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Chapter 1

Introduction

The aim of this work is to answer one single question:
Is the co-groupoid theory needed to describe homotopy type theory?

It is evident by the strong interest and the amount of results, see, e.g, [14, 50,
11, 60, 59, 13, 12, 6, 8, 9, 16, 98, 96, 97, 7], that the homotopical interpretation
is deep and useful. This is not to discuss: it is established beyond any doubt.
However, it may sound odd that the full power of higher-order category theory
is needed to describe what is, at the end of the day, a piece of recursive
mathematics strictly contained in the class of Turing-computable functions.
As Prof. Cardone was so kind to observe: “This is not especially odd if one
considers the categorical interpretation of polymorphic (2nd order) lambda-
calculus, which needs universes and a very strong version of product over a
universe. Similarly for the calculus of constructions. And yet the functions
representable in these systems are total and computable. The reason of this is
that a categorical model of a typed calculus must reflect the syntactical structure
of the system, which is the source of intensional phenomena of representability of
algorithms, as opposed to the extensional expressiveness of systems measured in
terms of classes of representable functions. This is a very interesting distinction
which is often overlooked in the literature, and has to do with the distinction
between function and algorithm. To my knowledge, it was brought to the surface
by Colson’s ICALP 1989 result [34] about the expressiveness of the system of
primitive recursive definitions, which cannot represent a straightforward parallel
algorithm of order O(min(n,m)) for computing the minimum of two natural
numbers n, m (actually, no such algorithm).”

In short, the present dissertation answers this question in a negative way:
homotopy type theory can be described in ordinary categorical terms, with
elementary tools. In fact, in Chapter 5 a sound and complete semantics is given
for Martin-Lof type theory, which is extended to a significant part of homotopy
type theory in Chapter 6 covering the fundamental axioms of univalence and
function extensionality and a relevant subset of higher inductive types.

Although the ultimate goal is clear, to achieve it many problems have been
encountered and eventually solved. The major obstacle was a lack of rigour in
the proof theory, from which the semantics moves on.

1.1 Technical background

Martin-Ldf type theory, also called dependent type theory or intuitionistic type
theory, is a typed lambda calculus mainly due to Martin-L6f. Dependent
type theory has been presented in many different versions, between 1972 and
1984 [68, 69, 70, 71]. Aside, a large number of studies have been conducted
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inside this formal system and its applications. For example, it has been analysed
as a programming language [77], and used (with some changes) as a base for
some proof assistants, such as Agda [5] and Coq [36].

Recently it has been studied and deepened in [95], where equality types play
a central role, together with their groupoid interpretation introduced for the
first time in [49]. In this dissertation we go through the first part of the Book!,
called “Foundations”, focusing in particular on Chapters 1, 2, 5 and 6, and
we use part of the Appendix A for the inference rules. Indeed, we are mainly
interested in the system itself, rather than its many applications in mathematics
studied in the second part.

This dissertation is concerned with the specific variant of Martin-Lof type
theory used in homotopy type theory. Its proof theoretical aspects are analysed
according to structural proof theory [76, 93]. In particular, the notion of
normalisation is studied, following the Tait and Girard’s approach, mostly
following the exposition in [43].

The semantic aspects require a categorical approach. In fact, category
theory [45, 63, 64] has been used several times as a language to define semantics
for Martin-Lof type theory. In particular, Seely [90] and other authors [32,
52, 39] interpret it in locally Cartesian closed categories, eventually with some
variations, but focus only on a fragment of the system, with a syntax adapted
to the constraints forced by the chosen categorical framework. Category theory
and homotopy theory, with the common construction of oco-groupoids, are
used to interpret homotopy type theory, following respectively Streicher’s [49]
and Voevodsky’s [95] ideas, as we will sketch in Section 2.2. This structure
well-behaves for the whole homotopy type theory, but needs a very complex
mathematical background, which is not fully formalised: as remarked in [95,
page 68], some “complex combinatory” is needed to make precise all the notions;
since those notions are unnecessary in the rest of the Book, the authors did not
analyse them.

The above remark reveals that one of the difficulties this dissertation had
to face was the lack of rigour in the literature: some fundamental results are
folklore, like normalisation, but their proofs are missing, and, at a closer look,
the gap is by far not obvious to fill: also, fundamental definitions are sketchy,
like what is an higher inductive type. Therefore, there are syntactical and
semantic aspects of homotopy type theory which are understood but not defined
in the rigorous mathematical sense.

1.2 Philosophical background

Martin-Lof type theory was defined to formalise mathematical reasoning in
the framework of intuitionistic logic and, more generally, of mathematical
constructivism [94]. The first idea of a logic alternative to classical logic is due
to Brouwer [30], who thought of proofs as constructions, in the sense that

e an object exists when it can be found explicitly;

e a statement is true when there is a proof for it.

LSince it is central in this work, we refer to [95] also as the Book.
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Different approaches to this concept led to some schools [17]; the main ones
are Brouwer’s intuitionism, the Russian constructivism [66] mainly focused on
recursion theory, and Bishop’s “practical” constructive mathematics. Bishop
showed [21] that a huge amount of results of classical mathematics can be
developed constructively; following his ideas, a constructive approach has been
applied, among the others, to analysis [22], algebra [61] and set theory [4, 3].

What relates intuitionistic logic and the type theories is the Curry-Howard
isomorphism. As described in [31], it was introduced at first only for propositions
and types [40], and then extended to terms and proofs [51]. This paved the way
to Martin-Lof to define his type theory [68], based on the idea of proof-relevant
mathematics. In Chapter 2 we study the evolution of Martin-Lof type theory
during the years.

A feature of Martin-Lof type theory is that it is a predicative theory; indeed,
as remarked in [73], a consequence of Girard’s paradox [42] is that the Curry-
Howard isomorphism is incompatible with impredicativity, at least in the strong
sense of Martin-Lof. As written in [38, page 3], the concept of predicativity
arose from some discussions between Poincaré and Russell: “a definition is
impredicative if it defines an entity by reference to (e.g. generalisation over)
a totality to which the entity itself belongs, and is predicative otherwise”.
Poincaré’s study of predicativity [82, 83] arise from the fact that quantification
over infinite domains may be tricky; indeed, when an entity X is defined
depending on all the elements of a collection to which X itself belongs, this
can cause instability: is X really defined? Could the collection exist before X7
Martin-Lof type theory avoids this instability thanks to a subtle treatment of
universes, and to the structure of IT and X types, which are the type theoretical
correspondents of universal and existential quantification.

Point-free mathematics

During the XX century, as remarked at the end of [28, 56|, a growing attention
was put on abstraction, and on the study of general structures. One of the
clearest examples of this trend is the work by Bourbaki [27]; it focuses on
the logical structure of theories, with the aim to make the ideas, and not the
calculations, the main object of interest. Grothendieck followed this path,
generalising the idea of space through the concept of topos [47, 67].

Indeed the classical idea of topology [80, 81] was abstracted, using category
theory and the notion of locale [54, 53], and generalised. In Sambin’s formal
topology [87, 86, 88, 85], which is strictly related to Martin-Lof type theory, the
primitive notions are open subsets and coverings, while points are defined in
terms of opens. This attitude, common to all the above mentioned non-classical
approaches to spaces and topology [47, 54, 53], is called point-free. The idea is
that the fundamental notion to define a space is its structure, not the single
objects, i.e., the points in the space. Thus, for example, analysis can be done
without real numbers: the algebraic structure of the propositions about real
numbers is enough to assign a sound and complete meaning to mathematical
analysis, as shown in [18], even in the extreme philosophical position to deny
that real numbers exist. An example of this approach in algebra can be found
in [89], which makes clear that the notion of point is not essential to define the
notion of space, providing a natural counter-example.
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This idea can be applied to logic; in particular, to semantics. Classical
semantics for logic are based on algebraic structures [25, 46, 54, 65]. Focusing
on first-order intuitionistic logic, a point-free semantics is defined in [18], where
the universal and existential quantifiers are interpreted through a substitution
functor. We tried to apply those ideas to Martin-Lof type theory in [24],
obtaining a partial result. In this dissertation we present the full one, and
extend it to a part of homotopy type theory.

1.3 Plan

The dissertation contains an extensive study of Martin-Lof type theory, which
comprehends the definition of a general syntax, a proposal for a novel semantics
and some proof theoretic results, including a normalisation theorem. Those
results are extended to a large subset of homotopy type theory, i.e., the 1-HoTT
theories. In details

Chapter 2 introduces the systems studied in the dissertation: Martin-Lof type
theory and homotopy type theory. It begins with an informal presentation
of the type theory, which describes the main notions and terminology.
Then it is studied how the system by Martin-Lo6f evolved in the different
papers, and the main novelties introduced by [95] — namely, the higher
inductive types and the axioms of function extensionality and univalence —
are described. The chapter ends with a focus on Voevodsky’s interpretation
of homotopy type theory, based on paths and homotopy theory. The
purpose of this chapter is to position the thesis in the development of
Martin-Lof type theory.

Chapter 3 is devoted to establish the syntax, and obtain some basic proof
theoretic results. Our syntax for Martin-Lof type theory is divided into
the basic system, which consists in the structural rules and dependent
product, and the inductive types; for them we define a general syntax,
which has all the canonical types (i.e., dependent sum, coproduct, natural
numbers, propositional equality, etc) as instances.

A particular attention is given to some notions and results, which are
usually considered folklore. For example, substitution is extensively
studied, introducing the notion of parallel substitution. We focus also
on contexts, proving a weakening result: whenever a judgement can be
derived from a set of assumptions, it can also be derived from a larger set
of assumptions.

Chapter 4 contains a proof of a strong normalisation theorem, in which
Girard’s ideas [43] are extended to our system. To deal with dependent
types, the technique based on reducibility candidates is enriched with a
notion of evaluation.

We begin defining the notions of reduction and conversion, and deriving
their relation with judgemental equality. Then the notions of strongly
normalisable judgements and reducibility candidates are defined and
studied; their interplay allows to prove a strong normalisation theorem.
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Chapter 5 is devoted to propose a sound semantics, together with a classifying

model and a completeness result, which answers in a negative way the
initial question motivating this dissertation.

The semantics interprets terms-in-context as objects in a slice category,
and judgements as arrows, seeing the inductive types as transformations.
The chapter ends with a discussion of the overall idea which motivated
the semantics, explaining the reasons behind all the apparently ad-hoc
definitions.

Chapter 6 extends the results obtained so far to some of the novelties of [95].

It begins describing the syntax of function extensionality and univalence.
Then, a general syntax for a subset of the higher inductive types introduced
in [95], called 1-higher inductive types, is defined.

The proof theoretic results of Section 3.3 and Chapter 4 are extended
in a natural way to those constructions, and to truncation. The same
is done for the semantics, interpreting the higher inductive types and
the axioms as transformations. Thus, a wide fragment of homotopy type
theory, 1-HoTT theories, satisfies a strong normalisation theorem and can
be interpreted in our semantics in a sound and complete way.

The chapter terminates with a conjecture: if the syntax of some higher
inductive type is given in fully formal terms, our proof theoretic results
and semantics can easily be extended to that type.

Chapter 7 concludes the dissertation, summarising the achieved results.



Chapter 2

Background

In this chapter the the concept of type in Martin-Lof’s theory is introduced,
along with the canonical types. Then, we illustrate how this structure changed
over the years.

The writing a : A (or, sometimes, a € A) is read as “a is a term of type A”.
This phrase can be understood in different ways: thinking of set theory it may
be interpreted as “a is an element of the set A”; from a logical point of view, it
can be read as “a is a proof of the proposition A”, shifting the focus from the
statement of a theorem to its proof; also, targeting computer programming, it
can be thought of as “a is a program satisfying specification A”.

Types Logic Sets Programming
A proposition  set specification
a:A proof element program

It is worth remarking that, although types can be seen as sets or propositions,
they are not; in this sense, dependent type theory can be seen as a foundational
theory, from which set theory, logic, and computing can be constructed by
imposing a suitable point of view. As explained in [70], dependent type theory
was defined with the aim to represent intuitionistic mathematics, but it turned
out to be also a functional programming language. In fact, the computational
aspect of dependent type theory is the feature enabling the logical and the set-
theoretical interpretations. Interpreting types as propositions and inhabitants
of a type as proofs forces a proof-relevant reading of propositions, thus capturing
the core of intuitionistic logic. In turn, proof relevance imposes a constructive
interpretation of the set theoretic point of view on types: the elements in a set
on which we can really operate are the ones we can construct, i.e., the ones for
which there is an algorithm! a satisfying specification A, thus a € A. Therefore,
it is of primary importance to fix which constructions are allowed so that the
alternative points of view (logical, set-theoretical, etc.) keep their coherence in
a constructive sense. In other words, a choice has to be made on which types
are fundamental: these types are hereafter called canonical.

The canonical types, used as primitive notions to represent mathematical
reasoning (or programs, from another point of view), are as follows.

If A and B are types, A — B is the type of constructible functions from A
to B; a canonical® term of type A — B is Az : A. b, where b is a term of type B
which may have z : A as a free variable. A generic element f: A — B can be

L Although beyond what is discussed here, this can be traced down to require a strictly
constructive and predicative axiom of comprehension.

2We use the word “canonical” with two different meanings: the canonical types are the
fundamental ones, while the canonical terms of a type are the ones obtained through an
introduction rule for that type.
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applied to a term a: A to obtain f a: B, the evaluation of f in a, or the application
of a to f. Function types are usually equipped with a type-theoretic version
of 8 and n reduction, see [15], governing application when f is a canonical
term. If x: A is a free variable in B, function types can be generalised to the
product types Iz : A. B; the canonical elements of a II-type are A-expressions
as above, in which z may be free in B, but applying f:Ilx: A. B to a: A yields
f a: Bla/x]. Through the propositions-as-types interpretation, II-types can be
seen as the type-theoretic version of the universal quantifier; indeed, a proof
of a proposition of the form Vx € A. B consists in a function assigning to each
a € A a proof bla/z] of Bla/z] and, by B-reduction, bla/x] is equivalent to
(Az: A.b) a. From a set-theoretic perspective, a dependent product models the
sections of the fibred space B over A, naturally connecting II-types to stalk
spaces (espace étalé) [45, Section 4.5].

Formally, the described reductions, as well as the construction of canonical
terms, are presented as inference rules®. For function types, application provides
a way to “use” a term of that type®. Rules like the construction of an applied
term, called elimination rules, are coupled with computation rules analogous to
B-reduction, which show how a canonical term of a type can be “used”, and
sometimes with a rule analogous to n reduction, the uniqueness rule, which
shows that canonical terms provide enough elements to fully determine the
extent of a type. The rules showing how a new type or a canonical term of a
type can be defined are, respectively, the formation and introduction rules. The
word “canonical” has thus a double meaning: it denotes the primitive types,
and it denotes the standard form a term of a type may assume.

The notion of Cartesian product is captured by A x B, with A and B
independent types. The canonical terms are the pairs (a,b), where a : A and
b: B. When x: A is free in B, Cartesian product can be generalised to the
dependent sum Yz : A. B; in this case the canonical element is (a,b), with a: A
and b: Bla/x]. The X-types are the type-theoretic version of the existential
quantifier from a logical perspective.

The II and Y-types are the main ones which justify the name dependent
type theory: indeed, they are called dependent types, because their definition
depends on a term. For example, “the pairs of natural numbers where the
second element is greater than the first” is a dependent sum. From a logical
point of view they model the usual quantifiers; set-theoretically they model
the relevant aspects of fibrations over sets; in a programming view they model
a sub-collection of computable functions, and variant records [79]. As a rule
of thumb, most (or, all the “natural” ones) functional programs that always
terminate can be coded by means of these and the other canonical types. It
is worth mentioning at this point that terminology varies: we adopt the one
in Martin-Lo6f’s papers, while the tradition in typed A-calculi is different, and
homotopy type theory uses other words to denote the same types.

Disjoint union, or the logical connective “or”, can been obtained from the
coproduct types A 4+ B, with A and B types. Their canonical terms are inl(a),

3Formal systems presented by rules are usually preferred over axiomatic systems for at
least two reasons: they are easier to interpret as programming languages, and they have
better proof theoretic behaviours [76].

4There is an analogous rule also for the other canonical types, but it is more complicated:
it shows how a term of a canonical type can be substituted in a generic type, and we will see
it in details in Section 3.2.
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with a: A, and inr(b), with b: B. It is worth remarking that each canonical term
of a coproduct type comes with a label stating the type it comes from. It is what
distinguishes disjoint union U from union U but, also, intuitionistic logic from
classical logic: whenever we have a proof of A+ B (read: AV B), we know which
is the provable disjunct. The same happens for existential statements: every
term (a,b) of a Y-types comes with a witness (a) of the existential proposition.

The trivial type 1 whose only canonical element is % : 1 and the empty
type O are a limit case, respectively, of product and coproduct types, and can
be logically interpreted as true and false. Other finite types are N,,, whose
canonical elements are 1,2,...,n; Ny is 0, Ny is 1, and N,, can be defined as
the iterated coproduct 1+ ---+ 1, with 1 appearing n times.

An infinite type is needed to reproduce mathematical reasoning; thus it has
been introduced the type N of natural numbers, whose canonical terms are
0: N and succ(n), with n: N. They are the first example of an inductive type,
i.e., a type whose terms are defined in dependence of other terms of that type.
Another example of inductive type are the lists: if A is a type, List(A) is a type
whose canonical terms are the empty list nil : List(A) and a.l: List(A), with a: A
and [ : List(A). Another important example are the W-types, which are a very
general type able to represent well-founded trees: if A is a type and B is a type
with x : A free variable, then Wz : A. B is a type whose canonical terms are
sup(a,v), with a: A and v: Bla/z] - Wz : A. B.

Finally, and fundamental to characterise the set-theoretic point of view in a
strong constructive way, fixed a type A, there is a family of types =4 stating
when two terms of type A are equal, called equality types or propositional
equality. Thus, a =4 b is a type whenever a,b: A, and the only canonical
terms are refl(a) : a =4 a. The equality types play a special role in [95], as will
be explained in Section 2.2. Imposing propositional equality has a number of
consequences: in general, a set does not provide an algorithm to decide whether
two of its elements are equal (think to non-recursively enumerable sets [35],
for example). However, equality is fundamental to express the properties of
mathematical statements, and thus it deserves a special attention, particularly in
constructive mathematics, see, e.g., [92], or the comprehensive discussion in [17]°.
Also, (in)equality plays a fundamental role in constructive analysis, see [22],
whose tradition and influence cannot be underestimated in the development of
constructive type theory.

Propositional equality is not the only concept of equality present in dependent
type theory; there is judgemental equality (also called definitional equality),
which is not a type, but exists at the same level of judgements, the formal
assertions in type theory [71, 79]: as we write a: A, we can write a = b: A when
a:Aandb: A are judgementally equal. Propositional equality is a type, thus it
can be treated as a proposition: it can be proved, assumed as an hypothesis
and so on. Conversely, judgemental equality is an equality “by definition”; it is
the notion of equality which allows computation, playing a significant role in
the concept of reduction, see Chapter 4. Informally, propositional equality is
the internal notion of being equal provided by each type, while judgemental
equality is the computational engine allowing to show when two judgements

5For a somehow dated, but still very useful introduction of the history of constructive
mathematics see [94, Chapter 1]; a concise and more recent account of the major trends in
constructive mathematics in the late XX century can be found in [29].
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can be decided to compute the same value.

In order to soundly talk about terms and types, two other concepts are
needed: contexts and universes. Contexts are the set of hypotheses which
allow to deduce that an expression is a term of a certain type. Sometimes
mathematical arguments need hypothetical reasoning, thus it may be useful to
suppose that a certain type is inhabited; this is the aim of contexts: a context
I'=21:A1,...,2,: A, says that the types A; are inhabited by a certain element
whose name is ;. Computationally, this corresponds to variable declaration [79],
while this corresponds to assign names to assumptions in a logical proof for the
propositions-as-types perspective. Finally, universes are a way to say that a
certain term is a type: if I/ is a universe and a: U, i.e., a is a term of a universe,
then it is a type. The structure of universes deeply evolved during the years in
order to avoid paradoxes, as explained in Section 2.1, since a universe stands
for the type of types, which is not a well-founded concept. Hence, the evolution
of the idea has needed to coherently model the notion of a type of small types,
analogously to small categories [63].

2.1 Martin-Lof type theory

This Section is devoted to study how Martin-Lo6f developed his type theory
through the years. We will analyse only the papers by Martin-Lo6f mainly focused
on his system’s syntax [68, 69, 70, 71], discussing the novelties introduced in
the different papers. When relevant, 3-types will be used as a prototypical
example to study how the syntax evolved.

An intuitionistic theory of types

In [68], which later has been revised and published as [72], are defined the
formation, introduction, elimination and computation rules for types II, 3, +,
N,, and N; there are no uniqueness rules, even for the II-types (i.e., the system
lacks n-reduction).

First, it is introduced a universe V| the type of small types, with a number
of introduction rules stating that N,, and N are terms of type V and, if the
types in the premises of the formation rules for II, ¥ and + are terms of type
V, then also the type in the conclusion of the rules is. It is worth remarking
that V is not a term of type V; this would lead to a paradox; indeed, [42] found
an unintended effect of the assumption Type : Type in the original formulation,
which led to the modified version [68].

There are two forms of judgements: A type and a € A, respectively saying
that A is a type and a is a term of type A. The prototypical example of inference
rules for a type is

A type Blx] type _p a€ A be Bla .
(Sz € A)Bla] type ~ (a,b) € (Xz € A)B[z] e
(re A yeB)

c € (Xz € A)B[x] d[z,y] € Cl(z,y)]

E(c, (Ax)(\y)d[z,y]) € C[d]

Y —elim
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also, seen as a V-introduction,

(z € A)
AeV Bzl eV
(¥x € A)B[z] €V

The work introduces the concepts of contraction, reduction and conversion.
Contraction consists, substantially, in the computation rules: in the case of 3,

E((a,b), (Az)(Ay)d[x,y]) contr d[a,b] .
It is said that

e an expression a reduces to an expression b, or a red b, if b can be obtained
by repeated contractions of parts of a%;

e ¢ is normal if it can not be reduced;

e ¢ converts in b, or a conv b, if there is an expression ¢ such that a red c
and b red c.

Definitional equality is introduced starting from conversion: two types A and
B are definitionally equal if A conv B, and two terms a: A and b: B are
definitionally equal if @ conv b and A conv B. It is proved a Normalisation
Theorem for this system, stating that every term reduces to a normal term.

Finally, a map to reduce intuitionistic formal theories to Martin-Lof type
theory is described.

In this first version, propositional equality is absent and the universe has a
minor role. However, the philosophical basis for a constructive and predicative
theory of types is fully laid down.

An intuitionistic theory of types: Predicative part

In [69] propositional equality, denoted as I(a,b), is added to the list of canon-
ical types. The notion of free variables is stressed specifying them in the
terms: a[zq,...,xg] means that z1,...,xy are the free variables in a. Another
important difference is the introduction of an infinite hierarchy of universes
V=VyeV, €Vs..., where V} is the type of small types and the terms of
the other universes are introduced saying that V,, € V,,1; and through the
formation (here, called reflection) rules for the canonical types. As illustrated
in [71], types in higher universes are needed to prove some results in concrete
applications: as confirmed by G. Sambin, this was the reason to extend the
system along this line.

Universes allow to say that a is a term if the judgement a € A can be derived
for some A, and that A is a type if there is n such that A € V,,; thus each
type is also a term, avoiding the need of the two different kinds of judgement
a € A and A type. The other possible form of judgement is a conv b, where
the notion of conversion is the one introduced by the computation rules, but

SHowever, A-expressions are considered as atoms, i.e., contractions are not allowed in
their body.
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with the additional requirements that it is an equivalence relation (i.e. reflexive,
symmetric and transitive), that

aj; conv €1 ... ap conv cy
blay ...ag] conv blcy ... ¢kl

whenever all the above terms are correctly typed, and that

ac A Aconv B
a€B

that is, conv is a congruence [15] conservative over types. Reduction is governed
by the same rules of conversion, but without symmetry. Finally, it is said that
c is a closed normal term with type symbol C'| which is called a closed normal
type symbol, if ¢ € C' can be derived applying repeatedly the following rule:

(o € Aylarn, gy flan. o an) € Flan, .o a)
fler,...yex) € Fer, ...y ck)

with the additional requirements that F' is a constant denoting one of the
basic types, ¢; € C; are closed normal terms and Aj[ci,...,cj_1] red C; for
1 < j < k. This definition implies that a closed normal term must be a universe
or a term with no free variables appearing in the conclusion of a formation or
introduction rule. The work ends with the proof of a Normalisation Theorem,
stating that each closed term reduces to a normal form. It is worth remarking
that such a theorem uses the normalisation-by-evaluation technique and that,
as before, A\-terms are atoms.

Constructive mathematics and computer programming

The connection of Martin-Lof type theory to programming languages is empha-
sised in [70], where a particular attention is devoted to the concept of ezecution
of a term or type. Accordingly to this point of view, an expression is called
canonical or normal if it is already fully evaluated, i.e., it has no free variables
and it is irreducible.

Four different kinds of judgement are used:

o Atype(ry:As,... x5 Ag),
e A=B(x1:A1,...,z5: Ag),
e ac Axy: Ay, ...,z Ag),
ea=bec A(xy:Ar,..., 75 A).

Accordingly to the computational point of view of [70], the expression A type
means that A has a canonical type as value; similarly, a € A means that a
has as value a canonical term, whose type is the value of the type A. Thus,
for example, A type (z1: A1,...,2, : Ay) means A(ay, ... ,an/21,...,2y) type,
with aq, ..., a, values of type Ay, ..., A,, respectively. This latter expression
is governed by the substitution rules, which are introduced here for the first
time, together with the W-types and n-reduction for the II-types.
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A second elimination rule for I(a, b) is added, stating that the only inhabited
equality types are the ones whose defining terms are equal according to =:

ce (A4, a,b)
a=beA

this type theory is called extensional type theory, in opposition to the intensional
type theory in which the latter rule does not appear.

Universes, which are denoted as U,, have some particular formation, intro-
duction and elimination rules: the formation rules are U, type and U, = U,;
for each type formation rule for a canonical type there is a corresponding
introduction rule for universes, which introduces the type as a term of the
proper universes; finally, the elimination rules are

AelU, AelU,
A type AeUyr

both with the corresponding equality rules.

Intuitionistic type theory

In [71] a lot of space is devoted to explain the meaning and the philosophy of
dependent type theory, both in general and focusing on the idea behind each
type, with a particular attention to the propositions-as-types correspondence.

The syntax is very similar to the one of [70]; the main differences with
the previous article are the introduction of the types List and the treatment
of equality and universes. Here there are three different types of equality: =,
which is the one used above to denote the syntactical equality between objects,
definitional equality = and propositional equality I(A, a,b). Definitional equality
is used when two expressions are equal by definition; for example, if x: A is
not free in B, A — B = (Ilz : A)B(x). Propositional equality is extensional
as in [70], but the only elimination rule is the one stating that if (A4, a,b) is
inhabited then a = b € A; the corresponding computation rule states that, if
I(A, a,b) is inhabited, all its terms are equal. This notion of equality allows
to prove a generalisation of n-reduction for the other types; for example, in
the case of ¥, it can be shown that (p(c),q(c)) = ¢ € (3z € A)B(z), with
p(c) = E(e, (z,y)x) and g(c) = E(c, (z,y)y) the two projections.

Finally, two possible ways to define universes are explained: a la Tarski and
a la Russell. In the former construction, the formation rules are

acU
U set T(a) set

where T is a map associating to each element of the first universe U a set (i.e.,
a type); then, for each canonical type, there is a couple of introduction rules for
universes like

(z € T(a))

b(x) e U

o(a, (x)b(x)) e U

(z € T(a))

b(x) e U

T(o(a, (@)b() € U) = (S € T(a))T(b(a)

aelU

aelU
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where ¢ is a new symbol mirroring ¥, used to construct the canonical elements
of U; finally, the infinite hierarchy of universes is constructed iterating the rules

wel T (uw=U

acU acU
T(a)eU  T'(t(a)) =T(a)

where T" associates a set to each element of the second universe U’, and the
map ¢ : U — U’ lifts the terms of the first universe to the second one, with the
coherence condition T"(¢(a)) = T'(a). Conversely, the construction a la Russell
builds only one universe which is not a term of itself, through the formation

rules
AeU

U set A set

and, for each canonical type, the introduction rule
(re A)
b(x) e U
(3z € A)B(x) eU

aelU

In the preface to this paper, Martin-Lof describes a few improvements of
its system which have been presented during a series of lectures in Munich in
1980. The main ones are a different notation and the introduction of alternative
elimination and computation rules for II, which follow the same pattern of
the ones for the other types. Those rules are equivalent to the canonical ones:
application can be derived posing fa = E(f, (y)y(a)) with y(z) € B(x), n-
reduction can be derived from the rules for I as seen for the other types and,
conversely, the alternative elimination rule can be derived from application
defining F(c,d) = d((z), c.x).

2.2 Homotopy type theory

The community behind [95] deeply extended Martin-Lof type theory with the
aim to use it as a more flexible foundation of mathematics, able for example
to represent as primitive notions some geometric objects, or to interpret also
classical logic.

The system described in the Book is based on the interpretation of the
terms p:a =4 b of an equality type as paths between the points a and b. The
main novelties introduced are the higher inductive types and the axioms of
function extensionality and univalence, which will be informally explained in
this Section.

The syntax used in the Book is similar to the one adopted in this thesis; in
the case of X-types, it is

T'FA:U; T,x: A+ B: U

TFYe: A B:U > form

rA=C:U; Txa: A-B=D:U;
'k (Zz:A.B)=(Zz:C.D): UY;

Y —form—eq
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Nz:AFB:U; TFa:A T+b: Bla/x]
'k (a,b): (Zz: A B)
T,x:AFB:U; Ta=c: A THb=d: Bla/x]
'k (a,b) =(c,d): (Zz: A.B)
I'z:3z:A.BFC:U;
Iz:Ajy:Bkg:Cl(x,y)/z] TFe:Xx: A. B
I'Findyg.a 5 (2.C,2.y.9,€) : Cle/x]
Iz:%x:AB-FC=D:UY,
Dyx:Ayy:BFg=h:Cl(z,y)/z] TFe=f:32:A.B

Y —intro

Y —intro—eq

Y—elim

TFindsea g (2-C,a.9.9,¢) = indsgn p (2D, 2.y-h, f): Clefa] o
I'z:%x:A.BFC:U; I'Fb: Bla/z]
Ta:Ay:BFg:Cl(z,y)/2] TFa:A
Y —comp

I'Findsy.a. 5 (2.C z.y.9,(a,b) = gla/z,b/y] : C[(a,b)/z]

As suggested by the above rules, the system is characterised by an infinite
hierarchy of universes a la Russell, such that U; :U;+1 and A:U; implies A :U; 41,
and by the notion of context: the free variables of a term are not specified as
arguments of the term, as done by Martin-Lof, but they are listed in the context
I'. The rules governing the formation of new contexts and the introduction of
variables from existing contexts will be described in Section 3.1. It is worth
remarking that in [95, Chapter 5] the canonical terms of a type are seen as the
application of a term of a function type to some terms of the proper types; this
idea will be systematically developed in the thesis, see Section 3.2.

The canonical inductive types considered in [95] are II, 3, +, 1, 0, N, =
(which is intensional) and W, but the construction of new types is allowed as
long as they are “reasonable”; as the Authors explained in Section 5.6.

The novel notion of higher inductive types is introduced: they are types
whose introduction rules define not only the canonical terms a : A of the type,
but also the canonical terms p:a =4 b of the equality type of that type, or of
the equality between equalities, and so on; through the homotopy interpretation,
we can say that what can be defined are not only the points of a type, but also
the paths, the paths between paths, etc. Those new types allow to define some
geometric spaces such as the n-dimensional sphere and the torus, and also some
concepts as “being a type with just one term”, which can be seen as “all the
proof of that proposition are equivalent”, allowing to interpret classical logic.
For example, the circle S! is defined as the type whose canonical terms are
a point base : S' and a path loop : base =g1 base which is not identified with
refl. It is pretty clear why this type theory refers to homotopy theory in its
name: in fact, the type S' is nothing but the classical Poincaré’s homotopy
group of that topological space. The intuition, due by V. Voevodsky, is that,
beside logic, set theory, and computation, another interpretation of type theory
is possible: types as homotopy spaces, and terms as their points; then, equality
types a =4 b model the space of paths between a and b.

It can be seen that, in this theory, the equality types become more important
than before; this is strengthened by the axioms of function extensionality and
univalence. To explain the idea behind them, let us informally introduce some
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notions: a function f:A — B is an isomorphism if it is invertible”, and two types
A and B are equivalent, write A ~ B, if there is an isomorphism f: A — B.

Notice that, for x types, it can be shown that x =4« p y is equivalent to
(pri(x) =4 pri(y)) x (pro(z) =4 pro(y)), and a similar result holds for X-types;
thus, the equality of two terms of a x or X type depends on the behaviour of
their projections. We would expect something analogous to hold for Il-types,
i.e., that two functions are equal exactly when they are equal at each point,
but this is not the case in Martin-Lof type theory; the function extensionality
axiom, introduced to fill this gap, asserts that f =p,.4. p ¢ is equivalent to
Iz : A. (f(z) =p g(x)) for each f,g € Iz : A. B, which is the type-theoretic
version of the idea explained above. The univalence axiom, which was introduced
by Voevodsky and implies function extensionality, states that two types are
equal exactly when they are equivalent, i.e., A = B is equivalent to A ~ B;
thus, an equality type whose type is a universe is inhabited if and only if the
two chosen terms of type U (which must be types) are equivalent.

In [33], it is introduced a system, called Cubical type theory, in which
both function extensionality and univalence are provable. It is an extension of
Martin-Lof type theory which allows to directly represent the elements of the
unit interval [0, 1] and, thus, the n-dimensional cubes.

Both the systems in [95] and [33] had a huge success, allowing to open new
perspectives on foundation of mathematics currently under intense investigation.

Interpretation

The semantics proposed in the Book is due to Voevodsky, and based on the idea
that types can be seen as spaces in homotopy theory. As already mentioned, it
interprets terms p:a =4 b as paths with the interpretations of a : A as start
point and the one of b: B as end point. The iteration of this process allows to
interpret the whole theory in an oco-groupoid, which is a collection of objects,
paths between objects, paths between paths and so on, equipped with a suitable
algebraic structure.

As far as we have been able to track, the original idea of interpreting dependent
type theory in co-groupoids is found in [49]; here, the terms a and b are seen as
objects in a category, and p:a =4 b is a morphism between them.

For each type A, the identity path exists because propositional equality
is reflexive, i.e., refl, : @ =4 a. It is proved that paths can be reversed and
concatenated (which correspond to symmetry and transitivity of propositional
equality), and that those operations are well-behaved accordingly to the groupoid
laws; for example, (p_l)_1 = p. We remind that a 1-groupoid is a category
whose arrows are all isomorphisms: an oo-groupoid is an co-category whose
n-morphisms are isos with respect to the (n+1)-level, see [63], [26] or [62, 1.2.5].

"For the sake of precision, one should speak of left and right invertibility. However, it
is easier to grasp the idea with the more usual notion of invertible function. See Chapter 4
of [95] for the reasons why simple invertibility is inadequate.
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The general notion of an co-category is not straightforward, and probably not
unique®.

Functions f: A — B behave functorially on paths, i.e., they respect equality:
if p:a =40, then it can be constructed ¢: f(a) =p f(b); the generalisation of
this result, especially to dependent types, leads to a number of constructions
broadly used throughout the Book, too complex to summarise here.

Dependent types B : A — U;, also called type families, can be seen as
fibrations with A as base space; in particular Xx : A. B is the total space of the
fibration, and Bla/z] is the fiber over a. Indeed, for each p:a =4 b and u:Bla/z],
it can be constructed p,:Bla/x] — B[b/x] and lift(u, p):(x,u) =sz.4. B (Y, p«(v)).
The term lift is the type-theoretic version of the lifting of paths in homotopy
theory, which characterises fibrations.

In the light of this interpretation, which is strongly based on propositional
equality, the relevance of the novel axioms becomes clear, and the introduction
of the higher inductive structure for types appears natural.

81 thank Prof. Cardone for pointing out this aspect, which is not immediate from the
literature.



Chapter 3

Syntax

This chapter is devoted to illustrate the syntax adopted in the thesis, and to
show some basic results about proof theory which will be useful to develop
the semantics. The proof theory will be extended in Chapter 4, proving a
normalisation result.

We divide Martin-Lof type theory into a basic system coupled with inductive
types; the basic system contains the rules for contexts, variables, judgemental
equality, universes and II-types. The canonical inductive types considered are
the same of [95], i.e., &, 4+, 1, 0, N, = and W; we call them inductive even if the
only types which are properly inductive! are N and W. To make the system more
manageable, we introduce a generic syntax for inductive types, comprehending
all the canonical ones; it includes only “reasonable” inductive types, see [95,
Section 5.6], although it could be extended to cover also mutually recursive
types and similar, and is based on the idea that the formation, introduction and
elimination rules for an inductive type can be rewritten as repeated applications
computed over a constant of a proper type.

3.1 Basic system

The rules for the basic system are the ones presented in [95, Appendix A.2]. As
usual, types are identified with those terms having a universe as type. In general,
when not specified otherwise, we adopt the standard terminology of [95].

Context rules

Context rules govern the introduction of new contexts: the empty context e ctx
can always be introduced, and if a context I' can prove that A is a type, then
I',z: A is a context, provided z is new in I" and A.

T'HA: Z/{,‘

ctx—EMP ' ctx—EXT
® ctx I'x: Actx

Contexts are a finite set of typed variables, representing the assumptions of
a judgement. The assumption x: A ctx means that the type A is inhabited by, at
least, x. Properly speaking, a context is a list of declarations: a declaration x: A
may contain variables in its type A which must have been declared before, i.e.,
which appear before in the context. However, as proved later in this chapter,
a context may be seen as a set of declarations in which dependency is made
explicit by variables.

n this, we follow Chapter 5 of [95], although there are a few differences, remarked in
due time.

18
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Structural rules
Structural rules show when a variable can be introduced from a context

x1: A1, .. Xy Ay CEX
1A, Tt A E o A

Vble

and govern judgemental equality: it is an equivalence relation, and equal types
have the same terms.

'Fa:A 'Fa=b:A
Tra=a:A ™ Trb=a:d_ "
I'Fa=b:ATkFb=c:A
'Fa=c: A =trans
I'ta:ATHA=DB:UY, o bet
I'a:B
'Fa=b:ATHA=B:UY;
TFa=0:8 = substed
Notice that the rules =—sym and =—trans could be derived from?

I'Fa=b:AThkc=b:A
I'tFe=a: A

=-—symtrans

It is important to remark that judgemental equality does not form new
terms: a = b is definitely not a term of type A. Rather, judgemental equality is
the core of the computational engine: in fact, it acts as Srn-equality in the pure
A-calculus, see, e.g., [15].

Universes

Those rules govern the infinite hierarchy of universes: each universe is a term
of the next one, and all the terms of a universe are terms also of the next one.
Those rules formalise Russell’s interpretation of universes, in the sense of [71].

I' ctx ine
'+ Uz ZZ/{fH_l -
I'+A:U; I'A=B:U
— 5, U—cumul U—cumul—eq
FFA:UH_l FFAEBSZ/[HJ

Universes allow to define the notion of type:
Definition 3.1.1. A term a is a type if it is a term of a universe, i.e., if a
judgement I' - a : U; is derivable for some context I' and some i € N.

Dependent product

If B is a type and b: B, possibly having x : A as a free variable?, then the
dependent product type Iz : A. B and the abstraction Ax: A.b can be introduced,

2To conform to the syntax of [95], the =—symtrans rule is not used, but it may be useful
to automated reasoning, if one likes to pursue this kind of applications.
3See Section 3.3 for a precise definition.
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as shown by the following rules. Fixed f:Ilx: A. B and a: A, the application fa
is a term of type Bla/z]; if f is a canonical term Az : A.b, then the application
(Ax : A.b) a is judgementally equal to bla/z]. Finally, computing abstraction
after application leads to the identity, i.e., f = Az : A. fz. To each formation,
introduction and elimination rule is associated a corresponding equality rule
which performs the same action on judgemental equalities.

'cA:U; T)x: AFB:UY;
I'HIlz: A B:U;
'HA=C:U; TWx: A- B=D:U;
P+-(lz:A.B)= Iz :C.D): U;
I'x:AFb:B
F'(Ax:Ab):llz: A.B
I'z:Abb=c:B THA=C:U;

II—form

II—form—eq

II—intro

TF(a:Ab)=0a:Co):lz:AB o
'kf:Mlz:A.B ThFa:A
T'F fa: Bla/a] el
'f=g:lz:ABTFa=b:A
't fa=gb: Bla/x] Helim=ea
I'Ne:AFb:B T'kFa: A
TF(a:A.b) a=blajz]:Blaja] = ™
'k f:llx:A.,B _—

'f=0Mz:A fz):llz: A, B
The notation A — B is an abbreviation of Ilz : A. B when « ¢ FV(B).

The terms of a product type are the dependent functions from A to B, i.e., the
functions whose codomain depends on the choice of the term in the domain. As
already remarked, the type of (non-dependent) functions A — B corresponds
to the product type Ilz : A. B when x : A is not free in B.

Constants

Extending the basic system of [95], we allow for the introduction of constants
of already existing types using the schema

k:A

k—intro

The purpose of having constants is to uniformly treat the inductive types. In
fact, allowing for arbitrary constants is easily seen to lead to inconsistent type
theories, e.g., consider when A is 0, and, in general, the Normalisation Theorem
fails for them. However, the advantages to consider the formation, introduction,
and elimination rules of inductive types as instances of the constant schema
cleans up many proofs, so we retain it until we will tackle the normalisation
proof. Note that, until that time, we assume that a prefixed number of constants
obeying to the schema is given, not that arbitrary constants could be freely
introduced for any type.

There are numerous reasons to consider the system illustrated so far as
basic. Following Chapter 2, the structural part (contexts, judgemental equality,
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and universes) is clearly fundamental to express and to construct the kind of
judgements which are the subject of the type theory. Moreover, the dependent
product allows to define, together with suitable constants, all the inductive
types, see the next section, and, in particular, the canonical types. It should be
clear that the axioms of function extensionality and univalence state that the
dependent product and universes occupy a special position in the system, as
identity over them cannot be completely generated without imposing additional
property, as discussed in Section 2.2 and in Chapter 2 and 4 of [95]. One may
object about the exclusion of identity types from the basic system, as this type is
central in the homotopic interpretation. The reasons to consider identity types as
an extension of the basic system are both technical and philosophical: technically,
they are an instance of a general schema, and recognising this fact makes more
uniform and simplifies the development of the theory; philosophically, the
homotopic interpretation makes sense because of path induction, which is the
homotopic reading of the inductive principle about identity types that descends
from being an instance of inductive types. In other words, what allows the
homotopic interpretation of equality is the inductive nature of identity types.
Thus, we believe that syntactically identity types are better thought to as an
instance of a general schema, while homotopically they deserve special attention.
But these are different levels at which the theory can be studied.

3.2 General syntax for inductive types

The structure of the inductive types is similar to the one of the product types:
formation and introduction rules work in an analogous way, but the elimination,
computation, and uniqueness rules are more general. Given

e a type C depending on a variable z of the inductive type,

e for each introduction rule for the type, a term ¢ whose type is C' with z
substituted by a canonical term of that introduction rule,

e a term e of the inductive type,

the elimination rule says that the type C' with z substituted by e is inhabited;
the inhabitant is called inductive term and denoted with ind. The meaning of
the elimination rules is that, to prove that a statement holds for each term of an
inductive type, it is enough to prove it for its canonical terms. The computation
rules, one for each introduction rule, give a way to reduce the inductive terms
when e is a canonical term of the inductive type.

The elimination rules, together with the computation rules, behave accord-
ingly to the inversion principle [76]:

whatever follows from the direct grounds for deriving a proposition
must follow from that proposition.

Indeed, when the term e is a constructor (i.e., when elimination is computed after
an introduction rule), the term obtained is equivalent to a suitable instantiation
of the related term c.

For the inductive types we considered rules very similar to the ones of [95,
Appendix A.2], but following the philosophy presented in Section 5.1 of the
Book: types and terms are seen as a constant term of a dependent product
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type. Indeed, each formation, introduction and elimination rule is seen as a rule
introducing a constant term of a certain already existing type, i.e., an instance
of k—intro.

We also introduce, for each inductive type, a uniqueness rule stating how
induction is performed in the trivial case, i.e., when C' coincides with the
inductive type considered. The uniqueness rules for the inductive types are not
present in [95]; there is only II—uniq®.

Syntactically, an inductive type is a finite collection of symbols 7, ind,, Ky,
..., Ki together with a collection of inference rules, defining how judgements
could be constructed, and how to reason and calculate. These inference rules
have a strict format, illustrated in the following.

Formation rule

The formation rule T—form is
'+ (H(I : F)nuz) :L{Hl
'ecr:(Il(z:F),.U)

where II (z : A),, . B abbreviates Iz : A;. --- (Ilz, : Ay,. B) (similar notations
will be used from now on without further explanations). Sometimes, the
abbreviated writing Iz, : A4, ..., x, : A,. B is used, too.

The purpose of the formation rule is to allow the construction of a new
inductive type 7, using the syntax of the basic system. In fact, 7—form is an
instance of k—intro. Usually, a specific inductive type is named after the 7
symbol. Also, the sequence (z : F'),, denotes the parameters of the T type.

It is possible to have n = 0, so that the conclusion is I' - 7 : ;. It happens®,
for example, for the type N of natural numbers, as shown in Section 3.5.

T—form

Introduction rule

The canonical terms of an inductive type 7 are defined by the introduction rules.
The introduction rule for the K constructor is

Pt((z:F),, O(y:1),, .72y - x),): U
'+-K:(I(z:F), Uy:1I),, .7ay - al)

T—intro

where n' <n, (z:F),, is a subsequence of (x: F),, the parameters of 7, and
for every 1 < i < n, 2 lies in (2 : F),,,, with a possibly different index, and
) : F; is the i-th element in (2 : F), .

A constructor K is total when (z : F'),,, = (: F'),,, and it is partial otherwise,
meaning it is defined for every instance of a type, or just for some instances,
respectively. An inductive type is partial if it has a partial constructor, and
it is total otherwise. The sequence (y: 1), denotes the parameters of the K
constructor. As before, note how the 7—intro rule is an instance of k—intro.

As shown in Section 3.5, dependent sum and coproduct are total, while the
identity types are partial. The adjective “partial” means that the canonical
constructors apply to a subset of the instances of the type. For example, refl
applies only on a =4 a.

4The Book says that uniqueness rules trivialise the homotopic structure. Although this is
right, it is convenient to consider them as optional.

5We deviate from the Book here since the premise becomes T' - U; :U; 11, which is different
although equivalently derivable from I" ctx, see Corollary 3.3.5.
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Elimination rule

The simple elimination rule for the 7 type is

'F(I(z:F), (IIC:(Il(z: F), .Tx1 -+ xn = Up).
(e (U(z: F),, Ay 1),
o aly (Kaf -l - ym,).
(Me:Txq -+ 2. C 1 -+ T €)))) : Uni1
I'tind,: (I (z: F), . (IC: (Il (x: F), .Tx1 -+ Ty = Up).
(I yc;: (U(z: F),, QM (y:1)
Cf oy, (Kaf o i ym,)
(Me:Txq -+ 2. Cy -+- T €))))

T—elim

m; °

where (z: I),, are the parameters of 7, (y: I),, are the parameters of K;, and
for each 1 < j <k, (z:F),, and {x'}nj are as in the 7—intro; rule.

The rationale is that ind, encodes the structural induction principle for the
T type: if C is a proposition depending on a generic instance of 7, if ¢; proves
C to hold when C is applied to a generic instance of the K; constructor, and if
e is an element of a specific instance of 7, then C' holds on e.

A constructor parameter y; : I; in (y:I),, is recursive when I is an instance
of 7. In turn, an inductive type is recursive when some of its constructors have
at least one recursive parameter. When 7 is a recursive type, it is normally®
used the full elimination rule as follows:

'-M(z:F), IC:(Il(z:F),.Tx1 - Ty = Up).
(5 e (IO (ac:F)n{ .H(y:])mﬁ.
Cuy oy, (Ko -2y y1 - Ym,))-
(Mle:7xy -+ 2. Cxy -+ xp€)))) : Uni1
Fkind, : (I (z: F),.IC:(II(xz: F),, . 721 -+ &y — Up).
(e s (U(z: F),, I (y:1)
Cay -y (Ko oap yn - Ym,))-
(Me:Txq -+ 2. Cxy -+- T €))))

T—elim

m/

where the notation is the same as in the simple elimination rule except for
(y:1I),,, the sequence of parameters of K, in which, if y : II(w : L)s.7a1 --- an
is recursive, then it is immediately followed by

r:I(w: L)s.Cay -+ ap (ywy -+ ws) .

This additional variable, which is the only difference between the simple and
the full rules, allows to keep track of the evidence for y when unfolding the
induction. It is worth noticing how the full and the simple elimination rules
coincide when 7 is not recursive.

As an example, natural numbers are a recursive type, while dependent sum
is non recursive, see Section 3.5.

Note how the usual introduction schema follows the simple elimination rule
in the presentation of most mathematical books not dealing with type theory.
The full elimination rule allows to deal with more advanced programming

SHowever, especially when dependent type theory is used as a programming language,
there may be exceptions.
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constructions, like continuations [91], but this issue is outside the scope of this
thesis. Also, in the light of [76], note how the elimination rule is constructed
from the formation and the introduction rules via the inversion principle.

Computation rule

For every 1 < i < k, a computation rule is associated to the K; constructor:
'eC:(Il(x: F), .71 - xp — Up)
Pkoe: (H(:v:F)n,l.H(y:I)m,l.
o aly, (K -2ty 1 ...yml))
Ity (H(a::F)nL_.H(y:I)m;C.

Cafaly (Kea) -l ...ymk))
THKT - Tapr - pm:rTi - Th
Prind, Ty - T, Cey -+ e KTy -+ Tyupy -+ pm) =
ciTy - Tpupy - pp:CTy - Ty (K Ty -+ Tupr - pm)

T—comp;

where p;- = p; if the j-th parameter is normal, and p;- is p; immediately followed
by (ind.T1 --- T, Cc1 - -+ ¢k pj) if the j-th parameter is recursive.

The computation rule says that the induction, when the witness e is an in-
stance of some constructor, can be simplified to the instance of the corresponding
c case.

Uniqueness rule

The uniqueness rule is

I'te:7Ty --- T,

T—uniq

TFind, Ty, T,
Aea:F),.(Az:Tay - Tp.Ta1 - Tp))

Az F), . A(y:])m,l.Klacl S Xy Y1 Ymy
e | )

(M Pl (AW Dy Krwr - 21 i) )
e=e:7Ty - T,

using the same notation as before. The uniqueness rule tells that performing
an induction on the 7 predicate in which the constructors are interpreted as
themselves is redundant. As already said, uniqueness rules are optional and
homotopy type theory does not include them.

Inductive ordering

The inductive nature of the previous syntax for general inductive types stems
since an ordering <, can be defined on the collection of terms of type 7.
Precisely, if T - 7 f1...fn: U then T Ht:7fi.. . fn < TV :iTfi. . fn
exactly when the term ¢’ is generated from ¢ using the introduction rules, or,
the other way around, when ¢ is inductively generated before t. For example,
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'Fn:N<yI'bFsuccn:NandI'Fve: WAB <w I'FsupABav:WAB
whenever I' - c: Ba.

A precise definition of <, is beyond the scope of this dissertation, and it
can be reconstructed through the initial algebra associated to 7, see Chapter 5
n [95], and [75, 99] for a detailed development. The fundamental facts to
remark are: <, is a well ordering; in recursive types, the left-hand side of
the computation rule is ind; ... e, and every occurrence of ¢’ : 7 f1 ... f,, in the
right-hand side is such that ¢’ <, e

3.3 Basic proof theory

In this section will be shown the first, basic results of the proof theory of
dependent types. In particular, all the properties needed in Chapter 5 can be
found in the following. We will adopt the standard notation and terminology,
mostly conforming to [95]. Also, we will use 7: v to indicate that 7 is a
derivation of the judgement ~.

Once described the syntax, summarised in Figures 3.1 and 3.2 for easiness
of reference, we need to specify when a variable is free in a term and how
substitution is computed in our system.

Definition 3.3.1. The sets of the free variables and depending variables in a
term are inductively defined by:

. if z is a variable, FV(z) = DV(z) = {z};
if U; is a universe, FV(U;) = DV(UY;) =

if k is a constant of type A, FV(k) = @ and DV (k) = DV(A);

for an application, FV(ts) = FV(t) UFV(s) and DV(ts) = DV(t) U DV(s);

for an abstraction, FV(Az : A.b) = (FV(A) UFV(b)) \ {z} and DV(\x :
A.b) = (DV(A) UDV(b)) \ {z};

6. for a function space type, FV(Ilz : A. B) = (FV(A) UFV(B)) \ {z} and
DV(Ilz: A. B) = (DV(A)uUDV(B)) \ {z}.

.C“H;P".w

Given I' - a: A, the set of active variables in a is defined as
AVy(a) = DV(a)

AViyi(a) = yu U DV (B
{B zEAV (a)Aa: BEF}

= JAVi(a)
ieN

The free variables are a subset of the depending variables: the latter set
defines the variables a term depends on while the former set identifies the
variables a term directly depends on. A close inspection of the definition reveals
that the difference between FV and DV matters just when dealing with constants.
Usually, abusing terminology but conforming to the standard usage, we speak
of free variables even if DV should be intended.

Substitution is defined as a purely syntactical operation which replaces a
variable with an expression inside another expression:
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ctx—EMP Mctx—EXT
e ctx I'z: Actx
x1: A1, ..,y Ay X bl
1A, T A bt Ay ¢
F'Fa:A ’ 'Fa=b:A
TFa=a:A TFb=a:A "
F'Fa=b:ATFb=c:A 'Fa:ATFA=B:U; .,
ThFa=c:A =trane TFa:B =
F'Fa=b:ATFA=B:U; .
TFa=b:B =substre
T ctx I'EA:UY I'-A=B:Uy, " |
—cumul—eq

TEU Uy 7™ THFA U ™ THAZB Uiy

'HA:U; T)x: A+ B:U;
I'FIlw: A .B:U;

ITI—form

rrA=C:U; T'x: A B=D:U;
'(Mz:A.B)=(llz:C.D) : U;

I'z:AFb:B
F'(Ax:Ab):llz: A.B

II—form—eq

II—intro

Iz:AFb=d:B THFA=C: U
PE(Ax:Ab)=Nx:C.d):llz: A.B

II—intro—eq

't f:llx:A B T'Fa:A

TF fa: Bla/1] fimetim

'f=g:lz:A.BTFa=c:A

't fa=gc: Bla/x] Hmelim—ed
Nz:AFb:B I'kFa:A .
I (Az:A.b)a=bla/z]: Bla/a]
'k f:llx:A.B
IT—uniq

'f=0Mz:A fz):llz: A B

Figure 3.1: The basic system.



CHAPTER 3. SYNTAX

FF(H(IF)HUZ)L{H_l ‘
F'eEr:(Il(z: F),.U) T

PtM(x:F), O(y:1),, .72y - x)): U

r+-K:(U(z:F), Uy:1I), .7ay - a))

/
n

T—intro

'-M(z:F), IC:(Il(z:F),.Tx1 - Ty = Up).
(e (T F),, TGy ), .

Caly -y, (Kay - 2l y1 - Ym))-

(Mle:7xy -+ 2. Cxy -+ T €)))) : Uni1

T—elim
Fkind, :(II(z: F),.IC:(II(x: F),, . 721 -+ &y — Up).
(k¢ : (H(x:F)n; .H(y:])m;.
Cay oy, (Kah 2y v1 - ymy)-

(Me:Txq -+ 2. Cy -+- T €))))
'cC:(Il(x: F), .71 - xp — Up)
FFCl:(H(x:F)n,l.H(y:I)m,l.

o aly, (Ko -2ty 1 ...yml))

It (H(x:F)nL.H(y:I)m;C.

Cayaly (Kea) -l 1 ymk))

KTy - Tupr - pm 7Ty - T,

Fl_indTTl TnCC1 o Ck (Kle Tnpl "'p’m) = e
ciTy - Topy - P CTy -+ T (K Ty -+ Topy -+ i)
'ke:tTy --- T, _
Tkind, Ty, T, T
Az F),.(Az:121 - 2p.Tx1 -+ Tp))

e=e:

LF),,. . (A(y:])m,l.lel T Y1

:F)nk. (A(y:[)"L;C.Kkzl S T Y1

Ty - T,

Figure 3.2: Inductive types.

)
)
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Definition 3.3.2. If ¢ and b are terms, and z is a variable, then a[b/z] is
inductively defined as:

e if z & DV(a), then alb/z] = a;

e if a = k constant of type A with z € DV(k), then k[b/x] is another
constant of type A[b/x];

o if a =z then a[b/z] = b;
o if a = fcthen alb/z] = f[b/] c[b/x];

o if a=\y:C.d then a[b/z] = \y: C[b/a].d[b/x] provided y & DV (b);
o if a =TIy : C.d then afb/z] = Iy : C[b/x]. db/z] provided y & DV(b).

The assumption in the last two cases can always be enforced” by renaming the
bound variable y, i.e. substituting y in b by z & AV(a) U AV(b). Substitution in
a typed term is defined as (a: A)[b/z] = (a[b/z] : A[b/z]). For contexts, there
are two cases:

o if 2; & FV(b),

(x1: A1, xn Ay ctX)[b/ ;]
= (!L‘l : A17 PP o P AiflvmiJrl :AiJrl[b/xi], ey Iyt An[b/xz] CtX) ;

e otherwise,

(x1: A1, .. xy Ay ctx)[b/z]
= (w1 A, Ay iy s A b)), s Apfb/a] ctx)

and in the other kinds of judgements:

(Cka:A)b/z] = (Lb/z] - alb/z]: Alb/x]) ;
(TFa=d :A)b/z] = (T[b/z]t alb/x] = d'[b/z]: Ab/z]) .

From now on, we will tacitly identify terms, types, and judgements up to
a-conversion, i.e., renaming of bound variables. So, Az: A. b equals Ay: A. bly/x],
MMz : A. B equals Iy : A. Bly/z], and x: A+ b: B equals y: At bly/z]: Bly/z].
Here, equality means syntactically equal, i.e., the two expressions are considered
indistinguishable except for a different writing, which does not matter. Therefore,
= indicates syntactical equality, = is judgemental equality, and =4 the identity
type over A.

The notion of subproof, denoted by C, is easily defined by induction in the
usual way. Essentially, m; C mo when the 7 derivation is a subtree in the 75
derivation.

Fact 3.3.3. If m: o : A AFb:B, orm:Tz: A Ar-b=c:B, orm:T',x:
A, A ctx, then there is w': T' = A : U; such that ©’ C 7 and there is " : T ctx
such that " C 7’.

"In fact, by using de Bruijn notation [41] one could avoid altogether the issues about free
and bound variables, and renaming. However, the human-friendly notation adopted here
simplifies understanding.
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Proof. A straightforward induction on the structure of the 7« derivation. O

Remark 3.3.4. This fact shows how the first premise in the II—form rule can
be safely omitted provided A and B lie in the same universe, considering the
equivalent
Iz:AF B:U;
'k (Ilz: A.B) : UY;

The requirement that A and B are in the same universe is essential to avoid
the formation of impredicative types.

II—form .

Corollary 3.3.5. Ifr: Tk a:A orm: 'k a =b: A, then exists (m: T ctx) C 7.

The following completes the definition of substitution in Martin-Lof type
theory. It anticipates an independent result proved in the following, so no
circularity is present; however, it is cleaner to present the definition here.

Definition 3.3.6 (Substitution in proofs). Let w: I,z : A, A ctx, or 7: ', x :
AAFD:B, orm:T,2:AAAFb=c:B,and let #: ' - a:A. Also, let
7 T ctx be such that 7 C 7 as for Fact 3.3.3%. Then 7[a/z] is inductively
defined as:

e if the last step in 7 is not an instance of ctx—EXT or Vble, or is an instance
of ctx—EXT in which the conclusion is I,z : A, A,y : B ctx with = # y, or
is an instance of Vble in which the conclusion is I,z : A, A+ y: B with
x # y, and 7 has premises 71, ..., 7,, then 7[a/z] is the application of
the same rule to mi[a/z], ..., m,[a/z];

e if 7 is an instance of ctx—EXT with conclusion I', z : A ctx, then w[a/x] =

.
™ b

e if 7 is an instance of Vble with conclusion T', z: A - x: A, then 7[a/x] = 7';

e if 7 is an instance of Vble with conclusion I',z: A, A,y : B+ z: A, then
wla/x] is inductively constructed as in Proposition 3.3.12 from 7’.

Some further properties about derivations are obtained starting from a
counterexample which shows that an apparently natural property is false: if
m:TFU;=A:Born:T'H A=U;: B, then A =U;. In fact, considering for
the sake of simplicity the basic system plus the natural numbers,

ctx—EMP
EMP o o U—i
ctx— ———5, — U—intro
® Cctx " I—Z/{Z—:Z/{Hlk _
-, U—intro — = 5,  k—intro
}—Z/[Z Zui+1 i = Nuz EXT
——~ 5,  k—intro — =  Ctx—
FN:U; . x : N ctx y
—— = k—intro —intro
FO:N .’EZN}_Z/[iZZ/{H,l
II—comp

F(Az:N.U;) 0=U;[0/x] : Ui+1[0/x]

However, - (Az: N.U;) 0 = U;[0/x] : U;+1[0/x] is equal to F (Az:N.U;) 0 =
L{,; . Z’{i-‘rl'
The following lemma tells how a regular judgement can be derived.

8The proof of Fact 3.3.3 effectively constructs 7’/
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Lemma 3.3.7. The following facts hold:

1.

ifm: ' F x: A with x a variable, then © ends with a possibly empty
sequence of instances of =—subst and U—cumul after an application of
Vble whose conclusion isT' - x: B withx: B €T, and TH A= B:U;,
i € N or, if there are k > 0 applications of U—cumul, T'+ B = U; : U;41
and U'F A=Ujv g Uiskt1;

ifm: T'EU;: A, then m ends with a possibly empty sequence of instances of
=—subst and U—cumul after an application of U—intro whose conclusion

is'FU,; Iui+1, andTH A= ui+k+1 :Z/{i+k+2, with k € N,’

ifm: ' b k: A with k a constant, then w ends with a possibly empty
sequence of instances of =—subst and U—cumul after an application of
k—intro whose conclusion is ' - k: B, and T W A = B:U;, i € N
or, if there are k > 0 applications of U—cumul, I' - B = U; : U;+1 and
P A=Upk  Uipktr;

ifm: TF (Mx: A.B): C then m ends with a possibly empty sequence of
instances of =—subst and U —cumul after an application of II—form, whose
conclusion is m: I'F (Hx: A.B) :U;, and T+ C = Uiy : Ui k41

if m: T F (Ax: A.b): C then  ends with a possibly empty sequence of
applications of =—subst and U—cumul after an instance of IlI—intro whose
conclusion is T H (Ax: A.b): (Ilx: A.B), and T+ C = (Tlz : A. B) : U; or,
if there are k > 0 applications of U—cumul, ' F1lz: A. B=U; : U;1 and
I'HC = L{Hk :Z/{i-&-k-‘rl;

ifm: Tk fa:C then m ends with a possibly empty sequence of applications
of =—subst and U—cumul after an instance of I1—elim whose conclusion is
't fa:Bla/z], and T+ C = Bla/x|:U; or, if there are k > 0 applications
of U—cumul, T'+ Bla/z] = U; : Uir1 and T'F C = Uiyg - Uit it

Proof. All the cases are proved following the same pattern: the only rules

allowing to derive a judgement in each of the cases are =—subst, I/ —cumul, or
the mentioned rule. The conclusion follows since equivalences can be composed
by =—trans. O

The following two properties show that types in judgements are well given
and, in particular, that an inhabited term is a type.

Proposition 3.3.8. Ifm:T'Fa=b:AthenTFa:A and T b: A.

Proof. By induction on 7:

e if the last step of 7 is an instance of =—refl, a = b and the premise

I'F a: A is the statement;

e if the last step of 7 is an instance of =—sym or =—trans, the induction

hypothesis on the premise(s) yields the result;

e if the last step of 7 is an application of =—subst—eq, U/ —cumul—eq, or

II—elim—eq, the corresponding plain rule applied to the induction hypoth-
esis on the premise(s) yields the result;
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e if the last step of 7 is an instance of [I—form—eq or II—intro—eq, the result
follows as in the previous case eventually with an additional application
of =—subst on the second premise;

if the last step of  is an instance of II—comp, calling its premises 71 : I, z:
DFeFandme: T'F d:D,witha = (Az:D.e), b= e[d/x],and A = E[d/x],
mi[d/x] shows T'Fb: A, while T' F a : A because

m:Tz:DFe:E -
't (\z:D.e):(Ilz: D.E) M i THd:D
'k(Az:D.e)d: A

II—elim

if the last step of 7 is an instance of II—uniq, the premise 7: I'
a:(Ilz:D.E) with A = (Iz: D.E) and b = (Ax: D.ax) shows that
I'Fa:A ThenI'F b: A holds because

7:T,x:DFa:(Ilx:D.E) m:T,z:DFx:D
I'zx:DFax: FE
'k (Az:D.ax):(Ilx: D.E)

II—elim

II—intro

where 7, is easily derived by Vble and Fact 3.3.3, while 7] is obtained by
m1 through Proposition 3.3.12;

if the last step is an instance of T—comp;,
Fkind, Ty -+ T, Cecy - )y KTy -+ Tup1 -+ D) s
CTI TTL(K’LTI Tnpl "‘pm)
by applying II—elim to

I'cind,: (M (z: F),.TIC: (Il (x: F), .Tx1 -+ Ty = Up).
(05 (1w F),, (g D),
Caly o apy (Kay - @l g1 Ym,).
(Me:rxy -+ 2y Cxy -+ THE))))
and, in order, to
'eC:(Il(x: F), . Tx1 - xp — Up)
F}—clz(H(x:F)n,l.H(y:I)m,l.
Cafaly, (Koah 2l 1 Yoms))

I‘}—ck:(H(m:F)nL.H(y:I)m;‘.
Cx/l .--x’lrlk (ka/l -.-x{r’lkyl .-.ym ))
PEKTy - Topr o pm 7Ty o T

also 'k ¢Ty - Tppy -0, : CTy -+ T, (K Ty -+ Tyup1 -+ pm) can
be derived appropriately applying II—elim to

F}—ci:H(x:F)né.H(y:I)m;.Cx'l el (Koo ool g1 Ym,) s
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e if the last step is an instance of 7—uniq, I' - e: 7T} --- T, by the premise,
and'+ind, Ty, -+ T, ...e: 7Ty --- T, follows from

I'tind,: (I (z: F),.IC: (Il (x: F), .Tx1 -+ Ty = Up).
(¥ e (M(x: F),, M(y:1),, .
Ot oy (Kl -y ym, ).
(MMe:7xq - 2. Cay -+ T E€))))

by repeated applications of II—elim. O
Proposition 3.3.9. Ifr: 'k a: A thenT'+ A:U; for some i € N.
Proof. By induction on 7:

e if the last step of 7 is an instance of Vble, the conclusion follows by
Fact 3.3.3;

e if the last step of 7 is an instance of =—subst with premises I' - a : B and
m1: ' B = A:U; then the conclusion follows by Proposition 3.3.8 on 7y;

e if the last step of m is an instance of k—intro, in particular, if it is an
instance of 7—form, T—intro or 7—elim, then the premise immediately
yields the conclusion;

e if the last step of 7 is an instance of U—intro, U/ —cumul or II—form
the result is obtained observing that A = U}, and thus by U—intro,
'+ Z/{j ZZ/{jJr];

e if the last step of 7 is an instance of II—intro, by induction hypothesis on
the only premise, m1: I';z: A+ B:U;. By Fact 3.3.3 on my, mo: '+ A:U;,
soI'F (Iz : A. B) : U; by II—form on 7 and 7o;

e if the last step of 7 is an instance of II—elim, then by induction hypothesis
on its premises, m: I' H A:U; and 7o: T' F (Ilz: A. B) : U;. Thus, by
Lemma 3.3.7 on 7o, m3: I', 2: A+ B:U,, hence m3[c/z]: T'F Ble/x]:U;. O

It is important to remark that Propositions 3.3.8 and 3.3.9 provide an
algorithm to effectively construct the proofs in their conclusions. Also, Proposi-
tion 3.3.8 can be redundantly rephrased as

Corollary 3.3.10 (Substitution rule). IfT'Fa=b:A and T F a: A, then
L-b:A.

Contexts

A strong property we need to prove is weakening: if a conclusion can be derived
from a set of assumptions, then the same conclusion can be derived also from
a larger set of assumptions. The result is not immediate because contexts are
ordered, and assumptions may be permuted as far as their free variables appear
before.

Proposition 3.3.11. Let w1 : Ay, ..., 2y 1 Ap ctx and Tr1y t Ar(1)s -+ Tr(n)
Ar(n) ctx be contexts, and let w be a permutation of {1,...,n}. Then
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° if(El ZAl,...,$n2An Fb:B then Tr(1) :A,r(l),...,x,r(n) :Aﬂ-(n) FbB,

o ifxi Ay, ot Ay Eb=ciB then X1y Arr), - Ta(n) P Arn) F O =
c:B.

Proof. By induction on the structure of derivations:

o ifxy: Ay, ..., 21 Ay F 2t A; by the Vble rule, then @, (1): Ar1), .-, Trn):
Arm) F Tr(iy : Az(s) by the same rule. Notice how a-conversion has been
tacitly applied.

e in all the other cases, if v is deduced by an instance of the r rule, then the
conclusion follows by the same rule applied to the result of the induction
hypothesis on the premises. O

The previous proposition may be understood as contexts are sets with
dependency. The fundamental weakening consists of adding a new variable to
the context.

Proposition 3.3.12. Let m: ',z : A ctx. Then

e ifm:T'+b:Bthenn:T',o:AFb: B;

e ifm:I'Fb=c:Bthenn’:T,x:Ar-b=c:B.
Proof. By induction on the structure of derivations,

e if the last step in 7 is an instance of Vble or U —intro, 7’ is the application
of the same rule to my;

e otherwise, ' is obtained applying the same rule as in the last step of «
to the result of the inductive hypothesis on the premises. O

Theorem 3.3.13 (Weakening). Let I' ctx and A ctx such that T C A. Then
o if'+b:DB then AFb: B;
o if’'Fb=c:B then AFb=c:B.

Proof. Let = A\T, in which subtraction preserves the relative ordering of
elements. By induction on the length of =:

e if = is empty, then the statement follows by Proposition 3.3.11;

e if 2 = &',z : A then, by induction hypothesis I',Z' + b: B and I',Z'
b=c:B whenever ' Fb: Band I' - b = ¢: B, respectively. Thus by
Proposition 3.3.12, =+ b: B and I',;ZF b = ¢: B, respectively. Hence,
by Proposition 3.3.11 the conclusion follows. O

The weakening property says that, if something can be derived from a given
context, it can be derived from every super-context. Oppositely, the following
proposition shows what is the minimal context, up to valid permutations, which
allows to derive a given conclusion.
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Proposition 3.3.14. IfT'Fa: A and T' v A :U; in the basic theory, then
FV(a) € DV(a) C AV(a) and AV(A) C AV(a). Moreover, AV(a) ctx is a
judgement by ordering the declarations according to dependencies, AV(a) - a: A,
and it is the minimal subcontext of I for which this happens.

Proof. Long but obvious inductions allow to prove all the statements. O

The last property we need says that if A and A’ are equivalent types, then
what can be derived from A, can be proved from A’, too. This property com-
plements weakening since it shows that replacing declarations with equivalent
ones does not change what can be derived.

Proposition 3.3.15. Let ' A= A’ :U;. Then
1. ifT,z: AJAFb:B thenT,z: A, A+ b: B;
2. ifT,x:AJ/Arb=c:B thenT,z: A/,AFb=c:B.

Proof. By induction on the structure of derivations, we prove the first statement;
the latter is analogous.

e if the last step is an instance of Vble, the conclusion I';x : A, A Fy: B
is such that either x # y so AV(y) - y: B, hence I',x : A/, A+ y: B
by Theorem 3.3.13; or # = y so 'z : A/, A + z: A’ by Vble. Thus,
T,z: A, A+ x:A by =—subst.

o if the last step is U/—intro, then T,z : A, A +U; : U; 11 by U—intro.
e in all the other cases, the result follows from the induction hypothesis. [

The above results, in particular Propositions 3.3.11 and 3.3.15, show that,
as long as they are derivable, contexts can be identified up to permutations and
equivalence of the types appearing in them. Thus, we define two concepts of
equivalence between contexts, respectively catching only the first and both the
notions.

Definition 3.3.16. If I ctx and A ctx are derivable, then I' = A, i.e., the T’
and A are permutation equivalent, if and only if A is a rearrangement of T".

Fact 3.3.17. = is an equivalence relation.
Proof. Immediate since permutations form a group. O

Definition 3.3.18. If ' = x1 : Ay,...,2, : A, and A = 21 : By,...,2,: B,
are derivable, then I' ~ A, i.e., the I and A are equivalent, if and only i
AxT' =21:Cy,...2p:Cpand x1: A1, ..., 2j: Aj F Ajyq1 = Cjyq 1 U; for every
0<g<n.

Fact 3.3.19. ~ is an equivalence relation.

Definition 3.3.20. Two judgements I' - a: A and A F b: B are called equivalent
when I' ~ A, and the judgements ' - a =b: A and ' - A = B :U; are derivable.

The abbreviated notation a = b, used when the missing pieces are clear,
means that there are a context I' and a type A such that T'Fa=b: A.
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The previous results about contexts allow to obtain two structural properties
of the calculus, illustrated in the following.

Universes a la Russell lead to possible ambiguities: it may happen, in some
particular cases, that a term ¢ belongs to two types C' and D such that a
judgement of the form I' = C'= D : T cannot be derived. The trivial example
is when c is a type and c:U;, c¢:U;11. The following result states when this
situation may arise.

Proposition 3.3.21. LetT'Fc:C and T'F c: D be two derivable judgements
in the basic system. Then, it holds one of the following

1.TFC=D:U;

2.THC=1(2:G). U :Uj41 and T'F D =(z: G)i. Uy :Ui11. Notice that,
if l=0, then C =U; and D = U,

Proof. By induction on the structure of derivation of I' - ¢: C'. By Lemma 3.3.7,
I'F c: D has to be similar to I' - ¢: C. In particular

e If the last rule applied is Vble or k—intro, then the only possibilities to
obtain I' - c¢: D are:

— when I' - C = D : U;, applying =—subst and falling in case (1);

— when C = U; and D = Uy, by repeated applications of &/ —cumul
and =—subst, obtaining case (2) with [ = 0.

e If the last rule applied is =—subst, then by the premises I' - ¢: A and
I'FA=C:U;. f T F ¢: D then, by induction hypothesis on I' - ¢: A,
there are two possibilities:

—if ' v A= D:U; then, by =—sym and =—trans, ' F C = D : U;,
which is case (1);

—if A =1I(x:G).U; and D = I(z : G);. Uy then, by =—sym and
=—trans, C = II(x : G);.U;, which is case (2).

e If the last rule applied is U —intro, Y —cumul, or II—form, then C' = U; 1,
and the only possibilities to obtain I' - c: D are

— by =—subst if I' - U; 11 = D : U; 12, leading to case (1);

— by repeated applications of &/ —cumul and =—subst since D = Uy, by
Lemma 3.3.7; this is case (2).

o If the last rule applied is II—intro then C' = Ilz : A. B, and the only
possibilities to have I' - ¢ : D are:

— whenT',z: A+ B = B":U; and D =Ilz: A. B’ applying [I—form—eq
and =—subst, falling in case (1);

— when B=I(z: G).U;, B =1I(x: G);. Uy, D =1lx : A. B’ and, by
induction hypothesis, 'z : A+ b: Band I',z: A+ b: B’. Then,
applying =—subst and II—form, I' - ¢: Iz : A.II(z : G);.U; and
I'kec:Mx: A Tl(z : G);. Uy, which is case (2).
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e If the last rule applied is II—elim, then C' = B[a/z], and the only possibil-
ities to have I'  ¢: D are when, by induction hypothesis, I' - f:Ilz: A. B,
'k f:1z: A.B" and D = B’[a/z]. This can lead to two different cases:

— I'z: A+ B = B’ :U;. Then by II—intro—eq, II—comp and =—trans
we obtain Bla/z] = D, i.e., case (1);

- B=1(z:G);.U; and B’ = II(x : G);.U,. Then, by II—elim, " -
fa:(Il(z:G).Uj)a/z] and T' = fa: (I(z: G);.U)a/x]. Since
(II(x : G)i.U;)[a/z] = (x : Gla/x]);.Uj, this is case (2). O

The following result shows that every descending chain such that I' - a;41:a;,
j € N, is finite. Of course, it does not hold with ascending chains: universes
form an infinite ascending chain such that I' - a; : a;j41.

Proposition 3.3.22. Every sequence {a;}; such thatT' - a;q1:a; for every j
18 finite.

Proof. By contradiction, let the sequence be infinite. Then, I' F a; : U;
for every j € N by Proposition 3.3.8. By Proposition 3.3.21, I' - U;, , =
H(:C : Gj+1)l].+1.uk].+l 2Z/[k].+1+1 and I' - a; = H(iL’ : Gj+1)lj+1.uhj+1 Iuh].+1+1,
possibly with I;41 = 0 and kj4+1 = hjy1, for every j € N. Hence, by =—subst
and Corollary 3.3.10 (and omitting the first term), the sequence {a;};jen can
be rewritten as {II(x : G)i;.Un, }jen with

)

'+ H(LL' : Gj+1)l Z/[h . H(.T . Gj)lj.uhj . (31)

J+1° J+1

By Lemma 3.3.7:

e if [;11 =0, then (3.1) is obtained by U —intro after a sequence of =—subst
and U—cumul, so I'FIl(z : Gy)i, . Up; =Us; : Us;41;

e otherwise (3.1) is derived by II—form after a sequence of =—subst and
U—cumul, so T', (z: Gjy1)i,,, F Iz Gy)y, . Un, = Us, :Us,+1. By Theo-
rem 3.3.13 and Proposition 3.3.14, I' = T(z : Gj)i, . Un; = Us, : Us; 1.

Hence, by =—subst and Corollary 3.3.10, the sequence simplifies to {Us, } jen
with I' = U, , :Us;. Thus, by Lemma 3.3.7, {d;}en is an infinite descending
chain in N, impossible. O

Corollary 3.3.23. IfT" is a derivable context, then there is a derivable judge-
ment I' - a: A such that a is not inhabited.

Proof. Immediate, by Proposition 3.3.22. O

3.4 Parallel substitution

The notion of substitution in Definition 3.3.2 is the standard on a single
variable. However, when we consider multiple substitutions, which substitute
many variables at once, there are many different ways to define them. If
[a1/x1,...,an/xy,] is such a substitution, we may define it on terms as:

tlar /21, .. an/zn] = (- ((Har/z1])]az/22]) - - )[an /2]
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performing the substitution in a sequence. This kind of multiple substitution is
therefore called sequential.

However, sequential substitution poses a number of problems when doing
proof theoretical analysis: in fact, if 2o € FV(a1) then x5 gets substituted in a4,
while 21 does not get substituted in as even if z; € FV(ag). This asymmetrical
behaviour causes the above mentioned difficulties. Hence, a different notion of
multiple substitution is required: parallel substitution. Although technically
more complex, its behaviour is symmetric: it operates only on the free variables
in t leaving untouched the a;’s.

As said the definition of parallel substitution is more complex, requiring to
mark the substituting terms so that they do not get substituted. The marking
naturally generates a notion of delayed substitution: the result of a substitution
leaves marked terms in the result, and we are required to cancel the marking,
or to reify them before getting a proper term. Hence, a delayed substitution is
completed when reified, and this action could take place not immediately after
the substitution occurs.

Definition 3.4.1 (Delayed substitution). If @ and b are terms, and = is a
variable, then a[b/x]q4 is inductively defined as:

e if v ¢ DV(a), then alb/z]q = q;

e if a = k constant of type A with z € DV(k), then k[b/z]q is another
constant of type A[b/z] (note that the second substitution is not delayed);

o if a = z then alb/z]q = tb;

o if a = fcthen alb/z]g = f[b/x]a c[b/z]a;

o if a = \y: C.d then alb/z]g = \y : C[b/]a. d[b/z]a provided y & DV(b);
o if a = ITy: C.d then afb/z]q = Iy : C[b/x]4. d[b/x]g provided y & DV(b);
o if @ = fc then alb/z]q = a.

The same remarks of Definition 3.3.2 apply, and delayed substitution is extended
to typed terms and judgements accordingly.

The § operator marks a term, and it lies outside the syntax, so the result
of a delayed substitution is not a term, properly speaking. Also, it is worth
noticing that a delayed substitution naturally applies to already marked terms.

Definition 3.4.2 (Reification). If ¢ is a marked term, then A(t) is inductively
defined as the operation removing the §f marks from t¢:

e if ¢ is a variable or a constant, A(t) = t;
o if t =ab, A(t) = Aa) A(b);

o if t = Az : Ab, A(t) = Aw: A(A). A(b);
o if t =1TIw: A.b, A(t) = Iz : A(A). A(b);
o if ¢ = fa then A(t) = a.

Reification is extended to typed terms and judgements in the obvious way.
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On a single-variable delayed substitution coincides with the usual notion.
Fact 3.4.3. A(a[b/z]q) = a[b/x].
Proof. Straightforward induction on delayed substitutions. O

At this point, parallel substitution can be easily defined. It is convenient to
keep separate two notions: parallel and delayed parallel substitutions, which
are related as in Fact 3.4.3.

Definition 3.4.4 (Delayed parallel substitution). Let aq,...,a,,t be terms,
and let z1,...,x, be distinct variables. Then

tlar/m1,. . an/2nla = (- (tlar/z1]a) [az/@2]a - - - )[an/Tn]a -
Extensions to typed terms and judgements are obvious.

Definition 3.4.5 (Parallel substitution). Let ay,...,a,,t be terms, and let
xi,...,T, be distinct variables. Then

tlar /a1, ... an /2] = A(tlar /21, ... an/Tn)d)
Extensions to typed terms and judgements are as before.

It is worth remarking how multiple substitutions are finite: in Martin-Lof
type theory the only variables which may be affected by substitutions are those
appearing in the context part of the substituted object. This observation leads
to equip substitutions with a reference context. If ' is a context, a substitution
[a1/x1,...,an/xy,], delayed or not, is such that x1,...,z, occur in I in the
same order.

We need to perform two operations on multiple substitutions: composition
(o) and subtraction (\). Although they can be defined more in general, we
impose two constraints: the two operands are both substitutions on the same
reference context, and the second operand is a substitution of a single variable.
These constraints are what we use in the rest of the dissertation, so we leave
the straightforward generalisations to the reader.

Definition 3.4.6 (Composition). If [a1 /21, ..., an/z,]4 and [b/xk]q are delayed
parallel substitutions on 1 : A1,...,Ym : Am, with zx & {z1,...,2,}, then
la1/x1,...,an/xpla o [b/zk]la = [a1/z1, ... a;/2,b/Tk, aji1/Tjsn, - . Gn/Tn]d,
with xj inserted in the right position according to the order given by y1, ..., Ym.

Definition 3.4.7 (Subtraction). If [a1/x1, ..., an/®s]d and [b/xzk]q are delayed
parallel substitutions on y; : Ay, ..., Ym : Am, with b = a; if 1 < k < n, then
[al/xla sty an/zn]d \ [b/ﬂ;k]d - [al/xla ceey ak—l/xk—lv ak+1/$k+17 e ,an/l'n]d
if 1 <k<nandai/z,...,a,/Ts]a otherwise.

Since composition and subtraction have been defined just in the delayed
case, we usually drop the subscript when the operations are used, since the
nature of substitutions will be clear. Also, we will use “x is in the domain of ¢”
when o(z) # x.

Proposition 3.4.8. If o is a delayed parallel substitution on T, then (o \

[o0(2)/z]) o [o(z)/2] = o
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Proof. Immediate by unfolding Definitions 3.4.6 and 3.4.7. O

Fact 3.4.9. If o is a delayed parallel substitution on I' and x is in the domain
of o, then

(T t: A)o = (Tlo(x)/a] - tlo(2) /2] : Alo(x) a])(o \ [o(2)/a]) -
Proof. Obvious consequence of Proposition 3.4.8. O

Proposition 3.4.10. If o and [a/x] are delayed parallel substitutions on T,
and x in not in the domain of o, then

(0olo(x)/z]) \o(y)/y] = (o \ [o(y)/y]) o [o(z)/x]

for every y in the domain of o.
Proof. Immediate by unfolding Definitions 3.4.6 and 3.4.7. O

Proposition 3.4.11. If o is a delayed parallel substitution on T', and z,y are
distinct variables in the domain of o, then

(@ \[o(@)/z]) \ [o(y)/y] = (e \ [o(y)/y]) \ [o(z)/z] .
Proof. Again, immediate by unfolding Definitions 3.4.6 and 3.4.7. O

In the following of the dissertation, we drop the “parallel” adjective when
speaking about substitutions. However, when delayed (parallel) substitutions
are used, this will be made explicit either in the discourse or in the notation.
When ambiguity in this respect helps understanding, we will be ambiguous,
principally to alleviate notation, but in the fundamental definitions and in the
crucial passages, ambiguities will always be resolved.

3.5 Canonical inductive types

The end of this chapter is devoted to show how the canonical inductive types
can be translated in our syntax, see Section 3.2. For the canonical rules, we
recall the Appendix of [95]. Except for W-types, the translation is immediate,
and it is evident that our rules are equivalent to the usual ones.

Dependent sum

The usual syntax does not use constants, so x : A. B is an abbreviation
for ¥ A (Az: A. B), and (a,b) stands for pair ABab. Here, we will use the
unabbreviated syntax to make explicit the inductive nature of X-types. The
dependent sum inductive type is total and non-recursive.

FEY:(IMA:U;. IIB: (A = U;) . Uy;)
The conclusion could be rewritten as T' -3 : (ITA : U;. (A — U;) — U;).

> —form

T'H (A U.TIB: (A > U;) . Ta: ATb: Ba.S AB) : Uiy,
T F pair: (TA: ;. TIB: (A = U;) .Tla: A.Tlb: Ba. % A B)

Y —intro
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The conclusion could be rewritten as
I'Fpair: (TA: U;. IB: (A—U;) . lla: A.Ba— X AB) .

Tk (TTA: U TIB: (A — Uy).
[C: (A : U TIB : (A — U;). S AB — Uj) .
ey : (TTA:U;. TIB: (A — U;). lla: A.TIb: Ba.
C AB (pairABab)).
He:EAB.C’ABe) ‘Ui
I'tindy: (HA:Z/{i.HB (A= Uy).
e : (IMA: 4, IB: (A - U;). X AB = U;) .
ey : (AU TIB : (A — U;). Tla : A.IIb: Ba.
C A B (pair ABab)).
Ile: X AB.C ABe)

Y —elim

TFC: (AU TIB: (A= U).SAB — U;)
ke :(TA: U . IIB: (A —U;). Tla: A.TIb: Ba.C A B (pair ABab))
IT'kpairA B'db :XA B
I'kindgs A’ B'Cc; (pairA’B'a'b) =
A A'B'd'V - C A B’ (pair A' B ' V)

3 —comp

'ke: XA B
'kFinds A’B" (M :U;.AB: (A—=U;). \x: X AB.XAB)
(M :U;. AB: (A —U;). da: A Xb: Ba.pair ABab)
e=e: XA B

3 —uniq

Coproduct

The usual syntax is A+ B, which abbreviates + A B, and inl a, inr b, abbreviating
inl A Ba and inr A B b, respectively. The coproduct inductive type is total and
non-recursive.

Pk +:(IA:U;. TIB : U;. Uy)

+—form

The conclusion can be rewritten as I' - + : U; — (U; — U).

- (IIA:U;. TIB:U;. Ta: A.+ AB) : U1 .
Phinl: (MA:U;. IB :U;.Tla: A.+ A B) +—intro;

(A U;. TIB:U;. TTb: B.+ AB) : U1 .
Itinr: (MA:U;. OB :U;.TIb: B.+ A B) +—intro,

The conclusions can be rewritten, respectively, as I' - inl : TTA : U;. I1IB : U;. A —
+ABandT'tinr:IIA:U;. 1IB:U;. B — + AB.
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I+ (TIA: U; . TIB : U;.

Inc: MA:U; UB:U;.+ AB = U;) .

Iey : (TTA: U; IB :U;. Tla: A.C AB (inlABa)).

Ieg: (TTA: U, TIB : U;. TIb: B.C AB (inr ABbD)).

lle: +AB.CAB e): Ui

I'Findy : (HA:Ui.HB ‘U;.

e : (MA: U4;. UB : U;.+ AB = U;) .
Iey : (ITA: U, IB :U;. Tla: A.C AB (inlABa)).
ey : (ITA:U;. TIB :U;. TIb: B.C AB (inr ABbD)).
Ile:+AB.CAB e)

+—elim

'C:MA:U;.IB:U;.+ AB = U;)
ke :(TA: U TIB:U; Ta: A.C AB (inl ABa))
Ikey:(TA: U TIB:U;. TIb: B.C AB (inr ABYb))
'inlA"B'a :+ A’ B’
F'tindy A B Ceic (inlA' B'a') =
caA'B'ad:CA B (inlA' B d)

+—comp;,

F+-C:(MA:U;,. IB:U;.+ AB — U;)
'Fe:(TA: U OB :U;. TTa: A.C AB (inl ABa))
Tk ep: (HA: U IIB : Uy TIb: B.C AB (inr ABb))
F'kinrAB'bY:+A B
Tk indy A' B Cep ey (inr A B'Y) = come:

o A'B'Y:CA B (inrA'B'Y)

F'te:+A B _
'k ind+ A B’ +—uniq
(AA: U AB: Uy A= + AB.+ AB)
(AA: Uy AB: Uy ha: A.inl ABa)
(M :U;.AB:U;. \b: B.inrABb)e=e:+ A" B’

Empty type

The empty type is total and non-recursive, and shows how the construction of
inductive types behaves on the boundaries of the definition.

TH{C:(0—=U;) . Te:0.Ce): Uit
I'Findg: (IIC: (0 = U;) . Ile: 0.Ce)

0—elim

I'ke:0
I'kindg (Az:0.0) e=e:0

0—uniq
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Unit type
The unit type is total and non-recursive. It is the prototypical example of
enumerations.
Fl—uiiui+11 Fl—lluil_
TEL:U " Trhx:1 07

FFIC:(1—=U;) . Tle; : Cx.Tle:1.Ce) : Uit
F'kindy: (IC: (1 = U;) . Tey : Cx.Tle:1.Ce)

1—elim

I'C:1—-U; Thep:Cx T'Ex:1
'tFindiCeyx=c1:Cx

1—comp

I'kFe:1

IF'kindy (Az:1.1) xe=e:1 1unia

Natural numbers

The inductive type of natural numbers is total and recursive. In fact, it is the
prototypical example of recursive types.

F}—Uiiui+1 N_f
EN:u; o
I'-N:UY, ' (Mn:N.N): U )
N—introg

TFO:N ™ TFsucc: (In:N.N)

L' (IIC: (N = U;) . Iley : CO.
ey : (Mz: NIy : Cz. C (succz)) . Ile : N.C'e) : Uity
I Findy: (IIC : (N = U;) . ey : CO.
ey : (M : N. Iy : C&. C (succz)) . Ie : N.C'e)

N—elim

''rC:N—U; T'+0:N
The:CO Pheo: (Mx:N.Ily: Cx. C (succx))

I'tindyCeieca0=¢1:CO0

N—comp,

'-C:N—U; T'kFsuccn:N
ke :CO Pkey: (M :N. Iy : Cx. C (succx))

'k indy C ey o (succn) = con (indy C ey ean): C (succn

) N—comp,

'ke:N
I'Findy (Ax:N.N) 0 (Az:N. Ay :N.succz) e=e: N

N—uniq
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Identity types

The usual notation a =4 b is formally rendered as = A a b, emphasising that
identity acts as a functional. The identity inductive type is partial and non-
recursive, providing the prototypical example of partial inductive types.

' (TA: U;. Ta: ATIb: A U;) = Ui
Ph=:[A:U;. Ha: A.TIb: A.U)

=—form

F(MA:U;.Tla: A.=Aaa) : Ui
IFrefl: (TIA:U;. Tla: A.=Aaa)

=—intro

'+ (HA:Ui.Ha:A.Hb:A.

IC: (MA:U; Ha: A TIb: A.=Aab—U,;).

Iey : (ITA:U;. Ta: A.C Aaa (refl Aa)).

He::Aab.CAabe) Ui

I'Find-: (HA:Ui.Ha:A.Hb:A.

IC : (IMA: U;. Mla: A.TIb: A.=Aab— U;).
Iey : (ITA:U;. Ta: A.C Aaa (refl Aa)) .
He::Aab.C’Aabe)

=—elim

FEC:(TA:U;.Tla: ATIb: A.=Aab— U;)
F'kep:(TA:U;.TTa: A.C Aaa (refl Aa))
PhreflA'a' :=A"d" d

I'kind—A'a’a Cey (reflAd’)=c1 A'd : C A ad' a (refl A’ )

=—comp

FFe:=A"dt
FFind— A d'V (MNA: Ui da: A Xb: A dx:=Aab.=Aab)
(MU da:AreflAa) e=e:=Aabd

=—uniq

Well orderings

The W inductive type is total and recursive.

'k (HAZ/{lHB : (A — Z/{Z)Z/{l) IZ/{H_l
FEW:(MIA:U; OB : (A —= U;). U;)

W—form

'k (IA: U;. 1IB: (A — U;).Tla: A.
Iv:(Mly: Ba.WAB). WAB) :U;14
I'Fsup: (ITA:U;. TIB: (A = U;). lla : A.
IIv: (Ily: Ba.WAB).WAB)

W—intro
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Dk (AU TIB : (A = Uy).
IC: (UA: U 11B : (A — U;). WAB — Uy).
ey : (TTA: U; . TIB : (A = U;). Ta : A.
Iv: (Ily: Ba.W AB).
Mz:(Mly: Ba.C AB(vy)).C AB (sup ABav)).
Ile:WAB.C ABe) : Uit _
T Hindw : (TA: U TIB: (A — Uy). el
Iey : (TTA: U, . TIB : (A = U;). Ila : A.
IIv:(Ily: Ba.WAB).
Mz: (Mly: Ba.C AB(vy)).C AB (sup ABav)).
Ile:WAB.C ABe)

DO (AU TIB: (A — Uy).WAB — Uj)
FFclz(HA:L{i.HB:(A%L{i).Ha:A.
IMv:(Ily: Ba.WAB).
Iz:(Ily: Ba.C AB(vy)).C AB (supABav))
F'ksupA’B'a'v':WA B
I'Findw A’ B ' Cecy (supA’'B'ad'v') = Y comp
aaA'B'd' v (A\y:B'd.indwA’' B'"Cec; (v'y)):
CA B (supA’ B a'v')

F'Fe:WA' B’ Weunt

T'Findw A’ B’ (A :U;. AB: (A — U;). \x :WAB.W AB) o
(MU AB: (A= U;). da: A dv: (ly: Ba.WAB).
Az:(Ily: Ba.W AB).supABav)e=e: WA B

To check that the present formalisation is equivalent to the usual one is easy
by comparing with [77, Chapter 15]. As a side note, not further developed in
this dissertation, W-types allow to predicatively simulate the construction of
other data types along the lines of [23], but not all of them, as shown in [78].



Chapter 4

Normalisation

This chapter is devoted to prove a normalisation theorem for the system
introduced in Chapter 3.

Although Martin-Lof type theory has been deeply and widely studied, a
normalisation result for the system used in [95] or, equivalently, for the one
used in this thesis is folklore as no full proof can be found in the current
literature. Indeed, although Section A.4 of [95] discusses normalisation and its
consequences, it does not prove the results, and the shape of the presentation
strongly suggests that the normalisation theorem is derived from the one in [69],
to which the main text of [95] refers to in the first chapter. The type system
of [69] differs from our system (and the one used in [95]) in a few aspects.
In particular, we use n-reduction, embodied in the uniqueness rule for the
dependent product types; also, the notion of conversion in [69] is much weaker
than ours, not admitting conversions under A. The first aspect is delicate, but
the second one is crucial, preventing a direct extension of the proof in [69] to a
strong normalisation result for our system. These problems have been addressed
in [1] and [2]. There, a normalisation result has been proved for a type system
which has full 8- and n-conversions, but it has a unique universe, which marks
a crucial difference from our system. In fact, an irreducible type A, regarded as
term, has the universe as a type; in a system with a cumulative hierarchy of
universes a la Russell, A lies in U; for every j > i for some ¢, that is, A has an
infinite number of distinct and irreducible types. This simple fact prevents to
affirm that terms have a unique type up to conversions, see Proposition 3.3.21,
a property that allows to separate the normalisation of types from the one of
terms. Hence, the construction of a universe of all types, see section 3.2 of [2],
is inadequate to cope with an infinite hierarchy of universes. We do not know
whether the mentioned construction could be appropriately adapted to solve
the problem.

The technique called normalisation-by-evaluation [20] is the tool to prove
the strong normalisation results in [69], [1], and [2]. The great advantage of
this technique, originally introduced by Peter Hancock [69], is that it does not
require a separate uniqueness result showing that normal forms are unique up
to a-conversion, or equivalently, are unique in the de Bruijn representation of
terms [41]. The separate uniqueness result is usually an instance of Church-
Rosser theorem [15], which poses a difficult combinatorial problem with a
complex notion of conversion like the one of Martin-Lof type theory, a fact
already remarked in [69].

Our proof uses Girard’s technique [43] based on reducibility candidates,
suitably enriched with a weak notion of evaluation to deal with dependent types.
The normalisation theorem says that every reduction sequence starting from a
judgement ~ necessarily terminates after a finite number of steps, eventually

45
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yielding an irreducible judgement 4’ such that v = ' is provable. While [69],
[1], and [2] show that normal forms are unique, we prove the uniqueness only
up conversions, which is a strictly weaker result with respect to the cited works,
but perfectly matches with the semantics we propose in Chapter 5.

4.1 Reductions

The notion of reduction on terms is defined as one expects: the computation
and uniqueness rules can be oriented, and the corresponding reductions are
thus obtained; a reduction may be performed in the context, in the term(s), or
in the type of a judgement, and within another term.

Definition 4.1.1. The one-step reduction > is a binary relation on judgements
inductively defined as:

e S reduction, T+ (Az: A b)a:Tr>1 Tk bla/x]: T;
e nreduction, T'H (Ax: A. fo): T T'F f: T
e 7—comp reduction,

Pkind, Ty - T, Cecp -+ o KTy - Tyupr -+ pm): T
> I'FeTh ~~~Tnp'1 ~~p’m:T;

7—uniq reduction, I' Find, Ty --- T, ...e:T>1TFe:T;
To:AActx> Do A/ Actxif T AU, > T = A U;

elFa: A1 IVFa:Aif T ctx >y IV ctx;

elFa=b: A1 I"Fa=b:AifI' ctx > IV ctx;

el'Fa: A Tha: A fTHFAUD> I THA :U;
P'Fa=b:ApiTha=b: AT FA:U> THA :U;

el'Fa=b: A TkFad' =b:AifT’Fa: A>T Fa : A

Fta=b:A>1ha=b:AifTFb: A TRV A;
' (Mz:A.B): T T'F[z: A.B):TIfTHA:U> THA:U;

' (Mz:A.B): Ty 'F (Tz: A.B'): T when T',z: AF B:U;> T, z: AF
B/ZUZ‘;

e T'HFAx:AD): T THAx: AL TIHTHFA: U THA:U;

e 'H(Azx:Ab): T THAx:AY): T, z:AFb: B> T,z: AV : B;
el fa:TH ' ffa:TifTHf:Fy Tk f:F;
e'Ffa: T T'Hfa:TifTkFa:A>1THad : A

The reflexive and transitive closure of t>; is the reduction relation >, while
the reflexive, symmetric, and transitive closure of >; is the congruence or
equivalence relation ~, also called conversion. A judgement « such that there is
no § for which ~ t>1 § is said to be irreducible or normal.
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Reductions can be localised: if ' - a: A>AF b: B, thereare 'Fa: A>AF
a:A,TkFa: AT FHb: A andT'Fa: A>T F a: B. These reductions are often
abbreviated as I' > A, a > b, and A > B when the missing pieces are clear.

The empty context e ctx is irreducible; also, if I ctx and I' = A : U; are
irreducible, I' - z : A with x a variable, and I" - &k : A with k a constant are
irreducible.

The link between = and ~isthat 'Fa=b: Aifandonly if 'Fa: A ~
I'Fb: A. Hence, = is the internalisation of ~, thus justifying the claim that
judgemental equality is the computational engine of Martin-Lof type theory.
The proof of the relation between = and ~ is presented in the following.

Proposition 4.1.2. If r:T'Fa=b:AthenT'Fa: A~TFb: A.

Proof. By Proposition 3.3.8, T+ a: A and I'+ b: A are derivable. Then, the
statement is proved by induction on 7. Considering the last step of m, it must
be an instance of one of the following rules:

e =—refl: since ~ is reflexive, the conclusion is immediate;

e =—sym, =—trans: since ~ is symmetric and transitive, the induction
hypothesis yields the result;

e =—subst—eq: by induction hypothesis, ' Fa: B ~T Fb:B and I' -
A:U; ~T F B :U; so the result is obtained appropriately composing the
reductions in these equivalences of judgements;

e II—comp, II—uniq, 7—comp,, 7—uniq: immediate by Definition 4.1.1;

e in all the other cases, the result follows by induction hypothesis since ~
is a congruence. O

In the opposite direction, the proof is more complex. It depends on two
results which have been proved in the semantics: II is one-to-one, and no product
converts to a universe, which are Corollaries 5.3.24 and 5.3.25, respectively.

It is an open question to show that II is injective without using semantic
reasoning. Even with a single universe, see Corollary 15 in [2], this property
is proved “outside” the system. Similarly, it is folklore that universes are
distinct from other types, and it is perfectly reasonable to think so, as strange
phenomena appear. However, we have been unable till now to prove such
a result “inside” the system. It is worth remarking that Corollaries 5.3.24
and 5.3.25 are independent from the following propositions: the semantics in
Chapter 5 relies on the uniqueness of normal forms up to convertibility, while
the following results will show that, in a way, convertibility can be internalised
as judgemental equality.

Proposition 4.1.3. If n: '+ t:1lx: A. B then m ends with a possibly empty
sequence of instances of =—subst after an instance of a rule introducing the
main operation in t.

Proof. By Lemma 3.3.7 and Corollary 5.3.25, such a sequence cannot contain
an instance of U —cumul. O

Proposition 4.1.4. If T F Az : A b:C then T - Mz : A b:1lx: A. B and
I'tIlz:A.B=C:U;.
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Proof. Immediate consequence of Proposition 4.1.3. O

Proposition 4.1.5. IfT'Find,:C thenT'Find,:1lz:A. B and '+ 1lx: A. B =
C':U;. The same holds considering T' Find; aq ...an:C with ay,...,ay, the first
n parameters except the witness of T, see Section 3.2.

Proof. Again, immediate consequence of Proposition 4.1.3. O
Proposition 4.1.6. IfTFa: A1 TFb: AthenT'Fa=b:A.

Proof. By Lemma 3.3.7, the derivation of I' F a : A terminates with a possibly
empty sequence of instances of =—subst and &/—cumul after 7: "+ a: T in
which the last step introduces the main operator of ¢. Since the sequence affects
only the type T, it can be replicated to derive '-a=b: A from 'Fa=5b:T
by =—subst—eq and &/ —cumul—eq. Hence, it suffices to prove ' Fa =b:T": it
follows by induction on the one-step reduction:

o if ' (Ax:C.d)e: A1 Tt dfe/z] : A, then 7 is an instance of II—elim
with premises 71 : I' F Az : C.d: Illx : E.D and m : I' F e: E, and
T = Dle/z]. By Proposition 4.1.4, T F Az : C.d: Iz : C.F and T
Mx:C.F =Mz : E.D:U;. By Corollary 5.3.24, ' - C = E : U; and
I'z:E+ F = D:U;. Also, by construction I''xz : C + d: F. By
=—subst,I'Fe:CsoT't (Ax:C.d)e =dle/z]: Fle/z] by II—comp. Also,
substituting in the proof, I' - Fle/z] = Dle/z] : U;, thus T Fa =b:T by
=—subst.

e if THFXx:C.fe:A>1T'F f: A then 7 is an instance of II—intro with
premise I', z : C'+ fx: B. By Lemma 3.3.7, this is an instance of II—elim
followed by a possibly empty sequence 6 of instances of =—subst and
U—cumul. The premises are 71 :I',z: EF f:llz: E.Fand ',x: E+ x: E.
Since 'F f: A, o € FV(f) so me: T+ f:1lz: E. F by Proposition 3.3.14
and Theorem 3.3.13. Thus, ' Az E. fo = f:Ilx: E. F by =—sym and
II—uniq. Applying the sequence 6, the result follows.

e if the reduction in the statement is an instance of 7—uniq, it has the form
m:I'Findray...ape: A1 T'Fe: A. The last step of 7 is an instance
of IT—elim from 71 : ' F ind;ay...ape: MMz : E.D and I' - e: E. By
recursively applying Lemma 3.3.7 and Proposition 4.1.5 to 7y, it follows
E=T=r7a;y...ag, ay,...,a; being the formation parameters, and thus
I'Fe:T by =—subst. Hence I' - a = b:T by 7—unigq.

e if the induction in the statement is an instance of 7—comp, the last
step of 7 is an instance of IT—elim from 71: '+ ind; ay...a, : lz: E. F
and mo: I' F K; by ...b,, : E. By recursively applying Lemma 3.3.7 and
Proposition 4.1.5 to m, it follows that Ci,¢q,...,c; and K; by ...b,, all
have the right types via =—subst. Hence I' - a = b: T by 7—comp.

To concretely show how the process works, we illustrate the case of
1—comp: I'FindiCc¢y *:A>1 Tk ¢p: A. Considering 7, it is an instance
of II—elim from w1 : ' - indy C'¢q : Ilxg : Ey. Fy and mo : ' - % : Ey. By
Lemma 3.3.7 and Proposition 4.1.5 on 7y, w3 : ' - ind; C : Ilxy : Ey. Fy,
m4: T F ¢y By and Fif[e1/x1] = g : Ey. Fy. Repeating on 73, 75 : T
ind1 . Hl’z : EQ.FQ, T - 'k C: EQ, and FQ[C/xl] = H.’El : El.Fl. By
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the same reasoning, 77 : I' F ind; : Il : 1 — U, B2 acx,y : 1.y, and
Ha:1 — U, B:ax~y:1l.ay = llxg: E5. F5, so B = 1 — U; and
F[C/zy) =z, : By Fy =118 : C*,v:1.C v by Corollary 5.3.24. Thus
'k C:1 — U; by =—subst. Continuing, F; = Cx* and Fi[c;/x1] =
Izg: Ey. Fo =11y :1.Cr, thus I' - ¢; : C% by =—subst. Finally, £y =1
and Fy[x/xg] = T = Cx, thus ' F % : 1 by =—subst. Hence, 1—comp
yields the result.

o if ' fc: A1 'k gd: A then 7 is an instance of [I—elim with premises
m: Tk f:lax:E.Fand mg: Tk c: E, with T = F[c/z]. If the one-step
reduction happens in f, by induction hypothesis n3: '+ f =g :1lz: E. F
and m4:'F ¢ = d: E by =—refl. On the contrary, if the reduction happens
in ¢, by induction hypothesis m4: ' Fc=d: Fand n3: '+ f = g:llx: E. F
by =—refl. In both cases, II—elim—eq on 73 and 74 yields the result.

o if TFAz:E.e:A>1T'F Ax: F. f: A then 7 is an instance of II—intro from
I'Nz:Ete:Band T =1Ilz: E. B. If the one-step reduction happens in F,
by induction hypothesis 73: ' E = F:U; and my:T,z: EFe= f:B by
=—refl. Oppositely, if the reduction happens in e, by induction hypothesis
my:Tyx:EFe=f:Band ng:T'F E = F :U; by =—refl. In both cases,
II—intro—eq on w3 and 74 yields the result.

o if THIlz:C.D: A THIlx: E.F: A, 7 is an instance of I[I—form from
m:I'F C:U; and mo: T, x:C = D:U;. If the one-step reduction happens in
C, by induction hypothesis 73: '+ C = E:U; and m4: T, z:C = D = F:U;
by =—refl. Otherwise the reduction happens in D, thus by induction
hypothesis 7y : ',z :C+ D =F:U; and m3: '+ C = E :U; by =—refl.
In both cases, I[I—form—eq on 73 and 74 yields the result.

O
The above result can be extended to arbitrary reductions as follows.
Corollary 4.1.7. IfTFa: A>T Fb:AthenTFa=0b:A.

Proof. Expanding the definition, ' a;: A>q--->1 'k ay,: A with a; = a
and a, = b. Then by induction on n:

e if n = 0 then necessarily a = b, so =—refl applied to the derivation of
T'F a: A yields the result;

e if n > 0, then by induction hypothesis 71: I' - a = a,-1 : A, and by
Proposition 4.1.6 mo: I' F ap,_1 = ay,, : A, so =—trans applied to 71 and 7o
yields the result. O

The same happens when the reduction is performed in the type.

Proposition 4.1.8. IfT'+Fa:A>1I'Fa:B then' - A= B:U; for some
1€ N.

Proof. By Proposition 3.3.9, T A:U; soT' - A:U; > T' = B:U; by Defini-
tion 4.1.1. By Proposition 4.1.6, '+ A = B : U;. O

Proposition 4.1.9. IfTFa: A>T Fa:B thenT' - A= B:U; for somei € N.
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Proof. Expanding the definition, 'a:A;>1--->1I'Fa: A, with A4, = A
and A,, = B. By Proposition 3.3.9, 7’: I' = A : U;. Then by induction on n:

e if n = 0 then necessarily A = B, so =—refl applied to 7’ yields the result;

e if n > 0, then by induction hypothesis m1: I' - A; = A,_1 :U;, and by
Proposition 4.1.8 mo: I' - A,,_1 = A,, : U;, so =—trans applied to m; and
o yields the result. O

Thus, if the reduction involves both the term and the type, the above results
lead to the following corollary.

Corollary 4.1.10. IfTFa: A>T Fb:Bthenl'Fa=b:AandT'F A= B:U;
for some i € N.

Proof. By Proposition 4.1.9, I' - A = B : U;. Hence, by =—subst and =—sym,
PFb:A Sincel'Fa: A>T Fb: A, by Corollary 4.1.7, TFa=0b: A. O

Finally, the claimed relation between = and ~ is obtained.
Corollary 4.1.11. IfTFa:A~TkFb:BthenT'Fa=b:AandT+ A= B:U;.

Proof. Since ' F a: A~ T F b: B can be written as (' F a: A) = (I'
ag:Ag)>TFa:Ai<TFay: A< (Tka,:A,) = (T Fb:B), the
statement is proved by induction on n:

e ifn=0thena=0b,soT'Fa=0b:Aand '+ A = B:U; by =—refl applied
tol'Fa:Aand '+ A:U;, as for Proposition 3.3.9;

eifn=m+1then'Fa=a,:Aand '+ A = A, : UY; by induction
hypothesis. By Corollary 4.1.10 and possibly an application of =—sym,
'k am =amer: Am and T'E A,y = Ay1 1 U, thus the result follows by
=-—subst—eq and =—trans. O

Corollary 4.1.12. T+a=b:Aifand only if TFa: A~TFb: A.

Proof. Evident by Corollary 4.1.11 and Proposition 4.1.2. O

4.2 Strongly normalisable judgements

A judgement is strongly normalisable when every reduction starting from it
cannot be indefinitely extended. A formal system is strongly normalisable when
every judgement is so.

Definition 4.2.1 (Strongly normalisable). A judgement ~ is strongly normal-
isable when every reduction sequence starting from it cannot be indefinitely
extended.

Since the > relation has been defined as the reflexive and transitive closure
of the one-step reduction, every reduction is finite. However, the strong nor-
malisation property says that every reduction cannot be indefinitely extended:
it is a property of the collection of all the reductions from a judgement, and
not a property of a single reduction. This aspect justifies why the induction
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principle in the proof of the normalisation theorem must have an adequate
proof theoretical strength, see also [43].

The following proposition from Girard’s [43] characterises strongly normalis-
able judgements as those having a bound to the length of reductions starting
from them:

Proposition 4.2.2. The judgement o is strongly normalisable if and only if
there is V() € N such that n < v(vyg) for every reduction sequence yoI>1 - - >

Yn.-

Proof. If v(vy) exists, every reduction sequence from =, is bounded by v(vo),
hence 7y is strongly normalisable.

Conversely, the reduction sequences from 7y can be organised in a directed
tree whose nodes are judgements and whose edges are redexes, with v as root.
Since each redex in a judgement § is a subterm of 4, and the collection of
all the subterms of § is finite, the tree is finitely branching. Also, since 7y is
strongly normalisable, each branch is finite. Hence the tree is finite by Koénig’s
Lemma [57], and v(7p) is its height. O

Occasionally, I' - a : A may be said to be strongly normalisable on the
context, the term, or the type, when reductions are localised in these pieces.
The variants in the above definition and proposition are obvious.

In the following, Definition 4.2.1 and Proposition 4.2.2 are used indifferently
to characterise the notion of being strongly normalisable.

We remind that

Fact 4.2.3. If v is irreducible, it is strongly normalisable.

Fact 4.2.4. If v is strongly normalisable and every reduction from § maps into
a reduction from -y, then § is strongly normalisable.

More in general,

Fact 4.2.5. If y1,...,7n are strongly normalisable’ and every reduction from
& maps into reductions from vyi,...,vn, then § is strongly normalisable.

As illustrated in Definition 4.1.1, a reduction is always confined in a term,
which may be the type part of a declaration in the context, or the term part of
a regular judgement, or one of the terms in a judgemental equality, or the type
in a judgement. When whatever term is applied to the term a, the resulting
term does not reduce as a whole, a is called neutral.

Definition 4.2.6 (Neutral term). A term a in a judgement I' - a: A is neutral
when a b is not a redex for every term b such that I' - ab: B for some B.

It is worth noticing how 1 reduction can be kept behind the scenes when
proving strong normalisation. In fact T'F (Ax: A. fz) : (Tlz : A. B) is strongly
normalisable if and only if I' b f: (Ilz : A. B) is strongly normalisable, provided
x &€ FV(f), i.e., the second judgement is derivable. The argument is simple:
sinceI'F (Ax: A. fz): (Ilx: A.B) > T'F f: (Ilz : A. B) via n, every reduction
from one side can be mapped into a reduction from the other side. Thus, if one
side is strongly normalisable, so is the other side.

IHere, the fact that n € N is essential
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4.3 The normalisation theorem

The normalisation theorem states that Martin-Lof type theory is strongly
normalisable. To simplify the proof of the normalisation theorem, a slightly
different calculus is used?. The only difference is that the =—subst is replaced
by
T'Fa:ATHFA=B:U; THFA:U; THB:UY
I'Fa:B

=—subst

Because of Proposition 3.3.8, every proof from one calculus can be mapped into
an equivalent proof in the other calculus.

The proof of the normalisation theorem follows the guideline of [43], but
a number of enhancements have to be made. The first enhancement is in the
notion of reducibility candidates, which can be found in the next definition:
in this respect, we adopt the notation ¢ € RZ(A), even if it is ambiguous,
because of its convenience. In fact, in the light of Section 3.4, it should be
At) € Ry (A(A)), meaning that ¢, I, and A are reified with o a delayed
substitution. This is precise but cumbersome, and therefore avoided.

Definition 4.3.1 (Reducibility candidates). The sets RZ(A), whose elements
are called reducibility candidates, are defined when I' F A :U; and o is a delayed
substitution on I' such that o(z) € R;\[U(I)/w] (A) whenever z is in the domain
of o. The definition is by induction:

e if ' A:U; ~T + x:U; with x a variable in the domain of o, then
to € RE(A) if and only if A(T'-1¢: A) and

to € RLLLS L (0(@) 5

o if THA:U; ~THFIz: B.C:U; with A(T'F Tz : B.C :U;)o) strongly
normalisable and A does not fall in the previous case, then to € RZ(A)
if and only if A(T' F ¢: A), A(T + ¢: A)o) is strongly normalisable,
and for every B,C,b such that ' - A:U; ~ T' F Iz : B.C : U; with
A(T F1IIz: B.C :U;)o) strongly normalisable and bo € RE(B), (tb)o €

oolb/x
RF,I[:é ](0)7

e otherwise the type A is said to be atomic and to € R%(A) if and only if
AT EFt:A) and A((T'F¢: A)o) is strongly normalisable.

As in [43], product types have to obey the law that their reducibility candi-
dates generate reducibility candidates when applied to reducibility candidates
of an appropriate type. However, the induction principle is more complex than
the one in [43]: viewing it as a construction process, first the collections R{ for
atomic types are generated; then the product types are considered, with B and
C atomic; finally, the variable types generate their reducibility candidates from
the already constructed sets. The second and the third steps of the process are
iterated: in a finite amount of iterations each type A is necessarily considered
and its reducibility candidates, if any, are generated.

2In principle, this is not necessary. However, it lowers the complexity of induction in
Proposition 4.3.2.



CHAPTER 4. NORMALISATION 53

Here, a number of subtleties enter the picture. First, a type variable
which does not get substituted is atomic. Second, a reducibility candidate ¢ is
evaluated, i.e., it does not contain variables in ¢ that o is going to modify, except
for those resulting in the evaluation: this is obtained collecting A(to) instead
of A(t). Hence, in the second clause, (tb)o = (to) (bo) since bo € RE(B), and
thus = € FV(b).

A glimpse through the definition shows that R7 is empty if A or I' are not
strongly normalisable. The purpose of the normalisation theorem is to show
that Ry is always defined because I' and A are always strongly normalisable,
and thus R7 is empty exactly when A is an empty type and no variable x : A
lies in the context. Here, we are considering I' and A up to the evaluation o: we
should say “...if A(Ao) and A(T'o) are strongly normalisable . ..". Informally,
but not in the proofs and the definitions, we will often explain the results hiding
the role of evaluation.

The first and the second clauses are given up to conversions: “if A ~ x
substituted variable ...” or “if A ~ P strongly normalisable product type”.
Since ~ is transitive, the definition is sound. However, at least in principle, the
choice of P is relevant: it is not, ex ante, a quotient on the set of types; it is a
partition without an explicit underlying equivalence relation. Of course, ex post,
it is easy to prove that it is a quotient, but the proof relies on the normalisation
theorem, the final result we are aiming to. This argument justifies why the
second clause have to consider all the suitable B, C, and b.

A natural question is why A in R{ is not evaluated on o: this choice allows
to reason on types before evaluation, and to consider terms before evaluation.
Hence, the overall shape of the argument in [43] can be applied with essentially
no changes. To ease notation, we will silently apply reification when needed.

Definition 4.3.1 suggests that R?(A) = Rl‘I(B) when A ~ B. This property
allows to lift (CR1), (CR2), and (CR3) of [43] to types: since I' I ¢ : A implies
I' = A :U; by Proposition 3.3.9, these properties on terms can be transferred to
types. These informal statements are made precise in the following, starting
with:

Proposition 4.3.2. Iftoc € RZ(A),TF A=B:U;, and (T - A= B:U;)o is
strongly normalisable, then to € R%(B).

Proof. By induction on the type A:

e A atomic: by Corollary 4.1.12, ' - A: U; ~ '+ B : U;, so B is atomic,
the other two cases of Definition 4.3.1 being excluded by transitivity of ~.
Since to € RZ(A), ' ¢: A and (I'F ¢: A)o is strongly normalisable by
Definition 4.3.1, so I' ¢ : B by =—subst and (' - ¢ : B)o is strongly nor-
malisable since every reduction from it maps into a pair of reductions from
(I'Ft:A)o and (' A= B:U;)o. Thus to € REL(B) by Definition 4.3.1.

e A ~ g substituted variable: then to € RZ(A) implies I' - ¢: A and to €

R;[\i((rg;ﬁ] (o(x)) by Definition 4.3.1. By Corollary 4.1.12, B ~ A ~ x

and I' -t : B by =—subst hence to € R%(B) by Definition 4.3.1.

e A converts to a strongly normalisable product type: as in the atomic
case, ' F t: B and (I' F ¢: B)o is strongly normalisable. For every
C, D such that B ~ (Ilz : C. D) with (I' - (IIz : C. D) : U;)o strongly
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normalisable, and co € RZ(C), since A ~ (Ilz : C. D) by transitivity of

~, (te)o € Rl‘:ofél](C’) from to € R{(A) and Definition 4.3.1. Hence,
to € R%(B) by Definition 4.3.1. O

The following Proposition 4.3.3 is (CR1) of Girard of [43], Proposition 4.3.4 is
(CR2), and Proposition 4.3.5 is (CR3), slightly adapted to cope with evaluations.

Proposition 4.3.3. Iftc € RZ(A) thenT' Ft¢: A and (I' -1t : A)o is strongly
normalisable.

Proof. By induction® on the type A:
e A atomic or A product: immediate by Definition 4.3.1;

e A~ z: fromtoc € RE(A), T F t: A and to € RU[\;S;J/C]I]( (x)) by
Definition 4.3.1. Since

AT Ft:z)o) = A((Clo(z)/2] F tlo(z)/z]: o(2)) (0 \ [o(x)/z]))

by Fact 3.4.9, the right-hand side is strongly normalisable by induction
hypothesis, so is the left-hand side. O

Proposition 4.3.4. Iftoc € RE(A) andTHt: A>T Ht': A thent'oc € RZ(A).
Proof. By induction on the type A:

e A atomic: by Proposition 4.3.3, '+ ¢: A and (T' F ¢: A)o is strongly
normalisable. By Corollary 4.1.10 and Proposition 3.3.8, ' - ¢ : A. Also
(T' k¢ : A)o is strongly normalisable since every reduction from it maps
into a reduction from (I' -t : A)o. Hence t'o € REZ(A) by Definition 4.3.1.

e A ~ z: by Definition 4.3.1, ' - ¢t: A and to € Rr[a(x)/gc]( o(x)). As
in the atomic case, I' - ¢’ : A. Clearly, I'lo(z)/z] F t[o(z)/z] : o(x) >
Llo(x)/z] F t'[o(x) /2] : o(x), so by Fact 3.4.9 ('[o(z)/x])(0 \ [o(x)/z]) =
t'o € R;[\Ey}ﬁ]( (x)) by induction hypothesis. Thus t'c € R%(A) by
Definition 4.3.1.

e A product: as in the atomic case, 'F ¢ : A and (T'F ¢’ : A)o is strongly
normalisable. Let B,C be such that A ~ Iz : B.C and (T + Tz
B.C : U;)o is strongly normalisable, and let bo € RZ(B). Then the
reduction ' - t: A>T F ¢ : A maps into a reduction I',z: B F tb:
Cb/z]>T,x: B+t b:C[b/x], both judgements derived by II—elim on the
weakening of I' F b: B, which follows by Proposition 4.3.3. Since (tb)o €
RE°L4(C) by Definition 4.3.1 on to € RZ(A), (¢ b)o € RVL1(C) by
induction hypothesis on C. Being B, C and b generic, t'c € RZ(A) by
Definition 4.3.1. O

Proposition 4.3.5. If (' - t: A)o is neutral and t'c € RZL(A) for every t/
such thatT'Ft: A1 Tt A, then to € RZ(A).

Proof. By induction on the type A:

3From now on, we abbreviate the specifications of the clauses of Definition 4.3.1 for the
sake of conciseness.
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e A atomic: by hypothesis, I' - ¢: A. If (T' - ¢: A)o is irreducible, it is
strongly normalisable and so ¢t € R%(A) by Definition 4.3.1. Otherwise,
every reduction in the term from (I' F ¢: A)o passes through some ¢’ as in
the statement. By Proposition 4.3.3, (I' F ¢’ : A)o is strongly normalisable.
Hence, every reduction from (I' F ¢t : A)e maps into a reduction from
(' Ft': A)o for some t'. Since (I' ¢ : A)o contains a finite number of
redexes, the number of ¢’ to consider is finite, thus (I' - ¢ : A)o is strongly
normalisable. Hence to € R%(A) by Definition 4.3.1.

e A~ x: by hypothesis, I' - t: A. If (I - ¢: A)o is irreducible, to € R%(A) as
in the atomic case. Otherwise, by Definition 4.3.1, t'c € R;[\ES}G/ET] (o(x))
for every t’ as in the statement. Then, by induction hypothesis, to €

RNT5M (0 (), hence to € RE(A) by Definition 4.3.1.

e A product: let B,C such that A ~Ilz: B.C with (I' F Iz : B.C : U;)o

strongly normalisable, and let bo € RZ(B). By Proposition 4.3.3, ' - b: B
and (T'F b: B)o is strongly normalisable.

Considering the one-step reductions I';x : BFtb: C[b/x]>1 T,x: BEt":
Clb/z], it follows that t"o € R??Eéx] (C) by induction on v (I'F b: B)o):

— ifT,@:B F tb:C[b/2]>1T, @:B + ¢/ b:C[b/a] then (' b)o € ROV (C)
by Definition 4.3.1 on t'o € RZ(A);

— ifT,2:B F tb:C[b/z]>1T,2:B - t4:C[b /o] and T F b: B>, T F b : B
then o € RE(B) by Proposition 4.3.4 on bo € RE(B). Since
v((T V' :B)o) < v((TFb:B)o), (tb)o € REL1(C) by induction
hypothesis;

— being (I' F ¢: A)o neutral, (¢ b)o is not a redex, thus all the possibilities
have already been considered.

Therefore, (tb)o € R;?ﬁg] (C) for every bo € R%(B) by induction hypoth-
esis on C. Since B, C and b are generic, I' - ¢: A and (T' F ¢t: A)o is strongly
normalisable as in the atomic case, to € RZ(A) by Definition 4.3.1. [

Since, in R{, ¢ may only act on the variables in I', it may be the case
that o(x) = x. The next property says that unevaluated variables like x are
reducibility candidates.

Proposition 4.3.6. If T' - z: A by Vble, o(z) = z, (T’ ctx)o is strongly
normalisable, and for every y: B in T such that o(y) # vy, o(y) € R;\[G(y)/y](B),

then x € RZ(A).
Proof. By induction on the type A:

e Aatomic: (I' F x: A)o is strongly normalisable since every reduction from
it maps into a pair of reductions from (I' ctx)o. Hence zo = = € RZ(A)
by Definition 4.3.1.

e A ~ y: by induction hypothesis = € Rg[\i(g?)’}ﬁ] (o(y)) since x # y because

o(y) # y while o(x) = z. Hence o = « € RZ(A) by Definition 4.3.1.
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e A product: as in the atomic case (I' F x: A)o is strongly normalisable. Let
By, ..., By, C besuch that C'is not a product, A ~ Iy1: By, ..., yp:Bn. C,
and (Tly; : By, ..., Yn : Bp. C)o is strongly normalisable. Also, let byo €

RE(B1), .., bu(0 0 [b1/y1, .. buo1/yn-1]) € RELG bt i),

~~~~~ Yn—1:Bn_1

If z is a new new variable, z € Rgo[bl/yl""’b"gy"] (C) by induction hypothe-
z:

T,y1:B1,...,yn:Bn
sison C. Thus (T, y1:B1,...,yn:Bn,2:CF z:C)(oo[b1/y1, ..., bn/yn]) is

strongly normalisable by Proposition 4.3.3. Hence (', y1:B1,...,yn: By
xby - by C)(oo[b1/y1,-..,bn/yn]) is strongly normalisable since every
reduction from it maps into a finite set of reductions from (I'F by : By)o,
coos Ty By oy Yn—1:Bn—1 F by:Bp)(00[b1/y1, -« -, bn1/Yn—1]), which
are strongly normalisable by Proposition 4.3.3, and (T',y1 : B1,...,Yn :
Bp,z:CkF2:C)oob1/y1,---,bn/yn))-

We prove (zby -+~ bu)(0 0 [01/y1, -, ba/ya]) € BRI Y00/l (0 by

induction on C: because of the hypotheses, we can reason directly on C,
and not up to conversions:

— C product: by hypothesis, this case does not occur;
— C atomic: by Definition 4.3.1, the conclusion is immediate;

— (C variable such that (o o [b1/y1,-..,bn/yn])(C) # C: by induction
hypothesis,

(xby -+ by) (oo bi/y1,....bu/ynl) €

(00lbr /51, bu [y D\ [o/(C) /€]
€ REy B By ey (@(C) -

Hence, by Definition 4.3.1 the conclusion holds.
Since b, is generic, by Definition 4.3.1,

(.Z‘bl bn_l)(O'O [bl/yl,---abn/yn]) €

o[b yeesbn—1/Yn—
€ R%y[;é?tm’ynflligifll](Hy" : B"' C) .

Tterating the same argument (n — 1) more times,
z(co /Y1, bn/yn]) =2 € R(Mly1 : B1,...,yn : By.C) .
Hence, z € R%(A) by Proposition 4.3.2. O

The following proposition shows that if an abstraction A is such that all its
B-reductions are reducibility candidates, so is A. It follows [43]’s presentation.

Proposition 4.3.7. Let (T' ctx)o be strongly normalisable. Also, let b(o o
[a/x]) € R;Ogc[aéz](B) for every ac € RZ(A). Then (Az: A.b)o € RE(Ilx : A. B).

Proof. Fix ac € R{. . 4(A). First, one proves ((Az: A.b)a)o € Rf‘oﬁ{lz] (B) by
induction on

v(Dyz: AR b:B)(oola/z]))+v(TFa:A)o) .

This sum is finite since (I',z: A+ b: B)(c o [a/z]) and (I' F a: A)o are both
strongly normalisable by Proposition 4.3.3. Consider the one-step reductions in
the term from (T'+ (Axz: A.b) a: Bla/z])o:
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o (It bla/x]: Bla/z])o = (T,z: A b: B)(oo[a/z]) by Fact 3.4.9. Then
bla/z]o = b(o o [a/z]) € R;Oggaf/f] (B) by hypothesis.

o Tz:AF (Ax:AV)a:Bla/z])o withT,z: A b: B>y Iyx: ARV : B.
Then ¥ (o o [a/z]) € R{foiaf/lx](B) by Proposition 4.3.4 on b(o o [a/x]) €
RZ°17(B). Since

v((Tyz:AFb :B)(oola/z])) <v((T,z: At b:B)(cola/x])) ,

by induction hypothesis ((Az: A.b')a)o € R;Ol[a[{lz] (B).

e Ta:AF (Ax:A.b)a' : Bla/x])o withTFa: A> 1 T'Fd : A: then a'c €
RZ(A) by Proposition 4.3.4 on ac € RZ(A). Since v(T'Fa': A)o) <
v(Cka:A)o), (Mx:A.b)d)o € R;oa[af](B) by induction hypothesis.

o (Iz:AF (Mx:A'.b)a:Bla/z])o withT F A:U; > T'F A" :U;. Since ao €
RZ(A), (T F a:A)o is strongly normalisable by Proposition 4.3.3, thus (' -
A:U;)o is strongly normalisable since every reduction from it maps into a
reduction from (I' F a: A)o. Also, I' A :U; by Proposition 3.3.9 so Ao €
RZ(U;) thus A'o € RZ(U;) by Proposition 4.3.4. Since v ((I'F a: A')o) <
v(Tka:A)o), (Ax:A.b)a)o € R;oiaéx] (B) by induction hypothesis.

Since a is generic and (I',z: A+ (Az: A.b) a: Bla/z])(o o [a/z]) is neutral, by
Proposition 4.3.5, (Az: A.b) a)o € R;Ogg?f/f] (B).

By Proposition 4.3.6, = € R%I:A(A)Z so by hypothesis there is b(o o [a/x]) €
Rgi%w] (B). Hence Tz : AFb: Band (I',x: At b: B)(o o [a/x]) is strongly
normalisable by Proposition 4.3.3. Thus I' - (Az: A.b) : (IIz: A. B) by II—intro,
and (I'F (Az: A.b): (IIz: A. B))o is strongly normalisable since every reduction

from it maps* into a pair of reductions from (I',z: A+ b: B)(0 o [a/x]). Hence
(Az: A.b)o € RE(Ilz : A. B) by Definition 4.3.1.

The core of the normalisation theorem is Proposition 4.3.10. Informally,
given a derivation of I' - b: B, it says that when I' is evaluated on reducibility
candidates, the evaluation of b is a reducibility candidate of B.

Since variables, when not evaluated, are reducibility candidates by Proposi-
tion 4.3.6, b becomes a reducibility candidate of B under the identity evaluation.
This is done in Proposition 4.3.11. Then, by Proposition 4.3.3, every regu-
lar judgement is strongly normalisable, hence every judgement is so, proving
Theorem 4.3.12.

To lighten notation, z : A abbreviates z1 : A1,...,z, : Ap, [a/z] abbreviates
[a1/21, ..., an/2y], and R abbreviates R%I/L‘Q.

Before the long proof of Proposition 4.3.10, we need a result saying that
evaluation preserves reducibility candidates:

Proposition 4.3.8. Let y : B be in T' and let to € REL(A). Then to €

RPN (Alo(y) /4]).-

4This map is evident as soon as one disregards the reductions involving a, that is, if a is
considered as a constant.
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Proof. If o(y) =y, the conclusion is the hypothesis. So, assume o(y) # y. By
Definition 4.3.1, o(y) € Rg\[o(y)/y] (B). The result follows by induction on the
type Alo(y)/y]:

e Alo(y)/y] atomic: by Fact 3.4.9, A(T + t: A)o) = A((T[o(y)/y] +
tlo(y)/y] : Alo(y)/y])(o \ [o(y)/y])), and it is strongly normalisable by
Proposition 4.3.3 on to € RZ(A). Hence A(to) = A((t{o(y)/y]) (o \

[o(y)/u]) € RYT)V (Alo () /4]) by Definition 4.3.1.

e Alo(y)/y] product: as in the atomic case, A(T[o(y)/y] F tlo(y)/y] :
Alo(y)/y])(o \ [0(y)/y])) is strongly normalisable. Let A[o(y)/y] be
equivalent to a strongly normalisable product. There are two cases:
either A ~ y and Alo(y)/y] ~ o(y), or A ~ Ilz : A’. A” such that
Iz : A'lo(y)/y]- A”[o(y)/y] is strongly normalisable.

The former case implies to € R;[\;‘Zg}{ﬁ} (o(y)) by Definition 4.3.1, so

to € R;[\;CE—;Z)J%?] (Alo(y)/y]) by Proposition 4.3.2.

The latter case implies (ta)o € R;;[i{f] (A") for every aoc € RZ(A') by
Definition 4.3.1. By induction hypothesis on A" and A”, for every ao €

RO ([ (y) [y), (ta)o € RN Ar(5(y) /4]) or, equiv-

alently, by Proposition 3.4.10, (ta)o € Rﬁ;i;%@{:gﬁg)/y](A” [o(v)/y])-

Hence to € R;[\i‘zﬁ%?} (A"[o(y)/y]) by Definition 4.3.1.

e Alo(y)/y] variable: there are two cases: either A ~ y and o(y) is a
variable, or A ~ z for some z: C occurring in I'" and in the domain of o.

In the former case to € R;[\qu)y%jy] (o(y)) by Definition 4.3.1 on to €

RZ(A). Hence to € R;[\U[((Ig%jy] (A[o(y)/y]) by Proposition 4.3.2 since

Alo(y)/yl ~ ylo(y)/y] = o (y).

In the latter case to € R;[\;‘ZS%]Z] (o(2)) by Definition 4.3.1. By induction

hypothesis on o(z2),

to € R\ ZN WD (6(2)[0(y) /y) -

Equivalently by Proposition 3.4.11,

to € Ry (o7 () o) /) -

Since Alo(y)/y] ~ 2lo(y)/y] = =, to € BRIV (Alo(y)/y]) by Defini-
tion 4.3.1. O

Corollary 4.3.9. Let I,z : A+ t: B and ac € RZ(A). If t(o o [a/x]) €
RYIN(B), then t(o o [a/x]) € RE(Bla/x)).

Proof. Immediate instance of Proposition 4.3.8. O

Proposition 4.3.10. Let m: z: A F b: B and ajla/z] € R(A;) for every
1< j <n.Then bla/z] € R(B).
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Proof. First, (z: A)la/z] is strongly normalisable since every reduction from it
maps into a reduction from (z: A+ a; : Aj)[a/z] for any 1 < j < n, which is
strongly normalisable by Proposition 4.3.2 on the hypothesis. In the limit case
n = 0, the context is empty, i.e., ® ctx which is irreducible and thus strongly
normalisable.

We remind that, if < is a well-ordering, it holds the following induction
principle: if P(e) holds for every e < e’ then P(e’) holds implies that P(x)
holds for every z. In our case < is given by U, <, for every inductive type 7:
< is obviously a well-ordering, see Proposition 18 in [19]. The proof is by an
external induction on < and an internal induction on 7. In essence, this double
induction says that we first prove the statement for all the proofs not involving
“difficult” instances of inductive terms, and then we move to more complex ones.
The only point in which the external induction is needed is the 7—elim case of
the internal induction when 7 is a recursive type.

o (Vble): b==x;, B=Aj,1<j < n from the premise z : A ctx. Thus
bla/z] = a;[a/x] and Bla/x] = Aj[a/z]. Hence bla/z] € R(B) by hypoth-

esis.

e (=—subst): the premisesare z: A+ b:C, 2: A-C=B:U;,z: A+ C:U;,
and z: A b B:U;. By induction hypothesis bla/z] € R(C), Cla/z] € R(U;),
and Bla/z] € R(U;),s0 (x: AF C:U;)[a/z] and (z: A+ B:U;)[a/x] are
strongly normalisable by Proposition 4.3.3. Thus (z: A+ C = B:U;)[a/z]
is strongly normalisable, hence bla/z] € R(B) by Proposition 4.3.2.

e (U—intro): b =U;, B = U;41 from the premise z : A ctx. So bla/z] =U;
and Bla/x] = U;41. Since (z: A+ U; :U;1)[a/x] is strongly normalisable
when (z : A ctx) is so, see the beginning of this proof, bla/z] € R(B) by
Definition 4.3.1.

o (U—cumul): B = U;41 from the premise z : A + B :U;. By induction
hypothesis b[a/z] € R(U;), thus (x: A b:U;)[a/x] is strongly normalisable
by Proposition 4.3.3. Then (z: AF b:U;41)[a/z] is strongly normalisable
since every reduction from it maps into a reduction from (z:A F b:U;)[a/z],
hence bla/z] € R(U;+1) by Definition 4.3.1.

e (II—form): b = (Ilz : C. D), B = U; from the premises z: A + C : U;
and z: A,x:C + D :U;. By induction hypothesis, Cla/z] € R(U;)
and Dla/z,c/x] € R%{f;gl(ul) for every cla/z] € R(C), so (z: A F
C:U)a/z) and (z: A,z :CF D:U;)a/x,c/x] are strongly normalisable
by Proposition 4.3.3. Thus (z: A+ (Ilz : C. D) : U;)[a/x] is strongly
normalisable since every reduction from it maps into a pair of reductions
from (z: AF C:U)[a/z] and (z: A,z : C + D :U;)[a/z], the latter
being strongly normalisable posing ¢ = x by Proposition 4.3.6. Hence
(Ilz : C. D)[a/z] € R(U;) by Definition 4.3.1.

e (IT—intro): b = (Az:C.d), B = (Ilz: C. D) from the premise z: A, z:C I
d: D. By induction hypothesis d[a/z,c/x] € R%{f;/g (D) for every

¢ € R(C). Hence bla/z] € R(B) by Proposition 4.3.7.

e (II—elim): b= fe¢, B = D[c/x] from the premises z: AF f: (llz: C. D)
and z: A F ¢: C. By induction hypothesis, fla/z] € R(Ilz : C. D) and
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cla/z] € R(C). Hence (fc)la/z,c/x] € R%/fxc/cz] (D) by Definition 4.3.1
on f. Hence, by Corollary 4.3.9, (f ¢)[a/z] € R(D]c/z]).

e (7—form): bis a constant, B = (II(y : F),.U;) from the premise z: A+ B:
U, +1. By induction hypothesis Bla/x] € R(Uj+1), so (z: A+ B:lUit1)[a/x]
is strongly normalisable by Proposition 4.3.3 and thus (z: A F b: B)[a/z] is
strongly normalisable since every reduction from it maps into a reduction
from (z: AF B:U;11)[a/z].

Let fj [Q/@, fl/yh ceey fj—l/yj—l} € R%g;l{gyhm)fjil/yjil](Fj) for every
1 < j < m. By I—elim and Theorem 3.3.13, z : A,y : F - b f1 - fm : U;.
Also (z:Ay:E F bfy - fm:Us)a/z, f/y] is strongly normalisable
since every reduction from it maps into a finite set of reductions from
(£1A793E + fj : Fj)[g/gvfl/ylv"'7fj71/yj71]’ 1< .7 < m, which are
strongly normalisable by Proposition 4.3.3. Thus, by Definition 4.3.1,

(b1 fulafz, f/y) € REELY

) -
Being f,, generic,

(bfl e fmfl)[Q/Qa fl/yh e afmfl/ymfl] S
c R[Q/Lfl/ylv-wfmfl/ymfl](Hym:Fm.ui) .

Ay, Ym—1:Fm o1

Tterating m — 1 more times, bla/z] € R(B).

e (T—intro): bis a constant, B = (Il(y : F)k.7y1 ... Ym), with m < k and
omitting the irrelevant details, from the premise z: A+ B : U;.
By induction hypothesis Bla/z] € R(U;), so (z: AF b: B)[a/z] is strongly
normalisable since every reduction from it maps into a reduction from
(z:AF B:U;)[a/x], which is strongly normalisable by Proposition 4.3.3.
Let fila/z, fi/y1,..., fi—1/yj-1] € Rf/fyflﬁ/yl """ im/vid for every 1 <
j < k. By II—elim and Theorem 3.3.13, EIA,QIE Fofr - fe:mfi o0 fm.
Also, every reduction from

(x:Ay:FrEbfi - fri:Tfi... fm)la/z, f/y]

is strongly normalisable since every reduction from it maps into a finite
set of reductions from (z: A,y : F & f;: Fj)la/z, fi/y1,- .., fi—1/yj-1],

1 < j < k, which are strongly normalisable by Proposition 4.3.3. Thus
bfr. . f)la/z, £y € REELD (e £ f) by Definition 4.3.1. Tterat-

ing Definition 4.3.1 k times, as in the previous case, bla/z] € R(B).
e (7—elim): b is a constant from the premise
2 AF Iy : F)m, C: Iy F)m.Ty1 -+ - Ym — Us),
C1: (H(y : F)m17 (Z : I)kl'
Cyl T Yma (Kl Y- Ymy 21 0 Zkl))v

ey

e (Y F)my, (2 D, -
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Cyl ot Ymy, (Khyl ymg Z1 v Zkh))a
€Ty Ym-Cy1 -+ Yme) : Uiyq

with B the long term in the premise.

Since Bla/x] € R(U;) by induction hypothesis, (z: A F B:U;)[a/z] is
strongly normalisable by Proposition 4.3.3. Thus (z: AF b: B)[a/z] is
strongly normalisable since every reduction from it maps into a reduction
from (z: A+ B:U;)[a/z].

Let '=2:Ay:F,C:Tc,c1:T,,,...,cp:Te,,e: T, let

fila/z, fi/yr, .., fim1/yj—1] € R{ﬂg/gh/yl’W7fj71/yj71](Fj)

for every 1 < j <m, let C*[a/z, f/y] € R;g/gi/g] (Te), let

cila/z, f/y,C*/C,ci/er, ... cj_1/cj1] €
a/z,f/y,C*/C,ci/e1,...,ci_1/cj—1
ER%/,j/g /Cci /ety _q /¢ ]<ch)
for every 1 < j < h, and let

% . % a/z,f/y,C*/C.,c*/x
e*la/z, f/y,C*/C,c* [z] € REELLCIOE

By II—elim and Theorem 3.3.13,
Ay F,C:To,c:Te,e:T. Fbfyr - fm CFcy ... cr e :C* fy ... fme™ .
Consider a reduction in the term from

(x:Ay:F,C:Te,c:Toe:T.Fbfi... [mCici...cpe™
C* fi...fme)|a/z, f/y,C*/C,c"[c,e" [e] .

If it does not reduce the term as a whole, i.e., if it does not perform a
T—comp or T—uniq reduction spanning b fi ... f, C* ¢} ...cj e*, then the
reduction can be mapped into m + h 4 2 reductions from f,C*, c*, e*,
which are strongly normalisable by Proposition 4.3.3. Thus the reduction
cannot be indefinitely extended. If the reduction performs a 7—uniq step
involving the whole term, the reduction can be mapped as before, and the
result of the T—uniq step gets mapped into a reduction from e*, which
is strongly normalisable. Hence, the reduction cannot be indefinitely
extended. If the reduction performs a 7—comp step on the whole term,
the reduction can be mapped as above up to the step, yielding

(@:AF fio fhpr ok C 1 [l €)a/a]

If 7 is non-recursive, since the terms ¢, f1,..., f/.,p1,...,px are strongly
normalisable because they come from reducibility candidates, an immedi-
ate induction on m + k shows that this term is strongly normalisable since
¢’ is a reducibility candidate of a non-atomic type, and by Definition 4.3.1
the result follows. If 7 is a recursive type, the same reasoning applies since
the occurrence of ind; is simpler with respect to < and so it is a reducibility
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candidate by external induction hypothesis. To help understanding con-
sider the N type: if A - indy C* ¢} ¢§ (succn): C*(succn) is the judgement
under analysis, it may reduce to A F ¢ n (indy C* ¢f ¢5n) : C* (succn). It
is clear that C*, ¢J, ¢3, succn, and so n are reducibility candidates. Since
n < succn, the external induction hypothesis says that indy C* ¢j ¢35 n
is a reducibility candidate, showing that the reduced term is strongly
normalisable. Hence, every reduction is bounded.

Since the number of redexes in the initial term is finite, the maximum
of v(v), with v ranging on the results of one-step reductions in the
term, is defined. Thus, by Proposition 4.2.2, the judgement is strongly
normalisable on the term. Since the type is strongly normalisable, too, and
the context, once substituted, is empty, the whole judgement is strongly
normalisable.

Since (C* f1 ... fme*)[a/z, f/y,C*/C,c*/c,e*/e] is atomic,

(bfi - fmC el ... che)a/z, fly,C*/C,c"[c,e” [e] €

a/z,f/y,C*/C,c*/c,e™ /e % %
GR%/ 1/wcm/Ce] ”(C fi-o  fme)

by Definition 4.3.1. Hence, by the same definition,

(b fr- fmC el ... )la/z, [y, C/C,c"/c] €

la/z,f/y,C*/C\c"/c]
Rg:A,Q:ETC:TC,cl:Tcl,...,ch:TCh (Me:T,.C* f1 ... fme®) .

Tterating Definition 4.3.1 h +m + 1 more times, bla/z] € R(B). O

Proposition 4.3.11. Ifz: A+ b: B then b € Rigd:A(B) with id the identity
substitution, id(x) = x for every variable x.

Proof. By induction on the length n of the context, to show it is strongly
normalisable:

e n = 0: e ctx is irreducible, thus strongly normalisable;

en > 0: then z1: Ay,...,xp_1 : A,_1 ctx is strongly normalisable by
induction hypothesis, and x1 : Ay,...,2n_1: An_1 F A, :U;. By Proposi-
tion 4.3.6, x; € R ,(A;) for every 1 < j < n, so A, € R4 ,(U4;) by Propo-
sition 4.3.10. Hence z: A ctx is strongly normalisable since every reduction

from it maps into a pair of reductions from (z1: Ay,...,Zp—1: Ap_1 CtX)
and z: A+ A:U,;, the latter being strongly normalisable by Proposi-
tion 4.3.3.

Since x; € Rgzé(Aj) for every 1 < j < n, by Proposition 4.3.10, b €
R‘zd:é(B). O

Theorem 4.3.12 (Normalisation). If 't b: B is derivable then it is strongly
normalisable; if I' ctx is derivable then it is strongly normalisable; if 't a =b: A
is derivable then it is strongly normalisable.
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Proof. The first statement is immediate by Proposition 4.3.3 and Proposi-
tion 4.3.11; the second statement follows because I" - U; : U;41, derived by
U—intro from T ctx, is strongly normalisable by the first statement; the third
statement follows because I' - a: A and I' - b: A by Proposition 3.3.8 thus the
result is a consequence of the first statement. O

In fact, by Corollary 4.1.12, irreducible judgements are unique up to conver-
sion, as it is immediate to show.



Chapter 5

Semantics

In this chapter a semantics, loosely inspired by [18], is first defined for the
basic system, and then extended to the inductive types. The soundness and
completeness results are obtained, together with the existence of a classifying
model.

The main idea consists in interpreting the contexts as objects in a suitable
category, and the terms as objects of slice categories over the interpretation
of their context. A term belongs to a type when there is a suitable arrow
between their interpretations; weakening is formalised by the properties of slice
categories. Finally, dependent product and the inductive types are seen as
transformation on the interpretations of terms and formalised as functors.

At a first glance, this semantics resembles [90]: however, there are significant
differences, especially on the interpretation of products and inductive types,
allowing to avoid the problems [32, 52, 39] of locally Cartesian closed categories.

The semantics presented here can be seen as a category with suitable
structure, plus a set of endofunctors. The endofunctors provide the meaning of
inductive types and dependent products. In this sense, the semantics is point-
free: meaning arises from transformation of the framework into itself. This idea,
which is a novelty of this work, will be detailed in the following, and it provides
a complementary view with respect to the homotopic interpretation of [95].
This view says that there is no need to consider co-groupoids to understand
Martin-Lof type theory. However, this semantics does not intend to say that
the homotopic interpretation is incorrect, in any way: positively, it says that
the theory of types admits many ways in which one can understand it, and the
intrinsic power of higher category theory is not necessary, without disputing its
value.

5.1 Categorical preliminaries

To define the suitable categories we use to interpret Martin-Lof type theory,
some preliminary definitions are needed.

Indecomposable morphisms

The semantics will be defined up-to-isomorphisms. Although this is the standard
way to think in category theory, isomorphisms will play a special role, so a
notion of factorisation, which is aware of how isomorphisms act in the semantics,
is needed.

Definition 5.1.1. In a category C a morphism f has a proper factorisation if
there are arrows g and h, which are not isomorphisms, such that f = go h.

64
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Definition 5.1.2. In a category C a morphism f is weakly indecomposable
when it has no proper factorisation; f is indecomposable when it is also not an
isomorphism.

Fact 5.1.3. In a category C, if f is a weakly indecomposable isomorphism, for
every factorisation f = go h it holds that g and h are both isomorphisms.

Proof. Let f = go h. Being f weakly indecomposable, either g or h is an
isomorphism. Being f an isomorphism, either g is an isomorphism and h =
g 'o f, or his an isomorphism and g = f o h~!. Since the composition of
isomorphisms is an isomorphism, the result follows. O

Iso-stable categories

Every object in a category is isomorphic to itself via its identity. We need to
say that this is the only way in which an object is isomorphic to itself, and,
moreover, that identity cannot be decomposed in a section and a retraction.

Definition 5.1.4. An object A in a category is iso-stable when the only arrow
A — A is the identity id4 and id4 is weakly indecomposable. A category is
iso-stable when all its objects are iso-stable.

Fact 5.1.5. In an iso-stable category, there is at most one isomorphism between
each pair of objects.

Proof. Let f,g: A — B be isomorphisms. Then fog~!': B — B and thus
fog ! =idp by iso-stability. Hence f = fo(g tog)=(fog ')og=g O

Fact 5.1.6. In a category C, if f: A— B, g: B— A, and A, B are iso-stable
objects, then f and g are isomorphisms and each other’s inverse.

Proof. By iso-stability, go f =ids and fog =idp. O

Typical categories and universes

Typing is the fundamental feature of type theory. As obvious as it may sound,
a semantics has to model this feature. This will be done by arrows from the
type to the term. Typical categories are those allowing for typing. Since types
are terms in a universe, universes have to come in the picture exactly now.

Definition 5.1.7. A category C is typical when for every A € ObjC, there is
an indecomposable arrow f such that cod(f) = A.

Roughly, in a typical category every term has a type.

Definition 5.1.8. Given (C;u) with C a typical category and u € ObjC, an
object v is a weak universe when there is an arrow v — u in C. Also, (C;u)
has weak universes when for every A € ObjC there is a weak universe v such
that exists v — A.

A pointed and typical category (C;u) has at least u as a weak universe.
The conditions say that every universe contains u, and every term lies in some
universe.
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Proposition 5.1.9. If (C;u) is an iso-stable, typical category having weak
universes, then it has infinitely many non isomorphic weak universes.

Proof. Let ug = u: since id,, : ug = u — u, ug is a weak universe. If u;, i € N is
a weak universe, then there is f;: v — wu; indecomposable for some v € ObjC
since C is typical. Let u;11 = v. Since u; is a weak universe, there is g: u; — u,
thus g o f;: u;41 — u showing that w;,1 is a weak universe, too. Hence, by
induction on N, u; is a weak universe for every i € N.

Suppose {|i —j|: i, € N,i # j and u; = u;} C N to be non empty. Then it
contains a minimal element k and there is m € N such that h: %, — U4k is an
isomorphism. Let f = fi, 0 -0 finqk—1: Um+tk — Um. Then foh: uy — up,
s0 f o h =ideq(s) being C iso-stable. Hence f = (foh)oh™' =h~1.

If kK =1 then f = f,, is an isomorphism, contradicting f,, to be indecom-
posable.

If k> 1then fi 100 fryk-10f 10 fn: Umi1 — Umy1 thus, by iso-
stability, fr410+ 0 fmik_10f 1o fm = idy,,,, and it is weakly indecomposable.
Then, either f,,, 1100 fmik_1 is an isomorphism, or f 1o f,, is an isomorphism.
In the former case, %, = Umik = Um1; in the latter, w, = u,,+1. Both cases
contradict k being minimal. O

Corollary 5.1.10. If (C;u) is an iso-stable, typical category having weak
universes, then there is a chain {u;},cy of non-isomorphic weak universes
such that u;+1 — u; exists and it is indecomposable. Therefore, the chain of
universes is a family of objects together with a family of arrows, each one linking
to successive objects in the first family.

The previous corollary justifies to fix the universes in the chain, telling them
apart and being able to refer them. This is done in the following definition.
Then the usual terminology of type theory can be given inside the semantics.

Definition 5.1.11. Let (C;u) be an iso-stable, typical category having weak
universes and terminal object, and let {u;},.y be a chain of non-isomorphic
weak universes such that u; 11 — wu; exists and it is indecomposable. Then
(Cs{ui};en) is a category with universes, and each u; is said to be a (strong)
universe.

Definition 5.1.12. Let (C;{u;}ien) be a category with universes. Then A €
ObjC is a term when A is not terminal and there is 7 € N such that u; — A.

Definition 5.1.13. Let (C; {u;};en) be a category having universes. Then a
term A is a type when there is ¢ € N such that u; — A is indecomposable.

Definition 5.1.14. Let (C; {u;}:en) be a category having universes, let A be
a type and a be a term. Then, a has type A when there is f: A — a in C such
that f is not an isomorphism and either f is indecomposable or a is a type and
A a universe. Moreover, a has type A through f emphasises which morphism f
links A to a.

Fact 5.1.15. Let (C;{u;}ien) be a category having universes. Then
1. every u; is a type;

2. u; has type u;t1;
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3. every type A has type u; for some i € N through an indecomposable f.

Proof. By Definition 5.1.11, (2) is evident and (1) follows. By Definition 5.1.13,
(3) is immediate, showing how the second clause of Definition 5.1.14 is needed
only when a is a type and A is not the minimal universe in which it lies. [

Definition 5.1.16. Let A be a type in (C; {u; }ien), a category with universes.
Then AV =4 with u; — A indecomposable. In this case u v is said to be the
minimal universe in which A lies.

Definition 5.1.17. Let (C;{u;},.y) be a category with universes, and let
d € ObjC. Then, C1d, the groupoid of terms of d, is the subcategory of C
whose objects are the terms of type d and whose arrows are the isomorphisms
of C between objects.

Fact 5.1.18. If (C; {u;};cy) is a category with universes such that d,d” € ObjC
and d = d', then Ctd=C1td.

Proof. Immediate by noticing that the objects are in bijection via the identity

function, and the isomorphisms are preserved. O

ML-categories

Finally, we introduce the notion of ML-category, which is used to interpret
the basic system of Chapter 3. The definition of ML-category is complex; the
intuition behind it is that 9t contains all the elements deputed to interpret the
expressions in dependent type theory:

e C models the contexts, with e being the empty context;
e U; =!. 0w, is the i-th universe in the context c;

o 5 models how a context c is extended with a variable of type A, and x%
identifies the term corresponding to that variable;

e [y, I, and Epp model the action of the formation, introduction, and
elimination rules, respectively;

e the auxiliary S functor stands for substitution: if a is a term of type A
in the context ¢, and b is a term of type B in the context ¢,z : A, then
S(c, A, B)(b,a) is the term b[a/x] of type Bla/x] in the context c.

Definition 5.1.19. A ML-category (ML stands for Martin-Lof) is
M= <M7 C? {ui}iENa v, X, e, FH7 IHa EH>
such that (super- and subscripts will be omitted when clear from the context)

1. M is a category and C is a full subcategory of M such that e is initial in
C: for every ¢ € ObjC, the unique arrow e — ¢ is denoted as !;

2. for every i € N, u; is an arrow of M whose codomain is e, and for every
c€ 0bjC, M, = (M/c; {!c 0 u;}, ) is a category with universes; we write
U; for . o u; when c is clear from the context;
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3. for every ¢ € ObjC, if A is a type in M, then v9 is an indecomposable
arrow in C such that dom(v9) = ¢; moreover, for every ¢ € C, there is
n € N and, for each 1 <7 < n, there is a type A; in Mgom( such that
le=va, 0 0wy ;

VAi)

4. v respects isomorphisms: for every ¢, d € ObjC such that ¢ = d, A is a type
in M., B is a type in M, and A2 B it holds that cod(v$) = cod(v$);

5. for every ¢ € ObjC, if A and B are types in M, then v,,,povy =

VygoA O VB,

6. for every c € ObjC, if A is a type in M, then x¢ is a term of type A in
Meod(vs) such that, for every term a in M., x4 # va o a in M;

7. Frp is a family of functors indexed by ¢ € ObjC and a type in M, such
that

a) FH(C; a): UieN (Mcod(ug) T Uz) — UieN (Mc T Uz)7
b) Fr preserves universes: Fr(c,a)(e) € Obj (McTUmaX(i,au)) when-
ever e € Obj (/\/lcod(ug) T Ui);

¢) Frr respects isomorphisms: if ¢ 2 ¢ and a = ' then Fp(c,a) =
F1(c/,a’) in the corresponding functor category;

d) Iy is stable with respect to context extensions: Fy(cod(vf), vioa)(vgo
e) = vy o Fuu(c, a)(e);

e) Fr(c,a) is conservative, i.e., it reflects isomorphisms. Notice how
this requirement implies that Fri(c, a) is injective on objects: just
consider that the identity is reflected necessarily in the identity. As
usual, the inverse on the image is denoted by Fn_l(c, a).

8. I is a family of functors indexed by ¢ € ObjC, a type in M., and b type
In Meod(ve) such that
a) IH(Cv a, b) : Mcod(u;) T b— M, T FH(Cv a)(b)a
b) I preserves universes: when they are both defined, recalling Defini-
tion 5.1.20 for Fiy,
IH(C, a, FH(COd(Vg), dl, . 7dl)(Uj))
= In(c,a, Fr(cod(vS),dy, ..., d)(Ur)) ;

¢) Irr respects isomorphisms: if ¢ 2 ¢, a = da/, and b = ¥ then
In(e,a,b) = In(d, a’,b') in the corresponding functor category;

d) It is stable with respect to context extensions: Ir(cod(v§),vjoa,vgo
b)(vgoe) =vgo Inlc,a,b)(e);

e) Iri(c,a,b) is a categorical equivalence.

9. Ep is a family of functors indexed by ¢ € ObjC, a type in M., and b type
in Meod(re) such that

a) a and b are in the same universe U;;
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b) Eu(c,a,b)(x,y) € Obj (M. 1 S(c,a,U;)(b, y)), with

En(c,a,b): Mc 1 Fu(e,a)(b) x McTa —
- | MctS(e,a,U:)b,4d) ;
deM.Ta

¢) Er preserves universes: when they are both defined

En(c,a, F(cod(vE),dy,. .., d;)(U;))
= En(c,a, Fy(cod(vS),dy, ..., d)(Uy)) ,

see Definition 5.1.20, and

E‘H(C7 FH(C, dl, ey dl)(Uj), b)
= Fn(ec, F'H(q dy,...,d;)(Ug),b) ;

(a2

d) En respects isomorphisms: if ¢ 2 ¢/, a = o, and b = b then it
holds that Fr(c,a,b) = En(c,ad’,b') in the correspondmg functor
category;

e) En is stable with respect to context extensions: Er(cod(vg),v§ o
a,vgob)(vgoevjo f) =vjo En(c,a,b)(e, f).

10. the auxiliary S is a family of functors indexed by ¢ € ObjC, a type in
M., and b type in Mcoq(,c) such that

a) S(c,a,b)(x,y) = En(c,a,b)(In(c, a,b)(z),y);

b) S(c,a,vg0a)(xg.€) = ¢

¢) S(c,a,0)(vg op,e) = p;
)

d) if En(cod(vg), @, P)(p, q) is a term of type b in Mcoq(,e) but not in
Mdom(ug); then7 Calhng Qe = S(Ca a, Ul)(Qa 6),

S(e; a,5(cod(vg), Q, Ui)(P; q))
(Bn(cod(vg), Q, P)(p, q),€)

= Bni(e, Qe, Fyp ' (¢, Qe)(S(c, 0, U) (Fr(cod(v5), Q)(P), €)))
(S(C,G,Fn(cod( va), Q)(P))(p;e),S(¢,a,Q)(g:€))

e) if Irr(cod(vg), d, b)(p) is a term of type Fir(cod(vg),d)(b) in Mcod(ve)
but not in Mgom(,e), and posing

de = S(c,a,U;)(d, e)
be = Fﬁl(cv de)(S(C, a, Ui)(FH(COd(Vg)v d)(b)7 e))
Pe = Iﬁl(cv de, be)(S(c, a,U;)(In(cod(vg), d, b)(p), €)) ,

then

S(c, a, Fri(cod(v5),d)())(In(c, d,b)(p), e) = In(c, de, be)(pe) ;
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f) if Fi(cod(vg),d)(p) is a type in Mcoq(re) but not in Myem(ye), and

posing
de = S(c,a,U;)(d, e)
Do = Fn_l(c, de)(S(c,a,U;)(Fri(cod(vs), d)(p),e)) ,
then
S(c,a,Us)(Fu(cod(vg), d)(p), ) = Fu(c, de)(pe) ;
g) Finally,

S(c, A, S(cod(v9),vq o B,U;)(E,v5 ob))
S(cod(vh),v5 0 B, E)(e,v5 o), a)
¢, B, S(cod(vg),vg 0 A, U;)(E, v 0a))

S(cod(vg),vg o A, E)(e,vg 0a),b) .

=S

—_~ —~ o~

We remark that conditions (8b) and (9¢) are due to Proposition 3.3.21.

Sometimes, as already happened in Definition 5.1.19, there is the need
to iterate the application of the functors Fiy, Itr, Ep and S. To simplify the
notation, iterated functions are defined.

Definition 5.1.20. Let aq,...,a, such that a; € ObjM,, for 1 < j <
n ajy1 € ObjMeod(y, o-ov,,), and b € Obj Mcod(,, 0-0,,)- Then, define
Ful(c,ai,...,a,)(b) by induction on n as

e if n =0, Fi(c)(b) = b;

o if n =1, Fii(c,a1)(b) = Fi(c,a1)(b);

eifn=j+1,

FH(Cv aly .-y ajJrl)(b)
= (e, ay,. .., aj;)
(FH(COd(Va_j ©:--0 Val)? aj+1)(b))

Definition 5.1.21. Let a4, ..., a, such that a; € Obj M, for1 < j <naj1 €
ObJ Mcod(u,,,jo-uoual)a be Ob.] Mcod(ua"o~~oua1)7 and z € ObJ Mcod(u,,,no-uoual) 1 b.

Then, define Irj(c, a1, ..., an,b)(x) by induction on n as
o if n =1, Iy(c,a1,b)(z) = In(c,a,b)(z);
o ifn=7+4+1,
I_n(c7 ai,...,a541,b)(x)

=In(c,a1,...,qj, (Fn(cod(ua]. 0---0 l/al),aj+1)(b))
(IH(COd(Va]‘ O---0 Val)’ aj+1, b)(l‘))

Definition 5.1.22. Let aq,...,a, such that a; € ObjM,, for 1 < j < n
a;j+1 € Obj Mcod(,,ajo...oyal), and b € Obj Meod(va, 0-0va,)- Also, let z1,... 2,
such that x;4, € Obj Mcod(uajoi..oual) T aj+1 and y € Obj Meod(u,, 0--01y,) T b-

Then, define S(c,ay,...,an,b)(y,z1,...,2,) by induction on n as
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o if n= 1, S(C, alvb)(yaxl) = S(Cvalab)(yvxl);

eifn=7j+1,

(c,ary . aj41,0)(y, T,y Tjp1)

(C, aj+17S(Ca ay,...,0aj, Ui)(b7xla cee a‘rj))

(S(c,al,...,aj,b)(y,xl,...,a:j),ij)

S
=S

Definition 5.1.23. Let ay,...,a, such that a; € ObjM,, for 1 < j < n
a;j+1 € Obj Mcod(yajou.oyal), and b € Obj Mcod(v,, 001, ) AlsO, let @1,... 2y
such that x;4; € Obj Mcod(uajo~~oua1) T ajy1 and y € Obj Meod(vy,, 0--0va,) T b-

Then, define Ex(c, a1, ..., an,b)(y,z1,...,x,) by induction on n as
o ifn= 1, EH(Caalab)(y7x1) = EH(Caalab)(y7m1);

e ifn=7+1,
EH(C,G&, .. 'ua’j+17b)(y7x1a s ,J;j+1)

= EH(C, i1, 5(070,17 <o ay, Ui)(b,.’bl, . 71’j))

(EH(Cvalv"'7aj3b)(y7:r17'"’Ij)’xj+l)

An inductive theory is the theory generated by the rules for the basic system
extended with a finite number of inductive types, see Chapter 3.

Definition 5.1.24. Let T be an inductive theory. A T-ML-category is
m’t’i = <M7 (C’ {ui}iENa v, X, e, FH7 IHa EH7 {FT7 {IT,K}K7 ET}T>

with (M; C, {w; }ien, v, X, ®, FI1, I, Err) an ML-category, see Definition 5.1.19,
and the families of functors F;, I x and I defined as follows

1. each inductive type 7 is uniquely identified by an object
p= Fu(c,ai,...,a,)(U;) € Obj M. 1 Uiyq .
Then F; is a family of functors indexed by ¢ € ObjC and p such that

a) Fr(e,p): {-} = M. 1 p, where {-} is the trivial category with just
one object and the identity;

b) F, respects equivalent contexts: if ¢ = ¢/, then F,(c¢,p) = F.(¢/,p) in
the corresponding functor category;

2. each constructor K of an inductive type 7 is uniquely identified by an
object

q:F‘H(cva’llv"'7a/n/7d1,~~'7dm)

(Eu(c,ay, ... ap, Uigr)
(FT(C7p)(')?Xa'17 s 7Xa;L)) € ObJMc tU ,

where the {a;}lgjgn/ are a subsequence of the {a;}1<;j<n. Then Ik is a

family of functors indexed by ¢ and ¢ such that
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a) IT,K(C’ q) {} — Mc T q;
b) I,k respects equivalent contexts: if ¢ = ¢’ then I x(c,q) = I k(. q)

in the corresponding functor category;

3. in the non recursive case, each inductive type 7 is uniquely associated to
an object
r = Fn(c,a1,...,an,Fo,Fe,,...,F.,, E,,
EH(COd(VEe © Va>7a17 e 7an7E67FC)(XEeﬂ Xays--- 7Xan>)

with

Fo = Fr(e,aq, ..., an,
Er(cod(vy), at,. .., an,p)
(FT(COd(Va) P)()s Xars -+ > Xan)))(Un)
F., = Fu(c,ay,...,al, dy,... dpn,

En(cod(yad) Ay, Gi))
(XFor Xas Bu(cod(vaa), ai, .. ap,,dy, ..o di, q;)
(Irx(cod(Va,a), @) (), Xais Xdi» - -+ » Xdm)))
E. = En(cod(va), a1, ..., an,p)(Fr(cod(¥a), p)(-); Xays - - - » Xay,)

and vg = Vg, © -+ 0Vqy, Vgd = Vd,, O+ OVq, OVq, ©-+0Vq, Xa; =

Xa)»---sXa’,- Then E is a family of functors indexed by ¢ and r such
i

that

a) E.,-(C, 7‘)2 {} = M T
b) E, respects equivalent contexts: if ¢ = ¢, then E.(¢,r) = E.(c,r)
in the corresponding functor category;

c) given C € ObjM. 1 Fo,ci e M.t F,, for 1 <i <k, T, € M. 1 a;
for 1 <i<n,p; e M.1d; for 1 <i<m,

En(cyan,. .. an, Fo,Fepy.. . Fep,
En(c,ay, ... an,p)(Th,. .., T, Fr(c,p)(-)))
(Er(e,m)(), Tty Ty, Cieq,y ..oy Cry
En(c,a1,. .. an,di,. .. dm,q)
(Lx(e,q)(), T1y- o, ThsD1s - -+ D))
>~ Bu(c, a1, ... an,dy,. .. dm, F.,)
(ci,T1y - TnyD1y- - 3Dn) ;

d) given Ty € M. 1 a1,...,T, € M. 1 a, and an object e € M, 1
EH<C7a17"'aanap)(T17'"aTnaFT(cap)<'>)7
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Enlc,ai,...,an,
Fu(c,a1,...,an, Ec)
(S(cod(VEy 0 Va), a1, - - -, p)(Fr(cod (), p)(+); Xa)),
{fn(c,all,...,a;i,dl,...,dm“EC)
(S(cod(uECi O Va,d), ALy -Gy s ds e oy, Gi)
(Irx(cod(Va,a), @) (") Xa,d:)) f:la
Er(c,ay, ... an,p)(Frlc,p)(-),TL,...,Tn),7)
(E;(cod(vE, ovg, o« 0ovg ovy),T)(+),
Ty,...,Tn, Iu(c,a1,...,an, Ec,
S(cod(VEg © Va), a1, - - -y an, p)(Fr(cod(v4), p)(+), xa)) (Ec),
{In(c,d},...,a n,dl,...,dm“EW
g(cod(l/ECi O Vqa,d), AL, Gpy Ay iy, Gi)
(L 2(c0d(v0), 6)()s Xt (Be) Yoy €)

12

with

Ec = En(cod(vy),a1,. .., an,p)(Fr(cod(va),p)(-), Xa) »
E., = En(cod(va.a),al, .-, an s di, .. i, Qi)
(Ir,k(cod(va,a.): Gi)(*)s Xa,di)
Xa = Xays+ 1 Xan>»
Xa,di = Xais Xdiy -5 Xdm;»

Vq;, = Vdni O:---0Vlq, .

If a constructor K; is recursive, that is, a certain d; is an instance
TS1,...,8y of 7, then F,, depends also on the object

EH(Caala cee ,an,EyaFC)(Cash <. ',sn7XEy) ;

with E, = En(c,ay,...,an,p)(F-(c,p)(),51,-..,5,). Also, in Point (3c),
p; is followed by

En(c,al,...,an,FC,Fcl,...,Fck,
EH(C7 Ay, ... 7an7p)

(Th, ..., Tn, Fr(c,p)(-)))
(Er(eym)(-),Thye oo, Ty Cucay ooy k)

4. for each inductive type 7 and constructor K, the auxiliary functor S must
satisfy the following conditions:

a) if F(cod(vS),p)
S(e,a,U;)(Fr(co

(

)
b) if I x(cod(
S(e,a,U;) (L

(*) is a type in Mcoq(re) but not in Mgom(ye), then
d(g),p)(-),€) = Fr(c, S(c,a,Us)(p, €))(-);

q)(+) is a type in Mcog(ye) but not in Mgom(ye), then
o

);
K(cod(vg), q) (), ) = Irx(c, S(e; a,Ui)(g: €))(-);

(6]
I/(l
T
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c) if E-(cod(vg),)() is a type in Mcog(re) but not in Myem(,e), then
S(c,a,U;)(Er(cod(v),r)(-),e) = E (¢, S(c,a,U;)(r,€))(-).

The very complex definition of T-ML-category takes care of numerous
technical aspects, which will play a role in the following. However, abstracting
away these technicalities, it can be understood in a simple way: there is a
framework, which interprets the judgements - the contexts in C, the regular
judgements in the slices over C, the judgemental equalities as isomorphisms in
the slices; there is an internal transformation to interpret dependent products,
and there are internal transformations to interpret inductive types. The complex
conditions are needed to coordinate the framework and the term formations in
a coherent way.

5.2 Interpretation

This section is devoted to interpret the basic system and the inductive theories
in the framework introduced above, i.e., respectively in ML-categories and in
T-ML-categories, and to prove that the interpretation is sound.

Basic system

Definition 5.2.1. Given an ML-category 9, see Definition 5.1.19, an interpre-
tation [-] is a collection of functions mapping judgements in arrows of M and
terms-in-context in objects of a slice category of M. Also, a notion of validity
applies, that selects which judgements and terms are subject to interpretation.
Formally, an interpretation has to satisfy:

1. e ctx is valid and [e ctx] = ids;

2. T,z : A ctx is valid if and only if T ctx is valid and [I" - A] is a type in
Meod([r etx]); then [I' 22 A ctx] = v 47 o [T ctx]; from now on, to ease
the notation, we write Mr for Mcoq([r ctx)) and v for vypyap;

3. T'Fa:Ais valid when T ctx is valid and [I" F a] is a term of type [T - A]
through f in Mrp; then [I'F a: A] = f;

4. TFa=1b:Ais valid when ' F a: A is valid, I' F b: A is valid, and
h: [T'F a] — [T F b] is a necessarily unique isomorphism in Mrp such
that [T Fb: Al =ho[l'Fa: A]; then [['Fa=0b: A] = h;

5. T' F a is valid when there is A such that I' - a : A is valid;
6. for every i € N, FU; is valid and [ U;] = u;; moreover, [FU; : U;11] is
the indecomposable arrow of Definition 5.1.11;

7. if T,x: AF x is valid then [['z: AF 2] = X%?»—CZ]%]’ abbreviated to xl;

8. iff TFaand I',z: A ctx are valid, then [I',2: At a] = va o [T F a]; also,
ifI'Fa:Aand T, z: B ctx are valid, then [[,z: Bt a: Al = [T Fa: 4]
in M, see Figure 5.1;

9. ifT'HFA:U; and T',x: A+ B:U; are valid, then I' F Ilz : A. B : U; is valid,
and [I'F Tz : A. B] = Fp ([T ctx], [T + A]) ([T, x : A+ B]);
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10. if Tz : A F b: B is valid, then I' F Az : A.b: 1lz : A. B is valid, and
[CFAx: Ab] = In([T ctx], [T+ A], [T,z : A+ B])([T,z: AFb]);

11. if Tk f:Ilz: A. Band I' F a: A are valid, then I' F f a: Bla/z] is valid,and
[TF fa] = Ex([L ctx], [T F A], [T,z: A- B])([TF f],[TF a]).

In the following, to alleviate the notation [T" ctx] will be used to indicate both
the arrow and its codomain.

Notice that:

e I'z: At x is valid implies that I" ctx and I' b A are valid, thus Point (7)
is well defined;

e since [I'FIIz: A. B] € Obj (Mr 1 [T F U;]), the arrow [T+ ITz: A. B:U;]
is well defined, see (3);

e since [[' - Az : A.b] € Obj (Mr 1[I'+ Iz : A. B]), the arrow [I' - (A\x :
A.b) : Tz : A. B] is well defined, see (3);

e ifTHFA=A":U;and T',z: A+ B = B :U; are valid, then [[',z: A+
B] 2 [T,z : A+ B'] and, thus, F([T ctx], [T - A])([T,z: A+ B]) =
Fr([T etx], [T F A([T,z : A + B’]); this isomorphism is [I' F (Ilz :
A.B) = (Ilz: A’. B")], see (4);

e if'FA=A":U;and T,z: AF b=10": B are valid, then [,z : AF b] =
[T,z: A" F V] and thus [I'F Az : A.b] 2 [I'F Az : A 0], see (10); this
isomorphism is [I'F (Az: A.b) = (Ax: A V)], see (4);

e if - f=f :Mex:ABandTkFa=d:Aarevalid, [[F f]=[TF f]
and [I' F a] 2 [I' F d], thus [T F fa] = [T F f'd'], see (11); this
isomorphism is [I'+ fa = f'd']], see (4);

e if ' f:Tx: A. B is valid, then [I' - Az : A. fz] = In([T ctx], [T +
Al D, z:AF B)([D,z:AF fa]). But [0, 2:AF fao] = I ([T ctx], [T -
AL T, z: AF B])([T F £]), since each instance of Iyj is an equivalence
of categories. Because the composition of the above instances of Iy is
isomorphic to the identity, it holds that [I'F f] = [T'F Az : A. f z]. This
isomorphism is [I' F (Az: A. fz) = f], see (4).

The definition of interpretation, illustrated in Figure 5.1, clarifies and justifies
many aspects of the notion of ML-category: the terminology (context, term,
type, etc.) previously introduced to indicate objects and arrows in the categories
directly reflects the corresponding objects in the syntax via the interpretation
[[]. A special mention is due to the notion of validity: only valid judgements
are interpreted. In principle, there could be non-valid judgements in the syntax:
in this respect, the soundness theorem says that every judgement that one
can write is valid, thus interpretable. Here, as explained in Chapter 3, the
judgements are exactly the derivable expressions. Moreover, in this respect,
the semantics fixes the interpretation of inference rules as the collection of
syntactically sound, validity preserving transformations over a ML-category.

To interpret IT—comp, another result is needed. The proof is, essentially,
calculation, but we will make explicit all the passages to let the reader get used
to the style of the semantics.
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Lemma 5.2.2 (Substitution). IfI'x: AF-b:B and 'k a: A are valid, then
[TF (Az:Ab)a] Z [T F bla/x]].

Proof. By Definition 5.2.1, I' - (Az: A.b) : Iz : A. B is valid. Also, [I" ctx],
[TFa], [TFA][C,z: A D], [T,2: A B], and [T' F (Az: A.b) a] are defined.
Hence

[T'F (Az: A.b)a]
= FEn ([T ctx], [T F A, [T,2: A+ B]) ([T'F Az : A.b], [T F a])
= FEn ([T ctx], [T+ A], [T,z : A+ B])
(It ([T ctx], [T = A], [T,z : AF B]) ([T, z: AEB]), [T F a])
=S ([I'ctx], [T F A],[I,z: A+ B]) ([T,z: A D], [T Fa]) .

If « ¢ FV(D), then [I'x : A F b] = va o [I' - b], and thus, by (10) in
Definition 5.1.19, [T’ F (Az: A.b)a] = [T F b] = [T F bla/z]]. Henceforth,
assume x € FV(b) and proceed by induction on the structure of the syntactical
term b.

e If b is a variable, it has to be x, thus by (10) in Definition 5.1.19,

[TF (Ax:A.x)a]
=S (L etx], [T FA]L[T,z: AF A]) ([T, z: AF 2], [T F a])
=S([T ctx], [T+ A], [T,z : A+ A]) (XE, [T+ a])
Z[Cka] =]t zla/z]] -

e If b is the application p ¢ then

[T+ (Az:A.pq)d]
=S([T ctx], [T+ A, [T,z: A B])([T,x: At pgq], [T+ a])
=S ([l ctx], [T F A], [T,z : A+ B])
(Bn ([T z: Actx], [T,z: AF Q],[T,z: A, z: QF P])
([T,z:A,z:QF p],[T,z: AFq]), [T+ a]) ,

where T2 : A,z: QFp: P, Tz: AF q:Q, and B = P[q/z]. Posing
Qo =S([T ctx], [T+ A], [T FU])([T,z: AF Q], [T F a]), and applying
the induction hypothesis to B,

= S([T ctx], [T F A],
S([T,z: Actx], [T,xz: AFQ],[T,2: A, z: Q FU])
([T,x:A,z: QF P],[T,z: At q]))
(En([Tyx: Actx],[T,xz: A Q],[T,z: A,2: QF P])
([T,z:Az:QFEp],[Tyz: AFq]), [T+ a])

which can be reduced by applying the properties of S (Point (10) of
Definition 5.1.19), and the induction hypothesis to Q,, yielding @, =

[T+ Qla/x]],
=~ ([T ctx], [T F Qla/z]],
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F ([T etx], [T - Q[a/=]])
(S(IT ctx], [T + A], [T,z : AFU])
(Fu([T,z: Actx], [T,z : AF Q])
([C,z: A,z:QF P, [T Fa]))))
(S([T ctx], [T+ A],
([l z: Actx], [T,z: AF Q])
([T,z:A,z:QF P])([T,z: AtF p], [T F a]),

ST etx], [T F A], [T,z : AFQD([T,z: AF ¢, [T F a]))

then, applying the induction hypothesis again,

= En([I" ctx], [I' - Qla/z]],
F ([T etx], [T - Q[a/a]])
([I'+ 1Tz : Q[a/]. Pla/«]]))
([ F pla/]], [T F qla/]])
En([T ctx], [T F Qla/z]], [T, z : Qla/z] F Pla/z]])
([T pla/«]], [T+ gla/z]])
'_

= [['F pla/z] gla/z]] = [T+ (pg)la/z]] -

e If b is the abstraction Ay : C.p, in which we may safely assume that
y & FV(a) since we can freely rename bound variables, and calling

Co = S([T ctx], [T+ A], [T,z : AR U] ([Tyz: A C], [T Fa]) ,
P, = F7 ([T ctx], C.)(S([T ctx], [T - A, [T,z : A - U])
(Fa([T,z: Actx],[T,z: AF C])
([T,z: A,y: X F P]),[TFa])) ,
pa = I ([T ctx], Cu, Po)(S([T ctx], [T F A], [T,z : A - U])
(In([T,z: Actx], [T,z: AFC],[T,z: Ay: X F P])
([0 z: Ay : CEp]), [I'Fa])) ,

by Point (10¢) in Definition 5.1.19,

[T Ax:A (A\y:C.p))d]
= S([T ctx], [T+ A],[T,z: AF Ty : C. P])
(In([T,z: Actx], [T,z : A+ C],[T,z: A,y :C+ P])
([T,x: Ayy: PEp]),[TFa])
~ ([T ctx]), Ca, Pn)(pa)

applying the induction hypothesis in C,, P,, and p,,

= ([T ctx], [T + Cla/z]], [T,y : Cla/x] & Pla/x]])
([, y: Cla/z] F pla/]])
=[I'F Ay:Cla/z].pla/z]] = [T'F (Ay: C.p)a/x]] .
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\ ,"\/l(v/
M= A] /
. [CFa:A]

[T+ a]

[T,z:Bra:A]
[Tyz:BtF a] //

Figure 5.1: How interpretation works.

e Finally, if b is the product Ily : C. P, in which we may safely assume that
y & FV(a), and calling

Co=S(T ctx], [T+ A],[T,z: AU]D(T,z: AFC], [T Fa]) ,
P, = F; ([T ctx], Co) (S([T ctx], [T+ A], [T,z : A - U])
(Fu([0,z: A ctx], [T,z : A+ C])
([0,z: A,y:CHE P]),[TFa])) ,

then

[TF(Az: A (Iy:C.P))a]
= S([T ctx]), [T+ A], [T,z : A+ U])
(Fu([T,z: Actx],[T,z: AF C])
([T,z:A,y:CF P]), [Tk a])
= ([T ctx]), Co) (Pa)

applying the induction hypothesis in C, and P,,

= (T ctx], [T F Cla/z]])
(I, y: Cla/z] F Pla/z]])
= ['F1y: Cla/z]. Pla/z]] = [T+ (Ily : C. P)[a/x]] . O

Therefore, since [T fa] is an object of
Mr 1 ST etx], [T+ A, [T, z: A B))([T,z: AF f],[T Fa]) ,

then [I' + fa] € Obj (Mr1[I'F Bla/x]]) by Lemma 5.2.2, thus the arrow
[T+ fa: Bla/x]] is defined, see (3) in Definition 5.2.1.

Proposition 5.2.3. Given a ML-category and an interpretation over it with
the notation as above, if ' a: A and At a: A are valid, and I’ C A, then
[AFa:A]l=[T'Fa:A].
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Proof. If = ctx is valid and Z’ is a permutation of =, then [= ctx] = [Z' ctx]
by (5) in Definition 5.1.19. Thus, in particular, if A ctx is a valid permutation
of Tetx, [T Fa: Al =[AFa: A].

By hypothesis, A ctx can be permuted to the valid context ', © ctx: first,
one moves in the front the typed variables in I', and in the rear the others,
taking care of preserving the relative ordering of the two pieces; then, one
rearranges the front part. Hence, [AFa: A] =[O F a: Al =['F a: A] by
definition. O

Corollary 5.2.4. Given a ML-category and an interpretation over it with the
notation as before, if T+ a: A is valid then [T+ a: A] = [AV(a) F a: A].

Proof. By Proposition 5.2.3. O

Fact 5.2.5. If I' ~ A are equivalent contexts, see Definition 3.53.18, then
[T ctx] = [A ctx] by Point (4) of Definition 5.1.19. If, in particular, T = A,
then [I" ctx] = [A ctx] by Point (5) of Definition 5.1.19.

Fact 5.2.6. In the basic system, if ' Fa: A and At b: B are two equivalent
judgements, [I' F a] = [A & b]. Thus, if M is an ML-category, Mr 1[I -
Al =2 Mat[AF B].

This property will be extended to inductive theories in the following.

Definition 5.2.7. A model M = (M, []) for a theory T is composed by a
ML-category and an interpretation over it such that, for every v € T', «y is valid.

Theorem 5.2.8 (Soundness). Let B be the set of derivable judgements in the
basic system. Then all the judgements in B are valid in every model.

Proof. By induction on the structure of derivations:

e if the premises are valid, then by Definition 5.2.1 and the properties of
categories the conclusions of ctx—EMP, ctx—EXT, Vble, =—refl, =—sym,
=—trans, =—subst, =—subst—eq, U —intro, & —cumul, TI—form, II—intro,
and II—elim are valid;

e the observations after Definition 5.2.1 show that, when the premises
are valid, also the conclusions of the rules II—form—eq, II—intro—eq,
II—elim—eq, and I1—uniq are valid;

e Lemma 5.2.2 shows that if the premises are valid, so is the conclusion of
the II—comp rule. O

At this point it becomes clear how [18] inspired this semantics: the definitions
of ML-category and interpretation are a rephrasing of the proof theoretic
properties of type theory, in particular, how substitution in proofs is performed
gives the key to show Lemma 5.2.2. This lemma determines the constraints to
put into the semantics, but these constraints are nothing but the description of
substitution in proof, that is, Definition 3.3.6.
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Inductive types

In the following, the interpretations of dependent products, abstractions and
applications will always be obtained applying the functors Fiy, Ity and Ep to
the interpretations of the proper terms-in-context. However, to simplify the
notation, sometimes we will write [I" - Iz : A. B] instead of Fy([T" ctx], [T+
A]([T,z: AF B]), and similarly for the other constructions.

Definition 5.2.9. Given a T-ML-category M = (M; {F;, {I, x }k, E. }.), for
each inductive type 7 the interpretation of Definition 5.2.1 is extended as follows:

Lif T - Il(x: F), .U : Uiyq is valid, then T' F 7: I (z: F),, . U; is valid
and [I' F 7] = Fr([I' ctx], [ + II(z: F), .U])(-); the interpretation
of the type-in-context I' F II(z: F), .U; can be computed from the
interpretations of the I' - F; through the functor Fij.

2. if the judgement I' - II (2 : F),, Il (y : I),, .72} --- x], :U; is valid, then
the judgement I' - K: Il (z: F),, . Il (y:1),, .72} --- «, is valid and

[T'FK] =ILx(l ctx], [T FII(z: F),, (y:I),, .7} - z,])(-). As
above, the latter interpretation can be easily obtained through Fr; and
Erp.

3. let
Ting :=1l(z: F), (IIC: (Il (z: F), .Tx1 -+ Tn = Up).
(_yei:(M(x: F),, d(y:1),, .
Caly -o-ay, (Ko - ap,y1 - Ym,))-

(He:Tajl e xy.Caq e l'ne))) :

If T+ Ting : Up4q is valid, then T' F ind; : Ting is valid and [T F ind,] =
E ([T ctx], [T F Tina]) ().

Notice that:

e since [I' - 7] € Obj (Mp 1 [I'-1I(x: F), .U;]), then the arrow [I' -
7:1(x: F), .U;] is well defined, see (3) of Definition 5.2.1;

e since [I' - K] € Obj (Mp t [ 1T (z: F),, . O(y:1),,.7x} --- x,]), the
arrow [I'-K:Il(z: F),, .1l (y:1),, .72y --- 2;,] is well defined;

e since [I" - ind;] € Obj (Mp 1 [I' F Tind]), the arrow [I" & ind, : Ting] is
well defined;

e if the premises of T—comp, are valid, then

E ([0 ctx],[CFind, Ty -+ Ty Cey - cx (KiTy - Topr -+ po)])(0)
X[CkeTy - Topy - phl

by Point (3c¢) of Definition 5.1.24, allowing to interpret the conclusion of
the computation rule;
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o if"Fe:7Ty,...,T, is valid, then

E-([T ctx], [T F ind, T4, -~ T},
Aa:F),.(Az:1z1 -+ Tp. T2 -+ Tp))

ANz F), (A, Kz Tpy y1 o Yy
( (D )

(x\(x:F)nk. (A(y:[)m;c.kal Ce T Y1 ymk))
e)(-) = [I'F €]

by Point (3d) of Definition 5.1.24, allowing to interpret the conclusion of
the uniqueness rule.

Lemma 5.2.10 (Substitution). IfT,z: AFb: B and 'k a: A are valid, then
[T'F (Az:A.b)a] = [T+ bla/x]].

Proof. If b is the conclusion of a rule in the basic system, the statement holds
repeating the reasoning of Lemma 5.2.2. Suppose that b is the conclusion of
a formation, introduction or elimination rule for an inductive type, and that
x € FV(b), and proceed by induction.

o Ifb=r,

[TF(A\z:A.7)d]
=S([Ictx], [ A]L [T,z: ARTI(z: F), .U;])
(Fr([Dyx: Actx], [T,z: ARTI(z: F),, . Us]) (), [T+ a])
= F ([T ctx],
S([T ctx], [T + A],
S([T ctx], [T + A], [T,z : A+ Uia])
(C,z: AFII(z: F),, . U], [T Fa]))(-)
and, by induction hypothesis,
=2 F ([T etx], [T+ (I (z: F), .U;)[a/z]])(-)
= [T+ 7[a/z]] .
o Ifh—K,
[TFA\z:AK)d]
=S(Cetx],[T+A][T,z: AT (2x: F),, M(y:1),, .72} - ,])
(Lrg([Tz: Actx], [T,2: AFII(z: F),, .

M (y:1),, 7ay - a,])(), [I'Fa])
= Lg([T etx], S([T etx], [T = A], [T,z : A-U])
(T2 Ar I (2: F),, M(y:1),, .72y - z,], [T Fa]))()

and, by induction hypothesis,

“Lx([Cetx], [T+ (I(x:F),, . O(y:1),, .72y - z))a/z]])(-)
=[I'+Kla/z]] .
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o Ifb=ind,,

[TF (A\x:A.ind;)da]
= S([T ctx], [T F A], [T,z : A+ Tind])
(E-([T,z: Actx], [T,z : AF Ting]) (1), [T F a])
~ B ([T ctx], S([T ctx], [T+ A], [T,z : AF Up41])
(I0,2: AF Tina], [T F al))()

and, by induction hypothesis,

=~ B, ([T ctx], [T+ (Tina)[a/]]) ()
= [Tk ind,[a/z]] - H

Proposition 5.2.3, Corollary 5.2.4 and Fact 5.2.6 trivially extend to the
inductive system and T-ML-categories.

Definition 5.2.11. A model for an inductive theory T is composed by a T-
ML-category and an interpretation over it such that, for every v € T, v is
valid.

Theorem 5.2.12 (Soundness). Let T be a set of derivable judgements on an
inductive system, i.e., the basic system extended with a finite number of inductive
types. Then all the judgements in T are valid in every model.

Proof. Since a model for an inductive system extends a model for the basic
system, and Theorem 5.2.8 proves the soundness of the basic system, it is enough
to prove the statement when v is the conclusion of a rule for an inductive type:

e if the premises are valid, then the conclusions of 7—form, 7—intro; and
7—elim are valid by Definition 5.2.9;

e the observations after Definition 5.2.9 show that, when the premises are
valid, also the conclusions of the rules 7—comp, and 7—uniq are valid. [

5.3 Classifying model and completeness

This section is devoted to construct the syntactical categories for the basic
system and a generic inductive theory, and to prove that the respective semantics
are complete.

In the following, when considering the basic system, the theory T is the
system B, obtained applying the rules illustrated in Section 3.1. When dealing
with inductive types, T is an inductive theory, i.e., B extended with a finite
number of inductive types as in Section 3.2.

Basic system
Definition 5.3.1. The set Op is defined as the minimal one satisfying

1. if (T ctx) € T then [I' ctx] = [I" ctx] € Or;

2. if TFa:A)eT then 't a] = (a,[AV(a) ctx]) € Or, with AV(a) intro-
duced in Definition 3.3.1.
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Definition 5.3.2. Given a pair (a,b) € Or xOr, dom(a, b) = a and cod(a, b) =
b. Also, if (a,b) € Or x Or and (b,c) € Op x Op, then (b, c) o (a,b) = (a,c).

Definition 5.3.3. The set A7 C Or x Or is defined as the minimal one such
that

1. if (T,z: Actx) € T then vy = ([I" ctx], [[,z: A ctx]) € Ar;
2. if (' ctx), (A ctx) € T and I' ~ A then ([T ctx], [A ctx]) € Ag;

3.if(Tha:A)eTthen ['Fa:Al=(TFA],[TFa]) € Ar and erpq.4 =
(L' a],[AV(a) ctx]) € Ar;

4. if TFa=b:A)eTthen TFa=b:Al=(Tt+a],[lFb) € Ar;
5. if a € Or then id, = (a,a) € Ar;
6. if (a,b) € Ap and (b,c) € Ap then (b, ¢) o (a,b) € Arp.
It must be remarked that (a,b) € Ar is uniquely identified by its endpoints.

Definition 5.3.4. The syntactical category My has Or as objects, and Ar as
arrows, and its composition is o as in Definition 5.3.2.

Fact 5.3.5. The syntactical category is a category.

Proof. First, Definition 5.3.4 is well given: by Proposition 3.3.9, if (T Fa: A) €
T then (' A:U;) € T thus [I' - a: A] is properly defined; also, by Proposi-
tion 3.3.8,if ('Fa=b:A) €T then 'Fa:A)eT and (I'Fb: A) € T, thus
[['F a) and [T+ b] are defined.

Finally, if f = (a,b) € Ap then foid, = (a,b) o (a,a) = (a,b) = f and
idy o f=(b,b)o(a,b) =(a,b)=f. If f=(a,b),g=(b,c), h =(c,d) are in Ap
then ho(go f) =ho((b,c)o(a,b)) = (c,d)o(a,c) = (a,d) = (b,d) o (a,b) =
(e.d) 0 (b,c)) o f = (hog)o f. O

As Dr. Maschio pointed out, the syntactical category is a partial order.

Definition 5.3.6. The syntactical context category Cr is the full subcategory
of My whose objects are {[I" ctx] : (T ctx) € T'}.

Fact 5.3.7. The category Cr has [e ctx]| as the initial object, and each arrow
v4 is indecomposable.

Proof. By construction, each arrow v, is indecomposable.
Since (e ctx) € T, [o ctx] is defined. Let (I" ctx) € T, thenI' = z1: A1, ..., zp:
A, so

[0 ctx] ——1 5 [21: A; ctx] e e A

[ ctx]

thus the composition is the pair ([® ctx], [ ctx]). If A = I, the same con-
struction yields ([e ctx], [A ctx]), but [A ctx] = [A ctx], = [[ ctx] = [ ctx]
proving the uniqueness of the arrow [e ctx] — [I" ctx]. O

Fact 5.3.8. If (I',z: A ctx), (A, y: B ctx) € T such that [T ctx] = [A ctx] and
TFA=Bel;)eT, then[[',x: Actx] = [A,y: B ctx].
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Proof. By Definition 5.3.3 [I" ctx] = [A ctx| implies ' ~ A, thus T, 2: A ~ A, y:B
and cod(1/1[4F Ctx]) =[,z: Actx] 2 [A,y: Bctx] = Cod(l/[BA Ctx]) by Point (2) of

Definition 5.3.3. O

Fact 5.3.9. If T'FA:U;) € T and ('FB:U;) € T then vypoa o vp =

VypoB OVA-

Proof. By Corollary 3.3.5, (I'ctx) € T, so [['ctx] € ObjCr. Moreover, it
holds that (I'yz: A,y: Bctx) € T and (I',y: B,z : Actx) € T, with  and y
fresh variables. By Definition 3.3.18, [T,z : A,y: B ctx], = [[,y: B,z : A ctx]

~ )

hence
VygoA OVB
= ([Iy:Bectx],[T,y: B,z : Actx]) o ([I" ctx], [[,y : B ctx])
= (Petx],[Iy:B,z: Al)
= (Petx],[Iz: A,y: Bl.)
= (D,z: Actx],[[,z: Ayy: Betx]) o ([I ctx], [T,z : A ctx])
= VZ,AQB orvp ,
proving the statement. O

Fact 5.3.10. For everyi € N and (I ctx) € T, [ - U;| = (U, [ ctx]).

PT’OOf. Since (l— U; 3ui+1) eT, [l— Z/fl} = (L{“ [0 CtX]). Also, (F = U; :Z/Ii+1) eT
and AV(Y;) is empty, so [I' F U;] = (U;, [e ctx]). O
Fact 5.3.11. For every [T ctx] € ObjCr, the slice category

ME = (Mg /[T ctx]; {([o ctx], [T ctx]) 0 €rug;24,4, }ieN>

s iso-stable.

Proof. Suppose f: a — a in ML. Since a = (b,[' ctx]), f: b — b in My,
thus f = (b,b) since arrows are uniquely identified by their endpoints, see
Definition 5.3.3. Hence, f = id, in My and thus f = id, in MZE. O

Fact 5.3.12. If TFa=0b:A) € T, then L Fa=b:A] is an isomorphism
both in Mt and in MIT

Proof. f THa=b:A)eTthen THb=a:A) €T, too,s0o[[Fa=b:A] e
Ar. It is immediate to see that the composition of these two arrows yields the
identity, in both ways. Hence [I'F a = b: A] is an isomorphism. O

Proposition 5.3.13. For every [ ctx] € ObjCr, the slice category ML is
typical.

Proof. Let ¢ € Obj ML and consider its domain in My:

e if dom(c) = [e ctx] then, by Corollary 3.3.23, there are a and A such that
(Fa:A)eTand ais not inhabited. Thus, by Point (3) of Definition 5.3.3,
€-q:.4 €xists, and it has to be indecomposable, proving the statement.

e if dom(c) = [A,z: A ctx] then v4 is the sought indecomposable arrow.
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e if dom(c) = [I'Fa] then (T'Fa: A) € T for some type A. By Proposi-
tion 3.3.21, if A is not unique up to isomorphisms then I' - a: II(z : G);.U;
and I' F a: I(x: G);.U,. Thus, if | = 0, consider A as the minimal
universe U; such that I' - a : U;. Otherwise, the choice of A among the
different types of a is free. Thus [[" - a : A] has to be indecomposable and
cod([I'Fa:A])=[TFaq]. O

Proposition 5.3.14. For every [[ ctx] € ObjCr, the slice category
(MEA(T F U], T etx)) i)
has universes.

Proof. First ([I'F U], [T ctx]) =![r ctq] © €140, With ![p g the unique arrow
from the initial object [ ctx], see Fact 5.3.7. Thus ([I'+U;], [I" ctx]) € Obj ML,
Consider (MZL; ([T F U], [T ctx])): for every i € N, (I'-U; :U;v1) € T, so
([T F U], [T ctx]) is a weak universe by a straightforward induction.
Also, (ML; ([T +Up], [T ctx])) has weak universes because, for every c €
Obj ME,
e cither dom(c) = [A ctx] and thus A C T', then ([I'F U], [A ctx]) is an
arrow of ML for each i € N, whose codomain is ¢, obtained composing
€AFU; U, With the v maps of the difference I' \ A;

e or dom(c) = [T+ a] and thus there is (T a: A) € T,so (- A:U;) €T
for some ¢ € N by Proposition 3.3.9, hence '+ a: Ao [I'F A: U] is an
arrow of M% whose codomain is c.

Since (I' - U; : Ui1) € T, the arrow [I'HU; :Uirq] : ([T F Uiq], [T ctx]) —
([T =], [T ctx]) is in ML for every i € N. Moreover, by Proposition 3.3.21,
this arrow is indecomposable, so (ML {([T'F U], [ ctx])}, o) is a category
with universes. O

Definition 5.3.15. If T is the basic system, its syntactical category is Mr
of Definition 5.3.4 extended with the following families of functors. Since the
groupoids of terms are groupoids, i.e., categories of isomorphisms, it suffices to
define the functors for IT on the objects of their category of definition. Whenever
(F FA: UZ) eT,
Fr([T ctx], [T+ A))
(([C,z: AF B],[Ix: Actx])) = ([T F Iz : A.B], [T ctx]) ,

and for each instance of a II-type
Zr(T ctx], [I'F A], [T,z : A+ B])
([Cyz: AR D), [Tyz: Actx])) = ([T F Az : Ab), [T ctx])
Er([Letx],[CF A][I',z: AF B])
(0 F 7 [T etx), ([0 a], [ etx])) = ([P fa], [ ctx])

Define Xg,_cf:]] =[T,z: AF z].

Definition 5.3.16. The canonical interpretation [-]r over T is defined as
follows:
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e if (I ctx) € T then [I' ctx]7 =!ir ety

o if there is A such that (I' - a: A) € T, then [I' - a]r = ([I'F ], [T ctx]);

e if TFa:A)eT then [I'Fa:Alr = (I'F A, [T+ a));

eifTFa=b:A)eT then [I'Fa=b:Alr = (Fa], [+ D).

Proposition 5.3.17. The category

My = <MT; Cr, {([F H UZ] R [F CtXD}iEN , U, [. CtX} ,.FT,IT,(‘:T>

is a ML-category and [-]T is an interpretation over it.

Proof. To simplify the presentation, the proof follows the points of Defini-

tion

1.
2.

5.1.19.

Fact 5.3.5, Definition 5.3.6, and Fact 5.3.7 prove the point to hold.
Fact 5.3.10 and Proposition 5.3.14 prove the point.

Fact 5.3.7 proves that v4 is indecomposable, and, evidently, for every
c=lr1:A1,.. .,z Ay ctx] € ObjCrp, o =vg4, 0+ 0vy,.

Fact 5.3.8 proves the point.
Fact 5.3.9 proves the point.

Since (I,z: AF x:A) € T implies (I'  A:U;) € T by Lemma 3.3.7

and Proposition 3.3.9, X{II:,_CZ]] has type [I' b A] as required. Moreover, by

Proposition 3.3.14, XH:,_CZ]] # va o e for every term e in M(p ct-

By Definition 5.3.15, Fr is appropriately indexed and

a) each instance has the right domain and codomain;

b) if D F A:U) €T, (D FTx:AB:U) €T, and k = max(i, 5),
then Fr([T ctx],[T' + A ([T ,2: A F B],[T,x: A ctx])) = ([T +
Iz : A. B], [ ctx]) is a term of type [I" F U] because of Point (3) of
Definition 5.3.3;

) f T ~A TTHAZ[AFC]and ([Iz: AF B],[T,2: A ctx]) =
([A,y:CFE D] A y:C ctx]),

Fr(Letx], [T AD)(([T,z: A+ B], [T,z : A ctx]))
= (['FHz: A. B], [T ctx])
= ([AFIly: C.D], [A ctx])
=Fr([A ctx],[AF C)(([A,y: CF D], [A,y: C ctx]))
by closure under the II—form—eq rule and Fact 5.2.6; the condition

on arrows is automatic since every functor preserves isomorphisms
and the domain and codomain are groupoids;
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d) if z does not occur in A and B,

Fr(Dyz:Cctx],[I',z: C F A))
(C,z:Cyz: AF B],[I',z: C,x : A ctx]))

(z : A. B,[AV(IIz : A. B) ctx]),[I', 2 : C ctx])

([T ctx], [T,z : Cctx]) o

((TIlz: A. B,[AV(Ilz : A. B) ctx]), [T ctx])

ve o Fr([letx],[T'F AD)(([T,x: AF B],[T,z: A ctx])) ;

e) let h: a — b be an isomorphism such that Fr ([T ctx], [T+ A])(g) = h
for some arrow g. Then,

h=(Fr(l ctx], [T F AD({([T,z: AF B], [T,z : A ctx])),
Fr(Tetx], T FAD([T,z: A C], [T,z : A ctx])))
and g = ([I,z: A+ B|, [T,z : AF C]). By considering the inverse

image h™1, g7! = ([[,z: A+ C],[[,z: A+ B]), which has to exist
in the domain, showing that g is an isomorphism.

8. By Definition 5.3.15, Zr is appropriately indexed and

a) Zp([l ctx], [ F A, [T,z: A+ B)(([T,z: AF b, [T,x: A ctx])) =
(0 Az : A.b], [T ctx]) is a term of type [I' + Iz : A. B] because of
Point (3) of Definition 5.3.3;

b) calculating

Ip([L ctx], [+ A], [T, : A+ Iy : Dy. -+ Ilay - Dy U;))
([T,z: AE B, [T,z : Actx]))

(CFAz: A0, [T ctx])

Ir([C etx], [T F A, [T,z : AF Ty : Dy. -+ Il : Dy U))
(([Cyz: AR D], [T, z: Actx]))

¢) as already noticed in the case of Fr, it suffices to prove that Zr
respects isomorphisms on objects.

HT~A [TFA[AFC, [Dz:AF B = [A,z:CF D] and
C,x:AFb 2[Az:CFd,
Zr([L etx], [T+ A], [T,z : A+ B])
(([Cyz: AR D], [T,z : Actx]))
(TFAx: A b, [T ctx])
([AF Ax:C.d], [A ctx])
Ir([A ctx], [A + C|, [A,z: C + D))
(([A,z:CFHd],[Az:C ctx]))

12

by closure under the II—intro—eq rule and Fact 5.2.6;

d) if z does not occur in A, B, and b,

Ir([I,z: Cctx],[[,z: CF A}, 2: C'+ B)



CHAPTER 5. SEMANTICS 88

(C,z:Coz: AR D], [T z:C oz Actx]))
(Az: A.b, [AV(Az: A.b) ctx]), [T, z : C ctx])
= ([T ctx],[[, z: C ctx]) o

(Az: A.b, [AV(Ax : A.b) ctx]), [T ctx])
veoZp([L ctx], [T F AL, [T,z: AF B)])
(([Cyz: AF B], [T,z : Actx])) ;

e) let (T'F f:Mx: A.B) € T and define
Jr([L etx], [T+ A],[T,z: A+ B))
as a functor

(Mg /[T ctx] 1 ([T + Iz : A. B], [T ctx]))
— (My/[T,2: A ctx] + Fr' ([0 ctd, [T - A))
(([CFIz: A. B], [T ctx]))
such that

Jr([Lctx], [ F AL D,z A B)(([T - f],[I" ctx]))
=(Tyz:AF fz],[T,z: Actx]) ,

which suffices to define J7 as it acts on groupoids in an iso-stable
category. Hence

(jT([F ctx],[['F A],[T,z: AF B])o
Zr([T ctx], [T+ A], [T,z : A+ B]))
([T,z: AF D], [T, z: Actx]))

(Tyz: AF (Ax: A.b)z], [T, 2 : A ctx])
= ([,z: AR b, [z : A ctx])

I

by closure under the IT—comp rule, and

(Zr(Letx], T F A, [T,2: A+ B]) o
Jr([0 etx], [T+ A] [T, 2 - AF B]))(([CF f], [ ctx]))
2(CFAXz: A fa],[Tctx]) Z ([T F f],[T ctx])

by closure under the II—uniq rule. So Zp([I" ctx], [I'+ A], [T, z: AF
BJ) is an equivalence of categories whose inverse is Jr ([T ctx], [I' F
Al [T,z: A+ B]).

9. By Definition 5.3.15, &7 is appropriately indexed and

a) assuming T'Ha: A, THA: U, T,x: A b:B,and T,z : A+ B: U;,
Er([Tctx], [I'F A],[Tz:AF B)(([T,z:AF b, [Iz:Actx])) = (' F
Az A ], D ctx]) is a term of type [[' F Ilz : A. B] in the universe U;
because of Point (3) of Definition 5.3.3;

b) Ep ([l ctx], '+ A, [I' 2 : AF B])(([I'F f], [I" ctx]), ([T'F al, [T ctx]))
is a term of type Bla/z| because of conditions (3) and (4) in Defini-
tion 5.3.3, and closure under the II—elim rule;
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¢) calculating,

Er(Cetx], T FA|,[I,x: ATz : Dy.--- Iz : D U))
([ F f1, [ etx]), ([T F al, [ ctx]))
[CF fal],[T ctx])
Er([Tetx], T+ A],[T,x: A Tlzy : Dy.--- Iay : Dy Uy))
([CF f1, [ etx]), ([T F al, [T ctx]))

and

([T ctx], [T+ Ty < Dy. - Tay : Dy.Uy), [T,z - A+ B))
([ F fL [ etx]), ([T F al, [T ctx]))
[Tk fa],[T ctx])
Er([Detx|, [T+ Uxy : Dy. -+ .My : D). U], [T,z : A+ B])
(M F f1, [T etx]), ([T F a, [ etx]))

d) as already noticed in the case of Fr and Zr, it suffices to prove that
Er respects isomorphisms on objects. T~ A, [['F A] Z [AF C],
C,z:AF B2 [A,z:CED], [T fl|Z[AFgl,and [T Fa] = [AF
d,

Er([T ctx], [T+ A],[T,z: A+ B))

([ F f1, [T etx]), ([T F al, [T ctx]))

(II'F fa],[I" ctx])

([AF gd], A ctx])

Er([A ctx], [AF C),[A,z: C+ D])

([A+ g],[A ctx]), ([A F o, [A ctx]))

w1

by closure under the II—elim—eq rule and Fact 5.2.6;

e) if z does not occur in A, B, f and a,

Er([T,z:Cctx],[I',z: C+ A][I',z: C + B))
([0,z:CF fl,[T,2:C ctx]), ([0, 2: C+ a], [T,z : C ctx]))
=((fa,[AV(fa) ctx]), [T, z: C ctx])
= ([I" etx], [I', 2 : C ctx]) o ((f a, [AV ([ a) ctx]), [ ctx])
=voo&p([l ctx|, [T+ A, [I,x: AF B))
([T F £, [T ctx)), ([T F al, [T ctx])) -

10. the auxiliary family of functors S is indexed as S([I" ctx], [I'F A, [T, z: A -
B]) with A a type in T ctx and B a type in I', z : A ctx, and

a) S([C ctx], [T+ A, [T,z: A+ B)(([[,x: AFb],[[,z: A ctx]), (L F
al, [T ctx])) is defined to be

Er(Tctx], [T F AL [I,x: A+ B))
(Zp([T etx], [T + A],[T,z: A+ B])
([Cyz: AR D], [T,z : Actx])), ([T F al, [T ctx]))
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~ &,(I0 ctx], [T A}, [T,z : A+ B])
([0 F Az : A, [T etx]), ([T F a], [T ctx]))
> ([0 (\z: A.b)a, [[ ctx]) = ([T F bla/z]], [T ctx])

by closure under the II—comp rule;

b) calculating,

ST ctx], [T+ AL, [I,z: A A])
(L,x: Ak z],[T,z: Actx]), ([T'F a], [T ctx]))
~ ([T F zla/z]],[T ctx]) = ([T F al, [T ctx]) ;

¢) if T'k p: B, i.e.,  does not occur in p,

S([T ctx], [+ A], [T,z : A+ B])
(([Cyz: AF p], [T,z : Actx]), ([T F a], [T ctx]))
= ([UF pla/al], [T ctx]) = ([T'F pl, [T etx])

d) calculating, it is long but easy to verify the condition on substitution
applied to the II-elimination functor:

Er(Tyz: Actx],[T,z: AR Q][I x: Ay:QF P])
(T,z: AFpl,[T,2: Actx]),([T,z: AF ¢], [T, 2 : A ctx]))
=(T,z:Abpgq|,[T,z: Actx]) ,

Qo =S(Tctx], [T+ A, [T,z: AFU;])
(Cyz: AF Q) [T,2: Actx]), ([T + a], [T ctx]))
=([I'F Qla/]], [I" ctx])

then

S([T ctx], [T + 4],
S(Tyz: Actx],[T,z: AR QL [T, x: Ayy: QFU))
(C,z:Ay:QF P|,[T,z: Ay:Q, ctx]),
(T,z: Ab q], [T,z : A ctx])))
(([Cyz: AF pgq],[T,z: ctx]), ([I'F a], [T ctx]))
S([T ctx], [T+ A], [T, : A+ Plq/y]])
(Dyxz: Ak pgql, [T,z ctx]), ([I'F a], [T ctx]))
= (pa)la/]], [I' ctx])
= pla/x] qla/]], [T ctx])
r([I ctx], [[' - Qla/a]], [I',y : Qla/a] & Pla/]])
([T, y: Qla/a] = pla/z]], [T,y : Qla/a] ctx]),
([0 gla/z]], [I' ctx]))
= Er([T ctx], Qa,
Fr ([ etxd, Qa)
([T F Ty Qla/a]. Pla/a), I ctx))

1

=

1 1R

™
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(S(T etx], [I' F A], [Tz : AF Iy : Q[a/x]. Pla/x]])
([Cyz: AFpl, [T,z : Actx]), ([T'F a], [T ctx])),
S(T etx], [T+ A, [T,z: AF Q))
(([Cyz: AF ¢, [T,2: A ctx]), ([T F a], [T ctx])))
Er([T ctx], Qq,
FrU(IT e, Q)
(S(Cetx], [T+ A, [T, z: AU
(C,z: AFTy: Q. P], [T,z : A ctx]),
(T a], [ o))
(S(T etx], [’ F A], [T,z : A+ Iy : Q[a/x]. Pla/x]])
(([Tyz: AFpl, [T,z : Actx]), ([T F a], [T ctx])),
ST etx], [T+ Al [T,z: AF Q))
(T,z: Abg], [T,z : Actx]), ([T F a], [T ctx])))
= & ([l ctx], Qa,
Fr ([P ctx], Qu)
(S(Cetx], [T+ A, [T, z: AFU))

(Fr([T,z: Actx],[T,z: AF Q))
(Dyz:Ay:QF P),[Iyxz: Ay : Q ctx])),
(I'Fal, [I' ctx]))))

(S(T etx], [T+ A], [T,z : A+ Ty : Qla/z]. Pla/x]])
(([Cyz: AFpl, [T,z : Actx]), ([T F a], [T ctx])),
ST ctx], [T+ A],[T,z: A Q))

(Cyz: AF g, [T x: Actx]),([I'F a], [T ctx]))) -

e) calculating,

Ir(Tyz: Actx],[T,x: AF D], [I,z: A,y: D+ B])
(Cyz:Ajy:DFED,[T,z: A y: D ctx]))
=(T,z: At Xy:D.b],[T,z: Actx]) ,

D,

ST etx], [T+ Al [T,z : A U;])
(([0;z: AF D], [0,z : Actx]), ([l F al, [T ctx]))
=~ ([T Dla/z]], [T ctx]) ,

B, = Fr ([T ctx], D)
(S([T etx], [T+ A],[T,z: AFU))
(Fr(lyz: Actx],[I',z: A+ DJ)
(C,z:Ayy:DF B],[I,x: Ay : D ctx])),
(I al, [T ctx))))
> (L, y: Dla/a] b Bla/al), T,y : Dla/a] ) .

bo = Z7 ([T ctx], Ba, Dy)
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(S(T ctx], [I' F A], [T,z : AFU))
(Zr(T,x: Actx], [T,z : AF D))
([Cyz: Ayjy:DF DB, [T,x: Ay: D ctx])),
([ al, [T etx)))
~ ([I,y: D[a/z] + Bla/z]], [,y : D[a/x] ctx]) .

Hence,

S([C ctx], [T F A, Fr([l'z: Actx], [,z : A+ D])
(Tyz:Ayy:DF B],[T,z: A y: D ctx])))
(Cyz: A Ay :D.b),[Tyz: Actx]), ([T'F al, [T ctx]))
S(Tetx], ' - A],[Ix: A-Tly: D. B])
(L,xz: AE Ay : DY), [D,x: Actx]), ([T F al, [T ctx]))
F (Ay:D.b)[a/x]], [T ctx])
F Ay : Dla/z].bla/z]], [T ctx])
([T ctx], Dy, Ba)(bs) -

1

==

1 1R

N

f) calculating,

Fr(T,z: Actx],[T,z: AF D]
((C,z:Ayy:DF B|,[I,z: Ay: D ctx]))
=([,z: A+Ty:D.B],[I',x: Actx]) ,

D,

ST etx], [T+ A], [T, 2 : A U;])
(([L,xz: AF D], [T,z : Actx]), ([T F a], [T ctx]))
=~ ([T Dla/z]], [T ctx]) ,

B, = F; ([T ctx], D,)
(S([T etx], [T+ A], [T, z: AFU))
(Fr(T,z: Actx],[T,z: A+ D))
(L,z:Ayy:DF B],[I'xz: Ay : D ctx])),
(" al, [T ctx))))
~ (L, y: Dla/a] b Bla/al), T,y : Dla/a] ct]) .

then

S(Cetx], [T+ A [T, z: AFU))
((T,z: AFTy: D.B],[I',x: A ctx]), ([l F a], [T ctx]))
~ ('F My : D. B)la/z]], [T ctx])
> ([I'+ 1y : Dla/z]. Bla/z]], [ ctx])
> Fr([T ctx], Dg)(By) -

g) by a simple calculation

ST ctx], [T - A],

92
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S(Tyz:Actx],[I,x: AF B, [T,z : A,y: BFU,))
(Tyz:Ay:BF E][Ix: A,y: B ctx]),
(Tyz: AR D], [T,z Actx])))

(S(IT,z: Actx],[T,x: AF B|,[l,z: A,y : B+ E))
(T,z:Ayy:Blre],[Ix: Ay: B ctx]),

[C,z: AF Y], [Tz: Actx])), ([T F al, [T ctx]))
S(T ctx], [T F A, [T,z : A+ E[b/y]])
(([Tyz: AFeb/y]], [T,z : A ctx]), ([T F a], [T ctx]))

12

12

(IT - efb/y)[a/a]), [T ctx))
(I F ela/a]b/yl], [T ctx])
S([T ctx], [T+ B],[T,y: B+ Ela/x]))
(([Tyy: BFela/z]], [T,y : B ctx]), ([I' F a], [T ctx]))
S([T ctx], [T + B,
S([T,y:Bctx|,[T,y: BF A, [T,y: B,z: AFU;))
((T,y:B,z: A+ E,[T',y: B,x: A ctx]),
(T,y:BFal,[ly: B ctx])))
(S(M,y:Betx],[I,y: BF A],[I',y: B,x: A+ E)])
((T,y:B,z:Ate],[Ty: B,z : A ctx]),
(T,y:BFal,[T,y: Bectx])), ([T k0], [T ctx])) .

12

1

12

Finally, it is immediate to check that [-]r satisfies all the conditions to be
an interpretation, see Definition 5.2.1. ]

Theorem 5.3.18 (Classifying model). If Mt = (M, [-]) is a model for T, then
there is functor J: 9Mp — M which preserves the interpretation.

Proof. Define J: My — M following Definitions 5.3.1 and 5.3.3:

o if (T'ctx) € T, J ([T ctx]) = cod ([T ctx]);

eif THa:A)eT,I([T'F a]) =dom ([T + a]);

o if (Tyz:Actx) €T, I(va) =va where the former v, is an arrow of Mrp
while the latter is an arrow of M

e if ThHa:A)eT,J(TFa:A])=[TFa:A], and J(erq:4) = [AV(a) -
al;

e if TFa=b:A)ecT,J(TFa=b:A])=['Fa=b:A];

e J(id,) =idq and J(f o g) = J(f) o I(g).

This definition is well given since it does not depend on the representatives in the
equivalence classes. This fact follows from the definition of ~, and Fact 5.2.6.
A simple check against Definition 5.3.16 shows that J([-]7) = [-]. O

Theorem 5.3.19 (Completeness). Let v be a judgement which is valid in every
model for T. Then v is derivable from T'.
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Proof. Since + is valid in every model for T, it is valid in 9. Hence, it is
an arrow of M, thus, by Definition 5.3.3, v € T. Since T is closed under
derivation in the basic system, -y is derivable from T'. O

Inductive types

Since the proof theory in Section 3.3 comprehends inductive types, all the
constructions and results obtained so far for the basic system B trivially extend
to any inductive theory T. Thus, we can extend the syntactical category for
the basic system to T as follows

Definition 5.3.20. If T" is an inductive theory, its syntactical category is the
one of Definition 5.3.15 extended with the following families of functors; as for
the basic system, it suffices to define the functors on the objects of their category
of definition. For each instance of a formation, introduction and elimination
rule for a type T,

o Fo([D ctx], [T 11 (z: F), .U])(-) = ([T F 7], [T ctx]);

° Irx(letx], [T (2 : F),, (y:1),, .72 - 2,])()
= ([['F K], [I" etx]);

o & ([0 ctx], [T F Tina))(-) = ([T F ind,], [T ctx)).

The canonical interpretation -] over T extends the interpretation for the
basic system of Definition 5.3.16 in the obvious way.

Proposition 5.3.21. My, = (M, {F;, {Z- x}, € }) ds a T-ML-category, and
[-1r is an interpretation over it.

Proof. My is a ML-category by Proposition 5.3.17, thus it is enough to show that
the requirements of Definition 5.1.24 are satisfied. To simplify the presentation,
the proof follows the points of the definition.

1. By Definition 5.3.20, F, is appropriately indexed and

a) each instance has the right domain and codomain;
b) if I' ~ A, then by Fact 5.2.6

Fr(Detx], [T 1T (x: F),, . U])
=F([Actx|, [l FII(z: F),.U]) .
2. By Definition 5.3.20, Z, k is appropriately indexed and

a) each instance has the right domain and codomain;
b) if I' ~ A, then by Fact 5.2.6

Trg(letx), DU (z: F),, U(y: 1), .72y - x,])
2T x(Actx],[T+U(z: F),, (y:1I), .72} - x,)]) .

3. By Definition 5.3.20, if 7 is non recursive &, is appropriately indexed and

a) each instance has the right domain and codomain;
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b) if I' ~ A, then by Fact 5.2.6

E+ ([T etx], [T F Tind])
= &, ([A ctx], [T F Tind]) ;

¢) by closure under 7—comp; rule,
(Ckind, Ty - T, Cecyp -+ ¢k

(Kle Tnpl pm)]a[r CtX])
=(CheTy - Thpy - Pl [T ctx])

d) by closure under T—uniq rule,

(L Find, Tn,--- T},
Ma:F),.(Az:Tay - Tp. Ty - Tp))

()\(gc:F)m. ()\(yzl)m,l.lel Ce Ty Y1 ~-~ym1))

()\ (x: F)nk ) (A(y:[)mz Krxy - xp, y1 - ymk>)
e, [T ctx])
2 (CFel, [T ctx]) .

In the recursive case, the above points hold analogously.

4. Focusing on the auxiliary functor .5,
a) by definition,

S([Tetx], [+ A], [Tz : AFU))

(Fr(Detx], [T I (x: F),,.U;])(-), ([I' F al, [T ctx]))
S(C etx], [T+ Al [T, : A U;])

(([CF 7], [T ctx]), ([T F a], [T ctx]))
([T F 7la/z]], [T ctx])
([ etx, [T E (W (2 F),, - Ui)la/]])(-)
([T etx], S([T ctx], [T+ A], [T, 2 : A+ U;))

(T (x:F), . U], [T Fa])) ;
b) by definition,
S([Cctx], [T+ AL [T,2: A U;))

(Lrx(Cetx], T HII(z: F),, D (y: 1), .72} - 2,])(),

([T + a], [T ctx]))
S(Cetx], [T+ AL [T,2: A U;])

([0 F K], [T etx]), ([T F a], [T ctx]))

11 1R
w

R

= ([I'F Kla/z]], [I' ctx])
=2Lg(Cetx], [T F M (z: F),, M(y:1),, .72} - z)a/z]])()
=7, k([ ctx], S([T ctx], [ F A], [T,z : AFU;])

(CHO(z:F),, U(y:1I), .72y - 2,],[[Fa])) ;
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¢) by definition,

S([T ctx], [T+ AL, [T,z : A U;])

(E- ([ etx], [['F Tina]) (), ([T F @, [T ctx]))
ST ctx], [T+ A], [T,z : A U;])

([T Find,], [T ctx]), ([T F a], [T ctx]))
([T Find;[a/z]], [T ctx])
([ etx], [I' & (Tina) [a/2]])(+)
([0 ctx], S([T ctx], [T+ AL, [T,z : A+ U;))
([['F Tingl, [ = a])) -

12

12

].'
]:

1

It is immediate to check that [-]r satisfies all the conditions to be an interpre-
tation, see Definition 5.2.9. O

Theorem 5.3.22 (Classifying model). If ¢ is a model for T, then there is a
functor J: My — M which preserves the interpretation.

Proof. Analogous to the proof of Theorem 5.3.18. O

Theorem 5.3.23 (Completeness). Let v be a judgement which is valid in every
model for an inductive theory T'. Then ~y is derivable from T .

Proof. Since 7 is valid in every model for T, it is valid in 9%. Hence it is an
arrow of Mlp, thus, by Definition 5.3.3, v € T'. Since T is closed under derivation
in an inductive system, -y is derivable from T in the inductive system. O

The classifying model can be used to obtain some proof theoretical results
about 1-HoTT theories.

Corollary 5.3.24. IfTFIIx: A B=1lz:C.D:U; thenT'F A=C:U; and
I'z: A+ B=D:U;.

Proof. In the classifying model, the hypothesis become
[CFTz: A B] 2 [Tz C. D]
thus, by definition of interpretation

Fr([l ctx], [T F A ([T, = : A+ B])
= Fr([T ctx], [T - CPH([T,z : C + DJ)

Since Fyp is conservative, see Definition 5.1.19,

[T,z: Ak BJ
= F ([T ctx], [T - A]([T + Hz : A. B])
ST etx], [T+ CT([T F Tz : C. D)
=[T,z:CF D] .
By definition of classifying model, it follows [,z : A ctx] = [[,z: C ctx],
so, in particular [I' H A] & [T + C]. Since Fpy respects isomorphisms, see

Definition 5.1.19, it follows [[,z: A+ B] £ [,z : A+ D]. By completeness,
''rA=C:U;and T,o: A+ B=D:U,. O
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Corollary 5.3.25. 't/ Ilz: A. B=U; : Up,.

Proof. Suppose I' = Ilz: A. B =U; :Uy. Then I' = Ilz : A. B : Uy, so there is U;
minimal in which I' = Iz : A. B:U;. Since I' FU; : Usq, T F 1z : A. B : U4
by Corollary 3.3.10, so j < i+ 1. Suppose j < i: then I' F Ilz : A. B : U;, thus
I' - U; : U; by Corollary 3.3.10, contradicting the fact that the hierarchy of
universes does not collapse, see [58]. Hence j = i+1,so ' - Tx: A. B = U;:U;41.

In the classifying model, this means [[' F Tz : A.B] & [T F U], so
FiY([T ctx], [T F A])([T F Tz : A.B]) = [T,z : A - B] and the functor
is defined on [T F ¢]: F'([T ctx], [T F AD([T - U]) = [[,2: A C] for
some C'.

However Fri([T ctx], [I' - AD([T,z: AFC]) =['FIz: A.C] = [I'F U],
so by Definitions 5.3.1 and 5.3.2 [lz: A. C' = U;, literally, which is impossible. [

The semantics presented in this chapter, in the light of the obtained results,
is mathematically perfect: it is sound and complete, with completeness arising
from a classifying model. However, the semantics seems complex and ad hoc.

As already said, its complexity is technical, but the overall idea is simple:
except for universes, which are structural elements, types are transformations
of the framework into itself. The exact meaning of this description has been
clarified in Definitions 5.1.19 and 5.1.24, where the frameworks, ML- and T-
ML-categories, are presented along with the transformations, coded as families
of functors. The nature of these transformations is easy to grasp: the canonical
models, see Propositions 5.3.17 and 5.3.21, make evident how the transforma-
tions are conceived, and since these models are classifying, the transformations
can be conceived in this way only. Wearing the glasses of this point of view,
the complexity of the semantics reduces to a mere technical fact, which poses
no more difficulties than other semantics for other systems, see, e.g., Heyting
categories versus first-order intuitionistic logic [54].

The ad hoc aspect is apparent. It is clear that the presentation from
Section 5.1 to Section 5.3 follows the scholar style, which emphasises the
progressive construction of the semantics from the roots. And it is clear
to every working mathematician that the results have not been obtained by
conceiving them in this way. The ad hoc aspect is a by-product of the style
of the presentation. In the following, the main structure of the definitions is
decomposed to show where they come from and why. In other words, the part
the scholar presentation hides.

The initial idea is simple: different objects may be equal; equal objects
are interchangeable. The process of exchanging one object with another is a
morphism, so equality is naturally modelled by isomorphisms. As rough as it
may sound, the idea is deeply grounded in the proof theory: the =—subst rule,
Corollary 3.3.10, and Proposition 3.3.15 prove that judgemental equivalence
has the interchangeability property; Corollary 4.1.12 shows that normal forms
are unique up to conversion, i.e., judgemental equality. Hence the notion of
equality gets established, and also, as a side effect, the notion of object we
informally used above. In fact, equality acts on objects, so necessarily objects
have to be contexts, terms, and types. However, terms and types do not exist
in isolations: they live in a context, see Proposition 3.3.14, hence the building
blocks of the semantics must be contexts and terms-in-context. Contexts are
equivalent when they are permutations of the same set of declarations, as for
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Proposition 3.3.11, and every context is generated from the empty one. These
features are directly coded by Points (1) to (5) of Definition 5.1.19.

Typing has to relate ' Fa to I' F A to get I' - a : A: the natural way to
look at terms-in-context in a category is to think them as objects, as justified
before, and also as objects over the context I', which is achieved by the technical
instrument of slice categories. So I' - a: A becomes a pair of objects in the slice
category over I', each one representing I' - a and I' - A respectively: this is
easy to achieve if we model | as an arrow to I'; similarly, we model : as an arrow
from I' - A to I' F a. Each extension in the context introduces a new variable
via the ctx—EXT rule: Point (6) of Definition 5.1.19 is a direct translation of
this.

The typing arrows, modelling the colon in I' - a: A, must be indecomposable
to fix that each term has a minimal type. This leads to have a notion of
factorisation which is aware of equalities, i.e., isomorphisms (Definitions 5.1.1
and 5.1.2), and objects which are equal to themselves in a unique way (Defini-
tion 5.1.4). Since type theory makes sense if and only if every term lies in some
type, Definition 5.1.7 directly captures this sentence.

Universes are special: they are, at the same time, types and the structure
allowing to define the concept of being a type. Definition 5.1.8 fixes what means
to be a universe in the most basic sense: containing the fundamental universe,
which is given. Putting all together, the chain {U;};cn of universes arises, see
Corollary 5.1.10, as a consequence of types and equalities, as summarised in
Fact 5.1.15.

Therefore, the structural part of the semantics is by no means ad hoc: it is
the necessary consequence of a natural line to describe the formal system, in
which judgemental equality is the centre of interest.

The pillar of the presented semantics is to consider types as transformations.
This idea comes from the definition of inductive types, and the analysis of
Chapter 4 about normalisation. The syntax suggests that inductive types are
generated, or constructed if you prefer, from already existing ones combining
equality, function spaces, and new constants. These constants are the creative
part of a type: they allow to synthesise the new terms and types. The ultimate
purpose of transformations is to replicate inside the semantics this process of
construction. Of course, also II-types are modelled by transformations, since
they are inductive types, too. In the syntax, encoding II-types as inductive
following Section 3.2, will lead to a circular definition, but in the semantics it is
possible, although they still provide the foundational features to express the
other inductive types. As a matter of fact, II-types are not function spaces, at
least, not in the sense of set theory, nor exactly in the sense of category theory,
as described in Chapter 2 about Seely’s work [90]. Our initial belief was that a
transformational semantics is better suited to capture Il-types’ nature, and the
soundness and completeness results confirm that the belief is solidly grounded.

Working in a categorical framework, transformations are rendered as functors;
the formation, introduction, and elimination rules become families of functors,
indexed by their parameters. Although it is somewhat arbitrary to choose
what is a parameter and what is an index, we believe our choice is good: the
conditions about the functors are naturally expressible, once their rationale is
explained. This choice is reflected in the domain and codomain of the functors:
both groupoid of terms in the right type. Many aspects must be considered:
each family of functors must preserve universes, that is, it has to respect the
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cumulative nature of universes; concretely, it has to implement the &/ —cumul
rule in the parameters, reflecting half of Lemma 3.3.7. Each family of functors
must respect isomorphisms: while this is automatic on arguments, it has to
be required on parameters. This requirement corresponds to preserve equality,
as already discussed. Each family of functors has to be stable with respect to
context extension, essentially implementing weakening. In addition, each family
of functors has a constraint to characterise its role in the theory: formation,
introduction, or elimination. The family F; must model the fact that a II-space
is fully identified by its domain and codomain; hence, the right condition to
require is that it has to be injective on objects. However, this property is
categorically bad, not being stable under categorical equivalence, so the more
appealing notion of conservativity has been employed, which implies injectivity
on objects. The family 7 has to preserve n-equivalence. In our framework, as
it becomes crystal clear in Proposition 5.3.17, for this reason the maps into
each member of the family have to be categorical equivalences. The family
FEp is more complex: in fact, it is easier to constrain its behaviour having a
semantic notion of substitution S, which links Ep with Iry. In fact, Point (10)
of Definition 5.1.19 says that S acts as a substitution operator, Points (10a)
to (10g), following the usual definition of substitution on terms, and it says that
Er o Ip = S, leaving out parameters, which is nothing but the II—comp rule.
The families F; and I, of Definition 5.1.24 are required to respect equivalent
contexts as it was for Fyy and Iry: they inherit the other good properties from
Fry and Iyp. The family E;, in addition, has to implement 7—comp, Point (3c)
of Definition 5.1.24, and 7—uniq, Point (3d). And, finally, S must behave as a
substitution on the 7 type, Point (4) of Definition 5.1.24.

Therefore, the semantic conditions on the transformations are nothing but
the natural implementation of the types, as defined in the intended meaning
the syntax conveys, plus a few requirements due to the choice of parameters.
Nothing is forced in the semantics to make the soundness and the completeness
results to go through; thus, when properly explained and not covered by the
categorical language, nothing is ad hoc.

The previous explanation leaves one point open: apart the canonical one,
are there other models for a theory? The trivial answer is “yes”: one can easily
throw in elements in the canonical model to coherently extend it to a larger
model, for example, considering an extension to the theory, in which the new
elements are invisible, i.e., they do not lie in the image of the interpretation of
the theory. Of course, this answer in unsatisfactory.

A much more interesting answer comes from Theorem 4.3.12. That result
could be understood as saying that considering just irreducible contexts, terms,
and types suffices to build a model, which is different from the canonical one.
Because each judgement v can be interpreted in an equivalent irreducible judge-
ment, interpretation has the features to conclude along the lines of Section 5.3
that the irreducible model 9 is classifying for the theory 7.

This facts opens the door to a new, yet unexplored room. In fact, it is
clear that I ~ My, the two classifying models are categorically equivalent.
Considering the corresponding adjoint situation, the functor J: 9y — M
models computation, and its adjoint J in the equivalence is the inclusion, thus
showing that 9T is a reflective subcategory of M.

Finally, it has been said that the semantics discussed so far is point-free. In
fact, since every model can be derived from the classifying model 9, it suffices
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to justify the claim on it. As a category, its objects, see Definition 5.3.1, are
the (equivalence class of) context and pairs of terms and their minimal context
of definition; in turn, arrows are pair of objects, see Definition 5.3.3. This
structure provides the basis on which the semantics is constructed: Propositions
and Facts 5.3.5, 5.3.7, 5.3.8, 5.3.9, 5.3.10, 5.3.11, 5.3.12, 5.3.13, and 5.3.14
recognise that the properties to describe the structural aspects of Martin-Lof
type theory are present. Then, Definitions 5.3.15 and 5.3.20 add the appropriate
endofunctors to interpret the dependent product and the other inductive types.

Moving one step back, and comparing, e.g., to Tarski’s semantics for first-
order logic, there is a fundamental difference in the methodology: the primitive
notion behind the semantics is not a universe of objects linked by functions
and relations, expressible in the syntax, but rather the structure to model
substitution', as already remarked after Theorem 5.2.8. In this respect, the key
concept of type splits into two parts: the object which stands for the type in
context, and the transformation which models the behaviour of the type. The
distinction between the object and its behaviour, the latter being predominant
to describe the semantics, is why the model is said to be point-free.

The topos-theoretical semantics of first-order logic and the simple theory
of types [55, 54] uses a similar idea: although the syntactical elements are
present in the models as suitable arrows, the core of the semantics, what gives
meaning to objects, are the constructions one can perform in the categories,
and, mostly important, how they are linked by adjunctions. However, there
is an asymmetry in that semantics, which becomes completely clear when
looking at the simple theory of types. In fact, the simple theory of types
is, via the Curry-Howard isomorphism, just intuitionistic propositional logic.
However, constructing the canonical models for these two formal systems in
the topos-theoretic framework, they are completely different: hence, there is no
direct correspondent of the proposition-as-type interpretation in the semantics.
Oppositely, the present semantics, which incorporates the simple theory of types
as a subsystem, provides a complete account of the isomorphism, since the
logical interpretation is not distinguished from the type-theoretical one.

ISee [18] to see how first-order logic admits a point-free, substitution based semantics.



Chapter 6

Homotopic features

In this chapter, the results of Chapters 4 and 5 will be extended to homotopy
type theory. First, the prominent homotopic features will be introduced:
function extensionality and univalence, the higher inductive types. The family
of higher inductive types synthesised in Section 6.2 plus elementary truncation,
see Section 6.3, satisfies the normalisation theorem 4.3.12 and the semantics,
eventually getting soundness and completeness with a classifying model.

6.1 Function extensionality and univalence

The syntax of the most peculiar axioms characterising homotopy type theory,
that is, function extensionality and univalence, is complex: a number of auxiliary
definitions are used, which are introduced and discussed in Chapters 2 and 4
of [95]. They are summarised below with few further comments:

frg=llx: A foe=pgx
with f,¢g:Ilz: A. B, which expresses that f and g are extensionally equal;
fogi=Au:A.f(ga)
with f: B — C and g: A — B, composition of non-dependent functions;
idg = Xz:A.x
with A :U;, the identity function of the type A;

happly(f,g) :=ind—(Ilx: A.B) f ¢
(Af,g:(IIz: A.B).
(Ap: (= (Hz:A.B) fg).f~9)
(Af:(Mz: A B). \x: A refl (f 2))

with f,g:Ilz: A. B, so that happly(f,g): f =nw:a.5 9 = f ~ g

isequiv(f) :==Xg: (B — A),n:(go f~ida),e: (fog~idp).
Mo A f (n2) =p €(f 2)

with f: A — B, which says that f is an equivalence;

pyx i =inde Azy Az, w: A.(Pz — Pw))
(Az:A.idp.)p

101
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with p:ax =4 y and P: A — U;, so that p, : Pz — Py, the transport of p in P;
idtoeqv(A, B) := Ap: (A =y, B).px

with A, B : U;.
To ease notation and help understanding, define the following abbreviations:

FunExt :=TIA:U;, B: (A —= U;). IIf,g: (Ilz: A. Bx).
isequiv(happly(f, g))

Univalence := I1A, B : U;.isequiv (idtoeqv(A, B)) .
Then the axioms of function extensionality and univalence can be expressed as

I' - FunExt : U; 41 I' = Univalence : U;+1

—ext . - U; —univ
I F funext : FunExt T" I univalence : Univalence

with funext and univalence distinguished constants.

It is clear that these axioms are instances of the k—intro schema. Also, it is
immediate to see how the present form is equivalent to the version in Section A.3
of [95], by II—elim—eq in one direction, and by Lemma 3.3.7 in the other.

6.2 Syntax of higher inductive types

This section is devoted to introduce a generic syntax for the higher inductive
types with introduction rules of the form ¢:7 and p: (= 7z y). In the following,
these types are referred to as 1-higher inductive types, to emphasise that they
are limited to describe 0-paths (points) and 1-paths.

To simplify the notation, if p: = Az y, u: Pz, v: Py, and f:1lx: A.P define

(u=, v):=(=Apsuv) ,

adp;(p) :=ind=Azy(Az: A Xy: A \p: (= Azy).
(= Pz (p« fo) fy))( Az : Areflez)p .

These definitions come from Sections 2.3 and 6.2 of [95].

Formation and introduction rules

The formation rule 7—form has the same pattern of the one for the inductive
types, see Section 3.2. The same happens for the introduction rule 7—intro,
which introduces canonical terms of type 7.

The novel structure of this subset of higher inductive types is introduced by

the 7—intro—= rules, which are related to paths of type = 7z y. The scheme is
e (T(z:F), l(z:P), . =(ra} - z},)
(Kax/l e l"/n w% e w(sza)(Kbmll e x;l wllj e wgb)) u’b .
TFPy: ((x:F),, T(2:P),. = (ra} - /) TR
(Kaxll x’/nw‘ll wga)(Kb'Tll x%wl{ wgb))

where the sequences of the wé contain the x; and z.
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Elimination rule

The simple elimination rule for the higher inductive types is the one for inductive
types extended with the g;

'cM(x:F), C:(Il(x:F), .Tx1 - Ty = Up).
(I yc;: (U (z: F),, M (y:1)
Cal ooty (Kl yn - ym,)).

(TP, g;: (T (z: F),, Al(z: P),. .

(co(wa) =55 crz(wn)).
(Me:7xqy -+ 2p. Cay -+ zp€)))) : Unsa
I'tind,: (I (z: F),, .(IC: (Il (x: F), .Tx1 -+ Ty = Up).
(L (H(ZU:F)n; M (y: 1),
Cay -y (Kay - @, 41 ym,))-
(¥ 1g;: (M (x: F),, .1 (2: P)

(ca(wq) =52, cbz(wp))).

(Me:7xy -+ 2. C 1 -+ Ty e))))

m; °©

T—elim

T

i

_ _ _ i
where x =1+ ®,, 2= 21+ 2z and w; = wy - W, .

The same happens in the recursive case.

Computation rules

The computation rules 7—comp, related to the introduction rules 7—intro;
extend the ones for the inductive types requiring the existence of the g;

FrEC:(Il(z:F), .Tx1 -+ xn = Up)
Fl—clz(H(m:F)n,l.H(y:I)m/l.

Cay oty (Kya) -2l ...yml))

Fl—ck:(H(x:F)n;.H(y:I)m;.
/

Caf -l (Kpah -2l yr - ymk))
Cx
'ty : (H (x: F)n,l, I (z: P)T1 . (calg(%) =Pz Cb1£(%))>

Cz
I'kg: (H (z: F>ng' I (z: P)” (Ca,z(wa,) =pzz cblg(%)))
FeKTy - Topr o 7Ty - Ty

- T—comp;
Thind, Ty - T, Cer - cogr g (K Ty - Tupr o pm) =

Ty Tppy - pl :CTy - Ty (KiTy -+ Tp1 -+ D)
The computation rules 7—comp,; —= related to the 7—intro,—= do not have

as a conclusion an equality judgement; indeed, they only state that a propos-
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itional equality type is inhabited.

'cC:(Il(x:F), .ty - xp — Up)
F}—cl:(ﬂ(as:F) M(y:1I)

/. 7.
nl ml

o aly, (K -2ty 1y ~~ym1)>
ke (H(m:F)n;.H(y:I)m;.
Cay oty Kyl ol ymk)>
Cz
Tkg: (H (z:F),, dL(z: P),, . (caz(wa,) == cblg(%)))

I'kg: (H (x: F)n; Al (z: P),, - (cqz(wa,) :lgéz cblg(%)))
THP,T - Togr - G
= (1Ty -+ To)(Ka, L(at" - g2 ) (Ko, L(ay" - ab)
Dk Ci: = (ca,L(Lan,) =pr7g b L(T4a,))
(adping. 7 ¢ ca(Pi Lq))(9: Tq)

T—comp; —=

where the q;» correspond to the w;

Since the rule above is complex and difficult to analyse, although it closely
resembles the shape of 7—comp,;, we will use instead the following less direct
rule:

I b= (ca,L(Lqa,) =p.74 5L L))
(adping. 7¢ a(Pi T0))(9: Tq) : Un4a
'k Ci = (ca,L(Tqa,) =57, b T(Tan,))
(adping, 7 ¢ ca(Pi Tq))(9: Tq)

which is an instance of the k—intro schema. A tedious but easy derivation
shows that, given the premises of T—comp}—=, the premise of 7—comp,—=
can be derived, so T—comp;—= is able to simulate 7—comp;—=. Conversely,
by Lemma 3.3.7, from the derivation of the premise of 7—comp,—= one could
extract the premises of 7—comp}—=, so the T—comp;—= rule can be simulated
by 7—comp} —=. Hence, the two rules are equivalent: the *-version is more useful
in applications since it resembles the first-order computation rule; oppositely,
T—comp,; —= is easier to analyse, so this is the rule which will be adopted in
the following of this chapter.

T—comp; —=

Uniqueness rule

As remarked in [95], general uniqueness rules pose a problem. In fact, only
IT—uniq is included in [95], while the 7—uniq rules are excluded, although a
version which uses propositional equality can be usually derived, see Section 5.2
in [95]. The reason to exclude uniqueness rules lies in their meaning: what
a uniqueness rule says is that the only inhabitants of an inductive type are
the canonical terms up to equality. In the judgemental version of uniqueness,
equality is conversion, see Corollary 4.1.12; in the propositional version, equality
is the identity type, thus uniqueness states that every inhabitant of the type is
an endpoint of some path whose other endpoint is a canonical term. Moving to
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higher order inductive types, even the simple sphere S' violates this meaning
of uniqueness: as explained in Section 6.1 of [95], loop, loop - loop, loop ™, refl
are all different and this is essential to capture the homotopical nature of the
sphere. In fact, stating that the only paths are the canonical ones, refl and loop,
would make impossible to generate the fundamental Poincaré’s group of the
sphere, see [48, Chapters 1 and 4], [84, Chapters 3 and 11] and [74]. However,
the results in Chapter 4 are immediately transported in a version of Martin-Lof
type theory in which II—uniq is the only uniqueness rule. Therefore, the analysis
of the proof theory of [95] can safely start from those results, which have to be
extended to univalence, function extensionality, and the higher inductive types.

6.3 Canonical higher inductive types

In the following the rules for the canonical 1-higher inductive types, whose
introduction rules are of the form ¢ : 7 or p: (= Txy), are written according to
our syntax.

The canonical types with different introduction rules are the spheres S*
with i > 1, the generic cell complexes (and, in particular, the torus T?), n-
truncation with n > 0 and quotients. These types are not 1-higher inductive
types. Although it is possible to generalise our definitions to k-higher inductive
types, k € N, this is cumbersome and still ineffective to capture all these types.

Truncation (which is, indeed, —1-truncation) has introduction rules of
the required form, but its elimination and computation rules do not behave
accordingly to our generic syntax. We include the rules for truncation for
completeness, and briefly discuss them. Also, the higher order computation
rules are presented in the most convenient format for applications, see the
comments at the end of the description of the computation rules in Section 6.2.

Circle
L{Z/{MSI —form
'S : U
'Sty .
I'F base: St

L _intro

I' b= S' basebase : I;
'+ loop: = S! base base

S —intro—=

I'=T1IC: (Sl — U;). Tleq : Cbase. Il gy : ¢ C e Iz St.Cx Uiy

loop

St —elim
I'indg: : TIC' : (Sl — U;).Ilcy : Cbase. Il g1 : 1 :,Efop ¢ . Oz : St Cx
I'FC:S!'—-U; TFe:Chbase F}—gltclzgopcl

I' F base: S!
I'Finds: C ¢y g1 base = ¢; : C'base

S —comp
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IEC:S' = U The:Chase Thgiier =g, a
' I loop: = S! base base

St —comp—=

I'-C:= (¢ :gop c1) (adping, ¢, ,100P) g1

Interval type

F}—Z/[iiui+1 It
THL:u "
F'ETI:U; T'HT:U;
——————— [—intro; ———— [—introy
F'FOy:1 I'H1;:1

I't= IOIII:Z/{i
I'Fseg:=10;1;

I—intro—=

F"HC:(I—)UZ‘).HclZCO].HCQZCl[.
gy :cq :gg co. Nz : I.Cx Uit
Prindy :TIC : (I = U;). ey : COp. Teg : C 1.
IIgy:cy :s(’;g co. Ilx: I.Cx

I—elim

F"CI—)Z/[Z F"ClicOI F"CQZC].[
Fl—gliclzscegCQ F"O[II
IF'Find;Ccyeagrbase=c; : COp

I—comp;

F"CI—)Z/[l F|_812C0[ F"CQiCl[
Fl—glzclzgg@ '1;:1
I'Find;Ccieagrbase=co: C1y

I—comp,

FFCI*)UZ FFcl:COI FFCQZCl[
Fl—glzclzggCQ I'tseg:= 10517

r=C:= (Cl :sC;g 02) (adpindz Cecicagr seg) g1

I—comp—=

Suspensions

As done in [95], we use X as type-symbol for suspensions, even though it is the
same symbol used for the inductive type of dependent sum.

FI—HA:ui.Ui:UM St
TFYS: A U.U;

FETA:U. B A Uiy . PEIIA:U;. XA Ui .
TFEN:OA:U.xA % TFS:TA:U.SA — ™

DEUA:U oz A = (SA)(NA)(SA) Uy
T'tmerid:TTA:U;. Tla: A. = (EA) (NA) (SA) —intro—=
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PEIA: U TIC: TTA: U;. X A — Uy).
Iey : (TTA:U;. CA(N A)).Tleg : (A : U;. C A (S A)).
Mg, : (IMA:Us,a:A.ch A geﬁd/{a 2 A). T : X A.CAx: Uy '
FI—indz:HA:UZ‘.HC:(HA:Z/{Z».EA%L{Z'). e
L (TTA: Uy C A(N A)). ey : (ILA: Us. C A (S A)).
Hg1 (TA : U, a - AClA—mendAa 2 A). Tz : X A.CAx

DO (HA:U.S A Uy)

D oys (AU CANA)) T ca: (IA: U C A(S 4)
Thg:(HA: U Ta: Accy A=CA, 4. c2 A)
'ENA:XA

Fl_i“dEACCIC291(NA)EC1A:CA(NA) S —comp,

DO (HA:U. S A Uy)

D eys (AU CANA)) T ea: (IIA:U.C A(S 4)
Thg:(HA: Uy Ta: Accy A=CA, 4, c2 A)
r-SA:2A

Fl—indzACClCQQl(SA)ECQA:CA(SA) Efcomp2

T(ITA: U A= U;y)
F'kep:(TA:U;. CA(NA)) They:(MA:U;.CA(SA))
I'kg: (HA i Ha:Ace; A=CA 1, 2 A)

'k merid Aa: = (X A) (NA) (SA)
Y —comp—=
r-C:= (Cl A= _merldAa €2 A) ’
(adplndg ACcicag1 (merid A a’)) (gl A a)
Pushout

As for suspensions, the inl and inr symbols are used even if they collide with
coproducts: we prefer to follow the traditional writing of [95].

FEIC U TTA U OB : U TIf : C — A Tlg: C — B.U; : U1 ]
TFU:OC: U UA: U UB U 1If :C — Alg:C — B.Uy

I'EIIC : U; . TTA - U;. TIB : U;.
f:C - Allg:C - B.lla: A UCABfg:Uiy1
TFinl:TIC: U, TIA : Uy TIB : U, Hnres
If:C— Allg:C - B.lla:A. LU CABfg

nf:C - Allg:C - B.1Ib: B.UCABfg:U+1 _
T Finr: 10O : Uy TLA : U;. TIB : U;. ointres
If:C — Allg:C — B.IIb: B.UCABfg
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FeIC:U; . TTA :U; TIB :U; . TIf : C — A.Tlg: C — B.1lc: C.
= (UCABfg)ICABfg(f)innCABfglge)ithyr
T'Fglue:TIC : U; TA : U; . TIB : U;. TIf : C — A.Tlg: C — B.1lc: C.
—(UCABfg)inlCAB fg(fo)inrCAB fg(gc))

THIIC :U;. TTA :U; TIB :U; 11 f : C — A.Tlg: C — B.
InpP: (IC :U;. A : U;. IB : U; TIf : C — A.Tlg: C — B.
ey : (IC: U;. TTA : U TIB : U T1f : C — A Tlg: C — B.
la: APCABfg(inlCAB fga)).
ey : (IIC: U TTA U TIB U T1f : C — A Tlg: C — B.
Ib: BPCABfg(intrCABfgb)).
Mgy : (TIC : U;. TA : U;. IB : U;. TIf : C — A.Tlg: C — B.

HC5C-(01P%ﬁ§f9(fC))
:glueCAé?“gc (e CABfgl(gc)):Uitr

TFind,:OC: U TA: U TIB : U T1f : C — A.Tlg: C — B. Hrelm

InpP: (I1C : U;. A : U;. IB : U;. T1f : C — A.llg: C — B.
UCABfg—U).

ey : (IIC : U;. TTA : U TIB : U TIf : C — A.Tlg: C — B.
IMMa: APCABfg(inlCAB fga)).

ey : (IIC : U;. TTA : U TIB : U T1f : C — A Tlg: C — B.
Ib: BPCABfg(inrCAB fgb)).

Mgy : (IIC : U TA: U TIB : U;. TIf : C — A.Tlg: C — B.

IMe:C(c1CABfg(fe))

PCAB
:gluecAg?gc (C2 CABfg(gC))

epP:(IC: U TA:U; OB U;. 1If : C — A.llg: C — B.
UCABfg—U).

Phe:(TIC: U TTA: U OB :U;. TIf : C — A.Tlg: C — B.Ta: A.
PCABfg(inlCABfga)).

Pkceo:(MIC: U TA: U B U;. TIf : C — A llg: C — B.IIb: B.
PCABfg(inrCAB fgb)).

kg :(IIC: U TA: U TUB: U TIf : C — A Tlg: C — B.Ic: C.
(c1CABFg(f0) =guetAbGge (2 CABLg(ge):Uiss

'FinfCABfga:UCAB(fg
TkindyCABfgcicogi (inlCABfga)= Heomn

c1CABfga:PCABfg(inlCABfga)
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FEP:.(IC:U. TTA:U; TIB : U;. TIf : C — A.Tlg: C — B.
UCABfg—U).

Phe:(MIC: U TA: U OB :U;. TIf : C — A.llg: C — B.1la: A.
PCABfg(inlCABfga)).

Pkco:(IIC: U TA U TIB U 1If : C — A.llg: C — B.1Ib: B.
PCABfg(inrCABfgb)).

kg :(IIC: U TA U OB : U 1TIf : C — A Tlg: C — B.1lc: C.
(1CABfg(fe)) =gueiabfge (2 CABfg(ge)):Uipa

F'FinrCABfgb:UCABfg
PtindyCABfgcicagi (infrCABfgb) =

coCABfgb:PCABfg(inrCABfgb)

LI—comp,

+-pP:(MIC: U TA:U; OB U;. 1If : C — A.llg: C — B.
UCABfg—U,).

Phe:(TIC: U TTA: U IB :U;. TIf : C — A.Tlg: C — B.1la: A.
PinlCABfga).

Phe:(MIC: U TTA: U TIB :U;. TIf : C — A.Tlg: C — B.1Ib: B.
PinrCAB fgb).

kg (IIC: U TTA U TIB - U; 11 : C — A 1lg: C — B.1lc: C.
(c1CABfg(f€) =guec A %% ge (2 CABfg(g0):Uia

I'tglueCABfge:=(UCAB(fg)

(infCABfg(fe)(iinrCABfg(gc))
THC:=((1CABfg(fe) =gu&abye (2 CABfg(g0)
(adpinduCABfgclcleglueOABfgC) (gl OABfgC)

LU—comp—=

Truncation

As can be seen in the following, the higher order introduction, elimination
and computation rules for truncation do not behave accordingly to our generic
syntax.

FI—HAUZZ/Q :Z/{i+1
'k H . H :HAZUZ‘.Z/[Z‘

[|-]|—form

FFIA: U;. TTa: A (|| - || 4) : Ui |
TF [ HA: U Tla: A (] - [[A) 7

DA e () A) Ty (- 14). = (1| Aoyt
Php:TMA: U Tz || ||ATy:||-||A. = || - ||Azy
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Iey : (TTA:U;. Ha: A.CA(]-| Aa)).

Mgy : (AU I0z: (|| - ]| A). Ty : (] - || A).
Mu:CAz.Tlv:C Ay.u :ngxy v).

Mz: (|| ]|4).CAz: U

TFindy DA U IO (HA: Uy || - || A = 2p). e
Iey: (MTA:U;. Ta: A.CA(|-|Aa)).
gy : (A : U XDz : (|| - |[A). Ty : (]| - [| A).
Mu:CAz.Tlv:CAy.u :gﬁwy V).
Tz:(|]|-]|A).CAz
THEC:(MA:U;. (|| - || A) = Uy)
ke :(TA: U Ta: A.CA(|-|Aa))
kg (MA: Uz (|| - ||A). Ty : (]] - || 4).
Hu:C’Ax.HU:C’Ay.u:gZ;‘my v)
Dk |da: (- ]|4) e
LkindjAcigi(|-|Aa)=ciAa:CA(|-]Aa) P
TEC:(TTA: U;. (]| - || A) = Uy)
Phe:(TA: U TTa: A.CA(]-|Aa))
Ckg: (ITA: U Tz (]| - ||JA).- Ty : (] - || 4).
Hu:CAx.Hv:CAy.u:gfxy v)
PkpAzy:||l-||Azy A

'eC:. = ((indH'H Acigrx) :g;“‘zy (indH,H Acig1y))
(adpindH.HAclgl pry)
(91 A:z:y(indH,HAclgl :c) (indH,HAclgl y))

6.4 Proof theory

Let 6 be a 1-higher inductive type; let 7 denote a generic, non-higher induc-
tive type. Since II—ext, U;—univ, §—form, 6—intro, f—intro—=, f—elim, and
f#—comp—= are instance of the k—intro schema, all the results in Section 3.3
apply to them.

The 8—comp rule affects Proposition 3.3.8: the induction in the proof has
to be extended by an additional case, which proves the left- and the right-hand
sides of the equivalence are derivable. The left-hand side is evidently derivable:
the indg term comes from f—elim and repeatedly applying I[I—elim with the
premises eventually yields the result. The right-hand side is derived analogously
since the arguments of K; in the last premise of #—comp are all derivable by
Lemma 3.3.7. Therefore, all the results in Chapter 3 hold for all the newly
introduced results.

Adapting Definition 4.1.1 to homotopy type theory, that is, dropping the
T—uniq reduction for every inductive type 7, and adding the 6 —comp reductions
for each 1-higher inductive type 6, which are obtained orienting the conclusions
of the 6—comp rules, all the results in Chapter 4 smoothly extend.

In fact, the change of Definition 4.1.1 affects:

e Proposition 4.1.2, which is immediate to adapt;
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e Proposition 4.1.6, in which the #—comp case in the induction is completely
analogous to the 7—comp case, as the only difference between the two is
the number of arguments in the left-hand side of the equivalence;

e Proposition 4.1.8, in which the #—comp reduction in the type behaves
as the 7—comp reduction, ultimately relying on the validity of Proposi-
tion 4.1.6;

To obtain Theorem 4.3.12, Proposition 4.3.10 has to be extended to 1-
higher inductive types. Since the §—form and f#—intro rules have the same
shape of 7—form and 7—intro, they are already covered in the proof. As
before, it is convenient to extract the pattern of these cases in the inductive
proof of Proposition 4.3.10. The rules are instances of k—intro and the type
B =Ty, :Cq,...,yn: Cp. D with D atomic. Since Bo € R(U;) by induction
hypothesis, (I' - B : U;)o is strongly normalisable. Saturating the constant b
by applying to it enough reducibility candidates ¢; € R;;}?é/yl""’cj’l/yj’l](Cj),
one derives by II—elim and weakening (I',y: C Fbey...cp: D)(0 o [c/y]). This
judgement is strongly normalisable since every reduction from it maps into
reductions from I'o, ¢;, and D(o o [¢/y]), which are easily seen to be strongly

normalisable from the hypothesis, unless (bc;...c,)(0 o [c/y]) reduces as a

whole. However, this may happen only by a 7—comp or §—comp reduction,

whose shape ensures the reduced term to be strongly normalisable by the

hypothesis. Hence bc; ...c, € R;Oy[gég](D) Thus, by iterating Definition 4.3.1

n times, bo € R(B), as required. Applying this pattern to §—intro—=, f—elim,
and 6—comp—=, Proposition 4.3.10 is proved with no difficulties.

The very same pattern applies to II—ext and U; —univ, so Proposition 4.3.10
holds even in presence of function extensionality and univalence.

Therefore, calling 1-HoT'T theory any theory based on the basic system plus
a finite number of inductive and 1-higher inductive types, and plus function
extensionality and univalence, it holds that

Theorem 6.4.1 (Normalisation). Let T be a 1-HoTT theory. Then every deriv-
able judgement in T is strongly normalisable. Moreover, irreducible judgements
are unique up to conversion.

We have seen that not every higher inductive type in [95] is 1-higher inductive.
In principle, nothing prevents to extend the definitions in Section 6.2 to define
k-higher inductive types for every k € N. Our unproved claim is that all the
framework developed so far, and in particular Theorem 6.4.1, holds also for
k-higher inductive types. There are two reasons why this path has not been
pursued: while 1-higher inductive types are complex but manageable, k-higher
inductive types are cumbersome, and quickly become unmanageable; most
importantly, the collection of all k-higher inductive types is not exhaustive
since, e.g., truncation does not fit into this pattern.

However, truncation validates all the results in Chapters 3 and 4. In fact,

the || - ||—form, || - ||—intro, || - ||—intro—=, || - ||—elim, and || - ||[—comp—= rules
are instances of the k—intro schema, so the results in Section 3.3 apply to
them with no further proof. As for || - ||—comp, the corresponding case in

the induction in the proof of Proposition 3.3.8 is completely analogous to the
f0—comp case of 1-higher inductive types. About normalisation, after adding
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the obvious || - ||—comp reduction to Definition 4.1.1 and observing that all the
Propositions 4.1.2, 4.1.6 and 4.1.8 are immediately extended as in the 1-higher
inductive case, it remains to prove Proposition 4.3.10 to derive Theorem 6.4.1
extended with truncation.

Since || ||—form, [|-||—intro, ||-||—intro—=, ||-||—elim, and ||-||—comp—= are
instances of k—intro, proving Proposition 4.3.10 reduces to apply the previously
discussed pattern to them, checking its conditions to hold. This step smoothly
allows to derive Proposition 4.3.10.

In conclusion, our conjecture is that Theorem 6.4.1 holds for every HoTT-
theory, and it can be proved along the lines of Theorem 4.3.12. What prevents to
prove this conjecture is that there is no exhaustive syntactical characterisation
of higher inductive types, see [95].

6.5 Semantics

This section is devoted to extend the semantics presented in Chapter 5 to the
1-higher inductive types described above.

Categorical preliminaries

As done for the syntax, we need some definitions to simplify the notation. If
z,y € Obj M, 1 a, define

cod(ufji )

€q [a; x; y] = EH(Ca Ui, a,a, FH(Ca Uiv X%],v XUi )(Ul))
(F:<C7 FH(Ca Ui7 X?]L ) XUL)(Ul))()7 a, T, y) .
Then, as for Definition 5.2.9, eq[a; z; y] is the semantic representation of z =, y,

which is, of course, an abuse of notation.
For each

p € Obj (M. 1 (eq[a; x;9])) ,
define

Py := Enl(c,Us,a,a, Fi(c,a,a)(U;),
Fulea, (B (e a,U;)(P,x))), eala; @3 ), )
(B—(c,r)("),a,z,y, Iu(c,a,a,U;)
(Fu(c, Ba(c, a,Ui) (P, z))(En(c, a, Ui) (P, y)),
In(c,a, B (c,a,Us) (P, %)) (X By (c,a,0.)(Pa))» P))
with r calculated as in Definition 5.1.24 Point (3), instantiated with the ob-

. cod(vg,) /
jects ar,...,an = Ui, X0, Xy, 5 @s--os0n = Ui X@,, diy.oydm = 9,

and ay,...,a;, = Ui, x§,,xv;- Let ¢* such that p* € M, 1 ¢*. For each
u € Obj (M, 1 Enlc,a,U;)(P,z)) and v € Obj (M. 1 En(c,a,U;)(P,y)) define
(u :11,3 v) := Enl(e,Us, ¢, En(c,a, U;) (P, z),
EH(C7 a, UZ)(P7 y)7 FH<07 Ui7 XCU” XUI)(UZ))
(F:( 7FH(07 UuXcUleUl)(Uz))()»avp*a 'LL,'U) )
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finally, for each f € Obj (M. 1 Fu(c,a)(P)),

adpf(p) .= Enlc, Ui, a,a, Fi(c, a, a, eqfa; x; YN (T=(Pa)(p* fo)(f2))s
Fr(c,a)(eqEn(c, a, U;)(P, z); Eu(c, a, Fuu(c, a)(P))(f, );
En(c,a, Fu(e,a)(P))(f,y)]), eqla; z; 9], 7)
(E=(c, 7“)(')7%957yjn(cyC%<17e‘ﬂa;$;y]7T:(Pm)(p*fz)(fm))
(ealBr(c, a,Ui) (P, x); Eu(c, Fu(c,a)(P),a,¢*) (0", f,2);
Eu(c, a, Fu(c,a)(P))(f, 2)]),
cod(vf;,)

Inn(c,a)(I=(c, Fu(e, Ui, Xt,)(ealUs; X7, X, ME),p)

with T:(Pz)(p*fz)(fm) such that

eq[EH(c7a7 Ui)(P,J));EH(QFH(C,G,)(P),G’q*>(p*7f7$);
EH(CvavFH(C7 CL)(P))(f7 LC)] € ObJMC T T:(Pr)(p*fz)(fx) .

Abusing notation, we defined the syntactical and semantic objects p*, (u =5 v)
and adp(p) in the same way. It should be clear from the context whether we
refer to syntax or semantics.

Definition 6.5.1. Let T be a 1-HoTT theory. A 1-HoTT-category is 97,
which extends the corresponding category 9t?, see Definition 5.1.24, as follows

1. for each context ¢ and each universe U;, define an object fe, which
interprets in our language the type FunExt; we leave to the reader the
exact definition of fe. It is just the rewriting of FunExt as defined in
Section 6.1 into the semantics, i.e., if ¢ is the interpretation of I ctx, one
should calculate [I' F FunExt] in a T-ML-category with the fe object.
Thus, FE is a family of functors indexed by ¢ and fe such that

o FE(c,fe): {:} = M 1 fe;
e F'E respects equivalent contexts: if ¢ = ¢/, FE(c, fe) =2 FE(d, fe) in
the corresponding functor category.

2. for each context ¢ and universe U;, define an object u which interprets in
our language the type Univalence interpreting [I" F Univalence] as above.
Thus, U is a family of functors indexed by ¢ and u such that

o Ulc,u): {} = M.t
o U respects equivalent contexts: if ¢ = ¢/, U(e,u) =2 U(c/,u) in the
corresponding functor category.

3. for each higher inductive type 7, the functor F; is defined as done for
inductive types, and identified by an object p;

4. for each type 7 and constructor K, the functor I,k is defined as for
inductive types, and identified by an object ¢;

5. each equality-constructor P of an inductive type 7 is uniquely identified by
an object ¢’ representing the term in 7—intro—=, and an object s, which
is constructed as ¢’ but refers to the term in 7—comp—=. Then I, p is a
family of functors indexed by ¢ and ¢’ such that
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a) Lrp(e,q): {} = M1 ds
b) I, p respects equivalent contexts: if ¢ = ¢ then I, p(c,¢') = I p(c, ¢')
in the corresponding functor category.

Moreover C p, interpreting the propositional computation rule for the
constructor P, is a family of functors indexed by ¢ and s such that

a) Crp(c,s): {-} > M1 s;

b) C.p respects equivalent contexts: if ¢ = ¢, then in the corresponding
functor category C- p(c,s) = Crp(c, s);

6. in the non recursive case, each higher inductive type 7 is uniquely associ-
ated to an object

r=Fule,a1,. .. an, Fo,Fuyyo o Fop  Fy s oo, Fy, B,
EH(COd(VEE o Va)? ag,... 7an7E€7FC)(XE67Xa17 sy Xan)) )
where F.,, Ee, Vg, Vad, Xa; are as in Point (3) of Definition 5.1.24,
and Fy, represents (H (x:F),, 1(z:P), .(caz(wa,) :giz cblg(%)))

in our model. Then FE. is a family of functors indexed by ¢ and r such
that

a) Er: {} > M.Tr
b) E, respects equivalent contexts: if ¢ = ¢, then E. (c r) =2 E.(d,r);

c) given C € Obj M.t Fo,c; e M.t F, for 1 <i <k, g; € M. T F,
for 1 <i<1l,T; € M, Talforl\z<np1€/\/l T d; for
1<t <m,

En(c,a1,...an, Fo, Fopyoo o Fop Fyy oo Fy,
En(c,ar,. . an,p)(Th, ..., Tn, Fr(c,p) ()
(Er(e,)()yT1ye s Ty Cocty oo s Chy 1y - -5 41
(Br(c,a,. .. an,di,. .. dm,q)

(Irx(c,@)(), T1, -, Ty p1, - - -, Pm)))

~ En(c,at,...,an,d1,. .. dm, F.,)

(ciaTla"' aTn7p17~-~>pn) 5

the extension to the recursive case is done as for the inductive types.

7. for each inductive type 7 and constructors K and P, the auxiliary functor
S must satisfy the following conditions:

a) if FE(cod(vg), fe)(+) is a type in Mcog(ye) but not in Mgom(ye), then
S(c,a,U;)(FE(cod(vS), fe)(-),e) = FE(c, S(c,a,U;)(fe,e))(-);
b) if U(cod(vg), u)() is a type in Mcod(ye) but not in Myom(ue), then
S(c,a,U;)(U(cod(vg), u)(-),€) = Ulc, S(c, a, Us) (u, €))(-);
c) if Fr(cod(vg),p)(+) is a type in Mcoq(pe) but not in Myom(ye), then
S(e,a,U;)(Fr(cod(vg), p) (), €) = Fr(c, S(c,a,Ui)(p, €))(");
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d) if I g(cod(vg),7)(-) is a type in Meog(rey but not in Myom(ue), then
S(e; a,Ui)(Irx(cod(vg), ) (), €) = Irx(c, S(¢, a,Ui)(g; €)) ();

) if I p(cod(v), ¢')(")
S(e,a,U;)(I; ]p( od

f) if Crp(cod(vS), s)(:
S(e, a,Ui)(Crp(cod(vg), 5)(-), €) = Crp(c, S(c, a,Us)(s,€))(-);

g) if E;(cod(vS),e)(-) is a type in /\/lcod (ve) but not in Myom(ue), then
(e, a,Ui)(Er(cod(vg),7)(-), €) = Ex(c, S(c, a,Ui)(r, €)) ().

Following the discussion about uniqueness rules at the end of Section 6.2, we
do not require a 1-HoTT-category to satisfy the requirements of Definition 5.1.24
about uniqueness, i.e., Point (3d).

is a type in Mcog(ye) but not in Mdom(,,c), then
va),d')(),€) = Irp(c,S(c,a,Us)(q', €))();

is a type in Mcog(re) but not in Myom(ye), then

(
)

As done in Section 6.4 for the proof theory, Definition 6.5.1 can be extended
to interpret truncation. It is enough to add five functors, as follows.

1. For each context c, is defined the object p interpreting in our language
the term in || - [|~form. Then, is defined Fj.;| such that

a) Fi(e,p): {} = M 15
b) F.| respects equivalent contexts: if ¢ = ¢’ then F (¢, p) = Fj.|(¢, p)
in the corresponding functor category;

c) if Fjj,j|(cod(vg),p)(-) is a type in Mcoq(ey but not in Mom(ye), then
S(c,a,U;)(F).j (cod(vg), D) (), ) = . ||(C S(c,a,U;) (D, €))().

2. For each context c, is defined the object ¢ interpreting in our language
the term in || - ||~intro. Then, is defined I)|.;| such that

a) (e, @): {-} = Mc 1 G
b) 1)1 respects equivalent contexts: if ¢ = ¢’ then I}/(c, q) = ). (¢, q)
in the corresponding functor category;

c) if 1. (cod(vg), §)(-) is a type in Mcog(rey but not in Myom(ue), then
S(e, a, Ui) (11 (cod(vg), (), €) = L1 (¢, S(e, a, Ui)(, €)) ().

3. For each context c, is defined the object ¢’ interpreting in our language

the term in || - ||~intro—=. Then, is defined I}, = such that
a) I =(c.d): {} > M1 ¢
b) I.,= respects equivalent contexts: if ¢ = ¢ then I =(c,q) =
Ij.;,=(¢', @) in the corresponding functor category;

c) if I, (cod(vg), q')(+) is a type in Mcoq(ey but not in Mom(ue), then
S(e,a,Ui) (1. H,—(COd( ) @)(),€) = 1 =(c, S(¢,a, Ui) (T €)) ()

4. For each context ¢, is defined the object § interpreting in our language
the term in || - || -comp—=. Then, is defined C).; such that

a) Cj (e, 3): {-} = M. 15

b) C).|| respects equivalent contexts: if ¢ = c’, C((c,5) = Cy (¢, 5) in
the corresponding functor category;
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c) if Cjjj(cod(vg), 3)(+) is a type in Mcod(ey but not in Mom(ue), then
S(c,a,U;)(C)p.(cod(vg), 8)(-), e) = Oy (e, S(c,a,Us)(5,€))(-).

5. For each context ¢, is defined the object 7 interpreting in our language
the term in || - ||—elim. Then, is defined E)|.|| such that
a) EH‘H(C’ 7:): {} — MC T 7:;

b) Ej.| respects equivalent contexts: if ¢ = ¢, B (c,7) = Ey, (¢, 7)
in the corresponding functor category;

¢) a condition analogous to (6¢) of Definition 6.5.1, requiring the exis-
tence of an isomorphism between the object interpreting in our lan-
guage I' = ind||.;; Ac1 g1(] - | Aa) and the one interpreting I' - ¢; A a;

d) if By (cod(vg),7)(+) is a type in Mcog(e) but not in Mgom(ye), then
S(c,a, Uy) (E)).p (cod(vg), 7)(+), e) = Ejj. (e, S(c,a,Us) (7, e))(:).

The interpretation [-] and all the results in the following can be extended to
truncation in the obvious way.

Interpretation

The interpretation extends the one for inductive types:

Definition 6.5.2. Given a T-ML-category 9, for each higher inductive type
7 extend the interpretation of Definitions 5.2.1 and 5.2.9 as follows:

1. if T' F FunExt : U;41 is valid, then I' - funext : FunExt is valid, and
[T+ funext] = FE([T ctx], [T’ - FunExt])(-);

2. if T' F univalence : U; 1 is valid, then I' I univalence : Univalence is valid,
and [I" I univalence] = U([T ctx], [T F Univalence])(-);

3.if T FII(x: F),, .U :Uiqq is valid, then T' - 7 : Il (z: F'),, .U; is valid
and [I' F 7] = Fr([I' ctx], [ + II(z: F), .U])(-); the interpretation
of the type-in-context I" F II(z: F), .U; can be computed from the
interpretations of the [I" - F;] through the functor Fiy;

4. if the judgement I' - II (x : F),, . (y:1I),, .7} --- x), :U; is valid, then
the judgement I' W K: I (z: F),, . Il (y:1),, .72} --- x, is valid and

n’ n
[T'FK] =ILx(l ctx], [l FII(z: F),, I(y:I),, .72} - z,])(-). As
above, the latter interpretation can be easily obtained through Fi; and
En;

5. if the judgement
F}_(H(‘CC:F)R,.H(Z:P)T, :(Txll . (E/)
is valid, then the judgement

FEP:(Il(z: F),, . 1I(2:P),. =(ra} - )

(Kawy - apwf - wl )(Kpa - afw] - wi,))
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is valid and

[T FP)=Lo([C ctx], [T F (T (2: F),, T (z: P),. = (ra - al)

n

(Kazy - apwf - wl )(Keah - 2wy - wl,)D) 5

Sp
6. if
FEC:(Il(x: F), . Txy - xp — Up)
{FFCJ-:(H(w:F)n,l.H(y:I)m;_.

k
Cay -, (K1x’1 ST Y ym]-))}‘ )
J=
Czx
{Thg: (W@ F), Tz P),,  (cnyz(wa,) =05, a,z(w,))) |
F"PZ‘Tl an1 "'QT.;::(TTI Tn)
(Ka, Z(g7" -+ a2 ) (Ko, Z(gy" -+ g8 )

are valid, then the judgement

l

j=1

T+ Ciit = (ca,T(T4a;) =574 . L(L0,))(3dPing. ¢ ¢ a(Pi T9))(9: Ta)
is valid, and
[T FCi] = Cre ([T etx, [T b= (ca, T(Taa,) =574 0. T(La,))
(adping, o ca(Pi T9))(9: T9)]) ;

7. let
Ting :=1l(z: F), (IIC: (Il (z: F), .Tx1 -+ Tp = Up).
(i (W (s F),, dL(y 1),
Cxll x/nl (le an Y - y"li))'
(Hlegi:(H(x:Fn q(2:P),,
(Caz(Wa) =p . bL(wh)))-
(Mle:Txy -+ 2. Cxy -+ T €))))

If I b Ting : Upy1 is valid, then T' F ind, : Ting is valid and [I" - ind,] =
E. ([T ctx], [T F Tina])-

Lemma 6.5.3 (Substitution). IfT',z: A-b:B and 'k a: A are valid, then
[TF (A\zx:A.b)a] 2 [T+ bla/x]].

Proof. Tt has the same structure of the poofs of Lemmas 5.2.2 and 5.2.10. The
validity of the result is ensured by Point (7) of Definition 6.5.1. As an example,
consider the case of function extensionality, i.e., b = funext.

[T+ (A\z: A. funext) a]
= S([T ctx], [T + A], [T,z : A F FunExt])
(FE([T,2z: A ctx], [T,z : AF FunExt])(-), [T F a])
>~ FE([T ctx], S([T ctx], [T + A], [T,z : AF Ui 1])
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([T, 2 : AF FunExt], [T F a]))(-)
and, by induction hypothesis,

~ FPE([T ctx], [T F (FunExt)[a/z]])(-)
= [ F funext[a/z]] . O

As already seen in Section 5.2 for inductive theories, Proposition 5.2.3,
Corollary 5.2.4 and Fact 5.2.6 trivially extend to 1-HoTT theories.

Definition 6.5.4. A model for a 1-HoTT theory T is composed by a 1-HoTT-
category and an interpretation over it such that, for every v € T, y is valid.

Theorem 6.5.5 (Soundness). Let T be a set of derivable judgements on a
1-HoTT theory. Then all the judgements in T are valid in every model.

Proof. Since a model for a 1-HoTT theory extends a model for an inductive
system, and Theorem 5.2.12 proves the soundness of the inductive systems, it is
enough to prove the statement when -y is the conclusion of a rule for an 1-higher
inductive type or an axiom:

e if the premises are valid, then by Definition 6.5.2 the conclusions of
T—form, 7—intro;, 7—elim, T—intro—=, T—comp—=, II—ext and U;—univ
are valid;

e the observations after Definition 6.5.2 show that, when the premises are
valid, also the conclusion of the 7—comp, rule is valid. O

Classifying model and completeness

Section 6.4 allows to extend the results obtained in Section 5.3 to a 1-HoTT
theory T'. Thus, the syntactical category for the inductive types can be extended
as follows.

Definition 6.5.6. If T is a 1-HoTT theory, its syntactical category is the one
of Definitions 5.3.4 and 5.3.20 extended with the following families of functors:

o FE(IT ctx], [I' F FunExt])(:) = ([I" F funext], [T ctx]),
o U([T ctx], [I" - Univalence])(:) = ([T F- univalence], [T ctx]),

and, for each instance of the rules for a 1-higher inductive type 7, the functors
Fr, Lr g, &, Lrp, Crp are defined, respectively, by the objects ([I' - 7], [T ctx]),
(T + K], [T ctx]), ([T Find;], [T ctx]), ([I' F P, [T ctx]) and ([T F C;], [T ctx]),
as done in Definition 5.3.20.

The canonical interpretation [-Jr over T extends the interpretation for the
basic system of Definition 5.3.16 in the obvious way.

Proposition 6.5.7. MY defined extending My with the functors of Defini-
tion 6.5.6, is a 1-HoTT-category, and [-|r is an interpretation over it.

Proof. MY is a T-ML-category by Proposition 5.3.21, thus it is enough to show
that the requirements of Definition 5.1.24 are satisfied. This is a long but trivial
calculation, done as in the proof of Proposition 5.3.21. As an example, we check
the requirements for function extensionality.
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1. By Definition 6.5.6, F& is appropriately indexed and

a) each instance has the right domain and codomain;
b) if I' ~ A, then by Fact 5.2.6

FE([T ctx], [I' F FunExt])
= FE(JA ctx], [I' - FunExt]) .

7. Focusing on the auxiliary functor .5,
a) by definition,

S(Cetx], [T F A, [T,x: A U;))
(FE(T ctx], [I' F FunExt))(+), ([T F al, [T ctx]))
( ]

=S(L ctx], [T+ A],[T,z: AFU))
([T F funext], [T ctx]), ([I' F a], [T ctx]))
= ([I' F funext[a/z]], [T ctx])

12

FE(IT ctx], [I' F FunExt[a/z]])(+)
=~ FE(T ctx], S(IT ctx], [T+ A], [T,z : A U;))
([T FunExt], [T F a])) .

Hence, M4 together with [-]7 is a model. O

Theorem 6.5.8 (Classifying model). If M is a model for T, then there is a
functor J: ME — M which preserves the interpretation.

Proof. Analogous to the proof of Theorems 5.3.18 and 5.3.22. O

Theorem 6.5.9 (Completeness). Let v be a judgement which is valid in every
model for a 1-HoTT theory T. Then ~y is derivable from T.

Proof. Since v is valid in every model for 7', it is valid in 9. Hence it is an
arrow of Mp, thus, by Definition 5.3.3, v € T'. Since T is closed under derivation
in a 1-HoTT system, + is derivable from 7" in the 1-HoTT system. O

The conjecture at the end of Section 6.4, that every HoTT-theory makes
Theorem 6.4.1, strong normalisation, true and its proof can be obtained along
the lines of Theorem 4.3.12, extends to the semantics. We conjecture that every
HoTT-theory can be interpreted in a suitable extension of ML-categories, similar
to Definition 6.5.1, and this semantics is sound and complete, with a classifying
model, the proof of these results being obtained extending Theorems 6.5.5, 6.5.8
and 6.5.9. As before, what prevents to verify this bold conjecture is the lack
of an exhaustive syntactical characterisation of higher inductive types in their
full generality. In fact, for each example of higher inductive types in [95], the
double conjecture on proof theory and semantics holds.

As an example, consider the torus T2. As described in [95, Section 6.6], its
introduction constructors state that

o b:T?

e p:b=mp2 b
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e q:b=p2b;
e t:p-q=gq-p, where - is the concatenation of [95, Lemma 2.1.2].

As emphasised in the Book, the induction principle, from which can be de-
rived the elimination and computation rules via the inversion principle [76],
is tricky; its exact formulation is too complex to be presented in this dis-
sertation. Anyway, this leads to nine rules of the form k—intro (7°—form,
T?—intro, T?—elim, T?—intro,—=, T?—introq—=, T%—intro,—=, T>—comp,—=
T?—compg—=, T?—comp;—=) and an equality rule, T?—comp.

Thus, as discussed for truncation at the end of Section 6.4, the torus validates
all the results in Chapters 3 and 4. Also the semantics can be extended, as done
for truncation in the discussion after Definition 6.5.1; in the case of T2, nine new
functors need to be defined, in order to interpret the formation, introduction
and elimination rules, the three higher introduction rules and the three higher
computation rules. The purpose of this example is twofold: the torus, and
similar higher inductive types, satisfy our conjecture, even if is not a 1-HoTT
type; moving outside 1-HoTT theories, the syntax, and thus the proofs of
Theorems 6.4.1, 6.5.5, 6.5.8, and 6.5.9, become heavier and heavier, despite
the core of the results and the methods to gain them are unchanged. This
observation suggests that an agile and exhaustive syntactical characterisation of
higher inductive types would lead to prove our bold conjectures. Unfortunately,
such a characterisation is still lacking in the current literature.

)



Chapter 7

Conclusions

At the beginning of this dissertation, it has been said that the purpose of the
present work is to answer one question: whether higher-order category theory is
necessary to describe homotopy type theory. Since homotopy type theory is an
open theory, in which parts are informally formal, that is, they are formal but
not part of a formal framework, like higher order inductive types in their full
generality, we considered a significant subset, 1-HoTT theory, and we proved in
Chapters 5 and 6 that 1-category theory is enough to give a sound and complete
semantics for it. Technically, the completeness results follow from the existence
of a classifying model, which is a non evident fact: for example, the Tarski’s
semantics for first order logic fails in this respect, as no classifying model can
be constructed®.

The semantics abstracts, in the point-free sense described in the Introduction
and discussed in Chapter 5, over the proof theory. As remarked in the Introduc-
tion, the proof theory of homotopy type theory has never been systematically
developed by its own: most results are inherited from Martin-Lof type theory,
see Chapter 2, and not always straightforwardly adapted to the new framework.

Then, in Chapters 3 and 4, a systematic account of the fundamental aspects
of the proof theory in the framework of Martin-Lof type theory has been
developed, prominently the strong normalisation theorem 4.3.12. This result
closes the 40 years’ quest for a bullet-proof normalisation of the intensional,
multi-universe version of dependent type theory [1, 2, 10, 20, 37]. However, this
result is still not perfect because, as e.g. in [2], it uses semantics to establish a
couple of fundamental properties, in particular that II is one-to-one and that
no product is convertible to a universe.

The semantics for Martin-Lof type theory is developed in Chapter 5, where
the soundness and completeness results are derived along with the existence
of a classifying model, as already said. These results are naturally extended
to 1-HoTT theories in Chapter 6, thus providing the full picture to build
the semantics. Therefore, the dissertation concludes by providing a solid and
conclusive answer to the initial question: no, 1-category theory suffices to fully
describe a very large fragment of homotopy type theory. Also, the results of
Chapter 6 suggest that 1-HoT'T theories could be extended to n-HoTT theories
with no major effort apart the complexity of the involved syntax, see the torus
example at the end of Chapter 6.

Hence, we conjectured that the methods and the major results in this
work (normalisation, soundness and completeness of the semantics, and the
existence of a classifying model) can be extended to the whole HoTT. What

IThis fact ultimately follows by the existence of the G sentence from Godel incompleteness
theorem [44]. In fact, a classifying model must make true either G or =G. Then, every model
validates the same sentence, which contradicts the existence of non-standard models.

121
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prevents to attempt this bold conjecture is the lack of an exhaustive syntactical
characterisation of higher inductive types: this is still an open problem as
remarked, e.g., in Section 6.13 of [95].
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