,❡ ❚❤❡♦,❡♠ ■✳✹✳✷ ❝❛♥ ❜❡ ,❡♣❤,❛#❡❞ ❛#

{Tn(❢)}n∈Nk ∼λ (❢, I+
k ).

■♥ "❤❡ ❚♦❡♣❧✐"③ +❡""✐♥❣✱ ✇❤❡♥ ❢ ✐+ ❛ k✲✈❛2✐❛"❡ ♣♦❧②♥♦♠✐❛❧✱ "❤❡ 5✉❛♥"✐"② o(N) ♦❢ ❘❡♠❛2❦

✶ ❜❡❝♦♠❡+ ♣2♦♣♦2"✐♦♥❛❧ "♦ N1− 1
k
✱ ✇✐"❤ ❝♦♥+"❛♥" ♣2♦♣♦2"✐♦♥❛❧ "♦ s ❛♥❞ "♦ "❤❡ ❞❡❣2❡❡ ♦❢ "❤❡

♣♦❧②♥♦♠✐❛❧✳

■✳✹✳✹ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ♦❢ ❍❡(♠✐'✐❛♥ ❜❧♦❝❦ ❚♦❡♣❧✐'③ -❡7✉❡♥❝❡-✿ ❡①'(❡♠❛❧ ❡✐❣❡♥✲

✈❛❧✉❡-

❈♦♥❝❡2♥✐♥❣ "❤❡ ❧♦❝❛❧✐③❛"✐♦♥ ❛♥❞ "❤❡ ❡①"2❡♠❛❧ ❜❡❤❛✈✐♦✉2 ♦❢ "❤❡ +♣❡❝"2❛ ♦❢ ❚♦❡♣❧✐"③ +❡5✉❡♥❝❡+

"❤❡2❡ ✐+ ❛ ❧♦" ♦❢ ✇♦2❦ ✐♥ "❤❡ ❧❛+" ✽✵ ②❡❛2+ ❝✉❧♠✐♥❛"❡❞ ✇✐"❤ "❤❡ ✇♦2❦+ ♦❢ ❇D""❝❤❡2✱ ●2✉❞+❦②✱ ❛♥❞

❙❡22❛✲❈❛♣✐③③❛♥♦ ❬✶✽✱ ✶✶✺✱ ✶✶✼✱ ✶✶✾✱ ✶✷✶❪✳ ▼♦2❡ ♣2❡❝✐+❡❧②✱ ✐❢ f ✐+ ❛ 2❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥✱ "❤❡♥ ✇❡

❤❛✈❡ "❤❡ ❢♦❧❧♦✇✐♥❣ 2❡+✉❧"✳

❚❤❡♦&❡♠ ■✳✹✳✸ ✭❬✶✽✱ ✶✶✾❪✮✳ ▲❡' f ∈ L1(k, 1) ❜❡ ❛ ,❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ✇✐'❤ k ≥ 1✳ ▲❡' m ❜❡ '❤❡

❡##❡♥'✐❛❧ ✐♥✜♠✉♠ ♦❢ f ❛♥❞ M ❜❡ '❤❡ ❡##❡♥'✐❛❧ #✉♣,❡♠✉♠ ♦❢ f ✳

✶✳ ■❢ m =M '❤❡♥ f = m ❛✳❡✳ ❛♥❞ Tn(f) ❝♦✐♥❝✐❞❡# ✇✐'❤ m '✐♠❡# '❤❡ ✐❞❡♥'✐'② ♦❢ ♦,❞❡, N(♥)✳

✷✳ ■❢ m < M '❤❡♥ ❛❧❧ '❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ Tn(f) ❜❡❧♦♥❣ '♦ '❤❡ ♦♣❡♥ #❡' (m,M) ❢♦, ❡✈❡,② n ∈ Nk
✳

✸✳ ■❢ m = ✵ ❛♥❞ θ̃ ✐# '❤❡ ✉♥✐A✉❡ ③❡,♦ ♦❢ f #✉❝❤ '❤❛' '❤❡,❡ ❡①✐#' ♣♦#✐'✐✈❡ ❝♦♥#'❛♥'# c, C, α ❢♦,

✇❤✐❝❤

c‖θ − θ̃‖α ≤ f(θ) ≤ C‖θ − θ̃‖α,
'❤❡♥ '❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Tn(f) ❣♦❡# '♦ ③❡,♦ ❛# (N(♥))−α/k

✳

■♥ "❤❡ ❝❛+❡ ✇❤❡2❡ ❢ ✐+ ❛ ❍❡2♠✐"✐❛♥ ♠❛"2✐①✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥✱ ❛❝❝♦2❞✐♥❣ "♦ "❤❡ ❛♥❛❧②+✐+ ✐♥

❬✶✶✼✱ ✶✷✶❪✱ "❤❡ ♣2❡✈✐♦✉+ "❤❡♦2❡♠ ❝❛♥ ❜❡ ❡①"❡♥❞❡❞ ❛+ ❢♦❧❧♦✇+✿

❚❤❡♦&❡♠ ■✳✹✳✹ ✭❬✶✶✼✱ ✶✷✶❪✮✳ ▲❡' ❢ ∈ L1(k, s) ❜❡ ❛ ❍❡,♠✐'✐❛♥ ♠❛',✐①✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ✇✐'❤ k ≥
1, s ≥ 2✳ ▲❡' m1 ❜❡ '❤❡ ❡##❡♥'✐❛❧ ✐♥✜♠✉♠ ♦❢ '❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❢✱ M1 ❜❡ '❤❡ ❡##❡♥'✐❛❧

#✉♣,❡♠✉♠ ♦❢ '❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❢✱ ms ❜❡ '❤❡ ❡##❡♥'✐❛❧ ✐♥✜♠✉♠ ♦❢ '❤❡ ♠❛①✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡

♦❢ ❢✱ ❛♥❞ Ms ❜❡ '❤❡ ❡##❡♥'✐❛❧ #✉♣,❡♠✉♠ ♦❢ '❤❡ ♠❛①✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❢✳

✶✳ ■❢ m1 =Ms '❤❡♥ ❢ ✐# '❤❡ ❝♦♥#'❛♥' m1Is ❛✳❡✳ ❛♥❞ Tn(❢) ❝♦✐♥❝✐❞❡# ✇✐'❤ m1 '✐♠❡# '❤❡ ✐❞❡♥'✐'②

♦❢ #✐③❡ N(♥, s) = sn1n2 . . . nk✳

✷✳ ■❢ m1 < M1 '❤❡♥ ❛❧❧ '❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ Tn(❢) ❜❡❧♦♥❣ '♦ '❤❡ ♦♣❡♥ #❡' (m1,Ms] ❢♦, ❡✈❡,②

n ∈ Nk
✳ ■❢ ms < Ms '❤❡♥ ❛❧❧ '❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ Tn(❢) ❜❡❧♦♥❣ '♦ '❤❡ ♦♣❡♥ #❡' [m1,Ms) ❢♦,

❡✈❡,② n ∈ Nk
✳

✸✳ ■❢ m1 = ✵ ❛♥❞ θ̃ ✐# '❤❡ ✉♥✐A✉❡ ③❡,♦ ♦❢ λ(min)(❢) #✉❝❤ '❤❛' '❤❡,❡ ❡①✐#' ♣♦#✐'✐✈❡ ❝♦♥#'❛♥'#

c, C, α ❢♦, ✇❤✐❝❤

c‖θ − θ̃‖α ≤ λ(min)(❢(θ)) ≤ C‖θ − θ̃‖α,
'❤❡♥ '❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Tn(❢) ❣♦❡# '♦ ③❡,♦ ❛# (N(♥))−α/k

✳

✶✵



■✳✺✳ ❚$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧1 ❛♥❞ ❜❛♥❞❡❞ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡1

■✳✺ ❚$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧1 ❛♥❞ ❜❛♥❞❡❞ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡1

■♥ +❤❡ ❝✉$$❡♥+ 1❡❝+✐♦♥ ✇❡ $❡❝❛❧❧ +❤❡ ❞❡✜♥✐+✐♦♥1 ❛♥❞ +❤❡ ♣$✐♥❝✐♣❛❧ ♣$♦♣❡$+✐❡1 ♦❢ ❛ k✲✈❛$✐❛+❡ ♠❛+$✐①✲

✈❛❧✉❡❞ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧ ❛♥❞ ✇❡ ❝♦♥❝❡♥+$❛+❡ ♦♥ +❤❡ 1♣❡❝✐❛❧ ❝❛1❡ ♦❢ ❚♦❡♣❧✐+③ 1❡=✉❡♥❝❡1✱

❤❛✈✐♥❣ ❛ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧ ❛1 ❣❡♥❡$❛+✐♥❣ ❢✉♥❝+✐♦♥✳

■♥ +❤❡ ♥❡①+ ❝❤❛♣+❡$1 ✇❡ ❞❡❛❧ ✇✐+❤ ❣❡♥❡$❛+✐♥❣ ❢✉♥❝+✐♦♥1 ♦❢ ✈❛$✐♦✉1 ♥❛+✉$❡✳ ❲❡ $❡❝❛❧❧ +❤❛+

❼ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡+❤❡$ +❤❡ ❞✐♠❡♥1✐♦♥ ♦❢ +❤❡ ❞♦♠❛✐♥ Ik ✐1 k = 1 ♦$ k > 1 ✇❡ ❞❡❛❧ ✇✐+❤ ❛♥

✉♥✐✈❛$✐❛+❡ ♦$ ❛ ♠✉❧+✐✈❛$✐❛+❡ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧✱ $❡1♣❡❝+✐✈❡❧②❀

❼ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡+❤❡$ s = 1 ♦$ s > 1 ✐♥ +❤❡ ❝♦❞♦♠❛✐♥ Cs×s
✇❡ ❞❡❛❧ ✇✐+❤ ❛ 1❝❛❧❛$ ✈❛❧✉❡❞

♦$ ❛ ♠❛+$✐①✲✈❛❧✉❡❞ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧✱ $❡1♣❡❝+✐✈❡❧②✳

❚❤❡ ♣♦❧②♥♦♠✐❛❧1 +$❡❛+❡❞ ✐♥ +❤❡ +❤❡1✐1 ✇✐❧❧ ❜❡ ♠✉❧+✐✈❛$✐❛+❡ ❛♥❞ ♠❛+$✐①✲✈❛❧✉❡❞ ✭✐♥ ❈❤❛♣$❡& ■■✮✱

✉♥✐✈❛$✐❛+❡ ❛♥❞ 1❝❛❧❛$ ✭✐♥ ❈❤❛♣$❡&( ■■■✱ ■❱✮✱ ❛♥❞ ✉♥✐✈❛$✐❛+❡ ❛♥❞ ♠❛+$✐①✲✈❛❧✉❡❞ ✭✐♥ ❈❤❛♣$❡&

❱✮✳ ❚❤✉1 ✇❡ $❡❝❛❧❧ +❤❡ ❞❡✜♥✐+✐♦♥1 ♦❢ ❛❧❧ +❤❡ ♣♦11✐❜❧❡ ❢♦✉$ ❝♦♥✜❣✉$❛+✐♦♥1✱ +❤❛+ ❛$❡✿

❼ ✉♥✐✈❛$✐❛+❡ ❛♥❞ 1❝❛❧❛$❀

❼ ✉♥✐✈❛$✐❛+❡ ❛♥❞ ♠❛+$✐①✲✈❛❧✉❡❞❀

❼ ♠✉❧+✐✈❛$✐❛+❡ ❛♥❞ 1❝❛❧❛$❀

❼ ♠✉❧+✐✈❛$✐❛+❡ ❛♥❞ ♠❛+$✐①✲✈❛❧✉❡❞✳

❉❡✜♥✐$✐♦♥ ■✳✺✳✶✳ ❬✉♥✐✈❛%✐❛&❡ ❛♥❞ )❝❛❧❛%❪ ❆ #❝❛❧❛' ✉♥✐✈❛'✐❛,❡ ,'✐❣♦♥♦♠❡,'✐❝ ♣♦❧②♥♦♠✐❛❧ ✐# ❛

❢✉♥❝,✐♦♥ f : I1 → C ,❤❛, ❝❛♥ ❜❡ ✇'✐,,❡♥ ❛# ❛ ✜♥✐,❡ ❧✐♥❡❛' ❝♦♠❜✐♥❛,✐♦♥ ♦❢ ,❤❡ ❋♦✉'✐❡' ❢'❡9✉❡♥❝✐❡#

{eιjθ : j ∈ Z}✳ ◆♦,❡ ,❤❛, f(θ) ❤❛# ❛ ✜♥✐,❡ ♥✉♠❜❡' ♦❢ ♥♦♥③❡'♦ ❋♦✉'✐❡' ❝♦❡✣❝✐❡♥,# f̂j✳ ❚❤❡ ❞❡❣'❡❡

♦❢ f ✐# ❛ ♣♦#✐,✐✈❡ ✐♥,❡❣❡' r ❞❡✜♥❡❞ ❛#

r = max{|j| : f̂j 6= 0, j ∈ Z}.

❍❡♥❝❡ f ❝❛♥ ❜❡ ✇'✐,,❡♥ ❛# ,❤❡ ❋♦✉'✐❡' #✉♠

f(θ) =

r∑

j=−r

f̂je
ιjθ.

❲❡ 1❛② +❤❛+ f ✐1 ❛ $❡❛❧✲✈❛❧✉❡❞ ❝♦1✐♥❡ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❘❈❚F✮✱ ✐❢ f ✐1 +❤❡ ❢♦❧❧♦✇✐♥❣

1❝❛❧❛$ ✉♥✐✈❛$✐❛+❡ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣$❡❡ r✳

f(θ) = f̂0 + 2
r∑

l=1

f̂l cos(lθ), f̂0, f̂1, . . . , f̂r ∈ R.

■♥ +❤❡ ❢♦❧❧♦✇✐♥❣✱ ❡✈❡$② +✐♠❡ ✇❡ ❞❡❛❧ ✇✐+❤ ❝♦1✐♥❡ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ❝❛♥ $❡♣❧❛❝❡✱ ✉1✐♥❣

❘❡♠❛$❦ ✷✱ +❤❡ ✐♥+❡$✈❛❧ I1 ✇✐+❤ I+
1 ✳

✶✶



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

❚❤❡ ♣$♦♣❡$&✐❡( ♦❢ ❚♦❡♣❧✐&③ ♠❛&$✐❝❡( ✐♥ ❙❡❝&✐♦♥ ■✳✹✳✶ ✐♠♣❧② &❤❛& &❤❡ n&❤ ❚♦❡♣❧✐&③ ♠❛&$✐①

❣❡♥❡$❛&❡❞ ❜② f ✐( &❤❡ ❜❛♥❞❡❞ $❡❛❧ (②♠♠❡&$✐❝ ♠❛&$✐① ❣✐✈❡♥ ❜②

Tn(f) =




f̂0 f̂1 · · · f̂r

f̂1
. . .

. . .
. . .

...
. . .

. . .
. . .

. . .

f̂r
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

f̂r · · · f̂1 f̂0 f̂1 · · · f̂r
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . f̂r

. . .
. . .

. . .
. . .

...
. . .

. . .
. . . f̂1

f̂r · · · f̂1 f̂0




.

❋✉$&❤❡$♠♦$❡ Tn(f) ❝❛♥ ❜❡ ✇$✐&&❡♥ ❛(

Tn(f) = τn(f) +Hn(f), ✭■✳✶✶✮

✇❤❡$❡✱ ❢♦$ ψ ❘❈❚C ♦❢ ❞❡❣$❡❡ r ❛♥❞ ♦$&❤♦❣♦♥❛❧ Q =
(√

2
n+1 sin

(
ijπ
n+1

))n

i,j=1
✱ τn(ψ) ✐( &❤❡

❢♦❧❧♦✇✐♥❣ τ ♠❛&$✐① ❬✶✹❪ ♦❢ (✐③❡ n ❣❡♥❡$❛&❡❞ ❜② ψ

τn(ψ) = Q diag
1≤j≤n

(
ψ

(
jπ

n+ 1

))
Q, Q = QT = Q−1,

❛♥❞ Hn(ψ) ✐( &❤❡ ❍❛♥❦❡❧ ♠❛&$✐①

Hn(φ) =




ψ̂2 ψ̂3 · · · ψ̂r

ψ̂3 . .
.

... . .
.

ψ̂r

ψ̂r

. .
. ...

. .
.

ψ̂3

ψ̂r · · · ψ̂3 ψ̂2




,

✇✐&❤ rank(Hn(ψ)) ≤ 2(r − 1)✳

❉❡✜♥✐$✐♦♥ ■✳✺✳✷✳ ❬✉♥✐✈❛%✐❛&❡ ❛♥❞ ♠❛&%✐①✲✈❛❧✉❡❞ ❪ ❆ ♠❛%&✐①✲✈❛❧✉❡❞ ✉♥✐✈❛&✐❛%❡ %&✐❣♦♥♦♠❡%&✐❝

♣♦❧②♥♦♠✐❛❧ ✐5 ❛ ❢✉♥❝%✐♦♥ ❢ : I1 → Cs×s
✱ s > 1✱ ✇&✐%%❡♥ ❛5 ❛ ✜♥✐%❡ ❧✐♥❡❛& ❝♦♠❜✐♥❛%✐♦♥ ♦❢ %❤❡

✶✷



■✳✺✳ ❚$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧1 ❛♥❞ ❜❛♥❞❡❞ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡1

❋♦✉#✐❡# ❢#❡'✉❡♥❝✐❡* {e−ιjθ : j ∈ Z} ♦#✱ ❡'✉✐✈❛❧❡♥/❧②✱ ❢♦# ❛❧❧ l,m = 1, . . . , s✱ ✐/* (l,m)/❤ ❝♦♠♣♦♥❡♥/

flm : I1 → C ✐* ❛ *❝❛❧❛# ✉♥✐✈❛#✐❛/❡ /#✐❣♦♥♦♠❡/#✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣#❡❡ rlm✳ ❚❤❡ ❞❡❣#❡❡ ♦❢ ❢ ✐* ❛

♣♦*✐/✐✈❡ ✐♥/❡❣❡# r ❞❡✜♥❡❞ ❛*

r = max
l=1,...,s
m=1,...,s

rlm.

❚❤✉* ❢ ❝❛♥ ❜❡ ✇#✐//❡♥ ❛* /❤❡ ❋♦✉#✐❡# *✉♠

❢(θ) =

r∑

j=−r

❢̂je
ιjθ.

❲❡ 1❛② +❤❛+ f ✐1 ❛♥ ❍❡$♠✐+✐❛♥ ♠❛+$✐①✲✈❛❧✉❡❞ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❍❚=✮ ✇✐+❤ ❋♦✉$✐❡$

❝♦❡✣❝✐❡♥+1 f̂0, f̂1, . . . , f̂r ∈ Rs×s
✱ ✐❢ ❢ ✐1 ♦❢ +❤❡ ❢♦$♠

f(θ) =
r∑

l=−r

f̂le
ιlθ = f̂0 +

r∑

l=1

(
f̂le

ιlθ + f̂Tl e
−ιlθ

)
, r = deg (f(θ)) ,

✇❤❡$❡ ✇❡ 1❡+

f̂−l = f̂Tl , l = 0, . . . , r. ✭■✳✶✷✮

❚❤❡ ❛11✉♠♣+✐♦♥1 ♦♥ f(θ) ✐♠♣❧② +❤❛+ Tn(f) ✐1 +❤❡ N(n, s)×N(n, s) ❜❧♦❝❦ $❡❛❧ ❜❛♥❞❡❞ 1②♠♠❡+$✐❝

❚♦❡♣❧✐+③ ♠❛+$✐① ✇✐+❤ ✏❜❧♦❝❦ ❜❛♥❞✇✐❞+❤✑ 2r + 1✱ ♦❢ +❤❡ ❢♦$♠

Tn(f) =




f̂0 f̂T1 · · · f̂Tr

f̂1
. . .

. . .
. . .

...
. . .

. . .
. . .

. . .

f̂r
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

f̂r · · · f̂1 f̂0 f̂T1 · · · f̂Tr
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . f̂Tr

. . .
. . .

. . .
. . .

...
. . .

. . .
. . . f̂T1

f̂r · · · f̂1 f̂0




.

❲❡ $❡♠❛$❦ +❤❛+

Tn(f) = τN(n,s)(f) +HN(n,s)(f), ✭■✳✶✸✮

✇❤❡$❡✱ ❢♦$ ψ ✭❍❚=✮ ♦❢ ❞❡❣$❡❡ r ❛♥❞ ♦$+❤♦❣♦♥❛❧ Q =
(√

2
n+1 sin

(
ijπ
n+1

))n

i,j=1
✱ τN(n,s)(ψ) ✐1 +❤❡

❢♦❧❧♦✇✐♥❣ τ ♠❛+$✐① ❬✶✹❪ ♦❢ 1✐③❡ N(n, s) ❣❡♥❡$❛+❡❞ ❜② ψ

τN (ψ) = (Q⊗ Is) diag
1≤j≤n

(
ψ

(
jπ

n+ 1

))
(Q⊗ Is), Q = QT = Q−1,

✶✸



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✇❤❡#❡ HN(n,s)(ψ) ✐% &❤❡ ❍❛♥❦❡❧ ♠❛&#✐①

HN(n,s)(ψ) =




ψ̂2 ψ̂3 · · · ψ̂r

ψ̂3 . .
.

... . .
.

ψ̂r

ψ̂r

. .
. ...

. .
.

ψ̂3

ψ̂r · · · ψ̂3 ψ̂2




,

✇✐&❤ ν := ν(s, r) = rank(HN(n,s)(ψ)) ≤ 2s(r− 1)✳

❉❡✜♥✐$✐♦♥ ■✳✺✳✸✳ ❬♠✉❧#✐✈❛'✐❛#❡ ❛♥❞ +❝❛❧❛'❪ ❆ #❝❛❧❛' ♠✉❧*✐✈❛'✐❛*❡ *'✐❣♦♥♦♠❡*'✐❝ ♣♦❧②♥♦♠✐❛❧

✐# ❛ ❢✉♥❝*✐♦♥ f : Ik → C✱ k > 1✱ ✇'✐**❡♥ ❛# ❛ ✜♥✐*❡ ❧✐♥❡❛' ❝♦♠❜✐♥❛*✐♦♥ ♦❢ *❤❡ ❋♦✉'✐❡' ❢'❡:✉❡♥❝✐❡#

{e−ι〈j,θ〉 : ❥ ∈ Zk}✳ ❚❤❡ ❞❡❣'❡❡ ♦❢ f ✐# ❛ ♣♦#✐*✐✈❡ k✲✐♥❞❡① ' ❞❡✜♥❡❞ ❛#

' = max{|❥| : f̂
❥

6= 0, ❥ ∈ Zk} = max
❥=(j1,...,jk)∈Zk

{(|j1|, . . . , |jk|) : f̂
❥

6= 0}.

❚❤✉# f ❝❛♥ ❜❡ ✇'✐**❡♥ ❛# *❤❡ ❋♦✉'✐❡' #✉♠

f(θ) =
!∑

❥=−!

f̂
❥

e〈j,θ〉.

❲❡ #❛② *❤❛* f ✐# ❛ ♠✉❧*✐✈❛'✐❛*❡ '❡❛❧✲✈❛❧✉❡❞ ❝♦#✐♥❡ *'✐❣♦♥♦♠❡*'✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❘❈❚D✮✱ ✐❢ f ✐# *❤❡

❢♦❧❧♦✇✐♥❣ #❝❛❧❛' ♠✉❧*✐✈❛'✐❛*❡ *'✐❣♦♥♦♠❡*'✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣'❡❡ '✳

f(θ) = f̂
✵

+ 2
!∑

❧=❡

f̂
❧

cos(〈❧,θ〉), f̂
✵

, . . . , f̂
!

∈ R.

❚❤❡ ❣❡♥❡'❛❧✐③❛*✐♦♥ ♦❢ *❤❡ ♣'♦♣❡'*✐❡# ✐♥ ❙❡❝*✐♦♥ ■✳✹✳✶ *♦ *❤❡ ♠✉❧*✐❧❡✈❡❧ ❝♦♥*❡①* ✐♠♣❧② *❤❛* *❤❡

N(n, 1)×N(n, 1) ❚♦❡♣❧✐*③ ♠❛*'✐① ❣❡♥❡'❛*❡❞ ❜② f ✐# *❤❡ '❡❛❧ ❜❛♥❞❡❞ #②♠♠❡*'✐❝ ♠❛*'✐① ❣✐✈❡♥ ❜②

Tn(f) =

!−e∑

❧=−(!−e)

(J l1
n1

⊗ · · · ⊗ J lk
nk
)f̂

❧

. ✭■✳✶✹✮

✇❤❡'❡ J
lξ
nξ ✐# ❞❡✜♥❡❞ ❛# ✐♥ ❢♦'♠✉❧❛ ✭■✳✶✵✮✳

❉❡✜♥✐$✐♦♥ ■✳✺✳✹✳ ❬♠✉❧#✐✈❛'✐❛#❡ ❛♥❞ ♠❛#'✐①✲✈❛❧✉❡❞❪ ❆ ♠❛*'✐①✲✈❛❧✉❡❞ ♠✉❧*✐✈❛'✐❛*❡ *'✐❣♦♥♦✲

♠❡*'✐❝ ♣♦❧②♥♦♠✐❛❧ ✐# ❛ ❢✉♥❝*✐♦♥ ❢ : Ik → Cs×s
✱ k, s > 1✱ ✇'✐**❡♥ ❛# ❛ ✜♥✐*❡ ❧✐♥❡❛' ❝♦♠❜✐♥❛*✐♦♥

♦❢ *❤❡ ❋♦✉'✐❡' ❢'❡:✉❡♥❝✐❡# {e−ι〈j,θ〉 : ❥ ∈ Zk} ♦'✱ ❡:✉✐✈❛❧❡♥*❧②✱ ❢♦' ❛❧❧ l,m = 1, . . . , s✱ ✐*# (l,m)*❤

❝♦♠♣♦♥❡♥* flm : Ik → C ✐# ❛ #❝❛❧❛' ♠✉❧*✐✈❛'✐❛*❡ *'✐❣♦♥♦♠❡*'✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣'❡❡ 'lm✳ ❚❤❡

❞❡❣'❡❡ ♦❢ ❢ ✐# ❛ ♣♦#✐*✐✈❡ k✲✐♥❞❡① r ❞❡✜♥❡❞ ❛#

r = max
l=1,...,s
m=1,...,s

'lm.

✶✹



■✳✻✳ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ❛♥❞ ❝♦♠♣✉'❛'✐♦♥❛❧ ❢❡❛'✉(❡- ♦❢ ❜❧♦❝❦ ❝✐(❝✉❧❛♥' ♠❛'(✐❝❡-

❚❤✉# ❢ ❝❛♥ ❜❡ ✇*✐,,❡♥ ❛# ,❤❡ ❋♦✉*✐❡* #✉♠

❢(θ) =
r∑

❥=−r

❢̂

❥

e〈j,θ〉.

❲❡ -❛② '❤❛' f ✐- ❛♥ ❍❡(♠✐'✐❛♥ ♠❛'(✐①✲✈❛❧✉❡❞ ♠✉❧'✐✈❛(✐❛'❡ '(✐❣♦♥♦♠❡'(✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❍❚?✮

✇✐'❤ ❋♦✉(✐❡( ❝♦❡✣❝✐❡♥'- f̂0, . . . , f̂r ∈ Rs×s
✱ ✐❢ ❢ ✐- ♦❢ '❤❡ ❢♦(♠

f(θ) = ❢̂

✵

+
r∑

❧=❡

(
❢̂

❧

eι〈❧,θ〉 + ❢̂

❧

T
e−ι〈❧,θ〉

)
, r = deg (f(θ)) ,

✇❤❡(❡ ✇❡ -❡'

f̂−❧ = f̂T
❧

, ❧ = ✵, . . . , r. ✭■✳✶✺✮

❚❤❡ ❛--✉♠♣'✐♦♥- ♦♥ f(θ) ✐♠♣❧② '❤❛' '❤❡ N(♥, s)×N(♥, s) ❚♦❡♣❧✐'③ ♠❛'(✐① T
♥

(f) ❣❡♥❡(❛'❡❞ ❜②

❢ ✐- '❤❡ ♠✉❧'✐❧❡✈❡❧ ❜❧♦❝❦ ❜❛♥❞❡❞ (❡❛❧ ❛♥❞ -②♠♠❡'(✐❝ ♠❛'(✐① ❣✐✈❡♥ ❜②

Tn(f) =
r−e∑

❧=−(r−e)

(J l1
n1

⊗ · · · ⊗ J lk
nk
)⊗ ❢̂

❧

. ✭■✳✶✻✮

✇❤❡(❡ J
lξ
nξ ✐- ❞❡✜♥❡❞ ❛- ✐♥ ❢♦(♠✉❧❛ ✭■✳✶✵✮✳

■✳✻ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐- ❛♥❞ ❝♦♠♣✉'❛'✐♦♥❛❧ ❢❡❛'✉(❡- ♦❢ ❜❧♦❝❦ ❝✐(❝✉✲

❧❛♥' ♠❛'(✐❝❡-

■♥ '❤✐- -❡❝'✐♦♥ ✇❡ (❡♣♦(' ❦❡② ❢❡❛'✉(❡- ♦❢ '❤❡ ✭❜❧♦❝❦✮ ❝✐(❝✉❧❛♥' ♠❛'(✐❝❡-✱ ❛❧-♦ ✐♥ ❝♦♥♥❡❝'✐♦♥ ✇✐'❤

'❤❡ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥✳

❉❡✜♥✐(✐♦♥ ■✳✻✳✶✳ ▲❡, ,❤❡ ❋♦✉*✐❡* ❝♦❡✣❝✐❡♥,# ♦❢ ❛ ❣✐✈❡♥ ❢✉♥❝,✐♦♥ ❢ ∈ L1(k, s) ❜❡ ❞❡✜♥❡❞ ❛# ✐♥

❢♦*♠✉❧❛ ✭■✳✾✮✳

❚❤❡♥✱ ,❤❡ n,❤ ❝✐*❝✉❧❛♥, ♠❛,*✐① ❛##♦❝✐❛,❡❞ ✇✐,❤ ❢ ✐# ,❤❡ ♠❛,*✐① ♦❢ ♦*❞❡* N(♥, s) = sn1n2 . . . nk

❣✐✈❡♥ ❜②

Cn(❢) =
n−e∑

j=−(n−e)

Zj1
n1

⊗ · · · ⊗ Zjk
nk

⊗ ❢̂j, ✭■✳✶✼✮

✇❤❡*❡ e = (1, . . . , 1) ∈ Nk, j = (j1, . . . , jk) ∈ Nk
❛♥❞ Z

jξ
nξ ✐# ,❤❡ nξ × nξ ♠❛,*✐① ✇❤♦#❡ (i, h),❤

❡♥,*② ❡@✉❛❧# ✶ ✐❢ (i− h) ♠♦❞ nξ = jξ ❛♥❞ 0 ♦,❤❡*✇✐#❡✳

❚❤❡♦0❡♠ ■✳✻✳✶ ✭❬✹✹❪✮✳ ▲❡, f ∈ L1(k, 1) ❜❡ ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝,✐♦♥ ✇✐,❤ k ≥ 1✳ ❚❤❡♥✱ ,❤❡

❢♦❧❧♦✇✐♥❣ ❙❝❤✉* ❞❡❝♦♠♣♦#✐,✐♦♥ ♦❢ Cn(f) ✐# ✈❛❧✐❞✿

Cn(f) = FnDn(f)F
∗
n, ✭■✳✶✽✮

✇❤❡*❡

Dn(f) = diag
0≤r≤n−e

(Sn(f))
(
θ
(n)
r

)
, θ

(n)
r = 2π

r

n
, Fn =

1√
N(♥)

(
e
−ι

〈

j,θ
(n)
r

〉)n−e

j,r=0

, ✭■✳✶✾✮

✶✺



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✇✐"❤

〈
j, θ

(n)
r

〉
=

∑k
t=1 2π

jtrt
nt
✳ ❍❡'❡ Sn(f)(·) ✐( "❤❡ n"❤ ❋♦✉'✐❡' (✉♠ ♦❢ f ❣✐✈❡♥ ❜②

(Sn(f)) (θ) =

n1−1∑

j1=1−n1

· · ·
nk−1∑

jk=1−nk

f̂je
ι〈j,θ〉, 〈j,θ〉 =

k∑

t=1

jtθt. ✭■✳✷✵✮

❍❡'❡ Fn ✐( "❤❡ k✲❧❡✈❡❧ ❋♦✉'✐❡' ♠❛"'✐①✱ Fn = Fn1 ⊗· · ·⊗Fnk
✱ ❛♥❞ ✐"( ❝♦❧✉♠♥( ❛'❡ "❤❡ ❡✐❣❡♥✈❡❝"♦'(

♦❢ Cn(f) ✇✐"❤ ❡✐❣❡♥✈❛❧✉❡( ❣✐✈❡♥ ❜② "❤❡ ❡✈❛❧✉❛"✐♦♥( ♦❢ "❤❡ n"❤ ❋♦✉'✐❡' (✉♠ Sn(f)(·) ❛" "❤❡ ❣'✐❞
♣♦✐♥"(

θ
(n)
r = 2π

r

n
.

■♥ '❤❡ ❝❛,❡ ✇❤❡.❡ ❢ ✐, ❛ ❍❡.♠✐'✐❛♥ ♠❛'.✐①✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥✱ '❤❡ ♣.❡✈✐♦✉, '❤❡♦.❡♠ ❝❛♥ ❜❡

❡①'❡♥❞❡❞ ❛, ❢♦❧❧♦✇,✿

❚❤❡♦&❡♠ ■✳✻✳✷ ✭❬✼✽❪✮✳ ▲❡" ❢ ∈ L1(k, s) ❜❡ ❛ ♠❛"&✐①✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥ ✇✐"❤ k ≥ 1, s ≥ 2✳ ❚❤❡♥✱

"❤❡ ❢♦❧❧♦✇✐♥❣ ❜❧♦❝❦✲❙❝❤✉& ❞❡❝♦♠♣♦;✐"✐♦♥ ♦❢ Cn(❢) ✐; ✈❛❧✐❞✿

Cn(❢) = (Fn ⊗ Is)Dn(❢)(Fn ⊗ Is)
∗, ✭■✳✷✶✮

✇❤❡&❡

Dn(❢) = diag
0≤r≤n−e

(Sn(❢))
(
θ
(n)
r

)
, θ

(n)
r = 2π

r

n
, Fn =

1√
N(♥)

(
e
−ι

〈

j,θ
(n)
r

〉)n−e

j,r=0

, ✭■✳✷✷✮

✇✐"❤

〈
j, θ

(n)
r

〉
=

∑k
t=1 2π

jtrt
nt

❛♥❞ Is "❤❡ s × s ✐❞❡♥"✐"② ♠❛"&✐①✳ ❍❡&❡ Sn(❢)(·) ✐; "❤❡ n"❤ ❋♦✉&✐❡&

;✉♠ ♦❢ ❢ ❣✐✈❡♥ ❜②

(Sn(❢)) (θ) =

n1−1∑

j1=1−n1

· · ·
nk−1∑

jk=1−nk

❢̂je
ι〈j,θ〉, 〈j,θ〉 =

k∑

t=1

jtθt. ✭■✳✷✸✮

❍❡&❡ "❤❡ ❡✐❣❡♥✈❛❧✉❡; ♦❢ Cn(❢) ❛&❡ ❣✐✈❡♥ ❜② "❤❡ ❡✈❛❧✉❛"✐♦♥; ♦❢ λ
(t)(Sn(❢))✱ t = 1, . . . , s✱ ❛" "❤❡ ❣&✐❞

♣♦✐♥";

θ
(n)
r = 2π

r

n
.

❉❡✜♥✐&✐♦♥ ■✳✻✳✷✳ ❲❡ ;❛② "❤❛" ❛ ❝♦♥"✐♥✉♦✉; 2π✲♣❡&✐♦❞✐❝ ❢✉♥❝"✐♦♥ ❢ ❜❡❧♦♥❣; "♦ "❤❡ ❉✐♥✐✲▲✐♣;❝❤✐"③

❝❧❛;; ✐❢ ✐"; ♠♦❞✉❧✉; ♦❢ ❝♦♥"✐♥✉✐"② ❡✈❛❧✉❛"❡❞ ❛" δ ❣♦❡; "♦ ③❡&♦ ❢❛;"❡& "❤❛♥ 1/| log(δ)|✱ "❤❛" ✐;

lim
δ→0+

log(δ)ω
❢

(δ) = 0.

❘❡♠❛.❦ ✸✳ ■❢ ❢ ✐; ❛ "&✐❣♦♥♦♠❡"&✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ✜①❡❞ ❞❡❣&❡❡ ✭✇✐"❤ &❡;♣❡❝" "♦ n✮✱ "❤❡♥ ✐" ✐;

✇♦&"❤ ♥♦"✐❝✐♥❣ "❤❛" Sn(❢)(·) = ❢(·) ❢♦& n ❧❛&❣❡ ❡♥♦✉❣❤✿ ♠♦&❡ ♣&❡❝✐;❡❧②✱ ❡✈❡&② nj ;❤♦✉❧❞ ❜❡ ❧❛&❣❡&

"❤❛♥ "❤❡ ❞♦✉❜❧❡ ♦❢ "❤❡ ❞❡❣&❡❡ ✇✐"❤ &❡;♣❡❝" "♦ "❤❡ j"❤ ✈❛&✐❛❜❧❡✳ ❚❤❡&❡❢♦&❡✱ ✐♥ ;✉❝❤ ❛ ;❡""✐♥❣✱ "❤❡

❡✐❣❡♥✈❛❧✉❡; ♦❢ Cn(❢) ❛&❡ ❡✐"❤❡& "❤❡ ❡✈❛❧✉❛"✐♦♥; ♦❢ f ❛" "❤❡ ❣&✐❞ ♣♦✐♥"; ✐❢ s = 1 ♦& "❤❡ G✉❛♥"✐"②

λt (❢(·))✱ t = 1, . . . , s✱ ❡✈❛❧✉❛"❡❞ ❛" "❤❡ ✈❡&② ;❛♠❡ ❣&✐❞ ♣♦✐♥";✳ ■" ✐; ✇♦&"❤ ♥♦"✐♥❣ "❤❛" ✇❡ ✇&✐"❡

λt (❢(·))✱ ✐♥;"❡❛❞ ♦❢
(
λ(t)(❢)

)
(·)✱ ♣♦✐♥"✐♥❣ ♦✉" "❤❛" ✇❡ ✜&;" ❝❛❧❝✉❧❛"❡ "❤❡ ♠❛"&✐❝❡;

❢

(
θ
(n)
r

)
, 0 ≤ r ≤ n− e,

❛♥❞ "❤❡♥ "❤❡✐& ❡✐❣❡♥✈❛❧✉❡;

λt

(
❢

(
θ
(n)
r

))
, t = 1, . . . , s.

❆ ♠♦&❡ ❞❡"❛✐❧❡❞ ❞✐;❝✉;;✐♦♥ ♦♥ "❤❡ ❡✈❛❧✉❛"✐♦♥ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝"✐♦♥; ♦❢ ❛ ♠❛"&✐①✲✈❛❧✉❡❞

;②♠❜♦❧ ✇✐❧❧ "&❡❛"❡❞ ✐♥ ❙✉❜;❡❝"✐♦♥; ■■✳✷✳✷✳✶✱ ■■✳✷✳✺✱ ❢♦& k > 1✱ ❛♥❞ ❙❡❝"✐♦♥ ❱✳✸✱ ❢♦& k = 1✳

✶✻



■✳✼✳ ●▲❚ &❡(✉❡♥❝❡&✿ ♦♣❡/❛1✐✈❡ ❢❡❛1✉/❡&

❘❡♠❛$❦ ✹✳ ❚❤♦✉❣❤ %❤❡ ❡✐❣❡♥✈❛❧✉❡, ♦❢ ❛♥② Cn(❢) ❛/❡ ❡①♣❧✐❝✐%❧② ❦♥♦✇♥✱ /❡,✉❧%, ❧✐❦❡ ❚❤❡♦/❡♠ ■✳✹✳✶

❛♥❞ ❚❤❡♦/❡♠ ■✳✹✳✷ ❞♦ ♥♦% ❤♦❧❞ ❢♦/ ,❡=✉❡♥❝❡, {Cn(❢)}n∈Nk ✐♥ ❢✉❧❧ ❣❡♥❡/❛❧✐%②✿ %❤✐, ✐, ❞✉❡ %♦ %❤❡

❢❛❝% %❤❛% %❤❡ ❋♦✉/✐❡/ ,✉♠ ♦❢ ❢ ❝♦♥✈❡/❣❡, %♦ ❢ ✉♥❞❡/ =✉✐%❡ /❡,%/✐❝%✐✈❡ ❛,,✉♠♣%✐♦♥, ✭,❡❡ ❬✶✺✹❪✮✳

■♥ ❢❛❝% ✐❢ ❢✱ ❜❡❧♦♥❣, %♦ %❤❡ ❉✐♥✐✲▲✐♣,❝❤✐%③ ❝❧❛,,✱ %❤❡♥ {Cn(❢)}n∈Nk ∼λ (f, Ik)✱ ,✐♠♣❧② ❜❡❝❛✉,❡
Sn(❢)(·) ✉♥✐❢♦/♠❧② ❝♦♥✈❡/❣❡, %♦ ❢ ✭,❡❡ ❬✻✹❪ ❢♦/ ♠♦/❡ /❡❧❛%✐♦♥, ❜❡%✇❡❡♥ ❝✐/❝✉❧❛♥% ,❡=✉❡♥❝❡, ❛♥❞

,♣❡❝%/❛❧ ❞✐,%/✐❜✉%✐♦♥ /❡,✉❧%,✮✳

❲❡ ❡♥❞ 1❤✐& &✉❜&❡❝1✐♦♥ ❜② /❡❝❛❧❧✐♥❣ 1❤❡ ❝♦♠♣✉1❛1✐♦♥❛❧ ♣/♦♣❡/1✐❡& ♦❢ ✭❜❧♦❝❦✮ ❝✐/❝✉❧❛♥1&✳ ❊✈❡/②

♠❛1/✐①✴✈❡❝1♦/ ♦♣❡/❛1✐♦♥ ✇✐1❤ ❝✐/❝✉❧❛♥1& ❤❛& ❝♦&1 O(N(♥) logN(♥)) ✇✐1❤ ♠♦❞❡/❛1❡ ♠✉❧1✐♣❧✐❝❛1✐✈❡

❝♦♥&1❛♥1&✿ ✐♥ ♣❛/1✐❝✉❧❛/✱ 1❤✐& ✐& 1/✉❡ ❢♦/ 1❤❡ ♠❛1/✐①✲✈❡❝1♦/ ♣/♦❞✉❝1✱ ❢♦/ 1❤❡ &♦❧✉1✐♦♥ ♦❢ ❛ ❧✐♥❡❛/

&②&1❡♠✱ ❢♦/ 1❤❡ ❝♦♠♣✉1❛1✐♦♥ ♦❢ 1❤❡ ❜❧♦❝❦& (Sn(❢))
(
θ
(n)
r

)
❛♥❞ ❝♦♥&❡(✉❡♥1❧② ♦❢ 1❤❡ ❡✐❣❡♥✈❛❧✉❡&

✭&❡❡✱ ❡✳❣✳✱ ❬✶✹✽❪✮✳

■✳✼ ●▲❚ &❡(✉❡♥❝❡&✿ ♦♣❡/❛1✐✈❡ ❢❡❛1✉/❡&

❲❡ ❜/✐❡✢② ♣/❡&❡♥1 1❤❡ ❝❧❛&& ♦❢ ●❡♥❡/❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐1③ ✭●▲❚✮ &❡(✉❡♥❝❡& ❛♥❞ ✐1& ♦♣❡/❛1✐✈❡

❢❡❛1✉/❡&✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ 1❤❡ ♣✐✈♦1❛❧ 1♦♦❧& ✉&❡❞ ✐♥ 1❤❡ ♥❡①1 ❝❤❛♣1❡/& ✭&❡❡ 1❤❡ ♣✐♦♥❡❡/✐♥❣ ✇♦/❦ ❬✶✹✶❪

❜② ❚✐❧❧✐ ❢♦/ ❞❡&❝/✐❜✐♥❣ 1❤❡ &♣❡❝1/✉♠ ♦❢ ♦♥❡✲❞✐♠❡♥&✐♦♥❛❧ ❞✐✛❡/❡♥1✐❛❧ ♦♣❡/❛1♦/& ❛♥❞ 1❤❡ ❣❡♥❡/❛❧✲

✐③❛1✐♦♥& ✐♥ ❬✶✷✺✱ ✶✷✻❪ ❜② ❙❡//❛✲❈❛♣✐③③❛♥♦ ❢♦/ ♠✉❧1✐✈❛/✐❛1❡ ❞✐✛❡/❡♥1✐❛❧ ♦♣❡/❛1♦/&✮✳

●♦✐♥❣ 1❤/♦✉❣❤ 1❤❡ ❞❡1❛✐❧& ♦❢ ●▲❚ ❝❧❛&& /❡(✉✐/❡& /❛1❤❡/ 1❡❝❤♥✐❝❛❧ 1♦♦❧& ❛♥❞ ✐& ♥♦1 ✇✐1❤✐♥ 1❤❡

❛✐♠& ♦❢ 1❤✐& 1❤❡&✐&✱ ❤❡♥❝❡ ❤❡/❡ ✇❡ ❧✐&1 &♦♠❡ ♣/♦♣❡/1✐❡& ♦❢ 1❤❡ ●▲❚ ❝❧❛&& ✐♥ 1❤❡✐/ ♠✉❧1✐❧❡✈❡❧ ❜❧♦❝❦

❢♦/♠ ✭&❡❡ ❬✶✷✻❪✮✱ ✇❤✐❝❤ ❛/❡ &✉✣❝✐❡♥1 1♦ ♦✉/ ♣✉/♣♦&❡&✳

●▲❚✶ ❊❛❝❤ ●▲❚ &❡(✉❡♥❝❡ ❤❛& ❛ &✐♥❣✉❧❛/ ✈❛❧✉❡ &②♠❜♦❧ ❢(①,θ) ❢♦/ (①,θ) ∈ [0, 1]k × [−π, π]k
❛❝❝♦/❞✐♥❣ 1♦ 1❤❡ &❡❝♦♥❞ ■1❡♠ ✐♥ ❉❡✜♥✐1✐♦♥ ■✳✸✳✹ ✇✐1❤ ℓ = 2k✳ ■❢ 1❤❡ &❡(✉❡♥❝❡ ✐& ❍❡/♠✐1✐❛♥✱

1❤❡♥ 1❤❡ ❞✐&1/✐❜✉1✐♦♥ ❛❧&♦ ❤♦❧❞& ✐♥ 1❤❡ ❡✐❣❡♥✈❛❧✉❡ &❡♥&❡✳ ■❢ {Gn}n ❤❛& ❛ ●▲❚ &②♠❜♦❧ ❢(①,θ)

✇❡ ✇✐❧❧ ✇/✐1❡ {Gn}n ∼
❣❧"

❢(①,θ)✳

●▲❚✷ ❚❤❡ &❡1 ♦❢ ●▲❚ &❡(✉❡♥❝❡& ❢♦/♠ ❛ ∗✲❛❧❣❡❜/❛✱ ✐✳❡✳✱ ✐1 ✐& ❝❧♦&❡❞ ✉♥❞❡/ ❧✐♥❡❛/ ❝♦♠❜✐♥❛1✐♦♥&✱

♣/♦❞✉❝1&✱ ✐♥✈❡/&✐♦♥ ✭✇❤❡♥❡✈❡/ 1❤❡ &②♠❜♦❧ ✐& &✐♥❣✉❧❛/✱ ❛1 ♠♦&1✱ ✐♥ ❛ &❡1 ♦❢ ③❡/♦ ▲❡❜❡&❣✉❡

♠❡❛&✉/❡✮✱ ❝♦♥❥✉❣❛1✐♦♥✳ ❍❡♥❝❡✱ 1❤❡ &❡(✉❡♥❝❡ ♦❜1❛✐♥❡❞ ✈✐❛ ❛❧❣❡❜/❛✐❝ ♦♣❡/❛1✐♦♥& ♦♥ ❛ ✜♥✐1❡

&❡1 ♦❢ ❣✐✈❡♥ ●▲❚ &❡(✉❡♥❝❡& ✐& &1✐❧❧ ❛ ●▲❚ &❡(✉❡♥❝❡ ❛♥❞ ✐1& &②♠❜♦❧ ✐& ♦❜1❛✐♥❡❞ ❜② ♣❡/✲

❢♦/♠✐♥❣ 1❤❡ &❛♠❡ ❛❧❣❡❜/❛✐❝ ♠❛♥✐♣✉❧❛1✐♦♥& ♦♥ 1❤❡ ❝♦//❡&♣♦♥❞✐♥❣ &②♠❜♦❧& ♦❢ 1❤❡ ✐♥♣✉1 ●▲❚

&❡(✉❡♥❝❡&✳

●▲❚✸ ❊✈❡/② ❚♦❡♣❧✐1③ &❡(✉❡♥❝❡ ❣❡♥❡/❛1❡❞ ❜② ❛♥ L1(k, s) ❢✉♥❝1✐♦♥ ❢ = ❢(θ) ✐& ❛ ●▲❚ &❡(✉❡♥❝❡&

❛♥❞ ✐1& &②♠❜♦❧ ✐& ❢✱ ✇✐1❤ 1❤❡ &♣❡❝✐✜❝❛1✐♦♥& /❡♣♦/1❡❞ ✐♥ ■1❡♠ ●▲❚✶✳ ❲❡ ♥♦1❡ 1❤❛1 1❤❡

❢✉♥❝1✐♦♥ ❢ ❞♦❡& ♥♦1 ❞❡♣❡♥❞ ♦♥ 1❤❡ &♣❛❝❡ ✈❛/✐❛❜❧❡& ① ∈ [0, 1]k✳

●▲❚✹ ❊✈❡/② &❡(✉❡♥❝❡ ✇❤✐❝❤ ✐& ❞✐&1/✐❜✉1❡❞ ❛& 1❤❡ ❝♦♥&1❛♥1 ③❡/♦ ✐♥ 1❤❡ &✐♥❣✉❧❛/ ✈❛❧✉❡ &❡♥&❡ ✐& ❛

●▲❚ &❡(✉❡♥❝❡ ✇✐1❤ &②♠❜♦❧ 0 ✭✐♥ ♣❛/1✐❝✉❧❛/ ❡✈❡/② &❡(✉❡♥❝❡ ✐♥ ✇❤✐❝❤ 1❤❡ /❛♥❦ ❞✐✈✐❞❡❞ ❜②

1❤❡ &✐③❡ 1❡♥❞& 1♦ ③❡/♦ ❛& 1❤❡ ♠❛1/✐① &✐③❡ 1❡♥❞& 1♦ ✐♥✜♥✐1②✮✳

■♥ &❤♦/1✱ ●▲❚ &❡(✉❡♥❝❡& ❢♦/♠ ❛♥ ❛❧❣❡❜/❛ ❝♦♥1❛✐♥✐♥❣ &❡(✉❡♥❝❡& ♦❢ ♠❛1/✐❝❡& ✐♥❝❧✉❞✐♥❣ 1❤❡ ❚♦❡♣❧✐1③

&❡(✉❡♥❝❡& ✇✐1❤ ▲❡❜❡&❣✉❡ ✐♥1❡❣/❛❜❧❡ &②♠❜♦❧& ❛♥❞ ✈✐/1✉❛❧❧② ❛♥② &❡(✉❡♥❝❡ ♦❢ ♠❛1/✐❝❡& ❝♦♠✐♥❣ ❢/♦♠

✏/❡❛&♦♥❛❜❧❡✑ ❛♣♣/♦①✐♠❛1✐♦♥& ❜② ❧♦❝❛❧ ❞✐&❝/❡1✐③❛1✐♦♥ ♠❡1❤♦❞& ✭❋✐♥✐1❡ ❉✐✛❡/❡♥❝❡&✱ ❋✐♥✐1❡ ❊❧❡♠❡♥1&✱

■&♦❣❡♦♠❡1/✐❝ ❆♥❛❧②&✐&✱ ❡1❝✳✮ ♦❢ ]❛/1✐❛❧ ❉✐✛❡/❡♥1✐❛❧ ❊(✉❛1✐♦♥&✳

✶✼



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

■✳✽ #$❡❝♦♥❞✐+✐♦♥✐♥❣ ❛♥❞ ♠✉❧+✐❣$✐❞ ♠❡+❤♦❞2 ❢♦$ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡2

❲❡ "❡❝❛❧❧ &❤❛& ♦❢&❡♥ &❤❡ ❛♣♣"♦①✐♠❛&✐♦♥ ♦❢ ❛ ♣"♦❜❧❡♠ ✐♥ ❛♥ ✐♥✜♥✐&❡ ❞✐♠❡♥2✐♦♥❛❧ 2♣❛❝❡ ♣"♦❞✉❝❡2

❛ 2❡4✉❡♥❝❡ ♦❢ ❧❛"❣❡ ❧✐♥❡❛" 2②2&❡♠

{A
♥

u
♥

= b
♥

}
♥

,

♦❢ 2✐③❡ N ≡ N(n, s)✱ ✇❤❡"❡ A
♥

❛"❡ 2&"✉❝&✉"❡❞ ♠❛&"✐❝❡2✳ ■❢ ❤✐❣❤ ♣"❡❝✐2✐♦♥ ✐2 "❡4✉✐"❡❞✱ &❤❡♥ ✇❡

❤❛✈❡ &♦ ❝♦♠♣✉&❡ &❤❡ ♥✉♠❡"✐❝❛❧ 2♦❧✉&✐♦♥ u
♥

❢♦" ❛ ❧❛"❣❡ ✈❛❧✉❡ ♦❢ ♥✳ ■♥❞❡❡❞ &❤❡ ❧❛"❣❡" &❤❡ ❞✐♠❡♥2✐♦♥

♥ ✐2✱ &❤❡ ♠♦"❡ ❛❝❝✉"❛&❡ &❤❡ 2♦❧✉&✐♦♥ ✇✐❧❧ ❜❡✳

■♥ &❤❡2❡ ❝❛2❡2 &❤❡ ❞✐"❡❝& ♠❡&❤♦❞2 ❝❛♥ ❜❡ ✉♥2&❛❜❧❡ ❛♥❞ ♦❢&❡♥ ❛"❡ &♦♦ ❝♦2&❧② 2✐♥❝❡ &❤❡② ❞♦

♥♦& ❡①♣❧♦✐& &❤❡ 2&"✉❝&✉"❡ ♦❢ &❤❡ ❝♦❡✣❝✐❡♥& ♠❛&"✐❝❡2✱ ❝♦♥✈❡"2❡❧② &❤❡ ✉2❡ ♦❢ ✐&❡"❛&✐✈❡ ♠❡&❤♦❞2 ✐2

"❡❝♦♠♠❡♥❞❡❞ ❜❡❝❛✉2❡ ♦❢ &❤❡ ♠❡♠♦"② ❛♥❞ ❛❝❝✉"❛❝② "❡4✉✐"❡♠❡♥&2✳

❚❤❡ ❣♦❛❧ ✐2 &♦ ❝❤♦♦2❡ &❤❡ "❡2♦❧✉&✐♦♥ ♠❡&❤♦❞2 ✇❤✐❝❤ ❛"❡ ♦♣"✐♠❛❧✳ ❍❡"❡ ✇❡ ❣✐✈❡ ❛ ❞❡✜♥✐&✐♦♥ ♦❢

♦♣&✐♠❛❧✐&② ❢♦" ✐&❡"❛&✐✈❡ ♠❡&❤♦❞2 ❛♣♣❧✐❡❞ &♦ 2❡4✉❡♥❝❡2 ♦❢ ❧✐♥❡❛" 2②2&❡♠2 ❬✻✱ ✶✷✸❪✳

❉❡✜♥✐$✐♦♥ ■✳✽✳✶✳ ❬❖♣#✐♠❛❧✐#②❪ ●✐✈❡♥ ❛ +❡,✉❡♥❝❡

{A
♥

u
♥

= b
♥

}
♥

✭■✳✷✹✮

♦❢ ❧✐♥❡❛0 +②+"❡♠+ ♦❢ +✐③❡ N ≡ N(n, s)✱ ❛♥ ✐"❡0❛"✐✈❡ ♠❡"❤♦❞ ✐+ +❛✐❞ "♦ ❜❡ ♦♣"✐♠❛❧ ✐❢

✶✮ ✐"+ ❝♦+" ❢♦0 ❝♦♠♣✉"✐♥❣ "❤❡ +♦❧✉"✐♦♥ ✐+ ♣0♦♣♦0"✐♦♥❛❧ "♦ "❤❛" ♦❢ "❤❡ ♠❛"0✐①✕✈❡❝"♦0 ♣0♦❞✉❝"❀

✷✮ "❤❡ ♥✉♠❜❡0 ♦❢ ✐"❡0❛"✐♦♥+ 0❡,✉✐0❡❞ ❢♦0 ❝♦♠♣✉"✐♥❣ u
♥

✇✐"❤✐♥ ❛ ♣0❡❛++✐❣♥❡❞ ❛❝❝✉0❛❝② ǫ ✐+

❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥+"❛♥" ✐♥❞❡♣❡♥❞❡♥" ♦❢ ♥ ❛♥❞ ♣♦++✐❜❧② ❞❡♣❡♥❞✐♥❣ ♦♥ ǫ

■♥ ❝❛2❡ ♦❢ ❚♦❡♣❧✐&③ 2&"✉❝&✉"❡2 &❤❡ ♠♦2& ♣♦♣✉❧❛" ✐&❡"❛&✐✈❡ 2♦❧✈❡"2 ✭❈♦♥❥✉❣❛&❡ ●"❛❞✐❡♥& ✭❈●✮✱

❈♦♥❥✉❣❛&❡ ●"❛❞✐❡♥& ❢♦" ▲❡❛2& ❙4✉❛"❡2 ✭❈●▲❙✮✱ ●❡♥❡"❛❧✐③❡❞ ▼✐♥✐♠❛❧ ❘❡2✐❞✉❛❧ ✭●▼❘❊❙✮✱ ❡&❝✳✮

2❛&✐2❢② &❤❡ ✜"2& "❡4✉✐"❡♠❡♥&✳

❈♦♥✈❡"2❡❧② &❤❡ 2❡❝♦♥❞ ■&❡♠ ✐2 &❤❡ ❝"✐&✐❝❛❧ ♣♦✐♥&✳ ■♥ ♠♦2& ❝❛2❡2✱ &❤❡ ❝♦♥❞✐&✐♦♥ ♥✉♠❜❡" ♦❢ A
♥

❞✐✈❡"❣❡2 &♦ ✐♥✜♥✐&② 4✉✐❝❦❧② ❛2 ♥ ✐♥❝"❡❛2❡2 ✭❢♦" ❡①❛♠♣❧❡✱ ✐❢ &❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ λ1(A♥) &❡♥❞2

&♦ ③❡"♦ ❛2 ♥ &❡♥❞2 &♦ ✐♥✜♥✐&②✮✳ ■♥ 2✉❝❤ 2✐&✉❛&✐♦♥2 &❤❡ ❝❧❛22✐❝❛❧ ✐&❡"❛&✐✈❡ ♠❡&❤♦❞2 ❝❛♥ ❜❡ ✈❡"②

2❧♦✇✳ ■♥❞❡❡❞ ✐& ✐2 ✇❡❧❧ ❦♥♦✇♥ &❤❛& &❤❡✐" ❝♦♥✈❡"❣❡♥❝❡ "❛&❡ ❞❡♣❡♥❞2 ♦♥ &❤❡ ❝♦♥❞✐&✐♦♥ ♥✉♠❜❡" ♦❢

&❤❡ ❝♦❡✣❝✐❡♥& ♠❛&"✐① ❛♥❞ ♦♥ ❤♦✇ &❤❡ 2♣❡❝&"✉♠ ♦❢ A
♥

✐2 ❝❧✉2&❡"❡❞✳

6&❡❝♦♥❞✐$✐♦♥✐♥❣ ❲✐&❤ "❡❣❛"❞ &♦ &❤✐2 ❢❡❛&✉"❡✱ ✭✇❤❡♥ A
♥

✐2 ❛♥ ❍R❉ ♠❛&"✐①✮ ♦♥❡ ♦❢ &❤❡ ♠♦2&

2✉❝❝❡22❢✉❧ ✐&❡"❛&✐✈❡ 2♦❧✈❡"2 ✐2 &❤❡ ♣"❡❝♦♥❞✐&✐♦♥❡❞ ❝♦♥❥✉❣❛&❡ ❣"❛❞✐❡♥& ✭R❈●✮ ♠❡&❤♦❞✳ ❚❤❡ ✉2❡ ♦❢

❛ ♣"❡❝♦♥❞✐&✐♦♥❡" P
♥

❝❛♥ ❛❝❝❡❧❡"❛&❡ &❤❡ ❝♦♥✈❡"❣❡♥❝❡ ❜② "❡❞✉❝✐♥❣ &❤❡ ♥✉♠❜❡" ♦❢ 2&❡♣2 "❡4✉✐"❡❞

❢♦" &❤❡ ❝♦♥✈❡"❣❡♥❝❡✳

❍❡♥❝❡✱ ✐♥2&❡❛❞ ♦❢ 2♦❧✈✐♥❣ &❤❡ ♣"♦❜❧❡♠2 ✭■✳✷✹✮✱ ✇❡ ❞❡❛❧ ✇✐&❤ &❤❡ ♣"❡❝♦♥❞✐&✐♦♥❡❞ 2②2&❡♠2

{P−1
♥

A
♥

u
♥

= P−1
♥

b
♥

}
♥

. ✭■✳✷✺✮

■♥ ♣❛"&✐❝✉❧❛" ✇❤❡♥ &❤❡ ❡✐❣❡♥✈❛❧✉❡2✴2✐♥❣✉❧❛" ✈❛❧✉❡2 ♦❢ P−1
♥

A
♥

− I
♥

❛"❡ 2&"♦♥❣❧② ❝❧✉2&❡"❡❞ ❛&

③❡"♦ ♦" ✇❤❡♥ &❤❡ 2❡4✉❡♥❝❡ ♦❢ &❤❡ 2♣❡❝&"❛❧ ❝♦♥❞✐&✐♦♥ ♥✉♠❜❡"2 κ(P−1
♥

A
♥

) ♦❢ {P−1
♥

A
♥

}
♥

✐2 ✉♣♣❡"✲

❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥2&❛♥& ✐♥❞❡♣❡♥❞❡♥& ♦❢ ♥✱ ✇❡ ❦♥♦✇ ❬✺❪ &❤❛& ❛ ❝♦♥2&❛♥& ♥✉♠❜❡" ♦❢ ✐&❡"❛&✐♦♥2 ❛"❡

✶✽



■✳✽✳ #$❡❝♦♥❞✐+✐♦♥✐♥❣ ❛♥❞ ♠✉❧+✐❣$✐❞ ♠❡+❤♦❞2 ❢♦$ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡2

$❡7✉✐$❡❞ ❢♦$ +❤❡ ❝♦♥✈❡$❣❡♥❝❡ ♦❢ +❤❡ #❈● ♠❡+❤♦❞✳ ■♥ ♣❛$+✐❝✉❧❛$✱ ✐❢ {P−1
♥

A
♥

− I
♥

}
♥

✐2 2+$♦♥❣❧②

❝❧✉2+❡$❡❞ ❛+ ③❡$♦ ❛♥❞ {P−1
♥

A
♥

}
♥

✐2 2♣❡❝+$❛❧❧② ❜♦✉♥❞❡❞✱ +❤❡♥ +❤❡ #❈● ♠❡+❤♦❞ ✇✐+❤ ♣$❡❝♦♥❞✐✲

+✐♦♥❡$ P
♥

✐2 ♦♣+✐♠❛❧ ❛♥❞ +❤❡ ❝♦♥✈❡$❣❡♥❝❡ ✐2 2✉♣❡$❧✐♥❡❛$✳ ❈♦♥2❡7✉❡♥+❧② +❤❡ ♣$❡❝♦♥❞✐+✐♦♥❡$ P
♥

2❤♦✉❧❞ ❜❡ ❝❤♦2❡♥ ✐♥ ♦$❞❡$ +♦ ❜❛❧❛♥❝❡ +❤❡ ❢♦❧❧♦✇✐♥❣ +✇♦ $❡7✉✐$❡♠❡♥+2✳

❛✮ ❚❤❡ 2♦❧✉+✐♦♥ ♦❢ ❛ ❣❡♥❡$✐❝ 2②2+❡♠ P
♥

y
♥

= c
♥

❤❛2 ❝♦♠♣✉+❛+✐♦♥❛❧ ❝♦2+ ❜♦✉♥❞❡❞ ❜② ✈❡❝+♦$✲

♣$♦❞✉❝+ ✇✐+❤ ♠❛+$✐① A
♥

❀

❜✮ κ(P−1
♥

A
♥

) ✐2 ✉♣♣❡$❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥2+❛♥+ ✐♥❞❡♣❡♥❞❡♥+ ♦❢ ♥ ✭+❤❛+ ✐2 {P
♥

}
♥

✐2 ✏❝❧♦2❡✑ +♦

{A
♥

}
♥

✐♥ 2♣❡❝+$❛❧ ♥♦$♠✮ ♦$ {P−1
♥

A
♥

− I
♥

}
♥

✐2 2+$♦♥❣❧② ❝❧✉2+❡$❡❞ ❛+ ✵ ✭+❤❛+ ✐2 {P
♥

}
♥

✐2

✏❝❧♦2❡✑ +♦ {A
♥

}
♥

✐♥ +❤❡ ❝❧✉2+❡$✐♥❣ 2❡♥2❡✮✳

❚❤❡ ✐22✉❡2 ❛✮ ❛♥❞ ❜✮ ❛$❡ ♦❢+❡♥ ❝♦♥✢✐❝+✐♥❣ 2✐♥❝❡ ✇❤❡♥ ❛ ♣$❡❝♦♥❞✐+✐♦♥❡$ P
♥

✐2 +♦♦ ❝❧♦2❡ +♦

A
♥

✭+❤❡ $❡7✉✐$❡♠❡♥+ ✐♥ ❜✮ ✮ ✐+ ❛❧2♦ $❡7✉✐$❡2 +❤❡ 2❛♠❡ ❝♦♠♣✉+❛+✐♦♥❛❧ ❝♦2+ ❛2 +♦ ✐♥✈❡$+ ✭❤❡♥❝❡

❝♦♥+$❛❞✐❝+✐♥❣ +❤❡ $❡7✉✐$❡♠❡♥+ ✐♥ ❛✮ ✮✳

❍♦✇❡✈❡$✱ ✐♥ +❤❡ ❝♦♥+❡①+ ♦❢ 2+$✉❝+✉$❡❞ ♠❛+$✐❝❡2 ♦❢ ❚♦❡♣❧✐+③ +②♣❡ ♠❛♥② 2❛+✐2❢❛❝+♦$② 2♦❧✉+✐♦♥2

❝❛♥ ❜❡ ❢♦✉♥❞ ✭2❡❡ ❬✸✷✱ ✾✻✱ ✶✷✵❪ ❛♥❞ $❡❢❡$❡♥❝❡2 +❤❡$❡✐♥✮✳ ❖♥❡ ♦❢ +❤❡ ♣♦22✐❜✐❧✐+✐❡2 ✐2 +♦ ❧♦♦❦ ❢♦$

♣$❡❝♦♥❞✐+✐♦♥❡$2 ✇✐+❤✐♥ ♠❛+$✐① ❛❧❣❡❜$❛2 2✉❝❤ ❛2 +❤❡ ❝✐$❝✉❧❛♥+ ❝❧❛22✳

❚❤✐2 ❝❤♦✐❝❡ ❛✉+♦♠❛+✐❝❛❧❧② 2❛+✐2✜❡2 $❡7✉✐$❡♠❡♥+ ❛✮✳ ■♥❞❡❡❞ +❤❡ ❝♦♠♣✉+❛+✐♦♥❛❧ ❝♦2+ ♦❢ ❛

♠❛+$✐①✲✈❡❝+♦$ ♣$♦❞✉❝+ ✇❤❡♥ ❛ ❝✐$❝✉❧❛♥+ ♠❛+$✐① ✐2 ✐♥✈♦❧✈❡❞ ✐2 ♣$♦♣♦$+✐♦♥❛❧ +♦ O(n log(n)) ✭♦$

O (N(♥, s) log(N(♥, s))) ✐♥ +❤❡ ❜❧♦❝❦ ♠✉❧+✐❧❡✈❡❧ ❝❛2❡✮ ❛♥❞ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✉2✐♥❣ +❤❡ ❋❛2+

❋♦✉$✐❡$ ❚$❛♥2❢♦$♠ ✭❋❋❚✮ ❬✶✹✽❪✳

■♥ ❛♣♣❧✐❝❛+✐♦♥2✱ +❤❡ ❝♦♥❞✐+✐♦♥ ✐♥ ❜✮ ♠❛② ♥♦+ ❜❡ ❡❛2✐❧② ✈❡$✐✜❛❜❧❡✳ ❍♦✇❡✈❡$✱ ✐♥ +❤❡ 2❝❛❧❛$

2❡++✐♥❣ +❤❡ ❝❧❛22✐❝❛❧ ♦♥❡ ❧❡✈❡❧ ❝✐$❝✉❧❛♥+ ♣$❡❝♦♥❞✐+✐♦♥❡$2 ♣$♦♣♦2❡❞ ❜② ❙+$❛♥❣ ❬✶✸✸❪ ❛♥❞ ❚✳ ❈❤❛♥

❬✸✻❪ ❣✐✈❡2 ❛ 2✉♣❡$❧✐♥❡❛$ ❝♦♥✈❡$❣❡♥❝❡ ✉♥❞❡$ 2✉✐+❛❜❧❡ ❛22✉♠♣+✐♦♥2 ♦♥ +❤❡ ❣❡♥❡$❛+✐♥❣ ❢✉♥❝+✐♦♥✳ ■♥

❬✸✸❪ ❛✉+❤♦$2 ♣$♦✈❡❞ +❤❛+ ✐❢ Tn(f) = [f̂i−j ]
n
i,j=1 ✐2 ❛ n×n ❚♦❡♣❧✐+③ ♠❛+$✐① ❛♥❞ ✐+ ✐2 ❛22♦❝✐❛+❡❞ ✇✐+❤

❛♥ ❛❜2♦❧✉+❡❧② ❝♦♥✈❡$❣❡♥+ ❋♦✉$✐❡$ 2❡$✐❡2 ❢♦$ ❛ ♣♦2✐+✐✈❡ ❣❡♥❡$❛+✐♥❣ ❢✉♥❝+✐♦♥✱ f(θ) =
∑∞

l=−∞ f̂le
ιlθ

✱

+❤❡♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ❝✐$❝✉❧❛♥+ ♣$❡❝♦♥❞✐+✐♦♥❡$2 ❬✸✻✱ ✶✸✸❪ ♣$♦✈✐❞❡ ❛ 2✉♣❡$❧✐♥❡❛$ ❝♦♥✈❡$❣❡♥❝❡✳ ▼♦$❡

♣$❡❝✐2❡❧②✿

❼ +❤❡ ❙+$❛♥❣ ♣$❡❝♦♥❞✐+✐♦♥❡$ ✐2 +❤❡ ♠❛+$✐① Sn ♦❜+❛✐♥❡❞ ❜② ❝♦♣②✐♥❣ +❤❡ ❝❡♥+$❛❧ ❞✐❛❣♦♥❛❧2 ♦❢

Tn(f) ❛♥❞ ❜② ✐♥❝♦$♣♦$❛+✐♥❣ +❤❡ $❡♠❛✐♥❞❡$2 ✐♥ ♦$❞❡$ +♦ ❝♦♠♣❧❡+❡ +❤❡ ❝✐$❝✉❧❛♥+ 2+$✉❝+✉$❡ ♦❢

Sn✳ ❙♣❡❝✐✜❝❛❧❧②✱ +❤❡ ❞✐❛❣♦♥❛❧2 si ♦❢ Sn ❛$❡ ❣✐✈❡♥ ❜②

si =





f̂i, 0 < i ≤ ⌊n2 ⌋;
f̂i−n, ⌊n2 ⌋ < i < n;

sn+i, 0 < −i < n.

❚❤❡ 2✉♣❡$❧✐♥❡❛$ ❝♦♥✈❡$❣❡♥❝❡ ♦❢ #❈● ✇✐+❤ +❤❡ ❙+$❛♥❣ ♣$❡❝♦♥❞✐+✐♦♥❡$ ✐2 ❣✉❛$❛♥+❡❡❞ ✇❤❡♥✲

❡✈❡$ f ❜❡❧♦♥❣2 +♦ +❤❡ ❉✐♥✐✕▲✐♣2❝❤✐+③ ❝❧❛22 ❬✶✷✷❪✳

❼ ❚❤❡ ❈❤❛♥ ♣$❡❝♦♥❞✐+✐♦♥❡$ ✐2 +❤❡ ♠❛+$✐① Cn ❞❡✜♥❡❞ ❛2

argmin
Cn circulant

‖Tn(f)− Cn‖F = argmin
Cn=FnDnFn

∗ circulant
‖F ∗

nTn(f)Fn −Dn‖F ,

✶✾



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✇❤❡#❡ Dn ✐% ❞✐❛❣♦♥❛❧ ❛♥❞ Fn ✐% ,❤❡ ❋♦✉#✐❡# ♠❛,#✐① ♦❢ %✐③❡ n✳

❙♣❡❝✐✜❝❛❧❧②✱ ,❤❡ ❡♥,#✐❡% ci ♦❢ Cn ❛#❡ ❣✐✈❡♥ ❜②

ci =





if̂−(n−i)+(n−i)f̂i
n , 0 ≤ i < n;

cn+i, 0 < −i < n.

■❢ f ✐% ❛ ♣♦%✐,✐✈❡ ❝♦♥,✐♥✉♦✉% ❣❡♥❡#❛,✐♥❣ ❢✉♥❝,✐♦♥ ,❤❡♥ ,❤❡ %✉♣❡#❧✐♥❡❛# ❝♦♥✈❡#❣❡♥❝❡ ♦❢ =❈●

✇✐,❤ ,❤❡ ❚♦♥② ❈❤❛♥ ♣#❡❝♦♥❞✐,✐♦♥❡# ✐% ❡♥%✉#❡❞ ❬✸✺✱ ✶✷✵✱ ✶✷✷❪✳

❯♥❢♦#,✉♥❛,❡❧② ✐♥ ,❤❡ k✲❧❡✈❡❧ ❝♦♥,❡①,✱ ,❤❡ ❝♦♥%,#✉❝,✐♦♥ ♦❢ ❝✐#❝✉❧❛♥, ♣#❡❝♦♥❞✐,✐♦♥❡#% %✐♠✐❧❛# ,♦

,❤♦%❡ ♦❢ ,❤❡ ✉♥✐❧❡✈❡❧ ❝❛%❡ ❧❡❛❞% ♦♥❧② ,♦ %✉❜❧✐♥❡❛# ♣#❡❝♦♥❞✐,✐♦♥❡#%✱ ❡✈❡♥ ❢♦# ,❤❡ ✇❡❧❧✲❝♦♥❞✐,✐♦♥❡❞

♠❛,#✐❝❡%✳

❚❤❡ ♣❡#❢♦#♠❛♥❝❡% ♦❢ ♠✉❧,✐❧❡✈❡❧ ❝✐#❝✉❧❛♥, ♣#❡❝♦♥❞✐,✐♦♥❡#% ✐♥❞❡❡❞ ❞❡,❡#✐♦#❛,❡ ❛% k ✐♥❝#❡❛%❡%

❛♥❞ ✐♥ ❢❛❝, ✐, ✐% ♣#♦✈❡❞ ✐♥ ❬✾✽✱ ✶✷✹✱ ✶✷✾❪ ,❤❛, ,❤❡ ✉%❡ ♦❢ ❛♥② ♠✉❧,✐❧❡✈❡❧ ❝✐#❝✉❧❛♥, ♣#❡❝♦♥❞✐,✐♦♥❡#

♣❡#♠✐,% ✉% ,♦ #❡❛❝❤ ❛, ♠♦%, ❛ %✉❜✲♦♣,✐♠❛❧ ❝♦♥✈❡#❣❡♥❝❡ ♦❢ ,❤❡ =❈● ♠❡,❤♦❞✳

▼✉❧$✐❣&✐❞ ♠❡$❤♦❞. ❚❤❡ ✜#%, ✐♠♣♦#,❛♥, #❡♠❛#❦ ✐% ,❤❛, ,❤❡ #❡N✉✐#❡♠❡♥, ✐♥ ❜✮ ❝❛♥ ❜❡ ♦✈❡#✲

♣❛%%❡❞ ❜② ✉%✐♥❣ ❛ ♠✉❧,✐❣#✐❞ ,❡❝❤♥✐N✉❡✱ ❛❧%♦ ✐♥ ,❤❡ ♠✉❧,✐❧❡✈❡❧ %❡,,✐♥❣✳

❯♥❞❡# %✉✐,❛❜❧❡ ❛%%✉♠♣,✐♦♥%✱ ,❤❡%❡ ♠❡,❤♦❞% ❛#❡ ♦♣,✐♠❛❧ ❛♥❞ ,❤❡✐# ❡①❝❡❧❧❡♥, ❢❡❛,✉#❡% ❛#❡ ✐❞❡♥✲

,✐❝❛❧ ✐♥ ,❤❡ ♠✉❧,✐❧❡✈❡❧ %❡,,✐♥❣✳ ❋✉#,❤❡#♠♦#❡ ,❤❡② ❛#❡ ♦♣,✐♠❛❧ ❛❧%♦ ❢♦# ♣♦❧②♥♦♠✐❛❧❧② ✐❧❧✲❝♦♥❞✐,✐♦♥❡❞

♠✉❧,✐❞✐♠❡♥%✐♦♥❛❧ ♣#♦❜❧❡♠% ❛♥❞ ❝❛♥ ❜❡ ❡①,❡♥❞❡❞ ,♦ ,❤❡ ❝❛%❡ ♦❢ ❧♦✇✲#❛♥❦ ❝♦##❡❝,✐♦♥% ♦❢ ,❤❡ ❝♦♥✲

%✐❞❡#❡❞ %,#✉❝,✉#❡❞ ♠❛,#✐❝❡%✱ %♦ ,❤❛, ,❤❡ ❝♦♠♣✉,❛,✐♦♥❛❧ ❜❛##✐❡#% ❤♦❧❞✐♥❣ ✐♥ ,❤❡ ♣#❡❝♦♥❞✐,✐♦♥✐♥❣

%❡,,✐♥❣ ❬✷✱ ✸✱ ✶✷✼❪ ❞♦ ♥♦, ❤♦❧❞✳

❍❡#❡ ✇❡ ❜#✐❡✢② %❦❡,❝❤ ,❤❡ ❜❛%✐❝ ✐❞❡❛% ❢♦# ❞❡✜♥✐♥❣ ,❤❡ ❝❧❛%%✐❝❛❧ ♠✉❧,✐❣#✐❞ ♠❡,❤♦❞% ✭▼●▼✮✳

❋✐#%,❧② ✇❡ ❢♦❝✉% ♦♥ ,❤❡ ❣❡♥❡#❛❧ %❝❛❧❛# ✉♥✐❧❡✈❡❧ ♠❛,#✐❝❡%✱ ,❤❡♥ ✇❡ ❣✐✈❡ ,❤❡ ♠❛✐♥ ▼●▼ ❝♦♥✈❡#❣❡♥❝❡

#❡%✉❧,% ❢♦# %❝❛❧❛# ❚♦❡♣❧✐,③ ♠❛,#✐❝❡% ✇✐,❤ ❛ %❝❛❧❛# ✈❛❧✉❡❞ %②♠❜♦❧✳

■♥ ❙❡❝,✐♦♥ ■■✳✸✳✹ ,❤❡ ❢♦❧❧♦✇✐♥❣ %,#❛,❡❣② ✐% ❣❡♥❡#❛❧✐③❡❞ ,♦ ❞❡❛❧ ✇✐,❤ ,❤❡ ❜❧♦❝❦ ♠✉❧,✐❧❡✈❡❧ ♠❛,#✐①

%❡N✉❡♥❝❡ ❛%%♦❝✐❛,❡❞ ✇✐,❤ ❛ ♠✉❧,✐✈❛#✐❛,❡ ♠❛,#✐①✲✈❛❧✉❡❞ ❣❡♥❡#❛,✐♥❣ ❢✉♥❝,✐♦♥✳

❚❤❡ ❜❛%✐❝ ✐❞❡❛ ♦❢ ❛ ♠✉❧,✐❣#✐❞ ♠❡,❤♦❞ ✐% ,♦ ❝#❡❛,❡ ❛ %❡N✉❡♥❝❡ ♦❢ ❧✐♥❡❛# %②%,❡♠% ♦❢ ❞❡❝#❡❛%✐♥❣

❞✐♠❡♥%✐♦♥% ❜② ❝♦♥%❡❝✉,✐✈❡ ♣#♦❥❡❝,✐♦♥%✳ ■♥ ,❤✐% ✇❛② ,❤❡ ❝♦♠♣✉,❛,✐♦♥❛❧ ❝♦%, ✐% #❡❞✉❝❡❞ ❛, ❡❛❝❤

❧❡✈❡❧ ❛♥❞ ,❤❡ ❝♦♥✈❡#❣❡♥❝❡ %♣❡❡❞ ❝❛♥ ❜❡ ✐♠♣#♦✈❡❞✳ ❍❡#❡✱ ❢♦# ▼●▼ ❛❧❣♦#✐,❤♠✱ ✇❡ ♠❡❛♥ ,❤❡

%✐♠♣❧❡%, ❛♥❞ ❧❡%% ❡①♣❡♥%✐✈❡ ✈❡#%✐♦♥ ♦❢ ,❤❡ ❧❛#❣❡ ❢❛♠✐❧② ♦❢ ♠✉❧,✐❣#✐❞ ♠❡,❤♦❞% ❛♥❞ ✇❤✐❝❤ ♥❛♠❡❞

❱✲❝②❝❧❡ ♣#♦❝❡❞✉#❡%✳ ■♥ ♣❛#,✐❝✉❧❛#✱ ✜#%, ✇❡ ❝♦♥%✐❞❡# ,❤❡ ♠❡,❤♦❞ ✇✐,❤ ♦♥❧② ,✇♦ ❧❡✈❡❧%✱ ❦♥♦✇♥

❛% ,❤❡ ❚✇♦ ●#✐❞ ▼❡,❤♦❞ ✭❚●▼✮✳ ❖♥❝❡ ,❤❛, ,❤❡ ❚●▼ ✐% ✐♥,#♦❞✉❝❡❞✱ ,❤❡ ❱✲❝②❝❧❡ ❛❧❣♦#✐,❤♠ ✐%

♦❜,❛✐♥❡❞ #❡❝✉#%✐✈❡❧② ❛♣♣❧②✐♥❣ ❛ ♣#♦❥❡❝,✐♦♥ %,#❛,❡❣②✳

❆♥ ✐♠♣♦#,❛♥, ❝❤♦✐❝❡ ❢♦# ,❤❡ ❚●▼ ❝♦♥❝❡#♥% ,❤❡ ♣#♦❧♦♥❣❛,✐♦♥✴#❡%,#✐❝,✐♦♥ ♦♣❡#❛,♦#%✳ ❲❤❡♥

❞❡#✐✈✐♥❣ ❝♦♥✈❡#❣❡♥❝❡ ❡%,✐♠❛,❡%✱ ✉%✉❛❧❧② ,❤❡ #❡%,#✐❝,✐♦♥ ✐% ❝❤♦%❡♥ ,♦ ❜❡ ,❤❡ ❛❞❥♦✐♥, ♦❢ ,❤❡ ♣#♦✲

❧♦♥❣❛,✐♦♥✳ ❚❤❡%❡ ❝♦♥❞✐,✐♦♥% ❛#❡ ❦♥♦✇♥ ✐♥ ,❤❡ #❡❧❛,❡❞ ❧✐,❡#❛,✉#❡ ❛% ●❛❧❡#❦✐♥ ❝♦♥❞✐,✐♦♥% ❛♥❞ ,❤❡

#❡%✉❧,✐♥❣ ♠❡,❤♦❞ ✐% ,❤❡ %♦✲❝❛❧❧❡❞ ❛❧❣❡❜#❛✐❝ ♠✉❧,✐❣#✐❞ ✭❆▼●✮✳

❲❡ %,❛#, ❢#♦♠ ❛ ❧✐♥❡❛# %②%,❡♠

Anxn = bn, ✭■✳✷✻✮

✇❤❡#❡ xn, bn ∈ Cn
✱ An = Wn − Bn ∈ Cn×n

✱ Wn ✐% ❛ ♥♦♥ %✐♥❣✉❧❛# ♠❛,#✐①✳ ▲❡,

x(j+1) = Vn(x
(j), b1) = Vnx

(j) + b1 ✭■✳✷✼✮

✷✵



■✳✽✳ #$❡❝♦♥❞✐+✐♦♥✐♥❣ ❛♥❞ ♠✉❧+✐❣$✐❞ ♠❡+❤♦❞2 ❢♦$ ❚♦❡♣❧✐+③ ♠❛+$✐❝❡2

❜❡ ❛♥ ✐+❡$❛+✐✈❡ ♠❡+❤♦❞ ❢♦$ +❤❡ 2♦❧✉+✐♦♥ ♦❢ 2②2+❡♠ ✭■✳✷✻✮✱ ✇❤❡$❡ b1 = W−1
n b ∈ Cn

❛♥❞ Vn =

In −W−1
n An ∈ Cn×n

✳ ●✐✈❡♥ ❛ ❢✉❧❧✲$❛♥❦ ♠❛+$✐① pmn ∈ Cn×m
✱ ✇✐+❤ m < n✱ ❛ ❚✇♦✲●$✐❞ ▼❡+❤♦❞

✭❚●▼✮ ✐2 ❞❡✜♥❡❞ ❜② +❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦$✐+❤♠ ❬✶✹✺❪

1. dn = Anx
(j)
n − bn

2. dm = (pmn )∗dn

3. Am = (pmn )∗An(p
m
n )

4. SolveAmy = dm

5. x̂(j) = x(j) − pmn y

6. x(j+1) = V ν
n (x̂

(j), b1)

❙+❡♣ ✻ ❝♦♥2✐2+2 ✐♥ ❛♣♣❧②✐♥❣ +❤❡ ✏2♠♦♦+❤✐♥❣ ✐+❡$❛+✐♦♥✑ ✭■✳✷✼✮ ν +✐♠❡2 ✇❤✐❧❡ 2+❡♣2 ✶✲✺ ❞❡✜♥❡ +❤❡

✏❝♦❛$2❡ ❣$✐❞ ❝♦$$❡❝+✐♦♥✑✱ +❤❛+ ❞❡♣❡♥❞2 ♦♥❧② ♦♥ +❤❡ ♣$♦❧♦♥❣❛+✐♦♥ ♦♣❡$❛+♦$ pmn ✳

❚❤❡ ❣❧♦❜❛❧ ✐+❡$❛+✐♦♥ ♠❛+$✐① ♦❢ +❤❡ ❚●▼ ✐2 ❣✐✈❡♥ ❜②

TGM(Vn, p
m
n ) = V ν

n

[
I − pmn ((pmn )∗Anp

m
n )

−1
(pmn )∗An

]
,

✇❤✐❝❤ ✐♠♣❧✐❡2 +❤❛+ +❤❡ ❚●▼ ❝❛♥ ❜❡ 2❡❡♥ ❛2 ❛ ❝❧❛22✐❝❛❧ 2+❛+✐♦♥❛$② ✐+❡$❛+✐♦♥ +❡❝❤♥✐O✉❡✳

❆ ♣♦22✐❜❧❡ ✏♣$❡✲2♠♦♦+❤✐♥❣ ✐+❡$❛+✐♦♥✑ ❝❛♥ ❜❡ ♣❡$❢♦$♠❡❞ ❜❡❢♦$❡ 2+❡♣ ✶✳ ■❢ 2+❡♣ ✹ ✐2 $❡♣❧❛❝❡❞ ❜②

❛ $❡❝✉$2✐✈❡ ❝❛❧❧ +♦ +❤❡ 2❛♠❡ ❛❧❣♦$✐+❤♠✱ +❤❡♥ +❤❡ 2❝❤❡♠❡ ❣✐✈❡♥ ❜❡❢♦$❡ ❞❡✜♥❡2 ❛ ❱✲❝②❝❧❡ ♣$♦❝❡❞✉$❡✳

◆♦+❡ +❤❛+ ✐♥ +❤❡ ❆▼● +❤❡ ❝♦❛$2❡ ❣$✐❞ ♠❛+$✐① Ani+1 ❛+ +❤❡ ❧❡✈❡❧ (i+1) ✐2 ❝❤♦2❡♥ ❛2 (Pni)
∗AniPni ✱

✇❤❡$❡ Pni ✐2 +❤❡ ♣$♦❧♦♥❣❛+✐♦♥ ♦♣❡$❛+♦$ ❛+ ❧❡✈❡❧ i✳

■♥ +❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✐❧❧✉2+$❛+❡ +❤❡ $❡2✉❧+ ❝♦♥❝❡$♥✐♥❣ +❤❡ ❝♦♥✈❡$❣❡♥❝❡ ❛♥❞ +❤❡ ♦♣+✐♠❛❧✐+② ♦❢ +❤❡

❚●▼ ❬✶✵✻❪✳

❚❤❡♦$❡♠ ■✳✽✳✶✳ ▲❡" An ❜❡ ❛ ♣♦'✐"✐✈❡ ❞❡✜♥✐"❡ ♠❛".✐① ♦❢ '✐③❡ n ❛♥❞ ❧❡" Vn ❜❡ ❞❡✜♥❡❞ ❛' ✐♥ "❤❡

❚●▼ ❛❧❣♦.✐"❤♠✳ ❆''✉♠❡

✭❛✮ ∃αpost > 0 : ‖Vnxn‖2An
≤ ‖xn‖2An

− αpost‖xn‖2A2
n
, ∀xn ∈ Cn,

✭❜✮ ∃γ > 0 : miny∈Cm ‖xn − pmn y‖22 ≤ γ‖xn‖2An
, ∀xn ∈ Cn.

❚❤❡♥ γ ≥ αpost ❛♥❞

‖TGM(I, V
νpost
n , pmn )‖An ≤

√
1− αpost/γ.

◆♦+❡ +❤❛+✱ 2✐♥❝❡ αpost ❛♥❞ γ ❛$❡ ✐♥❞❡♣❡♥❞❡♥+ ❢$♦♠ n✱ ✐❢ +❤❡ ❛22✉♠♣+✐♦♥2 ♦❢ ❚❤❡♦$❡♠ ■✳✽✳✶ ❛$❡

2❛+✐2✜❡❞✱ +❤❡ ♥✉♠❜❡$ ♦❢ ✐+❡$❛+✐♦♥2✱ ✐♥ ♦$❞❡$ +♦ $❡❛❝❤ ❛ ❣✐✈❡♥ ❛❝❝✉$❛❝② ǫ✱ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❢$♦♠

❛❜♦✈❡ ❜② ❛ ❝♦♥2+❛♥+ ✐♥❞❡♣❡♥❞❡♥+ ♦❢ n✳

❲❡ $❡❢❡$ +♦ (a) ❛♥❞ (b) ❛2 +❤❡ ✏2♠♦♦+❤✐♥❣✑ ❛♥❞ +❤❡ ✏❛♣♣$♦①✐♠❛+✐♦♥✑ ♣$♦♣❡$+✐❡2✱ $❡2♣❡❝+✐✈❡❧②✳

■♥❞❡❡❞ +❤❡ ❝♦♥❞✐+✐♦♥ (a) ✐2 $❡❧❛+❡❞ ♦♥❧② +♦ +❤❡ 2♠♦♦+❤❡$2✱ ❝♦♥✈❡$2❡❧② +❤❡ ❛22✉♠♣+✐♦♥ (b) ❞❡♣❡♥❞2

♦♥❧② ♦♥ +❤❡ ❝❤♦✐❝❡ ♦❢ +❤❡ ♣$♦❥❡❝+♦$✳ ❍❡♥❝❡ +❤❡ +✇♦ $❡O✉✐$❡♠❡♥+2 ❝❛♥ ❜❡ +$❡❛+❡❞ 2❡♣❛$❛+❡❧② ❛♥❞

+❤❡ ❧❛++❡$ $❡♣$❡2❡♥+2 ❛ 2✉❜2+❛♥+✐❛❧ 2✐♠♣❧✐✜❝❛+✐♦♥ ❢♦$ 2+✉❞②✐♥❣ +❤❡ ❝♦♥✈❡$❣❡♥❝❡ ❛♥❛❧②2✐2✳

❲❡ ❛$❡ ✐♥+❡$❡2+❡❞ ✐♥ +❤❡ ❝❛2❡ ✇❤❡$❡ T
♥

(❢) ✐2 ❛ ♠✉❧+✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐+③ ♠❛+$✐① ❛22♦❝✐❛+❡❞

✇✐+❤ ❛ ♠❛+$✐①✲✈❛❧✉❡❞ +$✐❣♦♥♦♠❡+$✐❝ ♣♦❧②♥♦♠✐❛❧✳

✷✶



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

▼❛♥② $❤❡♦(❡$✐❝❛❧ (❡,✉❧$, ❤❛✈❡ ❜❡❡♥ ♣(♦✈✐❞❡❞ ♦♥ $❤❡ ✈❛❧✐❞❛$✐♦♥ ♦❢ $❤❡ ,♠♦♦$❤✐♥❣ ♣(♦♣❡($② ✐♥

$❤❡ ♦♥❡ ✭❛♥❞ ♠✉❧$✐✮ ❧❡✈❡❧ ,❝❛❧❛( ❝❛,❡ ❬✷✱ ✸✱ ✶✷✽❪✳ ❋✉($❤❡(♠♦(❡ $❤❡ $❤❡♦(② ❝❛♥ ❜❡ ❡❛,✐❧② ❡①$❡♥❞❡❞

$♦ $❤❡ ❜❧♦❝❦ ❝♦♥$❡①$✳ ❈♦♥✈❡(,❡❧②✱ ✉♣ $♦ ♦✉( ❦♥♦✇❧❡❞❣❡✱ $❤❡ ❣❡♥❡(❛❧✐③❛$✐♦♥ ✐♥ ❜❧♦❝❦ ,❡$$✐♥❣, ♦❢

$❤❡ $❤❡♦(❡♠, ❝♦♥❝❡(♥✐♥❣ $❤❡ ❛♣♣(♦①✐♠❛$✐♦♥ ♣(♦♣❡($② ❢♦( ,❝❛❧❛( ♠❛$(✐❝❡, ❬✷✱ ✸❪ ❛(❡ ,$✐❧❧ ♠✐,,✐♥❣

♦( ✉♥❞❡( ✐♥✈❡,$✐❣❛$✐♦♥ ❬✶✸✵❪✳ ❍❡(❡ $❤❡ ♣(✐♥❝✐♣❛❧ ♦♣❡♥ G✉❡,$✐♦♥ ❝♦♥❝❡(♥, $❤❡ ❧❛❝❦ ♦❢ ❝♦♠♠✉$❛$✐✈❡

♣(♦♣❡($② ❢♦( ♠❛$(✐①✲✈❛❧✉❡❞ ,②♠❜♦❧,✳

■♥ ✇❤❛$ ❢♦❧❧♦✇, ✇❡ (❡♣♦($ $❤❡ (❡,✉❧$, ❢♦( $❤❡ ✈❛❧✐❞❛$✐♦♥ ♦❢ ❜♦$❤ $❤❡ ,♠♦♦$❤✐♥❣ ❛♥❞ $❤❡

❛♣♣(♦①✐♠❛$✐♦♥ ❝♦♥❞✐$✐♦♥, ✐♥ $❤❡ ,❝❛❧❛( ♠✉❧$✐❧❡✈❡❧ ❝❛,❡✳ ❲❡ ♣♦,$♣♦♥❡ $❤❡ ❞✐,❝✉,,✐♦♥ ♦♥ $❤❡ ❜❧♦❝❦

❝❛,❡ $♦ ❙❡❝$✐♦♥ ■■✳✸✳✹✱ ✇❤❡(❡ ✇❡ ❝♦♥,$(✉❝$ $❤❡ ❛♣♣(♦♣(✐❛$❡ ,♠♦♦$❤❡( ❛♥❞ ♣(♦❧♦♥❣❛$✐♦♥ ♦♣❡(❛$♦(✱

❡①♣❧♦✐$✐♥❣ $❤❡ ▲❛♣❧❛❝✐❛♥ ♥❛$✉(❡ ♦❢ $❤❡ ♣(♦❜❧❡♠✳

❲❡ ❛,,✉♠❡ $❤❛$ $❤❡ ♠❛$(✐❝❡, T
♥

(f) ❛(❡ ,✉❝❤ $❤❛$ ♥ = (2t− 1)❡ ∈ Nk
✱ ✇✐$❤ t ♣♦,✐$✐✈❡ ✐♥$❡❣❡(

✭$❤❡ ❝❛,❡ ♥ = 2t❡ ∈ Nk
✐, ❛♥❛❧♦❣♦✉, ❬✸✱ ✻✾❪✮✳

❚❤❡♦&❡♠ ■✳✽✳✷✳ ❬✶✷✽❪ ▲❡' T
♥

(f) ❜❡ ❛ ♠✉❧'✐❧❡✈❡❧ ❚♦❡♣❧✐'③ ♠❛'3✐① ❛55♦❝✐❛'❡ '♦ ❛ k✲✈❛3✐❛'❡ ❣❡♥❡3✲

❛'✐♥❣ ❢✉♥❝'✐♦♥ f : Ik → C ♥♦♥♥❡❣❛'✐✈❡ ❛♥❞ ♥♦' ✐❞❡♥'✐❝❛❧❧② ③❡3♦ ❛♥❞ ❞❡✜♥❡ V
♥

= I
♥

− ωT
♥

(f)✳ ■❢

✇❡ ❝❤♦♦5❡ αpost 5✉❝❤ '❤❛' 0 ≤ αpost ≤ 2
‖f‖∞

✱ '❤❡♥ 3❡❧❛'✐♦♥ (a) ✐♥ ❚❤❡♦3❡♠ ■✳✽✳✶ ❤♦❧❞5✳

❚❤✐, $❤❡♦(❡♠ ❝❛♥ ❜❡ ♣♦,,✐❜❧② ❣❡♥❡(❛❧✐③❡❞ ✇❤❡♥ ❝♦♥,✐❞❡(✐♥❣ ❜♦$❤ ♣(❡✲,♠♦♦$❤✐♥❣ ❛♥❞ ♣♦,$✲

,♠♦♦$❤✐♥❣ ❛, ✐♥ ❬✷❪✳

❚❤❡ ♦$❤❡( ✐♠♣♦($❛♥$ ❝❤♦✐❝❡ ❢♦( $❤❡ ❚●▼ ❝♦♥✈❡(❣❡♥❝❡ ❝♦♥❝❡(♥, $❤❡ ♦♣❡(❛$♦( p♠
♥

∈ CN(♥)×N(♠)
✱

✇✐$❤ ♠ < ♥✳

■♥ ❆▼● $❤❡ ♣(♦❝❡❞✉(❡ ,$❛($, ✇✐$❤ ♥0 = ♥ ❛♥❞ $❤❡ ✐♥❞✐❝❡, ✐♥ $❤❡ ❝♦❛(,❡ ❧❡✈❡❧, ❛(❡ ❞❡✜♥❡❞ ❛,

♥i = (2t−i − 1)❡✱ ,✉❝❤ $❤❛$ ♥i > ♥i+1✳

❚❤❡ ♠❛$(✐① p♠
♥

❤❛, ❛ ❞♦✉❜❧❡ (♦❧❡✳ ❖♥ ♦♥❡ ❤❛♥❞ ✐$ ♣(♦❥❡❝$, $❤❡ ♣(♦❜❧❡♠ ✐♥$♦ ❛ ❝♦❛(,❡ ♦♥❡✱

✏❝✉$$✐♥❣✑ $❤❡ ♠❛$(✐① T
♥

(f)✱ ♦♥ $❤❡ ♦$❤❡( ❤❛♥❞ ✐$ ,❤♦✉❧❞ ♠❛✐♥$❛✐♥ $❤❡ ,❛♠❡ ,$(✉❝$✉(❡ ❛♥❞ $❤❡

♣(♦♣❡($✐❡, ♦❢ T
♥

(f) ✐♥ $❤❡ ✏❝✉$✑ ❛♥❞ ♣(♦❥❡❝$❡❞ ♠❛$(✐① (p♠
♥

)∗T
♥

(f)p♠
♥

✳ ❚❤❡(❡❢♦(❡ ✐$ ✐, ❝❤♦,❡♥ ❛,

$❤❡ ♣(♦❞✉❝$ ❜❡$✇❡❡♥ T
♥

(p)✱ ✇✐$❤ p ♥♦♥ ♥❡❣❛$✐✈❡ $(✐❣♦♥♦♠❡$(✐❝ ♣♦❧②♥♦♠✐❛❧✱ ❛♥❞ ❛ ❝✉$$✐♥❣ ♠❛$(✐①

Z♠
♥

∈ CN(♥)×N(♠)
✳ ❚❤❛$ ✐, $❤❡ ♣(♦❥❡❝$♦( ❤❛, $❤❡ ❢♦(♠

p♠
♥

= T
♥

(p)Z♠
♥

, ✭■✳✷✽✮

✇❤❡(❡

Z♠
♥

= Zm1
n1

⊗ Zm2
n2

⊗ · · · ⊗ Zmk
nk
,

❛♥❞ Zml
nl
✐, $❤❡ nl ×ml ♠❛$(✐① ❣✐✈❡♥ ❜②

(Zml
nl

)i,j =




1 for i = 2j

0 otherwise
i = 1, . . . , nl, j = 1, . . . ,ml. ✭■✳✷✾✮

❚❤❡♥ $❤❡ ♠❛$(✐① ❛$ $❤❡ ❝♦❛(,❡ ❧❡✈❡❧ T
♠

(f̃) = (p♠
♥

)∗T
♥

(f)p♠
♥

✐, ,$✐❧❧ ❛ ❚♦❡♣❧✐$③ ♠❛$(✐①✱ ✉♣ $♦ ❛

❧♦✇❡( (❛♥❦ ❝♦((❡❝$✐♦♥✱ ✇❤❡(❡

f̃(θ) =
1

2

[
p2f(θ/2) + p2f(θ/2 + π)

]
.

■♥ ♦✉( ,❡$$✐♥❣ $❤❡ ❝♦((❡❝$✐♦♥ ✐, ♥♦$ ♣(❡,❡♥$✳

✷✷



■✳✾✳ ❆$②♠♣(♦(✐❝ ❊①♣❛♥$✐♦♥✿ ✐❞❡❛ ♦❢ (❤❡ ❛♣♣5♦①✐♠❛(✐♦♥ ❡55♦5$

■♥ (❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ $❤♦✇ ❤♦✇ (❤❡ ♣♦❧②♥♦♠✐❛❧ p $❤♦✉❧❞ ❜❡ ❝❤♦$❡♥ ✐♥ ♦5❞❡5 (♦ ❡♥$✉5❡ (❤❡

✈❛❧✐❞✐(② ♦❢ (❤❡ ❛♣♣5♦①✐♠❛(✐♦♥ ♣5♦♣❡5(② (b)✳ ❋♦5 ❛ ✜①❡❞ θ ∈ Rk
✱ ✇❡ ❞❡✜♥❡ (❤❡ $❡($ Ω(θ) ❛♥❞

M(θ) ♦❢ (❤❡ ❛❧❧ ❝♦"♥❡" ❛♥❞ ♠✐""♦" ♣♦✐♥($ 5❡$♣❡❝(✐✈❡❧②✱ (❤❛( ❛5❡

Ω(θ) = {η = (η1, . . . , ηk) : ηj ∈ {θj , θj + π}}, M(θ) = Ω(θ) \ {θ}.

❚❤❡♦$❡♠ ■✳✽✳✸✳ ▲❡( A
♥

= T
♥

(f) ✇✐(❤ ♥ = (2t − 1)❡✱ f ❛ k ✈❛"✐❛(❡ ♥♦♥♥❡❣❛(✐✈❡ ("✐❣♦♥♦♠❡("✐❝

♣♦❧②♥♦♠✐❛❧ ❛♥❞ ❧❡( ♠ = (m1, . . . ,mk) < ♥ = (n1, . . . , nk)✳ ▲❡( θ0 = (θ01, . . . , θ
0
k) ❜❡ (❤❡ ✉♥✐6✉❡

③❡"♦ ♦❢ f ✐♥ Ik ♦❢ ♦"❞❡" ❛( ♠♦9( ✷✱ ❛♥❞ ❧❡( p♠
♥

❜❡ ❞❡✜♥❡❞ ❛9 ✐♥ ✭■✳✷✽✮ ✇✐(❤ p ♦❢ (❤❡ ❢♦"♠

p(θ) = c

k∏

j=1

(1 + cos(θj − θ0j )),

✇✐(❤ c ❝♦♥9(❛♥(✳ ❚❤❡♥ (❤❡ ❛♣♣"♦①✐♠❛(✐♦♥ ♣"♦♣❡"(② (b) ❤♦❧❞9 ✐❢✱ ❢♦" ❛❧❧ θ ∈ Ik✱ p ✈❡"✐✜❡9

lim sup
θ→θ0

|p(η)|2
f(θ)

<∞, η ∈ M(θ),

∑

η∈Ω(θ)

p2(η) > 0.
✭■✳✸✵✮

❘❡♠❛$❦ ✺ ✭❬✶✷✽❪✮✳ ▲❡( An ❛♥❞ Bn ❜❡ (✇♦ ❍❡"♠✐(✐❛♥ ♣♦9✐(✐✈❡ ❞❡✜♥✐(❡ ♠❛("✐❝❡9✱ ✇✐(❤

An ≤ θBn,

❢♦" 9♦♠❡ ♣♦9✐(✐✈❡ θ ✐♥❞❡♣❡♥❞❡♥( ♦❢ n✳

■❢ ❛ ❚●▼ ✐9 ♦♣(✐♠❛❧ ❢♦" An (❤❡♥ (❤❡ 9❛♠❡ ❛❧❣♦"✐(❤♠ ✐9 ♦♣(✐♠❛❧ ❛❧9♦ ❢♦" Bn✳

❍❡♥❝❡ ✐❢ ❛ ♣5♦♣♦$❡❞ ❚●▼ ✐$ ♦♣(✐♠❛❧❧② ❝♦♥✈❡5❣❡♥( ❢♦5 ❛ ♣♦$✐(✐✈❡ ❞❡✜♥✐(❡ $❡L✉❡♥❝❡ {T
♥

(f)}
♥

✱

(❤❡♥ (❤❡ $❛♠❡ $♠♦♦(❤❡5 ❛♥❞ ♣5♦❥❡❝(♦5 ♣5♦✈✐❞❡ ♦♣(✐♠❛❧✐(② ✇❤❡♥ ❝♦♥$✐❞❡5✐♥❣ (❤❡ ❞❡✜♥✐(❡ ♣♦$✐(✐✈❡

$❡L✉❡♥❝❡ {KN = T
♥

(f)+E
♥

}
♥

✱ ✇✐(❤ E
♥

♥♦♥♥❡❣❛(✐✈❡ ❞❡✜♥✐(❡ ♠❛(5✐①✳ ■♥ (❤❡ ❝♦♥(❡①( ♦❢ ❈❤❛♣0❡$

■■ ✇❡ ✇✐❧❧ $❡❡ (❤❛( E
♥

✐$ ❛ ♥♦♥♥❡❣❛(✐✈❡ ❞❡✜♥✐(❡ $♠❛❧❧ 5❛♥❦ ❝♦55❡❝(✐♦♥ ♦❢ T
♥

(f)✳

■✳✾ ❆$②♠♣(♦(✐❝ ❊①♣❛♥$✐♦♥✿ ✐❞❡❛ ♦❢ (❤❡ ❛♣♣5♦①✐♠❛(✐♦♥ ❡55♦5$

■♥ (❤✐$ $❡❝(✐♦♥ ✇❡ ❝♦♥$✐❞❡5 (❤❡ ♣5♦❜❧❡♠ ♦❢ ❝♦♠♣✉(✐♥❣ (❤❡ $♣❡❝(5✉♠ ♦❢ ❜❛♥❞❡❞ $②♠♠❡(5✐❝ ❚♦❡♣❧✐(③

♠❛(5✐❝❡$✳ ■♥ (❤❡ ♥❡①( ❝❤❛♣(❡5$✱ ❢♦5 $✉❝❤ (②♣❡ ♦❢ ♣5♦❜❧❡♠$✱ ✇❡ ❞❡✈❡❧♦♣ ❛ ❝❧❛$$ ♦❢ ❢❛$( ♠❡(❤♦❞$

$(❛5(✐♥❣ ❢5♦♠ (❤❡ 5❡$✉❧($ ✐♥ (❤❡ 5❡❝❡♥( ✇♦5❦ ❬✻✷❪✱ ✇❤❡5❡ ❊❦$(5Q♠✱ ●❛5♦♥✐✱ ❛♥❞ ❙❡55❛✲❈❛♣✐③③❛♥♦

❝♦♥❥❡❝(✉5❡ (❤❡ ❡①✐$(❡♥❝❡ ♦❢ ❛♥ ❛$②♠♣(♦(✐❝ $♣❡❝(5❛❧ ❡①♣❛♥$✐♦♥ ❢♦5 (❤✐$ ❝❧❛$$ ♦❢ ♠❛(5✐❝❡$✳

❲❡ ✐❧❧✉$(5❛(❡ (❤❡ ♣5❡❧✐♠✐♥❛5② ✈❡5$✐♦♥ ♦❢ (❤❡ ♣5♦♣♦$❡❞ ❡①♣❛♥$✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❣❡♥❡5❛❧✐③❡❞

❛♥❞ ✉$❡❞ ❢♦5 ❝♦♠♣✉(✐♥❣ (❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❧❛5❣❡ ❚♦❡♣❧✐(③✲❧✐❦❡ ♠❛(5✐❝❡$ ✐♥ ✈❛5✐♦✉$ ❝♦♥(❡①($✳

■( ♠✉$( ❜❡ ❤✐❣❤❧✐❣❤(❡❞ (❤❛(✱ ✐♥❞❡♣❡♥❞❡♥(❧② ❢5♦♠ ❬✻✷❪✱ ❇♦❣♦②❛✱ ❇Q((❝❤❡5✱ ●5✉❞$❦②✱ ❛♥❞ ▼❛①✐✲

♠❡♥❦♦ ✐♥ ❬✶✻✱ ✶✼✱ ✶✾❪ ❤❛✈❡ ♦❜(❛✐♥❡❞ (❤❡ ♣5❡❝✐$❡ ❛$②♠♣(♦(✐❝ ❡①♣❛♥$✐♦♥ ❢♦5 (❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ ❛

$❡L✉❡♥❝❡ ♦❢ ❚♦❡♣❧✐(③ ♠❛(5✐❝❡$ {Tn(f)}n✱ ✉♥❞❡5 $✉✐(❛❜❧❡ ❛$$✉♠♣(✐♦♥$ ♦♥ (❤❡ ❛$$♦❝✐❛(❡❞ ❣❡♥❡5❛(✐♥❣

❢✉♥❝(✐♦♥ f ✳

❍♦✇❡✈❡5✱ ✐♥ ❬✻✷❪ (❤❡ ❛✉(❤♦5$ ♣5♦✈✐❞❡❞ ♥✉♠❡5✐❝❛❧ ❡✈✐❞❡♥❝❡$ (❤❛( $♦♠❡ ♦❢ (❤♦$❡ ❛$$✉♠♣(✐♦♥$

❝❛♥ ❜❡ 5❡❧❛①❡❞✱ ♠❛✐♥(❛✐♥✐♥❣ ♦♥❧② (❤❡ ❤②♣♦(❤❡$✐$ ♦♥ f ♦❢ ❜❡✐♥❣ ❛ 5❡❛❧✱ ❝♦$✐♥❡ (5✐❣♦♥♦♠❡(5✐❝

♣♦❧②♥♦♠✐❛❧ ✭❘❈❚2✮✱ ♠♦♥♦(♦♥❡ ♦♥ (❤❡ ❞♦♠❛✐♥✳

✷✸



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

■♥ ❬✻✷❪ ✐' ✇❛* ❝♦♥❥❡❝'✉0❡❞ ❛♥❞ ♥✉♠❡0✐❝❛❧❧② ❝♦♥✜0♠❡❞ '❤❛'✱ ✐❢ f ✐* ❛ ♠♦♥♦'♦♥❡ ❘❈❚< ♦♥ I+
1 ✱

'❤❡♥✱ ❢♦0 ❡✈❡0② ✐♥'❡❣❡0 α ≥ 0✱ ❡✈❡0② n ❛♥❞ ❡✈❡0② j = 1, . . . , n✱ '❤❡ ❢♦❧❧♦✇✐♥❣ ❛*②♠♣'♦'✐❝ ❡①♣❛♥*✐♦♥

❤♦❧❞*✿

λj(Tn(f)) = f(θj,n) +
α∑

k=1

ck(θj,n)h
k + Ej,n,α, ✭■✳✸✶✮

✇❤❡0❡✿

❼ '❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ Tn(f) ❛0❡ ❛00❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝0❡❛*✐♥❣ ♦0 ♥♦♥ ✐♥❝0❡❛*✐♥❣ ♦0❞❡0✱ ❞❡♣❡♥❞✐♥❣

♦♥ ✇❤❡'❤❡0 f ✐* ✐♥❝0❡❛*✐♥❣ ♦0 ❞❡❝0❡❛*✐♥❣❀

❼ {ck}k=1,2,... ✐* ❛ *❡H✉❡♥❝❡ ♦❢ ❢✉♥❝'✐♦♥* ❢0♦♠ [0, π] '♦ R ✇❤✐❝❤ ❞❡♣❡♥❞* ♦♥❧② ♦♥ f ❀

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh❀

❼ Ej,n,α = O(hα+1) ✐* '❤❡ 0❡♠❛✐♥❞❡0 ✭'❤❡ ❡00♦0✮✱ ✇❤✐❝❤ *❛'✐*✜❡* '❤❡ ✐♥❡H✉❛❧✐'② |Ej,n,α| ≤
Cαh

α+1
❢♦0 *♦♠❡ ❝♦♥*'❛♥' Cα ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ f ✳

❚❤❡ ✐❞❡❛ ✉♥❞❡0 '❤❡ ❡①♣❛♥*✐♦♥ ■✳✸✶ ✐* ❜❛*❡❞ ♦♥ '❤❡ *'✉❞② ♦❢ '❤❡ ❛♣♣0♦①✐♠❛'✐♦♥ ❡00♦0*

Ej,n = λj(An)− f(θj,n), ✭■✳✸✷✮

'❤❛' ❛0✐*❡ ✇❤❡♥ {An}n ✐* ❛ ✭*♣❡❝✐❛❧✮ ♠❛'0✐① *❡H✉❡♥❝❡ *✉❝❤ '❤❛' {An}n ∼GLT,σ,λ f ❛♥❞ θj,n ✐* ❛

*✉✐'❛❜❧❡ ✉♥✐❢♦0♠ ❣0✐❞✳

❆**✉♠❡ ✇❡ ✇❛♥' '♦ *'✉❞② '❤❡ *♣❡❝'0❛❧ ♣0♦♣❡0'✐❡* ♦❢ '❤❡ ♠❛'0✐① *❡H✉❡♥❝❡* {Bn}n ❛♥❞ {Tn(g)}n✱
✇❤❡0❡ ❢♦0 ❛ ✜①❡❞ n✱ Tn(g) ✐* '❤❡ ❚♦❡♣❧✐'③ ♠❛'0✐① ❣❡♥❡0❛'❡❞ ❜②

g(θ) = f(θ)2 = (2− 2 cos(θ))2 = 6− 8 cos(θ) + 2 cos(2θ).

❛♥❞ Bn = (Tn(f))
2
✳ ❚❤❡ ♠❛'0✐① Bn ✐* '❤❡ ❞✐*❝0❡'✐③❡❞ ❜✐✲▲❛♣❧❛❝✐❛♥✱ ✐♥ '❤❡ *❡♥*❡ '❤❛' ✇❡

❛♣♣❧② '✇✐❝❡ '❤❡ ❞✐*❝0❡'✐③❡❞ ▲❛♣❧❛❝❡ ♦♣❡0❛'♦0 ❜② *❡❝♦♥❞ ♦0❞❡0 ✜♥✐'❡ ❞✐✛❡0❡♥❝❡*✱ ❛♥❞ ✇❛* ♣0♦✈❡❞

❬✶✷✺❪ '❤❛' g(θ) ✐* ✐'* ●▲❚ *②♠❜♦❧✱ '❤❛' ✐* {Bn}n ∼
❣❧"

g✳ ❙✐♥❝❡ Bn ✐* ✐♥ ❛❞❞✐'✐♦♥ ❍❡0♠✐'✐❛♥ ✇❡

❛❧*♦ ❤❛✈❡ '❤❛' {Bn}n ∼σ,λ g✳

❚❤❡ *❡H✉❡♥❝❡ {Tn(g)}n ✐* ❛ ❜❛♥❞❡❞ ❚♦❡♣❧✐'③ ♠❛'0✐① *❡H✉❡♥❝❡ ❣❡♥❡0❛'❡❞ ❜② '❤❡ '0✐❣♦♥♦♠❡'0✐❝

♣♦❧②♥♦♠✐❛❧ g(θ)✱ ❤❡♥❝❡ {Tn(g)}n ∼GLTσ,λ g✳

❚❤❡ ♠❛'0✐① Bn ✐* ❡H✉❛❧ '♦ Tn(g) ❡①❝❡♣' ❢♦0 ❛ ❧♦✇✲$❛♥❦ ❝♦$$❡❝*✐♦♥ Rn ✭✐♥ '❤✐* ❝❛*❡ ♦❢ 0❛♥❦ ✷✮✱

Rn = Bn − Tn(g) = −e1e1
T − enen

T .

❚❤❡ ❧♦✇✲0❛♥❦ ❝♦00❡❝'✐♦♥ *❡H✉❡♥❝❡ {Rn}n ✐* ③❡0♦✲❞✐*'0✐❜✉'❡❞✱ {Rn}n ∼λ 0✱ ❛❝❝♦0❞✐♥❣ '♦ '❤❡

❞❡✜♥✐'✐♦♥ ✐♥ ❙❡❝'✐♦♥ ■✳✸✳ ❚❤✐* ♠❡❛♥* '❤❛' ❛* n → ∞ '❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ Bn ❛♥❞ Tn(g) ✇✐❧❧

❝♦✐♥❝✐❞❡✳ ❍♦✇❡✈❡0✱ '❤❡ ✜♥✐'❡✲❞✐♠❡♥*✐♦♥❛❧ ♠❛'0✐❝❡* ❤❛✈❡ ❞✐✛❡0❡♥' ❡✐❣❡♥✈❛❧✉❡*✳

■♥ ♣❛0'✐❝✉❧❛0 *❛♠♣❧✐♥❣ g(θ) ✇✐'❤ '❤❡ ❣0✐❞ ♦❢ '❤❡ τ ❛❧❣❡❜0❛

θj,n =
jπ

n+ 1
, j = 1, . . . , n, ✭■✳✸✸✮

0❡'✉0♥* '❤❡ ❡①❛❝' ❡✐❣❡♥✈❛❧✉❡* ♦❢ Bn✱ '❤❛' ✐* λj(Bn) = g(θj,n)✳ ❈♦♥✈❡0*❡❧② '❤❡ ❡✐❣❡♥✈❛❧✉❡*

♦❢ Tn(g) ❛0❡ ♥♦' ❡①❛❝'❧② ❣✐✈❡♥ ❜② '❤❡ *❛♠♣❧✐♥❣ ♦❢ g ♦♥ ❣0✐❞ ✭■✳✸✸✮✳ ❚❤❡ ❋✐❣✉0❡ ■✳✶ ✐♥❞❡❡❞

✷✹



■✳✾✳ ❆$②♠♣(♦(✐❝ ❊①♣❛♥$✐♦♥✿ ✐❞❡❛ ♦❢ (❤❡ ❛♣♣5♦①✐♠❛(✐♦♥ ❡55♦5$

❝♦♥✜5♠$ (❤❛( (❤❡ ✉♥✐❢♦5♠ $❛♠♣❧✐♥❣ ♦❢ g ✭✐♥ ❜❧✉❡ ❝✐5❝❧❡$ ◦✮ ♣5♦✈✐❞❡$ ❥✉$( ❛♥ ❛♣♣5♦①✐♠❛(✐♦♥

♦❢ (❤❡ ❡✐❣❡♥✈❛❧✉❡$ ♦❢ Tn(g) ✭✐♥ 5❡❞ $(❛5$ ∗✮✳ ❋✉5(❤❡5♠♦5❡✱ ❛$ n ❣5♦✇$ (❤❡ ♠♦5❡ ❛❝❝✉5❛(❡ (❤❡

❛♣♣5♦①✐♠❛(✐♦♥ ✇✐❧❧ ❜❡✳ ❋♦5 ❡①❛♠♣❧❡✱ ✇❡ (❛❦❡ n = 15 ✐♥ ❋✐❣✉5❡ ■✳✶✭❛✮ ❛♥❞ n = 30 ✐♥ ❋✐❣✉5❡

■✳✶✭❜✮✳ ❍❡♥❝❡✱ ❢♦5 n → ∞ (❤❡ ❡✐❣❡♥✈❛❧✉❡$ Tn(g) ✇✐❧❧ ❝♦✐♥❝✐❞❡ ✇✐(❤ (❤❡ ❡✈❛❧✉❛(✐♦♥$ ♦❢ g✱ ❜✉( ❢♦5

✜♥✐(❡ n ✇❡ ❞♦ ♥♦( ❦♥♦✇ (❤❡ ❡①♣❧✐❝✐( ❣5✐❞ θj,n ✇❤✐❝❤ ②✐❡❧❞$ Ej,n = λj(Tn(g))− g(θj,n) = 0 ❢♦5 ❛❧❧

j✳

0 0.5 1 1.5 2 2.5 3

j,n

0

2

4
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16

eig (T
n
(g))

g ( 
j,n

 )

✭❛✮ n = 15

0 0.5 1 1.5 2 2.5 3 3.5

j,n

0
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10

12

14

16

eig (T
n
(g))

g (
j,n

)

✭❜✮ n = 30

❋✐❣✉$❡ ■✳✶✿ ❈♦♠♣❛$✐/♦♥ ❜❡2✇❡❡♥ 2❤❡ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ Tn(g) ✭✐♥ $❡❞ /2❛$/ ∗✮ ❛♥❞ 2❤❡ ✉♥✐❢♦$♠ /❛♠♣❧✐♥❣ ♦❢ g ✭✐♥ ❜❧✉❡

❝✐$❝❧❡/ ◦✮ ♦♥ 2❤❡ ❣$✐❞ ✐♥ ✭■✳✸✸✮✳ ❚❤❡ ♣❛$❛♠❡2❡$ n ❡>✉❛❧/ 15 ✐♥ /✉❜♣❧♦2/ ✭❛✮ ❛♥❞ ✐2 ✐/ ❞♦✉❜❧❡❞✱ n = 30✱ ✐♥ ✭❜✮✳

❚❤✉# ✇❡ ❤❛✈❡

λj(Tn(g)) = g(θj,n) + Ej,n, j = 1, . . . , n.

❍♦✇❡✈❡*✱ ✐♥ ❋✐❣✉*❡# ✐♥ ■✳✷ ✇❡ ❝❛♥ ♦❜#❡*✈❡ 5❤❛5 5❤❡ ❡**♦*# Ej,n ❤❛✈❡ ❛♥ ✐♥5❡*❡#5✐♥❣ ♣*♦♣❡*5②✳

■♥❞❡❡❞✱ ✇❤❡♥ ✉#✐♥❣ 5❤❡ τ ✲❣*✐❞ ❢♦* 5❤*❡❡ ❞✐✛❡*❡♥5 n ∈ {100, 200, 400}✱ 5❤❡ #❤❛♣❡ ♦❢ 5❤❡ ✏❡**♦*
❝✉*✈❡✑✱ ✐# *❡5❛✐♥❡❞ ❛# n ✐♥❝*❡❛#❡#✱ #❡❡ ❋✐❣✉*❡ ■✳✷✭❛✮✳

■♥ ❛❞❞✐5✐♦♥ 5❤❡ ❡**♦*# Ej,n ❜❡❤❛✈❡ ❛# ❡①♣❡❝5❡❞✱ 5❤❛5 ✐#✱ 5❤❡② ❞❡❝*❡❛#❡ ❧✐♥❡❛*❧② ✐♥ n ❛# n

✐♥❝*❡❛#❡#✱ ❡B✉✐✈❛❧❡♥5❧② 5❤❡② ❛*❡ ♦❢ ♦*❞❡* O(h)✱ ✇❤❡*❡ h = 1/(n+ 1) ❢♦* ❡❛❝❤ n✳ ❋✉*5❤❡*♠♦*❡ ✇❡

❝❛♥ ♦❜#❡*✈❡ ✐♥ ❋✐❣✉*❡ ■✳✷✭❜✮ 5❤❛5 5❤❡ ❝✉*✈❡# ♦❢ 5❤❡ #❝❛❧❡❞ ❡**♦*# Ej,n/h = (λj(Tn(g))−g(θj,n))/h
❢♦* n = 20, 40, 80, 100 ♦✈❡*❧❛♣ ♣❡*❢❡❝5❧②✳

❚❤✐# ❜❡❤❛✈✐♦* ♦❢ 5❤❡ ❝✉*✈❡# Ej,n/h #✉❣❣❡#5# 5❤❛5 ❢♦* g ❛♥❞ ♦5❤❡* 5②♣❡# ♦❢ #②♠❜♦❧# 5❤❡*❡ ❡①✐#5#

❛♥ ❛#②♠♣5♦5✐❝ ❡①♣❛♥#✐♦♥ ♦❢ 5❤❡ ❡**♦* ✐♥ ✭■✳✸✷✮ ♦❢ 5❤❡ ❢♦*♠

λj(Tn(g))− g(θj,n) =
α∑

k=1

ck(θj,n)h
k + Ej,n,α.

◆♦5❡ 5❤❛5✱ ✐❢ α = 0✱ 5❤❡♥ Ej,n = λj(Tn(g)) − g(θj,n) = Ej,n,0✳ ■❢ α = 1✱ 5❤❡♥ Ej,n/h =

c1(θj,n)Ej,n,1/h✱ ❢♦* ❡❛❝❤ ✈❛❧✉❡ ♦❢ n✳ ■♥❞❡❡❞ ✐♥ ❋✐❣✉*❡ ■✳✷✭❜✮ 5❤❡ ❢♦✉* ❝✉*✈❡# ❝♦✐♥❝✐❞❡ #✐♥❝❡ 5❤❡

#❝❛❧❡❞ *❡♠❛✐♥❞❡* Ej,n,1/h ✐# #♠❛❧❧ ❛♥❞ 5❤❡ ❢✉♥❝5✐♦♥ c1 ❞♦❡# ♥♦5 ❞❡♣❡♥❞ ♦♥ n✳

■♥ 5❤❡ ❙❡❝5✐♦♥# ❱■✳✸✱ ❱■✳✹✱ ❱■✳✻ ♦❢ 5❤❡ ❈❤❛♣$❡& ❱■ ✇❡ ♣*❡#❡♥5 5❤❡ ♣*♦♦❢ ♦❢ 5❤❡ ✜*#5 ♦*❞❡*

❛#②♠♣5♦5✐❝ 5❡*♠ ♦❢ 5❤❡ ❡①♣❛♥#✐♦♥ ❢♦*

✶✳ ♣*❡❝♦♥❞✐5✐♦♥❡❞ ❜❛♥❞❡❞ #②♠♠❡5*✐❝ ❚♦❡♣❧✐5③ ♠❛5*✐❝❡# ❬✶❪❀

✷✺



❈❤❛♣$❡& ■✳ ❉❡✜♥✐$✐♦♥. ❛♥❞ ❦♥♦✇♥ &❡.✉❧$.

✭❛✮ Ej,n = λj(Tn(g))− g(θj,n) = O(h) ✭❜✮ Ej,n/h = (λj(Tn(g))− g(θj,n))/h = c1

❋✐❣✉$❡ ■✳✷✿ ❚❤❡ ❡$$♦$- Ej,n ✭❧❡❢1✮ ❛♥❞ 1❤❡ -❝❛❧❡❞ ❡$$♦$- Ej,n/h ✭$✐❣❤1✮ ✇❤❡♥ ❛♣♣$♦①✐♠❛1✐♥❣ λj(Tn(g)) ✇✐1❤ 1❤❡

-❛♠♣❧✐♥❣ g(θj,n)✱ j = 1, . . . , n ❢♦$ n ∈ {20, 40, 80, 160}

✷✳ ❚♦❡♣❧✐(③✲❧✐❦❡ ♠❛(.✐❝❡0✱ n−2L
[p]
n ✱ ❝♦♠✐♥❣ ❢.♦♠ (❤❡ ❇✲0♣❧✐♥❡ ■❣❆ ❛♣♣.♦①✐♠❛(✐♦♥ ♦❢ −u′′ = λu

❬✺✽❪❀

✸✳ ❜❧♦❝❦ ❛♥❞ ♣.❡❝♦♥❞✐(✐♦♥❡❞ ❜❧♦❝❦ ❜❛♥❞❡❞ 0②♠♠❡(.✐❝ ❚♦❡♣❧✐(③ ♠❛(.✐❝❡0 ❬✻✵❪✳

■♥ ❛❧❧ (❤❡ ❝♦♥(❡①(0 (❤❡ ♣.♦♦❢ ✐0 ❜❛0❡❞ ♦♥ (❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠♦♥ ❢❛❝(0✳ ■❢ τn(f) ✐0 (❤❡ τ ♠❛(.✐① ♦❢

0✐③❡ n ❣❡♥❡.❛(❡❞ ❜② ❛ ♠♦♥♦(♦♥❡ ❘❈❚H f ♦❢ ❞❡❣.❡❡ m ✭(❤❡ ❝❛0❡ ❢ ♠♦♥♦(♦♥❡ ❍❚H ✐0 ❛♥❛❧♦❣♦✉0✮✱

(❤❡♥

❼ τn(f) ✐0 ❛ .❡❛❧ 0②♠♠❡(.✐❝ ♠❛(.✐① ✇✐(❤ ❡✐❣❡♥✈❛❧✉❡0 ❣✐✈❡♥ ❜② f(θj,n)✱ j = 1, . . . , n❀

❼ (❤❡ ♠❛(.✐① Tn(f) ❝❛♥ ❜❡ ✇.✐((❡♥ ❛0 Tn(f) = τn(f) + Hn(f)✱ ✇❤❡.❡ Hn(f) ✐0 0②♠♠❡(.✐❝

.❡❛❧ ❍❛♥❦❡❧ ♠❛(.✐① ❣❡♥❡.❛(❡❞ ❜② f ✇✐(❤ ν = rank(Hn) ≤ 2(m− 1)❀

❼ ❢.♦♠ (❤❡ ❝❧❛00✐❝❛❧ ■♥(❡.❧❛❝✐♥❣ (❤❡♦.❡♠ ❢♦. (❤❡ ❡✐❣❡♥✈❛❧✉❡0 ✭0❡❡ ❬✶✸❪ ♦. ❬✼✼❪✮✱ ✐( ❤♦❧❞0

f(θj−ν,n) ≤ λj(Tn(f)) ≤ f(θj+ν,n), j = ν + 1, . . . , n− ν;

❼ λj(Tn(f)) ∈ (mf ,Mf ), j = 1, . . . , n✱ ✇❤❡.❡ mf = min f < Mf = max f ❀ 0❡❡ ❬✷✵✱ ✼✼❪✳

■♥ (❤❡ ❈❤❛♣(❡.0 ■■■✱ ■❱✱ ❱✱ 0(✉❞②✐♥❣ (❤❡ ❡..♦.0 ♦❢ (❤❡ ❛♣♣.♦①✐♠❛(✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡0 ❜② ✉♥✐❢♦.♠

0❛♠♣❧✐♥❣ ♦❢ (❤❡ 0②♠❜♦❧✱ ✐( ✐0 ♣♦00✐❜❧❡ (♦ ❞❡✈✐0❡ ❛♥ ❡①(.❛♣♦❧❛(✐♦♥✕✐♥(❡.♣♦❧❛(✐♦♥ ♣.♦❝❡❞✉.❡ ❢♦.

❝♦♠♣✉(✐♥❣ (❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ ❚♦❡♣❧✐(③✲❧✐❦❡ ♠❛(.✐❝❡0 ♦❢ ✈❡.② ❧❛.❣❡ ❞✐♠❡♥0✐♦♥✳ ❚❤❡ .❡0✉❧(✐♥❣

❛❧❣♦.✐(❤♠ ❝❛♥ ❜❡ ♣❡.❢♦.♠❡❞ ✇✐(❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉.❛❝② ❛♥❞ ❛( (❤❡ ❝♦0( ♦❢ (❤❡ ❝♦♠♣✉(❛(✐♦♥ ♦❢

(❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ ❛ ♠♦❞❡.❛(❡ ♥✉♠❜❡. ♦❢ 0♠❛❧❧ 0✐③❡❞ ♠❛(.✐❝❡0✳

❲❡ .❡♠❛.❦ (❤❛( ✐♥ ❬✼✱ ✶✻✱ ✶✼❪ ✐( ❤❛0 ❜❡❡♥ ♣.♦✈❡ (❤❛( ✐❢ (❤❡ 0②♠❜♦❧ f(θ) ❞♦❡0 ♥♦( ❝♦♠♣❧② ✇✐(❤

(❤❡ 0✐♠♣❧❡✲❧♦♦♣ ❝♦♥❞✐(✐♦♥0✱ (❤❛( ✐0 (❤❡ .❡S✉✐.♠❡♥( (❤❛( f ′(θ) 6= 0 ❢♦. θ ∈ (0, π) ❛♥❞ f ′′(θ) 6= 0

❢♦. θ ∈ {0, π}✱ (❤❡ ❡①♣❛♥0✐♦♥ ✭■✳✸✶✮ ✇✐❧❧ ♥♦( ❜❡ (.✉❡ ♣♦✐♥(✲✇✐0❡ ❢♦. ❛❧❧ ❡✐❣❡♥✈❛❧✉❡0✳ ■♥ ♣.❛❝(✐❝❡

✇❤❡♥ ✉0✐♥❣ 0(❛♥❞❛.❞ ❞♦✉❜❧❡ ♣.❡❝✐0✐♦♥ ❝♦♠♣✉(❛(✐♦♥0✱ ✐♥ (❤❡ ♥❡①( ❝❤❛♣(❡.0 ✇❡ ❞❡♠♦♥0(.❛(❡ ✇❤②

(❤✐0 ✐0 ♥♦( ❛ ♣.♦❜❧❡♠ ✇❤❡♥ ✉0✐♥❣ (❤❡ ♣.♦♣♦0❡❞ ❛❧❣♦.✐(❤♠✳

✷✻



❈❤❛♣$❡& ■■

❙♣❡❝$%❛❧ ❛♥❛❧②*✐* ♦♥ ❙❉● ♠❡$❤♦❞* ❢♦%

$❤❡ ✐♥❝♦♠♣%❡**✐❜❧❡ ◆❛✈✐❡%✲❙$♦❦❡*

❡8✉❛$✐♦♥*

■♥ "❤✐% ❝❤❛♣"❡* ✇❡ ❝♦♥%✐❞❡* "❤❡ ✐♥❝♦♠♣*❡%%✐❜❧❡ ◆❛✈✐❡*✲❙"♦❦❡% ❡6✉❛"✐♦♥% ❛♣♣*♦①✐♠❛"❡❞ ❜② ❛ ♥♦✈❡❧

❢❛♠✐❧② ♦❢ ❤✐❣❤ ♦*❞❡* %❡♠✐✲✐♠♣❧✐❝✐" ❉✐%❝♦♥"✐♥♦✉% ●❛❧❡*❦✐♥ ♠❡"❤♦❞% ♦♥  !❛❣❣❡%❡❞ ♠❡ ❤❡ ✭❙❉●✮

✐♥"*♦❞✉❝❡❞ ✐♥ ❬✻✺✱ ✻✻✱ ✶✸✺✱ ✶✸✼❪✳ ❚❤❡%❡ ♥❡✇ %❝❤❡♠❡% ❛*❡ ❛♥❛❧②%❡❞ ❢♦* "❤❡ ✜*%" "✐♠❡ ❜② ♠❡❛♥% ♦❢

●▲❚ "❡❝❤♥✐6✉❡% ❛♥❞ "❤❡*❡❢♦*❡ "❤❡ ❛✐♠ ✐% "♦ ✉%❡ ❛♥❞ ❡①"❡♥❞ "❤❡ %♣❡❝"*❛❧ "♦♦❧% ♠❡♥"✐♦♥❡❞ %♦ ❢❛*

"♦ "❤❡ ♣*❡%❡♥" ♥✉♠❡*✐❝❛❧ ❢*❛♠❡✇♦*❦ ❛♥❞ "♦ %"✉❞② ✐"% ♣*♦♣❡*"✐❡%✳

❲❡ *❡❝❛❧❧ "❤❛" ❝♦♠♣✉"❛"✐♦♥❛❧ ✢✉✐❞ ❞②♥❛♠✐❝% ✭❈❋❉✮ *❡♣*❡%❡♥"% ❛ ✈❛%" %❡❝"♦* ♦❢ ♦♥❣♦✐♥❣

*❡%❡❛*❝❤ ✐♥ ❡♥❣✐♥❡❡*✐♥❣ ❛♥❞ ❛♣♣❧✐❡❞ ♠❛"❤❡♠❛"✐❝%✱ ✇❤✐❝❤ ❤❛% ❛❧%♦ ❛ ✇✐❞❡ ❛♣♣❧✐❝❛❜✐❧✐"② "♦ *❡❛❧

✇♦*❧❞ ♣*♦❜❧❡♠%✱ %✉❝❤ ❛% ❛❡*♦❞②♥❛♠✐❝% ♦❢ ❛✐*♣❧❛♥❡% ❛♥❞ ❝❛*%✱ ❣❡♦♣❤②%✐❝❛❧ ✢♦✇% ✐♥ ♦❝❡❛♥%✱ ❧❛❦❡%

❛♥❞ *✐✈❡*%✱ ❚%✉♥❛♠✐ ✇❛✈❡ ♣*♦♣❛❣❛"✐♦♥✱ ❜❧♦♦❞ ✢♦✇ ✐♥ "❤❡ ❤✉♠❛♥ ❝❛*❞✐♦✈❛%❝✉❧❛* %②%"❡♠✱ ✇❡❛"❤❡*

❢♦*❡❝❛%"✐♥❣ ❛♥❞ ♠❛♥② ♦"❤❡*%✳ ❚❤❡ ❣♦✈❡*♥✐♥❣ ❡6✉❛"✐♦♥% ❢♦* ✐♥❝♦♠♣*❡%%✐❜❧❡ ✢✉✐❞% ❛*❡ ❣✐✈❡♥ ❜②

"❤❡ ✐♥❝♦♠♣*❡%%✐❜❧❡ ◆❛✈✐❡*✲❙"♦❦❡% ❡6✉❛"✐♦♥% "❤❛" ❝♦♥%✐%" ✐♥ ❛ ❞✐✈❡*❣❡♥❝❡✲❢*❡❡ ❝♦♥❞✐"✐♦♥ ❢♦* "❤❡

✈❡❧♦❝✐"②

∇ · v = 0, ✭■■✳✶✮

❛♥❞ ❛ ♠♦♠❡♥"✉♠ ❡6✉❛"✐♦♥ "❤❛" ✐♥✈♦❧✈❡% ♥♦♥❧✐♥❡❛* ❝♦♥✈❡❝"✐♦♥✱ "❤❡ ♣*❡%%✉*❡ ❣*❛❞✐❡♥" ❛♥❞ ✈✐%❝♦%✐"②

❡✛❡❝"%✿

∂v

∂t
+∇ · F+∇p = ∇ · (ν∇v) . ✭■■✳✷✮

❍❡*❡✱ v ✐% "❤❡ ✈❡❧♦❝✐"② ✜❡❧❞❀ p ✐% "❤❡ ♣*❡%%✉*❡❀ ν ✐% "❤❡ ❦✐♥❡♠❛"✐❝ ✈✐%❝♦%✐"② ❝♦❡✣❝✐❡♥" ❛♥❞

F = v ⊗ v ✐% "❤❡ "❡♥%♦* ❝♦♥"❛✐♥✐♥❣ "❤❡ ♥♦♥❧✐♥❡❛* ❝♦♥✈❡❝"✐✈❡ "❡*♠✳ ❚❤❡ ❞②♥❛♠✐❝% ✐♥❞✉❝❡❞ ❜②

❡6✉❛"✐♦♥% ✭■■✳✶✮✲✭■■✳✷✮ ❝❛♥ ❜❡ *❛"❤❡* ❝♦♠♣❧❡① ❛♥❞ ❤❛✈❡ ❜❡❡♥ ♦❜%❡*✈❡❞ ✐♥ ✈❛*✐♦✉% ❡①♣❡*✐♠❡♥"%✱ %❡❡

❬✹✱ ✶✵✾✱ ✶✺✵❪✳ ■♥ "❤❡ ❧❛%" ❞❡❝❛❞❡% ❛ ❧♦" ♦❢ ❡✛♦*" ✇❛% ♠❛❞❡ "♦ ♥✉♠❡*✐❝❛❧❧② %♦❧✈❡ "❤❡ ✐♥❝♦♠♣*❡%%✲

✐❜❧❡ ◆❛✈✐❡*✲❙"♦❦❡% ❡6✉❛"✐♦♥% ✉%✐♥❣ ✜♥✐"❡ ❞✐✛❡*❡♥❝❡ %❝❤❡♠❡% ✭%❡❡ ❬✽✸✱ ✾✾✱ ✶✵✵✱ ✶✹✼❪✮✱ ❝♦♥"✐♥✉♦✉%

✜♥✐"❡ ❡❧❡♠❡♥"% ✭%❡❡ ❬✷✹✱ ✼✵✱ ✽✺✱ ✽✻✱ ✾✶✱ ✶✸✾✱ ✶✹✾❪✮ ❛♥❞ ♠♦*❡ *❡❝❡♥"❧② ❤✐❣❤ ♦*❞❡* ❉● ♠❡"❤♦❞%✱

%❡❡✱ ❡✳❣✳✱ ❬✾✱ ✶✵✱ ✹✸✱ ✻✽✱ ✾✺✱ ✾✼✱ ✶✵✹✱ ✶✵✺✱ ✶✸✶❪✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧"② ✐♥ "❤❡ ♥✉♠❡*✐❝❛❧ %♦❧✉"✐♦♥

♦❢ "❤❡ ✐♥❝♦♠♣*❡%%✐❜❧❡ ◆❛✈✐❡*✲❙"♦❦❡% ❡6✉❛"✐♦♥% ✭■■✳✶✮✲✭■■✳✷✮ ❧✐❡% ✐♥ "❤❡ ❡❧❧✐♣"✐❝ ♣*❡%%✉*❡ Z♦✐%%♦♥

✷✼



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

❡!✉❛$✐♦♥ ❛♥❞ $❤❡ ❛**♦❝✐❛$❡❞ ❧✐♥❡❛- ❡!✉❛$✐♦♥ *②*$❡♠ $❤❛$ ♥❡❡❞* $♦ ❜❡ *♦❧✈❡❞✳ ❖♥ $❤❡ ❞✐*❝-❡$❡

❧❡✈❡❧ $❤❡ ♣-❡**✉-❡ *②*$❡♠ ✐* ♦❜$❛✐♥❡❞ ❜② *✉❜*$✐$✉$✐♦♥ ♦❢ $❤❡ ❞✐*❝-❡$❡ ♠♦♠❡♥$✉♠ ❡!✉❛$✐♦♥ ✭■■✳✷✮

✐♥$♦ $❤❡ ❞✐*❝-❡$❡ ❢♦-♠ ♦❢ $❤❡ ❞✐✈❡-❣❡♥❝❡✲❢-❡❡ ❝♦♥❞✐$✐♦♥ ✭■■✳✶✮✳ ❙✐♥❝❡ $❤❡ *♦❧✉$✐♦♥ ♦❢ $❤❡ ✐♥❝♦♠✲

♣-❡**✐❜❧❡ ◆❛✈✐❡-✲❙$♦❦❡* ❡!✉❛$✐♦♥* -❡!✉✐-❡* ♥❡❝❡**❛-✐❧② $❤❡ *♦❧✉$✐♦♥ ♦❢ ❧❛-❣❡ *②*$❡♠* ♦❢ ❛❧❣❡❜-❛✐❝

❡!✉❛$✐♦♥*✱ ✐$ ✐* ✐♥❞❡❡❞ ✈❡-② ✐♠♣♦-$❛♥$ $♦ ❤❛✈❡ ❛ *❝❤❡♠❡ $❤❛$ ✉*❡* ❛ *$❡♥❝✐❧ $❤❛$ ✐* ❛* *♠❛❧❧

❛* ♣♦**✐❜❧❡✱ ✐♥ ♦-❞❡- $♦ ✐♠♣-♦✈❡ $❤❡ *♣❛-*✐$② ♣❛$$❡-♥ ♦❢ $❤❡ -❡*✉❧$✐♥❣ *②*$❡♠ ♠❛$-✐①✳ ■$ ✐* ❛❧*♦

❞❡*✐-❛❜❧❡ $♦ ✉*❡ ♠❡$❤♦❞* $❤❛$ ❧❡❛❞ $♦ -❡❛*♦♥❛❜❧② ✇❡❧❧ ❝♦♥❞✐$✐♦♥❡❞ *②*$❡♠* $❤❛$ ❝❛♥ ❜❡ *♦❧✈❡❞

✇✐$❤ ✐$❡-❛$✐✈❡ *♦❧✈❡-*✱ ❧✐❦❡ $❤❡ ❝♦♥❥✉❣❛$❡ ❣-❛❞✐❡♥$ ✭❈●✮ ♠❡$❤♦❞ ❬✽✹❪ ♦- $❤❡ ❣❡♥❡-❛❧✐③❡❞ ♠✐♥✐♠❛❧

-❡*✐❞✉❛❧ ✭●▼❘❊❙✮ ❛❧❣♦-✐$❤♠ ❬✶✵✽❪✳ ❱❡-② -❡❝❡♥$❧②✱ ❛ ♥❡✇ ❝❧❛** ♦❢ ❛-❜✐$-❛-② ❤✐❣❤ ♦-❞❡- ❛❝❝✉✲

-❛$❡ *❡♠✐✲✐♠♣❧✐❝✐$ ❉● *❝❤❡♠❡* ❢♦- $❤❡ *♦❧✉$✐♦♥ ♦❢ $❤❡ ✐♥❝♦♠♣-❡**✐❜❧❡ ◆❛✈✐❡-✲❙$♦❦❡* ❡!✉❛$✐♦♥*

♦♥ *$-✉❝$✉-❡❞✱ ❛❞❛♣$✐✈❡ ❈❛-$❡*✐❛♥ ❛♥❞ ✉♥*$-✉❝$✉-❡❞ ❡❞❣❡✲❜❛*❡❞  !❛❣❣❡%❡❞ ❣-✐❞* ✇❛* ♣-♦♣♦*❡❞ ✐♥

❬✻✺✱ ✻✻✱ ✶✸✺✱ ✶✸✻✱ ✶✸✼❪✱ ❢♦❧❧♦✇✐♥❣ ❛ ♣❤✐❧♦*♦♣❤② $❤❛$ ❤❛❞ ❜❡❡♥ ✜-*$ ✐♥$-♦❞✉❝❡❞ ✐♥ ✜♥✐$❡ ❞✐✛❡-❡♥❝❡

*❝❤❡♠❡*✱ *❡❡ ❬✷✺✱ ✷✻✱ ✷✼✱ ✷✽✱ ✷✾✱ ✸✵✱ ✽✸✱ ✽✼✱ ✾✾✱ ✶✵✵✱ ✶✹✼❪✳ ❆❧❧ $❤♦*❡ ❛♣♣-♦❛❝❤❡* ❤❛✈❡ ✐♥ ❝♦♠♠♦♥

$❤❛$ $❤❡ ♣-❡**✉-❡ ✐* ❞❡✜♥❡❞ ♦♥ ❛ ♠❛✐♥ ❣-✐❞✱ ✇❤✐❧❡ $❤❡ ✈❡❧♦❝✐$② ✜❡❧❞ ✐* ❞❡✜♥❡❞ ♦♥ ❛♥ ❛♣♣-♦♣-✐❛$❡

❡❞❣❡✲❜❛*❡❞ *$❛❣❣❡-❡❞ ❣-✐❞✳ ❚❤❡ ♥♦♥❧✐♥❡❛- ❝♦♥✈❡❝$✐✈❡ $❡-♠* ❛-❡ ❞✐*❝-❡$✐③❡❞ ❡①♣❧✐❝✐$❧② ❜② ✉*✐♥❣ ❛

*$❛♥❞❛-❞ ❉● *❝❤❡♠❡ ❜❛*❡❞ ♦♥ $❤❡ ✉♣✇✐♥❞ ✢✉① ♦- ❛ ❧♦❝❛❧ ▲❛①✲❋-✐❡❞-✐❝❤* ✭❘✉*❛♥♦✈✮ ✢✉① ❬✶✵✼❪✳

❚❤❡♥✱ $❤❡ ❞✐*❝-❡$❡ ♠♦♠❡♥$✉♠ ❡!✉❛$✐♦♥ ✐* ✐♥*❡-$❡❞ ✐♥$♦ $❤❡ ❞✐*❝-❡$❡ ❝♦♥$✐♥✉✐$② ❡!✉❛$✐♦♥ ✐♥ ♦-❞❡-

$♦ ♦❜$❛✐♥ $❤❡ ❞✐*❝-❡$❡ ❢♦-♠ ♦❢ $❤❡ ♣-❡**✉-❡ ]♦✐**♦♥ ❡!✉❛$✐♦♥✳ ❚❤❡ ❛❞✈❛♥$❛❣❡ ✐♥ ✉*✐♥❣ *$❛❣❣❡-❡❞

❣-✐❞* ✐* $❤❛$ $❤❡② ❛❧❧♦✇ $♦ ✐♠♣-♦✈❡ *✐❣♥✐✜❝❛♥$❧② $❤❡ *♣❛-*✐$② ♣❛$$❡-♥ ♦❢ $❤❡ ✜♥❛❧ ❧✐♥❡❛- *②*$❡♠

$❤❛$ ❤❛* $♦ ❜❡ *♦❧✈❡❞ ❢♦- $❤❡ ♣-❡**✉-❡✳ ❋♦- $❤❡ *$-✉❝$✉-❡❞ ❝❛*❡ $❤❡ -❡*✉❧$✐♥❣ ♠❛✐♥ ❧✐♥❡❛- *②*$❡♠

✐* ❛ *♣❛-*❡ ❜❧♦❝❦ ♣❡♥$❛✲❞✐❛❣♦♥❛❧ ❛♥❞ ❤❡♣$❛✲❞✐❛❣♦♥❛❧ ♦♥❡ ✐♥ $✇♦ ❛♥❞ $❤-❡❡ *♣❛❝❡ ❞✐♠❡♥*✐♦♥*✱

-❡*♣❡❝$✐✈❡❧②✳ ❋✉-$❤❡-♠♦-❡✱ *❡✈❡-❛❧ ❞❡*✐-❛❜❧❡ ♣-♦♣❡-$✐❡*✱ *✉❝❤ ❛* $❤❡ *②♠♠❡$-② ❛♥❞ $❤❡ ♣♦*✐$✐✈❡

❞❡✜♥✐$❡♥❡** ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ *❡❡✱ ❡✳❣✳✱ ❬✻✺✱ ✶✸✼❪✳

❚❤❡ ♠❛✐♥ ❛❞✈❛♥$❛❣❡ ♦❢ ✉*✐♥❣ ❛♥ ❡❞❣❡✲❜❛*❡❞ *$❛❣❣❡-❡❞ ❣-✐❞ ✐* $❤❛$ $❤❡ -❡*✉❧$✐♥❣ ♠❛$-✐① ✐♥✲

✈♦❧✈❡* ♦♥❧② $❤❡ ❞✐-❡❝$ ♥❡✐❣❤❜♦-*✳ ❋♦- ✐♥*$❛♥❝❡ $❤❡ $♦$❛❧ *$❡♥❝✐❧ ✐♥ $❤❡ $❤-❡❡✲❞✐♠❡♥*✐♦♥❛❧ ❈❛-$❡*✐❛♥

❣-✐❞ ❝❛*❡ ✐* 13 ❢♦- ❛ ❝♦❧❧♦❝❛$❡❞ ❣-✐❞✱ 27 ❢♦- ❛ ✈❡-$❡①✲❜❛*❡❞ *$❛❣❣❡-✐♥❣ ❛♥❞ ✐$ ✐* ♦♥❧② 7 ❢♦- ❛♥ ❡❞❣❡✲

❜❛*❡❞ *$❛❣❣❡-❡❞ ♠❡*❤✳ ❚❤❡ ❡❞❣❡✲❜❛*❡❞ *$❛❣❣❡-❡❞ *❡♠✐✲✐♠♣❧✐❝✐$ ❉● *❝❤❡♠❡ $❤❡-❡❢♦-❡ ❛❧❧♦✇* $❤❡

✉*❡ ♦❢ $❤❡ ♠♦*$ ❝♦♠♣❛❝$ *$❡♥❝✐❧ $♦❣❡$❤❡- ✇✐$❤ $❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡- ♦❢ ✉♥❦♥♦✇♥* ✭♦♥❧② $❤❡

*❝❛❧❛- ♣-❡**✉-❡✮✳ ■❢ ♦♥❡ ✇❛♥$* $♦ ❛❝❤✐❡✈❡ $❤❡ *❛♠❡ ❝♦♠♣❛❝$ *$❡♥❝✐❧ ♦♥ ❛ ❝♦❧❧♦❝❛$❡❞ ❣-✐❞✱ ❛ ❢♦✉-

$✐♠❡* ❧❛-❣❡- *②*$❡♠ ♥❡❡❞* $♦ ❜❡ *♦❧✈❡❞✱ ✐♥❝❧✉❞✐♥❣ $❤❡ *❝❛❧❛- ♣-❡**✉-❡ ❛♥❞ $❤❡ $❤-❡❡ ❝♦♠♣♦♥❡♥$*

♦❢ $❤❡ ✈❡❧♦❝✐$② ✈❡❝$♦-✳

❈♦♠♣❛-❡❞ $♦ ❝❧❛**✐❝❛❧ ❝♦♥$✐♥✉♦✉* ✜♥✐$❡ ❡❧❡♠❡♥$* $❤❡ ❞✐*❝♦♥$✐♥✉♦✉* ●❛❧❡-❦✐♥ ♠❡$❤♦❞ ✐* ❦♥♦✇♥

$♦ ❤❛♥❞❧❡ ❞②♥❛♠✐❝ ❛❞❛♣$✐✈❡ ♠❡*❤ -❡✜♥❡♠❡♥$ ✭❆▼❘✮ ✇✐$❤ ❤❛♥❣✐♥❣ ♥♦❞❡* ❬✻✻✱ ✶✺✸❪ ❛* ✇❡❧❧ ❛*

p✲-❡✜♥❡♠❡♥$ ✈❡-② ❡❛*✐❧②✳ ■$ ✐* ❛❧*♦ ♣♦**✐❜❧❡ $♦ ❞❡❛❧ ✇✐$❤ ✢♦✇ ❞✐*❝♦♥$✐♥✉✐$✐❡* ✐♥ $❤❡ ❜♦✉♥❞❛-②

❝♦♥❞✐$✐♦♥*✱ *❡❡✱ ❡✳❣✳✱ ❬✻✺✱ ✶✸✼❪✱ *✐♥❝❡ ❜♦✉♥❞❛-② ❝♦♥❞✐$✐♦♥* ❛-❡ ♦♥❧② ✐♠♣♦*❡❞ ✇❡❛❦❧②✳

❚❤❡ ❉● ❢-❛♠❡✇♦-❦ ❤❛* ❛❧*♦ ❜❡❡♥ ✈❡-② *✉❝❝❡**❢✉❧❧② ❛♣♣❧✐❡❞ ✐♥ $❤❡ ♣❛*$ $♦ ❤✐❣❤ ▼❛❝❤ ♥✉♠❜❡-

✢♦✇* ✇✐$❤ *❤♦❝❦ ✇❛✈❡*✱ *❡❡✱ ❡✳❣✳✱ ❬✸✾✱ ✹✵✱ ✺✻❪ ❢♦- *♦♠❡ ❡①❛♠♣❧❡* ❛♥❞ ❛♥ ♦✈❡-✈✐❡✇ ♦❢ -❡❝❡♥$

❞❡✈❡❧♦♣♠❡♥$*✳ ❚❤❡ ♥❡✇ ❝❧❛** ♦❢ *$❛❣❣❡-❡❞ *❡♠✐✲✐♠♣❧✐❝✐$ ❉● *❝❤❡♠❡* ❛♥❛❧②③❡❞ ✐♥ $❤✐* ❝❤❛♣$❡-

❤❛* ✈❡-② -❡❝❡♥$❧② ❛❧*♦ *✉❝❝❡**❢✉❧❧② ❜❡❡♥ ❡①$❡♥❞❡❞ $♦ $❤❡ ❢✉❧❧② ❝♦♠♣-❡**✐❜❧❡ ❝❛*❡ ❬✶✸✽❪✱ ❛❧❧♦✇✐♥❣

$♦ ❞❡❛❧ ✇✐$❤ ❛❧❧ ▼❛❝❤ ♥✉♠❜❡% ✢♦✇ ✱ -❛♥❣✐♥❣ ❢-♦♠ ♥❡❛-❧② ✐♥❝♦♠♣-❡**✐❜❧❡ ❧♦✇ ▼❛❝❤ ♥✉♠❜❡- ✢♦✇*

$♦ *✉♣❡-*♦♥✐❝ ✢♦✇* ✇✐$❤ *❤♦❝❦ ✇❛✈❡*✳

❚❤❡ -❡❣✉❧❛- *❤❛♣❡ ♦❢ ❈❛-$❡*✐❛♥ ❣-✐❞* ❛❧❧♦✇* $♦ ❢✉-$❤❡- ❞❡*❝-✐❜❡ $❤❡ *$-✉❝$✉-❡ ♦❢ $❤❡ ♠❛✐♥

❧✐♥❡❛- *②*$❡♠ ❢♦- $❤❡ ♣-❡**✉-❡ ✐♥ $❤❡ ❢-❛♠❡✇♦-❦ ♦❢ ♠✉❧$✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐$③ ♠❛$-✐❝❡*✿ ✐♥ $❤✐*

✷✽



■■✳✶✳ ❖✈❡&✈✐❡✇

)❡**✐♥❣ ✇❡ ❝❛♥ ❞❡❧✐✈❡& )♣❡❝*&❛❧ ❛♥❞ ❝♦♠♣✉*❛*✐♦♥❛❧ ♣&♦♣❡&*✐❡)✱ ✐♥❝❧✉❞✐♥❣ )♣❡❝✐✜❝ ♣&❡❝♦♥❞✐*✐♦♥❡&)

❢♦& *❤❡ ♦&✐❣✐♥❛❧ ❝♦❡✣❝✐❡♥* ♠❛*&✐❝❡) ❛♥❞ )♣❡❝✐✜❝ ♠✉❧*✐❣&✐❞ ♠❡*❤♦❞) ❜♦*❤ ❢♦& *❤❡ ♣&❡❝♦♥❞✐*✐♦♥✐♥❣

♠❛*&✐❝❡) ❛♥❞ *❤❡ ❝♦❡✣❝✐❡♥* ♠❛*&✐❝❡)✳

▼❛✐♥ ❝♦♥&'✐❜✉&✐♦♥*

❚❤❡ ♠❛✐♥ ❝♦♥*&✐❜✉*✐♦♥) ♦❢ *❤✐) ❈❤❛♣*❡& ❝❛♥ ❜❡ )✉♠♠❛&✐③❡❞ ❛) ❢♦❧❧♦✇)✳

✶✳ ❲❡ )*✉❞② *❤❡ ❧✐♥❡❛& )②)*❡♠) )*❡♠♠✐♥❣ ❢&♦♠ *❤❡ ❝♦♥)✐❞❡&❡❞ ❛♣♣&♦①✐♠❛*✐♦♥) ✐♥ ❛ )❡**✐♥❣

♦❢ )*&✉❝*✉&❡❞ ❧✐♥❡❛& ❛❧❣❡❜&❛✳ ❚❤❡)❡ ♥❡✇ )❝❤❡♠❡) ❤❛✈❡ ♥❡✈❡& ❜❡❡♥ ❛♥❛❧②③❡❞ ✇✐*❤ ●▲❚

*❡❝❤♥✐C✉❡) ❜❡❢♦&❡ ❛♥❞ *❤❡&❡❢♦&❡ ♦✉& ❛✐♠ ✐) *♦ ✉)❡ ❛♥❞ ❡①*❡♥❞ *❤❡ )♣❡❝*&❛❧ *♦♦❧) ♠❡♥*✐♦♥❡❞

)♦ ❢❛& *♦ *❤✐) ♥❡✇ ♥✉♠❡&✐❝❛❧ ❢&❛♠❡✇♦&❦ ❛♥❞ *♦ )*✉❞② ✐*) ♣&♦♣❡&*✐❡)✳

✷✳ ❖♥❡ ♦❢ *❤❡ ♠❛✐♥ ❣♦❛❧ ✐) *❤❡ ♣&♦♦❢ *❤❛* *❤❡)❡ ♠❛*&✐① )❡C✉❡♥❝❡) ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛) ♣❡&*✉&❜❛✲

*✐♦♥) ♦❢ ♠❛*&✐❝❡) ❦♥♦✇♥ ✐♥ *❤❡ ❧✐*❡&❛*✉&❡✱ )✉❝❤ ❛) ❚♦❡♣❧✐*③✱ ❛♥❞ ❢♦& ✇❤✐❝❤ )♣❡❝*&❛❧ )*✉❞✐❡)

❛❧&❡❛❞② ❡①✐)*✳

✸✳ ❲❡ ❞❡*❡❝* *❤❡ )②♠❜♦❧ ❛))♦❝✐❛*❡❞ *♦ *❤❡ ❝♦❡✣❝✐❡♥* ♠❛*&✐①✳ ❚❤✐) ❛❧❧♦✇) ✉) *♦ )*✉❞② *❤❡

♥♦♥)✐♥❣✉❧❛&✐*② ♦❢ *❤❡ ❛))♦❝✐❛*❡❞ ❚♦❡♣❧✐*③ ♠❛*&✐① )❡C✉❡♥❝❡ {Tn(f)}n✱ *♦❣❡*❤❡& ✇✐*❤ ✐♥❢♦&✲

♠❛*✐♦♥ ♦♥ *❤❡ ❝♦♥❞✐*✐♦♥✐♥❣✱ *❤❡ ❞✐)*&✐❜✉*✐♦♥ ♦❢ *❤❡ )♣❡❝*&✉♠✱ *❤❡ ❜❡❤❛✈✐♦& ♦❢ *❤❡ ❡①*&❡♠❛❧

❡✐❣❡♥✈❛❧✉❡) ❛♥❞ ♦❢ *❤❡ ♦✉*❧✐❡&)✳

✹✳ ❚❤❡ )*✉❞② ✐) ❡①*❡♥❞❡❞ *♦ *❤❡ ❝❛)❡ ♦❢ *❤❡ ❣❧♦❜❛❧ ♠❛*&✐① )❡C✉❡♥❝❡ {KN}n = {Tn(f)+En}n✱

❜② ♠❛❦✐♥❣ ❛ ❝❛&❡❢✉❧ ❛♥❛❧②)✐) ♦❢ *❤❡ ❧♦✇ &❛♥❦ ♠❛*&✐① E
♥

✳ ■♥ ♣❛&*✐❝✉❧❛&✱ ✇❡ )❤♦✇ *❤❛*

E
♥

❛✛❡❝*) *❤❡ ♥✉♠❜❡& ♦❢ ♦✉*❧✐❡&) ♦❢ KN ✱ ❜✉* ✐* ❞♦❡) ♥♦* ✐♥✢✉❡♥❝❡ *❤❡ ❜❡❤❛✈✐♦✉& ♦❢ *❤❡

♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ♦❢ KN ✇✐*❤ &❡)♣❡❝* *♦ *❤❛* ♦❢ Tn(❢)✳

✺✳ ❚❤❡ )♣❡❝*&❛❧ ❢❡❛*✉&❡) ❛&❡ ✉)❡❞ ❢♦& ♣&♦♣♦)✐♥❣ )♣❡❝✐✜❝ ✭♣&❡❝♦♥❞✐*✐♦♥❡❞✮ ❑&②❧♦✈ ♠❡*❤♦❞)✱

✇✐*❤ ❛ )*✉❞② ♦❢ *❤❡ ❝♦♠♣❧❡①✐*② ❛♥❞ ♦❢ *❤❡ ❝♦♥✈❡&❣❡♥❝❡ )♣❡❡❞✱ ❛♥❞ ❢♦& )❦❡*❝❤✐♥❣ ❛ ♠✉❧*✐❣&✐❞

)*&❛*❡❣②✱ ❛❣❛✐♥ ❜❛)❡❞ ♦♥ *❤❡ )♣❡❝*&❛❧ ✐♥❢♦&♠❛*✐♦♥ ❝♦♥*❛✐♥❡❞ ✐♥ *❤❡ )②♠❜♦❧✳

❚❤❡ ❈❤❛♣*❡& ✐) ♦&❣❛♥✐③❡❞ ❛) ❢♦❧❧♦✇)✳ ❙❡❝*✐♦♥ ■■✳✶ ✐) ❞❡✈♦*❡❞ *♦ ❛ ❜&✐❡❢ ♦✈❡&✈✐❡✇ ♦❢ *❤❡ ♥✉♠❡&✲

✐❝❛❧ ♠❡*❤♦❞) ✉)❡❞ ✐♥ *❤✐) ❝❤❛♣*❡& ❢♦& *❤❡ )♦❧✉*✐♦♥ ♦❢ *❤❡ ✐♥❝♦♠♣&❡))✐❜❧❡ ◆❛✈✐❡&✲❙*♦❦❡) ❡C✉❛*✐♦♥)✳

❙❡❝*✐♦♥ ■■✳✷ )*✉❞✐❡) *❤❡ ❧✐♥❡❛& )②)*❡♠) )*❡♠♠✐♥❣ ❢&♦♠ *❤❡ ❝♦♥)✐❞❡&❡❞ ❛♣♣&♦①✐♠❛*✐♦♥) ✐♥ ❛ )❡**✐♥❣

♦❢ )*&✉❝*✉&❡❞ ❧✐♥❡❛& ❛❧❣❡❜&❛✳ ■♥ ❙❡❝*✐♦♥ ■■✳✸ *❤❡ )♣❡❝*&❛❧ ❢❡❛*✉&❡) ❛&❡ ✉)❡❞ ❢♦& ♣&♦♣♦)✐♥❣ )♣❡❝✐✜❝

✭♣&❡❝♦♥❞✐*✐♦♥❡❞✮ ❑&②❧♦✈ ♠❡*❤♦❞)✱ ✇✐*❤ ❛ )*✉❞② ♦❢ *❤❡ ❝♦♠♣❧❡①✐*② ❛♥❞ ♦❢ *❤❡ ❝♦♥✈❡&❣❡♥❝❡ )♣❡❡❞✱

❛♥❞ ❢♦& )❦❡*❝❤✐♥❣ ❛ ♠✉❧*✐❣&✐❞ )*&❛*❡❣②✱ ❛❣❛✐♥ ❜❛)❡❞ ♦♥ *❤❡ )♣❡❝*&❛❧ ✐♥❢♦&♠❛*✐♦♥ ❝♦♥*❛✐♥❡❞ ✐♥ *❤❡

)②♠❜♦❧✳ ■♥ *❤❡ ❛❜♦✈❡ *✇♦ ❞✐&❡❝*✐♦♥)✱ )❡✈❡&❛❧ ♥✉♠❡&✐❝❛❧ ❡①♣❡&✐♠❡♥*) ❛&❡ &❡♣♦&*❡❞ ❛♥❞ ❝&✐*✐❝❛❧❧②

❞✐)❝✉))❡❞✳ ❋✐♥❛❧❧②✱ ❙❡❝*✐♦♥ ■■✳✸✳✹ ❞❡❛❧) ✇✐*❤ ❝♦♥❝❧✉)✐♦♥)✱ ♦♣❡♥ ♣&♦❜❧❡♠)✱ ❛♥❞ ❢✉*✉&❡ ❧✐♥❡) ♦❢

&❡)❡❛&❝❤✳

■■✳✶ ❖✈❡&✈✐❡✇

■♥ *❤❡ ❢&❛♠❡✇♦&❦ ♦❢ ❤✐❣❤ ♦&❞❡& )❡♠✐✲✐♠♣❧✐❝✐*  !❛❣❣❡%❡❞ ❞✐)❝♦♥*✐♥✉♦✉) ●❛❧❡&❦✐♥ )❝❤❡♠❡) ❢♦& *❤❡

✐♥❝♦♠♣&❡))✐❜❧❡ ◆❛✈✐❡&✲❙*♦❦❡) ❡C✉❛*✐♦♥)✱ *❤❡ ♥✉♠❡&✐❝❛❧ )♦❧✉*✐♦♥ ❢♦& *❤❡ ✈❡❧♦❝✐*② v = (u, v, w)

❛♥❞ *❤❡ ♣&❡))✉&❡ p ✐) &❡♣&❡)❡♥*❡❞ ❜② ♣✐❡❝❡✇✐)❡ ♣♦❧②♥♦♠✐❛❧) ♦♥ ♦✈❡&❧❛♣♣✐♥❣ )*❛❣❣❡&❡❞ ❣&✐❞)✳

❚❤❡ ♥✉♠❡&✐❝❛❧ )♦❧✉*✐♦♥ ❝❛♥ ❜❡ ✇&✐**❡♥ ❛) ❛ ❧✐♥❡❛& ❝♦♠❜✐♥❛*✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❜❛)✐) ❢✉♥❝*✐♦♥)✱

✷✾



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

✐✳❡✳ ph(x, t) =
∑

l φl(x) p̂l(t) ❛♥❞ vh(x, t) =
∑

l ψl(x) v̂l(t)✳ ❍❡'❡✱ φl '❡♣'❡*❡♥+* +❤❡ ✈❡❝+♦' ♦❢

♣✐❡❝❡✇✐*❡ ♣♦❧②♥♦♠✐❛❧ ❜❛*✐* ❢✉♥❝+✐♦♥* ❝♦♠♣✉+❡❞ ✐♥ x ♦♥ +❤❡ ♠❛✐♥ ❣%✐❞✱ ✇❤✐❧❡ ψl ❛'❡ +❤❡ ❜❛*✐*

❢✉♥❝+✐♦♥* ♦♥ +❤❡ ❡❞❣❡✲❜❛*❡❞ *+❛❣❣❡'❡❞ ❞✉❛❧ ❣'✐❞❀ +❤❡ v̂l ❛♥❞ p̂l ❛'❡ +❤❡ ✈❡❝+♦'* ♦❢ +❤❡ *♦ ❝❛❧❧❡❞

❞❡❣%❡❡( ♦❢ ❢%❡❡❞♦♠ ❛**♦❝✐❛+❡❞ ✇✐+❤ +❤❡ ❞✐*❝'❡+❡ *♦❧✉+✐♦♥ vh ❛♥❞ ph✱ '❡*♣❡❝+✐✈❡❧②✳ ❚❤❡ ❝❤♦*❡♥

*+❛❣❣❡'❡❞ ❣'✐❞ ✐* ❛♥ ❡❞❣❡ ❜❛(❡❞ *+❛❣❣❡'✐♥❣✱ ❝♦''❡*♣♦♥❞✐♥❣ +♦ +❤❡ ♦♥❡ ✉*❡❞ ✐♥ ❬✺✹❪✳ ❚❤❡ *+❛❣❣❡'✐♥❣

♦❢ +❤❡ ✢♦✇ @✉❛♥+✐+✐❡* ✐* ❜'✐❡✢② ❞❡♣✐❝+❡❞ ✐♥ ❋✐❣✉'❡ II.1✱ ✇❤❡'❡ ❛❧*♦ +❤❡ ♠❛✐♥ ✐♥❞❡①✐♥❣ ✉*❡❞ ❢♦'

+❤❡ ♥✉♠❡'✐❝❛❧ *♦❧✉+✐♦♥ ✐* '❡♣♦'+❡❞✱ +♦❣❡+❤❡' ✇✐+❤ ❢'❛❝+✐♦♥❛❧ ✐♥❞✐❝❡* '❡❢❡''✐♥❣ +♦ *+❛❣❣❡'❡❞ ❣'✐❞*✳

✭❛✮ ❚✇♦ ❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡

✭❜✮ ❚❤0❡❡ ❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡

❋✐❣✉$❡ ■■✳✶✿ ▼❡+❤✲+.❛❣❣❡$✐♥❣ ❢♦$ .❤❡ .✇♦ ❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡ ✭❧❡❢.✮ ❛♥❞ ❢♦$ .❤❡ .❤$❡❡✲❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡ ✭$✐❣❤.✮✳

❚❤❡ ❞✐*❝'❡+❡ ❢♦'♠ ♦❢ +❤❡ ✐♥❝♦♠♣'❡**✐❜❧❡ ◆❛✈✐❡'✲❙+♦❦❡* ❡@✉❛+✐♦♥* ❛❢+❡' ❛ ❤✐❣❤✲♦'❞❡' ❉● ❞✐*✲

❝'❡+✐③❛+✐♦♥ ♦♥ ❈❛'+❡*✐❛♥ *+❛❣❣❡'❡❞ ❣'✐❞* ❛* ♣'♦♣♦*❡❞ ✐♥ ❬✻✺❪ '❡❛❞* ❛*

M
①②③

(
ûτ+δτ
i+ 1

2
,j,r

− F̂u
τ

i+ 1
2
,j,r

)
+
δτ

∆x
M

②③

(
R

①

p̂τ+δτ
i+1,j,r − L

①

p̂τ+δτ
i,j,r

)
= 0, ✭■■✳✸✮

M
①②③

(
v̂τ+δτ
i,j+ 1

2
,r
− F̂v

τ

i,j+ 1
2
,r

)
+
δτ

∆y
M

③①

(
R

②

p̂τ+δτ
i,j+1,r − L

②

p̂τ+δτ
i,j,r

)
= 0, ✭■■✳✹✮

M
①②③

(
ŵτ+δτ

i,j,r+ 1
2

− F̂w
τ

i,j,r+ 1
2

)
+
δτ

∆z
M

①②

(
R

③

p̂τ+δτ
i,j,r+1 − L

③

p̂τ+δτ
i,j,r

)
= 0, ✭■■✳✺✮

M
②③

(
L⊤
①

ûτ+δτ
i+ 1

2
,j,r

−R⊤
①

ûτ+δτ
i− 1

2
,j,r

)

∆x
+

M
③①

(
L⊤
②

v̂τ+δτ
i,j+ 1

2
,r
−R⊤

②

v̂τ+δτ
i,j− 1

2
,r

)

∆y
✭■■✳✻✮

+

M
①②

(
L⊤
③

ŵτ+δτ
i,j,r+ 1

2

−R⊤
③

ŵτ+δτ
i,j,r− 1

2

)

∆z
= 0, ✭■■✳✼✮

✇❤❡'❡ ✭■■✳✸✲■■✳✺✮ ❛'❡ +❤❡ ❞✐*❝'❡+❡ ♠♦♠❡♥+✉♠ ❡@✉❛+✐♦♥* ❛♥❞ ✭■■✳✼✮ ✐* +❤❡ ❞✐*❝'❡+❡ ❞✐✈❡'❣❡♥❝❡✲

❢'❡❡ ❝♦♥❞✐+✐♦♥ ♦❢ +❤❡ ✈❡❧♦❝✐+②✳
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■■✳✶✳ ❖✈❡&✈✐❡✇

Mξ1ξ2ξ3 ❛♥❞ Mξ1ξ2 ❢♦& ξ1, ξ2, ξ3 ∈ [x, y, z] ❛&❡ .❤❡ ♠❛"" ♠❛#$✐❝❡" ❞❡✜♥❡❞ ✐♥ .❤❡ 1.❛♥❞❛&❞ ✇❛②

❛1 .❤❡ .❡♥1♦& ♣&♦❞✉❝. ♦❢ .❤❡ ♦♥❡ ❞✐♠❡♥1✐♦♥❛❧ ♠❛11 ♠❛.&✐① ❣✐✈❡♥ ❜②

M ≡ {Mqq̃}q,q̃=0,...,p ≡





1∫

0

ϕq (ξ)ϕq̃ (ξ) dξ





q,q̃=0,...,p

.

Rξ ❛♥❞ Lξ ❛&❡ &❡❛❧✲✈❛❧✉❡❞ ♠❛.&✐❝❡1 &❡❧❛.❡❞ .♦ .❤❡ ❞✐1❝&❡.❡ ❢♦&♠ ♦❢ .❤❡ ❣&❛❞✐❡♥. ♦♣❡&❛.♦& ✐♥ .❤❡

ξ−❞✐&❡❝.✐♦♥✳ ❚❤❡✐& ❞❡✜♥✐.✐♦♥1 ❛&❡ 1.&♦♥❣❧② &❡❧❛.❡❞ .♦ .❤❡ ✉1❡❞ 1.❛❣❣❡&✐♥❣✲❢&❛♠❡✇♦&❦ ❛♥❞✱ ✐♥ .❤❡

♦♥❡ ❞✐♠❡♥1✐♦♥❛❧ ❝❛1❡✱ .❤❡② ❤❛✈❡ .❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣&❡11✐♦♥✿

R ≡ {Rqq̃}q,q̃=0,...,p ≡



ϕq(

1

2
)ϕq̃(0) +

1

2

1∫

0

ϕq

(
1

2
+
ξ

2

)
ϕ′
q̃

(
ξ

2

)
dξ





q,q̃=0,...,p

L ≡ {Lqq̃}q,q̃=0,...,p ≡



ϕq(

1

2
)ϕq̃(1)−

1

2

1∫

0

ϕq

(
ξ

2

)
ϕ′
q̃

(
1

2
+
ξ

2

)
dξ





q,q̃=0,...,p

✇❤❡&❡ p ✐1 .❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣&❡❡ ♦❢ .❤❡ ❉● ❞✐1❝&❡.✐③❛.✐♦♥✱ ∆x✱ ∆y✱ ∆z✱ ❛♥❞ δτ ❛&❡ .❤❡ 1♣❛❝❡ ❛♥❞

.✐♠❡ 1.❡♣ 1✐③❡✳ ◆♦.❡ .❤❛. .❤❡ ❜❛1✐1 ❢✉♥❝.✐♦♥1 φ(x) ❛♥❞ ψ(x) ♦♥ .❤❡ ♠❛✐♥ ❛♥❞ ❞✉❛❧ ❣&✐❞ ✐♥ ♣❤②1✐❝❛❧

1♣❛❝❡ ❝❛♥ ❜❡ ❣❡♥❡&❛.❡❞ ❛❢.❡& ❛♣♣&♦♣&✐❛.❡ 1❤✐❢.✐♥❣ ❜② #❡♥"♦$ ♣$♦❞✉❝#" ♦❢ .❤❡ ♦♥❡✲❞✐♠❡♥1✐♦♥❛❧ ❜❛1✐1

❢✉♥❝.✐♦♥1 ϕ(ξ) ✐♥ ❛ &❡❢❡&❡♥❝❡ ❝♦♦&❞✐♥❛.❡ 1②1.❡♠ ✇✐.❤ 0 ≤ ξ ≤ 1✳ ■♥ .❤✐1 ❝❤❛♣.❡&✱ ✇❡ ❝♦♥1✐❞❡& ❛

♥♦❞❛❧ ❜❛"✐" ❜❛1❡❞ ♦♥ .❤❡ ▲❛❣&❛♥❣❡ ✐♥.❡&♣♦❧❛.✐♦♥ ♣♦❧②♥♦♠✐❛❧1 ♣❛11✐♥❣ .❤&♦✉❣❤ ❛ ♣&❡❞❡✜♥❡❞ 1❡.

♦❢ ❞✐1.✐♥❝. ♥♦❞❡1 ♦♥ .❤❡ ✉♥✐. ✐♥.❡&✈❛❧ [0, 1]✳

❆♥ ❡①❤❛✉1.✐✈❡ ❞❡&✐✈❛.✐♦♥ ♦❢ 1②1.❡♠ ✭■■✳✸✲■■✳✼✮ ✐1 ❛✈❛✐❧❛❜❧❡ ✐♥ ❬✻✺❪✳ ❚❤❡ ❛❞♦♣.❡❞ ❞✐1❝&❡.✐③❛.✐♦♥

♦♥ 1.❛❣❣❡&❡❞ ❣&✐❞1 ❛❧❧♦✇1 .♦ ❧✐♥❦ .❤❡ ❞❡✜♥✐.✐♦♥ ♦❢ .❤❡ ❣&❛❞✐❡♥. ❛♥❞ .❤❡ ❞✐✈❡&❣❡♥❝❡ ♦♣❡&❛.♦& ❛. .❤❡

❞✐1❝&❡.❡ ❧❡✈❡❧✱ .❤❛. ❛&❡ ✐♥❞❡❡❞ ❜♦.❤ ❞❡1❝&✐❜❡❞ ❜② .❤❡ 1❛♠❡ ♠❛.&✐❝❡1 R ❛♥❞ L ❛♥❞ .❤❡✐& .&❛♥1♣♦1❡✳

❋♦&♠❛❧ 1✉❜1.✐.✉.✐♦♥ ♦❢ .❤❡ ✐♠♣❧✐❝✐. ✈❡❧♦❝✐.✐❡1 [ûτ+δτ
· , v̂τ+δτ

· , ŵτ+δτ
· ] ❣✐✈❡♥ ✐♥ ❡O✉❛.✐♦♥1 ✭■■✳✸✮✲

✭■■✳✺✮ ✐♥.♦ ✭■■✳✼✮ ❧❡❛❞1 .♦ ❛ ❧✐♥❡❛& 1②1.❡♠ ❢♦& .❤❡ ♥❡✇ ♣&❡11✉&❡ p̂τ+δτ
· .❤❛. &❡❛❞1

δτ

∆x2
(M

②③

V①) p̂τ+δτ
i+1,j,r +

δτ

∆y2
(M

③①

V②) p̂τ+δτ
i,j+1,r +

δτ

∆z2
(M

①②

V③) p̂τ+δτ
i,j,r+1

+

(
δτ

∆x2
M

②③

W① +
δτ

∆y2
M

③①

W② +
δτ

∆z2
M

①②

W③

)
p̂τ+δτ
i,j,r

+
δτ

∆x2
(M

②③

L①) p̂τ+δτ
i−1,j,r +

δτ

∆y2
(M

③①

L②) p̂τ+δτ
i,j−1,r +

δτ

∆z2
(M

①②

L③) p̂τ+δτ
i,j,r−1

=b̂τ
i,j,r, ✭■■✳✽✮

❢♦& i = 2, ..., n1 − 1; j = 2, ..., n2 − 1; r = 2, ..., n3 − 1

✇❤❡&❡

V = −
(
L⊤M−1R

)
, L = −

(
R⊤M−1L

)
,

W =
(
L⊤M−1L

)
+

(
R⊤M−1R

)
. ✭■■✳✾✮

❛♥❞ n1, n2, n3 ❛&❡ .❤❡ .♦.❛❧ ♥✉♠❜❡& ♦❢ ❡❧❡♠❡♥.1 ✐♥ .❤❡ x✱ y✱ ❛♥❞ z ❞✐&❡❝.✐♦♥✱ &❡1♣❡❝.✐✈❡❧②✳ ❙②1.❡♠

✭II.8✮ ✐1 .❤❡♥ ✇&✐..❡♥ ✐♥ ❝♦♠♣❛❝. ❢♦&♠ ❛1 KNpτ+δτ = bτ ✳ ❍❡&❡ pτ+δτ
❝♦❧❧❡❝.1 ❛❧❧ .❤❡ ✉♥❦♥♦✇♥

♣&❡11✉&❡ ❞❡❣&❡❡1 ♦❢ ❢&❡❡❞♦♠ ❛. .❤❡ ♥❡✇ .✐♠❡ 1.❡♣ τ + δτ ❛♥❞ bτ ❝♦♥.❛✐♥1 ❛❧❧ .❤❡ .❡&♠1 ❦♥♦✇♥ ❛.

✸✶



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

 ❤❡  ✐♠❡ % ❡♣ τ ✱ %❡❡ ❛❣❛✐♥ ❬✻✺❪ ❢♦1 ♠♦1❡ ❞❡ ❛✐❧%✳ ■♥ ♣❛1 ✐❝✉❧❛1✱ ✐♥ ❬✻✺❪ ✐ ❤❛% ❜❡❡♥ %❤♦✇♥  ❤❛  ❤❡

1❡%✉❧ ✐♥❣ ❧✐♥❡❛1 %②% ❡♠ ✐%  ②♠♠❡$%✐❝✳ ❋✉1 ❤❡1♠♦1❡✱ ✐ ✐% ❝❧❡❛1 ❢1♦♠ %②% ❡♠ ✭■■✳✽✮  ❤❛  ❤❡ % ❡♥❝✐❧

✐♥✈♦❧✈❡% ♦♥❧②  ❤❡ ❞✐1❡❝ ♥❡✐❣❤❜♦1%✱ ❛♥❞ ❤❡♥❝❡ ✐ ✐% ❛ %②♠♠❡ 1✐❝ 7 ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ %②% ❡♠ ❢♦1  ❤❡

3D ❝❛%❡ ❛♥❞ ❛ 5 ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ %②% ❡♠ ❢♦1  ❤❡ 2D ❝❛%❡✳

❖♥❝❡  ❤❡ ♥❡✇ ♣1❡%%✉1❡ pτ+δτ
✐% ❦♥♦✇♥✱ ✇❡ ❝❛♥ 1❡❛❞✐❧② ❝♦♠♣✉ ❡  ❤❡ ♥❡✇ ✈❡❧♦❝✐ ② ✜❡❧❞

[ûτ+δτ
· , v̂τ+δτ

· , ŵτ+δτ
· ] ❢1♦♠ ❡D✉❛ ✐♦♥% ✭■■✳✸✮✲✭■■✳✺✮✳

■■✳✷ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐-

❚❤✐% %❡❝ ✐♦♥ ✐% ❞❡✈♦ ❡❞  ♦  ❤❡ % 1✉❝ ✉1❛❧ ❛♥❞ %♣❡❝ 1❛❧ ❛♥❛❧②%✐% ♦❢  ❤❡ ❧✐♥❡❛1 %②% ❡♠% ❛1✐%✐♥❣ ❢1♦♠

 ❤❡ % ❛❣❣❡1❡❞ %❡♠✐✲✐♠♣❧✐❝✐ ❉● ❛♣♣1♦①✐♠❛ ✐♦♥ ♦❢ ✐♥❝♦♠♣1❡%%✐❜❧❡  ✇♦✲❞✐♠❡♥%✐♦♥❛❧ ✐♥❝♦♠♣1❡%%✐❜❧❡

◆❛✈✐❡1✲❙ ♦❦❡% ❡D✉❛ ✐♦♥%✱ ✇✐ ❤ %♣❡❝✐❛❧ ❛  ❡♥ ✐♦♥  ♦  ❤❡ ❢♦❧❧♦✇✐♥❣ ■ ❡♠%✿

❼ % 1✉❝ ✉1❛❧ ♣1♦♣❡1 ✐❡%✱ ✐♥ ❝♦♥♥❡❝ ✐♦♥ ✇✐ ❤ ♠✉❧ ✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐ ③ ✭❛♥❞ ❝✐1❝✉❧❛♥ ✮ ♠❛ 1✐❝❡%✱

❼ ❞✐% 1✐❜✉ ✐♦♥ %♣❡❝ 1❛❧ ❛♥❛❧②%✐% ✐♥  ❤❡ ❲❡②❧ %❡♥%❡✱

❼ ❝♦♥❞✐ ✐♦♥✐♥❣ ❛♥❞ ❛%②♠♣ ♦ ✐❝ ❜❡❤❛✈✐♦✉1 ♦❢  ❤❡ ❡① 1❡♠❛❧ ❡✐❣❡♥✈❛❧✉❡%✳

■♥ ♣❛1 ✐❝✉❧❛1✱  ❤❡ ✜1% ■ ❡♠ ✐% ✉%❡❞ ❢♦1  ❤❡ %❡❝♦♥❞  ✇♦✱ ✇❤✐❝❤ ✐♥  ✉1♥ ❛1❡ ♦❢ ✐♥ ❡1❡% ✐♥  ❤❡

❛♥❛❧②%✐% ♦❢  ❤❡ ✐♥ 1✐♥%✐❝ ❞✐✣❝✉❧ ② ♦❢  ❤❡ ♣1♦❜❧❡♠ ❛♥❞ ✐♥  ❤❡ ❞❡%✐❣♥ ❛♥❞ ❝♦♥✈❡1❣❡♥❝❡ ❛♥❛❧②%✐% ♦❢

✭♣1❡❝♦♥❞✐ ✐♦♥❡❞✮ ❑1②❧♦✈ ♠❡ ❤♦❞% ❬✺✱ ✶✶❪✳

❖✉1 ❛✐♠ ✐%  ♦ ❡✣❝✐❡♥ ❧② %♦❧✈❡ ❧❛1❣❡ ❧✐♥❡❛1 %②% ❡♠% ❛1✐%✐♥❣ ❢1♦♠  ❤❡ % ❛❣❣❡1❡❞ ❉● ❛♣♣1♦①✐♠❛✲

 ✐♦♥ ♦❢ ✐♥❝♦♠♣1❡%%✐❜❧❡  ✇♦✲❞✐♠❡♥%✐♦♥❛❧ ◆❛✈✐❡1✲❙ ♦❦❡% ❡D✉❛ ✐♦♥%  ❛❦✐♥❣ ❛❞✈❛♥ ❛❣❡ ♦❢  ❤❡ % 1✉❝ ✉1❡

♦❢  ❤❡ ❝♦❡✣❝✐❡♥ ♠❛ 1✐① ❛♥❞ ❡%♣❡❝✐❛❧❧② ♦❢ ✐ % %♣❡❝ 1❛❧ ❢❡❛ ✉1❡%✳ ▼♦1❡ ♣1❡❝✐%❡❧②✱ ✇❤❡♥ ❞✐%❝1❡ ✐③✐♥❣

 ❤❡ ♣1♦❜❧❡♠ ♦❢ ✐♥ ❡1❡% ❢♦1 ❛ %❡D✉❡♥❝❡ ♦❢ ❞✐%❝1❡ ✐③❛ ✐♦♥ ♣❛1❛♠❡ ❡1% hN ✇❡ ♦❜ ❛✐♥ ❛ %❡D✉❡♥❝❡ ♦❢

❧✐♥❡❛1 %②% ❡♠%✱ ✐♥ ✇❤✐❝❤  ❤❡ N ❤ ❝♦♠♣♦♥❡♥ ✐% ♦❢  ❤❡ ❢♦1♠

KNx = b, KN ∈ RN×N , x, b ∈ RN , ✭■■✳✶✵✮

✇❤♦%❡ ❛♣♣1♦①✐♠❛ ✐♦♥ ❡11♦1  ❡♥❞%  ♦ ③❡1♦ ❛%  ❤❡ ❝♦❡✣❝✐❡♥ ♠❛ 1✐① %✐③❡ N ❣1♦✇%  ♦ ✐♥✜♥✐ ②✳ ■♥

♦1❞❡1  ♦ ❛♥❛❧②③❡ % ❛♥❞❛1❞ ♠❡ ❤♦❞% ❛♥❞ ❢♦1 ❞❡%✐❣♥✐♥❣ ♥❡✇ ❡✣❝✐❡♥ %♦❧✈❡1% ❢♦1  ❤❡ ❝♦♥%✐❞❡1❡❞

❧✐♥❡❛1 %②% ❡♠%✱ ✐ ✐% ♦❢ ❝1✉❝✐❛❧ ✐♠♣♦1 ❛♥❝❡  ♦ ❤❛✈❡ ❛ %♣❡❝ 1❛❧ ❛♥❛❧②%✐% ♦❢  ❤❡ ♠❛ 1✐①✲%❡D✉❡♥❝❡

{KN}N ✳ ❆% ✇❡ ✇✐❧❧ %❤♦✇ ✐♥  ❤❡ ♥❡① %❡❝ ✐♦♥%✱  ❤❡ ❝♦❡✣❝✐❡♥ ♠❛ 1✐① KN ✐%✱ ✉♣  ♦ ❧♦✇✲1❛♥❦

♣❡1 ✉1❜❛ ✐♦♥%✱ ❛ 2✲❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐ ③ ♠❛ 1✐①✿ ❤♦✇❡✈❡1✱ ✇❤❡♥ ❝♦♥%✐❞❡1✐♥❣ ✈❛1✐❛❜❧❡ ❝♦❡✣❝✐❡♥ %

♦1 ❢♦1  ❤❡ % ✉❞② ♦❢  ❤❡ ♣1❡❝♦♥❞✐ ✐♦♥✐♥❣✱ % ❛♥❞❛1❞ ❚♦❡♣❧✐ ③ % 1✉❝ ✉1❡% ❛1❡ ♥♦ %✉✣❝✐❡♥ ✳ ❋♦1  ❤✐%

1❡❛%♦♥✱ ✇❡ ♥❡❡❞  ♦ ✐♥ 1♦❞✉❝❡  ❤❡ ♥♦ ✐♦♥ ♦❢ ♠✉❧ ✐❧❡✈❡❧ ❜❧♦❝❦✲❚♦❡♣❧✐ ③ %❡D✉❡♥❝❡% ❛%%♦❝✐❛ ❡❞ ✇✐ ❤

❛ ♠❛ 1✐①✲✈❛❧✉❡❞ %②♠❜♦❧ ❛♥❞ ♦❢ ●❡♥❡1❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐ ③ ✭●▲❚✮ ❛❧❣❡❜1❛✳

■■✳✷✳✶ ❆♥❛❧②)✐) ♦❢ -❤❡ )♣❡❝-2❛❧ )②♠❜♦❧

❯%✐♥❣ ❉❡✜♥✐ ✐♦♥ ■✳✹✳✶✱ ✇❡ ❝❛♥ ♥♦✇ ❡①♣❧✐❝✐ ❧② ❡①♣1❡%%  ❤❡ %②♠❜♦❧ ♦❢  ❤❡ ♠❛ 1✐① KN ✐♥ ✭■■✳✶✵✮✳

▲❡ n = (n1, n2) ❜❡ ❛ 2✲✐♥❞❡① ❛♥❞ ❝♦♥%❡D✉❡♥ ❧② N(♥) = n1n2✳ ■❢ p ✐%  ❤❡ ❞❡❣1❡❡ ♦❢  ❤❡ ❜❛%✐%

❢✉♥❝ ✐♦♥% ✉%❡❞ ❢♦1  ❤❡ % ❛❣❣❡1❡❞ ❉●✱ ✇❡ ♦❜ ❛✐♥  ❤❡ ❢♦❧❧♦✇✐♥❣ ❍❡1♠✐ ✐❛♥ ♠❛ 1✐①

KN = Tn(❢) + En, N = (p+ 1)2N(♥), ✭■■✳✶✶✮

✸✷



■■✳✷✳ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐-

✇❤❡(❡

Tn(❢) =
[
❢̂i−j

]n
i,j=e

∈ MN

❛♥❞ ❢ : I2 → Cs×s
✱ s = (p+ 1)2✱ ✇❤✐❧❡ En ✐- ❛ ❧♦✇✲(❛♥❦ ♣❡('✉(❜❛'✐♦♥ ✇❤♦-❡ (❛♥❦ ❣(♦✇- ❛' ♠♦-'

♣(♦♣♦('✐♦♥❛❧❧② '♦

√
N(♥) ❛♥❞ ✇✐'❤ ❝♦♥-'❛♥' ❞❡♣❡♥❞✐♥❣ ♦♥ '❤❡ ❜❛♥❞✇✐❞'❤- ♦❢ KN ✳ ❚❤❡ ♥♦♥③❡(♦

❝♦❡✣❝✐❡♥'- ♦❢ Tn(❢) = [̂❢i−j]
n
i,j=e ❝♦((❡-♣♦♥❞ '♦ '❤❡ ✐♥❞✐❝❡- i = (i1, i2), j = (j1, j2) -✉❝❤ '❤❛'

|i1 − j1|+ |i2 − j2| ≤ 1.

❋♦( ❡①❛♠♣❧❡✱ ❢♦( ♥ = (3, 3)✱

Tn(❢) =




❢̂(0,0) ❢̂(0,−1) 0 ❢̂(−1,0) 0 0 0 0 0

❢̂(0,1) ❢̂(0,0) ❢̂(0,−1) 0 ❢̂(−1,0) 0 0 0 0

0 ❢̂(0,1) ❢̂(0,0) 0 0 ❢̂(−1,0) 0 0 0

❢̂(1,0) 0 0 ❢̂(0,0) ❢̂(0,−1) 0 ❢̂(−1,0) 0 0

0 ❢̂(1,0) 0 ❢̂(0,1) ❢̂(0,0) ❢̂(0,−1) 0 ❢̂(−1,0) 0

0 0 ❢̂(1,0) 0 ❢̂(0,1) ❢̂(0,0) 0 0 ❢̂(−1,0)

0 0 0 ❢̂(1,0) 0 0 ❢̂(0,0) ❢̂(0,−1) 0

0 0 0 0 ❢̂(1,0) 0 ❢̂(0,1) ❢̂(0,0) ❢̂(0,−1)

0 0 0 0 0 ❢̂(1,0) 0 ❢̂(0,1) ❢̂(0,0)




. ✭■■✳✶✷✮

❚❤❡(❡❢♦(❡✱ ✐♥ '❤❡ '✇♦✲❞✐♠❡♥-✐♦♥❛❧ ❝❛-❡ ✭k = 2✮ '❤❡ -②♠❜♦❧ ❢ ✐- ❣✐✈❡♥ ❜②

❢(θ1, θ2) = ❢̂(0,0) + ❢̂(−1,0)e
−iθ1 + ❢̂(0,−1)e

−iθ2 + ❢̂(1,0)e
iθ1 + ❢̂(0,1)e

iθ2 , ✭■■✳✶✸✮

✇❤❡(❡ ❢̂(0,0), ❢̂(−1,0), ❢̂(0,−1), ❢̂(1,0), ❢̂(0,1) ∈ R(p+1)2×(p+1)2
✱ '❤❛' ✐- ❢ ✐- ❛ ❧✐♥❡❛( '(✐❣♦♥♦♠❡'(✐❝ ♣♦❧②♥♦✲

♠✐❛❧ ✐♥ '❤❡ ✈❛(✐❛❜❧❡- θ1 ❛♥❞ θ2✳ ❋♦( ❞❡'❛✐❧❡❞ ❡①♣(❡--✐♦♥- ♦❢ '❤❡-❡ ♠❛'(✐❝❡- ✐♥ '❤❡ ♣❛('✐❝✉❧❛( ❝❛-❡

k = 2 ❛♥❞ p = 3✱ -❡❡ ❱■✳✶✳ ❋✉('❤❡(♠♦(❡✱ '❤❡ ❝♦❡✣❝✐❡♥'- ♦❢ Tn(❢) -❛'✐-❢② '❤❡ ❢♦❧❧♦✇✐♥❣ (❡❧❛'✐♦♥-

❢̂

T
(0,0) = ❢̂(0,0), ❢̂

T
(−1,0) = ❢̂(1,0), ❢̂

T
(0,−1) = ❢̂(0,1).

❆- ❛ ❝♦♥-❡G✉❡♥❝❡✱

❢

∗(θ1, θ2) = ❢(θ1, θ2),

'❤❛' ✐- ❢ ✐- ❛ ❍❡(♠✐'✐❛♥ ♠❛'(✐①✲✈❛❧✉❡❞ ❢✉♥❝'✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡- '❤❛' Tn(❢) ✐- ❛ ❍❡(♠✐'✐❛♥ ♠❛'(✐①✳

❯-✐♥❣ ❚❤❡♦(❡♠ ■✳✹✳✷✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ '❤❛'

{Tn(❢)}n∈N2 ∼λ (❢, I2). ✭■■✳✶✹✮

✸✸



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

❋!♦♠ ●▲❚✸✱ ✇❡ ❦♥♦✇ )❤❛) {Tn(❢)}n∈N2 ✐- ❛ ●▲❚ -❡1✉❡♥❝❡ ✇✐)❤ -②♠❜♦❧ ❢✳ ▼♦!❡♦✈❡!✱ ❧❡) ✉-

♦❜-❡!✈❡ )❤❛) {En}n∈N2 ∼σ 0 ❛♥❞ ❤❡♥❝❡✱ ❜② )❤❡ ♣!♦♣❡!)② ●▲❚✹✱ )❤❡ -❡1✉❡♥❝❡ {En}n∈N2 ✐- ❛

●▲❚ -❡1✉❡♥❝❡ ✇✐)❤ -②♠❜♦❧ ✐❞❡♥)✐❝❛❧❧② ③❡!♦✳ ❚❤❡!❡❢♦!❡✱ ❜② ●▲❚✷ ❛♥❞ ❜② !❡❧❛)✐♦♥ ✭■■✳✶✹✮✱ )❤❡

-❡1✉❡♥❝❡ {Tn(❢) + En}n∈N2 ✐- ❛ ●▲❚ -❡1✉❡♥❝❡ ✇✐)❤ -②♠❜♦❧ ❢✳ ❈♦♥-❡1✉❡♥)❧②✱ ❜② !❡❝❛❧❧✐♥❣ )❤❛)

Tn(❢) + En ✐- !❡❛❧ -②♠♠❡)!✐❝ ❢♦! ❡✈❡!② n ❛♥❞ ✉-✐♥❣ ●▲❚✶✱ ✇❡ ❞❡❞✉❝❡

{KN}N ∼λ (❢, I2). ✭■■✳✶✺✮

❋✉!)❤❡!♠♦!❡✱ -✐♥❝❡ ❡❛❝❤ KN ✐- -②♠♠❡)!✐❝ ❛♥❞ ✐)- ❜❧♦❝❦- ❛!❡ -②♠♠❡)!✐❝ ❛♥❞ !❡❛❧✱ ❢!♦♠ ❘❡♠❛!❦

✷ ✇✐)❤ k = 2✱ ✇❡ ❤❛✈❡

{KN}N ∼λ (❢, I+
2 ). ✭■■✳✶✻✮

▲❡)

λ1(KN ) ≤ λ2(KN ) ≤ · · · ≤ λN (KN ).

❜❡ )❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ✳ ❘❡❝❛❧❧✐♥❣ ❘❡♠❛!❦ ✶✱ ❢!♦♠ ❡1✉❛)✐♦♥ ✭■■✳✶✻✮✱ ✇❡ ❦♥♦✇ )❤❛) ❢♦! N

-✉✣❝✐❡♥)❧② ❧❛!❣❡✱ N/(p + 1)2 ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ✱ ✉♣ )♦ ♦✉)❧✐❡!-✱ ❝❛♥ ❜❡ ❛♣♣!♦①✐♠❛)❡❞ ❜② ❛

-❛♠♣❧✐♥❣ ♦❢ λ(1)(❢) ♦♥ ❛ ✉♥✐❢♦!♠ ❡1✉✐-♣❛❝❡❞ ❣!✐❞ ♦❢ )❤❡ ❞♦♠❛✐♥ I+
2 ✱ ❛♥❞ -♦ ♦♥ ✉♥)✐❧ )❤❡ ❧❛-)

N/(p+ 1)2 ❡✐❣❡♥✈❛❧✉❡- ✇❤✐❝❤ ❝❛♥ ❜❡ ❛♣♣!♦①✐♠❛)❡❞ ❜② ❛♥ ❡1✉✐-♣❛❝❡❞ -❛♠♣❧✐♥❣ ♦❢ λ((p+1)2)(❢) ✐♥

)❤❡ ❞♦♠❛✐♥✳ ■♥ )❤❡ ❢♦❧❧♦✇✐♥❣ -❡❝)✐♦♥ ✇❡ ❣✐✈❡ ♥✉♠❡!✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ )❤✐- !❡-✉❧)✳

■■✳✷✳✷ ◆✉♠❡'✐❝❛❧ ,❡-,-

▲❡) ✉- ✜① n = (n1, n2)✱ ✇✐)❤ n1, n2 = n✱ ❛♥❞ ❧❡) p = 2✳ ❲✐)❤✐♥ )❤❡-❡ ❝❤♦✐❝❡-✱ )❤❡ ♠❛)!✐①✲

-✐③❡ ♦❢ KN ❞❡✜♥❡❞ ❛- ✐♥ ✭■■✳✶✶✮ ✐- N = 9n2✳ ❚❤✐- -❡❝)✐♦♥ ✐- ❞❡✈♦)❡❞ )♦ )❤❡ ❝♦♠♣❛!✐-♦♥ ♦❢

)❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ✇✐)❤ ❛ -❛♠♣❧✐♥❣ ♦❢ )❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝)✐♦♥- λ(1)(❢), . . . , λ(9)(❢)✳ ❆❝)✉❛❧❧②✱

✇❡ ❞♦ ♥♦) ❛♥❛❧②)✐❝❛❧❧② ❝♦♠♣✉)❡ )❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝)✐♦♥-✱ ❜✉)✱ ❛❝❝♦!❞✐♥❣ )♦ ❚❤❡♦!❡♠ ■✳✻✳✷ ❛♥❞

❘❡♠❛!❦ ✸✱ ✇❡ ❛!❡ ❛❜❧❡ )♦ ♣!♦✈✐❞❡ ❛♥ ✏❡①❛❝)✑ ❡✈❛❧✉❛)✐♦♥ ♦❢ )❤❡♠ ♦♥ ❛♥ ❡1✉✐-♣❛❝❡❞ ❣!✐❞ ♦♥ I+
2

✭-❡❡ ❙✉❜-❡❝)✐♦♥ ■■✳✷✳✷✳✶✮ ❛♥❞ )❤✐- ✐- -✉✣❝✐❡♥) ❢♦! ♦✉! ❛✐♠-✳

■■✳✷✳✷✳✶ ❊✈❛❧✉❛$✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝$✐♦♥. ♦❢ $❤❡ .②♠❜♦❧

▲❡) ✉- ❞❡✜♥❡ )❤❡ ❢♦❧❧♦✇✐♥❣ ❡1✉✐-♣❛❝❡❞ ❣!✐❞ ♦♥ I+
2

Gn =

{
(θ

(j)
1 , θ

(k)
2 ) =

(
jπ

n
,
kπ

n

)
, j, k = 0, . . . , n− 1

}

❛♥❞ ❧❡) ✉- ❝♦♥-✐❞❡! )❤❡ ❢♦❧❧♦✇✐♥❣ n2 ❍❡!♠✐)✐❛♥ ♠❛)!✐❝❡- ♦❢ -✐③❡ 9× 9

Aj,k := ❢(θ
(j)
1 , θ

(k)
2 ), j, k = 0, . . . , n− 1. ✭■■✳✶✼✮

❖!❞❡!✐♥❣ ✐♥ ♥♦♥ ❞❡❝!❡❛-✐♥❣ ✇❛② )❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Aj,k

λ1(Aj,k) ≤ λ2(Aj,k) ≤ · · · ≤ λ9(Aj,k), j, k = 0, . . . , n− 1,

❢♦! ❛ ✜①❡❞ l = 1, . . . , 9✱ ❛♥ ❡✈❛❧✉❛)✐♦♥ ♦❢ λ(l)(❢) ❛) (θ
(j)
1 , θ

(k)
2 ) ✐- ❣✐✈❡♥ ❜② λl(Aj,k)✱ j, k = 0, . . . , n−

1✳ ❋!♦♠ ♥♦✇ ♦♥✇❛!❞-✱ ✜①❡❞ l✱ ✇❡ ✇✐❧❧ ❞❡♥♦)❡ ❜② P
(n)
l )❤❡ ✈❡❝)♦! ♦❢ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡- λl(Aj,k)✱

j, k = 0, . . . , n− 1✱ )❤❛) ✐-

P
(n)
l := [λl(A0,0), λl(A0,1), . . . , λl(An−1,n−1)] ,
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❛♥❞ ❜② P (n)
'❤❡ ✈❡❝'♦( ♦❢ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡- λl(Aj,k)✱ j, k = 0, . . . , n− 1 ✈❛(②✐♥❣ l

P (n) := [λ1(A0,0), . . . , λ1(An−1,n−1), . . . , λ9(A0,0), . . . , λ9(An−1,n−1)] .
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❋✐❣✉$❡ ■■✳✷✿ ❈♦♠♣❛$✐/♦♥ ❜❡2✇❡❡♥ 2❤❡ ❛♣♣$♦①✐♠❛2✐♦♥ ♦❢ 2❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝2✐♦♥/ λ(l)(❢)✱ l = 1, . . . , 9 ♦♥ 2❤❡ ❣$✐❞

Gn ❝♦♥2❛✐♥❡❞ ✐♥ P
(n)
l ✭◦✮ ❛♥❞ 2❤❡ ❝♦$$❡/♣♦♥❞✐♥❣ ❛♣♣$♦①✐♠❛2✐♦♥ ♦♥ 2❤❡ ❣$✐❞ 2✇✐❝❡ ❛/ ✜♥❡ G2n ❝♦♥2❛✐♥❡❞ ✐♥ P

(2n)
l

✭∗✮✳ ❊❛❝❤ ✏❝✉$✈❡✑ $❡❢❡$/ 2♦ ❛ ❞✐✛❡$❡♥2 ✈❛❧✉❡ ♦❢ l✳ ❚❤❡ ♣❛$❛♠❡2❡$ n ❡D✉❛❧/ ✹ ❛♥❞ ✺ ✐♥ /✉❜♣❧♦2/ ✭❛✮ ❛♥❞ ✭❜✮✱

$❡/♣❡❝2✐✈❡❧②✳

❘❡✜♥✐♥❣ '❤❡ ❣(✐❞ Gn ❜② ✐♥❝%❡❛(✐♥❣ n✱ ✇❡ ❝❛♥ ♣%♦✈✐❞❡ 0❤❡ ❡✈❛❧✉❛0✐♦♥ ♦❢ 0❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝✲

0✐♦♥( ♦❢ ❢ ✐♥ ❛ ❧❛%❣❡% ♥✉♠❜❡% ♦❢ ❣%✐❞ ♣♦✐♥0(✿ ❝♦♥✈✐♥❝✐♥❣ ♥✉♠❡%✐❝❛❧ ❡✈✐❞❡♥❝❡( ♦❢ 0❤❡ ❧❛00❡% ❝❧❛✐♠

❛%❡ %❡♣♦%0❡❞ ✐♥ ❋✐❣✉%❡ ■■✳✷✳ ▼♦%❡ (♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❋✐❣✉%❡( ■■✳✷✭❛✮✱ ■■✳✷✭❜✮ ✇❡ ❝♦♠♣❛%❡ 0❤❡ ❛♣✲

♣%♦①✐♠❛0✐♦♥ ♦❢ λ(l)(❢) ♦♥ Gn✱ n = 4, 5 ❝♦♥0❛✐♥❡❞ ✐♥ P
(n)
l ✭♦%❞❡%❡❞ ✐♥ ♥♦♥ ❞❡❝%❡❛(✐♥❣ ✇❛②✮ ✇✐0❤

0❤❡ ❛♣♣%♦①✐♠❛0✐♦♥ ♦❢ 0❤❡ (❛♠❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝0✐♦♥ ♦♥ ❛ ❣%✐❞ 0❤❛0 ✐( 0✇✐❝❡ ❛( ✜♥❡ G2n✱ n = 4, 5

❝♦♥0❛✐♥❡❞ ✐♥ P
(2n)
l ✭♦%❞❡%❡❞ ✐♥ ♥♦♥ ❞❡❝%❡❛(✐♥❣ ✇❛② ❛( ✇❡❧❧✮ ❢♦% ❡✈❡%② l = 1, . . . , 9✳

❚❤❡%❡❢♦%❡✱ ❢♦% n (✉✣❝✐❡♥0❧② ❧❛%❣❡✱ ❛ ❢❡❛(✐❜❧❡ ❛♣♣%♦①✐♠❛0✐♦♥ ♦❢ λ(l)(❢)✱ l = 1, . . . , 9✱ ❝❛♥ ❜❡

♦❜0❛✐♥❡❞ ❜② ❞✐(♣❧❛②✐♥❣ P
(n)
l ❛( ❛ ♠❡(❤ ♦♥ Gn ✭(❡❡ ❋✐❣✉%❡ ■■✳✸✱ ❢♦% n = 40✮✳

■■✳✷✳✷✳✷ ❙♣❡❝()❛❧ ❞✐.()✐❜✉(✐♦♥ ♦❢ {KN}N
■♥ 0❤✐( (✉❜(❡❝0✐♦♥ ✇❡ ♣%♦✈✐❞❡ ♥✉♠❡%✐❝❛❧ ❡✈✐❞❡♥❝❡( ♦❢ 0❤❡ ❞✐(0%✐❜✉0✐♦♥ %❡(✉❧0 ✭■■✳✶✻✮✱ ♠❛❦✐♥❣

✉(❡ ♦❢ 0❤❡ (0%❛0❡❣② ❢♦% ❝♦♠♣✉0✐♥❣ ❛♥ ❛♣♣%♦①✐♠❛0✐♦♥ ♦❢ λ(l)(❢) ♦♥ ❛♥ ❡G✉✐(♣❛❝❡❞ ❣%✐❞ (❤♦✇❡❞ ✐♥

❙✉❜(❡❝0✐♦♥ ■■✳✷✳✷✳✶✳

❆( ❛ ✜%(0 ❡✈✐❞❡♥❝❡✱ ✇❡ ❝♦♠♣❛%❡ 0❤❡ ❡✐❣❡♥✈❛❧✉❡( ♦❢ KN ✇✐0❤ 0❤❡ ❡✈❛❧✉❛0✐♦♥ ♦❢ λ(l)(❢) l =

1, . . . , 9 ❛0 Gn ❣✐✈❡♥ ❜② ❛ ♣%♦♣❡% ♦%❞❡%✐♥❣ ♦❢ P (n)
✳ ❆( (❤♦✇♥ ✐♥ ❋✐❣✉%❡ ■■✳✹ ✐♥ ✇❤✐❝❤ ✇❡ ✜①❡❞

n = 40✱ 0❤❡ ❡✐❣❡♥✈❛❧✉❡( ♦❢ KN ♠✐♠✐❝✱ ✉♣ 0♦ ♦✉0❧✐❡%(✱ 0❤❡ (❛♠♣❧✐♥❣ ♦❢ 0❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝0✐♦♥(✳

❚❤✐( ❛❣%❡❡( ✇✐0❤ %❡❧❛0✐♦♥ ✭■■✳✶✻✮✳

❆(✐❞❡ ❢%♦♠ (✉❝❤ ❛ ❣❧♦❜❛❧ ❝♦♠♣❛%✐(♦♥✱ ✐❢

esssupI+
2

(
λ(l)(❢)

)
(θ) ≤ essinfI+

2

(
λ(l+1)(❢)

)
(θ),

❢♦% (♦♠❡ l = 1, . . . , 8✱ ❡①♣❧♦✐0✐♥❣ ❘❡♠❛%❦ ✶✱ ✇❡ ❝❛♥ ♣%♦✈✐❞❡ ❛ ♠♦%❡ ❛❝❝✉%❛0❡ ❛♥❛❧②(✐( ♦❢ 0❤❡

(♣❡❝0%✉♠ ♦❢ KN ❞❡0❡%♠✐♥✐♥❣ ❤♦✇ ♠❛♥② ❜❧♦❝❦( ✐0 ✐( ♠❛❞❡ ✉♣ ♦❢ ❛♥❞ ❤♦✇ ♠❛♥② ❡✐❣❡♥✈❛❧✉❡(

✸✺



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

0
1

2
3

4 0

1

2

3

4

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

✭❛✮ λ(1)(❢)

0
1

2
3

4 0

1

2

3

4

0.18

0.2

0.22

0.24

0.26

0.28

0.3

✭❜✮ λ(2)(❢)

0
1

2
3

4 0

1

2

3

4
0.2

0.25

0.3

0.35

0.4

✭❝✮ λ(3)(❢)

0
1

2
3

4 0

1

2

3

4

0.35

0.4

0.45

0.5

0.55

✭❞✮ λ(4)(❢)

0
1

2
3

4 0

1

2

3

4

0.5

0.55

0.6

0.65

0.7

✭❡✮ λ(5)(❢)

0
1

2
3

4 0

1

2

3

4

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

✭❢✮ λ(6)(❢)

0
1

2
3

4 0

1

2

3

4

1

1.2

1.4

1.6

1.8

✭❣✮ λ(7)(❢)

0
1

2
3

4 0

1

2

3

4

1.5

2

2.5

✭❤✮ λ(8)(❢)

0
1

2
3

4 0

1

2

3

4

1

2

3

4

5

6

✭✐✮ λ(9)(❢)

❋✐❣✉$❡ ■■✳✸✿ ❆♣♣$♦①✐♠❛0✐♦♥ ♦❢ 0❤❡ ❡✐❣❡♥✈❛❧✉❡6 ❢✉♥❝0✐♦♥6 λ(l)(❢)✱ l = 1, . . . , 9 ❛6 ❛ ♠❡6❤ ♦♥ Gn✱ ✇❤❡♥ n = 40

❝♦♥#❛✐♥& ❡❛❝❤ ❜❧♦❝❦✳ ❲✐#❤ #❤✐& ❛✐♠✱ ❧❡# ✉& ♦❜&❡1✈❡ #❤❛#✱ ❢♦1 ❛ &✉✣❝✐❡♥#❧② ❧❛1❣❡ n✱ ✐❢ ✇❡ ♦1❞❡1 ✐♥

♥♦♥ ❞❡❝1❡❛&✐♥❣ ✇❛② P
(n)
l ✱ #❤❡ ✜1&# ❛♥❞ #❤❡ ❧❛&# ❡❧❡♠❡♥# ✐♥ P

(n)
l &❛#✐&❢② #❤❡ ❢♦❧❧♦✇✐♥❣ 1❡❧❛#✐♦♥&✿

(P
(n)
l )1 ≈ ml, (P

(n)
l )n2 ≈Ml, l = 1, . . . , 9.
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❋✐❣✉$❡ ■■✳✹✿ ❈♦♠♣❛$✐/♦♥ ♦❢ 2❤❡ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ KN ✭∗✮ ✇✐2❤ 2❤❡ ❛♣♣$♦①✐♠❛2✐♦♥ ♦❢ λ(l)(❢) l = 1, . . . , 9 ♦♥ Gn ❣✐✈❡♥

❜② ❛ ♣$♦♣❡$ ♦$❞❡$✐♥❣ ♦❢ P (n)
✭∗✮✱ ❢♦$ n = 40✳

❆ -❛'✐-❢❛❝'♦(② ❛♣♣(♦①✐♠❛'✐♦♥ ♦❢ [ml,Ml] ❝❛♥ ❜❡ ♥✉♠❡(✐❝❛❧❧② ❝♦♠♣✉'❡❞ ❜② -❡''✐♥❣ n = 500❀

❛- ❛ (❡-✉❧' ✇❡ ♦❜'❛✐♥ '❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣(♦①✐♠❛'✐♦♥-

[m1,M1] ≈ [0.000000000, 0.123775621],

[m2,M2] ≈ [0.186715287, 0.260786617],

[m3,M3] ≈ [0.197732806, 0.355965321],

[m4,M4] ≈ [0.355965321, 0.524158720],

[m5,M5] ≈ [0.520903995, 0.696882517],

[m6,M6] ≈ [0.677870643, 0.910001758],

[m7,M7] ≈ [1.015599697, 1.731431133],

[m8,M8] ≈ [1.560701345, 2.284336270],

[m9,M9] ≈ [1.651355307, 5.985129348].
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❍♦✇❡✈❡%✱ ❧♦♦❦✐♥❣ ❛-
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

✇❡ ♦❜/❡%✈❡ -❤❛- -❤❡ ♠❛-%✐① ❤❛/ %♦✇ /✉♠ ❡4✉❛❧ -♦ ③❡%♦ ❢♦% ❡✈❡%② %♦✇✳

❚❤✐/ ♠❡❛♥/ -❤❛- ❢(0, 0)e = 0 ✇❤❡%❡ e ∈ R9
✐/ -❤❡ ✈❡❝-♦% ♦❢ ❛❧❧ ♦♥❡/✳ ❚❤❡%❡❢♦%❡ ❢(0, 0) ✐/

❛♥❛❧②-✐❝❛❧❧② /✐♥❣✉❧❛% ❛♥❞ m1 = 0✱ /✐♥❝❡ -❤❡ /②♠❜♦❧ ✐/ -❤❡♦%❡-✐❝❛❧❧② ♥♦♥♥❡❣❛-✐✈❡ ❞❡✜♥✐-❡ ❜❡❝❛✉/❡

♦❢ -❤❡ ●❛❧❡%❦✐♥ ❛♣♣%♦❛❝❤✳ ◆♦✇✱ %❡❝❛❧❧✐♥❣ -❤❡ /❡❝♦♥❞ ■-❡♠ ♦❢ ❚❤❡♦%❡♠ ■✳✹✳✹ ❛♥❞ ♦❜/❡%✈✐♥❣ -❤❛-

❢(π, π) ✐/ ♣♦/✐-✐✈❡ ❞❡✜♥✐-❡✱ ✇❡ ❞❡❞✉❝❡ -❤❛-
(
λ(1)(❢)

)
(θ1, θ2) ❤❛/ ♣♦/✐-✐✈❡ ♠❛①✐♠✉♠ ❛♥❞ -❤❡%❡❢♦%❡

-❤❡ ✐♥-❡%✈❛❧ [m1,M1] ❝❛♥ ❜❡ %❡♣❧❛❝❡❞ ❜② (0,M1]✳

❋%♦♠ ♥♦✇ ♦♥✇❛%❞/✱ ✇❡ ❛//✉♠❡ (0,M1]✱ (ml,Ml)✱ l = 2, . . . , 9✱ -♦ ❜❡ ❡4✉❛❧ -♦ ✐-/ ❡/-✐♠❛-❡✳

▲❡- ✉/ ♦❜/❡%✈❡ -❤❛- -❤❡ ❢♦❧❧♦✇✐♥❣ %❡❧❛-✐♦♥/ ❤♦❧❞

M1 < m2,

M3 = m4,

M6 < m7.

✭■■✳✶✽✮

■♥ ♦-❤❡% ✇♦%❞/✱ ❛❝❝♦%❞✐♥❣ -♦ %❡❧❛-✐♦♥/ ✭■■✳✶✻✮✱ ✭■■✳✶✽✮✱ ❛♥❞ ❘❡♠❛%❦ ✶✱ ✇❡ ❡①♣❡❝- -❤❡ ❡✐❣❡♥✲

✈❛❧✉❡/ ♦❢ KN -♦ /❛-✐/❢②

# {i : λi(KN ) ∈ (0,M1]} =
9n2

9
+ o(9n2),

# {i : λi(KN ) ∈ [m2,M3]} = 2
9n2

9
+ o(9n2),

# {i : λi(KN ) ∈ [m4,M6]} = 3
9n2

9
+ o(9n2),

# {i : λi(KN ) ∈ [m7,M9]} = 3
9n2

9
+ o(9n2),

✭■■✳✶✾✮
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■■✳✷✳ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐-

❛♥❞ '❤❡♥ '♦ ✐❞❡♥'✐❢② 4 ❜❧♦❝❦-

Bl1 = [λ1(KN ), . . . , λn2(KN )] ,

Bl2 = [λn2+1(KN ), . . . , λ3n2(KN )] ,

Bl3 = [λ3n2+1(KN ), . . . , λ6n2(KN )] ,

Bl4 = [λ6n2+1(KN ), . . . , λ9n2(KN )] .

❈♦((❡-♣♦♥❞✐♥❣❧②✱ ✇❡ ❝❛♥ -♣❧✐' '❤❡ ✈❡❝'♦( P (n)
❝♦♥'❛✐♥✐♥❣ '❤❡ -❛♠♣❧✐♥❣ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝'✐♦♥-

♦♥ Gn ❛- ❢♦❧❧♦✇-

Eval1 = [(P (n))1, . . . , (P
(n))n2 ],

Eval2 = [(P (n))n2+1, . . . , (P
(n))3n2 ],

Eval3 = [(P (n))3n2+1, . . . , (P
(n))6n2 ],

Eval4 = [(P (n))6n2+1, . . . , (P
(n))9n2 ].

◆♦'❡ '❤❛' ❜❡❝❛✉-❡ ♦❢ ✭■■✳✶✾✮✱ ❛ ♥✉♠❜❡( ♦❢ ♦✉'❧✐❡(- ✐♥✜♥✐'❡-✐♠❛❧ ✐♥ '❤❡ ❞✐♠❡♥-✐♦♥ N ✐- ❛❧❧♦✇❡❞✳

❋♦( ✐♥-'❛♥❝❡✱ ✇❤❡♥ n = 40 ✭N = 14400✮✱ ✇❡ ✜♥❞

9n2

9
= 1600, 2

9n2

9
= 3200, 3

9n2

9
= 4800,

❛♥❞

# {i : λi(KN ) ∈ (0,M1]} = 1444,

# {i : λi(KN ) ∈ [m2,M3]} = 2911,

# {i : λi(KN ) ∈ [m4,M6]} = 4670,

# {i : λi(KN ) ∈ [m7,M9]} = 5016.

✭■■✳✷✵✮

❚❤❡(❡❢♦(❡✱ ❢(♦♠ (❡❧❛'✐♦♥- ✭■■✳✷✵✮✱ ✇❡ ❡①♣❡❝' ❛ ♥✉♠❜❡( ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ✇❤✐❝❤ ❛(❡ ✐♥ ♥♦♥❡

♦❢ '❤❡ ❜❧♦❝❦- ♦( ✇❤✐❝❤ ❛(❡ ✐♥ '❤❡ ✏✇(♦♥❣✑ ❜❧♦❝❦ ✭✺✵✶✻ ❡✛❡❝'✐✈❡ ❛❣❛✐♥-' ✹✽✵✵ ❡①♣❡❝'❡❞ ❡✐❣❡♥✈❛❧✉❡-

✐♥ '❤❡ ❧❛-' ❜❧♦❝❦✮✳ ❚❤✐- ✐- ❝♦♥✜(♠❡❞ ❜② ❋✐❣✉(❡ ■■✳✺ ✐♥ ✇❤✐❝❤ ✇❡ (❡♣(❡-❡♥' ✐♥ ❜❧❛❝❦ '❤❡ ✇❤♦❧❡

-♣❡❝'(✉♠ ♦❢KN ❛♥❞ ❤✐❣❤❧✐❣❤' ❜② ♠❡❛♥- ♦❢ ❞✐✛❡(❡♥' ❝♦❧♦✉(- '❤❡ ❡✐❣❡♥✈❛❧✉❡- ❜❡❧♦♥❣✐♥❣ '♦ ❞✐✛❡(❡♥'

❜❧♦❝❦-✳ ❖♥ '❤❡ ♦'❤❡( ❤❛♥❞✱ -✉❝❤ ❛ ♣❤❡♥♦♠❡♥♦♥ ✐- ✐♥ ❧✐♥❡ ✇✐'❤ (❡❧❛'✐♦♥- ✭■■✳✶✾✮ ❛♥❞ '❤❡ ♦(❞❡(

♦❢ ✇❤❛' ✐- ♠✐--✐♥❣✴❡①❝❡❡❞✐♥❣ ✐- ✐♥✜♥✐'❡-✐♠❛❧ ✐♥ '❤❡ ❞✐♠❡♥-✐♦♥ N ✳ ❆- ❛♥ ❡①❛♠♣❧❡✱ ✐♥ ❚❛❜❧❡ ■■✳✶

✇❡ ❝♦♠♣❛(❡ '❤❡ ❛❝'✉❛❧ ♥✉♠❜❡( ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ❝♦♥'❛✐♥❡❞ ✐♥ '❤❡ ✜(-' ✐♥'❡(✈❛❧ (0,M1] ✇✐'❤

'❤❡ ❡①♣❡❝'❡❞ ♥✉♠❜❡( 9n2/9✳ ■♥ -✉❝❤ ✇❛②✱ ✇❡ -✉❝❝❡❡❞ ✐♥ ❝♦✉♥'✐♥❣ '❤❡ ♦✉'❧✐❡(- ♦❢ KN ✐♥ (0,M1]✱

✇❤♦-❡ ❝❛(❞✐♥❛❧✐'② ❜❡❤❛✈❡- ❛- O(
√
9n2)✳

❆ ❢✉('❤❡( ❡✈✐❞❡♥❝❡ ♦❢ (❡❧❛'✐♦♥ ✭■■✳✶✻✮ ❝❛♥ ❜❡ ♦❜'❛✐♥❡❞ ❜② ❝♦♠♣❛(✐♥❣ ❜❧♦❝❦ ❜② ❜❧♦❝❦ '❤❡

❡✐❣❡♥✈❛❧✉❡- ♦❢ KN ✇✐'❤ '❤❡ -❛♠♣❧✐♥❣ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝'✐♦♥- ♦❢ ❢✱ '❤❛' ✐- ❝♦♠♣❛(✐♥❣ ❇❧1✱ ❇❧2✱

❇❧3✱ ❇❧4 ✇✐'❤ ❊✈❛❧1✱ ❊✈❛❧2✱ ❊✈❛❧3✱ ❊✈❛❧4✱ (❡-♣❡❝'✐✈❡❧②✳ ❚✇♦ ♣♦--✐❜✐❧✐'✐❡- ❛(❡ ❛✈❛✐❧❛❜❧❡✳

❼ ❖♥ ♦♥❡ ❤❛♥❞✱ ✇❡ ❝❛♥ ♦(❞❡( ❊✈❛❧t ✐♥ ❛ ♥♦♥ ❞❡❝(❡❛-✐♥❣ ✇❛② ❛♥❞ ❝♦♠♣❛(❡ ✐' ✇✐'❤ ❇❧t✳

❆- ❛♥ ❡①❛♠♣❧❡✱ ✐♥ ❋✐❣✉(❡ ■■✳✻ ✇❡ ❝♦♠♣❛(❡ ❇❧1 ✇✐'❤ ❊✈❛❧1 ✜①❡❞ n = 40✳ ◆♦'❡ '❤❛' ❛

❝❡('❛✐♥ ♥✉♠❜❡( ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ KN -❡❡♠- ♥♦' '♦ ❜❡❤❛✈❡ ❛- '❤❡ ❝♦((❡-♣♦♥❞✐♥❣ -❛♠♣❧✐♥❣

♦❢ λ(1)(❢)✳ ◆❡✈❡('❤❡❧❡--✱ ❛ ❞✐(❡❝' ❝♦♠♣✉'❛'✐♦♥ -❤♦✇❡❞ '❤❛' -✉❝❤ ❛ ♥✉♠❜❡( ❛❣(❡❡- ✇✐'❤ '❤❡

♦♥❡ (❡♣♦('❡❞ ✐♥ ❚❛❜❧❡ ■■✳✶✳ ❙✐♠✐❧❛( (❡-✉❧'- ❝❛♥ ❜❡ ♦❜'❛✐♥❡❞ ✐♥ '❤❡ ❝♦♠♣❛(✐-♦♥ ❜❡'✇❡❡♥ ❇❧2

✇✐'❤ ❊✈❛❧2✱ ❇❧3 ✇✐'❤ ❊✈❛❧3✱ ❇❧4 ✇✐'❤ ❊✈❛❧4✳

✸✾
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❋✐❣✉$❡ ■■✳✺✿ ❊✐❣❡♥✈❛❧✉❡/ ♦❢ KN ❢♦$ n = 40 ✭∗✮ 4♦❣❡4❤❡$ ✇✐4❤ 4❤❡ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ KN /❛4✐/❢②✐♥❣ ✭■■✳✶✾✮ ✭∗✮✭∗✮✭∗✮✭∗✮

n ❡✐❣# ✐♥ (0,M1] 9n2/9 ❖✉'✳ ❖✉'✳✴

√
9n2

✶✵ ✻✹ ✶✵✵ ✸✻ 1.20

✶✺ ✶✻✾ ✷✷✺ ✺✻ 1.24

✷✵ ✸✷✹ ✹✵✵ ✼✻ 1.26

✷✺ ✺✷✾ ✻✷✺ ✾✻ 1.28

✸✵ ✼✽✹ ✾✵✵ ✶✶✻ 1.29

✸✺ ✶✵✽✾ ✶✷✷✺ ✶✸✻ 1.29

✹✵ ✶✹✹✹ ✶✻✵✵ ✶✺✻ ✶✳✸✵

❚❛❜❧❡ ■■✳✶✿ ❈♦♠♣❛$✐/♦♥ ♦❢ 4❤❡ ❡✛❡❝4✐✈❡ ♥✉♠❜❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ KN ❝♦♥4❛✐♥❡❞ ✐♥ 4❤❡ ✜$/4 ✐♥4❡$✈❛❧ (0,M1] ✇✐4❤

4❤❡ ❡①♣❡❝4❡❞ ♥✉♠❜❡$ 9n2/9

❼ ❖♥ '❤❡ ♦'❤❡6 ❤❛♥❞✱ ✇❡ ❝❛♥ ❝♦♠♣❛6❡ '❤❡ ❡❧❡♠❡♥'# ♦❢ ❊✈❛❧t ✇✐'❤ '❤❡ ❡❧❡♠❡♥'# ♦❢ ❇❧t ❜②

♠❡❛♥# ♦❢ '❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛'❝❤✐♥❣ ❛❧❣♦6✐'❤♠

✕ ❢♦6 ❛ ✜①❡❞ λ ∈ Blt ✜♥❞ η̃ ∈ Evalt #✉❝❤ '❤❛'

‖λ− η̃‖ = min
η∈Evalt

‖λ− η‖;

✕ ❛##♦❝✐❛'❡ λ '♦ '❤❡ ❝♦✉♣❧❡ ✐♥ Gn ❝♦66❡#♣♦♥❞✐♥❣ '♦ η̃✳

▼❛❦✐♥❣ ✉#❡ ♦❢ '❤❡ ♣6❡✈✐♦✉# ❛❧❣♦6✐'❤♠✱ ✐♥ ❋✐❣✉6❡ ■■✳✼✱ ✇❡ ❝♦♠♣❛6❡ '❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ KN

✇✐'❤ λ(l)(❢)✱ l = 1, . . . , 9 ❞✐#♣❧❛②❡❞ ❛# ❛ ♠❡#❤ ♦♥ Gn✱ ❢♦6 n = 40✳ ❖♥❝❡ ❛❣❛✐♥✱ '❤❡ ❡✐❣❡♥✈❛❧✉❡#

♦❢ KN ♠✐♠✐❝✱ ✉♣ '♦ ♦✉'❧✐❡6#✱ '❤❡ #❛♠♣❧✐♥❣ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝'✐♦♥#✳

▼♦6❡♦✈❡6✱ ❧♦♦❦✐♥❣ ❛' ❋✐❣✉6❡ ■■✳✼✭❛✮✱ ✇❡ ❝♦♠♣✉'❡❞ '❤❡ ❡✐❣❡♥✈❛❧✉❡# ♦❢ KN ✇❤✐❝❤ ❞♦ ♥♦'

❜❡❤❛✈❡ ❛# '❤❡ ❝♦66❡#♣♦♥❞✐♥❣ #❛♠♣❧✐♥❣ ♦❢ λ(1)(❢) ❛♥❞✱ ❛# ❡①♣❡❝'❡❞✱ '❤❡✐6 ♦6❞❡6 ✐# O(
√
9n2)

✭#❡❡ ❛❣❛✐♥ ❚❛❜❧❡ ■■✳✶✮✳ ❆# ❛♥ ❛❞❞✐'✐♦♥❛❧ ❝♦♥✜6♠❛'✐♦♥ ♦❢ #✉❝❤ ❛ ❜❡❤❛✈✐♦✉6✱ ✐♥ ❚❛❜❧❡ ■■✳✷

✇❡ #❤♦✇ '❤❡ ♥✉♠❜❡6 ♦❢ ♦✉'❧✐❡6# ♦❢ KN ✇✐'❤ 6❡#♣❡❝' '♦ '❤❡ #❛♠♣❧✐♥❣ ♦❢ λ(9)(❢) ✭#❡❡ ❋✐❣✉6❡

■■✳✼✭✐✮✮✳

✹✵
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❋✐❣✉$❡ ■■✳✻✿ ❈♦♠♣❛$✐/♦♥ ❜❡2✇❡❡♥ ❇❧1 ✭∗✮ ❛♥❞ ❊✈❛❧1 ✭∗✮✱ ❢♦$ n = 40

n ❖✉'✳ ❖✉'✳✴

√
9n2

✶✵ ✹✵ ✶✳✸✸

✶✺ ✻✵ ✶✳✸✸

✷✵ ✽✵ ✶✳✸✸

✷✺ ✶✵✵ ✶✳✸✸
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✸✺ ✶✹✵ ✶✳✸✸
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❚❛❜❧❡ ■■✳✷✿ ◆✉♠❜❡$ ♦❢ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ KN ✇❤✐❝❤ ❞♦ ♥♦2 ❜❡❤❛✈❡ ❛/ 2❤❡ ❝♦$$❡/♣♦♥❞✐♥❣ /❛♠♣❧✐♥❣ ♦❢ λ(9)(❢)✳

■■✳✷✳✸ ❆ ❢♦❝✉) ♦♥ +❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝+✐♦♥) ✐♥ ❛ ♥❡✐❣❤❜♦4❤♦♦❞ ♦❢ +❤❡ ♦4✐❣✐♥

■♥ '❤✐- -✉❜-❡❝'✐♦♥ ✇❡ -'✉❞② ✐♥ ♠♦(❡ ❞❡'❛✐❧ '❤❡ ❜❡❤❛✈✐♦✉( ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡- λ(l) (❢)✱ l = 1, . . . , 9

❛' (0, 0)✳ ❙✉❝❤ ✐♥❢♦(♠❛'✐♦♥ ✐- ❝(✉❝✐❛❧ ✇❤❡♥ -'✉❞②✐♥❣ '❤❡ ❝♦♥✈❡(❣❡♥❝❡ ♦❢ ❛ ♣(❡❝♦♥❞✐'✐♦♥❡❞ ❑(②❧♦✈

♦( ♦❢ ❛ ♠✉❧'✐❣(✐❞ ♠❡'❤♦❞✳ ❙✐♥❝❡

(
λ(1)(❢)

)
(θ1, θ2) <

(
λ(l)(❢)

)
(θ1, θ2), l = 2, . . . , 9, (θ1, θ2) ∈ I+

2 , ✭■■✳✷✶✮

✐' ✐- -✉✣❝✐❡♥' '♦ -'✉❞② λ(1)(❢) ✐♥ (0, 0)✳ ❇❡❝❛✉-❡ ♦❢ ✭■■✳✷✶✮✱ '❤❡ ❜❡❤❛✈✐♦✉( ♦❢ λ(1)(❢) ✐♥ (0, 0) ✐-

❡H✉✐✈❛❧❡♥' '♦ '❤❡ ♦♥❡ ♦❢

det ❢(θ1, θ2) =

9∏

i=1

(
λ(i)(❢)

)
(θ1, θ2)

❛' '❤❡ -❛♠❡ ♣♦✐♥'✱ ✇❤✐❝❤ ❛- ❛ ♣(♦❞✉❝' ♦❢ ♥♦♥♥❡❣❛'✐✈❡ ❢✉♥❝'✐♦♥- ✐- -'✐❧❧ ❛ ♥♦♥♥❡❣❛'✐✈❡ ❢✉♥❝'✐♦♥✳

❲❡ ♥✉♠❡(✐❝❛❧❧② ❝❤❡❝❦❡❞ '❤❛'

det ❢(θ1, θ2)|(0,0) = 0,

∂ det ❢(θ1, θ2)

∂θ1

∣∣∣∣
(0,0)

=
∂ det ❢(θ1, θ2)

∂θ2

∣∣∣∣
(0,0)

= 0,

∂2 det ❢(θ1, θ2)

∂θ2∂θ1

∣∣∣∣
(0,0)

=
∂2 det ❢(θ1, θ2)

∂θ1∂θ2

∣∣∣∣
(0,0)

= 0,

✹✶
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❋✐❣✉$❡ ■■✳✼✿ ❈♦♠♣❛$✐/♦♥ ❜❡2✇❡❡♥ 2❤❡ ❡✐❣❡♥✈❛❧✉❡/ ♦❢KN ❛♥❞ λ(l)(❢)✱ l = 1, . . . , 9 ❞✐/♣❧❛②❡❞ ❛/ ❛ ♠❡/❤ ♦♥ Gn✱ ✇❤❡♥

n = 40

∂2 det ❢(θ1, θ2)

∂θ1
2

∣∣∣∣
(0,0)

=
∂2 det ❢(θ1, θ2)

∂θ2
2

∣∣∣∣
(0,0)

=
53

3912
.

❚❤❡#❡❢♦#❡✱

(∇det ❢(θ1, θ2))|(0,0) =




∂ det ❢(θ1,θ2)
∂θ1

∣∣∣
(0,0)

∂ det ❢(θ1,θ2)
∂θ2

∣∣∣
(0,0)


 =

[
0

0

]
,

❛♥❞

(Hdet ❢)|(0,0) =




∂2 det ❢(θ1,θ2)

∂θ1
2

∣∣∣
(0,0)

∂2 det ❢(θ1,θ2)
∂θ1∂θ2

∣∣∣
(0,0)

∂2 det ❢(θ1,θ2)
∂θ2∂θ1

∣∣∣
(0,0)

∂2 det ❢(θ1,θ2)

∂θ2
2

∣∣∣
(0,0)


 =

[
53

3912 0

0 53
3912

]
,

✹✷
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'❤❛' ✐- '❤❡ ❍❡--✐❛♥ ♠❛'(✐① (Hdet ❢)|(0,0) ✐- ♣♦-✐'✐✈❡ ❞❡✜♥✐'❡✳ ❆- ❛ ❝♦♥-❡8✉❡♥❝❡✱

det ❢(θ1, θ2) = det ❢(θ1, θ2)|(0,0) + (∇det ❢(θ1, θ2))
T
∣∣
(0,0)

[
θ1

θ2

]
+

+
1

2

[
θ1

θ2

]T

(Hdet ❢)|(0,0)

[
θ1

θ2

]
+ o

(
‖θ‖22

)
,=

53

3912
(θ21 + θ22) + o

(
‖θ‖22

)
,

✇❤❡(❡ ‖θ‖22 = θ21 + θ22✳

❍❡♥❝❡✱ ✐♥ ❛ ♥❡✐❣❤❜♦(❤♦♦❞ ♦❢ (0, 0) det ❢(θ1, θ2) ❜❡❤❛✈❡- ❛- ❛ 8✉❛❞(❛'✐❝ ❢♦(♠ ❛♥❞

lim
‖θ‖2→0

det ❢(θ1, θ2)

‖θ‖22
=

53

3912
,

✇❤✐❝❤ ♠❡❛♥- '❤❛' det ❢(θ1, θ2) ❛♥❞ '❤❡♥ λ(1)(❢) ❤❛✈❡ ❛ ③❡(♦ ♦❢ ♦(❞❡( 2 ✐♥ (0, 0)✱ ❛- ❝♦♥✜(♠❡❞ ❜②

❋✐❣✉(❡ ■■✳✽ ❛♥❞ ❋✐❣✉(❡ ■■✳✸✭❛✮✱ (❡-♣❡❝'✐✈❡❧②✳ ❋✐♥❛❧❧②✱ ✐♥ '❤❡ ❧✐❣❤' ♦❢ '❤❡ '❤✐(❞ ■'❡♠ ♦❢ ❚❤❡♦(❡♠
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❋✐❣✉$❡ ■■✳✽✿ det ❢(θ1, θ2)✱ (θ1, θ2) ∈ I2

■✳✹✳✹✱ ✇❡ ❝♦♥❝❧✉❞❡ '❤❛' '❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Tn(❢) ❣♦❡- '♦ ③❡(♦ ❛- (N(♥))−1
✳

■■✳✷✳✹ ❙♣❡❝()❛❧ ❛♥❛❧②.✐. ♦❢ KN ✈✐❛ ❧♦✇ )❛♥❦ ♣❡)(✉)❜❛(✐♦♥.

■♥ '❤✐- -✉❜-❡❝'✐♦♥ ✇❡ -'✉❞② '❤❡ ❡①'(❡♠❛❧ ❜❡❤❛✈✐♦✉( ♦❢ '❤❡ ♠❛'(✐① KN ✱ ❜② ♠❛❦✐♥❣ ❛ ❝❛(❡❢✉❧

❛♥❛❧②-✐- ♦❢ '❤❡ ❧♦✇ (❛♥❦ ♠❛'(✐① E
♥

✱ ❞❡✜♥❡❞ ✐♥ ❙❡❝'✐♦♥ ■■✳✷✳✶✳ ■♥ ♣❛('✐❝✉❧❛(✱ ✇❡ -❤♦✇ '❤❛' E
♥

❛✛❡❝'- '❤❡ ♥✉♠❜❡( ♦❢ ♦✉'❧✐❡(- ♦❢ KN ❜✉' ❞♦❡- ♥♦' ✐♥✢✉❡♥❝❡ '❤❡ ❜❡❤❛✈✐♦✉( ♦❢ '❤❡ ♠✐♥✐♠✉♠

❡✐❣❡♥✈❛❧✉❡ ♦❢ KN ✇✐'❤ (❡-♣❡❝' '♦ '❤❛' ♦❢ Tn(❢)✳

❆- -❤♦✇♥ ✐♥ ❙❡❝'✐♦♥ ■■✳✷✳✶✱ '❤❡ ♠❛'(✐① KN ✐- '❤❡ -✉♠ ♦❢ '✇♦ ❍❡(♠✐'✐❛♥ ♠❛'(✐❝❡-✱ T
♥

(❢) ❛♥❞ E
♥

✳

❚❤❡ -'(✉❝'✉(❛❧ ❛♥❞ '❤❡ -♣❡❝'(❛❧ ❢❡❛'✉(❡ ♦❢ T
♥

(❢) ❤❛✈❡ ❛❧(❡❛❞② ❜❡❡♥ ❞✐-❝✉--❡❞ ✐♥ ❙❡❝'✐♦♥ ■■✳✷✳✶✱

✇❤✐❧❡ E
♥

✐- ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛'(✐① ✇✐'❤ 9n× 9n ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ❜❧♦❝❦-✳ ■♥ ♣❛('✐❝✉❧❛( '❤❡(❡ ❛(❡

❥✉-' ✸ '②♣❡- ♦❢ ♥♦♥③❡(♦ ❜❧♦❝❦- ✐♥ '❤❡ ♠❛'(✐① E
♥

✳

✶✳ E
(l)
♥

✱ '❤❛' ✐- ✐♥ '❤❡ '♦♣ ❧❡❢' ❝♦(♥❡(✱

✷✳ E
(r)
♥

✱ '❤❛' ✐- ✐♥ '❤❡ ❜♦''♦♠ (✐❣❤' ❝♦(♥❡(✱

✸✳ E
(c)
♥

✱ '❤❛' ✐- (❡♣❡❛'❡❞ n− 2 '✐♠❡- ✐♥ '❤❡ ❝❡♥'(❡ ♦❢ '❤❡ ♠❛'(✐①✳

✹✸



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

❲❡ ✇✐❧❧ ♣&♦✈❡ )❤❛) E
(l)
♥

✱ E
(r)
♥

❛&❡ ♣♦-✐)✐✈❡ ❞❡✜♥✐)❡✱ ✇❤✐❧❡ E
(c)
♥

✐- ♥♦♥♥❡❣❛)✐✈❡ ❞❡✜♥✐)❡✳ ❚❤✐- ❛❧❧♦✇-

✉- )♦ ❝♦♥❝❧✉❞❡ )❤❛) E
♥

✐- ❛ ♥♦♥♥❡❣❛)✐✈❡ ❞❡✜♥✐)❡ ♠❛)&✐①✳

▲❡) ✉- -)❛&) ❜② ♦❜-❡&✈✐♥❣ )❤❛) E
(l)
♥

✱ E
(r)
♥

❛♥❞ E
(c)
♥

❛&❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ )❤❡♠-❡❧✈❡- ✇✐)❤ 9 × 9

❞✐❛❣♦♥❛❧ ❜❧♦❝❦-✳ ■♥ ❞❡)❛✐❧✱ E
(l)
♥

❛♥❞ E
(r)
♥

❛&❡ ❝♦♠♣♦-❡❞ ❜② n ❜❧♦❝❦- ♦❢ ✜①❡❞ ❞✐♠❡♥-✐♦♥ 9 × 9✱

e
(l)
i ❛♥❞ e

(r)
i ✱ i = 1, . . . , n✱ &❡-♣❡❝)✐✈❡❧②✱ ♦&❞❡&❡❞ ✐♥ ♥♦♥ ❞❡❝&❡❛-✐♥❣ ✇❛② ❢&♦♠ )❤❡ )♦♣ ❧❡❢) )♦ )❤❡

❜♦))♦♠ &✐❣❤)✳ ▼♦&❡♦✈❡& ✇❡ ❤❛✈❡

e
(l)
i = e

(l)
i+1, i = 2, . . . , n− 2 ✭■■✳✷✷✮

e
(r)
i = e

(r)
i+1, i = 2, . . . , n− 2 ✭■■✳✷✸✮

❛♥❞

e
(r)
1 = J e(l)n J ,

e(r)n = J e(l)1 J

e
(r)
i = J e(l)i J , i = 2, . . . , n− 1

✇❤❡&❡ J ✐- )❤❡ 9× 9 ❍❛♥❦❡❧ ✢✐♣✲♠❛)&✐①

J =




1

1

. .
.

1



.

◆♦)❡ )❤❛) J = J −1
✱ )❤❡♥

e
(r)
1 ∼ e(l)n , ✭■■✳✷✹✮

e(r)n ∼ e
(l)
1 , ✭■■✳✷✺✮

e
(r)
i ∼ e

(l)
i , i = 2, . . . , n− 1. ✭■■✳✷✻✮

❆ ❞✐&❡❝) ❝♦♠♣✉)❛)✐♦♥ -❤♦✇- )❤❛) e
(l)
1 ✱ e

(l)
2 ✱ e

(l)
n ❛&❡ ♣♦-✐)✐✈❡ ❞❡✜♥✐)❡✱ )❤❡&❡❢♦&❡ ❛❝❝♦&❞✐♥❣ )♦ &❡❧❛✲

)✐♦♥- ✭■■✳✷✷✮✲✭■■✳✷✸✮ ❛♥❞ ✭■■✳✷✹✮✲✭■■✳✷✻✮ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ )❤❛) E
(l)
♥

✱ E
(r)
♥

❛&❡ ♣♦-✐)✐✈❡ ❞❡✜♥✐)❡✳

❚❤❡ ♠❛)&✐① E
(c)
♥

❤❛- ♦♥❧② 2 ♥♦♥③❡&♦ 9 × 9 ❜❧♦❝❦-✱ e
(c)
1 ✱ e

(c)
n ✐♥ )❤❡ )♦♣ ❧❡❢) ❛♥❞ ❜♦))♦♠ &✐❣❤)

❝♦&♥❡& &❡-♣❡❝)✐✈❡❧②✱ -✉❝❤ )❤❛)

e(c)n = J e(c)1 J , ✭■■✳✷✼✮

✇❤✐❧❡

e
(c)
i = O9, i = 2, . . . , n− 1.

❇❡❝❛✉-❡ ♦❢ ❡N✉❛)✐♦♥ ✭■■✳✷✼✮ ✐) ❤♦❧❞- )❤❛)

e
(c)
1 ∼ e(c)n ,

✹✹



■■✳✷✳ ❙♣❡❝'(❛❧ ❛♥❛❧②-✐-

'❤❡♥✱ ❝❤❡❝❦✐♥❣ ❞✐(❡❝'❧② '❤❛' e
(c)
1 ✐- ♣♦-✐'✐✈❡ ❞❡✜♥✐'❡✱ ✇❡ ❤❛✈❡ ♣(♦✈❡❞ '❤❛' E

(c)
♥

✐- ♥♦♥♥❡❣❛'✐✈❡

❞❡✜♥✐'❡✳

❙✉♠♠❛(✐③✐♥❣✱ -✐♥❝❡ E
(l)
♥

✱ E
(r)
♥

❛(❡ ♣♦-✐'✐✈❡ ❞❡✜♥✐'❡✱ ✇❤✐❧❡ E
(c)
♥

✐- ♥♦♥♥❡❣❛'✐✈❡ ❞❡✜♥✐'❡✱ ✇❡ ❝❛♥

❝♦♥❝❧✉❞❡ '❤❛' E
♥

✐- ❛ ♥♦♥♥❡❣❛'✐✈❡ ❞❡✜♥✐'❡ ♠❛'(✐①✳

▲❡'

λ1(T♥(❢)) ≤ λ2(T♥(❢)) ≤ · · · ≤ λN (T
♥

(❢))

❜❡ '❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ T
♥

(❢)✳ ❙✐♥❝❡ E
♥

✐- ♥♦♥♥❡❣❛'✐✈❡ ❞❡✜♥✐'❡✱ '❤❡ ■♥'❡(❧❛❝✐♥❣ ❚❤❡♦(❡♠ ❬✶✸❪ ✱

❛♣♣❧✐❡❞ '♦ '❤❡ ♠❛'(✐❝❡- KN ✱ T
♥

❛♥❞ E
♥

✱ ❧❡❛❞- '♦ '❤❡ (❡❧❛'✐♦♥

λj(T♥(❢)) ≤ λj(KN ) ≤ λγ+j(T♥(❢)) ✭■■✳✷✽✮

❢♦( 1 ≤ j ≤ N − γ✱ ✇❤❡(❡ γ ✐- '❤❡ (❛♥❦ ♦❢ E
♥

(❢)✳

❚❤✐- (❡❧❛'✐♦♥ ✐- ✉-❡❢✉❧ ❢♦( '❤❡ -'✉❞② ♦❢ '❤❡ ❝♦♥❞✐'✐♦♥✐♥❣ ♦❢ '❤❡ ♠❛'(✐① KN ✳

❆- -❤♦✇♥ ✐♥ '❤❡ ❧❛-' -✉❜-❡❝'✐♦♥

λ1(T♥(❢))
♥→∞∼ (N(♥))−1,

❛♥❞ ✐♥ ❛❞❞✐'✐♦♥✱ ❢(♦♠ ❙❡❝'✐♦♥ ■■✳✷✳✶✱ {KN}N ∼λ (❢, I2) ❛♥❞ λ1(❢(0, 0)) = 0✱ ✇✐'❤ ❢ ♥♦♥♥❡❣❛'✐✈❡

❞❡✜♥✐'❡✳ ❍❡♥❝❡ '❤❡ ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ♦❢ KN ✱ λ1(KN )✱ ❤❛- '♦ ❣♦ '♦ ③❡(♦✳

❚❤❡ (❡❧❛'✐♦♥ ✭■■✳✷✽✮ ♣(♦✈✐❞❡- ❛ ❧♦✇❡( ❜♦✉♥❞ ❢♦( '❤❡ ❝♦♥✈❡(❣❡♥❝❡ -♣❡❡❞ ♦❢ λ1(KN ) '♦ ③❡(♦✱ ✐♥ ❢❛❝'✱

❝❤♦♦-✐♥❣ ✐♥ ✭■■✳✷✽✮ j = 1✱

λ1(T♥(❢)) ≤ λ1(KN ), ✭■■✳✷✾✮

❛♥❞ '❤✐- ✐♠♣❧✐❡- '❤❛' λ1(KN ) ❞♦❡- ♥♦' ❣♦ '♦ ③❡(♦ ❢❛-'❡( '❤❛♥ λ1(T♥(❢))✳

❚❤✐- ♠❡❛♥- '❤❛' '❤❡ -②-'❡♠ ✭■■✳✶✵✮ ❤❛- '❤❡ ❝♦❡✣❝✐❡♥' ♠❛'(✐① KN ✇✐'❤ ❛ ❜❡''❡( ❝♦♥❞✐'✐♦♥✐♥❣✱

✇✐'❤ (❡-♣❡❝' '♦ '❤❛' ♦❢ '❤❡ ♠❛'(✐① Tn(❢)✱ ✇❤✐❝❤ ✐- L✉❛❞(❛'✐❝ ✇✐'❤ '❤❡ ✐♥✈❡(-❡ ♦❢ '❤❡ ♠❡-❤ -✐③❡✳

■♥ ❙✉❜-❡❝'✐♦♥ ■■✳✷✳✷✱ ❚❛❜❧❡ ■■✳✷✱ ✇❡ ❤❛✈❡ -❡❡♥ '❤❛' '❤❡ (❛'✐♦ ❜❡'✇❡❡♥ '❤❡ ♥✉♠❜❡( ♦❢ ♦✉'❧✐❡(- ♦❢

KN ✇✐'❤ (❡-♣❡❝' '♦ '❤❡ -❛♠♣❧✐♥❣ ♦❢ λ(9)(❢) ❛♥❞

√
9n2 ✐- ❝♦♥-'❛♥'❧② ❡L✉❛❧ '♦

4
3 ✱ -♦ '❤❡ ♥✉♠❜❡( ♦❢

♦✉'❧✐❡(- ♦❢ KN ✐-

4
3

√
9n2 = 4n✳

❇❡❝❛✉-❡ ♦❢ '❤❡ ❢❛❝' '❤❛' '❤❡ ♠❛'(✐①En ✐- ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛'(✐① ✇✐'❤ ♣(❡❝✐-❡❧② 2n+2(n−2) =

4n− 4 ♦❢ ✐'- 9× 9 ❜❧♦❝❦- ♣♦-✐'✐✈❡ ❞❡✜♥✐'❡✱ ✇❡ ❤❛✈❡ '❤❛' E
♥

❤❛- ❡①❛❝'❧②

9(2n) + 9(2(n− 2)) = 36n− 36

❧✐♥❡❛(❧② ✐♥❞❡♣❡♥❞❡♥' (♦✇- ❛♥❞ '❤❡♥ γ ❣(♦✇- ❡①❛❝'❧② ❛- 36n− 36 ✭-❡❡ ❚❛❜❧❡ ■■✳✸✮✳

❚❤✐- ✈❛❧✉❡ ✐- ❣(❡❛'❡( '❤❛♥ '❤❡ ♥✉♠❜❡( ♦❢ ♦✉'❧✐❡(-✱ ❜✉' ❛-②♠♣'♦'✐❝❛❧❧② ❤❛- '❤❡ -❛♠❡ ♦(❞❡( ❛♥❞

'❤❡ ❧❛''❡( ✐- ✐♥ ❧✐♥❡ ✇✐'❤ '❤❡ '❤❡♦(❡'✐❝❛❧ ❢♦(❡❝❛-'- ✐♥❞✉❝❡❞ ❜② '❤❡ ■♥'❡(❧❛❝✐♥❣ ❚❤❡♦(❡♠✳

■■✳✷✳✺ ❋✉&'❤❡& ✈❛&✐❛'✐♦♥/

❚❤❡ ♥✉♠❡(✐❝❛❧ '❡-'- ✐♥ ❙✉❜-❡❝'✐♦♥ ■■✳✷✳✷ ❛(❡ ❞♦♥❡ ✉-✐♥❣ ❉✐(✐❝❤❧❡' ♣(❡--✉(❡ ❜♦✉♥❞❛(② ❝♦♥❞✐'✐♦♥-

❡✈❡(②✇❤❡(❡ ❛♥❞ ❛ -'❛♥❞❛(❞ ♥♦❞❛❧ ❛♣♣(♦❛❝❤ ♦❢ ❝♦♥❢♦(♠✐♥❣ ❝♦♥'✐♥✉♦✉- ✜♥✐'❡ ❡❧❡♠❡♥'-✱ ✐♥ ♦(❞❡( '♦

❞❡✈❡❧♦♣ '❤❡ ❜❛-✐- ❢✉♥❝'✐♦♥- ✭'❤❡ ▲❛❣(❛♥❣❡ ✐♥'❡(♣♦❧❛'✐♦♥ ♣♦❧②♥♦♠✐❛❧- ♣❛--✐♥❣ '❤(♦✉❣❤ '❤❡ ❣✐✈❡♥

-❡' ♦❢ ♥♦❞❡-✮✱ ✇❤✐❝❤ ❛(❡ ♥❡❡❞❡❞ '♦ ❝♦♠♣✉'❡ '❤❡ ✈❛❧✉❡- ✐♥ KN ✳

❚✇♦ -✐♠♣❧❡ ❜✉' ✐♠♣♦('❛♥' ❝❤❛♥❣❡- ❝❛♥ ❜❡ ❝♦♥-✐❞❡(❡❞✱ ❜✉' '❤❡✐( ❞❡'❛✐❧❡❞ ❛♥❛❧②-✐- ✇✐❧❧ ❜❡ '❤❡

-✉❜❥❡❝' ♦❢ ❢✉'✉(❡ (❡-❡❛(❝❤✿

✹✺



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

n Rank(En(❢))

✶✵ ✸✷✹

✶✺ ✺✵✹

✷✵ ✻✽✹

✷✺ ✽✻✹

✸✵ ✶✵✹✹

✸✺ ✶✷✷✹

✹✵ ✶✹✵✹

❚❛❜❧❡ ■■✳✸✿ Rank(En(❢)) ✇✐+❤ ✐♥❝/❡❛0✐♥❣ ♥

❼ ✉)✐♥❣ ♣❡/✐♦❞✐❝ ❜♦✉♥❞❛/② ❝♦♥❞✐6✐♦♥)❀

❼ ❝♦♥)✐❞❡/✐♥❣ ❛♥♦6❤❡/ )6❛♥❞❛/❞ ❜❛)✐) ♦❢ ▲❛❣/❛♥❣❡ ✐♥6❡/♣♦❧❛6✐♦♥ ♣♦❧②♥♦♠✐❛❧)✱ ♣❛))✐♥❣ 6❤/♦✉❣❤

6❤❡ ●❛✉))✲▲❡❣❡♥❞/❡ @✉❛❞/❛6✉/❡ ♣♦✐♥6)✳

❚❤❡ ✜/)6 ✐) ♠♦6✐✈❛6❡❞ ❜② 6❤❡ ❢❛❝6 6❤❛6 )❡✈❡/❛❧ ✐♠♣♦/6❛♥6 ♥✉♠❡/✐❝❛❧ 6❡)6) ✉)❡ 6❤✐) ❦✐♥❞ ♦❢ ❜♦✉♥❞❛/②

❝♦♥❞✐6✐♦♥✱ 6❤❡ )❡❝♦♥❞ ♦♥❡ ❜② 6❤❡ ❢❛❝6 6❤❛6 6❤✐) ✐♠♣♦/6❛♥6 ❦✐♥❞ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❜❛)✐) ❝♦♥)6✐6✉6❡ ❛♥

♦/6❤♦❣♦♥❛❧ ❜❛)✐)✳ ■♥ 6❤✐) ✇❛② 6❤❡ ♠❛)) ♠❛6/✐❝❡) ✉)❡❞ ✐♥ 6❤❡ ♥✉♠❡/✐❝❛❧ ♠❡6❤♦❞ ❜❡❝♦♠❡ ❞✐❛❣♦♥❛❧

❛♥❞ ❤❡♥❝❡ /❡@✉✐/❡ ❧❡)) ♠❡♠♦/② ❛♥❞ ❝♦♠♣✉6❛6✐♦♥❛❧ ❡✛♦/6 ✭)❡❡✱ ❡✳❣✳✱ ❬✻✺❪✮✳ ❍❡/❡ ✇❡ ❣✐✈❡ )♦♠❡

❞❡6❛✐❧) ♦♥ 6❤❡ ✜/)6 ■6❡♠✳

■♥❞❡❡❞✱ ✐❢ ✇❡ ✉)❡ ♣❡/✐♦❞✐❝ ❜♦✉♥❞❛/② ❝♦♥❞✐6✐♦♥)✱ 6❤❡♥ ✇❡ ♦❜6❛✐♥ ❛ )❡@✉❡♥❝❡ ♦❢ ❧✐♥❡❛/ )②)6❡♠)

❛♥❛❧♦❣♦✉) 6♦ ✭■■✳✶✵✮ ♦❢ 6❤❡ ❢♦/♠

CNx = b, CN ∈ RN×N , x, b ∈ RN . ✭■■✳✸✵✮

❚❤❡ )②♠♠❡6/✐❝ ♠❛6/✐① CN ≡ Cn(❢) ✐) 6❤❡ ❝✐/❝✉❧❛♥6 ♠❛6/✐① ❣❡♥❡/❛6❡❞ ❜② 6❤❡ )②♠❜♦❧ ❢ : I2 →
Cs×s

✱ s = (p+ 1)2✱ ❞❡)❝/✐❜❡❞ ✐♥ ❙❡❝6✐♦♥ ■■✳✷✳✶

❢(θ1, θ2) = ❢̂(0,0) + ❢̂(−1,0)e
−iθ1 + ❢̂(0,−1)e

−iθ2 + ❢̂(1,0)e
iθ1 + ❢̂(0,1)e

iθ2 ,

❇❡❝❛✉)❡ ❢ ✐) ❛ 6/✐❣♦♥♦♠❡6/✐❝ ♣♦❧②♥♦♠✐❛❧✱ 6❛❦✐♥❣ ✐♥6♦ ❛❝❝♦✉♥6 ❚❤❡♦/❡♠ ■✳✻✳✷ ❛♥❞ ❘❡♠❛/❦ ✸✱ ❢♦/

n )✉✣❝✐❡♥6❧② ❧❛/❣❡ ✇❡ ❤❛✈❡

Cn(❢) = (Fn ⊗ Is)Dn(❢)(Fn ⊗ Is)
∗, ✭■■✳✸✶✮

✇✐6❤ Dn(❢) ❛) ✐♥ ✭■✳✷✷✮✳

■♥ ✭■■✳✸✶✮✱ ❛) )6❛6❡❞ ✐♥ ❚❤❡♦/❡♠ ■✳✻✳✷✱ 6❤❡ ♠❛6/✐① Fn⊗Is ✐) ✉♥✐6❛/② ❛♥❞ Dn(❢) ✐) ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧

♠❛6/✐① ✇✐6❤ ❍❡/♠✐6✐❛♥ ❜❧♦❝❦)✱ ❢

(
θ
(n)
r

)
✱ )♦ ✇❡ ❤❛✈❡

Λ(Cn(❢)) =
{
λ(l)

(
❢

(
θ
(n)
r

))
: r = 0, . . . ,n− e ; l = 1 . . . , s

}
, ✭■■✳✸✷✮

✇❤❡/❡✱ ❢♦/ ❛ ✜①❡❞ θ
(n)
r ✱ λ(l)

(
❢

(
θ
(n)
r

))
l = 1 . . . , s ❛/❡ 6❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ ❢

(
θ
(n)
r

)
✳

❋✐①❡❞ n = (n1, n2)✱ ✇✐6❤ n1 = n2 = n✱ ❛♥❞ p = 2 6❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ CN ✱ ✇✐6❤ N = 9n2✱ ❛/❡ ❛

✹✻



■■✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

0❛♠♣❧✐♥❣ ♦❢ /❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 λ(1)(❢), . . . , λ(9)(❢) ♦♥ ❛ ❡6✉✐0♣❛❝❡❞ ❣'✐❞ ♦♥ [0, 2π]2✱

Jn =

{(
2πj

n
,
2πk

n

)
, j, k = 0, . . . , n− 1

}
.

❘❡❣❛'❞✐♥❣ /❤❡ ❝❛0❡ ♦❢ ❛ ♣♦00✐❜❧❡ ❝❤❛♥❣❡ ♦❢ /❤❡ ❜❛0✐0 ❢✉♥❝/✐♦♥0 ✉0❡❞ ❢♦' '❡♣'❡0❡♥/✐♥❣ ♦✉'

♥✉♠❡'✐❝❛❧ 0♦❧✉/✐♦♥✱ ✇❡ ❥✉0/ ♠❡♥/✐♦♥ /❤❛/ /❤❡ ♥❡✇ ❝♦❡✣❝✐❡♥/ ♠❛/'✐① ✐0 ♦❢ /❤❡ ❢♦'♠ K̃N = Tn(̃❢)+

Ẽn✱ ✇✐/❤ /❤❡ 0❛♠❡ ❞✐♠❡♥0✐♦♥0 ❛♥❞ 0/'✉❝/✉'❡ 0❡❡♥ ✐♥ ✭■■✳✶✶✮ ❜✉/ ✇✐/❤ ❞✐✛❡'❡♥/ ❝♦❡✣❝✐❡♥/0✳ ❚❤❡

0②♠❜♦❧ ❢̃ ✐0 ❛❣❛✐♥ ❛ /'✐❣♦♥♦♠❡/'✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ /❤❡ ❢♦'♠ ❞❡0❝'✐❜❡❞ ❜❡❢♦'❡ ❛♥❞ ✇❡ ♦❜/❛✐♥✱ ✇✐/❤

/❤❡ 0❛♠❡ ❛'❣✉♠❡♥/✱ {K̃N}N ∼λ (̃❢, I2)✳ ❍♦✇❡✈❡'✱ /❤❡ ❛♥❛❧②/✐❝❛❧ ❜❡❤❛✈✐♦' ♦❢ ❢̃ ❤❛0 /♦ ❜❡ 0/✉❞✐❡❞

✐♥ ❞❡/❛✐❧ ❛♥❞ /❤✐0 ✇✐❧❧ ❜❡ ❝♦♥0✐❞❡'❡❞ ✐♥ ❛ ❢✉/✉'❡ ✇♦'❦✳

■■✳✸ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

■♥ /❤✐0 0❡❝/✐♦♥ ✇❡ ♥✉♠❡'✐❝❛❧❧② ✈❡'✐❢② /❤❡ 0♣❡❝/'❛❧ ♣'♦♣❡'/✐❡0 ❞❡'✐✈❡❞ ✐♥ ❙❡❝/✐♦♥ ■■✳✷ ♦♥ 0❡✈❡'❛❧

❛♣♣❧✐❝❛/✐♦♥0 ♦❢ /❤❡ 0/❛❣❣❡'❡❞ ❉● ♠❡/❤♦❞ ❬✻✺❪ ❢♦' /❤❡ ✐♥❝♦♠♣'❡00✐❜❧❡ ◆❛✈✐❡'✲❙/♦❦❡0 ❡6✉❛/✐♦♥0

✭■■✳✶✮✲✭■■✳✷✮✳ ■♥ ♣❛'/✐❝✉❧❛' ✇❡ ❡✈❛❧✉❛/❡ /❤❡ ❝♦♠♣✉/❛/✐♦♥❛❧ ❡✛♦'/ ♥❡❡❞❡❞ ❢♦' 0♦❧✈✐♥❣ /❤❡ ♠❛✐♥ ❧✐♥❡❛'

0②0/❡♠ ❢♦' /❤❡ ❝❛❧❝✉❧❛/✐♦♥ ♦❢ /❤❡ ❞✐0❝'❡/❡ ♣'❡00✉'❡ ✉0✐♥❣ 0✉❝❝❡00✐✈❡ '❡✜♥❡♠❡♥/0 ♦❢ ❛ '❡❣✉❧❛' ❣'✐❞

✇✐/❤ n := n1 = n2 = . . . = nk ♦♥ ❛ 06✉❛'❡ ❝♦♠♣✉/❛/✐♦♥❛❧ ❞♦♠❛✐♥ Ω✳ ❋'♦♠ /❤❡ ❛♥❛❧②0✐0 ❣✐✈❡♥

✐♥ ❙❡❝/✐♦♥ ■■✳✷ ✇❡ ❡①♣❡❝/ ❛ ❝♦♥❞✐/✐♦♥ ♥✉♠❜❡' κ = κ(KN ) ≈ cN
2
k

✭/❤❡ ❛♥❛❧②0✐0 ❤❛0 ❜❡❡♥ ❞♦♥❡

❢♦' k = 2 ❜✉/ ✐/ ✐0 ❡❛0✐❧② ❡①/❡♥❞✐❜❧❡ /♦ ❛♥② k > 2✮ ✇❤❡'❡ k '❡♣'❡0❡♥/0 /❤❡ 0♣❛❝❡ ❞✐♠❡♥0✐♦♥✱ N =

nk(p+1)k ✐0 /❤❡ ♠❛/'✐① 0✐③❡✱ p /❤❡ ♣♦❧②♥♦♠✐❛❧ ❞❡❣'❡❡ ♦❢ /❤❡ ❉● ❞✐0❝'❡/✐③❛/✐♦♥✱ ❛♥❞ c ✐0 ❛ ♣♦0✐/✐✈❡

'❡❛❧ ❝♦♥0/❛♥/✳ ❉✉❡ /♦ /❤❡ ✉0❡ ♦❢ /❤❡ ❈● ♠❡/❤♦❞ ❛♥❞ /❤❡ 0♣❡❝/'❛❧ ❞✐0/'✐❜✉/✐♦♥✴❝♦♥❞✐/✐♦♥✐♥❣

'❡0✉❧/0✱ /❤❡ ❡①♣❡❝/❡❞ ♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ❢♦' '❡❛❝❤✐♥❣ ❛ ♣'❡❝✐0✐♦♥ ǫ ❝❛♥ ❜❡ ❡①♣'❡00❡❞ ❛0

Iter(n) ≈ 1

2

√
c log

(
2||r0||
ǫ

)
(p+ 1)n k = 2, 3. ✭■■✳✸✸✮

✇❤❡'❡ r0 = pτ+δτ−pτ+δτ
0 ✐0 /❤❡ ✐♥✐/✐❛❧ '❡0✐❞✉❛❧ ❜❡/✇❡❡♥ /❤❡ ♥✉♠❡'✐❝❛❧ 0♦❧✉/✐♦♥ p ❛/ /❤❡ ♥❡✇ /✐♠❡

0/❡♣ τ + δτ ❛♥❞ /❤❡ ✐♥✐/✐❛❧ ❣✉❡00 ❢♦' /❤❡ ❈● ♠❡/❤♦❞ /❤❛/ ✐0 ✐♥❞✐❝❛/❡❞ ✇✐/❤ pτ+δτ
0 ✳ ■♥ ♣❛'/✐❝✉❧❛'

✇❡ ✇✐❧❧ ✉0❡ ❛ /'✐✈✐❛❧ ✐♥✐/✐❛❧ ❣✉❡00 pτ+δτ
0 = bτ ♦' ❛ ❜❡//❡' ♦♥❡ /❤❛/ ✐0 ❜❛0❡❞ ♦♥ /❤❡ 0♦❧✉/✐♦♥ ❛/

/❤❡ ♣'❡✈✐♦✉0 /✐♠❡ τ ✱ ✐✳❡✳ pτ+δτ
0 = pτ

✳ ■♥ /❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ✐♥❞✐❝❛/❡ ✇✐/❤ /❤❡ /❡'♠ ✏■●✑ /❤✐0

0❡❝♦♥❞ ❝❤♦✐❝❡ ❢♦' /❤❡ ✐♥✐/✐❛❧ ❣✉❡00✳ ❋✉'/❤❡'♠♦'❡✱ ǫ ✐0 0❡/ /♦ 10−8
❢♦' ❛❧❧ /❤❡ 0✐♠✉❧❛/✐♦♥0✳

■■✳✸✳✶ ❚❛②❧♦) ●)❡❡♥ ✈♦).❡①

❋✐'0/ ♦❢ ❛❧❧ ✇❡ /❛❦❡ ❛ ❝❧❛00✐❝❛❧ /❡0/ ♣'♦❜❧❡♠✱ /❤❡ /✇♦ ❛♥❞ /❤'❡❡ ❞✐♠❡♥0✐♦♥❛❧ ❚❛②❧♦' ●'❡❡♥ ✈♦'/❡①✳

❚❤❡ ✐♥✐/✐❛❧ ❝♦♥❞✐/✐♦♥ ✐0 ❣✐✈❡♥ ❜②

u(x, 0) = sin(x) cos(y), v(x, 0) = − cos(x) sin(y), p(x, 0) =
1

4
[cos(2x) + cos(2y)] , ✭■■✳✸✹✮

❢♦' k = 2 ❛♥❞

u(x, 0) = sin(x) cos(y) cos(z), v(x, 0) = − cos(x) sin(y) cos(z),

w(x, 0) = 0, p(x, 0) =
1

16
[cos(2x) + cos(2y)] [cos(2z) + 2] , ✭■■✳✸✺✮

✹✼



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

❢♦" k = 3✳ ❚❤❡ ❜❡❤❛✈✐♦" ♦❢ +❤❡ ,♦❧✉+✐♦♥ ❢♦" k = 3 ✇❛, ♥✉♠❡"✐❝❛❧❧② ,+✉❞✐❡❞ ❜② ❇"❛❝❤❡+ ❡+

❛❧✳ ✐♥ ❬✷✷❪ ❛♥❞ ❝♦♥,✐,+, ✐♥ ❛ ❢❛,+ ❣❡♥❡"❛+✐♦♥ ♦❢ ,♠❛❧❧ ,❝❛❧❡ ,+"✉❝+✉"❡,✱ ✇❤♦,❡ ❦✐♥❡+✐❝ ❡♥❡"❣②

❞✐,,✐♣❛+✐♦♥ ✇❛, ♠♦♥✐+♦"❡❞ ❢♦" ,❡✈❡"❛❧ ❘❡②♥♦❧❞, ♥✉♠❜❡",✱ ,❡❡✱ ❡✳❣✳✱ ❬✷✷✱ ✻✺✱ ✶✸✼❪✳ ❋♦" k = 2

❛♥❞ ,❤♦"+ +✐♠❡, +❤❡"❡ ✐, ❛♥ ❛♥❛❧②+✐❝❛❧ "❡♣"❡,❡♥+❛+✐♦♥ ♦❢ +❤❡ ❡♥❡"❣② ❞✐,,✐♣❛+✐♦♥ ❞✉❡ +♦ ❢"✐❝+✐♦♥

♣❤❡♥♦♠❡♥❛ ❛♥❞ ❤❡♥❝❡ +❤✐, +❡,+ ❝❛♥ ❜❡ ✉,❡❞ +♦ ❝❤❡❝❦ +❤❡ ❛❝❝✉"❛❝② ♦❢ +❤❡ ♥✉♠❡"✐❝❛❧ ❛❧❣♦"✐+❤♠✱

,❡❡ ❬✻✺❪✳ ❲❡ ❝♦♥,✐❞❡" Ω = [0, 2π]k❀ δτ = 5 · 10−3
❀ τend = 2❀ ❘❡②♥♦❧❞, ♥✉♠❜❡" Re = 800 ❛♥❞

♣❡"✐♦❞✐❝ ❜♦✉♥❞❛"② ❝♦♥❞✐+✐♦♥, ❡✈❡"②✇❤❡"❡✳ ❚❤❡ "❡,✉❧+✐♥❣ ✜♥❛❧ ♣"❡,,✉"❡ ❛+ τ = τend ✐, ,❤♦✇♥ ✐♥

❋✐❣✉"❡ II.9 ❢♦" k = 2 ❛♥❞ 3✳ ❚❤❡ ♦❜+❛✐♥❡❞ ❛✈❡"❛❣❡ ♥✉♠❜❡" ♦❢ ✐+❡"❛+✐♦♥, ♥❡❡❞❡❞ +♦ ❝♦♠♣✉+❡ +❤❡

,♦❧✉+✐♦♥ ✐, "❡♣♦"+❡❞ ✐♥ ❚❛❜❧❡ II.4 ❛♥❞ ❋✐❣✉"❡ II.10 ❢♦" +❤❡ +✇♦ ♣❛"+✐❝✉❧❛" ❝❤♦✐❝❡, ♦❢ pτ+δτ
0 = bτ

❛♥❞ ❛ ❜❡++❡" ✐♥✐+✐❛❧ ❣✉❡,, pτ+δτ
0 = pτ

✳ ❚❤❡ ❡①♣❡❝+❡❞ ❧✐♥❡❛" ❜❡❤❛✈✐♦" ❢♦" ❜♦+❤ +✇♦ ❛♥❞ +❤"❡❡

❞✐♠❡♥,✐♦♥❛❧ ❝❛,❡ ✐, ❛❝❤✐❡✈❡❞ ❛❝❝♦"❞✐♥❣ +♦ ❡H✉❛+✐♦♥ ✭■■✳✸✸✮✳ ◆♦+❡ +❤❛+ +❤❡ ❝❤♦✐❝❡ ♦❢ +❤❡ ✐♥✐+✐❛❧

❣✉❡,, pτ+δτ
0 = pτ

❜❡❝♦♠❡, ♣❛"+✐❝✉❧❛"❧② ❣♦♦❞ ✇❤❡♥ +❤❡ ,♦❧✉+✐♦♥ ✐, ,+❡❛❞② ♦" H✉❛,✐✲,+❡❛❞②✱ ,✐♥❝❡

pτ+δτ − pτ ≈ (KN )−1(bτ − bτ−δτ ) ❛♥❞ bτ − bτ−δτ
❝♦♥+❛✐♥, ❡,,❡♥+✐❛❧❧② +❤❡ ✈❛"✐❛+✐♦♥ ♦❢ +❤❡

❝♦♥✈❡❝+✐✈❡✲✈✐,❝♦✉, ❝♦♥+"✐❜✉+✐♦♥✳ ❍❡♥❝❡✱ ❢♦" H✉❛,✐ ,+❛+✐♦♥❛"② ♣"♦❜❧❡♠, ♦" ,♠❛❧❧ ♣❡"+✉"❜❛+✐♦♥,

❛"♦✉♥❞ ❛ ,+❡❛❞② ,+❛+❡✱ pτ
✐, ❛ ❣♦♦❞ ❝❛♥❞✐❞❛+❡ ❢♦" +❤❡ ✐♥✐+✐❛❧ ❣✉❡,, ♦❢ +❤❡ ❈● ❛❧❣♦"✐+❤♠✳ ■♥

♣"❛❝+✐❝❡✱ ✇❤❛+ ✇❡ ♦❜,❡"✈❡ ✐, ✐♥❞❡❡❞ +❤❛+ +❤❡ ♥❡❡❞❡❞ ♥✉♠❜❡" ♦❢ ✐+❡"❛+✐♦♥, +❡♥❞, +♦ ❞❡❝"❡❛,❡ ❞✉❡

+♦ ❛ ❜❡++❡" ❝❤♦✐❝❡ ♦❢ +❤❡ ✐♥✐+✐❛❧ ❣✉❡,,✱ ❛, ,✉❣❣❡,+❡❞ ✐♥ ❡H✉❛+✐♦♥ ✭■■✳✸✸✮✳ ◆♦+❡✱ ❤♦✇❡✈❡"✱ +❤❛+

+❤❡ ❛,②♠♣+♦+✐❝ ❜❡❤❛✈✐♦" "❡♠❛✐♥, +❤❡ ,❛♠❡✱ ✐✳❡✳ ❧✐♥❡❛" ✐♥ n✱ ,❡❡ ❋✐❣✉"❡ II.10 ❢♦" ❛ ❣"❛♣❤✐❝❛❧

"❡♣"❡,❡♥+❛+✐♦♥✳

❋✐❣✉$❡ ■■✳✾✿ *$❡++✉$❡ ♣$♦✜❧❡+ ❛1 τ = τend✳ *$❡++✉$❡ ❝♦♥1♦✉$+ ❢♦$ k = 2 ✭❧❡❢1✮ ❛♥❞ ✐+♦+✉$❢❛❝❡+ ❢♦$ k = 3 ✭$✐❣❤1✮✳

■■✳✸✳✷ ▼♦❞✐✜❡❞ ❞♦✉❜❧❡ -❤❡❛0 ❧❛②❡0

❚❤❡ ♣"❡✈✐♦✉, +❡,+ ♠❛♥✐❢❡,+, ❛+ τend = 2 ❛ "❡❧❛+✐✈❡❧② ❝♦♠♣❧❡① ❜❡❤❛✈✐♦" ❢♦" k = 3 ❜✉+ ❛ ,✐♠♣❧❡

♦♥❡ ✐♥✈♦❧✈✐♥❣ ,✐♥✉,♦✐❞❛❧ ❢✉♥❝+✐♦♥, ❢♦" k = 2✳ ■♥ +❤✐, ,❡❝+✐♦♥ ✇❡ ✇❛♥+ +♦ +❡,+ +❤❡ ❜❡❤❛✈✐♦" ♦❢ +❤❡

♥✉♠❜❡" ♦❢ ✐+❡"❛+✐♦♥, ✐♥ ❛ ✈❛"✐❛♥+ ♦❢ +❤❡ ❝❧❛,,✐❝❛❧ 2D ❞♦✉❜❧❡ ,❤❡❛" ❧❛②❡" ♦"✐❣✐♥❛❧❧② ,+✉❞✐❡❞ ✐♥ ❬✶✷❪✳

❋♦" +❤✐, +❡,+ ❝❛,❡ ✇❡ ❝♦♥,✐❞❡" +❤❡ ,❛♠❡ ✐♥✐+✐❛❧ ❝♦♥❞✐+✐♦♥ ❛, +❤❡ ♦♥❡ ✉,❡❞ ✐♥ ❬✶✸✻❪✳ ■♥ +❤❡ ♦"✐❣✐♥❛❧

,+✉❞② +❤❡"❡ ✐, ❛ "❡❣✉❧❛" ❥❡+ "❡❣✐♦♥ ✇✐+❤ v = (1, 0) ✐♥ ❛ ✢✉✐❞ ✇✐+❤ ✈❡❧♦❝✐+② v = (−1, 0)✳ ❚❤❡ ✢♦✇

✐, ❝❤❛"❛❝+❡"✐③❡❞ ❜② +✇♦ ,❤❡❛" ❧❛②❡", ✇✐+❤ ❤✐❣❤ ✈❡❧♦❝✐+② ❣"❛❞✐❡♥+ ✐♥ +❤❡ y✲❞✐"❡❝+✐♦♥✳ ❚❤✐, ,+❡❛❞②

,+❛+❡ ✐, ♣❤②,✐❝❛❧❧② ✉♥,+❛❜❧❡ ❞✉❡ +♦ +❤❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧+③ ✐♥,+❛❜✐❧✐+② ❛♥❞ +❡♥❞, +♦ ❣❡♥❡"❛+❡ ❛❧,♦

✹✽



■■✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

k = 2 k = 3

n N ■/❡' ■/❡' ✇✐/❤ ■● n N ■/❡' ■/❡' ✇✐/❤ ■●

40 14400 65.8 40.3 10 27000 32.2 22.1

50 22500 80.7 50.3 15 91125 55.1 34.6

60 32400 95.8 60.8 20 216000 64.3 46.5

70 44100 109.8 69.9 25 421875 82.9 58.8

80 57600 123.3 78.5 30 729000 96.4 71.5

90 72900 136.7 87.0 35 1157625 113.3 84.1

100 90000 150.0 95.4 40 1728000 128.9 96.6

❚❛❜❧❡ ■■✳✹✿ ❘❡*✉❧,✐♥❣ ❛✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ❈● ✐,❡1❛,✐♦♥* ❢♦1 τ ∈ [0, 2] ✇✐,❤ ,❤❡ ❝❤♦✐❝❡ ♦❢ pτ+δτ
0 = bτ ✭■,❡1✮ ❛♥❞ ,❤❡

✉*❡ ♦❢ ,❤❡ ✐♥✐,✐❛❧ ❣✉❡** pτ+δτ
0 = pτ

✭■,❡1 ✇✐,❤ ■●✮ ❢♦1 k = 2, 3✳
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✭❛✮ k = 2
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Taylor Green 3D  (with IG)

Linear Extrapolation

Linear Extrapolation (with IG)

✭❜✮ k = 3

❋✐❣✉1❡ ■■✳✶✵✿ ❘❡*✉❧,✐♥❣ ❛✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ❈● ✐,❡1❛,✐♦♥* ❛* ❛ ❢✉♥❝,✐♦♥ ♦❢ n ✇✐,❤ ❛♥❞ ✇✐,❤♦✉, ,❤❡ ■● ✐♥✐,✐❛❧ ❣✉❡**

❝♦♠♣❛1❡❞ ✇✐,❤ ,❤❡ ❧✐♥❡❛1 ❡①,1❛♣♦❧❛,✐♦♥ ♦❢ ,❤❡ ❞❛,❛✱ ❢♦1 k = 2, 3✳

✹✾



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

✐♥ "❤✐$ ❝❛$❡ ✈♦*"✐❝❛❧ $"*✉❝"✉*❡$ ❝❧♦$❡ "♦ "❤❡ $❤❡❛* ❧❛②❡*$✳ ■♥ ♦*❞❡* "♦ ❞*✐✈❡ "❤✐$ ✐♥$"❛❜✐❧✐"②✱ ❛ $♠❛❧❧

♣❡*"✉*❜❛"✐♦♥ ✐$ ✐♥"*♦❞✉❝❡❞ ✐♥ "❤❡ ✈❡*"✐❝❛❧ ✈❡❧♦❝✐"② ❞✐*❡❝"❧② ❛" τ = 0✳ ■♥ ❬✶✷❪ "❤❡ ❡✈♦❧✉"✐♦♥ ♦❢ "❤✐$

✐♥$"❛❜✐❧✐"② ✇❛$ ♣❡*❢♦*♠❡❞ ❢♦* ♣❡*✐♦❞✐❝ ❜♦✉♥❞❛*② ❝♦♥❞✐"✐♦♥$ ❡✈❡*②✇❤❡*❡✳

❋♦* "❤✐$ "❡$" ✇❡ "❛❦❡ p = 2✱ τend = 1❀ Re = 800 ❜✉" ♣*❡$$✉*❡ ❜♦✉♥❞❛*② ❝♦♥❞✐"✐♦♥ ❡✈❡*②✇❤❡*❡

✐♥ ♦*❞❡* "♦ ✐♥"*♦❞✉❝❡ "❤❡ ✐♠♣♦*"❛♥" ♣❡*"✉*❜❛"✐♦♥ ♠❛"*✐① E
♥

❞✐$❝✉$$❡❞ ✐♥ ❙❡❝"✐♦♥ II.2.1✳ ■♥ "❤✐$

❝❛$❡ ✇❡ ❡①♣❡❝" ❛ $❧✐❣❤"❧② ❞✐✛❡*❡♥" ❜❡❤❛✈✐♦* ✇✐"❤ *❡$♣❡❝" "♦ ✇❤❛" ✐$ ♦❜$❡*✈❡❞ ✐♥ ❬✶✷❪✱ ♦✇✐♥❣ "♦ "❤❡

✉$❡ ♦❢ ❛ ❞✐✛❡*❡♥" "②♣❡ ♦❢ ❜♦✉♥❞❛*② ❝♦♥❞✐"✐♦♥$✳ ■♥ ❛♥② ❝❛$❡ "❤❡ *❡$✉❧"✐♥❣ ♣*❡$$✉*❡ ✜❡❧❞ ✇✐❧❧ ♥♦"

♠❛✐♥"❛✐♥ ❛ $✐♠♣❧❡ $✐♥✉$♦✐❞❛❧ $"*✉❝"✉*❡ ❢♦* k = 2✳ ❚❤❡ *❡$✉❧"✐♥❣ ♥✉♠❡*✐❝❛❧ $♦❧✉"✐♦♥ ❛" τ = τend

❢♦* "❤❡ ✜♥❡$" ❣*✐❞ ✐$ *❡♣♦*"❡❞ ✐♥ ❋✐❣✉*❡ II.11 ✇❤✐❧❡ "❤❡ ♦❜"❛✐♥❡❞ ❛✈❡*❛❣❡ ♥✉♠❜❡* ♦❢ ✐"❡*❛"✐♦♥$ ✐$

$❤♦✇♥ ✐♥ ❚❛❜❧❡ II.5 ❛♥❞ "❤❡ ❝♦**❡$♣♦♥❞✐♥❣ ♣❧♦" ✐♥ ❋✐❣✉*❡ II.12✳ ❆$ ❡①♣❡❝"❡❞✱ ❛❧$♦ ✐♥ "❤✐$ ❝❛$❡

"❤❡ ❜❡❤❛✈✐♦* ❢♦* "❤❡ ♥✉♠❜❡* ♦❢ ✐"❡*❛"✐♦♥$ ✐$ ❧✐♥❡❛* ✇✐"❤ *❡$♣❡❝" "♦ N1/k
✳
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❋✐❣✉$❡ ■■✳✶✶✿ ◆✉♠❡$✐❝❛❧ /♦❧✉1✐♦♥ ❢♦$ 1❤❡ ♠♦❞✐✜❡❞ ❞♦✉❜❧❡ /❤❡❛$ ❧❛②❡$ ❛1 τ = 1✳ ❚♦♣✿ 1❤❡ ♣$❡//✉$❡ ❛♥❞ 1❤❡ ✈♦$1✐❝✐1②✳

❇♦11♦♠✿ ❢$♦♠ ❧❡❢1 1♦ $✐❣❤1✱ u ❛♥❞ v ✈❡❧♦❝✐1② ❝♦♠♣♦♥❡♥1✱ $❡/♣❡❝1✐✈❡❧②✳

■■✳✸✳✸ #$❡❝♦♥❞✐+✐♦♥✐♥❣

❆ $✐♠♣❧❡ ♣*❡❝♦♥❞✐"✐♦♥❡* ✐$ ❜❛$❡❞ ♦♥ "❤❡ ✉$❡ ♦❢ "❤❡ "✇♦✲❧❡✈❡❧ ❝✐*❝✉❧❛♥" ♠❛"*✐① C
♥

(❢) "❤❛" ✐$ ❞✐*❡❝"❧②

❛$$♦❝✐❛"❡❞ "♦ "❤❡ ❢✉❧❧② ♣❡*✐♦❞✐❝ ❜♦✉♥❞❛*② ❝❛$❡✳ ■♥ "❤✐$ ❝❛$❡ ✇❡ ❝❛♥ ❝❤♦♦$❡ ❛$ ♣*❡❝♦♥❞✐"✐♦♥❡* "❤❡

♠❛"*✐① C
♥

(❢) ✇✐"❤ "❤❡ ❙"*❛♥❣ ❝♦**❡❝"✐♦♥ P
♥

(❢) = C
♥

(❢) + ❡❡⊤ 1
N2 ✇❤❡*❡ ❡

T = (1, . . . , 1) ✐$ "❤❡

✺✵



■■✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

n N ■/❡' ■/❡' ✇✐/❤ ■●

10 900 98.7 74.1

20 3600 195.9 138.9

30 8100 297.1 201.8

40 14400 400.1 264.3

50 22500 504.0 325.3

60 32400 607.1 386.3

70 44100 711.3 447.0

❚❛❜❧❡ ■■✳✺✿ ❘❡*✉❧,✐♥❣ ❛✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ❈● ✐,❡1❛,✐♦♥* ❢♦1 τ ∈ [0, 1] ✇✐,❤ ❛♥❞ ✇✐,❤♦✉, ,❤❡ ■● ✐♥✐,✐❛❧ ❣✉❡**✳
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❋✐❣✉1❡ ■■✳✶✷✿ ❆✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ❈● ✐,❡1❛,✐♦♥* ❛* ❢✉♥❝,✐♦♥ ♦❢ n ♦❜,❛✐♥❡❞ ✐♥ ,❤❡ ♠♦❞✐✜❡❞ ❞♦✉❜❧❡ *❤❡❛1 ❧❛②❡1 ,❡*,

❝❛*❡ ✇✐,❤ ❛♥❞ ✇✐,❤♦✉, ,❤❡ ■● ✐♥✐,✐❛❧ ❣✉❡** ❝♦♠♣❛1❡❞ ✇✐,❤ ,❤❡ ❧✐♥❡❛1 ❡①,1❛♣♦❧❛,✐♦♥ ♦❢ ,❤❡ ❞❛,❛✳

N−❞✐♠❡♥0✐♦♥❛❧ ✉♥✐/❛'② ✈❡❝/♦'✳ ❚❤❡ ✐♥✈❡'0❡ ♦❢ /❤✐0 ♠❛/'✐① ✐0 0/✐❧❧ ❛ ❝✐'❝✉❧❛♥/ ♠❛/'✐① ❛♥❞ 0♦ ✐/0

❝♦♠♣✉/❛/✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ❛/ /❤❡ ❝♦0/ ♦❢ O(N logN)✳ ■♥ /❤✐0 0❡❝/✐♦♥ ✇❡ ✇❛♥/ /♦ ✐♥✈❡0/✐❣❛/❡ /❤❡

✐♠♣❛❝/ ♦❢ /❤✐0 0✐♠♣❧❡ ♣'❡❝♦♥❞✐/✐♦♥❡' ♦♥ /❤❡ ♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ✐♥ /❤❡ ❝♦♠♣❧❡/❡ ❝❛0❡ ✇❤❡'❡

/❤❡ ❝♦❡✣❝✐❡♥/ ♠❛/'✐① ✐0 KN ✭0❡❡ ❙✉❜0❡❝/✐♦♥0 ■■✳✷✳✷✳✶✱ ■■✳✷✳✷✳✷ ✮✳ ❋♦' /❤✐0 /❡0/ ✇❡ /❛❦❡ /❤❡ 0❛♠❡

❢'❛♠❡✇♦'❦ ❛0 ✐♥ /❤❡ ♣'❡✈✐♦✉0 ♥✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/✱ ✉0✐♥❣ pτ
❛0 ✐♥✐/✐❛❧ ❣✉❡00✳ ❚❤❡ '❡0✉❧/✐♥❣

♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ✐0 '❡♣♦'/❡❞ ✐♥ ❚❛❜❧❡ ■■✳✻

❚❤❡ ✉0❡ ♦❢ /❤✐0 ♣'❡❝♦♥❞✐/✐♦♥❡' ❞'❛0/✐❝❛❧❧② '❡❞✉❝❡0 /❤❡ ♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ❛0 ✇❡❧❧ ❛0 /❤❡

❜❡❤❛✈✐♦' /❤❛/ 0❡❡♠0 /♦ ❜❡ 0✉❜✲❧✐♥❡❛' ❛♥❞ ❛❧♠♦0/ ✢❛/ ✇✐/❤ '❡0♣❡❝/ /♦ /❤❡ ❝❛0❡ ✇✐/❤♦✉/ ♣'❡❝♦♥❞✐✲

/✐♦♥❡'✱ 0❡❡ ❋✐❣✉'❡ II.13✳ ❆ ❝♦♠♠❡♥/ ♦♥ /❤❡ ❧❛//❡' ❢❛❝/ ❤❛0 /♦ ❜❡ ♠❛❞❡✳ ❋✐'0/ ♦❢ ❛❧❧ ✇❡ ♦❜0❡'✈❡

/❤❛/ /❤❡ ♠❛/'✐① 0❡I✉❡♥❝❡0 {KN}
♥

❛♥❞ {P
♥

(❢)}
♥

0❤❛'❡ /❤❡ 0❛♠❡ 0♣❡❝/'❛❧ 0②♠❜♦❧ ❢✱ ❜② ■/❡♠0

●▲❚✶✱ ●▲❚✷✱ ❛♥❞ ●▲❚✹✱ 0✐♥❝❡ /❤❡ '❛♥❦ ♦❢ /❤❡ ❞✐✛❡'❡♥❝❡0 KN −Tn(❢) = En ❛♥❞ P
♥

(❢)−Tn(❢)
❣'♦✇0 ❛0 N1/2

✳ ❆0 ❛ ❝♦♥0❡I✉❡♥❝❡✱ 0✐♥❝❡ ❢ ✐0 0✐♥❣✉❧❛' ♦♥❧② ❛/ ❛ ✉♥✐I✉❡ ♣♦✐♥/✱ /❤❛/ ✐0 (0, 0)✱ ❛❣❛✐♥

❜② ■/❡♠ ●▲❚✷ ✇❡ ❞❡❞✉❝❡ /❤❛/ /❤❡ ♣'❡❝♦♥❞✐/✐♦♥❡❞ ♠❛/'✐①✲0❡I✉❡♥❝❡ {P−1
♥

(❢)KN}
♥

✐0 ❛ ●▲❚

✺✶



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

n N ■!❡# ✭❈● ♠❡!❤♦❞✮ ■!❡# ✭,❈● ♠❡!❤♦❞✮

10 900 74.1 24.6

20 3600 138.9 30.1

30 8100 201.8 33.3

40 14400 264.3 35.8

50 22500 325.3 38.3

❚❛❜❧❡ ■■✳✻✿ ❘❡*✉❧,✐♥❣ ❛✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ✐,❡1❛,✐♦♥* ❢♦1 τ ∈ [0, 1] ✇✐,❤ ❈● ❛♥❞ :❈● ✇❤♦*❡ ♣1❡❝♦♥❞✐,✐♦♥❡1 ✐* ,❤❡

✷✲❧❡✈❡❧ ❝✐1❝✉❧❛♥, Pn(❢)✳

-❡.✉❡♥❝❡ ✇✐!❤ -②♠❜♦❧ 1✳ ❙✐♥❝❡ ❢♦# ❡✈❡#② N, ♥✱ !❤❡ ♠❛!#✐① P−1
♥

(❢)KN ✐- -✐♠✐❧❛# !♦ ❛ -②♠♠❡!#✐❝

✇❡ ❞❡❞✉❝❡ !❤❛! 1 ✐- !❤❡ -♣❡❝!#❛❧ -②♠❜♦❧ ♦❢ !❤❡ ♣#❡❝♦♥❞✐!✐♦♥❡❞ ♠❛!#✐①✲-❡.✉❡♥❝❡✳ ■♥ ❛❞❞✐!✐♦♥ !❤❡

❛♥❛❧②-✐- ♦❢ !❤❡ #❛♥❦ ❝♦##❡❝!✐♦♥- !❡❧❧- !❤❛! !❤❡ ♥✉♠❜❡# ♦❢ ♦✉!❧②✐♥❣ ❡✐❣❡♥✈❛❧✉❡- ❣#♦✇- ❛! ♠♦-! ❛-

O(N1/2)✳ ❍♦✇❡✈❡#✱ ❢#♦♠ !❤❡ ❝❧❛--✐❝❛❧ !❤❡♦#② ♦❢ !❤❡ ✭♣#❡❝♦♥❞✐!✐♦♥❡❞✮ ❈● ❝♦♥✈❡#❣❡♥❝❡ ✇❡ ❦♥♦✇

!❤❛! -♠❛❧❧ ♦✉!❧✐❡#- ♥❡❣❛!✐✈❡❧② ❛✛❡❝! !❤❡ ❝♦♥✈❡#❣❡♥❝❡ ♠♦#❡ !❤❛♥ ❧❛#❣❡ ♦✉!❧✐❡#-✳ ◆♦✇✱ -✐♥❝❡ !❤❡

❝♦❡✣❝✐❡♥! ♠❛!#✐① KN ❝❛♥ ❜❡ ✇#✐!!❡♥ ❛- Tn(❢) + En ❛♥❞ -✐♥❝❡ ✇❡ ♣#♦✈❡❞ !❤❛! En ✐- ♥♦♥♥❡❣✲

❛!✐✈❡ ❞❡✜♥✐!❡✱ ✇❡ ❡①♣❡❝! !❤❛! !❤❡ ♦✉!❧✐❡#- ❛#❡ ❧❛#❣❡ ✭❛- ♣#❛❝!✐❝❛❧❧② ♦❜-❡#✈❡❞ ✐♥ !❤❡ ♥✉♠❡#✐❝❛❧

❡①♣❡#✐♠❡♥!-✮ ❛♥❞ !❤✐- ✐- !❤❡ #❡❛-♦♥ ✇❤② !❤❡ ♥✉♠❜❡# ♦❢ ✐!❡#❛!✐♦♥- -❡❡♠- !♦ ❣#♦✇ -❧♦✇❡# !❤❛♥ !❤❡

♥✉♠❜❡# ♦❢ ❡-!✐♠❛!❡❞ ♦✉!❧②✐♥❣ ❡✐❣❡♥✈❛❧✉❡-✳
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❋✐❣✉1❡ ■■✳✶✸✿ ❆✈❡1❛❣❡ ♥✉♠❜❡1 ♦❢ ✐,❡1❛,✐♦♥* ♦❜,❛✐♥❡❞ ✐♥ ,❤❡ ♠♦❞✐✜❡❞ ❞♦✉❜❧❡ *❤❡❛1 ❧❛②❡1 ,❡*, ❝❛*❡ ✇✐,❤ ❈● ❛♥❞

:❈● ✇❤♦*❡ ♣1❡❝♦♥❞✐,✐♦♥❡1 ✐* ,❤❡ ✷✲❧❡✈❡❧ ❝✐1❝✉❧❛♥, Pn(❢)✳

▲❡! ✉- ♥♦✇ !❛❦❡ ❛ ❧♦♦❦ ❛! !❤❡ ❣❛✐♥ ✐♥ !❡#♠- ♦❢ ❈,❯ !✐♠❡ ♦❜!❛✐♥❡❞ ❜② !❤❡ ✉-❡ ♦❢ !❤✐-

-✐♠♣❧❡ ♣#❡❝♦♥❞✐!✐♦♥❡#✳ ❙✐♥❝❡ Pn(❢) ✐- ❛ ❝✐#❝✉❧❛♥! ♠❛!#✐①✱ ✇❡ ❝❛♥ ❞✐❛❣♦♥❛❧✐③❡ ✐! ❛- FDF ∗
✇❤❡#❡

F = Fn⊗Fn⊗F9 ✐- !❤❡ !❤#❡❡✲❧❡✈❡❧ ❋♦✉#✐❡# ♠❛!#✐① ❛♥❞ D ✐- ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛!#✐①✳ ❲❡ ❝❛♥ !❤❡♥

✉-❡ !❤❡ ❋❛-! ❋♦✉#✐❡# ❚#❛♥-❢♦#♠ ✭❋❋❚✮ !♦ ❝♦♥-!#✉❝! !❤❡ ♠❛!#✐① D = F ∗Pn(❢)F ❛♥❞ !❤❡♥ D−1
❜②

✺✷



■■✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

✐♥✈❡'/✐♥❣ ❡❛❝❤ 0✐♥❣❧❡ ❜❧♦❝❦✳ ❖♥❝❡ D−1
✐0 ❦♥♦✇♥✱ ✇❡ ❝❛♥ ❡❛0✐❧② ❝♦♠♣✉/❡ P−1

n (❢)x = F ∗D−1Fx

✉0✐♥❣ /❤❡ /❤'❡❡✲❧❡✈❡❧ ❋❋❚ ❛❧❣♦'✐/❤♠ /♦ ❝♦♠♣✉/❡ ✜'0/ x1 = Fx ❛/ /❤❡ ❝♦0/ ♦❢ O(N logN)✳ ❚❤❡♥

✇❡ ❤❛✈❡ /♦ ❝♦♠♣✉/❡ x2 = D−1x1 ❛/ ❛ ❧✐♥❡❛' ❝♦0/ ❛♥❞ ✜♥❛❧❧② ✇❡ ♦❜/❛✐♥ P−1
n (❢)x = F ∗x2 ❛❣❛✐♥ ❛/

/❤❡ ❝♦0/ ♦❢ O(N logN)✳ ❆ ♣❛'/✐❝✉❧❛' /❡0/ ✇❤❡♥ ✇❡ ❝❛♥ '❡❛❧❧② /❛❦❡ ❛❞✈❛♥/❛❣❡ ♦❢ /❤✐0 ♣'♦❝❡❞✉'❡

✐0 /❤❡ ❢✉❧❧② ♣❡'✐♦❞✐❝ ❝❛0❡ 0♦ /❤❛/ /❤❡ ❝♦♥0✐❞❡'❡❞ /❡0/ ❜❡❝♦♠❡0 /❤❡ ❝❧❛00✐❝❛❧ ❞♦✉❜❧❡ 0❤❡❛' ❧❛②❡'

/❡0/ ❝❛0❡✳ ❚❤❡ '❡0✉❧/✐♥❣ /♦/❛❧ ❈C❯ /✐♠❡ ❛0 ✇❡❧❧ ❛0 /❤❡ /♦/❛❧ ❈C❯ /✐♠❡ ♥❡❡❞❡❞ /♦ ❝♦♠♣✉/❡

♦♥❧② /❤❡ ❧✐♥❡❛' 0②0/❡♠ ✐0 '❡♣♦'/❡❞ ✐♥ ❚❛❜❧❡ ■■✳✼ ❢♦' /❤❡ ❢✉❧❧② ♣❡'✐♦❞✐❝ ❝❛0❡ ✭✐✳❡✳ ❝❧❛00✐❝❛❧ ❞♦✉❜❧❡

0❤❡❛' ❧❛②❡'✮✳ ■♥ ❚❛❜❧❡ ■■✳✽ ✇❡ '❡♣♦'/ /❤❡ ♦❜/❛✐♥❡❞ '❡0✉❧/0 ❢♦' /❤❡ ❝❛0❡ ✇✐/❤ ♣'❡00✉'❡ ❜♦✉♥❞❛'②

❝♦♥❞✐/✐♦♥0 ❡✈❡'②✇❤❡'❡ ✭✐✳❡✳ ♠♦❞✐✜❡❞ ❞♦✉❜❧❡ 0❤❡❛' ❧❛②❡'✮✳

◆♦ C'❡❝♦♥❞✐/✐♦♥❡' ❲✐/❤ C'❡❝♦♥❞✐/✐♦♥❡'

n Nstep TTOT
TTOT

Nstep
TLS

TLS

Nstep
TTOT

TTOT

Nstep
TLS

TLS

Nstep

32 709 195.51 ✵✳✷✽ 126.92 ✵✳✶✽ 77.56 ✵✳✶✶ 6.42 ✵✳✵✶

64 1411 2298.6 ✶✳✻✸ 1793.5 ✶✳✷✼ 609.06 ✵✳✹✸ 48.76 ✵✳✵✸

128 2829 31284. ✶✶✳✵✻ 27218. ✾✳✻✷ 4434.81 ✶✳✺✼ 367.12 ✵✳✶✸

❚❛❜❧❡ ■■✳✼✿ ◆✉♠❜❡, ♦❢ /✐♠❡ 1/❡♣1 Nstep✱ /♦/❛❧ ❛♥❞ ,❡❧❛/✐✈❡ ✭1♠❛❧❧ ♥✉♠❜❡,1✮ ❈:❯ /✐♠❡ ❢♦, /❤❡ 1♦❧✉/✐♦♥ ♦❢ /❤❡ ♠❛✐♥

❧✐♥❡❛, 1②1/❡♠ ❢♦, /❤❡ ♣,❡11✉,❡ ✭TLS✮ ❛♥❞ /❤❡ ❡♥/✐,❡ ❈:❯ /✐♠❡ ✭TTOT ✮ ❢♦, ❢✉❧❧② ♣❡,✐♦❞✐❝ ❜♦✉♥❞❛,② ❝♦♥❞✐/✐♦♥1✳

◆♦/❡ /❤❛/ ✐♥ /❤✐1 /❡1/ p = 2✱ k = 2 ❛♥❞ N = (p+ 1)k nk
✳

◆♦ C'❡❝♦♥❞✐/✐♦♥❡' ❲✐/❤ C'❡❝♦♥❞✐/✐♦♥❡'

n Nstep TTOT
TTOT

Nstep
TLS

TLS

Nstep
TTOT

TTOT

Nstep
TLS

TLS

Nstep

32 696 371.36 ✵✳✺✸ 296.50 ✵✳✹✸ 219.20 ✵✳✸✶ 142.20 ✵✳✷✵

64 1410 4868.4 ✸✳✹✺ 4280.4 ✸✳✵✹ 2034.6 ✶✳✹✹ 1419.9 ✶✳✵✶

128 2853 72713. ✷✺✳✹✾ 67693. ✷✸✳✼✸ 20509. ✼✳✶✾ 15320. ✺✳✸✼

❚❛❜❧❡ ■■✳✽✿ ◆✉♠❜❡, ♦❢ /✐♠❡ 1/❡♣1 Nstep✱ /♦/❛❧ ❛♥❞ ,❡❧❛/✐✈❡ ✭1♠❛❧❧ ♥✉♠❜❡,1✮ ❈:❯ /✐♠❡ ❢♦, /❤❡ 1♦❧✉/✐♦♥ ♦❢ /❤❡

♠❛✐♥ ❧✐♥❡❛, 1②1/❡♠ ❢♦, /❤❡ ♣,❡11✉,❡ ✭TLS✮ ❛♥❞ /❤❡ ❡♥/✐,❡ ❈:❯ /✐♠❡ ✭TTOT ✮ ❢♦, ♣,❡11✉,❡ ❜♦✉♥❞❛,② ❝♦♥❞✐/✐♦♥1

❡✈❡,②✇❤❡,❡✳ ◆♦/❡ /❤❛/ ✐♥ /❤✐1 /❡1/ p = 2✱ k = 2 ❛♥❞ N = (p+ 1)k nk
✳

❆0 ❡①♣❡❝/❡❞✱ 0✐♥❝❡ /❤❡ 0②♠❜♦❧ ❢✉❧❧② '❡♣'❡0❡♥/0 /❤❡ ♣❡'✐♦❞✐❝ ❝❛0❡✱ /❤❡ ❣❛✐♥ ♦♥ TLS ♦❜/❛✐♥❡❞

❜② ✐♥/'♦❞✉❝✐♥❣ /❤❡ ♣'❡❝♦♥❞✐/✐♦♥❡' ✐0 ✐♠♣'❡00✐✈❡✳ ■♥ ❢❛❝/✱ /❤❡ ❝♦♠♣✉/❛/✐♦♥❛❧ ❝♦0/ ✐0 ❡!!❡♥#✐❛❧❧②

/❤❡ ❝♦0/ ♦❢ ❛ ❢✉❧❧② ❡①♣❧✐❝✐/ ❢♦'♠✉❧❛ ❢♦' ❧❛'❣❡ N ✳ ■♥ ❢❛❝/✱ ❛ 0♦❧✉/✐♦♥ ♠❡/❤♦❞ ✐♥ /❤✐0 ❝❛0❡ ✐0 ❥✉0/ /❤❡

❛♣♣❧✐❝❛/✐♦♥ ♦❢ ❛ 0/❛♥❞❛'❞ ✐♥✈❡'0✐♦♥ ❢♦'♠✉❧❛ ❢♦' ❜❧♦❝❦ ❝✐'❝✉❧❛♥/ ♠❛/'✐❝❡0✳

■♥ /❤❡ ✇♦'0/ ❝❛0❡ ✇❤❡'❡ ✇❡ ✐♥/'♦❞✉❝❡ ♣'❡00✉'❡ ❜♦✉♥❞❛'② ❝♦♥❞✐/✐♦♥0 ❡✈❡'②✇❤❡'❡✱ ✇❡ ♦❜0❡'✈❡

❛ ❣❛✐♥ ❢❛❝/♦' Tnopre
LS /T pre

LS ♦❢ 2.0✱ 3.0✱ 4.4 ❢♦' n = 32, 64, 128✱ '❡0♣❡❝/✐✈❡❧②✳ ❍❡♥❝❡✱ /❤❡ ❛❞✈❛♥/❛❣❡

♦❢ ✉0✐♥❣ /❤❡ ❜❛0✐❝ ❙/'❛♥❣✲/②♣❡ ♣'❡❝♦♥❞✐/✐♦♥❡' 0✉❣❣❡0/❡❞ ❜② ♦✉' 0♣❡❝/'❛❧ ❛♥❛❧②0✐0 ✐0 ✈❡'✐✜❡❞ ❜♦/❤

❢♦' ♣❡'✐♦❞✐❝ ❛♥❞ ♥♦♥ ♣❡'✐♦❞✐❝ ❝❛0❡✳

■■✳✸✳✹ ❆ ♠✉❧(✐❣+✐❞ ❛♣♣+♦❛❝❤

❚❤❡ C❈● ♣'♦❝❡❞✉'❡ ❞❡✜♥❡❞ ✐♥ /❤❡ ♣'❡✈✐♦✉0 0✉❜0❡❝/✐♦♥ ✐0 ♣'❛❝/✐❝❛❧❧② ❡✛❡❝/✐✈❡✱ ❜✉/ 0/✐❧❧ /❤❡'❡ ✐0

'♦♦♠ ❢♦' ✐♠♣'♦✈❡♠❡♥/0✿ ✐♥ ❢❛❝/✱ /❤❡ ❝♦0/ ♦❢ ❡❛❝❤ C❈● ✐/❡'❛/✐♦♥ ✐0 O(N logN) ❜❡❝❛✉0❡ ♦❢ /❤❡ ✉0❡

✺✸



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

♦❢ ❛ ❜❧♦❝❦ ❋❛() ❋♦✉+✐❡+ ❚+❛♥(❢♦+♠ ✭❋❋❚✮ ❛♥❞ )❤❡ ♥✉♠❜❡+ ♦❢ ✐)❡+❛)✐♦♥( ❣+♦✇( ❛) ♠♦() ❧✐♥❡❛+❧②

✇✐)❤ )❤❡ ♣❛+)✐❛❧ (✐③❡(✱ ❢♦+ ♠♦❞❡+❛)❡ ♠❛)+✐① (✐③❡(✱ ❞✉❡ )♦ )❤❡ +❛♥❦ ♦❢ )❤❡ ❞✐✛❡+❡♥❝❡ ❜❡)✇❡❡♥ )❤❡

❛❝)✉❛❧ ♠❛)+✐① ❛♥❞ )❤❡ ❙)+❛♥❣✲)②♣❡ ♣+❡❝♦♥❞✐)✐♦♥❡+✳ ■♥ ❝♦♥❝❧✉(✐♦♥ )❤❡ ❝♦♠♣✉)❛)✐♦♥❛❧ ❝♦() +❡(✉❧)(

✐♥ O(N3/2 logN)✱ ✇❤✐❝❤ ✐( ♥♦) ♦♣)✐♠❛❧✳ ❍❡+❡ ❢♦+ ♦♣)✐♠❛❧✐)② ✇❡ ♠❡❛♥ ❛ )♦)❛❧ ❝♦() ❢♦+ (♦❧✈✐♥❣ )❤❡

❧✐♥❡❛+ (②()❡♠ ✇✐)❤ ❛ ♣+❡❛((✐❣♥❡❞ ❛❝❝✉+❛❝② ♣+♦♣♦+)✐♦♥❛❧ )♦ )❤❡ ❝♦() ♦❢ )❤❡ ♠❛)+✐①✲✈❡❝)♦+ ♣+♦❞✉❝)✱

✇❤❡+❡ )❤❡ ♠❛)+✐① ✐( )❤❡ ❝♦❡✣❝✐❡♥) ♠❛)+✐① ❛♥❞ )❤❡ ✈❡❝)♦+ ✐( ❣❡♥❡+✐❝✳ ❙✐♥❝❡ )❤❡ ❝♦❡✣❝✐❡♥) ♠❛)+✐①

✐( (♣❛+(❡ )❤❡ ♦♣)✐♠❛❧✐)② ❛♠♦✉♥)( ✐♥ ❛ ❝♦() ♦❢ O(N)✳

❇② ❡①♣❧♦✐)✐♥❣ )❤❡ (♣❡❝)+❛❧ ❛♥❛❧②(✐( ♣+♦✈✐❞❡❞ (♦ ❢❛+✱ ❛ ✇❛② ❢♦+ +❡❝♦✈❡+✐♥❣ ♦♣)✐♠❛❧✐)② +❡❧✐❡( ✐♥

❢♦❧❧♦✇✐♥❣ ❛ ♠✉❧)✐❣+✐❞ ❛♣♣+♦❛❝❤✱ ✇❤✐❝❤ ✇❡ ❜+✐❡✢② (❦❡)❝❤ ❜❡❧♦✇✳

❈♦♥(✐❞❡+ )❤❡ ❧✐♥❡❛+ (②()❡♠

ANxN = bN ✭■■✳✸✻✮

✇❤❡+❡ xN , bN ∈ CN
✱ AN = WN − BN ∈ CN × CN

✱ WN ♥♦♥ (✐♥❣✉❧❛+ ♠❛)+✐①✳ ▲❡)

x(j+1) = VNx
(j) + b1 := VN (x(j), b1) ✭■■✳✸✼✮

❜❡ ❛♥ ✐)❡+❛)✐✈❡ ♠❡)❤♦❞ ❢♦+ )❤❡ (♦❧✉)✐♦♥ ♦❢ (②()❡♠ ✭■■✳✸✻✮✱ ✇❤❡+❡ b1 := W−1
N b ∈ CN

❛♥❞ VN :=

IN −W−1
N AN ∈ CN ×CN

✳ ▲❡) pMN ∈ CN ×CM
❜❡ ❛ ❢✉❧❧✲+❛♥❦ ♠❛)+✐①✱ ✇✐)❤M < N ✳ ❆ ❚✇♦✲●+✐❞

▼❡)❤♦❞ ✭❚●▼✮ ✐( ❞❡✜♥❡❞ ❜② )❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦+✐)❤♠ ❬✶✹✺❪

1. dN = ANx
(j) − b

2. dM = (pMN )∗dN

3. AM = (pMN )∗AN (pMN )

4. SolveAMy = dM

5. x̂(j) = x(j) − pMN y

6. x(j+1) = V µ
N (x̂(j), b1)

❙)❡♣ ✻ ❝♦♥(✐()( ✐♥ ❛♣♣❧②✐♥❣ )❤❡ ✏(♠♦♦)❤✐♥❣ ✐)❡+❛)✐♦♥✑ ✭■■✳✸✼✮ µ )✐♠❡( ✇❤✐❧❡ ()❡♣( ✶✲✺ ❞❡✜♥❡ )❤❡

✏❝♦❛+(❡ ❣+✐❞ ❝♦++❡❝)✐♦♥✑✱ )❤❛) ❞❡♣❡♥❞( ♦♥❧② ♦♥ )❤❡ ♣+♦❥❡❝)✐♦♥ ♦♣❡+❛)♦+ pMN ✳ ❚❤❡ ❣❧♦❜❛❧ ✐)❡+❛)✐♦♥

♠❛)+✐① ♦❢ )❤❡ ❚●▼ ✐( ❣✐✈❡♥ ❜②

TGM(VN , p
M
N ) = V µ

N

[
I − pMN

((
pMN

)∗
ANp

M
N

)−1 (
pMN

)∗
AN

]
.

❲❡ +❡♠✐♥❞ )❤❛)✱ ✐❢ ()❡♣ ✹ ✐( +❡♣❧❛❝❡❞ ❜② ❛ +❡❝✉+(✐✈❡ ❝❛❧❧ )♦ )❤❡ (❛♠❡ ❛❧❣♦+✐)❤♠ ✭✉♥)✐❧ )❤❡ (✐③❡

M ✐( ❜♦✉♥❞❡❞ ❢+♦♠ ❛❜♦✈❡ ❜② ❛ ✜①❡❞ ❝♦♥()❛♥)✮✱ )❤❡♥ )❤❡ (❝❤❡♠❡ ❣✐✈❡♥ ❜❡❢♦+❡ ❞❡✜♥❡( ❛ ❱✲❝②❝❧❡

♣+♦❝❡❞✉+❡✳

❖✉+ ✐❞❡❛ ✐( )♦ ❢♦❧❧♦✇ )❤❡ (❛♠❡ ♣+♦♣♦(❛❧ ❛( ✐♥ ❬✶✷✽❪ ❢♦+ ❚♦❡♣❧✐)③ ()+✉❝)✉+❡( ❣❡♥❡+❛)❡❞ ❜② ❛

(❝❛❧❛+✲✈❛❧✉❡❞ (②♠❜♦❧✱ ✇❤❡+❡ )❤❡ (❝❛❧❛+ ❣❡♥❡+❛)✐♥❣ ❢✉♥❝)✐♦♥ ❝♦♥(✐❞❡+❡❞ ✐♥ ❬✶✷✽❪ ✐( +❡♣❧❛❝❡❞ ❜② )❤❡

♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝)✐♦♥ ♦❢ ♦✉+ ♠❛)+✐①✲✈❛❧✉❡❞ (②♠❜♦❧✳ ❆❝❝♦+❞✐♥❣ )♦ )❤✐( ❝❤♦✐❝❡✱ (✐♥❝❡ )❤❡

♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝)✐♦♥ ✐( ♦❢ ▲❛♣❧❛❝✐❛♥ )②♣❡ )❤❛) ✐( ❛ ♥♦♥♥❡❣❛)✐✈❡ ❢✉♥❝)✐♦♥ ✇✐)❤ ❛ ✉♥✐\✉❡

③❡+♦ ❛) (0, 0) ♦❢ ♦+❞❡+ )✇♦✱ )❤❡♥ )❤❡ ♣+♦❥❡❝)♦+ ❤❛( )❤❡ ❢♦+♠

p
♥/2
♥

= T
♥

(p)(Z
♥/2
♥

⊗ I9),

✇❤❡+❡ )❤❡ ❣❡♥❡+❛)✐♥❣ ❢✉♥❝)✐♦♥ ❛((♦❝✐❛)❡❞ )♦ )❤❡ ♣+♦❥❡❝)♦+ ✐(

p(θ1, θ2) =
[
(2 + 2 cos(θ1)) (2 + 2 cos(θ2))

]
I9 ∈ R9×9, ✭■■✳✸✽✮

✺✹



■■✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

Tn(p) =




2 1

1 2 1

1 2 1
. . . 1

1 2



⊗




2 1

1 2 1

1 2 1
. . . 1

1 2



⊗ I9, ✭■■✳✸✾✮

Z
♥/2
♥

= Zn1/2
n1

⊗ Zn2/2
n2

,

❛♥❞ Z
m/2
m ✐0 /❤❡ m× m−1

2 ♠❛/'✐① ❣✐✈❡♥ ❜②

(Zm/2
m )i,j =




1 for i = 2j

0 otherwise
i = 1, . . . ,m, j = 1, . . . ,

m− 1

2
, ✭■■✳✹✵✮

✇✐/❤ m ♦❢ /❤❡ ❢♦'♠ m = 2t − 1✱ ✇✐/❤ t ♣♦0✐/✐✈❡ ✐♥/❡❣❡'✳

■♥ /❤❡ ❢♦❧❧♦✇✐♥❣ ǫ ✐0 0❡/ /♦ 10−8
❢♦' ❛❧❧ /❤❡ 0✐♠✉❧❛/✐♦♥0✱ ❜ ❛♥❞ x0 ❛'❡ /❤❡ ❦♥♦✇♥ /❡'♠ ❛♥❞

/❤❡ ✐♥✐/✐❛❧ ❣✉❡00✱ '❡0♣❡❝/✐✈❡❧②✳ ❲❡ ✉0❡ ❛0 B'❡✴B♦0/✲ 0♠♦♦/❤❡' ✶ ✐/❡'❛/✐♦♥ ♦❢ ●❛✉00✲❙❡✐❞❡❧✳ ■♥

❚❛❜❧❡ ■■✳✾ ✇❡ ❝♦♠♣❛'❡ /❤❡ ✐/❡'❛/✐♦♥0 ♦❢ /❤❡ ❜❧♦❝❦ ❚●▼ ✇✐/❤ /❤♦0❡ ♦❢ ♦✉' B❈● ✇✐/❤ ❙/'❛♥❣✲/②♣❡

♣'❡❝♦♥❞✐/✐♦♥❡'✱ ✇❤❡♥ ✐♥❝'❡❛0✐♥❣ /❤❡ 0✐③❡ N ✳ ❲❡ ❝❛♥ ♦❜0❡'✈❡ /❤❛/ /❤❡ ♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ♦❢

❜❧♦❝❦ ❚●▼ ❢♦' ❛❝❤✐❡✈✐♥❣ ❛ ♣'❡❝✐0✐♦♥ ǫ '❡♠❛✐♥0 ❝♦♥0/❛♥/✱ cost = 18✱ ✇❤❡♥ ✐♥❝'❡❛0✐♥❣ /❤❡ 0✐③❡ N ✳

❍❡'❡ /❤❡ '✐❣❤/✲❤❛♥❞ 0✐❞❡ ✐0 /❤❡ 0❛♠♣❧✐♥❣ ♦❢ ❛ 0♠♦♦/❤ ❢✉♥❝/✐♦♥0 ❜✉/ ♥♦ M✉❛❧✐/❛/✐✈❡ ✈❛'✐❛/✐♦♥0 ❛'❡

♦❜0❡'✈❡❞ ✇✐/❤ ❞✐✛❡'❡♥/ ❝❤♦✐❝❡0✳

n N = 9n2 B❈● ❚●▼

✶✺ ✷✵✷✺ ✷✷ ✶✽

✷✶ ✸✾✻✾ ✷✻ ✶✽

✷✺ ✺✻✷✺ ✷✼ ✶✽

✸✶ ✽✻✹✾ ✷✽ ✶✽

✸✺ ✶✶✵✷✺ ✸✵ ✶✽

✹✶ ✶✺✶✷✾ ✸✷ ✶✽

✹✺ ✶✽✷✷✺ ✸✷ ✶✽

❚❛❜❧❡ ■■✳✾✿ ◆✉♠❜❡, ♦❢ ✐0❡,❛0✐♦♥2 ❢♦, Tn(❢) ♣,♦✈✐❞❡❞ ❜② 7❈● ❛♥❞ ❚●▼ ✇✐0❤ ✶ 7,❡✴7♦20✲2♠♦♦0❤✐♥❣ ●❛✉22✲❙❡✐❞❡❧

✐0❡,❛0✐♦♥✳

◆♦✇ ✇❡ ❝❤❡❝❦ /❤❡ ❚●▼ ♦♣/✐♠❛❧✐/② ✐♥ /❤❡ ❝♦♠♣❧❡/❡ ❝❛0❡ ♦❢

AN = Tn(❢) + En.

❇❡❝❛✉0❡ ♦❢ /❤❡ ❢❛❝/ /❤❛/ En ✐0 ♥♦♥♥❡❣❛/✐✈❡ ❞❡✜♥✐/❡ ❛♥❞ Tn(❢) ✐0 ♣♦0✐/✐✈❡ ❞❡✜♥✐/❡ ✇❡ ❤❛✈❡

AN ≥ Tn(❢); ✭■■✳✹✶✮

❍❡♥❝❡✱ ❛❝❝♦'❞✐♥❣ /♦ /❤❡ '❡0✉❧/ ✐♥ ❘❡♠❛'❦ ✺ ❬✶✷✼❪✱ ✇❡ ❤❛✈❡ /❤❛/ /❤❡ 0❛♠❡ ❚●▼✱ ❞❡0✐❣♥❡❞ ❢♦'

Tn(❢)✱ ❤❛0 /♦ ❜❡ ♦♣/✐♠❛❧ ❛❧0♦ ❢♦' AN ✳

■♥ ❚❛❜❧❡ ■■✳✶✵ ✇❡ ❝❛♥ ♦❜0❡'✈❡ /❤❛/ /❤❡ ♥✉♠❜❡' ♦❢ ✐/❡'❛/✐♦♥0 ♦❢ ❜❧♦❝❦ ❚●▼✱ ♥❡❡❞❡❞ ❢♦' ❛❝❤✐❡✈❡ /❤❡

/♦❧❡'❛♥❝❡ ǫ✱ '❡♠❛✐♥0 ❝♦♥0/❛♥/ ✭cost ≈ 30✮✱ ✇❤❡♥ ✐♥❝'❡❛0✐♥❣ /❤❡ 0✐③❡ n✳ ❚❤❡'❡❢♦'❡ /❤❡ ❛♣♣❧✐❝❛/✐♦♥

✺✺



❈❤❛♣$❡& ■■✳ ❙♣❡❝$&❛❧ ❛♥❛❧②.✐. ♦♥ ❙❉● ♠❡$❤♦❞. ❢♦& $❤❡ ✐♥❝♦♠♣&❡..✐❜❧❡

◆❛✈✐❡&✲❙$♦❦❡. ❡;✉❛$✐♦♥.

n N = 9n2  ❈● ❚●▼

✶✺ ✷✵✷✺ ✹✵ ✷✾

✷✶ ✸✾✻✾ ✹✺ ✷✾

✷✺ ✺✻✷✺ ✹✼ ✸✵

✸✶ ✽✻✹✾ ✺✵ ✸✵

✸✺ ✶✶✵✷✺ ✺✶ ✸✵

✹✶ ✶✺✶✷✾ ✺✸ ✸✵

✹✺ ✶✽✷✷✺ ✺✹ ✸✵

❚❛❜❧❡ ■■✳✶✵✿ ◆✉♠❜❡- ♦❢ ✐1❡-❛1✐♦♥3 ❢♦- AN = Tn(❢) +En ♣-♦✈✐❞❡❞ ❜② 8❈● ❛♥❞ ❚●▼ ✇✐1❤ ✶ 8-❡✴8♦31✲3♠♦♦1❤✐♥❣

●❛✉33✲❙❡✐❞❡❧ ✐1❡-❛1✐♦♥✳

♦❢ 1❤❡ ❱✲❝②❝❧❡ ❢♦9 :♦❧✈✐♥❣ ❛ ❧✐♥❡❛9 :②:1❡♠ ✇✐1❤ ♦✉9 ❙19❛♥❣✲1②♣❡ ♣9❡❝♦♥❞✐1✐♦♥❡9 ✇✐❧❧ ❞❡❝9❡❛:❡ 1❤❡

❝♦♠♣✉1❛1✐♦♥❛❧ ❝♦:1 ❢9♦♠ O(N3/2 logN) 1♦ O(N3/2)✱ ✇❤✐❝❤ ✐: ❛ :❧✐❣❤1 ✐♠♣9♦✈❡♠❡♥1✱ ✇❤✐❧❡ 1❤❡ ✉:❡

♦❢ 1❤❡ ❱✲❝②❝❧❡ ❛❧❣♦9✐1❤♠ ❞✐9❡❝1❧② ♦♥ 1❤❡ ♦9✐❣✐♥❛❧ ❧✐♥❡❛9 :②:1❡♠ ✐♥ ❝♦♥♥❡❝1✐♦♥ ✇✐1❤ 1❤❡ ❜❛:✐❝ ●❛✉::✲

❙❡✐❞❡❧ :♠♦♦1❤❡9 ✐♥❞✉❝❡: ❛ O(N) :♦❧✈❡9✱ 1❤❛1 ✐: ❛ :♦❧✈❡9 ✇✐1❤ ❛♥ ♦♣1✐♠❛❧ ❝♦:1✳ ❋♦9 1❤❡ ❢♦9♠❛❧

♣9♦♦❢ ♦❢ ❝♦♥✈❡9❣❡♥❝❡ ♦❢ 1❤❡ ❚✇♦✲●9✐❞ ♠❡1❤♦❞ ✐1 ✐: ❡♥♦✉❣❤ 1♦ ♠✐♠✐❝ 1❤❡ :❛♠❡ :1❡♣: ❛: ✐♥ ❬✶✷✽❪✱

1❛❦✐♥❣ ✐♥1♦ ❛❝❝♦✉♥1 1❤❡ ♦9❞❡9✲9❡❧❛1✐♦♥ 9❡:✉❧1: ✐♥ ❬✶✷✼❪ ❛♥❞ 1❤❡ :♣❡❝19❛❧ :1✉❞② ✐♥ ✇❤✐❝❤ ✇❡ ♣9♦✈❡❞

1❤❛1✿ ❛✮ 1❤❡ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝1✐♦♥ ✐: ♦❢ ▲❛♣❧❛❝✐❛♥ 1②♣❡ 1❤❛1 ✐: ❛ ♥♦♥♥❡❣❛1✐✈❡ ❢✉♥❝1✐♦♥

✇✐1❤ ❛ ✉♥✐O✉❡ ③❡9♦ ❛1 (0, 0) ♦❢ ♦9❞❡9 1✇♦✱ ❛♥❞ ❜✮ AN ≥ Tn(❢)✳ ❚❤❡ ❱✲❝②❝❧❡ ❛♥❛❧②:✐: :❤♦✉❧❞ ❢♦❧❧♦✇

1❤❡ ♠♦9❡ ❛❞✈❛♥❝❡❞ 1♦♦❧: ✐♥ ❬✸❪✱ ✇❤✐❝❤ ❛❣❛✐♥ 9❡❧② :19♦♥❣❧② ♦♥ 1❤❡ ❛♥❛❧②1✐❝❛❧ ✐♥❢♦9♠❛1✐♦♥ 9❡❣❛9❞✐♥❣

1❤❡ :♣❡❝19❛❧ :②♠❜♦❧ :1✉❞✐❡❞ ✐♥ 1❤❡ ♣9❡✈✐♦✉: :❡❝1✐♦♥:✳ ❆ ❢♦9♠❛❧ :1✉❞② ♦❢ 1❤❡:❡ ✐::✉❡: ❛♥❞ ♠♦9❡

❡✣❝✐❡♥1 ❝♦♠❜✐♥❛1✐♦♥: ✐♥✈♦❧✈✐♥❣ ♠✉❧1✐❣9✐❞ :❝❤❡♠❡: ❛♥❞ ♣9❡❝♦♥❞✐1✐♦♥❡❞ ❑9②❧♦✈ 1❡❝❤♥✐O✉❡: ✇✐❧❧ ❜❡

1❤❡ :✉❜❥❡❝1 ♦❢ ❢✉1✉9❡ 9❡:❡❛9❝❤❡:✳

✺✻



❈❤❛♣$❡& ■■■

❆!②♠♣%♦%✐❝ ❊①♣❛♥!✐♦♥✿ ❛♥ ❛❧❣♦0✐%❤♠

❢♦0 ♣0❡❝♦♥❞✐%✐♦♥❡❞ ♠❛%0✐❝❡!

■■■✳✶ ●❡♥❡&❛❧✐③❛+✐♦♥ ♦❢ +❤❡ ♣&❡❝♦♥❞✐+✐♦♥❡❞ ❆3②♠♣+♦+✐❝ ❊①♣❛♥✲

3✐♦♥

❚❤❡ ♣$❡%❡♥' ❝❤❛♣'❡$ ✐% ❞❡✈♦'❡❞ '♦ ♣$❡%❡♥' '❤❡ ❛%②♠♣'♦'✐❝ %♣❡❝'$❛❧ ❡①♣❛♥%✐♦♥ ❢♦$ '❤❡ ❡✐❣❡♥✈❛❧✉❡%

♦❢ ♣$❡❝♦♥❞✐'✐♦♥❡❞ ❚♦❡♣❧✐'③ ♠❛'$✐❝❡% Pn(f, g) = T−1
n (g)Tn(f)✳ ❲❡ ❝♦♥%✐❞❡$ '❤❡ ❝❛%❡ ✇❤❡$❡ f ✐% ❛

'$✐❣♦♥♦♠❡'$✐❝ ♣♦❧②♥♦♠✐❛❧✱ g ✐% ❛ ♥♦♥♥❡❣❛'✐✈❡ ❛♥❞ ♥♦' ✐❞❡♥'✐❝❛❧❧② ③❡$♦ '$✐❣♦♥♦♠❡'$✐❝ ♣♦❧②♥♦♠✐❛❧✳

❲❡ ♣$♦✈✐❞❡ ♥✉♠❡$✐❝❛❧ ❡✈✐❞❡♥❝❡ '❤❛' ❢❡✇ ♦❢ '❤❡ ❛%%✉♠♣'✐♦♥% ♦❢ ❬✶✻✱ ✶✼✱ ✶✾❪ ❝❛♥ ❜❡ $❡❧❛①❡❞✱

❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ❛♣♣$♦♣$✐❛'❡ ❡$$♦$ ❛♥❛❧②%✐% ❛♥❞ ♥✉♠❡$✐❝❛❧ ❡①♣❡$✐♠❡♥'%✳

▼❛✐♥ ❝♦♥&'✐❜✉&✐♦♥*

❚❤❡ ♠❛✐♥ '❡(✉❧+( ♦❢ +❤❡ ❈❤❛♣+❡' ❝❛♥ ❜❡ (✉♠♠❛'✐③❡❞ ❛( ❢♦❧❧♦✇(✳

✶✳ ❲❡ ♣'♦✈✐❞❡ ♥✉♠❡'✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❛ ♣'❡❝✐(❡ ❛(②♠♣+♦+✐❝ ❡①♣❛♥(✐♦♥ ❢♦' +❤❡ ❡✐❣❡♥✈❛❧✉❡( ♦❢

Pn(f, g)✳ <'❡❝✐(❡❧②✱ ✇❡ (❤♦✇ +❤'♦✉❣❤ ♥✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥+( +❤❛+✱ ✉♥❞❡' +❤❡ ❛((✉♠♣+✐♦♥

+❤❛+ r = f/g ✐( ♠♦♥♦+♦♥❡✱ ❢♦' ❡✈❡'② ✐♥+❡❣❡' α ≥ 0✱ ❡✈❡'② n ❛♥❞ ❡✈❡'② j = 1, . . . , n✱ +❤❡

❢♦❧❧♦✇✐♥❣ ❛(②♠♣+♦+✐❝ ❡①♣❛♥(✐♦♥ ❤♦❧❞(✿

λj(Pn(f, g)) = r(θj,n) +
α∑

k=1

ck(θj,n)h
k + Ej,n,α, ✭■■■✳✶✮

✇❤❡'❡✿

❼ +❤❡ ❡✐❣❡♥✈❛❧✉❡( ♦❢ Pn(f, g) ❛'❡ ❛''❛♥❣❡❞ ✐♥ ♥♦♥❞❡❝'❡❛(✐♥❣ ♦' ♥♦♥✐♥❝'❡❛(✐♥❣ ♦'❞❡'✱

❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡+❤❡' r ✐( ✐♥❝'❡❛(✐♥❣ ♦' ❞❡❝'❡❛(✐♥❣❀

❼ {ck}k=1,2,... ✐( ❛ (❡C✉❡♥❝❡ ♦❢ ❢✉♥❝+✐♦♥( ❢'♦♠ [0, π] +♦ R ✇❤✐❝❤ ❞❡♣❡♥❞( ♦♥❧② ♦♥ r❀

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh❀

❼ Ej,n,α = O(hα+1) ✐( +❤❡ '❡♠❛✐♥❞❡' ✭+❤❡ ❡''♦'✮✱ ✇❤✐❝❤ (❛+✐(✜❡( +❤❡ ✐♥❡C✉❛❧✐+② |Ej,n,α| ≤
Cαh

α+1
❢♦' (♦♠❡ ❝♦♥(+❛♥+ Cα ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ r✳

✺✼



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❲❡ "❡❢❡" $❤❡ "❡❛❞❡" $♦ $❤❡ ❈❤❛♣$❡& ❱■ ❙❡❝$✐♦♥ ❱■✳✷ ❢♦" ❛ ♣"♦♦❢ ♦❢ $❤❡ ❡①♣❛♥3✐♦♥ ✭■■■✳✶✮

❢♦" α = 0✳

❲❡ ♥♦$❡ $❤❛$ ✭■■■✳✶✮ ✐3 ❢♦"♠❛❧❧② $❤❡ 3❛♠❡ ❛3 $❤❡ ❡①♣❛♥3✐♦♥3 ❢♦" $❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ ❚♦❡♣❧✐$③

♠❛$"✐❝❡3✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❝♦♥❥❡❝$✉"❡❞ ❛♥❞ ✈❛❧✐❞❛$❡❞ $❤"♦✉❣❤ ♥✉♠❡"✐❝❛❧ ❡①♣❡"✐♠❡♥$3 ✐♥

❬✻✷❪✳

✷✳ ❇❛3❡❞ ♦♥ $❤❡ ❡①♣❛♥3✐♦♥ ✭■■■✳✶✮ ❛♥❞ ❞"❛✇✐♥❣ ✐♥3♣✐"❛$✐♦♥ ❢"♦♠ ❬✻✶❪✱ ✇❡ ♣"♦♣♦3❡ ❛ ♣❛"❛❧✲

❧❡❧ ✐♥$❡"♣♦❧❛$✐♦♥✕❡①$"❛♣♦❧❛$✐♦♥ ❛❧❣♦"✐$❤♠ ❢♦" ❝♦♠♣✉$✐♥❣ $❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ Pn(f, g)✳ ❚❤❡

❝♦♠♣✉$❛$✐♦♥ ✐3 ♣❡"❢♦"♠❡❞ ❢♦" ✈❡"② ❧❛"❣❡ n✱ ✇❤❡♥ $❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ Pni(f, g) ❤❛✈❡ ❜❡❡♥

❝♦♠♣✉$❡❞✱ ❢♦" ♠♦❞❡"❛$❡ ✈❛❧✉❡3 ♦❢ ni✱ i = 1, . . . , α✱ ✇✐$❤ α ❛ ✜①❡❞ 3♠❛❧❧ ♥✉♠❜❡"✳ ❚❤❡

♣❡"❢♦"♠❛♥❝❡ ♦❢ $❤❡ ❛❧❣♦"✐$❤♠ ✐3 ✐❧❧✉3$"❛$❡❞ $❤"♦✉❣❤ ♥✉♠❡"✐❝❛❧ ❡①♣❡"✐♠❡♥$3✳

❚❤❡ ❝♦♥$❡①$ ✇❡ ❝♦♥3✐❞❡" ✐3 $❤❛$ ♦❢ ❛ 3❝❛❧❛" ✉♥✐✈❛"✐❛$❡ ❣❡♥❡"❛$✐♥❣ ❢✉♥❝$✐♦♥ φ✳ ■♥ ❛❞❞✐$✐♦♥

❛❧❧ $❤❡ ❢✉♥❝$✐♦♥3 ✐♥✈♦❧✈❡❞ ❛"❡ "❡❛❧✲✈❛❧✉❡❞✱ ❤❡♥❝❡✱ ❜② $❤❡ ♣"♦♣❡"$✐❡3 3❡❡♥ ✐♥ ❙❡❝$✐♦♥ ■✳✹✳✶✱ ❛❧❧ $❤❡

❚♦❡♣❧✐$③ ♠❛$"✐❝❡3 Tn(φ) ❛"❡ ❍❡"♠✐$✐❛♥✳ ❋"♦♠ $❤❡ "❡3✉❧$3 3❡❡♥ ✐♥ ❈❤❛♣$❡& ■ ♠✉❝❤ ✐3 ❦♥♦✇♥

"❡❣❛"❞✐♥❣ $❤❡✐" 3♣❡❝$"❛❧ ♣"♦♣❡"$✐❡3✿ ❢"♦♠ $❤❡ ❧♦❝❛❧✐③❛$✐♦♥ ♦❢ $❤❡ ❡✐❣❡♥✈❛❧✉❡3 $♦ $❤❡ ❛3②♠♣$♦$✐❝

3♣❡❝$"❛❧ ❞✐3$"✐❜✉$✐♦♥ ✐♥ $❤❡ ❲❡②❧ 3❡♥3❡✳ ■♥❞❡❡❞ ✇❡ "❡❝❛❧❧ $❤❛$✱ ✉♥❞❡" $❤❡3❡ ❤②♣♦$❤❡3✐3 φ ✐3 $❤❡

3♣❡❝$"❛❧ 3②♠❜♦❧ ♦❢ {Tn(φ)}n✱ 3❡❡ ❬✷✵✱ ✼✼❪ ❛♥❞ $❤❡ "❡❢❡"❡♥❝❡3 $❤❡"❡✐♥✳
■♥ ❛❞❞✐$✐♦♥✱ ✐❢ φ ✐3 "❡❛❧✲✈❛❧✉❡❞ ❛♥❞ ♥♦$ ✐❞❡♥$✐❝❛❧❧② ❝♦♥3$❛♥$✱ $❤❡♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Tn(φ)

❜❡❧♦♥❣3 $♦ $❤❡ ♦♣❡♥ 3❡$ (mφ,Mφ)✱ ✇✐$❤ mφ✱ Mφ ❜❡✐♥❣ $❤❡ ❡33❡♥$✐❛❧ ✐♥✜♠✉♠✱ $❤❡ ❡33❡♥$✐❛❧

3✉♣"❡♠✉♠ ♦❢ φ✱ "❡3♣❡❝$✐✈❡❧②✳ ◆♦$✐❝❡ $❤❛$ $❤❡ ❝❛3❡ ♦❢ ❛ ❝♦♥3$❛♥$ φ ✐3 $"✐✈✐❛❧✿ ✐♥ $❤❛$ ❝❛3❡ ✐❢ φ = γ

❛❧♠♦3$ ❡✈❡"②✇❤❡"❡ $❤❡♥ Tn(φ) = γIn✳

❍❡♥❝❡ ✐❢ Mφ > 0 ❛♥❞ φ ✐3 ♥♦♥♥❡❣❛$✐✈❡ ❛❧♠♦3$ ❡✈❡"②✇❤❡"❡✱ $❤❡♥ Tn(φ) ✐3 ❍❡"♠✐$✐❛♥ ♣♦3✐$✐✈❡

❞❡✜♥✐$❡✳

■♥ $❤✐3 ❝❤❛♣$❡" ✇❡ ❢♦❝✉3 ♦✉" ❛$$❡♥$✐♦♥ ♦♥ $❤❡ ❢♦❧❧♦✇✐♥❣ 3❡$$✐♥❣✳

❼ ❲❡ ❝♦♥3✐❞❡" $✇♦ "❡❛❧✲✈❛❧✉❡❞ ❝♦3✐♥❡ $"✐❣♦♥♦♠❡$"✐❝ ♣♦❧②♥♦♠✐❛❧3 ✭❘❈❚T3✮ f, g✱ $❤❛$ ✐3

f(θ) = f̂0 + 2

d1∑

k=1

f̂k cos(kθ), f̂0, f̂1, . . . , f̂d1 ∈ R, d1 ∈ N,

g(θ) = ĝ0 + 2

d2∑

k=1

ĝk cos(kθ), ĝ0, ĝ1, . . . , ĝd2 ∈ R, d2 ∈ N,

3♦ $❤❛$ Tn(f)✱ Tn(g) ❛"❡ ❜♦$❤ "❡❛❧ 3②♠♠❡$"✐❝✳

❼ ❲❡ ❛33✉♠❡ $❤❛$ Mg = max g > 0 ❛♥❞ mg = min g ≥ 0✱ 3♦ $❤❛$ Tn(g) ✐3 ♣♦3✐$✐✈❡ ❞❡✜♥✐$❡✳

❼ ❲❡ ❝♦♥3✐❞❡" Pn(f, g) = T−1
n (g)Tn(f) $❤❡ ✏♣"❡❝♦♥❞✐$✐♦♥❡❞✑ ♠❛$"✐① ❛♥❞ ✇❡ ❞❡✜♥❡ $❤❡ ♥❡✇

3②♠❜♦❧ r = f/g✳

❚❤❡ n$❤ ❚♦❡♣❧✐$③ ♠❛$"✐① ❣❡♥❡"❛$❡❞ ❜② φ ∈ {f, g} ✐3 $❤❡ "❡❛❧ 3②♠♠❡$"✐❝ ❜❛♥❞❡❞ ♠❛$"✐① ♦❢

✺✽



■■■✳✶✳ ●❡♥❡&❛❧✐③❛+✐♦♥ ♦❢ +❤❡ ♣&❡❝♦♥❞✐+✐♦♥❡❞ ❆3②♠♣+♦+✐❝ ❊①♣❛♥3✐♦♥

❜❛♥❞✇✐❞+❤ 2d+ 1✱ d ∈ {d1, d2} ✭d = d1 ✐❢ φ = f ❛♥❞ d = d2 ✐❢ φ = g✮✱ ❣✐✈❡♥ ❜②

Tn(φ) =




φ̂0 φ̂1 · · · φ̂d

φ̂1
. . .

. . .
. . .

...
. . .

. . .
. . .

. . .

φ̂d
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

φ̂d · · · φ̂1 φ̂0 φ̂1 · · · φ̂d
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . φ̂d

. . .
. . .

. . .
. . .

...
. . .

. . .
. . . φ̂1

φ̂d · · · φ̂1 φ̂0




.

▼❛+&✐❝❡3 ♦❢ +❤❡ ❢♦&♠ Pn(f, g) ❛&❡ ✐♠♣♦&+❛♥+ ❢♦& +❤❡ ❢❛3+ 3♦❧✉+✐♦♥ ♦❢ ❧❛&❣❡ ❚♦❡♣❧✐+③ ❧✐♥❡❛&

3②3+❡♠3 ✭✐♥ ❝♦♥♥❡❝+✐♦♥ ✇✐+❤ +❤❡ ♣&❡❝♦♥❞✐+✐♦♥❡❞ ❝♦♥❥✉❣❛+❡ ❣&❛❞✐❡♥+ ♠❡+❤♦❞ ❬✸✷✱ ✸✹✱ ✹✼✱ ✶✶✻❪ ♦& ♦❢

♠♦&❡ ❣❡♥❡&❛❧ ♣&❡❝♦♥❞✐+✐♦♥❡❞ ❑&②❧♦✈ ♠❡+❤♦❞3 ❬✽✽✱ ✽✾❪✮✳ ❋✉&+❤❡&♠♦&❡✱ ✉♣ +♦ ❧♦✇ &❛♥❦ ❝♦&&❡❝+✐♦♥3✱

+❤❡② ❛♣♣❡❛& ✐♥ +❤❡ ❝♦♥+❡①+ ♦❢ +❤❡ 3♣❡❝+&❛❧ ❛♣♣&♦①✐♠❛+✐♦♥ ♦❢ ❞✐✛❡&❡♥+✐❛❧ ♦♣❡&❛+♦&3 ✐♥ ✇❤✐❝❤ ❛ ❧♦✇

&❛♥❦ ❝♦&&❡❝+✐♦♥ ♦❢ Tn(g) ✐3 +❤❡ ♠❛33 ♠❛+&✐① ❛♥❞ ❛ ❧♦✇ &❛♥❦ ❝♦&&❡❝+✐♦♥ ♦❢ Tn(f) ✐3 +❤❡ 3+✐✛♥❡33

♠❛+&✐①✳

❚❤❡✐& 3♣❡❝+&❛❧ ❢❡❛+✉&❡3 ❤❛✈❡ ❜❡❡♥ 3+✉❞✐❡❞ ✐♥ ❞❡+❛✐❧✳ ▼♦&❡ ♣&❡❝✐3❡❧②✱ ✉♥❞❡& +❤❡ ❛33✉♠♣+✐♦♥

+❤❛+ r = γ ✐❞❡♥+✐❝❛❧❧② Pn(f, g) = γIn✳ ❲❤❡♥ mr < Mr +❤❡♥ ❛♥② ❡✐❣❡♥✈❛❧✉❡ ♦❢ Pn(f, g) ❜❡❧♦♥❣3

+♦ +❤❡ ♦♣❡♥ 3❡+ (mr,Mr)✱ 3❡❡ ❬✹✼❪✱ ❛♥❞ +❤❡ ✇❤♦❧❡ 3❡Q✉❡♥❝❡ {Pn(f, g)}n ✐3 3♣❡❝+&❛❧❧② ❞✐3+&✐❜✉+❡❞

✐♥ +❤❡ ❲❡②❧ 3❡♥3❡ ❛3 r = f/g ✭3❡❡ ❬✶✶✽❪✮✳

■♥ ♦✉& ❝♦♥+❡①+✱ ✇❡ 3❛② +❤❛+ ❛ ❢✉♥❝+✐♦♥ ✐3 ♠♦♥♦+♦♥❡ ✐❢ ✐+ ✐3 ❡✐+❤❡& ✐♥❝&❡❛3✐♥❣ ♦& ❞❡❝&❡❛3✐♥❣ ♦✈❡&

+❤❡ ✐♥+❡&✈❛❧ [0, π]✳

❯♥❞❡& +❤❡ ❛33✉♠♣+✐♦♥ +❤❛+ r = f/g ✐3 ♠♦♥♦+♦♥❡✱ ✇❡ 3❤♦✇ ❡①♣❡&✐♠❡♥+❛❧❧② ✐♥ +❤✐3 ❝❤❛♣+❡&

+❤❛+ ❢♦& ❡✈❡&② ✐♥+❡❣❡& α ≥ 0✱ ❡✈❡&② n ❛♥❞ ❡✈❡&② j = 1, . . . , n✱ +❤❡ ❢♦❧❧♦✇✐♥❣ ❛3②♠♣+♦+✐❝ ❡①♣❛♥3✐♦♥

❤♦❧❞3✿

λj(Pn(f, g)) = r(θj,n) +
α∑

k=1

ck(θj,n)h
k + Ej,n,α, ✭■■■✳✷✮

✇❤❡&❡✿

❼ +❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ Pn(f, g) ❛&❡ ❛&&❛♥❣❡❞ ✐♥ ♥♦♥❞❡❝&❡❛3✐♥❣ ♦& ♥♦♥✐♥❝&❡❛3✐♥❣ ♦&❞❡&✱ ❞❡♣❡♥❞✐♥❣

♦♥ ✇❤❡+❤❡& r ✐3 ✐♥❝&❡❛3✐♥❣ ♦& ❞❡❝&❡❛3✐♥❣❀

❼ {ck}k=1,2,... ✐3 ❛ 3❡Q✉❡♥❝❡ ♦❢ ❢✉♥❝+✐♦♥3 ❢&♦♠ [0, π] +♦ R ✇❤✐❝❤ ❞❡♣❡♥❞3 ♦♥❧② ♦♥ r❀

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh❀

❼ Ej,n,α = O(hα+1) ✐3 +❤❡ &❡♠❛✐♥❞❡& ✭+❤❡ ❡&&♦&✮✱ ✇❤✐❝❤ 3❛+✐3✜❡3 +❤❡ ✐♥❡Q✉❛❧✐+② |Ej,n,α| ≤
Cαh

α+1
❢♦& 3♦♠❡ ❝♦♥3+❛♥+ Cα ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ r✳

✺✾



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

■♥ "❤❡ ♣✉'❡ ❚♦❡♣❧✐"③ ❝❛/❡✱ "❤❛" ✐/ ❢♦' g = 1 ✐❞❡♥"✐❝❛❧❧②✱ /♦ "❤❛" Pn(f, g) = Tn(f) ❛♥❞ r = f ✱

"❤❡ '❡/✉❧" ✐/ ♣'♦✈❡♥ ✐♥ ❬✶✻✱ ✶✼✱ ✶✾❪✱ ✐❢ "❤❡ ❘❈❚= f ✐/ ♠♦♥♦"♦♥❡ ❛♥❞ /❛"✐/✜❡/ ❝❡'"❛✐♥ ❛❞❞✐"✐♦♥❛❧

❛//✉♠♣"✐♦♥/✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ "❤❡ '❡A✉✐'❡♠❡♥"/ "❤❛" f ′(θ) 6= 0 ❢♦' θ ∈ (0, π) ❛♥❞ f ′′(θ) 6= 0 ❢♦'

θ ∈ {0, π}✳ ❚❤❡ /②♠❜♦❧/

fq(θ) = (2− 2 cos θ)q, q = 1, 2, . . . , ✭■■■✳✸✮

❛'✐/❡ ✐♥ "❤❡ ❞✐/❝'❡"✐③❛"✐♦♥ ♦❢ ❞✐✛❡'❡♥"✐❛❧ ❡A✉❛"✐♦♥/ ❛♥❞ ❛'❡ "❤❡'❡❢♦'❡ ♦❢ ♣❛'"✐❝✉❧❛' ✐♥"❡'❡/"✳ ❯♥✲

❢♦'"✉♥❛"❡❧②✱ ❢♦' "❤❡/❡ /②♠❜♦❧/ "❤❡ '❡A✉✐'❡♠❡♥" "❤❛" f ′′(0) 6= 0 ✐/ ♥♦" /❛"✐/✜❡❞ ✐❢ q ≥ 2✳ ■♥ ❬✻✷❪

/❡✈❡'❛❧ ♥✉♠❡'✐❝❛❧ ❡✈✐❞❡♥❝❡/ ❛'❡ '❡♣♦'"❡❞✱ /❤♦✇✐♥❣ "❤❛" "❤❡ ❤✐❣❤❡' ♦'❞❡' ❛♣♣'♦①✐♠❛"✐♦♥ ✭■■■✳✷✮

❤♦❧❞/ ❡✈❡♥ ✐♥ "❤✐/ ✏❞❡❣❡♥❡'❛"❡ ❝❛/❡✑✳

❍❡'❡✱ ❛/ ❛ ✜'/" ♣✉'♣♦/❡✱ ✇❡ /❤♦✇ ♥✉♠❡'✐❝❛❧❧② "❤❡ /❛♠❡ ❢♦' "❤❡ ♣'❡❝♦♥❞✐"✐♦♥❡❞ ♠❛"'✐❝❡/

Pn(f, g) ❛♥❞✱ ❢'♦♠ ❛ "❤❡♦'❡"✐❝❛❧ ♣♦✐♥" ♦❢ ✈✐❡✇✱ "❤❡ ♥✉♠❡'✐❝❛❧ "❡/"✐♥❣ ✐/ ❝♦♠♣❧❡♠❡♥"❡❞ ✐♥ ❙❡❝"✐♦♥

❱■✳✷ ♦❢ "❤❡ ❈❤❛♣$❡& ❱■ ❜② "❤❡ ♣'♦♦❢ ♦❢ "❤❡ ❛❜♦✈❡ ❝♦♥❥❡❝"✉'❡ ✐♥ "❤❡ ❜❛/✐❝ ❝❛/❡ ♦❢ α = 0✳

❋✉'"❤❡'♠♦'❡✱ ✐♥ ❬✻✷❪✱ "❤❡ ❛✉"❤♦'/ ❡♠♣❧♦②❡❞ "❤❡ ❛/②♠♣"♦"✐❝ ❡①♣❛♥/✐♦♥ ✭■■■✳✷✮ ❢♦' ❝♦♠♣✉"✐♥❣

❛♥ ❛❝❝✉'❛"❡ ❛♣♣'♦①✐♠❛"✐♦♥ ♦❢ λj(Tn(f)) ❢♦' ✈❡'② ❧❛'❣❡ n✱ ♣'♦✈✐❞❡❞ "❤❛" "❤❡ ✈❛❧✉❡/

λj1(Tn1(f)), . . . , λjα(Tnα(f))

❛'❡ ❛✈❛✐❧❛❜❧❡ ❢♦' ♠♦❞❡'❛"❡ /✐③❡/ n1, . . . , ns ✇✐"❤ θj1,n1 = · · · = θjα,nα = θj,n✱ α ≥ 2✳ ❚❤❡ /❡❝✲

♦♥❞ ❛♥❞ ♠❛✐♥ ♣✉'♣♦/❡ ♦❢ "❤✐/ ❝❤❛♣"❡' ✐/ "♦ ❝❛''② ♦✉" "❤✐/ ✐❞❡❛ ❛♥❞ "♦ /✉♣♣♦'" ✐" ❜② ♥✉♠❡'✐❝❛❧

❡①♣❡'✐♠❡♥"/✱ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ❛♣♣'♦♣'✐❛"❡ ❡''♦' ❛♥❛❧②/✐/ ✐♥ "❤❡ ♠♦'❡ ❣❡♥❡'❛❧ ❝❛/❡ ♦❢ "❤❡ ♣'❡✲

❝♦♥❞✐"✐♦♥❡❞ ♠❛"'✐❝❡/ Pn(f, g)✳ ■♥ ♣❛'"✐❝✉❧❛'✱ ✇❡ ❞❡✈✐/❡ ❛♥ ❛❧❣♦'✐"❤♠ "♦ ❝♦♠♣✉"❡ λj(Pn(f, g))

✇✐"❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉'❛❝② ❛♥❞ ❛ '❡❧❛"✐✈❡❧② ❧♦✇ ❝♦♠♣✉"❛"✐♦♥❛❧ ❝♦/"✳ ❚❤❡ ❛❧❣♦'✐"❤♠ ✐/ ❝♦♠✲

♣❧❡"❡❧② ❛♥❛❧♦❣♦✉/ "♦ "❤❡ ❡①"'❛♣♦❧❛"✐♦♥ ♣'♦❝❡❞✉'❡✱ ✇❤✐❝❤ ✐/ ❡♠♣❧♦②❡❞ ✐♥ "❤❡ ❝♦♥"❡①" ♦❢ ❘♦♠❜❡'❣

✐♥"❡❣'❛"✐♦♥ ✭"♦ ♦❜"❛✐♥ ❤✐❣❤ ♣'❡❝✐/✐♦♥ ❛♣♣'♦①✐♠❛"✐♦♥/ ♦❢ ❛♥ ✐♥"❡❣'❛❧ ❢'♦♠ ❛ ❢❡✇ ❝♦❛'/❡ "'❛♣❡③♦✐❞❛❧

❛♣♣'♦①✐♠❛"✐♦♥/ ❬✶✸✷✱ ❙❡❝"✐♦♥ ✸✳✹❪✱ /❡❡ ❛❧/♦ ❬✷✸❪ ❢♦' ♠♦'❡ ❛❞✈❛♥❝❡❞ ❛❧❣♦'✐"❤♠/✮✳ ■♥ "❤✐/ '❡❣❛'❞✱

"❤❡ ❛/②♠♣"♦"✐❝ ❡①♣❛♥/✐♦♥ ✭■■■✳✷✮ ♣❧❛②/ ❤❡'❡ "❤❡ /❛♠❡ '♦❧❡ ❛/ "❤❡ ❊✉❧❡'✕▼❛❝❧❛✉'✐♥ /✉♠♠❛"✐♦♥

❢♦'♠✉❧❛ ❬✶✸✷✱ ❙❡❝"✐♦♥ ✸✳✸❪✳

❚❤❡ "❤✐'❞ ❛♥❞ ❧❛/" ♣✉'♣♦/❡ ♦❢ "❤✐/ ❝❤❛♣"❡' ✐/ "♦ ❢♦'♠✉❧❛"❡✱ ♦♥ "❤❡ ❜❛/✐/ ♦❢ ♥✉♠❡'✐❝❛❧ ❡①✲

♣❡'✐♠❡♥"/✱ ❛ ❝♦♥❥❡❝"✉'❡ ♦♥ "❤❡ ❤✐❣❤❡'✲♦'❞❡' ❛/②♠♣"♦"✐❝ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡/ ✐❢ "❤❡ ♠♦♥♦"♦♥✐❝✐"②

❛//✉♠♣"✐♦♥ ♦♥ r = f/g ✐/ ♥♦" ✐♥ ❢♦'❝❡✳ ❲❡ ❛❧/♦ ✐❧❧✉/"'❛"❡ ❤♦✇ "❤✐/ ❝♦♥❥❡❝"✉'❡ ❝❛♥ ❜❡ ✉/❡❞ ❛❧♦♥❣

✇✐"❤ ♦✉' ❡①"'❛♣♦❧❛"✐♦♥ ❛❧❣♦'✐"❤♠ ✐♥ ♦'❞❡' "♦ ❝♦♠♣✉"❡ /♦♠❡ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ Pn(f, g) ✐♥ "❤❡

❝❛/❡ ✇❤❡'❡ r ✐/ ♥♦♥✲♠♦♥♦"♦♥❡✳

■■■✳✷ ■♠♣❧✐❝✐( ❊**♦*, ❡①♣❛♥,✐♦♥

❚❤❡ ♣'♦♣♦/❡❞ ❛♣♣'♦❛❝❤ ✐/ ❜❛/❡❞ ♦♥ "❤❡ ❝❧❛//✐❝❛❧ ❝♦♥❝❡♣" ♦❢ "❤❡ /②♠❜♦❧✱ ❜✉" ✇✐"❤ ❛♥ ✐♥♥♦✈❛"✐✈❡

✈✐❡✇ ♦♥ "❤❡ ❡''♦'/ ♦❢ "❤❡ ❛♣♣'♦①✐♠❛"✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡/ ❜② "❤❡ ✉♥✐❢♦'♠ /❛♠♣❧✐♥❣ ♦❢ "❤❡ /②♠❜♦❧✳ ■♥

♣❛'"✐❝✉❧❛' ♦✉' ❛❞✈❛♥"❛❣❡ ✐/ "❤❛" ♦❢ ♠❛♥✐♣✉❧❛"✐♥❣ "❤❡ ❡''♦' ❡①♣'❡//✐♦♥ ✐♠♣❧✐❝✐"❧② ❣✐✈❡♥ ✐♥ ✭■■■✳✷✮✳

■♥ ❢❛❝"✱ ✐❢ ✇❡ ❛//✉♠❡ "❤❛" "❤❡ '❡❧❛"✐♦♥/ ✐♥ ✭■■■✳✷✮ ❤♦❧❞✱ "❤❡♥ ✇❡ ❝❛♥ ✇'✐"❡

Ej,n,0 =
α∑

k=1

ck(θj,n)h
k + Ej,n,α , ✭■■■✳✹✮

✇❤❡'❡ Ej,n,0 = λj(Pn(f, g))− r(θj,n)✳

✻✵



■■■✳✷✳ ■♠♣❧✐❝✐( ❊**♦*, ❡①♣❛♥,✐♦♥

❲❡ ♥♦✇ ,✉♣♣♦,❡ (♦ ❦♥♦✇ (❤❡ ❡✐❣❡♥✈❛❧✉❡, ❢♦* ❞✐✛❡*❡♥( ✭,♠❛❧❧✮ ni ♥❛♠❡❧②

{(n1, λj1(Pn1(f, g))), (n2, λj2(Pn2(f, g))), · · · , (nα, λjα(Pnα(f, g)))},

✇❤❡*❡ n1, n2, · · · , nα ❛♥❞ j1, j2, · · · , jα ❛*❡ ❝❤♦,❡♥ ✐♥ ,✉❝❤ ❛ ✇❛② (❤❛( j1/(n1+1) = j2/(n2+1) =

· · · = jα/(nα + 1)✳

❇② ❞❡✜♥✐♥❣ h1 = 1/(n1 + 1), h2 = 1/(n2 + 1), . . . , hα = 1/(nα + 1)✱ ❢♦* ❛ ❣✐✈❡♥ ,❡( ♦❢

❡✐❣❡♥✈❛❧✉❡,✱ ❡A✉❛(✐♦♥ ✭■■■✳✹✮ ❝❛♥ ❜❡ ✇*✐((❡♥ ❛,

Ej1,n1,0 =
α∑

k=1

ck(θj1,n1)h
k
1 + Ej1,n1,α,

Ej2,n2,0 =
α∑

k=1

ck(θj2,n2)h
k
2 + Ej2,n2,α,

Ej3,n3,0 =

α∑

k=1

ck(θj3,n3)h
k
3 + Ej3,n3,α,

...

Ejα,nα,0 =

α∑

k=1

ck(θjα,nα)h
k
α + Ejα,nα,α.

✭■■■✳✺✮

▲❡( c✱ c̃ ❜❡ (❤❡ ✈❡❝(♦*,

c = [c1, c2, . . . , cα]
T ; c̃ = [c̃1, c̃2, . . . , c̃α]

T ,

❛♥❞ ❧❡( A ❜❡ (❤❡ ❝♦❡✣❝✐❡♥( ♠❛(*✐① ♦❢ ,✐③❡ α × α ✇✐(❤ ❝♦♠♣♦♥❡♥(, Ai,j = hji ✳ ❍❡♥❝❡ (❤❡ ,❡( ♦❢

❡A✉❛(✐♦♥, ✭■■■✳✺✮ ❝❛♥ ❜❡ ✇*✐((❡♥ ✐♥ ♠❛(*✐① ❢♦*♠ ❛,

Ac = b0 − bα , ✭■■■✳✻✮

✇❤❡*❡ b0 = [Ej1,n1,0, Ej2,n2,0, . . . , Ejα,nα,0]
T

❛♥❞ bα = [Ej1,n1,α, Ej2,n2,α, . . . , Ejα,nα,α]
T
✳ ❋✉*(❤❡*✲

♠♦*❡✱ ❜② ♥❡❣❧❡❝(✐♥❣ (❤❡ ❤✐❣❤❡* ♦*❞❡* ❡**♦*,✱ ✇❡ ♠❛② ❞❡✜♥❡ ❛♥ ❛♣♣*♦①✐♠❛(✐♦♥ c̃ ♦❢ c ❛❝❝♦*❞✐♥❣ (♦

(❤❡ ❡①♣*❡,,✐♦♥ ❜❡❧♦✇

Ac̃ = b0 . ✭■■■✳✼✮

■♥ (❤❡ ♥❡①( ✇❡ ❛♥❛❧②,❡ ✐♥ ♠♦*❡ ❞❡(❛✐❧ (❤❡ ♣*♦♣❡*(✐❡, ♦❢ (❤❡ ♠❛(*✐① A✳ ■( ♠✉,( ❜❡ ❤✐❣❤❧✐❣❤(❡❞

(❤❛( (❤❡ ♠❛(*✐① ✐♥✈♦❧✈❡❞ ✐, (②♣✐❝❛❧❧② ✐❧❧✲❝♦♥❞✐(✐♦♥❡❞✳ ❍♦✇❡✈❡*✱ (❤❡ ❛♣♣*♦①✐♠❛(✐♦♥ ♦❢ c ✐, ❡❛,✐❧②

♦❜(❛✐♥❡❞ ❜② ,♦❧✈✐♥❣ (❤❡ ❧✐♥❡❛* ,②,(❡♠ ♦❢ ❡A✉❛(✐♦♥, ❛❜♦✈❡✱ ,✐♥❝❡ (❤❡ ♠❛(*✐① ,✐③❡ ✐, ✐♥ ♣*❛❝(✐❝❡

✈❡*② ,♠❛❧❧✳

■♥❞❡❡❞ ❛,,✉♠❡ ✇❡ ❛*❡ ✐♥(❡*❡,(❡❞ ✐♥ ❝❛❧❝✉❧❛(✐♥❣ (❤❡ ❡✐❣❡♥✈❛❧✉❡,✱ ✇❤✐❝❤ ❛*❡ ♦❢ (❤❡ ♦*❞❡* O(1)✱

♦❢ ❛ ❧❛*❣❡ ♠❛(*✐①✱ ❢♦* ❡①❛♠♣❧❡✱ ♦❢ (❤❡ ♦*❞❡* O(106)✱ ❛♥❞ ✇✐(❤ ck ❢✉♥❝(✐♦♥ ♦❢ (❤❡ ♦*❞❡* O(1)✳

❚❤❡♥✱ ✇❤❡♥ ✉,✐♥❣ (❤❡ ❛♣♣*♦①✐♠❛(❡❞ c̃k ❛♥❞ h = O(10−6)✱ ✇❡ ❤❛✈❡ (❤❡ (❡*♠ c̃3h
3 = O(10−18)

✐♥ (❤❡ ❛❧❣♦*✐(❤♠✱ ✇❤✐❝❤ ✐, ❜❡②♦♥❞ ♠❛❝❤✐♥❡ ♣*❡❝✐,✐♦♥ ♦❢ (❤❡ ♦*❞❡* O(10−16)✱ ❢♦* ✻✹ ❜✐( ❞♦✉❜❧❡

♣*❡❝✐,✐♦♥ ❝♦♠♣✉(❛(✐♦♥,✳ ❚❤❡*❡❢♦*❡ ✐( ✐, ,✉✣❝✐❡♥( ✉,✐♥❣ ❛ ,♠❛❧❧ α ✐♥ (❤❡ ❛,②♠♣(♦(✐❝ ❡①♣❛♥,✐♦♥

✭❛♥❞ ❝♦♥,❡A✉❡♥(❧② ❛ ,♠❛❧❧ ,✐③❡ ♦❢ A✮ ❢♦* *❡❛❝❤✐♥❣ ❛♥ ❛❝❝✉*❛(❡ ❛♣♣*♦①✐♠❛(✐♦♥ ♦❢ (❤❡ ck ❢✉♥❝(✐♦♥,✱

✉,✐♥❣ ❞♦✉❜❧❡ ♣*❡❝✐,✐♦♥ ❛*✐(❤♠❡(✐❝ ❝♦♠♣✉(❛(✐♦♥,✳

✻✶



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

■■■✳✷✳✶ ❊%%♦% ❜♦✉♥❞+ ❢♦% -❤❡ ❝♦❡✣❝✐❡♥-+ ck ✐♥ -❤❡ ❆+②♠♣-♦-✐❝ ❊①♣❛♥+✐♦♥

■♥ "❤❡ ❝✉''❡♥" (✉❜(❡❝"✐♦♥ ✇❡ ❞❡'✐✈❡ ✉♣♣❡'✲❜♦✉♥❞( ❢♦' |c̃ − c|✿ ✐♥ '❡❛❧✐"②✱ ❡7✉❛"✐♦♥( ✭■■■✳✻✮ ❛♥❞

✭■■■✳✼✮ ❧❡❛❞( "♦

A(c̃− c) = bα. ✭■■■✳✽✮

■❢ ✇❡ ❞❡✜♥❡ ∆c = c̃− c ❛♥❞ ηi =
Eji,ni,α

hα+1
i

❢♦' i = 1, . . . , α✱ "❤❡♥ "❤❡ (②("❡♠ ✭■■■✳✽✮ ❝❛♥ ❜❡ ✇'✐""❡♥

❛(

A∆c =




η1h
α+1
1

η2h
α+1
2
...

ηαh
α+1
α



, ✭■■■✳✾✮

✇✐"❤ |ηi| ≤ Cα ❢♦' i = 1, . . . , α✱ ✇❤❡'❡ Cα ✐( ❛ ❝♦♥("❛♥"✳ ❚❤❡ ❝♦❡✣❝✐❡♥" ♠❛"'✐① ❝❛♥ ❜❡ ❡①♣'❡((❡❞

❛(

A =




h1 h21 . . . hα1
h2 h22 . . . hα2
...

...
...

hα h2α . . . hαα



=




h1

h2
. . .

hα



V (h1, . . . , hα),

✇❤❡'❡ V (h1, . . . , hα) ✐( "❤❡ ❱❛♥❞❡'♠♦♥❞❡ ♠❛"'✐① ♦❢ ♦'❞❡' α ❝♦''❡(♣♦♥❞✐♥❣ "♦ h1, . . . , hα✳

❇② ❛((✉♠✐♥❣ W = V −1(h1, . . . , hα)✱ ✇❡ ❞❡❞✉❝❡

(W )i,j =





(−1)α−i




∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hk1 · · ·hkα−i

∏

1≤ k≤α
k 6=j

(hj − hk)




1 ≤ i < α,

1∏

1≤ k≤α
k 6=j

(hj − hk)
i = α.

✭■■■✳✶✵✮

❚❤❡'❡❢♦'❡ ❢♦' "❤❡ ✐♥✈❡'(✐♦♥ ♦❢ "❤❡ ♠❛"'✐① A ✇❡ ❤❛✈❡

(A−1)i,j =





(−1)α−i




∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hk1 · · ·hkα−i

hj
∏

1≤ k≤α
k 6=j

(hj − hk)




1 ≤ i < α,

1

hj
∏

1≤ k≤α
k 6=j

(hj − hk)
i = α,

✭■■■✳✶✶✮

❛♥❞ ✇❡ ❝❛♥ ♦❜"❛✐♥ ❛♥ ❡①♣❧✐❝✐" ❡①♣'❡((✐♦♥ ❢♦' (∆c)i✱ i = 1, . . . , α✱ "❤❛" ✐(

(∆c)i =
α∑

j=1

(A−1)i,jηjh
α+1
j . ✭■■■✳✶✷✮

✻✷



■■■✳✷✳ ■♠♣❧✐❝✐( ❊**♦*, ❡①♣❛♥,✐♦♥

❈❛"❡ ✶✳ ■❢ i = α✱ (❤❡♥

(∆c)α =
α∑

j=1

ηjh
α+1
j

hj
∏

1≤ k≤α
k 6=j

(hj − hk)
.

❲❤❡♥❝❡✱ ❢*♦♠ (❤❡ ❢❛❝( (❤❛( |ηi| ≤ Cα ❢♦* i = 1, . . . , α✱

|(∆c)α| ≤
α∑

j=1

|ηj |hα+1
j

hj
∏

1≤ k≤α
k 6=j

|hj − hk|
≤

α∑

j=1

Cαh
α
j∏

1≤ k≤α
k 6=j

|hj − hk|
.

❲✐(❤ (❤❡ ❝❤♦✐❝❡ hj =
1

γj−1h1 ❢♦* j = 1, . . . , α✱ γ ♣♦,✐(✐✈❡ ✐♥(❡❣❡*✱ ✇❡ ❤❛✈❡

|(∆c)α| ≤ Cα

α∑

j=1

( h1

γj−1 )
α

∏

1≤ k≤α
k 6=j

h1

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣
= Cαh

α
1

α∑

j=1

( 1
γj−1 )

α

hα−1
1

∏

1≤ k≤α
k 6=j

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣
=

= h1Cα

α∑

j=1

( 1
γj−1 )

α

∏

1≤ k≤α
k 6=j

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣
= O(h1).

❈❛"❡ ✷✳ ■❢ i = 1, . . . , α− 1✱ (❤❡♥

(∆c)i =

α∑

j=1

(−1)α−iηjh
α+1
j

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hk1 · · ·hkα−i

hj
∏

1≤ k≤α
k 6=j

(hj − hk)
,

(❤❛( ✐, ❞✐✛❡*❡♥( ❢*♦♠ (❤❡ ❝❛,❡ i = α ❥✉,( ❢♦* (❤❡ ♥✉♠❡*❛(♦*

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hk1 · · ·hkα−i
.

❆, ❛ ❝♦♥,❡=✉❡♥❝❡

|(∆c)i| ≤ Cα

α∑

j=1

hαj

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hk1 · · ·hkα−i

∏

1≤ k≤α
k 6=j

|hj − hk|
.

✻✸
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❲✐"❤ "❤❡ ❝❤♦✐❝❡ hj =
1

γj−1h1 ❢♦( j = 1, . . . , α✱ ✇❡ ✐♥❢❡(

|(∆c)i| ≤ Cα

α∑

j=1

(
h1
γj−1

)α

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

hα−i
1

(
1

γk1−1

1

γk2−1
. . .

1

γkα−i−1

)

∏

1≤ k≤α
k 6=j

h1

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣

= Cα

α∑

j=1

(
1

γj−1

)α (
hα1h

α−i
1

hα−1
1

)

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

(
1

γk1−1

1

γk2−1
. . .

1

γkα−i−1

)

∏

1≤ k≤α
k 6=j

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣

= hα−i+1
1 Cα

α∑

j=1

(
1

γj−1

)α

∑

1≤ k1 <...< kα−i ≤α
k1,...,kα−i 6=j

(
1

γk1−1

1

γk2−1
. . .

1

γkα−i−1

)

∏

1≤ k≤α
k 6=j

∣∣∣∣
1

γj−1
− 1

γk−1

∣∣∣∣
= O(hα−i+1

1 ).

❆- ❛ ❝♦♥❝❧✉-✐♦♥✱ ✇✐"❤ "❤❡ ❝❤♦✐❝❡ hj = 1
γj−1h1 ❢♦( j = 1, . . . , α ❛♥❞ ✉♥❞❡( "❤❡ ❛--✉♠♣"✐♦♥ "❤❛"

"❤❡ ❛-②♠♣"♦"✐❝ ❡①♣❛♥-✐♦♥ (❡♣♦("❡❞ ✐♥ ✭■■■✳✷✮ ✐- "(✉❡✱ ✇❡ ❞❡❞✉❝❡

|(∆c)i| = O(hα−i+1
1 ), ✭■■■✳✶✸✮

❢♦( i = 1, . . . , α✳

■■■✳✸ ❊$$♦$ ❜♦✉♥❞* ❢♦$ ♥✉♠❡$✐❝❛❧❧② ❛♣♣$♦①✐♠❛5❡❞ ❡✐❣❡♥✈❛❧✉❡*

❚❤❡ ❣♦❛❧ ♦❢ "❤✐- -❡❝"✐♦♥ ✐- "♦ ♣(♦✈✐❞❡ ❡((♦( ❜♦✉♥❞- ❜❛-❡❞ ♦♥ "❤❡ ❧✐♥❡❛( -②-"❡♠ ✐♥ ✭■■■✳✼✮ ❢♦(

"❤❡ ❝♦♠♣✉"❛"✐♦♥ ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Pn(f, g)✿ ♦❢ ❝♦✉(-❡ "❤❡-❡ ❡((♦( ❜♦✉♥❞- ❛(❡ ❜❛-❡❞ ♦♥ "❤❡

❝♦♥❥❡❝"✉(❡ "❤❛" "❤❡ (❡❧❛"✐♦♥- (❡♣♦("❡❞ ✐♥ ✭■■■✳✷✮ ❛(❡ "(✉❡✳ ❍♦✇❡✈❡(✱ ❛- ✇❡ ❝❛♥ -❡❡ ✐♥ ❙❡❝"✐♦♥ ■■■✳✹✱

"❤❡ ♥✉♠❡(✐❝❛❧ "❡-"- ❢✉❧❧② -✉♣♣♦(" "❤❡ ❡①✐-"❡♥❝❡ ♦❢ "❤❡ ❝♦♥-✐❞❡(❡❞ ❛-②♠♣"♦"✐❝ ❡①♣❛♥-✐♦♥✳

■♥❞❡❡❞✱ ❛- ❛❧(❡❛❞② ♦❜-❡(✈❡❞✱ ❜② -♦❧✈✐♥❣ ✭■■■✳✼✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉"❡ "❤❡ ❛♣♣(♦①✐♠❛"✐♦♥- c̃k ♦❢ ck✳

❖♥❝❡ ✇❡ ❤❛✈❡ "❤❡ ✈❛❧✉❡- ♦❢ c̃k✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛"❡ "❤❡ ❡✐❣❡♥✈❛❧✉❡- λ̃jβ ♦❢ ❛ ❧❛(❣❡ ❞✐♠❡♥-✐♦♥ ♠❛"(✐①

♦❢ -✐③❡ nβ ✱ ❤❡(❡ nβ + 1 = γβ−1(n1 + 1)✳ ❚❤❡ ❛-②♠♣"♦"✐❝ ❡①♣❛♥-✐♦♥ ✭■■■✳✹✮ ❝❛♥ ❜❡ ✇(✐""❡♥ ❛-

Ejβ ,nβ ,0 =h̄
T
β c+ Ejβ ,nβ ,α . ✭■■■✳✶✹✮

❇② -✉❜"(❛❝"✐♦♥ h̄Tβ c̃ ❢(♦♠ ❜♦"❤ -✐❞❡- ♦❢ "❤❡ ❡J✉❛"✐♦♥ ❛❜♦✈❡✱ ✇❡ ✜♥❞

Ejβ ,nβ ,0 − h̄Tβ c̃ = h̄Tβ (c− c̃) + Ejβ ,nβ ,α,

λj(Pnβ
(f, g))− r(θj,nβ

)− h̄Tβ c̃ = h̄Tβ∆c+ Ejβ ,nβ ,α,

∣∣λj(Pnβ
(f, g))− r(θj,nβ

)− h̄Tβ c̃
∣∣ ≤

α∑

i=1

hiβ |(∆c)i|+ |Ejβ ,nβ ,α|,

∣∣λj(Pnβ
(f, g))− r(θj,nβ

)− h̄Tβ c̃
∣∣ ≤

α∑

i=1

hiβ |(∆c)i|+ Cαh
α+1
β ,

✭■■■✳✶✺✮

✻✹



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

✇❤❡'❡ h̄β = [hβ , h
2
β , · · · , hαβ ]T ✱ |Ejβ ,nβ ,α| ≤ Cαh

α+1
β ❢♦' -♦♠❡ ❝♦♥-,❛♥, Cα ❛♥❞ |(∆c)i| ✐- ❣✐✈❡♥ ✐♥

✭■■■✳✶✸✮✳

■■■✳✹ ◆✉♠❡'✐❝❛❧ ,❡-,-

■♥ ,❤✐- -❡❝,✐♦♥ ✇❡ ✇❛♥, ,♦ ♣'❡-❡♥, ❛ ❢❡✇ ♥✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥,- ,♦ -✉♣♣♦', ,❤❡ ❛-②♠♣,♦,✐❝

❡①♣❛♥-✐♦♥ ✭■■■✳✷✮ ✐♥ ,❤❡ ❝❛-❡ ✇❤❡'❡ ♦♥❡ ♦' ♠♦'❡ ♣'♦♣❡',✐❡- ♦❢ ,❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐-, ❛'❡ -❛,✐-✜❡❞✿

✶✳ f ′′(0) 6= 0 ✭-❡❡ ❊①❛♠♣❧❡ ✶✱ ❊①❛♠♣❧❡ ✸✱ ❛♥❞ ❊①❛♠♣❧❡ ✺✮✱

✷✳ f ′′(0) = 0 ✭-❡❡ ❊①❛♠♣❧❡ ✷ ❛♥❞ ❊①❛♠♣❧❡ ✹✮✱

✸✳ min g > 0 ✭-❡❡ ❊①❛♠♣❧❡ ✶✱ ❊①❛♠♣❧❡ ✷✱ ❛♥❞ ❊①❛♠♣❧❡ ✺✮✱

✹✳ min g = 0 ✭-❡❡ ❊①❛♠♣❧❡ ✸ ❛♥❞ ❊①❛♠♣❧❡ ✹✮✱

✺✳ r = f/g ✐- ♥♦♥✲♠♦♥♦,♦♥❡ ✭-❡❡ ❊①❛♠♣❧❡ ✺✮✳

❚❤❡ ❛♣♣'♦①✐♠❛,✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡- ♦❢ ❧❛'❣❡ ♠❛,'✐❝❡- ✐♥ ❡❛❝❤ ❝❛-❡ ✐- ❛❧-♦ ❝♦♠♣✉,❡❞✳ ❚❤❡ ❡①♣❛♥-✐♦♥

✭■■■✳✷✮ ❢♦' α = 4 ✐-

λj(Pn(f, g)) = r(θj,n) + c1(θj,n)h+ c2(θj,n)h
2 + c3(θj,n)h

3 + c4(θj,n)h
4 + Ej,n,4,

Ej,n,0 = λj(Pn(f, g))− r(θj,n) = c1(θj,n)h+ c2(θj,n)h
2 + c3(θj,n)h

3 + c4(θj,n)h
4 + Ej,n,4 .

✭■■■✳✶✻✮

■♥ ❛❧❧ ♥✉♠❡'✐❝❛❧ ❡①❛♠♣❧❡- ✇❡ ❝❤♦♦-❡ ❢♦✉' ♠❛,'✐①✲-✐③❡ ✈❛❧✉❡-✱ ,❤❛, ✐- ni ❢♦' i ∈ {1, 2, 3, 4}✱ ✐♥ ❛

✇❛② ,❤❛, ,❤❡② -❛,✐-❢② ni = γi−1(n1 + 1) − 1✱ ✇✐,❤ γ ❜❡✐♥❣ ❛ ♣♦-✐,✐✈❡ ✐♥,❡❣❡'✳ ❚❤❡ ❡①♣❛♥-✐♦♥

✭■■■✳✶✻✮ ❢♦' ,❤❡ -❡, ♦❢ ,❤❡ ❢♦✉' ❞✐♠❡♥-✐♦♥- ni ❝❛♥ ❜❡ ✇'✐,,❡♥ ❛-

Ej1,n1,0 = c1(θj1,n1)h1 + c2(θj1,n1)h
2
1 + c3(θj1,n1)h

3
1 + c4(θj1,n1)h

4
1 + Ej1,n1,4,

Ej2,n2,0 = c1(θj2,n2)h2 + c2(θj2,n2)h
2
2 + c3(θj2,n2)h

3
2 + c4(θj2,n2)h

4
2 + Ej2,n2,4,

Ej3,n3,0 = c1(θj3,n3)h3 + c2(θj3,n3)h
2
3 + c3(θj3,n3)h

3
3 + c4(θj3,n3)h

4
3 + Ej3,n3,4,

Ej4,n4,0 = c1(θj4,n4)h4 + c2(θj4,n4)h
2
4 + c3(θj4,n4)h

3
4 + c4(θj4,n4)h

4
4 + Ej4,n4,4,

✭■■■✳✶✼✮

✇❤❡'❡ hi =
1

ni+1 ❛♥❞ ji = γi−1 j1 ❢♦' i ∈ {1, 2, 3, 4}✳ ◆♦,✐❝❡ ,❤❛, θji,ni = θj1,n1 = θ̄ ❢♦' ❛ ✜①❡❞

j1 ∈ {1, 2, · · · , n1}✳ ❲❡ ❛'❡ ✐♥,❡'❡-,❡❞ ✐♥ ,❤❡ ♥✉♠❡'✐❝❛❧ ❛♣♣'♦①✐♠❛,✐♦♥ ♦❢ ci(θ̄) ❢♦' i ∈ {1, 2, 3, 4}
❛♥❞ ,❤❡♥ ✐♥ ,❤❡ ♣'❡❝✐-❡ ♥✉♠❡'✐❝❛❧ ❛♣♣'♦①✐♠❛,✐♦♥ ♦❢ ,❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Pn(f, g) ❢♦' ❧❛'❣❡ n✳ ❚❤❡

-❡, ♦❢ ❡J✉❛,✐♦♥- ✭■■■✳✶✼✮ ❝❛♥ ❜❡ ✇'✐,,❡♥ ❛-

Ej1,n1,0 = c̃1(θ̄)h1 + c̃2(θ̄)h
2
1 + c̃3(θ̄)h

3
1 + c̃4(θ̄)h

4
1,

Ej2,n2,0 = c̃1(θ̄)h2 + c̃2(θ̄)h
2
2 + c̃3(θ̄)h

3
2 + c̃4(θ̄)h

4
2,

Ej3,n3,0 = c̃1(θ̄)h3 + c̃2(θ̄)h
2
3 + c̃3(θ̄)h

3
3 + c̃4(θ̄)h

4
3,

Ej4,n4,0 = c̃1(θ̄)h4 + c̃2(θ̄)h
2
4 + c̃3(θ̄)h

3
4 + c̃4(θ̄)h

4
4.

✭■■■✳✶✽✮

❲❡ -♦❧✈❡ ,❤❡ -②-,❡♠ ♦❢ ❧✐♥❡❛' ❡J✉❛,✐♦♥- ❛❜♦✈❡ ❢♦' j1 ∈ {1, 2, · · · , n1} ,♦ ❝♦♠♣✉,❡ c̃i(θ̄)✳ ❚❤❡

❝♦♠♣✉,❡❞ c̃i ❛'❡ ✉-❡❞ ,♦ ❛♣♣'♦①✐♠❛,❡ ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ ❧❛'❣❡ -✐③❡ nβ ❜② ❡①♣❧♦✐,✐♥❣ ,❤❡ ❢♦❧❧♦✇✐♥❣

'❡❧❛,✐♦♥

λ̃jβ (Pnβ
(f, g)) = r(θjβ ,nβ

) + h̄Tβ c̃ . ✭■■■✳✶✾✮

✻✺



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❊①❛♠♣❧❡ ✶✳ ▲❡" g✱ f ✱ ❛♥❞ r ❜❡ "❤❡ ❢✉♥❝"✐♦♥. ❞❡✜♥❡❞ ❛.

f(θ) = 4− 2 cos(θ)− 2 cos(2θ) = (2− 2 cos(θ))(3 + 2 cos(θ)) ,

g(θ) = 3 + 2 cos(θ) ,

r(θ) =
f(θ)

g(θ)
= 2− 2 cos(θ) ,

✇❤❡1❡ θ ∈ [0, π]✳ ❚❤❡ ❣1❛♣❤. ♦❢ ❣❡♥❡1❛"✐♥❣ ❢✉♥❝"✐♦♥. ❛1❡ .❤♦✇♥ ✐♥ "❤❡ ❧❡❢" ♣❛♥❡❧ ♦❢ ❋✐❣✉1❡ ■■■✳✶✱

❛♥❞ "❤❡ ❛♣♣1♦①✐♠❛"✐♦♥. c̃k✱ ❢♦1 k = 1, 2, 3, 4 ❛1❡ .❤♦✇♥ ✐♥ "❤❡ 1✐❣❤" ♣❛♥❡❧✳ ◆♦"❡ "❤❛" g(θ) > 0✱

∀ θ ∈ [0, π]✱ f ′′(0) 6= 0✱ ❛♥❞ ❢✉1"❤❡1♠♦1❡ r(θ) ✐. ♠♦♥♦"♦♥❡✳ ❲❡ .❡" n1 ∈ {40, 60, 80, 100} ❛♥❞

γ = 2✳

❋✐❣✉$❡ ■■■✳✶✿ ❊①❛♠♣❧❡ ✶✿ ●❡♥❡$❛2✐♥❣ ❢✉♥❝2✐♦♥6 ✭f, g✱ ❛♥❞ r✮ ❛♥❞ c̃k ❢♦$ k = 1, 2, 3, 4✳

❊①❛♠♣❧❡ ✷✳ ▲❡" g✱ f ✱ ❛♥❞ r ❜❡ "❤❡ ❢✉♥❝"✐♦♥. ❞❡✜♥❡❞ ❛.

f(θ) = 20− 30 cos(θ) + 12 cos(2θ)− 2 cos(3θ) = (2− 2 cos(θ))3 ,

g(θ) = 3 + 2 cos(θ) ,

r(θ) =
f(θ)

g(θ)
=

(2− 2 cos(θ))3

3 + 2 cos(θ)
,

✇❤❡1❡ θ ∈ [0, π]✳ ❚❤❡ ❣1❛♣❤. ♦❢ ❣❡♥❡1❛"✐♥❣ ❢✉♥❝"✐♦♥. ❛1❡ .❤♦✇♥ ✐♥ "❤❡ ❧❡❢" ♣❛♥❡❧ ♦❢ ❋✐❣✉1❡ ■■■✳✷✱

❛♥❞ "❤❡ ❛♣♣1♦①✐♠❛"✐♦♥. c̃k✱ ❢♦1 k = 1, 2, 3, 4 ❛1❡ .❤♦✇♥ ✐♥ "❤❡ 1✐❣❤" ♣❛♥❡❧✳ ❘❡♠❛1❦ "❤❛" g(θ) > 0✱

∀ θ ∈ [0, π]✱ f ′′(0) = 0✱ ❛♥❞ ❢✉1"❤❡1♠♦1❡ r(θ) ✐. ♠♦♥♦"♦♥❡✳ ❲❡ .❡" n = n1 ∈ {40, 60, 80, 100}
❛♥❞ γ = 2✳

❚❤❡1❡ ✐. ❛♥ ✐♠♣♦1"❛♥" ✐..✉❡ "♦ ❞✐.❝✉.. ❤❡1❡✳ ❇♦"❤ "❤❡ ❢✉♥❝"✐♦♥. f ❛♥❞ r ❛""❛✐♥ "❤❡ ♠✐♥✐♠✉♠ ❛"

θ = 0 ✇✐"❤ ❛ ✈❡1② ❤✐❣❤ ♦1❞❡1✳ ■♥❞❡❡❞ ✇❡ ❤❛✈❡ f(θ), r(θ) ≈ θ6✱ ✇✐"❤ φ1 ≈ φ2 ❜❡✐♥❣ "❤❡ .②♠♠❡"1✐❝✱

"1❛♥.✐"✐✈❡ 1❡❧❛"✐♦♥ "❡❧❧✐♥❣ "❤❛" "❤❡1❡ ❡①✐." ♣♦.✐"✐✈❡ ❝♦♥."❛♥". c, C > 0 .✉❝❤ "❤❛" cφ1 ≤ φ2 ≤ Cφ1

♦♥ "❤❡ ✇❤♦❧❡ ❞❡✜♥✐"✐♦♥ ❞♦♠❛✐♥ [0, π]✳ ❚❤❡1❡❢♦1❡ ❢♦1 ✜①❡❞ j ✭✐♥❞❡♣❡♥❞❡♥" ♦❢ n✮ "❤❡ j"❤ .♠❛❧❧❡."

❡✐❣❡♥✈❛❧✉❡ ♦❢ Pn(f, g) ✐. ❛.②♠♣"♦"✐❝ "♦ kjh
6
✱ kj ❛ ♣♦.✐"✐✈❡ ❝♦♥."❛♥" ❞❡♣❡♥❞✐♥❣ ♦♥ j ❜✉" ♥♦" ♦♥

n✿ "❤❡ 1❡❛❞❡1 ✐. 1❡❢❡11❡❞ "♦ ❬✶✶✹❪ ❢♦1 "❤❡ ♣1❡❝♦♥❞✐"✐♦♥❡❞ ❝❛.❡ ✇✐"❤ "❤❡ ❧✐♠✐"❛"✐♦♥ j = 1 ❛♥❞ "♦ ❬✽❪

❛♥❞ 1❡❢❡1❡♥❝❡. "❤❡1❡✐♥ ❢♦1 ✈❡1② ❡❧❡❣❛♥" ❛♥❞ ♣1❡❝✐.❡ ❡."✐♠❛"❡. 1❡❣❛1❞✐♥❣ "❤❡ ♣✉1❡ ❚♦❡♣❧✐"③ ❝❛.❡✳

◆♦✇ ✐❢ ✇❡ ✜① j ❛♥❞ ✇❡ ♣✉" "♦❣❡"❤❡1 λj (Pn(f, g)) ≈ h6 ✇✐"❤ 1❡❧❛"✐♦♥. ✭■■■✳✹✮✕✭■■■✳✺✮ "❤❡♥ "❤❡

♦♥❧② ♣♦..✐❜✐❧✐"② ❢♦1 ❛✈♦✐❞✐♥❣ ❛ ❝♦♥"1❛❞✐❝"✐♦♥ ✐. "❤❛" "❤❡ ❢✉♥❝"✐♦♥. c1(θ), c2(θ), c3(θ), c4(θ), c5(θ)

❛❧❧ ✈❛♥✐.❤ ❛" θ = 0✳

✻✻



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

❋✐❣✉$❡ ■■■✳✷✿ ❊①❛♠♣❧❡ ✷✿ ●❡♥❡$❛2✐♥❣ ❢✉♥❝2✐♦♥6 ✭f, g✱ ❛♥❞ r✮ ❛♥❞ c̃k ❢♦$ k = 1, 2, 3, 4✳

❚❤❡ ❛♣♣%♦①✐♠❛*✐♦♥, c̃k✱ ❢♦% k = 1, 2, 3, 4 ,❤♦✇♥ ✐♥ *❤❡ %✐❣❤* ♣❛♥❡❧ ♦❢ ❋✐❣✉%❡ ■■■✳✷ ❛%❡ ❝♦❤❡%❡♥*

✇✐*❤ *❤❡ ❛❜♦✈❡ ♠❛*❤❡♠❛*✐❝❛❧ ❝♦♥❝❧✉,✐♦♥ ❛♥❞ ✐♥ ❢❛❝* ❛❧❧ *❤❡,❡ ❛♣♣%♦①✐♠❛*✐♦♥, ✈❛♥✐,❤ ,✐♠✉❧*❛♥❡✲

♦✉,❧② ❛* θ = 0 ✭*❤❡ ✜❢*❤ ✐, ♥♦* ❞✐,♣❧❛②❡❞✱ ❜✉* ✇❡ ❝♦♠♣✉*❡❞ ✐* ❛♥❞ ✐* ❛❧,♦ ❡?✉❛❧, *♦ ③❡%♦ ❛* θ = 0✱

✇❤✐❧❡✱ ❛, ❡①♣❡❝*❡❞ ❢%♦♠ ❛♥ ❡①*❡♥,✐♦♥ ♦❢ *❤❡ %❡,✉❧*, ❜② ❬✽❪ *♦ *❤❡ ♣%❡❝♦♥❞✐*✐♦♥❡❞ ❚♦❡♣❧✐*③ ❝❛,❡✱ *❤❡

,✐①*❤ ✐, ♥♦♥③❡%♦ ❛* θ = 0✮✳

❙✐♥❝❡ *❤❡ ❛%❣✉♠❡♥* ❛♥❞ *❤❡ ❝♦♥❝❧✉,✐♦♥, ❛%❡ *❤❡ ✈❡%② ,❛♠❡✱ ✇❡ ❛♥*✐❝✐♣❛*❡ *❤❛* *❤❡ ❞✐,❝✉,,✐♦♥

❝❛♥ ❜❡ %❡♣❡❛*❡❞ ✈❡%❜❛*✐♠ ❢♦% ❊①❛♠♣❧❡ ✹✱ ✇❤❡%❡ *❤❡ ❢✉♥❝*✐♦♥, f ❛♥❞ r ❛**❛✐♥ *❤❡ ♠✐♥✐♠✉♠ ❛* θ = 0

✇✐*❤ ♦%❞❡% 10✳ ❆, ❛ ❝♦♥,❡?✉❡♥❝❡✱ ✇❡ ❡①♣❡❝* *❤❛* *❤❡ ❢✉♥❝*✐♦♥, c1(θ), . . . , c9(θ) ❛❧❧ ,✐♠✉❧*❛♥❡♦✉,❧②

✈❛♥✐,❤ ❛* θ = 0✱ ✇❤✐❧❡ c10(0) 6= 0✿ *❤✐, ✐, ❝♦♥✜%♠❡❞ ❢♦% *❤❡ ✜%,* ❢♦✉% ♦❢ *❤❡♠ ❛, %❡♣♦%*❡❞ ✐♥ *❤❡

%✐❣❤* ♣❛♥❡❧ ♦❢ ❋✐❣✉%❡ ■■■✳✹✳

❊①❛♠♣❧❡ ✸✳ ▲❡* g✱ f ✱ ❛♥❞ r ❜❡ *❤❡ ❢✉♥❝*✐♦♥, ❞❡✜♥❡❞ ❛,

f(θ) = 1 + cos(θ) +
1

4
cos(2θ) +

1

5
cos(3θ) +

1

10
cos(4θ) +

1

10
cos(5θ) ,

g(θ) = 2− 2 cos(θ) ,

r(θ) =
f(θ)

g(θ)
=

1 + cos(θ) + 1
4 cos(2θ) +

1
5 cos(3θ) +

1
10 cos(4θ) +

1
10 cos(5θ)

2− 2 cos(θ)
,

✇❤❡%❡ θ ∈ [0, π]✳ ❚❤❡ ❣%❛♣❤, ♦❢ ❣❡♥❡%❛*✐♥❣ ❢✉♥❝*✐♦♥, ❛%❡ ,❤♦✇♥ ✐♥ *❤❡ ❧❡❢* ♣❛♥❡❧ ♦❢ ❋✐❣✉%❡ ■■■✳✸✱

❛♥❞ *❤❡ ❛♣♣%♦①✐♠❛*✐♦♥, c̃k✱ ❢♦% k = 1, 2, 3, 4 ❛%❡ ,❤♦✇♥ ✐♥ *❤❡ %✐❣❤* ♣❛♥❡❧✳ ◆♦*❡ *❤❛* min g(θ) = 0✱

∀ θ ∈ [0, π]✱ f ′′(0) 6= 0✱ ❛♥❞ ❢✉%*❤❡%♠♦%❡ r(θ) ✐, ♠♦♥♦*♦♥❡✳ ❲❡ ,❡* n = n1 ∈ {40, 60, 80, 100}
❛♥❞ γ = 2✳

❊①❛♠♣❧❡ ✹✳ ▲❡* g✱ f ✱ ❛♥❞ r ❜❡ *❤❡ ❢✉♥❝*✐♦♥, ❞❡✜♥❡❞ ❛,

f(θ) = 252− 420 cos(θ) + 240 cos(2θ)− 90 cos(3θ) + 20 cos(4θ)− 2 cos(5θ) = (2− 2 cos(θ))5 ,

g(θ) = 2 + 2 cos(θ) ,

r(θ) =
f(θ)

g(θ)
=

(2− 2 cos(θ))5

2 + 2 cos(θ)
,

✇❤❡%❡ θ ∈ [0, π]✳ ❚❤❡ ❣%❛♣❤, ♦❢ ❣❡♥❡%❛*✐♥❣ ❢✉♥❝*✐♦♥, ❛%❡ ,❤♦✇♥ ✐♥ *❤❡ ❧❡❢* ♣❛♥❡❧ ♦❢ ❋✐❣✉%❡ ■■■✳✹✱

❛♥❞ *❤❡ ❛♣♣%♦①✐♠❛*✐♦♥, c̃k✱ ❢♦% k = 1, 2, 3, 4 ❛%❡ ,❤♦✇♥ ✐♥ *❤❡ %✐❣❤* ♣❛♥❡❧✳ ❘❡♠❛%❦ *❤❛* min g(θ) =

✻✼



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❋✐❣✉$❡ ■■■✳✸✿ ❊①❛♠♣❧❡ ✸✿ ●❡♥❡$❛2✐♥❣ ❢✉♥❝2✐♦♥6 ✭f, g✱ ❛♥❞ r✮ ❛♥❞ c̃k ❢♦$ k = 1, 2, 3, 4✳

❋✐❣✉$❡ ■■■✳✹✿ ❊①❛♠♣❧❡ ✹✿ ●❡♥❡$❛2✐♥❣ ❢✉♥❝2✐♦♥6 ✭f, g✱ ❛♥❞ r✮ ❛♥❞ c̃k ❢♦$ k = 1, 2, 3, 4✳

0✱ ∀ θ ∈ [0, π]✱ f ′′(0) = 0✱ ❛♥❞ ❢✉&'❤❡&♠♦&❡ r(θ) ✐- ♠♦♥♦'♦♥❡✳ ❲❡ -❡' n = n1 ∈ {40, 60, 80, 100}
❛♥❞ γ = 2✳

❊①❛♠♣❧❡ ✺✳ ▲❡' g✱ f ✱ ❛♥❞ r ❜❡ '❤❡ ❢✉♥❝'✐♦♥- ❞❡✜♥❡❞ ❛-

f(θ) =
136

17
+

56

17
cos(θ)− 2

17
cos(2θ) +

5

17
cos(3θ) = (3− cos(θ) +

5

17
cos(2θ))(3 + 2 cos(θ)) ,

g(θ) = 3 + 2 cos(θ) ,

r(θ) =
f(θ)

g(θ)
= 3− cos(θ) +

5

17
cos(2θ) ,

✇❤❡&❡ θ ∈ [0, π]✳ ❚❤❡ ❣&❛♣❤- ♦❢ ❣❡♥❡&❛'✐♥❣ ❢✉♥❝'✐♦♥- ❛&❡ -❤♦✇♥ ✐♥ '❤❡ ❧❡❢' ♣❛♥❡❧ ♦❢ ❋✐❣✉&❡ ■■■✳✺✱

❛♥❞ '❤❡ ❛♣♣&♦①✐♠❛'✐♦♥- c̃k✱ ❢♦& k = 1, 2, 3, 4 ❛&❡ -❤♦✇♥ ✐♥ '❤❡ &✐❣❤' ♣❛♥❡❧✳ ◆♦'✐❝❡ '❤❛' min g(θ) >

0✱ ∀ θ ∈ [0, π]✱ f ′′(0) 6= 0✱ ❛♥❞ ❢✉&'❤❡&♠♦&❡ r ✐- ♥♦♥✲♠♦♥♦'♦♥❡✳ ❲❡ -❡' n = n1 ∈ {40, 60, 80, 100}
❛♥❞ γ = 2✳

❚❤❡ ♥✉♠❡&✐❝❛❧ +❡,+, &❡❧❛+❡❞ +♦ ❊①❛♠♣❧❡, ✶ ❛♥❞ ✷✱ ❛, ✐♥ ❋✐❣✉&❡, ■■■✳✻ ❛♥❞ ■■■✳✼✱ ,❤♦✇ +❤❛+ +❤❡

❡&&♦& ❡①♣❛♥,✐♦♥ ✭■■■✳✷✮ ❜❡❤❛✈❡, ❛, ❡①♣❡❝+❡❞✳ ■♥ ❋✐❣✉&❡ ■■■✳✶✶ ✇❡ ❛❧,♦ ,❡❡ +❤❛+ +❤❡ ❛♣♣&♦①✐♠❛+❡❞

c̃k ❝❛♥ ❜❡ ✉,❡❞ ❢♦& ❛ ❧❛&❣❡ n +♦ ❛♣♣&♦①✐♠❛+❡ +❤❡ ❡&&♦& +❡&♠ +♦ ✭♦& ❛❧♠♦,+ +♦✮ ♠❛❝❤✐♥❡ ♣&❡❝✐,✐♦♥✳

✻✽



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

❋✐❣✉$❡ ■■■✳✺✿ ❊①❛♠♣❧❡ ✺✿ ●❡♥❡$❛2✐♥❣ ❢✉♥❝2✐♦♥6 ✭f, g✱ ❛♥❞ r✮ ❛♥❞ c̃k ❢♦$ k = 1, 2, 3, 4✳

■♥ ,❤❡ ♥✉♠❡'✐❝❛❧ ,❡-,- ❛--♦❝✐❛,❡❞ ✇✐,❤ ❊①❛♠♣❧❡- ✸ ❛♥❞ ✹✱ ❛- ✐♥ ❋✐❣✉'❡- ■■■✳✽ ❛♥❞ ■■■✳✾✱ ✇❡

♦❜-❡'✈❡ ❛❣❛✐♥ ,❤❛, ,❤❡ ❡''♦' ❡①♣❛♥-✐♦♥ ✐- ✐♥ ❛❝❝♦'❞❛♥❝❡ ✇✐,❤ ✭■■■✳✷✮✳ ❲❡ ❛❧-♦ ♥♦,❡ ❛ -❧✐❣❤,

❞❡✈✐❛,✐♦♥ ❢♦' ,❤❡ ❧❛'❣❡-, ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ,❤✐- ❤❛- ,♦ ❜❡ ❡①♣❡❝,❡❞ -✐♥❝❡ ✇❡ ❤❛✈❡ r(θ1,n) → ∞ ❛-

n → ∞ ❢♦' ❊①❛♠♣❧❡ ✸ ✭♦♥ ,❤❡ ♦,❤❡' ❤❛♥❞ ❢♦' ❊①❛♠♣❧❡ ✹ ✇❡ ♥♦,✐❝❡ r(θn,n) → ∞ ❛- n → ∞✮✳

❍♦✇❡✈❡'✱ ,❤❡ ❛♣♣'♦①✐♠❛,✐♦♥ ♦❢ ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Pn(f, g) ✐- ❡①❝❡❧❧❡♥, ❛♥❞ ❛❧♠♦-, ,♦ ♠❛❝❤✐♥❡

♣'❡❝✐-✐♦♥ ❛- '❡♣♦',❡❞ ✐♥ ❋✐❣✉'❡ ■■■✳✶✷✳

■♥ ,❤❡ ♥✉♠❡'✐❝❛❧ ,❡-, '❡❧❛,❡❞ ,♦ ❊①❛♠♣❧❡ ✺ ✇❡ ❤❛✈❡ ❛ ♥♦♥✲♠♦♥♦,♦♥❡ '❡❣✐♦♥ ❢♦'

θ ∈ [0, 2 tan−1(
√

3/17)]

✇❤❡'❡ ,❤❡ ♣'♦♣♦-❡❞ ❡①♣❛♥-✐♦♥ ❞♦❡- ♥♦, ✇♦'❦✳ ■♥❞❡❡❞ ❛❞❞✐,✐♦♥❛❧ ❡''♦'- ❛'❡ ✐♥,'♦❞✉❝❡❞ ✇❤❡♥

❝♦♠♣❛'❡❞ ,♦ Ej,n,0✱ -✐♥❝❡ ,❤❡ -❛♠♣❧✐♥❣ ♦❢ r(θj1,n1) ❧❡❛❞- ,♦ ❛ ♣♦♦'❡' ❛♣♣'♦①✐♠❛,✐♦♥ ❛❢,❡' ♦'❞❡'✲

✐♥❣ ,❤❛♥ ,❤❡ ♣'♦❝❡❞✉'❡ ❣✐✈❡♥ ❜② -❛♠♣❧✐♥❣ r(θj,n7) ✜'-, ❛♥❞ ,❤❡♥ ♣✐❝❦✐♥❣ -❛♠♣❧❡- ❛❢,❡' ♦'❞❡'✐♥❣✳

❍♦✇❡✈❡'✱ ,❤❡ ❡①♣❛♥-✐♦♥ ✐- ❝♦♥✜'♠❡❞ ❢♦' ,❤❡ '❡-, ♦❢ ,❤❡ ❞♦♠❛✐♥✱ ❛- -❡❡♥ ✐♥ ❋✐❣✉'❡ ■■■✳✶✵✳ ❋✉'✲

,❤❡'♠♦'❡✱ ✐♥ ❋✐❣✉'❡ ■■■✳✶✸ ,❤❡ ❡①♣❛♥-✐♦♥ ✇♦'❦- ✇❡❧❧ ❛❣❛✐♥ ❢♦' ,❤❡ ♠♦♥♦,♦♥❡ ♣❛',✱ ❜② ❛❧❧♦✇✐♥❣

❛♥ ❛♣♣'♦①✐♠❛,✐♦♥ ❛❧♠♦-, ,♦ ♠❛❝❤✐♥❡ ♣'❡❝✐-✐♦♥ ♦❢ ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Pn(f, g)✳

❍♦✇❡✈❡'✱ ❡✈❡♥ ✐❢ ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ❧②✐♥❣ ✐♥ ,❤❡ ♥♦♥✲♠♦♥♦,♦♥❡ '❡❣✐♦♥ ❣✐✈❡ '❛✐-❡ ,♦ ❛♥ ✐''❡❣✉❧❛'

❡''♦' ♣❛,,❡'♥✱ ✐, -❡❡♠- ,❤❛, ,❤❡'❡ ❡①✐-,- ❛ ❦✐♥❞ ♦❢ ✏❞❡❢♦'♠❡❞✑ ♣❡'✐♦❞✐❝✐,② ✐♥ ,❤❡ ❡''♦'✱ ❧✐❦❡ ✐, ✐-

❢♦'♠❛❧❧② ♣'♦✈❡♥✱ ✇✐,❤♦✉, ❞❡❢♦'♠❛,✐♦♥-✱ ❢♦' ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Tn(f)✱ f(θ) = 2−2 cos(ωθ)✱ ω ≥ 2

✐♥,❡❣❡'✱ ❛♥❞ g(θ) = 1 ✭-❡❡ ❬✻✸❪✮✳ ❚❤❡ ❧❛,,❡' ♦❜-❡'✈❛,✐♦♥ ✐♥❞✐❝❛,❡- ,❤❛, ❛ ♠♦'❡ ❝♦♠♣❧❡,❡ -,✉❞② ♦❢

,❤✐- ✏❞❡❢♦'♠❡❞✑ ♣❡'✐♦❞✐❝✐,② ❤❛- ,♦ ❜❡ ❝♦♥-✐❞❡'❡❞ ✐♥ ,❤❡ ❢✉,✉'❡✳

❲❡ ✜♥❛❧❧② ♦❜-❡'✈❡ ,❤❛, ,❤❡ '❡♠❛'❦❛❜❧❡ ♥✉♠❡'✐❝❛❧ '❡-✉❧,- ❢♦' ,❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ Pn(f, g)✱ ❛-

'❡♣♦',❡❞ ✐♥ ❋✐❣✉'❡- ■■■✳✶✶✱ ■■■✳✶✷✱ ■■■✳✶✸✱ ♣♦-✐,✐✈❡❧② ❛♥-✇❡' ,❤❡ Q✉❡-,✐♦♥✿

◗✶✳ ✏❆"❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡- ♦❢ ♣"❡❝♦♥❞✐$✐♦♥❡❞ ❜❛♥❞❡❞ -②♠♠❡$"✐❝ ❚♦❡♣❧✐$③ ♠❛$"✐❝❡- ❦♥♦✇♥ ✐♥ ❛❧♠♦-$

❝❧♦-❡❞ ❢♦"♠❄✑✳

■♥ ❢❛❝,✱ ✇❡ ♦❜,❛✐♥ ❛❧♠♦-, ♠❛❝❤✐♥❡ ♣'❡❝✐-✐♦♥ ❢♦' ,❤❡ ❝♦♠♣✉,❛,✐♦♥ ♦❢ ,❤❡ -♣❡❝,'✉♠ ♦❢ Pn(f, g)✱

❢♦' ❧❛'❣❡ n ❛♥❞ ♦♥❧② ✇♦'❦✐♥❣ ✇✐,❤ ❢❡✇ '❡❛❧❧② -♠❛❧❧ ♠❛,'✐❝❡-✳

❆, ,❤✐- ♣♦✐♥, ♦✉' ❣♦❛❧ ✇✐❧❧ ❜❡ ,♦ ❛-❝❡',❛✐♥ ,❤❡ ❡①✐-,❡♥❝❡ ♦❢ ❛♥ ❛-②♠♣,♦,✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥-✐♦♥

❢♦' T❉❊ ❞✐-❝'❡,✐③❛,✐♦♥ ♠❛,'✐❝❡- ❛♥❞ ❡①♣❧♦✐, ,❤✐- ❡①♣❛♥-✐♦♥ ✭✐❢ ❛♥②✮ ❢♦' ❝♦♠♣✉,✐♥❣ ,❤❡ ❡✐❣❡♥✈❛❧✉❡-

,❤❡♠-❡❧✈❡- ,❤'♦✉❣❤ ❢❛-, ✐♥,❡'♣♦❧❛,✐♦♥✕❡①,'❛♣♦❧❛,✐♦♥ ♣'♦❝❡❞✉'❡-✳

✻✾



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❋✐❣✉$❡ ■■■✳✻✿ ❊①❛♠♣❧❡ ✶✿ Ej,n,0✱ Ẽj,n,k ✭k = 1, 2, 3✮✱ ❛♥❞ c̃k ✭k = 1, 2, 3, 4✮✱ ❢♦$ n = n1 = {40, 60, 80, 100}✳

✼✵



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

❋✐❣✉$❡ ■■■✳✼✿ ❊①❛♠♣❧❡ ✷✿ Ej,n,0✱ Ẽj,n,k ✭k = 1, 2, 3✮✱ ❛♥❞ c̃k ✭k = 1, 2, 3, 4✮✱ ❢♦$ n = n1 = {40, 60, 80, 100}✳

✼✶



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❋✐❣✉$❡ ■■■✳✽✿ ❊①❛♠♣❧❡ ✸✿ Ej,n,0✱ Ẽj,n,k ✭k = 1, 2, 3✮✱ ❛♥❞ c̃k ✭k = 1, 2, 3, 4✮✱ ❢♦$ n = n1 = {40, 60, 80, 100}✳

✼✷



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

❋✐❣✉$❡ ■■■✳✾✿ ❊①❛♠♣❧❡ ✹✿ Ej,n,0✱ Ẽj,n,k ✭k = 1, 2, 3✮✱ ❛♥❞ c̃k ✭k = 1, 2, 3, 4✮✱ ❢♦$ n = n1 = {40, 60, 80, 100}✳

✼✸



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

❋✐❣✉$❡ ■■■✳✶✵✿ ❊①❛♠♣❧❡ ✺✿ Ej,n,0✱ Ẽj,n,k ✭k = 1, 2, 3✮✱ ❛♥❞ c̃k ✭k = 1, 2, 3, 4✮✱ ❢♦$ n = n1 = {40, 60, 80, 100}✳

✼✹



■■■✳✹✳ ◆✉♠❡'✐❝❛❧ ,❡-,-

❋✐❣✉$❡ ■■■✳✶✶✿ ❊①❛♠♣❧❡ ✶ ❛♥❞ ✷✿ ❚❤❡ ❡$$♦$6 log10 |Ej7,n7,0| ❛♥❞ log10 |Ẽj7,n7,4| ❢♦$ 8❤❡ ✶✵✵ ✐♥❞✐❝❡6 j7 ♦❢ n7 = 6463

✐♥ ✭■■■✳✶✾✮✱ ❝♦$$❡6♣♦♥❞✐♥❣ 8♦ n1 = 100✱ ❛♥❞ ✉6✐♥❣ c̃k, k = 1, 2, 3, 4✱ ❝♦♠♣✉8❡❞ ✇✐8❤ γ = 2✳

❋✐❣✉$❡ ■■■✳✶✷✿ ❊①❛♠♣❧❡ ✸ ❛♥❞ ✹✿ ❚❤❡ ❡$$♦$6 log10 |Ej7,n7,0| ❛♥❞ log10 |Ẽj7,n7,4| ❢♦$ 8❤❡ ✶✵✵ ✐♥❞✐❝❡6 j7 ♦❢ n7 = 6463

✐♥ ✭■■■✳✶✾✮✱ ❝♦$$❡6♣♦♥❞✐♥❣ 8♦ n1 = 100✱ ❛♥❞ ✉6✐♥❣ c̃k, k = 1, 2, 3, 4✱ ❝♦♠♣✉8❡❞ ✇✐8❤ γ = 2✳

❋✐❣✉$❡ ■■■✳✶✸✿ ❊①❛♠♣❧❡ ✺✿ ❚❤❡ ❡$$♦$6 log10 |Ej7,n7,0| ❛♥❞ log10 |Ẽj7,n7,4| ❢♦$ 8❤❡ ✶✵✵ ✐♥❞✐❝❡6 j7 ♦❢ n7 = 6463 ✐♥

✭■■■✳✶✾✮✱ ❝♦$$❡6♣♦♥❞✐♥❣ 8♦ n1 = 100✱ ❛♥❞ ✉6✐♥❣ c̃k, k = 1, 2, 3, 4✱ ❝♦♠♣✉8❡❞ ✇✐8❤ γ = 2✳ ◆♦8❡ 8❤❡ ♥♦♥✲♠♦♥♦8♦♥❡

♣❛$8✱ θ ∈ [0, 2 tan−1(
√

3/17)]✱ ✇❤❡$❡ 8❤❡ ❡$$♦$ ✐6 ♥♦8 ✐♠♣$♦✈❡❞✳

✼✺



❈❤❛♣$❡& ■■■✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❛♥ ❛❧❣♦&✐$❤♠ ❢♦& ♣&❡❝♦♥❞✐$✐♦♥❡❞ ♠❛$&✐❝❡*

■♥ "❤❡ ♥❡①" ❝❤❛♣"❡) ✇❡ ♣)♦✈✐❞❡ ❛ ♣♦/✐"✐✈❡ ❛♥/✇❡) ✐♥ "❤❡ ❝❛/❡ ✇❤❡)❡ "❤❡ 0❉❊ ✐/ ❛ "❤❡ ▲❛♣❧❛❝✐❛♥

❡✐❣❡♥♣)♦❜❧❡♠ ❛♥❞ "❤❡ ❞✐/❝)❡"✐③❛"✐♦♥ ♠❡"❤♦❞ ✐/ "❤❡ ❇✲/♣❧✐♥❡ ■❣❆✳ ❲❡ ♦❜/❡)✈❡ "❤❛" "❤❡ >✉❡/"✐♦♥

◗✶✳ ❝❛♥ ❤❛✈❡ ✐♥"❡)❡/"✐♥❣ ❝♦♥/❡>✉❡♥❝❡/ /✐♥❝❡ ✐" ♦♣❡♥/ "❤❡ ❞♦♦)/ "♦ ❛ /❡)✐❡/ ♦❢ ♣♦//✐❜❧❡ ❢✉"✉)❡

)❡/❡❛)❝❤❡/✳

✼✻



❈❤❛♣$❡& ■❱

❆!②♠♣%♦%✐❝ ❊①♣❛♥!✐♦♥✿ ❛♣♣❧✐❡❞ %♦ %❤❡

■❣❆ ❞✐!❝4❡%✐③❛%✐♦♥

■♥ "❤❡ ♣&❡'❡♥" ❝❤❛♣"❡&✱ ♠♦"✐✈❛"❡❞ ❜② "❤❡ ❛❢♦&❡'❛✐❞ ✐♥"❡&❡'"✱ ✇❡ ♣❡&❢♦&♠ ❛ ❞❡"❛✐❧❡❞ '♣❡❝"&❛❧

❛♥❛❧②'✐' ♦❢ "❤❡ ♠❛"&✐❝❡' '"❡♠♠✐♥❣ ❢&♦♠ "❤❡ ❇✲'♣❧✐♥❡ ■'♦❣❡♦♠❡"&✐❝ ❆♥❛❧②'✐' ✭■❣❆✮ ❞✐'❝&❡"✐③❛"✐♦♥

♦❢ "❤❡ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥♣&♦❜❧❡♠ −∆u = λu✳

■❣❆ ✐' ❛ ♠♦❞❡&♥ ♣❛&❛❞✐❣♠ ❢♦& ❛♥❛❧②③✐♥❣ ♣&♦❜❧❡♠' ❣♦✈❡&♥❡❞ ❜② >❛&"✐❛❧ ❉✐✛❡&❡♥"✐❛❧ ❊B✉❛"✐♦♥'

✭>❉❊'✮❀ '❡❡ ❬✹✶❪✳ ❇❡❝❛✉'❡ ♦❢ ✐"' ❝❛♣❛❜✐❧✐"② "♦ ❡♥❤❛♥❝❡ "❤❡ ❝♦♥♥❡❝"✐♦♥ ❜❡"✇❡❡♥ ♥✉♠❡&✐❝❛❧ '✐♠✉❧❛✲

"✐♦♥ ❛♥❞ ❈♦♠♣✉"❡&✲❆✐❞❡❞ ❉❡'✐❣♥ ✭❈❆❉✮ '②'"❡♠'✱ ■❣❆ ✐' ❣❛✐♥✐♥❣ ♠♦&❡ ❛♥❞ ♠♦&❡ ❛""❡♥"✐♦♥ ♦✈❡&

"✐♠❡✳ ■♥ ♣❛&"✐❝✉❧❛&✱ "❤❡ '♣❡❝"&❛❧ ✐♥✈❡'"✐❣❛"✐♦♥ ♦❢ ♠❛"&✐❝❡' ❛&✐'✐♥❣ ❢&♦♠ "❤❡ ■❣❆ ❞✐'❝&❡"✐③❛"✐♦♥ ♦❢

>❉❊' ❤❛' ❜❡❝♦♠❡ ❛ "♦♣✐❝ ♦❢ ✐♥"❡&❡'" ✐♥ "❤❡ '❝✐❡♥"✐✜❝ ❝♦♠♠✉♥✐"②✱ ♠❛✐♥❧② ❜❡❝❛✉'❡ ♦❢ "❤❡ '✉♣❡✲

&✐♦&✐"② ♦❢ ■❣❆ ♦✈❡& "❤❡ ❝❧❛''✐❝❛❧ ❋✐♥✐"❡ ❊❧❡♠❡♥" ❆♥❛❧②'✐' ✭❋❊❆✮ ✐♥ ❛♣♣&♦①✐♠❛"✐♥❣ "❤❡ '♣❡❝"&✉♠

♦❢ "❤❡ ✉♥❞❡&❧②✐♥❣ ❞✐✛❡&❡♥"✐❛❧ ♦♣❡&❛"♦&❀ '❡❡✱ ❡✳❣✳✱ ❬✹✷✱ ✽✵✱ ✾✵✱ ✾✷✱ ✶✵✸❪✳ ■" ✐' ❛❧'♦ ✇♦&"❤ &❡❝❛❧❧✐♥❣

"❤❛" &❡❝❡♥" '♣❡❝"&❛❧ ❞✐'"&✐❜✉"✐♦♥ &❡'✉❧"' ❢♦& ■❣❆ ❞✐'❝&❡"✐③❛"✐♦♥ ♠❛"&✐❝❡' ❬✺✶✱ ✼✶✱ ✼✷✱ ✼✸✱ ✼✹✱ ✼✻✱ ✼✼❪

"✉&♥❡❞ ♦✉" "♦ ❜❡ "❤❡ ❦❡②'"♦♥❡ ❢♦& ❞❡'✐❣♥✐♥❣ ❢❛'" ■❣❆ '♦❧✈❡&' ❬✹✾✱ ✺✵✱ ✺✷❪✳

❖✉& ♠❛✐♥ &❡'✉❧"'✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡"❛✐❧❡❞ ✐♥ ❙✉❜'❡❝"✐♦♥ ■❱✳✶✱ ❝♦♠♣❧❡♠❡♥" "❤♦'❡ ♦❢ ❬✺✶✱ ✼✶✱ ✼✷✱

✼✸✱ ✼✹✱ ✼✻✱ ✼✼❪ ❛♥❞ ❞❡❧✐✈❡& ❛ ❢❛'" ✭♣❛&❛❧❧❡❧✮ ✐♥"❡&♣♦❧❛"✐♦♥✕❡①"&❛♣♦❧❛"✐♦♥ ❛❧❣♦&✐"❤♠ ❢♦& ❝♦♠♣✉"✐♥❣

"❤❡ ❡✐❣❡♥✈❛❧✉❡' ♦❢ "❤❡ ❝♦♥'✐❞❡&❡❞ ■❣❆ ♠❛"&✐❝❡'✳

■❱✳✶ $%♦❜❧❡♠ +❡,,✐♥❣

❈♦♥'✐❞❡& "❤❡ ♦♥❡✲❞✐♠❡♥'✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥♣&♦❜❧❡♠ ✇✐"❤ ❤♦♠♦❣❡♥❡♦✉' ❉✐&✐❝❤❧❡" ❜♦✉♥❞❛&②

❝♦♥❞✐"✐♦♥' {
−u′′(x) = λu(x), x ∈ (0, 1),

u(0) = u(1) = 0.
✭■❱✳✶✮

❚❤❡ ❝♦&&❡'♣♦♥❞✐♥❣ ✇❡❛❦ ❢♦&♠✉❧❛"✐♦♥ &❡❛❞' ❛' ❢♦❧❧♦✇'✿ ✜♥❞ ❡✐❣❡♥✈❛❧✉❡' λ ∈ R+
❛♥❞ ❡✐❣❡♥❢✉♥❝"✐♦♥'

u ∈ H1
0 (0, 1) '✉❝❤ "❤❛"✱ ❢♦& ❛❧❧ v ∈ H1

0 (0, 1)✱

a(u, v) = λ(u, v),

✇❤❡&❡

a(u, v) =

∫ 1

0
u′(x)v′(x)dx, (u, v) =

∫ 1

0
u(x)v(x)dx.

✼✼



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

❋✐❣✉$❡ ■❱✳✶✿ ❈✉❜✐❝ ❇✲0♣❧✐♥❡0 {N1,[3], . . . , Nn+3,[3]} ❢♦$ 6❤❡ ❦♥♦6 0❡9✉❡♥❝❡
{

0, 0, 0, 0, 1
n
, 2
n
, . . . , n−1

n
, 1, 1, 1, 1

}

✭n =

10✮✳

■♥ ●❛❧❡&❦✐♥✬* ♠❡,❤♦❞✱ ✇❡ ❝❤♦♦*❡ ❛ ✜♥✐,❡✲❞✐♠❡♥*✐♦♥❛❧ ✈❡❝,♦& *♣❛❝❡ W ⊂ H1
0 (0, 1)✱ ✇❡ *❡, N =

dimW ✱ ❛♥❞ ✇❡ ❧♦♦❦ ❢♦& ❛♣♣&♦①✐♠❛,✐♦♥* ♦❢ ,❤❡ ❡①❛❝, ❡✐❣❡♥♣❛✐&*

λj = j2π2, uj(x) = sin(jπx), j ≥ 1, ✭■❱✳✷✮

❜② *♦❧✈✐♥❣ ,❤❡ ❢♦❧❧♦✇✐♥❣ ●❛❧❡&❦✐♥ ♣&♦❜❧❡♠✿ ✜♥❞ λj,W ∈ R+
❛♥❞ uj,W ∈ W ✱ ❢♦& j = 1, . . . , N ✱

*✉❝❤ ,❤❛,✱ ❢♦& ❛❧❧ v ∈ W ✱

a(uj,W , v) = λj,W (uj,W , v). ✭■❱✳✸✮

❆**✉♠✐♥❣ ,❤❡ ♥✉♠❡&✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡* λj,W ❛&❡ ❛&&❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝&❡❛*✐♥❣ ♦&❞❡&✱ ,❤❡ ♣❛✐& (λj,W , uj,W )

✐* ,❛❦❡♥ ❛* ❛♥ ❛♣♣&♦①✐♠❛,✐♦♥ ♦❢ ,❤❡ ♣❛✐&

(λj , uj)

❢♦& ❛❧❧ j = 1, . . . , N ✳ ❚❤❡ ♥✉♠❜❡&* λj,W /λj − 1, j = 1, . . . , N ✱ ❛&❡ &❡❢❡&&❡❞ ,♦ ❛* ,❤❡ ✭&❡❧❛,✐✈❡✮

❡✐❣❡♥✈❛❧✉❡ ❡&&♦&*✳ ■❢ {ϕ1, . . . , ϕN} ✐* ❛ ❜❛*✐* ♦❢ W ✱ ✐♥ ✈✐❡✇ ♦❢ ,❤❡ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥,✐✜❝❛,✐♦♥ ❜❡,✇❡❡♥

❡❛❝❤ v ∈ W ❛♥❞ ✐,* ❝♦❡✣❝✐❡♥, ✈❡❝,♦& ✇✐,❤ &❡*♣❡❝, ,♦ {ϕ1, . . . , ϕN}✱ *♦❧✈✐♥❣ ,❤❡ ●❛❧❡&❦✐♥ ♣&♦❜❧❡♠

✭■❱✳✸✮ ✐* ❡G✉✐✈❛❧❡♥, ,♦ *♦❧✈✐♥❣ ,❤❡ ❣❡♥❡&❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣&♦❜❧❡♠

Kuj,W = λj,W Muj,W , ✭■❱✳✹✮

✇❤❡&❡ uj,W ✐* ,❤❡ ❝♦❡✣❝✐❡♥, ✈❡❝,♦& ♦❢ uj,W ✇✐,❤ &❡*♣❡❝, ,♦ {ϕ1, . . . , ϕN} ❛♥❞

K = [a(ϕj , ϕi)]
N
i,j=1 =

[∫ 1

0
ϕ′
j(x)ϕ

′
i(x)dx

]N

i,j=1

, ✭■❱✳✺✮

M = [(ϕj , ϕi)]
N
i,j=1 =

[∫ 1

0
ϕj(x)ϕi(x)dx

]N

i,j=1

. ✭■❱✳✻✮

❚❤❡ ♠❛,&✐❝❡* K ❛♥❞ M ❛&❡ &❡❢❡&&❡❞ ,♦ ❛* ,❤❡ *,✐✛♥❡** ♠❛,&✐① ❛♥❞ ,❤❡ ♠❛** ♠❛,&✐①✱ &❡*♣❡❝,✐✈❡❧②✳

❇♦,❤ K ❛♥❞ M ❛&❡ ❛❧✇❛②* *②♠♠❡,&✐❝ ♣♦*✐,✐✈❡ ❞❡✜♥✐,❡✱ &❡❣❛&❞❧❡** ♦❢ ,❤❡ ❝❤♦*❡♥ ❜❛*✐* ❢✉♥❝,✐♦♥*

ϕ1, . . . , ϕN ✳ ▼♦&❡♦✈❡&✱ ✐, ✐* ❝❧❡❛& ❢&♦♠ ✭■❱✳✹✮ ,❤❛, ,❤❡ ♥✉♠❡&✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡* λj,W ✱ j = 1, . . . , N ✱

❛&❡ ❥✉*, ,❤❡ ❡✐❣❡♥✈❛❧✉❡* ♦❢ ,❤❡ ♠❛,&✐①

L =M−1K. ✭■❱✳✼✮

◆♦✇✱ ❢♦& p, n ≥ 1 ❧❡,

Ni,[p], i = 1, . . . , n+ p, ✭■❱✳✽✮

✼✽



■❱✳✶✳ $%♦❜❧❡♠ +❡,,✐♥❣

❜❡ ,❤❡ ❇✲+♣❧✐♥❡+ ♦❢ ❞❡❣%❡❡ p ≥ 1 ❛♥❞ +♠♦♦,❤♥❡++ Cp−1(R) ❞❡✜♥❡❞ ♦✈❡% ,❤❡ ❦♥♦, +❡:✉❡♥❝❡

0, . . . , 0︸ ︷︷ ︸
p+1

,
1

n
,
2

n
, . . . ,

n− 1

n
, 1, . . . , 1︸ ︷︷ ︸

p+1

.

❚❤❡ ❇✲+♣❧✐♥❡+ ✭■❱✳✽✮ ❢♦%♠ ❛ ❜❛+✐+ ❢♦% ,❤❡ +♣❧✐♥❡ +♣❛❝❡

Vn,[p] =
{
v ∈ Cp−1[0, 1] : v|[ i

n
, i+1

n ) ∈ Pp ❢♦% i = 0, . . . , n− 1
}
,

✇❤❡%❡ Pp ✐+ ,❤❡ +♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧+ ♦❢ ❞❡❣%❡❡ ❛, ♠♦+, p✳ ❊①❝❡♣, ❢♦% ,❤❡ ✜%+, ❛♥❞ ,❤❡ ❧❛+, ♦♥❡✱

❛❧❧ ,❤❡ ♦,❤❡% ❇✲+♣❧✐♥❡+ ✈❛♥✐+❤ ♦♥ ,❤❡ ❜♦✉♥❞❛%② ♦❢ [0, 1]✳ ■♥ ♣❛%,✐❝✉❧❛%✱ ,❤❡ ❇✲+♣❧✐♥❡+

Ni+1,[p], i = 1, . . . , n+ p− 2, ✭■❱✳✾✮

❢♦%♠ ❛ ❜❛+✐+ ❢♦% ,❤❡ +♣❛❝❡

Wn,[p] =
{
v ∈ Vn,[p] : v(0) = v(1) = 0

}
.

❲❡ %❡❢❡% ,❤❡ %❡❛❞❡% ,♦ ❋✐❣✉%❡ ■❱✳✶ ❢♦% ,❤❡ ❣%❛♣❤+ ♦❢ ,❤❡ ❇✲+♣❧✐♥❡+ ✭■❱✳✽✮ ❝♦%%❡+♣♦♥❞✐♥❣ ,♦ ,❤❡

❞❡❣%❡❡ p = 3✳ ❋♦% ♠♦%❡ ♦♥ ❇✲+♣❧✐♥❡+✱ ✐♥❝❧✉❞✐♥❣ ,❤❡ ♣%❡❝✐+❡ ❞❡✜♥✐,✐♦♥ ♦❢ ,❤❡ ❢✉♥❝,✐♦♥+ ✭■❱✳✽✮✱ +❡❡

❬✹✺✱ ✶✶✷❪✳

■♥ ,❤❡ ■❣❆ ❛♣♣%♦①✐♠❛,✐♦♥ ♦❢ ✭■❱✳✶✮ ❜❛+❡❞ ♦♥ ✉♥✐❢♦%♠ ❇✲+♣❧✐♥❡+ ♦❢ ❞❡❣%❡❡ p ≥ 1✱ ✇❡ ❧♦♦❦ ❢♦%

❛♣♣%♦①✐♠❛,✐♦♥+ ♦❢ ,❤❡ ❡①❛❝, ❡✐❣❡♥♣❛✐%+ ✭■❱✳✷✮ ❜② ✉+✐♥❣ ,❤❡ ●❛❧❡%❦✐♥ ♠❡,❤♦❞ ❞❡+❝%✐❜❡❞ ❛❜♦✈❡✱

✐♥ ✇❤✐❝❤ ,❤❡ ❜❛+✐+ ❢✉♥❝,✐♦♥+ ϕ1, . . . , ϕN ❛%❡ ❝❤♦+❡♥ ❛+ ,❤❡ ❇✲+♣❧✐♥❡+ N2,[p], . . . , Nn+p−1,[p] ❛♥❞✱

❝♦♥+❡:✉❡♥,❧②✱ ,❤❡ ✈❡❝,♦% +♣❛❝❡ W ✐+ ❡:✉❛❧ ,♦ Wn,[p]✳ ❚❤❡ %❡+✉❧,✐♥❣ +,✐✛♥❡++ ❛♥❞ ♠❛++ ♠❛,%✐❝❡+

✭■❱✳✺✮✕✭■❱✳✻✮ ❛%❡ ❣✐✈❡♥ ❜②

K [p]
n =

[∫ 1

0
N ′

j+1,[p](x)N
′
i+1,[p](x)dx

]n+p−2

i,j=1

, ✭■❱✳✶✵✮

M [p]
n =

[∫ 1

0
Nj+1,[p](x)Ni+1,[p](x)dx

]n+p−2

i,j=1

, ✭■❱✳✶✶✮

❛♥❞ ,❤❡ ♥✉♠❡%✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡+ λ
[p]
j,n, j = 1, . . . , n+ p− 2✱ ❛%❡ ,❤❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢ ,❤❡ ♠❛,%✐①

L[p]
n = (M [p]

n )−1K [p]
n . ✭■❱✳✶✷✮

❋♦% ♠♦%❡ ❞❡,❛✐❧+ ♦♥ ■❣❆✱ ✇❡ %❡❢❡% ,❤❡ %❡❛❞❡% ,♦ ❬✹✶❪✳

▲❡, φq ❜❡ ,❤❡ ❇✲+♣❧✐♥❡ ♦❢ ❞❡❣%❡❡ q ≥ 0 ❝♦%%❡+♣♦♥❞✐♥❣ ,♦ ,❤❡ ❦♥♦, +❡:✉❡♥❝❡ {0, 1, . . . , q + 1}✳
❚❤❡ ❢✉♥❝,✐♦♥ φq ✐+ ✉+✉❛❧❧② %❡❢❡%%❡❞ ,♦ ❛+ ,❤❡ ❝❛%❞✐♥❛❧ ❇✲+♣❧✐♥❡ ♦❢ ❞❡❣%❡❡ q ❛♥❞ ✐, ✐+ %❡❝✉%+✐✈❡❧②

❞❡✜♥❡❞ ❛+ ❢♦❧❧♦✇+ ❬✹✺❪✿

φ0(t) = χ[0,1)(t), t ∈ R,

φq(t) =
t

q
φq−1(t) +

q + 1− t

q
φq−1(t− 1), t ∈ R, q ≥ 1,

✼✾



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

✇❤❡#❡ χ[0,1) ✐% &❤❡ ❝❤❛#❛❝&❡#✐%&✐❝ ✭✐♥❞✐❝❛&♦#✮ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ✐♥&❡#✈❛❧ [0, 1)✳ ▲❡&

fp : [0, π] → R, fp(θ) = −φ′′2p+1(p+ 1)− 2

p∑

k=1

φ′′2p+1(p+ 1− k) cos(kθ), p ≥ 1, ✭■❱✳✶✸✮

gp : [0, π] → R, gp(θ) = φ2p+1(p+ 1) + 2

p∑

k=1

φ2p+1(p+ 1− k) cos(kθ), p ≥ 0, ✭■❱✳✶✹✮

ep : [0, π] → R, ep(θ) =
fp(θ)

gp(θ)
, p ≥ 1. ✭■❱✳✶✺✮

■& ✇❛% ♣#♦✈❡❞ ✐♥ ❬✼✷✱ ❙❡❝$✐♦♥ ✸❪ $❤❛$

✶

fp(θ) = (2− 2 cos(θ))gp−1(θ), θ ∈ [0, π], p ≥ 1, ✭■❱✳✶✻✮

( 4

π2

)p+1
≤ gp(θ) ≤ gp(0) = 1, θ ∈ [0, π], p ≥ 0, ✭■❱✳✶✼✮

4♦ ✐♥ ♣❛6$✐❝✉❧❛6 $❤❡ ❢✉♥❝$✐♦♥ ep(θ) ✐4 ✇❡❧❧✲❞❡✜♥❡❞✳ ❋6♦♠ $❤❡ ❛♥❛❧②4✐4 ✐♥ ❬✼✼✱ ❙❡❝$✐♦♥ ✶✵✳✼❪✱ ✇❡

❦♥♦✇ $❤❛$ $❤❡ $❤6❡❡ 4❡D✉❡♥❝❡4 ♦❢ ♠❛$6✐❝❡4 {n−1K
[p]
n }n, {nM [p]

n }n, {n−2L
[p]
n }n ❤❛✈❡ ❛♥ ❛4②♠♣✲

$♦$✐❝ 4♣❡❝$6❛❧ ❞✐4$6✐❜✉$✐♦♥ ✭✐♥ $❤❡ ❲❡②❧ 4❡♥4❡✮ ❞❡4❝6✐❜❡❞ ❜② $❤❡ ❢✉♥❝$✐♦♥4 fp(θ), gp(θ), ep(θ)✱

6❡4♣❡❝$✐✈❡❧②❀ $❤❛$ ✐4✱ ❢♦6 ❛♥② 4✉✣❝✐❡♥$❧② ❧❛6❣❡ n✱ ✉♣ $♦ ❛ 4♠❛❧❧ ♥✉♠❜❡6 ♦❢ ♦✉$❧✐❡64✱ $❤❡ ❡✐❣❡♥✈❛❧✲

✉❡4 ♦❢ n−1K
[p]
n ✭6❡4♣✳✱ nM

[p]
n , n−2L

[p]
n ✮ ❛6❡ ❛♣♣6♦①✐♠❛$❡❧② ❣✐✈❡♥ ❜② $❤❡ 4❛♠♣❧❡4 ♦❢ fp(θ) ✭6❡4♣✳✱

gp(θ), ep(θ)✮ ♦✈❡6 4♦♠❡ ✉♥✐❢♦6♠ ❣6✐❞ ✐♥ [0, π]✳ ❚❤✐4 ✐4 ✐❧❧✉4$6❛$❡❞ ✐♥ ❋✐❣✉6❡ ■❱✳✷ ❢♦6 $❤❡ ♠❛✲

$6✐① n−2L
[p]
n ❛♥❞ ❢♦6 p = 1, . . . , 6✳ ❋♦❧❧♦✇✐♥❣ $❤❡ $❡6♠✐♥♦❧♦❣② ✐♥ ❬✼✼✱ ❙❡❝$✐♦♥ ✸✳✶❪✱ ✇❡ 6❡❢❡6 $♦

fp(θ), gp(θ), ep(θ) ❛4 $❤❡ 4♣❡❝$6❛❧ 4②♠❜♦❧4 ♦❢ {n−1K
[p]
n }n, {nM [p]

n }n, {n−2L
[p]
n }n✱ 6❡4♣❡❝$✐✈❡❧②✳

❋♦6 ♠♦6❡ ❞❡$❛✐❧4 ♦♥ $❤❡ 4♣❡❝$6❛❧ ❞✐4$6✐❜✉$✐♦♥ ♦❢ ❛ 4❡D✉❡♥❝❡ ♦❢ ♠❛$6✐❝❡4✱ 4❡❡ ❬✼✼❪✳

▼❛✐♥ ❝♦♥&'✐❜✉&✐♦♥*

❚❤❡ ♠❛✐♥ ❝♦♥$6✐❜✉$✐♦♥4 ♦❢ $❤✐4 ❈❤❛♣$❡6 ❝❛♥ ❜❡ 4✉♠♠❛6✐③❡❞ ❛4 ❢♦❧❧♦✇4✳ ❚❤6♦✉❣❤♦✉$ $❤✐4 ❝❤❛♣$❡6✱

✇❡ ✇✐❧❧ ✉4❡ $❤❡ ♥♦$❛$✐♦♥4 noutp = p− 2 + mod(p, 2) ❛♥❞ Nn,p = n+ p− 2✳

✶✳ ❲❡ ♣6♦✈❡ 4❡✈❡6❛❧ ✐♠♣♦6$❛♥$ ❛♥❛❧②$✐❝ ♣6♦♣❡6$✐❡4 ♦❢ $❤❡ 4♣❡❝$6❛❧ 4②♠❜♦❧ ep(θ)✳ ■♥ ♣❛6$✐❝✉❧❛6✱

✇❡ 4❤♦✇ $❤❛$ ep(θ) ✐4 ♠♦♥♦$♦♥❡ ✐♥❝6❡❛4✐♥❣ ♦♥ [0, π] ❢♦6 ❛❧❧ p ≥ 1 ❛♥❞ $❤❛$ ep(θ) →
θ2 ✉♥✐❢♦6♠❧② ♦♥ [0, π] ❛4 p → ∞✳ ■♥❝✐❞❡♥$❛❧❧②✱ ✇❡ ❛❧4♦ 4❤♦✇ $❤❛$ $❤❡ 6❛$✐♦ wp(θ) =

gp(θ)/gp−1(θ) 4❛$✐4✜❡4 1/3 ≤ wp(θ) ≤ 1 ❢♦6 ❛❧❧ p ≥ 1 ❛♥❞ θ ∈ [0, π]✳ ❚❤❡ ❧❛$$❡6 6❡4✉❧$ ✇❛4

❛❧6❡❛❞② ❝♦♥❥❡❝$✉6❡❞ ✐♥ ❬✺✵✱ ✺✷❪ ♦♥ $❤❡ ❜❛4✐4 ♦❢ ♥✉♠❡6✐❝❛❧ ❡①♣❡6✐♠❡♥$4✱ ❛♥❞ ✐$ ✇❛4 $❤❡6❡✐♥

❡①♣❧♦✐$❡❞ $♦ ❞❡4✐❣♥✴❛♥❛❧②③❡ ❢❛4$ 4♦❧✈❡64 ❢♦6 ■❣❆ ❞✐4❝6❡$✐③❛$✐♦♥ ♠❛$6✐❝❡4✳

✷✳ ❋♦6 p = 1 ❛♥❞ p = 2✱ ✇❡ ❝♦♠♣✉$❡ ❡✐❣❡♥✈❛❧✉❡4 ❛♥❞ ❡✐❣❡♥✈❡❝$♦64 ♦❢ L
[p]
n ✳ ■♥ ❜♦$❤ ❝❛4❡4✱ $❤❡

❡✐❣❡♥✈❛❧✉❡4 ❛6❡ ❣✐✈❡♥ ❜② ep(θj,n) ❢♦6 j = 1, . . . , n + p − 2✱ ✇❤❡6❡ θj,n = jπ/n✳ ❚❤❡ ❡①❛❝$

❝♦♠♣✉$❛$✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡4 ❛♥❞ ❡✐❣❡♥✈❡❝$♦64 ✐4 ♠❛❞❡ ♣♦44✐❜❧❡ ❜② $❤❡ ❢❛❝$ $❤❛$ $❤❡ ♠❛$6✐❝❡4

K
[p]
n , M

[p]
n , L

[p]
n ❜❡❧♦♥❣ $♦ $❤❡ 4❛♠❡ ♠❛$6✐① ❛❧❣❡❜6❛✱ ✇❤✐❝❤ ✐4 $❤❡ $❛✉ ❛❧❣❡❜6❛ τn−1(0, 0)

❢♦6 p = 1 ❛♥❞ $❤❡ ❛❧❣❡❜6❛ τn(−1,−1) ❢♦6 p = 2 ✭✇❡ ❛6❡ ✉4✐♥❣ $❤❡ ♥♦$❛$✐♦♥4 ♦❢ ❬✷✶❪✮✳ ■$

✐4 ✇♦6$❤ ♥♦$✐♥❣ $❤❛$ ❜♦$❤ $❤❡4❡ ❛❧❣❡❜6❛4 ❛6❡ 6❡❧❛$❡❞ $♦ ❢❛4$ ✉♥✐$❛6② 4✐♥❡ $6❛♥4❢♦6♠4 ❬✷✶❪✱

✇❤✐❝❤ ✐♠♣❧✐❡4 $❤❛$ ♠❛♥② ♥✉♠❡6✐❝❛❧ ❧✐♥❡❛6 ❛❧❣❡❜6❛ ❝♦♠♣✉$❛$✐♦♥4 ✐♥✈♦❧✈✐♥❣ $❤❡ ♠❛$6✐❝❡4

K
[p]
n , M

[p]
n , L

[p]
n ✭♠❛$6✐①✲✈❡❝$♦6 ♣6♦❞✉❝$4✱ 4♦❧✉$✐♦♥4 ♦❢ ❧✐♥❡❛6 4②4$❡♠4✱ ✐♥✈❡64✐♦♥4✱ ❡$❝✳✮ ❛6❡

4$❛❜❧❡ ❛♥❞ ❢❛4$ ❬✶✵✶✱ ✶✵✷❪✳

✶

◆♦"❡ "❤❛" ✐♥ ❬✼✷❪ "❤❡ ❢✉♥❝"✐♦♥ gp(θ) ✐/ ❞❡♥♦"❡❞ ❜② hp(θ)✳
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n

graph of e6(θ)

❋✐❣✉$❡ ■❱✳✷✿ ❈♦♠♣❛$✐0♦♥ ❜❡3✇❡❡♥ 3❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ n−2L
[p]
n ❛♥❞ 3❤❡ ❣$❛♣❤ ♦❢ ep(θ) ❢♦$ n = 50 ❛♥❞ p = 1, . . . , 6✳

❚❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ n−2L
[p]
n ❛$❡ 0♦$3❡❞ ✐♥ ♥♦♥ ❞❡❝$❡❛0✐♥❣ ♦$❞❡$ ❛♥❞ ❛$❡ $❡♣$❡0❡♥3❡❞ ❜② 3❤❡ 3❤✐❝❦ ❞♦30 ♣❧❛❝❡❞ ❛3

3❤❡ ♣♦✐♥30 (θj,n, λj(n
−2L

[p]
n )), j = 1, . . . , n − mod(p, 2)✱ ✇❤❡$❡ θj,n = jπ/n✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡0 λj(n

−2L
[p]
n ) ❢♦$

j > n−mod(p, 2) ❛$❡ 3❤❡ 0♦✲❝❛❧❧❡❞ ♦✉3❧✐❡$0 ❛♥❞ ❛$❡ ♣♦0✐3✐♦♥❡❞ ♦✉30✐❞❡ 3❤❡ ❞♦♠❛✐♥ [0, π]✳
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❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

✸✳ ❋♦$ p ≥ 3✱ ✇❡ ♣$♦✈✐❞❡ ♥✉♠❡$✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❛ ♣$❡❝✐3❡ ❛3②♠♣5♦5✐❝ ❡①♣❛♥3✐♦♥ ❢♦$ 5❤❡ ❡✐❣❡♥✲

✈❛❧✉❡3 ♦❢ n−2L
[p]
n ✳ ❙✉❝❤ ❛♥ ❡①♣❛♥3✐♦♥✱ ✇❤✐❝❤ ♦❜✈✐♦✉3❧② ❜❡❣✐♥3 ✇✐5❤ 5❤❡ 3♣❡❝5$❛❧ 3②♠✲

❜♦❧ ep(θ)✱ ✐3 ✐♥ ❢♦$❝❡ ❢♦$ 5❤❡ ✇❤♦❧❡ ♦❢ 5❤❡ 3♣❡❝5$✉♠ ❡①❝❡♣5 ❢♦$ 5❤❡ ❧❛$❣❡35 noutp ❡✐❣❡♥✲

✈❛❧✉❡3 ✭5❤❡ 3♦✲❝❛❧❧❡❞ ♦✉5❧✐❡$3❀ 3❡❡ ❋✐❣✉$❡ ■❱✳✷✮✳ ❚♦ ❜❡ ♠♦$❡ ♣$❡❝✐3❡✱ ✇❡ 3❤♦✇ 5❤$♦✉❣❤

♥✉♠❡$✐❝❛❧ ❡①♣❡$✐♠❡♥53 5❤❛5 ❢♦$ ❡✈❡$② p ≥ 3✱ ❡✈❡$② ✐♥5❡❣❡$ α ≥ 0✱ ❡✈❡$② n✱ ❛♥❞ ❡✈❡$②

j = 1, . . . , Nn,p − noutp = n−mod(p, 2)✱ ✇❡ ❤❛✈❡

λj(n
−2L[p]

n ) = ep(θj,n) +
α∑

k=1

c
[p]
k (θj,n)h

k + E
[p]
j,n,α, ✭■❱✳✶✽✮

✇❤❡$❡✿

❼ 5❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ n−2L
[p]
n ❛$❡ ❛$$❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝$❡❛3✐♥❣ ♦$❞❡$✱ λ1(n

−2L
[p]
n ) ≤ . . . ≤

λn+p−2(n
−2L

[p]
n )❀

❼ {c[p]k }k=1,2,... ✐3 ❛ 3❡F✉❡♥❝❡ ♦❢ ❢✉♥❝5✐♦♥3 ❢$♦♠ [0, π] 5♦ R ✇❤✐❝❤ ❞❡♣❡♥❞3 ♦♥❧② ♦♥ p❀

❼ h = 1
n ❛♥❞ θj,n = jπ

n = jπh ❢♦$ j = 1, . . . , n❀

❼ E
[p]
j,n,α = O(hα+1) ✐3 5❤❡ $❡♠❛✐♥❞❡$ ✭5❤❡ ❡$$♦$✮✱ ✇❤✐❝❤ 3❛5✐3✜❡3 5❤❡ ✐♥❡F✉❛❧✐5② |E[p]

j,n,α| ≤
C

[p]
α hα+1

❢♦$ 3♦♠❡ ❝♦♥35❛♥5 C
[p]
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ p✳

❲❡ $❡❢❡$ 5❤❡ $❡❛❞❡$ 5♦ 5❤❡ ❈❤❛♣$❡& ❱■ ❙❡❝5✐♦♥ ❱■✳✹ ❢♦$ ❛ ♣$♦♦❢ ♦❢ 5❤❡ ❡①♣❛♥3✐♦♥ ✭■❱✳✶✽✮

❢♦$ α = 0 ❛♥❞ j = 1, . . . , Nn,p − (4p − 2)✱ ✇❤❡$❡ 4p − 2 $❡♣$❡3❡♥53 ❛♥ ❡35✐♠❛5❡✱ 3♦❧❡❧②

❜❛3❡❞ ♦♥ ✐♥5❡$❧❛❝✐♥❣✴$❛♥❦✲❝♦$$❡❝5✐♦♥ ❛$❣✉♠❡♥53✱ ♦❢ 5❤❡ ❛❝5✉❛❧ ♥✉♠❜❡$ ♦❢ ♦✉5❧✐❡$3 noutp ✳ ❲❡

♥♦5❡ 5❤❛5 ✭■❱✳✶✽✮ ✐3 ❢♦$♠❛❧❧② 5❤❡ 3❛♠❡ ❛3 5❤❡ ❡①♣❛♥3✐♦♥3 ❢♦$ 5❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ ❚♦❡♣❧✐5③

❛♥❞ ♣$❡❝♦♥❞✐5✐♦♥❡❞ ❚♦❡♣❧✐5③ ♠❛5$✐❝❡3✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❝♦♥❥❡❝5✉$❡❞ ❛♥❞ ✈❛❧✐❞❛5❡❞ 5❤$♦✉❣❤

♥✉♠❡$✐❝❛❧ ❡①♣❡$✐♠❡♥53 ✐♥ ❬✶✱ ✻✷❪✳ ❋✉$5❤❡$♠♦$❡✱ ❜❛3✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥3✐♦♥3 ✭❛♥❞ $❡❧❛5❡❞

❡①5$❛♣♦❧❛5✐♦♥ 5❡❝❤♥✐F✉❡3✮ ❤❛✈❡ ❜❡❡♥ ✉3❡❞ ✐♥ ❬✸✼✱ ✶✺✶❪ ✐♥ 5❤❡ ❝♦♥5❡①5 ♦❢ ✜♥✐5❡ ❡❧❡♠❡♥5

❛♣♣$♦①✐♠❛5✐♦♥3 ♦❢ ❞✐✛❡$❡♥5✐❛❧ ♣$♦❜❧❡♠3✳ ■♥ 5❤❡ ❧✐❣❤5 ♦❢ 5❤❡3❡ ❝♦♥3✐❞❡$❛5✐♦♥3✱ 5❤❡ ❡①♣❛♥3✐♦♥

✭■❱✳✶✽✮ ✐3 ♥♦5 ❝♦♠♣❧❡5❡❧② ✉♥❡①♣❡❝5❡❞✱ ❜❡❝❛✉3❡ n−2L
[p]
n ✐3 ✏❛❧♠♦35✑ ❛ ♣$❡❝♦♥❞✐5✐♦♥❡❞ ❚♦❡♣❧✐5③

♠❛5$✐① ❛3 n−2L
[p]
n = (nM

[p]
n )−1(n−1K

[p]
n ) ❛♥❞ nM

[p]
n , n−1K

[p]
n ❛$❡ ❚♦❡♣❧✐5③ ♠❛5$✐❝❡3✱ ✉♣ 5♦

❧♦✇ $❛♥❦ ❝♦$$❡❝5✐♦♥3✳ ❚♦ ❜❡ ♣$❡❝✐3❡✱

n−1K [p]
n = Tn+p−2(fp) +R[p]

n , ✭■❱✳✶✾✮

nM [p]
n = Tn+p−2(gp) + S[p]

n , ✭■❱✳✷✵✮

✇❤❡$❡ fp, gp ❛$❡ ❞❡✜♥❡❞ ✐♥ ✭■❱✳✶✸✮✕✭■❱✳✶✹✮ ❛♥❞

(R[p]
n )ij = 0, 2p ≤ i ≤ n− p− 1 =⇒ rank(R[p]

n ) ≤ 4p− 2, ✭■❱✳✷✶✮

(S[p]
n )ij = 0, 2p ≤ i ≤ n− p− 1 =⇒ rank(S[p]

n ) ≤ 4p− 2; ✭■❱✳✷✷✮

3❡❡ ❬✼✷✱ ❙✉❜3❡❝5✐♦♥ ✹✳✶❪✳

✹✳ ❲❡ 3❤♦✇ 5❤$♦✉❣❤ ♥✉♠❡$✐❝❛❧ ❡①♣❡$✐♠❡♥53 5❤❛5✱ ❢♦$ p ≥ 3 ❛♥❞ k ≥ 1✱ 5❤❡$❡ ❡①✐353 ❛ ♣♦✐♥5

θ(p, k) ∈ (0, π) 3✉❝❤ 5❤❛5 c
[p]
k (θ) ✈❛♥✐3❤❡3 ♦✈❡$ [0, θ(p, k)]✳ ▼♦$❡♦✈❡$✱ ❛3 ✐5 ✐3 3✉❣❣❡35❡❞ ❜②

5❤❡ ♥✉♠❡$✐❝3 ♦❢ 5❤✐3 ❝❤❛♣5❡$✱ ✐5 ✐3 ✈❡$② ❧✐❦❡❧② 5❤❛5 yp = infk≥1 θ(p, k) > 0 ❢♦$ ❛❧❧ p ≥ 3✳

❚❤✐3 ✐3 ❝♦♥3✐35❡♥5 ✇✐5❤ ❛♥♦5❤❡$ ❝$✉❝✐❛❧ ♥✉♠❡$✐❝❛❧ ♦❜3❡$✈❛5✐♦♥✱ ♥❛♠❡❧② 5❤❡ ❢❛❝5 5❤❛5✱ ❢♦$ ❛❧❧
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■❱✳✷✳ $%♦♣❡%)✐❡+ ♦❢ )❤❡ +♣❡❝)%❛❧ +②♠❜♦❧ ep(θ)

p ≥ 3✱ )❤❡ ❡5✉❛)✐♦♥ λj(n
−2L

[p]
n ) = ep(θj,n) ❤♦❧❞+ ♥✉♠❡%✐❝❛❧❧② ✇❤❡♥❡✈❡% θj,n < θ(p)✱ ✇✐)❤

θ(p) ❜❡✐♥❣ ❛ ♣♦✐♥) ✐♥ (0, yp]✳ ■♥ ❛❞❞✐)✐♦♥✱ θ(p) ❛♣♣❛%❡♥)❧② ❣%♦✇+ ✇✐)❤ p✱ ✐✳❡✳✱ )❤❡ ♣♦%)✐♦♥ ♦❢

)❤❡ +♣❡❝)%✉♠ ♦❢ λj(n
−2L

[p]
n ) ✇❤✐❝❤ ✐+ ❡①❛❝)❧② ❞❡+❝%✐❜❡❞ ❜② ep(θ)✱ ❛) ❧❡❛+) ❢%♦♠ ❛ ♥✉♠❡%✐❝❛❧

✈✐❡✇♣♦✐♥)✱ ✐♥❝%❡❛+❡+ ✇✐)❤ p✳

✺✳ ❋♦% p ≥ 3✱ ❜❛+❡❞ ♦♥ )❤❡ ❡①♣❛♥+✐♦♥ ✭■❱✳✶✽✮ ❛♥❞ ❞%❛✇✐♥❣ ✐♥+♣✐%❛)✐♦♥ ❢%♦♠ ❬✺✽❪✱ ✇❡ ♣%♦✲

♣♦+❡ ❛ ♣❛%❛❧❧❡❧ ✐♥)❡%♣♦❧❛)✐♦♥✕❡①)%❛♣♦❧❛)✐♦♥ ❛❧❣♦%✐)❤♠ ❢♦% ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢

L
[p]
n ✱ ❡①❝❧✉❞✐♥❣ )❤❡ noutp ♦✉)❧✐❡%+✳ ❚❤❡ ♣❡%❢♦%♠❛♥❝❡ ♦❢ )❤❡ ❛❧❣♦%✐)❤♠ ✐+ ✐❧❧✉+)%❛)❡❞ )❤%♦✉❣❤

♥✉♠❡%✐❝❛❧ ❡①♣❡%✐♠❡♥)+✳ ◆♦)❡ )❤❛) ✇❡ ❛❝)✉❛❧❧② ♥❡❡❞ )♦ ❝♦♠♣✉)❡ ♦♥❧② )❤❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢ L
[p]
n

❝♦%%❡+♣♦♥❞✐♥❣ ✐♥ )❤❡ ❡①♣❛♥+✐♦♥ ✭■❱✳✶✽✮ )♦ ♣♦✐♥)+ θj,n ≥ θ(p)✱ ❜❡❝❛✉+❡ ✇❤❡♥❡✈❡% θj,n < θ(p)

✇❡ ♥✉♠❡%✐❝❛❧❧② ❤❛✈❡ λj(L
[p]
n ) = n2ep(θj,n) ❜② )❤❡ ♣%❡✈✐♦✉+ ■)❡♠ ✹✳

✻✳ ❲❡ ♣%❡+❡♥) ❛ ❞❡)❛✐❧❡❞ ❡①)❡♥+✐♦♥ ♦❢ )❤❡ ✇❤♦❧❡ ❛♥❛❧②+✐+ )♦ )❤❡ ❣❡♥❡%❛❧ k✲❞✐♠❡♥+✐♦♥❛❧ +❡))✐♥❣✱

✐♥ ✇❤✐❝❤ ♣%♦❜❧❡♠ ✭■❱✳✶✮ ✐+ %❡♣❧❛❝❡❞ ❜② ✭■❱✳✸✷✮✳ ❇② ✉+✐♥❣ )❡♥+♦%✲♣%♦❞✉❝) ❛%❣✉♠❡♥)+✱ ✇❡

+❤♦✇ )❤❛) )❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝)♦% +)%✉❝)✉%❡ ♦❢ )❤❡ ♠❛)%✐① ❛%✐+✐♥❣ ❢%♦♠ )❤❡ ■❣❆ ❛♣♣%♦①✲

✐♠❛)✐♦♥ ♦❢ ✭■❱✳✸✷✮ ✐+ ❝♦♠♣❧❡)❡❧② ❞❡)❡%♠✐♥❡❞ ❜② )❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝)♦% +)%✉❝)✉%❡ ♦❢ )❤❡

♠❛)%✐① L
[p]
n ✳ ■♥ +❤♦%)✱ )❤❡ ❛♥❛❧②+✐+ ♦❢ L

[p]
n ✐+ ❡♥♦✉❣❤ )♦ ❝♦✈❡% ❛❧+♦ )❤❡ ♠✉❧)✐❞✐♠❡♥+✐♦♥❛❧

❝❛+❡✳

❚❤❡ ❈❤❛♣)❡% ✐+ ♦%❣❛♥✐③❡❞ ❛+ ❢♦❧❧♦✇+✳ ■♥ ❙❡❝)✐♦♥ ■❱✳✷ ✇❡ %❡♣♦%) )❤❡ ♣%♦♣❡%)✐❡+ ♦❢ ep(θ)

✭❛♥❞ wp(θ)✮❀ ❢♦% ❡❛+❡ ♦❢ %❡❛❞✐♥❣✱ )❤❡ ❝♦%%❡+♣♦♥❞✐♥❣ )❡❝❤♥✐❝❛❧ ♣%♦♦❢+ ❛%❡ ❞❡❢❡%%❡❞ )♦ ❈❤❛♣$❡&

❱■ ❙❡❝)✐♦♥ ❱■✳✸✳ ■♥ ❙❡❝)✐♦♥ ■❱✳✸ ✇❡ ❝♦♠♣✉)❡ ❡✐❣❡♥✈❛❧✉❡+ ❛♥❞ ❡✐❣❡♥✈❡❝)♦%+ ♦❢ )❤❡ ♠❛)%✐① L
[p]
n

❢♦% p = 1 ❛♥❞ p = 2✳ ■♥ ❙❡❝)✐♦♥ ■❱✳✹✱ ❛++✉♠✐♥❣ )❤❡ ❛+②♠♣)♦)✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥+✐♦♥ ✭■❱✳✶✽✮✱

✇❡ ♣%❡+❡♥) ♦✉% ♣❛%❛❧❧❡❧ ✐♥)❡%♣♦❧❛)✐♦♥✕❡①)%❛♣♦❧❛)✐♦♥ ❛❧❣♦%✐)❤♠ ❢♦% ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡+ ♦❢

L
[p]
n ❢♦% p ≥ 3✱ ❡①❝❧✉❞✐♥❣ )❤❡ noutp ♦✉)❧✐❡%+✳ ■♥ ❙❡❝)✐♦♥ ■❱✳✺ ✇❡ ♣%♦✈✐❞❡ ♥✉♠❡%✐❝❛❧ ❡①♣❡%✐♠❡♥)+

✐♥ +✉♣♣♦%) ♦❢ ❜♦)❤ )❤❡ ❛+②♠♣)♦)✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥+✐♦♥ ✭■❱✳✶✽✮ ❛♥❞ )❤❡ ♣%♦♣❡%)✐❡+ ❞❡+❝%✐❜❡❞ ✐♥

■)❡♠ ✹ ♦❢ ❙✉❜+❡❝)✐♦♥ ■❱✳✶✳ ▼♦%❡♦✈❡%✱ ✇❡ ♥✉♠❡%✐❝❛❧❧② ✐❧❧✉+)%❛)❡ )❤❡ ♣❡%❢♦%♠❛♥❝❡ ♦❢ )❤❡ ❛❧❣♦%✐)❤♠

♣%❡+❡♥)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✹✳ ■♥ ❙❡❝)✐♦♥ ■❱✳✻ ✇❡ ❡①)❡♥❞ )❤❡ ✇❤♦❧❡ ❛♥❛❧②+✐+ ❝❛%%✐❡❞ ♦✉) ✐♥ ❙❡❝✲

)✐♦♥+ ■❱✳✸✕■❱✳✺ )♦ )❤❡ ♠✉❧)✐❞✐♠❡♥+✐♦♥❛❧ +❡))✐♥❣ ❜② +❤♦✇✐♥❣ )❤%♦✉❣❤ ❛♣♣%♦♣%✐❛)❡ )❡♥+♦%✲♣%♦❞✉❝)

❛%❣✉♠❡♥)+ )❤❛) )❤❡ ♠✉❧)✐❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡ %❡❞✉❝❡+ )♦ )❤❡ ✉♥✐❞✐♠❡♥+✐♦♥❛❧ ❝❛+❡✳

■❱✳✷ $%♦♣❡%)✐❡+ ♦❢ )❤❡ +♣❡❝)%❛❧ +②♠❜♦❧ ep(θ)

❚❤❡ +♣❡❝)%❛❧ +②♠❜♦❧ ep(θ) ❡♥❥♦②+ )❤❡ ♣%♦♣❡%)✐❡+ %❡♣♦%)❡❞ ✐♥ ❚❤❡♦%❡♠+ ■❱✳✷✳✶ ❛♥❞ ■❱✳✷✳✷✱ ✇❤♦+❡

♣%♦♦❢+ ❛%❡ ❝♦❧❧❡❝)❡❞ ✐♥ )❤❡❈❤❛♣$❡& ❱■ ❙❡❝)✐♦♥ ❱■✳✸✳ ❲❡ ♥♦)❡ )❤❛) )❤❡ ❝♦♥✈❡%❣❡♥❝❡ ❡①♣%❡++❡❞ ✐♥

❚❤❡♦%❡♠ ■❱✳✷✳✶ ✇❛+ ♥✉♠❡%✐❝❛❧❧② ♦❜+❡%✈❡❞ ✐♥ ❬✽✵❪ ❛♥❞ %❡♣%❡+❡♥)+ ❛ +)❛%)✐♥❣ ♣♦✐♥) ❢♦% )❤❡ %❡+❡❛%❝❤

♣%♦❣%❛♠ ♦✉)❧✐♥❡❞ ✐♥ ❬✼✺✱ ❘❡♠❛%❦ ✶✺❪✳

❚❤❡♦&❡♠ ■❱✳✷✳✶✳ ❚❤❡ ❢✉♥❝'✐♦♥ ep(θ) ❝♦♥✈❡+❣❡- ✉♥✐❢♦+♠❧② '♦ θ
2
♦♥ [0, π] ❛- p→ ∞✳

❚❤❡♦&❡♠ ■❱✳✷✳✷✳ ❚❤❡ ❢✉♥❝'✐♦♥ ep(θ) ✐- ♠♦♥♦'♦♥❡ ✐♥❝+❡❛-✐♥❣ ♦♥ [0, π] ❢♦+ ❛❧❧ p ≥ 1✳

❆+ ❛ ❜②♣%♦❞✉❝) ♦❢ )❤❡ ♣%♦♦❢+ ♦❢ ❚❤❡♦%❡♠+ ■❱✳✷✳✶ ❛♥❞ ■❱✳✷✳✷✱ ✇❡ ❛❧+♦ ♣%♦✈❡ )❤❡ ❢♦❧❧♦✇✐♥❣

%❡+✉❧) ❢♦% )❤❡ ❢✉♥❝)✐♦♥

wp : [0, π] → R, wp(θ) =
gp(θ)

gp−1(θ)
, p ≥ 1.

✽✸



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

❚❤❡♦&❡♠ ■❱✳✷✳✸✳ ❋♦" p ≥ 1 ❛♥❞ θ ∈ [0, π] ✇❡ ❤❛✈❡

1

3
≤ wp(θ) ≤ 1. ✭■❱✳✷✸✮

◆♦)❡ )❤❛) )❤❡ ❜♦✉♥❞1 ✐♥ ✭■❱✳✷✸✮ ❛3❡ 1❤❛3♣✳ ■♥❞❡❡❞✱ wp(0) = 1 ❢♦3 ❛❧❧ p ≥ 1 ❛♥❞ w1(π) = 1/3✳

❚❤❡♦3❡♠ ■❱✳✷✳✸ ♣3♦✈✐❞❡1 )❤❡♦3❡)✐❝❛❧ 1✉♣♣♦3) )♦ )❤❡ ♥✉♠❡3✐❝❛❧❧② ♦❜1❡3✈❡❞ p✲3♦❜✉1)♥❡11 ♦❢ )❤❡

1♦❧✈❡31 ❞❡✈✐1❡❞ ✐♥ ❬✺✵✱ ✺✷❪ ❢♦3 ■❣❆ ❧✐♥❡❛3 1②1)❡♠1❀ 1❡❡ ✐♥ ♣❛3)✐❝✉❧❛3 ❬✺✵✱ ❙❡❝)✐♦♥ ✺✳✺❪✳

■❱✳✸ ❊✐❣❡♥✈❛❧✉❡- ❛♥❞ ❡✐❣❡♥✈❡❝0♦2- ♦❢ L
[p]
n ❢♦2 p = 1 ❛♥❞ p = 2

■♥ )❤✐1 1❡❝)✐♦♥ ✇❡ ❝♦♠♣✉)❡ )❤❡ ❡①❛❝) 1♣❡❝)3❛❧ ❞❡❝♦♠♣♦1✐)✐♦♥ ♦❢ )❤❡ ♠❛)3✐① L
[p]
n ❢♦3 p = 1 ❛♥❞

p = 2✳ ❆1 ❛ ♣3❡❧✐♠✐♥❛3② 1)❡♣✱ ✇❡ 3❡❝❛❧❧ 1♦♠❡ ♣3♦♣❡3)✐❡1 ♦❢ )❤❡ ♠❛)3✐① ❛❧❣❡❜3❛1 τn(ǫ, φ) ✐♥)3♦✲

❞✉❝❡❞ ✐♥ ❬✷✶❪ ❢♦3 ǫ, φ ∈ {0, 1,−1}✳ ■) ✇✐❧❧ )✉3♥ ♦✉) )❤❛) K
[1]
n ,M

[1]
n , L

[1]
n ❜❡❧♦♥❣ )♦ τn−1(0, 0) ❛♥❞

K
[2]
n ,M

[2]
n , L

[2]
n ❜❡❧♦♥❣ )♦ τn(−1,−1)✱ ❛♥❞ )❤✐1 ✇✐❧❧ ❜❡ )❤❡ ❦❡② ❢♦3 ❝♦♠♣✉)✐♥❣ ❡✐❣❡♥✈❛❧✉❡1 ❛♥❞

❡✐❣❡♥✈❡❝)♦31 ♦❢ ❜♦)❤ L
[1]
n ❛♥❞ L

[2]
n ✳

■❱✳✸✳✶ ❚❤❡ ♠❛*+✐① ❛❧❣❡❜+❛1 τm(ǫ, φ) ❢♦+ ǫ, φ ∈ {0, 1,−1}
❋♦❧❧♦✇✐♥❣ ❬✷✶❪✱ ❢♦3 ❛♥② m ≥ 2 ❛♥❞ ❛♥② ǫ, φ ∈ {0, 1,−1} ✇❡ ❞❡✜♥❡ )❤❡ )3✐❞✐❛❣♦♥❛❧ ♠❛)3✐①

Hm(ǫ, φ) =




ǫ 1 0 · · · 0

1 0
. . .

. . .
...

0
. . .

. . .
. . . 0

...
. . .

. . . 0 1

0 · · · 0 1 φ




= Tm(2 cos(θ)) + ǫe1e
T
1 + φemeTm,

❙✐♥❝❡ Hm(ǫ, φ) ✐1 3❡❛❧ ❛♥❞ 1②♠♠❡)3✐❝✱ ✐) ❝❛♥ ❜❡ ❞❡❝♦♠♣♦1❡❞ ❛1

Hm(ǫ, φ) = Qm(ǫ, φ)Dm(ǫ, φ)Qm(ǫ, φ)T ,

✇❤❡3❡ Qm(ǫ, φ) ✐1 ❛ 3❡❛❧ ✉♥✐)❛3② ♠❛)3✐① ❛♥❞ Dm(ǫ, φ) ✐1 ❛ 3❡❛❧ ❞✐❛❣♦♥❛❧ ♠❛)3✐①✳ ❚❤❡ ♠❛)3✐①

❛❧❣❡❜3❛ ❣❡♥❡3❛)❡❞ ❜② Hm(ǫ, φ) ✐1 ❞❡♥♦)❡❞ ❜② τm(ǫ, φ) ❛♥❞ ✐1 ❣✐✈❡♥ ❜②

τm(ǫ, φ) = {Qm(ǫ, φ)DmQm(ǫ, φ)T : Dm ✐1 ❛ ❞✐❛❣♦♥❛❧ ♠❛)3✐① ♦❢ 1✐③❡ m}.

■) )✉3♥1 ♦✉) )❤❛) )❤❡ ♠❛)3✐① Qm(ǫ, φ) ✐1 ❛ ❢❛1) )3✐❣♦♥♦♠❡)3✐❝ )3❛♥1❢♦3♠ 1✉❝❤ )❤❛) )❤❡ ♠❛)3✐①✲

✈❡❝)♦3 ♣3♦❞✉❝) Qm(ǫ, φ)v ❝❛♥ ❜❡ ❝♦♠♣✉)❡❞ ✐♥ O(m logm) ♦♣❡3❛)✐♦♥1✳ ▼♦3❡♦✈❡3✱ )❤❡ ❞✐❛❣♦♥❛❧

❡♥)3✐❡1 ♦❢ )❤❡ ♠❛)3✐① Dm(ǫ, φ) ✭✐✳❡✳✱ )❤❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ Hm(ǫ, φ)✮ ❛3❡ ❡N✉❛❧ )♦ )❤❡ 1❛♠♣❧❡1 ♦❢ )❤❡

❢✉♥❝)✐♦♥ 2 cos(θ) ♦✈❡3 ❛ ✉♥✐❢♦3♠ ❣3✐❞ ✐♥ [0, π]✳

❚❤❡ ❝❛1❡1 ♦❢ ✐♥)❡3❡1) ✐♥ )❤✐1 ❝❤❛♣)❡3 ❛3❡ ǫ = φ = 0 ❛♥❞ ǫ = φ = −1✳ ❋♦3 ǫ = φ = 0✱ )❤❡

♠❛)3✐① ❛❧❣❡❜3❛ τm(0, 0) ✐1 )❤❡ 1♦✲❝❛❧❧❡❞ )❛✉ ❛❧❣❡❜3❛✱ ✇❤✐❝❤ ✇❛1 ♦3✐❣✐♥❛❧❧② ✐♥)3♦❞✉❝❡❞ ✐♥ ❬✶✹❪✳ ■♥

)❤✐1 ❝❛1❡✱ )❤❡ 1❛♠♣❧✐♥❣ ❣3✐❞ ✐1

jπ

m+ 1
, j = 1, . . . ,m,

❛♥❞ ✇❡ ❤❛✈❡

✽✹



■❱✳✸✳ ❊✐❣❡♥✈❛❧✉❡- ❛♥❞ ❡✐❣❡♥✈❡❝0♦2- ♦❢ L
[p]
n ❢♦2 p = 1 ❛♥❞ p = 2

Dm(0, 0) = diag
j=1,...,m

[
2 cos

( jπ

m+ 1

)]
,

Qm(0, 0) =

√
2

m+ 1

[
sin

( ijπ

m+ 1

)]m

i,j=1

.

❋♦2 ǫ = φ = −1✱ 0❤❡ -❛♠♣❧✐♥❣ ❣2✐❞ ✐-

jπ

m
, j = 1, . . . ,m,

❛♥❞ ✇❡ ❤❛✈❡

Dm(−1,−1) = diag
j=1,...,m

[
2 cos

(jπ
m

)]
,

Qm(−1,−1) =

√
2

m

[
kj sin

((2i− 1)jπ

2m

)]m

i,j=1

, kj =

{
1/
√
2, if j = m,

1, otherwise.

❋♦2 ♠♦2❡ ❞❡0❛✐❧- ♦♥ 0❤❡ ♠❛02✐① ❛❧❣❡❜2❛- τm(ǫ, φ) ✇❡ 2❡❢❡2 0❤❡ 2❡❛❞❡2 0♦ ❬✷✶❪✳

■❱✳✸✳✷ ❊✐❣❡♥✈❛❧✉❡. ❛♥❞ ❡✐❣❡♥✈❡❝1♦3. ♦❢ L
[p]
n ❢♦3 p = 1, 2

■♥ 0❤❡ ❝❛-❡ p = 1✱ 0❤❡ -0✐✛♥❡-- ❛♥❞ ♠❛-- ♠❛02✐❝❡- K
[1]
n ❛♥❞ M

[1]
n ❤❛✈❡ -✐③❡ n − 1 ❛♥❞ ❛ ❞✐2❡❝0

❝♦♠♣✉0❛0✐♦♥ -❤♦✇- 0❤❛0

n−1K [1]
n =




2 −1

−1 2 −1
. . .

. . .
. . .

−1 2 −1

−1 2



= Tn−1(f1) = 2In−1 −Hn−1(0, 0),

nM [1]
n =

1

6




4 1

1 4 1
. . .

. . .
. . .

1 4 1

1 4



= Tn−1(g1) =

2

3
In−1 +

1

6
Hn−1(0, 0),

✇❤❡2❡ f1, g1 ❛2❡ ❣✐✈❡♥ ❜② ✭■❱✳✶✸✮✕✭■❱✳✶✹✮ ❢♦2 p = 1✱ ✐✳❡✳✱

f1(θ) = 2− 2 cos(θ),

g1(θ) =
2

3
+

1

3
cos(θ).

■0 ❢♦❧❧♦✇- 0❤❛0 ❜♦0❤ K
[1]
n ❛♥❞ M

[1]
n ❜❡❧♦♥❣ 0♦ 0❤❡ 0❛✉ ❛❧❣❡❜2❛ τn−1(0, 0)✳ ▼♦2❡♦✈❡2✱ ❜❛-❡❞ ♦♥ 0❤❡

2❡-✉❧0- ♦❢ ❙✉❜-❡❝0✐♦♥ ■❱✳✸✳✶✱ ✇❡ ❤❛✈❡

n−1K [1]
n = 2In−1 −Hn−1(0, 0) = Qn−1(0, 0)

(
diag

j=1,...,n−1

[
f1

(jπ
n

)])
Qn−1(0, 0)

T ,

nM [1]
n =

2

3
In−1 +

1

6
Hn−1(0, 0) = Qn−1(0, 0)

(
diag

j=1,...,n−1

[
g1

(jπ
n

)])
Qn−1(0, 0)

T .

✽✺



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

●✐✈❡♥ %❤❡ ❛❧❣❡❜+❛ ,%+✉❝%✉+❡ ♦❢ τn−1(0, 0)✱ ✇❡ ♦❜%❛✐♥

n−2L[1]
n = (nM [1]

n )−1(n−1K [1]
n ) = Qn−1(0, 0)

(
diag

j=1,...,n−1

[
e1

(jπ
n

)])
Qn−1(0, 0)

T ,

✇❤❡+❡

e1(θ) =
f1(θ)

g1(θ)
=

6(1− cos(θ))

2 + cos(θ)
,

❛, ❞❡✜♥❡❞ ❜② ✭■❱✳✶✺✮ ❢♦+ p = 1✳ ■♥ ♣❛+%✐❝✉❧❛+✱ L
[1]
n ❜❡❧♦♥❣, %♦ %❤❡ %❛✉ ❛❧❣❡❜+❛ τn−1(0, 0) ❥✉,% ❧✐❦❡

K
[1]
n ❛♥❞ M

[1]
n ✱ ❛♥❞ %❤❡ ❡✐❣❡♥✈❛❧✉❡, ❛♥❞ ❡✐❣❡♥✈❡❝%♦+, ♦❢ L

[1]
n ❛+❡ ❣✐✈❡♥ ❜②

n2e1

(jπ
n

)
, j = 1, . . . , n− 1,

√
2

n

[
sin

( ijπ
n

)]n−1

i=1

, j = 1, . . . , n− 1.

■♥ %❤❡ ❝❛,❡ p = 2✱ %❤❡ ,%✐✛♥❡,, ❛♥❞ ♠❛,, ♠❛%+✐❝❡, K
[2]
n ❛♥❞ M

[2]
n ❤❛✈❡ ,✐③❡ n ❛♥❞ ❛ ❞✐+❡❝%

❝♦♠♣✉%❛%✐♦♥ ,❤♦✇, %❤❛%

n−1K [2]
n =

1

6




8 −1 −1

−1 6 −2 −1

−1 −2 6 −2 −1
. . .

. . .
. . .

. . .
. . .

−1 −2 6 −2 −1

−1 −2 6 −1

−1 −1 8




= Tn(f2) +R[2]
n ,

nM [2]
n =

1

120




40 25 1

25 66 26 1

1 26 66 26 1
. . .

. . .
. . .

. . .
. . .

1 26 66 26 1

1 26 66 25

1 25 40




= Tn(g2) + S[2]
n ,

✇❤❡+❡ f2, g2 ❛+❡ ❣✐✈❡♥ ❜② ✭■❱✳✶✸✮✕✭■❱✳✶✹✮ ❢♦+ p = 2✱ ✐✳❡✳✱

f2(θ) = 1− 2

3
cos(θ)− 1

3
cos(2θ),

g2(θ) =
11

20
+

13

30
cos(θ) +

1

60
cos(2θ),

✽✻



■❱✳✸✳ ❊✐❣❡♥✈❛❧✉❡- ❛♥❞ ❡✐❣❡♥✈❡❝0♦2- ♦❢ L
[p]
n ❢♦2 p = 1 ❛♥❞ p = 2

❛♥❞ R
[2]
n , S

[2]
n ❛2❡ ♠❛02✐❝❡- ♦❢ 2❛♥❦ ✹ ❣✐✈❡♥ ❜②

R[2]
n =

1

6




2 1

1

1

1 2



,

S[2]
n =

1

120




−26 −1

−1

−1

−1 −26



.

❲❡ ♥♦0❡ 0❤❛0 ❜♦0❤ n−1K
[2]
n ❛♥❞ nM

[2]
n ❛2❡ ♦❢ 0❤❡ ❢♦2♠

An(a, b, c) = Tn(a+ 2b cos(θ) + 2c cos(2θ)) +Rn(b, c), Rn(b, c) = −




b c

c

c

c b



.

✭■❱✳✷✹✮

■♥❞❡❡❞✱

n−1K [2]
n = An

(
1,−1

3
,−1

6

)
,

nM [2]
n = An

(11
20
,
13

60
,

1

120

)
.

◆♦✇✱ ❛♥② ♠❛02✐① ♦❢ 0❤❡ ❢♦2♠ ✭■❱✳✷✹✮ ✐- ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ Hn(−1,−1)✱ ❛♥❞ ♣2❡❝✐-❡❧②

An(a, b, c) = (a− 2c)In + bHn(−1,−1) + cHn(−1,−1)2.

■0 ❢♦❧❧♦✇- 0❤❛0 An(a, b, c) ❜❡❧♦♥❣- 0♦ 0❤❡ ♠❛02✐① ❛❧❣❡❜2❛ τn(−1,−1)✳ ▼♦2❡♦✈❡2✱ ❜❛-❡❞ ♦♥ 0❤❡

2❡-✉❧0- ♦❢ ❙✉❜-❡❝0✐♦♥ ■❱✳✸✳✶✱ ✇❡ ❤❛✈❡

An(a, b, c) = Qn(−1,−1)

(
diag

j=1,...,n

[
a+ 2b cos

(jπ
n

)
+ 2c cos

(2jπ
n

)])
Qn(−1,−1)T .

■♥ ♣❛20✐❝✉❧❛2✱ K
[2]
n ❛♥❞ M

[2]
n ❜❡❧♦♥❣ 0♦ τn(−1,−1) ❛♥❞

n−1K [2]
n = Qn(−1,−1)

(
diag

j=1,...,n

[
f2

(jπ
n

)])
Qn(−1,−1)T ,

nM [2]
n = Qn(−1,−1)

(
diag

j=1,...,n

[
g2

(jπ
n

)])
Qn(−1,−1)T .

●✐✈❡♥ 0❤❡ ❛❧❣❡❜2❛ -02✉❝0✉2❡ ♦❢ τn(−1,−1)✱ ✇❡ ♦❜0❛✐♥

n−2L[2]
n = (nM [2]

n )−1(n−1K [2]
n ) = Qn(−1,−1)

(
diag

j=1,...,n

[
e2

(jπ
n

)])
Qn(−1,−1)T ,

✽✼



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

✇❤❡#❡

e2(θ) =
f2(θ)

g2(θ)
=

20(3− 2 cos(θ)− cos(2θ))

33 + 26 cos(θ) + cos(2θ)
,

❛% ❞❡✜♥❡❞ ❜② ✭■❱✳✶✺✮ ❢♦# p = 2✳ ■♥ ♣❛#5✐❝✉❧❛#✱ L
[2]
n ❜❡❧♦♥❣% 5♦ 5❤❡ ❛❧❣❡❜#❛ τn(−1,−1) ❥✉%5 ❧✐❦❡

K
[2]
n ❛♥❞ M

[2]
n ✱ ❛♥❞ 5❤❡ ❡✐❣❡♥✈❛❧✉❡% ❛♥❞ ❡✐❣❡♥✈❡❝5♦#% ♦❢ L

[2]
n ❛#❡ ❣✐✈❡♥ ❜②

n2e2

(jπ
n

)
, j = 1, . . . , n,

√
2

n

[
kj sin

((2i− 1)jπ

2n

)]n

i=1

, kj =

{
1/

√
2, if j = n,

1, otherwise,
j = 1, . . . , n.

❘❡♠❛&❦ ✻✳ ■♥ ❛ #❡❝❡♥& ✇♦#❦ ❬✶✸✹❪✱ ❚❛♥✐ ♣#♦♣♦3❡❞ ❛ ♣#❡❝♦♥❞✐&✐♦♥❡# ❜❛3❡❞ ♦♥ &❤❡ ❢❛3& 3✐♥❡ &#❛♥3✲

❢♦#♠ Qn(−1,−1) ❢♦# 3♦❧✈✐♥❣ ❧✐♥❡❛# 3②3&❡♠3 ❛#✐3✐♥❣ ❢#♦♠ &❤❡ ■❣❆ ❞✐3❝#❡&✐③❛&✐♦♥ ♦❢ ✉♥✐❞✐♠❡♥3✐♦♥❛❧

❞✐✛❡#❡♥&✐❛❧ ♣#♦❜❧❡♠3✳ ❋♦# &❤❡ ❝❛3❡ p = 2✱ &❤❡ ♣❡#❢♦#♠❛♥❝❡ ♦❢ &❤❡ ♣#❡❝♦♥❞✐&✐♦♥❡# ✇❛3 ❡①&#❡♠❡❧②

❣♦♦❞✿ ❥✉3& ♦♥❡ ❑#②❧♦✈ ✐&❡#❛&✐♦♥✦ ❚❤❡ &❤❡♦#❡&✐❝❛❧ ❡①♣❧❛♥❛&✐♦♥ ♦❢ 3✉❝❤ ❛♥ ❡①❝❡❧❧❡♥& ❜❡❤❛✈✐♦# ❧✐❡3

♣#❡❝✐3❡❧② ✐♥ &❤❡ ❡①❛❝& 3♣❡❝&#❛❧ ❞❡❝♦♠♣♦3✐&✐♦♥3 ♦❜&❛✐♥❡❞ ✐♥ &❤✐3 3✉❜3❡❝&✐♦♥✱ ✇❤❡#❡ ✐& ✐3 3❤♦✇♥ &❤❛&

Qn(−1,−1) ❞✐❛❣♦♥❛❧✐③❡3 3✐♠✉❧&❛♥❡♦✉3❧② &❤❡ &❤#❡❡ ♠❛&#✐❝❡3 K
[2]
n ,M

[2]
n , L

[2]
n ✳ ◆♦&❡ &❤❛& ❞❡❝♦♠♣♦3✐✲

&✐♦♥3 ♦❢ &❤✐3 ❦✐♥❞ ❝❛♥ ❛❧3♦ ❜❡ ✉3❡❞ ❢♦# ❛❝❝❡❧❡#❛&✐♥❣ &❤❡ ❝♦♥✈❡#❣❡♥❝❡ ♦❢ #❡❝❡♥&❧② ♣#♦♣♦3❡❞ ✐&❡#❛&✐✈❡

3♦❧✈❡#3 ❢♦# ■❣❆ ❧✐♥❡❛# 3②3&❡♠3✱ 3✉❝❤ ❛3 ♠✉❧&✐❣#✐❞✲❜❛3❡❞ ❛♥❞ ♣#❡❝♦♥❞✐&✐♦♥❡❞ ❑#②❧♦✈✲❜❛3❡❞ ♠❡&❤♦❞3❀

3❡❡ ❬✺✵✱ ✺✷✱ ✶✶✶❪ ❛♥❞ &❤❡ #❡❢❡#❡♥❝❡3 &❤❡#❡✐♥✳

❘❡♠❛&❦ ✼✳ ❚❤❡ #❡3✉❧&3 ♦❢ ❙✉❜3❡❝&✐♦♥ ■❱✳✸ 3❤♦✇ &❤❛& K
[p]
n ,M

[p]
n , L

[p]
n ❜❡❧♦♥❣ &♦ &❤❡ 3❛♠❡ ♠❛&#✐①

❛❧❣❡❜#❛ ❢♦# p = 1, 2✳ ❉♦❡3 &❤✐3 ♣#♦♣❡#&② #❡♠❛✐♥3 &#✉❡ ❢♦# p ≥ 3❄ ❚❤❡ ❛♥3✇❡# ✐3 ✏♥♦✑✳ ■♥❞❡❡❞✱ ✐❢

K
[p]
n ,M

[p]
n , L

[p]
n ❜❡❧♦♥❣ &♦ &❤❡ 3❛♠❡ ♠❛&#✐① ❛❧❣❡❜#❛✱ &❤❡♥ K

[p]
n ❛♥❞ M

[p]
n ❝♦♠♠✉&❡✳ ❲❡ ♥✉♠❡#✐❝❛❧❧②

✈❡#✐✜❡❞ &❤❛& K
[p]
n ❛♥❞ M

[p]
n ❞♦ ♥♦& ❝♦♠♠✉&❡ ❢♦# p ≥ 3✳

■❱✳✹ ❆❧❣♦(✐*❤♠ ❢♦( ❝♦♠♣✉*✐♥❣ *❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ L
[p]
n ❢♦( p ≥ 3

❆%%✉♠✐♥❣ 5❤❡ ❡①♣❛♥%✐♦♥ ✭■❱✳✶✽✮ ❛♥❞ ❞#❛✇✐♥❣ ✐♥%♣✐#❛5✐♦♥ ❢#♦♠ ❬✺✽❪✱ ✐♥ 5❤✐% %❡❝5✐♦♥ ✇❡ ♣#♦♣♦%❡ ❛

♣❛#❛❧❧❡❧ ✐♥5❡#♣♦❧❛5✐♦♥✕❡①5#❛♣♦❧❛5✐♦♥ ❛❧❣♦#✐5❤♠ ❢♦# ❝♦♠♣✉5✐♥❣ 5❤❡ ❡✐❣❡♥✈❛❧✉❡% ♦❢ L
[p]
n ✱ ❡①❝❧✉❞✐♥❣

5❤❡ noutp ♦✉5❧✐❡#%✳ ■♥ ✇❤❛5 ❢♦❧❧♦✇%✱ ❢♦# ❡❛❝❤ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# n ∈ N = {1, 2, 3, . . .} ❛♥❞ ❡❛❝❤ p ≥ 3

✇❡ ❞❡✜♥❡ n[p] = n−mod(p, 2)✳ ▼♦#❡♦✈❡#✱ ✇✐5❤ ❡❛❝❤ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# n ✇❡ ❛%%♦❝✐❛5❡ 5❤❡ %5❡♣%✐③❡

h = 1
n ❛♥❞ 5❤❡ ❣#✐❞ ♣♦✐♥5% θj,n = jπh✱ j = 1, . . . , n✳ ❋♦# ♥♦5❛5✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✱ ✉♥❧❡%% ♦5❤❡#✇✐%❡

%5❛5❡❞✱ ✇❡ ✇✐❧❧ ❛❧✇❛②% ❞❡♥♦5❡ ❛ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# ❛♥❞ 5❤❡ ❛%%♦❝✐❛5❡❞ %5❡♣%✐③❡ ✐♥ 5❤❡ %❛♠❡ ✇❛②✳

❋♦# ❡①❛♠♣❧❡✱ ✐❢ 5❤❡ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# ✐% n✱ 5❤❡ ❛%%♦❝✐❛5❡❞ %5❡♣%✐③❡ ✐% h❀ ✐❢ 5❤❡ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# ✐%

n1✱ 5❤❡ ❛%%♦❝✐❛5❡❞ %5❡♣%✐③❡ ✐% h1❀ ✐❢ 5❤❡ ♣♦%✐5✐✈❡ ✐♥5❡❣❡# ✐% n̄✱ 5❤❡ ❛%%♦❝✐❛5❡❞ %5❡♣%✐③❡ ✐% h̄❀ ❡5❝✳

❚❤#♦✉❣❤♦✉5 5❤✐% %❡❝5✐♦♥✱ ✇❡ ♠❛❦❡ 5❤❡ ❢♦❧❧♦✇✐♥❣ ❛%%✉♠♣5✐♦♥%✳

❼ p ≥ 3 ❛♥❞ n, n1, α ∈ N ❛#❡ ✜①❡❞ ♣❛#❛♠❡5❡#%✳

❼ nk = 2k−1n1 ❢♦# k = 1, . . . , α✳

❼ jk = 2k−1j1 ❢♦# j1 = 1, . . . , n1 ❛♥❞ k = 1, . . . , α❀ jk ✐% 5❤❡ ✐♥❞❡① ✐♥ {1, . . . , nk} %✉❝❤ 5❤❛5
θjk,nk

= θj1,n1 ✳

❆ ❣#❛♣❤✐❝❛❧ #❡♣#❡%❡♥5❛5✐♦♥ ♦❢ 5❤❡ ❣#✐❞% {θ1,nk
, . . . , θnk,nk

}✱ k = 1, . . . , α✱ ✐% #❡♣♦#5❡❞ ✐♥ ❋✐❣✉#❡ ■❱✳✸

❢♦# n1 = 5 ❛♥❞ α = 4✳

✽✽



■❱✳✹✳ ❆❧❣♦(✐*❤♠ ❢♦( ❝♦♠♣✉*✐♥❣ *❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ L
[p]
n ❢♦( p ≥ 3

0 π/5 2π/5 3π/5 4π/5 π

θ

1

2

3

4

k

❋✐❣✉$❡ ■❱✳✸✿ ❘❡♣$❡-❡♥/❛/✐♦♥ ♦❢ /❤❡ ❣$✐❞- θ[nk]✱ k = 1, . . . , α✱ ❢♦$ n1 = 5 ❛♥❞ α = 4✳ ❘❡❞ ❝✐$❝❧❡- $❡♣$❡-❡♥/ /❤❡ ❣$✐❞

♣♦✐♥/- θjk,nk
❛♥❞ ❜❧✉❡ ①✬- $❡♣$❡-❡♥/ /❤❡ $❡-/ ♦❢ /❤❡ ❣$✐❞ ♣♦✐♥/- ♦❢ θ[nk]✳

❋♦( ❡❛❝❤ ✜①❡❞ j1 = 1, . . . , n
[p]
1 ✇❡ ❛♣♣❧② α *✐♠❡5 *❤❡ ❡①♣❛♥5✐♦♥ ✭■❱✳✶✽✮ ✇✐*❤ n = n1, n2, . . . , nα

❛♥❞ j = j1, j2, . . . , jα✳ ❙✐♥❝❡ θj1,n1 = θj2,n2 = . . . = θjα,nα ✭❜② ❞❡✜♥✐*✐♦♥ ♦❢ j2, . . . , jα✮✱ ✇❡ ♦❜*❛✐♥





E
[p]
j1,n1,0

= c
[p]
1 (θj1,n1)h1 + c

[p]
2 (θj1,n1)h

2
1 + . . .+ c[p]α (θj1,n1)h

α
1 + E

[p]
j1,n1,α

E
[p]
j2,n2,0

= c
[p]
1 (θj1,n1)h2 + c

[p]
2 (θj1,n1)h

2
2 + . . .+ c[p]α (θj1,n1)h

α
2 + E

[p]
j2,n2,α

...

E
[p]
jα,nα,0

= c
[p]
1 (θj1,n1)hα + c

[p]
2 (θj1,n1)h

2
α + . . .+ c[p]α (θj1,n1)h

α
α + E

[p]
jα,nα,α

, ✭■❱✳✷✺✮

✇❤❡(❡

E
[p]
jk,nk,0

= λjk(n
−2
k L[p]

nk
)− ep(θj1,n1), k = 1, . . . , α,

❛♥❞

|E[p]
jk,nk,α

| ≤ C [p]
α hα+1

k , k = 1, . . . , α. ✭■❱✳✷✻✮

▲❡* c̃
[p]
1 (θj1,n1), . . . , c̃

[p]
α (θj1,n1) ❜❡ *❤❡ ❛♣♣(♦①✐♠❛*✐♦♥5 ♦❢ c

[p]
1 (θj1,n1), . . . , c

[p]
α (θj1,n1) ♦❜*❛✐♥❡❞ ❜②

(❡♠♦✈✐♥❣ ❛❧❧ *❤❡ ❡((♦(5 E
[p]
j1,n1,α

, . . . , E
[p]
jα,nα,α

✐♥ ✭■❱✳✷✺✮ ❛♥❞ ❜② 5♦❧✈✐♥❣ *❤❡ (❡5✉❧*✐♥❣ ❧✐♥❡❛( 5②5*❡♠✿





E
[p]
j1,n1,0

= c̃
[p]
1 (θj1,n1)h1 + c̃

[p]
2 (θj1,n1)h

2
1 + . . .+ c̃[p]α (θj1,n1)h

α
1

E
[p]
j2,n2,0

= c̃
[p]
1 (θj1,n1)h2 + c̃

[p]
2 (θj1,n1)h

2
2 + . . .+ c̃[p]α (θj1,n1)h

α
2

...

E
[p]
jα,nα,0

= c̃
[p]
1 (θj1,n1)hα + c̃

[p]
2 (θj1,n1)h

2
α + . . .+ c̃[p]α (θj1,n1)h

α
α

, ✭■❱✳✷✼✮

◆♦*❡ *❤❛* *❤✐5 ✇❛② ♦❢ ❝♦♠♣✉*✐♥❣ ❛♣♣(♦①✐♠❛*✐♦♥5 ❢♦( c
[p]
1 (θj1,n1), . . . , c

[p]
α (θj1,n1) ✐5 ❝♦♠♣❧❡*❡❧②

❛♥❛❧♦❣♦✉5 *♦ *❤❡ ❘✐❝❤❛(❞5♦♥ ❡①*(❛♣♦❧❛*✐♦♥ ♣(♦❝❡❞✉(❡ *❤❛* ✐5 ❡♠♣❧♦②❡❞ ✐♥ *❤❡ ❝♦♥*❡①* ♦❢ ❘♦♠❜❡(❣

✐♥*❡❣(❛*✐♦♥ *♦ ❛❝❝❡❧❡(❛*❡ *❤❡ ❝♦♥✈❡(❣❡♥❝❡ ♦❢ *❤❡ *(❛♣❡③♦✐❞❛❧ (✉❧❡ ❬✶✸✷✱ ❙❡❝*✐♦♥ ✸✳✹❪✳ ■♥ *❤✐5 (❡❣❛(❞✱

*❤❡ ❛5②♠♣*♦*✐❝ ❡①♣❛♥5✐♦♥ ✭■❱✳✶✽✮ ♣❧❛②5 ❤❡(❡ *❤❡ 5❛♠❡ (♦❧❡ ❛5 *❤❡ ❊✉❧❡(✕▼❛❝❧❛✉(✐♥ 5✉♠♠❛*✐♦♥

❢♦(♠✉❧❛ ❬✶✸✷✱ ❙❡❝*✐♦♥ ✸✳✸❪✳ ❋♦( ♠♦(❡ ❛❞✈❛♥❝❡❞ 5*✉❞✐❡5 ♦♥ ❡①*(❛♣♦❧❛*✐♦♥ ♠❡*❤♦❞5✱ ✇❡ (❡❢❡( *❤❡

(❡❛❞❡( *♦ ❇(❡③✐♥5❦✐ ❛♥❞ ❘❡❞✐✈♦✲❩❛❣❧✐❛ ❬✷✸❪✳ ❚❤❡ ♥❡①* *❤❡♦(❡♠ 5❤♦✇5 *❤❛* *❤❡ ❛♣♣(♦①✐♠❛*✐♦♥

❡((♦( |c[p]k (θj1,n1)− c̃
[p]
k (θj1,n1)| ✐5 O(hα−k+1

1 )✳

✽✾



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

❚❤❡♦&❡♠ ■❱✳✹✳✶✳ ❚❤❡#❡ ❡①✐&'& ❛ ❝♦♥&'❛♥' A
[p]
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ p &✉❝❤ '❤❛'✱ ❢♦# j1 =

1, . . . , n
[p]
1 ❛♥❞ k = 1, . . . , α✱

|c[p]k (θj1,n1)− c̃
[p]
k (θj1,n1)| ≤ A[p]

α h
α−k+1
1 . ✭■❱✳✷✽✮

4#♦♦❢✳ ■' ✐) ❛ )'+❛✐❣❤'❢♦+✇❛+❞ ❛❞❛♣'❛'✐♦♥ ♦❢ '❤❡ ♣+♦♦❢ ♦❢ ❬✻✶✱ ❚❤❡♦+❡♠ ✶❪✳

❚❤❡ ✐♠♣+♦✈❡♠❡♥' ♦❢ '❤❡ ❛❧❣♦+✐'❤♠ ✐) ♣❡+❢♦+♠❡❞ ❜② ✉)✐♥❣ ❛♥ ✐♥'❡#♣♦❧❛'✐♦♥ ♣#♦❝❡❞✉#❡✳ ❚❤✐)

❤❛) ❜❡❡♥ ❞❡)✐❣♥❡❞ ❢♦❧❧♦✇✐♥❣ '❤❡ ✐❞❡❛ ✐♥ ❬✻✶❪✳

❲❡ ✜① ❛♥ ✐♥❞❡① j ∈ {1, . . . , n[p]}✳ ❚♦ ❝♦♠♣✉'❡ ❛♥ ❛♣♣+♦①✐♠❛'✐♦♥ ♦❢ λj(n
−2L

[p]
n ) '❤+♦✉❣❤

'❤❡ ❡①♣❛♥)✐♦♥ ✭■❱✳✶✽✮ ✇❡ ✇♦✉❧❞ ♥❡❡❞ '❤❡ ✈❛❧✉❡ c
[p]
k (θj,n) ❢♦+ ❡❛❝❤ k = 1, . . . , α✳ ❖❢ ❝♦✉+)❡✱

c
[p]
k (θj,n) ✐) ♥♦' ❛✈❛✐❧❛❜❧❡ ✐♥ ♣+❛❝'✐❝❡✱ ❜✉' ✇❡ ❝❛♥ ❛♣♣+♦①✐♠❛'❡ ✐' ❜② ✐♥'❡+♣♦❧❛'✐♥❣ ✐♥ )♦♠❡ ✇❛②

'❤❡ ✈❛❧✉❡) c̃
[p]
k (θj1,n1)✱ j1 = 1, . . . , n

[p]
1 ✳ ❋♦+ ❡①❛♠♣❧❡✱ ✇❡ ♠❛② ❞❡✜♥❡ c̃

[p]
k (θ) ❛) '❤❡ ✐♥'❡+♣♦❧❛'✐♦♥

♣♦❧②♥♦♠✐❛❧ ♦❢ '❤❡ ❞❛'❛ (θj1,n1 , c̃
[p]
k (θj1,n1)), j1 = 1, . . . , n

[p]
1 ✱ ✖ )♦ '❤❛' c̃

[p]
k (θ) ✐) ❡①♣❡❝'❡❞ '♦ ❜❡ ❛♥

❛♣♣+♦①✐♠❛'✐♦♥ ♦❢ c
[p]
k (θ) ♦✈❡+ '❤❡ ✇❤♦❧❡ ✐♥'❡+✈❛❧ [0, π] ✖ ❛♥❞ '❛❦❡ c̃

[p]
k (θj,n) ❛) ❛♥ ❛♣♣+♦①✐♠❛'✐♦♥

'♦ c
[p]
k (θj,n)✳ ■' ✐) ❦♥♦✇♥✱ ❤♦✇❡✈❡+✱ '❤❛' ✐♥'❡+♣♦❧❛'✐♦♥ ♦✈❡+ ❛ ❧❛+❣❡ ♥✉♠❜❡+ ♦❢ ✉♥✐❢♦+♠ ♥♦❞❡) ✐)

♥♦' ❛❞✈✐)❛❜❧❡ ❛) ✐' ♠❛② ❣✐✈❡ +✐)❡ '♦ )♣✉+✐♦✉) ♦)❝✐❧❧❛'✐♦♥) ✭❘✉♥❣❡✬) ♣❤❡♥♦♠❡♥♦♥✮✳ ■' ✐) '❤❡+❡❢♦+❡

❜❡''❡+ '♦ ❛❞♦♣' ❛♥♦'❤❡+ ❦✐♥❞ ♦❢ ❛♣♣+♦①✐♠❛'✐♦♥✳ ❆♥ ❛❧'❡+♥❛'✐✈❡ ❝♦✉❧❞ ❜❡ '❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡

❛♣♣+♦①✐♠❛'❡ c
[p]
k (θ) ❜② '❤❡ )♣❧✐♥❡ ❢✉♥❝'✐♦♥ c̃

[p]
k (θ) ✇❤✐❝❤ ✐) ❧✐♥❡❛+ ♦♥ ❡❛❝❤ ✐♥'❡+✈❛❧ [θj1,n1 , θj1+1,n1 ]

❛♥❞ '❛❦❡) '❤❡ ✈❛❧✉❡ c̃
[p]
k (θj1,n1) ❛' θj1,n1 ❢♦+ ❛❧❧ j1 = 1, . . . , n

[p]
1 ✳ ❚❤✐) )'+❛'❡❣② ✉)✉❛❧❧② +❡♠♦✈❡)

❛♥② )♣✉+✐♦✉) ♦)❝✐❧❧❛'✐♦♥✱ ②❡' ✐' ✐) ♥♦' ❛❝❝✉+❛'❡✳ ■♥ ♣❛+'✐❝✉❧❛+✱ ✐' ❞♦❡) ♥♦' ♣+❡)❡+✈❡ '❤❡ ❛❝❝✉+❛❝②

♦❢ ❛♣♣+♦①✐♠❛'✐♦♥ ❛' '❤❡ ♥♦❞❡) θj1,n1 ❡)'❛❜❧✐)❤❡❞ ✐♥ ❚❤❡♦+❡♠ ■❱✳✹✳✶✱ ✐✳❡✳✱ '❤❡+❡ ✐) ♥♦ ❣✉❛+❛♥'❡❡

'❤❛' |c[p]k (θ) − c̃
[p]
k (θ)| ≤ B

[p]
α hα−k+1

1 ❢♦+ θ ∈ [0, π] ♦+ |c[p]k (θj,n) − c̃
[p]
k (θj,n)| ≤ B

[p]
α hα−k+1

1 ❢♦+ j =

1, . . . , n[p]✱ ✇✐'❤ B
[p]
α ❜❡✐♥❣ ❛ ❝♦♥)'❛♥' ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ p✳ ❆) ♣+♦✈❡❞ ✐♥ ❚❤❡♦+❡♠ ■❱✳✹✳✷✱ ❛

❧♦❝❛❧ ❛♣♣+♦①✐♠❛'✐♦♥ )'+❛'❡❣② '❤❛' ♣+❡)❡+✈❡) '❤❡ ❛❝❝✉+❛❝② ✭■❱✳✷✽✮✱ ❛' ❧❡❛)' ✐❢ c
[p]
k (θ) ✐) )✉✣❝✐❡♥'❧②

)♠♦♦'❤✱ ✐) '❤❡ ❢♦❧❧♦✇✐♥❣✿ ❧❡' θ(1), . . . , θ(α−k+1)
❜❡ α− k+1 ♣♦✐♥') ♦❢ '❤❡ ❣+✐❞ {θ1,n1 , . . . , θn[p]

1 ,n1
}

✇❤✐❝❤ ❛+❡ ❝❧♦)❡)' '♦ '❤❡ ♣♦✐♥' θj,n✱
✷

❛♥❞ ❧❡' c̃
[p]
k,j(θ) ❜❡ '❤❡ ✐♥'❡+♣♦❧❛'✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ '❤❡ ❞❛'❛

(θ(1), c̃
[p]
k (θ(1))), . . . , (θ(α−k+1), c̃

[p]
k (θ(α−k+1)))❀ '❤❡♥✱ ✇❡ ❛♣♣+♦①✐♠❛'❡ c

[p]
k (θj,n) ❜② c̃

[p]
k,j(θj,n)✳ ◆♦'❡

'❤❛'✱ ❜② )❡❧❡❝'✐♥❣ α − k + 1 ♣♦✐♥') ❢+♦♠ {θ1,n1 , . . . , θn[p]
1 ,n1

}✱ ✇❡ ❛+❡ ✐♠♣❧✐❝✐'❧② ❛))✉♠✐♥❣ '❤❛'

n
[p]
1 ≥ α− k + 1✳

❚❤❡♦&❡♠ ■❱✳✹✳✷✳ ▲❡" p ≥ 3 ❛♥❞ 1 ≤ k ≤ α✱ ❛♥❞ '✉♣♣♦'❡ n
[p]
1 ≥ α−k+1 ❛♥❞ c

[p]
k ∈ Cα−k+1[0, π]✳

❋♦- j = 1, . . . , n[p]✱ ✐❢ θ(1), . . . , θ(α−k+1)
❛-❡ α−k+1 ♣♦✐♥"' ♦❢ {θ1,n1 , . . . , θn[p]

1 ,n1
} ✇❤✐❝❤ ❛-❡ ❝❧♦'❡'"

"♦ θj,n✱ ❛♥❞ ✐❢ c̃
[p]
k,j(θ) ✐' "❤❡ ✐♥"❡-♣♦❧❛"✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ "❤❡ ❞❛"❛

(θ(1), c̃
[p]
k (θ(1))), . . . , (θ(α−k+1), c̃

[p]
k (θ(α−k+1))),

"❤❡♥

|c[p]k (θj,n)− c̃
[p]
k,j(θj,n)| ≤ B[p]

α hα−k+1
1 ✭■❱✳✷✾✮

❢♦- '♦♠❡ ❝♦♥'"❛♥" B
[p]
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ p✳

7-♦♦❢✳ ■' ✐) ❛ )'+❛✐❣❤'❢♦+✇❛+❞ ❛❞❛♣'❛'✐♦♥ ♦❢ '❤❡ ♣+♦♦❢ ♦❢ ❬✺✽✱ ❚❤❡♦+❡♠ ✷❪✳

✷

❚❤❡#❡ α− k + 1 ♣♦✐♥(# ❛*❡ ✉♥✐,✉❡❧② ❞❡(❡*♠✐♥❡❞ ❜② θj,n ❡①❝❡♣( ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ (✇♦ ❝❛#❡#✿ ✭❛✮ θj,n ❝♦✐♥❝✐❞❡#

✇✐(❤ ❛ ❣*✐❞ ♣♦✐♥( θj1,n1
❛♥❞ α− k+1 ✐# ❡✈❡♥❀ ✭❜✮ θj,n ❝♦✐♥❝✐❞❡# ✇✐(❤ (❤❡ ♠✐❞♣♦✐♥( ❜❡(✇❡❡♥ (✇♦ ❝♦♥#❡❝✉(✐✈❡ ❣*✐❞

♣♦✐♥(# θj1,n1
, θj1+1,n1

❛♥❞ α− k + 1 ✐# ♦❞❞✳

✾✵



■❱✳✹✳ ❆❧❣♦(✐*❤♠ ❢♦( ❝♦♠♣✉*✐♥❣ *❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ L
[p]
n ❢♦( p ≥ 3

❲❡ ❛(❡ ♥♦✇ (❡❛❞② *♦ ❢♦(♠✉❧❛*❡ ♦✉( ❛❧❣♦(✐*❤♠ ❢♦( ❝♦♠♣✉*✐♥❣ *❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ L
[p]
n ✱ ❡①❝❧✉❞✐♥❣

*❤❡ ♦✉*❧✐❡(5✳ ◆♦*❡ *❤❛* *❤✐5 ❛❧❣♦(✐*❤♠ ♣❡(♠✐*5 ❛ ♣❛(❛❧❧❡❧ ✐♠♣❧❡♠❡♥*❛*✐♦♥✱ ❛5 ✐♥ *❤❡ ❝❛5❡ ♦❢ ❬✺✽✱

❆❧❣♦(✐*❤♠ ✶❪❀ 5❡❡ ❬✺✽✱ ❘❡♠❛(❦ ✹❪✳

❆❧❣♦$✐&❤♠ ✶✳ ●✐✈❡♥ p ≥ 3 ❛♥❞ n, n1, α ∈ N ✇✐(❤ n
[p]
1 ≥ α✱ ✇❡ ❝♦♠♣✉(❡ ❛♣♣0♦①✐♠❛(✐♦♥2 ♦❢ (❤❡

❡✐❣❡♥✈❛❧✉❡2 λj(L
[p]
n ) ❢♦0 j = 1, . . . , n[p] ❛2 ❢♦❧❧♦✇2✳

✶✳ ❋♦0 j1 = 1, . . . , n
[p]
1 ❝♦♠♣✉(❡ c̃

[p]
1 (θj1,n1), . . . , c̃

[p]
α (θj1,n1) ❜② 2♦❧✈✐♥❣ ✭■❱✳✷✼✮✳

✷✳ ❋♦0 j = 1, . . . , n[p]

❼ ❢♦0 k = 1, . . . , α

✕ ❞❡(❡0♠✐♥❡ α − k + 1 ♣♦✐♥(2 θ(1), . . . , θ(α−k+1) ∈ {θ1,n1 , . . . , θn[p]
1 ,n1

} ✇❤✐❝❤ ❛0❡
❝❧♦2❡2( (♦ θj,n❀

✕ ❝♦♠♣✉(❡ c̃
[p]
k,j(θj,n)✱ ✇❤❡0❡ c̃

[p]
k,j(θ) ✐2 (❤❡ ✐♥(❡0♣♦❧❛(✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ (❤❡ ❞❛(❛

(θ(1), c̃
[p]
k (θ(1))), . . . , (θ(α−k+1), c̃

[p]
k (θ(α−k+1)));

❼ ❝♦♠♣✉(❡ λ̃j(n
−2L

[p]
n ) = ep(θj,n) +

∑α
k=1 c̃

[p]
k,j(θj,n)h

k
❛♥❞ λ̃j(L

[p]
n ) = n2λ̃j(n

−2L
[p]
n )✳

✸✳ ❘❡(✉0♥ (λ̃1(L
[p]
n ), . . . , λ̃n[p](L

[p]
n )) ❛2 ❛♥ ❛♣♣0♦①✐♠❛(✐♦♥ (♦ (λ1(L

[p]
n ), . . . , λn[p](L

[p]
n ))✳

❘❡♠❛$❦ ✽✳ ❆❧❣♦0✐(❤♠ ✶ ✐2 2♣❡❝✐✜❝❛❧❧② ❞❡2✐❣♥❡❞ ❢♦0 ❝♦♠♣✉(✐♥❣ (❤❡ ❡✐❣❡♥✈❛❧✉❡2 ♦❢ L
[p]
n ✐♥ (❤❡ ❝❛2❡

✇❤❡0❡ n ✐2 A✉✐(❡ ❧❛0❣❡✳ ❲❤❡♥ ❛♣♣❧②✐♥❣ (❤✐2 ❛❧❣♦0✐(❤♠✱ ✐( ✐2 ✐♠♣❧✐❝✐(❧② ❛22✉♠❡❞ (❤❛( n1 ❛♥❞ α ❛0❡

2♠❛❧❧ ✭♠✉❝❤ 2♠❛❧❧❡0 (❤❛♥ n✮✱ 2♦ (❤❛( ❡❛❝❤ nk = 2k−1n1 ✐2 2♠❛❧❧ ❛2 ✇❡❧❧ ❛♥❞ (❤❡ ❝♦♠♣✉(❛(✐♦♥ ♦❢

(❤❡ ❡✐❣❡♥✈❛❧✉❡2 ♦❢ L
[p]
nk ✖ ✇❤✐❝❤ ✐2 0❡A✉✐0❡❞ ✐♥ (❤❡ ✜02( 2(❡♣ ✖ ❝❛♥ ❜❡ ❡✣❝✐❡♥(❧② ♣❡0❢♦0♠❡❞ ❜②

❛♥② 2(❛♥❞❛0❞ ❡✐❣❡♥2♦❧✈❡0 ✭❡✳❣✳✱ (❤❡ 2♦❧✈❡0 ✉2❡❞ ❜② (❤❡ ❢✉♥❝(✐♦♥ ❡✐❣ ♦❢ ▼❛"❧❛❜✮✳

❚❤❡ ❧❛5* *❤❡♦(❡♠ ♦❢ *❤✐5 5❡❝*✐♦♥ ♣(♦✈✐❞❡5 ❛♥ ❡5*✐♠❛*❡ ❢♦( *❤❡ ❛♣♣(♦①✐♠❛*✐♦♥ ❡((♦( ♠❛❞❡ ❜②

❆❧❣♦(✐*❤♠ ✶✳

❚❤❡♦$❡♠ ■❱✳✹✳✸✳ ▲❡( p ≥ 3✱ n[p] ≥ n
[p]
1 ≥ α ❛♥❞ c

[p]
k ∈ Cα−k+1[0, π] ❢♦0 k = 1, . . . , α✳ ▲❡(

(λ̃1(L
[p]
n ), . . . , λ̃n[p](L

[p]
n )) ❜❡ (❤❡ ❛♣♣0♦①✐♠❛(✐♦♥ ♦❢ (λ1(L

[p]
n ), . . . , λn[p](L

[p]
n )) ❝♦♠♣✉(❡❞ ❜② ❆❧❣♦✲

0✐(❤♠ ✶✳ ❚❤❡♥✱ (❤❡0❡ ❡①✐2(2 ❛ ❝♦♥2(❛♥( D
[p]
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ p 2✉❝❤ (❤❛(✱ ❢♦0 j =

1, . . . , n[p]✱

|λj(L[p]
n )− λ̃j(L

[p]
n )| ≤ D[p]

α nh
α
1 . ✭■❱✳✸✵✮

J0♦♦❢✳ ❇② ✭■❱✳✶✽✮ ❛♥❞ ❚❤❡♦(❡♠ ■❱✳✹✳✷✱

|λj(n−2L[p]
n )− λ̃j(n

−2L[p]
n )| =

∣∣∣∣∣ep(θj,n) +
α∑

k=1

c
[p]
k (θj,n)h

k + E
[p]
j,n,α − ep(θj,n)−

α∑

k=1

c̃
[p]
k,j(θj,n)h

k

∣∣∣∣∣

≤
α∑

k=1

|c[p]k (θj,n)− c̃
[p]
k,j(θj,n)|hk + |E[p]

j,n,α|

≤ B[p]
α

α∑

k=1

hα−k+1
1 hk + C [p]

α hα+1 ≤ D[p]
α h

α
1h,

✇❤❡(❡ D
[p]
α = (α+ 1)max(B

[p]
α , C

[p]
α )✳ ▼✉❧*✐♣❧②✐♥❣ ❜♦*❤ 5✐❞❡5 ❜② n2 ✇❡ ❣❡* *❤❡ *❤❡5✐5✳

✾✶



❈❤❛♣$❡& ■❱✳ ❆+②♠♣$♦$✐❝ ❊①♣❛♥+✐♦♥✿ ❛♣♣❧✐❡❞ $♦ $❤❡ ■❣❆ ❞✐+❝&❡$✐③❛$✐♦♥

n1 ✷✵✵ ✸✵✵ ✹✵✵ ✺✵✵ ✻✵✵

θ
(ε)
n1 (3, 1)

86π

200
≈ 1.3509

129π

300
≈ 1.3509

172π

400
≈ 1.3509

214π

500
≈ 1.3446

257π

600
≈ 1.3456

θ
(ε)
n1 (3, 2)

115π

200
≈ 1.8064

172π

300
≈ 1.8012

229π

400
≈ 1.7986

286π

500
≈ 1.7970

343π

600
≈ 1.7959

θ
(ε)
n1 (3, 3)

126π

200
≈ 1.9792

188π

300
≈ 1.9687

251π

400
≈ 1.9713

313π

500
≈ 1.9666

377π

600
≈ 1.9740

❚❛❜❧❡ ■❱✳✶✿ ❊①❛♠♣❧❡ ✻✱ p = 3✿ ✈❛❧✉❡2 θ
(ε)
n1

(3, k) ❢♦5 k = 1, 2, 3 ❛♥❞ n1 = 200, 300, 400, 500, 600✱ ❝♦♠♣✉9❡❞ ✇✐9❤

9❤❡ 9❤5❡2❤♦❧❞ ε = 0.0005✳

◆♦(❡ (❤❛( (❤❡ ❡,,♦, ❡-(✐♠❛(❡ ♣,♦✈✐❞❡❞ ❜② ❚❤❡♦,❡♠ ■❱✳✹✳✸ -❡❡♠- ❞✐-❛♣♣♦✐♥(✐♥❣✱ ❜❡❝❛✉-❡ ♦❢ (❤❡

♣,❡-❡♥❝❡ ♦❢ (❤❡ ❧❛,❣❡ ❢❛❝(♦, n ✐♥ (❤❡ ,✐❣❤(✲❤❛♥❞ -✐❞❡ ♦❢ ✭■❱✳✸✵✮✳ ❍♦✇❡✈❡,✱ ♦♥❡ -❤♦✉❧❞ (❛❦❡ ✐♥(♦

❛❝❝♦✉♥( (❤❛( ✭■❱✳✸✵✮ ✐- ❛♥ ❛❜-♦❧✉(❡ ❡,,♦, ❡-(✐♠❛(❡ ✇❤✐❝❤✱ ♠♦,❡♦✈❡,✱ ✐- ✉♥✐❢♦,♠ ✐♥ j✳ ❈♦♥-✐❞❡,✐♥❣

(❤❛( (❤❡ ❧❛,❣❡-( ♥♦♥✲♦✉(❧✐❡, ❡✐❣❡♥✈❛❧✉❡ ♦❢ L
[p]
n ✱ ♥❛♠❡❧② λn[p](L

[p]
n )✱ ❞✐✈❡,❣❡- (♦ ∞ ✇✐(❤ (❤❡ -❛♠❡

❛-②♠♣(♦(✐❝ -♣❡❡❞ ❛- n2✱ ❢,♦♠ ✭■❱✳✸✵✮ ✇❡ ♦❜(❛✐♥ (❤❡ ❛♣♣,♦①✐♠❛(❡ ✐♥❡H✉❛❧✐(②

|λn[p](L
[p]
n )− λ̃n[p](L

[p]
n )|

|λn[p](L
[p]
n )|

≤ D[p]
α h

α
1h,

✇❤✐❝❤ ✐- ❛ ❣♦♦❞ ,❡❧❛(✐✈❡ ❡,,♦, ❡-(✐♠❛(❡✳ ❲❡ ,❡❢❡, (❤❡ ,❡❛❞❡, (♦ ❙✉❜-❡❝(✐♦♥ ■❱✳✺✳✷ ❢♦, -❡✈❡,❛❧

♥✉♠❡,✐❝❛❧ ✐❧❧✉-(,❛(✐♦♥- ♦❢ (❤❡ ❛❝(✉❛❧ ♣❡,❢♦,♠❛♥❝❡ ♦❢ ❆❧❣♦,✐(❤♠ ✶✳

■❱✳✺ ◆✉♠❡(✐❝❛❧ ❡①♣❡(✐♠❡♥01

❚❤✐- -❡❝(✐♦♥ ✐- ❝♦♠♣♦-❡❞ ♦❢ (✇♦ -✉❜-❡❝(✐♦♥-✳ ■♥ ❙✉❜-❡❝(✐♦♥ ■❱✳✺✳✶ ✇❡ ✐♠♣❧❡♠❡♥( (❤❡ ♣,♦❣,❛♠

❞❡-❝,✐❜❡❞ ✐♥ ■(❡♠- ✸ ❛♥❞ ✹ ♦❢ ❙✉❜-❡❝(✐♦♥ ■❱✳✶✳ ■♥ ♦(❤❡, ✇♦,❞-✱ ✇❡ ✈❛❧✐❞❛(❡ (❤,♦✉❣❤ ♥✉♠❡,✐❝❛❧

❡①♣❡,✐♠❡♥(- (❤❡ ❡①♣❛♥-✐♦♥ ✭■❱✳✶✽✮ ❢♦, p ≥ 3❀ ✇❡ ♥✉♠❡,✐❝❛❧❧② -❤♦✇✱ ❢♦, p ≥ 3 ❛♥❞ k ≥ 1✱ (❤❡

❡①✐-(❡♥❝❡ ♦❢ ❛ ♣♦✐♥( θ(p, k) ∈ (0, π) -✉❝❤ (❤❛( c
[p]
k (θ) ✈❛♥✐-❤❡- ♦✈❡, [0, θ(p, k)]❀ ❛♥❞ ✇❡ ♣,♦✈✐❞❡

♥✉♠❡,✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ (❤❡ ❢❛❝( (❤❛( (❤❡ ✐♥✜♠✉♠ yp = infk≥1 θ(p, k) ✐- -(,✐❝(❧② ♣♦-✐(✐✈❡ ❛♥❞ (❤❡

❡H✉❛(✐♦♥ λj(n
−2L

[p]
n ) = ep(θj,n) ❤♦❧❞- ♥✉♠❡,✐❝❛❧❧② ✇❤❡♥❡✈❡, θj,n < θ(p)✱ ✇✐(❤ θ(p) ❜❡✐♥❣ ❛ ♣♦✐♥(

✐♥ (0, yp]✳ ■♥ ❙✉❜-❡❝(✐♦♥ ■❱✳✺✳✷ ✇❡ ✐❧❧✉-(,❛(❡ (❤❡ ♥✉♠❡,✐❝❛❧ ♣❡,❢♦,♠❛♥❝❡ ♦❢ ❆❧❣♦,✐(❤♠ ✶✳

■❱✳✺✳✶ ◆✉♠❡)✐❝❛❧ ❡①♣❡)✐♠❡♥12 ✐♥ 2✉♣♣♦)1 ♦❢ 1❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥2✐♦♥

❋✐① p ≥ 3 ❛♥❞ α ∈ N✳ ❆- ✐♥ ❙❡❝(✐♦♥ ■❱✳✹✱ ❢♦, ❡✈❡,② n1 ∈ N ✇❡ -❡(

nk = 2k−1n1, k = 1, . . . , α,

jk = 2k−1j1, k = 1, . . . , α, j1 = 1, . . . , n1.

■♥ (❤❡ ❤②♣♦(❤❡-✐- (❤❛( (❤❡ ❡①♣❛♥-✐♦♥ ✭■❱✳✶✽✮ ❤♦❧❞-✱ ✇❡ ❝❛♥ ❢♦❧❧♦✇ (❤❡ ❞❡,✐✈❛(✐♦♥ ♦❢ ❙❡❝(✐♦♥ ■❱✳✹

✉♥(✐❧ ❚❤❡♦,❡♠ ■❱✳✹✳✶ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ (❤❛(✱ ❢♦, ❡❛❝❤ k = 1, . . . , α ❛♥❞ j1 = 1, . . . , n
[p]
1 ✱ (❤❡ ✈❛❧✉❡

c̃
[p]
k (θj1,n1) ❝♦♠♣✉(❡❞ ❜② -♦❧✈✐♥❣ (❤❡ ❧✐♥❡❛, -②-(❡♠ ✭■❱✳✷✼✮ ❝♦♥✈❡,❣❡- (♦ (❤❡ ✈❛❧✉❡ c

[p]
k (θj1,n1)

❛- n1 → ∞ ✇✐(❤ (❤❡ -❛♠❡ ❛-②♠♣(♦(✐❝ -♣❡❡❞ ❛- hα−k+1
1 ✳ ■♥ ♦(❤❡, ✇♦,❞-✱ ✐♥ (❤❡ ❤②♣♦(❤❡-✐-

(❤❛( (❤❡ ❡①♣❛♥-✐♦♥ ✭■❱✳✶✽✮ ❤♦❧❞-✱ ✐❢ ✇❡ ♣❧♦( (❤❡ ✈❛❧✉❡- c̃
[p]
k (θj1,n1) ✈❡,-✉- (❤❡ ♣♦✐♥(- θj1,n1 ❢♦,

✾✷
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θj1,n1

0 π/4 π/2 3π/4 π

c̃[
3] 1
(θ

j 1
,n

1
)

−2.5

−2

−1.5

−1

−0.5

0
n1 = 200
n1 = 300
n1 = 400

θj1,n1

0 π/4 π/2 3π/4 π

c̃[
3] 2
(θ

j 1
,n

1
)

−2

−1

0

1 n1 = 200
n1 = 300
n1 = 400

θj1,n1

0 π/4 π/2 3π/4 π

c̃[
3] 3
(θ

j 1
,n

1
)

−3

−2

−1

0

1

2

3

4
n1 = 200
n1 = 300
n1 = 400

❋✐❣✉$❡ ■❱✳✹✿ ❊①❛♠♣❧❡ ✻✱ p = 3✿ ❣$❛♣❤ ♦❢ 6❤❡ ♣❛✐$7 (θj1,n1
, c̃

[3]
k (θj1,n1

))✱ j1 = 1, . . . , n1 − 1, ❢♦$ n1 = 200, 300, 400

❛♥❞ k = 1, 2, 3✳
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0 π/4 π/2 3π/4 π

θj,n

10−17

10−15

10−13

10−11

10−9

10−7

10−5

10−3

|E
[3
]

j,
n
,0
|

n = 750
n = 1000
n = 1250
n = 1500

❋✐❣✉$❡ ■❱✳✺✿ ❊①❛♠♣❧❡ ✻✱ p = 3✿ ❡$$♦$4 |E
[3]
j,n,0| ✈❡$4✉4 θj,n ❢♦$ j = 1, . . . , n− 1 ❛♥❞ n = 750, 1000, 1250, 1500✳

n ✼✺✵ ✶✵✵✵ ✶✷✺✵ ✶✺✵✵

j ✺✽ ✽✵ ✶✵✶ ✶✷✸

θj,n ✵✳✷✹✷✾ ✵✳✷✺✶✸ ✵✳✷✺✸✽ ✵✳✷✺✼✻

❚❛❜❧❡ ■❱✳✷✿ ❊①❛♠♣❧❡ ✻✱ p = 3✿ ✜$4= ✐♥❞❡① j 4✉❝❤ =❤❛= |E
[3]
j,n,0| > 10−14

❛♥❞ ❝♦$$❡4♣♦♥❞✐♥❣ ❣$✐❞ ♣♦✐♥= θj,n✱ ❢♦$

n = 750, 1000, 1250, 1500✳

j1 = 1, . . . , n
[p]
1 ✱ ,❤❡ /❡0✉❧,✐♥❣ ♣✐❝,✉/❡ 0❤♦✉❧❞ ❝♦♥✈❡/❣❡ ❛0 n1 → ∞ ,♦ ,❤❡ ❣/❛♣❤ ♦❢ ❛ ❢✉♥❝,✐♦♥ ❢/♦♠

[0, π] ,♦ R✱ ✇❤✐❝❤ ✐0✱ ❜② ❞❡✜♥✐,✐♦♥✱ c
[p]
k (θ)✳ ❚❤❡ ♥❡①, ❡①❛♠♣❧❡0 0❤♦✇ ,❤❛, ,❤✐0 ✐0 ✐♥ ❢❛❝, ,❤❡ ❝❛0❡✱

,❤✉0 ♣/♦✈✐❞✐♥❣ ❛ ✈❛❧✐❞❛,✐♦♥ ♦❢ ,❤❡ ❡①♣❛♥0✐♦♥ ✭■❱✳✶✽✮✳ ❚❤❡ ❡①❛♠♣❧❡0 ❛❧0♦ 0✉♣♣♦/, ,❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❥❡❝,✉/❡0✿

❼ ,❤❡ ❧✐♠✐, ❢✉♥❝,✐♦♥ c
[p]
k (θ) ✈❛♥✐0❤❡0 ♦✈❡/ ❛♥ ✐♥,❡/✈❛❧ [0, θ(p, k)] ✇✐,❤ θ(p, k) ∈ (0, π)❀

❼ yp = infk≥1 θ(p, k) > 0❀

❼ λj(n
−2L

[p]
n ) = ep(θj,n) ♥✉♠❡/✐❝❛❧❧② ✇❤❡♥❡✈❡/ θj,n < θ(p)✱ ✇❤❡/❡ θ(p) ✐0 ❛ ♣♦✐♥, ✐♥ (0, yp] ✇❤✐❝❤

❣/♦✇0 ✇✐,❤ p✳

❊①❛♠♣❧❡ ✻✳ ❋✐① p = 3 ❛♥❞ ❧❡( α = 3✳ ■♥ ❋✐❣✉-❡ ■❱✳✹ ✇❡ ♣❧♦( (❤❡ ♣❛✐-4

(θj1,n1 , c̃
[3]
k (θj1,n1)), j1 = 1, . . . , n

[3]
1 = n1 − 1, ✭■❱✳✸✶✮

❢♦- n1 = 200, 300, 400 ❛♥❞ k = 1, 2, 3✳ ❲❡ ♥♦(❡ (❤❛(✱ ❢♦- ❡❛❝❤ ✜①❡❞ k✱ (❤❡ ❣-❛♣❤ ♦❢ (❤❡ ♣❛✐-4

✭■❱✳✸✶✮ ✐4 ❡44❡♥(✐❛❧❧② (❤❡ 4❛♠❡ ❢♦- ❛❧❧ (❤❡ ❝♦♥4✐❞❡-❡❞ ✈❛❧✉❡4 ♦❢ n1✳ ■♥ ♦(❤❡- ✇♦-❞4✱ (❤✐4 ❣-❛♣❤

❝♦♥✈❡-❣❡4 (♦ (❤❡ ❣-❛♣❤ ♦❢ ❛ ❢✉♥❝(✐♦♥ c
[3]
k (θ) ❛4 n1 → ∞✱ ❛♥❞ (❤❡ ❝♦♥✈❡-❣❡♥❝❡ ✐4 ❡44❡♥(✐❛❧❧② -❡❛❝❤❡❞

❛❧-❡❛❞② ❢♦- n1 = 200✱ ❛( ❧❡❛4( ❢-♦♠ (❤❡ ♣♦✐♥( ♦❢ ✈✐❡✇ ♦❢ ❣-❛♣❤✐❝❛❧ ✈✐4✉❛❧✐③❛(✐♦♥✳ ▼♦-❡♦✈❡-✱ (❤❡

❧✐♠✐( ❢✉♥❝(✐♦♥ c
[3]
k (θ) ✐4 ❛♣♣❛-❡♥(❧② ③❡-♦ ♦✈❡- ❛♥ ✐♥(❡-✈❛❧ [0, θ(3, k)]✱ ✇❤❡-❡ θ(3, k) ∈ (0, π)✳ ❆♥

ε✲❛♣♣-♦①✐♠❛(✐♦♥ ♦❢ θ(3, k) ✐4 ♦❜(❛✐♥❡❞ ❛4 (❤❡ ❧✐♠✐( ♦❢ θ
(ε)
n1 (3, k) ❢♦- n1 → ∞✱ ✇❤❡-❡

θ(ε)n1
(3, k) = max

{
θj1,n1 : 1 ≤ j1 ≤ n1 − 1, |c̃[3]k (θi1,n1)| ≤ ε ❢♦- ❛❧❧ i1 < j1

}

✾✹
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n1 ✷✵✵ ✸✵✵ ✹✵✵ ✺✵✵ ✻✵✵

θ
(ε)
n1 (4, 1)

97π

200
≈ 1.5237

146π

300
≈ 1.5289

194π

400
≈ 1.5237

242π

500
≈ 1.5205

291π

600
≈ 1.5237

θ
(ε)
n1 (4, 2)

129π

200
≈ 2.0263

194π

300
≈ 2.0316

258π

400
≈ 2.0263

322π

500
≈ 2.0232

387π

600
≈ 2.0263

θ
(ε)
n1 (4, 3)

145π

200
≈ 2.2777

217π

300
≈ 2.2724

289π

400
≈ 2.2698

362π

500
≈ 2.2745

434π

600
≈ 2.2724

❚❛❜❧❡ ■❱✳✸✿ ❊①❛♠♣❧❡ ✼✱ p = 4✿ ✈❛❧✉❡2 θ
(ε)
n1

(4, k) ❢♦5 k = 1, 2, 3 ❛♥❞ n1 = 200, 300, 400, 500, 600✱ ❝♦♠♣✉9❡❞ ✇✐9❤

9❤❡ 9❤5❡2❤♦❧❞ ε = 0.0005✳

n ✼✺✵ ✶✵✵✵ ✶✷✺✵ ✶✺✵✵

j ✼✶ ✾✼ ✶✷✸ ✶✺✷

θj,n ✵✳✷✾✼✹ ✵✳✸✵✹✼ ✵✳✸✵✾✶ ✵✳✸✶✽✸

❚❛❜❧❡ ■❱✳✹✿ ❊①❛♠♣❧❡ ✼✱ p = 4✿ ✜529 ✐♥❞❡① j 2✉❝❤ 9❤❛9 |E
[4]
j,n,0| > 10−14

❛♥❞ ❝♦55❡2♣♦♥❞✐♥❣ ❣5✐❞ ♣♦✐♥9 θj,n✱ ❢♦5

n = 750, 1000, 1250, 1500✳

❛♥❞ ε ✐$ ❛ ✜①❡❞ (❤*❡$❤♦❧❞✳ ❚❛❜❧❡ ■❱✳✶ $❤♦✇$ (❤❡ ✈❛❧✉❡$ θ
(ε)
n1 (3, k) ❝♦♠♣✉(❡❞ ❢♦* k = 1, 2, 3 ❛♥❞

n1 = 200, 300, 400, 500, 600 ✇✐(❤ (❤❡ ✜①❡❞ (❤*❡$❤♦❧❞ ε = 0.0005✳ ❇♦(❤ ❋✐❣✉*❡ ■❱✳✹ ❛♥❞ ❚❛❜❧❡ ■❱✳✶

$✉❣❣❡$( (❤❛( θ(3, k) ❣*♦✇$ ✇✐(❤ k✳ ■♥ ♣❛*(✐❝✉❧❛*✱ ✇❡ ♠❛② ❡①♣❡❝( (❤❛(

y3 = inf
k≥1

θ(3, k) = θ(3, 1) > 0.

■♥ ❋✐❣✉*❡ ■❱✳✺ ✇❡ ♣❧♦( (❤❡ ❡**♦*$ |E[3]
j,n,0| = |λj(n−2L

[3]
n ) − e3(θj,n)| ✈❡*$✉$ (❤❡ ♣♦✐♥($ θj,n ❢♦*
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❣*♦✇$ ❢*♦♠ θ(3)/π ≈ 0.082 ❢♦* p = 3 (♦ θ(4)/π ≈ 0.101 ❢♦* p = 4✳ ❆❝(✉❛❧❧②✱ (❤✐$ $♣❡❝(*✉♠
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Di → C, i = 1, . . . , k, ❛5❡ ❛5❜✐&5❛5② ❢✉♥❝&✐♦♥)✱ ✇❡ ✇✐❧❧ ❞❡♥♦&❡ ❜② w1⊗· · ·⊗wk : D1×· · ·×Dk → C

&❤❡ &❡♥)♦5✲♣5♦❞✉❝& ❢✉♥❝&✐♦♥

(w1 ⊗ · · · ⊗ wk)(ξ1, . . . , ξk) =
k∏

i=1

wi(ξi), (ξ1, . . . , ξk) ∈ D1 × · · · ×Dk.

8)♦❜❧❡♠ 2❡11✐♥❣

❈♦♥)✐❞❡5 &❤❡ k✲❞✐♠❡♥)✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣5♦❜❧❡♠

{
−∆u(x) = λu(x), x ∈ (0, 1)k,

u(x) = 0, x ∈ ∂((0, 1)k).
✭■❱✳✸✷✮

✸

❚❤❡#❡ ♠✐♥✐♠❛✱ ❛# ✇❡❧❧ ❛# +❤❡ ❤✐❣❤❧② ♦#❝✐❧❧❛+♦0② ❜❡❤❛✈✐♦0 ♦❢ +❤❡ ❡00♦0 ❛0♦✉♥❞ θ = 0✱ ❛0❡ ♣0♦❜❛❜❧② ❞✉❡ +♦

+❤❡ ❢❛❝+ +❤❛+ e3(θ) ♣0♦✈✐❞❡# ❛ ♥✉♠❡0✐❝❛❧❧② ❡①❛❝+ ❞❡#❝0✐♣+✐♦♥ ♦❢ +❤❡ #♣❡❝+0✉♠ ♦❢ n−2L
[3]
n ❛0♦✉♥❞ θ = 0❀ #❡❡ ❛❧#♦

❊①❛♠♣❧❡ ✻✳

✾✾
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0 π/5 2π/5 3π/5 4π/5 π

θj,n

10−15
10−14
10−13
10−12
10−11
10−10
10−9
10−8
10−7
10−6
10−5
10−4
10−3
10−2

ε[
4
],
1

j,
n

0 π/5 2π/5 3π/5 4π/5 π

θj,n

10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

ε[
4
],
2

j,
n

0 π/5 2π/5 3π/5 4π/5 π

θj,n

10−16

10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

ε[
4
],
3

j,
n

0 π/5 2π/5 3π/5 4π/5 π

θj,n

10−16

10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

ε[
4
],
4

j,
n

❋✐❣✉$❡ ■❱✳✶✵✿ ❊①❛♠♣❧❡ ✶✵✱ p = 4✿ ❡$$♦$4 ε
[4],m
j,n ✈❡$4✉4 θj,n ❢♦$ j = 1, . . . , n✱ ✐♥ 8❤❡ ❝❛4❡ ✇❤❡$❡ n = 5000✱

n1 = 10 · 2m−1
✱ ❛♥❞ α = 5✳

✶✵✵



■❱✳✻✳ ❊①&❡♥)✐♦♥ &♦ &❤❡ ♠✉❧&✐❞✐♠❡♥)✐♦♥❛❧ )❡&&✐♥❣

❚❤❡ ❝♦55❡)♣♦♥❞✐♥❣ ✇❡❛❦ ❢♦5♠✉❧❛&✐♦♥ 5❡❛❞) ❛) ❢♦❧❧♦✇)✿ ✜♥❞ ❡✐❣❡♥✈❛❧✉❡) λ ∈ R+
❛♥❞ ❡✐❣❡♥❢✉♥❝&✐♦♥)

u ∈ H1
0 ((0, 1)

k) )✉❝❤ &❤❛&✱ ❢♦5 ❛❧❧ v ∈ H1
0 ((0, 1)

k)✱

a(u, v) = λ(u, v),

✇❤❡5❡

a(u, v) =

∫

(0,1)k
∇u(x) · ∇v(x)dx, (u, v) =

∫

(0,1)k
u(x)v(x)dx.

■♥ &❤❡ ✏&❡♥)♦5✲♣5♦❞✉❝& ✈❡5)✐♦♥✑ ♦❢ ●❛❧❡5❦✐♥✬) ♠❡&❤♦❞✱ ✇❡ ❝❤♦♦)❡ k ✜♥✐&❡✲❞✐♠❡♥)✐♦♥❛❧ ✈❡❝&♦5

)♣❛❝❡) W1, . . . ,Wk ⊂ H1
0 (0, 1) ❛♥❞ ✇❡ )❡&

W = W1 ⊗ · · · ⊗ Wk = span(w1 ⊗ · · · ⊗ wk : w1 ∈ W1, . . . , wk ∈ Wk) ⊂ H1
0 ((0, 1)

k).

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ Ns = dimWs ❢♦5 s = 1, . . . , k ❛♥❞ N = (N1, . . . , Nk)✱ ❛♥❞ ✇❡ ❧♦♦❦ ❢♦5 ❛♣♣5♦①✐✲

♠❛&✐♦♥) ♦❢ &❤❡ ❡①❛❝& ❡✐❣❡♥♣❛✐5)

λj =
k∑

i=1

j2i π
2, uj(x) =

k∏

i=1

sin(jiπxi), j = (j1, . . . , jk) ∈ Nk, ✭■❱✳✸✸✮

❜② )♦❧✈✐♥❣ &❤❡ ❢♦❧❧♦✇✐♥❣ ●❛❧❡5❦✐♥ ♣5♦❜❧❡♠✿ ✜♥❞ λj,W ∈ R+
❛♥❞ uj,W ∈ W ✱ ❢♦5 j = e, . . . ,N ✱

)✉❝❤ &❤❛&✱ ❢♦5 ❛❧❧ v ∈ W ✱

a(uj,W , v) = λj,W (uj,W , v). ✭■❱✳✸✹✮

■❢ {ϕ1,[s], . . . , ϕNs,[s]} ✐) ❛ ❜❛)✐) ♦❢ Ws ❢♦5 s = 1, . . . , k✱ &❤❡♥

ϕi = ϕi1,[1] ⊗ · · · ⊗ ϕik,[d], i = e, . . . ,N ,

✐) ❛ ❜❛)✐) ♦❢ W ✱ ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ &❤❡ ❝❛♥♦♥✐❝❛❧ ✐❞❡♥&✐✜❝❛&✐♦♥ ❜❡&✇❡❡♥ ❡❛❝❤ v ∈ W ❛♥❞ ✐&) ❝♦❡✣❝✐❡♥&

✈❡❝&♦5 ✇✐&❤ 5❡)♣❡❝& &♦ {ϕe, . . . , ϕN}✱ )♦❧✈✐♥❣ &❤❡ ●❛❧❡5❦✐♥ ♣5♦❜❧❡♠ ✭■❱✳✸✹✮ ✐) ❡J✉✐✈❛❧❡♥& &♦ )♦❧✈✐♥❣

&❤❡ ❣❡♥❡5❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣5♦❜❧❡♠

Kuj,W = λj,W Muj,W , ✭■❱✳✸✺✮

✇❤❡5❡ uj,W ✐) &❤❡ ❝♦❡✣❝✐❡♥& ✈❡❝&♦5 ♦❢ uj,W ✇✐&❤ 5❡)♣❡❝& &♦ {ϕe, . . . , ϕN}✱

K = [a(ϕj , ϕi)]
N
i,j=e

=

[∫

(0,1)k
∇ϕj(x) · ∇ϕi(x)dx

]N

i,j=e

= ✭■❱✳✸✻✮

k∑

r=1

(r−1⊗

s=1

M (s)

)
⊗K(r) ⊗

( k⊗

s=r+1

M (s)

)
, ✭■❱✳✸✼✮

M = [(ϕj , ϕi)]
N
i,j=e

=

[∫

(0,1)k
ϕj(x)ϕi(x)dx

]N

i,j=e

=

k⊗

s=1

M (s), ✭■❱✳✸✽✮

❛♥❞

K(s) =

[∫ 1

0
ϕ′
j,[s](x)ϕ

′
i,[s](x)dx

]Ns

i,j=1

, s = 1, . . . , k,

M (s) =

[∫ 1

0
ϕj,[s](x)ϕi,[s](x)dx

]Ns

i,j=1

, s = 1, . . . , k.

✶✵✶
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❚❤❡ ♠❛%&✐❝❡) K ❛♥❞ M ❛&❡✱ &❡)♣❡❝%✐✈❡❧②✱ %❤❡ )%✐✛♥❡)) ♠❛%&✐① ❛♥❞ %❤❡ ♠❛)) ♠❛%&✐①✳ ❇♦%❤ K

❛♥❞ M ❛&❡ ❛❧✇❛②) )②♠♠❡%&✐❝ ♣♦)✐%✐✈❡ ❞❡✜♥✐%❡✱ &❡❣❛&❞❧❡)) ♦❢ %❤❡ ❜❛)✐) ❢✉♥❝%✐♦♥) ϕe, . . . , ϕN ✳

▼♦&❡♦✈❡&✱ ✐% ✐) ❝❧❡❛& ❢&♦♠ ✭■❱✳✸✺✮ %❤❛% %❤❡ ♥✉♠❡&✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡) λj,W ✱ j = e, . . . ,N ✱ ❛&❡ ❥✉)%

%❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ %❤❡ ♠❛%&✐①

L =M−1K =
k∑

r=1

(r−1⊗

s=1

INs

)
⊗ (M (r))−1K(r) ⊗

( k⊗

s=r+1

INs

)
. ✭■❱✳✸✾✮

■♥ %❤❡ ■❣❆ ❛♣♣&♦①✐♠❛%✐♦♥ ♦❢ ✭■❱✳✸✷✮ ❜❛)❡❞ ♦♥ ✉♥✐❢♦&♠ %❡♥)♦&✲♣&♦❞✉❝% ❇✲)♣❧✐♥❡) ♦❢ ❞❡❣&❡❡

p = (p1, . . . , pk)✱ ✇❡ ❧♦♦❦ ❢♦& ❛♣♣&♦①✐♠❛%✐♦♥) ♦❢ %❤❡ ❡①❛❝% ❡✐❣❡♥♣❛✐&) ✭■❱✳✸✸✮ ❜② ✉)✐♥❣ %❤❡

%❡♥)♦&✲♣&♦❞✉❝% ✈❡&)✐♦♥ ♦❢ %❤❡ ●❛❧❡&❦✐♥ ♠❡%❤♦❞ ❞❡)❝&✐❜❡❞ ❛❜♦✈❡✱ ✐♥ ✇❤✐❝❤ %❤❡ ❜❛)✐) ❢✉♥❝%✐♦♥)

ϕ1,[s], . . . , ϕNs,[s] ❛&❡ ❝❤♦)❡♥ ❛) %❤❡ ❇✲)♣❧✐♥❡) N2,[ps], . . . , Nns+ps−1,[ps] ❢♦& s = 1, . . . , k✱ ✇❤❡&❡ %❤❡

❢✉♥❝%✐♦♥) Nis+1,[ps]✱ is = 1, . . . , ns + ps − 2✱ ❛&❡ ❞❡✜♥❡❞ ✐♥ ✭■❱✳✽✮ ❢♦& n = ns ❛♥❞ p = ps✳ ❙❡%%✐♥❣

n = (n1, . . . , nk)✱ %❤❡ &❡)✉❧%✐♥❣ )%✐✛♥❡)) ❛♥❞ ♠❛)) ♠❛%&✐❝❡) ✭■❱✳✸✼✮✕✭■❱✳✸✽✮ ❛&❡ ❣✐✈❡♥ ❜②

K
[p]
n =

k∑

r=1

(r−1⊗

s=1

M [ps]
ns

)
⊗K [pr]

nr
⊗

( k⊗

s=r+1

M [ps]
ns

)
, ✭■❱✳✹✵✮

M
[p]
n =

k⊗

s=1

M [ps]
ns

, ✭■❱✳✹✶✮

❛♥❞ %❤❡ ♥✉♠❡&✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡) λ
[p]
j,n✱ j = e, . . . ,n+ p− 2✱ ❛&❡ %❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ %❤❡ ♠❛%&✐①

L
[p]
n = (M

[p]
n )−1K

[p]
n =

k∑

r=1

(r−1⊗

s=1

Ins+ps−2

)
⊗ L[pr]

nr
⊗

( k⊗

s=r+1

Ins+ps−2

)
, ✭■❱✳✹✷✮

✇❤❡&❡ %❤❡ ♠❛%&✐❝❡) K
[p]
n ,M

[p]
n , L

[p]
n ❛&❡ ❞❡✜♥❡❞ ✐♥ ✭■❱✳✶✵✮✕✭■❱✳✶✷✮ ❢♦& ❛❧❧ p, n ≥ 1✳

■❱✳✻✳✶ ❊✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝0♦2 302✉❝0✉2❡ ♦❢ L
[p]
n

❲❡ ♥♦✇ )❤♦✇ %❤❛% %❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝%♦& )%&✉❝%✉&❡ ♦❢ L
[p]
n ✐) ❞❡%❡&♠✐♥❡❞ ❜② %❤❡ ❡✐❣❡♥✈❛❧✉❡✕

❡✐❣❡♥✈❡❝%♦& )%&✉❝%✉&❡ ♦❢ %❤❡ ♠❛%&✐❝❡) L
[p]
n ❢♦& p ∈ {p1, . . . , pk}✳ ■% ✇✐❧❧ ✐♠♠❡❞✐❛%❡❧② ❢♦❧❧♦✇ %❤❛%

%❤❡ ❡✐❣❡♥✈❛❧✉❡) ❛♥❞ ❡✐❣❡♥✈❡❝%♦&) ♦❢ L
[p]
n ❛&❡ ❡①♣❧✐❝✐%❧② ❦♥♦✇♥ ❢♦& e ≤ p ≤ 2✱ ❜❡❝❛✉)❡ ♦❢ %❤❡

&❡)✉❧%) ♦❢ ❙❡❝%✐♦♥ ■❱✳✸✳ ▼♦&❡♦✈❡&✱ %❤❡ ♣❛&❛❧❧❡❧ ✐♥%❡&♣♦❧❛%✐♦♥✕❡①%&❛♣♦❧❛%✐♦♥ ❛❧❣♦&✐%❤♠ ❞❡✈✐)❡❞ ✐♥

❙❡❝%✐♦♥ ■❱✳✹ ❢♦& ❝♦♠♣✉%✐♥❣ %❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ L
[p]
n ❛❧)♦ ❛❧❧♦✇) %❤❡ ❝♦♠♣✉%❛%✐♦♥ ♦❢ %❤❡ ❡✐❣❡♥✈❛❧✉❡)

♦❢ L
[p]
n ✳

❋♦& p, n ≥ 1✱ ❧❡%

L[p]
n = V [p]

n D[p]
n (V [p]

n )−1, D[p]
n = diag

j=1,...,n+p−2
λj(L

[p]
n ), ✭■❱✳✹✸✮

❜❡ ❛ )♣❡❝%&❛❧ ❞❡❝♦♠♣♦)✐%✐♦♥ ♦❢ L
[p]
n ✳ ◆♦%❡ %❤❛% )✉❝❤ ❛ ❞❡❝♦♠♣♦)✐%✐♦♥ ❡①✐)%) ❜❡❝❛✉)❡ L

[p]
n ✐)

❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ ❜❡❝❛✉)❡ ♦❢ %❤❡ )✐♠✐❧❛&✐%② ❡U✉❛%✐♦♥

L[p]
n = (M [p]

n )−1K [p]
n = (M [p]

n )−1/2
[
(M [p]

n )−1/2K [p]
n (M [p]

n )−1/2
]
(M [p]

n )1/2.
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■❱✳✻✳ ❊①&❡♥)✐♦♥ &♦ &❤❡ ♠✉❧&✐❞✐♠❡♥)✐♦♥❛❧ )❡&&✐♥❣

■& ❢♦❧❧♦✇) ❢5♦♠ ✭■❱✳✹✸✮ ❛♥❞ &❤❡ ♣5♦♣❡5&✐❡) ♦❢ &❡♥)♦5 ♣5♦❞✉❝&) &❤❛&

L
[p]
n =

k∑

r=1

(r−1⊗

s=1

Ins+ps−2

)
⊗ L[pr]

nr
⊗

( k⊗

s=r+1

Ins+ps−2

)
,

=

( k⊗

s=1

V [ps]
ns

)[
k∑

r=1

(r−1⊗

s=1

Ins+ps−2

)
⊗D[pr]

nr
⊗

( k⊗

s=r+1

Ins+ps−2

)]( k⊗

s=1

V [ps]
ns

)−1

, ✭■❱✳✹✹✮

✇❤✐❝❤ ✐) ❛ )♣❡❝&5❛❧ ❞❡❝♦♠♣♦)✐&✐♦♥ ♦❢ L
[p]
n ✳ ▼♦5❡ ❡①♣❧✐❝✐&❧②✱ ❧❡& v

[p]
1,n, . . . ,v

[p]
n+p−2,n ❜❡ &❤❡ ❝♦❧✉♠♥)

♦❢ V
[p]
n ✱ ✐✳❡✳✱ &❤❡ ❡✐❣❡♥✈❡❝&♦5) ♦❢ L

[p]
n ✱

L[p]
n v

[p]
j,n = λj(L

[p]
n )v

[p]
j,n, j = 1, . . . , n+ p− 2,

❛♥❞ ❧❡&

v
[p]
j,n =

k⊗

s=1

v
[ps]
js,ns

, j = e, . . . ,n+ p− 2. ✭■❱✳✹✺✮

❚❤❡♥✱ ✇❡ ❝❛♥ 5❡✇5✐&❡ ✭■❱✳✹✹✮ ❛)

L
[p]
n v

[p]
j,n = λj(L

[p]
n )v

[p]
j,n, j = e, . . . ,n+ p− 2,

✇❤❡5❡

λj(L
[p]
n ) =

k∑

r=1

λjr(L
[pr]
nr

), j = e, . . . ,n+ p− 2. ✭■❱✳✹✻✮

■♥ ♦&❤❡5 ✇♦5❞)✱ &❤❡ ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝&♦5 ♣❛✐5) ♦❢ L
[p]
n ❛5❡

(λj(L
[p]
n ),v

[p]
j,n), j = e, . . . ,n+ p− 2,

✇✐&❤ v
[p]
j,n ❛♥❞ λj(L

[p]
n ) ❞❡✜♥❡❞ ❛) ✐♥ ✭■❱✳✹✺✮ ❛♥❞ ✭■❱✳✹✻✮✱ 5❡)♣❡❝&✐✈❡❧②✳

❲❡ ❤❛✈❡ ❝♦♥)✐❞❡5❡❞ &❤❡ ❇✲)♣❧✐♥❡ ■❣❆ ❛♣♣5♦①✐♠❛&✐♦♥ ♦❢ &❤❡ k✲❞✐♠❡♥)✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥✲

✈❛❧✉❡ ♣5♦❜❧❡♠ ✭■❱✳✸✷✮✳ ❚❤5♦✉❣❤ &❡♥)♦5✲♣5♦❞✉❝& ❛5❣✉♠❡♥&)✱ ✇❡ ❤❛✈❡ )❤♦✇♥ &❤❛& &❤❡ ❡✐❣❡♥✈❛❧✉❡✕

❡✐❣❡♥✈❡❝&♦5 )&5✉❝&✉5❡ ♦❢ &❤❡ 5❡)✉❧&✐♥❣ ❞✐)❝5❡&✐③❛&✐♦♥ ♠❛&5✐① L
[p]
n ✐) ❝♦♠♣❧❡&❡❧② ❞❡&❡5♠✐♥❡❞ ❜② &❤❡

❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝&♦5 )&5✉❝&✉5❡ ♦❢ &❤❡ ♠❛&5✐① L
[p]
n ❛5✐)✐♥❣ ❢5♦♠ &❤❡ ❇✲)♣❧✐♥❡ ■❣❆ ❛♣♣5♦①✐♠❛&✐♦♥

♦❢ &❤❡ ✉♥✐❞✐♠❡♥)✐♦♥❛❧ ❡✐❣❡♥♣5♦❜❧❡♠ ✭■❱✳✶✮✳ ❆) ❢♦5 &❤❡ ♠❛&5✐① L
[p]
n ✱ ✇❡ ✐♠♣❧❡♠❡♥&❡❞ &❤❡ ♣5♦❣5❛♠

❞❡&❛✐❧❡❞ ✐♥ ■&❡♠) ✶ &♦ ✺ ♦❢ ❙✉❜)❡❝&✐♦♥ ■❱✳✶✳

✶✵✸
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❈❤❛♣$❡& ❱

❆!②♠♣%♦%✐❝ ❊①♣❛♥!✐♦♥✿ ❡①%❡♥!✐♦♥ %♦

%❤❡ ❜❧♦❝❦ ❝❛!❡

❆ !✉❜!$❛♥$✐❛❧ !$❡♣ ❢♦-✇❛-❞ ✐♥ ♦-❞❡- $♦ ❛!❝❡-$❛✐♥ $❤❡ ❡①✐!$❡♥❝❡ ♦❢ ❛♥ ❛!②♠♣$♦$✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥✲

!✐♦♥ ❢♦- !❡✈❡-❛❧ 8❉❊ ❞✐!❝-❡$✐③❛$✐♦♥ ♠❛$-✐❝❡! ❤❛! ❜❡❡♥ $❤❡ ❣❡♥❡-❛❧✐③❛$✐♦♥ ♦❢ $❤❡ ♣-♦♣♦!❡❞ $❤❡♦-②

$♦ $❤❡ ❜❧♦❝❦ ❛♥❞ ♣-❡❝♦♥❞✐$✐♦♥❡❞ ❜❧♦❝❦ ❝♦♥$❡①$✳

❙♣❡❝✐❛❧ ❛$$❡♥$✐♦♥ ✐! ❞❡❞✐❝❛$❡❞ $♦ $❤❡ ❣❡♥❡-❛❧✐③❛$✐♦♥ ♦❢ $❤❡ -❡!✉❧$! ♦❢ ❈❤❛♣$❡&' ■■■✲■❱ ✉♥❞❡-

$❤❡ ❛!!✉♠♣$✐♦♥! $❤❛$ f ♦❢ ✐! ❛♥ s × s ♠❛$-✐①✲✈❛❧✉❡❞ $-✐❣♦♥♦♠❡$-✐❝ ♣♦❧②♥♦♠✐❛❧ ✇✐$❤ s ≥ 1✱ ❛♥❞

Tn(f) ✐! $❤❡ ❛!!♦❝✐❛$❡❞ ❜❧♦❝❦ ❚♦❡♣❧✐$③ ♠❛$-✐①✱ ✇❤♦!❡ !✐③❡ ✐! N(n, s) = sn✳

▼❛✐♥ ❝♦♥&'✐❜✉&✐♦♥*

❚❤❡ ♠❛✐♥ ❝♦♥$-✐❜✉$✐♦♥! ♦❢ $❤❡ ❈❤❛♣$❡- ❝❛♥ ❜❡ !✉♠♠❛-✐③❡❞ ❛! ❢♦❧❧♦✇!✳

✶✳ ❋✐-!$ ✇❡ ❞❡-✐✈❡ $❤❡ ❝♦♥❞✐$✐♦♥! ✭❡✐$❤❡- ❧♦❝❛❧ ♦- ❣❧♦❜❛❧✮ ✇❤✐❝❤ ❡♥!✉-❡ $❤❡ ❡①✐!$❡♥❝❡ ♦❢ ❛♥

❛!②♠♣$♦$✐❝ ❡①♣❛♥!✐♦♥ ❢♦- $❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ Tn(f)✱ ❣❡♥❡-❛❧✐③✐♥❣ $❤♦!❡ ❢♦- $❤❡ !❝❛❧❛-✲✈❛❧✉❡❞

!❡$$✐♥❣✱ s = 1✳

✷✳ ❲❡ ♣-♦✈✐❞❡ ♥✉♠❡-✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❛ ♣-❡❝✐!❡ ❛!②♠♣$♦$✐❝ ❡①♣❛♥!✐♦♥ ❢♦- $❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢

Tn(f)✱ ✉♥❞❡- $❤❡ !♣❡❝✐✜❝ ❝♦♥❞✐$✐♦♥! ❞❡-✐✈❡❞ ✐♥ $❤❡ ✜-!$ ✐$❡♠✳ ■♥ ♣❛-$✐❝✉❧❛-✱ ✇❡ ❝♦♥❥❡❝$✉-❡

♦♥ $❤❡ ❜❛!✐! ♦❢ ♥✉♠❡-✐❝❛❧ ❡①♣❡-✐♠❡♥$! $❤❛$ ❢♦- ❡✈❡-② ✐♥$❡❣❡- α ≥ 0✱ ❡✈❡-② s ≥ 1✱ ❛♥❞ ❡✈❡-②

q ∈ {1, . . . , s}✱ $❤❡ ❢♦❧❧♦✇✐♥❣ ❛!②♠♣$♦$✐❝ ❡①♣❛♥!✐♦♥ ❤♦❧❞!✿ ❢♦- ❛❧❧ n ∈ N ❛♥❞ j = 1, . . . , n✱

λγ(Tn(f)) = λ(q)(f(θj,n)) +
α∑

k=1

c
(q)
k (θj,n)h

k + E
(q)
j,n,α , ✭❱✳✶✮

✇❤❡-❡✿

❼ γ = γ(q, j) = (q − 1)n+ j❀

❼ λk(Tn(f))✱ k ∈ {1, . . . , N(n, s)}✱ ❛-❡ $❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ Tn(f)✱ ✇❤✐❝❤ ❛-❡ !♦-$❡❞ !♦
$❤❛$✱ ❢♦- ❡❛❝❤ ✜①❡❞ q̄ ∈ {1, . . . , s}✱ $❤❡ ❡✐❣❡♥✈❛❧✉❡! λ(q̄−1)n+j(Tn(f))✱ j = 1, . . . , n✱ ❛-❡

❛--❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝-❡❛!✐♥❣ ♦- ♥♦♥ ✐♥❝-❡❛!✐♥❣ ♦-❞❡-✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡$❤❡- λ(q̄)(f)

✐! ✐♥❝-❡❛!✐♥❣ ♦- ❞❡❝-❡❛!✐♥❣ ✭$❤✐! ❝❛♥ ❜❡ !❡❡♥ ✉!✐♥❣ $❤❡ ❧♦❝❛❧ ♦- $❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐$✐♦♥

❜❡❧♦✇✮❀
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❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❼ {c(q)k }k=1,2,...,α ✐! ❛ !❡$✉❡♥❝❡ ♦❢ ❢✉♥❝*✐♦♥! ❢+♦♠ [0, π] *♦ R ✇❤✐❝❤ ❞❡♣❡♥❞! ♦♥❧② ♦♥ f ❀

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh✱ j = 1, . . . , n❀

❼ E
(q)
j,n,α = O(hα+1) ✐! *❤❡ +❡♠❛✐♥❞❡+ ✭*❤❡ ❡++♦+✮✱ ✇❤✐❝❤ !❛*✐!✜❡! *❤❡ ✐♥❡$✉❛❧✐*② |E(q)

j,n,α| ≤
Cαh

α+1
❢♦+ !♦♠❡ ❝♦♥!*❛♥* Cα ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ f ✳

❲❡ +❡❢❡+ *❤❡ +❡❛❞❡+ *♦ *❤❡ ❈❤❛♣$❡& ❱■ ❙❡❝*✐♦♥ ❱■✳✻ ❢♦+ ❛ ♣+♦♦❢ ♦❢ *❤❡ ❡①♣❛♥!✐♦♥ ✭■❱✳✶✽✮

❢♦+ α = 0✳

✸✳ ❋♦❧❧♦✇✐♥❣ *❤❡ ♣+♦♣♦!❛❧ ❢♦+ s = 1 ♦❢ *❤❡ ♣+❡✈✐♦✉! ❝❤❛♣*❡+!✱ ✇❡ ❞❡✈✐!❡ ❛♥ ✐♥*❡+♣♦❧❛*✐♦♥✕

❡①*+❛♣♦❧❛*✐♦♥ ❛❧❣♦+✐*❤♠ ❢♦+ ❝♦♠♣✉*✐♥❣ *❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ ❜❛♥❞❡❞ !②♠♠❡*+✐❝ ❜❧♦❝❦ ❚♦❡♣❧✐*③

♠❛*+✐❝❡!✱ ✇✐*❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉+❛❝② ❛♥❞ ❛ ❧♦✇ ❝♦♠♣✉*❛*✐♦♥❛❧ ❝♦!*✱ ❛♥❞ ✇❡ ♣+❡!❡♥* !❡✈❡+❛❧

❡①❛♠♣❧❡! ♦❢ ♣+❛❝*✐❝❛❧ ✐♥*❡+❡!*✳

✹✳ ❲❡ ♣+♦✈✐❞❡ *❤❡ ❡①❛❝* ❢♦+♠✉❧❛❡ ❢♦+ *❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢ *❤❡ ♠❛!! ❛♥❞ !*✐✛♥❡!! ♠❛*+✐❝❡! ❝♦♠✲

✐♥❣ ❢+♦♠ *❤❡ ♦♥❡ ❞✐♠❡♥!✐♦♥❛❧ Qp ▲❛❣+❛♥❣✐❛♥ ❋✐♥✐*❡ ❊❧❡♠❡♥* ❛♣♣+♦①✐♠❛*✐♦♥ ♦❢ ❛ !❡❝♦♥❞

♦+❞❡+ ❡❧❧✐♣*✐❝ ❞✐✛❡+❡♥*✐❛❧ ♣+♦❜❧❡♠ ❛♥❞ *❤❡ ♣+❡❝♦♥❞✐*✐♦♥❡❞ ❜❧♦❝❦ ♠❛*+✐❝❡! ❝♦♠✐♥❣ ❢+♦♠ *❤❡

❝❧❛!!✐❝❛❧ ▲❛❣+❛♥❣✐❛♥ ❋✐♥✐*❡ ❊❧❡♠❡♥* ❛♣♣+♦①✐♠❛*✐♦♥ ♦❢ *❤❡ ❝❧❛!!✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣+♦❜❧❡♠ ❢♦+

*❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡+❛*♦+ ✐♥ ♦♥❡ ❞✐♠❡♥!✐♦♥✳

❱✳✶ ❈♦♥❞✐(✐♦♥) ❢♦+ (❤❡ ❡①✐)(❡♥❝❡ ♦❢ ❜❧♦❝❦ ❛)②♠♣(♦(✐❝ ❡①♣❛♥)✐♦♥

❲❡ +❡❝❛❧❧ *❤❛* ❛♥ n*❤ ❜❧♦❝❦ ❚♦❡♣❧✐*③ ♠❛*+✐① ❣❡♥❡+❛*❡❞ ❜② ❛ ♠❛*+✐①✲✈❛❧✉❡❞ ❢✉♥❝*✐♦♥ φ : [−π, π] →
Cs×s

✐! ❞❡✜♥❡❞ ❛!

Tn(φ) =
[
φ̂i−j

]n
i,j=1

,

✇❤❡+❡ *❤❡ $✉❛♥*✐*✐❡! φ̂l ∈ Cs×s
❛+❡ *❤❡ ❋♦✉+✐❡+ ❝♦❡✣❝✐❡♥*! ♦❢ φ✱ *❤❛* ✐!✱

φ̂l =
1

2π

∫ π

−π
φ(θ) e−ιlθdθ, l ∈ Z. ✭❱✳✷✮

❲❡ +❡❢❡+ *♦ {Tn(φ)}n ❛! *❤❡ ❜❧♦❝❦ ❚♦❡♣❧✐*③ !❡$✉❡♥❝❡ ❣❡♥❡+❛*❡❞ ❜② φ✱ ✇❤✐❝❤ ✐♥ *✉+♥ ✐! ❝❛❧❧❡❞ *❤❡

❣❡♥❡+❛*✐♥❣ ❢✉♥❝*✐♦♥ ♦+ *❤❡ !②♠❜♦❧ ♦❢ {Tn(φ)}n✳ ❙✉❝❤ *②♣❡ ♦❢ ♠❛*+✐① !❡$✉❡♥❝❡! ❤❛✈❡ ❜❡❡♥ !*✉❞✐❡❞✱

❡!♣❡❝✐❛❧❧② ❢♦+ s = 1✱ ❜② ♠❛♥② ❛✉*❤♦+! ✐♥❝❧✉❞✐♥❣ ❙③❡❣➤✱ ❆✈+❛♠✱ ❇T**❝❤❡+✱ U❛+*❡+✱ ❙✐❜❡+♠❛♥♥✱

❚✐❧❧✐✱ ❛♥❞ ❚②+*②!❤♥✐❦♦✈ ✭!❡❡✱ ❡✳❣✳✱ ❬✼✼✱ ✶✹✵❪ ❛♥❞ +❡❢❡+❡♥❝❡! *❤❡+❡✐♥✮✳

❋✉+*❤❡+♠♦+❡✱ ✐❢ φ ✐! ❍❡+♠✐*✐❛♥ ❛❧♠♦!* ❡✈❡+②✇❤❡+❡ *❤❡♥✱ ❜② ✭❱✳✷✮✱ φ̂−k = φ̂∗k ❢♦+ ❡✈❡+② k ∈
Z ❛♥❞ *❤❡+❡❢♦+❡ ❡❛❝❤ Tn(φ) ✐! ❍❡+♠✐*✐❛♥✳ ❆! ❛ ❝♦♥!❡$✉❡♥❝❡✱ *❤❡ !♣❡❝*+✉♠ ♦❢ Tn(φ) ✐! +❡❛❧✳

▼♦+❡♦✈❡+✱ *❤❡ ❛♥❛❧②*✐❝❛❧ ♣+♦♣❡+*✐❡! ♦❢ φ ❞❡❝✐❞❡ ♠❛♥② ❞❡❧✐❝❛*❡ ❢❡❛*✉+❡! ♦❢ *❤❡ ❡✐❣❡♥✈❛❧✉❡! ♦❢

Tn(φ) !✉❝❤ ❛! ❞✐"#$✐❜✉#✐♦♥✱ ❝❧✉"#❡$✐♥❣✱ ❛♥❞ ❧♦❝❛❧✐③❛#✐♦♥✱ ❛! ✇❡ ❜+✐❡✢② ❞❡!❝+✐❜❡ ❜❡❧♦✇ ✇✐*❤♦✉*

❡♥*❡+✐♥❣ ✐♥*♦ *❡❝❤♥✐❝❛❧ ❞❡*❛✐❧!✳

❉✐"#$✐❜✉#✐♦♥✳ ■♥ ❬✶✹✵❪ ✐* ✇❛! ♣+♦✈❡❞ *❤❛* {Tn(φ)}n ❤❛! ❛♥ ❛!②♠♣*♦*✐❝ !♣❡❝*+❛❧ ❞✐!*+✐❜✉*✐♦♥✱ ✐♥

*❤❡ ❲❡②❧ !❡♥!❡✱ ❞❡!❝+✐❜❡❞ ❜② φ(θ)✱ ✉♥❞❡+ *❤❡ ❛!!✉♠♣*✐♦♥ *❤❛* φ(θ) ✐! ❛ ▲❡❜❡!❣✉❡ ✐♥*❡❣+❛❜❧❡

♠❛*+✐①✲✈❛❧✉❡❞ ❢✉♥❝*✐♦♥ ✇❤✐❝❤ ✐! ❍❡+♠✐*✐❛♥ ❛❧♠♦!* ❡✈❡+②✇❤❡+❡✳ ❆♥ ❡①*❡♥!✐♦♥ *♦ *❤❡ ♥♦♥✲

❍❡+♠✐*✐❛♥ ❝❛!❡ ✇❛! ❣✐✈❡♥ ✐♥ ❬✺✸❪✱ ❜② ❛❞❛♣*✐♥❣ *❤❡ *♦♦❧! ✐♥*+♦❞✉❝❡❞ ❜② ❚✐❧❧✐ ✐♥ ❬✶✹✷❪ ❢♦+

❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❣❡♥❡+❛*✐♥❣ ❢✉♥❝*✐♦♥!✳
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❱✳✶✳ ❈♦♥❞✐(✐♦♥) ❢♦+ (❤❡ ❡①✐)(❡♥❝❡ ♦❢ ❜❧♦❝❦ ❛)②♠♣(♦(✐❝ ❡①♣❛♥)✐♦♥

❲❤❡♥ (❤❡ )②♠❜♦❧ φ ✐) ❛❧)♦ ❝♦♥(✐♥✉♦✉)✱ ✐✳❡✳✱ ❡❛❝❤ ❝♦♠♣♦♥❡♥( φi,j ✐) ❝♦♥(✐♥✉♦✉)✱ (❤❡ ♣+❡)❡♥(

❞✐)(+✐❜✉(✐♦♥ +❡)✉❧( ❝❛♥ ❜❡ ❞❡)❝+✐❜❡❞ ❛) ❢♦❧❧♦✇)✿ ❢♦+ )✉✣❝✐❡♥(❧② ❧❛+❣❡ n✱ ✉♣ (♦ ❛ )♠❛❧❧

♥✉♠❜❡+ ♦❢ ♣♦))✐❜❧❡ ♦✉(❧✐❡+)✱ (❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Tn(φ) ❝❛♥ ❜❡ ❣+♦✉♣❡❞ ✐♥(♦ s ✏❜+❛♥❝❤❡)✑

❤❛✈✐♥❣ ❛♣♣+♦①✐♠❛(❡ ❝❛+❞✐♥❛❧✐(② n ❛♥❞ ❢♦+ ❡❛❝❤ q = 1, . . . , s (❤❡ ❡✐❣❡♥✈❛❧✉❡) ❜❡❧♦♥❣✐♥❣ (♦

(❤❡ q(❤ ❜+❛♥❝❤ ❛+❡ ❛♣♣+♦①✐♠❛(❡❧② ❣✐✈❡♥ ❜② (❤❡ )❛♠♣❧❡) ♦✈❡+ ❛ ❝❡+(❛✐♥ ✉♥✐❢♦+♠ ❣+✐❞ ✐♥

[−π, π] ♦❢ (❤❡ q(❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥ λ(q)(φ)✳

❈❧✉#$❡&✐♥❣✳ ❋♦+ ❛♥② ǫ > 0✱ (❛❦❡ ❛♥ ǫ✲♥❡✐❣❤❜♦+❤♦♦❞ ♦❢ (❤❡ )❡( Rφ✱ ✇❤✐❝❤ ✐) ❞❡✜♥❡❞ ❛) (❤❡ ✉♥✐♦♥

♦❢ (❤❡ ❡))❡♥(✐❛❧ +❛♥❣❡) ♦❢ (❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥) λ(q)(φ)✳ ❚❤❡♥ (❤❡ )♣❡❝(+✉♠ ♦❢ {Tn(φ)}n
✐) ❝❧✉)(❡+❡❞ ❛( Rφ ✐♥ (❤❡ )❡♥)❡ (❤❛( (❤❡ ♥✉♠❜❡+ ♦❢ (❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Tn(φ) (❤❛( ❞♦ ♥♦(

❜❡❧♦♥❣ (♦ (❤❡ ǫ✲♥❡✐❣❤❜♦+❤♦♦❞ ♦❢ Rφ ✐) o(n) ❛) n (❡♥❞) (♦ ✐♥✜♥✐(②✳ ■❢ φ ✐) ❛ ❍❡+♠✐(✐❛♥✲

✈❛❧✉❡❞ (+✐❣♦♥♦♠❡(+✐❝ ♣♦❧②♥♦♠✐❛❧✱ (❤❡♥ (❤❡ ♥✉♠❜❡+ ♦❢ )✉❝❤ ♦✉(❧✐❡+) ✐) O(1) ❛♥❞ ✐( ✐) ❛(

♠♦)( ❧✐♥❡❛+❧② ❞❡♣❡♥❞✐♥❣ ♦♥ s ❛♥❞ ♦♥ (❤❡ ❞❡❣+❡❡ ♦❢ (❤❡ ♣♦❧②♥♦♠✐❛❧✳ ❙✉❝❤ ❝❧✉)(❡+✐♥❣ +❡)✉❧()

❛+❡ ❝♦♥)❡H✉❡♥❝❡) ♦❢ (❤❡ ❞✐)(+✐❜✉(✐♦♥ +❡)✉❧(✳

▲♦❝❛❧✐③❛$✐♦♥✳ ❆))✉♠❡ (❤❛( λ(q)(φ)✱ q = 1, . . . , s✱ ❛+❡ )♦+(❡❞ ✐♥ ♥♦♥ ❞❡❝+❡❛)✐♥❣ ♦+❞❡+✱ (❤❛( ✐)✱

λ(1)(φ) ≤ λ(2)(φ) ≤ · · · ≤ λ(s)(φ)✳ ❚❤❡♥✱ ❢♦+ ❛❧❧ n✱ (❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Tn(φ) ❜❡❧♦♥❣ (♦

(❤❡ ✐♥(❡+✈❛❧ [mφ,Mφ]✱ ✇❤❡+❡ mφ = ess infθ∈[−π,π] λ
(1)(φ) ❛♥❞ Mφ = ess supθ∈[−π,π] λ

(s)(φ)✳

▼♦+❡♦✈❡+✱ ✐❢ (❤❡ ❢✉♥❝(✐♦♥ λ(1)(φ) ✐) ♥♦( ❡))❡♥(✐❛❧❧② ❝♦♥)(❛♥(✱ (❤❡♥ (❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Tn(φ)

❜❡❧♦♥❣ (♦ (mφ,Mφ]✱ ❛♥❞✱ ✐❢ (❤❡ ❢✉♥❝(✐♦♥ λ
(s)(φ) ✐) ♥♦( ❡))❡♥(✐❛❧❧② ❝♦♥)(❛♥(✱ (❤❡♥ (❤❡ ❡✐❣❡♥✲

✈❛❧✉❡) ♦❢ Tn(φ) ❜❡❧♦♥❣ (♦ [mφ,Mφ)✳ ❋♦+ )✉❝❤ +❡)✉❧() +❡❢❡+ (♦ ❬✶✶✼✱ ✶✷✶❪✳

❘❡♠❛$❦ ✾✳ (❛$) ✶✳ ❲❤❡♥ $❤❡ %②♠❜♦❧ φ ✐% ❝♦♥$✐♥✉♦✉%✱ $❤❡♥ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝$✐♦♥ λ(q)(φ)✱

q = 1, . . . , s✱ ✐% ❝♦♥$✐♥✉♦✉% ❛♥❞ $❤❡4❡❢♦4❡ $❤❡ ❡%%❡♥$✐❛❧ ✐♥✜♠✉♠ ❜❡❝♦♠❡% ❛ ♠✐♥✐♠✉♠ ❛♥❞ $❤❡

❡%%❡♥$✐❛❧ %✉♣4❡♠✉♠ ❜❡❝♦♠❡% ❛ ♠❛①✐♠✉♠ ✭❜❡❝❛✉%❡ $❤❡ ✐♥$❡4✈❛❧ [−π, π] ✐% ❛ ❝♦♠♣❛❝$ %❡$✮✱ ✇❤✐❧❡
$❤❡ ❡%%❡♥$✐❛❧ 4❛♥❣❡ ✐% $❤❡ %$❛♥❞❛4❞ 4❛♥❣❡✳ (❛$) ✷✳ ❋✐♥❛❧❧② $❤❡ ✐♥$❡4✈❛❧ [−π, π] ❝❛♥ ❜❡ 4❡♣❧❛❝❡❞
❜② $❤❡ ✐♥$❡4✈❛❧ [0, π] ✇❤❡♥ φ(−θ) = φ(θ)T ✿ $❤✐% ✐% ♣4❡❝✐%❡❧② $❤❡ ❝❛%❡ ✇❡ ❝♦♥%✐❞❡4✱ %❡❡ ✭❱✳✹✮✳

■♥ (❤✐) ❝❤❛♣(❡+ ✇❡ ❢♦❝✉) ♦♥ (❤❡ ❝❛)❡ ✇❤❡+❡ (❤❡ )②♠❜♦❧ ✐) ❛ ❍❡+♠✐(✐❛♥ ♠❛(+✐①✲✈❛❧✉❡❞ (+✐❣♦♥♦✲

♠❡(+✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❍❚P✮ f ✇✐(❤ ❋♦✉+✐❡+ ❝♦❡✣❝✐❡♥() f̂0, f̂1, . . . , f̂m ∈ Rs×s
✱ (❤❛( ✐)✱ ❛ ❢✉♥❝(✐♦♥ ♦❢

(❤❡ ❢♦+♠

f(θ) =
m∑

k=−m

f̂ke
ιkθ = f̂0 +

m∑

k=1

(
f̂ke

ιkθ + f̂Tk e
−ikθ

)
, m = deg (f(θ)) ∈ N,

✇❤❡+❡ ✇❡ )❡(

f̂−k = f̂Tk , k = 0, . . . ,m. ✭❱✳✸✮

❚❤❡ ❛))✉♠♣(✐♦♥) ♦♥ f(θ) ✐♠♣❧② (❤❛( Tn(f) ✐) ❛ +❡❛❧ )②♠♠❡(+✐❝ ❜❧♦❝❦ ❜❛♥❞❡❞ ♠❛(+✐① ✇✐(❤ ✏❜❧♦❝❦
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❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❜❛♥❞✇✐❞&❤✑ 2m+ 1✱ ♦❢ &❤❡ ❢♦-♠

Tn(f) =




f̂0 f̂T1 · · · f̂Tm

f̂1
. . .

. . .
. . .

...
. . .

. . .
. . .

. . .

f̂m
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .

f̂m · · · f̂1 f̂0 f̂T1 · · · f̂Tm
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . f̂Tm

. . .
. . .

. . .
. . .

...
. . .

. . .
. . . f̂T1

f̂m · · · f̂1 f̂0




.

◆♦&❡ &❤❛& ❢-♦♠ ✭❱✳✸✮ ✇❡ ❤❛✈❡

f(θ)T = f̂0 +
m∑

k=1

(
f̂Tk e

ιkθ + f̂T−ke
−ikθ

)
= f̂0 +

m∑

k=1

(
f̂−ke

ιkθ + f̂ke
−ikθ

)
= f(−θ), ✭❱✳✹✮

f(θ)∗ = f̂0 +

m∑

k=1

(
f̂Tk e

−ιkθ + f̂T−ke
ιkθ

)
= f̂0 +

m∑

k=1

(
f̂−ke

−ikθ + f̂ke
ιkθ

)
= f(θ), ✭❱✳✺✮

❛♥❞ ❤❡♥❝❡ f(θ) ❤❛9 &❤❡ 9❛♠❡ ❡✐❣❡♥✈❛❧✉❡9 ❛9 f(−θ)✳ ❚❤✉9✱ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝&✐♦♥ λ(q)(f) ✐9 ❡✈❡♥

❛♥❞ ✇❡ ❝❛♥ &❤❡-❡❢♦-❡ 9✐♠♣❧② ❢♦❝✉9 ♦♥ ✐&9 -❡9&-✐❝&✐♦♥ λ(q)(f) : [0, π] → Rs×s
✭✐♥ ❛❝❝♦-❞❛♥❝❡ ✇✐&❤

&❤❡ 9❡❝♦♥❞ ♣❛-& ♦❢ ❘❡♠❛-❦ ✾✮✳

■♥ ✈✐❡✇ ♦❢ &❤❡ ❛❜♦✈❡ ❞✐"#$✐❜✉#✐♦♥✱ ❝❧✉"#❡$✐♥❣✱ ❛♥❞ ❧♦❝❛❧✐③❛#✐♦♥ -❡9✉❧&9✱ ✉♣ &♦ O(1) ♣♦99✐❜❧❡

♦✉&❧✐❡-9✱ &❤❡ ❡✐❣❡♥✈❛❧✉❡9 ♦❢ &❤❡ 9②♠♠❡&-✐❝ ♠❛&-✐① Tn(f) ❝❛♥ ❜❡ ♣❛-&✐&✐♦♥❡❞ ✐♥ s 9✉❜9❡&9 ✭♦-

✏❜-❛♥❝❤❡9✑✮ ♦❢ ❛♣♣-♦①✐♠❛&❡❧② &❤❡ 9❛♠❡ ❝❛-❞✐♥❛❧✐&② n❀ ❛♥❞ &❤❡ ❡✐❣❡♥✈❛❧✉❡9 ❜❡❧♦♥❣✐♥❣ &♦ &❤❡ q&❤

❜-❛♥❝❤ ❛-❡ ❛♣♣-♦①✐♠❛&❡❧② ❡G✉❛❧ &♦ &❤❡ 9❛♠♣❧❡9 ♦❢ &❤❡ q&❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝&✐♦♥ λ(q)(f) ♦✈❡- ❛

✉♥✐❢♦-♠ ❣-✐❞ ✐♥ [0, π]✳

■♥ &❤✐9 ❝❤❛♣&❡- ✇❡ 9❤♦✇ &❤❛& &❤❡ ❞✐✛❡-❡♥& ❜-❛♥❝❤❡9 ❤❛✈❡ ❛ ♠✉❝❤ ✜♥❡- 9&-✉❝&✉-❡ ❛♥❞ &❤❛&✱

✉♥❞❡- ♠✐❧❞ -❡9&-✐❝&✐♦♥9✱ &❤❡-❡ ❡①✐9&9 ❛ ❤✐❡-❛-❝❤② ♦❢ 9②♠❜♦❧9 ✇❤✐❝❤ ❛❧❧♦✇ ✉9 &♦ ❞❡9✐❣♥ ❡①&-❡♠❡❧②

❡❝♦♥♦♠✐❝❛❧ ♣-♦❝❡❞✉-❡9 ❢♦- &❤❡ ❝♦♠♣✉&❛&✐♦♥ ♦❢ &❤❡ ❡✐❣❡♥✈❛❧✉❡9 ♦❢ &❤❡ ♠❛&-✐❝❡9 Tn(f)✳ ■♥ ♣❛-&✐❝✲

✉❧❛-✱ ✇❡ ❝♦♥❥❡❝&✉-❡ ♦♥ &❤❡ ❜❛9✐9 ♦❢ ♥✉♠❡-✐❝❛❧ ❡①♣❡-✐♠❡♥&9 &❤❛& ❢♦- ❡✈❡-② ✐♥&❡❣❡- α ≥ 0✱ ❡✈❡-②

s ≥ 1✱ ❛♥❞ ❡✈❡-② q ∈ {1, . . . , s}✱ &❤❡ ❢♦❧❧♦✇✐♥❣ ❛9②♠♣&♦&✐❝ ❡①♣❛♥9✐♦♥ ❤♦❧❞9 ✉♥❞❡- &❤❡ 9♣❡❝✐✜❝

❧♦❝❛❧ ❝♦♥❞✐#✐♦♥ ❛♥❞ ❣❧♦❜❛❧ ❝♦♥❞✐#✐♦♥ &❤❛& ✇✐❧❧ ❜❡ ❞✐9❝✉99❡❞ ❜❡❧♦✇✿ ❢♦- ❛❧❧ n ∈ N ❛♥❞ j = 1, . . . , n✱

λγ(Tn(f)) = λ(q)(f(θj,n)) +
α∑

k=1

c
(q)
k (θj,n)h

k + E
(q)
j,n,α , ✭❱✳✻✮

✇❤❡-❡✿

✶✵✽



❱✳✶✳ ❈♦♥❞✐(✐♦♥) ❢♦+ (❤❡ ❡①✐)(❡♥❝❡ ♦❢ ❜❧♦❝❦ ❛)②♠♣(♦(✐❝ ❡①♣❛♥)✐♦♥

❼ γ = γ(q, j) = (q − 1)n+ j❀

❼ λk(Tn(f))✱ k ∈ {1, . . . , N(n, s)}✱ ❛+❡ (❤❡ ❡✐❣❡♥✈❛❧✉❡) ♦❢ Tn(f)✱ ✇❤✐❝❤ ❛+❡ )♦+(❡❞ )♦ (❤❛(✱
❢♦+ ❡❛❝❤ ✜①❡❞ q̄ ∈ {1, . . . , s}✱ (❤❡ ❡✐❣❡♥✈❛❧✉❡) λ(q̄−1)n+j(Tn(f))✱ j = 1, . . . , n✱ ❛+❡ ❛++❛♥❣❡❞

✐♥ ♥♦♥ ❞❡❝+❡❛)✐♥❣ ♦+ ♥♦♥ ✐♥❝+❡❛)✐♥❣ ♦+❞❡+✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡(❤❡+ λ(q̄)(f) ✐) ✐♥❝+❡❛)✐♥❣ ♦+

❞❡❝+❡❛)✐♥❣ ✭(❤✐) ❝❛♥ ❜❡ )❡❡♥ ✉)✐♥❣ (❤❡ ❧♦❝❛❧ ♦+ (❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐(✐♦♥ ❜❡❧♦✇✮❀

❼ {c(q)k }k=1,2,...,α ✐) ❛ )❡@✉❡♥❝❡ ♦❢ ❢✉♥❝(✐♦♥) ❢+♦♠ [0, π] (♦ R ✇❤✐❝❤ ❞❡♣❡♥❞) ♦♥❧② ♦♥ f ❀

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh✱ j = 1, . . . , n❀

❼ E
(q)
j,n,α = O(hα+1) ✐) (❤❡ +❡♠❛✐♥❞❡+ ✭(❤❡ ❡++♦+✮✱ ✇❤✐❝❤ )❛(✐)✜❡) (❤❡ ✐♥❡@✉❛❧✐(② |E(q)

j,n,α| ≤
Cαh

α+1
❢♦+ )♦♠❡ ❝♦♥)(❛♥( Cα ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ f ✳

❲❡ ♥♦(❡ (❤❛( ✐♥ (❤❡ )❝❛❧❛+✲✈❛❧✉❡❞ ❝❛)❡ s = 1✱ )❡✈❡+❛❧ (❤❡♦+❡(✐❝❛❧ ❛♥❞ ❝♦♠♣✉(❛(✐♦♥❛❧ +❡)✉❧()

❛+❡ ❛✈❛✐❧❛❜❧❡ ✐♥ )✉♣♣♦+( ♦❢ (❤❡ ❛❜♦✈❡ ❡①♣❛♥)✐♦♥ ❬✼✱ ✶✻✱ ✶✼✱ ✶✾✱ ✺✽✱ ✻✷✱ ✻✸❪✱ ✐♥❝❧✉❞✐♥❣ ❛❧)♦ ❡①(❡♥)✐♦♥)

(♦ ♣+❡❝♦♥❞✐(✐♦♥❡❞ ♠❛(+✐❝❡) ❛♥❞ ♠❛(+✐❝❡) ❛+✐)✐♥❣ ✐♥ ❛ ❞✐✛❡+❡♥(✐❛❧ ❝♦♥(❡①( ❬✶✱ ✺✽❪✳

❯♥❢♦+(✉♥❛(❡❧②✱ ❛) ❛❧+❡❛❞② )❤♦✇♥ ✐♥ ❬✼✱ ✻✷✱ ✻✸❪✱ (❤❡ ❡①♣❛♥)✐♦♥ ✭❱✳✻✮ ✐) ♥♦( ❛❧✇❛②) )❛(✐)✜❡❞

❡✈❡♥ ❢♦+ s = 1✳ ❇❡❧♦✇ ✇❡ ❣✐✈❡ (✇♦ ❝♦♥❞✐(✐♦♥) ✇❤✐❝❤ ❡♥)✉+❡ (❤❛( (❤❡ ❡①♣❛♥)✐♦♥ ❤♦❧❞)✳

▲♦❝❛❧ ❝♦♥❞✐(✐♦♥✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ λγ(Tn(f)) ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❛) ✐♥ ✭❱✳✻✮ ✐❢ (❤❡+❡ ❡①✐)() ǭ > 0

)✉❝❤ (❤❛(✱ ❢♦+ ❛❧❧ ǫ ∈ (0, ǭ) ❛♥❞ ❛❧❧ y ∈ (λγ(Tn(f))− ǫ, λγ(Tn(f)) + ǫ)✱ (❤❡+❡ ❡①✐)() ❛ ✉♥✐@✉❡

q ∈ {1, . . . , s} ❛♥❞ ❛ ✉♥✐@✉❡ θ̄ ∈ [0, π] ❢♦+ ✇❤✐❝❤

y = λ(q)(f(θ̄)). ✭❱✳✼✮

●❧♦❜❛❧ ❝♦♥❞✐(✐♦♥✳ ❆ (+✐✈✐❛❧ ❣❧♦❜❛❧ ❝♦♥❞✐(✐♦♥ ✐) ♦❜(❛✐♥❡❞ ❜② ✐♠♣♦)✐♥❣ (❤❛( (❤❡ ❧♦❝❛❧ ❝♦♥❞✐(✐♦♥

✐) )❛(✐)✜❡❞ ❢♦+ ❡✈❡+② ❡✐❣❡♥✈❛❧✉❡ ✇❤✐❝❤ ✐) ♥♦( ❛♥ ♦✉(❧✐❡+ ✭✐❢ (❤❡ ❡✐❣❡♥✈❛❧✉❡ λγ(Tn(f)) ✐) ❛♥

♦✉(❧✐❡+✱ (❤❡♥✱ ❜② ❞❡✜♥✐(✐♦♥✱ ✐( ❞♦❡) ♥♦( ❜❡❧♦♥❣ (♦ (❤❡ +❛♥❣❡ ♦❢ f ❛♥❞ ❝♦♥)❡@✉❡♥(❧② +❡❧❛(✐♦♥

✭❱✳✼✮ ❝❛♥♥♦( ❜❡ )❛(✐)✜❡❞✮✳ ❆ )✐♠♣❧❡ ❣❡♥❡+❛❧ ❛))✉♠♣(✐♦♥✱ ✇❤✐❝❤ ✐) ❡@✉✐✈❛❧❡♥( (♦ (❤❡ (+✐✈✐❛❧

❣❧♦❜❛❧ ❝♦♥❞✐(✐♦♥✱ ✐) (❤❛( ❡❛❝❤ λ(q)(f)✱ q = 1, . . . , s✱ ✐) ♠♦♥♦(♦♥❡ ✭♥♦♥ ✐♥❝+❡❛)✐♥❣ ♦+ ♥♦♥

❞❡❝+❡❛)✐♥❣✮ ♦✈❡+ (❤❡ ✐♥(❡+✈❛❧ [0, π] ❛♥❞

max
θ∈[0,π]

λ(q)(f) < min
θ∈[0,π]

λ(q+1)(f)

❢♦+ q = 1, . . . , s − 1✳ ■♥ ♦(❤❡+ ✇♦+❞)✱ (❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐(✐♦♥ ❝❛♥ ❜❡ )✉♠♠❛+✐③❡❞ ❛) ❢♦❧❧♦✇)✿

)(+✐❝( ♠♦♥♦(♦♥✐❝✐(② ♦❢ ❡✈❡+② ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥ ❛♥❞ (❤❡ ✐♥(❡+)❡❝(✐♦♥ ♦❢ (❤❡ +❛♥❣❡) ♦❢ (✇♦

❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥) λ(j)(f) ❛♥❞ λ(k)(f) ✐) ❡♠♣(② ❢♦+ ❡✈❡+② ♣❛✐+ ♦❢ ✐♥❞✐❝❡) j, k ∈ {1, . . . , s}
)✉❝❤ (❤❛( j 6= k✳ ❚❤✐) ✈❡+)✐♦♥ ♦❢ (❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐)✐♦♥ ✐) ♦❢ ❝♦✉+)❡ ♠✉❝❤ )✐♠♣❧❡+ (♦ ✈❡+✐❢②✳

▼♦+❡♦✈❡+✱ ✐♥ (❤❡ ❝❛)❡ s = 1 ✐( +❡❞✉❝❡) (♦ (❤❡ ♠♦♥♦(♦♥✐❝✐(② ❝♦♥❞✐(✐♦♥ ❛❧+❡❛❞② ✉)❡❞ ✐♥ (❤❡

❧✐(❡+❛(✉+❡❀ )❡❡ ❬✼✱ ✶✻✱ ✶✼✱ ✶✾✱ ✻✷✱ ✻✸❪ ❛♥❞ +❡❢❡+❡♥❝❡) (❤❡+❡✐♥✳

■♥ ♣+❡✈✐♦✉) ❝❤❛♣(❡+) ✇❡ ❡♠♣❧♦②❡❞ (❤❡ ❛)②♠♣(♦(✐❝ ❡①♣❛♥)✐♦♥ ✭❱✳✻✮ ✇✐(❤ s = 1 ❢♦+ ❝♦♠♣✉(✐♥❣

❛♥ ❛❝❝✉+❛(❡ ❛♣♣+♦①✐♠❛(✐♦♥ ♦❢ λj(Tn(f)) ❢♦+ ✈❡+② ❧❛+❣❡ n✱ ✐❢ (❤❡ ✈❛❧✉❡) λj1(Tn1(f)), . . . , λjk(Tnk
(f))

❛+❡ ❛✈❛✐❧❛❜❧❡ ❢♦+ ♠♦❞❡+❛(❡❧② )✐③❡❞ n1, . . . , nk )✉❝❤ (❤❛( θj1,n1 = · · · = θjk,nk
= θj,n✳ ❲❡ )(+❡)) (❤❛(

(❤❡ ♣+❡❧✐♠✐♥❛+② ✈❡+)✐♦♥ ♦❢ (❤❡ ❛❧❣♦+✐(❤♠ ✇❛) ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✻✷❪ ❛♥❞ (❤❡♥ ✐♠♣+♦✈❡❞ ✐♥ ❬✶✱ ✺✼✱ ✺✽❪✱

✶✵✾



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

✇❤✐❧❡ %❤❡ ♠❛%❤❡♠❛%✐❝❛❧ ❢♦✉♥❞❛%✐♦♥. ♦❢ %❤❡ ❝♦♥.✐❞❡/❡❞ ❡①♣❛♥.✐♦♥. ❛♥❞ ❢❡✇ ♥✉♠❡/✐❝❛❧ %❡.%. ✇❡/❡

❛❧/❡❛❞② ♣/❡.❡♥% ✐♥ ❬✶✼❪✳

❚❤❡ ♣✉/♣♦.❡ ♦❢ %❤✐. ❝❤❛♣%❡/ ✐. %♦ ❝❛//② ♦✉% %❤✐. ✐❞❡❛ ❛♥❞ %♦ .✉♣♣♦/% ✐% ❜② ♥✉♠❡/✐❝❛❧ ❡①♣❡/✲

✐♠❡♥%. ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛♥ ❛♣♣/♦♣/✐❛%❡ ❡//♦/ ❛♥❛❧②.✐. ✐♥ %❤❡ ♠♦/❡ ❣❡♥❡/❛❧ ❝❛.❡ ✇❤❡/❡ s > 1✳ ■♥

♣❛/%✐❝✉❧❛/✱ ✇❡ ❞❡✈✐.❡ ❛♥ ❛❧❣♦/✐%❤♠ %♦ ❝♦♠♣✉%❡ λj(Tn(f)) ✇✐%❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉/❛❝② ❛♥❞ ❛

/❡❧❛%✐✈❡❧② ❧♦✇ ❝♦♠♣✉%❛%✐♦♥❛❧ ❝♦.%✳ ❚❤❡ ❛❧❣♦/✐%❤♠ ✐. ❝♦♠♣❧❡%❡❧② ❛♥❛❧♦❣♦✉. %♦ %❤❡ ❡①%/❛♣♦❧❛%✐♦♥

♣/♦❝❡❞✉/❡ ❬✶✸✷✱ ❙❡❝%✐♦♥ ✸✳✹❪✱ ✇❤✐❝❤ ✐. ❡♠♣❧♦②❡❞ ✐♥ %❤❡ ❝♦♥%❡①% ♦❢ ❘♦♠❜❡/❣ ✐♥%❡❣/❛%✐♦♥ %♦ ♦❜%❛✐♥

❤✐❣❤ ♣/❡❝✐.✐♦♥ ❛♣♣/♦①✐♠❛%✐♦♥. ♦❢ ❛♥ ✐♥%❡❣/❛❧ ❢/♦♠ ❛ ❢❡✇ ❝♦❛/.❡ %/❛♣❡③♦✐❞❛❧ ❛♣♣/♦①✐♠❛%✐♦♥.✳ ■♥

%❤✐. /❡❣❛/❞✱ %❤❡ ❛.②♠♣%♦%✐❝ ❡①♣❛♥.✐♦♥ ✭❱✳✻✮ ♣❧❛②. ❤❡/❡ %❤❡ .❛♠❡ /♦❧❡ ❛. %❤❡ ❊✉❧❡/✲▼❛❝❧❛✉/✐♥

.✉♠♠❛%✐♦♥ ❢♦/♠✉❧❛ ❬✶✸✷✱ ❙❡❝%✐♦♥ ✸✳✸❪✳

❚❤❡ ❝❤❛♣%❡/ ✐. ♦/❣❛♥✐③❡❞ ❛. ❢♦❧❧♦✇.✳ ❆..✉♠✐♥❣ %❤❡ ❛.②♠♣%♦%✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥.✐♦♥ ✭❱✳✻✮✱ ✐♥

❙❡❝%✐♦♥ ■❱✳✹✱ ✇❡ ♣/❡.❡♥% ♦✉/ ❡①%/❛♣♦❧❛%✐♦♥ ❛❧❣♦/✐%❤♠ ❢♦/ ❝♦♠♣✉%✐♥❣ %❤❡ ❡✐❣❡♥✈❛❧✉❡. ♦❢ %❤❡ s× s

❜❧♦❝❦ ♠❛%/✐① Tn(f) ❢♦/ s > 1✳ ■♥ ❙❡❝%✐♦♥ ❱✳✸ ✇❡ ♣/♦✈✐❞❡ ♥✉♠❡/✐❝❛❧ ❡①♣❡/✐♠❡♥%. ✐♥ .✉♣♣♦/% ♦❢ %❤❡

❛.②♠♣%♦%✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥.✐♦♥ ✭❱✳✻✮ ✐♥ ❞✐✛❡/❡♥% ❝❛.❡.✳ ❋✉/%❤❡/♠♦/❡✱ ✇❡ ❞❡/✐✈❡ ❡①❛❝% ❢♦/♠✉❧❛❡

❢♦/ %❤❡ ❡✐❣❡♥✈❛❧✉❡. ✐♥ .♦♠❡ ♣/❛❝%✐❝❛❧ ❡①❛♠♣❧❡. ❛♥❞ ❢♦/ ♠❛%/✐❝❡. ❝♦♠✐♥❣ ❢/♦♠ ♦/❞❡/ p ▲❛❣/❛♥❣✐❛♥

❋✐♥✐%❡ ❊❧❡♠❡♥% ❛♣♣/♦①✐♠❛%✐♦♥. ♦❢ ❛ .❡❝♦♥❞ ♦/❞❡/ ❡❧❧✐♣%✐❝ ❞✐✛❡/❡♥%✐❛❧ ♣/♦❜❧❡♠✱ ✇❤✐❝❤ ❛/❡ ❞❡♥♦%❡❞

❛. Qp✳ ❋✐♥❛❧❧② ✇❡ ♣/♦✈✐❞❡ ❡①❛❝% ❢♦/♠✉❧❛❡ ❢♦/ %❤❡ ❡✐❣❡♥✈❛❧✉❡. ♦❢ %❤❡ ♣/❡❝♦♥❞✐%✐♦♥❡❞ ❜❧♦❝❦ ♠❛%/✐❝❡.

❝♦♠✐♥❣ ❢/♦♠ %❤❡ ❝❧❛..✐❝❛❧ ▲❛❣/❛♥❣✐❛♥ ❋✐♥✐%❡ ❊❧❡♠❡♥% ❛♣♣/♦①✐♠❛%✐♦♥ ♦❢ %❤❡ ❝❧❛..✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡

♣/♦❜❧❡♠ ❢♦/ %❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡/❛%♦/ ✐♥ ♦♥❡ ❞✐♠❡♥.✐♦♥✳ ■♥ %❤❡ ❙❡❝%✐♦♥ ❱■✳✻ ♦❢ ❈❤❛♣$❡& ❱■ ✇❡

❢♦/♠❛❧❧② ♣/♦✈❡ ✭❱✳✻✮ ✐♥ %❤❡ ❜❛.✐❝ ❝❛.❡ α = 0✱ ❛♥❞ ✇❡ /❡♣♦/% ✐♥ ❞❡%❛✐❧ %❤❡ ♠❛.. ❛♥❞ .%✐✛♥❡.. Qp

❡❧❡♠❡♥%. ❢♦/ p = 2, 3, 4✳

❱✳✷ ❆❧❣♦'✐)❤♠ ❢♦' ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ Tn(f) ❢♦' s > 1

❆..✉♠✐♥❣ %❤❛% %❤❡ ❡①♣❛♥.✐♦♥ ✭❱✳✻✮ ❤♦❧❞. ❛♥❞ %❛❦✐♥❣ ✐♥.♣✐/❛%✐♦♥ ❢/♦♠ ❬✺✽❪✱ ✇❡ ♣/♦♣♦.❡ ✐♥ %❤❡

♣/❡.❡♥% .❡❝%✐♦♥ ❛♥ ✐♥%❡/♣♦❧❛%✐♦♥✕❡①%/❛♣♦❧❛%✐♦♥ ❛❧❣♦/✐%❤♠ ❢♦/ ❝♦♠♣✉%✐♥❣ %❤❡ ❡✐❣❡♥✈❛❧✉❡. ♦❢ Tn(f)✳

■♥ ✇❤❛% ❢♦❧❧♦✇.✱ ❢♦/ ❡❛❝❤ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/ n ∈ N = {1, 2, 3, . . .} ❛♥❞ ❡❛❝❤ s > 1 ✇❡ ❞❡✜♥❡

N(n, s) = sn✳ ▼♦/❡♦✈❡/✱ ✇✐%❤ ❡❛❝❤ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/ n ✇❡ ❛..♦❝✐❛%❡ %❤❡ .%❡♣.✐③❡ h = 1/(n + 1)

❛♥❞ %❤❡ ❣/✐❞ ♣♦✐♥%. θj,n = jπh✱ j = 1, . . . , n✳ ❋♦/ ♥♦%❛%✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡✱ ✉♥❧❡.. ♦%❤❡/✇✐.❡ .%❛%❡❞✱

✇❡ ✇✐❧❧ ❛❧✇❛②. ❞❡♥♦%❡ ❛ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/ ❛♥❞ %❤❡ ❛..♦❝✐❛%❡❞ .%❡♣.✐③❡ ✐♥ ❛ .%/♦♥❣❧② /❡❧❛%❡❞ ✇❛②✳

❋♦/ ❡①❛♠♣❧❡✱ ✐❢ %❤❡ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/ ✐. n✱ %❤❡♥ %❤❡ ❛..♦❝✐❛%❡❞ .%❡♣.✐③❡ ✐. h❀ ✐❢ %❤❡ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/

✐. n1✱ %❤❡♥ %❤❡ ❛..♦❝✐❛%❡❞ .%❡♣.✐③❡ ✐. h1❀ ✐❢ %❤❡ ♣♦.✐%✐✈❡ ✐♥%❡❣❡/ ✐. n̄✱ %❤❡♥ %❤❡ ❛..♦❝✐❛%❡❞ .%❡♣.✐③❡

✐. h̄❀ ❡%❝✳ ❚❤/♦✉❣❤♦✉% %❤✐. .❡❝%✐♦♥✱ ✇❡ ♠❛❦❡ %❤❡ ❢♦❧❧♦✇✐♥❣ ❛..✉♠♣%✐♦♥.✳

❼ s > 1 ❛♥❞ n, n1, α ∈ N ❛/❡ ✜①❡❞ ♣❛/❛♠❡%❡/.✳

❼ nk = 2k−1(n1 + 1)− 1 ❢♦/ k = 1, . . . , α✳

❼ jk = 2k−1j1 ✇❤❡/❡ j1 = {1, . . . , n1} ❛♥❞ k = 1, . . . , α❀ jk ❛/❡ %❤❡ ✐♥❞✐❝❡. .✉❝❤ %❤❛% θjk,nk
=

θj1,n1 ✳

❆ ❣/❛♣❤✐❝❛❧ /❡♣/❡.❡♥%❛%✐♦♥ ♦❢ %❤❡ ❣/✐❞. θ[nk] = {θjk,nk
: jk = 1, . . . , nk}✱ k = 1, . . . , α✱ ✐. .❤♦✇♥

✐♥ ❋✐❣✉/❡ ❱✳✶ ❢♦/ n1 = 5 ❛♥❞ α = 4✳

❋♦/ ❡❛❝❤ ✜①❡❞ j1 = {1, . . . , n1} ✇❡ ❛♣♣❧② α %✐♠❡. %❤❡ ❡①♣❛♥.✐♦♥ ✭❱✳✻✮ ✇✐%❤ n = n1, n2, . . . , nα

❛♥❞ j = j1, j2, . . . , jα✳ ❙✐♥❝❡ θj1,n1 = θj2,n2 = . . . = θjα,nα ✭❜② ❞❡✜♥✐%✐♦♥ ♦❢ j2, . . . , jα✮✱ ✇❡ ♦❜%❛✐♥✱

✶✶✵



❱✳✷✳ ❆❧❣♦'✐)❤♠ ❢♦' ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ Tn(f) ❢♦' s > 1

❋✐❣✉$❡ ❱✳✶✿ ❘❡♣$❡,❡♥.❛.✐♦♥ ♦❢ .❤❡ ❣$✐❞, θ[nk]✱ k = 1, . . . , α✱ ❢♦$ n1 = 5 ❛♥❞ α = 4✳ ❚❤❡ $❡❞ ❞✐❛♠♦♥❞, $❡♣$❡,❡♥.

.❤❡ ❣$✐❞ ♣♦✐♥., θjk,nk
❛♥❞ .❤❡ ❜❧❛❝❦ ♦♥❡, $❡♣$❡,❡♥. .❤❡ $❡,. ♦❢ .❤❡ ❣$✐❞ ♣♦✐♥., ♦❢ θ[nk]✳

❢♦' q = 1, . . . , s✱





E
(q)
j1,n1,0

= c
(q)
1 (θj1,n1)h1 + c

(q)
2 (θj1,n1)h

2
1 + . . .+ c(q)α (θj1,n1)h

α
1 + E

(q)
j1,n1,α

,

E
(q)
j2,n2,0

= c
(q)
1 (θj1,n1)h2 + c

(q)
2 (θj1,n1)h

2
2 + . . .+ c(q)α (θj1,n1)h

α
2 + E

(q)
j2,n2,α

,

...

E
(q)
jα,nα,0

= c
(q)
1 (θj1,n1)hα + c

(q)
2 (θj1,n1)h

2
α + . . .+ c(q)α (θj1,n1)h

α
α + E

(q)
jα,nα,α

,

✭❱✳✽✮

✇❤❡'❡

E
(q)
jk,nk,0

= λγk(Tnk
(f))− λ(q)(f(θj1,n1)), k = 1, . . . , α, γk = (q − 1)nk + jk

❛♥❞ ∣∣∣E(q)
jk,nk,α

∣∣∣ ≤ C(q)
α hα+1

k , k = 1, . . . , α. ✭❱✳✾✮

❋♦' q = 1, . . . , s✱ ❧❡)

c̃
(q)
1 (θj1,n1), . . . , c̃

(q)
α (θj1,n1)

❜❡ )❤❡ ❛♣♣'♦①✐♠❛)✐♦♥4 ♦❢

c
(q)
1 (θj1,n1), . . . , c

(q)
α (θj1,n1)

♦❜)❛✐♥❡❞ ❜② '❡♠♦✈✐♥❣ ❛❧❧ )❤❡ ❡''♦'4 E
(q)
j1,n1,α

, . . . , E
(q)
jα,nα,α

✐♥ ✭❱✳✽✮ ❛♥❞ ❜② 4♦❧✈✐♥❣ )❤❡ '❡4✉❧)✐♥❣

❧✐♥❡❛' 4②4)❡♠✿





E
(q)
j1,n1,0

= c̃
(q)
1 (θj1,n1)h1 + c̃

(q)
2 (θj1,n1)h

2
1 + . . .+ c̃(q)α (θj1,n1)h

α
1 ,

E
(q)
j2,n2,0

= c̃
(q)
1 (θj1,n1)h2 + c̃

(q)
2 (θj1,n1)h

2
2 + . . .+ c̃(q)α (θj1,n1)h

α
2 ,

...

E
(q)
jα,nα,0

= c̃
(q)
1 (θj1,n1)hα + c̃

(q)
2 (θj1,n1)h

2
α + . . .+ c̃(q)α (θj1,n1)h

α
α.

✭❱✳✶✵✮

◆♦)❡ )❤❛) )❤✐4 ✇❛② ♦❢ ❝♦♠♣✉)✐♥❣ ❛♣♣'♦①✐♠❛)✐♦♥4 ❢♦' c
(q)
1 (θj1,n1), . . . , c

(q)
α (θj1,n1) ✐4 ❝♦♠♣❧❡)❡❧②

❛♥❛❧♦❣♦✉4 )♦ )❤❡ ❘✐❝❤❛'❞4♦♥ ❡①)'❛♣♦❧❛)✐♦♥ ♣'♦❝❡❞✉'❡ )❤❛) ✐4 ❡♠♣❧♦②❡❞ ✐♥ )❤❡ ❝♦♥)❡①) ♦❢ ❘♦♠❜❡'❣

✶✶✶



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

✐♥"❡❣%❛"✐♦♥ "♦ ❛❝❝❡❧❡%❛"❡ "❤❡ ❝♦♥✈❡%❣❡♥❝❡ ♦❢ "❤❡ "%❛♣❡③♦✐❞❛❧ %✉❧❡ ❬✶✸✷✱ ❙❡❝"✐♦♥ ✸✳✹❪✱ ✇✐"❤ "❤❡

❛;②♠♣"♦"✐❝ ❡①♣❛♥;✐♦♥ ✭❱✳✻✮ ♣❧❛②✐♥❣ ❤❡%❡ "❤❡ ;❛♠❡ %♦❧❡ ❛; "❤❡ ❊✉❧❡%✕▼❛❝❧❛✉%✐♥ ;✉♠♠❛"✐♦♥ ❢♦%✲

♠✉❧❛ ❬✶✸✷✱ ❙❡❝"✐♦♥ ✸✳✸❪✳ ❋♦% ♠♦%❡ ❛❞✈❛♥❝❡❞ ;"✉❞✐❡; ♦♥ ❡①"%❛♣♦❧❛"✐♦♥ ♠❡"❤♦❞;✱ ✇❡ %❡❢❡% "❤❡

%❡❛❞❡% "♦ "❤❡ ❝❧❛;;✐❝❛❧ ❜♦♦❦ ❜② ❇%❡③✐♥;❦✐ ❛♥❞ ❘❡❞✐✈♦✲❩❛❣❧✐❛ ❬✷✸❪✳ ❚❤❡ ♥❡①" "❤❡♦%❡♠ ;❤♦✇; "❤❛"✱

❢♦% q = 1, . . . , s✱ "❤❡ ❛♣♣%♦①✐♠❛"✐♦♥ ❡%%♦%

∣∣∣c(q)k (θj1,n1)− c̃
(q)
k (θj1,n1)

∣∣∣ ✐; O(hα−k+1
1 )✳

❚❤❡♦&❡♠ ❱✳✷✳✶✳ ❚❤❡#❡ ❡①✐&'& ❛ ❝♦♥&'❛♥' A
(q)
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ q = 1, . . . , s &✉❝❤ '❤❛'✱

❢♦# j1 = 1, . . . , n1 ❛♥❞ k = 1, . . . , α✱

∣∣∣c(q)k (θj1,n1)− c̃
(q)
k (θj1,n1)

∣∣∣ ≤ A(q)
α hα−k+1

1 , q = 1, . . . , s. ✭❱✳✶✶✮

4#♦♦❢✳ ■" ✐; ❛ ;"%❛✐❣❤"❢♦%✇❛%❞ ❛❞❛♣"❛"✐♦♥ ♦❢ "❤❡ ♣%♦♦❢ ❣✐✈❡♥ ✐♥ ❬✺✽✱ ❚❤❡♦%❡♠ ✶❪✳

❚❛❦❡ ❛♥ n≫ n1 ❛♥❞ ✜① ❛♥ ✐♥❞❡① j ∈ {1, . . . , n}✳ ❲❡ ❤❡♥❝❡❢♦%"❤ ❛;;✉♠❡ "❤❛" q ∈ {1, 2, . . . , s}✳

❚♦ ❝♦♠♣✉"❡ ❛♥ ❛♣♣%♦①✐♠❛"✐♦♥ ♦❢ λγ(Tn(f))✱ γ = (q − 1)n + j✱ "❤%♦✉❣❤ "❤❡ ❡①♣❛♥;✐♦♥ ✭❱✳✻✮

✇❡ ♥❡❡❞ "❤❡ ✈❛❧✉❡ c
(q)
k (θj,n) ❢♦% ❡❛❝❤ k = 1, . . . , α✳ ❖❢ ❝♦✉%;❡✱ c

(q)
k (θj,n) ✐; ♥♦" ❛✈❛✐❧❛❜❧❡ ✐♥

♣%❛❝"✐❝❡✱ ❜✉" ✇❡ ❝❛♥ ❛♣♣%♦①✐♠❛"❡ ✐" ❜② ✐♥"❡%♣♦❧❛"✐♥❣ ❛♥❞ ❡①"%❛♣♦❧❛"✐♥❣ "❤❡ ✈❛❧✉❡; c̃
(q)
k (θj1,n1)✱

j1 = 1, . . . , n1✳ ❋♦% ❡①❛♠♣❧❡✱ ✇❡ ♠❛② ❞❡✜♥❡ c̃
(q)
k (θ) ❛; "❤❡ ✐♥"❡%♣♦❧❛"✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ "❤❡ ❞❛"❛

(θj1,n1 , c̃
(q)
k (θj1,n1)), j1 = 1, . . . , n1✱ ✖ ;♦ "❤❛" c̃

(q)
k (θ) ✐; ❡①♣❡❝"❡❞ "♦ ❜❡ ❛♥ ❛♣♣%♦①✐♠❛"✐♦♥ ♦❢

c
(q)
k (θ) ♦✈❡% "❤❡ ✇❤♦❧❡ ✐♥"❡%✈❛❧ [0, π] ✖ ❛♥❞ "❛❦❡ c̃

(q)
k (θj,n) ❛; ❛♥ ❛♣♣%♦①✐♠❛"✐♦♥ "♦ c

(q)
k (θj,n)✳

■" ✐; ❦♥♦✇♥✱ ❤♦✇❡✈❡%✱ "❤❛" ✐♥"❡%♣♦❧❛"✐♥❣ ♦✈❡% ❛ ❧❛%❣❡ ♥✉♠❜❡% ♦❢ ✉♥✐❢♦%♠ ♥♦❞❡; ✐; ♥♦" ❛❞✈✐;✲

❛❜❧❡✱ ❛; ✐" ♠❛② ❣✐✈❡ %✐;❡ "♦ ;♣✉%✐♦✉; ♦;❝✐❧❧❛"✐♦♥; ✭❘✉♥❣❡✬; ♣❤❡♥♦♠❡♥♦♥✮✳ ■" ✐; "❤❡%❡❢♦%❡ ❜❡""❡%

"♦ ❛❞♦♣" ❛♥♦"❤❡% ❦✐♥❞ ♦❢ ❛♣♣%♦①✐♠❛"✐♦♥✳ ❆♥ ❛❧"❡%♥❛"✐✈❡ ❝♦✉❧❞ ❜❡ "❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❡ ❛♣♣%♦①✐✲

♠❛"❡ c
(q)
k (θ) ❜② "❤❡ ;♣❧✐♥❡ ❢✉♥❝"✐♦♥ c̃

(q)
k (θ) ✇❤✐❝❤ ✐; ❧✐♥❡❛% ♦♥ ❡❛❝❤ ✐♥"❡%✈❛❧ [θj1,n1 , θj1+1,n1 ] ❛♥❞

"❛❦❡; "❤❡ ✈❛❧✉❡ c̃
(q)
k (θj1,n1) ❛" θj1,n1 ❢♦% ❛❧❧ j1 = 1, . . . , n1✳ ❚❤✐; ;"%❛"❡❣② %❡♠♦✈❡; ❢♦% ;✉%❡ ❛♥②

;♣✉%✐♦✉; ♦;❝✐❧❧❛"✐♦♥✱ ②❡" ✐" ✐; ♥♦" ❛❝❝✉%❛"❡✳ ■♥ ♣❛%"✐❝✉❧❛%✱ ✐" ❞♦❡; ♥♦" ♣%❡;❡%✈❡ "❤❡ ❛❝❝✉%❛❝②

♦❢ ❛♣♣%♦①✐♠❛"✐♦♥ ❛" "❤❡ ♥♦❞❡; θj1,n1 ❡;"❛❜❧✐;❤❡❞ ✐♥ ❚❤❡♦%❡♠ ❱✳✷✳✶✱ ✐✳❡✳✱ "❤❡%❡ ✐; ♥♦ ❣✉❛%❛♥"❡❡

"❤❛" |c(q)k (θ) − c̃
(q)
k (θ)| ≤ B

(q)
α hα−k+1

1 ❢♦% θ ∈ [0, π] ♦% |c(q)k (θj,n) − c̃
(q)
k (θj,n)| ≤ B

(q)
α hα−k+1

1 ❢♦%

j = 1, . . . , n✱ ✇✐"❤ B
(q)
α ❜❡✐♥❣ ❛ ❝♦♥;"❛♥" ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ q✳ ❆; ♣%♦✈❡❞ ✐♥ ❚❤❡♦✲

%❡♠ ■❱✳✹✳✷✱ ❛ ❧♦❝❛❧ ❛♣♣%♦①✐♠❛"✐♦♥ ;"%❛"❡❣② "❤❛" ♣%❡;❡%✈❡; "❤❡ ❛❝❝✉%❛❝② ✭❱✳✶✶✮✱ ❛" ❧❡❛;" ✐❢ c
(q)
k (θ)

✐; ;✉✣❝✐❡♥"❧② ;♠♦♦"❤✱ ✐; "❤❡ ❢♦❧❧♦✇✐♥❣✿ ❧❡" θ(1), . . . , θ(α−k+1)
❜❡ α − k + 1 ♣♦✐♥"; ♦❢ "❤❡ ❣%✐❞

{θ1,n1 , . . . , θn1,n1} ✇❤✐❝❤ ❛%❡ ❝❧♦;❡;" "♦ "❤❡ ♣♦✐♥" θj,n✱

✶

❛♥❞ ❧❡" c̃
(q)
k,j(θ) ❜❡ "❤❡ ✐♥"❡%♣♦❧❛"✐♦♥ ♣♦❧②✲

♥♦♠✐❛❧ ♦❢ "❤❡ ❞❛"❛ (θ(1), c̃
(q)
k (θ(1))), . . . , (θ(α−k+1), c̃

(q)
k (θ(α−k+1)))❀ "❤❡♥✱ ✇❡ ❛♣♣%♦①✐♠❛"❡ c

(q)
k (θj,n)

❜② c̃
(q)
k,j(θj,n)✳ ◆♦"❡ "❤❛"✱ ❜② ;❡❧❡❝"✐♥❣ α− k + 1 ♣♦✐♥"; ❢%♦♠ {θ1,n1 , . . . , θn1,n1}✱ ✇❡ ❛%❡ ✐♠♣❧✐❝✐"❧②

❛;;✉♠✐♥❣ "❤❛" n1 ≥ α− k + 1✳

❚❤❡♦&❡♠ ❱✳✷✳✷✳ ▲❡' 1 ≤ k ≤ α✱ ❛♥❞ &✉♣♣♦&❡ n1 ≥ α − k + 1 ❛♥❞ c
(q)
k ∈ Cα−k+1[0, π]✳ ❋♦#

j = 1, . . . , n✱ ✐❢ θ(1), . . . , θ(α−k+1)
❛#❡ α− k + 1 ♣♦✐♥'& ♦❢ {θ1,n1 , . . . , θn1,n1} ✇❤✐❝❤ ❛#❡ ❝❧♦&❡&' '♦

θj,n✱ ❛♥❞ ✐❢ c̃
(q)
k,j(θ) ✐& '❤❡ ✐♥'❡#♣♦❧❛'✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢ '❤❡ ❞❛'❛

(θ(1), c̃
(q)
k (θ(1))), . . . , (θ(α−k+1), c̃

(q)
k (θ(α−k+1))),

✶

❚❤❡#❡ α− k + 1 ♣♦✐♥(# ❛*❡ ✉♥✐,✉❡❧② ❞❡(❡*♠✐♥❡❞ ❜② θj,n ❡①❝❡♣( ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ (✇♦ ❝❛#❡#✿ ✭❛✮ θj,n ❝♦✐♥❝✐❞❡#

✇✐(❤ ❛ ❣*✐❞ ♣♦✐♥( θj1,n1
❛♥❞ α− k+1 ✐# ❡✈❡♥❀ ✭❜✮ θj,n ❝♦✐♥❝✐❞❡# ✇✐(❤ (❤❡ ♠✐❞♣♦✐♥( ❜❡(✇❡❡♥ (✇♦ ❝♦♥#❡❝✉(✐✈❡ ❣*✐❞

♣♦✐♥(# θj1,n1
, θj1+1,n1

❛♥❞ α− k + 1 ✐# ♦❞❞✳

✶✶✷



❱✳✷✳ ❆❧❣♦'✐)❤♠ ❢♦' ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ Tn(f) ❢♦' s > 1

 ❤❡♥ ∣∣∣c(q)k (θj,n)− c̃
(q)
k,j(θj,n)

∣∣∣ ≤ B(q)
α hα−k+1

1 ✭❱✳✶✷✮

❢♦& '♦♠❡ ❝♦♥' ❛♥ B
(q)
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ q✳

2&♦♦❢✳ ■) ✐4 ❛ 4)'❛✐❣❤)❢♦'✇❛'❞ ❛❞❛♣)❛)✐♦♥ ♦❢ )❤❡ ♣'♦♦❢ ♦❢ ❬✺✽✱ ❚❤❡♦'❡♠ ✷❪✳

❲❡ ❛'❡ ♥♦✇ '❡❛❞② )♦ ❢♦'♠✉❧❛)❡ ♦✉' ❛❧❣♦'✐)❤♠ ❢♦' ❝♦♠♣✉)✐♥❣ )❤❡ ❡✐❣❡♥✈❛❧✉❡4 ♦❢ Tn(f)✳

❆❧❣♦$✐&❤♠ ✷✳ ●✐✈❡♥ n, n1, α ∈ N ✇✐ ❤ n1 ≥ α✱ ✇❡ ❝♦♠♣✉ ❡ ❛♣♣&♦①✐♠❛ ✐♦♥' ♦❢ λγ(Tn(f))✱

γ = (q − 1)n+ j✱ ❢♦& j = 1, . . . , n ❛♥❞ q = 1, . . . , s ❛' ❢♦❧❧♦✇'✳

✶✳ ❋♦& j1 = {1, . . . , n1}✱ ❝♦♠♣✉ ❡ c̃
(q)
k (θj1,n1)✱ ❢♦& k = 1, . . . , α✱ ❜② '♦❧✈✐♥❣ ✭❱✳✶✵✮✳

✷✳ ❋♦& j = 1, . . . , n✱

❼ ❢♦& k = 1, . . . , α

✕ ❞❡ ❡&♠✐♥❡ α−k+1 ♣♦✐♥ ' θ(1), . . . , θ(α−k+1) ∈ {θ1,n1 , . . . , θn1,n1} ✇❤✐❝❤ ❛&❡ ❝❧♦'❡' 

 ♦ θj,n❀

✕ ❝♦♠♣✉ ❡ c̃
(q)
k,j(θj,n)✱ ✇❤❡&❡ c̃

(q)
k,j(θ) ✐'  ❤❡ ✐♥ ❡&♣♦❧❛ ✐♦♥ ♣♦❧②♥♦♠✐❛❧ ♦❢  ❤❡ ❞❛ ❛

(θ(1), c̃
(q)
k (θ(1))), . . . , (θ(α−k+1), c̃

(q)
k (θ(α−k+1)));

❼ ❝♦♠♣✉ ❡ λ̃γ(Tn(f)) = λ(q)(f(θj,n)) +
∑α

k=1 c̃
(q)
k,j(θj,n)h

k
✳

✸✳ ❘❡ ✉&♥  ❤❡ ✈❡❝ ♦& (λ̃(q−1)n+1(Tn(f)), λ̃(q−1)n+2(Tn(f)), . . . , λ̃qn(Tn(f)) ❛' ❛♥ ❛♣♣&♦①✐♠❛ ✐♦♥

 ♦  ❤❡ ✈❡❝ ♦& (λ(q−1)n+1(Tn(f)), λ(q−1)n+2(Tn(f)) . . . , λqn(Tn(f))✳

❘❡♠❛$❦ ✶✵✳ ❆❧❣♦&✐ ❤♠ ✷ ✐' '♣❡❝✐✜❝❛❧❧② ❞❡'✐❣♥❡❞ ❢♦& ❝♦♠♣✉ ✐♥❣ λγ(Tn(f)) ✐♥  ❤❡ ❝❛'❡ ✇❤❡&❡ n

✐' B✉✐ ❡ ❧❛&❣❡✳ ❲❤❡♥ ❛♣♣❧②✐♥❣  ❤✐' ❛❧❣♦&✐ ❤♠✱ ✐ ✐' ✐♠♣❧✐❝✐ ❧② ❛''✉♠❡❞  ❤❛ n1 ❛♥❞ α ❛&❡ '♠❛❧❧

✭♠✉❝❤ '♠❛❧❧❡&  ❤❛♥ n✮✱ '♦  ❤❛ ❡❛❝❤ nk = 2k−1(n1 +1)− 1 ✐' '♠❛❧❧ ❛' ✇❡❧❧ ❛♥❞  ❤❡ ❝♦♠♣✉ ❛ ✐♦♥

♦❢  ❤❡ ❡✐❣❡♥✈❛❧✉❡' λ̃γ(Tn(f)) ✖ ✇❤✐❝❤ ✐' &❡B✉✐&❡❞ ✐♥  ❤❡ ✜&' ' ❡♣ ✖ ❝❛♥ ❜❡ ❡✣❝✐❡♥ ❧② ♣❡&❢♦&♠❡❞

❜② ❛♥② ' ❛♥❞❛&❞ ❡✐❣❡♥'♦❧✈❡& ✭❡✳❣✳✱  ❤❡ ▼❛"❧❛❜ ❡✐❣ ❢✉♥❝ ✐♦♥✮✳

❚❤❡ ❧❛4) )❤❡♦'❡♠ ♦❢ )❤❡ ❝✉''❡♥) 4❡❝)✐♦♥ ♣'♦✈✐❞❡4 ❛♥ ❡4)✐♠❛)❡ ❢♦' )❤❡ ❛♣♣'♦①✐♠❛)✐♦♥ ❡''♦'

♠❛❞❡ ❜② ❆❧❣♦'✐)❤♠ ✷✳

❚❤❡♦$❡♠ ❱✳✷✳✸✳ ▲❡ n ≥ n1 ≥ α ❛♥❞ c
(q)
k ∈ Cα−k+1[0, π] ❢♦& k = 1, . . . , α✳ ▲❡ 

(λ̃(q−1)n+1(Tn(f)), λ̃(q−1)n+2(Tn(f)) . . . , λ̃qn(Tn(f))

❜❡  ❤❡ ❛♣♣&♦①✐♠❛ ✐♦♥ ♦❢ (λ(q−1)n+1(Tn(f)), λ(q−1)n+2(Tn(f)) . . . , λqn(Tn(f)) ❝♦♠♣✉ ❡❞ ❜② ❆❧❣♦✲

&✐ ❤♠ ✷✳ ❚❤❡♥✱  ❤❡&❡ ❡①✐' ' ❛ ❝♦♥' ❛♥ D
(q)
α ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ α ❛♥❞ s '✉❝❤  ❤❛ ✱ ❢♦& j = 1, . . . , n✱

γ = (q − 1)n+ j, ∣∣∣λγ(Tn(f))− λ̃γ(Tn(f))
∣∣∣ ≤ D(q)

α hhα1 . ✭❱✳✶✸✮

✶✶✸



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

 !♦♦❢✳ ❇② ✭❱✳✻✮ ❛♥❞ ❚❤❡♦.❡♠ ❱✳✷✳✷✱

∣∣∣λγ(Tn(f))− λ̃γ(Tn(f))
∣∣∣ =

∣∣∣∣∣λ
(q)(f(θj,n)) +

α∑

k=1

c
(q)
k (θj,n)h

k + E
(q)
j,n,α − λ(q)(f(θj,n))−

α∑

k=1

c̃
(q)
k,j(θj,n)h

k

∣∣∣∣∣ ≤

α∑

k=1

∣∣∣c(q)k (θj,n)− c̃
(q)
k,j(θj,n)

∣∣∣hk +
∣∣∣E(q)

j,n,α

∣∣∣ ≤ B(q)
α

α∑

k=1

hα−k+1
1 hk + C(q)

α hα+1 ≤

h
(
αB(q)

α hα1 + C(q)
α hα1

)
≤ D(q)

α hα1h,

✇❤❡.❡ D
(q)
α = (α+ 1)max

(
B

(q)
α , C

(q)
α

)
✳

❱✳✸ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

■♥ 4❤❡ ❝✉..❡♥4 7❡❝4✐♦♥ ✇❡ ♣.❡7❡♥4 ❛ 7❡❧❡❝4✐♦♥ ♦❢ ♥✉♠❡.✐❝❛❧ ❡①♣❡.✐♠❡♥47 4♦ ✈❛❧✐❞❛4❡ 4❤❡ ❛❧❣♦.✐4❤♠7

❜❛7❡❞ ♦♥ 4❤❡ ❛7②♠♣4♦4✐❝ ❡①♣❛♥7✐♦♥ ✭❱✳✻✮ ✐♥ ❞✐✛❡.❡♥4 ❝❛7❡7 ✇❤❡.❡ f ✐7 ♠❛4.✐①✲✈❛❧✉❡❞✱ ❛♥❞ ✇❡ ❣✐✈❡

❡①❛❝4 ❢♦.♠✉❧❛❡ ❢♦. 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 ✐♥ 7♦♠❡ ❡①❛♠♣❧❡7 ♦❢ ♣.❛❝4✐❝❛❧ ✐♥4❡.❡74✳

❲❡ 4❡74 4❤❡ ❛7②♠♣4♦4✐❝ ❡①♣❛♥7✐♦♥ ❛♥❞ 4❤❡ ✐♥4❡.♣♦❧❛4✐♦♥✕❡①4.❛♣♦❧❛4✐♦♥ ❛❧❣♦.✐4❤♠ ✐♥ ❙❡❝4✐♦♥

❱✳✷ ✐♥ ♦.❞❡. 4♦ ♦❜4❛✐♥ ❛♥ ❛♣♣.♦①✐♠❛4✐♦♥ ♦❢ 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 λγ(Tn(f))✱ γ = 1, . . . , sn✱ ❢♦. ❧❛.❣❡ n✳

❊①❛♠♣❧❡ ✶✳ ❲❡ 7❤♦✇ 4❤❛4 4❤❡ ❡①♣❛♥7✐♦♥ ❛♥❞ 4❤❡ ❛77♦❝✐❛4❡❞ ✐♥4❡.♣♦❧❛4✐♦♥✕❡①4.❛♣♦❧❛4✐♦♥ ❛❧❣♦✲

.✐4❤♠ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ 4♦ 4❤❡ ✇❤♦❧❡ 7♣❡❝4.✉♠✱ 7✐♥❝❡ 4❤❡ 7②♠❜♦❧ 7❛4✐7✜❡7 4❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐-✐♦♥✳

❊①❛♠♣❧❡ ✷✳ ❲❡ 7❤♦✇ 4❤❛4 4❤❡ ❡①♣❛♥7✐♦♥ ❛♥❞ 4❤❡ ✐♥4❡.♣♦❧❛4✐♦♥✕❡①4.❛♣♦❧❛4✐♦♥ ❛❧❣♦.✐4❤♠ ❝❛♥

❜❡ ❧♦❝❛❧❧② ❛♣♣❧✐❡❞ ❢♦. ❝♦♠♣✉4✐♥❣ 4❤❡ ❛♣♣.♦①✐♠❛4✐♦♥ ♦❢ 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 ✈❡.✐❢②✐♥❣ 4❤❡ ❧♦❝❛❧

❝♦♥❞✐-✐♦♥✳ ■♥ 4❤✐7 ♣❛.4✐❝✉❧❛. ❝❛7❡✱ 4❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐-✐♦♥ ❞♦❡7 ♥♦4 ❤♦❧❞ ❜❡❝❛✉7❡ 4❤❡ ✐♥4❡.✲

7❡❝4✐♦♥ ♦❢ .❛♥❣❡7 ♦❢ 4✇♦ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝4✐♦♥7 ✐7 ❛ ♥♦♥4.✐✈✐❛❧ ✐♥4❡.✈❛❧ ❛♥❞ ✐♥ ❛❞❞✐4✐♦♥ 4❤❡.❡

❡①✐747 ❛♥ ✐♥❞❡① q ∈ {1, . . . , s} 7✉❝❤ 4❤❛4 λ(q)(f) ✐7 ♥♦♥✲♠♦♥♦4♦♥❡✳

❊①❛♠♣❧❡ ✸✳ ❲❡ 7❤♦✇ 4❤❛4 4❤❡ ❡①♣❛♥7✐♦♥ ❛♥❞ ✐♥4❡.♣♦❧❛4✐♦♥✕❡①4.❛♣♦❧❛4✐♦♥ ❛❧❣♦.✐4❤♠ ❝❛♥ ❜❡

❧♦❝❛❧❧② ❛♣♣❧✐❡❞ ❢♦. 4❤❡ ❝♦♠♣✉4❛4✐♦♥ ♦❢ 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 7❛4✐7❢②✐♥❣ 4❤❡ ❧♦❝❛❧ ❝♦♥❞✐-✐♦♥✳ ❋♦.

4❤❡ 7♣❡❝✐✜❝ ❡①❛♠♣❧❡✱ 4❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐-✐♦♥ ❞♦❡7 ♥♦4 ❤♦❧❞ 7✐♥❝❡ 4❤❡.❡ ❡①✐747 ❛♥ ✐♥❞❡① q ∈
{1, . . . , s} 7✉❝❤ 4❤❛4 λ(q)(f) ✐7 ♥♦♥✲♠♦♥♦4♦♥❡ ❡✐4❤❡. ❣❧♦❜❛❧❧② ♦♥ [0, π] ♦. ❥✉74 ♦♥ ❛ 7✉❜✐♥4❡.✈❛❧
❝♦♥4❛✐♥❡❞ ✐♥ [0, π]✳

❊①❛♠♣❧❡ ✹✳ ❲❡ 7❤♦✇ ❤♦✇ 4♦ ❜②♣❛77 4❤❡ ❧♦❝❛❧ ❝♦♥❞✐-✐♦♥ ✐♥ ❛ ❢❡✇ 7♣❡❝✐❛❧ ❝❛7❡7✿ ✐♥ ❢❛❝4✱ ✉7✐♥❣

❞✐✛❡.❡♥4 7❛♠♣❧✐♥❣ ❣.✐❞7✱ ✇❡ ❝❛♥ .❡❝♦✈❡. ❡①❛❝4 ❢♦.♠✉❧❛7 ❢♦. ♣❛.47 ♦❢ 4❤❡ 7♣❡❝4.✉♠✱ ✇❤❡.❡

4❤❡ ❛77✉♠♣4✐♦♥ ♦❢ ♠♦♥♦4♦♥✐❝✐4② ✐7 ✈✐♦❧❛4❡❞✳

❊①❛♠♣❧❡ ✺✳ ❲❡ ❣✐✈❡ ❛ ❝❧♦7❡❞ ❢♦.♠✉❧❛ ❢♦. 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 ♦❢ ♠❛4.✐❝❡7 ❛.✐7✐♥❣ ❢.♦♠ 4❤❡ ❞✐7✲

❝.❡4✐③❛4✐♦♥ ♦❢ ❛ 7❡❝♦♥❞ ♦.❞❡. ❡❧❧✐♣4✐❝ ❞✐✛❡.❡♥4✐❛❧ ♣.♦❜❧❡♠ ❜② 4❤❡ .❡❝4❛♥❣✉❧❛. ▲❛❣.❛♥❣❡

❋✐♥✐4❡ ❊❧❡♠❡♥4 ♠❡4❤♦❞ ✇✐4❤ ♣♦❧②♥♦♠✐❛❧7 ♦❢ ❞❡❣.❡❡ p > 1✱ ✉7✉❛❧❧② ❞❡♥♦4❡❞ ❛7 Qp ❡❧❡♠❡♥47✳

▼♦.❡♦✈❡. ✇❡ ♣.♦✈✐❞❡ 4❤❡ ❡①❛❝4 ❢♦.♠✉❧❛❡ ❢♦. 4❤❡ ❡✐❣❡♥✈❛❧✉❡7 ♦❢ 4❤❡ ♣.❡❝♦♥❞✐4✐♦♥❡❞ ❜❧♦❝❦

♠❛4.✐❝❡7 74❡♠♠✐♥❣ ❢.♦♠ 4❤❡ Qp ▲❛❣.❛♥❣✐❛♥ ❋❊▼ ♦❢ 4❤❡ ❝❧❛77✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣.♦❜❧❡♠ ❢♦.

4❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡.❛4♦. ✐♥ ♦♥❡ ❞✐♠❡♥7✐♦♥✳

✶✶✹



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❚❤❡ ♥✉♠❜❡' ♦❢ /❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0✱ ✇❤✐❝❤ ✈❡'✐❢② /❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐)✐♦♥✱ ❞❡♣❡♥❞0 ♦♥ /❤❡

♦'❞❡' ♦❢ /❤❡ Qp ❡❧❡♠❡♥/0✳ ■♥ /❤✐0 0♣❡❝✐✜❝ 0❡//✐♥❣ ✇❡ ❤❛✈❡ s = p✳

■♥ ❊①❛♠♣❧❡0 ✶✕✸ ✇❡ ❞♦ ♥♦/ ❝♦♠♣✉/❡ ❛♥❛❧②/✐❝❛❧❧② /❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 ♦❢ f ✱ ❜✉/✱ ❢♦'

q = 1, . . . s✱ ✇❡ ❛'❡ ❛❜❧❡ /♦ ♣'♦✈✐❞❡ ❛♥ ✏❡①❛❝/✑ ❡✈❛❧✉❛/✐♦♥ ♦❢ λ(q)(f) ❛/ θjk,nk
✱ jk = 1, . . . , nk, ❜②

❡①♣❧♦✐/✐♥❣ /❤❡ ❢♦❧❧♦✇✐♥❣ ♣'♦❝❡❞✉'❡✿

❼ 0❛♠♣❧❡ f ❛/ θjk,nk
✱ jk = 1, . . . , nk✱ ♦❜/❛✐♥✐♥❣ nk s× s ♠❛/'✐❝❡0✱ Mjk , jk = 1, . . . , nk❀

❼ ❢♦' ❡❛❝❤ jk = 1, . . . , nk✱ ❝♦♠♣✉/❡ /❤❡ s ❡✐❣❡♥✈❛❧✉❡0 ♦❢ Mjk ✱ λq(Mjk)✱ q = 1, . . . , s❀

❼ ❢♦' ❛ ✜①❡❞ q = 1, . . . s✱ /❤❡ ❡✈❛❧✉❛/✐♦♥ ♦❢ λ(q)(f) ❛/ θjk,nk
✱ jk = 1, . . . , nk, ✐0 ❣✐✈❡♥ ❜②

λq(Mjk)✱ jk = 1, . . . , nk✳

❚❤✐0 ♣'♦❝❡❞✉'❡ ✐0 ❥✉0/✐✜❡❞ ❜② /❤❡ ❢❛❝/ /❤❛/ ❤❡'❡ f ✐0 ❛ /'✐❣♦♥♦♠❡/'✐❝ ♣♦❧②♥♦♠✐❛❧ ❛♥❞✱ ❞❡♥♦/✐♥❣ ❜②

Cnk
(f) /❤❡ ❝✐'❝✉❧❛♥/ ♠❛/'✐① ❣❡♥❡'❛/❡❞ ❜② f ✱ /❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ Cnk

(f) ❛'❡ ❣✐✈❡♥ ❜② /❤❡ ❡✈❛❧✉❛/✐♦♥0

♦❢ λ(q)(f) ❛/ /❤❡ ❣'✐❞ ♣♦✐♥/0 θr,nk
= 2π r

nk
✱ r = 0, . . . , nk − 1✱ 0✐♥❝❡

Cnk
(f) = (Fnk

⊗ Is)Dnk
(f)(Fnk

⊗ Is)
∗,

✇❤❡'❡

Dnk
(f) = diag0≤r≤nk−1 (f (θr,nk

)) , θr,nk
= 2π

r

nk
, Fnk

=
1√
nk

(
e
−ι2π jr

nk

)nk−1

j,r=0

,

❛♥❞ Is /❤❡ s×s ✐❞❡♥/✐/② ♠❛/'✐① ❬✼✽❪✳ ❋✉'/❤❡'♠♦'❡✱ ❜② ❡①♣❧♦✐/✐♥❣ /❤❡ ❧♦❝❛❧✐③❛/✐♦♥ '❡0✉❧/0 ❬✶✶✼✱ ✶✷✶❪
0/❛/❡❞ ✐♥ /❤❡ ✐♥/'♦❞✉❝/✐♦♥✱ ✇❡ ❦♥♦✇ /❤❛/ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Tn(f)✱ ❢♦' ❡❛❝❤ n✱ ❜❡❧♦♥❣0 /♦ /❤❡

✐♥/❡'✈❛❧

(
min

θ∈[0,π]
λ(1)(f), max

θ∈[0,π]
λ(s)(f)

)
.

❱✳✸✳✶ ●❧♦❜❛❧ ❝♦♥❞✐-✐♦♥ ❡①❛♠♣❧❡

❊①❛♠♣❧❡ ✶✳

■♥ /❤✐0 ❡①❛♠♣❧❡ ✇❡ ❤❛✈❡ ❜❧♦❝❦ 0✐③❡ s = 3✱ ❛♥❞ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥ λ(q)(f), q = 1, 2, 3✱ ✐0

0/'✐❝/❧② ♠♦♥♦/♦♥❡ ♦✈❡' [0, π]✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 0❛/✐0❢②

max
θ∈[0,π]

λ(1)(f) < min
θ∈[0,π]

λ(2)(f),

max
θ∈[0,π]

λ(2)(f) < min
θ∈[0,π]

λ(3)(f).

■♥ ❋✐❣✉'❡ ❱✳✷ /❤❡ ❣'❛♣❤0 ♦❢ /❤❡ /❤'❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 ❛'❡ 0❤♦✇♥✳

✶✶✺



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❚❤❡ ❚♦❡♣❧✐'③ ♠❛'+✐① ❣❡♥❡+❛'❡❞ ❜② f ✐2 ❛ ♣❡♥'❛❞✐❛❣♦♥❛❧ ❜❧♦❝❦ ♠❛'+✐①✱ Tn(f) ∈ RN×N
✱ ✇❤❡+❡

N = 3n✱ ❛♥❞ ❛❧❧ '❤❡ ❜❧♦❝❦2 ❜❡❧♦♥❣ '♦ R3×3
✱ '❤❛' ✐2

Tn(f) =




f̂0 f̂1 f̂2

f̂1
. . .

. . .
. . .

f̂2
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . . f̂2

. . .
. . .

. . . f̂1

f̂2 f̂1 f̂0




, ✭❱✳✶✹✮

f̂0 =



50 2 0

2 −55 2

0 2 10


 , f̂1 =



11 −1 0

−1 −6 −1

0 −1 9


 , f̂2 =



1 0 2

0 1 0

2 0 1


 .

❍❡+❡ f ✐2 2✉❝❤ '❤❛' '❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐)✐♦♥ ✐2 2❛'✐2✜❡❞✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ✉2❡ '❤❡ ❛2②♠♣'♦'✐❝ ❡①♣❛♥2✐♦♥

❛♥❞ ❆❧❣♦+✐'❤♠ ✶ '♦ ❣❡' ❛♥ ❛❝❝✉+❛'❡ ❛♣♣+♦①✐♠❛'✐♦♥ ♦❢ '❤❡ ❡✐❣❡♥✈❛❧✉❡2 ♦❢ Tn(f) ❢♦+ ❛ ❧❛+❣❡ n✳

❙♦❧✈✐♥❣ 2②2'❡♠ ✭❱✳✶✵✮ ✇✐'❤ α = 4 ❛♥❞ n1 = 100✱ ✇❡ ♦❜'❛✐♥ '❤❡ ❛♣♣+♦①✐♠❛'✐♦♥ ♦❢ c
(q)
k (θj1,n1)✱

k = 1, . . . , α✳ ■♥ ❋✐❣✉+❡ ❱✳✸ '❤❡ ❛♣♣+♦①✐♠❛'❡❞ ❡①♣❛♥2✐♦♥ ❢✉♥❝'✐♦♥2 c̃
(q)
k (θj1,n1)✱ k = 1, . . . , α✱

q = 1, . . . , s ❛+❡ 2❤♦✇♥ ❢♦+ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝'✐♦♥✳ ❖♥❝❡ '❤❛'✱ ❢♦+ ❛ ✜①❡❞ q = 1, . . . , s✱ '❤❡

✈❛❧✉❡2 c̃
(q)
k (θj1,n1)✱ k = 1, . . . , α✱ j1 = 1, . . . , n1 ❛+❡ ❦♥♦✇♥✱ ✇❡ ❝❛♥ ✜♥❛❧❧② ❝♦♠♣✉'❡ λ̃γ(Tn(f))

❢♦+ n = 10000✱ ❜② ✉2✐♥❣ ✭❱✳✻✮✳ ❋♦+ 2✐♠♣❧✐❝✐'② ✇❡ ♣❧♦' '❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝'✐♦♥2 ❛♥❞ ❛❧2♦ '❤❡

❡①♣❛♥2✐♦♥ ❡++♦+2✱ E
(q)
j1,n1,0

✱ ❢♦+ q = 1, 2, 3✳ ■♥ '❤❡ '♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✹ ✭✐♥ ❜❧❛❝❦✮ ✇❡ 2❤♦✇ '❤❡

❡++♦+2✱ E
(q)
j,n,0✱ q = 1, . . . , 3✱ ✈❡+2✉2 γ✱ ❢+♦♠ ❞✐+❡❝' ❝❛❧❝✉❧❛'✐♦♥ ♦❢

λγ(Tn(f))− λ(q)(f(θj,n)),

❢♦+ j = 1, . . . , n✱ q = 1, . . . , 3✳ ❆2 ❡①♣❡❝'❡❞✱ ✇✐'❤ α = 0✱ '❤❡ ❡++♦+2 E
(q)
j,n,0✱ q = 1, . . . , 3✱ ❛+❡

+❛'❤❡+ ❧❛+❣❡✳ ■♥ '❤❡ '♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✹✱ ❝♦♠♣❛+✐♥❣ E
(q)
j,n,0 ✇✐'❤ ❡++♦+2 Ẽ

(q)
j,n,α✱ q = 1, . . . , 3✱

✇❡ 2❡❡ '❤❡ ❡++♦+2 ❛+❡ 2✐❣♥✐✜❝❛♥'❧② +❡❞✉❝❡❞ ✐❢ ✇❡ ❝❛❧❝✉❧❛'❡ λ̃γ(Tn(f))✱ γ = 1, . . . , 3n✱ 2❤♦✇♥ ✐♥

'❤❡ ❜♦''♦♠ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✹✱ ✉2✐♥❣ ❆❧❣♦+✐'❤♠ ✶✱ ✇✐'❤ α = 4✱ n1 = 100✱ ❛♥❞ n = 10000✳

❋✉+'❤❡+♠♦+❡✱ ❛ ❝❛+❡❢✉❧ 2'✉❞② ♦❢ '❤❡ '♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✹ ✭❝♦❧♦✉+❡❞✮ ❛❧2♦ +❡✈❡❛❧2 '❤❛'✱ ❢♦+

q = 1, . . . , s✱ Ẽ
(q)
j,n,α ❤❛✈❡ ❧♦❝❛❧ ♠✐♥✐♠❛✱ ❛''❛✐♥❡❞ ✇❤❡♥ θj,n ✐2 ❛♣♣+♦①✐♠❛'❡❧② ❡J✉❛❧ '♦ 2♦♠❡ ♦❢

'❤❡ ❝♦❛+2❡ ❣+✐❞ ♣♦✐♥'2 θj1,n1 , j1 = 1, . . . , n1✳ ❚❤✐2 ✐2 ♥♦ 2✉+♣+✐2❡✱ ❜❡❝❛✉2❡ ❢♦+ θj,n = θj1,n1

✇❡ ❤❛✈❡ c̃
(q)
k,j(θj,n) = c̃

(q)
k (θj1,n1) ❛♥❞ c

(q)
k (θj,n) = c

(q)
k (θj1,n1)✱ ✇❤✐❝❤ ♠❡❛♥2 '❤❛' '❤❡ ❡++♦+ ♦❢

'❤❡ ❛♣♣+♦①✐♠❛'✐♦♥ c̃
(q)
k,j(θj,n) ≈ c

(q)
k (θj,n) +❡❞✉❝❡2 '♦ '❤❡ ❡++♦+ ♦❢ '❤❡ ❛♣♣+♦①✐♠❛'✐♦♥ c̃

(q)
k (θj1,n1) ≈

c
(q)
k (θj1,n1)✳ ❚❤❡ ❧❛''❡+ ✐♠♣❧✐❡2 '❤❛' ✇❡ ❛+❡ ♥♦' ✐♥'+♦❞✉❝✐♥❣ ❢✉+'❤❡+ ❡++♦+2 ❞✉❡ '♦ '❤❡ ✐♥'❡+♣♦❧❛'✐♦♥

♣+♦❝❡22✳

✶✶✻



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❋✐❣✉$❡ ❱✳✷✿ ❊①❛♠♣❧❡ ✶✿ ❚❤❡ 3❤$❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝3✐♦♥9✱ λ(q)(f), q = 1, 2, 3✳

❲❡ ♣♦✐♥/ ♦✉/ /❤❛/ /❤❡ '❡0✉❧/0 ✐♥ /❤❡ ♣'❡0❡♥/❡❞ ❡①❛♠♣❧❡✱ ❛♥❞ /❤♦0❡ ✐♥ /❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡0✱ ❤❛✈❡

❜❡❡♥ ♣'♦✈✐❞❡❞ ✉0✐♥❣ ▼❛"❧❛❜✳ ;'♦♣❡' /✐♠✐♥❣ ❡①♣❡'✐♠❡♥/0 ❤❛✈❡ ♥♦/ ❜❡❡♥ ❝♦♥❞✉❝/❡❞ ❜✉/ ✐♥ ❬✻✶❪

/❤❡ ❛✉/❤♦'0 0❤♦✇✱ ❢♦' /❤❡ 0❝❛❧❛' 0❡//✐♥❣✱ /❤❛/ ❢♦' n = 106✱ ▲❆;❆❈❑ /❛❦❡0 ❛♣♣'♦①✐♠❛/✐✈❡❧② ✶✵

❤♦✉'0 ♦❢ ❝♦♠♣✉/❛/✐♦♥0✱ ✇❤❡'❡❛0 /❤❡ ♠❛/'✐①✲❧❡00 ♠❡/❤♦❞ /❛❦❡0 ❛♣♣'♦①✐♠❛/✐✈❡❧② ✶✵ ♠✐♥✉/❡0✳

❲❡ /❡0/ /❤❡ ❛❝❝✉'❛❝② ♦❢ /❤❡ ❛❧❣♦'✐/❤♠ ❛❧0♦ ❢♦' ❛ ♠♦'❡ ❞❡♠❛♥❞✐♥❣ ❝♦♠♣✉/❛/✐♦♥ ✇✐/❤ ❛ ♠❛/'✐①

0✐③❡ n ♦❢ ♦'❞❡' O(105)✳

■♥ ❋✐❣✉'❡ ❱✳✺ ✇❡ '❡♣♦'/ /❤❡ ❡''♦' ❝✉'✈❡0 E
(q)
j,n,0 ❛♥❞ Ẽ

(q)
j,n,α✱ q = 1, . . . , 3✱ α = 4 ❛♥❞ n1 = 100✱

❢♦' ❛ ♠♦'❡ ❝♦0/❧② 0✐③❡ n = 2 · 105✱ '❡0♣❡❝/ /♦ /❤❛/ ✐♥ ❱✳✹✳

❱✳✸✳✷ ▲♦❝❛❧ ❝♦♥❞✐,✐♦♥✿ ✐♥,❡/0❡❝,✐♦♥ ♦❢ ,❤❡ /❛♥❣❡0

❊①❛♠♣❧❡ ✷✳

■♥ /❤❡ ♣'❡0❡♥/ ❡①❛♠♣❧❡ ✇❡ ❝❤♦♦0❡ ❜❧♦❝❦ 0✐③❡ s = 3✱ ✇✐/❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 λ(1)(f) ❛♥❞

λ(3)(f) ❜❡✐♥❣ 0/'✐❝/❧② ♠♦♥♦/♦♥❡ ♦♥ [0, π]✳ ❚❤❡ 0❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥✱ λ(2)(f)✱ ✐0 ♥♦♥✲

♠♦♥♦/♦♥❡ ♦♥ ❛ 0♠❛❧❧ 0✉❜✐♥/❡'✈❛❧ ♦❢ [0, π]✳ ❋✉'/❤❡'♠♦'❡ /❤❡ '❛♥❣❡ ♦❢ λ(2)(f) ✐♥/❡'0❡❝/0 /❤❛/

♦❢ λ(3)(f)✱ /❤❛/ ✐0

max
θ∈[0,π]

λ(1)(f) < min
θ∈[0,π]

λ(2)(f),

max
θ∈[0,π]

λ(2)(f) > min
θ∈[0,π]

λ(3)(f).

❲❤❡♥ ❝♦♠♣❛'✐♥❣ ✇✐/❤ ❊①❛♠♣❧❡ ✶✱ /❤❡ ♦♥❧② ❞✐✛❡'❡♥❝❡ ✐♥ ❢♦'♠✐♥❣ /❤❡ ♠❛/'✐① Tn(f) ❝♦♥0✐0/0

✶✶✼



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❋✐❣✉$❡ ❱✳✸✿ ❊①❛♠♣❧❡ ✶✿ ❈♦♠♣✉3❛3✐♦♥5 ♠❛❞❡ ✇✐3❤ n1 = 100✱ α = 4✳ ❋$♦♠ 3❤❡ 3♦♣ 3♦ 3❤❡ ❜♦33♦♠ ♣❛♥❡❧ 3❤❡

❛♣♣$♦①✐♠❛3✐♦♥5 c̃
(q)
k (θj1,n1

) ❢♦$ λ(q)(f)✱ q = 1, 2, 3✳

✶✶✽



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❋✐❣✉$❡ ❱✳✹✿ ❊①❛♠♣❧❡ ✶✿ ❚♦♣✿ ❊$$♦$2 log10 |Ẽ
(q)
j,n,α|✱ ✇✐5❤ α = 4✱ ❛♥❞ ❡$$♦$2 log10 |E

(q)
j,n,0| ✱ q = 1, 2, 3✱ ✈❡$2✉2 γ

❢♦$ γ = 1, . . . , 3n✳ ❈♦♠♣✉5❛5✐♦♥2 ♠❛❞❡ ✇✐5❤ n1 = 100 ❛♥❞ n = 10000✳ ❇♦%%♦♠✿ ❆♣♣$♦①✐♠❛5❡❞ ❡✐❣❡♥✈❛❧✉❡2

λ̃γ(Tn(f))✱ 2♦$5❡❞ ✐♥ ♥♦♥ ❞❡❝$❡❛2✐♥❣ ♦$❞❡$✳ ❈♦♠♣✉5❛5✐♦♥ ♠❛❞❡ ✇✐5❤ 5❤❡ ✐♥5❡$♣♦❧❛5✐♦♥✕❡①5$❛♣♦❧❛5✐♦♥ ❛❧❣♦$✐5❤♠✱

✇✐5❤ α = 4✱ n1 = 100 ❛♥❞ n = 10000✳

✐♥ /❤❡ ✜'0/ ❋♦✉'✐❡' ❝♦❡✣❝✐❡♥/ ✇❤✐❝❤ ✐0 ❞❡✜♥❡❞ ❛0

f̂0 =



12 2 0

2 −55 2

0 2 10


 .

■♥ /❤✐0 ❡①❛♠♣❧❡ ✇❡ ✇❛♥/ /♦ 0❤♦✇ /❤❛/ ✐/ ✐0 ♣♦00✐❜❧❡ /♦ ❣✐✈❡ ❛♥ ❛♣♣'♦①✐♠❛/✐♦♥ ♦❢ /❤❡ ❡✐❣❡♥✈❛❧✉❡0

λγ(Tn(f))✱ n = 10000✱ 0❛/✐0❢②✐♥❣ /❤❡ ❧♦❝❛❧ ❝♦♥❞✐'✐♦♥✳

❋'♦♠ /❤❡ ❋✐❣✉'❡ ❱✳✻✱ ✇❤❡'❡ /❤❡ ❣'❛♣❤0 ♦❢ /❤❡ /❤'❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 ❛'❡ ❞✐0♣❧❛②❡❞✱ ✇❡

✶✶✾



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❋✐❣✉$❡ ❱✳✺✿ ❊①❛♠♣❧❡ ✶✿ ❊$$♦$2 log10 |Ẽ
(q)
j,n,α|✱ ✇✐5❤ α = 4✱ ❛♥❞ ❡$$♦$2 log10 |E

(q)
j,n,0| ✱ q = 1, 2, 3✱ ✈❡$2✉2 γ ❢♦$

γ = 1, . . . , 3n✳ ❈♦♠♣✉5❛5✐♦♥2 ♠❛❞❡ ✇✐5❤ n1 = 100 ❛♥❞ n = 2 · 105✳

♥♦"✐❝❡ "❤❛"

❼ λ(1)(f) ✐( ♠♦♥♦"♦♥❡ ♥♦♥ ❞❡❝+❡❛(✐♥❣ ❛♥❞ ✐"( +❛♥❣❡ ❞♦❡( ♥♦" ✐♥"❡+(❡❝" "❤❛" ♦❢ λ(q)(f)✱ q = 2, 3✳

❍❡♥❝❡✱ ✉(✐♥❣ "❤❡ ❛(②♠♣"♦"✐❝ ❡①♣❛♥(✐♦♥ ✐♥ ✭❱✳✻✮✱ ✇❡ ❡①♣❡❝" "❤❛" ✐" ✐( ♣♦((✐❜❧❡ "♦ ❣✐✈❡ ❛♥

❛♣♣+♦①✐♠❛"✐♦♥ ♦❢ "❤❡ ✜+(" n ❡✐❣❡♥✈❛❧✉❡( λγ(Tn(f))✱ ❢♦+ j = 1, . . . , n❀

❼ λ(3)(f) ✐( ♠♦♥♦"♦♥❡ ♥♦♥ ✐♥❝+❡❛(✐♥❣ ❛♥❞ "❤❡+❡ ❡①✐(" θ̂1✱ θ̂2 ∈ [0, π] (✉❝❤ "❤❛"✱ ∀ θ ∈ [0, θ̂1) ∪
(θ̂2, π]✱ (

λ(3)(f)
)
(θ) 6∈ Range(λ(2)(f)).

❍❡♥❝❡✱ ♦❢ "❤❡ +❡♠❛✐♥✐♥❣ 2n ❡✐❣❡♥✈❛❧✉❡(✱ ✇❡ ❡①♣❡❝" "❤❛" ✐" ✐( ♣♦((✐❜❧❡ "♦ ❣✐✈❡ ❛ ❢❛(" ❛♣♣+♦①✐✲

♠❛"✐♦♥ ❥✉(" ♦❢ "❤♦(❡ ❡✐❣❡♥✈❛❧✉❡( λγ(Tn(f)) ✈❡+✐❢②✐♥❣ ❧♦❝❛❧ ❝♦♥❞✐'✐♦♥✱ "❤❛" ✐( "❤♦(❡ (❛"✐(❢②✐♥❣

"❤❡ +❡❧❛"✐♦♥ ❜❡❧♦✇

λγ(Tn(f)) ∈
[(
λ(3)(f)

)
(π),

(
λ(3)(f)

)
(θ̂2)

) ⋃ ((
λ(3)(f)

)
(θ̂1),

(
λ(3)(f)

)
(0)

]
.

✭❱✳✶✺✮

❲❡ ✜① α = 4✱ n1 = 100 ❛♥❞ ✇❡ ♣+♦❝❡❡❞ "♦ ❝❛❧❝✉❧❛"❡ "❤❡ ❛♣♣+♦①✐♠❛"✐♦♥ ♦❢ c
(q)
k (θj1,n1), k =

1, . . . , α✱ ❛( ✐♥ "❤❡ ♣+❡✈✐♦✉( ❡①❛♠♣❧❡✳ ❆( ❡①♣❡❝"❡❞✱ "❤❡ ❣+❛♣❤ ♦❢ c̃
(1)
k (θj1,n1), k = 1, . . . , 4✱ (❤♦✇♥

✐♥ "❤❡ "♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✼✱ +❡✈❡❛❧( "❤❛" ✇❡ ❝❛♥ ❝♦♠♣✉"❡ λ̃γ(Tn(f))✱ ❢♦+ q = 1 ❛♥❞ j = 1, . . . , n✱

✉(✐♥❣ ✭❱✳✻✮✳ ■♥ ♦"❤❡+ ✇♦+❞( "❤❡ ✜+(" n ❡✐❣❡♥✈❛❧✉❡( ♦❢ Tn(f) ❝❛♥ ❜❡ ❝♦♠♣✉"❡❞ ✉(✐♥❣ ♦✉+ ♠❛"+✐①✲❧❡((

♣+♦❝❡❞✉+❡✳

❋♦+ q = 2 ♥♦ ❡①"+❛♣♦❧❛"✐♦♥ ♣+♦❝❡❞✉+❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇✐"❤ c̃
(2)
k (θj1,n1), k = 1, . . . , 4✱ ❛( ✇❡

❝❛♥ (❡❡ ❢+♦♠ "❤❡ ♦(❝✐❧❧❛"✐♥❣ ❛♥❞ ✐++❡❣✉❧❛+ ❣+❛♣❤ ✐♥ "❤❡ ♠✐❞❞❧❡ ♣❛♥❡❧ ♦❢ ❋✐❣✉+❡ ❱✳✼✳ ❈♦♥❝❡+♥✐♥❣

❋✐❣✉+❡ ❱✳✽ "❤❡ ❝❤❛♦"✐❝ ❜❡❤❛✈✐♦+ ♦❢ c̃
(2)
k (θj1,n1), k = 1, . . . , 4 ❝♦++❡(♣♦♥❞( "♦ "❤❡ +❛"❤❡+ ❧❛+❣❡ ❛♥❞

♦(❝✐❧❧❛"✐♥❣ ❡++♦+( E
(2)
j,n,0 ❛♥❞ Ẽ

(2)
j,n,α✳ ❖♥ "❤❡ ♦"❤❡+ ❤❛♥❞ ❢♦+ q = 3 ✇❡ ❝❛♥ ✉(❡ "❤❡ ❡①"+❛♣♦❧❛"✐♦♥

♣+♦❝❡❞✉+❡ ❛♥❞ "❤❡ ✉♥❞❡+❧②✐♥❣ ❛(②♠♣"♦"✐❝ ❡①♣❛♥(✐♦♥ ✇✐"❤ c̃
(3)
k (θj1,n1), k = 1, . . . , 4 ❢♦+ θj1,n1 ∈

[0, θ̂1) ∪ (θ̂2, π], j1 = 1, . . . , n1✳

✶✷✵



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❆0 ❛ ❝♦♥0❡3✉❡♥❝❡ ✇❡ ❝♦♠♣✉/❡ /❤❡ ❛♣♣'♦①✐♠❛/✐♦♥ ♦❢ /❤❡ ✜'0/ n ❡✐❣❡♥✈❛❧✉❡0 λγ(Tn(f))✱ ❢♦'

γ = 1, . . . , n ❛♥❞ /❤❛/ ♦❢ ♦/❤❡' n̂1+ n̂2✱ /❤❛/ ✈❡'✐❢② ✭❱✳✶✺✮✳ ❋♦' 0✐♠♣❧✐❝✐/②✱ ✐♥ /❤❡ ❜♦//♦♠ ♣❛♥❡❧ ♦❢

❋✐❣✉'❡ ❱✳✽✱ ✇❡ ✈✐0✉❛❧✐③❡ /❤❡♠ ❜② ✉0✐♥❣ /❤❡ ♥♦♥ ❞❡❝'❡❛0✐♥❣ ♦'❞❡' ✐♥0/❡❛❞ ♦❢ /❤❡ ❝♦♠♣✉/❛/✐♦♥❛❧

♦♥❡✳

❚❤❡ ❣♦♦❞ ❛♣♣'♦①✐♠❛/✐♦♥ ♦❢ /❤❡ n̂1 + n̂2 ❡✐❣❡♥✈❛❧✉❡0 ❜❡❧♦♥❣✐♥❣ /♦

[(
λ(3)(f)

)
(π),

(
λ(3)(f)

)
(θ̂2)

) ⋃ ((
λ(3)(f)

)
(θ̂1),

(
λ(3)(f)

)
(0)

]

✐0 ❝♦♥✜'♠❡❞ ❜② /❤❡ ❡''♦' Ẽ
(3)
j,n,α ✐♥ /❤❡ /♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉'❡ ❱✳✽✳ ■♥ ❢❛❝/ /❤❡ ❡''♦' ✐0 3✉✐/❡ ❤✐❣❤

❢♦' γ = 2n + n̂1 + 1, . . . , 3n − n̂2✱ ❜✉/ ✐/ ❜❡❝♦♠❡0 0✉✣❝✐❡♥/❧② 0♠❛❧❧ ❢♦' γ = 2n + 1, . . . , 2n + n̂1

❛♥❞ γ = 3n− n̂2 + 1, . . . , 3n✳

❋✐❣✉$❡ ❱✳✻✿ ❊①❛♠♣❧❡ ✷✿ ❚❤❡ 3❤$❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝3✐♦♥9✱ λ(q)(f), q = 1, 2, 3✳

✶✷✶



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❋✐❣✉$❡ ❱✳✼✿ ❊①❛♠♣❧❡ ✷✿ ❈♦♠♣✉3❛3✐♦♥5 ♠❛❞❡ ✇✐3❤ n1 = 100✱ α = 4✳ ❋$♦♠ 3❤❡ 3♦♣ 3♦ 3❤❡ ❜♦33♦♠ ♣❛♥❡❧ 3❤❡

❛♣♣$♦①✐♠❛3✐♦♥5 c̃
(q)
k (θj1,n1

) ❢♦$ λ(q)(f)✱ q = 1, 2, 3✳

✶✷✷



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❋✐❣✉$❡ ❱✳✽✿ ❊①❛♠♣❧❡ ✷✿ ❚♦♣✿ ❊$$♦$2 log10 |Ẽ
(q)
j,n,α|✱ ✇✐5❤ α = 4✱ ❛♥❞ ❡$$♦$2 log10 |E

(q)
j,n,0| ✱ q = 1, 2, 3✱ ✈❡$2✉2

γ ❢♦$ γ = 1, . . . , 3n✳ ❈♦♠♣✉5❛5✐♦♥2 ♠❛❞❡ ✇✐5❤ n1 = 100 ❛♥❞ n = 10000✳ ❇♦%%♦♠✿ ❆♣♣$♦①✐♠❛5❡❞ ❡✐❣❡♥✈❛❧✲

✉❡2 λ̃γ(Tn(f))✱ 2♦$5❡❞ ✐♥ ♥♦♥ ❞❡❝$❡❛2✐♥❣ ♦$❞❡$✱ ❢♦$ γ = 1, . . . , n ❛♥❞ ❢♦$ γ 2✉❝❤ 5❤❛5 λγ(Tn(f)) ✈❡$✐✜❡2 ✭❱✳✶✺✮✳

❈♦♠♣✉5❛5✐♦♥ ♠❛❞❡ ✇✐5❤ 5❤❡ ✐♥5❡$♣♦❧❛5✐♦♥✕❡①5$❛♣♦❧❛5✐♦♥ ❛❧❣♦$✐5❤♠✱ ✇✐5❤ α = 4✱ n1 = 100 ❛♥❞ n = 10000✳

❱✳✸✳✸ ▲♦❝❛❧ ❝♦♥❞✐+✐♦♥✿ ❧❛❝❦ ♦❢ +❤❡ ♠♦♥♦+♦♥✐❝✐+②

❊①❛♠♣❧❡ ✸✳

■♥ /❤✐0 ❡①❛♠♣❧❡ ✇❡ 0❡/ /❤❡ ❜❧♦❝❦ 0✐③❡ s = 3✱ ❛♥❞ /❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 λ(q)(f), q = 1, 2, 3✱

0❛/✐0❢②

✶✷✸



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

max
θ∈[0,π]

λ(1)(f) < min
θ∈[0,π]

λ(2)(f),

max
θ∈[0,π]

λ(2)(f) < min
θ∈[0,π]

λ(3)(f).

❙❡❡ "❤❡ ❋✐❣✉(❡ ❱✳✾ ❢♦( "❤❡ ♣❧♦" ♦❢ λ(q)(f), q = 1, 2, 3✳

❚❤❡ ♠❛"(✐① Tn(f) ∈ RN×N
✱ N = 3n✱ 5❤♦✇5 ❛ ♣❡♥"❛❞✐❛❣♦♥❛❧ ❜❧♦❝❦ 5"(✉❝"✉(❡✱ ❛♥❞ ❛❧❧ "❤❡

❜❧♦❝❦5 ❜❡❧♦♥❣5 "♦ R3×3
✱ "❤❛" ✐5

Tn(f) =




f̂0 f̂T1 f̂T2

f̂1
. . .

. . .
. . .

f̂2
. . .

. . .
. . .

. . .

. . .
. . .

. . .
. . . f̂T2

. . .
. . .

. . . f̂T1

f̂2 f̂1 f̂0




, f̂0 =
1

5




16 − 12 5

− 12 34 − 10

5 − 10 100


 ,

f̂1 =
1

10




− 4 7 0

8 − 16 0

0 0 − 10


 , f̂2 =

1

20




− 12 − 12 0

− 16 12 1

0 2 0


 .

■♥ ❛♥❛❧♦❣② ✇✐"❤ "❤❡ ❊①❛♠♣❧❡ ✷✱ ✇❡ ✇❛♥" "♦ ❣✐✈❡ ❛♥ ❛♣♣(♦①✐♠❛"✐♦♥ ♦❢ λγ(Tn(f))✱ n = 10000✱

✐♥ ❝❛5❡ "❤❡ ❣❧♦❜❛❧ ❝♦♥❞✐)✐♦♥ ✐5 ♥♦" 5❛"✐5✜❡❞✳

❆❧"❤♦✉❣❤ "❤❡ ✐♥"❡(5❡❝"✐♦♥ ♦❢ "❤❡ (❛♥❣❡5 ♦❢ λ(j)(f) ❛♥❞ λ(k)(f) ✐5 ❡♠♣"② ❢♦( ❡✈❡(② ♣❛✐( (j, k)✱

j 6= k✱ j, k ∈ {1, 2, 3}✱ "❤❡ ❛55✉♠♣"✐♦♥ ♦❢ ♠♦♥♦"♦♥✐❝✐"② ✐5 ✈✐♦❧❛"❡❞ ❡✐"❤❡( ❣❧♦❜❛❧❧② ♦♥ [0, π] ♦( ♦♥

❛ 5✉❜✐♥"❡(✈❛❧ ✐♥ [0, π]✳

■♥ ❞❡"❛✐❧✿

❼ λ(1)(f)✱ ✐5 ❢✉❧❧② ♥♦♥✲♠♦♥♦"♦♥❡ ♦♥ [0, π]✱ ❤❡♥❝❡ ✇❡ ❡①♣❡❝" "❤❛" ♥♦ ❢❛5" ❛♣♣(♦①✐♠❛"✐♦♥ ❝❛♥

❜❡ ❣✐✈❡♥ ♦♥ "❤❡ ✜(5" n ❡✐❣❡♥✈❛❧✉❡5✱ λγ(Tn(f))✱ ❢♦( γ = 1, . . . , n❀

❼ λ(3)(f) ✐5 ♠♦♥♦"♦♥❡ ♥♦♥ ❞❡❝(❡❛5✐♥❣ ❛♥❞ ✐"5 (❛♥❣❡ ❞♦❡5 ♥♦" ✐♥"❡(5❡❝" "❤❛" ♦❢ λ(q)(f)✱ q =

1, 2✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ♣(♦✈✐❞❡ ❛♥ ❛♣♣(♦①✐♠❛"✐♦♥✱ ♦❢ "❤❡ ❧❛5" n ❡✐❣❡♥✈❛❧✉❡5 λγ(Tn(f)) ❢♦(

γ = 2n + 1, . . . , 3n✱ ✭❛♥❛❧♦❣♦✉5❧② ✇✐"❤ ✇❤❛" ✇❡ ❞✐❞ ❢♦( "(❡❛"✐♥❣ "❤❡ ✜(5" n ❡✐❣❡♥✈❛❧✉❡5 ✐♥

❊①❛♠♣❧❡ ✷✮❀

❼ λ(2)(f) ✐5 ♥♦♥✲♠♦♥♦"♦♥❡ ♦♥ ❛ 5✉❜✐♥"❡(✈❛❧ [0, θ̂1] ✐♥ [0, π] ❛♥❞ ♠♦♥♦"♦♥❡ ♥♦♥ ❞❡❝(❡❛5✐♥❣

♦♥ "❤❡ (❡♠❛✐♥✐♥❣ 5✉❜✐♥"❡(✈❛❧✱ (θ̂1, π]✳ ❍❡♥❝❡ ✇❡ ❛(❡ ❛❜❧❡ "♦ ❡✣❝✐❡♥"❧② ❝♦♠♣✉"❡ ❛❧5♦ "❤❡

❡✐❣❡♥✈❛❧✉❡5 "❤❛" ✈❡(✐❢② "❤❡ ❢♦❧❧♦✇✐♥❣ (❡❧❛"✐♦♥

λγ(Tn(f)) ∈
((

λ(2)(f)
)
(θ̂1),

(
λ(2)(f)

)
(π)

]
. ✭❱✳✶✻✮

❲❡ 5❡" α = 4✱ n1 = 100✱ ❢♦( "❤❡ ❝♦♠♣✉"❛"✐♦♥ ❛♥❞ ✇❡ ♣(♦❝❡❡❞✱ ❛5 ✐♥ "❤❡ ♣(❡✈✐♦✉5 ❡①❛♠♣❧❡5✱

"♦ ❝❛❧❝✉❧❛"❡ ✜(5" "❤❡ ❛♣♣(♦①✐♠❛"✐♦♥ ♦❢ c
(q)
k (θj1,n1), k = 1, . . . , α ✳

✶✷✹



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

■♥ /❤❡ /♦♣ ✐♠❛❣❡ ♦❢ ❋✐❣✉'❡ ❱✳✶✵ ✇❡ ❞✐0♣❧❛② /❤❡ '❡0✉❧/✐♥❣ ❝❤❛♦/✐❝ ❣'❛♣❤ ♦❢ c̃
(1)
k (θj1,n1), k = 1, . . . , 4✳

❚❤❡ ❣'❛♣❤ ❝♦♥✜'♠0 /❤❛/✱ ❢♦' q = 1✱ /❤❡ ✐♥/❡'♣♦❧❛/✐♦♥✕❡①/'❛♣♦❧❛/✐♦♥ ❛❧❣♦'✐/❤♠ ❝❛♥♥♦/ ❜❡ ✉0❡❞

❛♥❞✱ ❝♦♥0❡A✉❡♥/❧②✱ /❤❡ ✜'0/ n ❡✐❣❡♥✈❛❧✉❡0✱ λγ(Tn(f))✱ q = 1✱ j = 1, . . . , n✱ ❝❛♥♥♦/ ❜❡ ❡✣❝✐❡♥/❧②

❝♦♠♣✉/❡❞ ✉0✐♥❣ ✭❱✳✻✮✿ /❤❡ ❧❛//❡' ✐0 ❝♦♥✜'♠❡❞ ❜② /❤❡ ❡''♦'0 Ẽ
(1)
j,n,α ❛♥❞ E

(1)
j,n,0✱ ✐♥ ❋✐❣✉'❡ ❱✳✶✶✳

❚❤❡ ❝❤❛♦/✐❝ ❜❡❤❛✈✐♦✉' ✐0 ❛❧0♦ ♣'❡0❡♥/ ✐♥ /❤❡ ✈❛❧✉❡0 c̃
(2)
k (θj1,n1), k = 1, . . . , 4✱ 0❡❡ /❤❡ ♠✐❞❞❧❡ ♣❛♥❡❧

♦❢ ❋✐❣✉'❡ ❱✳✶✵✱ ✐♥ /❤❡ 0✉❜✐♥/❡'✈❛❧ [0, θ̂1] ♦❢ [0, π]✱ /❤❛/ ❝♦✐♥❝✐❞❡0 ✇✐/❤ 0❛♠❡ 0✉❜✐♥/❡'✈❛❧ ✇❤❡'❡

λ(2)(f) ✐0 ♥♦♥✕♠♦♥♦/♦♥❡✳

❍❡♥❝❡✱ ✐❢ ✇❡ '❡0/'✐❝/ /♦ [0, θ̂1]✱ /❤❡ ❡①/'❛♣♦❧❛/✐♦♥ ♣'♦❝❡❞✉'❡ ❝❛♥ ❜❡ ✉0❡❞ ❛❣❛✐♥ ♦♥ c̃
(2)
k (θj1,n1), k =

1, . . . , 4✱ ❢♦' θj1,n1 ∈ (θ̂1, π], j1 = 1, . . . , n1✳ ❈♦♥0❡A✉❡♥/❧② ✇❡ ♦❜/❛✐♥ ❛ ❣♦♦❞ ❛♣♣'♦①✐♠❛/✐♦♥

♦❢ λγ(Tn(f))✱ ❢♦' q = 2✱ j = ĵ, . . . , n✳ ◆♦/✐❝❡ /❤❛/ ĵ ✐0 /❤❡ ✜'0/ ✐♥❞❡① ✐♥ {1, . . . , n} 0✉❝❤ /❤❛/
ĵπ
n+1 ∈ (θ̂1, π]✱ /❤❛/ ✐0 ✇❡ ❝❛♥ ❝♦♠♣✉/❡ /❤❡ ❡✐❣❡♥✈❛❧✉❡0 ❜❡❧♦♥❣✐♥❣ /♦ /❤❡ ✐♥/❡'✈❛❧ '❡♣♦'/❡❞ ✐♥

✭❱✳✶✻✮✳ ❚❤✐0 ✐0 '❡✢❡❝/❡❞✱ ✐♥ ❋✐❣✉'❡ ❱✳✶✶✱ ✐♥ /❤❡ ❣'❛❞✉❛❧ '❡❞✉❝/✐♦♥ ♦❢ /❤❡ ❡''♦'0 Ẽ
(2)
j,n,α ❛♥❞ E

(2)
j,n,0✱

❢♦' ✐♥❞✐❝❡0 ❧❛'❣❡' /❤❛♥ n̂1 = n+ ĵ✳

❋✐♥❛❧❧②✱ /❤❡ '❡♠❛✐♥✐♥❣ n ❡✐❣❡♥✈❛❧✉❡0 ❝❛♥ ❜❡ ✇❡❧❧ '❡❝♦♥0/'✉❝/❡❞ ✇✐/❤ ❛ 0/❛♥❞❛'❞ ♠❛/'✐①✲❧❡00

♣'♦❝❡❞✉'❡✱ ✉0✐♥❣ /❤❡ ✈❛❧✉❡0 ♦❢ c̃
(3)
k (θj1,n1), k = 1, . . . , 4✱ 0❤♦✇♥ ✐♥ /❤❡ ❜♦//♦♠ ♣❛♥❡❧ ♦❢ ❋✐❣✉'❡

❱✳✶✵✳ ❚❤❡ ❡''♦'0 '❡❧❛/❡❞ /♦ ❧❛//❡' ❛♣♣'♦①✐♠❛/✐♦♥✱ Ẽ
(3)
j,n,α✱ ❛'❡ 0❤♦✇♥ ✐♥ ❋✐❣✉'❡ ❱✳✶✶✳

■♥ /♦/❛❧✱ 3n− ĵ +1 ❡✐❣❡♥✈❛❧✉❡0 ♦❢ Tn(f) ❝❛♥ ❜❡ ❝♦♠♣✉/❡❞ ❛♥❞ ♣❧♦//❡❞ ✭✐♥ ♥♦♥ ❞❡❝'❡❛0✐♥❣ ♦'❞❡'✮

✐♥ /❤❡ ❜♦//♦♠ ♦❢ /❤❡ ❋✐❣✉'❡ ❱✳✶✶✳

❋✐❣✉$❡ ❱✳✾✿ ❊①❛♠♣❧❡ ✸✿ ❚❤❡ 3❤$❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝3✐♦♥9✱ λ(q)(f), q = 1, 2, 3✳

✶✷✺



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❋✐❣✉$❡ ❱✳✶✵✿ ❊①❛♠♣❧❡ ✸✿ ❈♦♠♣✉4❛4✐♦♥6 ♠❛❞❡ ✇✐4❤ n1 = 100✱ α = 4✳ ❋$♦♠ 4❤❡ 4♦♣ 4♦ 4❤❡ ❜♦44♦♠ ♣❛♥❡❧ 4❤❡

❛♣♣$♦①✐♠❛4✐♦♥6 c̃k(θj1,n1
) ❢♦$ λ(q)(f)✱ q = 1, 2, 3✳

✶✷✻



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❋✐❣✉$❡ ❱✳✶✶✿ ❊①❛♠♣❧❡ ✸✿ ❚♦♣✿ ❊$$♦$2 log10 |Ẽ
(q)
j,n,α|✱ ✇✐5❤ α = 4✱ ❛♥❞ ❡$$♦$2 log10 |E

(q)
j,n,0| ✱ q = 1, 2, 3✱ ✈❡$2✉2

γ ❢♦$ γ = 1, . . . , 3n✳ ❈♦♠♣✉5❛5✐♦♥2 ♠❛❞❡ ✇✐5❤ n1 = 100 ❛♥❞ n = 10000✳ ❇♦%%♦♠✿ ❆♣♣$♦①✐♠❛5❡❞ ❡✐❣❡♥✈❛❧✉❡2

λ̃γ(Tn(f))✱ 2♦$5❡❞ ✐♥ ♥♦♥ ❞❡❝$❡❛2✐♥❣ ♦$❞❡$✱ ❢♦$ γ = 2n + 1, . . . , 3n ❛♥❞ ❢♦$ γ 2✉❝❤ 5❤❛5 λγ(Tn(f)) ✈❡$✐✜❡2 ✭❱✳✶✻✮✳

❈♦♠♣✉5❛5✐♦♥ ♠❛❞❡ ✇✐5❤ 5❤❡ ✐♥5❡$♣♦❧❛5✐♦♥✕❡①5$❛♣♦❧❛5✐♦♥ ❛❧❣♦$✐5❤♠✱ ✇✐5❤ α = 4✱ n1 = 100 ❛♥❞ n = 10000✳

❱✳✸✳✹ ▲♦❝❛❧ ❝♦♥❞✐,✐♦♥✿ .❡❞✉❝,✐♦♥ ❢.♦♠ ❜❧♦❝❦ ,♦ 5❝❛❧❛.✳

❊①❛♠♣❧❡ ✹✳

■♥ /❤✐0 ❡①❛♠♣❧❡ ✇❡ ❝♦♥0✐❞❡' /❤'❡❡ /'✐❣♦♥♦♠❡/'✐❝ ♣♦❧②♥♦♠✐❛❧0✱

p(1)(θ) = 2− 2 cos(θ),

p(2)(θ) = 7− 2 cos(2θ),

p(3)(θ) = 16− 8 cos(θ) + 2 cos(2θ) = 10 + (p(1)(θ))2,

✶✷✼



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

✇✐"❤ "❤❡ ❛✐♠ ♦❢ ❛♣♣*♦①✐♠❛"✐♥❣ "❤❡ ❡✐❣❡♥✈❛❧✉❡1 ♦❢ ❛ ❜❧♦❝❦ ❜❛♥❞❡❞ ❚♦❡♣❧✐"③ ♠❛"*✐①✱ ✇✐"❤ ❛ ♠❛"*✐①✲

✈❛❧✉❡❞ ❣❡♥❡*❛"✐♥❣ ❢✉♥❝"✐♦♥ f(θ)✱ 1✉❝❤ "❤❛" λ(q)(f) = p(q) ❢♦* q = 1, 2, 3✳ ❲❡ ❝❤♦♦1❡ s = 3 ❜✉"

♦❜✈✐♦✉1❧② "❤❡ ❢♦❧❧♦✇✐♥❣ ♣*♦❝❡❞✉*❡ ❤♦❧❞1 ❢♦* ❛♥② s ∈ Z+ ❛♥❞ ❢♦* ❛♥② ❝❤♦1❡♥ s "*✐❣♦♥♦♠❡"*✐❝

♣♦❧②♥♦♠✐❛❧1✱ p(1)(θ), p(2)(θ), . . . , p(s)(θ)✱ 1✉❝❤ "❤❛"

max
θ∈[0,π]

p(q)(θ) < min
θ∈[0,π]

p(q+1)(θ),

❢♦* q = 1, . . . , s− 1✳ ❲❡ ❝❛♥ ❞❡✜♥❡

f(θ) = Q3



p(1)(θ) 0 0

0 p(2)(θ) 0

0 0 p(3)(θ)


QT

3 ,

✇❤❡*❡ Q3 ✐1 ❛♥② ♦*"❤♦❣♦♥❛❧ ♠❛"*✐① ✐♥ R3×3
✳ ❋♦* "❤❡ ❝✉**❡♥" ❡①❛♠♣❧❡ ✇❡ ❝❤♦♦1❡

Q3 =



1 0 0

0 cos(π/3) − sin(π/3)

0 sin(π/3) cos(π/3)


 =

1

2



2 0 0

0 1 −
√
3

0
√
3 1


 .

◆♦✇ ✇❡ ❞❡✜♥❡ "❤❡ ❋♦✉*✐❡* ❝♦❡✣❝✐❡♥"1 ♦❢ f(θ)✱ "❤❛" ✐1

f̂k = Q3



p̂
(1)
k 0 0

0 p̂
(2)
k 0

0 0 p̂
(3)
k


QT

3 = Q3D̂kQ
T
3 , ✭❱✳✶✼✮

✇❤❡*❡ p̂
(q)
k ✐1 "❤❡ k"❤ ❋♦✉*✐❡* ❝♦❡✣❝✐❡♥" ♦❢ "❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝"✐♦♥ p(q)(θ)✱ ❛♥❞ k = −m, . . . ,m✱

✇❤❡*❡ m = maxq=1,...,s deg(p
(q)(θ)✳ ■♥ ♦✉* ❡①❛♠♣❧❡ m = 2✱ ❢♦* p(2)(θ) ❛♥❞ p(3)(θ) ❛♥❞ m = 1 ❢♦*

p(1)(θ)✳ ❊❛❝❤ p(q)(θ) ✐1 ❛ *❡❛❧ ❝♦1✐♥❡ "*✐❣♦♥♦♠❡"*✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❘❈❚J✮✱ 1♦ f(θ) ✐1 ❛ 1②♠♠❡"*✐❝

♠❛"*✐①✲✈❛❧✉❡❞ ❢✉♥❝"✐♦♥ ✇✐"❤ ❋♦✉*✐❡* ❝♦❡✣❝✐❡♥"1

f̂0 =
1

4



8 0 0

0 55 −9
√
3

0 −9
√
3 37


 , f̂1 =



−1 0 0

0 −3
√
3

0
√
3 −1


 , f̂2 =

1

2



0 0 0

0 1 −
√
3

0 −
√
3 −1


 ,

✇❤❡*❡ f̂−k = f̂Tk = f̂k✱ k = 0, 1, 2✳

❚❤❡ *❡1✉❧"✐♥❣ ❜❧♦❝❦ ❜❛♥❞❡❞ ❚♦❡♣❧✐"③ ♠❛"*✐① ✐1 "❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛"*✐①

Tn(f) =




f̂0 f̂−1 f̂−2

f̂1
. . .

. . .
. . .

f̂2
. . .

. . .
. . . f̂−2

. . .
. . .

. . . f̂−1

f̂2 f̂1 f̂0




,

✇✐"❤ 1②♠❜♦❧

f(θ) = f̂0 +
2∑

k=1

(
f̂ke

ιkθ + f̂−ke
−ιkθ

)
= f̂0 + 2f̂1 cos(θ) + 2f̂2 cos(2θ).

✶✷✽



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❲❡ ✇❛♥/ /♦ ❛♣♣'♦①✐♠❛/❡ /❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ Tn(f)✱ ✇❤❡'❡ f(θ) ✐0 ❝♦♥0/'✉❝/❡❞ ❢'♦♠ p(q)(θ)✱ q =

1, 2, 3✳ ❋♦' /❤❡ ❣'❛♣❤ ♦❢ /❤❡ ❝❤♦0❡♥ ♣♦❧②♥♦♠✐❛❧0 0❡❡ /❤❡ /♦♣ ❧❡❢/ ♣❛♥❡❧ ♦❢ ❋✐❣✉'❡ ❱✳✶✷✳

❉✉❡ /♦ /❤❡ 0♣❡❝✐❛❧ 0/'✉❝/✉'❡ ♦❢ ❛❧❧ f̂k✱ 0❡❡ ✭❱✳✶✼✮✱ ✇❡ ❤❛✈❡

Tn(f) = In ⊗Q3




D̂0 D̂−1 D̂−2

D̂1
. . .

. . .
. . .

D̂2
. . .

. . .
. . . D̂−2

. . .
. . .

. . . D̂−1

D̂2 D̂1 D̂0




In ⊗QT
3 .

❚❤❡'❡❢♦'❡ Tn(f) ✐0 0✐♠✐❧❛' /♦ /❤❡ ♠❛/'✐①



Tn(p

(1)(θ)) 0 0

0 Tn(p
(2)(θ)) 0

0 0 Tn(p
(3)(θ))


 ,

❛♥❞ ✜♥❛❧❧② ✐/ ✐0 /'✐✈✐❛❧ /♦ 0❡❡ /❤❛/ /❤❡ ❜❧♦❝❦ ❝❛0❡✱ ✐♥ /❤✐0 0❡//✐♥❣✱ ✐0 '❡❞✉❝❡❞ /♦ ✸ ❞✐✛❡'❡♥/ 0❝❛❧❛'

♣'♦❜❧❡♠0✱ ✇❤✐❝❤ ❝❛♥ ❜❡ /'❡❛/❡❞ 0❡♣❛'❛/❡❧②✳

❉✐✛❡'❡♥/❧② ❢'♦♠ ♣'❡✈✐♦✉0 ❡①❛♠♣❧❡0✱ ❤❡'❡ /❤❡ ❛♥❛❧②/✐❝❛❧ ❡①♣'❡00✐♦♥0 ♦❢ /❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝/✐♦♥0 ♦❢

f(θ) ❛'❡ ❦♥♦✇♥✱ 0✐♥❝❡ /❤❡② ❝♦✐♥❝✐❞❡✱ ❜② ❝♦♥0/'✉❝/✐♦♥✱ ✇✐/❤ p(q)(θ)✱ q = 1, 2, 3✳ ❙♦ ✇❡ ✇✐❧❧ ❞❡0❝'✐❜❡

/❤❡ 0♣❡❝/'✉♠ ♦❢ Tn(f)✱ ❛♣♣'♦①✐♠❛/✐♥❣ ♦' ❝❛❧❝✉❧❛/✐♥❣ ❡①❛❝/❧② /❤❡ 3n ❡✐❣❡♥✈❛❧✉❡0✱ /'❡❛/✐♥❣ /❤❡ ✸

❞✐✛❡'❡♥/ 0❝❛❧❛' ♣'♦❜❧❡♠0 0❡♣❛'❛/❡❧②✳

❋♦' /❤❡ ✜'0/ n ❡✐❣❡♥✈❛❧✉❡0 ✐/ ✐0 ❦♥♦✇♥ /❤❛/ /❤❡② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛/❡❞ ❡①❛❝/❧②✱ 0❛♠♣❧✐♥❣ p(1)

✇✐/❤ ❣'✐❞ θj,n = jπ
n+1 , j = 1, . . . , n✳ ❆♥❛❧♦❣♦✉0❧②✱ /❤❡ n ❡✐❣❡♥✈❛❧✉❡0 ❝❛♥ ❜❡ ❢♦✉♥❞ ❡①❛❝/❧② ❜②

0❛♠♣❧✐♥❣ p(2) ♦♥ ❛ 0♣❡❝✐❛❧ ❣'✐❞ ❞❡✜♥❡❞ ✐♥ ❬✻✸❪✳ ❋♦' /❤❡ ❧❛0/ n ❡✐❣❡♥✈❛❧✉❡0✱ /❤❡ ❣'✐❞ /❤❛/ ❣✐✈❡0

❡①❛❝/ ❡✐❣❡♥✈❛❧✉❡0 ✐0 ♥♦/ ❦♥♦✇♥✱ ❜✉/ p(3) ✐0 ♠♦♥♦/♦♥❡ ♥♦♥ ❞❡❝'❡❛0✐♥❣ ❛♥❞ ❝♦♥0❡L✉❡♥/❧② ✇❡ ❝❛♥

✉0❡ ❛♥ ❛0②♠♣/♦/✐❝ ❡①♣❛♥0✐♦♥ ✐♥ /❤❡ 0❝❛❧❛' ❝❛0❡✳

❲❡ 0❡/ /❤❡ ♣❛'❛♠❡/❡'0 ❛0 ✐♥ ♣'❡✈✐♦✉0 ❝❛0❡0✿ n1 = 100 ❛♥❞ n = 10000✳

■♥ /❤❡ /♦♣ '✐❣❤/ ♣❛♥❡❧ ♦❢ ❋✐❣✉'❡ ❱✳✶✷ ✇❡ '❡♣♦'/ /❤❡ ❡①♣❛♥0✐♦♥ ❡''♦'0 E
(q)
j1,n1,0

✱ ❝❛❧❝✉❧❛/❡❞ ✉0✐♥❣

❣'✐❞ θj1,n1 = πj1
n1+1 ✱ j1 = 1, . . . , n1✱ q = 1, 2, 3✳

❖❜✈✐♦✉0❧② ✐♥ /❤❡ ✜'0/ '❡❣✐♦♥ ♦❢ /❤❡ ❣'❛♣❤ ✭❣'❡❡♥ ❛'❡❛✮ /❤❡ ❡''♦' ✐0 ③❡'♦✱ 0✐♥❝❡ /❤❡ ✜'0/ n1

❡✐❣❡♥✈❛❧✉❡0 ❛'❡ ❡①❛❝/❧② ❣✐✈❡♥✱ 0❛♠♣❧✐♥❣ p(1) ♦♥ /❤❡ 0/❛♥❞❛'❞ θj1,n1 ❣'✐❞✳

■♥ /❤❡ ②❡❧❧♦✇ ❛'❡❛ ✇❡ 0❡❡ /❤❡ '❡0✉❧/ ♦❢ /❤❡ ❞✐'❡❝/ ❝❛❧❝✉❧❛/✐♦♥ ♦❢

λγ(Tn1(f))− λ(3)(f(θj1,n1)),

❢♦' j1 = 1, . . . , n1✱ q = 3✱ ❛0 ✇❡ ❛'❡ ✉0✐♥❣ /❤❡ ❛0②♠♣/♦/✐❝ ❡①♣❛♥0✐♦♥ ✇✐/❤ α = 0✳

❚❤❡ ❣'❡❡♥ ❛'❡❛✱ ❝♦♥/❛✐♥✐♥❣ /❤❡ ❡''♦'0 '❡❧❛/❡❞ /♦ p(2)(θ)✱ ✐0 ♦❜✈✐♦✉0❧② ❝❤❛♦/✐❝ 0✐♥❝❡ p(2)(θ) ✐0 ♥♦♥✲

♠♦♥♦/♦♥❡✳

❋♦❧❧♦✇✐♥❣ /❤❡ ♥♦/❛/✐♦♥ ❛♥❞ /❤❡ ❛♥❛❧②0✐0 ✐♥ ❬✻✸❪✱ 0✐♥❝❡ n1 = 100 ❛♥❞ p(2) = 7− 2 cos(2θ)✱ ✇❡

❤❛✈❡ /✇♦ ❝❤❛♥❣❡0 ♦❢ ♠♦♥♦/♦♥✐❝✐/② ✇❤✐❝❤ ✇❡ ❝♦❧❧❡❝/ ✐♥ /❤❡ ♣❛'❛♠❡/❡' ω✳ ❆0 ❛ ❝♦♥0❡L✉❡♥❝❡✱ ✐♥

✶✷✾



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❛❝❝♦#❞❛♥❝❡ ✇✐)❤ )❤❡ +)✉❞② ✐♥ ❬✻✸❪✱ ✇❡ ❝❤♦♦+❡

ω = 2, β = mod(n1, ω) = 0, nω = (n1 − β)/ω = 50,

θ(1)nω
=

jπ

nω + 1
, j = 1, . . . nω,

θ
(2)
nω+1 =

jπ

nω + 2
, j = 1, . . . nω + 1.

❚♦ ♠❛♣ )❤❡ )✇♦ ❣#✐❞+ ❛❜♦✈❡ )♦ ♠❛)❝❤ )❤❡ ❣✐✈❡♥ +②♠❜♦❧ f(θ) ✇❡ ❝♦♥+)#✉❝) θn1 ❜②

θn1 =

{
1

2
θ(1)nω

,
1

2
θ
(2)
nω+1 +

π

2

}
.

❆ ♠♦#❡ ❣❡♥❡#❛❧ ❢♦#♠✉❧❛ )♦ ♠❛)❝❤ ❣#✐❞+ θ
(1)
nω ❛♥❞ θ

(2)
nω+1 )♦ ❜❡ ❡✈❛❧✉❛)❡❞ ♦♥ )❤❡ +)❛♥❞❛#❞ +②♠❜♦❧

✐+

θn =
1

ω

{
ω−β⋃

r1=1

(
θ(1)nω

+ (r1 − 1)π
)
,

β⋃

r2=1

(
θ
(2)
nω+1 + (r2 − 1)π + (ω − β)π

)}
. ✭❱✳✶✽✮

■♥ )❤❡ ❧❡❢) ❜♦))♦♠ ♣❛♥❡❧ ♦❢ ❋✐❣✉#❡ ❱✳✶✷ ✇❡ #❡♣♦#) )❤❡ ❣❧♦❜❛❧ ❡①♣❛♥+✐♦♥ ❡##♦#+ E
(q)
j1,n1,0

✱ ❝❛❧❝✉❧❛)❡❞

✉+✐♥❣ )❤❡ ❣#✐❞ ❞❡+❝#✐❜❡❞ ❛❜♦✈❡✳ ■♥ )❤✐+ ✇❛② )❤❡ #❡❣✐♦♥ ✇❤❡#❡ )❤❡ ❡##♦# ✐+ ✵ ✐+ )❤❡ +❡❝♦♥❞ ✭#❡❞

❛#❡❛✮✱ +✐♥❝❡ )❤❡ ❡✐❣❡♥✈❛❧✉❡+ ❛#❡ ❝❛❧❝✉❧❛)❡❞ ❡①❛❝)❧②✱ ❜② +❛♠♣❧✐♥❣ p(2)(θ)✳ ❋✉#)❤❡#♠♦#❡✱ ✐♥ )❤❡

❣#❡❡♥ ❛♥❞ ✐♥ )❤❡ ②❡❧❧♦✇ ❛#❡❛+ ✇❡ +❡❡ )❤❡ #❡+✉❧) ♦❢ )❤❡ ❞✐#❡❝) ❝❛❧❝✉❧❛)✐♦♥ ♦❢

λγ(Tn1(f))− λ(q)(f(θj1,n1)),

❢♦# j1 = 1, . . . , n1✱ q = 1, 3✱ ❛+ ✇❡ ❛#❡ ✉+✐♥❣ ❛+②♠♣)♦)✐❝ ❡①♣❛♥+✐♦♥ ✇✐)❤ α = 0✳

❍❡♥❝❡✱ )❤❡ ✜#+) n ❡✐❣❡♥✈❛❧✉❡+ ♦❢ Tn(f) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛)❡❞ ❡①❛❝)❧② +❛♠♣❧✐♥❣ p(1) ✇✐)❤ ❣#✐❞ θj,n =
jπ
n+1 , j = 1, . . . , n ❛♥❞ n ❡①❛❝) ❡✐❣❡♥✈❛❧✉❡+ ❝❛♥ ❜❡ ❢♦✉♥❞ +❛♠♣❧✐♥❣ p(2) ♦♥ ❣#✐❞ ✭❱✳✶✽✮✳ ❋♦# )❤❡

❝♦♠♣✉)❛)✐♦♥ ♦❢ )❤❡ ❧❛+) n ❡✐❣❡♥✈❛❧✉❡+✱ ✇❡ ✉+❡ )❤❡ ♠❛)#✐①✲❧❡++ ♣#♦❝❡❞✉#❡ ✐♥ )❤❡ +❝❛❧❛# +❡))✐♥❣✱

♣❛++✐♥❣ )❤#♦✉❣❤ )❤❡ ❛♣♣#♦①✐♠❛)✐♦♥ ♦❢ c
(3)
k (θj1,n1), k = 1, . . . , α✱ ❢♦# α = 4✱ +❡❡ )❤❡ ❜♦))♦♠ #✐❣❤)

♣❛♥❡❧ ♦❢ ❋✐❣✉#❡ ❱✳✶✷✳

❋♦# α = 4 ✇❡ ✐❣♥♦#❡ )❤❡ ✜#+) )✇♦ ❡✈❛❧✉❛)✐♦♥+ ♦❢ c
(3)
4 ❛) )❤❡ ✐♥✐)✐❛❧ ♣♦✐♥)+ θ1,n ❛♥❞ θ2,n✱ ❜❡❝❛✉+❡

)❤❡✐# ✈❛❧✉❡+ ❜❡❤❛✈❡ ✐♥ ❛♥ ❡##❛)✐❝ ✇❛②✳ ❚❤✐+ ♣#♦❜❧❡♠ ❤❛+ ❜❡❡♥ ❡♠♣❤❛+✐③❡❞ ✐♥ ❬✼❪ ❛♥❞ ✐) ✐+ ❞✉❡ )♦

)❤❡ ❢❛❝) )❤❛) )❤❡ ✜#+) ❛♥❞ +❡❝♦♥❞ ❞❡#✐✈❛)✐✈❡ ♦❢ p(3)(θ) ❛) θ = 0 ✈❛♥✐+❤ +✐♠✉❧)❛♥❡♦✉+❧②✳ ❍♦✇❡✈❡#✱

✇❡ ❤❛✈❡ )♦ ♠❛❦❡ )✇♦ ♦❜+❡#✈❛)✐♦♥+ ❢♦# ❝❧❛#✐❢②✐♥❣ )❤❡ +✐)✉❛)✐♦♥

❼ ❚❤❡ ♣#❡+❡♥) ♣❛)❤♦❧♦❣② ✐+ ♥♦) ❛ ❝♦✉♥)❡#❡①❛♠♣❧❡ )♦ )❤❡ ❛+②♠♣)♦)✐❝ ❡①♣❛♥+✐♦♥ ✭❱✳✻✮ +✐♥❝❡

✇❡ )❛❦❡ θ ✜①❡❞ ❛♥❞ ❛❧❧ )❤❡ ♣❛✐#+ j, n +✉❝❤ )❤❛) θj,n = θ✿ ✐♥ )❤❡ ❝✉##❡♥) ❝❛+❡ ❛♥❞ ✐♥ )❤❛)

❝♦♥+✐❞❡#❡❞ ✐♥ ❬✼❪ ✐♥ )❤❡ +❝❛❧❛#✲✈❛❧✉❡❞ +❡))✐♥❣✱ ✇❡ ❤❛✈❡ j ✜①❡❞ ❛♥❞ n ❣#♦✇+ +♦ )❤❛) )❤❡ ♣♦✐♥)

θ ✐+ ♥♦) ✇❡❧❧ ❞❡✜♥❡❞✳

❼ ❚❤❡#❡ ❛#❡ +✐♠♣❧❡ ✇❛②+ )♦ ♦✈❡#❝♦♠❡ )❤❡ ♣#♦❜❧❡♠ ❛♥❞ )❤❡♥ )♦ ❝♦♠♣✉)❡ #❡❧✐❛❜❧❡ ❡✈❛❧✉❛)✐♦♥+

♦❢ c
(3)
4 ❛) )❤♦+❡ ❜❛❞ ♣♦✐♥)+ θ1,n ❛♥❞ θ2,n✳ ❖♥❡ ♦❢ )❤❡♠ ✐+ ❞❡+❝#✐❜❡❞ ✐♥ ❬✺✼❪ ❛♥❞ ❝♦♥+✐+)+ ✐♥

❝❤♦♦+✐♥❣ ❛ +✉✣❝✐❡♥)❧② ❧❛#❣❡ α > 4 ❛♥❞ ✐♥ ❝♦♠♣✉)✐♥❣ c
(3)
k ✱ k = 1, 2, 3, 4✳ ❯+✐♥❣ )❤✐+ )#✐❝❦✱ )❤❡

c
(3)
4 ❛) )❤❡ ✐♥✐)✐❛❧ ♣♦✐♥)+ θ1,n ❛♥❞ θ2,n ❤❛✈❡ )❤❡ ❡①♣❡❝)❡❞ ❜❡❤❛✈✐♦#✳ ■♥ ❛❞❞✐)✐♦♥ ✇❡ +)#❡++ )❤❡

❢❛❝) )❤❛) )❤✐+ ❜❡❤❛✈✐♦# ❤❛+ ❧✐))❧❡ ✐♠♣❛❝) ♦♥ )❤❡ ♥✉♠❡#✐❝❛❧❧② ❝♦♠♣✉)❡❞ +♦❧✉)✐♦♥✳ ❆++✉♠✐♥❣

❞♦✉❜❧❡ ♣#❡❝✐+✐♦♥ ❝♦♠♣✉)❛)✐♦♥+✱ )❤❡ ❝♦♥)#✐❜✉)✐♦♥ )♦ )❤❡ ❡##♦# ❞❡#✐✈✐♥❣ ❢#♦♠ c
(3)
4 (θj,n)h

4

✇✐❧❧ ❜❡ ♥✉♠❡#✐❝❛❧❧② ♥❡❣❧✐❣✐❜❧❡✱ ❡✈❡♥ ❢♦# ♠♦❞❡#❛)❡ n✳ ❋✉#)❤❡# ❞✐+❝✉++✐♦♥+ ♦♥ )❤❡ )♦♣✐❝ ❛#❡

♣#❡+❡♥)❡❞ ✐♥ ❬✺✼❪✳
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❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❋✐❣✉$❡ ❱✳✶✷✿ ❊①❛♠♣❧❡ ✹✿ ❚♦♣ ▲❡❢&✿ ❈♦♥56$✉❝6❡❞ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝6✐♦♥5✳ ❚♦♣ ❘✐❣❤&✿ ❊$$♦$5 ♦❢ 6❤❡ 6❤$❡❡ ❡✐❣❡♥✈❛❧✉❡

❢✉♥❝6✐♦♥5✱ ♣$❡5❡♥6❡❞ ♦♥ ❣❧♦❜❛❧ ✐♥❞✐❝❡5 γ✱ ✇❤❡♥ ✉5✐♥❣ ❣$✐❞ θj1,n1
= πj1

n1+1
✱ j1 = 1, . . . , n1✱ q = 1, 2, 3✳ ❇♦&&♦♠ ▲❡❢&✿

❊$$♦$5 ♦❢ 6❤❡ 6❤$❡❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝6✐♦♥5✱ ✇❤❡♥ ✉5✐♥❣ ❣$✐❞ ❞❡✜♥❡❞ ✐♥ ✭❱✳✶✽✮✳ ❇♦&&♦♠ ❘✐❣❤&✿ ❊$$♦$ ❡①♣❛♥5✐♦♥

❢♦$ 6❤❡ 6❤✐$❞ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝6✐♦♥✳ ❈♦♠♣✉6❛6✐♦♥5 ♠❛❞❡ ✇✐6❤ n1 = 100 ❛♥❞ α = 4✳

❱✳✸✳✺ ❊①❛❝( ❢♦+♠✉❧❛❡ ❢♦+ Qp ▲❛❣+❛♥❣✐❛♥ ❋❊▼

❊①❛♠♣❧❡ ✺✳

❈♦♥0✐❞❡' /❤❡ Qp ▲❛❣'❛♥❣✐❛♥ ❋✐♥✐/❡ ❊❧❡♠❡♥/ ❛♣♣'♦①✐♠❛/✐♦♥✱ ♦❢ /❤❡ 0❡❝♦♥❞ ♦'❞❡' ❡❧❧✐♣/✐❝ ❞✐❢✲

❢❡'❡♥/✐❛❧ ♣'♦❜❧❡♠ 


−∆u+ β · ∇u+ γu = f, ✐♥ Ω = (0, 1)k,

u = 0, ♦♥ ∂Ω,
✭❱✳✶✾✮

✐♥ ♦♥❡ ❞✐♠❡♥0✐♦♥ ✇✐/❤ β = γ = 0✱ ❛♥❞ f ∈ L2(Ω)✳ ❚❤❡ '❡0✉❧/✐♥❣ 0/✐✛♥❡00 ♠❛/'✐① ✐0 A
(p)
n = nK

(p)
n ✱

✇❤❡'❡ K
(p)
n ✐0 ❛ (pn−1)× (pn−1) ❜❧♦❝❦ ♠❛/'✐①✳ ❚❤❡ ❝♦♥0/'✉❝/✐♦♥ ♦❢ /❤❡ ♠❛/'✐① ❛♥❞ /❤❡ 0②♠❜♦❧

✐0 ❣✐✈❡♥ ✐♥ ❬✼✽❪✳ ❚❤❡ p× p ♠❛/'✐①✲✈❛❧✉❡❞ 0②♠❜♦❧ ♦❢ K
(p)
n ✐0

f(θ) = f̂0 + f̂1e
ιθ + f̂T1 e

−ιθ.

❲❡ ❤❛✈❡

K(p)
n = Tn(f)−,

✇❤❡'❡ /❤❡ 0✉❜0❝'✐♣/ − ❞❡♥♦/❡0 /❤❛/ /❤❡ ❧❛0/ '♦✇ ❛♥❞ ❝♦❧✉♠♥ ♦❢ Tn(f) ❛'❡ '❡♠♦✈❡❞✳ ❚❤✐0 ✐0

❜❡❝❛✉0❡ ♦❢ /❤❡ ❤♦♠♦❣❡♥❡♦✉0 ❜♦✉♥❞❛'② ❝♦♥❞✐/✐♦♥0✳ ❋♦' ❞❡/❛✐❧❡❞ ❡①♣'❡00✐♦♥0 ♦❢ f̂0 ❛♥❞ f̂1 ✐♥ /❤❡

♣❛'/✐❝✉❧❛' ❝❛0❡ p = 2, 3, 4✱ 0❡❡ /❤❡ ❙❡❝/✐♦♥ ❱■✳✺ ♦❢ /❤❡ ❈❤❛♣+❡, ❱■✳

✶✸✶



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

■♥ ❚❛❜❧❡ ❱✳✶✱ ✇❡ ❧✐-. -❡✈❡♥ ❡①❛♠♣❧❡- ♦❢ ✉♥✐❢♦6♠ ❣6✐❞-✱ ✇✐.❤ ✈❛6②✐♥❣ n✳ ❚❤❡ ❣❡♥❡6❛❧ ♥♦.❛.✐♦♥

❢♦6 ❛ ❣6✐❞✱ ✇❤❡6❡ .❤❡ .②♣❡ ✐- ❞❡✜♥❡❞ ❜② ❝♦♥.❡①.✱ ✐- θj,n✱ ✇❤❡6❡ n ✐- .❤❡ ♥✉♠❜❡6 ♦❢ ❣6✐❞ ♣♦✐♥.-✱

❛♥❞ j ✐- .❤❡ ✐♥❞✐❝❡- j = 1, . . . , n✳ ❚❤❡ ❣6✐❞ ✜♥❡♥❡-- ♣❛6❛♠❡.❡6 h✱ ❢♦6 .❤❡ 6❡-♣❡❝.✐✈❡ ❣6✐❞-✱ ✐- ❛❧-♦

♣6❡-❡♥.❡❞ ✐♥ ❚❛❜❧❡ ❱✳✶✳ ❚❤❡ ♥❛♠❡- ♦❢ .❤❡ ❞✐✛❡6❡♥. ❣6✐❞- ❛6❡ ❝❤♦-❡♥ ✐♥ ✈✐❡✇ ♦❢ .❤❡✐6 6❡❧❛.✐♦♥-

✇✐.❤ .❤❡ τ ✲❛❧❣❡❜6❛- ❬✷✶❪ ✭-❡❡ -♣❡❝✐✜❝❛❧❧② ❡C✉❛.✐♦♥- ✭✶✾✮✱ ✭✷✷✮✱ ❛♥❞ ✭✷✸✮ .❤❡6❡✐♥✮✳

❚❛❜❧❡ ❱✳✶✿ ❙❡✈❡♥ ❡①❛♠♣❧❡/ ♦❢ ✉♥✐❢♦4♠ ❣4✐❞/✳ ❚②♣✐❝❛❧❧② 9❤❡ τn✲❣4✐❞ ✐/ 9❤❡ ❞❡❢❛✉❧9 ❝❤♦✐❝❡✱ ✉♥❧❡// ♦9❤❡4 ❣4✐❞/

♣4♦✈✐❞❡/ ♠♦4❡ ❛❝❝✉4❛9❡✱ ♦4 ❡✈❡♥ ❡①❛❝9✱ ❡✐❣❡♥✈❛❧✉❡/ ✇❤❡♥ /❛♠♣❧✐♥❣ 9❤❡ /②♠❜♦❧✳

◆❛♠❡ ●4✐❞ j h ❉❡/❝4✐♣9✐♦♥

τn jπ/(n+ 1) 1, . . . , n 1/(n+ 1) τn(0, 0)

τn−1 jπ/n 1, . . . , n− 1 1/n τn−1(0, 0)

τn−2 jπ/(n− 1) 1, . . . , n− 2 1/(n− 1) τn−2(0, 0)

τ0
n−1 (j − 1)π/n 1, . . . , n 1/n τn(1, 1) = 0 ∪ τn−1(0, 0)

τπ
n−1 jπ/n 1, . . . , n 1/n τn(−1,−1) = τn−1(0, 0) ∪ π

τ0,π
n−2 (j − 1)π/(n− 1) 1, . . . , n 1/(n− 1) 0 ∪ τn−2(0, 0) ∪ π

τ0,π
n−1 (j − 1)π/n 1, . . . , n+ 1 1/n 0 ∪ τn−1(0, 0) ∪ π

■♥ ❊①❛♠♣❧❡ ✶ ♦❢ ❬✼✽❪ .❤❡ ❝❛-❡ p = 2 ✐- ❝♦♥-✐❞❡6❡❞✱ ❛♥❞ ❡①♣❧✐❝✐. ❢♦6♠✉❧❛- ❢♦6 .❤❡ .✇♦ ❡✐❣❡♥✈❛❧✉❡

❢✉♥❝.✐♦♥- ❛6❡ ❣✐✈❡♥✱ ✇✐.❤ .❤❡✐6 ♥♦.❛.✐♦♥✱

λ1(f2(θ)) = 5 +
1

3
cos(θ) +

1

3

√
129 + 126 cos(θ) + cos2(θ),

λ2(f2(θ)) = 5 +
1

3
cos(θ)− 1

3

√
129 + 126 cos(θ) + cos2(θ).

❍❡6❡ ✇❡ ♣6❡-❡♥. .❤❡ .✇♦ ❣6✐❞- ✉-❡❞ .♦ -❛♠♣❧❡ .❤❡ .✇♦ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝.✐♦♥- ✐♥ ♦6❞❡6 .♦ ❛..❛✐♥

❡①❛❝. ❡✐❣❡♥✈❛❧✉❡-✱

λ1(f2(θ
(1)
j1,n−1)), θ

(1)
j1,n−1 =

j1π

n
, j1 = 1, . . . , n− 1,

λ2(f2(θ
(2)
j2,n

)), θ
(2)
j2,n

=
j2π

n
, j2 = 1, . . . , n.

❲✐.❤ .❤❡ ♥♦.❛.✐♦♥ ✐♥ ❚❛❜❧❡ ❱✳✶✱ ✇❡ ✉-❡ .❤❡ ❣6✐❞ τn−1 ❢♦6 .❤❡ ✜6-. ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝.✐♦♥✱ ❛♥❞

❣6✐❞ τπn−1 ❢♦6 .❤❡ -❡❝♦♥❞✳ ❙✐♥❝❡ ❢♦6 p > 2 .❤❡ ❛♥❛❧②.✐❝❛❧ ❡①♣6❡--✐♦♥ ♦❢ .❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝.✐♦♥-

❝❛♥ ♥♦. ❜❡ ❝♦♠♣✉.❡❞ ❡❛-✐❧②✱ .❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉6 -.❡♣- ❛❧❣♦6✐.❤♠ ❝❛♥ ❜❡ ✉-❡❞ .♦ ♦❜.❛✐♥ .❤❡ ❡①❛❝.

❡✐❣❡♥✈❛❧✉❡- ❢♦6 ❛♥② p✳

❆❧❣♦&✐$❤♠ ✸✳

✶✳ ❙❛♠♣❧❡ &❤❡ ♠❛&(✐①✲✈❛❧✉❡❞ /②♠❜♦❧ f(θ) ✇✐&❤ &❤❡ ❣(✐❞ τ0,πn−1

θj,n+1 =
(j − 1)π

n
, j = 1, . . . n+ 1.

❊❛❝❤ /❛♠♣❧✐♥❣ ❣✐✈❡/ ❛ ♠❛&(✐① ♦❢ /✐③❡ p × p✳ ❯/❡ ❛♥ ❡✐❣❡♥/♦❧✈❡( &♦ ❣❡& &❤❡ p ❡✐❣❡♥✈❛❧✉❡/

♦❢ &❤❡ /❛♠♣❧✐♥❣✱ /♦(&❡❞ ✐♥ ♥♦♥ ❞❡❝(❡❛/✐♥❣ ♦(❞❡(✳ ❚❤✐/ (❡/✉❧&/ ✐♥ ❛ &♦&❛❧ ♦❢ p(n+ 1) ✈❛❧✉❡/✿

jq = 1, . . . , n+ 1 ❢♦( ❛❧❧ p ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝&✐♦♥/✱ /♦ ✇❡ ❤❛✈❡ &♦ ❞✐/❝❛(❞ p+ 1 ♦❢ /❛♠♣❧✐♥❣/✱

/✐♥❝❡ &❤❡ &♦&❛❧ ♥✉♠❜❡( ♦❢ ❡✐❣❡♥✈❛❧✉❡/ ♦❢ &❤❡ ♠❛&(✐① K
(p)
n ✐/ pn− 1✳

✷✳ ❋♦( &❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝&✐♦♥ λ(1)(f) ❝❤♦♦/❡ /❛♠♣❧✐♥❣/ ✇✐&❤ ✐♥❞❡① j1 = 2, . . . , n✳ ❚❤✐/ ❝♦((❡✲

/♣♦♥❞/ &♦ &❤❡ ❝❤♦✐❝❡ ♦❢ &❤❡ ❣(✐❞ τn−1✳

✶✸✷



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

✸✳ ❋♦" ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝-✐♦♥. λ(q)(f)✱ ✇❤❡"❡ q ✐. ❡✈❡♥✱ ❝❤♦♦.❡ .❛♠♣❧✐♥❣. ✇✐-❤ ✐♥❞❡① jq = 2, . . . , n+

1✳ ❚❤✐. ❝♦""❡.♣♦♥❞. -♦ -❤❡ ❝❤♦✐❝❡ ♦❢ -❤❡ ❣"✐❞ τπn−1✳

✹✳ ❋♦" ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝-✐♦♥. λ(q)(f)✱ ✇❤❡"❡ q ✐. ♦❞❞✱ ❝❤♦♦.❡ .❛♠♣❧✐♥❣. ✇✐-❤ ✐♥❞❡① jq = 1, . . . , n✳

❚❤✐. ❝♦""❡.♣♦♥❞. -♦ -❤❡ ❝❤♦✐❝❡ ♦❢ -❤❡ ❣"✐❞ τ0n−1✳

❚❤❡ ♠❛00 ♠❛/'✐①✱ ♦❢ /❤❡ 0②0/❡♠ ✭❱✳✶✾✮ ✭/❤❛/ ✐0✱ γ = 1✮✱ ✐0 B
(p)
n = n−1M

(p)
n ✱ ✇❤❡'❡ M

(p)
n =

Tn(g)− ✐0 /❤❡ 0❝❛❧❡❞ ♠❛00 ♠❛/'✐①✳

❚❤❡ p× p ♠❛/'✐①✲✈❛❧✉❡❞ 0②♠❜♦❧ ♦❢ M
(p)
n ✐0 ❣✐✈❡♥ ❜②

g(θ) = ĝ0 + ĝ1e
ιθ + ĝT

1 e
−ιθ.

❋♦' ❞❡/❛✐❧❡❞ ❡①♣'❡00✐♦♥0 ♦❢ ĝ0 ❛♥❞ ĝ1 ✐♥ /❤❡ ♣❛'/✐❝✉❧❛' ❝❛0❡ p = 2, 3, 4✱ 0❡❡ /❤❡ ❙❡❝/✐♦♥ ❱■✳✺ ♦❢

/❤❡ ❈❤❛♣'❡) ❱■✳ ❚❤❡ ❛❧❣♦'✐/❤♠ ❢♦' ✇'✐/✐♥❣ /❤❡ ❡①❛❝/ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ M
(p)
n ✱ ❢♦' p ❡✈❡♥✱ ✐0 /❤❡

0❛♠❡ ❛0 /❤❡ ♦♥❡ ❞❡0❝'✐❜❡❞ ❢♦' K
(p)
n ❛❜♦✈❡✱ ❥✉0/ '❡♣❧❛❝✐♥❣ f(θ) ✇✐/❤ g(θ)✳ ❍♦✇❡✈❡'✱ ❢♦' p ≥ 3 ♦❞❞✱

✇❡ ❤❛✈❡ ❛ 0❧✐❣❤/ ♠♦❞✐✜❝❛/✐♦♥✿

■❢ (p+1)/2 ✐0 ♦❞❞✱ /❤❛/ ✐0 p = 5, 9, . . . ✱ ❞❡✜♥❡ p̂ = p✳ ■❢ (p+1)/2 ✐0 ❡✈❡♥✱ /❤❛/ ✐0 p = 3, 7, . . . ✱

❞❡✜♥❡ p̂ = p−2✳ ■♥ 0✉♠♠❛'②✱ /♦ ♦❜/❛✐♥✐♥❣ /❤❡ ❡①❛❝/ ❡✐❣❡♥✈❛❧✉❡0 ♦❢M
(p)
n ✱ /❤❡ ❛❧❣♦'✐/❤♠ ❜❡❝♦♠❡0✿

❆❧❣♦)✐'❤♠ ✹✳

❼ ❉♦ .-❡♣. ✶✳ ❛♥❞ ✷✳ ♦❢ ❆❧❣♦"✐-❤♠ ✸✱ ❥✉.- "❡♣❧❛❝✐♥❣ f(θ) ✇✐-❤ g(θ)✳

❼ ❋♦" q = 2, . . . , (p̂+ 1)/2✱

✕ ❋♦" λ(q)(g)✱ q ✐. ❡✈❡♥✱ ❝❤♦♦.❡ .❛♠♣❧✐♥❣. ✇✐-❤ ✐♥❞❡① jq = 1, . . . , n✳ ❚❤✐. ❝♦""❡.♣♦♥❞.

-♦ -❤❡ ❣"✐❞ τ0n−1✳

✕ ❋♦" λ(q)(g)✱ q ✐. ♦❞❞✱ ❝❤♦♦.❡ .❛♠♣❧✐♥❣. ✇✐-❤ ✐♥❞❡① jq = 2, . . . , n+1✳ ❚❤✐. ❝♦""❡.♣♦♥❞.

-♦ -❤❡ ❣"✐❞ τπn−1✳

❼ ❈♦♥-✐♥✉❡ ✇✐-❤ .-❡♣. ✸✳ ❛♥❞ ✹✳ ♦❢ ❆❧❣♦"✐-❤♠ ✸✱ ❢♦" q = (p̂+ 1)/2 + 1, . . . , p✱ ❥✉.- "❡♣❧❛❝✐♥❣

f(θ) ✇✐-❤ g(θ)✳

■♥ ❋✐❣✉'❡ ❱✳✶✸ ✇❡ ♣'❡0❡♥/ /❤❡ ❛♣♣'♦♣'✐❛/❡ ❣'✐❞0✱ ❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ❱✳✶✱ ❢♦' /❤❡ ❡①❛❝/ ❡✐❣❡♥✲

✈❛❧✉❡0 ♦❢ K
(p)
n ❛♥❞ M

(p)
n ✇✐/❤ n = 6 ❛♥❞ p = 5✳

❇② /❤❡ ✉0❡ ♦❢ ❤✐❣❤ ♣'❡❝✐0✐♦♥ ❛'✐/❤♠❡/✐❝ ❝♦♠♣✉/❛/✐♦♥0 ✇❡ ❤❛✈❡ ❢♦✉♥❞ /❤❡ ❢♦❧❧♦✇✐♥❣ ✏❡①❝❡♣/✐♦♥0✑

/♦ /❤❡ ❛❜♦✈❡ ♣'♦❝❡❞✉'❡0✳ ■♥❞❡❡❞ /❡0/✐♥❣ /❤❡ ❛❧❣♦'✐/❤♠0 ❢♦' ❢ ❛♥❞ ❣✱ ❢♦' p = 1, . . . , 20✱ ✇✐/❤ ✻✹

✭O(❡♣") = 10−19
✮✱ ✶✷✽ ✭O(❡♣") = 10−39

✮✱ ❛♥❞ ✷✺✻ ✭O(❡♣") = 10−77
✮ ❜✐/ ♣'❡❝✐0✐♦♥✱ ✇❡ ❤❛✈❡

♥♦/✐❝❡❞ /❤❛/ /❤❡ ❣'✐❞0 ✇❤✐❝❤ ♣'♦✈✐❞❡ /❤❡ ❡①❛❝/ ✈❛❧✉❡0 ♦❢ ❡✐❣❡♥✈❛❧✉❡0 ❛'❡ ✏0✇✐/❝❤❡❞ ✑ ❢♦' 0♦♠❡ p

❛♥❞ q✳ P'❡❝✐0❡❧②

❼ ❢♦' f /❤❡ ❡①❝❤❛♥❣❡ ❤❛0 /♦ ❜❡ ♣❡'❢♦'♠❡❞ ❢♦' p = 14, 15, 18, 20✿

p = 14✿ ❢♦' q = 9, 10 ❝❤♦♦0❡ /❤❡ 0❛♠♣❧✐♥❣0 ♦❢ λ(q)(f) ❝♦''❡0♣♦♥❞✐♥❣ /♦ /❤❡ ✐♥❞✐❝❡0

j = 2−mod(q, 2), . . . , n+mod(q, 2);

✶✸✸



❈❤❛♣$❡& ❱✳ ❆*②♠♣$♦$✐❝ ❊①♣❛♥*✐♦♥✿ ❡①$❡♥*✐♦♥ $♦ $❤❡ ❜❧♦❝❦ ❝❛*❡

❋✐❣✉$❡ ❱✳✶✸✿ ❊①❛♠♣❧❡ ✺✿ ●$✐❞4 ❢♦$ 7❤❡ ❡①❛❝7 ❡✐❣❡♥✈❛❧✉❡4 ♦❢ K
(p)
n ❛♥❞ M

(p)
n ✱ ✇✐7❤ n = 6 ❛♥❞ p = 5✳ ▲❡❢#✿ ●$✐❞4

❝❤♦4❡♥ ❢♦$ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝7✐♦♥4 ♦❢ f(θ)✱ ❢♦$ q = 1, . . . , 5✱ ❛❝❝♦$❞✐♥❣ 7♦ ❆❧❣♦$✐7❤♠ ✸✳ ❘✐❣❤#✿ ●$✐❞4 ❝❤♦4❡♥ ❢♦$

❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝7✐♦♥ ♦❢ g(θ)✱ ❢♦$ q = 1, . . . , 5✱ ❛❝❝♦$❞✐♥❣ 7♦ ❆❧❣♦$✐7❤♠ ✹✳

p = 15✿ ❢♦# q = 10, 11 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(f) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 1 +mod(q, 2), . . . , n+ 1−mod(q, 2);

p = 18✿ ❢♦# q = 12, 13 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(f) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 1 +mod(q, 2), . . . , n+ 1−mod(q, 2);

p = 20✿ ❢♦# q = 13, 14 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(f) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 2−mod(q, 2), . . . , n+mod(q, 2);

✕ ❢♦# g (❤❡ ❡①❝❤❛♥❣❡ ❤❛& (♦ ❜❡ ♣❡#❢♦#♠❡❞ ❢♦# p = 13, 14, 15, 19, 20✿

p = 13✿ ❢♦# q = 2, 3 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(f) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 1 +mod(q, 2), . . . , n+ 1−mod(q, 2);

p = 14✿ ❢♦# q = 2, 3 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(g) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 1 +mod(q, 2), . . . , n+mod(q, 2);

p = 15✿ ❢♦# q = 4, 5 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(g) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 2−mod(q, 2), . . . , n+ 1−mod(q, 2);

p = 20✿ ❢♦# q = 4, 5 ❝❤♦♦&❡ (❤❡ &❛♠♣❧✐♥❣& ♦❢ λ(q)(g) ❝♦##❡&♣♦♥❞✐♥❣ (♦ (❤❡ ✐♥❞✐❝❡&

j = 1 +mod(q, 2), . . . , n+mod(q, 2);

❉❡&♣✐(❡ ✐♥ ❛♣♣❧✐❝❛(✐♦♥& p ✐& ♦❢(❡♥ ❧❡&& (❤❡♥ 10✱ (❤❡&❡ ♣❛((❡#♥& ♦❢ ❡①❝❡♣(✐♦♥& ✇❛##❛♥( ❢✉#(❤❡#

#❡&❡❛#❝❤ ❢♦# p > 20✳

✶✸✹



❱✳✸✳ ◆✉♠❡'✐❝❛❧ ❡①♣❡'✐♠❡♥/0

❈♦♥0✐❞❡' /❤❡ ♦♥❡✲❞✐♠❡♥0✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣'♦❜❧❡♠

{
−u′′(x) = λu(x), x ∈ (0, 1),

u(0) = u(1) = 0.
✭❱✳✷✵✮

❚❤❡ '❡0✉❧/✐♥❣ ❞✐0❝'❡/✐③❡❞ 0②0/❡♠✱ ✉0✐♥❣ /❤❡ Qp ▲❛❣'❛♥❣✐❛♥ ❋✐♥✐/❡ ❊❧❡♠❡♥/ ❛♣♣'♦①✐♠❛/✐♦♥✱ ✐0

K(p)
n un = λM (p)

n un, ✭❱✳✷✶✮

✇❤❡'❡ /❤❡ ♠❛/'✐❝❡0 K
(p)
n ❛♥❞ M

(p)
n ❛'❡ /❤❡ 0/✐✛♥❡00 ❛♥❞ /❤❡ ♠❛00 ♠❛/'✐❝❡0 ♣'❡✈✐♦✉0❧② ❞❡✜♥❡❞✳

❚❤✉0 ✇❡ ❤❛✈❡ /♦ 0♦❧✈❡ /❤❡ ❣❡♥❡'❛❧✐③❡❞ ❡✐❣❡♥✈❛❧✉❡ ♣'♦❜❧❡♠

L(p)
n un = λun. ✭❱✳✷✷✮

✇❤❡'❡

L(p)
n = (M (p)

n )−1K(p)
n . ✭❱✳✷✸✮

■♥ ❬✼✽❪ ❛✉/❤♦'0 ♣'♦✈❡❞ /❤❛/

{n2L(p)
n }n ∼GLT r = g−1f .

❲❡ ❤❡'❡ ♣'❡0❡♥/ ❝❧♦0❡❞ ❢♦'♠✉❧❛❡ ❢♦' /❤❡ ❝♦♠♣✉/✐♥❣ /❤❡ ❡✐❣❡♥✈❛❧✉❡0 ♦❢ n2L
(p)
n ✈✐❛ /❤❡ 0❛♠♣❧✐♥❣

♦♥ /❤❡ 0②♠❜♦❧ r ♦♥ /❤❡ ❡①❛❝/ ❣'✐❞✳

❆❧❣♦$✐&❤♠ ✺✳

✶✳ ❉♦ $%❡♣ ✶✳ ♦❢ %❤❡ ❆❧❣♦-✐%❤♠$ ✸ ✭❡2✉✐✈❛❧❡♥%❧② ❆❧❣♦-✐%❤♠ ✹✮✱ ❥✉$% -❡♣❧❛❝✐♥❣ f(θ) ✭❡2✉✐✈❛❧❡♥%❧②

g(θ)✮ ✇✐%❤ r(θ)✳

✷✳ ■❢ p ✐$ ❡✈❡♥✱ ❢♦- q = 1, . . . , p✱

✷✳✶ ❋♦- %❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝%✐♦♥ λ(1)(r)✱ ❝❤♦♦$❡ $❛♠♣❧✐♥❣$ ✇✐%❤ ✐♥❞❡① jq = 2, . . . , n + 1✳

❚❤✐$ ❝♦--❡$♣♦♥❞$ %♦ %❤❡ ❝❤♦✐❝❡ ♦❢ %❤❡ ❣-✐❞ τπn−1✳

✷✳✷✳ ❋♦- %❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝%✐♦♥$ λ(q)(r)✱ ✇❤❡-❡ q ✐$ ❡✈❡♥✱ ❝❤♦♦$❡ $❛♠♣❧✐♥❣$ ✇✐%❤ ✐♥❞❡①

jq = 2, . . . , n✳ ❚❤✐$ ❝♦--❡$♣♦♥❞$ %♦ %❤❡ ❝❤♦✐❝❡ ♦❢ %❤❡ ❣-✐❞ τn−1✳

✷✳✸✳ ❋♦- %❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝%✐♦♥$ λ(q)(r)✱ ✇❤❡-❡ q ✐$ ♦❞❞✱ ❛♥❞ q 6= 1✱ ❝❤♦♦$❡ $❛♠♣❧✐♥❣$ ✇✐%❤

✐♥❞❡① jq = 1, . . . , n+ 1✳ ❚❤✐$ ❝♦--❡$♣♦♥❞$ %♦ %❤❡ ❝❤♦✐❝❡ ♦❢ %❤❡ ❣-✐❞ τ0,πn−1✳

✸✳ ■❢ p ✐$ ♦❞❞✱ ❢♦- q = 1, . . . , p✱

✸✳✷✳ ❋♦- %❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝%✐♦♥$ λ(q)(r)✱ ✇❤❡-❡ q ✐$ ❡✈❡♥✱ ❝❤♦♦$❡ $❛♠♣❧✐♥❣$ ✇✐%❤ ✐♥❞❡①

jq = 1, . . . , n+ 1✳ ❚❤✐$ ❝♦--❡$♣♦♥❞$ %♦ %❤❡ ❝❤♦✐❝❡ ♦❢ %❤❡ ❣-✐❞ τ0,πn−1✳

✸✳✸✳ ❋♦- %❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝%✐♦♥$ λ(q)(r)✱ ✇❤❡-❡ q ✐$ ♦❞❞✱ ❝❤♦♦$❡ $❛♠♣❧✐♥❣$ ✇✐%❤ ✐♥❞❡①

jq = 2, . . . , n✳ ❚❤✐$ ❝♦--❡$♣♦♥❞$ %♦ %❤❡ ❝❤♦✐❝❡ ♦❢ %❤❡ ❣-✐❞ τn−1✳

✶✸✺
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❈❤❛♣$❡& ❱■

❚❡❝❤♥✐❝❛❧ ❘❡)✉❧+)

❱■✳✶ ❙%❛❣❣❡)❡❞ ❉● ♠❛%)✐① 0②♠❜♦❧ ❢♦) k = 2 ❛♥❞ p = 2

❘❡❝❛❧❧ %❤❛% ❢♦) %❤❡ %✇♦✲❞✐♠❡♥0✐♦♥❛❧ ❝❛0❡ ✭k = 2✮ %❤❡ ♠❛%)✐① 0②♠❜♦❧ f ✐0 ❣✐✈❡♥ ❛❝❝♦)❞✐♥❣ %♦

✭■■✳✶✸✮ ❜②

f(θ1, θ2) = f̂(0,0) + f̂(−1,0)e
−iθ1 + f̂(0,−1)e

−iθ2 + f̂(1,0)e
iθ1 + f̂(0,1)e

iθ2 .

❋♦) %❤❡ 0♣❡❝✐❛❧ ❝❛0❡ p = 2✱ %❤❡ ♠❛%)✐❝❡0 ❛♣♣❡❛)✐♥❣ ✐♥ %❤❡ ❛❜♦✈❡ ❡①♣)❡00✐♦♥ ✭0❡❡ ❬✻✺❪ ❢♦) ❞❡%❛✐❧0

❝♦♥❝❡)♥✐♥❣ %❤❡✐) ❞❡✜♥✐%✐♦♥✮ )❡❛❞

f̂(0,0) =




127
360

41
480

−43
320

41
480

−1
360

−2
45

−43
320

−2
45

13
288

41
480

103
90

41
480

−1
360

5
24

−1
360

−2
45

−113
240

−2
45

−43
320

41
480

127
360

−2
45

−1
360

41
480

13
288

−2
45

−43
320

41
480

−1
360

−2
45

103
90

5
24

−113
240

41
480

−1
360

−2
45

−1
360

5
24

−1
360

5
24

158
45

5
24

−1
360

5
24

−1
360

−2
45

−1
360

41
480

−113
240

5
24

103
90

−2
45

−1
360

41
480

−43
320

−2
45

13
288

41
480

−1
360

−2
45

127
360

41
480

−43
320

−2
45

−113
240

−2
45

−1
360

5
24

−1
360

41
480

103
90

41
480

13
288

−2
45

−43
320

−2
45

−1
360

41
480

−43
320

41
480

127
360




;

✶✸✼



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

f̂(−1,0) =




5
288

5
576

−5
1152

23
720

23
1440

−23
2880

−11
1440

−11
2880

11
5760

5
576

5
72

5
576

23
1440

23
180

23
1440

−11
2880

−11
360

−11
2880

−5
1152

5
576

5
288

−23
2880

23
1440

23
720

11
5760

−11
2880

−11
1440

−17
144

−17
288

17
576

−47
360

−47
720

47
1440

23
720

23
1440

−23
2880

−17
288

−17
36

−17
288

−47
720

−47
90

−47
720

23
1440

23
180

23
1440

17
576

−17
288

−17
144

47
1440

−47
720

−47
360

−23
2880

23
1440

23
720

−7
288

−7
576

7
1152

−17
144

−17
288

17
576

5
288

5
576

−5
1152

−7
576

−7
72

−7
576

−17
288

−17
36

−17
288

5
576

5
72

5
576

7
1152

−7
576

−7
288

17
576

−17
288

−17
144

−5
1152

5
576

5
288




;

f̂(0,−1) =




5
288

23
720

−11
1440

5
576

23
1440

−11
2880

−5
1152

−23
2880

11
5760

−17
144

−47
360

23
720

−17
288

−47
720

23
1440

17
576

47
1440

−23
2880

−7
288

−17
144

5
288

−7
576

−17
288

5
576

7
1152

17
576

−5
1152

5
576

23
1440

−11
2880

5
72

23
180

−11
360

5
576

23
1440

−11
2880

−17
288

−47
720

23
1440

−17
36

−47
90

23
180

−17
288

−47
720

23
1440

−7
576

−17
288

5
576

−7
72

−17
36

5
72

−7
576

−17
288

5
576

−5
1152

−23
2880

11
5760

5
576

23
1440

−11
2880

5
288

23
720

−11
1440

17
576

47
1440

−23
2880

−17
288

−47
720

23
1440

−17
144

−47
360

23
720

7
1152

17
576

−5
1152

−7
576

−17
288

5
576

−7
288

−17
144

5
288




;

f̂(1,0) = f̂T(−1,0);

f̂(0,1) = f̂T(0,−1).

❱■✳✷ $%♦♦❢ ♦❢ (❤❡ ♣%❡❝♦♥❞✐(✐♦♥❡❞ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥6✐♦♥ ❢♦% α = 0

❚❤❡♦&❡♠ ❱■✳✷✳✶✳ ▲❡" f ✱ g ❜❡ %❡❛❧✲✈❛❧✉❡❞ ❝♦.✐♥❡ "%✐❣♦♥♦♠❡"%✐❝ ♣♦❧②♥♦♠✐❛❧. ✭❘❈❚9✮ ♦♥ [0, π]

✇✐"❤ Mg = max g > 0 ❛♥❞ mg = min g ≥ 0✳ ■❢ r = f
g ✐. ♠♦♥♦"♦♥❡ ♦♥ [0, π] "❤❡♥ ∃C > 0 .✉❝❤
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❱■✳✷✳ $%♦♦❢ ♦❢ (❤❡ ♣%❡❝♦♥❞✐(✐♦♥❡❞ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥6✐♦♥ ❢♦% α = 0

 ❤❛ ∣∣∣∣λj(Pn(f, g))− r

(
jπ

n+ 1

)∣∣∣∣ ≤ Ch ∀ j, ∀n, ✭❱■✳✶✮

✇❤❡%❡

❼ Pn(f, g) ✐'  ❤❡ ✏♣%❡❝♦♥❞✐ ✐♦♥❡❞✑ ♠❛ %✐① Pn(f, g) = T−1
n (g)Tn(f)✱

❼ λ1(Pn(f, g)), λ2(Pn(f, g)), . . . , λn(Pn(f, g)) ❛%❡  ❤❡ ❡✐❣❡♥✈❛❧✉❡' ♦❢ Pn(f, g)✱ ❛%%❛♥❣❡❞ ✐♥

♥♦♥❞❡❝%❡❛'✐♥❣ ♦% ♥♦♥✐♥❝%❡❛'✐♥❣ ♦%❞❡%✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡ ❤❡% r ✐' ✐♥❝%❡❛'✐♥❣ ♦% ❞❡❝%❡❛'✲

✐♥❣✱

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh✳

9%♦♦❢✳ ❋♦% (❤❡ 6❛❦❡ ♦❢ 6✐♠♣❧✐❝✐(②✱ ✇❡ ❛66✉♠❡ (❤❛( r ✐6 ♥♦♥❞❡❝%❡❛6✐♥❣ ✭(❤❡ ♦(❤❡% ❝❛6❡ ❤❛6 ❛ 6✐♠✐❧❛%

♣%♦♦❢✮✳

◆♦(✐❝❡ (❤❛( (❤❡ ❝♦♥❞✐(✐♦♥6 ♦♥ f ❛♥❞ g ✐♠♣❧② (❤❛( Tn(g) ✐6 ♣♦6✐(✐✈❡ ❞❡✜♥✐(❡ ❛♥❞ ✇❡ ✜♥❞

Pn(f, g) ∼ T−1/2
n (g)Tn(f)T

−1/2
n (g),

6♦ ✇❡ ❝❛♥ ♦%❞❡% (❤❡ ❡✐❣❡♥✈❛❧✉❡6 ♦❢ Pn(f, g) ❛6 ❢♦❧❧♦✇6

λ1(Pn(f, g)) ≤ λ2(Pn(f, g)) ≤ · · · ≤ λn(Pn(f, g)).

❲❡ %❡♠❛%❦ (❤❡ ❞❡❝♦♠♣♦6✐(✐♦♥ ✭■✳✶✶✮ ♦❢ ❙❡❝(✐♦♥ ■✳✺

Tn(f) = τn(f) +Hn(f),

Tn(g) = τn(g) +Hn(g),
✭❱■✳✷✮

✇❤❡%❡✱ ❢♦% ψ ❘❈❚$ ♦❢ ❞❡❣%❡❡ m ❛♥❞ ♦%(❤♦❣♦♥❛❧ Q =
(√

2
n+1 sin

(
ijπ
n+1

))n

i,j=1
✱ τn(ψ) ✐6 (❤❡

❢♦❧❧♦✇✐♥❣ τ ♠❛(%✐① ❬✶✹❪ ♦❢ 6✐③❡ n ❣❡♥❡%❛(❡❞ ❜② ψ

τn(ψ) = Q diag
1≤j≤n

(
ψ

(
jπ

n+ 1

))
Q, Q = QT = Q−1,

❛♥❞ Hn(ψ) ✐6 (❤❡ ❍❛♥❦❡❧ ♠❛(%✐① ❣❡♥❡%❛(❡❞ ❜② ψ ✇✐(❤ rank(Hn(ψ)) ≤ 2(m− 1)✳

❍❡♥❝❡✱

Rf := rank(Hn(f)) ≤ 2(deg(f)− 1),

Rg := rank(Hn(g)) ≤ 2(deg(g)− 1),

Rf,g := max{Rf , Rg} ≤ 2 (max{deg(f), deg(g)} − 1) .

✭❱■✳✸✮

▲❡( P τ
n ❜❡ (❤❡ ♠❛(%✐① τ

−1
n (g)τn(f)✱

P τ
n = Q

(
diag
1≤j≤n

(
g

(
jπ

n+ 1

)))−1

QQ diag
1≤j≤n

(
f

(
jπ

n+ 1

))
Q

= Q diag
1≤j≤n

(
f

g

(
jπ

n+ 1

))
Q

= Q diag
1≤j≤n

(
r

(
jπ

n+ 1

))
Q.
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❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❍❡♥❝❡✱ ❢♦' j = 1, . . . , n

λj(P
τ
n ) = r

(
jπ

n+ 1

)
. ✭❱■✳✹✮

❇② ♦❜1❡'✈✐♥❣ 5❤❛5 T−1
n (g)Tn(f) ✐1 1✐♠✐❧❛' 5♦ T

−1/2
n (g)Tn(f)T

−1/2
n (g)✱ ✉1✐♥❣ 5❤❡ ▼✐♥▼❛① 1♣❡❝5'❛❧

❝❤❛'❛❝5❡'✐③❛5✐♦♥ ❢♦' ❍❡'♠✐5✐❛♥ ♠❛5'✐❝❡1 ❬✶✸❪✱ ✜①❡❞ j ∈ {Rf,g + 1, . . . , n − Rf,g} ❛♥❞ T ⊂ Cn
✱

dim(T ) = n+ 1− j✱ ✇❡ ♦❜5❛✐♥

λj(Pn(f, g)) = λj
(
T−1
n (g)Tn(f)

)

= λj

(
T−1/2
n (g)Tn(f)T

−1/2
n (g)

)

= max
dim(T )=n+1−j


min

x∈T,
x 6=0

(
x∗T

−1/2
n (g)Tn(f)T

−1/2
n (g)x

x∗x

)


= max
dim(T )=n+1−j


 min

x∈T,
x 6=0

y=T
−1/2
n (g)x

(
y∗Tn(f)y

y∗Tn(g)y

)



= max
dim(T̂ )=n+1−j


min

y∈T̂ ,
y 6=0

(
y∗Tn(f)y

y∗Tn(g)y

)

 ,

✭❱■✳✺✮

❜❡❝❛✉1❡ T
−1/2
n (g) ✐1 ❛ ❢✉❧❧ '❛♥❦ ♠❛5'✐① ❛♥❞✱ ✐❢ dim(T ) = n + 1 − j✱ 5❤❡♥ T̂ := {y : y =

T
−1/2
n (g)x, x 6= 0, x ∈ T} ✐1 ❛ ♥❡✇ ✈❡❝5♦' 1♣❛❝❡ ❤❛✈✐♥❣ 5❤❡ 1❛♠❡ ❞✐♠❡♥1✐♦♥ n+ 1− j ❛1 T ✳

▲❡5 F ❜❡ 5❤❡ 1✉❜1♣❛❝❡ ♦❢ Cn
❣❡♥❡'❛5❡❞ ❜② 5❤❡ ✉♥✐♦♥ ♦❢ 5❤❡ ❝♦❧✉♠♥1 ♦❢ ♠❛5'✐❝❡1 Hn(f) ❛♥❞

Hn(g)✳ ❇❡❝❛✉1❡ ♦❢ 5❤❡ ♣❛'5✐❝✉❧❛' 15'✉❝5✉'❡ ♦❢ 5❤❡ ❝♦❧✉♠♥1 ♦❢ ❍❛♥❦❡❧ ♠❛5'✐❝❡1 Hn(f) ❛♥❞ Hn(g)✱

✇❡ ❞❡❞✉❝❡

dim(F ) = max {rank(Hn(g)), rank(Hn(f))} = Rf,g,

1♦ 5❤❛5

dim(F⊥) = n−Rf,g.

▲❡5 ✉1 ❞❡✜♥❡ Wf,g = T̂ ∩ F⊥
✱

n+1−j ≥ dim(Wf,g) ≥ max{0, dim(T̂ )+dim(F⊥)−n} = n+1−j+n−Rf,g−n = n+1−(j+Rf,g),

❜❡❝❛✉1❡ n+ 1− (j + Rf,g) ≥ 1 ❢♦' j ≤ n− Rf,g✳❚❤❡ ❧❛55❡' ✐♠♣❧✐❡1 ✐♥ ♣❛'5✐❝✉❧❛' 5❤❛5 Wf,g 6= ∅✳
❚❤✉1✱ ❜❡❝❛✉1❡ ♦❢ 5❤❡ ♦'5❤♦❣♦♥❛❧✐5②✱ ∀ y 6= 0 ∈Wf,g✱ ✇❡ ✜♥❞

Hn(f)y = 0, Hn(g)y = 0,

1♦ 5❤❛5

y∗Hn(f)y = 0, y∗Hn(g)y = 0.

✶✹✵



❱■✳✷✳ $%♦♦❢ ♦❢ (❤❡ ♣%❡❝♦♥❞✐(✐♦♥❡❞ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥6✐♦♥ ❢♦% α = 0

❍❡♥❝❡✱ ❢%♦♠ ✭❱■✳✺✮

λj(Pn(f, g)) = max
dim(T̂ )=n+1−j


min

y∈T̂ ,
y 6=0

(
y∗(τn(f) +Hn(f))y

y∗(τn(g) +Hn(g))y

)



≤ max
dim(T̂ )=n+1−j


 min

y∈Wf,g
y 6=0

(
y∗(τn(f) +Hn(f))y

y∗(τn(g) +Hn(g))y

)


= max
dim(T̂ )=n+1−j


 min

y∈Wf,g
y 6=0

(
y∗τn(f)y

y∗τn(g)y

)


= max
Wf,g=T̂∩F⊥

dim(T̂ )=n+1−j


 min

y∈Wf,g ,
y 6=0

(
y∗τn(f)y

y∗τn(g)y

)


≤ max
n+1−j≥dim(Ŵf,g)≥n+1−(j+Rf,g)


 min

y∈Ŵf,g ,
y 6=0

(
y∗τn(f)y

y∗τn(g)y

)



= max
n+1−j≥dim(Ŵ )≥n+1−(j+Rf,g)




min
y∈Ŵf,g ,

y 6=0

x=τ
1/2
n (g)y

(
x∗τ

−1/2
n (g)τn(f)τ

−1/2
n (g)x

x∗x

)



= max{λj(P τ
n ), λj+1(P

τ
n ), . . . , λj+Rf,g

(P τ
n )}

= λj+Rf,g
(P τ

n ).

✭❱■✳✻✮

❇② ✜①✐♥❣ j ∈ {Rf,g + 1, . . . , n−Rf,g} ❛♥❞ T ⊂ Cn
✱ dim(T ) = j✱ ❛♥❛❧♦❣♦✉6❧② ✇❡ ♦❜(❛✐♥

λj(Pn(f, g)) = min
dim(T )=j


max

x∈T,
x 6=0

(
x∗T

−1/2
n (g)Tn(f)T

−1/2
n (g)x

x∗x

)


= min
dim(T )=j




max
x∈T,
x 6=0

y=T
−1/2
n (g)x

(
y∗Tn(f)y

y∗Tn(g)y

)



= min
dim(T̂ )=j


max

y∈T̂ ,
y 6=0

(
y∗Tn(f)y

y∗Tn(g)y

)



= min
dim(T̂ )=j


max

y∈T̂ ,
y 6=0

(
y∗(τn(f) +Hn(f))y

y∗(τn(g) +Hn(g))y

)

 .

✭❱■✳✼✮

▲❡( ✉6 ❞❡✜♥❡ Wf,g = T̂ ∩ F⊥
✱

j ≥ dim(Wf,g) ≥ max{0, dim(T̂ ) + dim(F⊥)− n} = j + n−Rf,g − n = j −Rf,g,

✶✹✶
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❜❡❝❛✉%❡ j−Rf,g ≥ 1 ❢♦( j ≥ Rf,g +1✳ ❚❤❡ ❧❛--❡( ✐♠♣❧✐❡% ✐♥ ♣❛(-✐❝✉❧❛( -❤❛- Wf,g 6= ∅✱ ❛♥❞ ❤❡♥❝❡✱

❜❡❝❛✉%❡ ♦❢ -❤❡ ♦(-❤♦❣♦♥❛❧✐-②✱ ∀ y 6= 0 ∈Wf,g✱ ✇❡ ❤❛✈❡

Hn(f)y = 0, Hn(g)y = 0,

❛♥❞ -❤❡(❡❢♦(❡

y∗Hn(f)y = 0, y∗Hn(g)y = 0.

❚❤✉%✱ ❢(♦♠ ✭❱■✳✼✮

λj(Pn(f, g)) ≥ min
dim(T̂ )=j


 max

y∈Wf,g ,
y 6=0

(
y∗(τn(f) +Hn(f))y

y∗(τn(g) +Hn(g))y

)


= min
dim(T̂ )=j


 max

y∈Wf,g ,
y 6=0

(
y∗τn(f)y

y∗τn(g)y

)


= min
Wf,g=T̂∩F⊥

dim(T̂ )=j


 max

y∈Wf,g ,
x 6=0

(
y∗τn(f)y

y∗τn(g)y

)


≥ min
j≥dim(Ŵf,g)≥j−Rf,g


 max

y∈Wf,g ,
y 6=0

(
y∗τn(f)y

y∗τn(g)y

)


= min{λj(P τ
n ), λj−1(P

τ
n ), . . . , λj−Rf,g

(P τ
n )}

= λj−Rf,g
(P τ

n ).

✭❱■✳✽✮

❇② ❡①♣❧♦✐-✐♥❣ -❤❡ ♣(❡✈✐♦✉% ✐♥❡@✉❛❧✐-②✱ (❡❧❛-✐♦♥% ✭❱■✳✹✮ ❛♥❞ ✭❱■✳✻✮✱ ✇❡ ♦❜-❛✐♥ ❢♦( j = Rf,g +

1, . . . , n−Rf,g

r

(
(j − s)π

n+ 1

)
= λj−s(P

τ
n ) ≤ λj(Pn(f, g)) ≤ λj+s(P

τ
n ) = r

(
(j + s)π

n+ 1

)
, ✭❱■✳✾✮

✇❤❡(❡ s = Rf,g✳

❚❤❡ ❢✉♥❝-✐♦♥ r ✐% ❛ ❘❈❚F ♦♥ [0, π] ❛♥❞ ❛ ♠♦♥♦-♦♥❡ ✐♥❝(❡❛%✐♥❣ ❢✉♥❝-✐♦♥ %♦ ✇❡ ❤❛✈❡✱ ∀n ❛♥❞

∀ j = s+ 1, . . . , n− s✱

λj(Pn(f, g))− r

(
jπ

n+ 1

)
≤ r

(
(j + s)π

n+ 1

)
− r

(
jπ

n+ 1

)
= r′(θ̄)

sπ

n+ 1
≤ ||r′||∞sπh, ✭❱■✳✶✵✮

✇✐-❤ θ̄ ∈ ( jπ
n+1 ,

(j+s)π
n+1 ) ❛♥❞

λj(Pn(f, g))− r

(
jπ

n+ 1

)
≥ r

(
(j − s)π

n+ 1

)
− r

(
jπ

n+ 1

)
≥ −||r′||∞sπh. ✭❱■✳✶✶✮

❇② %❡--✐♥❣ C = ||r′||∞sπ✱ ❢♦( s+ 1 ≤ j ≤ n− s✱ ✇❡ ♦❜-❛✐♥
∣∣∣∣λj(Pn(f, g))− r

(
jπ

n+ 1

)∣∣∣∣ ≤ Ch. ✭❱■✳✶✷✮

❋✉(-❤❡(♠♦(❡✱ ❢(♦♠ ❬✹✼❪ ∀ j = 1, . . . , n✱ ✇❡ ❦♥♦✇ -❤❛-

mr ≤ λj(Pn(f, g)) ≤Mr,

✶✹✷



❱■✳✸✳ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

✇❤❡%❡

mr = min
θ∈[0,π]

r(θ); Mr = max
θ∈[0,π]

r(θ),

✇✐)❤ ()%✐❝) ✐♥❡7✉❛❧✐)✐❡( )❤❛) ✐( mr < λj(Pn(f, g)) < Mr ✐❢ mr < Mr✱ ✇❤✐❧❡ )❤❡ ❝❛(❡ mr = Mr ✐(

✐♥ ❢❛❝) )%✐✈✐❛❧✳ ❍❡♥❝❡ ❢♦% n− s < j ≤ n

∣∣∣∣r
(

jπ

n+ 1

)
− λj(Pn(f, g))

∣∣∣∣ ≤
∣∣∣∣r

(
jπ

n+ 1

)
− r

(
nπ

n+ 1

)∣∣∣∣ ≤
∣∣r′

(
θ̄
)∣∣

∣∣∣∣
(n− j)π

n+ 1

∣∣∣∣ ,

✇❤❡%❡ θ̄ ∈ ( jπ
n+1 ,

nπ
n+1)✳ ■❢ n− s < j ≤ n )❤❡♥ |n− j| < s✱ (♦ )❤❛)

∣∣∣∣r
(

jπ

n+ 1

)
− λj(Pn(f, g))

∣∣∣∣ ≤ ||r′||∞sπh = Ch.

❋♦% 1 ≤ j < s+ 1

∣∣∣∣r
(

jπ

n+ 1

)
− λj(Pn(f, g))

∣∣∣∣ ≤
∣∣∣∣r

(
jπ

n+ 1

)
− r

(
π

n+ 1

)∣∣∣∣ ≤
∣∣r′

(
θ̄
)∣∣

∣∣∣∣
(j − 1)π

n+ 1

∣∣∣∣ ,

✇❤❡%❡ θ̄ ∈ ( π
n+1 ,

jπ
n+1)✳ ■❢ 1 ≤ j < s+ 1 )❤❡♥ |j − 1| < s✱ (♦

∣∣∣∣r
(

jπ

n+ 1

)
− λj(Pn(f, g))

∣∣∣∣ ≤ ||r′||∞sπh = Ch.

❍❡♥❝❡ ∣∣∣∣λj(Pn(f, g))− r

(
jπ

n+ 1

)∣∣∣∣ ≤ Ch ∀ j ∀n.

❘❡♠❛$❦ ✶✶✳ ❲✐"❤ $❡❣❛$❞ "♦ ❚❤❡♦$❡♠ ❱■✳✷✳✶✱ "❤❡ ❝❛3❡ ✇❤❡$❡ r ✐3 ❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥✲♠♦♥♦"♦♥❡

✐3 ❛❧♠♦3" ❛♥❛❧♦❣♦✉3✳ ■❢ ✇❡ ❝♦♥3✐❞❡$ r̂✱ "❤❡ ♠♦♥♦"♦♥❡ ♥♦♥❞❡❝$❡❛3✐♥❣ $❡❛$$❛♥❣❡♠❡♥" ♦❢ r ♦♥ [0, π]✱

"❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" "❤❛" "❤❡ ❞❡$✐✈❛"✐✈❡ ♦❢ r ❤❛3 ❛" ♠♦3" ❛ ✜♥✐"❡ ♥✉♠❜❡$ S ♦❢ 3✐❣♥ ❝❤❛♥❣❡3✱ ✇❡

❞❡❞✉❝❡ "❤❛" r̂ ✐3 ▲✐♣3❝❤✐"③ ❝♦♥"✐♥✉♦✉3 ❛♥❞ ✐"3 ▲✐♣3❝❤✐"③ ❝♦♥3"❛♥" ✐3 ❜♦✉♥❞❡❞ ❜② ‖r′‖∞ ✭♥♦"✐❝❡ "❤❛"
r̂ ✐3 ♥♦" ♥❡❝❡33❛$✐❧② ❝♦♥"✐♥✉♦✉3❧② ❞✐✛❡$❡♥"✐❛❜❧❡✱ ❜✉" "❤❡ ❞❡$✐✈❛"✐✈❡ ♦❢ r̂ ❤❛3 ❛" ♠♦3" S ♣♦✐♥"3 ♦❢

❞✐3❝♦♥"✐♥✉✐"②✮✳ ❋✉$"❤❡$♠♦$❡✱ "❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ τn(r) ❛$❡ ❡①❛❝"❧② ❣✐✈❡♥

r

(
jπ

n+ 1

)

3♦ "❤❛"✱ ❜② ♦$❞❡$✐♥❣ "❤❡3❡ ✈❛❧✉❡3 ♥♦♥❞❡❝$❡❛3✐♥❣❧②✱ ✇❡ ❞❡❞✉❝❡ "❤❛" "❤❡② ❝♦✐♥❝✐❞❡ ✇✐"❤ r̂(xj,h)✱ ✇✐"❤

xj,h ♦❢ "❤❡ ❢♦$♠
jπ
n+1(1+o(1))✳ ❲✐"❤ "❤❡3❡ ♣$❡♠✐3❡3✱ "❤❡ ♣$♦♦❢ ❢♦❧❧♦✇3 ❡①❛❝"❧② "❤❡ 3❛♠❡ 3"❡♣3 ❛3 ✐♥

❚❤❡♦$❡♠ ❱■✳✷✳✶✱ ✉3✐♥❣ "❤❡ ▼✐♥▼❛① ❝❤❛$❛❝"❡$✐③❛"✐♦♥ ❛♥❞ "❤❡ ■♥"❡$❧❛❝✐♥❣ "❤❡♦$❡♠ ❢♦$ ❍❡$♠✐"✐❛♥

♠❛"$✐❝❡3✳

❱■✳✸ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

❲❡ ✜%() %❡❝❛❧❧ ❢%♦♠ ❬✼✷✱ ❙❡❝)✐♦♥ ✸❪ )❤❛)✱ ❢♦% ❡✈❡%② p ≥ 0 ❛♥❞ θ ∈ [0, π]✱

gp(θ) =
∑

k∈Z

∣∣∣φ̂p(θ + 2kπ)
∣∣∣
2
, ✭❱■✳✶✸✮

✶✹✸
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✇❤❡#❡ φ̂p ✐% &❤❡ ❋♦✉#✐❡# &#❛♥%❢♦#♠ ♦❢ &❤❡ ❝❛#❞✐♥❛❧ ❇✲%♣❧✐♥❡ φp✱ ✇❤♦%❡ ♠♦❞✉❧✉% ✐% ❣✐✈❡♥ ❜②

∣∣φ̂p(θ)
∣∣2 =

(
2− 2 cos(θ)

θ2

)p+1

; ✭❱■✳✶✹✮

%❡❡ ❬✸✽❪✳ ❚❤❡ ♥❡①& ❧❡♠♠❛ ✐% ❢✉♥❞❛♠❡♥&❛❧ &♦ ♦✉# ♣✉#♣♦%❡%✳

▲❡♠♠❛ ❱■✳✸✳✶✳ ❋♦" p ≥ 1 ❛♥❞ θ ∈ [0, π] ✇❡ ❤❛✈❡

9

5
π(π − θ)

(
θ

2π − θ

)2p+2

≤ ep(θ)− θ2 ≤ 4π(π − θ)

(
θ

2π − θ

)2p+2

+ 5θ2
(

θ

2π + θ

)2p

. ✭❱■✳✶✺✮

*"♦♦❢✳ ❋#♦♠ ✭■❱✳✶✻✮ ❛♥❞ ✭❱■✳✶✸✮✕✭❱■✳✶✹✮ ✇❡ ♦❜&❛✐♥

fp(θ) = (2− 2 cos(θ))p+1
∑

k∈Z

1

(θ + 2kπ)2p
= (2− 2 cos(θ))p+1

[
1

θ2p
+

∑

k 6=0

1

(θ + 2kπ)2p

]
,

gp(θ) = (2− 2 cos(θ))p+1
∑

k∈Z

1

(θ + 2kπ)2p+2
= (2− 2 cos(θ))p+1

[
1

θ2p+2
+

∑

k 6=0

1

(θ + 2kπ)2p+2

]
.

❇② %❡&&✐♥❣

rp(θ) = θ2p
∑

k 6=0

1

(θ + 2kπ)2p
≥ 0,

✇❡ %❡❡ &❤❛&

ep(θ)− θ2 =
fp(θ)

gp(θ)
− θ2 = θ2

1 + rp(θ)

1 + rp+1(θ)
− θ2 = θ2

rp(θ)− rp+1(θ)

1 + rp+1(θ)
. ✭❱■✳✶✻✮

❋✉#&❤❡#♠♦#❡✱

rp(θ)− rp+1(θ) = θ2p(Ap,+(θ) +Ap,−(θ)) ✭❱■✳✶✼✮

✇❤❡#❡

Ap,+(θ) =
∑

k≥1

1

(2kπ + θ)2p

(
1− θ2

(2kπ + θ)2

)
, ✭❱■✳✶✽✮

Ap,−(θ) =
∑

k≥1

1

(2kπ − θ)2p

(
1− θ2

(2kπ − θ)2

)
. ✭❱■✳✶✾✮

❆%%✉♠❡ θ ∈ [0, π]✳ ❲❡ ♦❜%❡#✈❡ &❤❛&

0 ≤ 1− θ2

(2kπ + θ)2
≤ 1, k ≥ 1,

✇❤✐❝❤ ✐♠♣❧✐❡%

Ap,+(θ) ≤
1

(2π + θ)2p
+

∑

k≥2

1

(2kπ + θ)2p
≤ 1

(2π + θ)2p
+

∫ +∞

1

dκ

(2πκ+ θ)2p

=
1

(2π + θ)2p
+

1

2π(2p− 1)(2π + θ)2p−1
≤ 5

2

1

(2π + θ)2p
.

✶✹✹



❱■✳✸✳ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

❙✐♠✐❧❛%❧②✱

Ap,−(θ) ≤
4π(π − θ)

(2π − θ)2p+2
+

8π(2π − θ)

(4π − θ)2p+2
+

∑

k≥3

1

(2kπ − θ)2p

≤ 4π(π − θ)

(2π − θ)2p+2
+

8π(2π − θ)

(4π − θ)2p+2
+

∫ +∞

2

dκ

(2πκ− θ)2p

=
4π(π − θ)

(2π − θ)2p+2
+

8π(2π − θ)

(4π − θ)2p+2
+

1

2π(2p− 1)(4π − θ)2p−1

≤ 4π(π − θ)

(2π − θ)2p+2
+

5

2

1

(2π + θ)2p
,

✇❤❡%❡ ✇❡ ❤❛✈❡ ❡①♣❧♦✐)❡❞ )❤❡ ❢❛❝) )❤❛)

4π − θ ≥ 2π + θ,
8π(2π − θ)

(4π − θ)2
≤ 1.

❇② ❝♦♠❜✐♥✐♥❣ ✭❱■✳✶✻✮ ❛♥❞ ✭❱■✳✶✼✮ ✇✐)❤ )❤❡ ♦❜)❛✐♥❡❞ ✉♣♣❡% ❜♦✉♥❞( ❢♦% Ap,+ ❛♥❞ Ap,−✱ ✇❡ ❣❡)

)❤❡ ✉♣♣❡% ❜♦✉♥❞ ✐♥ ✭❱■✳✶✺✮✳

❚♦ ♣%♦✈❡ )❤❡ ❧♦✇❡% ❜♦✉♥❞ ✐♥ ✭❱■✳✶✺✮✱ ✇❡ ✉(❡ )❤❡ ✐♥❡G✉❛❧✐)②

rp+1(θ) ≤ θ2p+2

(
1

(2π + θ)2p+2
+

1

(2π − θ)2p+2
+

∫ +∞

1

[
1

(2πκ+ θ)2p+2
+

1

(2πκ− θ)2p+2

]
dκ

)

= θ2p+2

(
1

(2π + θ)2p+2
+

1

(2π − θ)2p+2
+

1

2π(2p+ 1)

[
1

(2π + θ)2p+1
+

1

(2π − θ)2p+1

])
.

◆♦)❡ )❤❛)

1

(2π + θ)q
+

1

(2π − θ)q
≤ 1

(3π)q
+

1

πq
, q ≥ 1,

(✐♥❝❡ )❤❡ ❢✉♥❝)✐♦♥ ♦♥ )❤❡ ❧❡❢)✲❤❛♥❞ (✐❞❡ ✐( ♠♦♥♦)♦♥❡ ✐♥❝%❡❛(✐♥❣ ❢♦% θ ∈ [0, π]✳ ❚❤❡%❡❢♦%❡✱ ❢♦%

p ≥ 1✱

rp+1(θ) ≤
(
θ

π

)2p+2 ( 1

32p+2
+ 1 +

1

2(2p+ 1)

[
1

32p+1
+ 1

])
≤ 1

81
+ 1 +

1

6

[
1

27
+ 1

]
=

32

27
.

▼♦%❡♦✈❡%✱ ❢%♦♠ ✭❱■✳✶✽✮ ❛♥❞ ✭❱■✳✶✾✮ ✇❡ ❞❡❞✉❝❡ )❤❛)

Ap,+(θ) +Ap,−(θ) =
∑

k≥1

4kπ(kπ + θ)

(2kπ + θ)2p+2
+

4kπ(kπ − θ)

(2kπ − θ)2p+2
≥ 4π(π − θ)

(2π − θ)2p+2
.

❚❛❦✐♥❣ ✐♥)♦ ❛❝❝♦✉♥) ✭❱■✳✶✼✮✱ ✇❡ ❛%%✐✈❡ ❛)

rp(θ)− rp+1(θ)

1 + rp+1(θ)
≥ 4π(π − θ)

(2π − θ)2

(
θ

2π − θ

)2p 27

59
.

■♥ ✈✐❡✇ ♦❢ ✭❱■✳✶✻✮✱ )❤✐( ✐♠♠❡❞✐❛)❡❧② ❣✐✈❡( )❤❡ ❧♦✇❡% ❜♦✉♥❞ ✐♥ ✭❱■✳✶✺✮✳

❲❡ ❛%❡ ♥♦✇ %❡❛❞② )♦ ♣%♦✈❡ ❚❤❡♦%❡♠( ■❱✳✷✳✶ ❛♥❞ ■❱✳✷✳✸✳

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ■❱✳✷✳✶✳ ❋%♦♠ )❤❡ ✉♣♣❡% ❜♦✉♥❞ ✐♥ ✭❱■✳✶✺✮ ✇❡ ❤❛✈❡

max
θ∈[0,π]

∣∣ep(θ)− θ2
∣∣ ≤ max

θ∈[0,π]

[
4π(π − θ)

(
θ

2π − θ

)2p+2

+ 5θ2
(

θ

2π + θ

)2p
]
.

✶✹✺



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❇② "❡$$✐♥❣ z = θ
π ∈ [0, 1] ✇❡ ♦❜$❛✐♥

max
θ∈[0,π]

∣∣ep(θ)− θ2
∣∣ ≤ max

z∈[0,1]

[
4π2(1− z)

(
z

2− z

)2p+2

+ 5π2z2
(

z

2 + z

)2p
]

≤ max
z∈[0,1]

5π2

[(
z

2− z

)2p+2 (
1− z

2− z

)
+

1

32p

]
.

❋✐♥❛❧❧②✱ ❜② "❡$$✐♥❣ y = z
2−z ∈ [0, 1] ❛♥❞ ♦❜"❡0✈✐♥❣ $❤❛$

max
y∈[0,1]

y2p+2(1− y) =

(
1− 1

2p+ 3

)2p+2 1

2p+ 3
≤ 1

2p+ 3
,

✇❡ ❣❡$

max
θ∈[0,π]

∣∣ep(θ)− θ2
∣∣ ≤ 5π2

(
1

2p+ 3
+

1

32p

)
.

❚❤✐" ❝♦♥❝❧✉❞❡" $❤❡ ♣0♦♦❢✳

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ■❱✳✷✳✸✳ ❋♦0 p = 1 $❤❡ ❜♦✉♥❞" 1/3 ≤ wp(θ) ≤ 1 "$❛$❡❞ ✐♥ $❤❡ $❤❡♦0❡♠ ❤♦❧❞

❜❡❝❛✉"❡ ❢0♦♠ ✭■❱✳✶✹✮ ✇❡ ❦♥♦✇ $❤❛$

g0(θ) = 1, g1(θ) =
2

3
+

1

3
cos(θ).

■♥ $❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❢♦❝✉" ♦♥ $❤❡ ❝❛"❡ p ≥ 2✳ ❋0♦♠ ✭■❱✳✶✼✮ ✐$ ✐" ❝❧❡❛0 $❤❛$ $❤❡ ❜♦✉♥❞" ❤♦❧❞ ❢♦0

θ = 0✳ ❋0♦♠ ✭■❱✳✶✻✮ ❛♥❞ ✭❱■✳✶✺✮ ✇❡ ❞❡❞✉❝❡ $❤❛$✱ ❢♦0 θ ∈ (0, π]✱

1 ≤ 1

θ2
fp(θ)

gp(θ)
=

2− 2 cos(θ)

θ2
gp−1(θ)

gp(θ)
≤ 1 +

4π(π − θ)

(2π − θ)2

(
θ

2π − θ

)2p

+ 5

(
θ

2π + θ

)2p

≤ 1 +
4π(π − θ)

(2π − θ)2

(
θ

2π − θ

)4

+ 5

(
1

3

)4

≤ 1 +
3

20
+

5

81
<

12

π2
.

❙✐♥❝❡

1 ≤ θ2

2− 2 cos(θ)
≤ π2

4
, θ ∈ (0, π],

✇❡ ♦❜$❛✐♥

1 ≤ gp−1(θ)

gp(θ)
< 3,

✇❤✐❝❤ ✐" ❡G✉✐✈❛❧❡♥$ $♦ 1/3 < wp(θ) ≤ 1✳

■♥ ♦0❞❡0 $♦ ♣0♦✈❡ ❚❤❡♦0❡♠ ■❱✳✷✳✷✱ ❢✉0$❤❡0 ✇♦0❦ ✐" ♥❡❡❞❡❞✳ ■♥ ♣❛0$✐❝✉❧❛0✱ ✇❡ "❤❛❧❧ ♥❡❡❞ $♦

❛♥❛❧②③❡ $❤❡ ❛✉①✐❧✐❛0② ❢✉♥❝$✐♦♥"

Rk,p(ω) =

(
ω

kπ + ω

)2p+1

−
(

ω

kπ − ω

)2p+1

, k, p ≥ 1, ω ∈
[
0,
π

2

]
. ✭❱■✳✷✵✮

❚❤❡ ♥❡①$ $❤0❡❡ $❡❝❤♥✐❝❛❧ ❧❡♠♠❛" ❛0❡ ❞❡✈♦$❡❞ $♦ $❤✐" ♣✉0♣♦"❡✳

▲❡♠♠❛ ❱■✳✸✳✷✳ ❋♦! p ≥ 1 ❛♥❞ k ≥ 2 -❤❡ ❢✉♥❝-✐♦♥

Rk,p+1(ω)−Rk,p(ω) ✭❱■✳✷✶✮

✐1 ♥♦♥♥❡❣❛-✐✈❡✱ ♠♦♥♦-♦♥❡ ✐♥❝!❡❛1✐♥❣ ❛♥❞ ❝♦♥✈❡① ❢♦! ω ∈ [0, π2 ]✳

✶✹✻



❱■✳✸✳ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

 !♦♦❢✳ ❆((✉♠❡ ω ∈ [0, π2 ]✳ ❲❡ ❤❛✈❡

Rk,p+1(ω)−Rk,p(ω) = z2p+3
k − z2p+1

k + y2p+1
k − y2p+3

k , k ≥ 1,

✇❤❡%❡

yk =
ω

kπ − ω
, zk =

ω

kπ + ω
. ✭❱■✳✷✷✮

■) ✐( ❡❛(② )♦ ❝❤❡❝❦ )❤❛) yk ✐( ❛ ♠♦♥♦)♦♥❡ ✐♥❝%❡❛(✐♥❣ ❛♥❞ ❝♦♥✈❡① ❢✉♥❝)✐♦♥ ♦❢ ω✳ ❙✐♠✐❧❛%❧②✱ zk ✐( ❛

♠♦♥♦)♦♥❡ ✐♥❝%❡❛(✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ❢✉♥❝)✐♦♥ ♦❢ ω✳ ▼♦%❡♦✈❡%✱

zk
yk

=
1

1 + 2yk
,

z′k
y′k

=

(
zk
yk

)2

,
z′′k
y′′k

= −
(
zk
yk

)3

, k ≥ 1, ✭❱■✳✷✸✮

❛♥❞

0 ≤ zk ≤ yk ≤ 1

2k − 1
≤ 1

3
, k ≥ 2. ✭❱■✳✷✹✮

$%♦✈✐♥❣ )❤❡ ♥♦♥♥❡❣❛)✐✈✐)② ♦❢ )❤❡ ❢✉♥❝)✐♦♥ ✐♥ ✭❱■✳✷✶✮ ✐( ❡F✉✐✈❛❧❡♥) )♦ (❤♦✇✐♥❣ )❤❛)

y2p+1
k (1− y2k) ≥ z2p+1

k (1− z2k).

■♥ ✈✐❡✇ ♦❢ ✭❱■✳✷✸✮✱ )❤✐( ✐( ❡F✉✐✈❛❧❡♥) )♦

1− y2k
1− z2k

≥ 1

(1 + 2yk)2p+1
.

❙✐♥❝❡

1− y2k
1− z2k

≥ 1− y2k,

✐) (✉✣❝❡( )♦ ♣%♦✈❡ )❤❛)

1− y2k ≥ 1

(1 + 2yk)2p+1
.

❆ ❞✐%❡❝) ❝♦♠♣✉)❛)✐♦♥ (❤♦✇( )❤❛) )❤❡ ❛❜♦✈❡ ✐♥❡F✉❛❧✐)② ❤♦❧❞( ❢♦% yk ∈ [0, 1/3] ✭✐" ✐# ❡♥♦✉❣❤ "♦

✈❡+✐❢② ✐" ❢♦+ p = 1 ❛# "❤❡ +✐❣❤"✲❤❛♥❞ #✐❞❡ ❞❡❝+❡❛#❡# ✇✐"❤ p✮✳ ❚❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" ✭❱■✳✷✹✮✱ "❤✐#

♣+♦✈❡# "❤❡ ♥♦♥♥❡❣❛"✐✈✐"② ♦❢ ✭❱■✳✷✶✮ ❢♦+ k ≥ 2✳

❲❡ ♥♦✇ #❤♦✇ "❤❛" "❤❡ ❢✉♥❝"✐♦♥ ✭❱■✳✷✶✮ ✐# ❝♦♥✈❡①✳ ❲✐"❤ #♦♠❡ ❡❧❡♠❡♥"❛+② ♠❛♥✐♣✉❧❛"✐♦♥# ✇❡

♦❜"❛✐♥

R′′
k,p+1(ω)−R′′

k,p(ω) = Ak +Bk − Ck −Dk, ✭❱■✳✷✺✮

✇❤❡+❡

Ak = 2y2p−1
k (y′k)

2
[
p(2p+ 1)− (p+ 1)(2p+ 3)y2k

]
, Bk = y2pk y

′′
k

[
2p+ 1− (2p+ 3)y2k

]
,

Ck = 2z2p−1
k (z′k)

2
[
p(2p+ 1)− (p+ 1)(2p+ 3)z2k

]
, Dk = z2pk z

′′
k

[
2p+ 1− (2p+ 3)z2k

]
.

❋+♦♠ ✭❱■✳✷✹✮ ✐" ❢♦❧❧♦✇# "❤❛"✱ ❢♦+ p ≥ 1 ❛♥❞ k ≥ 2✱

p(2p+ 1)− (p+ 1)(2p+ 3)x2k > 0, 2p+ 1− (2p+ 3)x2k > 0, xk = yk, zk.

❆# ❛ ❝♦♥#❡F✉❡♥❝❡✱ ✇❡ ❤❛✈❡ Bk ≥ 0 ❛♥❞ Dk ≤ 0 ❜❡❝❛✉#❡ y′′k ≥ 0 ❛♥❞ z′′k ≤ 0✳ ■♥ "❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡

#❤♦✇ "❤❛" Ak ≥ Ck✳ ❚❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" ✭❱■✳✷✸✮✱ "❤✐# ✐# ❡F✉✐✈❛❧❡♥" "♦ ♣+♦✈✐♥❣ "❤❛"

p(2p+ 1)− (p+ 1)(2p+ 3)y2k
p(2p+ 1)− (p+ 1)(2p+ 3)z2k

≥
(
zk
yk

)2p−1 (z′k
y′k

)2

=
1

(1 + 2yk)2p+3
.

✶✹✼



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❙✐♥❝❡

p(2p+ 1)− (p+ 1)(2p+ 3)y2k
p(2p+ 1)− (p+ 1)(2p+ 3)z2k

≥ p(2p+ 1)− (p+ 1)(2p+ 3)y2k
p(2p+ 1)

,

✐% &✉✣❝❡& %♦ ♣+♦✈❡ %❤❛%

1− (p+ 1)(2p+ 3)

p(2p+ 1)
y2k ≥ 1

(1 + 2yk)2p+3
.

❚❤❡ ❛❜♦✈❡ ✐♥❡1✉❛❧✐%② ❤♦❧❞& ❢♦+ p ≥ 1 ❛♥❞ yk ∈ [0, 1/3] ✭✐% ✐& ❡♥♦✉❣❤ %♦ ✈❡+✐❢② ✐% ❢♦+ p = 1✮✳

❘❡❝❛❧❧✐♥❣ ✭❱■✳✷✹✮✱ %❤✐& &❤♦✇& %❤❡ ❝♦♥✈❡①✐%② ♦❢ ✭❱■✳✷✶✮✳

❋✐♥❛❧❧②✱ %❤❡ ♠♦♥♦%♦♥✐❝✐%② ♦❢ %❤❡ ❢✉♥❝%✐♦♥ ✭❱■✳✷✶✮ ❢♦❧❧♦✇& ❢+♦♠ %❤❡ ❝♦♥✈❡①✐%② ❜② ♦❜&❡+✈✐♥❣

%❤❛% %❤❡ ✜+&% ❞❡+✐✈❛%✐✈❡ ✈❛♥✐&❤❡& ❛% ω = 0✳

▲❡♠♠❛ ❱■✳✸✳✸✳ ❋♦" p ≥ 1 #❤❡ ❢✉♥❝#✐♦♥

R1,p+1(ω)−R1,p(ω) ✭❱■✳✷✻✮

✐+ ♥♦♥♥❡❣❛#✐✈❡ ❢♦" ω ∈ [0, ω∗
p] ❛♥❞ ❝♦♥❝❛✈❡ ❢♦" ω ∈ [ω∗

p,
π
2 ]✱ ✇❤❡"❡

ω∗
p =

π

2

(
1− 1

48p− 1

)
. ✭❱■✳✷✼✮

2"♦♦❢✳ ❆❧♦♥❣ %❤❡ ♣+♦♦❢ ✇❡ ✉&❡ %❤❡ &❛♠❡ ♥♦%❛%✐♦♥ ❛& ✐♥ %❤❡ ♣+♦♦❢ ♦❢ ▲❡♠♠❛ ❱■✳✸✳✷✳ ❲❡ ✜+&%

❛❞❞+❡&& %❤❡ ♥♦♥♥❡❣❛%✐✈✐%②✳ ❲✐%❤ %❤❡ &❛♠❡ ❧✐♥❡ ♦❢ ❛+❣✉♠❡♥%& ❛& ✐♥ %❤❡ ♣+♦♦❢ ♦❢ ▲❡♠♠❛ ❱■✳✸✳✷

✇❡ ❞❡❞✉❝❡ %❤❛% %❤❡ ❢✉♥❝%✐♦♥ ✐♥ ✭❱■✳✷✻✮ ✐& ♥♦♥♥❡❣❛%✐✈❡ ✐❢

1− y21 ≥ 1

(1 + 2y1)2p+1
.

❚❤❡ ❛❜♦✈❡ ✐♥❡1✉❛❧✐%② ❤♦❧❞& ❢♦+ p ≥ 1 ✇❤❡♥❡✈❡+

0 ≤ y1 ≤ 1− 1

24p
= y∗1,p. ✭❱■✳✷✽✮

■♥ ✈✐❡✇ ♦❢ ✭❱■✳✷✷✮ ❛♥❞ ✭❱■✳✷✼✮✱ %❤✐& ✐& ❡1✉✐✈❛❧❡♥% %♦ 0 ≤ ω ≤ ω∗
p✳

❲❡ ♥♦✇ ♣+♦✈❡ %❤❡ ❝♦♥❝❛✈✐%②✳ ❙✐♠✐❧❛+❧② %♦ ✭❱■✳✷✺✮✱ ✇❡ ❤❛✈❡

R′′
1,p+1(ω)−R′′

1,p(ω) = A1 +B1 − C1 −D1,

✇❤❡+❡

A1 = 2y2p−1
1 (y′1)

2
[
p(2p+ 1)− (p+ 1)(2p+ 3)y21

]
, B1 = y2p1 y

′′
1

[
2p+ 1− (2p+ 3)y21

]
,

C1 = 2z2p−1
1 (z′1)

2
[
p(2p+ 1)− (p+ 1)(2p+ 3)z21

]
, D1 = z2p1 z

′′
1

[
2p+ 1− (2p+ 3)z21

]
.

❙✐♥❝❡ 0 ≤ z1 ≤ 1
3 ✇❡ ❤❛✈❡

p(2p+ 1)− (p+ 1)(2p+ 3)z21 > 0, 2p+ 1− (2p+ 3)z21 > 0.

▼♦+❡♦✈❡+✱ ❢♦+ y1 ≥ y∗1,p✱

p(2p+ 1)− (p+ 1)(2p+ 3)y21 < 0, 2p+ 1− (2p+ 3)y21 < 0.

✶✹✽



❱■✳✸✳ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

❍❡♥❝❡✱ A1 < 0 ❛♥❞ C1 > 0 ❢♦% ω ∈ [ω∗
p,

π
2 ]✳ ■♥ )❤❡ ❢♦❧❧♦✇✐♥❣✱ ❢♦% ω ∈ [ω∗

p,
π
2 ]✱ ✇❡ ♣%♦✈❡ )❤❛)

B1 ≤ D1✱ ♦% ❡<✉✐✈❛❧❡♥)❧②

2p+ 1− (2p+ 3)y21
2p+ 1− (2p+ 3)z21

≤
(
z1
y1

)2p z′′1
y′′1
.

❇② ✭❱■✳✷✸✮ )❤✐( ✐( ❡<✉✐✈❛❧❡♥) )♦

(2p+ 3)y21 − (2p+ 1)

2p+ 1− (2p+ 3)z21
≥ 1

(1 + 2y1)2p+3
.

❙✐♥❝❡

(2p+ 3)y21 − (2p+ 1)

2p+ 1− (2p+ 3)z21
≥ (2p+ 3)y21 − (2p+ 1)

2p+ 1− (2p+ 1)z21
=

(
2p+ 3

2p+ 1
y21 − 1

)
1

1− z21
≥ 2p+ 3

2p+ 1
y21 − 1,

✐) (✉✣❝❡( )♦ ♣%♦✈❡ )❤❛)✱ ❢♦% ω ∈ [ω∗
p,

π
2 ]✱

2p+ 3

2p+ 1
y21 − 1 ≥ 1

(1 + 2y1)2p+3
. ✭❱■✳✷✾✮

◆♦)❡ )❤❛) )❤❡ ❧❡❢)✲❤❛♥❞ (✐❞❡ ✐♥ ✭❱■✳✷✾✮ ✐( ♠♦♥♦)♦♥❡ ✐♥❝%❡❛(✐♥❣ ✇❤✐❧❡ )❤❡ %✐❣❤)✲❤❛♥❞ (✐❞❡ ✐(

♠♦♥♦)♦♥❡ ❞❡❝%❡❛(✐♥❣✳ ❚❤✉(✱ )❤❡ ♦❜(❡%✈❛)✐♦♥ )❤❛) )❤❡ ✐♥❡<✉❛❧✐)② ✭❱■✳✷✾✮ ❤♦❧❞( ❢♦% y1 = y∗1,p ❛♥❞

p ≥ 1 ❝♦♥❝❧✉❞❡( )❤❡ ♣%♦♦❢✳

▲❡♠♠❛ ❱■✳✸✳✹✳ ❋♦" p ≥ 1 ❛♥❞ ω ∈ [0, π2 ] ✇❡ ❤❛✈❡

1 + (p+ 1)
∑

k≥1

Rk,p+1(ω)− p
∑

k≥1

Rk,p(ω) ≥ 0. ✭❱■✳✸✵✮

*"♦♦❢✳ ❆((✉♠❡ ω ∈ [0, π2 ]✳ ❲❤❡♥ )❛❦✐♥❣ )❤❡ ❞❡%✐✈❛)✐✈❡ ♦❢ Rk,p✱

R′
k,p(ω) = (2p+ 1)

[(
ω

kπ + ω

)2p kπ

(kπ + ω)2
−

(
ω

kπ − ω

)2p kπ

(kπ − ω)2

]
≤ 0, ✭❱■✳✸✶✮

✇❡ (❡❡ )❤❛) Rk,p(ω) ✐( ❛ ♠♦♥♦)♦♥❡ ❞❡❝%❡❛(✐♥❣ ❢✉♥❝)✐♦♥ ✇✐)❤ Rk,p(0) = 0✳ ■♥ ❛❞❞✐)✐♦♥✱

∑

k≥1

Rk,p

(π
2

)
=

∑

k≥1

[
1

(2k + 1)2p+1
− 1

(2k − 1)2p+1

]
= −1, ✭❱■✳✸✷✮

(♦

1 +
∑

k≥1

Rk,p+1(ω) ≥ 1 +
∑

k≥1

Rk,p

(π
2

)
= 0. ✭❱■✳✸✸✮

■♥ )❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ♣%♦✈❡ )❤❛) )❤❡ (✉♠ ♦❢ )❤❡ %❡♠❛✐♥✐♥❣ )❡%♠( ✐♥ ✭❱■✳✸✵✮ ✐( ♥♦♥♥❡❣❛)✐✈❡ ❛(

✇❡❧❧✱ ✐✳❡✳✱

p
∑

k≥1

[Rk,p+1(ω)−Rk,p(ω)] ≥ 0.

❋%♦♠ ▲❡♠♠❛( ❱■✳✸✳✷ ❛♥❞ ❱■✳✸✳✸ ✐) ❢♦❧❧♦✇( )❤❛) )❤✐( ✐( )%✉❡ ❢♦% ω ∈ [0, ω∗
p]✳ ❚❤❡%❡❢♦%❡✱ ✐) %❡♠❛✐♥(

)♦ (❤♦✇ )❤❛)

Sp(ω) =
∑

k≥2

[Rk,p+1(ω)−Rk,p(ω)] ≥ R1,p(ω)−R1,p+1(ω), ω ∈
[
ω∗
p,
π

2

]
. ✭❱■✳✸✹✮

✶✹✾



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❚♦ "❤✐% ❡♥❞✱ ✇❡ ✜,%" ❞❡❞✉❝❡ ❢,♦♠ ✭❱■✳✸✷✮ "❤❛"

∑

k≥1

[
Rk,p+1

(π
2

)
−Rk,p

(π
2

)]
= 0,

✐♠♣❧②✐♥❣

Sp

(π
2

)
= R1,p

(π
2

)
−R1,p+1

(π
2

)
=

1

32p+1
− 1

32p+3
≥ 0.

▼♦,❡♦✈❡,✱ ❢,♦♠ ✭❱■✳✸✶✮ ✇❡ ❣❡"

R′
k,p

(π
2

)
= (2p+ 1)

4k

π

[
1

(2k + 1)2p+2
− 1

(2k − 1)2p+2

]
,

✇❤✐❝❤ ❣✐✈❡%

✶

S′
p

(π
2

)
= R′

2,p+1

(π
2

)
−R′

2,p

(π
2

)
+

∑

k≥3

[
R′

k,p+1

(π
2

)
−R′

k,p

(π
2

)]

≤ 16(p+ 1)

32p+2π
+

4

π

∑

k≥3

[
(2p+ 3)k

(2k + 1)2p+4
+

(2p+ 1)k

(2k − 1)2p+2

]

≤ 16(p+ 1)

32p+2π
+

12

5π

∑

k≥3

[
2p+ 3

(2k + 1)2p+3
+

2p+ 1

(2k − 1)2p+1

]

≤ 16(p+ 1)

32p+2π
+

12

5π

∫ +∞

2

[
2p+ 3

(2κ+ 1)2p+3
+

2p+ 1

(2κ− 1)2p+1

]
dκ

=
16(p+ 1)

32p+2π
+

6

5π

[
2p+ 3

2(p+ 1) 52p+2
+

2p+ 1

2p 32p

]

≤ p+ 1

32p−1π
= mp.

❋,♦♠ ▲❡♠♠❛ ❱■✳✸✳✷ ✐" ❢♦❧❧♦✇% "❤❛" Sp(ω) ✐% ❝♦♥✈❡① ♦♥ [0, π2 ]✱ %♦

Sp(ω) ≥
(
ω − π

2

)
mp + Sp

(π
2

)
= Tp(ω). ✭❱■✳✸✺✮

❚❤❡ %",❛✐❣❤" ❧✐♥❡ Tp(ω) ✈❛♥✐%❤❡% ❛"

ω̂p =
π

2
− Sp

(π
2

) 1

mp
=
π

2
−

(
1

32p+1
− 1

32p+3

)
32p−1π

p+ 1
=
π

2
− 8π

81(p+ 1)
,

❛♥❞

ω̂p =
π

2

(
1− 16

81(p+ 1)

)
< ω∗

p.

❋,♦♠ ▲❡♠♠❛ ❱■✳✸✳✸ ✇❡ ❦♥♦✇ "❤❛" R1,p(ω)−R1,p+1(ω) ✐% ❝♦♥✈❡① ♦♥ [ω∗
p,

π
2 ]✱ ❛♥❞ %♦

R1,p(ω)−R1,p+1(ω) ≤ Tp(ω), ω ∈
[
ω∗
p,
π

2

]
. ✭❱■✳✸✻✮

❚❤❡%❡ ❢✉♥❝"✐♦♥% ❛,❡ ✐❧❧✉%",❛"❡❞ ✐♥ ❋✐❣✉,❡ ❱■✳✶✳ ❇② ❝♦♠❜✐♥✐♥❣ ✭❱■✳✸✺✮ ❛♥❞ ✭❱■✳✸✻✮✱ ✇❡ ❣❡" ✭❱■✳✸✹✮✳

❲❡ ❛,❡ ♥♦✇ ,❡❛❞② "♦ ♣,♦✈❡ ❚❤❡♦,❡♠ ■❱✳✷✳✷✳

✶

❚❤❡ ❡#✉❛❧✐(② ❤♦❧❞, ❞✉❡ (♦ (❤❡ ✉♥✐❢♦/♠ ❝♦♥✈❡/❣❡♥❝❡ ♦❢ (❤❡ ,❡/✐❡,✳

✶✺✵



❱■✳✸✳ $%♦♦❢( ♦❢ )❤❡ )❤❡♦%❡♠( ()❛)❡❞ ✐♥ ❙❡❝)✐♦♥ ■❱✳✷ ♦❢ ❈❤❛♣)❡% ■❱

0 π/8 π/4 3π/8 π/2
−0.2

−0.15

−0.1

−0.05

0

0.05

❋✐❣✉$❡ ❱■✳✶✿ ●$❛♣❤/ ♦❢ S1(ω) ✭❜❧❛❝❦✮✱ R1,1(ω)−R1,2(ω) ✭❜❧✉❡✮✱ ❛♥❞ T1(ω) ✭$❡❞✮✳ ❚❤❡ ✈❛❧✉❡ ω
∗
1 ✐/ ♠❛$❦❡❞ ✇✐?❤ ❛

$❡❞ ❞♦?✳

 !♦♦❢ ♦❢ ❚❤❡♦!❡♠ ■❱✳✷✳✷✳ ❆((✉♠❡ θ ∈ [0, π]✳ ❋%♦♠ ❬✺✷✱ ▲❡♠♠❛ ❆✳✷❪ ✇❡ ❦♥♦✇ )❤❛) g′p(θ) ≤ 0✳ ✷

▼♦%❡♦✈❡%✱ ❜② ✭■❱✳✶✻✮✕✭■❱✳✶✼✮ ✇❡ ❤❛✈❡ gp(θ), fp(θ) ≥ 0 ❛♥❞ fp(θ) = (2−2 cos(θ))gp−1(θ)✳ ❋✐♥❛❧❧②✱

❢%♦♠ )❤❡ ❧♦✇❡% ❜♦✉♥❞ ✐♥ ✭❱■✳✶✺✮ ✇❡ ❞❡❞✉❝❡ )❤❛) fp(θ) ≥ θ2gp(θ)✳ ❚❤❡%❡❢♦%❡✱

e′p(θ) =
f ′p(θ)gp(θ)− fp(θ)g

′
p(θ)

(gp(θ))2
≥
f ′p(θ)− θ2g′p(θ)

gp(θ)

=
2 sin(θ)gp−1(θ) + (2− 2 cos(θ))g′p−1(θ)− θ2g′p(θ)

gp(θ)
.

❚❤✐( ♠❡❛♥( )❤❛)✱ ✐♥ ♦%❞❡% )♦ ♣%♦✈❡ )❤❡ ♠♦♥♦)♦♥✐❝✐)② ♦❢ ep✱ ✐) (✉✣❝❡( )♦ (❤♦✇ )❤❛)

Gp(θ) = 2 sin(θ)gp−1(θ) + (2− 2 cos(θ))g′p−1(θ)− θ2g′p(θ) ≥ 0, θ ∈ [0, π]. ✭❱■✳✸✼✮

❋%♦♠ ✭■❱✳✶✹✮ ✐) ❢♦❧❧♦✇( )❤❛) g′p(0) = g′p(π) = 0 ❢♦% p ≥ 0✱ (♦ )❤❛) Gp(0) = Gp(π) = 0 ❢♦% p ≥ 1✳

■) %❡♠❛✐♥( )♦ ♣%♦✈❡ )❤❡ ✐♥❡N✉❛❧✐)② ✐♥ ✭❱■✳✸✼✮ ❢♦% θ ∈ (0, π)✳

▲❡) ω = θ
2 ∈ (0, π2 )✳ ❋%♦♠ ❬✺✷✱ $%♦♦❢ ♦❢ ▲❡♠♠❛ ❆✳✷❪ ✇❡ ❦♥♦✇ )❤❛)

gp(θ) =
∑

k∈Z

(
sin(ω)

ω + kπ

)2p+2

,

❛♥❞

g′p(θ) = (p+ 1)(sin(ω))2p+1 cos(ω)
∑

k∈Z

[
1

(ω + kπ)2p+2
− tan(ω)

(ω + kπ)2p+3

]
.

❚❤❡%❡❢♦%❡✱ %❡❝❛❧❧✐♥❣ )❤❛) 2 − 2 cos(θ) = 4(sin(ω))2 ❛♥❞ sin(θ) = 2 sin(ω) cos(ω)✱ ✇✐)❤ (♦♠❡

♠❛♥✐♣✉❧❛)✐♦♥( ✇❡ ♦❜)❛✐♥

Gp(θ) = 4(sin(ω))2p+1

(
cos(ω)(p+ 1)

∑

k∈Z

1

(ω + kπ)2p

[
1−

(
ω

ω + kπ

)2
]

+ sin(ω)
∑

k∈Z

1

(ω + kπ)2p+1

[
(p+ 1)

(
ω

ω + kπ

)2

− p

])
.

✭❱■✳✸✽✮

✷

◆♦?❡ ?❤❛? ✐♥ ❬✺✷❪ ?❤❡ ❢✉♥❝?✐♦♥ gp(θ) ✐/ ❞❡♥♦?❡❞ ❜② hp(θ)✳

✶✺✶
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❈♦♥#✐❞❡'✐♥❣ )❤❡ ♣♦#✐)✐✈✐)② ♦❢ )❤❡ ✜'#) #✉♠ ✐♥ ✭❱■✳✸✽✮✱ ✐) #✉✣❝❡# )♦ #❤♦✇ )❤❛)

4(sin(ω))2p+2

ω2p+1

(
1 +

∑

k≥1

(
ω

kπ + ω

)2p+1
[
(p+ 1)

(
ω

kπ + ω

)2

− p

]

−
∑

k≥1

(
ω

kπ − ω

)2p+1
[
(p+ 1)

(
ω

kπ − ω

)2

− p

])
≥ 0.

❚❤✐# ✐♥❡?✉❛❧✐)② ❢♦❧❧♦✇# ❢'♦♠ ✭❱■✳✸✵✮✳

❱■✳✹ $%♦♦❢ ♦❢ (❤❡ ■❣❆ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥5✐♦♥ ❢♦% α = 0

❚❤✐# #❡❝)✐♦♥ ✐# ❞❡✈♦)❡❞ )♦ )❤❡ ♣'♦♦❢ ♦❢ )❤❡ ❢♦❧❧♦✇✐♥❣ )❤❡♦'❡♠✱ )❤❛) ✐#✱ )❤❡ ❡①♣❛♥#✐♦♥ ✭■❱✳✶✽✮ ❢♦'

α = 0 ❛♥❞ j = 1, . . . , Nn,p − (4p− 2)✳

❚❤❡♦&❡♠ ❱■✳✹✳✶✳ ❋♦" ❡✈❡"② p ≥ 3✱ ❡✈❡"② n✱ ❛♥❞ ❡✈❡"② j = 1, . . . , Nn,p − (4p− 2) = n− 3p✱ ✇❡

❤❛✈❡

λj(n
−2L[p]

n ) = ep(θj,n) + E
[p]
j,n,0, ✭❱■✳✸✾✮

✇❤❡"❡✿

❼ -❤❡ ❡✐❣❡♥✈❛❧✉❡2 ♦❢ n−2L
[p]
n ❛"❡ ❛""❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝"❡❛2✐♥❣ ♦"❞❡"✱ λ1(n

−2L
[p]
n ) ≤ . . . ≤ λn+p−2(n

−2L
[p]
n )❀

❼ ep ✐2 -❤❡ ❢✉♥❝-✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭■❱✳✶✺✮❀

❼ h = 1
n ❛♥❞ θj,n = jπ

n = jπh ❢♦" j = 1, . . . , n❀

❼ |E[p]
j,n,0| ≤ C [p]h ❢♦" 2♦♠❡ ❝♦♥2-❛♥- C [p]

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ p✳

:"♦♦❢✳ ❚❤'♦✉❣❤♦✉) )❤✐# ♣'♦♦❢✱ ✇❡ ✇✐❧❧ ✉#❡ )❤❡ #✐♠♣❧✐✜❡❞ ♥♦)❛)✐♦♥# N = N(p, n) ❛♥❞ ρ = 4p− 2✳

▼♦'❡♦✈❡'✱ ✇❡ ✇✐❧❧ ✇'✐)❡ V ⊆sp. C
N
)♦ ✐♥❞✐❝❛)❡ )❤❛) V ✐# ❛ ✈❡❝)♦' #✉❜#♣❛❝❡ ♦❢ CN

✳ ■❢ A ✐# ❛♥

N × N ♠❛)'✐① ❛♥❞ V ⊆sp. C
N
✱ )❤❡ #②♠❜♦❧ A(V ) ✇✐❧❧ ❞❡♥♦)❡ )❤❡ #✉❜#♣❛❝❡ ♦❢ CN

❞❡✜♥❡❞ ❛#

{Ax : x ∈ V }✳ ◆♦)❡ )❤❛) A(V ) ❤❛# )❤❡ #❛♠❡ ❞✐♠❡♥#✐♦♥ ❛# V ✇❤❡♥❡✈❡' A ✐# ✐♥✈❡')✐❜❧❡✳

❲❡ ❦♥♦✇ ❢'♦♠ ❬✶✶✺✱ ❙❡❝)✐♦♥ ✸❪ )❤❛)

TN (fp) = τN (fp) +HN (fp), ✭❱■✳✹✵✮

TN (gp) = τN (gp) +HN (gp), ✭❱■✳✹✶✮

✇❤❡'❡✱ ❢♦' ❛♥② ❝♦#✐♥❡ )'✐❣♦♥♦♠❡)'✐❝ ♣♦❧②♥♦♠✐❛❧ ψ(θ) = ψ0 + 2
∑p

k=1 ψk cos(kθ)✱

❼ τN (ψ) ✐# )❤❡ )❛✉ ♠❛)'✐① ♦❢ ♦'❞❡' N ❣❡♥❡'❛)❡❞ ❜② ψ✱ )❤❛) ✐#✱ )❤❡ ♠❛)'✐① ✐♥ τN (0, 0) ❞❡✜♥❡❞ ❛#

τN (ψ) = QN (0, 0)

(
diag

j=1,...,N
ψ
( jπ

N + 1

))
QN (0, 0);

✶✺✷



❱■✳✹✳ $%♦♦❢ ♦❢ (❤❡ ■❣❆ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥5✐♦♥ ❢♦% α = 0

❼ HN (ψ) ✐5 (❤❡ ❍❛♥❦❡❧ ♠❛(%✐① ❞❡✜♥❡❞ ❛5

HN (ψ) =




ψ2 ψ3 · · · ψp

ψ3 . .
.

... . .
.

ψp

ψp

. .
. ...

. .
.

ψ3

ψp · · · ψ3 ψ2




.

❈♦♥5✐❞❡%✐♥❣ (❤❛( (HN (fp))ij = (HN (gp))ij = 0 ❢♦% 2p ≤ i ≤ N − 2p+ 1 = n− p− 1✱ ✐♥ ✈✐❡✇ ♦❢

✭■❱✳✶✾✮✕✭■❱✳✷✷✮ ✇❡ ❤❛✈❡

n−1K [p]
n = τN (fp) + R̂

[p]
N , ✭❱■✳✹✷✮

nM [p]
n = τN (gp) + Ŝ

[p]
N , ✭❱■✳✹✸✮

✇❤❡%❡ (❤❡ %❛♥❦ ❝♦%%❡❝(✐♦♥5 R̂
[p]
N = HN (fp) +R

[p]
N ❛♥❞ Ŝ

[p]
N = HN (gp) + S

[p]
N 5❛(✐5❢②

(R̂[p]
n )ij = 0, 2p ≤ i ≤ n− p− 1 =⇒ rank(R̂

[p]
N ) ≤ ρ, ✭❱■✳✹✹✮

(Ŝ[p]
n )ij = 0, 2p ≤ i ≤ n− p− 1 =⇒ rank(Ŝ

[p]
N ) ≤ ρ. ✭❱■✳✹✺✮

❙✐♥❝❡ M
[p]
n ✐5 5②♠♠❡(%✐❝ ♣♦5✐(✐✈❡ ❞❡✜♥✐(❡ ❛♥❞ L

[p]
n = (M

[p]
n )−1K

[p]
n ✐5 5✐♠✐❧❛% (♦

(M [p]
n )−1/2K [p]

n (M [p]
n )−1/2,

❜② (❤❡ ♠✐♥✐♠❛① ♣%✐♥❝✐♣❧❡ ❢♦% (❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ ❍❡%♠✐(✐❛♥ ♠❛(%✐❝❡5 ❬✶✸❪ ✇❡ ❤❛✈❡✱ ❢♦% ❡✈❡%②

j = 1, . . . , N ✱

λj(n
−2L[p]

n ) = λj(n
−2(M [p]

n )−1/2K [p]
n (M [p]

n )−1/2)

= max
V⊆sp.C

N

dimV=N−j+1

min
x∈V
x 6=0

n−2x∗(M
[p]
n )−1/2K

[p]
n (M

[p]
n )−1/2x

x∗x

= max
V⊆sp.C

N

dimV=N−j+1

min
y∈(M

[p]
n )−1/2(V )
y 6=0

n−2y∗K
[p]
n y

y∗M
[p]
n y

= max
U⊆sp.C

N

dimU=N−j+1

min
y∈U
y 6=0

y∗(n−1K
[p]
n )y

y∗(nM
[p]
n )y

. ✭❱■✳✹✻✮

▲❡( F ❜❡ (❤❡ 5✉❜5♣❛❝❡ ♦❢ CN
❣❡♥❡%❛(❡❞ ❜② (❤❡ ✉♥✐♦♥ ♦❢ (❤❡ ♥♦♥③❡%♦ ❝♦❧✉♠♥5 ♦❢ R̂

[p]
n ❛♥❞ Ŝ

[p]
n ✳ ❇②

✭❱■✳✹✹✮✕✭❱■✳✹✺✮✱ ✇❡ ❤❛✈❡ dimF ≤ ρ ❛♥❞✱ ❝♦♥5❡P✉❡♥(❧②✱ dimF⊥ ≥ N − ρ✳ ▼♦%❡♦✈❡%✱ ✐❢ U ✐5 ❛♥②

5✉❜5♣❛❝❡ ♦❢ CN
5✉❝❤ (❤❛( dimU = u✱ ✇❡ ❤❛✈❡ dim(U ∩F⊥) = dimU+dimF⊥−dim(U+F⊥) ≥

✶✺✸



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

u + (N − ρ) − N = u − ρ✳ ❚❤✉$✱ ❢♦( j = 1, . . . , N − ρ✱ ❢(♦♠ ✭❱■✳✹✷✮✕✭❱■✳✹✸✮ ❛♥❞ ✭❱■✳✹✻✮ ✇❡

♦❜9❛✐♥

λj(n
−2L[p]

n ) ≤ max
U⊆sp.C

N

dimU=N−j+1

min
y∈U∩F⊥

y 6=0

y∗(τN (fp) + R̂
[p]
n )y

y∗(τN (gp) + Ŝ
[p]
n )y

= max
U⊆sp.C

N

dimU=N−j+1

min
y∈U∩F⊥

y 6=0

y∗τN (fp)y

y∗τN (gp)y

≤ max
W⊆sp.C

N

dimW≥N−(j+ρ)+1

min
y∈W
y 6=0

y∗τN (fp)y

y∗τN (gp)y

= max
W⊆sp.C

N

dimW≥N−(j+ρ)+1

min
x∈(τN (gp))1/2(W )

x 6=0

x∗(τN (gp))
−1/2τN (fp)(τN (gp))

−1/2x

x∗x

= max
V⊆sp.C

N

dimV≥N−(j+ρ)+1

min
x∈V
x 6=0

x∗τN (ep)x

x∗x

= max
V⊆sp.C

N

dimV=N−(j+ρ)+1

min
x∈V
x 6=0

x∗τN (ep)x

x∗x

= λj+ρ(τN (ep)) = ep

((j + ρ)π

N + 1

)
, ✭❱■✳✹✼✮

✇❤❡(❡ 9❤❡ ❧❛$9 ❡=✉❛❧✐9② ✐$ ❜❡❝❛✉$❡ ♦❢ 9❤❡ ♠♦♥♦9♦♥✐❝✐9② ♦❢ ep ✭❚❤❡♦(❡♠ ■❱✳✷✳✷✮✳ ❙✐♠✐❧❛(❧②✱ ✉$✐♥❣

❛❣❛✐♥ 9❤❡ ♠✐♥✐♠❛① ♣(✐♥❝✐♣❧❡ ❢♦( ❍❡(♠✐9✐❛♥ ♠❛9(✐❝❡$✱ ❢♦( j = ρ+ 1, . . . , N ✇❡ ♦❜9❛✐♥

λj(n
−2L[p]

n ) = λj(n
−2(M [p]

n )−1/2K [p]
n (M [p]

n )−1/2)

= min
V⊆sp.C

N

dimV=j

max
x∈V
x 6=0

n−2x∗(M
[p]
n )−1/2K

[p]
n (M

[p]
n )−1/2x

x∗x

= min
V⊆sp.C

N

dimV=j

max
y∈(M

[p]
n )−1/2(V )
y 6=0

n−2y∗K
[p]
n y

y∗M
[p]
n y

= min
U⊆sp.C

N

dimU=j

max
y∈U
y 6=0

y∗(n−1K
[p]
n )y

y∗(nM
[p]
n )y

≥ min
U⊆sp.C

N

dimU=j

max
y∈U∩F⊥

y 6=0

y∗(τN (fp) + R̂
[p]
n )y

y∗(τN (gp) + Ŝ
[p]
n )y

= min
U⊆sp.C

N

dimU=j

max
y∈U∩F⊥

y 6=0

y∗τN (fp)y

y∗τN (gp)y

≥ min
W⊆sp.C

N

dimW≥j−ρ

max
y∈W
y 6=0

y∗τN (fp)y

y∗τN (gp)y

= min
W⊆sp.C

N

dimW≥j−ρ

max
x∈(τN (gp))1/2(W )

x 6=0

x∗(τN (gp))
−1/2τN (fp)(τN (gp))

−1/2x

x∗x

✶✺✹
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= min
V⊆sp.C

N

dimV≥j−ρ

max
x∈V
x 6=0

x∗τN (ep)x

x∗x

= min
V⊆sp.C

N

dimV=j−ρ

max
x∈V
x 6=0

x∗τN (ep)x

x∗x

= λj−ρ(τN (ep)) = ep

((j − ρ)π

N + 1

)
. ✭❱■✳✹✽✮

$✉((✐♥❣ (♦❣❡(❤❡% ✭❱■✳✹✼✮ ❛♥❞ ✭❱■✳✹✽✮✱ ✇❡ ❣❡(

ep

((j − ρ)π

N + 1

)
≤ λj(n

−2L[p]
n ) ≤ ep

((j + ρ)π

N + 1

)
, j = ρ+ 1, . . . , N − ρ. ✭❱■✳✹✾✮

❋%♦♠ ✭❱■✳✹✾✮ ✇❡ ✐♠♠❡❞✐❛(❡❧② ♦❜(❛✐♥

∣∣∣∣λj(n−2L[p]
n )− ep

( jπ

N + 1

)∣∣∣∣ ✭❱■✳✺✵✮

≤ max

(∣∣∣∣ep
((j − ρ)π

N + 1

)
− ep

( jπ

N + 1

)∣∣∣∣,
∣∣∣∣ep

((j + ρ)π

N + 1

)
− ep

( jπ

N + 1

)∣∣∣∣
)

≤ ‖e′p‖∞
ρπ

N + 1
≤ ‖e′p‖∞ρπh, j = ρ+ 1, . . . , N − ρ. ✭❱■✳✺✶✮

▼♦%❡♦✈❡%✱ 5✐♥❝❡ (❤❡ ❡✐❣❡♥✈❛❧✉❡5 ♦❢ n−2L
[p]
n ❛%❡ ♣♦5✐(✐✈❡ ✭❜❡❝❛✉5❡ ♦❢ (❤❡ 5✐♠✐❧❛%✐(② ❜❡(✇❡❡♥ L

[p]
n ❛♥❞

(❤❡ 5②♠♠❡(%✐❝ ♣♦5✐(✐✈❡ ❞❡✜♥✐(❡ ♠❛(%✐① (M
[p]
n )−1/2K

[p]
n (M

[p]
n )−1/2

✮ ❛♥❞ ep(0) = 0 = minθ∈[0,π] ep(θ)

✭❜② ✭■❱✳✶✻✮✕✭■❱✳✶✼✮✮✱ ❢♦% j = 1, . . . , ρ ✇❡ ❤❛✈❡

∣∣∣∣λj(n−2L[p]
n )− ep

( jπ

N + 1

)∣∣∣∣ = ✭❱■✳✺✷✮

=





λj(n
−2L[p]

n )− ep

( jπ

N + 1

)
, ✐❢ λj(n

−2L[p]
n )− ep

( jπ

N + 1

)
≥ 0,

ep

( jπ

N + 1

)
− λj(n

−2L[p]
n ), ♦(❤❡%✇✐5❡,

≤





λρ+1(n
−2L[p]

n )− ep

( jπ

N + 1

)
, ✐❢ λj(n

−2L[p]
n )− ep

( jπ

N + 1

)
≥ 0,

ep

( jπ

N + 1

)
, ♦(❤❡%✇✐5❡,

≤





∣∣∣∣λρ+1(n
−2L[p]

n )− ep

((ρ+ 1)π

N + 1

)∣∣∣∣+ ep

((ρ+ 1)π

N + 1

)
− ep

( jπ

N + 1

)
,

✐❢ λj(n
−2L[p]

n )− ep

( jπ

N + 1

)
≥ 0,

ep

( ρπ

N + 1

)
− ep(0), ♦(❤❡%✇✐5❡,

≤





‖e′p‖∞ρπh+ ‖e′p‖∞ρπh, ✐❢ λj(n
−2L[p]

n )− ep

( jπ

N + 1

)
≥ 0,

‖e′p‖∞ρπh, ♦(❤❡%✇✐5❡,

≤2‖e′p‖∞ρπh. ✭❱■✳✺✸✮

❈♦♠❜✐♥✐♥❣ ✭❱■✳✺✵✮ ❛♥❞ ✭❱■✳✺✸✮✱ ✇❡ ♦❜(❛✐♥

∣∣∣∣λj(n−2L[p]
n )− ep

( jπ

N + 1

)∣∣∣∣ ≤ 2‖e′p‖∞ρπh, j = 1, . . . , N − ρ. ✭❱■✳✺✹✮

✶✺✺



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❚♦ ❝♦♥❝❧✉❞❡ (❤❡ ♣+♦♦❢✱ ✇❡ ♥♦(❡ (❤❛( (❤❡ 0(❡♣0✐③❡0 h = 1
n ❛♥❞ H = 1

N+1 ❛+❡ 0✉❝❤ (❤❛(

0 < h−H =
N + 1− n

n(N + 1)
=

p− 1

n(n+ p− 1)
<

p

n2

❛♥❞✱ ❝♦♥0❡3✉❡♥(❧②✱ (❤❡ ❣+✐❞ ♣♦✐♥(0 θj,n = jπh ❛♥❞ Θj,n = jπH 0❛(✐0❢②

0 < θj,n −Θj,n <
pπ

n
, j = 1, . . . , n.

❚❤✉0✱ (❤❡ ✐♥❡3✉❛❧✐(② ✭❱■✳✺✹✮ ②✐❡❧❞0 (❤❡ (❤❡0✐0 ✭❱■✳✸✾✮ ✇✐(❤

|E[p]
j,n,0| = |λj(n−2L[p]

n )− ep(θj,n)| ≤ |λj(n−2L[p]
n )− ep(Θj,n)|+ |ep(Θj,n)− ep(θj,n)|

≤ 2‖e′p‖∞ρπh+ ‖e′p‖∞pπh = C [p]h, j = 1, . . . , N − ρ,

✇❤❡+❡ C [p] = (2ρ+ p)π‖e′p‖∞✳

❱■✳✺ Qp ▲❛❣'❛♥❣✐❛♥ ❋❊▼ ♠❛.'✐① 0②♠❜♦❧ ❢♦' p = 2, 3, 4

❘❡❝❛❧❧ (❤❛( (❤❡ p× p ♠❛(+✐①✲✈❛❧✉❡❞ 0②♠❜♦❧0 ♦❢ K
(p)
n ❛♥❞ M

(p)
n ❛+❡

f(θ) = f̂0 + f̂1e
ιθ + f̂T1 e

−ιθ

❛♥❞

g(θ) = ĝ0 + ĝ1e
ιθ + ĝT

1 e
−ιθ

+❡0♣❡❝(✐✈❡❧②✳ ❚❤❡ ❞❡(❛✐❧❡❞ ❡①♣+❡00✐♦♥0 ♦❢ f̂0✱ f̂1 ❛♥❞ ĝ0✱ ĝ1 ❢♦+ (❤❡ ♣❛+(✐❝✉❧❛+ ❞❡❣+❡❡0 p = 2, 3, 4

❛+❡ ❣✐✈❡♥ ❜❡❧♦✇✳

❋♦+ p = 2✱

f̂0 =
1

3

[
16 −8

−8 14

]
, f̂1 =

1

3

[
0 −8

0 1

]
,

ĝ0 =
1

30

[
16 2

2 8

]
, ĝ1 =

1

30

[
0 2

0 −1

]
.

❋♦+ p = 3✱

f̂0 =
1

40




432 −297 54

−297 432 −189

54 −189 296


 , f̂1 =

1

40



0 0 −189

0 0 54

0 0 −13


 ,

ĝ0 =
1

1680



648 −81 −36

−81 648 99

−36 99 256


 , ĝ1 =

1

1680



0 0 99

0 0 −36

0 0 19


 .

✶✺✻



❱■✳✻✳ $%♦♦❢ ♦❢ (❤❡ ❜❧♦❝❦ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥7✐♦♥ ❢♦% α = 0

❋♦% p = 4✱

f̂0 =
1

945




16640 −14208 5888 −1472

−14208 22320 −14208 3048

5888 −14208 16640 −6848

−1472 3048 −6848 9850


 , f̂1 =

1

945




0 0 0 −6848

0 0 0 3048

0 0 0 −1472

0 0 0 347


 ,

ĝ0 =
1

5670




1792 −384 256 56

−384 1872 −384 −174

256 −384 1792 296

56 −174 296 584


 , ĝ1 =

1

5670




0 0 0 296

0 0 0 −174

0 0 0 56

0 0 0 −29


 .

❱■✳✻ $%♦♦❢ ♦❢ (❤❡ ❜❧♦❝❦ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥7✐♦♥ ❢♦% α = 0

❚❤❡♦$❡♠ ❱■✳✻✳✶✳ ▲❡" s > 1✱ N = N(n, s) = sn ❛♥❞ f ❜❡ ❛♥ ❍❡)♠✐"✐❛♥ ♠❛")✐①✲✈❛❧✉❡❞ ")✐❣♦♥♦✲

♠❡")✐❝ ♣♦❧②♥♦♠✐❛❧ ✭❍❚8✮ ✇✐"❤ ❋♦✉)✐❡) ❝♦❡✣❝✐❡♥"> f̂0, f̂1, . . . , f̂m ∈ Rs×s
✳ ❙✉♣♣♦>❡ "❤❛" f ✐> ♦❢ "❤❡

❢♦)♠

f(θ) =

m∑

k=−m

f̂ke
ιkθ = f̂0 +

m∑

k=1

(
f̂ke

ιkθ + f̂Tk e
−ikθ

)
, m = deg (f(θ)) ∈ N,

>✉❝❤ "❤❛"

f̂−k =f̂Tk k = 0, . . . ,m. ✭❱■✳✺✺✮

❙✉♣♣♦>❡ "❤❛" "❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝"✐♦♥> ♦❢ f ✱ λ(q)(f) : [0, π] → Rs×s
✱ q = 1, . . . , s✱ ❛)❡ ♠♦♥♦"♦♥❡

♦♥ [0, π] ❛♥❞ >✉❝❤ "❤❛"

max
θ∈[0,π]

λ(q)(f) < min
θ∈[0,π]

λ(q+1)(f) ✭❱■✳✺✻✮

q = 1, . . . , s− 1✱ "❤❡♥✱ ✜①❡❞ q ∈ {1, . . . , s}✱
∣∣∣λγ(Tn(f))− λ(q) (f (θj,n))

∣∣∣ ≤ Ch ✭❱■✳✺✼✮

∀n✱ ❢♦) j = 1, . . . , n✱ ❛♥❞ γ = γ(q, j) = (q − 1)n+ j✱ ✇❤❡)❡

❼ λγ(Tn(f))✱ γ ∈ {1, . . . , N}✱ ❛)❡ "❤❡ ❡✐❣❡♥✈❛❧✉❡> ♦❢ Tn(f)✱ >✉❝❤ "❤❛"✱ ❢♦) ❛ ✜①❡❞ q̄ ∈
{1, . . . , s}✱ λ(q̄−1)n+j(Tn(f)) ❛)❡ ❛))❛♥❣❡❞ ✐♥ ♥♦♥ ❞❡❝)❡❛>✐♥❣ ♦) ♥♦♥ ✐♥❝)❡❛>✐♥❣ ♦)❞❡)✱ ❞❡✲

♣❡♥❞✐♥❣ ♦♥ ✇❤❡"❤❡) λ(q̄)(f) ✐> ✐♥❝)❡❛>✐♥❣ ♦) ❞❡❝)❡❛>✐♥❣✳

❼ h = 1
n+1 ❛♥❞ θj,n = jπ

n+1 = jπh✱ j = 1, . . . , n❀

8)♦♦❢✳ ❋♦% (❤❡ 7❛❦❡ ♦❢ 7✐♠♣❧✐❝✐(②✱ ✇❡ ❛77✉♠❡ (❤❛( ❢♦% q = 1, . . . , s✱ λ(q)(f) ✐7 ♠♦♥♦(♦♥❡ ♥♦♥

❞❡❝%❡❛7✐♥❣ ✭(❤❡ ♦(❤❡% ❝❛7❡7 ❤❛✈❡ ❛ 7✐♠✐❧❛% ♣%♦♦❢✮✳

◆♦(✐❝❡ (❤❛( (❤❡ ❝♦♥❞✐(✐♦♥7 ♦♥ f ✐♠♣❧② (❤❛( (❤❡ N × N ❜❧♦❝❦ ❚♦❡♣❧✐(③ ♠❛(%✐① ❣❡♥❡%❛(❡❞ ❜② f ✱

Tn(f)✱ ✐7 ❍❡%♠✐(✐❛♥ ♣♦7✐(✐✈❡ ❞❡✜♥✐(❡ 7♦ ✇❡ ❝❛♥ ♦%❞❡% ✐(7 ❡✐❣❡♥✈❛❧✉❡7 ✐♥ ♥♦♥ ❞❡❝%❡❛7✐♥❣ ♦%❞❡% ♦❢

❛7 ❢♦❧❧♦✇7

{{
λ(q−1)n+j(Tn(f))

}n

j=1

}s

q=1
✭❱■✳✺✽✮

✶✺✼



❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❲❡ "❡♠❛"❦ ❢"♦♠ (❤❡ "❡❧❛(✐♦♥ ■✳✶✸ ♦❢ ❙❡❝(✐♦♥ ■✳✺ (❤❛(

Tn(f) = τN (f) +HN (f), ✭❱■✳✺✾✮

✇❤❡"❡✱ ❢♦" ψ ✭❍❚<✮ ♦❢ ❞❡❣"❡❡ m ❛♥❞ ♦"(❤♦❣♦♥❛❧ Q =
(√

2
n+1 sin

(
ijπ
n+1

))n

i,j=1
✱ τN (ψ) ✐? (❤❡

❢♦❧❧♦✇✐♥❣ τ ♠❛("✐① ❬✶✹❪ ♦❢ ?✐③❡ N ❣❡♥❡"❛(❡❞ ❜② ψ

τN (ψ) = (Q⊗ Is) diag
1≤j≤n

(
ψ

(
jπ

n+ 1

))
(Q⊗ Is), Q = QT = Q−1,

✇❤❡"❡ HN (ψ) ✐? (❤❡ ❍❛♥❦❡❧ ♠❛("✐① ❛??♦❝✐❛(❡❞ (♦ ψ ✇✐(❤ ν := ν(s,m) = rank(HN (ψ)) ≤ 2s(m−
1)✳

❋♦" q = 1, . . . , s✱ j = 1, . . . , n✱ ?❡((✐♥❣ γ = (q − 1)n+ j✱ ✇❡ ✜♥❞

λγ(τN (f)) = λ(q)
(
f

(
jπ

n+ 1

))
. ✭❱■✳✻✵✮

◆♦(❡ (❤❛( Tn(f) ✐? ?✐♠✐❧❛" (♦ (❤❡ ♠❛("✐①

T̃n(f) = (Q⊗ Is)Tn(f)(Q⊗ Is)

= diag
1≤j≤n

(
f

(
jπ

n+ 1

))
+ (Q⊗ Is)HN (f)(Q⊗ Is)

= diag
1≤j≤n

(
f

(
jπ

n+ 1

))
+ H̃ν ,

✇✐(❤ rank(H̃ν) = ν✱ ?♦ Tn(f) ❛♥❞ T̃n(f) ❤❛✈❡ (❤❡ ?❛♠❡ ❡✐❣❡♥✈❛❧✉❡?✳

❯?✐♥❣ (❤❡ ▼✐♥▼❛① ?♣❡❝("❛❧ ❝❤❛"❛❝(❡"✐③❛(✐♦♥ ❢♦" ❍❡"♠✐(✐❛♥ ♠❛("✐❝❡? ❬✶✸❪✱ ✇❡ ♦❜(❛✐♥✱ ❢♦"

γ = (q − 1)n+ j ∈ {ν + 1, . . . , N − ν}✱

λγ−ν(τN (f)) = λ(q)
(
f

(
(j − ν)π

n+ 1

))
≤ λγ(Tn(f)) ≤ λγ+ν(τN (f)) = λ(q)

(
f

(
(j + ν)π

n+ 1

))
.

✭❱■✳✻✶✮

❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥? λ(q)(f) ❛"❡ ♠♦♥♦(♦♥❡ ♥♦♥ ❞❡❝"❡❛?✐♥❣ ❢✉♥❝(✐♦♥ ?♦ ✇❡ ❤❛✈❡✱ ∀n ❛♥❞ ❢♦"
γ = (q − 1)n+ j ∈ {ν + 1, . . . , N − ν}✱

λγ(Tn(f))− λ(q)
(
f

(
jπ

n+ 1

))
≤ λ(q)

(
f

(
(j + ν)π

n+ 1

))
− λ(q)

(
f

(
jπ

n+ 1

))
=

=
(
λ(q)(f(θ̄))

)′ νπ

n+ 1
≤

∥∥∥∥
(
λ(q)(f)

)′
∥∥∥∥
∞

νπ

n+ 1
,

✭❱■✳✻✷✮

✇✐(❤ θ̄ ∈
(

jπ
n+1 ,

(j+ν)π
n+1

)
❛♥❞

λγ(Tn(f))− λ(q)
(
f

(
jπ

n+ 1

))
≥ λ(q)

(
f

(
(j − ν)π

n+ 1

))
− λ(q)

(
f

(
jπ

n+ 1

))
≥

≥ −
∥∥∥∥
(
λ(q)(f)

)′
∥∥∥∥
∞

νπ

n+ 1
.

✭❱■✳✻✸✮

✶✺✽



❱■✳✻✳ $%♦♦❢ ♦❢ (❤❡ ❜❧♦❝❦ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥7✐♦♥ ❢♦% α = 0

❇② 7❡((✐♥❣ C =
∥∥∥
(
λ(q)(f)

)′∥∥∥
∞
νπ✱ ❢♦% γ = (q − 1)n+ j ∈ {ν + 1, . . . , N − ν}✱ ✇❡ ♦❜(❛✐♥

∣∣∣∣λγ(Tn(f))− λ(q)
(
f

(
jπ

n+ 1

))∣∣∣∣ ≤ Ch. ✭❱■✳✻✹✮

❋✉%(❤❡%♠♦%❡✱ ❢%♦♠ ❬✹✼❪ ∀ γ = 1, . . . , N ✱ ✇❡ ❦♥♦✇ (❤❛(

mf ≤ λγ(Tn(f)) ≤Mf ,

✇❤❡%❡

mf = min
θ∈[0,π]

(
λ(1)(f(θ))

)
; Mf = max

θ∈[0,π]

(
λ(s)(f(θ))

)
,

✇✐(❤ 7(%✐❝( ✐♥❡D✉❛❧✐(✐❡7 (❤❛( ✐7 mf < λγ(Tn(f)) < Mf 7✐♥❝❡✱ ❜② (❤❡ ❛77✉♠♣(✐♦♥7✱ (❤❡ ❡①(%❡♠❡

❡✐❣❡♥✈❛❧✉❡ ❢✉♥❝(✐♦♥7 ❛%❡ ♥♦( ❝♦♥7(❛♥(✳ ❍❡♥❝❡ ❢♦% N − ν < γ ≤ N

∣∣∣∣λ(s)
(
f

(
jπ

n+ 1

))
− λγ(Tn(f))

∣∣∣∣ ≤
∣∣∣∣λ(s)

(
f

(
jπ

n+ 1

))
− λ(s)

(
f

(
nπ

n+ 1

))∣∣∣∣

≤
∣∣∣∣
(
λ(s)

(
f
(
θ̄
)))′

∣∣∣∣
∣∣∣∣
(n− j)π

n+ 1

∣∣∣∣ ,

✇❤❡%❡ θ̄ ∈
(

jπ
n+1 ,

nπ
n+1

)
✳ ■❢ N − ν < γ ≤ N (❤❡♥ |N − ν| < |(s− 1)n+ j| → |n− j| < ν✱ 7♦ (❤❛(

∣∣∣∣λ(s)
(
f

(
jπ

n+ 1

))
− λγ(Tn(f))

∣∣∣∣ ≤
∥∥∥∥
(
λ(s) (f)

)′
∥∥∥∥
∞

νπ

n+ 1
= Ch.

❋♦% 1 ≤ γ < ν + 1

∣∣∣∣λ(1)
(
f

(
jπ

n+ 1

))
− λγ(Tn(f))

∣∣∣∣ ≤
∣∣∣∣λ(1)

(
f

(
jπ

n+ 1

))
− λ(1)

(
f

(
π

n+ 1

))∣∣∣∣

≤
∣∣∣∣
(
λ(1)

(
f
(
θ̄
)))′

∣∣∣∣
∣∣∣∣
(j − 1)π

n+ 1

∣∣∣∣ ,

✇❤❡%❡ θ̄ ∈
(

π
n+1 ,

jπ
n+1

)
✳ ■❢ 1 ≤ γ < ν + 1 (❤❡♥ |j| > |ν + 1| ⇒ |j − 1| < ν✱ 7♦

∣∣∣∣λ(1)
(
f

(
jπ

n+ 1

))
− λγ(Tn(f))

∣∣∣∣ ≤
∥∥∥∥
(
λ(1) (f)

)′
∥∥∥∥
∞

νπ

n+ 1
= Ch.

❍❡♥❝❡ ❢♦% q = 1, . . . , s✱ j = 1, . . . , n✱ γ = (q − 1)n+ j ∈ {1, . . . , N}✱
∣∣∣∣λγ(Tn(f))− λ(q)

(
f

(
jπ

n+ 1

))∣∣∣∣ ≤ Ch.

❘❡♠❛$❦ ✶✷✳ ❲✐"❤ $❡❣❛$❞ "♦ ❚❤❡♦$❡♠ ❱■✳✻✳✶✱ ❢♦$ q = 1, . . . , s✱ "❤❡ ❝❛4❡ ✇❤❡$❡ λ(q)(f) ❛$❡

❜♦✉♥❞❡❞ ❛♥❞ ♥♦♥✲♠♦♥♦"♦♥❡ ✐4 ❛❧♠♦4" ❛♥❛❧♦❣♦✉4✳ ■❢ ✇❡ ❝♦♥4✐❞❡$ λ̂(q)(f)✱ "❤❡ ♠♦♥♦"♦♥❡ ♥♦♥

❞❡❝$❡❛4✐♥❣ $❡❛$$❛♥❣❡♠❡♥" ♦❢ λ(q)(f) ♦♥ [0, π]✱ "❛❦✐♥❣ ✐♥"♦ ❛❝❝♦✉♥" "❤❛" "❤❡ ❞❡$✐✈❛"✐✈❡ ♦❢ λ(q)(f)

❤❛4 ❛" ♠♦4" ❛ ✜♥✐"❡ ♥✉♠❜❡$ S ♦❢ 4✐❣♥ ❝❤❛♥❣❡4✱ ✇❡ ❞❡❞✉❝❡ "❤❛" λ̂(q)(f) ✐4 ▲✐♣4❝❤✐"③ ❝♦♥"✐♥✉♦✉4

❛♥❞ ✐"4 ▲✐♣4❝❤✐"③ ❝♦♥4"❛♥" ✐4 ❜♦✉♥❞❡❞ ❜② ‖
(
λ(q)(f)

)′ ‖∞ ✭♥♦"✐❝❡ "❤❛" λ̂(q)(f) ✐4 ♥♦" ♥❡❝❡44❛$✐❧②
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❈❤❛♣$❡& ❱■✳ ❚❡❝❤♥✐❝❛❧ ❘❡0✉❧$0

❝♦♥#✐♥✉♦✉&❧② ❞✐✛❡,❡♥#✐❛❜❧❡ ❜✉# #❤❡ ❞❡,✐✈❛#✐✈❡ ♦❢ λ̂(q)(f) ❤❛& ❛# ♠♦&# S ♣♦✐♥#& ♦❢ ❞✐&❝♦♥#✐♥✉✐#②✮✳

❋✉,#❤❡,♠♦,❡ #❤❡ ❡✐❣❡♥✈❛❧✉❡& λγ(τN (f))✱ ❛,❡ ❡①❛❝#❧② ❣✐✈❡♥ ❜②

λ(q)
(
f

(
jπ

n+ 1

))
, q = 1, . . . , s j = 1, . . . , n,

&♦ #❤❛#✱ ❜② ♦,❞❡,✐♥❣ #❤❡&❡ ✈❛❧✉❡& ♥♦♥ ❞❡❝,❡❛&✐♥❣❧②✱ ✇❡ ❞❡❞✉❝❡ #❤❛# #❤❡② ❝♦✐♥❝✐❞❡ ✇✐#❤ λ̂(q) (f (xj,n))✱

✇✐#❤ xj,n ♦❢ #❤❡ ❢♦,♠

jπ
n+1(1 + o(1))✳ ❲✐#❤ #❤❡&❡ ♣,❡♠✐&❡&✱ #❤❡ ♣,♦♦❢ ❢♦❧❧♦✇& ❡①❛❝#❧② #❤❡ &❛♠❡

&#❡♣& ❛& ✐♥ ❚❤❡♦,❡♠ ❱■✳✻✳✶✱ ✉&✐♥❣ #❤❡ ▼✐♥▼❛① ❝❤❛,❛❝#❡,✐③❛#✐♦♥ ❛♥❞ #❤❡ ■♥#❡,❧❛❝✐♥❣ #❤❡♦,❡♠ ❢♦,

❍❡,♠✐#✐❛♥ ♠❛#,✐❝❡&✳
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❈♦♥❝❧✉&✐♦♥&

■♥ ♠♦$% ♦❢ %❤❡ ❛♣♣❧✐❝❛%✐♦♥$ %❤❡ ✐♥%❡.❡$% ✐♥ $%✉❞②✐♥❣ %❤❡ $♣❡❝%.❛❧ ♣.♦♣❡.%✐❡$ ♦❢ $%.✉❝%✉.❡❞ ♠❛%.✐①

$❡4✉❡♥❝❡$ ✐$ %✇♦✲❢♦❧❞✳ ■♥ ❢❛❝%✱ ♦♥ ♦♥❡ ❤❛♥❞ %❤❡.❡ ❛.❡ ♣.♦❜❧❡♠$ ✐♥ ✇❤✐❝❤ %❤❡ ✐♥❢♦.♠❛%✐♦♥ ♦♥ %❤❡

❡✐❣❡♥✈❛❧✉❡$ ❛.❡ ✐♥❞✐.❡❝%❧② ✉$❡❢✉❧ ✐♥ ✜♥❞✐♥❣ ❡✣❝✐❡♥%❧② %❤❡ ♥✉♠❡.✐❝❛❧ $♦❧✉%✐♦♥✱ ♦♥ %❤❡ ♦%❤❡. ❤❛♥❞

%❤❡.❡ ❛.❡ $✐%✉❛%✐♦♥$ ✭❢♦. ❡①❛♠♣❧❡✱ %❤✐$ ✐$ %❤❡ ❝❛$❡ ♦❢ ❡✐❣❡♥✈❛❧✉❡ ♣.♦❜❧❡♠$ ❬✹✷✱ ✾✷❪✮ ✇❤❡.❡ %❤❡

❡✐❣❡♥✈❛❧✉❡$ ❤❛✈❡ ❛ ♣❤②$✐❝❛❧ ♠❡❛♥✐♥❣ ♦. .❡♣.❡$❡♥% %❤❡ ❛♣♣.♦①✐♠❛%✐♦♥ ♦❢ ❛ 4✉❛♥%✐%② ♦❢ ✐♥%❡.❡$%✳

❚❤❡$❡ .❡❛$♦♥$✱ ❛♥❞ ♠❛♥② ♦%❤❡.$✱ ♠❛❦❡ %❤❡ .❡$❡❛.❝❤ ♦❢ ♠♦.❡ ❛♥❞ ♠♦.❡ ❡✣❝✐❡♥% ❡✐❣❡♥$♦❧✈❡.$

.❡❧❡✈❛♥% ❛♥❞ %♦♣✐❝❛❧✳

❚❤✐$ %❤❡$✐$ ❢❛❝❡$ ✉♣ %♦ %❤❡ ♠❡♥%✐♦♥❡❞ ❞♦✉❜❧❡ .❡4✉❡$%$ ✇✐%❤ ❛ ❞♦✉❜❧❡ $%.❛%❡❣②✳ ■% ♣.❡$❡♥%$

❜♦%❤ $❡✈❡.❛❧ $%❛♥❞❛.❞ ✐$$✉❡$ %.❡❛%❡❞ ✇✐%❤ ❛ ♥❡✇ ❝❧❛$$ ♦❢ %❡❝❤♥✐4✉❡$✱ ❛♥❞ ❢❡✇ ♥♦✈❡❧ ❝♦♠♣✉%❛%✐♦♥❛❧

♣.♦❜❧❡♠$ ♥❡✈❡. $♦❧✈❡❞ ✇✐%❤ ❝❧❛$$✐❝❛❧ %♦♦❧$✳

■♥ ♣❛.%✐❝✉❧❛. %❤✐$ ✐$ %❤❡ ❝❛$❡ ♦❢ %❤❡ ❈❤❛♣+❡- ■■ ✇❤❡.❡ ❢♦. %❤❡ ✜.$% %✐♠❡ %❤❡ $♣❡❝%.❛❧ ❛♥❛❧②$✐$

✇✐%❤ ●▲❚ %❡❝❤♥✐4✉❡$ ✐$ ❛♣♣❧✐❡❞ %♦ %❤❡ .❡❝❡♥% ❞✐$❝.❡%✐③❛%✐♦♥ ❜② %❤❡ ♥♦✈❡❧ ❢❛♠✐❧② ♦❢ ❤✐❣❤ ♦.❞❡.

❛❝❝✉.❛%❡ ❉✐$❝♦♥%✐♥✉♦✉$ ●❛❧❡.❦✐♥ ✭❉●✮ ♠❡%❤♦❞$ ♦♥  !❛❣❣❡%❡❞ ♠❡$❤❡$✳

❖♥ %❤❡ ♦%❤❡. ❞✐.❡❝%✐♦♥✱ ❈❤❛♣+❡- ■■■✱ ■❱✱ ❱ ❛.❡ ❞❡✈♦%❡❞ %♦ ♣.❡$❡♥% ♥❡✇ ❢❛$% ❡①%.❛♣♦❧❛%✐♦♥✕

✐♥%❡.♣♦❧❛%✐♦♥ ♠❡%❤♦❞$ ❢♦. ❝♦♠♣✉%✐♥❣ %❤❡ ❛♣♣.♦①✐♠❛%✐♦♥ ♦❢ %❤❡ $♣❡❝%.✉♠ ♦❢ ❧❛.❣❡ ❚♦❡♣❧✐%③ ❛♥❞

❚♦❡♣❧✐%③✲❧✐❦❡ $❡4✉❡♥❝❡$ ✐♥ ✈❛.✐♦✉$ $❡%%✐♥❣$✳

❚❤❡ ❢✉%✉.❡ ♣✉.♣♦$❡ ✇✐❧❧ ❜❡ %♦ ❝♦♠❜✐♥❡ %❤❡ %✇♦ $%.❛%❡❣② ❛♥❞ ♣.♦✈✐❞❡ ♥❡✇ ✉$❡❢✉❧ %♦♦❧$ %♦ ❞❡❛❧

✇✐%❤ ♥❡✇ ❝♦♠♣✉%❛%✐♦♥❛❧ ♣.♦❜❧❡♠$ ❛♥❞ %❤♦$❡ ❛.✐$✐♥❣ ❢.♦♠ $♦♠❡ .❡❝❡♥% ❞✐$❝.❡%✐③❛%✐♦♥ %❡❝❤♥✐4✉❡$✳

❆ ✜.$% ❛❝❤✐❡✈❡♠❡♥% ❝❛♥ ❜❡ ♦❜%❛✐♥❡❞ ❢.♦♠ %❤❡ ♣♦$$✐❜❧❡ ❢✉%✉.❡ ❞❡✈❡❧♦♣♠❡♥%$ ♦❢ %❤❡ %♦♣✐❝$

%.❡❛%❡❞ ✐♥ ❈❤❛♣+❡- ■■✳

❲❡ ❤❛✈❡ ❤❛✈❡ $%✉❞✐❡❞ ✐♥ ❞❡%❛✐❧ %❤❡ .❡$✉❧%✐♥❣ ✭$%.✉❝%✉.❡❞✮ ♠❛%.✐❝❡$ ❝♦♠✐♥❣ ❢.♦♠ %❤❡ ❞✐$❝.❡%✐③❛✲

%✐♦♥ ❜② $%❛❣❣❡.❡❞ ❉● ♠❡%❤♦❞$ ♦❢ %❤❡ ✐♥❝♦♠♣.❡$$✐❜❧❡ ◆❛✈✐❡.✲❙%♦❦❡$ ❡4✉❛%✐♦♥$✳ ❚❤❡ ❝❧❛$$✐❝❛❧

%❤❡♦.② ♦❢ ❚♦❡♣❧✐%③ ♠❛%.✐❝❡$ ❣❡♥❡.❛%❡❞ ❜② ❛ ❢✉♥❝%✐♦♥ ✭✐♥ %❤❡ ♠♦$% ❣❡♥❡.❛❧ ❜❧♦❝❦✱ ♠✉❧%✐❧❡✈❡❧ ❢♦.♠✮

❛♥❞ %❤❡ ♠♦.❡ .❡❝❡♥% %❤❡♦.② ♦❢ ●▲❚ ♠❛%.✐①✲$❡4✉❡♥❝❡$ ❤❛✈❡ ❜❡❡♥ %❤❡ ❦❡② %♦♦❧$ ❢♦. ❛♥❛❧②③✐♥❣ %❤❡

$♣❡❝%.❛❧ ♣.♦♣❡.%✐❡$ ♦❢ %❤❡ ❝♦♥$✐❞❡.❡❞ ❧❛.❣❡ ♠❛%.✐❝❡$✳ ❲❡ ❤❛✈❡ ♦❜%❛✐♥❡❞ ❛ 4✉✐%❡ ❝♦♠♣❧❡%❡ ♣✐❝%✉.❡

♦❢ %❤❡ $♣❡❝%.❛❧ ♣.♦♣❡.%✐❡$ ♦❢ %❤❡ ✉♥❞❡.❧②✐♥❣ ❧✐♥❡❛. $②$%❡♠$ %❤❛% .❡$✉❧% ❛❢%❡. %❤❡ ❞✐$❝.❡%✐③❛%✐♦♥

♦❢ %❤❡ P❉❊✳ ❚❤✐$ ✐♥❢♦.♠❛%✐♦♥ ❤❛$ ❜❡❡♥ ❡♠♣❧♦②❡❞ ❢♦. ❣✐✈✐♥❣ ❛ ❢♦.❡❝❛$% ♦❢ %❤❡ ❝♦♥✈❡.❣❡♥❝❡ ❤✐$✲

%♦.② ♦❢ %❤❡ ❈● ♠❡%❤♦❞ ❛♥❞ ❢♦. ♣.♦♣♦$✐♥❣ ❛ ❜❛$✐❝✱ $%✐❧❧ ❡✛❡❝%✐✈❡✱ ❙%.❛♥❣✲%②♣❡ ❜❧♦❝❦ ❝✐.❝✉❧❛♥%

♣.❡❝♦♥❞✐%✐♦♥❡. ❛♥❞ ❢♦. ❞❡$✐❣♥✐♥❣ %❤❡ ❡$$❡♥%✐❛❧$ ♦❢ %❤❡ ❚✇♦ ❣.✐❞ %❡❝❤♥✐4✉❡✳

❙%❛.%✐♥❣ ❢.♦♠ %❤❡ ♣.❡❧✐♠✐♥❛.② ✜♥❞✐♥❣$ ✐♥ ❙✉❜$❡❝%✐♦♥ ■■✳✸✳✸ ❛♥❞ ❙✉❜$❡❝%✐♦♥ ■■✳✸✳✹✱ %❤❡ ✉$❡

♦❢ %❤❡$❡ .❡$✉❧%$ ✇✐❧❧ ❜❡ %❤❡ ❣.♦✉♥❞ ❢♦. ❢✉.%❤❡. .❡$❡❛.❝❤ ✐♥ %❤❡ ❞✐.❡❝%✐♦♥ ♦❢ ♥❡✇ ♠♦.❡ ❛❞✈❛♥❝❡❞

%❡❝❤♥✐4✉❡$ ✭✐♥✈♦❧✈✐♥❣ ♣.❡❝♦♥❞✐%✐♦♥✐♥❣✱ ♠✉❧%✐❣.✐❞✱ ♠✉❧%✐✲✐%❡.❛%✐✈❡ $♦❧✈❡.$ ❬✶✶✸❪✮✱ ❜② %❛❦✐♥❣ ✐♥%♦

❛❝❝♦✉♥% ✈❛.✐❛❜❧❡ ❝♦❡✣❝✐❡♥%$✱ ❝♦♠♣.❡$$✐❜✐❧✐%②✱ ❣.❛❞❡❞ ♠❡$❤❡$ ✐♥ ❣❡♦♠❡%.✐❝❛❧❧② ❝♦♠♣❧❡① ❞♦♠❛✐♥$✱

❛♥❞ ✈❛.✐♦✉$ ❜♦✉♥❞❛.② ❝♦♥❞✐%✐♦♥$✳
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❋✉"#❤❡"♠♦"❡ #❤❡"❡ ❛"❡ ♣♦**✐❜❧❡ ♦#❤❡" *✐#✉❛#✐♦♥* ✇❤❡"❡ #❤❡ ♠✉❧#✐❧❡✈❡❧ ❜❧♦❝❦ ♠❛#"✐① *❡4✉❡♥❝❡*

❛"❡ ✐♥✈♦❧✈❡❞ ❛♥❞ #❤❡ ♣"♦♣♦*❡❞ ❛♥❛❧②*✐* ❝♦✉❧❞ ❜❡ *✐♠✐❧❛"❧② ❛♣♣❧✐❡❞✳ ❚❤✐* ✐* #❤❡ ❝❛*❡ ♦❢ #❤❡

*#"✉❝#✉"❡❞ ♠❛#"✐① *❡4✉❡♥❝❡* ❛"✐*✐♥❣ ❢"♦♠ *♦♠❡ ❞✐✛❡"❡♥# <❉❊* ❞✐*❝"❡#✐③❛#✐♦♥✱ ❡✳❣✳✱ #❤❡ ❱✐"#✉❛❧

❊❧❡♠❡♥# ▼❡#❤♦❞*✱ ♦" #❤❡ ♦♣#✐♠❛❧ ❝♦♥#"♦❧ ♣"♦❜❧❡♠* #❤❛# ✇✐❧❧ ❜❡ *✉❜❥❡❝#* ♦❢ ❢✉#✉"❡ ✐♥✈❡*#✐❣❛#✐♦♥✳

❖♥ #❤❡ ♦#❤❡" ❤❛♥❞ #❤❡ *❡❝♦♥❞ ❣♦❛❧ ♦❢ #❤✐* #❤❡*✐* ❤❛✈❡ ❜❡❡♥ #♦ ♣"♦✈✐❞❡ ♥❡✇ #♦♦❧* ❢♦" ❝♦♠♣✉#✐♥❣

#❤❡ *♣❡❝#"✉♠ ♦❢✿

✶✳ ♣"❡❝♦♥❞✐#✐♦♥❡❞ ❜❛♥❞❡❞ *②♠♠❡#"✐❝ ❚♦❡♣❧✐#③ ♠❛#"✐❝❡* ❬✶❪❀

✷✳ ❚♦❡♣❧✐#③✲❧✐❦❡ ♠❛#"✐❝❡*✱ n−1K
[p]
n ✱ nM

[p]
n ✱ n−2L

[p]
n ✱ ❝♦♠✐♥❣ ❢"♦♠ #❤❡ ❇✲*♣❧✐♥❡ ■❣❆ ❛♣♣"♦①✐♠❛✲

#✐♦♥ ♦❢ −u′′ = λu✱ ♣❧✉* ✐#* ♠✉❧#✐✈❛"✐❛#❡ ❝♦✉♥#❡"♣❛"# ❢♦" −∆u = λu ❬✺✽❪❀

✸✳ ❜❧♦❝❦ ❛♥❞ ♣"❡❝♦♥❞✐#✐♦♥❡❞ ❜❧♦❝❦ ❜❛♥❞❡❞ *②♠♠❡#"✐❝ ❚♦❡♣❧✐#③ ♠❛#"✐❝❡* ❬✻✵❪✳

❚❤❡ ♣"♦♣♦*❡❞ ❛❧❣♦"✐#❤♠* ❛"❡ ❜❛*❡❞ ♦♥ #❤❡ ❝❧❛**✐❝❛❧ ❝♦♥❝❡♣# ♦❢ *②♠❜♦❧✱ ❜✉# ✇✐#❤ ❛♥ ✐♥♥♦✲

✈❛#✐✈❡ ✈✐❡✇ ♦♥ #❤❡ ❡""♦"* ♦❢ #❤❡ ❛♣♣"♦①✐♠❛#✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡* ❜② #❤❡ ✉♥✐❢♦"♠ *❛♠♣❧✐♥❣ ♦❢ #❤❡

*②♠❜♦❧✳ ❚❤✐* ♥❡✇ ❛♣♣"♦❛❝❤ ✇❛* ✉*❡❞ ✐♥ #❤❡ ✐♥❞❡♣❡♥❞❡♥# ✇♦"❦* ❬✶✻✱ ✶✼✱ ✶✾❪ ❛♥❞ ❬✻✷❪ ✇❤❡"❡ #❤❡

❛✉#❤♦"* ❝♦♥❥❡❝#✉"❡❞ #❤❡ ❡①✐*#❡♥❝❡ ♦❢ ❛♥ ❛*②♠♣#♦#✐❝ *♣❡❝#"❛❧ ❡①♣❛♥*✐♦♥ ❢♦" ❜❛♥❞❡❞ *②♠♠❡#"✐❝

❚♦❡♣❧✐#③ ♠❛#"✐❝❡*✳ ❋"♦♠ ❛ #❤❡♦"❡#✐❝❛❧ ✈✐❡✇♣♦✐♥# ✐♥ #❤❡ ❈❤❛♣+❡- ❱■ ✇❡ ❤❛✈❡ ♣"♦✈❡❞✱ ❢♦" ❛❧❧ #❤❡

■#❡♠*✱ #❤❡ ✜"*# ♦"❞❡" ❛*②♠♣#♦#✐❝ #❡"♠ ♦❢ #❤❡ ❡①♣❛♥*✐♦♥✱ ✉*✐♥❣ ♣✉"❡❧② ❧✐♥❡❛" ❛❧❣❡❜"❛ #♦♦❧*✳ ❚❤❡

#❤❡♦"❡#✐❝❛❧ ♣"♦♦❢ ♦❢ #❤❡ ❛*②♠♣#♦#✐❝ ❡①♣❛♥*✐♦♥ ❢♦" ❤✐❣❤❡"✲♦"❞❡" α ≥ 1 ✇✐❧❧ ❜❡ ❛ ❢✉#✉"❡ "❡*❡❛"❝❤

❧✐♥❡✳ ❈♦♥*✐❞❡"✐♥❣ #❤❛# #❤❡ ❛*②♠♣#♦#✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥*✐♦♥ ✐♥ ■❣❆ ❝♦♥#❡①# ✐* *#"♦♥❣❧② ❝♦♥♥❡❝#❡❞

✇✐#❤ #❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥*✐♦♥ ❢♦" ♣"❡❝♦♥❞✐#✐♦♥❡❞ ❚♦❡♣❧✐#③ ♠❛#"✐❝❡* ♦❢ ❙❡❝#✐♦♥ ■■■✳✶✱ ❛ ♣"♦♦❢ ♦❢

#❤❡ ❢♦"♠❡" ♠❛② *✉❣❣❡*# #❤❡ ✇❛② #♦ ♣"♦✈❡ #❤❡ ❧❛##❡"✱ ❛♥❞ ✈✐❝❡ ✈❡"*❛✳

❲❡ ❛❧*♦ ❝♦♠♣❧❡♠❡♥# #❤❡ "❡*✉❧#* ♦❢ ❬✺✶✱ ✼✶✱ ✼✷✱ ✼✸✱ ✼✹✱ ✼✻✱ ✼✼❪✱ ♣"♦✈✐♥❣ *❡✈❡"❛❧ ✐♠♣♦"#❛♥#

❛♥❛❧②#✐❝ ♣"♦♣❡"#✐❡* ♦❢ ep(θ)✱ *♣❡❝#"❛❧ *②♠❜♦❧ ♦❢ {n−2L
[p]
n }n✳

❲❡ ❤❛✈❡ ❡①#❡♥❞❡❞ ❢♦" ❛❧❧ ❝♦♥#❡①#* ❛❜♦✈❡ #❤❡ ❡①#"❛♣♦❧❛#✐♦♥ ❛❧❣♦"✐#❤♠ ❜❛*❡❞ ♦♥ #❤❡ ❛*②♠♣#♦#✐❝

❡①♣❛♥*✐♦♥ ❛♥❞ ✇❡ ❤❛✈❡ ❞❡♠♦♥*#"❛#❡❞ #❤❛# #❤❡ *✐♠♣❧❡✲❧♦♦♣ "❡4✉✐"❡♠❡♥# #"❡❛#❡❞ ✐♥ ❬✼✱ ✶✻✱ ✶✼❪✱ ✐♥

*#❛♥❞❛"❞ ❞♦✉❜❧❡ ♣"❡❝✐*✐♦♥ ❝♦♠♣✉#❛#✐♦♥*✱ ✐* ♥♦# ❛ ♣"♦❜❧❡♠ ✇❤❡♥ ✉*✐♥❣ ♦✉" ♣"♦♣♦*❡❞ ❛❧❣♦"✐#❤♠*✳

■♥ ❈❤❛♣+❡- ■■■ ✇❡ ❤❛✈❡ ❝♦♥*✐❞❡"❡❞ #❤❡ ♣"♦❜❧❡♠ ♦❢ ❝♦♠♣✉#✐♥❣ #❤❡ *♣❡❝#"✉♠ ♦❢ #❤❡ *❡4✉❡♥❝❡

♦❢ ♣"❡❝♦♥❞✐#✐♦♥❡❞ ❚♦❡♣❧✐#③ ♠❛#"✐❝❡* {Pn(f, g) = T−1
n (g)Tn(f)}✱ ❢♦" f #"✐❣♦♥♦♠❡#"✐❝ ♣♦❧②♥♦♠✐❛❧✱

g ♥♦♥♥❡❣❛#✐✈❡ ❛♥❞ ♥♦# ✐❞❡♥#✐❝❛❧❧② ③❡"♦ #"✐❣♦♥♦♠❡#"✐❝ ♣♦❧②♥♦♠✐❛❧✳ ▼♦"❡♦✈❡" ✇❡ ❤❛✈❡ *❤♦✇♥

♥✉♠❡"✐❝❛❧ ❡✈✐❞❡♥❝❡* *❤♦✇✐♥❣ #❤❛# *♦♠❡ ♦❢ #❤❡ ❛**✉♠♣#✐♦♥* ♣"♦♣♦*❡❞ ❜② ❇♦❣♦②❛ ❡# ❛❧✳ ❬✶✻✱ ✶✼✱ ✶✾❪

❝❛♥ ❜❡ "❡❧❛①❡❞✳ ❲❡ ❤❛✈❡ ❡①#❡♥❞❡❞ #❤❡ ❡①#"❛♣♦❧❛#✐♦♥ ❛❧❣♦"✐#❤♠ ❢♦" ❝♦♠♣✉#✐♥❣ #❤❡ ❡✐❣❡♥✈❛❧✉❡*

✐♥ #❤✐* *❡##✐♥❣✱ ❤❡"❡ #❤❡ ❦❡② ❤❛* ❜❡❡♥ #❤❡ *❛♠♣❧✐♥❣ ♦❢ #❤❡ ❢✉♥❝#✐♦♥ r = f/g #❤❛# ♣❧❛②* #❤❡ *❛♠❡

"♦❧❡ ❛* f ✐♥ #❤❡ ♥♦♥✲♣"❡❝♦♥❞✐#✐♦♥❡❞ ❝❛*❡✳

❚❤✐* ❣❡♥❡"❛❧✐③❛#✐♦♥ ❤❛✈❡ ♣♦#❡♥#✐❛❧ ❛♣♣❧✐❝❛#✐♦♥ #♦ #❤❡ ❝♦♠♣✉#❛#✐♦♥ ♦❢ #❤❡ *♣❡❝#"✉♠ ♦❢ ❞✐✛❡"✲

❡♥#✐❛❧ ♦♣❡"❛#♦"*✳ ■♥ ❢❛❝#✱ ✉♣ #♦ ❧♦✇ "❛♥❦ ❝♦""❡❝#✐♦♥*✱ ♠❛#"✐❝❡* ♦❢ #❤❡ ❢♦"♠ Pn(f, g) ❛♣♣❡❛" ✐♥ #❤❡

❝♦♥#❡①# ♦❢ #❤❡ *♣❡❝#"❛❧ ❛♣♣"♦①✐♠❛#✐♦♥ ♦❢ ❞✐✛❡"❡♥#✐❛❧ ♦♣❡"❛#♦"* ✐♥ ✇❤✐❝❤ ❛ ❧♦✇ "❛♥❦ ❝♦""❡❝#✐♦♥ ♦❢

Tn(g) ✐* #❤❡ ♠❛** ♠❛#"✐① ❛♥❞ ❛ ❧♦✇ "❛♥❦ ❝♦""❡❝#✐♦♥ ♦❢ Tn(f) ✐* #❤❡ *#✐✛♥❡** ♠❛#"✐①✳

❚❤❡"❡❢♦"❡ ❛ ♣❧❛♥ ❢♦" #❤❡ ❢✉#✉"❡ ❤❛* #♦ ✐♥❝❧✉❞❡✿ #❤❡ ❛♥❛❧②*✐* ♦❢ #❤❡ ♥♦♥✲♠♦♥♦#♦♥❡ ❝❛*❡ ❛♥❞ ✐#*

"❡❧❛#✐♦♥* ✇✐#❤ #❤❡ *#✉❞② ✐♥ ❬✻✸❪ ❢♦" #❤❡ *♣❡❝✐❛❧ ❝❛*❡ ✇❤❡"❡ f(θ) = 2 − 2 cos(ωθ)✱ ω ≥ 2 ✐♥#❡❣❡"✱

❛♥❞ g(θ) = 1❀ #❤❡ ❡①#❡♥*✐♦♥ ♦❢ #❤❡ "❡*✉❧#* ❜② ❬✽❪ #♦ #❤❡ ♣"❡❝♦♥❞✐#✐♦♥❡❞ ❚♦❡♣❧✐#③ ❝❛*❡ ❛♥❞ #❤❡

*#✉❞② ♦❢ ✐#* ❝♦♥♥❡❝#✐♦♥ ✇✐#❤ #❤❡ #"❡❛#❡❞ ❣❡♥❡"❛❧ ❡①♣❛♥*✐♦♥❀ #❤❡ ❡①#❡♥*✐♦♥ ♦❢ #❤❡ ♥✉♠❡"✐❝❛❧ ❛♥❞

#❤❡♦"❡#✐❝❛❧ *#✉❞② #♦ ♣♦**✐❜❧❡ ♦#❤❡" ❝♦♥#❡①#*✳

✶✻✷



❈♦♥❝❧✉&✐♦♥&

❚❤❡ ♣♦%✐'✐✈❡ )❡%✉❧' ♦❢ '❤❡ ♣)❡❝♦♥❞✐'✐♦♥❡❞ ❝❛%❡ ❤❛✈❡ %✉❣❣❡%'❡❞ '❤❛' %❛♠❡ ❦✐♥❞ ♦❢ ❛%②♠♣'♦'✐❝

❡①♣❛♥%✐♦♥ ❤♦❧❞%✱ ❛' ❧❡❛%' ✐♥ '❤❡ ❝♦♥'❡①' ♦❢ '❤❡ ■❣❆ ❛♣♣)♦①✐♠❛'✐♦♥ ♦❢ %❡❝♦♥❞ ♦)❞❡) ❞✐✛❡)❡♥'✐❛❧

♦♣❡)❛'♦)%✳

■♥ ❈❤❛♣+❡- ■❱ ✇❡ ❤❛✈❡ ❢✉)'❤❡) ❡①♣❧♦)❡❞ '❤❡ ❇✲%♣❧✐♥❡ ■❣❆ ❛♣♣)♦①✐♠❛'✐♦♥ ♦❢ '❤❡ ▲❛♣❧❛❝✐❛♥

❡✐❣❡♥✈❛❧✉❡ ♣)♦❜❧❡♠ −∆u = λu ♦✈❡) '❤❡ k✲❞✐♠❡♥%✐♦♥❛❧ ❤②♣❡)❝✉❜❡ (0, 1)k✳ ❲❡ ❤❛✈❡ ♣)♦✈✐❞❡❞ '❤❡

❡①❛❝' ❡✐❣❡♥✈❛❧✉❡✕❡✐❣❡♥✈❡❝'♦) %')✉❝'✉)❡ ♦❢ '❤❡ )❡%✉❧'✐♥❣ ❞✐%❝)❡'✐③❛'✐♦♥ ♠❛')✐❝❡% K
[p]
n ✱ M

[p]
n ✱ ❛♥❞

L
[p]
n ✱ ❢♦) p = 1, 2✳ ❋♦) '❤❡ ❝❛%❡% p ≥ 3 ✇❡ ❤❛✈❡ ♣)♦♣♦%❡❞ ❛ ♣❛)❛❧❧❡❧ ✐♥'❡)♣♦❧❛'✐♦♥✕❡①')❛♣♦❧❛'✐♦♥

❛❧❣♦)✐'❤♠ ❜❛%❡❞ ♦♥ '❤❡ ❛%②♠♣'♦'✐❝ %♣❡❝')❛❧ ❡①♣❛♥%✐♦♥ ❢♦) ❝♦♠♣✉'✐♥❣ '❤❡ ❡✐❣❡♥✈❛❧✉❡% ♦❢ L
[p]
n ✱

❡①❝❧✉❞✐♥❣ '❤❡ ❧❛)❣❡%' noutp = p − 2 + mod(p, 2) ♦✉'❧✐❡)%✳ ❚❤❡ ♣❡)❢♦)♠❛♥❝❡ ♦❢ '❤❡ ❛❧❣♦)✐'❤♠ ❤❛%

❜❡❡♥ ✐❧❧✉%')❛'❡❞ '❤)♦✉❣❤ %❡✈❡)❛❧ ♥✉♠❡)✐❝❛❧ ❡①♣❡)✐♠❡♥'%✳ ❇② ✉%✐♥❣ '❡♥%♦)✲♣)♦❞✉❝' ❛)❣✉♠❡♥'%✱ ✐'

✐% ♣❧❛✐♥ '♦ ❡①'❡♥❞ '❤❡ ✇❤♦❧❡ ❛♥❛❧②%✐% '♦ '❤❡ ❣❡♥❡)❛❧ k✲❞✐♠❡♥%✐♦♥❛❧ %❡''✐♥❣✳

❚❤❡ ♠❛')✐❝❡% ❛)✐%✐♥❣ ❢)♦♠ '❤❡ ❞✐%❝)❡'✐③❛'✐♦♥ ♦❢ ❛ ❧✐♥❡❛) D❉❊ ❜② ❛ ❧✐♥❡❛) ◆✉♠❡)✐❝❛❧ ▼❡'❤♦❞

✭◆▼✮ ✉%✉❛❧❧② ❤❛✈❡ ❛ ❚♦❡♣❧✐'③ ♦) ❚♦❡♣❧✐'③✲❧✐❦❡ %')✉❝'✉)❡✳ ❋♦) ❡①❛♠♣❧❡✱ ✐♥ '❤❡ ❝❛%❡ ♦❢ ❛ ❝♦♥%'❛♥'✲

❝♦❡✣❝✐❡♥' D❉❊✱ '❤❡ ♠❛')✐① %')✉❝'✉)❡ ✐% ♦❢'❡♥ ❛ %♠❛❧❧ ♣❡)'✉)❜❛'✐♦♥ ♦❢ ❛ ♣✉)❡ ❚♦❡♣❧✐'③ %')✉❝'✉)❡✱

✇❤❡)❡❛% ✐♥ '❤❡ ❝❛%❡ ♦❢ ❛ ✈❛)✐❛❜❧❡✲❝♦❡✣❝✐❡♥' D❉❊✱ '❤❡ ♠❛')✐① %')✉❝'✉)❡ ✐% ♦❢'❡♥ '❤❡ %♦✲❝❛❧❧❡❞

●❡♥❡)❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐'③ %')✉❝'✉)❡ ❬✼✻✱ ✼✼✱ ✶✷✺✱ ✶✷✻❪❀ %❡❡ ✐♥ ♣❛)'✐❝✉❧❛) ❬✼✼✱ ❙❡❝'✐♦♥ ✼✳✶❪✳

❍❡♥❝❡ '❤❡ ♥❛'✉)❛❧ W✉❡%'✐♦♥ ✐%✿

✏❉♦ ✇❡ ❤❛✈❡ ❛♥ ❛(②♠♣,♦,✐❝ ❡①♣❛♥(✐♦♥( ❢♦1 ,❤❡ ❡✐❣❡♥✈❛❧✉❡( ♦❢ ❣❡♥❡1✐❝ 5❉❊ ❞✐(❝1❡,✐③❛,✐♦♥

♠❛,1✐❝❡(❄ ✑

❚❤❡ ❝❤❛♣'❡) ❤❛% ♣)♦✈✐❞❡❞ ❛ ♣♦%✐'✐✈❡ ❛♥%✇❡) ✐♥ '❤❡ ❝❛%❡ ✇❤❡)❡ '❤❡ D❉❊ ❛ '❤❡ ▲❛♣❧❛❝✐❛♥

❡✐❣❡♥♣)♦❜❧❡♠ ❛♥❞ '❤❡ ❞✐%❝)❡'✐③❛'✐♦♥ ✐% '❤❡ ❇✲%♣❧✐♥❡ ■❣❆✳ ■' ✐% ❝❧❡❛)✱ ❤♦✇❡✈❡)✱ '❤❛' '❤❡ ♣)❡✈✐♦✉%

W✉❡%'✐♦♥ ♦♣❡♥% '❤❡ ❞♦♦)% '♦ ❛ %❡)✐❡% ♦❢ ♣♦%%✐❜❧❡ ❢✉'✉)❡ )❡%❡❛)❝❤❡%✳ ❍❡♥❝❡ '❤❡ ♣✉)♣♦%❡ ✇✐❧❧ ❜❡

❛%❝❡)'❛✐♥ '❤❡ ❡①✐%'❡♥❝❡ ♦❢ ❛♥ ❛%②♠♣'♦'✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥%✐♦♥ ❢♦) D❉❊ ❞✐%❝)❡'✐③❛'✐♦♥ ♠❛')✐✲

❝❡% ❛♥❞ ❡①♣❧♦✐' '❤✐% ❡①♣❛♥%✐♦♥ ✭✐❢ ❛♥②✮ ❢♦) ❝♦♠♣✉'✐♥❣ '❤❡ ❡✐❣❡♥✈❛❧✉❡% '❤❡♠%❡❧✈❡% '❤)♦✉❣❤ ❢❛%'

✐♥'❡)♣♦❧❛'✐♦♥✕❡①')❛♣♦❧❛'✐♦♥ ♣)♦❝❡❞✉)❡%✳

❆ ❜✐❣ %'❡♣ ❢♦)✇❛)❞ ✐♥ '❤✐% ❞✐)❡❝'✐♦♥ ❤❛% ❜❡❡♥ '❤❡ ❣❡♥❡)❛❧✐③❛'✐♦♥ ♦❢ '❤❡ ♣)♦♣♦%❡❞ '❤❡♦)② '♦ '❤❡

❜❧♦❝❦ ❛♥❞ ♣)❡❝♦♥❞✐'✐♦♥❡❞ ❜❧♦❝❦ ❝♦♥'❡①'✱ ♣)❡%❡♥'❡❞ ✐♥ ❈❤❛♣+❡- ❱✳ ❙♣❡❝✐❛❧ ❛''❡♥'✐♦♥ ❤❛% ❜❡❡♥

❞❡❞✐❝❛'❡ '♦ '❤❡ ❣❡♥❡)❛❧✐③❛'✐♦♥ ♦❢ '❤❡ )❡%✉❧'% ♦❢ ❈❤❛♣+❡-& ■■■✲■❱ ✉♥❞❡) '❤❡ ❛%%✉♠♣'✐♦♥% '❤❛' f

♦❢ ✐% ❛♥ s × s ♠❛')✐①✲✈❛❧✉❡❞ ')✐❣♦♥♦♠❡')✐❝ ♣♦❧②♥♦♠✐❛❧ ✇✐'❤ s ≥ 1✱ ❛♥❞ Tn(f) ✐% '❤❡ ❛%%♦❝✐❛'❡❞

❜❧♦❝❦ ❚♦❡♣❧✐'③ ♠❛')✐①✱ ✇❤♦%❡ %✐③❡ ✐% N(n, s) = sn✳

❋✐)%' ✇❡ ♥✉♠❡)✐❝❛❧❧② ❤❛✈❡ ❞❡)✐✈❡❞ '❤❡ ❝♦♥❞✐'✐♦♥% ✇❤✐❝❤ ❡♥%✉)❡ '❤❡ ❡①✐%'❡♥❝❡ ♦❢ ❛♥ ❛%②♠♣✲

'♦'✐❝ ❡①♣❛♥%✐♦♥ ❢♦) '❤❡ ❡✐❣❡♥✈❛❧✉❡%✱ ❣❡♥❡)❛❧✐③✐♥❣ '❤♦%❡ ❢♦) '❤❡ %❝❛❧❛)✲✈❛❧✉❡❞ %❡''✐♥❣ s = 1✳

❋✉)'❤❡)♠♦)❡✱ ❢♦❧❧♦✇✐♥❣ '❤❡ ♣)♦♣♦%❛❧ ❢♦) s = 1 ✐♥ '❤❡ ♣)❡✈✐♦✉% ❝❤❛♣'❡)%✱ ✇❡ ❤❛✈❡ ❞❡✈✐%❡❞ ❛♥

✐♥'❡)♣♦❧❛'✐♦♥✕❡①')❛♣♦❧❛'✐♦♥ ❛❧❣♦)✐'❤♠ ❢♦) ❝♦♠♣✉'✐♥❣ '❤❡ ❡✐❣❡♥✈❛❧✉❡% ♦❢ ❜❛♥❞❡❞ %②♠♠❡')✐❝ ❜❧♦❝❦

❚♦❡♣❧✐'③ ♠❛')✐❝❡% ✇✐'❤ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❛❝❝✉)❛❝② ❛♥❞ ❛ ❧♦✇ ❝♦♠♣✉'❛'✐♦♥❛❧ ❝♦%'✱ ❛♥❞ ✇❡ ❤❛✈❡ ♣)❡✲

%❡♥'❡❞ %❡✈❡)❛❧ ❡①❛♠♣❧❡% ♦❢ ♣)❛❝'✐❝❛❧ ✐♥'❡)❡%'✳ ❋✉)'❤❡)♠♦)❡ ✇❡ ❤❛✈❡ ♣)♦✈✐❞❡❞ '❤❡ ❡①❛❝' ❢♦)♠✉❧❛❡

❢♦) '❤❡ ❡✐❣❡♥✈❛❧✉❡% ♦❢ '❤❡ ♠❛')✐❝❡% ❝♦♠✐♥❣ ❢)♦♠ '❤❡ Qp ▲❛❣)❛♥❣✐❛♥ ❋✐♥✐'❡ ❊❧❡♠❡♥' ❛♣♣)♦①✐♠❛✲

'✐♦♥ ♦❢ ❛ %❡❝♦♥❞ ♦)❞❡) ❡❧❧✐♣'✐❝ ❞✐✛❡)❡♥'✐❛❧ ♣)♦❜❧❡♠ ❛♥❞ '❤❡ ♣)❡❝♦♥❞✐'✐♦♥❡❞ ❜❧♦❝❦ ♠❛')✐❝❡% ❝♦♠✐♥❣

❢)♦♠ '❤❡ ❝❧❛%%✐❝❛❧ ▲❛❣)❛♥❣✐❛♥ ❋✐♥✐'❡ ❊❧❡♠❡♥' ❛♣♣)♦①✐♠❛'✐♦♥ ♦❢ '❤❡ ❝❧❛%%✐❝❛❧ ❡✐❣❡♥✈❛❧✉❡ ♣)♦❜❧❡♠

❢♦) '❤❡ ▲❛♣❧❛❝✐❛♥ ♦♣❡)❛'♦) ✐♥ ♦♥❡ ❞✐♠❡♥%✐♦♥✳

❚❤❡ ♥❛'✉)❛❧ %'❡♣ ✐♥ ♦)❞❡) '♦ ✐♥✈❡%'✐❣❛'❡ '❤❡ ❡①✐%'❡♥❝❡ ♦❢ ❛♥ ❛%②♠♣'♦'✐❝ ❡✐❣❡♥✈❛❧✉❡ ❡①♣❛♥%✐♦♥

❢♦) ♠❛♥② ♦'❤❡) D❉❊ ❞✐%❝)❡'✐③❛'✐♦♥ ♠❛')✐❝❡% ✇✐❧❧ ❜❡ ❛ ❢❡❛%✐❜❧❡ ❡①'❡♥%✐♦♥ ♦❢ '❤❡ ♣)♦♣♦%❡❞ ❛♣♣)♦❛❝❤

'♦ '❤❡ ♠✉❧'✐❧❡✈❡❧ ❝♦♥'❡①'%✱ ✐♥ ❝❛%❡% ✇❤❡)❡ '❤❡ '❡♥%♦) ♣)♦❞✉❝' ❛)❣✉♠❡♥' ♦❢ ❈❤❛♣+❡- ■❱ ❝❛♥♥♦'

✶✻✸



❈♦♥❝❧✉&✐♦♥&

❜❡ ❡①♣❧♦✐'❡❞✳ ❚❤✐, ✐, ❛ .❡❛❧ ❝❤❛❧❧❡♥❣❡ ❛♥❞ ✇❡ ,'✐❧❧ ❞♦ ♥♦' ❦♥♦✇ ❤♦✇ '♦ .❛❝❡ '❤❡ ♣.♦❜❧❡♠✿ ❤❡.❡ '❤❡

♣.✐♥❝✐♣❛❧ ♦♣❡♥ 6✉❡,'✐♦♥ ❝♦♥❝❡.♥, '❤❡ ❢♦.♠❛❧✐③❛'✐♦♥✱ ✐♥ ❜♦'❤ ,❝❛❧❛. ♦. ❜❧♦❝❦ ❝❛,❡✱ ♦❢ '❤❡ ❛,②♠♣'♦'✐❝

,♣❡❝'.❛❧ ❡①♣❛♥,✐♦♥ ❢♦. k✲❧❡✈❡❧ ♠❛'.✐❝❡,✱ '❤❛' ✐♥ '✉.♥ ❞❡♣❡♥❞, ♦♥ '❤❡ ❧❛❝❦ ♦❢ '❤❡ ♠♦♥♦'♦♥✐❝✐'②

❝♦♥❝❡♣' ❢♦. ❛ k ✈❛.✐❛'❡ ,②♠❜♦❧✳

❚❤❡ ♠❛'.✐❝❡, ♣.♦❞✉❝❡❞ ❜② ♠♦,' '②♣❡, ♦❢ ❞✐,❝.❡'✐③❛'✐♦♥, ♣♦,,❡,, ❛ ,'.✉❝'✉.❡✱ ♥❛♠❡❧② '❤❡② ❛.❡

♦❢'❡♥ ❜❛♥❞❡❞✳ ❆, ,❡❡♥✱ '❤❡ ❧❛''❡. ✐, ,'.♦♥❣❧② .❡❧❛'❡❞ ✇✐'❤ '❤❡ ❝♦♥❝❡♣' ♦❢ '.✐❣♦♥♦♠❡'.✐❝ ♣♦❧②♥♦♠✐❛❧

❣❡♥❡.❛'✐♥❣ ❢✉♥❝'✐♦♥✱ ❛♥❞ '❤✐, ❝❛,❡ ❤❛, ❜❡❡♥ '❤❡ ♠❛✐♥ ♦❜❥❡❝' ♦❢ '❤❡ ♣.❡,❡♥' '❤❡,✐,✳ ❍♦✇❡✈❡.✱ ✇❡

,'.❡,, '❤❛' '❤❡.❡ ❛.❡ ♠❛♥② ♦'❤❡. ❝♦♥'❡①',✱ ,✉❝❤ ❛, ❞✐,❝.❡'✐③❡❞ ❢.❛❝'✐♦♥❛❧✱ ❞✐✛❡.❡♥'✐❛❧ ♦. ✐♥'❡❣.❛❧

♦♣❡.❛'♦., ✇❤❡.❡ '❤❡ ✐♥✈♦❧✈❡❞ ,②♠❜♦❧, ❛.❡ ♥♦' ♦❢ ♣♦❧②♥♦♠✐❛❧ '②♣❡✳

❍❡♥❝❡✱ ♠♦✈❡❞ ❜② ♣.❡❧✐♠✐♥❛.② ♣♦,✐'✐✈❡ .❡,✉❧',✱ ✇❡ ♣❧❛♥ ❛❧,♦ '♦ ❡①'❡♥❞ '❤❡ '❤❡♦.② ❛♥❞ '❤❡
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♦❢ ❈❆❉ ❛♥❞ ❋❊❆✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥2✱ ✷✵✵✾✳ ♣✳ ✼✼✱ ✼✾

❬✹✷❪ ❏✳ ❆✳ ❈♦;;=❡❧❧✱ ❆✳ ❘❡❛❧✐✱ ❨✳ ❇❛③✐❧❡✈2✱ ❛♥❞ ❚✳ ❏✳ ❘✳ ❍✉❣❤❡2✳ ■2♦❣❡♦♠❡;=✐❝ ❛♥❛❧②2✐2

♦❢ 2;=✉❝;✉=❛❧ ✈✐❜=❛;✐♦♥2✳ ❈♦♠♣✉"✳ ▼❡"❤♦❞/ ❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣✳✱ ✶✾✺✭✹✶✮✿✺✷✺✼✕✺✷✾✻✱ ✷✵✵✻✳
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♦❢ C❤0❡❡✲❞✐♠❡♥:✐♦♥❛❧ ✐♥❝♦♠♣0❡::✐❜❧❡ ❘❆◆❙ ❡L✉❛C✐♦♥:✳ ❈♦♠♣✉%✳ ❋❧✉✐❞+✱ ✽✶✿✶✷✷✕✶✸✸✱ ✷✵✶✸✳

♣✳ ✷✼
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❬✹✻❪ ❱✳ ❉❡❧ '0❡C❡✱ ❋✳ ❉✐ ❇❡♥❡❞❡CC♦✱ ▼✳ ❉♦♥❛C❡❧❧✐✱ ❛♥❞ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✳ ❙②♠❜♦❧ ❛♣♣0♦❛❝❤ ✐♥

❛ :✐❣♥❛❧✲0❡:C♦0❛C✐♦♥ ♣0♦❜❧❡♠ ✐♥✈♦❧✈✐♥❣ ❜❧♦❝❦ ❚♦❡♣❧✐C③ ♠❛C0✐❝❡:✳ ❏✳ ❈♦♠♣✉%✳ ❆♣♣❧✳ ▼❛%❤✳✱

✷✼✷✿✸✾✾✕✹✶✻✱ ✷✵✶✹✳ ♣✳ ✈✐✱ ✼

❬✹✼❪ ❋✳ ❉✐ ❇❡♥❡❞❡CC♦✱ ●✳ ❋✐♦0❡♥C✐♥♦✱ ❛♥❞ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✳ ❈✳●✳ '0❡❝♦♥❞✐C✐♦♥✐♥❣ ❢♦0 ❚♦❡♣❧✐C③

▼❛C0✐❝❡:✳ ❈♦♠♣✉%✳ ▼❛%❤✳ ❆♣♣❧✳✱ ✷✺✭✻✮✿✸✸✕✹✺✱ ✶✾✾✸✳ ♣✳ ✺✾✱ ✶✹✷✱ ✶✺✾

❬✹✽❪ ▼✳ ❉♦♥❛C❡❧❧✐✱ ❆✳ ❉♦0♦:C❦❛0✱ ▼✳ ▼❛③③❛✱ ▼✳ ◆❡②C❝❤❡✈❛✱ ❛♥❞ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✳ ❋✉♥❝C✐♦♥✲

❜❛:❡❞ ❜❧♦❝❦ ♠✉❧C✐❣0✐❞ :C0❛C❡❣② ❢♦0 ❛ C✇♦✲❞✐♠❡♥:✐♦♥❛❧ ❧✐♥❡❛0 ❡❧❛:C✐❝✐C②✲C②♣❡ ♣0♦❜❧❡♠✳ ❈♦♠✲

♣✉%✳ ▼❛%❤✳ ❆♣♣❧✳✱ ✼✹✭✺✮✿✶✵✶✺✕✶✵✷✽✱ ✷✵✶✼✳ ♣✳ ✈✐✐✐

❬✹✾❪ ▼✳ ❉♦♥❛C❡❧❧✐✱ ❈✳ ●❛0♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡0:✳ ❘♦❜✉:C ❛♥❞

♦♣C✐♠❛❧ ♠✉❧C✐✲✐C❡0❛C✐✈❡ C❡❝❤♥✐L✉❡: ❢♦0 ■❣❆ ❝♦❧❧♦❝❛C✐♦♥ ❧✐♥❡❛0 :②:C❡♠:✳ ❈♦♠♣✉%✳ ▼❡%❤♦❞+

❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣,❣✳✱ ✷✽✹✿✶✶✷✵✕✶✶✹✻✱ ✷✵✶✺✳ ♣✳ ✼✼
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✽✺✿✶✻✸✾✕✶✻✽✵✱ ✷✵✶✻✳ ♣✳ ✈✐✐✐✱ ✼✼✱ ✶✻✷

❬✺✷❪ ▼✳ ❉♦♥❛C❡❧❧✐✱ ❈✳ ●❛0♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡0:✳ ❙②♠❜♦❧✲❜❛:❡❞

♠✉❧C✐❣0✐❞ ♠❡C❤♦❞: ❢♦0 ●❛❧❡0❦✐♥ ❇✲:♣❧✐♥❡ ■:♦❣❡♦♠❡C0✐❝ ❛♥❛❧②:✐:✳ ❙■❆▼ ❏✳ ◆✉♠❡,✳ ❆♥❛❧✳✱

✺✺✲✶✿✸✶✕✻✷✱ ✷✵✶✼✳ ♣✳ ✼✼✱ ✽✵✱ ✽✹✱ ✽✽✱ ✶✺✶
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♦❢ ♠✉❧C✐❧❡✈❡❧ ❜❧♦❝❦ ❚♦❡♣❧✐C③ :❡L✉❡♥❝❡: ✇✐C❤ ♥♦♥✲❍❡0♠✐C✐❛♥ :②♠❜♦❧:✳ ❖♣❡,✳ ❚❤❡♦,② ❆❞✈✳

❆♣♣❧✳✱ ✷✷✶✿✷✻✾✕✷✾✶✱ ✷✵✶✷✳ ♣✳ ✶✵✻

❬✺✹❪ ▼✳ ❉✉♠❜:❡0 ❛♥❞ ❱✳ ❈❛:✉❧❧✐✳ ❆ :C❛❣❣❡0❡❞ :❡♠✐✲✐♠♣❧✐❝✐C :♣❡❝C0❛❧ ❞✐:❝♦♥C✐♥✉♦✉: ●❛❧❡0❦✐♥
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❬✺✼❪ ❙✳✲❊✳ ❊❦3456♠✳ ▼❛"#✐①✲❧❡)) ▼❡"❤♦❞) ❢♦# ❈♦♠♣✉"✐♥❣ ❊✐❣❡♥✈❛❧✉❡) ♦❢ ▲❛#❣❡ ❙"#✉❝"✉#❡❞ ▼❛✲

"#✐❝❡)✳ :❤✳❉✳ ❚❤❡)✐)✳ '❤❉ 4❤❡3✐3✱ ❯♣♣3❛❧❛ ❯♥✐✈❡53✐4②✱ ✷✵✶✽✳ ♣✳ ①✱ ✶✵✾✱ ✶✸✵

❬✺✽❪ ❙✳✲❊✳ ❊❦3456♠✱ ■✳ ❋✉5❝✐✱ ❈✳ ●❛5♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡53✳ ❆5❡ 4❤❡

❡✐❣❡♥✈❛❧✉❡3 ♦❢ 4❤❡ ❇✲3♣❧✐♥❡ ■❣❆ ❛♣♣5♦①✐♠❛4✐♦♥ ♦❢ −∆u = λu ❦♥♦✇♥ ✐♥ ❛❧♠♦34 ❝❧♦3❡❞ ❢♦5♠❄
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❝❛❧ 5❡♣♦54✱ ✷✵✶✼✲✵✶✻✱ ❉❡♣❛54♠❡♥4 ♦❢ ■♥❢♦5♠❛4✐♦♥ ❚❡❝❤♥♦❧♦❣②✱ ❯♣♣3❛❧❛ ❯♥✐✈❡53✐4②✮✳ ◆✉♠❡#✳

▲✐♥❡❛# ❆❧❣❡❜#❛ ❆♣♣❧✳✱ ✷✺✭✺✮✱ ✷✵✶✽✳ ♣✳ ✈✐✐✐✱ ①✐✐✱ ✷✻✱ ✽✸✱ ✽✽✱ ✾✵✱ ✾✶✱ ✶✵✾✱ ✶✶✵✱ ✶✶✷✱ ✶✶✸✱ ✶✻✷

❬✺✾❪ ❙✳✲❊✳ ❊❦3456♠✱ ■✳ ❋✉5❝✐✱ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❊①❛❝4 ❢♦5♠✉❧❛❡ ❛♥❞ ♠❛45✐①✲❧❡33 ❡✐❣❡♥✲

3♦❧✈❡53 ❢♦5 ♣5❡❝♦♥❞✐4✐♦♥❡❞ ❜❧♦❝❦ ❜❛♥❞❡❞ 3②♠♠❡45✐❝ ❚♦❡♣❧✐4③✲❧✐❦❡ ♠❛45✐❝❡3✳ ■♥ ♣5❡♣❛5❛4✐♦♥✳

♣✳ ①✐✐

❬✻✵❪ ❙✳✲❊✳ ❊❦3456♠✱ ■✳ ❋✉5❝✐✱ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❊①❛❝4 ❢♦5♠✉❧❛❡ ❛♥❞ ♠❛45✐①✲❧❡33

❡✐❣❡♥3♦❧✈❡53 ❢♦5 ❜❧♦❝❦ ❜❛♥❞❡❞ 3②♠♠❡45✐❝ ❚♦❡♣❧✐4③ ♠❛45✐❝❡3✳ ❇■❚✱ ✷✵✶✽✳ ✭■♥ ♣5❡33✮✳

♣✳ ✈✐✐✐✱ ①✐✐✱ ✷✻✱ ✶✻✷

❬✻✶❪ ❙✳✲❊✳ ❊❦3456♠ ❛♥❞ ❈✳ ●❛5♦♥✐✳ ❆ ♠❛45✐①✲❧❡33 ❛♥❞ ♣❛5❛❧❧❡❧ ✐♥4❡5♣♦❧❛4✐♦♥✕❡①45❛♣♦❧❛4✐♦♥

❛❧❣♦5✐4❤♠ ❢♦5 ❝♦♠♣✉4✐♥❣ 4❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ ♣5❡❝♦♥❞✐4✐♦♥❡❞ ❜❛♥❞❡❞ 3②♠♠❡45✐❝ ❚♦❡♣❧✐4③

♠❛45✐❝❡3✳ ◆✉♠❡#✳ ❆❧❣♦#✐"❤♠)✱ ✷✵✶✽✳ ✭■♥ ♣5❡33✮✳ ♣✳ ✺✽✱ ✾✵✱ ✶✶✼

❬✻✷❪ ❙✲❊✳ ❊❦3456♠✱ ❈✳ ●❛5♦♥✐✱ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❆5❡ 4❤❡ ❡✐❣❡♥✈❛❧✉❡3 ♦❢ ❜❛♥❞❡❞ 3②♠✲

♠❡45✐❝ ❚♦❡♣❧✐4③ ♠❛45✐❝❡3 ❦♥♦✇♥ ✐♥ ❛❧♠♦34 ❝❧♦3❡❞ ❢♦5♠❄ ❊①♣✳ ▼❛"❤✳✱ ♣❛❣❡3 ✶✕✶✵✱ ✷✵✶✼✳

♣✳ ✈✐✐✐✱ ✷✸✱ ✷✹✱ ✺✽✱ ✻✵✱ ✽✷✱ ✶✵✾✱ ✶✻✷

❬✻✸❪ ❙✳✲❊✳ ❊❦3456♠ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❊✐❣❡♥✈❛❧✉❡3 ❛♥❞ ❡✐❣❡♥✈❡❝4♦53 ♦❢ ❜❛♥❞❡❞ ❚♦❡♣❧✐4③

♠❛45✐❝❡3 ❛♥❞ 4❤❡ 5❡❧❛4❡❞ 3②♠❜♦❧3✳ ◆✉♠❡#✳ ▲✐♥❡❛# ❆❧❣❡❜#❛ ❆♣♣❧✳✱ ✷✵✶✽✳ ✭■♥ ♣5❡33✮✳

♣✳ ✻✾✱ ✶✵✾✱ ✶✷✾✱ ✶✸✵✱ ✶✻✷

❬✻✹❪ ❈✳ ❊34❛4✐❝♦ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❙✉♣❡5♦♣4✐♠❛❧ ❛♣♣5♦①✐♠❛4✐♦♥ ❢♦5 ✉♥❜♦✉♥❞❡❞ 3②♠❜♦❧3✳

▲✐♥❡❛# ❆❧❣❡❜#❛ ❆♣♣❧✳✱ ✹✷✽✭✷✲✸✮✿✺✻✹✕✺✽✺✱ ✷✵✵✽✳ ♣✳ ✶✼

❬✻✺❪ ❋✳ ❋❛♠❜5✐ ❛♥❞ ▼✳ ❉✉♠❜3❡5✳ ❙♣❡❝45❛❧ 3❡♠✐✲✐♠♣❧✐❝✐4 ❛♥❞ 3♣❛❝❡✲4✐♠❡ ❞✐3❝♦♥4✐♥✉♦✉3 ●❛❧❡5❦✐♥

♠❡4❤♦❞3 ❢♦5 4❤❡ ✐♥❝♦♠♣5❡33✐❜❧❡ ◆❛✈✐❡5✲❙4♦❦❡3 ❡`✉❛4✐♦♥3 ♦♥ 34❛❣❣❡5❡❞ ❈❛54❡3✐❛♥ ❣5✐❞3✳

❆♣♣❧✳ ◆✉♠❡#✳ ▼❛"❤✳✱ ✶✶✵✿✹✶✕✼✹✱ ✷✵✶✻✳ ♣✳ ✈✐✐✱ ✷✼✱ ✷✽✱ ✸✵✱ ✸✶✱ ✸✷✱ ✹✻✱ ✹✼✱ ✹✽✱ ✶✸✼

❬✻✻❪ ❋✳ ❋❛♠❜5✐ ❛♥❞ ▼✳ ❉✉♠❜3❡5✳ ❙❡♠✐✲✐♠♣❧✐❝✐4 ❞✐3❝♦♥4✐♥✉♦✉3 ●❛❧❡5❦✐♥ ♠❡4❤♦❞3 ❢♦5 4❤❡ ✐♥❝♦♠✲

♣5❡33✐❜❧❡ ◆❛✈✐❡5✲❙4♦❦❡3 ❡`✉❛4✐♦♥3 ♦♥ ❛❞❛♣4✐✈❡ 34❛❣❣❡5❡❞ ❈❛54❡3✐❛♥ ❣5✐❞3✳ ❈♦♠♣✉"✳ ▼❡"❤♦❞)

❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣#❣✳✱ ✸✷✹✿✶✼✵✕✷✵✸✱ ✷✵✶✼✳ ♣✳ ✈✐✐✱ ✷✼✱ ✷✽

❬✻✼❪ '✳ ❋❡55❛5✐✱ ■✳ ❋✉5❝✐✱ ❙✳ ❍♦♥✱ ▼✳ ❆✳ ▼✉53❛❧❡❡♥✱ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡

❞✐345✐❜✉4✐♦♥ ♦❢ 3♣❡❝✐❛❧ 2✲❜②✲2 ❜❧♦❝❦ ♠❛45✐① 3❡`✉❡♥❝❡3✱ ✇✐4❤ ❛♣♣❧✐❝❛4✐♦♥3 4♦ 4❤❡ ❝❛3❡ ♦❢

3②♠♠❡45✐③❡❞ ❚♦❡♣❧✐4③ 345✉❝4✉5❡3✳ ❙✉❜♠✐44❡❞✳ ♣✳ ①✐✐

❬✻✽❪ ❊✳ ❋❡55❡5 ❛♥❞ ❘✳ ❍✳ ❏✳ ❲✐❧❧❞❡♥✳ ❆ ❤✐❣❤ ♦5❞❡5 ❞✐3❝♦♥4✐♥✉♦✉3 ●❛❧❡5❦✐♥ ✜♥✐4❡ ❡❧❡♠❡♥4 3♦❧✈❡5

❢♦5 4❤❡ ✐♥❝♦♠♣5❡33✐❜❧❡ ◆❛✈✐❡5✲❙4♦❦❡3 ❡`✉❛4✐♦♥3✳ ❈♦♠♣✉"✳ ✫ ❋❧✉✐❞)✱ ✹✻✿✷✷✹✕✷✸✵✱ ✷✵✶✶✳ ♣✳ ✷✼

❬✻✾❪ ●✳ ❋✐♦5❡♥4✐♥♦ ❛♥❞ ❙✳ ❙❡55❛✲❈❛♣✐③③❛♥♦✳ ▼✉❧4✐❣5✐❞ ♠❡4❤♦❞3 ❢♦5 3②♠♠❡45✐❝ ♣♦3✐4✐✈❡ ❞❡✜♥✐4❡

❜❧♦❝❦ ❚♦❡♣❧✐4③ ♠❛45✐❝❡3 ✇✐4❤ ♥♦♥♥❡❣❛4✐✈❡ ❣❡♥❡5❛4✐♥❣ ❢✉♥❝4✐♦♥3✳ ❙■❆▼ ❏✳ ❙❝✐✳ ❈♦♠♣✉"✳✱

✶✼✭✺✮✿✶✵✻✽✕✶✵✽✶✱ ✶✾✾✻✳ ♣✳ ✈✐✐✐✱ ✷✷
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❬✼✵❪ ▼✳ ❋♦23✐♥✳ ❖❧❞ ❛♥❞ ♥❡✇ ✜♥✐3❡ ❡❧❡♠❡♥3= ❢♦2 ✐♥❝♦♠♣2❡==✐❜❧❡ ✢♦✇=✳ ■♥"❡$♥❛"✳ ❏✳ ◆✉♠❡$✳

▼❡"❤♦❞/ ❋❧✉✐❞/✱ ✶✿✸✹✼✕✸✻✹✱ ✶✾✽✶✳ ♣✳ ✷✼

❬✼✶❪ ❈✳ ●❛0♦♥✐✳ ❙♣❡❝80❛❧ ❞✐;80✐❜✉8✐♦♥ ♦❢ ?❉❊ ❞✐;❝0❡8✐③❛8✐♦♥ ♠❛80✐❝❡; ❢0♦♠ ✐;♦❣❡♦♠❡80✐❝ ❛♥❛❧②;✐;✿

8❤❡ ❝❛;❡ ♦❢ L1
❝♦❡✣❝✐❡♥8; ❛♥❞ ♥♦♥✲0❡❣✉❧❛0 ❣❡♦♠❡80②✳ ❏✳ ❙♣❡❝"$✳ ❚❤❡♦$②✱ ✽✿✷✾✼✕✸✶✸✱ ✷✵✶✽✳

♣✳ ✈✐✐✐✱ ✼✼✱ ✶✻✷

❬✼✷❪ ❈✳ ●❛0♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❋✳ ?❡❧♦;✐✱ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡0;✳ ❖♥ 8❤❡ ;♣❡❝80✉♠ ♦❢

;8✐✛♥❡;; ♠❛80✐❝❡; ❛0✐;✐♥❣ ❢0♦♠ ■;♦❣❡♦♠❡80✐❝ ❛♥❛❧②;✐;✳ ◆✉♠❡$✳ ▼❛"❤✳✱ ✶✷✼✿✼✺✶✕✼✾✾✱ ✷✵✶✹✳

♣✳ ✈✐✐✐✱ ✼✼✱ ✽✵✱ ✽✷✱ ✶✹✸✱ ✶✻✷

❬✼✸❪ ❈✳ ●❛0♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✱ ❉✳ ❙❡;❛♥❛✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡0;✳ ▲✉;✐♥ 8❤❡♦0❡♠✱

❣❧8 ;❡S✉❡♥❝❡; ❛♥❞ ♠❛80✐① ❝♦♠♣✉8❛8✐♦♥;✿ ❛♥ ❛♣♣❧✐❝❛8✐♦♥ 8♦ 8❤❡ ;♣❡❝80❛❧ ❛♥❛❧②;✐; ♦❢ ?❉❊

❞✐;❝0❡8✐③❛8✐♦♥ ♠❛80✐❝❡;✳ ❏✳ ▼❛"❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✹✹✻✿✸✻✺✕✸✽✷✱ ✷✵✶✼✳ ♣✳ ✈✐✐✐✱ ✼✼✱ ✶✻✷

❬✼✹❪ ❈✳ ●❛0♦♥✐✱ ❈✳ ▼❛♥♥✐✱ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✱ ❉✳ ❙❡;❛♥❛✱ ❛♥❞ ❍✳ ❙♣❡❧❡❡0;✳ ❙♣❡❝80❛❧ ❛♥❛❧②;✐;

❛♥❞ ;♣❡❝80❛❧ ;②♠❜♦❧ ♦❢ ♠❛80✐❝❡; ✐♥ ■;♦❣❡♦♠❡80✐❝ ●❛❧❡0❦✐♥ ♠❡8❤♦❞;✳ ▼❛"❤✳ ❈♦♠♣✳✱ ✽✻✿✶✸✹✸✕

✶✸✼✸✱ ✷✵✶✼✳ ♣✳ ✈✐✐✐✱ ✼✼✱ ✶✻✷

❬✼✺❪ ❈✳ ●❛0♦♥✐ ❛♥❞ ❙✳ ❙❡00❛ ❈❛♣✐③③❛♥♦✳ ●❡♥❡0❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐8③ ;❡S✉❡♥❝❡;✿ ❛ ;♣❡❝80❛❧

❛♥❛❧②;✐; 8♦♦❧ ❢♦0 ❞✐;❝0❡8✐③❡❞ ❞✐✛❡0❡♥8✐❛❧ ❡S✉❛8✐♦♥;✳ ❚♦ ❛♣♣❡❛0 ✐♥ ❛ ✈♦❧✉♠❡ ♦❢ 8❤❡ ❙♣0✐♥❣❡0

❜♦♦❦ ;❡0✐❡; ✏▲❡❝8✉0❡ ◆♦8❡; ✐♥ ▼❛8❤❡♠❛8✐❝;✱ ❈✳■✳▼✳❊✳ ❋♦✉♥❞❛8✐♦♥ ❙✉❜;❡0✐❡;✑✳ ♣✳ ✽✸

❬✼✻❪ ❈✳ ●❛0♦♥✐ ❛♥❞ ❙✳ ❙❡00❛✲❈❛♣✐③③❛♥♦✳ ●❡♥❡0❛❧✐③❡❞ ▲♦❝❛❧❧② ❚♦❡♣❧✐8③ ;❡S✉❡♥❝❡;✿ ❚❤❡♦0② ❛♥❞
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