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fbatract

The constantly growing interest in probabilistic systems pushes to the research of more and
more efficient techniques to capture and compare their behavior. In this dissertation we
focus on Segala’s type systems, namely processes with nondeterminism and probability in
the PTS model, and we propose novel techniques to study their semantics, in terms of both
classic behavioral relations and the more recent behavioral metrics.

For what concerns behavioral relations our main contribution is a method for decom-
posing modal formulae in a probabilistic extension of the Hennessy-Milner logic. This
decomposition method will allow us to derive the compositional properties of probabilistic
(bi)simulations.

Roughly speaking, in 2004 Bard Bloom, Wan Fokkink and Rob van Glabbeek noticed
that the definition of the semantic behavior of processes by means of the Structural Oper-
ational Semantics (SOS) framework allows for decomposing the satisfaction problem of a
formula for a process into the verification of the satisfaction problem of certain formulae
for its subprocesses by means of the notion of ruloid, namely inference transition rules
that are derived from the SOS specification and define the behavior of open processes in
terms of the behavior of their variables. Then, they exploited the decomposition of modal
formulae to systematically derive expressive (pre)congruence formats for several behavioral
equivalences (preorders) from their modal characterizations.

We will extend their approach to the probabilistic setting. In particular, to obtain the
decomposition method we will introduce an SOS-like machinery, specifying the behavior
of distribution terms as probability distributions over process terms, that will allow us to
decompose the probabilistic modalities proper of the considered probabilistic extension of
the Hennessy-Milner logic.

We remark that the one presented in this thesis is actually the first decomposition method
proposed for processes in the PTS model.

Then we will focus on behavioral metrics.

First of all we will propose original notions of metrics measuring the disparities in the
behavior of processes with respect to (decorated) trace and testing semantics as expressed
by Marco Bernardo, Rocco de Nicola and Michele Loreti: differently from the original
approach of Roberto Segala in which traces were distributions over traces, they proposed
a trace-by-trace approach for the definition of the linear semantics of processes in the
PTS model which turned out to be compositional and fully backward compatible with the
fully-nondeterministic case. By following their approach, we will obtain behavioral metrics
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Abstract

capturing these linear semantics and whose kernels will enjoy these desirable properties.
In particular, we remark that our metrics for the decorated traces and testing are the first
quantitative version of these semantics ever proposed.

To capture the differences in the expressive power of the novel metrics and the ones
for probabilistic (bi)simulations we will order them by the relation ‘makes processes further
than’. Thus we will obtain the first spectrum of behavioral metrics on processes in the PTS
model. Interestingly, from this spectrum we will derive an analogous one for the kernels
of the considered metrics, ordered by the relation ‘make strictly less identification than'.
Our spectrum of probabilistic relations is the probabilistic generalization of the linear time -
branching time spectrum of van Glabbeek.

Finally we will introduce a novel technique for the logical characterization of both be-
havioral metrics and their kernels, based on the notions of mimicking formula and distance
on formulae. Behavioral relations and modal logics have been successfully employed for
the specification and verification of processes. The former ones provide a simple and el-
egant tool to compare the observable behavior of processes. The latter ones allow for an
immediate expression of the desired properties of processes. Since the seminal work of
Matthew Hennessy and Robin Milner on their namesake logic, these two approaches are
connected by means of logical characterizations of behavioral relations: two processes are
in relation if and only if they satisfy the same formulae in the considered logic. Starting from
this characterization of behavioral relations, in the literature we can find several proposals
of characterizations of behavioral metrics following (mostly) the same approach: in general
logics equipped with a real-valued semantics are used for the characterization, which is then
expressed as d(s, ) = SUP e, [[pl(s) — [@](1)], where d is the behavioral metric of interest, s
and ¢ are two processes, L is the considered logic and [¢](s) denotes the value of the formula
@ at process s accordingly to the real-valued semantics.

We propose a novel approach that will allow us to obtain the logical characterization of
behavioral metrics starting from boolean-valued logics. The idea is the following: 1. Once
we have chosen a class L of modal boolean-valued formulae suitable for the considered
semantics, for a process s we identify a special formula expressing the relevant properties of
s with respect to the considered semantics, called mimicking formula of s. This is a formula
in L that captures the nondeterministic and probabilistic behavior of the process that is
relevant for the considered semantics. 2. Then, we transform the modal logic L into a metric
space by introducing a notion of syntactical distance on formulae. This is a 1-bounded
pseudometric assigning to each pair of formulae a suitable quantitative analogue of their
syntactic disparities. 3. We conclude by defining a logical distance on processes correspond-
ing to the distance between their mimicking formulae and proving that this logical distance
characterizes the considered metric semantics. This kind of characterization will allow us to
obtain the first example of a spectrum of behavioral distances on processes obtained directly
from modal logics. Moreover, we will show that the kernels of the considered metrics can be
characterized by simply comparing the mimicking formulae of processes.
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CHAPTER

Introduction

wadays we live surrounded by computing systems: education, healthcare, business,
security, telecommunications, military systems, social interactions, nearly every aspect
of our lives is (or will be soon) closely related to several devices and concurrent systems.
Their purpose is to communicate with the external environment and with other systems
and devices to quickly and properly react to our requests. The growth in the number of
connected systems and of their tasks is inevitably proportional to a dramatic increase in the
size and complexity of these systems. Consequently, to study and analyze their behavior
and verify their correctness we need to abstract away from unimportant details related
to their computation. This means that we need formal notation and models allowing
us to understand the behavior of such systems and thus to develop algorithms for their
analysis, simulation, comparison and verification. For this reason we study formal methods,
namely mathematical theories and techniques aimed at equipping models and specification
languages with a formal syntax and semantics, thus allowing for the specification and
verification of the considered systems also with respect to several application fields.

Classic formal methods are closely related to the functional behavior of systems. Roughly
speaking, we observe system behavior in order to check whether the proposed model fulfills
its computational tasks. However, also due to the increasing complexity of systems, func-
tional behavior alone is not sufficient for a proper and efficient modeling. All these systems
are characterized by a variety of uncertainties which are, moreover, of different natures, as
empirical uncertainties due to incomplete knowledge on system design and probabilistic
uncertainties due to random physical events. Clearly, for a correct system analysis we need
to take all these approximations and uncertainties into account for modeling and verifica-
tion. As an extremely simple example, consider the sender-receiver system constituted by
an Xbox controller and the console itself. More precisely, in this system we have a user, the
player, giving inputs and requests to one device, the controller, which has to correctly react
to the user’s inputs and forward them to another device, the console, which has to output
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the correct answer to the user’s requests. So, by a traditional analysis we will obtain that, for
instance, whenever we move the left stick to the right then Master Chief! will move to the
right as well. However, knowing whether Chief will react to our command after 0.1 seconds
or after 1 second would make the difference between him finding cover and live to save
Earth or being hit by a plasma blast and let the Covenant conquer the World.

In a more formal and general fashion, we should say that when interacting with any
computing system the user would prefer knowing which is the probability that an error may
occur in the transmission of an input, or how many times a message has to be retransmitted
in order to be delivered correctly, rather than having solely a functional analysis stating
that the system may reach a deadlock state. Therefore, researchers started to look for
techniques for specifying and verifying also extra-functional aspects of systems behavior
like the quantitative aspects of it.

As a result, a wealth of probabilistic, stochastic, real-time and hybrid models have
been proposed (see among others [1,27,28,105,121,124,145,161]) along with behavioral
relations [10,29,51,56,70,109, 123] and logics [2,57,59, 66, 68,129,134, 140] describing and
comparing their behavior.
Probabilistic systems can be thought of as to discrete time - discrete space Markov Chains.
They have been proved useful to model and study the reliability of systems, their fairness and
to introduce randomization into distributed algorithms, by means of which we can obtain
efficient solutions to problems otherwise unsolvable in a deterministic setting [11, 145]
and that can be also used to introduce additional security measures against information
leakage [46]. Moreover, probabilistic models have been also applied to study security and
privacy issues [5,9,45,47,76] as well as to evaluate the performance of systems (6, 86, 87].
Stochastic models are mainly obtained as the abstraction of Markov processes, characterized
by a continuous time - continuous state space. Thus, they have been successfully employed
to model physical [71], biological [49, 52] and chemical [39, 40] phenomena along with
performance modeling of computer systems [36, 105] and robotics [113].
Real-time systems are a particular type of stochastic systems in which correctness depends
not only on the logical result of the computation but also on the time at which the results
are produced. These features make them suitable for industrial applications [124].
Hybrid systems combine probabilistic and stochastic models to reduce the state space
explosion problem that affects the later ones. Informally, they consist in identifying the part
of the system that can be approximated by a continuous model while proposing a discrete
abstraction for the remaining part. For this reason they have been successfully applied to
study system performance [35, 36] as well as to model biological systems [88].

In this thesis we will focus on probabilistic models.

1.1 RESEARCH CONTEXT AND CONTRIBUTION

With this thesis we aim to give our contribution to the studies on the semantics of proba-
bilistic reactive communicating concurrent systems, henceforth probabilistic processes.

1Al rights reserved (and many thanks) to Bungie and Microsoft Studios for Chief and the Halo Universe.
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To fulfill our purpose we will need to investigate the following four building stones of
concurrency theory and formal methods: 1. Semantic models, expressing the behavior
of processes; 2. Behavioral relations and metrics, allowing for comparing the behavior of
distinct processes; 3. Logical characterizations, allowing for checking whether the process
behaves as requested; 4. Structural Operational Semantics, allowing for the definition of the
semantics of processes and to guarantee compositional reasoning.

A MODEL FOR PROBABILISTIC PROCESSES

In the last three decades, researchers proposed several different semantic models for prob-
abilistic processes. For instance, just to name a few, we recall the reactive, generative and
stratified models (see [161] for a survey on the three of them) constructed as probabilistic
extensions of the classic labeled transition systems (LTS) [111], along with discrete time
Markov chains (MCs) [100, 150], Markov decision processes (MDPs) [107] and so on. In
this thesis we will consider the general semantic model of nondeterministic probabilistic
labeled transition systems (PTSs) [145], which extend classic LTSs and discrete time MCs to
allow us to model the behavior of those processes in which nondeterminism and proba-
bility coexist. In detail, a transition step takes a process to a probability distribution over
processes and for each transition label, modeling a specific kind of action step, a process
may nondeterministically choose among several transitions with that label.

The phenomenon of nondeterminism was introduced in systems modeling to express
the fact that the process reached by another one by performing a nonempty sequence of
transition steps is not necessarily determined. On one hand, this means that the behavior
of a process will depend also on its interactions with the external environment, either it
be another process or a user requesting a particular task to it, and in this case we talk
about external nondeterminism. This phenomenon is usually interpreted as a choice among
executable transitions steps with distinct labels for a process. On the other hand, it means
that there may be some internal computations of the process that are neither observable
nor controllable by the external environment. This is called internal nondeterminism and
it is usually related to the presence of distinct equally labeled transition steps executable
by the same process. Processes in the PTS model are characterized by both internal and
external nondeterminism, whereas the majority of the other semantic models proposed in
the literature present only external nondeterminism, as for instance happens in the cases of
the reactive model and discrete time MCs.

Probability has been introduced in formal methods basically in terms of a probabilistic
choice on possible process behaviors. In the case of PTSs this is modeled by considering
(labeled) transition steps taking a process to a probability distribution over processes. There
has been a long-standing discussion on whether probability could completely substitute
nondeterminism. For instance, in generative models [161] probability controls nondetermin-
ism in the sense that process-to-process transition steps are considered and each process
has a certain probability to execute one of the possible transition steps for it. More in general,
the idea would be to treat nondeterminism as a probability distribution in which the weights
can change at every repetition of the experiment [16]. Our opinion, which is in agreement to
the current interpretation, is that nondeterminism and probability are two distinct concepts
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obeying their own laws and thus we need to model both of them and in separate ways. For
instance, nondeterminism is fundamental in formal methods in which the main issue is the
functionality of systems, like establishing deadlock-freedom or modeling the independent
behavior of processes in interleaving parallel composition, and although the presence of
probability can certainly lead to a more accurate study of these features it would not justify
the elimination of nondeterminism. A substitution of nondeterminism with probability
would in fact subsume additional knowledge on the system behavior and also impose some
constraints on it. Moreover the abstraction necessary to define process semantics introduces
additional uncertainty about the behavior of the system and thus it is necessary to have an
abstract semantics combining together probabilistic and nondeterministic steps.
For all these reasons we decided to consider the semantic model of PTSs.

BEHAVIORAL RELATIONS AND METRICS

As we have previously outlined, two main objectives of concurrency theory are the specifica-
tion and verification of processes: to specify a process means to define its desired behavior,
whereas verifying it means to prove that the actual behavior of the process is equal to the
one specified for it. For this reason we need to establish a criterion to determine whether the
behavior of two or more processes is the same, or more generally to compare the behavior
of distinct processes.

Behavioral relations have been proposed with this exact purpose: comparing the seman-
tics of processes. They consist of behavioral equivalences and behavioral preorders, where
a preorder is a relation that is reflexive and transitive, while an equivalence is a preorder
which is also symmetric. Equivalences are usually used to establish whether two processes
are indistinguishable for behavior, whereas preorders are mostly used to establish process
refinements with respect to behavior. However, it is clear that to compare the semantics of
processes we need first to observe them and our observational power may depend on our
particular interests as well as on the environment in which they are operating. Hence, in
the literature we can find several notions of behavioral relations based on the observations
that an external observer can make on the process, as (bi)simulations [131], (decorated)
traces [106] and testing [62].

The same wealth of notions can be found, even enriched, in the probabilistic setting
where the choice on how probabilities have to be taken into account and compared play a
fundamental role in the definition of equivalences and preorders. We refer the interested
reader to [101] for a survey on the different notions of probabilistic bisimulation proposed
in the literature and to [29, 30] for a spectrum of probabilistic relations containing proba-
bilistic (bi)simulations, probabilistic (decorated) traces equivalences and several notions of
probabilistic testing equivalences.

A common feature to behavioral relations in the non-probabilistic and probabilistic
settings is that they relate processes that behave exactly the same. However, the values of the
probability weights assigned in the PTS usually derive from statistical samplings or measures
on physical systems and thus they are inevitably subject to errors and approximations.
Consequently, one can be interested to know whether the behavior of two processes is similar
up-to some tolerance or, more simply, how far the behavior of two processes is apart. This
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led to the introduction of the so called behavioral metrics [14,53,59,61,64,72,73,96,114,148],
which are 1-bounded distances measuring the disparities in the quantitative properties of
processes with respect to a chosen semantics and have been showed to provide a robust
semantics for probabilistic processes [72,91, 94, 157]. In particular, bisimulation metrics
are the quantitative analogue to probabilistic bisimulation, namely they are 1-bounded
pseudometrics quantifying the disparities with respect to bisimulation of processes and
whose kernel is probabilistic bisimulation.

Our contribution

The majority of the contributions on metric semantics that we can find in the literature
are focused on the quantitative versions of the probabilistic bisimulation from [123] and
of the probabilistic trace equivalence of [144]. We will propose original notions of metrics
measuring the disparities in the behavior of processes with respect to (decorated) trace and
testing semantics as expressed by [29]: differently from the original approach of [144] in
which traces were distributions over traces, [29] proposed a trace-by-trace approach for the
definition of the linear semantics of processes in the PTS model which, differently from the
approach in [144], turned out to be compositional and fully backward compatible with the
fully-nondeterministic case. By following their approach, we will obtain behavioral metrics
capturing these linear semantics and whose kernels will enjoy the aforementioned desirable
properties. In particular, we remark that our metrics for decorated trace and testing metric
are the first quantitative version of these semantics ever proposed.

To capture the differences in the expressive power of the novel metrics and the ones
for probabilistic (bi)simulations we will order them by the relation ‘makes processes further
than’. Thus we will obtain the first spectrum of behavioral metrics on processes in the PTS
model. Interestingly, from this spectrum we will derive an analogous one for the kernels
of the considered metrics, ordered by the relation ‘make strictly less identification than'.
Our spectrum of probabilistic relations is the probabilistic generalization of the linear time -
branching time spectrum of [159].

The contribution provided by this thesis with regard to behavioral metrics can be then
summarized as follows:

* We provide original notions of behavioral metrics capturing the (decorated) traces
semantics and the testing semantics.

* We compare the expressive power of the proposed metrics and the ones for probabilis-
tic (bi)similarities in the first spectrum of behavioral distances on processes in the PTS
model.

* We prove that the kernels of the proposed metrics satisfy some important properties,
like compositionality and the full backward compatibility with the fully-nondeterministic
and fully-probabilistic cases.

* We order the obtained kernels in a spectrum on probabilistic relations including
(bi)similarities, (decorated) traces and testing semantics.
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LOGICAL CHARACTERIZATIONS

Behavioral relations and modal logics have been successfully employed for the specification
and verification of processes. The former ones provide a simple and elegant tool to compare
the observable behavior of processes. The latter ones allow us to express the properties of
processes and thus their specification.

Since the work in [102] on the Hennessy-Milner logic (HML), these two approaches are
connected by means of logical characterizations of behavioral equivalences consisting in
proving both the fact that the logic is as expressive as the equivalence and the fact that the
equivalence preserves the logical properties of processes. More precisely, a logic is said to be
adequate for an equivalence if two processes are equivalent if and only if they satisfy the
same formulae in the logic, and a logic is said to be expressive for an equivalence if for each
process s we can identify a characteristic formula ¢ [97] such that the processes equivalent
to s are exactly those satisfying ¢;. In the literature we can find several examples of logics
that are adequate for probabilistic relations and that consider different semantic models:
the model of reactive probabilistic transition systems in the seminal work [123], probabilistic
automata in [104, 137], PTSs in [32, 66, 68], labeled Markov processes (LMP) in [56, 70]
and continuous-time continuous-space LMP in [129]. Expressive characterizations in the
context of PTSs can be found in [68], while [143] considers probabilistic automata. Notice
that the majority of the classes of formulae used for these characterizations are obtained
as extensions of HML or of the p-calculus [112] with probabilistic choice modalities or
quantitative versions of the diamond modality, which allow for expressing the quantitative
properties of processes.

When behavioral metrics instead of relations are considered, logical characterizations
proposed in the literature are usually obtained by considering a suitable class of real-valued
formulae and then expressing the considered behavioral metric d in terms of the rotal
variation distance on the value of formulae at processes, that is

d(s, 1) =sup | [p](s) — [p](?) |
¢eL
where L is the considered logic and [¢] (s) denotes the value of the formula ¢ at processes
s accordingly to the real-valued semantics of L. Examples of this kind of logical charac-
terizations can be found in [75, 157] on PTSs, in [59] on Metric Transition Systems (MTS)
and in [61] on deterministic game structures. Along with this general approach to the logi-
cal characterization of metrics, [14] proposed an alternative technique: they consider the
boolean-valued logic LTL and only at a later time they assign a real-valued semantics to it,
based on the quantitative properties of processes.

Our contribution

Our contribution to this topic consists in a novel approach to the logical characterization of
behavioral metrics and their kernels on the PTS model that will be obtained by means of
minimal boolean logics. For what concerns the behavioral metrics our characterization tech-
nique can be outlined as follows: 1. Once we have chosen a class L of modal boolean-valued
formulae suitable for the considered semantics, for a process s we identify a special formula
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called mimicking formula of s. This is a formula in L that captures the (nondeterministic and
probabilistic) behavior of the process that is relevant for the considered semantics. 2. Then,
we transform the modal logic L into a metric space by introducing a notion of syntactical
distance on formulae. This is a 1-bounded distance assigning to each pair of formulae a
suitable quantitative analogue of their syntactic disparities. 3. We conclude by defining a
logical distance on processes corresponding to the distance between their mimicking for-
mulae and proving that this logical distance characterizes the considered metric semantics.
We will apply this technique to all the behavioral distances proposed in our dissertation
and thus it will allow us to obtain the first example of a spectrum of behavioral distances on
processes obtained directly from modal logics. Moreover, we will show that the kernels of
the considered metrics can be characterized by simply comparing the mimicking formulae
of processes with respect to a proper notion of structural equivalence of formulae.

Summarizing, our approach to the logical characterization of behavioral metrics and
relations comes with four important features:

* We use the same (proper) boolean-valued logic to characterize both the chosen be-
havioral metric and its kernel. Thus if we have a model checking tool built on that
particular boolean-logic, then we should be able to exploit it to obtain a model check-
ing tool for behavioral metrics. Notice that, up-to our knowledge, no model checking
tool has been developed so far for real-valued formulae.

* The distance between two processes can be obtained by simply looking at their mim-
icking formulae, without analyzing any other formula in the logic. This should favor
the development of new algorithms for model checking as well as for a direct compu-
tation of the behavioral metric.

* To establish whether two processes are equivalent, or related by a preorder, we simply
need to investigate the relation between their mimicking formulae, without analyzing
any other formula in the logic.

* Our approach can be easily generalized to the relations in the probabilistic weak linear
time branching time spectrum and to the metrics expressing them.

STRUCTURAL OPERATIONAL SEMANTICS

Structural Operational Semantics (SOS) [138] is nowadays considered the standard frame-
work to define the operational semantics of processes. Briefly, processes are represented as
terms over a proper algebra, giving the abstract syntax of the considered language, and their
transition steps are derived from a transition system specification (TSS) [138], namely a set

of inference rules of the form )
premises

conclusion

whose intuitive meaning is that whenever the premises are satisfied, then the transition step
constituting the conclusion can be deduced. More precisely, the set of transitions that can
be deduced, or proved, from the TSS constitutes the LTS generated by the TSS [160].
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Equipping processes with a semantics, however, is not the only application of the SOS
framework. One of the main concerns in the development of a meta-theory of process
languages is to guarantee their compositionality, that is to prove the compatibility of the
language operators with the behavioral relation chosen for the application context. In
algebraic terms, this compatibility is known as the congruence (resp. precongruence) property
of the considered behavioral equivalence (resp. preorder) R, which consists in verifying
whether

whenever t; R t; forall i = 1,...,n then f(#,..., ) R f(#],..., 1) for any operator f.

Thus, the importance of the congruence property is in that it guarantees that the substitution
of a subcomponent of the system with an equivalent one does not affect the behavior of the
system. The SOS framework plays a crucial role in supporting the compositional reasoning
and verification: a rule (or specification) format (see [3] for a survey), is a set of syntactical
constraints over inference rules ensuring the desired semantic properties of the transition
system derived from them. Thus, one can prove useful results, as the (pre)congruence prop-
erty, for a whole class of languages at the same time. Many formats have been developed to
guarantee that a behavioral equivalence (resp. preorder) is a congruence (resp. precongru-
ence) for all language operators defined by inference rules satisfying the considered format.
For instance, the De Simone format [63] ensures that trace equivalence is a congruence,
the GSOS format [34] works for bisimilarity and in [33] the ntyft/ntxt format [98] is reduced
to the ready trace format and its variants to guarantee that decorated trace preorders are
precongurences. In the probabilistic setting, considering only congruence formats proposed
on TSSs generating PTSs, we can find a few generalizations of the most common formats
as the PGSOS format [26] and the ntuff/ntux0 format [55], for both of which probabilistic
bisimilarity has been proven to be a congruence, and in [126] a probabilistic version of the
RBB safe format from [81] for (rooted) branching bisimilarity is proposed.

Disregarding for a while whether probability is considered or not, the main question
that needs to be answered is “How can we derive compositional results for a relation from
a rule format?” One possible answer, the one that will be pursued in this thesis, is to
exploit the logical characterization of the considered relation. In [119, 125] a compositional
proof system for HML was provided. The authors observed that since we want systems
implementations to be correct with respect to their specifications, it would be much easier
to reason in a implementation by contexts fashion: instead of extracting an implementation
for the complete system from the specification, it would be preferable to implement first the
behavior of subcomponents, which is extremely simple if compared to the one of the whole
system and so its verification. Thus, to obtain the correctness of the whole system we need
to establish what properties each subcomponent should satisfy in order to guarantee that
the system in which they are combined (or more generally their context) will satisfy some
given property (by the specification). Since the specification of a system can be expressed in
terms of modal formulae, the above statement can be reduced to establish whether given a
formula ¢ and a context C there are formulae ¢, ... ¢, such that

whenever x; |= ¢; foreachi=1,...,n then C[xy,...,x,] = ¢. (1.1)
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The analogy with the congruence property should be clear and it is in fact the reason why
the technique used to obtain this result has been referred to as a compositional proof system.
Roughly speaking, to obtain itin [119, 125] the authors exploited an SOS machinery used to
specify contexts [118]: by means of action transducers they reformulate a given TSS into a
TSS in De Simone format from which the formulae ¢; required in (1.1) are derived by means
of property transformers.

Inspired by these works, [33] introduced modal decomposition methods. The underlying
idea is the same: reducing the satisfaction problem of a formula for a process to verifying
whether its subprocesses satisfy certain formulae obtained from its decomposition. This
is obtained by the notions of ruloids [34] (an enhanced version of the action transducers
of [119,125]), namely derived inference rules deducing the behavior of process terms directly
from the behavior of the variables occurring in them, and of decomposition mappings (the
property transformers of [119, 125]) associating to each pair term, formula (¢, ¢) the set
of formulae that the variables in ¢ have to satisfy to guarantee that ¢ satisfies ¢. But the
contribution of [33] and the subsequent works [80,82-85] is not only related to the definition
of the decomposition methods but also to their application. In fact they show that by
combining the logical characterization of a relation, the decomposition of such a logic
and a rule format for the relation it is possible to systematically derive a (pre)congruence
format for that relation directly from its modal characterization. Briefly, it is enough to
guarantee that the construction of the class of ruloids from the considered TSS preserves
the syntactical constraints of the format. At the same time the modal decomposition has to
preserve the logical characterization, that is formulae in the characterizing class L have to
be decomposed into formulae (equivalent to formulae) in L. Then, from the compositional
result (1.1) related to the modal decomposition, we can immediately derive the congruence

property.

Our contribution

We propose the first extension of the research line of [33, 80, 83, 84] to behavioral relations
defined on the PTS model, that is we provide an SOS-driven decomposition method al-
lowing us to derive (pre)congruence formats for probabilistic equivalences and preoders
directly from their logical characterizations. As an example we will analyze in detail the
case of strong probabilistic (bi)similarities, and we will provide a schema to generalize
our results to the weak case. We will consider (subclasses of) a probabilistic extension of
HML with a probabilistic choice modality which provides an adequate characterization
of probabilistic (bi)similarities [66]. Our decomposition on classic HML operators will be
standard, but to deal with the probabilistic choice modality and its decomposition we will
introduce an SOS-like machinery, called distribution specification, by which we syntactically
represent probability distributions as distributions over terms. Thus, we will provide a class
of ruloids built over PGSOS rules and a class of Z-distribution ruloids built on this new
distribution specification and we will exploit both of them to define the decomposition of
formulae. The congruence results, stating that probabilistic bisimilarity and ready similarity
are (pre)congruences for all operators defined in a specification in PGSOS format and that
probabilistic similarity is a precongruence for all operators defined in a specification in
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positive PGSOS format, are then derived by combining the modal decomposition with the
logical characterization.
Our contribution can be summarized as follows:

* We present new logical characterizations of probabilistic ready similarity and similarity
obtained by means of two sublogics of the probabilistic extension of HML from [66]
characterizing probabilistic bisimilarity.

* We define an SOS-like machinery for the specification of the probabilistic behavior of
processes, which can support the decomposition of any modal logic for PTSs.

* We develop a method for decomposing formulae equipped with a probabilistic choice
modality.

* We derive (pre)congruence formats for probabilistic bisimilarity, ready similarity and
similarity by exploiting our decomposition method and their logical characterizations.

* We sketch how the proposed decomposition method can be generalized to derive
congruence formats for probabilistic weak semantics.

1.2 ORGANIZATION OF THE THESIS

We conclude this introductive Chapter by briefly describing the contents of the upcoming
Chapters, in which we will develop the contributions presented in the previous Section.

Chapter 2 We dedicate this Chapter to the review of the basic notions and notation that
we will use throughout the thesis along with some simple preliminary results.

Chapter 3 In this Chapter we propose an SOS-based method for decomposing modal
formulae capturing the probabilistic (bi)simulation semantics of processes with nondeter-
minism and probability. In detail, we will consider (subclasses of) a probabilistic extension
of the Hennessy-Milner logic developed in [66] for the PTS model, and therefore equipped
with modalities allowing for the specification of the quantitative properties of processes.
In essence, this means that some formulae are evaluated on probability distributions over
processes. In order to decompose this kind of formulae, we introduce an SOS-like machinery,
called distribution specification, in which we syntactically represent open distribution terms
as probability distributions over open process terms. By our decomposition, we obtain
(pre)congruence formats for probabilistic bisimilarity, ready similarity and similarity.
A preliminary version of this chapter appeared as [42].

Chapter 4 In this Chapter we propose original notions of behavioral (hemi)metrics captur-
ing the ready simulation, simulation, (decorated) trace and testing semantics for processes
with nondeterminism and probability. We study the relations among them and also the
bisimilarity metric and we compare all these metrics with respect to their distinguishing
power thus obtaining the first spectrum of behavioral metrics on processes in the PTS model

10
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partially ordered by the relation ‘makes processes farther than. Further, we derive an anal-
ogous spectrum on the probabilistic equivalences and preorders constituting the kernels
of these metrics, which can be in turn partially ordered by the relation ‘makes strictly less
identifications than’.

Chapter 5 In this Chapter we propose a logical characterization of branching metrics
(bisimulation, ready simulation and simulation metrics) on image finite processes, obtained
by the probabilistic variant of the Hennessy-Milner logic considered in Chapter 3 enriched
with variables, whose semantics is defined following the equational u-calculus approach
[120]. Our characterization is based on the novel notions of mimicking formula and distance
on formulae. The former are a weak version of characteristic formulae and allow us to
characterize also probabilistic (ready) similarity and bisimilarity. The latter are 1-bounded
pseudometrics and hemimetrics on formulae measuring their syntactical disparities. The
characterization is then obtained by showing that the chosen behavioral distance between
two processes corresponds to the distance between their mimicking formulae, called logical
distance, for the considered semantics.
A preliminary version of this chapter appeared as [41].

Chapter 6 In this Chapter we exploit the method introduced in Chapter 5 to obtain a
logical characterization of linear metrics (decorated traces and testing metrics) on image
finite processes. Clearly, by means of mimicking formulae we are also able to characterize
the kernels of these metrics. Moreover, we conclude the Chapter by providing the first
example of a spectrum on behavioral metrics on processes in the PTS model obtained
directly from modal logics. More precisely, this spectrum will be the logical analogous of the
spectrum proposed in Chapter 4: we consider the logical distances on processes introduced
in Chapter 5 and in the first part of Chapter 6 and we order them with respect to the relation
‘makes processes farther than’.

Chapter 7 We conclude our dissertation with this Chapter, in which we briefly summarize
the results we have obtained and we discuss their potential future developments along with
new research objectives.

11






It has long, been an axiom of mine that the
little things are infinitely, the moat important.
Sir Arthur Conan Doyle,
The Memoirs of Sherlock Holmes

=)
% CHAPTER

CJn this chapter we introduce the basic notions and notation that we will use throughout
the thesis as well as some preliminary results.

Briefly, in Section 2.1 we recall Mathematical notions including fixed points theory,
probability spaces and metric spaces with a special focus on the Kantorovich and Hausdorff
metrics. Then, in the three following Sections, we introduce the main characters of this
dissertation. In Section 2.2 we define the nondeterministic probabilistic transition systems
(the PTS model) [145] along with some references to the Structural Operational Semantics
(SOS) [139] theory required to reason about them. In Section 2.3 we discuss behavioral
equivalences and we introduce the bisimilarity metric [64,72,157]. Finally, in Section 2.4 we
recall a few basic notions on logical characterizations of behavioral equivalences along with
the modal logic £, which has been defined in [66] to characterize probabilistic bisimilarity.

2.1 MATHEMATICAL BACKGROUND

COMPLETE LATTICES AND FIXED POINTS

Let X be any set. We denote by P (X) the power set of X. Let << X x X be a binary relation
such that the pair (X, <) is a partially ordered set. For any X' € X an upper bound is an
element x € X such that x’ < x for all x’ € X’ and X € X is the supremum of X' if X is the least
upper bound of X’, that is X is an upper bound of X’ and X < x for all upper bounds x of X’.
Conversely, a lower bound of X' is an element x € X such that x < x’ for all x’ € X’ and we
call infimum the greatest lower bound of X’. Finally, we say that C < X is a chain in X if for
all x,ye Ceitherx<yory=x.

Definition 2.1. A partially ordered set (X, <) is said to be a complete lattice if each subset of
X admits a supremum and an infimum in X.

Let (X, <) be a complete lattice. We denote the suprema of the subsets of X by the join

13
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operator | |: P(X) — X and we denote their infima by the meet operator [ |: P(X) — X.
Moreover, we denote by L the bottom element of X, namely L =[ | X. Dually, we denote by
T the top element of X, namely T = | X.
Definition 2.2. Let (X, <x) and (Y, <y) be two partially ordered sets and consider a function
f: X — Y. We say that f is monotone if it preserves the order over X, namely whenever
X1 <x X then f(x1) <y f(x2).

A function f: X — Y is called an endofunction whenever X = Y. For an endofunction f
on (X, <) an element x € X is (i) a pre-fixed point of f if f(x) < x; (ii) a post-fixed point of f if
x = f(x); (iii) a fixed point of f if x = f(x).

Knaster-Tarski fixed point theorem ([151]). Let (X, <) be a complete lattice and let f be a
monotone endofunction on X. Then the set of fixed points of f is a complete lattice (F,<) and
the least and greatest fixed points are such that:

[F=[|xexif@=xt and ||F=|lixeX|x=fx)}

We will use inductive definitions of relations or functions, also known as Kleene chains.
To guarantee their convergence to their fixed points we exploit the Kleene fixed point theorem
and a notion of continuity for functions on complete lattices.
Definition 2.3 (Kleene chain). Let (X, <) be a complete lattice and let f be a monotone
endofunction on X. The ascending Kleene chain of f is the chain

L=f)=ffl)=...= "W =...

obtained by iterating f on the bottom element L of X. Analogously, the descending Kleene
chain of f is the chain obtained by iterating f on the top element of the lattice.
Definition 2.4 (Scott-continuity, [130]). Given two complete lattices X and Y, a function

f: X — Y is Scott-continuous if it preserves the suprema of all nonempty chains in X, that is
if for every chain C in X it holds that| | f(C) = f(LIC).

Kleene fixed point theorem. Let (X, <) be a complete lattice, and let f: X — X be a Scott-
continuous endofunction. Then the least fixed point of f is the supremum of the ascending
Kleene chain of f.

Remark 2.1. Scott-co-continuity is referred to the preservation of all infima, namely a func-
tion f is Scott-co-continuousif[ | f(C) = f([ | C) for every chain C in X. Therefore, the dual
statement of the Kleene fixed point theorem can be easily obtained for Scott-co-continuous
functions over Kleene descending chains.

METRIC SPACES

For a set X, a non-negative function d: X x X — R™ is said to be a metric on X whenever it
satisfies the following axioms:

1. Identity of the indiscernibles: d(x,y) =0ifand only if x = y, for all x, y € X.

14
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2. Symmetry: d(x,y) =d(y,x), forall x,y € X.
3. Triangularinequality: d(x,y) < d(x,z)+d(z,y), forall x,y,z € X.

By relaxing these axioms we can obtain several notions of generalized metric. In particular,
in this thesis we will consider the notions of pseudometric and hemimetric. We say that
d: X x X — R* is a pseudometric on X if the identity of the indiscernibles is substituted by

1. d(x,x)=0forall xe X.

If the symmetry axiom is dropped, d is said to be a quasimetric. Finally, we say that d is a
hemimetric (or equivalently a pseudoquasimetric) on X if it is a non-symmetric pseudomet-
ric.

Given a metric (resp: pseudometric, hemimetric) d on X, the pair (X, d) is called metric
space (resp: pseudometric space, hemimetric space). Moreover, the kernel of a metric (resp:
pseudometric, hemimetric) d on X is defined as the set of pairs of elements in X which are
at distance 0, namely ker(d) = {(x,y) € X x X | d(x, y) = 0}.

Finally, to stress the fact that a metric (resp: pseudometric, hemimetric) on a set is
bounded from above, we introduce the I-boundedness property: for [ € R*, we say that a
metric (resp: pseudometric, hemimetric) d on X is [-bounded if and only if d(x, y) < [ for all
x,y € X. The we say that the metric space (X, d) is bounded if d is [-bounded for some finite
positive real [.

PROBABILITY SPACES

Let X be a countable set. Probability distributions over X are mappings 7: X — [0, 1] with
Y xex (x) = 1 that assign to each x € X its probability 7 (x). Each element x € X is called
event, the set X is the space of events and the pair (X, ) is a probability space.

For a probability distribution 7 over X we denote by supp(r) the support of 7, namely
supp(m) = {x € X | m(x) > 0}. By A(X) we denote the set of all finitely supported probability
distributions over X. We let 77,7/, ... range over A(X). We remark that in this thesis we will
consider only probability distributions with finite support.

For x € X we denote by 0 the Dirac distribution defined by §(x) =1 and 6 ,(y) =0 for
x # y. The convex combination ) ;c; p;m; of a family {7;};c; of probability distributions
i€ A(X) with p; € (0,1] and }_;c; p; = 1 is defined by X ;¢; pimi) (x) =Y ;e;(pimi(x)) for all
x € X. Finally, we say that two distributions 71,72 € A(X) are equal, notation 7; = 7> if for
all x € X we have m1(x) = w2 (x).

A matching for distributions 7 € A(X), 7' € A(Y) is a distribution over the product state
space v € A(X x Y) with 7 and 7’ as left and right marginal, namely

* foreachxe X, } ey w(x,y) =n(x), and
* foreach ye Y, Y .cxw(x,y)=7'(y).

We let 20(rr, n') denote the set of all matchings for 7, 7’

15
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THE KANTOROVICH AND HAUSDORFF METRICS

Assume a metric space (X, d). We are interested in defining a distance on the probability
distributions over X. Intuitively, such a distance can be obtained by a proper lifting of d,
which is usually referred to as the ground distance. In the literature we can find several
proposals for metrics on probability distributions (see [142] for a survey). However, to
study the distances on probabilistic systems, researchers have focused on the Kantorovich
(or Wasserstein) metric [110]. The interest in this particular metric stems from optimal
transport theory [163] and its close relation to linear programming. Roughly speaking,
accordingly to the Monge-Kantorovich formulation of the optimal transport problem, the
optimal transport cost for the shipment of goods from producers to consumers, whose
respective spatial distributions are modeled by probability distributions, is given by the
function

/ .
Comn)= inf x;xm(x, y)-elx,y)

where c(x, y) is the cost for transporting one unit of mass from x to y. Indeed, in this setting
a matching to € 20(r, 7') may be understood as a transportation schedule describing the
shipment of probability mass from 7 to #’. Whenever the function c(x, y) is defined in
terms of the ground distance d, the optimal transport cost function C becomes a distance
over probability distributions on X: the Kantorovich metric. For simplicity, we define the
Kantorovich lifting functional on a generic metric d. However, nothing would change in
considering pseudometrics or hemimetrics.

Definition 2.5 (Kantorovich metric, [110]). Assume a metric space (X, d). The Kantorovich
lifting of d is the metric K(d): A(X) x A(X) — [0,1] defined for all 77, 7" € A(X) by

K(d)(r,7)= min w(x,y) -d(x,
() (, 1) memml)x;x (x,)-d(x,y)

For any metric d, we call K(d) the Kantorovich metric.

We remark that accordingly to the original definition, we should have defined the Kan-
torovich metric as the infimum over the matchings for 7 and 7/, for any 7,7’ € A(X) and
1-bounded metric d. However, the assumption of having only probability distributions
with a finite support guarantees that this infimum is always achieved, since there can be
only finitely many matchings between the two distributions, and therefore it is indeed a
minimum. As a consequence, the continuity of the lifting functional K is guaranteed [154].

The Kantorovich metric satisfies some desirable properties that are particularly feasible
for its use in computer science. For instance, it can be evaluated in polynomial time [12,
136, 158] and moreover it preserves the properties of the ground distance, as shown in the
following Proposition. We remark that the validity of this result would be trivial on Polish
spaces, namely complete separable metric spaces. However, the (pseudo,hemi)metric spaces
that we will consider in this thesis are not guaranteed to be Polish.

Proposition 2.1. Assume a metric (resp. pseudometric, hemimetric) space (X, d). Then also
(A(X),K(d)) is a metric (resp. pseudometric, hemimetric) space. Moreover, if d is l-bounded
then alsoK(d) is [-bounded.
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Proof. We present only the proof for the general case of d being a metric. The cases of
pseudometrics and hemimetrics are subcases of it and they can be easily derived. We need
to show that K(d) satisfies the three axioms of metrics.

1. Identity of indiscernibles. Firstly we show that for all 7 € A(X) we have K(d) (7, ) = 0.
Notice that the function tv defined for all x, y € X by

n(x) ifx=y

lﬁ(x,y)={

0 otherwise
is a matching for the pair 7, 7. Then we have

K(d)(m,m) = min o (x, y)d(x,
(d) (, ) memmx;x (x,1)d(x,y)

IA

Y. 0, ydx,y)
x,yeX

Z n(x)d(x,x)
xeX
=0

where the last step follows by d(x, x) = 0 for all x € X as d is a metric by hypothesis.

Assume that K(d) (71, m,) = 0. We need to show that this implies that 7; = ,. Let tv be
an optimal matching for 7, 7, with respect to d, namely

o = ar min to(x,y)d(x,y).
ngQﬁ(ﬂl,ﬂg) x,éX ( y) ( y)

Then we have

K(d)(m,m) = ) tx,p)d(x,y)

x,yeX
=0 iff
w(x,y)>0iffd(x,y) =0

iffx=y

where the last condition follows by the fact that d is a metric by hypothesis. Therefore,
as ) us the left marginal of to and 7, is its right marginal, we obtain that for all x € X

m(x) =) (x,y) =10(x,x) = ) 0(y,x) =12(X).
yeX yeX

2. Symmetry. First of all we observe that given two arbitrary mappings to,w’: X x X —
[0,1] with w(x, y) = w0’ (y, x) for all x, y € X, it holds that

1o € 20 (mq,77) iffm,€QU(7I2,7l'1). (2.1)
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Then we have

K(d)(m,m2) = min Y tw(x,))d(x,y)

mEQ;U(Tl'l,Hg) x,y€X

= min (x, y)d(y, x) (d is metric)
meQﬂ(m,ng) x,éx y y

= min Y w'(y,x)d(y,x) (by Equation (2.1))
m’e%(ng,m) x,y€X

K(d)(my,m1).

3. Triangular inequality. Let us prove that for all distributions 7,72, 13 € A(X)
K(d)(m1,712) < K(d) (71, 713) + K(d) (703, 712). (2.2)

For simplicity, let I, ], H be three finite sets of indexes s.t. supp(m;) = {x; | i € I},
supp(m2) = {x; | j € J} and supp(73) = {xp, | h € H}. Let toy 3 € W (7, 73) be an optimal
matching for 7, 73, namely

K(d)(my,m3) = ) 10y3(x;, xp)d (X, Xp)
iel,heH

and let tvy 3 € W (72, w3) be an optimal matching for 75, 73, that is

K(d)(m3,m5) = ), 123(xp, xj)d(xp, xj).
jel,heH

Consider now the function f: I x ] x H — [0, 1] defined by

f(, j, h) =101 3(x;, Xp) - 102,3(Xp, X;) -

mg(xp)
Then, we have
(iy 7h): m, (x'yx)'m, (xyx')'

]Zejf J ]Ze] 1,3(X4, Xp) - 102 3(Xp, X a0

=10 . . o X
1,3(Xi, Xp) n3(xh)jZ€] 2,3(xp, X;)
=1o13(x;, Xp) - -73(xp) (by 1oy 3 € (72 m3))
73(xp)

=101,3(Xx;, Xp)

namely the projection of f over the first and third components coincides with the
optimal matching for 7, 3. Similarly, we obtain that

Y, j,h) =wa3(xp, x;j)

iel
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namely the projection of f over the second and third components coincides with the
optimal matching for n,, 73. Moreover, it holds that

Z fG,j,n= Z 101 3(X;, Xp) - 102,3(xp, Xj) -
jel, heH jeJ,heH 3(xp)

= ) w13, Xp) - Y Wy 3(xp, X))
heH 73(Xn) jej

1
= ) 1y3(x;,xp) - ——— - 73(xp)
heH 7[3(xh)

= ) 1oy3(xi,xp)
heH

=71(x;) (by 1013 € (71, 73))
and by similar calculations we obtain

Y. fl,j,h)=mx)

iel,heH

thatis f(i, j, h) is a matching in 20(s;, 72). Therefore,

K(d) (7, 72)

= min 1 (x;, x:)d(x;, x;
mew(ﬂlvﬂz)iegjq (l ]) (1 ])

< ) fUj,wdx;,x))
iel, jeJ,he H

= Y. fU,j,h(d(xi, xp) + d(xp, X)) (d is metric)
iel,je]J,heH

= Z f(i,j,h)d(Xi,Xh) + Z f(l)]) h)d(Xh,x])
iel, je],he H iel, je],heH

= Y (Zraim)-dex+ Y (X fG 0 R)-deo,x)
iel,heH " jeJj jeJ, heH i€l

= ) wislx,xp)dx,xp)+ ), 123(x,, x))d(xp, X;)
iel,heH jeJ,heH

= K(d) (1, 73) + K(d) (713, 702)
which completes the proof of Eq. (2.2).

To conclude we need to show that whenever d is [-bounded then also K(d) is /[-bounded.
We have

K(d)(m,m2) = min ) t(x,))d(x,y)

weW(my,7m2)

x,yeX
< min ) wxy)-! (d is I-bounded)
\’UEQﬂ(ﬂl,ﬂz) xnyX
=1 ( ) t(x,y)=1foralltv)

x,yeX
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So far, we have seen that given a metric space (X, d) through the Kantorovich functional
we can lift the ground distance d to a distance on A(X). However, we will be also interested in
evaluating distances between sets of probability distributions. For this reason we introduce
the Hausdorff metric, which allows us to lift the ground distance d to a distance on P(X).

First of all, we recall the notion of distance function, namely the distance between a point
x and a set Y, given by the distance between x and the element of Y which is closest to it
with respect to the ground distance.

Definition 2.6 (Distance function). Consider a metric space (X, d). Let Y < X. Given any
x € X we denote by d(x, Y) the distance between the point x and the set Y defined by

dx,Y)=infd(x,y).
yey

The Hausdorff metric between sets X, Y is then obtained as the maximum between the
supremum over X of the distance functions between any point of X and the set Y, and the
symmetric version obtained by switching the roles of X and Y. Intuitively, the Hausdorff
metric models the longest distance a player can be forced to travel by an adversary who
chooses a point in one of the two sets, from where they must travel to the other set.

Definition 2.7 (Hausdorff metric). Let d: X x X — R* be a metric. The Hausdorff lifting of d
is the metric H(d): P(X) x P(X) — R* defined for all X7, X < X by

H(d)(Xl,Xg):max{ sup inf d(xi,x2), sup inf d(xg,xl)}

x1€X1 XZEXZ x2€X2 x1€X1

For any metric d, we call H(d) the Hausdorf{f metric.

We remark that by convention we assume infy = sup,, e x d(x, y) and sup, = 0.

The Hausdorff lifting preserves the properties of the ground distance d. Notice that this
proposition would be trivial on compact metric spaces. However, the (pseudo)metric spaces
that we will consider in this thesis are not guaranteed to be compact.

Proposition 2.2. Assume a bounded metric space (X,d). Then, given C(X) < P (X) set of sub-
sets of X which are closed with respect to the topology induced by d, we have that (C(X),H(d))
is a metric space. Moreover if (X, d) is a pseudometric space, then (P(X),H(d)) is a pseudo-
metric space. Finally, if d is l-bounded then also H(d) is [-bounded.

Proof. We will show only the general case for d being a metric. Although the cases of
pseudometrics and hemimetrics can be easily derived from it, a few remarks are needed.
Firstly, when considering pseudometrics (resp. hemimetrics) we can drop the requirement
on sets to be closed, as this property in necessary only to guarantee the satisfaction of
the identity of the indiscernibles axiom. Moreover, even if d is a hemimetric, H(d) will
be a pseudometric as the symmetry of H(d) is imposed by the definition of the Hausdorff
functional and does not depend on the symmetry properties of d.

1. Identity of the indiscernibles. We recall that closed subsets of a metric space are closed
with respect to converging sequences, which means that they contain all their limit

20



2.1. Mathematical background

points. Thus, as suprema e infima are limit points, we have

H(d) (X1, X2)

:max{ sup inf d(xy,x2), sup inf d(xz,xl)}

x1€Xy X26Xo X2€ X2 x1€X)

= max< max min d(xj, X»), max min d(xo, x;)
X1€X] X2€Xo x2€Xo x1€X1

= 0iff max min d(x7,x2) =0 and max min d(xp,x;) =0
x1€X] X2€ X2 x2€Xo x1€X1

iff Vx;€ Xy3x€ Xost.d(x1,x) =0and Vx, € X, Ax7 € Xy st. d(x2,x1) =0
iff\7’x1 eX;dxe Xy st. x;1 =x2 and VxoeXodx; € Xyst. xo=x3
iff X3 = X,

where the second last step follows by d being a metric.

. Symmetry. As previously outlined, the symmetry of H(d) is immediate from the
definition of the Hausdorff functional (Definition 2.7) and does not actually depend
on the properties of d.

. Triangular inequality. We present the proof for the general case in which the subsets
are not necessarily closed, namely we prove that for all sets X, X», X3 € P(X)

H(d) (X1, X2) = H(d) (X3, X3) + H(d) (X3, X3). (2.3)

For simplicity, we let Xj = {x; | i € I}, X> = {x; | j € J} and X3 = {x}, | h € H}. Firstly, we
notice that clearly

sup inf d(x;, xp) <H(d) (X1, X3) (2.4)
iel heHd

sup inf d(xp, x;) < H(d) (X3, X2). (2.5)
heH J€J

As a first step, we aim to show that

sup i.n}? d(x;, xj) <H(d)(X3, X3) + H(d) (X3, X>). (2.6)

iel J€
By definition of infimum, for each £; > 0 we have that
foreach i € I thereis an h; € H s.t. d(x;, xp,) < énlg d(x;, xp) + €1 2.7
€
and, analogously, for each €, > 0 we have that

for each h € H thereis an j, € J s.t. d(xp, xj,) < i_n}fd(xh,xj) +&7. (2.8)
JE

In particular given i € I let h; € H be the index realizing Equation (2.7), with respect to
€1, and let jp, € J be the index realizing Equation (2.8) with respect to h; and €,. Then
we have

d(xi) xjhi )
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<d(xi, xp,) +d(Xp;, X, ) (d is metric)
<( inf d(x;, xp) + 1)+ (i.nf d(xp;,xj) +€2) (by Eq. 2.7 and 2.8)

(sup inf d(x,,xh)+£1) (sup 1nfd(xh,x])+£2)
iel heH heH J

from which we gather

1nfd(x,,x]) < d(x,,x]h ) <sup inf d(x;,xp)+sup 1nfd(xh,x]) +€&7+ 6.
jeJ je] heH heHJ

Thus, since i was arbitrary, we obtain

sup inf d(x;, x;) < sup inf d(x;, xp) +sup 1nfd(xh,x])+£1+€2
iel J€J je] heH heH J€J

and since this relation holds for any €, and €, we can conclude that

sup inf d(x;, x;) < sup inf d(x;, xp) +sup inf d(xp, x;).
iel J€J iel heH heH J€J

Then, by the inequalities in Equation (2.4) and Equation (2.5) we can conclude that

sup inf d(x;, x;) < H(d) (X1, X3) + H(d) (X3, X>)

iel JE

and thus Equation (2.6) holds. An analogous reasoning, given by switching the roles
of i and j in the steps above, allows us to infer

sup 1nfd(xl, x;j) <H(d) (X2, X3) + H(d) (X3, X1). (2.9
]€] iel

Finally, we have

H(d) (X1, X2)

= max{sup inf d(x;, x;),sup 1nfd(x],x,)}
iel J€J jer 't

< H(d) (X3, X3) + H(d) (X3, X5)

where the last relation follows by Equations (2.6) and (2.9).

2.2 THE SOS FRAMEWORK

Structural Operational Semantics (SOS) was introduced in [138, 139] as “an operational
method of specifying semantics based on syntactic transformations of programs and simple
operations on discrete data’. Due to its intuitive appeal and flexibility, SOS is nowadays the
standard framework used to equip process algebras and specification languages with an
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s
a b b
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Figure 2.1: An example of a nondeterministic probabilistic process.

operational semantics. Roughly speaking, the behavior of a system is modeled as a process
graph, mainly fransition systems [111], whose vertices, called processes, are defined as closed
terms over a proper algebra and whose edges, called transitions, are derived from a set of
syntax-driven inference rules, the transition system specification [138].

In this Section we will recall only those notions and results necessary to our dissertation.
We refer the interested reader to [3] for a complete presentation of the SOS framework.

NONDETERMINISTIC PROBABILISTIC LABELED TRANSITION SYSTEMS

As semantic model we consider that of nondeterministic probabilistic transition systems [145]
which combine labeled transition systems (LTSs) [111] and discrete time Markov chains
(MCs) [100, 150], allowing us to model reactive behavior, nondeterminism and probability.

As state space we take a set S, whose elements are called processes, ranged over by s, £, ...

Definition 2.8 (PTS, [145]). A nondeterministic probabilistic labeled transition system (PTS)
is a triple (S,.4,—), where: (i) S is a countable set of processes, (ii) .A is a countable set of
actions, and (iii) =< S x A x A(S) is a transition relation.

We call (s, a, w) €— a transition, and we write s — 7 for (s, a, ) €E— whose meaning is
that process s can reach the probability distribution 7 by the execution of action a. We write
s < if there is a 7 € A(S) such that s = 7, and s 2 otherwise. Sometimes, we will refer to
s as an a-move of s.

We define the set of initials of process s as the set init(s) = {a € A | s —} of the actions
that can be performed by s. For each action a € A, the set of a-derivatives of process s is
defined as the set der(s,a) = {m € A(S) | s £, 7 of distributions reachable from s through
action a. We say that a process s € S is image-finite if der(s, a) is finite for all a € init(s) [104].
We say that a PTS P = (S, A, —) is image-finite if all processes in S are.

Remarlk 2.2. We would like to point out that although also MCs allow to express both probabil-
ity and nondeterminism, their combination with LTSs actually results into a more expressive
model. In fact, in MCs probability and nondeterminism are independent from each other:
probabilistic choices are determined by a transition probability function which depends
solely on the current process in the graph, whereas nondeterminism is expressed as a set
of labels assigned to each state. Conversely, in PTSs we have that each resolution of non-
determinism for a process in the graph leads to a particular probability distribution over
processes. This means that all the results we will obtain for PTSs can be trivially adapted to
the case of MCs, but the converse is not true in general.
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Chapter 2. Background

Remark 2.3. To depict the dual nature of PTSs, in the figures we will use black arrows exiting
from a process to represent its nondeterministic choices, and will use dotted black arrows
to represent the probability distributions that are reached, as shown in Figure 2.1. As an
example, we have represented a process s which can execute action a and then reach process
s1 with probability 1/3. Moreover, to simplify the figures, we represent the Dirac distribution
on the process nil, namely the process which cannot execute any action, as @.

TERM ALGEBRAS

In order to syntactically represent the configurations that are reachable by our systems, the
notion of signature plays a central role.

Definition 2.9 (Signature, [3]). A signature is given by a countable set X of operators together
with rank functionrk: £ — N which assigns to each operator the number of its arguments.

We let f range over X and n range over the rank of f. Operators of rank 0 are called
constants, while operators of rank 1 and 2 are called, resp., unary and binary operators.

Given a signature X, a Z-algebra is a pair (S,Zs) where S is a set called carrier and
Y is a set of functions {fs: S" — S| f € X and rk(f) = n} called interpretations. A special
interpretation for a signature X is its ferm algebra. This algebra is a purely syntactic object:
the carrier is the set of terms built over symbols in £ and operators only syntactically
manipulate them.

Definition 2.10 (Process terms, [3]). Assume a signature X and a countable set of (process)
variables Vs disjoint from X. For a set of variables V < V, the set T(Z, V) of (process) terms
over X~ and V is defined as the least set such that:

1. xeT(XZ,V)forall xe V, and
2. f(ty,...,ty) € T(Z,V) whenever fe X and ty,...,t, € T(Z, V).

By 7 (X) we denote the set of the closed terms T(Z, ). By T(X) we denote the set of the open
terms T(Z, V).

For a constant c € X, the term c() is abbreviated by c. For f € X and 7; € A(T (2)),
f(ry,...,my) is the probability distribution defined by

[T, mi(t) ift=f(ty,...,t)
f) =<4 =l
fm ) (7) {O otherwise.

Due to the dual nature of PTSs, we need also syntactic expressions that denote probability
distributions.

Definition 2.11 (Distribution terms, [55]). Assume a countable set of distribution variables
V4, let V denote the set of process and distribution variables V = Vs UV, and let y, v,...
range over V; and { range over V. The set of distribution terms over X, Vs € Vs and V; € Vg,
notation DT (X, Vi, V), is the least set satisfying:

1 {6:1teT(E, Vi =DT(E, Vs, Va),
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2. V;<DTE, Vs, Vy),
3. f(©,...,0,) e DT(Z, V, V,) whenever f e Xand ©; e DT(Z, Vi, V), and
4. Y ic1pi®i e DT(Z, Vs, V) whenever ©; e DT (Z, Vi, V) and p; € (0,1] with Y ;¢; p; = 1.

We write DT (Z) for DT (Z, Vs, Vy), i.e. the set of all open distribution terms, and DT (X) for
DT(Z,®,®), i.e. the set of all closed distribution terms.

Distribution terms have the following meaning. An instantiable Dirac distribution 6,
instantiates to 6 if ¢ instantiates to t'. A distribution variable u € V, is a variable that
takes values from A(7 (X)). Case (3) lifts the structural inductive construction of terms to
distribution terms. Case (4) allows us to construct convex combinations of distributions.

By var(#) (resp. var(®)) we denote the set of the variables occurring in term ¢ (resp.
distribution term ©).

PROBABILISTIC TRANSITIONS SYSTEM SPECIFICATIONS

PTSs are defined by means of SOS rules, which are syntax-driven inference rules allowing
us to infer the behavior of terms inductively with respect to their structure. Here we con-
sider rules in the probabilistic GSOS format [25, 54], which allow for specifying most of
probabilistic process algebras [92, 94].

A positive (resp. negative) literal is an expression of the form ¢ 2 O (resp. t +) with
teT(Z), ac Aand © € DT(Z). The literals t — © and ¢ + are said to deny each other.

Definition 2.12 (PGSOS rules, [54]). A PGSOS rule r has the form:

X i€ L meEM:) (X —2b |iel,ne N
f(xl;---;xn) i)@

where f € X, I ={1,...,n}, M;, N; are finite indexes sets, a; », a; n, a € A are actions, x; € Vs
and u;,m, € Vy are variables and © € DT () is a distribution term. Furthermore, it is required
that (i) all y; ,, for i € I and m € M; are distinct, (i) all x, ..., x, are distinct, and (iii) var(®)
imliel,me M;}Uui{xy,..., X}

A PGSOS probabilistic transition system specification (PGSOS-PTSS)isatuple P = (£, A, R),
with X a signature, .4 a countable set of actions and R a finite set of PGSOS rules.

For a PGSOS rule r, the positive (resp. negative) literals above the line are the posi-
tive premises, notation pprem(r) (resp. negative premises, notation nprem(r)). The literal
flxy,..., xy) 2, @ is called the conclusion, notation conc(r), the term f(xy,..., x,) is called
the source, notation src(r), and the distribution term O is called the target, notation trg(r).
A PGSOS rule r is said to be positive if nprem(r) = @. Then we say that a PGSOS-PTSS
P =(Z, A, R) is positive if all the PGSOS rules in R are positive.

We notice that the constraints (i)—(iii) in Definition 2.12 above, are exactly the constraints
of the nondeterministic GSOS format [34] with the difference that we have distribution
variables as right hand sides of positive literals.
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Example 2.1. The operators of synchronous parallel composition | and probabilistic alterna-
tive composition +,, with p € (0, 1], are specified by the following PGSOS rules:

Xop ySvo xou yP o xp yov Xop y=ov

a a a a :
xly—ulv X+py— MU X+py—vV X+py— pu+d-pv

<«

A PTS is derived from a PTSS through the notions of substitution and proof.

A substitution is a mapping o: V — T(Z) uDT () such that o(x) € T(Z) if x € Vs and
o(w) eDT () if u € Vy. It extends to terms, literals and rules by element-wise application. A
substitution is closed if it maps variables to closed terms. A closed substitution instance of a
literal (resp. PGSOS rule) is called a closed literal (resp. closed PGSOS rule).

Definition 2.13 (Proof, [160]). A proof from a PTSS P = (%, 4, R) of a closed literal « is a
well-founded, upwardly branching tree, with nodes labeled by closed literals, such that the
root is labeled a and, if § is the label of a node q and K is the set of labels of the nodes
directly above q, then:

* either f is positive and /C/ S is a closed substitution instance of a rule in R,

* or f3is negative and for each closed substitution instance of a rule in R whose conclu-
sion denies S, a literal in KC denies one of its premises.

Aliteral a is provable from P, notation P |- a, if there exists a proof from P of a.

We have that each PGSOS-PTSS P is strictly stratifiable [160] which implies that P induces
a unique model corresponding to the PTS (7 (%), A, —) whose transition relation — contains
exactly the closed positive literals provable from P. Moreover, the existence of a stratification
implies that P is also complete [160], thus giving that for any term ¢ € 7 () either P+ ¢ — 7
for some 7 € A(T () or P - t +, namely the PTS induced by P contains literals that do
not deny each other [34]. In particular, the notion of provability in Definition 2.13 (which is
called supported in [160]) subsumes the negation as failure principle of [50] for the derivation
of negative literals: for each closed term ¢ we have that P+ t - if and only if Pt t % 7 for
any distribution 7 € A(7 (Z)).

2.3 HOW TO COMPARE THE BEHAVIOR OF PROCESSES?

Behavioral equivalences and preorders were introduced as a simple and elegant proof
methodology for proving process equivalence and preorder resp., namely for establishing
whether the behavior of two processes cannot be distinguished by an external observer.

In the previous Section 2.2, we have recalled that the behavior of processes is represented
by a process graph, which, in our setting, is defined by the PTS model. It is then natural
to obtain a comparison of the behavior of processes by comparing the respective process
graphs. However, the knowledge of an external observer on the structure of a process
graph should abstract away from the irrelevant information on the way processes compute
and moreover is limited by the observations that they can make on it. Clearly, different
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2.3. How to compare the behavior of processes?

kinds of observations lead to different kinds of behavioral relations (called accordingly
observational relations in [102]) as (bi)simulations [10,29,103,123,126, 145, 146], (decorated)
traces [29,31, 144] and testing [29,31,51,69, 95, 164]

A common feature to several notions of behavioral relation so obtained is that they relate
processes that behave exactly the same. However, the values of the probability weights
assigned in the PTS derive from statistical samplings or measures on physical systems and
thus they are inevitably subject to errors and approximations. Consequently, one can be
interested to know whether the behavior of two processes is similar up-to some tolerance
or, more simply, how far the behavior of two processes is apart. For this reason, along with
relations, the so called behavioral metrics [13,14,59,61,72,73,96,114,115,122,148,157], have
been introduced. They are 1-bounded metrics (as well as pseudometrics, hemimetrics,...)
quantifying the behavioral distance between two processes.

In this Section, we recall some basic notions on probabilistic bisimulation [123], ready
simulation and simulation [146], and the most studied behavioral (pseudo)metric: the
bisimilarity metric [58,64,72,91-94,129,157].

PROBABILISTIC (BI)SIMULATION

A probabilistic bisimulation is an equivalence over S that equates processes s, t if they
can mimic each other’s transitions and evolve to distributions related by the same relation.
Hence, we need to lift relations over processes to relations over distributions.

Definition 2.14 (Relation lifting, [68]). The lifting of a relation R < S x § is the relation
R € A(S) x A(S) with 7R 7’ whenever there is a set of indexes I with () 7 = ¥ ;¢; pi0 siv
(i) 7' = Y je; pi6y, and (iii) s; R t; forallie I.

We recall some equivalent definitions to Definition 2.14 which will be useful in our
proofs.

Proposition 2.3 (|66, Proposition 2.3]). Consider arelation R € SxS. Then RT € A(S)xA(S)
is the smallest relation satisfying

1. sRtimplies6;R6,;

2. mRY . foralli € 1, implies (¥;e; i) RN (Tier pin}), for any set of indexes I with
Yierpi=1.

Proposition 2.4 ([68, Proposition 1]). Consider two sets X,Y, Let t € A(X),n' € A(Y) and
R € XxY. ThennR'n' ifand only if there is a matchingvo € 2 (rr, ') (called weight function
in [68]) such that

(i) foreachx € X, Y ey to(x,y) = m(x);
(ii) foreachy€ Y,y cexto(x,y)=7'(y);
(iii) foreach xe€ X,y €Y, wheneverto(x,y) >0 thenxRy.

Moreover, we propose another alternative definition equivalent to Definition 2.14, as it
will simplify the reasoning in some of the upcoming proofs.
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Figure 2.2: Processes s, t € S are probabilistic bisimilar.

Definition 2.15. Let X be any set. Consider arelation R < X x X. Then the lifting of R is the
relation R' € A(X) x A(X) with # R n’ if whenever m = ¥ ;¢ pidy, thenn' = Yiel,jie); Pji 5yj,-
with } j.ej, pj; = pi and x; R y;, for all j; € J;.

Proposition 2.5. For any set X, the relation R' < A(X) x A(X) defined in Definition 2.15 is
equivalent to the lifting R" defined in Definition 2.14.

Proof. Let us consider the probability distributions 7 = ¥ ;c; p;6y, and 7’ =¥ jc; p;6 Vi
Assume first that 7Rz’ in the sense of Definition 2.15. Then from Y. jiesi Pji = pi we
can directly infer that 7 = } jeg j,es; Pj;0x;- Summarizing, we have (i) 7 = Yjeg jies; Pj;Ox;»
(i) 7' = Yier,jies; PjiOy;,» (i) x; R yj, forall j; € J;, i € I, and therefore we can conclude that
nR' 7' in the sense of Definition 2.14.

Assume now that 7R 7’ in the sense of Definition 2.14, namely there exists a set of
indexes H suchthat 7 =Y ey prlx,, T' =L hen prdy, and x, R yp, for all h € H. Then Defi-
nition 2.15 is satisfied by taking J; = {h € H | x,, = x;} forall i € I. |

Definition 2.16 (Probabilistic (bi)simulations, [123, 145]). Assume a PTS (S, A, —). Then:

1. Abinaryrelation R <& x S is a probabilistic simulation if whenever sR ¢, for each
s 7T there is a transition ¢ 2, n; such that 7, R T,

2. Aprobabilistic simulation R is a probabilistic ready simulation if whenever sR t, s A
implies 1 .

3. A probabilistic bisimulation is a symmetric probabilistic simulation.

The union of all probabilistic simulations (resp.: ready simulations, bisimulations) is the
greatest probabilistic simulation (resp.: ready simulation, bisimulation), it is denoted by =
(resp.: C;, ~), it is called probabilistic similarity (resp.: ready similarity, bisimilarity), and is a
preorder (resp.: preorder, equivalence).

Example 2.2. Consider the processes s, t € S represented in Figure 2.2. We have that s ~ . It
is immediate to verify that processes t1, t2, f3 are all bisimilar to process s, since they can
execute only b-labeled transitions reaching with probability 1 the process nil, namely the
process which cannot execute any action. As a consequence, we can directly conclude that
85, ~18;,. Likewise, it is quite easy to see that the Dirac distribution on s; can be rewritten as
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the convex combination 6, = 355, + }16 s;- Hence if we let w = %6 n+ i& 1, be the probability

4
distribution to which process ¢ evolves by executing the leftmost a-labeled transition, from
s1 ~ t and s; ~ £ we can conclude that § g, ~T 7 and thus s ~ . <

These equivalences and preorders are approximated by relations that consider only the
behavior of the first k transitions steps.

Definition 2.17 (Up-to-k (bi)simulations, [17,104]). Assume a PTS (S, .A,—). Then:
1. The family of the up-to-k simulations £, for k € N, is defined inductively as:

a. 5p=SxS;
T

. a . .. a
b. sy tiff whenever s — 7 there is a transition ¢t — 7, such that 7 =

2. The family of the up-to-k ready simulations =, for k € N, is defined inductively as:

a. £;=8xS;

. a . o, . a
b. s I;§C al iff whenever s — 7 there is a transition ¢t — 7, such that s;?n , and

whenever s % then ¢ .
3. The up-to-k bisimulation ~ is the kernel of =.

Moreover, we define E,= [ | Sk, E,= [ | E}» and ~,= ] ~k.

k=0 k=0 k=0
Proposition 2.6 ([104]). On image-finite PTSs, the relation =, (resp.: E,,, ~,), coincides with
C (resp.: Cy, ~).

BISIMULATION METRICS

The quantitative analogue of the bisimulation game is defined by means of a functional B
over the lattice ([0,1]5*°, <). By means of a discount factor A € (0,1], B allows us to specify
how much the behavioral distance of future transitions is taken into account to determine
the distance between two processes [60,72]. The discount factor A = 1 expresses no discount,
meaning that the differences in the behavior between s and ¢ are considered irrespective of
after how many steps they can be observed.

Definition 2.18 (Bisimulation metric functional, [64]). Let B: [0,1]°*S — [0,1]* be the
function defined by

B(d) (s, t) =sup {H(A-K(d))(der(s, a),der(t, a))}
ac A

ford: SxS—[0,1]and s, t € S, with (A -K(d))(r,n") = A-K(d) (=, ).

We remark that since the sets der(s, a) and der(¢, a) are finite forall a€ A, s, t € S, due to
the image-finiteness assumption, the suprema and infima in the definition of the Hausdorff
pseudometric are always achieved, thus becoming maxima and minima, respectively. Hence,

considering that the lifting functional K is continuous, the continuity of the lifting functional
H is guaranteed [154].
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Figure 2.3: The bisimilarity metric assigns distanced (s, t) = %)L to processes s,t€ S.

It is not hard to show that B is monotone. Then, since ([0,1]°*, <) is a complete lattice,

by the Knaster-Tarski theorem B has the least fixed point. Bisimulation metrics are the
1-bounded pseudometrics being prefixed points of B [64]. The bisimilarity metric is defined
as the least fixed point of B, which is also the least prefixed point, and is a 1-bounded
pseudometric [64]. Hence, bisimilarity metric is the least bisimulation metric.

Definition 2.19 (Bisimulation metric, [64]). A 1-bounded pseudometricd: S xS — [0,1] is
a bisimulation metric if and only if B(d) < d. The least fixed point of B is denoted by d) and
called the bisimilarity metric.

Example 2.3. Consider the process s € S from previous Example 2.2 and the process t € S,
both represented in Figure 2.3. Assume a 1-bounded pseudometric d with d(nil, nil) =
d(sy, ) = d(sy, 13) = 0. It is then immediate to see that B(d)(s1, £2) = B(d)(s1, t3) = 0 and
B(d)(s1, 1) =B(d)(s1, ty) = 1. Furthermore, let der(t, a) = {m,m,} with m; = %&1 + A—i(?;2 and
Ty = %6t3 + %5&1- Then we have that K(d) (65,,m1) = % by the matching to; € 20(,, ;1) defined
by to(sy, f) = % and (s, ) = i. Analogously, we obtain K(d) (6,,72) = % by the matching
1, € W (8., 72) defined by w (s, 13) = 5 and w(sy, &4) = 3. Then the Hausdorfflifting allows us
to capture the distance between the nondeterministic choices in the sense that, since s has
a unique choice, the nondeterministic evolution of ¢ through the leftmost or the rightmost
branch determines the distance between ¢ and s, namely B(d)(s, t) = max{%/l, %/1} = %/1.
Hence, the 1-bounded pseudometric d is a bisimulation metric if it satisfies d(s;, t1) =
d(sy, ) =1 and d(s,t) = %/l. Furthermore the bisimilarity metric, as the fixed point of
functional B, assigns to processes s, t the distance d; (s, t) = %A. <

The kernel of d, is the probabilistic bisimulation, namely bisimilar processes are at
distance 0.
Proposition 2.7 ([155]). For processes s,t € S,dy (s, t) =0 ifand only if s ~ t.

The functional B allows us to define a notion of distance between processes that consid-
ers only the first k trasnsition steps.
Definition 2.20 (Up-to-k bisimilarity metric, [72]). We define the up-to-k bisimilarity metric
d’){ for ke N byd/’{ = B*(0).

Due to the continuity of the lifting functionals K and H, we can infer that also the
functional B is continuous, besides monotone, thus ensuring that the closure ordinal of B is

w [154]. Hence, the up-to-k bisimilarity metrics converge to the bisimilarity metric when
k — oo.
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Proposition 2.8 ([154]). Assume an image-finite PTS such that for each transition s — 1 we
have that the probability distribution n has finite support. Thend) =limy_ d/’{.

We also recall the following Lemma from [89], which will be useful in some proofs.

Lemma 2.9 ([89]). Let s and t be two processes such that init(s) # init(¢). Then, for all k > 0 it
holds thardX (s, 1) = 1.

2.4 LOGICAL CHARACTERIZATIONS

Modal logics are another tool that we can use to specify and compare the behavior of
processes as, in particular, they allow for an immediate expression of the desired properties
of processes. The logical characterization of a behavioral relation consists then in proving
both: the fact that the logic is as expressive as the relation and that the relation preserves the
properties of the processes, as expressed by the logic.

As discussed in Chapter 1, one of the contributions of this thesis consists in the definition
of a general approach to the logical characterization of behavioral metrics. However, to
obtain it we must first recall a few base notions on logical characterization of relations, that
will be useful for our dissertation.

ADEQUATE VS EXPRESSIVE CHARACTERIZATIONS

Since the seminal work [102] on the Hennessy-Milner logic, the strategy used to obtain
logical characterizations of behavioral relations has been pretty much always the same:
firstly we identify a process with the properties it enjoys and then we prove the relation
between processes by checking whether they satisfy the same properties. Accordingly to
which method we use to determine the set of properties satisfied by a process, we obtain
two different kinds of logical characterization.

Using the terminology of [141], we say that a characterization is adequate for a behavioral
relation ‘R if we obtain that two processes s, f are related by R if and only if they satisfy the
same formulae in the considered logic.

Conversely, a characterization is said to be expressive for R if for each process s we can
construct a particular formula ¢ in the logic, called the characteristic formula of s for R [97],
which is such that any process ¢ is in relation ‘R with s if and only if ¢ satisfies ¢s. Roughly
speaking, the characteristic formula of s for R can be considered as the representative of
the equivalence (or preorder) class of s. Intuitively, the characteristic formula for R may
not express all the properties satisfied by a process, but it subsumes all the properties whose
satisfiability is discriminating with respect to 'R .

Adequate characterizations are particularly useful in their contrapositive version: when-
ever there exists a formula that is satisfied by process s but not by process ¢, then we can
immediately conclude that s, f cannot be equivalent (or in the considered preorder). How-
ever, an adequate characterization would potentially require to check for infinitely many
formulae in order to establish the behavioral relation over processes. This is not the case
of expressive characterizations, in which it is sufficient to check for the satisifiability of a
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single formula. Indeed, the construction of characteristic formulae is neither immediate nor
always possible.

THE MODAL LOGIC L

As alogic expressing behavioral properties over terms, we consider the modal logic £ of [66],
which extends the Hennessy-Milner Logic [102] with a probabilistic choice modality.

Definition 2.21 (Modal logic £, [66]). The classes of state formulae £° and distribution
formulae L9 over A are defined by the following BNF-like grammar:

L: @u= Tlagl Nejl{ayy
jeJ
£d: yu= @ri(pi
iel

where: (i) ¢,¢;,¢; range over L®, (i) y ranges over £4 (ii) a € A, (iv) J is an at most
countable set of indexes with J # @, and (v) I is a finite set of indexes with I # @, r; € (0,1]
foreachieland ) ;¢;ri=1.

We shall write ¢, A ¢ for Njej@j with J ={1,2}, ripy @ ro@2 for @, rip; with I ={1,2},
and (a)g for (a) P;c;rip; with I = {i}, r; =1 and ¢; = ¢. Notice that instead of using T we
could use /\y. We decided to use T to improve readability.

Formulae are interpreted over a PTS.

Definition 2.22 (Semantics of £, [66]). Assume a PTS (7 (X),.4, —). The satisfaction relation
EcS (T () x LU (AT () x £Y) is defined by structural induction on formulae by

* =T always;

* t]=iff t = ¢ does not hold;

»*

ti= N\ojiffti=¢;jforall jeJ;
jeJ

* tE(yifft 2, 7 for a distribution 7 € A(T (2)) with = y;

* TT= @ rip; iff m =3 ;c;rim; for a family {m;};e; of distributions such that for each i € I
iel
whenever ¢ € supp(r;) then ¢ |= ¢;.

Dealing with £ is motivated by its characterization of bisimilarity, proved in [66] (see
Theorem 2.10 below), bisimilarity metric, proved in [41], and similarity and ready similarity;,
proved here (see Theorem 2.11 below).

Theorem 2.10 ( [66]). Assume an image finite PTS (T (£), A,—) and terms s, t € T (X). Then,
s ~ t if and only if they satisfy the same formulae in L°.

The characterization of ready similarity and similarity requires two subclasses of L.
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Definition 2.23. The class of ready formulae L, is defined as
Ly: @u= Tlal Nejl{ayy
jeJ

Prigi

iel

D
nE
<

I

where a stays for =(a) T, and the class of positive formulae L, is defined as

Ly @u= Tl ANejl{ay
jeJ
£y yi= Prios
iel

The classes £, and L are strict sublogics of the one proposed in [69] for the characteri-
zation of failure similarity and forward similarity [145]. In particular, the logic used in [69]
allows for arbitrary formulae to occur after the diamond modality.

We can show that our sublogics are powerful enough for the characterization of ready
similarity and similarity.

Theorem 2.11. Assume an image finite PTS (T (£), A,—) and terms s, t € T (X). Then:

1. st tiff for any formula g € L3, s|= ¢ implies t |= ¢.
2. sc tiff forany formulag € LS, s |= ¢ implies t |= .

Proof. We prove only the first item, namely the characterization of the ready simulation
preorder. The proof for simulation is analogous.

(=) Let @ € L;. We aim to prove that
whenever s, f and s |= ¢, then t |= ¢. (2.10)
We proceed by structural induction over .
* Base case ¢ = T. Then Equation (2.10) immediately follows.

* Base case ¢ = a. Then, by Definition 2.22, s |= a gives s 7614> Since s &, t, this implies
that ¢ 7% from which we draw ¢ |= a. Therefore, Equation (2.10) follows also in this
case.

* Inductive step ¢ = A jey@ ;. Then, by Definition 2.22, s |= A jey @ gives that s |= ¢ for
each j € J. Hence, by structural induction we obtain that ¢ |= ¢; for each j € J, thus
implying t |= A\ jeJPj- Therefore, Equation (2.10) follows also in this case.

* Inductive step ¢ = (a) @;¢; ri@;. Then, by Definition 2.22, s |= (a) @;c; rip; gives that
there exists a distribution 7 s.t. s LN g and 7g = @ierri;. Since SEr f, S N T
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implies the existence of a distribution 7; s.t. ¢ L rand 7, I;I ;. Hence, to derive
Equation (2.10) we need to prove that

i =E@rigi. (2.11)
iel

From 7 |= @jc;ri@; we gather that ms = ) ;o r;m; for some distributions 7; s.t. when-
ever s’ € supp(r;) then s’ £ ¢; (Definition 2.22). Moreover, by Definition 2.14 and
Proposition 2.3, 7 EI nmrand g =) ;¢ rim; together imply the existence of distribu-
tions 7 s.t. w; = ;e 17, and for each s’ € supp(;) thereis a t' € supp(n}) s.t. s &, 1.
Thus, from s’ C; ¢’ and s [= ¢;, structural induction over ¢; gives t' |= ¢;. Hence, for
each t’ € supp(r}) it holds that ' |= ¢; thus giving Equation (2.11). Therefore, we can
conclude that ¢ |= (a) @;c; ri¢; and Equation (2.10) follows also in this case.

(<) Assume now that, for any ¢ € L}, s |= ¢ implies ¢ |= ¢. We define the relation
R ={(s,0) | s = ¢ implies ¢ |= ¢ for all ¢ € L}}.

We aim to show that R is a probabilistic ready simulation.
Let s’R t. We aim to prove that

whenever s 7b¢> then ¢t 7bA (2.12)

whenever s - 7 s then there is a transition ¢ L s with SRTJI;. (2.13)

Assume first that s 7174. Then, by Definition 2.22, we derive s |= b. From sR t we gather 1 |= b

thus giving ¢ 7174 and Equation (2.12) follows.

Next, consider any transition s L s- To prove Equation (2.13) we need to show that there
exists a probability distribution 7, s.t. ¢ LN n; and g R ;. We recall that by definition of
lifting of a relation (Definition 2.14) we have 7 RT 7, iff whenever 7, = Y ier pi0s;, for some
set of indexes I, then 7, = } ;¢; p;6,, for some processes ¢; s.t. s; R t; for each i € I. Since it is
immediate to see that 73 = ¥ yesupp(r,) s ()0, by Proposition 2.3 to prove Equation (2.13)
we need to show that there exists a probability distribution 7z, s.t. 77 = 3 yesupp) ¥ s(Hmy
for a family of probability distributions {71 ¢} yesupp(r,) S-t. whenever ¢’ € supp(rry) then s’ R ¢'.
Thus, let us consider the set

Mq=1{n| tLaam= Y. ms(smy A 3s esupp(ry), ' €supp(g): s’ Rt}

s'esupp(rs)

Our aim is to prove that there is at least one probability distribution 7; € der(t, a) which
does not belong to the set I1; ;.

By construction, for each 7 € II; , there are some processes s; € supp(ms) and t7’r €
supp(y ) and a ready state formula ¢, for which s = @r but t, |~ ¢,. Thus, for each
s’ € supp(ms) we have s’ = A\ ¢r. Moreover, for each 7 € I1; , with s/, = s’ there is

{nell; qlsy=5"}

some #, esupp(y)s.t. tp = N\ @n

{mell; q4lsp=s'}
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Consider now that ready state formula

p={a) @ ﬂs(sl) /\ Pr.

s'esupp(rrs) {mells qlsh=5'}

Then, it is clear that s |= ¢ thus implying ¢ |= ¢, as by hypothesis s R ¢. From ¢ |= ¢ it follows
that there exists a distribution 7; s.t. ¢ N 7 and

mE @ #h N ex

s'esupp(rs) {mell; qlsh=5"}

namely 7 = ¥ gesupp(r,) (87, for some distributions 7', s.t. whenever ¢’ € supp(rr),) then
= JA\ ¢n. Consequently, 7, ¢ I1; , and hence for all s’ € supp(rs) each ¢’ € supp(r’))

(el ol sp=5"}
is such that s’ R t’. Therefore, from Proposition 2.3 we obtain § ¢ 'R,TT[; , and consequently
(from the same Proposition 2.3) 7 Rin t,» thus proving Equation (2.13). [ |
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‘We demand rigidly, defined areas of doubt
and uncertainty!

Douglas Adams,
The Hitchhiker’s Guide to the Galaxy

CHAPTER

S$0S-based Modal Decomposition on Nondeterministic
‘Probabilistic ‘Processes

@ne of the main concerns in the development of a meta-theory of process languages is
to guarantee their compositionality, that is to prove the compatibility of the language
operators with the behavioral relation, chosen for the application context. In algebraic
terms, this compatibility is known as the congruence (resp. precongruence) property of the
considered behavioral equivalence (resp. preorder) R, which consists in verifying whether
f(t,..., ) R f(ty,..., ;) whenever t; Rt} forall i = 1,...,n, for any n-ary operator f.

The SOS framework plays a crucial role in supporting the compositional reasoning
and verification: a rule (or specification) format [34,63,98,99, 162], is a set of syntactical
constraints over SOS-rules ensuring the desired semantic properties of the transition system
derived from them. For instance, in [54] it is proved that probabilistic bisimilarity is a
congruence for all operators defined by a transition system specification in PGSOS format
[26] (cf. Chapter 2.2).

Moreover, as outlined in Chapter 1.1, we can combine the SOS framework with the
logical characterization of a behavioral relation to favor the compositional reasoning: modal
decomposition of formulae exploits the characterization of an equivalence to derive the
compositional properties of the system. Roughly speaking, the definition of the semantic be-
havior of processes by means of the SOS framework allows for decomposing the satisfaction
problem of a formula for a process into the verification of the satisfaction problem of certain
formulae for its subprocesses (see [33,80,82-85,125]). The decomposition of a formula ¢
with respect to a term ¢ is defined by a set 1 (¢)) of decomposition mappings ¢ assigning to
each variable x in ¢ a proper formula ¢(x). These are obtained by means of the notion of
ruloid [34], namely inference transition rules that are derived from the SOS specification
and define the behavior of open processes in terms of the behavior of their variables. Then,
in [33, 80,82, 84, 85], the decomposition of modal formulae is used to systematically derive
expressive (pre)congruence formats for several behavioral equivalences and preorders from
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Decomposition Decomposition
method . method
: Vb + Logical
characterization

o) =¢ TN » o' (D¢

et 1(P)st. o(x) = &) , 0'(x) F&x)
V(’;c € var(t) g VY x € var(t)

Logical

Hypothesis + .haracterization

Figure 3.1: General schema to prove that (x) Ra’(x) for all x € var(t) implies o (t) Ra' (1),
by combining a logical characterization of R with the related modal decomposition.

their (adequate) modal characterizations. Informally, it is proved that the construction of
the ruloids preserves the syntactic restrictions imposed by the considered rule format and
thus that the decomposition of formulae in a certain class produces formulae in the same
class. The (pre)congruence result then becomes an immediate consequence of the logical
characterization of the considered behavioral relation, as schematized in Figure 3.1. Further,
in [90] the semantic model of reactive probabilistic labeled transition systems [161] is con-
sidered and a method for decomposing formulae from a probabilistic version of HML [137]
characterizing probabilistic bisimilarity with respect to a probabilistic transition system
specification in the format of [116, 117] is proposed.

The purpose of this Chapter is to extend the SOS-driven decomposition approach to
processes in the PTS model. All modal logics developed so far for the PTS model are equipped
with modalities allowing for the specification of the quantitative properties of processes
(cf. Chapter 2.4). In essence, this means that some modal formulae are (possibly indirectly)
evaluated on distributions. In order to decompose this kind of formulae, we introduce an
SOS-like machinery, called distribution specification, in which we syntactically represent
open distribution terms as probability distributions over open terms. More precisely, our
distribution specification, consisting in a set of distribution rules defined on a signature,

will allow us to infer the expression © 4. t whenever a closed distribution term © assigns
probability weight g to a closed term ¢. Then, from these distribution rules we derive
the distribution ruloids, which will play a fundamental réle in the decomposition method.
In fact, as happens for ruloids on terms, our distribution ruloids will allow us to derive

expressions of the form © 4, t, for an arbitrary open distribution term © and open term f,
by considering only the behavior of the variables occurring in ®. Hence, they will allow us to
decompose the formulae capturing the quantitative behavior of processes since through
them we can relate the satisfaction problem of a formula of this kind for a closed distribution
term to the satisfaction problem of certain derived formulae for its subterms. We stress
that our distribution ruloids can support the decomposition of formulae in any modal logic
for PTSs and moreover our distribution specification can be easily generalized to cover
the case of models using sub-distributions in place of probability distributions (see for
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instance [115,126,127]).

We present the decomposition of formulae from the two-sorted boolean-valued modal
logic £ [66] and from its two subclasses of formulae £, and £, introduced in Chapter 2.4.
Finally, to show the robustness of our approach we apply it to derive the congruence theorem
for probabilistic bisimilarity with respect to the PGSOS format and the precongruence
theorem for probabilistic ready similarity and similarity with respect to the PGSOS format
and the positive PGSOS format, respectively.

The contribution of this Chapter can be summarized as follows:

1. We present new logical characterizations of probabilistic ready similarity and similarity
obtained by means of two sublogics of £, resp. £, and £, (Theorem 2.11).

2. We define an SOS machinery for the specification of the probabilistic behavior of
processes, which can support the decomposition of any modal logic for PTSs.

3. We develop a method of decomposing formulae in £ and in its sublogics £, and £
(Theorem 3.12 and Theorem 3.14).

4. We derive (pre)congruence formats for probabilistic bisimilarity, ready similarity and
similarity by exploiting our decomposition method on the logics characterizing them
(Theorem 3.15).

ORGANIZATION OF CONTENTS

In Section 3.1 we introduce the SOS-like machinery for the specification of the behavior
of distribution terms and in Section 3.2 we define the two classes of ruloids: the P-ruloids,
built on a PGSOS specification P, and the distribution ruloids, derived from a distribution
specification. Section 3.3 is the core of this Chapter and provides our decomposition method
which allows for the derivation of the (pre)congruence formats for probabilistic bisimilarity,
ready similarity and similarity as shown in Section 3.4. In Section 3.5 we give an hint on
how we can apply our decomposition method to the derivation of congruence formats for
probabilistic weak semantics. Finally we end with some conclusions and discussion of
related and future work in Section 3.6.

3.1 DISTRIBUTION SPECIFICATIONS

In this section we develop an SOS-like machinery consisting of a set of inference rules,
called Z-distribution rules, through which we syntactically represent open distribution
terms as probability distributions over open terms. Informally, these rules allow us to infer

the expression © <. t whenever a closed distribution term © assigns probability weight g to
a closed term t. More precisely, the idea behind X-distribution rules is as follows: assuming

that the distribution variable p is characterized as the distribution {u i, x; | i € It and the
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distribution variable v as the distribution {v — x i | j € J1, then the Z-distribution rule

i . qj .
wlxilien w-Lxjljen
qi-qj

{ulv xilxj|i€I,j€]}

allows us to describe the behavior of the distribution term p | v as a probability distribution
over the open terms x; | x;. As we will see in Definition 3.1 below the weights and the pattern
of the target terms in the conclusion are chosen accordingly to the syntactic structure of
the distribution term being the source. For this reason, the Z-distribution specification,
namely the set of Z-distribution rules on a signature X, depends solely on the chosen
signature. We also notice that for each possible interpretation of y and v as distributions
we obtain a different Z-distribution rule having p | v as source. However, we will show that
under a suitable notion of provability, the X-distribution specification correctly specifies
the semantics of closed distribution terms. Moreover, our X-distribution specification will
play a fundamental réle in the decomposition method. In fact, in Section 3.2 from the
X-distribution rules we will derive the Z-distribution ruloids, which will allow us to derive
expressions of the form © 2, ¢t for an arbitrary open distribution term © and open term
t from the behavior of the variables occurring in ©®. We remark that our X-distribution
specification can be exploited also to decompose formulae of any logic offering modalities
for the specification of the probabilistic properties of processes. Moreover, it can be easily
generalized to cover the case of sub-distributions, which are usually considered alongside a
weak semantics for processes [126, 127].

2-DISTRIBUTION RULES

A distribution literal is an expression of the form © 4, t, with ® e DT(Z), g € (0,1] and
t € T(Z). Given a set of (distribution) literals L we denote by lhs(L) the set of the left-
hand sides of the (distribution) literals in L and by rhs(L) the set of right-hand sides of the
(distribution) literals in L.

A set of distribution literals {® i, ti | i € I} is a distribution over termsif ) ;c;q; =1 and
all terms ¢; are pairwise distinct. This expresses that the possibly open distribution term
© e DT (2) is the distribution over possibly open terms in T(Z) giving weight ¢g; to f;. Given
an open distribution term © € DT (X) and a distribution over terms L = {© &N tiliel}we
denote the set of terms in rhs(L) by supp(®) ={f; | i € I} € T(X).

Our target is to derive distributions over terms { &N t; | i € I} for a distribution 7 €
A(T (X)) (which coincides with a closed distribution term) and closed terms ¢; € 7 () such
that: (i) {7 i, tilieltifand onlyif n(f;) = g; forall i € I, and (ii) {7 i, t; | i € I} is obtained
inductively with respect to the structure of 7. To this aim, we introduce the XZ-distribution
rules and the Z-distribution specification.

Let 8y, := {0 | x € Vs} denote the set of all instantiable Dirac distributions with a variable
as term, and 9,9;, ... denote distribution terms in DT (X) ranging over V; U 6y,. Then, for
arbitrary sets Sj,...,S,, we denote by X?zl S; the set of tuples k = [sy,..., s,] with s; € S;. The
i-th element of k is denoted by k(i).

40



3.1. Distribution specifications

Informally, to define X-distribution rules we adopt a positive GSOS-like format: the
source term can contain at most one operator symbol from X and the premises poten-
tially bind the behavior of distribution variables and Dirac deltas occurring in the source.
Accordingly to the term structure of the source, we will distinguish three types of rules:

1. Axioms for Dirac deltas over process variables. In this case, for each x € Vs, 04 is
characterized as the distribution assigning probability weight 1 to the process variable
X.

2. Rules having as source a distribution term of the form f(9,,...,9,) for f € ¥ and
9; € V4Uby, foreachie€ {1,...,n}. In this case, given a particular characterization of
each 9; in the premises, f(9;,...,9,) is characterized as the distribution assigning
a positive probability weight g only to process terms of the form f(x,...,x,) with
x; € supp(9;) for each i € {1,...,n}. The weight g is obtained as the product over

i €{l,...,n} of the probabilities g; with 9; i, X; in the premises.

3. Rules having as source a convex combination ) ;c; p;9;, with 9; € V; U 6y, for each
i € I. In this case, given a particular characterization of each 9; in the premises,
Y ie1 pidi is characterized as their convex combination, namely the distribution that
assigns to each x € Vs the probability weight g =Y ;¢; pi9;(x).
We are now ready to formally define our Z-distribution rules.
Definition 3.1 (Z-distribution rules). Assume a signature X. The set R of the Z-distribution
rules consists of the least set containing the following inference rules:

1.

{0x EN x}
for any state variable x € Vs;

. 1U {ﬁiﬂ’xi,ﬂje]i}
=1,..,1

1=1,..,

{f(alr-'-ran) ﬂ f(xl,k(l);---»xn,k(n))

ke X Jiand gy = H Cli,k(z‘)}

izlv'"rn i=1,...,n

where:

. feZandrk(f)=n,

a
b. the distribution terms 93, ...,9, are in V; U6y, and are all distinct,

0

. foreach i =1,...,n the state variables x; ;'s with j € J; are all distinct,

o

. foreachi= 1,...,nwehaveZ]-€]l. qi,j =1
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3.
i) .
U{ﬂi —5 xijlj 611}
iel
{Zpiﬂiﬂx‘xﬂxi,jliEI/\J'E]i}andCIx= > Pi'%j}
iel i€l jej;s.t. Xi j=X
where:

I is an at most countable set of indexes,
the distribution terms 9; with i € I are in V; Uy, and are all distinct,

for each i € I the state variables x; ;s with j € J; are all distinct,

o n T o

foreach i € I we have }_je;, qi,j = 1.

Then, the Z-distribution specification (Z-DS) is defined as the pair Dy = (%, Rx).

For each Z-distribution rule rp, all sets above the line are called premises, notation
prem(rp), and the set below the line is called conclusion, notation conc(rp). Then, we name
the distribution term on the left side of all distribution literals in the conclusion of rp as
source of rp, notation src(rp), and the set of the terms in the right side of all distribution
literals in the conclusion as target, notation trg(rp).

Example 3.1. An example of a Z-distribution rule with source u | v is the following:

1/4 3/4 1/3 2/3
u—x1, p— xo} {v—y, v—>y0!}

1/12 1/6 1/4 1/2 ’
plv——xily, plv—xily2, plv—x2ly1, plv—x21)2

However, we remark that also

1/2 1/2 1/2 1/2
{u—x1, p—x2} v—2z;, v—> 2}

1/4 1/4 1/4 1/4
plv—xilz1, plv—xlz2, plv—x2lz1, plv—x2l2

is a well defined Z-distribution rule for p|v.
As another example, a Z-distribution rule for the distribution term 1/3u+1/2v+1/66,
is of the form

1/2 1/2 2/3 1/3 1
w—x, p—2z {v—y v—2z {6,—7
{1 +lv+l(5 RIERp E +1v+16 5, ! +1v+16 1—/2>z}
gh T3V 50  gHTRY T T TSV E0e

<«

Remark 3.1. We notice that by Definition 3.1.2, the only Z-distribution rule for a constant
function c € X is of the form

p =

—
c—c

In fact, as the set of arguments of ¢ is empty, we have prem(rp) = ¢ and moreover, by
convention, [[5 g =sup g =1.
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3.1. Distribution specifications

All premises in a Z-distribution rule are distributions over terms. This is immediate for
rules as in Definition 3.1.1, follows by constraints 2c and 2d for rules as in Definition 3.1.2
and follows by constraints 3¢ and 3d for rules as in Definition 3.1.3. We can show that also
the conclusion is a distribution over terms.

Proposition 3.1. The conclusion of any Z-distribution rule is a distribution over terms.
Proof. We proceed by a case analysis over the form of Z-distribution rules.

e 1 1
* For X-distribution rules rp = {6, — x}, for some x € Vs, and rp = {¢c — ¢}, for some
constant function c € X, the thesis is immediate.

* Consider a X-distribution rule rp as in Definition 3.1.2. Then, to prove the thesis we
need to show that }_ kex J; Gk = 1. We have

X a= ) (ﬁqi,km)

kex? J; kex? | J; i=1

1
=
g
2

where Y kex? J; (]'['l.‘:1 qi, k(i)) =117, (Z jes; di, j) follows by the distributive property of
the summation with respect to the product and can be formally proved by induction
over n, with inductive step ZkeX;1=—11 Ji (]‘[‘;;11 qi_(,-)) = ]‘[‘i‘;l1 (Z jer 4qi, j), as follows:

> (ﬁ%,k(i)):ZCIn,J‘( > (nl:[lcli,k(i)))

kEX;.lzlfi i=1 J€n kex‘l.‘:‘ll],- i=1

n-1
= Z qn, j( H ( Z qi, ])) (inductive step)

J€Jn i=1 " jeJ;

* Finally, consider a X-distribution rule rp as in Definition 3.1.3. Then, to prove the
thesis we need to show that }_ ¢y, jlietnien dx = 1. We have

qx = 2 ( > Piqi,j)

xe{x; jljeli,iel} xe{x; jljeli,iel} = i€ljel;
s.t. xi,j:x
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Chapter 3. SOS-based modal decomposition on PTSs

= ZPi( Z 6Ii,j)

iel xelx; jljelj,iely
JeJj st Xj j=x
= Z pi( Z qi,]-) (Vi€ Ithe x; ; are distinct)
iel jE]i
iel
=1.

REDUCTIONS

The following notion of reduction with respect to a substitution allows us to extend the
notion of substitution to distributions over terms and, then, to Z-distribution rules. Roughly
speaking, whenever a substitution maps the right-hand sides of two or more distribution
literals in a set L to the same term, then L is reduced to the set L' in which those literals are
substituted by a single distribution literal whose weight is given by the sum of their weights.

Definition 3.2 (Reduction with respect to a substitution). Assume a substitution o and a set
of distribution literals L = {® i, ti | i€ I}. We say that o reduces L to the set of distribution
literals L' = {o(©) —& tj | j € J}, or that L' is the reduction with respect to o of L, notation
o(L) =L, if:

* for each index j € J there is at least one index i € I with o (¢;) = tj;

* the terms {z; | j € J} are pairwise distinct;

* for eachindex j € ], we have g; = Z{iEIIO’(t,-)=tj} qi-

A reduction with respect to o of a distribution over terms is, in turn, a distribution over
terms.

Proposition 3.2. For a substitution o and a distribution over terms L, the set of distribution
literals o (L) is a distribution over terms.

Proof. The thesis follows directly by the definition of o (L). In fact, if we let o(L) =

qj . L .
(0O =+ tj | j € J}, then the targets ¢; are pairwise distinct by construction and moreover
we have

Ya=x( ¥ a
jeJ jeJ {lEI|0’(ti):l’j}

:Z%’

iel

=1 (L is a distribution over terms).
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3.1. Distribution specifications

Definition 3.3 (Reduced instance of a ~-distribution rule). The reduced instance of a >-
distribution rule rp with respect to a substitution o is the inference rule o (rp) defined as
follows:

1. If rp is as in Definition 3.1.1 then o (rp) is the X-distribution rule

Bt = o)}

2. If rp is as in Definition 3.1.2 then o (rp) is the X-distribution rule

i=1,..,

i=1,.n i=1

.....

{f(o'(ﬂl),---»a'(ﬁn)) A, f(tl,K(l)r---r Laxm)) | K € X H;and qx = H qi,K(i)}
n

i qi,j .
where {0(9) % ;| he Hi} = 0(10; —5 xi. | j € JiD.

3. If rp is as in Definition 3.1.3 then o (rp) is the X-distribution rule

Jio ) it tin| he Hi}

iel

{Zpia(ﬁi)ﬂt‘te{t,-,hlieIAheH,-}andqt: Z Pi'Cli,h}

iel ieInheH; s.t. t; p=t

i, qi,j .
where {0(9) 5 1, | he Hi} = o(10; —5 xi ;| j € ;D).

Example 3.2. Consider the Z-distribution rule rp for the distribution term p | v given in
Example 3.1 and consider the substitution o with

o(x)=x o(x2) =x oc(yy)=y o(y2) =nil

where nil denotes the process that cannot perform any action. Then we have that the
reduced instance of rp with respect to o is given by

owox oLy ow il

o(rp) = .
{G(MIV)ﬁxly, a(uIV)Z—/g’»xlnil}

<

Notice that Proposition 3.2 ensures that the premises of o(rp) are distributions over
terms. We can show that also the conclusion of ¢ (rp) is a distribution over terms.

Proposition 3.3. Let D5 be the Z-DS. The conclusion of a reduced instance of a Z-distribution
rule in Dy is a distribution over terms.

Proof. The thesis immediately follows from the definition of reduced instance of a
X-distribution rule (Definition 3.3), Proposition 3.1 and Proposition 3.2. |
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Chapter 3. SOS-based modal decomposition on PTSs

SEMANTICS OF DISTRIBUTION TERMS

We conclude this Section by showing that the Z-distribution specification correctly defines
the semantics of closed distribution terms as probability distributions over closed terms as
outlined in Chapter 2.2.

Definition 3.4 (Proof from the X-DS). A proof from the 2-DS Ds of a closed distribution
over terms L is a well-founded, upwardly branching tree, whose nodes are labeled by closed
distributions over terms, such that the root is labeled L, and, if § is the label of a node q and
IC is the set of labels of the nodes directly above g, then K/ is a closed reduced instance of
a Z-distribution rule in Ry.

A closed distribution over terms L is provable from Dy, notation Dy + L, if there exists a
proof from Ds for L.

Example 3.3. Consider any signature X containing the operator of synchronous parallel
composition | and let Ds be the Z-DS built on it. We want to show that given a proper closed
substitution o, the distribution over terms

(300 + z%) = %5,;3 +58.) | 6t5) By,
235+ 20,)+ 2(L0y 2500 164) S 115
2S5+ 26,)+ 2(20,+ 2500 164) - 1l 1)

is provable from the X-DS. To this aim let us consider the following proof structure: the
different instances of the Z-distribution rules and the arrows between them constitute the
proof tree, and the labels of its nodes are given by the closed substitution o defined below.
We decided to use as nodes the Z-distribution rules instead of using solely the distributions
over terms being their conclusions, to improve readability.
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3.1. Distribution specifications

Or 21} {6y, - x2) By, = nl 18,y 15,5 2
1y, = x1} 105, — X2} 16y, = y1} 18, = 3}
/
i6x1 + %5962 S X1y %6)/1 + %6y2 ==, i
3/
305 +30x, = 30y +50y, B V2

{1 5, Y1, k1 23, Y2} {va L z}

173
pilvi—yilz

2/3
pilvi— 21z

—

1/4 3/4 1/3 2/3
(o — X1, o — X2} {Vo — w1, Vo — wo}

1/10 2 3 3/10
X1, sH2+ 5V — X,

2 3
sM2 T 5V2

2 3 1/5 2 3 215
sM2+5V2 — Wy, sH2 +5V2 — W2

Notice that we can assume, without loss of generality, that all the variables occurring in the
Z-distribution rules above are distinct. Then, we consider the closed substitution o with
ox))=t1 o=t oyd=13 o=l 0(@)=1
o) =304, +56,, o(vy) =6y,

cw) =61t ow)=tslts o) =218,+36, oW2)=0E6,+26,)104.

Therefore, we can conclude that Dy + L. <

Since XZ-distribution rules have only positive premises, the set of the distribution over
terms provable from the Z-DS is unique [160]. The following result confirms that all proba-
bility distributions over 7 (X) can be inferred through the Z-DS.

Theorem 3.4. Assume a signature X. Let n € DT(X) be a closed distribution term and
{tm}mem S T (2) a set of pairwise distinct closed terms. Then

Dzl—{ﬂ—q—"l—»tmlmeM}<:>f0rallm€Mith0ldsn(tm):qm and Z qm = 1.

meM
Proof. (=) We aim to prove that
Ds+ (1 2% 1, | me M} implies 71(t,n) = gy forall me Mand Y. g =1. 3.1)
meM

We proceed by induction over the length of a closed proof y of {n m, Iy | me M} from Ds.
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* Base case |y| = 1. Since the only distributions over terms derivable in one step are
the closed reduced substitution instances of distribution axioms, we have one of the
following two cases:

1. m = 6; for some ¢ € 7 (X). The only Z-distribution rule defining the instan-

tiable Dirac function 6, is the distribution axiom rp = — (Definition 3.1.1),
{0 — x}
which should be reduced by a closed substitution o sxuch that o(x) = ¢, thus
giving 0 (rp) = ———— by Definition 3.3.1. Consequently the hypothesis Dy -
t— I}

{n R t,, | m € M} instantiates to Dy F {0, L t} for which Equation (3.1) is

straightforward.

2. m = cfor some constant operator c € X. From Remark 3.1, the only 2-distribution
rule defining the behavior of constant operator c is the distribution axiom rp =

, which is reduced to o (rp) = ——— by Definition 3.3.2, independently
{fc—c} {fc—c}
on the substitution o. Therefore, we can conclude that the hypothesis Ds

{m m, L, | m € M} instantiates to Dy + {c L ¢} for which Equation (3.1) is
straightforward.

* Inductive step |y| > 1. We can distinguish two cases, based on the structure of the
closed distribution term 7.

1. n=f(ry,...,m,), forsome feXand n; € DT(X) for i = 1,...,n. Then, the bot-
tom of the closed proof y is constituted by the closed reduced instance of a
X-distribution rule rp € Ry of the form

b qi,j
U9 —=x;j1jei
i=1

n n
{f(ﬁly---;ﬁn) Ik, fx1k@y - Xnkm) | kK€ lei and g =[] ch',k(i)}
i= i=1

(see Definition 3.1.2) with respect to a closed substitution o with o(9;) = ;. By
Definition 3.3.2 we get that o(rp) has the form

n qi,h
Utni — t;n | he H}
i=1

q v n
{f(nl»---»ﬂn) = f(ELx() - o> bugem) ’ k€ X H;and g = Qi,x(z’)}
i=1 i=1

where
* tipisaclosedtermine 7 (Z) foralli e I and h € H;, since o is closed;
* foreach i = 1,...,n, the closed terms ¢; ; are pairwise distinct for h € H;,

since {m; Ain, tin | h € H;} is obtained as o ({9; IR xi,j | j € Ji}) and we
apply Proposition 3.3.



3.1. Distribution specifications

* there is a bijection f: X7?_, H; — M with f(f1xq),---» fnxm) = o and gx =
qjx) for each x € X}_, H;.

For each i =1,...,n there is a proof shorter than y for {r; in, tin |l he H;} from
Ds. By the inductive hypothesis, this implies that

gin=mi(t;p) forallhe Hiand ) g;p=1.

heH;
In particular, we have that for each x € X7?_, H;
qixi) = i (Li k(i) (3.2)
from which we draw
sx) = gk (by definition of )
n
= H qi,x (i) (by definition of gy)
i=1
n
= H 7 (T xc () (by Equation (3.2))
i=1
=w(f (L) Inxm)) (= fOry,...,m)
= (L)) (by definition of §).

Summarizing, we have obtained that g, = n(t,,) for each m € M. Moreover, we
have that

Y dm= Y. Grigm

meM meM

Y

n .
KeX?_ | H;

=1 (by Proposition 3.3)

thus giving Equation (3.1).
. =) jerpiniforsomen; e DT(X), p; € (0,1] foreach i € I and ) ;c; p; = 1. Then,
the bottom of the closed proof y is constituted by the closed reduced instance of
a Z-distribution rule rp € Ry of the form
qi,j .
Ut —= xi,; 1 je i}

iel

{Zpiﬁiﬂx‘xe{xi,jliEI/\jE]i}andc]x: Z piQi,j}

iel iel,jej;s.t. Xj,j=X

(see Definition 3.1.3) with respect to a closed substitution o with o (9;) = m;. By
Definition 3.3.3 we get that o (rp) is of the form

i,
iz SN tinlhe H;}

iel

{Zpi”iﬂ’u‘ue{ti,hHEI/\heHi}andCIu: > Pi%‘,h}

iel iel,heH; st. t; p=u
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where

* t; pisaclosed term in 7 () for all & € H;, since o is closed;

* for each i € I the closed terms ¢; ;, are pairwise distinct for i € H;, since
{m; in, tin | h € H;} is obtained as o ({9; A, xij | j € Ji}) and we apply
Proposition 3.3;

* there is a bijection §: {t; , | i € IA h € H;} — M with u = ) and g, = gju)
foreachue{t;,li€eIANhe H}.

For each i € I there is a proof shorter than y for {r; Ain, tin| he H;} from Ds. By
the inductive hypothesis, this implies that

Gin=mi(t;p) forallhe Hiand ) g;p=1. (3.3)
he H;
Then, we have
G5(w) = qu (by definition of f)

Z Pidin

i€l,heH;,s.t. t; p,=u

Z pimi(tin) (by Equation (3.3))

i€el,heH;,s.t. t; p=u

> pimi(u)

iel,heH;,s.t. t; ,=u
=) pimi(w)
iel
=m(u)
= 70 (L)) (by definition of §).

Summarizing, we have obtained that g, = 7(¢,,) for each m € M. Moreover, we
have that

Z qdm = Z di-1(m)
memM

meM
= Z qu
ue{t; ylhe H;,iel}
=1 (by Proposition 3.3)
thus giving Equation (3.1).

(<) We aim to prove that

n(tm) = gm forallme Mand ) ¢, =1imply Dy {n At 1 me M. (3.4)
meM

We proceed by structural induction over 7 € DT ().
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* Base case m = §; for some t € 7 (X). Consider the Z-distribution rule rp ;

{6x — X}
(Definition 3.1.1) and a closed substitution o such that o (x) = ¢. By Definition 3.3.1

we get that o(rp) is of the form —, from which we can directly conclude that

{6, — 1}
Ds F{6; L t}, thus giving Equation (3.4).

* Inductive step 7 = f(my,...,7m,) forsome n; e DT (X) foreachi =1,...,nand f € Z. For
each i =1,...,nthereis a set of indexes M; such that:

1. w;(t;,m) = qi,m forall me M;,
2. ZmEM,- qi,m =1 and

3. the terms t; ,,, € 7 (X) are pairwise distinct for each m € M;.

Let M = X7_, M;. We have supp(7) = {f (f1,k1),--» fnxw) | ¥ € M} and

n n
Gx =7 (f(t1 1), -0 Engem)) = l_[ i (L)) = H qix()
i=1 i=1

for each x € M. Hence, to prove Equation (3.4) we need to exhibit a proof of the
distribution over terms {f (71,...,7,) e, ft k@), ---» taxmy) | K € M} from Ds.
By the inductive hypothesis, for each i = 1,...,n from items (1)—(3) above we get
qi,m
Ds F{m; — t;m | me M;}. (3.5)
Consider the X-distribution rule rp

" qi,m
Ui —= xi,m | me M;}
i=1

n
{f(ﬁly---ylc)n) ﬁ’ f(xl,K(l)»---rxn,K(n)) x € M and qx = H qi,K(i)}
i=1

as in Definition 3.1.2 and a closed substitution o with o (9;) = 7; and o (x; ;) = £; ; for
each i =1,...,nand m € M; so that the closed reduced instance of rp with respect to
o is of the form:

n qi,m
Ui = tim | me M}
i=1

. )
qx
{f(ﬂl,---,ﬂn) — f(tix)r-or nxm) | K € M and gy = H Qi,x(i)}

i=1

We observe that trg(o(rp)) = supp(r) and since the premises of o (rp) are provable
from Dy (Equation (3.5)) we can conclude that

qx
Ds E{f(m1,...,mq) — f(t1xq),---» bax) | K € M}

thus proving Equation (3.4).
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* Inductive step 7 =) ;c; pin; forsome n; e DT (X), p; € (0,1] and Y ;¢; p; = 1. For each

i € I there is a set of indexes M; such that for each m € M; such that

1. 7wi(tim) = qi,m;
2' ZmEMi qi,m = 1 and

3. the terms ¢; ,, € T (X) are pairwise distinct for each m € M;.

Let T ={t; | i € I and m € M;}. We have supp(n) = T and

Gu:=n(w) =) pimi(u) = Y Pidim

iel iel,meM;,t; m=u

for each u € T. Hence, to prove Equation (3.4) we need to exhibit a proof of {n A |
ue T} from Dy.

By the inductive hypothesis, for all i € I by items (1)-(3) above we get

DsFim % ¢ | me Myl (3.6)

Consider the X-distribution rule rp

qi,m
J19i == xim | me M;}

iel

{Zpiﬁiﬂx‘xe{xi,mlielAmeMi}andqx= Y piqi,m}

iel iel,meM; s.t. xj n=x

as in Definition 3.1.3 and a closed substitution o with o (9;) = n; and o (x; ) = t; ,,, for
each i € I and m € M; so that the closed reduced instance of rp with respect to o is of
the form:
qi,
Uimi —= tim | me M;}

iel

{Zpi”iﬁ’u‘METandqu: > piqi,m}

iel iel,meM;st. t; p=u

We observe that trg(o(rp)) = supp(r) and since the premises of o (rp) are provable
from Dy (Equation (3.6)) we can conclude that

DzI—{Zpiniﬂul ueTand g, = Y piqim}

iel iel,meM; s.t. t; m=u

thus proving Equation (3.4).



3.2. Ruloids and distribution ruloids.

3.2 RULOIDS AND DISTRIBUTION RULOIDS.

In this section we introduce the concept of ruloid [33,34], namely a derived inference rule
with an arbitrary term as source allowing us to deduce the behavior of that source term
directly from the behavior of the variables occurring in it. This feature makes ruloids funda-
mental for the decomposition method. The characterization theorems seen in Chapter 2
(Theorem 2.10 and Theorem 2.11) assert that each formula satisfied by a process captures
a different aspect of its behavior. Hence, the aim of a decomposition method, which we
recall is to reduce the satisfaction problem of a formula for a process to the satisfaction
problem of derived formulae for its subprocesses, can be restated by saying that we need to
find a method to relate the behavior of a process to the behavior of its subprocesses. This
is where ruloids play their role: they give us the constraints, expressed as premises of an
inference rule, that the closed instances of the variables occurring in the source term of the
ruloid must satisfy in order to guarantee that the closed instance of the source term behaves
accordingly to the considered formula.

Formally, in this Section we introduce P-ruloids, namely the class of ruloids built from a
PGSOS-PTSS P, and the Z-distribution ruloids, namely derived Z-distribution rules allowing
us to infer the behavior of any distribution term directly from the behavior of the variables
occurring in it. We prove that both classes of ruloids are sound and specifically witnessing
[34], that is they completely define the behavior of all open (distribution) terms. More
precisely, with Theorem 3.6 (resp. Theorem 3.10) we will prove that a closed literal « (resp. a
distribution over terms L) is provable from a PGSOS-PTSS P (resp. the Z-DS) if and only if
(resp. L) is a closed instance of the conclusion of a P-ruloid (resp. Z-distribution ruloid).

RULOIDS

Ruloids are a generalization of PGSOS rules that allow us to infer the behavior of all open
terms directly from the behavior of their variables. A ruloid has an arbitrary open term as
source, and positive and negative premises for the variables occurring in that term. Ruloids
are defined by an inductive composition of PGSOS rules. In detail, from a rule r and a
substitution o, a ruloid p with conclusion o (conc(r)) is built as follows: 1. for each positive
premise « in o (r), either we put @ among the premises of p, if the left side of « is a variable,
or, otherwise, we take any ruloid having a as conclusion and we put its premises among the
premises of p; 2. for each negative premise a in o (r), either we put @ among the premises of
p, if the left side of « is a variable, or, otherwise, for each ruloid p’ having any literal denying
a as conclusion, we select any premise 8 of p’, we take any literal ' denying 8, and we put
p' among the premises of p.

For a PGSOS-PTSS P = (2, A, R), let Lit(P) denote the set of literals that can be built with
terms in T(Z) UDT(Z) and actions in \A.

Definition 3.5 (Ruloids). Let P = (£, A, R) be a PGSOS-PTSS. The set of P-ruloids R” is the
smallest set such that:
a
x M

a
xX—u

isa P-ruloid forall xe V5, ae Aand ueVy;
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* For a PGSOS rule r € R of the form

X i lie Lme My {x—2|ielne N}
f(xl)---)xn)igl

and a substitution o with o(x;) = t; fori = 1,...,nand o(®’) = O, the inference rule

U Hi,mU U Hz’,n

iel,meM; iel,neN;

flty,..t) =0

is a P-ruloid if the following constraints are satisfied:

. . a;
* for every positive premise x; —— f; , of r

« either o(x;) is a variable and H; ;;, = {0 (x;) i, o(uim},
Hl’,m

o (X)) 22 o (i)

« or thereis a P-ruloid p; ,, =

. . Qi,n,
* for every negative premise x; —# of r

« either o(x;) is a variable and H, , = {0 (x;) —-1,

e orHin= opp(pick(ﬁ%ﬁ(xi)yai 1)), where:
i. RP € P(P(Lit(P))) is the set containing the sets of premises of

0(Xi),ai,n
all P-ruloids with conclusion o (x;) 29 for any distribution term
0 € DT (), formally

%P

o(x;),ai,n

= {prem(p) | p € R and conc(p) = o (x;) L 9 forf e DT ()},

ii. pick: P(P(Lit(P))) — P(Lit(P)) is any mapping such that, given any sets
of literals L with k € K, pick({L | k € K}) = {l;. | k € K A I € Li}, namely
pick selects exactly one literal from each set Ly,

iii. opp: P(Lit(P)) — P(Lit(P)) is any mapping satisfying opp(L) = {opp (/) |
I € L} for all sets of literals L, where opp(#’ L0)=t %, and opp(t =2
) = ' = 0 for some fresh distribution term 6, namely opp applied to any
literal returns a denying literal;

* the sets of the right hand side variables in H; ,, and H; ,, are all pairwise disjoint,
formally rhs(H; ) nrhs(H k) # @ for any h € M; UN; and k € M; U N; implies
h=kandi=j.

Notice that P-ruloids having a process variable x as source (first item of Definition 3.5
above) state that the only way to derive x — p is to directly prove this literal from P.

Example 3.4. From the rules in Example 2.1 specifying the synchronous parallel composition
| and probabilistic alternative composition +,, we derive the following ruloids for term
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x+p(yl2):
xop y xop z
a a
X+p(yla)—u X+p(yl2) —p
x> yiv z5w xiu yiv z5 0
x+p(y|z)iv|v x+p(y|z)ipp+(1—p)(v|v)

We describe the construction of the first ruloid.

Accordingly to the second PGSOS rule in Example 2.1, whenever the term x makes an a-
move to the distribution variable y and the term y|z cannot execute action a, then the term
X +p (y1z) makes an a-move to u. As the left-hand side of the positive premise x Louis
already a variable, then there is nothing more to do. Conversely, the left-hand side of the
negative premise y|z — is a term. By Definition 3.5 we need to consider all the PGSOS rules
having a literal y|z 4, O, for some O in DT (X), as conclusion, namely any proper instance
of the first rule in Example 2.1. Then we need to choose one premise for each of those
rules, for instance the one having y as left-hand side, and deny the ones we have selected.
In our example, from this construction we obtain the single negative premise y - whose
left-hand side is a variable and thus concludes the construction of the first P-ruloid for the
term x +, (y|z2). |
We can show that if the PTSS is positive then also the derived ruloids are positive.
Lemma 3.5. Let P be a positive PGSOS-PTSS. Then all the P-ruloids in R” are positive.
Proof. The proof follows immediately from Definition 3.5 by noticing that since no rule
in P contains negative premises, then the function opp is never applied. Therefore positive
literals are never transformed into negative. |

The following result states that ruloids completely define the behavior of all open terms.

Theorem 3.6 (Ruloid theorem). Assume a PGSOS-PTSS P, a closed substitution o, a term
t € T(2) and a closed distribution term®' € DT(Z). Then P+ o (1) = ©' ifand only if there are

a P-ruloid and a closed substitution o' witho'(t) = o (1), 0’ (©®)=0" and P+ o' (H).

r <

Proof. We proceed by structural induction on the term ¢ € T(X).

Basecase: t=x€V;.
a

(=) The thesis follows immediately for the P-ruloid x;»_u

xX—u

and any closed substitution

o’ with o' (x) = o(x) and ¢’ (u) = @'.
a
(<) Accordingly to Definition 3.5, a P-ruloid having x as source is of the form ol ; K
xX—pu

Thus, from o' (x) = o(x), ¢'(u) =0©" and P - ¢'(x) Lo (1) we can immediately infer that
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Chapter 3. SOS-based modal decomposition on PTSs

Prox) < 0.

Inductive step: t= f(ty,...,t,) € T(Z) for some n-ary operator f.

(=) We proceed by structural induction over a closed proof y of o () Z 0 from P.
The bottom of the closed proof vy is constituted by a PGSOS rule r € R of the form

ai,m

(X " i i€ I, me MU (x; - | i€ I,n€N;)

FX1, X)) = v
together with a closed substitution ¢ such that:
1. ¢(x;) =0o(t;) foreachie€ I;
2. ¢c(v)=0;
3. forall i € I and m € M; there is a proof shorter than y of ¢(x;) o, G(ui m) from P;

4. foralli eI and n € N; there is a proof shorter than y of ¢(x;) 24 from P.

Let ¢o be any substitution with ¢ (x;) = t; for each i € I. Considering that ¢(x;) = o (t;) =
0(co(x;)), from items (3) and (4) above we get that P - o (o (x;)) i, G¢(Wim), forieland
me M;, and PF o(co(x;) —2% forie Iand ne N;.

Consider any o (¢o(x;)) i, ¢(ui,m). By the inductive hypothesis, there are a P-ruloid

Hi,m

aj,m
Golxij) — Gi,m

and a closed substitution a’i " with
* 0} (60(x:)) = 0(6o(x:),
* 0, (0im) =¢(ui,m), and
* P ogym(Hi,m).

Let us consider now any ¢o(x;) 24» . By definition, P F o(co(x;)) 24» only if P ¥

o(co(x:) i, n for any m € DT (Z). By structural induction on ¢y (x;) = ¢;, this implies that
for all P-ruloids of the form
%Gi,n

Aaj,n
Go(xi) — O
and for all closed substitutions o with 0" (o (x;)) = 0 (6o (x;)), it holds that P ¥ 0" (He, ).
We can distinguish two cases.

a) There is a negative literal ae, , in He, , such that P i 0" (ae, ,) for any closed substitution
o' with 0" (¢o(x;)) = 0(¢o(x;)). Then the completeness of P ensures that there are at least
one positive literal fg, , denying ae, , and one closed substitution 02 , with O'Ii’ 2 (Go(x)) =
o(co(x;)) s.t. P 0'1-,,,(/3(9,,,,)-
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3.2. Ruloids and distribution ruloids.

b) The closed instances of negative literals possibly occurring in He, ,, with respect to all
closed substitutions ¢” with o (¢o(x;)) = 0(co(x;)), are provable from P. In this case,
since the condition P ¥ 0" (He, ,) holds for all closed substitutions o as above, we can
infer that there is at least one positive literal in He, ,, say ae, ,, s.t. P ¥ 0" (ae,,) for
all such closed substitutions ¢”. In detail, if we assume wlog. that @, , is of the form
¥ 2, v for some y evar(co(x;)) and v € V;, then we have obtained that given any closed
substitution ", with 0" (¢o(x;)) = 0(co(x;)), we have P ¥ ¢”(y) — n for any 7 € DT (Z).
By completeness of P, this implies that P+ ¢”(y) + . In general, given a literal o in
denying ae, , and any closed substitution O"iyn with O'Ii'n(Co(xi)) =0(co(x;)), we obtain
that P07  (Be,,)-

Therefore, if we consider H; , = Ue,, Bo;, and we take a closed substitution o’ , as
described in the two cases above, then we obtain

Pra;,(Hin).

We remark that since we are working with a countable set of variables, we can always
assume that the variables in rhs(H; ;) for i € I and m € M; and the variables in rhs(#; ;) for
i € I and n € N; are pairwise disjoint. Moreover, all those variables are disjoint from var().
Therefore, we can define a closed substitution ¢’ as follows:

1. d'(y)=o(y) forall y € var(z);
2. 0'(p = Uli (1) for all u e rhs(H; ), with i € I and m € M;;
3. 0w = 0;. , () for all p e rhs(H; ), with i € I and n € Nj.

Then define
H= U /Hi,mU U /H,',n.

iel,meM; iel,neN;

Moreover, let ¢y be a substitution with ¢; (x;) = ¢; and ¢ (4;, ) = O; ;, forall i € I and m € M;.

We can show that the P-ruloid 2

fltny ) 561 ()

together with the substitution o’ satisfies the required properties:

1. First we prove that o' (f(f,..., ) = o(f(f,..., ty)). This immediately follows from
o'(y)=a(y) forall y evar(f(ty,..., tn)).

2. Then we prove that P + ¢'(#), which is derived from the following considerations:

Hi,m

aim
Go(xi) — Ojm
for all i € I and m € M;. Indeed, assume any index i € I and m € M;. Since

var(f(fy,..., ) = ‘l.‘:lvar(ti) = U’;‘:lvar(c()(xi)), and, moreover, o and ¢’ agree

onvar(f(ty,..., ;) we obtain that o’(¢co(x;)) = 0(¢o(x;)) for each i € I. Moreover,

a. Substitutions o’ and ¢’ = agree on all variables occurring in
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Chapter 3. SOS-based modal decomposition on PTSs

by construction we have that O"l-,m(C()(xi)) = 0(¢o(x;)), thus giving o’ (¢o(x;)) =
o’ . (Go(x;)), namely ¢’ and ‘7,1', ., agree on var(co(x;)). Then, by definition o’ and
o’ _m agree on all variables in H,; .. Finally, as var(8;,,,) < var(co(x;)) Urhs(H;,m)
we can infer that ¢’ and a’l., ., agree also on var(©;,,).

b. With a similar argument we obtain that ¢’ and o”; , agree on all variables occur-

ring in L forallie Iand ne N;j.

Go (xz) ﬁi’

c. Byitem 2a above, forall i € I and m € M; o’ agrees with ¢, on all variables in
Hi m, hence P - 0 (7—[ i m) implies P+ o' (H; m). Analogously, by item 2b above,
for allieland n € Nl o’ agrees with a , on all variables in H; ,, hence P I

. (H;n) implies P+ o'(H; n). Then, smce H =Uier,mem; Hi,m UlUiermen; Hin
we can conclude that P - o' (H).

3. Finally, we prove that o’/(¢;(v)) = @'. Notice that the substitutions ¢y and ¢; agree
on var(f(ty,..., t;)) thus giving o(co(x;)) = o(¢1(x;)) for all i € I. Then we have that
o'(c1(x)) = 0'(t)) = o(¢tj) = ¢(x;) for j =1,...,n. Moreover, since o' and 0 ., agree
on var(0; ,,), we can infer that o’(¢; (y;, m)) =0'(O;m) = Ol m(©@im) = C(Mz m) for
all i€ I and me M;. Asvar(v) € {x1,...,Xp} U{ltim | me€ Ml,z e [}, it follows that
o'ciw)=¢) =

H
t &
d'(t) = o(1) and 0'(©) = ©'. We note that the thesis P - o(t) — @' is equivalent to P
o' (1) = o' (@).
Accordingly to Definition 3.5, let r and o be resp. the PGSOS rule and the substitution
from which p is built, namely let r be of the form

(<) Assume that there a P-ruloid p = and a closed substitution ¢’ with P + ¢'(H),

Ai,m

= i mli€e L me M} {xj—2b i€, ne N}
f(xl,...,xn)iG)"

r =

for I={1,...,n}, and o be such that o¢(x;) = t; and 0(®") = ©. Then p is of the form

iel,meM; iel,neN;
a
[, ) —©

p =
where:
o . ai,m
* For every positive premise x; —— ; , of r:

* Bither o¢(x;) is a variable and H,; ,,, = {00 (x;) L o (Wim)} = {t; RIS (i, m)}-
Hence from P - ¢/ (H) we can directly infer that P - o' (¢;) Lim, o' (o0 (Wi,m))-
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3.2. Ruloids and distribution ruloids.

Hi,m _ Hi,m

ai,m - a,m
oo(x;)) ——oo(im) ti—— 0o(lim)
o'(H) implies P + o' (H; ), by structural induction on ¢; we can infer that P -

* Or there is a P-ruloid p; , = . Since P +

o' (1) 2 o (0o (Wi m)).-

We can therefore conclude that the closed instances with respect to ¢’ o o of the
positive premises of r are provable from P.

. . a';
* For every negative premise x; —# of r:

* Either o¢(x;) is a variable and H; , = {00(x;) QA} = {t 24» }. Hence from
P o' (H) we can immediately infer that P - o’ (#;) 24»
* Or H;, = opp(pick(R” ) namely (see Definition 3.5) for each P-ruloid p’

oo(xi),a;,
such that conc(p’) = o (x;) i, 0, for any 0 € DT (X), we have that H; , contains
at least one literal denying a literal in prem(p’). Hence, since P - ¢'(H) implies
Pt o'(H; ), we can infer that P I/ ¢’ (prem(p’)). Hence, the structural induction

on gg(x;) = t; (case (=)) gives that P i/ o'(t;) i, o' (0¢(0)), for any 0 € DT (),
thus implying P + o' (¢;) U

We can therefore conclude that the closed instances with respect to ¢’ o o of the
negative premises of r are provable from P.

We have obtained that all the closed instances with respect to ¢’ o g of the premises of r
are provable from P and therefore we can infer that there is a proof from P of 0/ (t) = ¢/(0),
which concludes the proof. [

Clearly, an analogous result holds if we restrict our attention to positive PGSOS-PTSSs.
Corollary 3.7. Let P be a positive PGSOS-PTSS. Then P+ o (1) = @' for t€ T(2), ® € DT(Z)
and o a closed substitution, iff there are a positive P-ruloid
o' withP+ad'(H),o'(t) =a(t) and o' (©) = 0.

Proof. The proof follows immediately from Lemma 3.5 and Theorem 3.6. |

and a closed substitution

a

r—

DISTRIBUTION RULOIDS

2-distribution ruloids are a generalization of Z-distribution rules and define the behavior
of arbitrary open distribution terms. More precisely, they allow us to infer the behavior
of a distribution term as a probability distribution over terms from the distribution over
terms that characterize the behavior of the variables occurring in it. Similarly to P-ruloids,
a X-distribution ruloid is defined by an inductive composition of X-distribution rules and
the left-hand sides of its premises are the variables occurring in the source, which is an
arbitrary open distribution term. As the Z-DS is positive, the definition of Z-distribution
ruloids results technically simpler than that of P-ruloids.
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Chapter 3. SOS-based modal decomposition on PTSs

Definition 3.6 (Z-distribution ruloids). Let Dy = (Z, Ry) be the Z-DS. The set of Z-distribution
ruloids R* is the smallest set such that:

* The inference rule
1
{5x - X}

{0« i’ x}

is a Z-distribution ruloid for any x € V;

* The inference rule 0
u—x;liel}

qi .
w—xiliel
is a Z-distribution ruloid for any u € V;, provided that ) ;c; g; = 1 and all variables x;
with i € I are distinct;

* For a Z-distribution rule rp € Ry of the form

dij .
U 0 —>xijljeli

i=1,..,n

{f(ﬁl;---;ﬁn)ﬂf(xl,k(l)y---:xn,k(n)) ‘ ke X Jiand qk = I1 qi,k(i)}

i=1,..,n i=1,.,n

as in Definition 3.1.2 and a substitution o with o (rp) of the form

qi,
U ©; =% 1,1 he Hy

i=1,...,n

{f(@)l;---;@n)ﬁ’f(tl,K(l):---;tn,K(n))‘Ke X Hiandgc= [] %‘,K(i)}

i=1..n i=1,...n

(see Definition 3.3.2), the inference rule

qx
{£©1,..,00 L= Fltix), s tnxw)

KE X Hiandgc= [] ‘Ji,K(i)}

i=1,.,n i=1,..,n

is a X-distribution ruloid if for each i = 1,...,n we have that:

% either ©; is a variable or a Dirac distribution and H; = {©; in, tinlhe H,
Hi .
qdi,h ’

{©; —tinlhe Hj}

* or there is a Z-distribution ruloid plD =

* For a Z-distribution rule rp € Rs of the form
qi,j .
Ut —= xij1je i}
iel

{Zpiﬁiﬁ’x‘xe{xi,ﬂiEI/\je]i}andqx: Y pi'qi,j}

iel iel,jej;s.t. xj j=x
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3.2. Ruloids and distribution ruloids.

as in Definition 3.1.3 and a substitution o with o (rp) of the form

ai,
LJie; SN tinlhe Hj}

iel

{Epioi ™ u|ueiuplicinne Hjandg,= ¥ pi-ginf

iel iel,heH; s.t. t; p=u

(see Definition 3.3.3), the inference rule
U,
iel

{Ypioitu|ueiyplicinne Hjandgu= Y pi-gin

iel iel,he H; s.t. Lip=u

is a X-distribution ruloid if for every i € I we have that:

# either Q; is a variable or a Dirac distribution and H; = {®; in, tinlheH,
Hi
qdi,h :
{©; —= tjn | he H;}

# or there is a Z-distribution ruloid p? =

Similarly to the case of process variables, the Z-distribution ruloids having a Dirac delta
or a distribution variable as source (resp. first and second item of Definition 3.6 above) state
that to derive {0 L x} and {u i, x; | i € I} these distributions over terms have to be directly
provable from the Z-DS.

Example 3.5. Consider the distribution term % U+ %(vlv) (which is an instance of the target
of the fourth P-ruloid in Example 3.4). Then, we can build the following X-distribution
ruloid:

1/3 2/3 1
v—y, v— o} v—2}
1/4 3/4 1/3 2/3
{u—x1 U — x} vlv— y1lz vlv — 2|z}

1 3 1 2

{g +§(v|v) 0, x z +§(v|v) 0, x z +§(v|v) > Izg +§(Vlv) : IZ}'
M5 LEHTE 25HTy maghTy Y2

Proposition 3.8. The conclusion of a Z-distribution ruloid is a distribution over terms.

Proof. As the conclusion of a Z-distribution ruloid coincides with the conclusion of a
reduced instance of the X-distribution rule on which the >-distribution ruloid is built, the
thesis follows immediately from Proposition 3.3. |

The inductive construction of ruloids with respect to the structure of distribution terms,
gives the following Lemma.
H

o is such that:
{©—t,, | me M}

Lemma 3.9. Any X-distribution ruloid

1. forallpeV,, pevar(®) iff u is the left-hand side of a premise in H,;
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Chapter 3. SOS-based modal decomposition on PTSs

2. forallx e Vs, x e var(0) iff b is the left-hand side of a premise in H;
3. Umemvar(t,,) =rhs(H).

Proof. The proof follows by structural induction over the source term © e DT (). |

The following result states that X-distribution ruloids define completely the behavior of

all open distribution terms.

Theorem 3.10 (Distribution ruloid theorem). Assume the ~-DS Dy, a closed substitution
o, a distribution term © € DT (X) and closed terms t,, € T () with m € M pairwise dis-

tinct. Then Dy  {o(0©) Am, tm | m € M} if and only if there are a X-distribution ruloid
H

© 2"y, | me M}

and a closed substitution o' with o'(®) = 0(0), o'(uy,) = t, for each

me€ M and Ds + o' (H).
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Proof. We proceed by structural induction over © e DT (X).

1. Base case: O is a Dirac distribution ® = § , for some x € V;.

(=) The thesis follows immediately for the XZ-distribution ruloid

{0x i’ x}

{0x l’ x}

and the closed substitution ¢’ = o.

(<) By Definition 3.6 the only possible Z-distribution ruloid for © has the form

{0x L%

{6xLX}.

Thus the thesis follows immediately from Ds o’ ({0« L x}) and the choice of o”.

. Base case: © is a variable u € ;.

(=) The thesis immediately follows for the X-distribution ruloid

" x lme My

2 x| me My

and the closed substitution ¢’ with ¢'(u) = o (u) and o’ (x,) = t,, for each m e M.

(<) By Definition 3.6 the considered Z-distribution ruloid for ® has the form

"l me My

2 x| me My

Thus the thesis follows immediately from Dy F o’ ({u m, X, | m € M}) and the choice
ofo’.



3.2. Ruloids and distribution ruloids.

3. Inductive step © = f(Oy,...,0,) forsome f € X and ©; e DT(Z) fori=1,...,n.

(=) First of all, we recall that by Theorem 3.4 we have Dy F {0 (0) m, t,, | me M} iff
o(©)(ty) = gm for each m e M and }_ ,,cp gm = 1. Thus, for the particular choice of
0(®), we have that the closed terms ¢, are of the form ¢,, = f (1,1, ..., tn,m) for some
{timli=1,....n} T (%), for me M, so that t; ;,, € supp(c(0;)) for each m € M. Next,
let us consider a closed proof y of {o(®) Am, tm | me M} from Dy. The bottom of y is
constituted by the closed reduced instance of a Z-distribution rule rp € Ry of the form

b qi,j
U0 —=xij1jei}
i=1

n n
{f(ﬁl,.--,ﬁn) Ik, FX1k@) -+ Xn k) | k€ X Jiand gk = [ | Cli,k(i)}
i=1 i=1

with respect to a closed substitution ¢ with ¢(9;) = 0(0;) for i = 1,...,n. More precisely,
let ¢(rp) be the inference rule of the form

n .
Uto©) ik, tin|he Hi}

i=1

n
{£(@©D,...000) L= flt1x0),- taxw) [ € X H; and g, =
i=1

1

n
Cli,K(i)}‘
=1

where

* each set {0(©;) ik, ti n | h € H;} is the reduction with respect to o of the corre-

sponding set {9; A, xiiljeTi

* there is bijection f: X}_, H; — M with #; x(;) = t; j«) foreach i =1,...,n,

* foralli=1,...,nthereis a proof shorter than y of {o(0;) i, tinl he H;} from
Ds.

Let ¢ be a substitution with ¢¢(9;) = ©; for i = 1,...,n. Considering that ¢(9;) =
0(0;) =0(5o(9;)), wehave ¢(9;) = o(co(9;)) fori =1,...,n. Asaconsequence, {o(¢o(9;)) ih,
tinl he H;}fori=1,...,n, is provable from Dy with a proof shorter than y. Hence,

by structural induction over each ©; = ¢o(9;), for each i = 1,...,n there are a Z-
distribution ruloid

Hi
qi,h
{co(0;)) — u; | he H;}

and a closed substitution o; with

a. 0i(o0)) =0(5o[1),
b. oi(u;p) =t;p and
c. Dsto;(H)).

Consider a closed substitution ¢’ with
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Chapter 3. SOS-based modal decomposition on PTSs

* 0'(() =0o(() for all { € var(0®),

* o'(ths(H;)) =o;(rhs(H;)) foralli=1,...,n
andlet’H = U‘l.‘:1 H;. Moreover, let ¢1 be a substitution with ¢, (9;) =0; and ¢ (x; ;) =
u;  for some h € H; accordingly to the reduced instance ¢(rp), forall i =1,...,nand

J € Ji. We recall that o (u; x(;)) = tix(i) = tijo) for each i =1,...,n and we show that
the X-distribution ruloid

H

n
{f(©,...,0y) s, furxqy -« Unxm) 1 K € X Hj}
i=1

together with the substitution ¢’ satisfies the required properties:

a. First we prove that ¢'(®) = ¢(0). This immediately follows from ¢’({) = o ({) for

all { € var(0).
b. Then we show that Dy + ¢’ (), which is derived from the following considera-
tions:
i. Notice that var(®) = 'l?zlvar(@i) = 'l.‘zlvar(cO(ﬁi)). Thus, since ¢ and ¢’

agree on var(®) we obtain that ¢’(¢o(9;)) = 0(¢o(9;)) for each i = 1,...,n.
Moreover, by construction we have that o;(co(9;)) = 0(co(9;)) for each
i =1,...,n, thus giving 0’ (co(9;)) = 0i(co(9;)) for each i = 1,...,n. Further,
by definition ¢’ and ¢; agree on all variables in rhs(H;). As by Lemma 3.9.3,
rhs(H;) = Upen, var(u; ), we can conclude that o’ and o; agree on all vari-
Qi,hHl
{Go(0i) — u;nl he Hi}
ii. As by the previous item we know that o’ agrees with ¢; on all variables in
‘H; and Ds + o;(H;), we infer that Ds - ¢’ (H;), for i = 1,...,n. Then, from
H =U}_, Hi, we can immediately conclude that Dy - o' (H).

ables occurring in foreachi=1,...,n.

c. Finally, we prove that o'(f(11,x(1), ..., Unxm)) = tju for each x € X?_ H;. By
Lemma 3.9.3 we have that var(f (¢1,xq),---» Unxm))) S rhs(H). In addition, we
have

* var(u; x(;)) € ths(H;);

* o' agrees with o; on all variables in rhs(H;), foralli = 1,...,n;

* ths(H) =U;_, rths(H,;).
Therefore, we have that o’ (¢ x(i)) = 0 (Uj k(i) = tixi) = tijx) foreachi=1,...,n
and for each x € X?_, H;. Hence, we can conclude that for each x € X?_, H; we
have O',(f(uLK(l), ceey un,K(n))) = tf(K).

(<) We aim to show that Dy F {o(0) m, tm | m € Mj}. To this aim it is enough to show
that Ds | {0’ (®) m, o' (um) | m € M} which, since the closed terms t,, are pairwise
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3.2. Ruloids and distribution ruloids.

distinct by the hypothesis, by the choice of ¢’ is equivalent to Dy + {o(©) Am, tmlme
Mj.

Notice that by the choice of ® we have that the open terms u,, are of the form u,, =
fur,m,-.., un,m) for some {u; n, | i =1,...,n} €T (X) for m € M, so that u; ,,, € supp(©;)
for each m e M.

Accordingly to Definition 3.6, let rp and o be resp. the Z-distribution rule and the
substitution from which pP is built, namely let rp be of the form

U 0=l je s

ke X Jiand gy = Qi,k(i)}
i=1 i=1,..,n

..... n i=1

.....

as in Definition 3.1.2 and o be such that o (rp) is of the form

i,
' U {®i—h’ui,h|h€Hi}

{f(gl;---;gn)ﬂ’f(ul,K(l),---’un,K(n))‘KE X Hiandgc= [] CIi,K(i)]f
i=1

----- n i=1,..,n

.....

.....

Then pP is of the form

D _ i=1,..,n
(f©1,....,00) % u,y | me M)

where for each i = 1,...,n we have that:

ih
* Either 0y (9;) = ©; is a variable or a Dirac distribution and H; = {©; L uipl
ih
h € H;}. Hence from Dy + o' (H) we can immediately infer that Dy - o’/ ({0; e,
uipn | heH).
Hi
qdi,n

{oo(9) — u;pl he Hi}
o' (H) implies Dy - o' (H;), by structural induction on ®; we can infer that Dy -

o' (10; L i | he Hy).

* Or there is a Z-distribution ruloid pl.D = . Since Ds -

Hence, we have obtained that the closed instances with respect to ¢’ o g of the
premises of rp are provable from Ds and therefore we can infer that there is a proof

from Ds of {¢/(®) A, o (um) | m € M}. By the choice of o/, we can conclude that
Ds 0@ ™ ¢, | me M.
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4. Inductive step @ =) ;c;p;O; for some ©; e DT(X), p; € [0,1] forie I and ) ;c; p;i = 1.

(=) First of all, we recall that by Theorem 3.4 Ds I {0 (©) m, | me M}iff o (O)(ty,) =
dm and Y e pm Gm = 1. Thus, for the particular choice of o(0), we have that the closed
terms t,, are such that {z,, | m € M} = U;¢;supp(c(0;)). Next, let us consider a closed
proofy of {o(©) Am, tm | m € M} from Ds. The bottom of y is constituted by the closed
reduced instance of a Z-distribution rule rp € Ry of the form

qi,j .
Ut —= xij1je T}
iel

{Zpiﬁi&x|x5{xz}j|i€I/\j€]i}andqx: > piqi,j}

iel i€l je]is.t. x; j=x

with respect to a closed substitution ¢ with ¢(9;) = 0(0;) for i € I. More precisely, let
¢(rp) be the inference rule of the form

Jio©)) it tin| he Hi}
iel

{Ypo©) ™ uluetmyplicinheHiandgu= Y pidin}

iel iel,he H; s.t. Lip=u

where

* each set {o(©;) i, t; n | h € H;} is the reduction with respect to o of the corre-
. di,j .
sponding set {¢(9;) — ¢(x;, /) | j € Ji},

* there is bijection §: {t; , | h € H;,i € I} — M so that u = ;) foreach ue {t; ,| h e
H;,iel}and

* for each i € I there is a proof shorter than y of {o(0;) Ain, tin| he H;} from Ds.

Let ¢o be a substitution with ¢¢(9;) = ©; foreach i € I. Considering that¢(9;) = 0(0;) =
0(co(9;)), we have ¢(9;) = 0 (co(9;)) for each i € I. As a consequence, {0 (¢ (9;)) Ain,
tin | h € H;} for each i € I, is provable from Dy with a proof shorter than y. Hence,
by structural induction over each ©; = ¢o(9;), for each i € I there are a Z-distribution
ruloid
Hi
qdi,h
{co(09;)) — u; | he H;}

and a closed substitution o; with

a. Ui(Co(ﬁi)):U(Co('ﬁi))»
b. o;(u;pn) = t;p and
c. Dstoi(H;).

So let us consider a closed substitution ¢’ with

* o' (()=0() for all { € var(©),



3.2. Ruloids and distribution ruloids.

* o'(ths(H;)) =o;(hs(H;)) forallie I

and let H = U;e; H;. Moreover, let ¢; be a substitution with ¢, (9;) = ©; and ¢ (x; ;) =
u; j, for some h € H; accordingly to the reduced instance ¢(rp), forall j € J;,i € I. We
recall that o;(u; j,) = t; , for each h € H;,i € I. and we prove that the Z-distribution
ruloid

H
Y pi0 2 ulue ity he Hyie I}

iel

together with the substitution o’ satisfies the required properties:

a. First we prove that ¢/(®) = ¢(0). This immediately follows from o’ ({) = o ({) for
all { € var(0).

b. Then we prove that Dy ¢’ (#), which is derived from the following considera-
tions:

i. Notice that var(©) = U;c;var(©;) = Ujervar(co(9;)). Thus, since o and ¢’
agree on var(0) we obtain that o’ (¢o(9;)) = a(co(9;)) for each i € I. More-
over, by construction we have that g;(co(9;)) = 0(co(9;)) for each i € I,
thus giving 0'(¢o(9;)) = 0;(co(9;)) for each i € I. Furthermore, by defi-
nition ¢’ and ¢; agree on all variables in rhs(#;). As by Lemma 3.9.3,
ths(H;) = Upen, var(u; ), we can conclude that o’ and o; agree on all vari-

Hi

fco(0;) 2 ujplhe H;}

ii. As by the previous item ¢’ agrees with ¢; on all variables in #; and Dy
o;(H;), weinfer Ds o’ (H;), for each i € I. Then, from H = U;c; H;, we can
immediately conclude that Dy - o' (H).

ables occurring in foreachiel.

c. Finally, we prove that o’ (u) = tiw) foreach u e {t; | h€ H;,i € It. By Lemma 3.9.3
we have that var(u) € rhs(#). Furthermore, we have that
* var(u; ) Srhs(H;);
* o' agrees with ¢; on all variables in rhs(#;), for all i € [;
* rths(H) = Ujerrhs(H;).

Therefore, we have that o'(u; ) = 0 (u; ;) = t; , for each h € H;, i € I. Hence, we
can conclude that o’ (u) = tiw foreach ue {t; , | he H;,i € I}.

(«<) We aim to show that Dy - {o(0©) m, tm | m € Mj}. To this aim it is enough to show
that Ds F {0/ (®) Am, o' (um) | m € M} which, since the closed terms ¢, are pairwise

distinct by hypothesis, by the choice of ¢’ is equivalent to Ds + {o(0) m, L | me Mj}.
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Chapter 3. SOS-based modal decomposition on PTSs

Accordingly to Definition 3.6, let rp and o be resp. the Z-distribution rule and the
substitution from which pP is built, namely let rp be of the form

i, )
o — xi,jljeJit
i€

{Epiti2x|xetm licinjestanda= ¥ pidis)

iel iel,je];s.t. Xj,j=X

as in Definition 3.1.3 and o be such that o (rp) is of the form

qi,
Jte; % wip | he H
i€

{Epi0i "ty |umetuplicInhe Hyand gn= ¥ pi-qin}

iel i€l,heH; s.t. uj p=um

(see Definition 3.3.3). Then pD is of the form

UH:

D _ i€l
- dm
D pi®i = up | me M}
iel

where for each i € I we have that:

ih
* Either 0y(9;) = ©; is a variable or a Dirac distribution and H; = {©; LN uipl
ik
h € H;}. Hence from Dy + o’ (H) we can immediately infer that Dy - o' ({0; 2,
uip | he H}).
Hi
qdi,h

{o0(0) — u; | he Hi}
o' (H) implies Dy - o' (H;), by structural induction on ®; we can infer that Dy -

qi,
0'(10; =% ui g | he Hi}).

* Or there is a Z-distribution ruloid pl.D =

. Since Ds

Hence, we have obtained that the closed instances with respect to ¢’ o gy of the
premises of rp are provable from Ds and therefore we can infer that there is a proof

from Ds of {o/(®) S, o' (um,) | m € M}. By the choice of o/, we can conclude that
Ds Fi{o@®) I ¢, | me M.

Example 3.6. Consider the distribution term © = % U+ %(vlv) and the closed substitution o
with 0(®) = £(364, +368,,) +2((364, +564,) | 64,). Notice that g(0) is the source term of the
distribution over terms L in Example 3.3. Thus, we know that

1/10 3/10 1/5 2/5
Ds -{0(©) — 11, 0(O) — 1, 0(O) — 13|15, 0(O) — 14]15}.
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3.3. The decomposition method

Consider the -distribution ruloid pP for © given in Example 3.5

{,uixl uﬂxz} {v1—B>y1, vz—B>yz} {sz}

1 3 1 2 2

{g,u+§(v|v)l—_°>x gy+§(v|v)i>x gp+§(v|v)i>y |z —u+§(v|v)iy Iz}'
575 5Pty 25075 LA 2

We want to exhibit a proper closed substitution ¢’ such that p® and ¢ satisfy Theorem 3.10
with respect to o (0). Let

o'(x1)=1h ox)=t dy)=t d(y)=ts 0=t

o'(w) =16, +36,, o'(v) =364+ 364, o'() =6y,

Then we have
2 3 21 3 3(1 2

a'(®) = 50/(,11) + 50/(V|U) = g(iatl + Zétg) + g((gatg + §6t4) |5t5)-

Moreover
o' (nl2) = st o' (y212) = talts

thus giving that o’ (trg(pP)) = rhs(L). Finally, we remark that

* the proof presented for {o (1) L. o (i2) 314, 11 with o(u2) = 164, +26,, in Exam-

ple 3.3 gives us Dy + {0/ () o, o' (u) 2, by

* the proof presented for {o (1) 13, t3, o (1) 213, 4} witho(uy) = %5,;3 + %5t4 in Exam-

ple 3.3 gives us Dy - {a’(v) 13, t3, 0’ (v) 213, ta};

* the proof presented for {o(v;) L t5} with o(vq) = 64, in Example 3.3 gives us Dy

{0’ () > 15},

We have therefore obtained that Ds - ¢’ (prem(pP®)) and thus that p° and ¢ satisfy Theo-
rem 3.10 with respect to o(0). <

3.3 THE DECOMPOSITION METHOD

In this section we present our method for decomposing formulae in the classes £, £; and £
introduced in Chapter 2.4. To this purpose we exploit the two classes of ruloids introduced
in Section 3.2. In fact, the idea behind the decomposition of state (resp. distribution)
formulae is to establish which constraints the closed instances of the variables occurring in
a (distribution) term must satisfy to guarantee that the closed instance of that (distribution)
term satisfies the chosen state (resp. distribution) formula. Thus, since (2-distribution)
ruloids derive the behavior of a (distribution) term directly from the behavior of the variables
occurring in it, the decomposition method is firmly related to them.

Formally, starting from the class £, the decomposition of state formulae follows those
in [33,80,82-85,90] and consists in assigning to each term ¢ € T(X) and state formula ¢ € L®,
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Chapter 3. SOS-based modal decomposition on PTSs

a set of functions ¢: Vs — L%, called decomposition mappings, assigning to each variable x
in t a proper formula in £° such that for any closed substitution ¢ it holds that o (¢) |= ¢ if
and only if o (x) = {(x) for each x € var(¢) (Theorem 3.12). Each mapping ¢ will be defined
on a P-ruloid having ¢ as source, P being the considered PGSOS-PTSS.

Similarly, the decomposition of distribution formulae consists in assigning to each distri-
bution term © € DT (Z) and distribution formula v € £9 a set of decomposition mappings
n: V — L340 L3 such that for any closed substitution o we get that ¢(0) |= v if and only
if 0(0) = n({) for each ¢ € var(®) (Theorem 3.12). Each mapping n will be defined on a
2-distribution ruloid having © as source.

Finally, as £; and L, are subclasses of £, we will show how we can easily derive the
decomposition method for them from the one proposed for £ (Theorem 3.14).

DECOMPOSITION OF L

First we need to introduce the notion of matching for a distribution over terms and a
distribution formula, seen as a probability distribution over state formulae [41,66].

Definition 3.7 (Matching). Consider a distribution over terms L = {© Am, tm | me M} and
a distribution formula v = @;¢; rip; € L. A matching for L and v is a distribution over
the product space v € A(T(X) x £°%) having L and v as left and right marginals respectively,
thatis } ;e t0(tm, @) = gm forall me M and Y e prt0 (2, ;) = 1 for all i € I. We denote by
(L, w) the set of all matchings for L and .

Definition 3.8 (Decomposition of £). Let P = (%, .4, R) be a PGSOS-PTSS and let D5 be the
2-DS. We define the mappings

* L TE) - (L5 — PV, — L), and
* "LDTE) — L= PV — L)

as follows. For each term ¢ € T(Z) and state formula ¢ € £3, t 7 (¢) € P(Vs — L®) is the set of
decomposition mappings ¢: Vs — L° such that for any univariate term ¢ we have:

1. et Y(Miffé(x) =T forall x € Vs;
2. &e t71(n¢) iff there is a function f: ¢~ !(¢) — var(#) such that

{'efH(x)
T otherwise;

N\ & ifxevar(n)
$(x) =

3. ¢€ t_l(/\]-el @ ;) iff there exist decomposition mappings ¢ € t‘l((p]-) forall j € Jsuch
that

)= A\ ¢ forall xe V;
jeJ
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3.3. The decomposition method

4. & et ((ayy) iff there exist a P-ruloid —2 5 and a decomposition mappingn € © ! (y)
l’—)
such that:

AN Dnw A~ AN\ OT A nx
$(x) = xime?-l xret
T

if x e var(r)

otherwise;

5. fe(o()™! (¢) for a non injective substitution o : var(z) — V iff there is a decomposi-
tion mapping &’ € 1 (¢p) such that

N & ifxevar(y
f(x): yeo1(x)

T otherwise.

Then, for each distribution term © € DT(Z) and distribution formula v € £4, @71 (y) €

PV — L) is the set of decomposition mappings n: V — L such that for any univariate
distribution term © we have:

6. €O (@, rip;) iff there are a =-distribution ruloid H

in and a match-
{®— 1, | me M}

ing v € 2W({O Am, tm | me M}, @;crrip;) such that for all me M and i € I there is a

et ) ifw(tm, @) >0
decomposition mapping ¢, ; with S " (i) ( m.(Pz) and we have
Emi€ty, (T) otherwise

@ qj )\ &m,i(xj) if pevar(®)
qj i€l

a. forallpe Vg, n(u) = #—xjeH  meM

1T otherwise

/\ Emi(x) if x e var(0©)
b. forall xe Vs, n(x) =% <

meM

T otherwise.

7. n€ (0(0)) () for a non injective substitution o : var(®) — V iff there is a decompo-

sition mapping n’ € ®~! (y) such that for all { € var(o(0)) it holds n'(z) = n/(Z’) for all
z,Zz €071 (() and

0 = n'(2) if{evar(@(®)and ze o~ (()
“\T it gvar(o(O)).

We explain our decomposition method for the diamond modality for state formulae and

for distribution formulae. For the other modalities on state formulae, which do not directly
involve the quantitative properties of processes, we refer to [83].
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Chapter 3. SOS-based modal decomposition on PTSs

We discuss first the decomposition of a state formula ¢ = (a)w € £°. Given any term
t € T(Z) and closed substitution o, we need to identify in ¢ € ™! (¢) which properties each
o (x) with x € var(¢) has to satisfy in order to guarantee o (¢) |= ¢. By Definition 2.22 we have
that o (¢) |= ¢ if and only if P - o' (¢) - 7 for some probability distribution 7 such that 7 |= .
By Theorem 3.6 there is such a transition if and only if there are a P-ruloid H/t L ©and
a closed substitution ¢’ with ¢’(t) = o(¢) and (i) P+ o’ (H) and (ii) ¢’ (0) = w. The validity
of condition (i) follows if, for each x € var(¢), the literals in ‘H having x as left hand side test
only the provable behavior of o’ (x). More precisely, we need that ¢'(x) |= (b)n(u) for each
X b, u € ‘H, for a chosen decomposition mapping 7 € o1 (v) with o' (u) = n(u) for each
€ var (@), and that o’ (x) = ~(c) T for each x -+ € H. The decomposed formula ¢(x) is then
defined as the conjunction of such formulae. Moreover, we also add in ¢(x) a conjunct 1(x)
to capture the potential behavior of x as a subterm of the target term ©. Further, the choice
of n and its use in ¢ also guarantees that condition (ii) holds.

We discuss now the decomposition of a distribution formula v = @;¢; ri¢; € £4. Given
any distribution term © € DT(X) and a closed substitution o, we need to identify in n €
O~ !(y) which properties each o (() with { € var(®) has to satisfy in order to guarantee
0(0) = v. By Definition 2.22 we have that 0(0) = v ifand only if 0(©) =Y ;¢ rim; with £ |= ¢;
for all ¢ € supp(r;). Assume supp(o(®)) = {t;, | m € M} and 0(©)(¢,,) = ;- By Theorem 3.4,
this is equivalent to have Ds - {o(0) Am, tm | m € M} which, by Theorem 3.10, is equivalent

to say that there are a Z-distribution ruloid H/{© m, U;, | me M} and a closed substitution
o' with ¢'(®) = ¢(0) and (i) Dy + ¢'(H) and (ii) o' (u,,) = @; whenever o' (u,,) € supp(r;).
Since the weights g,, are univocally determined by the distributions over terms in ‘H and
moreover they already represent the exact probability weights of o(©), we define, for each
€ var(®) NV, the decomposition mapping n(u) using as weights the g; in the distributions

over terms {u A, xj} € H. Then, to guarantee condition (ii), we define to(u,,, ;) to be
positive if o’ (u,,) € supp(7;) so that we can assign the proper decomposed formula &, ; (x)
to each x € var(u,,) such that ¢’(x) = &,,; (x). Moreover, since each ¢’(u,,) may occur in the
support of more than one 7;, we impose that each x € var(u,,) satisfies the conjunction of
all the decomposed formulae ¢, ; (x). Therefore, also condition (i) follows.

Example 3.7. We exemplify two decomposition mappings in the set t~1(¢) for term ¢ =
X +2/5 (¥|z), which is the term considered in Example 3.4 with p = 2/5, and the formula
@ ={(a)y,withy = %(a)'l' ® %—' (a)T. As this example is aimed at providing a deeper insight
on the mechanism of our decomposition method, we will choose arbitrarily the ruloids and
the matching for the considered terms and formulae in order to minimize the number of the
mappings involved in the decomposition and improve readability. Let p be the last ruloid
for t in Example 3.4, © = % U+ %(vlv) denote its target, and pD be the X-distribution ruloid
for ® showed in Example 3.5. By Definition 3.8.4, the decomposition mappings ¢ € t!(¢)
built over p are such that:

¢(x) =(ayn(w) ¢(y) =<(ayn(v) ¢(2) =(ayn(v) (3.7)

wheren e o1 (v). Consider the matching tv € QU(conc(pD), v) for conc(pD) and ¢ defined
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3.3. The decomposition method

by
’ 10 ’ 10 y | ’ 5 I ’ 5.

For the terms and the formulae to which tv gives a positive weight, we obtain the decompo-
sition mappings in Table 3.1, where {3 and ¢, derive from Definition 3.8.2.

'@y T) = (61} &1(x) =(a)T, & (x) =T for all other x € Vg

X (@) T) = (€2} Ea(xp) =(a)T, &2(x) = T for all other x € Vg

E3(y1) = (a)T, E3(2) =T, &3(x) = T for all other x € Vs
1127 (@ T) = {£3,¢4}

E4(n) =T, ¢E4(2) = (a) T, &4(x) = T for all other x € Vs

(1212) L@y T) = (&5} $5(y2) =(a)T, {5(2) =(a) T, {5(x) =T for all other x € Vs

Table 3.1: Derived decomposition mappings

Next, we construct the decomposition mappings for the variable v in © with respect
to pP and tv. By Definition 3.8.6a we consider the weights of the premises of p” having

v as left-hand side, namely H, = {v LR yi, Vv 258, ¥2}, and use them as weights of the
@ operator. Then for each of the variables yy, y» in the right side of H,, we consider the
conjunction of the formulae assigned to it by one decomposition mapping from each
set in the first column of Table 3.1. In detail, by omitting multiple occurrences of the T
formulae in conjunctions, for y; we consider &;(y1) A&2(y1) A&3(y1) Aés(y1) = 7(a)T and
S1(y1) AS2(y1) ASa(y1) Aés(y1) = T, and for y, we consider &1 (y2) AS2(y2) A¢3(y2) ASs(y2) =
()T and &1 (y1) AE2(11) AE4 (1) Aés(y1) = (a) T. Hence the choice between &3 or ¢4 generates
two different decomposition mappings in ! (y): by &3 we obtain the decomposition
mapping n; € e! () withn(v) = %—l(a)T ® %(a)‘l’ and by ¢4 we obtain the decomposition
mapping 1, € 01 (y) with n,(v) = %T ® %(a)T. By applying the same reasoning to u and v
we obtain

1 3 1 2
nl(u):Z<a>T$Z_l<a>T 171(V)=§ﬂ<a>T®§(a>T m@) =1(TAla)T)

1 3 1 2
nz(u):;}m)T@T(a)T nz(v):§T®§<a>T n2(V) =1((a)T A{a)T)

where we have omitted multiple occurrences of the T formulae in conjunctions. Finally,
we obtain two decomposition mappings in ¢! (¢) by substituting n with either 77 or ), in
Equation (3.7), obtaining respectively

1n 1 3 1. 1 2 1\
=@ aTe i @T) {y=@z@Tes@T) {@=@(taTA)
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204y — 1 3 201y — 1.2 20,0 — -
6(x)—<a>(;1<a>TeZﬂ<a>T) €(y)—<a>(3T®3<a>T) 6(z)—<a>(1( <a>TA<a>T)).
<

The following Lemma proves that our decomposition method preserves the syntactic
restrictions of the considered modal class, namely that by decomposing formulae in £ we
get formulae in £ thus preserving the logical characterization of Theorem 2.10.

Lemma 3.11. Assume the terms t € T(2) and © € DT(Z) and the formulae ¢ € L° andy € L£9.
1. Forall x € Vs we have&(x) € LS foreach & € t71(¢).
2. Forall{ € V; we haven () € L for eachne O~ (y).
3. Forall{ € V; we haven(() € L° foreachn € O (y).

Proof. The proof follows immediately from Definition 3.8. |

The following result confirms that our decomposition method is correct.

Theorem 3.12 (Decomposition theorem). Let P = (£, A, R) be a PGSOS-PTSS and let Dy be
the -DS. For any term t € T(Z), closed substitution o and state formula ¢ € L® we have

o(t) =@ & 3 €t () such that for all x € var(1) it holds o (x) |= £(x)

and for any distribution term © € DT (Z), closed substitution o and distribution formula
v € L4 we have

0(0) Ew < Ine O () such that for all{ € var(©) it holds o () = ().

Proof. We start with univariate terms. We proceed by structural induction over ¢ € L to
prove that for any univariate ¢ € T(Z), closed substitution ¢ and ¢ = ¢ € L we have

o)FpeIe i1 (¢) such that Vx € var(¢) it holds o(x) |= ¢(x) (3.8)
and for any univariate ® € DT (), closed substitution o and ¢ =y € £4 we have
o@) Fyedne 0! (w) such that ¥{ € var(0®) it holds o ({) = n((). (3.9

* Base case ¢ = T. Then by Definition 3.8.1 we have that & € t~!(T) iff (x) = T for all
x € V. Then Equation (3.8) directly follows from the definition of |= (Definition 2.22).

* Inductive step ¢ = - for some ¢ € L°. We have

o) Fe
ca()FEe
o Ve t_l((p) Jx e var(t) s.t. o(x) £ E(x)
o 3f: 1) — var(p) s.t. VE € £ (¢) itholds o (f(&") [ &' (&)

< 3f: t7H(¢p) — var(1) s.t. V x € var(#) it holds o (x) |= N &
&ef~H(x)
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o 3Eet ™ (ng) s.t. Vxevar(t) it holds o (x) = E(x)

where the second relation follows by the inductive hypothesis and the last relation
follows by construction of £~ (—¢) (Definition 3.8.2). Hence, Equation (3.8) holds also
in this case.

Inductive step ¢ = A\ je; ¢ for some index set J and ¢; € L® for all jinJ. We have

C{OL YN
jeJ

<o) Fej, foralje]
<3je t_l((pj) s.t. Vx evar(r) itholds o(x) |=¢(x), forall j€ ]
< 3¢j€ t_l((pj) forall j € Js.t. Vxevar(¢) itholds o(x) = /\ ¢j(x)
jeJ
o 3¢et (N ¢)) st ¥Yxevar(r) itholds o(x) E £ (x)
jeJ
where the second relation follows by the inductive hypothesis and the last relation

follows by construction of (A jes@j) (Definition 3.8.3). Hence, Equation (3.8) holds
also in this case.

Inductive step ¢ = P;errig; for some @; € L3, with r; € (0,1] forie Iand Y ;je; 7 = 1.
Notice that in this case we have ¢ € £4 and therefore we need to show Equation (3.9).
To this aim, we prove the two implications separately.

(=) Assume first that 0(0) = @;¢; rig;. Then, by definition of |= (Definition 2.22), this
implies that there exists a family of probability distributions {r;};e; € A(T (X)) with
0(0) =Y ;c;rim; and whenever ¢ € supp(rr;) for some t € 7 (), then ¢ |= ¢;. Notice that
supp(0(®)) =U;ersupp(r;). Let us order the elements of the support of the distribu-
tion 0(0®) through indexes in a suitable set M, namely supp(c(0)) = {t,, | m € M}, with
tm, tyy pairwise distinct for all m, m’ € M with m # m'. We have 0(®) = ¥ ,,cp1 gm0+,
for some g, € (0,1] such that }_,,cpr gm = 1. In particular, this gives g, = 0(0) (),
which, by Theorem 3.4, implies that D - {o(0) S, tm | m € M}. By Theorem 3.10,
Ds F {o(®) Am, tm | m € M} implies that there are a Z-distribution ruloid pP =

i H and a closed substitution ¢’ with Ds F ¢/ (H), ¢/(®) = ¢(©) and
{®— u,, | me M}
o' (uy) = ty, for each m € M. Let us show that the rewriting of ¢’(0) as convex com-
bination of the {r;};c; gives rise to a matching for conc(pD) and @;c;rip;. Define
0 € m](conc(pD),EBiE[ ri@;) as (U, @;) = rin;(0'(u,)), then w is a matching with
left marginal conc(pP), and right marginal the distribution formula @;¢; r;¢;. More
precisely, we have

dm
=0(0)(tmy) (by construction of o (0))
= Z rimi(tm) (by definition of convex combination of distributions)
iel
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=Y rimi(o (m) (by construction of o)
iel
= > 10 (Um, @;) (by definition of tv)
iel
and
Y wume) =Y. rimio (um) (by definition of )
meM meM
= Z rifi(tm) (by construction of o)
meM
=T Z i (1) (by the choice of M)
tesupp(o(0®))
=r; ), w0
tesupp(m;)
=Ti.
We derive that:

1. from ¢/(®) = g (®) we obtain that ¢’ ({) = o ({) for all variables { € var(®);

2. whenever 1w (u;,, @;) > 0 it holds that ¢’(u,,,) € supp(7;) and, therefore, we infer
o' (um) = ;. By the inductive hypothesis we derive that there is a decomposition
mapping ¢, € u;ll (¢;) such that o' (x) |= &,,,; (x) for all x € var(uy,);

3. from Dy - ¢'(H) we obtain that for all premises {{ A, xj | j€Jt € H wehave
Ds k(0" 1 | he H), where {0"(() 2 1] | he H} is o' ({{ B, xj1j e, for

a suitable set of indexes H and proper terms t;l. By Theorem 3.4, Dy + {0’ ({) n,
t;Z | he H} iffa’(()(t;l) = qpn and ¥ ,c g gn = 1. Hence we have that

o' = Z 67h5t;1

heH

= Z ( Z qj)5t;1 (by Definition 3.2)
heH je]o'(xj)=t),

= Z ( Z qjaa’(xj))
heH jE],g”(xj):[;l

=24 i00'(x)) (the £, are pairwise distinct).
jeJ

We remark that this reasoning holds since we assumed that © is univariate, and
therefore there is only one set of distribution premises in H with left-hand side ¢,
for each ( € var(©).

Letn € © 1 (@;c; ripi) be the decomposition mapping defined as in Definition 3.8.6

by means of the Z-distribution ruloid and the decomposition

2y, | me M}
mappings ¢,; as in item (2) above for each m € M and i € I such that o (u,,, ;) >0,
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3.3. The decomposition method

and ¢ ,,; defined by ¢, ; (x) = T for all x € Vs for those m, i such that to(u,,, ;) = 0. We
aim to show that for this 7 it holds that ¢’ ({) |= n({) for each { € var(®). By construction,

B g N\ émixp) ifleVy

: meM
Q) = —Loxjljenen il
N Em,i(x) if(=xeV,.
meM

iel
For each variable y € {x; | j € J} U{x} and for each m € M and i € I, we can distinguish
three cases:

4. yevar(uy,) and w(u,,@;) > 0. Then, by item (2) above, we have o' (y) = &,i ().
5. yevar(uy,) and ro(uy,, ;) = 0. Then by construction &, ;(y) = T, thus giving
that o’ (y) |= & i (y) holds trivially also in this case.

6. y¢var(u,). Then, whichever is the value of to(u,,, ¢;), we have ¢, ; (y) = T (see
Definition 3.8) and consequently o’ (y) |= &,,,; (y) holds trivially also in this case.

Since these considerations apply to each m € M and i € I we can conclude that if
( €V, then for all {{ a4, xj | j € Jt € H it holds that for each x; with j € J we have

0'(xj) = Amem,ier$m,i(x;). Furthermore, by item (3) above, if {{ SN xjljelteH
then Dy Fo'(H) gives 0’ () =X je; q 00 (x;), from which we can conclude that

dOE@q; N Emilxj), namely o' Q) = n(Q).

jeJ iel,meM
Similarly, if { = x € V; then
dx)E N &mi(x), namely o’ (x) En(x).

meM,iel
Thus, we can conclude that for each { € var(0) it holds that ¢'({) = n({). Since more-
over o({) = ¢’({) (item (1) above), we can conclude that o ({) |= n({) as required.

(<) Assume now that there is a decomposition mapping n € @} (@;c; ri¢;) such
that () = n({) for all { € var(®). Following Definition 3.8.6, the existence of such
a decomposition mapping 1 entails the existence of a Z-distribution ruloid p° =

H
O 1 Ime My
conc(pP) and @;¢; ri¢; from which we can build the following decomposition map-

pings:

with ) ,.eprgm = 1 (Proposition 3.8) and of a matching tv for

Emi € (@) ity @) >0
Emi€tyl(T)  otherwise.

In particular, we have that for each p € var(0)

n(w = &P g N\ Emilx))

qaj iel,meM
fu——xjlXjerq;j=11eH
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78

and for each x € var(®)

nw= N &<milx.

iel,meM
We define a closed substitution ¢’ such that ¢’'({) = o () for each { € var(®) and
o' (x) = o(x) for each x € rhs(H). Then, the following properties hold:

(@) From ¢'({) = o(() and o ({) = n({) we derive o’ ({) = n((). In particular we obtain
that 0’ (xX) |= Aies,mem Em,i(x) for each x € var(©).

(b) As ¢o'(u) = n(u) for each u € var(®), by previous item (a), we derive that there
are probability distributions 7; such that o'(u) = ¥ je;g;7m; and whenever ¢ €
supp(;), for some ¢ € T(2), then f = Ajer,mem&m,i(xj). By Definition 3.8.6a,
the weights of the distribution formula n(u) coincide with the weights of the

distribution literals in {u U, x i1 X jesqj = 1} € H. Therefore, we have that o' (u) =
Y jej4j00'(x; from which we gather 0'(x)) E Nier,mem&m,i(x;), for each j € J.

(c) From a({) = ¢’ ({) for each { € var(0) we infer that ¢'(0®) = ¢(0). Moreover, by
Lemma 3.9.3 we have that rhs(H) = U,ep var(ty,), so that ¢’(x) = o(x) for each
x € rhs(H) implies o' (t,,) = o (t,,) for each m € M.

From items (a), (b) above and by structural induction we gather o’(t,,,) = ¢; for each
m € M, i € Iwitht(t,,, ;) > 0. Moreover, from ¢’ ({) |= n({) for each { € var(®), item (a)
above, we obtain that Dy - ¢’ (#), namely Dy proves the reduced instance w.r.t, ¢’ of

each set of distribution premises {{ Y, x i1 X jerqj =1} € H. This fact taken together
with item (c) above and Theorem 3.10 gives that Ds proves the reduced instance of
{® m, tm | m € M} with respect to o, that is Ds F {0(0) n, t;l | h € H} for a suitable
set of indexes H and a proper set of closed terms ¢, such that for each h € H there
is at least one m € M such that ¢, = 0'(t,;) and moreover g, = X (meMio’ (ty=t,} m
(Definition 3.2). In addition, by Theorem 3.4 it follows that g, = 0(©)(¢}) for each
he H and ) ey gn = 1. Since moreover gy, € (0, 1] for each h € H, this is equivalent to
say that 0(®) = ¥,y gn0o'(1,)- Finally, we notice that

0@ =3 aiy,
heH

=) ( > Clm)at;l

heH {meMla’(tm):t;l}

Z Amdo'(1,) (t;l pairwise distinct)
meM

Z (Zm(tm’(pi))6a’(tm) (Zm(tmr(l)i) =qm)

meM i€l iel

Z( Z m(tm’(pl')aa’(tm))

iel meM

_ Z( 3 rim(tm,(Pi)5U’(tm))

iel "meM Ti

= Zri( > M(Sa'(zm))

iel meM 14
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=) rim

iel
m(tm’(,oi)

i

where foreachie I, m; =) em Oo'(1,,) 1s a probability distribution as it is

m(tm; (Pz)

obtained as a convex combination of probability distributions (}_,,,c s =1).

Moreover, the 7; are such that whenever o’(f) € supp(r;) it holds that ¢’ (t)l = ;. In
fact, we have that whenever v (¢,,,®;) > 0, then the only closed term in the support
of 641, is indeed o’(t,,). Furthermore, whenever o’ (t,,) [~ ¢; we are granted that
(¢, @;) = 0, thus giving that o' (t,,) is not in the support of ;. Therefore, we can
conclude that 0(0) = @;¢; rig; as requested.

Hence, Equation (3.9) follows from the two implications.

Inductive step ¢ = (a)y for some v € £ and a € A. Notice that in this case we have
¢ € L£° and therefore we need to show Equation (3.8). To this aim, we prove the two
implications separately.

(=) Assume first that o (t) = (a)y. Then, by definition of relation |= (Definition 2.22),
there exists a probability distribution 77 € A(7 (£)) with P+ o () = 7 and 7 |= y. By
Theorem 3.6, P + o(t) = m implies that there are a P-ruloid Z{ and a closed

—_—

substitution o’ with P+ ¢'(H), ¢’(t) = (1) and ¢'(®) = n. We infer the following facts:

1. from o'(#) = o(t) we obtain that ¢’(x) = o (x) for all x € var(¢);

2. from ¢'(®) = 7w and 7 |= ¥, we gather ¢’ (0) |= ¢ and by the inductive hypothesis
we obtain that there existsan e ©~! (y) such that ¢’ ({) = n(() for all { € var(©);

3. from P+ o' (H) we obtain that whenever x b, i€ H wehave P+ o' (x) AP, ().
Then, if u € var(®), by previous item (2), we get o'(u) |= n(u). Otherwise, if
i ¢ var(®), we have n(u) = T thus giving ¢’(u) |= n(u) also in this case. Hence,
o' (w) = n(w) and o’ (x) = (b)n(uw) in all cases.

4. from P+ o' () we obtain that whenever x - € H we have P - ¢/(x) 7, namely
P o' (x) = v for anyv e DT(Z), giving o’ (x) = (c)T.

Letfet™! ((a)y) be defined as in Definition 3.8.4 by means of the P-ruloid H and

a

t— 0
the decomposition mapping 1 introduced in item (2) above. We aim to show that for
this ¢ it holds that o’ (x) = &(x) for each x € var(r). By construction,

()= A bmwa N\ T Anx).
xi»ue’}-[ x7oet

By item (3) above we have ¢’ (x) = (b)n(u) for each x 2, @ € H. By item (4) above
we have ¢’/ (x) |= 7(c)T for each x 2 € H. Finally, if x € var(©) by item (2) above
we get 0/ (x) E n(x). If x ¢ var(®) then we have n(x) = T (Definition 3.8.6b) thus
giving ¢’(x) |= n(x) also in this case. Hence, o’ (x) = n(x) in all cases. Thus, we can
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conclude that o’ (x) |= £(x). Since, by item (1) above, o (x) = o’/ (x) we can conclude that
o(x) = ¢(x) as required.

(<) Assume now that thereisa & € =1 ((a)w) such that o(x) = ¢(x) for all x € var().
and

Following Definition 3.8.4, we construct ¢ in terms of some P-ruloid —;

[ —

decomposition mapping n € © 1 (). In particular, we have that for each x € var()

)= A s N\ T Anx).
xi,ue}[ xFeH

We define a closed substitution ¢’ such that the following properties hold:

(@) o'(x) = o(x) for all x € var(). As a consequence, from o(x) |= é(x) we derive

o'(x) = &(x).

(b) Asd’(x) E &(x), by previous item (a), we derive that o’ (x) |= (b)n(u) for each x b,
w € H. This implies that for each positive premise in H there exists a probability

distribution 7, such that P - o’(x) b, Ty, and 7y, = (). We define o' (p) =
Tp,u thus obtaining that for each x b, i € H we have P + o'(x) L, o' (u) and
o' (W En(w).

(c) As o' (x) £ &(x), by previous item (a), we derive that ¢’(x) |= =(c) T for each x €
#. Therefore, we obtain that P - ¢’ (x) + for each x 7 € H.

(d) Since var(®) < var(t) urhs(H), previous items (b) and (c) we obtain that ¢’ (u) =
n(u) for each pe V.

(e) o'(x) = n(x) for each x € var(0).

From items (d), (e) and structural induction, we gather o’ (0) |= w. Moreover, items (b)
and (c) give P  ¢’(#). Hence, by Theorem 3.6 we obtain P - ¢'(f) = ¢’(©). From
item (a) we have that o’ () = o () and, therefore, we can conclude that o (¢) |= (a)w.

Hence, Equation (3.8) follows from the two implications.

Finally, let us deal with terms that are not univariate.

Assume first that ¢ is not univariate, namely ¢ = ¢(s) for some univariate s and non-
injective substitution ¢: var(s) — V. Then, o(c(s)) = ¢ iff there exists a decomposition
mapping ¢’ € s () such that o(¢(y)) = ¢'(y), which by Definition 3.8.5 is equivalent to
require that there exists a decomposition mapping ¢’ € s~!(¢) such that for each x € var()
we have g (x) = /\yegﬁl(x) ¢&'(). By defining the decomposition mapping & € ! () asé(x) =
Nyec10 6 '(3), we obtain the thesis.

Assume now that © is not univariate, namely © = ¢(0;) for some univariate ®; and non-
injective substitution ¢: var(®;) — V;Udy,. Then, 0(¢(01)) = v iff there exists a decomposi-
tion functionn; € G)l‘1 (w) such that 0 (¢(z)) = n1(z), which by Definition 3.8.7 is equivalent to
require that there exists a decomposition mapping n’ € @1‘1 (w) such that for each ¢ € var(®)
we have n/(z) =1/(2') for all z,z' € ¢71({) and, for a chosen zZ € ¢71({), () = n'(2). By defin-
ing the decomposition mapping n € @‘1(1//) asn() =n'(2), for z € ¢ 1(¢), we obtain the
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thesis. [ |

DECOMPOSITION OF L, AND L,

The decomposition of formulae in £; and £, can be derived from the one for L.
Definition 3.9 (Decomposition of £; and £,). Let P = (£, A, R) be a PGSOS-PTSS and Dy
be the =-DS. The mappings - ': T(Z) — (LS — P (Vs — L)) and -~ DT(E) — (LI - PV —
L)) are obtained as in Definition 3.8 by rewriting Definition 3.8.2 and Definition 3.8.4,
respectively, by

2. &et™1(a) iff there is a function B t 1(a)T) — var(t) such that

&ef(x)
T otherwise;

N\ &) ifxevar(r)
$(x) =

4’ & e t ' ((ayy) iff there are a ruloid L and a decomposition mapping n € 07! (y)
such that e
A Bmw A N\ ¢Aan ifxevar(s)
$(x) = xipe’H x7er
T otherwise.

If P is positive, the mappings -~': T(Z) — (L5 — P(Vs — £3)) and -"1: DT(Z) — (LI —
P(V — L)) are obtained as in Definition 3.8 by removing Definition 3.8.2 and by rewriting
Definition 3.8.4 by

H

—0

4" ¢ € t71((a)y) iff there are a positive P-ruloid

and a decomposition mapping
n € ® 1 (y) such that

A D A nx)  if xevar(r)
$(x) = prE'H
T otherwise.

The following Lemma shows that our decomposition method preserves the syntactic
restrictions of the considered modal classes, namely that by decomposing formulae in £,
(resp. L) we get formulae in £, (resp. £, ) thus preserving the logical characterization of
Theorem 2.11.

Lemma 3.13. Let P be a PGSOS-PTSS and consider the term t € T(X) and the formulae ¢ € L,
weld ¢ el andy' e LY.

1. x ForallxeV; we havel(x) € L} foreach € ().
* Forall{ €V,; we haven(() € ES foreachne® 1 (y).
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* Forall{ € Vs we haven({) € LS for eachn € ©~1(y).
2. If P is positive, then

* Forall x € Vs we haveé(x) € LS, foreach € 1.
* Forall{ € V; we haven(() € 5‘1 foreachne ®_1(1[/’).
* Forall{ €V, we haven(() € LS, foreachn e ®_l(w’).

Proof. The proofs of items (1) and (2) follow immediately from Definition 3.9. [

Theorem 3.14 (Decomposition theorem II). Let P = (£, A, R) be a PGSOS-PTSS and Ds be
the Z-DS. Assume the decomposition mappings as in Definition 3.9. Then:

* The results in Theorem 3.12 hold for ¢ € L andy € L9.
* Moreover, if P is positive, then the results in Theorem 3.12 hold for ¢ € L5, andy € E‘i.

Proof. The proof of both items can be obtained by following the one of Theorem 3.12
with respect to the decompositions of the two logics (Definition 3.9). In particular, we
remark that in the proof for the diamond modality in £, we use Corollary 3.7 in place of
Theorem 3.6. |

3.4 CONGRUENCE THEOREMS

To support the compositional reasoning, the congruence (resp. precongruence) property is
required for any behavioral equivalence (resp. preorder) R. It consists in verifying whether
flt,..., t) R f(t,..., ;) whenever t; R ¢; for i = 1,...,n. In [54] it is proved that probabilis-
tic bisimilarity is a congruence for all operators defined by a PGSOS-PTSS. We can restate
this result as a direct consequence of the characterization result of [66] (Theorem 2.10)
combined with our first decomposition result in Theorem 3.12 schematized in Figure 3.1.
Then, by our characterization results in Theorem 2.11 and our decomposition results in
Theorem 3.14 we can derive precongruence formats for both ready similarity and similarity.

Theorem 3.15. Let P = (£, A, R) be a PGSOS-PTSS. Then:
1. Probabilistic bisimilarity is a congruence for all operators defined by P;
2. Probabilistic ready similarity is a precongruence for all operators defined by P;
3. If P is positive, probabilistic similarity is a precongruence for all operators defined by P.
Proof.

1. Let te T(X) and let g, 0’ be two closed substitutions. We aim to show that

whenever o (x) ~ ¢’ (x) for each x € var(¢) then it holds that o () ~ o' (). (3.10)
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Considering the characterization result of £ for probabilistic bisimilarity (Theorem 2.10),
to prove Equation (3.10) we simply have to show that o (¢) and o’(¢) satisfy the same
formulae in £. Assume that o () |= ¢, for some state formula ¢ € £. By Theorem 3.12,
there is a decomposition mapping ¢ € ¢~ !(¢) such that o (x) |= ¢(x) for each x € var(z).
From Lemma 3.11 we gather that {(x) € £° and moreover by Theorem 2.10 from
0(x) ~ 0'(x) we obtain that o’ (x) |= £ (x) for each x € var(¢). By applying Theorem 3.12
once again, we obtain that ¢’ (¢) |= ¢, thus proving Equation (3.10).

2. The proof for probabilistic ready simulation is analogous to the one for item 1 by
exploiting Theorem 2.11.1 in place of Theorem 2.10, Theorem 3.14.1 in place of Theo-
rem 3.12 and Lemma 3.13.1 in place of Lemma 3.11.

3. Under the assumption of P positive, the proof for probabilistic simulation is anal-
ogous to the one for item 1 by exploiting Theorem 2.11.2 in place of Theorem 2.10,
Theorem 3.14.2 in place of Theorem 3.12 and Lemma 3.13.2 in place of Lemma 3.11.

3.5 GENERALIZATION

We have proposed a decomposition method that allowed us to derive congruence formats
for probabilistic strong (bi)similarities directly from their modal characterizations. Due to
the presence of probabilistic choice modalities in the characterizing classes of formulae,
the decomposition was made possible by the introduction of an SOS-like machinery for
the specification of the behavior of distribution terms. We claim that our method can be
extended to the other semantics in the probabilistic strong and weak linear time - branching
time spectra (see Chapter 4 for a presentation of the strong spectrum) thus obtaining a class
of ‘Probabilistic Divide and Congruence’ results in the line of [33, 80, 82, 84, 85], proposed in
the fully-nondeterministic setting. To give an intuition on how this can actually be done,
in this Section we sketch the reasoning that would lead to the definition of a congruence
format for probabilistic (rooted) branching bisimilarity starting from specifications in the
PGSOS format. As we will outline, this can be obtained by combining the decomposition
method proposed in this Chapter with the format for (rooted) branching bisimilarity, the
RBB format, defined in [84]. We recall that the RBB format is built on the predicates A and R,
where the former marks running processes, namely processes that have already started their
execution, and the latter marks the ones that can start their execution immediately. These
predicates are a refined version of the fame/wild labeling of operators from [34, 81].

DECOMPOSITION METHOD

The first step in the definition of a decomposition method is to identify the class of modal
formulae characterizing probabilistic branching bisimilarity and its rooted version. It’s not
difficult to figure out that this class can be obtained by extending the modal logic charac-
terizing these equivalences in the fully-nondeterministic case with the probabilistic choice
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modality @. For simplicity let L be such a class of formulae. Then the decomposition of
formulae in L is then defined on our (Z-distribution) ruloids by combining the decompo-
sition in [84] with the one we have proposed for distribution formulae. We stress that our
notions of ruloids and Z-distribution ruloids would not need to be changed to obtain the
decomposition theorem.

FORMAT

Interestingly, the RBB format proposed in [84] holds even in our probabilistic setting. More
precisely, the syntactic constraints imposed by the format are enough to obtain, in combi-
nation the decomposition method described above, that probabilistic (rooted) branching
bisimilarity is a congruence with respect to all operators defined by PGSOS rules satisfying
them. This, however, should not be surprising. First of all we notice that both the RBB format
and the PGSOS format do not allow look-ahead. In particular, in the case of the PGSOS
format, the impossibility of testing for two consecutive moves of a process implies that
probability is never involved in the derivation of nondeterministic transitions. Equivalently,
we are guaranteed that Z-distribution rules (and ruloids) are never used to determine the
provability of a closed literal. Moreover, the constraints on the probability weights in the
definition of behavioral relations do not depend on the syntactical definition of processes
and thus they are independent from the constraints of the rule format. Therefore, to obtain
our probabilistic RBB format we simply need to lift the definition of the predicates X and A
on arguments of operators to the arguments of distribution terms and impose on PGSOS
rules the same constraints of the RBB format (see [84, Definition 14]).

THE CONGRUENCE THEOREM

Once we have the decomposition method and the probabilistic RBB format, we can simply
proceed in the classic way to obtain the congruence result. Firstly, since the decomposition
method is not defined in terms of PGSOS rules but of ruloids, we need to guarantee that
the syntactic constraints imposed by the PRBB format are preserved in the construction of
ruloids from PGSOS rules fitting the format. Secondly, to ensure that the decomposition of
formulae in a chosen class preserves the syntactic restrictions of that class, and thus the
logical characterization, we need to show that a formula in L is decomposed into a formula in
L or at least to a formula equivalent to a formula in L. Finally, by applying the same reasoning
schematized in Figure 3.1 we can conclude that probabilistic (rooted) branching bisimilarity
in a congruence with respect to all operators defined by a PGSOS PTSS in probabilistic RBB
format.

3.6 CONCLUDING REMARKS
In this Chapter we developed a modal decomposition of formulae in £ and its subclasses

L, L presented in Chapter 2.4 as adequate logics for, respectively, probabilistic bisimilarity,
ready similarity and similarity. Our decomposition method is novel with respect to the ones
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existing in the literature (see for instance [33, 80,82-85,90]) as it is based on the structural
operational semantics of nondeterministic probabilistic processes in the PTS model.

The dual nature of these processes, and of the classes of formulae characterizing them,
enforced the introduction of an SOS framework tailored for the specification of distribution
terms, namely the X-distribution specification in which we have syntactically represented
open distribution terms as probability distributions over open terms. Moreover, the X-
distribution ruloids, built from it, provide a general tool that can be used to support the
decomposition of any logic with modalities specifying quantitative properties for the PTS
model and they can be easily adapted to models admitting subdistributions [115, 126, 127].

To prove the robustness of our decomposition method we have showed how the con-
gruence theorems for probabilistic bisimilarity, ready similarity and similarity with respect
to the PGSOS format can be restated as an application of our decomposition theorems.
Moreover, we sketched how our method can be generalized to derive congruence formats
for other relations in the probabilistic strong and weak spectra.

To the best of our knowledge, [90] is the only other paper dealing with ruloids for the
specification of probabilistic process calculi. As previously outlined, [90] deals with reac-
tive transition systems, which are less expressive than PTSs as they do not admit internal

nondeterminism. Transitions are of the form ¢ —2- ¢/, denoting that t evolves by a to t'
with probability p. Informally, our P-ruloids generalize those in [90] in the same way PTSSs

generalize reactive systems. In fact, to deal with the quadruple ¢ Db,y , ruloids in [90]
are defined by keeping track of rules and ruloids used in their construction, in order to
assign a proper probability weight to their conclusion. In detail, to guarantee the property
of semi-stochasticity, stating that the sum of the probabilities of all transitions for an action
from a term is either 0 or 1, a partitioning over ruloids is needed in [90]: given a term ¢ the
ruloids in the partition for ¢ related to action a allow one to derive a-labeled transitions
from ¢ whose total probability is 1. To do so, one also has to constantly keep track of the
rules and ruloids used in the construction of the ruloids in a partition, because the exact
probability weight of a transition depends on this construction. This technical expedient
was introduced in [117], in which the SOS framework on which [90] builds was defined.

Here we do not need this technicality, since probabilities are directly managed by X-
distribution ruloids and we can use P-ruloids to derive the transitions leading to probability
distributions. More precisely, we should say that given a term ¢, all ruloids in one partition
for £ of [90] are captured by one of our P-ruloids and one Z-distribution ruloid. The P-ruloid
captures all the requirements that the subterms of ¢ must satisfy to derive the transition
to the desired probability distribution over terms. The proper probability weights are then
automatically assigned to terms by the X-distribution ruloid, without necessity of keeping
track of all the rules and ruloids used in the construction.
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“la there any, point to which you would wish to
draw my, attention?’

"To the curious incident of the dog,in the
nigh-ime’

"The dog, did nothing, in the night-time’

"That waa the curious incident, remarked
Sherlock Holmes.

Sir Arthur Conan Doyle,
Silver Blaze

CHAPTER

1 ‘Quantitative Spectrum for Nondeterminiatic
‘Probabilistic Processes

ith this Chapter we start our studies on behavioral metrics for nondeterministic proba-

bilistic processes. In particular, we propose a quantitative analogue to ready similarity
and similarity and moreover we introduce novel distances measuring the disparities of
processes with respect to the testing and (decorated) trace semantics.

The definition of (ready) similarity metric follows the quantitative characterization of
bisimilarity: we identify a suitable functional expressing the differences related to probability
and nondeterminism of processes that are relevant with respect to the considered semantics,
and we define the desired metric as the least fixed point of this functional.

Indeed, to obtain proper behavioral distances for linear semantics, as those of (dec-
orated) traces and testing, we will follow a different approach. Intuitively, these metrics
should measure the differences in the probabilities that the processes assign to semantic-
specific events, namely sequences of events aimed at capturing the considered semantics.
For instance, we will consider sequences of actions for the trace semantics and sequences
of actions leading to success for the testing semantics. In the literature we can find a
wealth of behavioral equivalences and preorders for theses semantics, based on the class
of schedulers chosen to resolve nondeterminism and on how the probabilities are com-
pared [29-31,51,69,95,108,109, 144,146, 147,164, 166]. Conversely, little has been studied of
their quantitative analogues. We can find a few proposals for trace metrics [14,43,53,59, 148],
but no metric for testing and decorated traces has been proposed so far. One of the main
contributions of this Chapter is to provide those metrics. To this purpose we consider the
resolutions of nondeterminism given by deterministic schedulers [144] that select exactly one
transition among the possible ones. Then, to compare the probabilities of semantic-specific
events we will follow the trace-by-trace approach of [29]: each event is tested on all possi-
ble resolutions of nondeterminism for the two processes and we evaluate the difference
between the best cases, namely between the suprema of the probabilities of performing
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the considered event. The distance between two processes is then given by the suprema of
these differences with respect to all events. By means of this technique we obtain original
metrics for decorated trace and testing semantics and a novel notion of trace metric with
respect to to the literature. In fact, our trace metric generalizes the total variation distance
used in [14, 53] on Markov Chains by capturing the interaction between nondeterminism
and probability proper of PTSs. Moreover, differently from the distance in [43, 148], based
on the trace-distribution approach of [144] and obtained by combining the Kantorovich and
Hausdorff metrics, the trace metric proposed here induces an equivalence relation that is
coarser than bisimilarity (see Section 4.5 for a detailed discussion on this issue).

In the nonprobabilistic case, [159] classified behavioral relations with respect to their dis-
criminating power and mutual relationships, the idea being to help in determining the most
suitable semantics for a given application and also to stress the similarities and differences
among those semantics. Here we obtain a quantitative analogue to the linear time-branching
time spectrum of [159] for the proposed behavioral metrics that will be classified with respect
to their discriminating power on processes in the PTS model. More precisely, we consider
(cf. upper part of Figure 4.1) the bisimilarity metric (dy) of [64, 72, 157] together with the
novel notions of: 1. ready simulation hemimetric (d ,); 2. simulation hemimetric (ds »);
3. ready trace hemimetric (d_ S 1); 4. ready trace metric (drg 2); 5. readiness hemimetric
(d_ /1), 6. readiness metric (dg »); 7. failure trace hemimetric (d . A), 8. failure trace metric
(dTrF 1); 9. failure hemimetric (d A) 10. failure metric (dg, ;L) 11 completed trace hemi-
metric (d_ /1), 12. completed tmce metric (drc1); 13. trace hemimetric (d_ ) 1) 14. trace
metric (dTr ,1), 15. testing premetric (d_ - 1); 16. testing semimetric (dyest,2)- Then we order
these metrics by the relation ‘makes processes farther than’, represented in the upper part
of Figure 4.1. Here, a blue arrow d — d’ means that d(s, t) = d'(s, t) for all processes s, t and,
moreover, there are processes s, t for which d(s, 1) > d'(s, t). As far as we know, this is the
first proposal of a quantitative spectrum on the PTS model and, moreover, it comes with
the first definition of metrics capturing the probabilistic testing, decorated traces and ready
simulation semantics, and a novel notion of trace metric.

Another interesting feature of our metrics is in that the equivalences and preorders
induced by them, namely their kernels, satisfy a lot of desirable properties. In Figure 4.1
red dotted arrows connect each distance, on the upper side, with its kernel, on the lower
side, namely the equivalence or preorder that relates precisely the processes at distance
0. In detail, we have probabilistic bisimulation equivalence (~) and the kernels of our be-
havioral distances: 1. ready simulation preorder (C,); 2. simulation preorder (E); 3. ready
trace preorder (E1yR); 4. ready trace equivalence (~tr); 5. readiness preorder (Eg); 6. readi-
ness equivalence (~R); 7. failure trace preorder (E1p); 8. failure trace equivalence (~1p);
9. failure preorder (Ep); 10. failure equivalence (~g); 11. completed trace preorder (S1ic);
12. completed trace equivalence (~1c); 13. trace preorder (E1p); 14. trace equivalence (~1y);
15. testing preorder (Ciest); 16. testing equivalence (~est). Interestingly, the spectrum on
metrics in the upper part of Figure 4.1 together with the kernel properties of these relations,
ensure that each black arrow on the lower side takes a relation to a larger one, giving a spec-
trum of probabilistic equivalences and preorders with respect to the relation ‘makes strictly
less identification than’ which is perfectly consistent with the spectrum on metrics. The
relations obtained from the kernels of our metrics are a slightly coarser version of the ones

88



Etest

~Tr Cr

Figure 4.1: The spectrum of metrics (top) and the spectrum of probabilistic relations (bottom).
An arrow d — d' between two distances (top) stands for d(s,t) = d'(s, t) for all processes s, t,
and d(s,t) > d'(s, t) for some processes s, t. An arrow R — R' between two relations (bottom)

stands for R < R'. A dotted arrow d--->R between a distance d and a relation R means
that R is the kernel of d.
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proposed in the spectrum in [29, 30] and thus they share some important properties with
them along with some new important feature. We will show that our probabilistic relations
satisfy: (i) compositionality; (ii) full backward compatibility with the fully-nondeterministic
case; (iii) full backward compatibility with the fully-probabilistic case; (iv) they are all coarser
than bisimilarity.

ORGANIZATION OF CONTENTS

In Section 4.1 we briefly recall some well know notions on traces and we justify our choice of
dealing with deterministic schedulers. Then we proceed to define the behavioral metrics:
the ones for ready similarity and similarity in Section 4.2 and those expressing (decorated)
trace and testing semantics in Section 4.3. These metric are then ordered in the spectrum
presented in Section 4.4. In Section 4.5 we study the kernels of the metrics introduced
in Section 4.3 and the relations so obtained are then ordered with (bi)similarities in the
spectrum in Section 4.6. We conclude discussing related work in Section 4.7.

4.1 PRELIMINARY NOTIONS

We delay the discussion of our results to recall first some basic notions necessary to reason
about the (decorated) trace and testing semantics. As the main term of comparison for our
results is the work in [29-31], we decided to keep our notation as much closer as possible to
theirs.

We start with the notion of computation which expresses a weighted sequence a process-
to-process action-labeled transitions for processes in a PTS.

Definition 4.1 (Computation). Let P = (S,.A,—) be aPTS and s, s’ € S. We say that

a ap an
C:=80—> 81 "7 8...5:—-1 7 Sn

is a computation from s = sy to s’ = s, notation first(c) = sp and last(c) = s,, if and only if for
alli =1,...,n there exists a transition s;_1 R 7; such that s, € supp(m;).

Note that ;(s;) is the execution probability of step s;_; —» sl conditioned on the selection

of the transition s;_; SR m; at s;—;. We denote by Pr(c) = l: L7 (87) the product of the
execution probabilities of the steps in c.

We say that c is a computation from s if ¢ is a computation from s to some process s’.
Then, c is maximal if it is not a proper prefix of any other computation from s. We denote by
C(s) (resp. Cmax(s)) the set of computations (resp. maximal computations) from s. Given any
C < C(s), we define Pr(C) = Y ¢ Pr(c) whenever none of the computations in C is a proper
prefix of any of the others.

We denote by A* the set of finite traces in A and we denote the empty trace with the
special symbol e. We say that a computation is compatible with the trace a € A* if and
only if the sequence of actions labeling the computation steps is equal to a. We denote by
C(s,a) < C(s) the set of computations of s which are compatible with @, and by Crpax (s, @)
the set Crax (S, @) = Crnax(8) NC (s, ).
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As one can expect, to capture the (decorated) trace semantics we will need to evaluate
and compare the probability of a particular sequence of events to occur. However, in the PTS
model, this probability highly depends also on internal nondeterministic choices. For this
reason a fundamental decision we need to make is in the choice of schedulers (or adversaries),
namely the functions resolving the nondeterminism for processes. In the literature we can
find several proposals for schedulers (see [95, 144, 164] and the references therein), but
we can regroup them into two main classes: deterministic schedulers and randomized
schedulers [144]. We say that a scheduler is deterministic if for each process it selects exactly
one transition among the possible ones or none of them. Thus, internal nondeterministic
choices are always treated as distinct by this class of schedulers. Conversely, randomized
schedulers allow for a convex combination of the equally labeled transitions. Exemplifying, if
we consider a PTS such that s - w1 and s N 7T are both valid transitions, then a randomized
scheduler can assign to s a transition s L rwith = pm1+(1—p)m, for any value of p € [0, 1].
Clearly, each resolution of nondeterminism induced by a deterministic scheduler can be
also induced by a randomized one. Still, the result of the interaction of a process with a
deterministic scheduler is a fully probabilistic process (as formalized in Definition 4.2 below),
whereas when randomized schedulers are involved we obtain a fully probabilistic process
with combined transitions [146]. Considering that the main purpose of this Chapter is to
introduce novel notions of behavioral metrics and to study the relations among them, we
decided to consider the resolutions of nondeterminism induced by deterministic schedulers.
In this way, we can reason on classic PTSs and the equivalences and metrics on them, like
the (bi)simulations in Definition 2.16 and the bisimilarity metric in Definition 2.19. We leave
as future work the investigation of a spectrum of metrics and relations on processes with
combined transitions, on which randomized schedulers can be naturally applied.

Definition 4.2 (Resolution). Let P = (S,.4,—) be a PTS and s € S. We say that a PTS Z =
(Z,A,— z) is a resolution for s if and only if there exists a state correspondence function
corrz: Z — S such that s = corrz(z) for some z; € Z, called the initial state of Z, and
moreover it holds that:

1. z;¢supp(n) for any 7w € Uze 7 4e 4 der(z, a).

2. Each z€ Z\ {z} is such that z € supp(r) for some 7 € U e 2\(z},ac.4 der (2, a).

3. Whenever z -5 z 7, then corrz(z) — 7’ with 7(z') = 7' (corrz(2))) for all z’ € Z.
4. Whenever z i*g mp and z 2»3 7> then a; = ap and 7y = 5.

Then, Z is maximal if and only if it cannot be further extended in accordance with the graph
structure of P and the constraints above. We denote by Res(s) the set of resolutions for s and
by Resmax(s) the subset of maximal resolutions for s.

Finally, we recall a notion of CSP-like [106] fully synchronous parallel composition for
PTSs.

Definition 4.3 (Parallel composition). Let P; = (S;,.A,—1) and P, = (S», A, —>) be two PTSs.
The synchronous parallel composition of Py and P, is the PTS Py || P, = (S; x Sz, A,—), where
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—C (81 x §y) x Ax A(S7 x S») is such that (s, s2) L rifand only if s; il 1, S2 ig 7, and
(s}, 85) = mi(s)) - ma(sy) for all (s, s5) € S x So.
Parallel composition of PTSs naturally induces the parallel composition of processes.
Finally, we recall the notion of premetric and semimetric which will be useful to reason
about the quantitative testing semantics.

Definition 4.4. For a set X, a non-negative function d: X x X — R is said to be a premetric
on X whenever d(x,x) =0 for all x € X. The non-negative function d is then said to be a
pseudosemimetric if it is a symmetric premetric, namely if it satisfies also the condition
d(x,y)=d(y,x) forall x,y € X.

For simplicity, we will call a pseudosemimetric d on X a semimetric. Hence a semimetric
is a pseudometric that does not necessarily satisfy the triangular inequality.

4.2 BRANCHING HEMIMETRICS

In this Section we present the hemimetrics for ready similarity and similarity, whose con-
struction is analogous to that of bisimulation metrics. More precisely, the quantitative
analogues of the ready simulation and simulation game are defined resp. by means of func-
tionals R and S over the lattice ([0,1]*°, <), the idea being that whenever s € S is at some
given distance d from ¢ € S, then t can mimic s transitions and evolve into distributions
that are at distance not greater than d.

We remark that since preorders are asymmetrical relations, their quantitative analogous
should share this property, and thus our distance for (ready) simulation will be actually a
hemimetric. However, in accordance with the usual conventions in the related literature, we
will use the term (ready) simulation metric in place of (ready) simulation hemimetric.

Definition 4.5 ((Ready) simulation metric functional). LetR,S: [0, l]S xS, [0, l]S *S be the
functions defined for all functions d: S xS — [0, 1] and processes s, t € S by

1 if init(s) # init(¢)
R(d)(s,1) = sup max min A-K(d)(ws,7m;) otherwise

ac A Tseder(s,a) neder(t,a)
S(d)(s,t) = sup max min  A-K(d)(ms,7wy).

ac A 7seder(s,a) mreder(t,a)

Notice that, due to the image-finiteness assumption, maxima and minima in Defini-
tion 4.5 are well-defined. It is not hard to show that R and S are monotone. Then, since
(10,115*%, <) is a complete lattice, by the Knaster-Tarski theorem R and S have the least fixed
point. Ready simulation metrics (resp. simulation metrics) are the 1-bounded hemimetrics
being prefixed points of R (resp. S). We define the ready similarity metric (resp. similarity
metric) as the least fixed point of R (resp. S).

Definition 4.6 ((Ready) simulation metric.). A 1-bounded hemimetricd: $ xS — [0,1] is a
ready simulation metric if and only if R(d) < d. The least fixed point of R is denoted by d; »
and called the ready similarity metric. Analogously, a 1-bounded hemimetricd: Sx& — [0, 1]
is a simulation metricif and only if S(d) =< d. The least fixed point of § is denoted by d 4 and
called the similarity metric.
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Figure 4.2: Processes s,t,u,v are such that d; (s, 1) = A, dgx(s, 1) = 0, and d; z(u,v) =
ds 2 (u,v) = 3A.

Moreover, as in the case of the bisimilarity metric, this fixed-point characterization of
the (ready) similarity metric allows us to define a notion of distance between processes that
considers only the first k transition steps.

Definition 4.7 (Up-to-k (ready) similarity metric). We define the up-to-k ready similarity
metric df} ) for k € N by df 1= R¥(0). Analogously, we define the up-to-k ready similarity
metric df'/1 for k € N by diA = §X(0).

Due to the continuity of the lifting functional K we can infer that also the functional R
(resp. S) is continuous, besides monotone, thus ensuring that the closure ordinal of R (resp.
S) is w [154]. Hence, the up-to-k (ready) similarity metrics converge to the (ready) similarity
metric when k — oco.

Proposition 4.1. Assume an image-finite PTS such that for each transition s — n we have
that the probability distribution n has finite support. Then

1. dpy =limy_ df/1 and

2. dgp =limg_odt .

Proof. The proof of both items follows by applying the same arguments used in the
proof of Proposition 2.8. |

Example 4.1. Consider processes s, ¢ in Figure 4.2. We aim to evaluate d; 4 (¢, s) and dg 4 (¢, $).
We start with d; (¢, s). We have d; 4 (1, s1) = 0 and d; 4 (1, nil) = 1, thus giving
d; 2 (2, 8) =min{A-d; (11, 51), A -d; 2 (f1,niD)} =min{A-0,1-1} =0.

Similarly, we obtain that dg 4 (¢, s) = 0. Let us evaluate now d; 5 (s, ) and dg 4 (s, t). Clearly,
d; 1 (51, f1) =0and d;  (nil, ;) = 1, thus giving

dr,/l(s; t) = maX{A/ . dI‘,/l (Sl) tl)r A dI‘,/l (nl]-) tl)} = maX{A/ : 0)/1 : 1} =

Interestingly, the evaluation of the similarity distance between s and ¢ is different. In fact we
have dg 5 (s1, 1) = 0 and dg 3 (nil, #;) = 0 as well, since nil cannot execute any action and thus
the supremum over the distributions reachable by it trivially becomes 0. Therefore, we get

ds 2 (s, 1) = max{A -ds 2 (s1, 1), A -dg 2 (nil, £7)} = max{A-0,1-0} =0.
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Consider now processes u, v from the same Figure 4.2. We have that d; 5 (u1, v1) =
d; 2 (uy, v2) = dp 2 (u3, v4) = dy 2 (14, v4) = 0 whereas d;, 2 (u;, v) = 1 for all other combinations
fori,je{l,...,4}. Clearly, the leftmost and the rightmost a-branches of u can be matched
resp. by the leftmost and rightmost a-branches of v. Therefore, to evaluate d; 5 (1, v) we need
to match the distribution 7; = %6 u, + %5 u; With the distribution in der(v, a) that minimizes
the Kantorovich distance from it. Let 1, =6, 73 = %6 vy + %6 v; and my = 6,,. We have

1 1
K(d; 2)(my,7m0) = —dm(uz,vl)+ drﬂt(u&vl)—i 1+§-1=1
1 1
K(d; ) (1, m3) = _erL(UZ; Vo) + dr)t(ui-}; v3) = 5 1+§'1=1
1 1 1
K(d; 1) (1, 74) = _drﬂt(u2;v4)+ dr]L(us;V4)—§ 1+§-0=§

from which we can conclude that
) 1 1
d 1 (1, v) = max {0, A-min{l, 2}} = - A.

Notice thatd; ; (v, u) = % - A as well, which is obtained by K(d; 1) (7,6 4,) = %

By similar calculations we get that ds j (¢, v) =ds 2 (v, u) = % - A. We simply remark that
in this case it holds that dg j (12, v2) = dg 2 (42, v3) = 1 but ds 2 (v2, u2) = ds 2 (v3, u2) = 0. The
value of ds ) (v, u) is then due to the fact that the weight assigned to u; is 0.5, and thus it is
not enough to simulate both v, and vs3, having weight 0.5 each. <

We show now that d; j is a 1-bounded hemimetric, thus implying that it is the least ready
simulation metric.

Theorem 4.2. Functiond, ) is a 1-bounded hemimetricon S.

Proof. Firstly, we show that d;  is a hemimetric. To this aim we show the stronger
property that
for each k € N 'we have that d¥ r 1 is a hemimetric. 4.1)

The thesis will then follow by d; j = limj_.o d* A and the linearity of the limit. We proceed by
induction over k € N to prove Equation (4.1), namely that for each k € N it holds that

1. df/l(S,S) =0, forall se S, and
2. df,/’t(s’ = df,,l(& u) +df,/l(u, r),foralls,r,uesS.

The base case k = 0 is trivial since d° a(60=0 forall s,t€S.
Consider the base case k > 0. The proof of item 1 is immediate from the definition of
df )~ Letus prove item 2, namely the triangular inequality. We can distinguish two cases.

(a) init(s) # init(¢) and thus df W0 =1 Given any process u we have that

* either init(s) # init(u), thus implying df /1(5’ u) =1,
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* or init(r) # init(u), thus implying d*, (u, 1) = 1.
In both cases we obtain that dfﬂ(s, 1< df/,l(s, u)+ dfﬂ(u, t) as requested.

(b) init(s) = init(#), thus giving

df, (s, t)—sup{ max  min AK(d},' )(ns,ﬂt)}

ac A \mseder(s,a) nieder(t,a)

By induction over k — 1, we have that dﬁl is a hemimetric. Thus, by Proposition 2.1 we
directly gather that

K(dS ) (ry, ) < Kdf 1) (1, 73) + Kdf ) (s, 72). (4.2)

Then, by definition of supremum we have that for each € > 0 there is an action a, € A
such that

d* (st)< max  min AKAY D0 m) +e (4.3)
! nseder(s,a;) myeder(t,ae) ’

Let 77 € der(s, a.) be the distribution realizing the maximum in Equation (4.3). Given
any process p let

]fu:arg min K(dkl )(ﬂs,nu)
nyeder(u,ae)

7,=arg min Kd*H)or, 7).
ngteder(t ag) nA Wt

Then we have

max min JLK(dk/1 V(7ws,Ty) + €
nseder(s,a;) meder(t,ae)

= min )LK(dk;Ll)(ﬂs,ﬂr) +e
nreder(t,a;)

< AKM}; ) (5, 7) + €
< AR} ) (Fg, 75) + AKW@f ) 0F, 70) + € (by Equation (4.2))

= min  AK@; )0+ min AKAS) 0, + e
nyeder(u,ag) ’ needer(t,ae)

< max min /lK(dk/1 V(s Ty) +
nseder(s,a;) myeder(u,ag)

+ max  min AKASmm)+e
ryeder(u,a;) wreder(t,a;)

< dfﬂ(s, u) + dfﬂ(u, f+e
and since this holds for all € > 0, it concludes the proof of Equation (4.1).
To conclude, we need to show that d;  is 1-bounded. This follows by showing that
for each k€ N we have df'/l(s, H<lforalls teS (4.4)

and the monotonicity of the limit. Equation (4.4) follows by an easy induction over k € N. H

Next, we show that ready simulation is the kernel of d; ;.
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Theorem 4.3. For processes s,t € S, we haved, (s, t) =0 iff SE, ¢.

Proof. (=) We aim to show that the relation
R =1{(s, 1) | dya(s, 1) =0}

is a probabilistic ready simulation.

Assume that s’R £, namely d; 5 (s, £) = 0. By Definition 4.6, this implies that init(s) = init(¢)
from which we can immediately infer that whenever s + then also ¢ - . Then we notice
that

d;a(s, )= sup { max min A-K(dr,,l)(ns,nt)}
acinit(s) \7s€der(s,a) w eder(t,a)
=0
iff for all a € init(s)

max min A-K(d; ) (7w, ) =0
nseder(s,a) m,eder(t,a)

iff for all a € init(s), for each 7 € der(s, a) there is 7; € der(t, a)
K(d; ) (s, ;) = min > ro(s', t)dpa(s', 1) =0

e (5,7 ;) s'esupp (), t'esupp(y)
iff for 10 € W (s, ;) optimal
whenever (s, t') > 0 then d; 5 (s', 1) = 0.

More precisely, we have obtained that for each a € init(s), for each 7 € der(s, a) there are a
distribution 7, € der(¢, a) and a weight function tv such that

* for each s' € supp(s) we have ¥ yrequppir,) W(s', 1) = ms(s"),
* for each t' € supp(m;) we have ¥ gesuppry WS, 1) = m4(),
* for each s’ € supp(r;), t’ € supp(n;) whenever w(s’,t’) >0 then s'R .

Thus, from Proposition 2.4, we can conclude that for each a € init(s), for each 7 € der(s, a)
there is a distribution 7, € der(¢, @) such that 7, R 7;.
Summarizing, we have obtained that whenever s’R ¢ then

for each s > 7 there is a 7, such that N 7y and nsRTnt, and

whenever s 7614> then ¢ 7%

Therefore, we can conclude that the relation ‘R is a ready simulation equivalence.
(<) Assume now that s =, . We aim to show that d; 4 (s, £) = 0. To this aim, we prove the
stronger property that

for each k €N, s =} t implies df,l(s, 1) =0. (4.5)

The thesis will then follow by observing that == limj_., Eﬁc and d; 3 = limy_ df 1 We
proceed by induction over k € N to prove Equation (4.5).
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* The base case k = 0 is immediate as ;= S x S and dol(s H=0foralls teS.

* Consider now the inductive step k > 0. By definition we have that s =} ¢ if and only

. a . . a
if whenever s — 7 then there is a 7, with t — 7; and 7§ _gc )

then ¢ 4. Clearly these two conditions imply that init(s) = init(#) and thus

7 and whenever s

df,/l(s,t): sup { max min A- K(dka)(ﬂs,n[)}

acinit(s) nseder(s,a) myeder(t,a)
. t
Let s — 75 and let 7, be any distribution such that ¢ — 77, and 7 £, t. By Propo-
ot . . . .-
sition 2.4 s C k , 7T+ implies the existence of a matching to € Qﬂ(ns,nt) such that for
each s’ € supp(rs), t’ € supp(rr;) whenever to(s', ') > 0 then s’ =}, ¢'. By induction
overk—1, s I;§C Lt implies df ll(s ,') = 0. Thus, we have obtained that there is a

matching 1o € 20 (75, ;) such that whenever to(s’, ') > 0 then dﬁl (s’,t) =0. There-
fore, we can infer that

Kd ;) (mg,m)=  min Y w(s’, )df 3 (s, )
WEWs,Te) /ey pp(rs), t'esupp(y)

> w(s, Hd (s, 1)
s'esupp(my), t'esupp(m;)

=0.

IA

Hence, we have obtained that for each 7 € der(s, a) there is a 7; € der(t, a) such that
A K(dfil)(ns,nt) = 0. Thus, we have

df,/l(s,t) sup { max min A- K(dkﬂ)(ns,n,)}

acinit(s) \7s€der(s,a) m.eder(r,a)

sup { max 0}

acinit(s) \7s€der(s,a)

sup {0}

aeinit(s)

=0.

The results for dg 5 are analogous.
Theorem 4.4. Function ds ) is a 1-bounded hemimetricon S.

Proof. The thesis follows by applying the same arguments used in the proof of Theo-
rem 4.2. u

Theorem 4.5. For processes s, t € S, we haveds ) (s, t) =0 ifand only if st t.

Proof. The thesis follows by applying the same arguments used in the proof of Theo-
rem 4.3. |
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4.3 LINEAR (HEMI)METRICS

In this Section we introduce the behavioral metrics capturing linear semantics as (decorated)
traces and testing.

THE TRACE METRIC

In the fully-nondeterministic case, the trace semantics is mainly based on the capability of
processes to execute particular sequences of events, called traces. Clearly, the same principle
should hold when also probability is taken into account: probabilistic trace semantics should
be based on the evaluation of the probability of a particular trace to be executed by a process.
Intuitively, this should result into a metric semantics expressing the distance between
two processes by quantifying the difference in the execution probabilities of the traces.
However, as we are combining nondeterminism and probability, a few more considerations
are required in order to define a robust trace metric semantics.

First of all, we need to establish what are the events we are considering. Accordingly to the
original idea in [144] an event consists on the execution of an action followed by a probability
distribution over events. Traces are then seen as trace distributions, namely probability
distributions over sequences of actions. In [148] a metric for this semantics was proposed
and in [43] we proposed a logical characterization for it. Besides, this semantics is neither
fully backward compatible with the fully-nondeterministic case [31] nor compositional [144].
More importantly, the distance from [148], due to an overpowered discriminating capability
of schedulers, is incompatible with the bisimilarity metric, that is, denoting the distance
from [148] by d, there are processes s,  such that di. (s, f) > d, (s, t). For all these reasons
we decided to look for an alternative notion of trace metric that, together with its kernel,
would satisfy these desirable properties. So, we switch to a standard notion of event in the
trace semantics, namely the execution of a certain action, so that a trace is no more than a
sequence of actions, as in the fully nondeterministic case.

Next, we need to deal with nondeterminism. Clearly, a process may execute a given trace
with different probabilities, accordingly to which resolution of nondeterminism for it we
are considering. For instance, process v in Figure 4.2 can execute the same trace ab with
probability 1, 0.5 or 0 with respect to the choice of the leftmost, central or rightmost a-branch
of v by the scheduler. As our trace metric has to quantify the differences in those executions,
we need to establish how they will be compared. We let the fully-nondeterministic case
guide us in this choice: when we compare two fully-nondeterministic processes we simply
check that whenever a trace is executable by a process then also the other process can
execute it. We shall say that only positive information about the execution is considered: if
there is a resolution of nondeterminism for a process in which it can execute a certain trace,
then this information is used in the comparison; conversely if there is a resolution in which
the same process cannot execute such a trace, then this resolution is not taken into account.
The same principle should hold in the PTS model. So when we consider the resolution of
nondeterminism for process v in Figure 4.2 corresponding its central a-branch what we
obtain is that v executes trace ab with at least probability 0.5.
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Figure 4.3: Processes s, t are such that d;T 150 =0 and dl;T 2 (5,9 = dr (s, 1) = % -A.

Therefore, our trace metric will express the difference in the execution probabilities of
traces by two processes at their best, namely it will be the difference between the suprema
execution probabilities with respect to all resolutions of nondeterminism for the two pro-
cesses.

Definition 4.8 (Trace metric). Let P = (S,.A,—) bea PTS and A € (0, 1]. For each trace a € A*
we consider the function dgTr 1- §x8 —[0,1] defined for all processes s, t € S by

dgM(s,t):max{o,A'“"l( sup Pr(C(zs,@))— sup Pr(C(zt,a)))}.
- Z.€Res(s) Z,€Res(t)

The trace hemimetric and the trace metric are the functions d;T T dpyp: SxS —[0,1] defined
for all processes s, t € S by

d_ ,(s,0)=sup dZ_,(s,1)
' acAx

dTI‘,/l(S) t) = ma-x{d;,[ryl(s) t)) dETrrA(t’ S)} .

Notice that we also make use of a factor A € (0,1] which discounts the final distance
with respect to the length of the observed trace minus 1 since the first computation step is
not discounted. This follows the same principle of the discount factor introduced in the
branching metrics “the longer the trace the less the distance should weight” and it will allow
us to properly compose the spectrum of metrics.

Example 4.2. We aim to evaluate the trace distance dry 5 (s, f) for processes s, t in Figure 4.3.
Clearly, we have that sup z cpeg(s) Pr(C(zs, @) = SUp z,cges(p) Pr(C (2, @)) = 1. Consider now
trace ab and the resolutions Z; and Z; for resp. s and ¢ in Figure 4.3. We have

sup Pr(C(z.,ab)) = Pr(C(zs, ab)) = 0.6
ZleRes(s)

sup Pr(C(z},ab)) = Pr(C(z;, ab)) =0.7
ZleRes(1)

b

thus giving dg?p 2(s,1) =0and dgn’ 1(t,8) = 0.1-A. Similarly, considering trace ac we get

dgi 280 = 0 and dgi 2 (6,8)=0.1 - A. Since there are no other traces executable by the two
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processes we can conclude that
d;TM(s, 1)=0
d_, ,(5,9)=0.1-1,
dypa(s, 1) =max{d__,(s,0),d_ (2,9} =0.1-A.

<

We show that d;T , (resp. dry,1) is a 1-bounded hemimetric (resp. pseudometric) on S.
We delay the discussion on the kernels of these distances and their properties to Section 4.5.

Theorem 4.6. 1. Function dET ) Is a 1-bounded hemimetric on S. 2. Functiondyyy is a
1-bounded pseudometric on S.

Proof.
1. To prove that dET ) is a 1-bounded hemimetric it is enough to show that for each trace

a € A*, the function d*

A is a 1-bounded hemimetric, that is we need to show that

a. di ,(s,s)=0foreachseS.
=Tr»
b. dgn,A(Sl’ $) < dgTM(sl, $3) + dgTrJL(SS’ s,) for each s1,5,,83 € S.

The first item is immediate by Definition 4.8. Let us prove the triangular inequality.
We can distinguish two cases.

* SUP 2, cRes(s;) PI(C (21, @) < SUP 7, cpes(s,) Pr(C (22, @)). Hence we have
dZ a(s1,82) =0=dZ ;(s1,83) +dZ ,(s3,52)

forall s3€ S.

* SUP z epes(s;) PT(C (21, @) > SUP 2, cRes(s,) PT(C (22, @)). Hence we have
dz ,(s1,52)

:/1|a|—1( sup Pr(C(z;,a))— sup Pr(C(ZZ,a)))

Z1€Res(s1) ZreRes(s2)
:A'“H( sup Pr(C(z;,a))— sup Pr(C(z,a))+ sup Pr(C(Z3,a)))
Z1€Res(s1) ZoeRes(s2) Z3eRes(s3)
:A'“"l( sup Pr(C(z;,a))— sup PI‘(C(Zg,(X)))-I—
Z1€Res(s1) ZzeRes(s3)
A'“H( sup Pr(C(z3,@))— sup Pr(C(zz,a)))
Z3€Res(s3) ZyeRes(s2)

= déTr,,l(Sl, s3) + dgm(sg, $2).
The 1-boundedness property follows by A € (0,1] and

Pr(C(z;,a)) <1
= sup Pr(C(z;,a))<1

Z;eRes(s;)
= sup Pr(C(z;,a))— sup Pr(C(zj,a)) <L
ZieRes(s;) ZjeRes(s;)
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2. dt ) being a 1-bounded (pseudo)metric follows by the fact that it is defined as the
maximum between two 1-bounded (hemi)metrics (Theorem 4.6.1).

THE DECORATED TRACE METRICS

The idea behind the definition of metrics for decorated trace semantics is the same of the
trace metric: we evaluate the difference in the suprema of the execution probabilities of
a particular event over all possible resolutions of nondeterminism for processes, where
an event changes from a sequence of actions to a sequence of actions and decorations
accordingly to the considered semantics.

The completed trace metric

We start by considering the completed trace metric. Assume a process s € S and consider
any resolution Z; € Res(s) for s. We denote by CC(z;, @) the set of completed a -compatible
computations from zs, namely CC(z, @) = {c € C(z, a) | init(corr z, (last(c))) = @}. For sake of
readability, we say that a € A* is a completed trace of process s if there exists a completed
a-compatible computation from zg, for some resolution Z; for s.

Definition 4.9 (Completed trace metric). Let P = (S,.A,—) bea PTS and A € (0, 1]. For each
trace a € A* we consider the function dgT rE S xS —[0,1] defined for all s, € S by

dgTrc,A(S’t):maX{O»/llal( sup Pr(CC(zs,a))— sup Pr(CC(zt,a)))}.
Z€eRes(s) Z:€Res(t)

The completed trace hemimetric and the completed trace metric are the functions d
dpcp: S xS —[0,1] defined for all s, £ € S by

Enc A’

= a
d_ (D) —max{dETM(s, 1), ;Eu}t)* dZ (s t)}

drca(s ) =max{d, 4 (s,0,d, (59}

Notice that differently from the trace metric, the discount factor on completed traces is
considered with respect to the total length of the considered completed trace. Informally,
this is due to the fact that to establish whether a trace a is a completed trace or not we also
need to check process behavior at step |a| + 1, thus making the exponent of the discount
factor to be (|| + 1) — 1 = |a|, where the minus 1 is related to the first computation step
which is not discounted.

Example 4.3. Consider processes s, t in Figure 4.4. Firstly notice that dy 2 (s, £) = 0 as the
only interesting traces for this case are a,ab and ac and clearly sup z cgeq(s) Pr(C(zs, @) =
SUP z, cRes(1) Pr(C(zs, @)) for all a € {a, ab, ac}. Hence, the completed trace distance between
s and ¢ will be obtained by comparing the probabilities of executing the completed traces.
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Figure 4.4: Processes s, t are such that d;T . 1(£,8)=0 and d;T . 280 = drc (s, 1) =0.7-A.

We start by evaluatingd__ (¢, s). Clearly, the completed traces for ¢ are ab and ac for
which SUP 2, eRes(1) Pr(CC(z;, ab)) =0.3 and SUP 2, eRes(1) Pr(CC(z;, ac)) = 0.7. These values are
matched by the analogous suprema over the resolutions for s: the one corresponding to the
leftmost a-branch for trace ab and the one corresponding to the rightmost a-branch for
trace ac. Thus we getd_ b8 =

Let us evaluate now d EneA (S t) Notlce that the trace a = a is a completed trace for s.
Consider the resolutions Z; € Res(s) and Z; € Res(t) represented in Figure 4.4. We have that
Pr(CC(zs, )) = 0.7 whereas Pr(CC(z,;, @)) = 0, since init(corrz,(z,)) # @. It is easy to see that
dETc 1(S, 1) =SUPyeqq,an, acrd - A(s, t) =0.7- A and thus

dric (s, 1) = max{0,0.7-A} =0.7- A.

The failure metric

Next we consider the failure semantics [37,109] which expresses the safety properties of
processes: it ensures that whenever a particular sequence of events takes place then the
process will refuse with a positive probability to execute the actions from a given set. More
formally, an element f € A* x P(A) is called a failure pair and it is constituted by a trace
a and a set F called failure set (sometimes called refusal set) containing the actions that
have to be refused. Given a process s € S and a resolution Z; € Res(s) for s, we denote by
FC(zs, 1) the set of f-compatible computations from z,: for | = (a, F), we let FC(z,f) = {c €
C(zs, @) | init(corrz, (last(c))) N F = @} and we say that a process s admits the failure set F if
init(s) N F = @. This notion is lifted to resolutions via the correspondence function.

For simplicity of notation, we denote a failure pair f = (a, F) by f = aF. Moreover, we
define the length of the failure pair § = a F as

if F
i = {Ial ifF# ¢

|-1 otherwise.

Clearly, the metric capturing the failure semantics will quantify the difference in the
probabilities of satisfying the same safety properties.
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Definition 4.10 (Failure metric). Let P = (S,.A4,—) be a PTS and A € (0, 1]. For each failure
pair f € A* x P(A) we consider the function dng 4: Sx8—10,1] defined for all s, 7 € S by

. A(s,t):max{o,ilﬂ( sup Pr(FC(zs,f)— sup Pr(]:C(zt,f)))}.
- Zs€Res(s) Z€Res(1)

The failure hemimetric and the failure metric are the functions d
defined for all s, t € S by

dpi: SxS—10,1]

Cg, A’

d_ ,(s,0)= sup df‘: (s, 1)
= jeAsxPa) Pt

dia(s,8) =max{d_,,(s,1),dc, 5 (5,9)].

The choice for the exponent of the discount factor follows, as for the three other up-
coming decorated trace metrics, from the same reasoning applied to the case of completed
traces. In fact, notice that given any failure pair f € A* x P(A) we have that the distance
with respect to = a F is discounted with respect to the actual number of computation steps
that are investigated, that is |f|. Notice that whenever F = @, namely we do not investigate
the behavior of processes reached by executing a, then |f| = |@| — 1 as happens for traces.
Conversely, if F # @, namely we impose some constraint on the behavior of the processes
reached via a, then |f| = |a| as for completed traces.

Example 4.4. Consider again processes s, f in Figure 4.4. Consider the failure pairs §; = a{b},
fo = a{c} and f3 = a{b, c} for which, considering process ¢ and its resolutions, we have
respectively

sup Pr(FC(z 1)) =0.7 sup Pr(FC(zsf2)) =0.3 sup Pr(FC(z;f3) =0.
Z€eRes(1) ZeRes(1) ZeRes(1)

These values can be evaluated on the resolution Z; represented in Figure 4.4. By executing
a process z; reaches z;, with probability 0.3 and z;, with probability 0.7. Thus, to evaluate
for instance Pr(FC(z;,f2)) we need to evaluate the probability of z; to reach by executing a
a process whose correspondent in ¢ cannot execute action c. As init(corrz, (z;,)) = {b} and
init(corr z, (z4,)) = {c}, we have that Pr(FC(z,2)) corresponds to the probability of reaching
z1,, namely 0.3. Consider now the resolution Z; for s represented in Figure 4.4. We have that
init(corr z, (nil)) = @ and init(corrz (zs,)) = {b} and thus both processes admit the failure set
{c}. Hence, Pr(FC(zs,f2)) = 1. By applying a similar argument to process s and its resolutions,
we get

sup Pr(FC(zs,f1) =1 sup Pr(FC(zsf2)) =1 sup Pr(FC(zsf3)) =0.7.
ZseRes(s) ZseRes(s) ZseRes(s)

As the considered failure pairs are the only interesting ones for this particular case, the
suprema for s are always greater than those for . Then, since |f;| = |f2| = [f3| = 1, we get that

d_ ,(69=0 d__ ,(s,0=A""max{1-0.7,1-03,0.7-0} =0.7-A.

Therefore, we can conclude that dg ) (s, ) = max{0.7- A, 0} = 0.7 - A. <
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The failure trace metric

We can extend the failure semantics to traces obtaining the failure trace semantics in which
the safety properties of processes are tested in a step-by-step fashion. It is formalized
by means of failure traces, namely sequences § € (A x P(A))* U (e x P(A)) of pairs (a, F)
of an action and a failure set or the empty trace and a failure set (¢, F). Given a process
s € § and a resolution Z; € Res(s) for s, we denote by FC(zs,§) the set of §-compatible
computations from z,: for § = (ay, F1)...(a,, Fy), we let a = a; ...a, and FC(z;,§) = {c€
C(zs, ) | init(corrz (z;)) N F; = ¢ forall i = 1,...,n}, where for each i € {1,...,n} we let z;
denote the state reached by computation c after i steps.

For simplicity of notation, we denote a failure trace § = (a, F1) ... (an, F,) simply by
§=aiF,...a,F,. Moreover, we define the length of the failure trace § = a1 F; ... a, F,, as

lay...a,]—1 otherwise.

lay...ay if F, Z9
m:{ !

We remark that although we are using the same notation /C(z;,_) to denote the set of
_-compatible computations for both the failure pairs and failure traces, the meaning will
always be clear from the context.

The failure trace metric refines the failure metric by quantifying the disparities in the
probabilities of satisfying the same step-by-step safety properties.

Definition 4.11 (Failure trace metric). Let P = (S,.A,—) be a PTS and A € (0,1]. For each
failure trace § € (A x P(A))* U (¢ x P(A)) we consider the function dim 1 Sx8—10,1]
defined for all s, € S by

dgTM(s,t):max{o,/Ug'( sup Pr(FC(zs,§)— sup Pr(fC(z[,g)))}_
- Zs€Res(s) Z€Res(1)

The failure trace hemimetric and the failure trace metric are the functions dETIF pdrEa: S x
S — [0,1] defined for all s, £ € S by

d__,(s50)= sup & (50
EACH Cnp A
" S AP UExPA) A

diep (s, ) =max{d_, i (s,0,dc 1 (5,9)}.

Example 4.5. Consider processes s, t in Figure 4.5. Firstly we evaluate dETIF 1(s, 7). Consider
the failure trace § = a{d}c{f}. We have that

sup Pr(FC(z;3) =1
ZseRes(s)

given by the resolution Z; € Res(s) represented in the same Figure, whereas

sup Pr(FC(z, ) =0
Z€Res(1)

since f3 can execute f and if we consider the resolution Z; € Res(¢) in the same Figure we
have that init(corr z,(z4,)) = {c, d} and thus z,, does not admit the failure set {d}. This implies
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Figure 4.5: Processes s, t are such that dET ; 280 = dET . 2(8,8) =drypa(s, 1) = A2

that dﬁm 280 = AIS1. (1 —0) = A2. As the distance over all failure traces of length less than 2
is 0, we can immediately infer that d';T ; A(s, t) = A2. From similar calculations on the failure
trace §' = a{d}c{e} we get that dETrF 2 (,8) = A? as well, and thus we can conclude

dpp (s, ) =maxid. (s, 0,de (1,9} =A%,

The readiness metric

Almost complementary to failure, we have the readiness semantics expressing the liveness
properties of processes: it ensures that whenever a particular sequence of events takes place
then the process will have a positive probability to execute the actions from a given set.
To define such a semantics we make use of ready pairs, namely elements v € A* x P(A)
constituted by a trace a and a set R called ready set, which is the set of the actions that
have to be executed. More precisely, we require that the process reached by the trace a,
executes exactly the actions specified in the ready set. Formally, given a process s € S and a
resolution Z; € Res(s) for s, we denote by R C(zs,t) the set of v-compatible computations
from z: for v = (a, R), we let RC(zs,t) = {c € C(z,, a) | init(corr z, (last(c))) = R} and we say
that a process s admits the ready set R if init(s) = R. This notion is lifted to resolutions via
the correspondence function.

For simplicity of notation, we denote a ready pair t = (a, R) by t = aR. Moreover, we
define the length of the ready pair vt = aR as the length of the trace a, namely [t| = |a]|.

Dually to failure metrics, the readiness metric will quantify the difference in the probabil-
ities of satisfying the same liveness properties.

Definition 4.12 (Readiness metric). Let P = (S,.A,—) be a PTS and A € (0, 1]. For each ready
pair v € A* x P(A) we consider the function thR :Sx8 —[0,1] defined for all s, £ € S by

thR/I(S’ 1) = max{O,/lm( sup Pr(RC(zs1t)— sup PI‘(RC(Z;,‘C)))}.
’ Z.€Res(s) Z,€Res(1)
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The readiness hemimetric and the readiness metric are the functions d
defined for all s, € S by

dR,,lZ SxS8—1[0,1]

Cg,A’

d_ ()= sup dg ,(s0)
te A*xP(A)

dp (s, 1) = max{d;]m(s, 0,d_, (7, s)}.

Notice that, differently from failure semantics, testing a ready pair t = a R always sub-
sumes that R is tested on the processes reached by performing a. For this reason we let
|| = |a] for all ready sets R.

Example 4.6. Consider again processes s, ¢ in Figure 4.4. Consider the ready pairs t; =
a{b}, to = a{c} and t3 = a{@} for which, considering process ¢ and its resolutions, we have
respectively

sup Pr(RC(zsv1))=0.3 sup Pr(RC(zs12)) =07 sup Pr(RC(zst3)) =0.

Zi€Res(1) Z€Res(1) Zi€Res(1)
By executing a process z; reaches z; with probability 0.3 and z;, with probability 0.7.
Thus, to evaluate for instance Pr(R C(zs,t;)) we need to evaluate the probability of z; to
reach by executing a a process whose correspondent in ¢ can execute only action b. As
init(corr z, (z5)) = {b} and init(corr z, (z;,)) = {c}, we have that Pr(RC(z;,t;)) corresponds to
the probability of reaching z; , namely 0.3. Consider now the resolution Z for s represented
in Figure 4.4. We have that init(corr z, (nil)) = @ and init(corrz (z;,)) = {b} and thus process
zs, admits the ready set {b}. Hence, Pr(R C(zs,t1)) = 0.3. By applying a similar argument to
process s and its resolutions, we get

sup Pr(RC(zs 1)) =0.3 sup Pr(RC(zst2))=0.7 sup Pr(RC(zst3)) =0.7.
ZseRes(s) ZseRes(s) ZseRes(s)
As the considered ready pairs are the only interesting ones for this particular case and
[t1] = |vo| = |r3| = 1, we get that

d_ ,(69=0 d_ ,(s,0)=A"max{0.3-03,0.7-0.7,0.7-0} =0.7- A.

Therefore, we can conclude that dg 5 (s, £) = max{0.7- A, 0} =0.7- A. <

The ready trace metric

By considering the liveness properties in a step-by-step fashion, we obtain the ready trace
semantics. A ready traceis a sequence R € (A x P (A))* u(exP(A)) of pairs (a, R) of an action
and aready set or the empty trace and a ready set (¢, F). Given a process s € S and a resolution
Z; € Res(s) for s, we denote by RC(zs,R) the set of R-compatible computations from z;:
for R = aiR;...ayR,, welet a = ay...a, and RC(z5,R) = {c € C(zs, @) | init(corrz, (z;)) =
R;foralli = 1,...,n}, where for each i € {1,...,n} we let z; denote the state reached by
computation c after i steps.

For simplicity of notation, we denote a ready trace R = (a;, R1)...(a,, R,) simply by
R=aF...a,F,. Moreover, we define the length of the ready trace’R = a1 R; ... a,R,, as the
length of the trace constituting it, namely |R| = |a; ... a,| = n.
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Also in this case, despite we are using the same notation RC(z;,_) to denote the set
of _-compatible computations for both the ready pairs and ready traces, the meaning will
always be clear from the context.

The ready trace metric refines the readiness metric by quantifying the disparities in the
probabilities of satisfying the same step-by-step liveness properties.

Definition 4.13 (Ready trace metric). Let P = (S,.4,—) be aPTS and A € (0, 1]. For each ready
trace R e (A x P(A)* U (e x P(A)) we consider the function diém 4 Sx8—10,1] defined
forall s, € S by

CTrR,
TR ZseRes(s) Z€Res(1)

a2 A(s,t):max{o,/llml( sup Pr(RC(z5,M)— sup Pr(RC(zt,ER)))}.

The ready trace hemimetric and the ready trace metric are the functions d';TrR pdrra: S x
S —[0,1] defined for all 5, f € S by

d__,(s,0)= sup d? (s,
Cnr, ALY Crr,A Y
TR Re(AXPAN*UExPA) 0

dTI'R,/l (S! t) = max{d;TrR'/l(S) t)) dETrRrA(t’ S)} .

Example 4.7. Consider again processes s, t in Figure 4.5. Firstly we evaluate dI;TR 108, 0)-
Consider the ready trace R = a{b, c}c{e}. We have that

sup Pr(RC(zs,R) =1
ZseRes(s)

given by the resolution Z; € Res(s) represented in the same Figure, whereas

sup Pr(RC(z;,R) =0

Z,€Res(1)

since t3 can execute f and if we consider the resolution Z; € Res(t) in the same Figure
we have that init(corrz,(z4,)) = {c, d} and thus z;, does not admit the ready set {b, c¢}. This
implies that dgTrR 280 = AP (1-0) = A2. As the distance over all ready traces of length less

than 2 is 0, we can immediately infer that d;T &0 = A?. From similar calculations on the
failure trace R’ = a{c, d}c{e} we get that dET A s) = A? as well, and thus we can conclude

dpga(s, ) =max{d. (s,0,dz (5,9} =A%

Well-defined distances

The following Theorem formalizes our definitions by proving that all the functions proposed
so far to quantify decorated trace semantics are actually hemimetrics and pseudometrics.

Theorem 4.7. Let x € {TrC,F, TrF, R, TrR}.

1. Functiondc ) is a 1-bounded hemimetriconS.
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2. Functiondy ) is a 1-bounded pseudometricon S.

Proof. The thesis follows by applying the same arguments used in the proof of Theo-
rem 4.6. u

THE TESTING METRIC

We conclude this Section by defining a metric expressing the probabilistic testing semantics.
To the best of our knowledge, ours is the first proposal for a quantitative version of this
semantics. Since the work in [62], testing semantics expresses the reliability of a process in
different environments, which are modeled by the notion of zest.

Definition 4.14 (Test). A nondeterministic probabilistic test transition systems (NPT) is a
finite PTS O = (O, A, —) where O is a set of processes, called tests, containing a distinguished
success process denoted by / with no outgoing transitions. We say that a computation from
o € O is successful if and only if its last state is /.

Given a test 0 € O, we define the depth of o to be the length of the longest executable
sequence of transitions in o, namely

0 if init(o) = @

1+ sup dpt(o") otherwise.
acinit(o),meder(o,a),0’esupp ()

dpt(o) =

The behavior of a process in an environment is then determined by means of the inter-
action system of the process and the test modeling the given environment.

Definition 4.15 (Interaction system). Let P = (S,.4,—) be aPTS and O = (0, A,— () be an
NPT. The interaction system of P and O is the PTS P || O where

* every (s,0) € S x O is called a configuration and is said to be successful if and only if

0=/

* a computation from (s,0) € P || O is successful if and only if its last configuration is
successful.

Notice that since O is finite, then also P || O is finite.

The notion of interaction systems of a PTS and an NPT naturally induces the interaction
systems of a process and a test.

Hence, the behavior of a process is given by the probability it has to pass a test, that is the
probability of reaching a successful process in the interaction system. Given an interaction
system s || o and a resolution Z;, € Res(s,0), we denote by SC(zs,,) the set of successful
computations from the state z; ,. Moreover, given any trace a € A* we let SC(z;,o, @) denote
the set of a-compatible successful computations from z; ,. For sake of readability, we say
that a € A* is successful for an interaction system s || o if there is a successful a-compatible
computation from z; , for some resolution z; , for (s, 0).

Our aim is to define a metric suitable to express the testing semantics. Intuitively, we
shall quantify the disparities in the success probabilities of processes with respect to all
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tests. However, a simple comparison of this kind would not be sufficient. As previously
pointed out in the discussion of trace metric, to avoid unexpected evaluations of success
probabilities, we need to limit the power of schedulers. Thus, inspired by [29], we will reason
in a trace-by-trace fashion also on testing: our testing metric will quantify the differences in
the probabilities of processes to reach success by executing a given trace, with respect to all
traces and tests.

Although only maximal computations may lead to success, considering them alone is
not sufficient to guarantee full backward compatibility of the kernel of our metric with the
fully-nondeterministic case. In [62] a distinction between may testing and must testing is
made: a process may pass a test if at least one of the computations of the interaction system
is successful. Conversely, a process must pass a test if all the computations of the interaction
system are successful. In the literature, we can find several proposals of probabilistic
testing semantics [51, 69,95, 166] and in particular of may and must testing obtained as a
probabilistic generalization of those in [62]. Briefly, two processes are probabilistic may
(resp. must) testing equivalent if the suprema (resp. infima) of their success probabilities
with respect to all resolutions of nondeterminism are the same. In [31], it has been shown
that these notions are not fully backward compatible with the fully-nondeterministic case.
To guarantee the compatibility for the trace-to-trace approach we need to impose the same
restrictions given by the must testing from [62] on our resolutions. Our testing metric should
quantify the disparities in the trace-by-trace success probabilities and also guarantee that
for each trace a € A*, whenever all a-compatible maximal computations of a process lead
to failure, then also the other process should fail.

For this reason we introduce a particular subset of resolutions on which we will evaluate
the suprema of success probabilities. Given a process s € S, a test o € O and a trace a € A*,
we denote by Resmay o (s, 0) the subset of maximal resolutions Z , € Respax (s, 0) such that
Cmax(Zs,0, @) # @, namely the subset of maximal resolutions for s || o having at least one
maximal computation compatible with a.

Interestingly, for any trace a € A*, parallel composition being synchronous guarantees
that whenever two interaction systems have at least one maximal a-compatible computation
then either both systems will reach a successful process by executing a or they will both fail.

Lemma 4.8. Assume a PTS P = (S, A,—) and an NPT O = (O, A,—). Then forall s,t € S,
0 € O and a € A* we have that whenever both Resmax « (S, 0), ReSmax o (£, 0) # @, then

sup Pr(SC(zs o, ) >0 iff sup Pr(SC(z40,a)) >0

Z5,0€ReSmax,a (5,0) Zt,0€ReSmax,q (1,0)

Proof. The proof follows by noticing that either there is a successful computation from o
which is compatible with @, and thus Resmax « (S, 0), Resmax,« (£, 0) # @ implies that there is
also one such computation in both (s, 0) and (t, 0), or there is no computation like that, and
thus no successful maximal computation from (s, 0) and (¢, 0) can be compatible with a. ll

Finally, we remark that the execution probabilities of processes are inevitably modified
by the interaction with a test. Thus, to obtain a metric comparable with the ones proposed
so far, we ought to introduce a normalization factor. To this purpose, notice that for a
process s € S and a test 0 € O, we have that Z; , is a resolution in Res(s, o) if and only if
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Zso0 = Zs || Z, for some resolutions Z; € Res(s) and Z, € Res(0). Consequently, for each
resolution Z; , = Z; || Z, for (s, 0) we have that for all traces a € A*

Pr(C(zsp, @)= Y Pr(c)

ceC(zs,0,Q)

Pr(cs)Pr(cy)

celcsllco| cs€C(z5,@) A co€C(20,)}

Y Pr(c)- ). Pr(co)

cs€C(zs,a) co€C(z9,)

=Pr(C(zs,a)) - Pr(C(zy, a))

where ¢ = ¢ || ¢, denotes that the projection on the first component of the configurations
in ¢ gives c; € C(z;) and the projection on their second component gives ¢, € C(z,). This
implies that

sup Pr(SC(zs0,a)) = sup Pr(C(zs,a))- sup Pr(SC(z,, )
Zs 0€Resmax,a (5,0) ZseRes(s) Z,€Resmax(0)
where the supremum of the success probabilities for the test o is evaluated over maximal
resolutions, since no computation that is not maximal can reach success. Conversely, the
analogous supremum for the process s is evaluated over all possible resolutions for s since
success can be given only by the test and thus we only need to quantify the probability of
executing the trace a.
Now, we have all the ingredients necessary to define our festing metric.

Definition 4.16 (Testing metric). Let P = (S,.4,—) beaPTS and O = (O, A4, — ) an NPT. Let
A€ (0,1]. For each test 0 € O and trace a € A* define

d(s, t,0,a) = sup Pr(SC(zs,0, ) — sup Pr(SC(z;,0, )

Z5,0€Resmax  (5,0) Z; 0€Resmax,a (£,0)
for all s,z € S. Then we define the function dgt“ 2 SxS—[0,1]forall s, €S as

1dpt(o)-1 d(s t,0,) ifd(s,t,0,a) >0
sup Pr(SC(zy,a))

Z,€Resmax(0)

sup Pr(Cmax(2s,0, @)

o,a _ _1 Zs,0€Resmax,a (5,0) .
d2 (s, 1) =4 ydpto)-1 280 Pmane if sup Pr(SC(zs,0, @) =0A
. ;up ()Pr(C(zo,a)) 24 0EReSmax.a(5,0)
0€ReSmax(0

AReSmax,a(f,0) =@

0 otherwise.

The testing premetric and the testing metric are the functions d;t iyt diescr: S xS —[0,1]
defined for all processes s, t € S by

_ o,
Ae a8 0 =5Up SUp d ;(s,1)

diese A (s, 1) = max{dgtest' Als0,d (2 s)} .
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0 (s,0) (t,0)

a la la
05705 03 .-0; 3 "'150;:2....,,.(.)).2 0.25 _,4,0.%_5;:;.-.:'()‘;1‘3" "45(');.1-:.-.;-;931 5..0.15
01 02 (s1,01)S81,02)S2,01)S2,02) (t1, 01)(t1, 02) 12, 01) L2, 02) 13, 01 )13, 02)
[ le[b e |p b e e
vV @ (@) (@®,®) (@,) (@,V)(®,®) (@,®)

Figure 4.6: A test showing that processes s, t from Figure 4.3 are such that dies, 7 (s, 1) =20.1- A.

The choice for the exponent of the discount factor follows from the same reasoning
applied to the case of trace metric.

Now that we have formally introduced our testing metric, we can discuss in detail the
technical choices that we have made to define it. In particular, given a test o and a trace
a, we will focus on the definition of d;'t‘:st, Iy which we will explain with the help of a few
examples.

We remark that for all processes s, t, dgzst. 4(s, 1) is an asymmetric distance and thus it is
mainly constructed on the properties of process s.

The first case in the definition of dg::sb /1(3’ t) should be the most intuitive: whenever s
has a positive probability of reaching success by executing «a in the interaction with o, then
we consider the same success probability for ¢ and we quantify their difference. If such a
difference is positive, then we normalize it with respect to the success probability of a in o
(which is necessarily non null), and we assign it as value to d;'t‘;b 165, 1).

Example 4.8. We represent the probability distribution 6./, namely the distribution assign-
ing probability 1 to the process 1/, simply as v/.

Consider processes s, f in Figure 4.3 and their interaction systems with the test o repre-
sented in Figure 4.6. Let & = ab. We aim to evaluate d";’t‘;t’ 4 (,9). Clearly,

sup Pr(SC(z;,0, ) =0.35 sup Pr(SC(z,0,)) =0.3

Zt,0€Resmax,a (£,0) Z5,0€Resmax,a (,0)

from which we gather d(z,s,0,a) = 0.35-0.3 = 0.05. AS SUPz_cRes_ . (o) PT(SC (20, @)) = 0.5,
we can conclude that

dO,(X
Ctest

0.05
_ qdpt(o)-1
2 (68) = A 05

=0.1-A.
5

Let us evaluate now d2% (s, 7). We have that SUPz, _cgesq(s.0) PFSC (25,0, @) > 0 and
d(s,t,0,a) < 0. Hence, dg’t“ a0 =0. Notice that for § € {a, ac} we have Resmay (s, 0) #
=test»
_ 0,p _
B, SUDRes; 40 4(5,0) Pr(SCéZS’O’ﬁ)) = 0 but Resmax,5(£,0) # @ as well and thus d_’ (s, 7) = 0.
. . o, _
Similarly, we derive dEtestv /l(t, s)=0. <
Let us focus now on the second case in the definition of dgt“ t 2(8,0). Assume that process
=test»
s cannot reach success in the interaction with the test o by executing « and that ¢ || o
has no a-compatible maximal computations, namely Resmax o (f,0) = @. In this case we
need to check whether s may fail by executing a. This is to guarantee the fully backward
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0 (s,0) (t,0)
la a a la
1 0. 7 0 3 0. 3 0 7 0. 3 0 7
01 (nil, 01) (81;01)(1111 01) (82,01) (t1,01) (t2,01)
e i
V4 v (@,V) (@,V) (@,Vv) (@)

Figure 4.7: A test showing that processes s, t from Figure 4.4 are such that dieg;, 7 (s, £) =20.7- A.

compatibility of the kernel of our metric with the fully-nondeterministic case. In fact, as
previously outlined, testing semantics expresses non only success probabilities but also the
possibility of failure. Therefore the metric for testing should also emphasize the differences
of processes related to failure. However, we do not quantify the disparities in the probabilities
of failing a test by executing a particular trace, but simply the possibility of a process to
fail against the impossibility for the other one to fail. Our aim is simply to guarantee that
whenever a process fails then so does the other one, without imposing any constraint on the
probabilities. Those are considered only in quantifying the differences on success.

The probability of s to fail wrt. the execution of « is given by SUPResymax (5,0) Pr(Cmax(Zs,0, @),
where maximal computations are considered as success and failure can only be established
on them. This probability is then normalized by supgeg, (5 Pr(C(z,, @), where instead all
a-compatible computations are considered to avoid the denominator to be 0. In fact, s || o
can execute a only if both s and o can execute it (synchronization is full) but since « is not
successful (SUPpes,.. (5,0 PI(SC (25,0, @)) = 0) we cannot establish whether the a-compatible
computations from o are maximal or not. In the following example we show that the restric-
tion to Resmax, o () and the second case in the definition of dg‘: are necessary to guarantee

Ctest, A
full backward compatibility with the fully-nondeterministic case.

Example 4.9. Consider processes s, t in Figure 4.4 and their interaction systems with the test
o represented in Figure 4.7. Clearly,

sup Pr(SC(zs,, ab)) = sup Pr(SC(z;,0,ab)) =0.3
Zs 0€ReSmax, ab (5,0) Z 0€ReSmax,ab (£,0)

sup Pr(SC(zs,, ac)) = sup Pr(SC(z;,,ac)) =0.7
Zs 0€Resmax,ac($,0) Zt 0€EReSmax, ac(,0)

and thus do’“b/,l(s, ) = do’“bl(t s) = do’“c s = do’“c A(t,$) = 0. Letus consider the
trace a = a. We aim to evaluate do’ A(t s). Since Resmaxa(t 0) = @, we can immedi-
ately conclude that dot“ L) =0. Con81der now dot“ (s, 1). Notice that Resmax o (S, 0) # @,
SUPResmax.a(s,0) Pr(SC(zs,0, @) = 0 and, as already noticed, Resmax,« (£, 0) = @. Therefore, the

conditions of the second case of the definition of dEt g are satisfied and we can infer that
=test»

sup Pr(cmax(zs,m a))

1 Resmax,a ($,0)

sup Pr(C(zy,a))

Resmax (0)

0.7
o,a _ qdpt(o)— 1. — .
d2® (=1 =A== =071,
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D |

We conclude by showing that dEtest 3, (resp. diesi, 1) is @ 1-bounded premetric (resp. semi-
metric) on S.

Theorem 4.9. 1. Function dEt A is a 1-bounded premetric on S. 2. Function des ) is a
=testy
1-bounded semimetricon S.

Proof.

1.

4.4

To prove that d;test’ ) is a 1-bounded premetric it is enough to show that for each
test 0 € O and for each trace a € A*, the function d;'t‘;b ) is a 1-bounded premetric,
that is we need to show that d";’t‘;t' 1(s,5) = 0 for each s € S, which is immediate by
Definition 4.16.

The 1-boundedness property follows by A € (0,1] and

sup Pr(Cmax(zs,0, @)
d(s, t,0,a) -1 Zs,.0€ReSmax,a (5,0)
sup  Pr(SC(zp,q)) sup  Pr(C(zy, )
Z,eResmax(0) Z,€Resmax(0)

. dest,2 being a 1-bounded semimetric follows by the fact that it is defined as the sym-

metrization of the 1-bounded premetric.

A SPECTRUM OF BEHAVIORAL METRICS

In this Section we show that the behavioral distances discussed so far can be partially
ordered in a spectrum by the relation ‘makes processes farther than’, as represented by the
blue arrows in the upper part of Figure 4.1.

More formally, the purpose of this Section is to prove the following Theorem.

Theorem 4.10. The following relations among the proposed behavioral metrics hold:

1.

© N O &0 x &N

d,1 >dr,]L >ds,]L~

d.,>d d

> >d
Enr,A Ep,A Ctest:A

d;F,/’L > d;m,l > d;Tr,/l'

ds,/l > dETr./l'

dr,)L > dETrRr/l and dr,/l > d;R,A'
dj >dpr > dEp > deest,r > dry -

dp y >dpcy >da.

d,1 > dTrR,/l and d,’l > dR,/l-
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It is worth noticing the isolation of the metrics for the readiness semantics in the spec-
trum as well as the mutual incomparability of the metrics for testing, completed traces
and similarity. These results may seem odd, especially in comparison with the linear time
branching time spectrum of [159] on fully-nondeterministic processes. However, as we will
detail in Section 4.6, they are due to the close interaction of nondeterminism and probability
in the PTS model.

For each relation d > d’ in Theorem 4.10 we will prove, in the upcoming Theorems 4.11-
4.19, the non strict version d > d'. Then, d > d’ follows from (i) relation d = d’, (ii) the results
in Section 4.5 showing that the kernel of d (resp. d’) is the target of the red dotted arrow in
Figure 4.1 originating from d (resp. d"), (iii) the strict inclusion between the kernels of d and
d' that we will prove in Section 4.6. Indeed, (i)—(iii) ensure the existence of processes s, t € S
with d(s, ) > 0 = d'(s, ). Moreover, the examples in Section 4.6 showing that certain kernels
are incomparable automatically give that also the corresponding metrics are incomparable.

Theorem 4.11. For each s, t € S it holds thatd (s, t) = d; 5 (s, 1) = ds 2 (s, ).

Proof. First of all we notice that whenever init(s) # init(¢) thend, (s, £) =d; 1 (s, £) = 1 and
d; 2 (s, t) <1 an the thesis holds.

Consider now the case of init(s) = init(¢). We proceed by induction over k € N to prove
the stronger property that

for each ke N, df(s,) =df,(s,) = df (s, 1). (4.6)

The thesis will then follow by the monotonicity of the limit.
The base case k = 0 is immediate since by definition d) (s, 1) =d?, (s, 1) =d? , (s, ) =0
Consider now the inductive step k > 0. We have

dfl(s f)= sup max min AK(dkal)(ns,nt)
ac A* nseder(s,a) meder(t,a)

>sup max min /1K(dk/1 Y(7ws,7T4)
ac A* seder(s,a) meder(t,a)

= dsA(s, 1)

where the inequality follows by induction over k — 1 and the monotonicity of K, inf and sup.
Similarly, we have

di(s, 0

= sup max{ max min /IK(d Yws,my), max min }LK(d )(ns,nt)}
acA nseder(s,a) nyeder(t,a) n.eder(t,a) nseder(s,a)

> sup max min /1K(d Yowg, )

ac A mseder(s,a) nieder(t,a)

> sup max min AK(dk/l Y(Ts, 7Ts)
ac A ms€der(s,a) mreder(,a)

=df,(s,1)

where the second inequality follows by induction over k — 1 and the monotonicity of K, inf
and sup. |
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Theorem 4.12. For all s, t € S it holds thatd (s, 1) zd___,(s,1).
Proof. With abuse of notation, given k € N we write

d'é (s, 1) = sup ds (s, 1).
e, A Eqp, A
e FeAXPAN* UexPA,Fl<k T

Notice that d;TrF W80 = limy_ o d’;T ; A(s, t). Therefore, to prove the thesis, we prove the
stronger property that
for each ke N, df,A(s, t) = démﬂ(s, 1). 4.7)

The thesis will the follow by Proposition 4.1 and the monotonicity of the limit. We proceed
by induction over k € N.
Consider the base case k = 1. It is easy to check that

1 ifinit(s) # init(¢)

d sn=d. _,(s0=
r,A Crer A 0 otherwise

and thus Equation (4.7) directly follows.
Consider now the inductive step k > 0. If d’éT . /1(5’ t) =0, then there is nothing to prove.

Hence assume that d’ém ,(s, 1) > 0. Notice that by definition of supremum we have that for
each £ > 0 there is a failure trace §; € (A x P(A))* U (e x P(A)), with |F¢| < k s.t.

d* (s, 1) = sup d’ (s,1) < ds (s, 1) +e.
=i FEARPAY UEexPAN Ik T St

In the following we will prove that df W(s0) = dg‘; a0 and that such a result does not
depend on the choice of €. Therefore, we will get that for all € > 0 it holds df W(sD+e=
d’éT ; /1(5’ 1) from which Equation (4.7) directly follows.

We ca assume, without loss of generality, that §. = aFJ’ for some a € A, F € P(A) and
' e (AxP(A)N* U (e x P(A)) with |§'| < k— 1. Then we have

e
d;m’ A(s, 1)
:A'gf'( sup Pr(FC(z5,F:)— sup Pr(C(zt,Sg)))
ZseRes(s) ZeRes(1)

:AI&I( max Y. wy(s) sup Pr(FC(zy,§))+
ms€der(s, @ ey Z€Res(s")
s.t. init(s) NnF=¢

—  max Y m(t) sup Pr(}"C(Zt/,S))).
mieder(t,a) e o) Z 1€Res(t)
s.t.init(¢/)nF=@

Let
7Ty = arg max Y. ms(s) sup Pr(FC(zy,§).

mseder(s,a)  geqionirg) Zg€Res(s)
s.t. init(s") NnF=g
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Moreover, for sake of readability, for any distribution 7 we let F(rr) = {s € supp () | init(s)NF =
@} and we let = F () = {s € supp () | init(s) N F # @} be its complementary. Then we have

df (s, 1)

=sup max  min min A ) w(s,)d /1(3 )
aeAnsEder(s,a)nteder(t,a)meﬁﬁ(ns,nt) s esupp(rs)
t'esupp(y)
> max min min A ) m(s’,t’)df;l(s’,t')
nseder(s,a) nieder(t,a) weQ (7, 7m;) Jesumpins) )
'esupp(y)
> min min A Z m(s',t')dfil(s’,t’)
neder(t,a) e (7ds,m,) s/ esupp(s) ’
t'esupp(my)
=~ JINak-1,..
=1 ) w(s,d (1)
s'esupp(i7s)
t'esupp (i)

Yo, Od L O+ Y w i i+
s'eF(is) s'eF(sis)
t'€F(57y) t""enF(iy)

+ Z YTO(S”, t/)dll‘(zil(s//’ t/)_l_ Z m(S// t”)d (S” t”)]

s enF (i) s''e=F(is)

t'eF(sy) t""eF(riy)
=AY w0 OdG N O Y wE N+ Y tﬁ(s",t')]

L /e F(ris) s'eF(is) s"emF (i)

t'eF(sy) t""eF(iy) t'eF(sy)
=AY v, Al s Y e+ Y ﬁa(s”,t’)]

L seF(rs) s'eF(ris) s!'e~F ()

t'eF(siy) t""e=F(riy) t'eF(ity)

= J I lF ! /
> > (s, HA sup Pr(FC(zy,§))— sup Pr(FC(zys,F))|+
s'eF(rs) Zg€Res(s) Z1€Res(t")

t'eF(siy),init(t')nF=¢

+ Y w4+ ) tﬁ(s",t')]

s'eF (i) s'e=F(is)
t""e=F (i) t'eF(riy)
~ ! ~ !
=AY w6, OAMST sup Pr(FClze, § - Y. w(s, HAF sup  Pr(FC(zy, §))+
s'€F(ifs) Z€Res(s") s'€F(iFs) Z€Res(t")
t'eF(siy) t'eF(ity)
+ Y i+ ) m(s"t)]
s'eF(its) s''eF(it5)
t""e=F(iy) t'eF(ity)

Y (s AR sup  Pr(FClzy, ) + Y. (s, fYAS sup  Pr(FCl(zy, )+
'€ F(its) Z€Res(s") D) Zg€Res(s)
t'€F(5Fy) t""eF(riy)

- Y i, O sup Pr(FCzFN - Y. w(", A sup  Pr(FC(zy, )
D) Z1€Res(t') s e F(its) Z1€Res(t)
t'eFiy) t'eF(iy)
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:/1[ Y w(s, HOAST sup  Pr(FClzy,F) - > (s, HA!T sup Pr(]-"C(z[r,g'))]

s'eF(its) ZeRes(s") s'esupp(is) Z,€Res(t')
t'esupp(iy) t'eF(sy)
! !
=AY AGHA sup Pr(FClze, - Y. A(HAS! sup Pr(fc<zﬂ,s’))]
s'€F(7fs) Zs€Res(s") t'eF (i) Z,1€Res(1)

> /1|&€| Z st(S,) sup Pr(FC(ZS/,SI))— max Z H[(t,) sup PI'(.FC(Z[’;G',))]

L s'e F(555) Z€Res(s") nieder(t,a) t'eF(my) Z1€Res(1’)

— /1|Se| max Z ns(s') sup Pr(]:C(ZS/,S,)) —  max Z ﬂt(f,) sup PI(FC(Zt’;S,))]
| mseder(s,a) g pip ) Zg€eRes(s") 7i€der(t,a) ey ) Z1€Res(t')

=ASl sup  Pr(FC(zs,§e) — sup Pr(FClz,Fe)
L Z;eRes(s) Zi€Res(1)

=d% (51

Emrr,

where:

* The second step follows by evaluating the ready simulation distance on a particular
action, namely the action a of §,.

* The third step follows by choosing 77; among all distributions in der(s, a).
* The fourth step follows letting

- . k=1~ , ~

A =arg min K}, ) (s, 70)

. k=1\, ~ ~
to =arg min K@) (A, 7,).
LRI s

* The sixth step follows by noticing that dfil (s',t") = 1 whenever init(s’) N F = ¢ and
init(t") N F # @ or viceversa. Moreover we delete the non negative quantity

Z t:o(sll’ [”)df,/_ll(su’ t").
s''enF(is)
t""eF(iy)
* The seventh step follows by induction over k — 1.

* The eighth step follows by |§'| < k — 1 and the definition of supremum.

* the ninth step follows by

Y o, AT sup  Pr(FC(z¢,§) - sup Pr(fC(z,,,g’)))

sleF (i) Z€Res(s') Z1€Res(t')
' eF(Ty)
~ ! - !
= Y @, O sup  PrFClzg, ) - Y (s, tHAT  sup Pr(fC(ztr,S’)))
s/ eF(iFs) Z€Res(s) s'eF(iis) Z 1€Res(1)
'€ F(iiy) t'eF(iy)

which can be proved by applying the same arguments used in the proof of Theo-
rem 4.15.
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* The tenth step follows by A'3'! SUP 2, cRes(p) PT(FC(2p,§) = 1 for all processes p € S.
* The twelfth step follows by the choice of tv.
* The thirteenth step follows by the choice of 7;.

* The fourteenth step follows by the choice of 7.

This gives that df A(s, 1) = dng . /1(3’ t) and thus concludes the proof. [ |

Theorem 4.13. Forall s, t € S it holds ﬂmtd;m 280 = d;F 280 = d;test 280 = dETI 108, 1).

Proof. We start with dETrFr 1,0 = du;F, A(s, 1). This directly follows by noticing that each
failure pair f = aya,...a,F can be seen as the failure trace § = a1 9a,@... a,F, for which
moreover we have Sup z cpeg(s) PTI(FC(2s, ) = SUP z cpes(s) PT(FC (25, §)) for any process s € S.
Thus we have

d__,(s)= sup max{O,)L'ﬂ( sup Pr(FC(zs,f))— sup Pr(}"C(zt,f)))}
feA*xP(A) ZseRes(s) Z;€Res(1)

<max{0,/1'f€'( sup Pr(FC(zs fe))— sup Pr(]-"C(zt,fg)))}+e
ZseRes(s) Z€Res(1)

:max{o,/l'&f'( sup Pr(FC(zsFe))— sup Pr(}"C(zt,SE)))}+£

ZseRes(s) Z€Res(1)
< sup max O,/lm( sup Pr(FC(z5,§)— sup Pr(FC(z,§))p+e
Fe(AxP (AN U(exP(A) ZseRes(s) Z€Res(1)

= dETrM(s, ) +e
where

* The second step follows by definition of supremum which guarantees that for each
€ > 0 there is a failure trace f, € A* x P(A) s.t dEF,A(s, 1) > SUDfe A%« P(A) deF,A(s, 1) —e.

* The third step follows by choosing the failure trace §, as described above.
* The forth step follows by definition of supremum.

Since the inequality dEF ERIES dl;m: W8 D+e holds for all € > 0, we can conclude that the
thesis for this case follows.

We proceed to d;F, 280 = dEtest» 2 (s 0). If dgm, 4(s, 1) =0, then there is nothing to prove.
Hence assume that dEtest 1(s, 1) > 0. By definition of supremum, given any ¢ > 0 there are
0s € O and a, € A* such that

—_ o, O¢,U¢
dEtestﬂ(S’ 1) = ilel(lg) (xS;lfIl)* dEtestﬂ(s’ £ < dEtest»/l(s’ f)+e.
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In the following, we will prove that d"*, (s,#) =d__, (s, #) and that this result does not
depend on the choice of € > 0. Therefore we will get that for all € > 0 it holds d A=
EF’ 1(s, 1) + € from the thesis for this case directly follows.
For simplicity of notation, we let o, = 0 and @, = a. We can distinguish two cases.

1. Either
sup Pr(SC(zs,, ) — sup Pr(SC(zs,,a))
Zs,0€ReSmax,a ($,0) Zt 0€Resmax,a (£,0)
sup  Pr(SC(zy,a))

Zo€Resmax(0)

:]Ldpt(")_l( sup Pr(C(zs,a))— sup Pr(C(zt,a)))
ZseRes(s) Z;€Res(1)

:Adpt(")_l( sup Pr(FC(zs,a®))— sup Pr(fC(zt,a(D)))
Z.eRes(s) Z€Res(1)

do,t t/l(s Z.) Adpt(o)—l

sﬂt'“"l( sup Pr(FC(zs,a®))— sup Pr(]—"C(zt,a(Zﬁ)))
ZeRes(s) Z€Res(1)

< d;F, 108, 0)
where the second step follows by

sup Pr(SC(zs0,)) = sup Pr(C(zs,a))- sup  Pr(SC(z,, )

Zs 0€ReSmax,a (5,0) ZseRes(s) Zo€Resmax(0)

for all s € S and the forth step follows by the choice of the failure pair and the forth
step follows from |a| < dpt(o) and A < 1.

2. Or
sup Pr(cmax(zs,o» a))
1 Zs,0€ReSmax,a(5,0)

o0,a _ qdpt(o)-
d';test,/l(s’ =A% sup  Pr(C(z,, a))
Z,€Resmax(0)
with ReSmax o (£, 0) = @. Notice that as do @ 1(s,1) > 0 implies Resyax,a (S, 0) # @, we
have that at least one process reached by s through the execution of @ cannot synchro-
nize with the processes reached by o through a. Now Respyax « (£, 0) = @ is due to the
fact that either ¢ cannot perform a at all, or there is a set of actions F such that the
processes reached by ¢ through a can always synchronize with processes reached by o
through a on at least one action in F. In the first case let f = @@, whereas in the second
case we let f = aF. Notice that in both cases we are guaranteed that |f| < dpt(o) —1 and
moreover we have that sup Z,eRes(t) Pr(FC(zs, 1)) =0. Then,

sup Pr(Cmax(Zs,o, a))
1 Zs,0€ReSmaxa ($,0)

a2 (st Adptio)-
WA S D= sup  Pr(C(z,,a))
Z,€Resmax(0)

8, /
< Adpt(o)—l Pr(CmaX(zs,o,a)) +€

sup  Pr(C(zy,a))

Z,€Resmax(0)
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< )L'ﬂPr(Cmax(zir, a)+¢&”
= AMpr(FC e, §) +¢”
<A sup Pr(FC(zs,f)+¢”

ZseRes(s)
:A'fl( sup Pr(FC(zs,f))— sup Pr(FC(z,f))+e"
Z.eRes(s) Z€Res(1)

I
< d;M(s, H+e
where:

* The second step follows by definition of supremum which guarantees that for
. . ! !
each ¢ > 0 there is a resolution Z¢ , € Resmax o (8, 0) such that Pr(Ciax (25, @) >
SUP z  eResmax,a(s,0) Pr(cmax(zs,o; a)) —¢'.

* The third step follows by considering Zi’o = 2¢ | 2¢ with Z¢ being such that
each maximal computation of foo is projected on a maximal computation of
Z¢, and e” = AMe'/sup z_cpes. (o) PH(C (20, @)).

* The forth and sixth steps follow by the choice of §.

Since this kind of reasoning holds for all ¢/, &” > 0, we obtain that the thesis follows
also in this case.

Finally, we show that dEt ) /1(3’ 1) = d:T /1(3’ t). First of all we notice that for each test
=test» =10
0 € O and for each trace a € A* we have that

sup Pr(SC(zsp,a)) = sup Pr(C(zs,a))- sup Pr(SC(zy, ).

Zs 0€Resmax,q (5,0) ZseRes(s) Z,€Resmax(0)

For each trace a € A* we let 04 be the test consisting in a single successful computation
compatible with a . Then, we let O 4+ = {04 € O | @ € A*}. Notice that for each a € A* we
have that dpt(o,) = |a|. Therefore, we have

_ o0,
dea (80 = sup sup dc (s 1)

= sup sup d2¢ (s,1)
0€0 4% acA* Ttest

— Oq,

= sup % (5

>sup dZ_,(s,0)

aeA*
= dETM(s, )

where

* the second step follows by the fact that we are evaluating the supremum over a the
smaller set of tests O 4+;
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* the third step follows by construction of O 4+ and by noticing that given a test 0, € O 4+,
for each § € A* we have that

1 ifa=p

Pr(SC(z,, =
oD H(5C (20, @) {0 otherwise.

Z,€Resmax(0)

* the fourth step follows by noticing that given a test o, € O 4+, for each § € A* we have
sup Pr(C(zs,p)) iff=«a
sup Pr(SC(zs,0, B)) = { Zs€Res(s)
Z5,0€ReSmay p(5,0) 0 otherwise.

Therefore we get that for each a € A*

A4=1" sup  Pr(Clzs, ) ifCs,)#d AC(t, )=
ZseRes(s)
Alal—l( sup Pr(C(zs,a))— sup Pr(C(zt,a))) if sup Pr(C(zs,a)) >
RN ORER Z,eRes(s) Zi€Res(n) Z,eRes(s)
Etesty sup Pr(C(z, )
Zi€eRes(1)
0 otherwise.

which gives Alal-1 SUP 2, eRes(s) Pr(C(zs, @) = dgTM(s, 1.

Theorem 4.14. Forall s, t € S it holds thatdl;F’/,l(s, 1) = dgm’/l(s, 1) = d;Tr’/l(s, 1).

Proof. We start with d.;F 250 = dETC 2(s,1). Accordingly to Definition 4.9 we can
distinguish two cases.

* dET . 150 = dET 1(s,0). In this case the thesis follows by noticing that each trace a €
e, =Tr»

A* can be seen as the failure pair f = a@, for which we have sup z_cgeg(s) Pr(C(zs, @) =
SUP 2, eRes(s) Pr(FC(zs,7)) for any process s € S. Thus we have

d___,(s,0) = sup max 0,/1'“"1( sup Pr(C(zs,a))— sup Pr(C(z; )
=he aeA* Z.€Res(s) Z€Res(1)

< max O,Alafl_l( sup Pr(C(zs,ae)— sup Pr(C(zsae))p+e
Z eRes(s) Z,€Res(1)

:max{O,A'ffH( sup Pr(FC(zsf:))— sup Pr(]—"C(z,;,fg)))}+£
ZseRes(s) Z,€Res(1)

< sup max{0,AM( sup Pr(FC(z;, )~ sup Pr(FC(z,f))¢+e
feA*xP(A) Z eRes(s) Z€Res(1)

= dEF A0 +e

where
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* The second step follows by definition of supremum which guarantees that for

each ¢ > 0 there is a failure trace a, € A* s.t dg; A8 0 >supge g dE (s, 1) —€.

* The third step follows by choosing the failure pair f, as described above.

* The forth step follows by definition of supremum.

Since the inequality dET . W50 < dEF WD +e holds for all € > 0, we can conclude
that the thesis for this case follows.

* d;T oA (5 1) =sUpPge g+ d‘éT (&0, In this case the thesis follows by noticing that each
completed trace a € A* can be seen as the failure pair f = a.A, for which we have
SUP 2, cRes(s) PT(CC (25, @) = SUP z cpes(s) PT(FC (25, ) for any process s € S. Thus we
have

d___,(s,0)= sup max{O,/ll""( sup Pr(CC(zs,a))— sup Pr(CC(zt,a)))}
Y aeA* Zs€Res(s) Z,€Res(t)

<max{0,/1|“5|( sup Pr(CC(zs,ag))— sup Pr(CC(zt,aE)))}+£
ZseRes(s) Z,€Res(1)

= max{o,/llfsl( sup Pr(FC(zs,fe)) — sup Pr(}"C(zt,fg)))} +€
ZseRes(s) Z€Res(1)
< sup max{O,?L'ﬂ( sup Pr(FC(zs,f)— sup Pr(FC(z,§)) } +e
feA* xP(A) ZeRes(s) Z;€Res(1)

= d;F,/l(S’ ) +e
where

* The second step follows by definition of supremum which guarantees that for
each € > 0 there is a failure trace a, € A* s.t dgfﬁc’ 108, 1) > supge 4+ dgm, W80 —e.

* The third step follows by choosing the failure pair f, as described above.

* The forth step follows by definition of supremum.

Since the inequality dETrC W50 < dEF W D+e holds for all € > 0, we can conclude
that the thesis for this case follows.

The relation dET a0z d;T 4(s, 1) follows directly from Definition 4.9. |

Theorem 4.15. Forall s, t € S it holds thatd (s, t) = dETI 108, 0).

Proof. With abuse of notation, given k € N we write

dén 2(s,5)= sup dgTr 105, 0).
’ acA* |al<sk ’

Notice that d:T 280 = limy_ o d’éT 105, 1). Therefore, to prove the thesis, we prove the
=T1r =1

stronger property that
foreach ke N, df’/l(s, f) = dénﬂ(s, 1. (4.8)
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The thesis will the follow by Proposition 4.1 and the monotonicity of the limit. We proceed
by induction over k € N.
Consider the base case k = 1. It is easy to check that

1 ifinit(s) € init(¢)

dl(sn=dl ,(s0=
s,A Emr, A 0 otherwise

and thus Equation (4.8) directly follows.
Consider now the inductive step k > 0. If d’;Tr 12(s,1) =0, then there is nothing to prove.

Hence assume that d’éT 1(s,1) > 0. We have
=10

df_ (1)

= sup di (s

c »
aeA*jal<k
Qe

< d;TM(s, H+e

:A'“EH( sup Pr(C(zs,a))— sup Pr(C(zt,a)))+e
ZeRes(s) Z€Res(1)

:/"/Iael_l( max Z 7[8(3,) Sup Pr(C(Zs’yﬁ))+

nseder(s,a) s'esupp(rs) Z g €Res(s')

—  max Y. m(t) sup Pr(C(Zt/,,B)))+€
nmieder(t,a) t'esupp(my) Z€Res(t')

:/1|a£|—1( Z 7is(s) sup Pr(C(zy,B)+

s'esupp (i) Zg€Res(s')

- max Y m(t) sup Pr(C(ztuﬂ)))H
nmyeder(t,a) t'esupp(Ts) Z€Res(1")

s/lla'fl_l( Z 7s(s) sup Pr(C(zy, B))+
s'esupp(iis) Zg€Res(s')

- Y 7w sup Pr(C(zp,B)

t'esupp(7y) Z 1€Res(t)

:,Uagl—l( )y ( Y m(s’,t’)) sup Pr(C(zy,B)+

s'esupp(ifs)  t'esupp(iF;) Z€Res(s")

+&

- ) ( Y m(s’,t')) sup Pr(C(ztr,,B)))+e

t'esupp(iiy) = s'€supp(iis) Z€Res(1)

:A'“E'_l( Y. w(s,t) sup Pr(Clzy, B+

s'esupp(its) Zg€Res(s')
t'esupp(iy)
- Y w(s,) sup Pr(C(zt/,ﬁ)))—ke
s'esupp(rs) Z1€Res(t")
t'esupp(ity)
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:AIaEI—l( Z m(s',t')( sup Pr(C(zy,B))+ sup Pr(C(z,;/,,B)))+

s’esupp(y‘fs) ZS/ERes(s’) ZtleRes(t’)
t'esupp(ty)

- ) w(s ) sup Pr(C(zﬂ,,B)))+g

s'esupp(rFs) ZI/EReS(t’)

t'esupp(iy)

:A'“f"l( Y (m(s’,t’)( sup Pr(Clzy, )~ sup Pr(C(zt/,,B)))+

s'esupp(rFs) ZS/EReS(S’) Zt/ERes(t’)
t'esupp(rry)
+ro(s’, ') sup Pr(C(ztr,ﬁ)))+
Z1€Res(t')

- Y (L) sup Pr(C(z,;/,,B)))+£
s'esupp(rs) Z1€Res(t')
t'esupp(rry)

= Alee=1 oy m(s',t')( sup Pr(C(zy,p))— sup Pr(C(z,;/,ﬁ)))+

s’Esupp(JfS) ZS/GRes(s’) ZtleRes(t’)
t'esupp(ty)
+ Y w(s, ) sup PrClzy,B)— Y. wi(s,t) sup Pr(C(ztr,,B)))+£
s'esupp(s) Z 1€Res() s/ €supp(Ts) Z1€Res()
t’esupp(n}) t’Esupp(n’t)
=Al D m(s',t')/llﬁl_l( sup Pr(C(zg,B))— sup Pr(C(zt/,,B))) +€
s'esupp(rFs) ZSIEReS(S’) Ztr€ReS(t’)
t'esupp(ry)

<A Y wi ) sup AP sup Pr(Clzg,f)-  sup Pr(C(ztr,,B))))+£
s/ €supp(iTs) PeA*,|Bl<k-1 Zg€Res(s') Z,€Res(t)
t'esupp(y)

=Al Y w(s,t)  sup ﬁ /l(st))+e

sesupp(its) BeA*,|Bl<k-1 o
t'esupp(i7y)

=AY w(, HdE 1A(s,t))+£
s/ esupp(rs)
t'esupp(ry)

=AY m(s’,t’)dgl(s,t))w
s'esupp(Ts)
t'esupp(ry)

= AK@{ 0, 75) + €

= min /1K(dk;L V(7Ts, 7)) + €
nieder(t,a)

< max min /1K(dk)l V(s ) +E
nseder(s,a) n;eder(t,a)

<sup max min /1K(dk;L V(g ) +E
ac A 7s€der(s,a) meder(t,a)

:ds’f/l(s, H+e
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where:

* The second step follows by definition of supremum which guarantees that for each
€ > 0 there is a trace a, € A*, with |a,| < k s.t dgfrr'/l(s, 1) > SUP e A% |a|<k dgwl(s, ) —e.

* The fourth step follows since we can assume wlog that a, = af for some f € A*, with
|8l < k—1, and by construction of resolutions.

* The fifth step follows by choosing

7is = arg max Y. 7ms(s) sup Pr(Clzy,P)).

nseder(s,a) s'esupp(rs) Z €Res(s")

* The sixth step follows by choosing

- . k=1~ , ~
i,=arg min K ;)T m,).
! ngteder(t,a) siA oot

* The seventh step follows by choosing

. k=1y, ~ _~
to =arg min K. )T, 7).
by sA e T

* The sixteenth step follows by induction over k — 1.
* The seventeenth step follows by the choice of .
* The eighteenth step follows by the choice of 7;.

Since the inequality d’éTr A(s, 1< df A(s, t) + € holds for all € > 0, we can conclude that Equa-
tion (4.8) holds. [ |

Theorem 4.16. For all s, t € S it holds thatd; 5 (s, t) = dETrR 28, 0) andd; ) (s, 1) = dER 108, 0).

Proof. The proofofd; (s, ) = d;m 1(s, 1) follows by applying similar arguments to the
ones used in the proof of Theorem 4.12.

The proof of d; 4 (s, 1) = d;R, 4.(s, 1) follows by applying similar arguments to the ones used
in the proof of Theorem 4.15. [ ]

Theorem 4.17. For all s, t € S it holds thatd (s, t) = dp A (S, 1) =2 dp A (S, 1) =
diest A (S, 1) = dp (s, 1)
Proof. We have that

d (s, 1) = max{d, (s, 1), d; A (£, 8)} (by Theorem 4.11)
> max{d,;TrF) 108, 0), d,;TrF, 28, 8)} (by Theorem 4.12)
=dyp (s, 1) (by Definition 4.11).
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Then, we have

dyp (s, 1) = max{d;TrFy 108, 0), dzm, 2(8,9)} (by Definition 4.11)
> max{d;M(s, 1), d,;M(t, )} (by Theorem 4.13)
=dg (s, 1) (by Definition 4.10).

Moreover, we have

dp (s, 1) = max{d;F,/l(s, 1), dgm(t, s} (by Definition 4.10)
> max{d;tesb 108, 1), d;testr 25,9} (by Theorem 4.13)
= dies 2 (S, ) (by Definition 4.16).

Finally, we have

diest,A (s, 1) = max{d_ (s, 0),d_ 4 (2,9)} (by Definition 4.16)
> max{d;Tn 108,10, d';n, 25,9} (by Theorem 4.13)
=dy (s, 1) (by Definition 4.8).

Theorem 4.18. Forall s,t € S it holds thatdg ) (s, t) = dyc,A (S, 1) = dpyp A (S, 1).
Proof. We have that

dpa(s, 1) = maxid_ ,(s, 1), d_ (2, 5)} (by Definition 4.10)
> max{d,;m, 108, 0), dETrC’ 28, 8)} (by Theorem 4.14)
=dpca(s 1) (by Definition 4.9).

Finally, we have

dyrca(s, 1) = max{d_ 4 (s, 1), d 5 (2,9)} (by Definition 4.9)
> max{dETM(s, 1), dETM(t, $)} (by Theorem 4.14)
=dp (s, 1) (by Definition 4.8).

Theorem 4.19. Forall s, t € S it holds thatd, (s, t) = dpgr A (S, £) anddy (s, t) = dg (s, 1).
Proof. We have that

d) (s, 1) = max{d; (s, 1), d; A (2, 8)} (by Theorem 4.11)
> max{dETrR' 108, 0), d;TrR, 2 (8, 8)} (by Theorem 4.16)
=dpp (s, 1) (by Definition 4.13).
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Similarly, we have

dx (s, 1) = max{d, (s, 1), d;, A (£, 8)} (by Theorem 4.11)
> max{d;RyA(s, 1), d;M(t, )} (by Theorem 4.16)
=dg (s, 1) (by Definition 4.12).

4.5 PROBABILISTIC LINEAR RELATIONS

In this Section we characterize the kernels of the metrics introduced in Section 4.3. We will
show that the kernels of our metrics define novel notions of (decorated) trace and testing
relations, which result into coarser versions of the ones presented in [29]. More precisely,
our relations can be considered as the may part of the relations presented in the max-min
partially matching resolution approach in [29]. Roughly speaking, this means that the kernel
of our trace (resp: decorated trace; testing) metric will relate processes s and t if and only
if for each trace (resp: decorated trace; test and trace) the suprema of the probabilities of
executing that trace (resp: decorated trace; trace in the interaction with the test) with respect
to all resolutions of nondeterminism for s and ¢ are the same.

Although the relations derived from our metrics are coarser than those studied in the
literature (see [29-31] and the references therein), they enjoy a lot of desirable properties
that their finer versions may in part lack. First of all, as already noticed in [29, 95], to avoid
questionable estimations of the execution probabilities we need to limit the power of sched-
ulers. This is obtained by the partially matching resolutions approach, allowing to match
any resolution for a process with different resolutions for the other process depending on
the considered semantics-specific event, and by a trace-by-trace analysis of these semantics.
Moreover, this approach also allows us to obtain full backward compatibility with the fully-
nondeterministic and fully-probabilistic cases, also with respect to the testing semantics.
Finally, comparing only the suprema of the execution probabilities instead of the extremal
ones, namely suprema and infima, results into relations that are congruences with respect
to parallel composition (see Example 4.11) and that are, more importantly, coarser than
(bi)similarities.

Summarizing, we will show that our relations satisfy the following desirable properties:

1. compositionality;

2. full backward compatibility with the fully-nondeterministic case;
3. full backward compatibility with the fully-probabilistic case;

4. they are coarser than (bi)similarities.

Finally, in Section 4.6 we will show that these relations can be ordered with respect to
the ordering ‘makes strictly less identifications than’ in the spectrum in the lower part of
Figure 4.1.
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PROBABILISTIC TRACE EQUIVALENCE

We start by characterizing the kernels of the trace hemimetric and the trace metric. Our
proposal is that two processes s and ¢ are related by the trace preorder, s 1y t, if and only if
for each trace a € A* the probability that s performs « is not greater than the probability
that ¢ performs a. Then, the symmetric closure of trace preorder gives the trace equivalence.

Definition 4.17 (Probabilistic trace equivalence). Let P = (S, A,—) be a PTS. Given s,t € S,
we write s Cy ¢ if and only if for each trace a € A* it holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(C(zs, a)) < Pr(C(z;, a)).

We say that s, t € S are probabilistic trace equivalent, notation s ~7; ¢, if and only if it holds
that sCpy t and ¢ Sy S.

The following Theorem formalizes the intuition that the proposed trace preorder "1y
and equivalence ~1; constitute resp. the kernels of the trace hemimetric and trace metric.

Theorem 4.20. For all processes s, t € S, we have:
1. d;TM(s, t)=0ifandonlyifscy t, and
2. dpa(s,0) =0ifand only if s ~1; t.
Proof.
1. We have

sCpt<=VYaeA* V Z,ecRes(s) 3Z;€Res(t) s.t. Pr(C(z;, a)) < Pr(C(z;, a))

—VaeA* sup Pr(C(zs,a))< sup Pr(C(z;,a))
ZseRes(s) Z€Res(1)

=VaeA di ,(50=0

— supdl ,(s,0)=0
aedx "

—=d__ (5,0 =0.

2. We have

S~yt<=sCrtand tCp S
= d;TM(s, t) =0and d;wl(t, $)=0 (Theorem 4.20.1)
= max{d,;Tn;L(s, 1), d';n,l(t’ $)}=0

> dp (5,1 =0.
[ |

Definition 4.17 can be seen as a relaxation of the corresponding definition in [29], which
requires that Pr(C(zs, a)) = Pr(C(zs, a)) instead of Pr(C(zs, @)) < Pr(C(z;, a)). Let =1+ denote
the trace equivalence in [29]. Clearly we have =1, < ~1r. We show now that the inclusion is
strict.
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s t Zg Zt
a a a a
ll 05 l 05 J1 05 0.5
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$1 h L5 Zg Zn 2ty
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Figure 4.8: Processes s and t are distinguished by =1y, but related by ~Ty.

u v (s,v) (u,v)
M a la a a
i1 i1 i1 i1 [ i
u Uz U (s1,v1) (U2, v1)
lb lc lc lc c
o o o o o

Figure 4.9: Processes s from Figure 4.8 and u are such that s ~1 . ubuts|| v #m . ull v.

Example 4.10. Consider processes s, t in Figure 4.8. We have s ~1; t and s #1; . To see that
s #1r t, we consider the trace a = ab and we note that the resolution Z; € Res(t) in Figure 4.8
assigns probability 0.5 to @, namely Pr(C(z;, @)) = 0.5, whereas the unique resolution for
s assigning positive probability to @ is Z; in Figure 4.8 for which Pr(C(z;, @)) = 1. Hence
no resolution in Res(s) matches Z; on trace «, thus giving s #1 t. Notice that s ~g; £ is
essential to have ~ € ~.. In fact, we have s ~ ¢, which follows from s; ~ £, s; ~ f» and
85, ~1 (0.5, +0.55,). <

In [29] also a notion of trace equivalence on extremal probabilities ~t, 4 is proposed.
Given processes s, t € S, the idea is to consider, for each trace a € A*, the subsets Res, (s)
and Res, (7) of the resolutions for s and ¢ that do not contain any maximal computation
corresponding to a proper prefix of a-compatible computations of the process. Then we
compare the extremal execution probabilities of a on this distributions, obtaining that
s ~tr,un ¢ if and only if for each a € A*

sup Pr(C(zs,a))= sup Pr(C(zsa))

ZseResy () ZeResq (1)
inf  Pr(C(zs;,a))= inf Pr(C(z; a)).
ZseResy () +EResy (1)

Clearly we have ~1,,n € ~1r. In fact we have that s ~1n ¢ if and only they assign the
same extremal probabilities to all traces, which in particular it means that the suprema
probabilities are the same for all traces and thus s ~1; ¢ is guaranteed. We show now that the
inclusion is strict.

Example 4.11. Consider process s in Figure 4.8 and process u in Figure 4.9. It holds that
s ~1r,un U. To establish this, it is enough to consider the traces in {a, ab, ac} for which the
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comparison of extremal execution probabilities is immediate. However, if we consider the
parallel compositions of s and u with process v as represented in Figure 4.9, we get that
S|l v#mun ull v. To see this, consider trace ac. We have that Res,.(s || v) contains only
the resolution corresponding to process s || v itself. Conversely, Res,.(u || v) contains the
resolutions corresponding to both a-branches of u || v, as the leftmost one has the maximal

a
computation u || v — nil, which is not compatible with any proper prefix of the computation
corresponding to the rightmost branch. Therefore, we have

sup Pr(C(zs,y, ac)) = sup Pr(C(zy,p,ac)) =1
Zs vEResq(s,v) Zy,vEResqc(u,v)

inf Pr(C(zs,y,ac)) =1 and inf Pr(C(zy,p,ac)) =0
Zs,vERES4¢(8,V) Zu,veResqc (u,0)

from which we can conclude that s || v #1y,,n u || v. Besides, one can easily check that s ~1; u.
Then s || v ~1r u || v follows from Theorem 4.22 below, which is essential to guarantee the
compositionality of ~Ty. <

Relation ~1; is (like =1y) fully backward compatible with the trace equivalence on fully
nondeterministic systems [37], denoted by ~¥r, as well as with the one on fully-probabilistic
systems [109], denoted by ~¥r. Moreover, ~7; is preserved by parallel composition.

Proposition 4.21. Assume a PTS P = (S, A,—) and processes s, t € S. Then:
1. If P is fully-nondeterministic, then s ~1; t if and only if s =1y t if and only if s ~¥r r.
2. If P is fully-probabilistic, then s ~1 t if and only if s =1 t if and only if s ~% L.
Proof.

1. s~1r t © s =7y t follows since in the fully nondeterminsitic context, the execution
probabilities of the traces are either 0 or 1. Thus, the inequality we use to check the
trace equivalence of processes, in this setting becomes an equality and therefore it
is no further distinguishable from the approach of [31]. Therefore, s ~1+ t © s ~¥r t
followsby s= t & s ~¥r t (Theorem 3.4(1) in [31]) and transitivity.

2. s~ t © s =7 t follows since in the fully probabilistic context, each process has a
single maximal resolution which is the process itself. Thus, the inequality we use to
check the trace equivalence of processes, in this setting becomes an equality on the
probabilities related to those maximal resolutions for processes and therefore it is no
further distinguishable from the approach of [31]. Therefore, s ~1; £ < s ~IT’r t follows
byszntes N% t (Theorem 3.4(2) in [31]) and transitivity.

Theorem 4.22. Assume a PTS P = (S, A,—) and processes s, t € S.
1. Ifscy t, thenwe haves || uCt t | u forallue S.

2. Ifs~1c t, thenwe haves || u~t t || u forallueS.
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To prove Theorem 4.22 we need first to recall an equivalent definition to trace equivalence
inspired by [31]. We start by introducing some auxiliary notation. Let X,Y < A* x R(o 1,

acA aeA*:
* XIF (a, ) if and only if either (a,q) € X or g =0and (a, q') € X for all ¢’ € Rg 13;
* X+Y={a,q1+q) | XIF(a,q)) ANY IF(a,g2) A g1+ g2 > 0};
* a.X={(aa,q)|(a,q) € X};
* q-X={(a,q-9) | (@,q") € X}.

Then we recall the notion of weighted traces.

Definition 4.18 (Weighted traces, [31]). Let P = (S,.A,—) be a PTS. The set of functions
traces; : S — 24" *Ro1 s defined for each i € N inductively as follows:

* tracesg(s) = {(¢,1)};

* traces;t1(s)={(e,D}u U a.( Y. n(s)-traces;(s").

!
sinr s'esupp(r)

We let traces(s) = | traces;(s).
ieN

Moreover, the following two Lemmas from [31] are still valid in our context.
Lemma 4.23 ([31, Lemma 3.6]). Assume a PTSP = (S, A,—). Foralls€ S and i € N it holds
thattraces;(s) S traces;;1(s).
Lemma 4.24 ([31, Lemma 3.7]). Assume a PTS P = (S, A,—). Forallse S, a € A* and
q € (0,1] it holds that (a, q) € tracess) if and only if there is a resolution Z; € Res(s) with
Pr(C(zs,a)) =q.

Given processes s, t € S, we write that traces(s) < traces(¢) if and only if whenever (a, g) €
traces(s) then there is a (a, g') € traces(t) such that g < ¢'.

The following theorem is obtained by adapting Theorem 3.8 of [31] to our definition of
trace equivalence.
Theorem 4.25. Assume a PTS P = (S, A,—) and consider s,t € S. Then s S, t if and only if
traces(s) < traces(t).

Proof. The proof is analogous to the proof of Theorem 3.8 in [31] by exploiting Lem-
mas 4.23 and 4.24. [ ]

We are now ready to prove our Theorem 4.22.
Proof of Theorem 4.22. First of all we notice that the proof of Theorem 4.22.2 is an
immediate consequence of Theorem 4.22.1. In fact, we have that

Thm.4.22.1
Def4.17 SE I ——— (S, u) &1y (£, u) Def4.17
S ~Tr r > Thm.4.22.1 — (S) u) ~Tr (tr u)

ICy S———— (, u) 1y (S, u)

Then the proof of Theorem 4.22.1 follows by applying the same arguments used in the proof
of Theorem 3.9 in [31] by exploiting our Theorem 4.25 in place of Theorem 3.8 in [31]. W
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PROBABILISTIC DECORATED TRACE EQUIVALENCES

We proceed to study the kernels of the decorated trace metrics. As one can expect, their
characterization reflects that of kernel of the trace (hemi)metric, accordingly to the chosen
decoration.

Definition 4.19 (Probabilistic completed trace equivalence). Let P = (S,.A,—) be a PTS.
Given s, t € S, we write s Cyyc ¢ if and only if s E1, ¢ and for each trace a € A* it holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(CC(z, a)) < Pr(CC(z;, ).

We say that s, t € S are probabilistic completed trace equivalent, notation s ~7yc ¢, if and only
ifit holds that s E1y¢ ¢t and ¢ Sy S.

Definition 4.20 (Probabilistic failure equivalence). Let P = (S, .4,—) be a PTS. Given s, € S,
we write s Cg t if and only if for each failure pair f € A* x P(A) it holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(FC(zs,f)) < Pr(FC(z, ).

We say that s, t € S are probabilistic failure equivalent, notation s ~p t, if and only if it holds
that sCg fand ¢ Cg s.

Definition 4.21 (Probabilistic failure trace equivalence). Let P = (S,.4,—) be a PTS. Given
s,t €S, we write s Cryr t if and only if for each failure trace § € (A x P(A))* U (e x P(A)) it
holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(FC(zs,§)) < Pr(FC(z:,%)).

We say that s, t € S are probabilistic failure trace equivalent, notation s ~yr ¢, if and only if it
holds that sCrr t and ¢ T S.

Definition 4.22 (Probabilistic ready equivalence). Let P = (S,.4,—) be a PTS. Given s,t € S,
we write s Eg ¢ if and only if for each ready pair v € A* x P(A) it holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(RC(z,,t)) < Pr(RC(zs,1).

We say that s, t € S are probabilistic ready equivalent, notation s ~g t, if and only if it holds
that sEg tand ¢t Cg s.

Definition 4.23 (Probabilistic ready trace equivalence). Let P = (S,.4,—) be a PTS. Given
s,t €S, we write s Eqg t if and only if for each ready trace R € (A x P(A))* U (e x P(A)) it
holds that

for each Z; € Res(s) there is a Z; € Res(t) with Pr(R C(z,R)) < Pr(RC(z;R)).

We say that s, £ € S are probabilistic ready trace equivalent, notation s ~1yy ¢, if and only if it
holds that sCtyg t and t TR S.

The following Theorem formalizes the intuition that the proposed decorated trace pre-
orders and equivalences constitute the kernels of the respective decorated trace hemimetrics
and metrics.
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Theorem 4.26. Let x € {TrC,F, TrF, R, TrR}. For processes s, t € S we have:
1. dc a(s,0) =0 ifandonlyif sEy t.
2. dya(s,0)=0ifandonlyifs~y t.

Proof. The thesis follows by applying the same arguments used in the proof of Theo-
rem 4.20. ]

Also in the case of decorated trace semantics, our definitions can be seen as the relaxation
of the corresponding ones in [29], which require the equality of the probabilities on the
same decorated trace, instead of our inequalities. For x € {TrC, F, TrF, R, TrR}, let =, denote
the proper decorated trace equivalence from [29]. Clearly we have =, < ~,. In the following
example we show that the inclusion =, < ~ is strict, for any x € {TrC, F, TrF, R, TrR}.

Example 4.12. Consider processes s, ¢ in Figure 4.8. We have s ~, t and s # ¢ for any x €
{TrC, F, TrF, R, TrR}. To see that s #, t, we can apply the same arguments used in Example 4.10
to show that s #1; ¢ directly to obtain the case for x = TrC and by considering in place of the
trace a = ab, respectively

* the failure pair (resp. the ready pair) ab@ for the case x =F (resp. x =R);
* the failure trace a@ b@ for the case x = TrF;
* the ready trace a{b, c}b@ for the case x = TrR.

Also in this case, we notice that s ~, t is essential to have ~S~. <

Next, we show that each relation ~, for x € {TrC, F, TrF, R, TrR} is (like =) fully backward
compatible with the corresponding decorated trace equivalence on fully nondeterministic
systems [37, 135], denoted by ~Y, as well as with the one on fully probabilistic systems
[108,109], denoted by ~f. Then, ~, is preserved by parallel composition.

Proposition 4.27. Assumea PTSP = (S, A,—) and processes s, t € S. Let x € {TrC,F, TrF, R, TrR}.
1. IfP is fully-nondeterministic, then s ~ t ifand only if s = t ifand only if s ~Y t.
2. IfP is fully-probabilistic, then s ~ t ifand only if s = t ifand only if s ~% t.

Proof. The thesis follows by applying the same reasoning used in the proof of Proposi-
tion 4.21 and the analogous result in [29]. |

Theorem 4.28. Assume a PTS P = (S,.A,—) and processes s, t € S. Let x € {TrC,F, TrF, R, TrR}.
1. Ifstyt,thenwehaves| xSyt || uforallues.
2. Ifs~yt, thenwehaves|u~xtl| uforallues.

To prove Theorem 4.28 we need to adapt the notion of weighted traces to the different
types of decorations. Firstly we deal with the cases of completed traces.
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Definition 4.24 (Weighted completed traces). Let P = (S,.A,—) be a PTS. The set of functions
Ctraces: S — 24" *Ro1 js defined inductively as follows:

(e, 1) ifinit(s) = @
Ctraces(s) =4 | J a.( Y. @(s))-Ctraces(s')) otherwise.
sinr s'esupp(r)

We remark that for each process s € S, we have that Ctraces(s) c traces(s).
Given processes s, t € S, we write that Ctraces(s) < Ctraces(¢) if and only if whenever
(@, q) € Ctraces(s) then there is a (a, ¢') € Ctraces(f) such that g < ¢q'.

Lemma 4.29. Assume a PTSP = (S, A,—). Foralls€ S, a € A* and q € (0,1] we have that
(a, q) € Ctraces(s) if and only if there is a resolution Z, € Res(s) with Pr(CC(zs, o)) = q.

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.24
(Lemma 3.7 in [31]). [ |

Theorem 4.30. Assume a PTS P = (S, A, —) and consider s, t € S. Then s Cyc t if and only if
traces(s) < traces(t) and Ctraces(s) < Ctraces(t).

Proof. The thesis follows as a direct consequence of Ctraces(s) c traces(s), Lemma 4.29
and Theorem 4.25. u

Interestingly, the same technique can be applied to obtain the compositionality results
for the readies semantics. To this aim, we also need to slightly modify the auxiliary relation
IF. Let X, Y € A* x P(A) xR 1y, ac A, ae A* Ae P(A):

* XIF (a, A, q) ifand only if either (a, A,q) € Xorg=0and (a, A, q") ¢ X forall ' € Rg 13;
* X+Y={(a,Aq+q)| XIF(a,Agq)AYIF(a, A g}

* a.X={(aa,Aql(a,Aq)eX};

* q-X={aAq-q)(aAqg)eX}

Notice that in the definition of X + Y we have relaxed the constraint on the summation of
the weights g1, g, to be non-zero. This is due to the fact that to capture the failure semantics
we need to allow those weights to be 0.

Firstly, we introduce the notion of weighted ready pairs.

Definition 4.25 (Weighted ready pairs). Let P = (S,.A,—) be a PTS. The set of functions
Rpairs; : S — 2A"*PA*Ro1 js defined for each i € N inductively as follows:

* Rpairs,(s) = {(e¢, init(s), 1)};

* Rpairs;,; (s) = {(¢,init(s), D}u |J a.( Y. n(s)-Rpairs;(s)).

!
sinr s'esupp(m)

We let Rpairs(s) = |_] Rpairs; (s).
ieN
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The definition of weighted failure pairs is more technical as, intuitively, we need to
consider all possible failure sets.

Definition 4.26 (Weighted failure pairs). Let P = (S,.4,—) be a PTS. The set of functions
Fpairs;: S x P(A) — 2A"<P(A*Ro1 js defined for each i € N inductively as follows:

{(e, A, 1)} ifinit(s) NA=¢

* Fpairs, (s, A) =
pairso(s 4 {{(Q,A,O)} otherwise;

* Fpairs; ;(s) =Fpairsy(s, AU |J a.( Y n(s) Fpairs;(s, A)).

/!
sinr s'esupp()

We let Fpairs(s, A) = ] Fpairs; (s, A) and Fpairs(s) = | J Fpairs(s, A).
ieN FeP(A)

Notice that differently from the previous notions of weighted decorated traces, weighted
failure pairs also consider the failure sets to which a process assigns probability 0.

Given processes s, t € S, we write that Rpairs(s) < Rpairs(¢) (resp. Fpairs(s) < Fpairs(?)) if
and only if whenever (a, A, g) € Rpairs(s) (resp. Fpairs(s)) then there is a (a, A, g') € Rpairs(z)
(resp. Fpairs(#)) such that g < ¢'.

Lemma 4.31. Assume a PISP = (S, A,—). Forallse€ S,F € P(A) and i € N it holds that
Rpairs; (s) € Rpairs, . (s) and Fpairs; (s, F) € Fpairs, (s, F).

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.23
(Lemma 3.6 in [31]). ]

Lemma 4.32. Assume a PISP = (S, A,—). Forallse S, a € A*, A P(A) and q € (0,1] it
holds that

1. (a, A, q) € Rpairs(s) if and only if there is a Z € Res(s) withPr(RC(zs, ¢ A)) = q.
2. (a, A, q) € Fpairs(s) if and only if there is a Z; € Res(s) with Pr(FC(zs,a A)) = q.

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.24
(Lemma 3.7 in [31]). [ |

Theorem 4.33. Assume a PTS P = (S,.A,—) and consider s,t € S. Then
1. stcgtifand onlyif Rpairs(s) < Rpairs(z).
2. sCr tifand only if Fpairs(s) < Fpairs(f).

Proof. The proof is analogous to the proof of Theorem 3.8 in [31] by exploiting Lem-
mas 4.31 and 4.32 in place of, resp., Lemmas 4.23 and 4.24. [ |

Next, we deal with the case of ready trace equivalence which is obtained by modifying

again the auxiliary relation |- in order to capture the ready traces. Let X, Y < (A x P(A))* U
(exP(A) xR, a€ A, Ae (AxP(A)* U (e x P(A)):
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* XIF (2, q) if and only if either (2(,g) € X or g =0 and (A, q') ¢ X for all ¢’ € R 1};
* X+Y={RLq1+q) | XIFR,g)AYIFCA q2) Agr+ qo >0}

* a.X={adq)l (A q) X}

* [q,Al- X ={(A20,q-q9) |, g") € X}.

Definition 4.27 (Weighted ready traces). Let P = (S,.4,—) be a PTS. The set of functions
Rtraces; : S — 2AXPAUExPA*Ro jg defined for each i € N inductively as follows:

* Rtracesy(s) = {(e(init(s)), 1)};

* Rtraces;,1(s) = {(e(init(s), D}u |J a.( ). [7(s),init(s")] - Rtraces;(s")).

L s'esupp(r)

We let Rtraces(s) = ] Rtraces; (s).
ieN
Given processes s, t € S, we write that Rtraces(s) < Rtraces(¢) if and only if whenever
(2L, ) € Rtraces(s) then there is a (2, g') € Rtraces(t) such that g < ¢'.
Lemma 4.34. Assume a PTSP = (S, A,—). Foralls€ S and i € N it holds that Rtraces; (s) S
Rtraces;.1(s).

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.23
(Lemma 3.6 in [31]). |

Lemma 4.35. Assume a PISP = (S, A,—). Foralls€ S, € (AxP(A)* U (e x P(A)) and
q € (0,1] it holds that (X, q) € Rtraces(s) if and only if there is a resolution Z € Res(s) with
Pr(RC(zs,20) =q.

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.24
(Lemma 3.7 in [31]). |

Theorem 4.36. Assume a PTS P = (S, A,—) and consider s,t € S. Then s Ty t if and only if
Rtraces(s) < Rtraces ().

Proof. The proof is analogous to the proof of Theorem 3.8 in [31] by exploiting Lem-
mas 4.34 and 4.35 in place of, resp., Lemmas 4.23 and 4.24. [ |

Finally, we consider the case of failure traces. Again, we need to adapt relation |- to the
considered semantics.

Let X,Y € A* x P(A)* xRpp 1}, ae A, ae A*, FeP(A), Fe P(A)*:

* XIF (a,F, q) if and only if either (a,F, q) € X or g =0and (a,F,q") ¢ X for all ¢’ € R(o,1);
* X+Y={(a,F,q1+q2) | XIF(a,F,q) AY IF (,F, g2)};

* a.X={(aa,F,q)|(a,F,q) € X};

* q-X={(a,F,q-9")(a,F q")e X}
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* (e, Eq)- X ={(a,FF,q-q") | (a,F,q") € X}.

Definition 4.28 (Weighted failure traces). Let P = (S,.A,—) be a PTS. The set of functions
Ftraces: S x P(A)* — 2A" P *Ro1 j5 defined inductively as follows:

* Ftraces(s, @) = {(e,®, D};

* Ftraces(s,F1...Fy) = |J a.( ) 7(s)-Fpairsy(s', 1) -Ftraces(s', F>... Fp)).

!
sin s'esupp(m)

We let Ftraces(s) = | J Ftraces(s,F).
FeP(A)*

Given processes s, t € S, we write that Ftraces(s) < Ftraces(?) if and only if whenever
(a,F, q) € Ftraces(s) then there is a (a,F, ¢') € Ftraces(t) such that g < ¢'.
Lemma 4.37. Assume a PTSP = (S, A,—). Forallse€ S and Fy,...,F,, F € P(A) it holds that
Ftraces(s, F; ... F,) € Ftraces(s, F;...F,F).

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.23
(Lemma 3.6in [31]). [ |

Lemma 4.38. Assume a PTSP = (S, A,—). ForallseS,a=a;...a,€ A*X,F=F,...F, €
P(A)* and q € (0,1] it holds that (a,F, q) € Ftraces(s) if and only if there is a resolution
Z; e Res(s) withPr(FC(zs, a1 Fy ...a,Fp)) = q.

Proof. The thesis follows by applying the same arguments used in the proof of Lemma 4.24
(Lemma 3.7 in [31]). [ |

Theorem 4.39. Assume a PTS P = (S, A,—) and consider s,t € S. Then s T t if and only if
Ftraces(s) < Ftraces(?).

Proof. The proof is analogous to the proof of Theorem 3.8 in [31] by exploiting Lem-
mas 4.37 and 4.38 in place of, resp., Lemmas 4.23 and 4.24. [ |

We are now ready to prove our Theorem 4.28.
Proof of Theorem 4.28. Let x € {TrC, F, TrF, R, TrR}. First of all we notice that the proof of
Theorem 4.28.2 is an immediate consequence of Theorem 4.28.1. In fact, we have that

Thm.4.28.1
Def. SEyt———= (S,u) =, (t,u) Def
S~y == Thm.4.28.1 = (s, u) ~x (t,u).

[y s———— (t,u) 54 (s, 1)

Then the proof of Theorem 4.28.1 follows by applying similar arguments to those used in the
proof of Theorem 3.9 in [31] by exploiting, in place of Theorem 3.8 in [31], respectively

* Theorem 4.30 for x = TrC;
* Theorem 4.33.1 for x =R;

* Theorem 4.33.2 for x = F;
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* Theorem 4.36 for x = TrR;

* Theorem 4.39 for x = TrF.

PROBABILISTIC TESTING EQUIVALENCE

Finally, we deal with the kernel of our testing metric. As argued in Section 4.3, we have
adopted a trace-by-trace view of testing and thus the resulting trace equivalence is based
on the same approach: for each process we consider the probability of passing a given test
with respect to the execution of a single trace and then we compare those probabilities as
done in the trace equivalence. Moreover, we will see that the, apparently, forced control
on the probabilities of a-compatible maximal computations for an unsuccessful trace a,
will actually lead to a testing equivalence which is fully backward compatible with the
fully-nondeterministic case.

Definition 4.29 (Probabilistic testing equivalence). Assume a PTS P = (S,.4,—) and an NPT

0= (0,A,—0). Given s, t € S, we write s T ¢ if and only if for each test o € O and trace
a € A* it holds that

for each maximal resolution Z; , € Resmax « (S, 0) there is a maximal resolution
Z; 0 € ReSmax,« (t,0) such that Pr(SC(z; 0, @) < Pr(SC(zs,0, @)).

We say that s, t € S are probabilistic testing equivalent, notation s ~eg ¢, if and only if it holds
that s Siest ¢ and ¢ Siegt S.

The following Theorem formalizes the intuition that the proposed testing preorder and
equivalence constitute the kernels of the respective testing premetric and semimetric.

Theorem 4.40. For processes s, t € S we have:
1. dEtesty 1(50=0 ifand only if s Ciest t, and
2. diest,1 (s, 1) =0 if and only if s ~test L.
Proof.

1. We have

SCtest I
—VoeOVae A"V Z;,€Resmaxa(s) 3210 € ReSmax o (1, 0) S.t.
Pr(SC(zs,0, @) < Pr(SC(z4,0, )
—=VYoeOVae A" sup Pr(SC(zs,, @) < sup Pr(SC(zy,0, @)

Zs 0€ReSmax,a (5,0) Z4,0€Resmax o (1,0)

—=VYoeOVae A" d2? (s0=0

< sup sup d2* 1(50=0
0€® qeAr

— dgtesb/l(s, 1 =0.
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s t o (s,0) (t,0)
4N\ |2 |2 2N 2
a @ i i i i i

sy 5] 01 (s1,01) (mil,01) (#,01)

lb lb lb lb b

o e v (@) (@)
processes test interaction systems

Figure 4.10: We have that s #est t due to the restriction to Resmax q-

2. We have

S ~test I <= S Ctest L aNd [ Ciegt S
— d;test'k(s, t)=0and d;teSM(t, $)=0 (by Theorem 4.40.1)
— max{d,;tesb 208, 0), d;tesb 2 (59)1=0

— dtest,l(sy 1) =0.
[ |

In the following Example we give a further intuition on the necessity of the restriction on
the class of resolutions used in Definition 4.29 (as those in [31]) to guarantee full backward
compatibility with the fully-nondeterministic case.

Example 4.13. Consider processes s, t and the test o represented in Figure 4.10. Intuitively,
the test o should discriminate s and ¢, since ¢ will always pass the test o, whereas the

maximal computation (s, 0) i (nil, 0;) does not reach success. Hence, if in Definition 4.29 we
considered resolutions in Respax instead of Respax o, then the probability Pr(SC(zs 4, a)) =0
would be matched by the maximal resolution for (z,0), thus giving § Cies; & and s ~egt
t. Conversely, the restriction to resolutions in Resyay 4 allows us to distinguish the two
processes with respect to their interaction with the test 0. Indeed, we have Respyax 4 (S, 0) # @
and Resmax (%, 0) = @, which directly gives s Z et 1. <

Again, Definition 4.29 can be seen as the relaxation of the corresponding definition
n [31], which requires that Pr(SC(zs0,a)) = Pr(SC(z;,0,@)) instead of Pr(SC(zs0,a)) <
Pr(SC(zy,, ). Let =5 denote the testing equivalence in [31]. Clearly we have =est S ~test-
The following Example show that the inclusion is strict.

Example 4.14. Consider again processes s, ¢ in Figure 4.8. We argue first that s ~est £. We
start with noticing that, since s;, #; and f, execute exactly the same actions, then no test can
distinguish them. Then, ¢ T s is due to the fact that for each test o the probability of (¢, 0)
to execute ab or ac will always be matched by a resolution for (s, 0). Conversely, s Cegt ¢
follows since whenever o tests trace ab (resp. ac) then there is a resolution for (s, 0) assigning
probability 1 to such a trace. Then, since both #; and #, pass the test of trace b (resp. ¢)
we are guaranteed that it will be always possible to choose a resolution for (¢, 0) assigning
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T (810) (tlo) 21,0 Zi,o
a a a a a
‘1 ‘1 0.5 .. 0.5 1 0.5 ... 0.5
~ ~ L . < e N
01 (s1,01) (t1,01) (t2,01) Zs1,01 21,0, 21,0,
b/\c b,/ \ ¢ b c b/ \c¢ lb Jb JC
vV v o (eV)e,) (e, Ve, Ve e, @5, (@,V) (@,V)
test interaction systems Zso€Res(s,0) Z;,€Res(t,0)

Figure 4.11: A test showing that s #est t for s, t in Figure 4.8.

probability 1 to trace ab (resp. ac). However, we get s £ ¢ by the NPT test o in Figure 4.11.
In fact, if we consider the resolution Z; , € Res(t, o) in Figure 4.11 for the interaction system
(t,0), we have that Pr(SC(z;,¢, ab)) = 0.5. The only resolution for (s, 0) assigning non-zero
success probability to the trace ab is resolution Z; , represented in Figure 4.11, for which
Pr(SC(zs,0, ab)) = 1. Thus, resolution Z; , € Res(t, 0) cannot be matched by any resolution
for (s, 0), thus giving s #es¢ £. Finally, we note that it is essential that s ~es; £ to have ~ S ~ g,
since, as shown in Example 4.10, processes s, t in Figure 4.8 are probabilistic bisimilar. <«

Relation ~ieg; is (like =¢es¢) fully backward compatible with the testing equivalence on
fully nondeterministic systems [62], denoted by ~N_, as well as with the one on fully proba-

bilistic systems [51], denoted by ~f’est. Then, ~g is preserved by parallel composition.

Proposition 4.41. Assume a PTS P = (S, A,—) and processes s,t € S.

1. IfP is fully-nondeterministic, then s ~es t if and only if s = t if and only if s ~N_ t

test “*°

2. IfP is fully-probabilistic, then s ~es; t if and only if s = t if and only if s ~F. t

test ~*

Proof.

1. s~test I © S =est £ follows since in the fully nondeterministic context, the execution
probabilities of the traces are either 0 or 1. Thus, the inequality we use to check the
testing equivalence of processes, in this setting becomes an equality and therefore it
is no further distinguishable from the approach of [31]. Therefore, s ~(est £ © s ~N ¢

test
follows by § =gt t < § ~1t\l}st t (Theorem 5.4(1) in [31]) and transitivity.

2. S ~test L © S =eqt t follows since in the fully probabilistic context, each process has
a single maximal resolution which is the process itself. Thus, the inequality we use
to check the testing equivalence of processes, in this setting becomes an equality on
the probabilities related to those maximal resolutions for processes (and tests) and
therefore it is no further distinguishable from the approach of [31]. Therefore, s ~est

res ~f;st t follows by §s =egt £ < § ~f;st t (Theorem 5.4(2) in [31]) and transitivity.

Theorem 4.42. Assume a PTS P = (S, A,—) and processes s,t € S.
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| | | |
a a a a
g O a a
S1 5] [5) u 01
|p |5 | b |
5. 0.5 1 3 0.5 .05 51
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Figure 4.12: s, t, u cannot simulate each other but s ~1y t ~1r U, S ~test L ANA S #test U #test L-

1. IfsCiest t, then we have s | uC et t || u forallue S.
2. Ifs~test t, then we have s || u ~st t || u forallue S.

Proof. The proof of both items follows by applying the same arguments used in the
proof of Theorem 5.5 in [31] the idea being that given any test o € O the interaction systems
(s |l u,0) and (¢ || u, 0) can be rewritten respectively as (s, u || 0) and (#, u || 0), namely as a test
for sand t. |

4.6 A SPECTRUM OF PROBABILISTIC RELATIONS

In this section we show that the behavioral equivalences and preorders discussed so far can
be partially ordered in a spectrum by the relation ‘makes strictly less identifications than’, as
represented in the lower half of Figure 4.1. Notice that part of this spectrum follows from the
well-known relations on branching semantics ~c =, c C.

Theorem 4.43. 1. 5, CCTp C CF C Ciegt € Ty
2. EgpcC Crc € By
3. CcCryy.

4., E,cCppg and S, CCg.

5. ~C~pF C ~F C ~test € ~Tr.

6. ~fC~Trc € ~Tr-

7. ~ C ~TrR and ~ C ~R.

Given any relation R < R’ in Theorem 4.43, the non strict version R < R’ follows
by combining the quantitative analogous results in Section 4.4 giving the spectrum in the
upper half of Figure 4.1, with the results in Sections 4.2 and 4.5 showing that each red
dotted arrow in Figure 4.1 originating from a hemimetric (resp. pseudometric, premetric,
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semimetric) in the upper half in Figure 4.1 leads to the preorder (resp. equivalence) in
the lower half being its kernel. Then, the strict version R < R’ follows from: (i) the non
strict version R € R/, (ii) the full backward compatibility with the nondeterministic case
(Propositions 4.21, 4.27, 4.41), (iii) the same and well-known result on fully-nondeterministic
processes. However, by means of the processes in Figure 4.12, in the following examples
we show that fully-probabilistic processes suffices to witness the strictness of most of these
relations. In detail, Example 4.15 considers the relations in items 1-4 of Theorem 4.43
and Example 4.16 those in items 5-7 of Theorem 4.43. Moreover, Example 4.17 shows the
isolation of similarity £ with respect to the testing semantics and the decorated traces
semantics. Example 4.18 shows the isolation of the completed trace equivalence ~tc
with respect to the testing equivalence ~g. Finally, Example 4.19 deals with ready trace
equivalence and ready equivalence by showing that they are isolated in the spectrum, with
the only exceptions of ready similarity and bisimilarity given resp. by Theorem 4.43.4 and
Theorem 4.43.7.

Proof of the non strict version of Theorem 4.43.

1 1 Thm. 4.3 1Thm‘ 4.26 1Thm. 4.26 1Thm. 4.40 1Thm. 4.20

dryl(s, t) = 0=> dETrF»/l (S’ t) = 0=>dEF,/1(S’ t) = 0=>d[;testy/l(s’ t) = 0=»df;'[‘r,/’l (S’ t) =0
Thm. 4.12 Thm. 4.13 Thm. 4.13 Thm. 4.13

SCEt SCrct SC t

9 1Thm. 4.26 @Thm. 4.26 @Thm. 4.20

dngA(S’ t) = 0=>d';TrC./1(S’ t) = 0=> d;TryA(S’ t) =0
Thm. 4.14 Thm. 4.14

sCt SErr I

3 @Thm. 4.5 1Thm. 4.20

ds,/l (Sy t) = 0=> dETryA(S’ t) =0

Thm. 4.15
4 @ Thm. 4.3 iThm. 4.26 @ Thm. 4.3 @Thm. 4.26
dry/’[(sy t) = O#dg’]‘r}{yl(s’ t) = O dr,ﬂ(sy t) = O # dER,A(S’ t) = 0
Thm. 4.16 Thm. 4.16
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S t
a a a a
05.7.05 @ 0.5..0.5 0.5.7 " 0.5
- " - ' = "
S1 nil h nil nil [5)
bN [b |e
o o o o

Figure 4.13: Processes s, t are such that s Zg t and s ~egt t.

S~1 S~mr L S~pl S ~test [ S~1r Il

5 1 Prop. 2.7 @Thm. 4.26 @Thm. 4.26 1Thm. 4.40 @Thm. 4.20

di(s,) =0 = dpp (s, 1) =0 = dp (5, 1) =0 =>dies;,1 (S5, 1) =0 = dp 1 (5,1) =0
Thm. 4.17 Thm. 4.17 Thm. 4.17 Thm. 4.17

6 @Thm. 4.26 1Thm. 4.26 @Thm. 4.20

dp (s, 1) = 0= dpc (s, 1) =0=> dp2(5,1) =0

Thm. 4.18 Thm. 4.18
S~1 S~TmR [ S~1 S~Rt
7 @Prop. 2.7 @Thm. 4.26 @Pmp- 2.7 1Thm. 4.26
da(s, 1) =0 => dpr (s, 1) =0 dy(s,0)=0 => dga(s,1)=0
Thm. 4.19 Thm. 4.19

Example 4.15. Consider Figure 4.12. Firstly, we notice that neither s = ¢ nor ¢ C s, thus
implying s %, t and ¢ , s. In fact, process s; can be (ready) simulated by neither #; nor #,
and, analogously, s; cannot (ready) simulate any of those two processes. Conversely, we
have s ~ ¢, for all x € {Tr, test, TrC, F, TrF, R, TrR}. To see s ~7; t it is enough to notice that
both s and ¢ assign probability 1 to the (subtraces of) trace ab, and 0.5 to traces abc and
abd, thus being indistinguishable by the trace semantics. Moreover, abc and abd are the
only completed traces of s and ¢, thus giving s ~7.c . To derive that the equivalence holds
also with respect to the testing semantics and the remaining decorated traces semantics,
we can observe that on one hand no test can distinguish the b-action performed by s; from
the b-actions performed by #; and #,, and, moreover, the maximal probability of executing
trace abc or trace abd in the two processes is always the same. On the other hand, we have
that whenever processes s, and s3 are distinguished by a decoration on the trace ab then
13 and , would be distinguished as well and consequently the probability assigned to the
decorated trace by s and ¢ will always be 0.5. Summarizing, we have obtained that
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* s, tand s ~7F £, namely C; € Cqpp;
* s, tand s ~g f, namely C,; c Cg;
* s, tand s~y £, namely £ C Cyg;
* s tand s~ £, namely C c Cy;

and we also remark that s Z t but s ~y¢ £ and § ~tegt .

Next, let us study the relations between process s and process u. Since s and u assign
probability 1 to the (subtraces of) trace ab and 0.5 to traces abc and abd, we conclude that
u ~1r S. However, we have that u Z, s for any x € {test, TrC,F, TrF,R, TrR}. To see u Zegt S
we consider the interaction systems of the two processes with the test o in Figure 4.12. We
have that Respax qp (14, 0) # @, whereas Resmax 41 (S, 0) = @. For u Z1c s it is enough to notice
that ab is a completed trace for u but not for s. To obtain u % s (resp: u 21w S; U R S;
u Z1R s) we consider the failure pair ab{cd} (resp: the failure trace a@ b{cd}; the ready pair
ab{cd}; the ready trace a{b}b{cd}) to which u assigns probability 0.5, whereas s assigns to
it probability 0 (we recall that although the probabilities of the traces are evaluated on the
resolutions of nondeterminism for the two processes, the decorations are tested directly on
the processes). In particular, we have obtained that

* U%est Sand u ~ty s, namely ~test © ~Tr;
* U #A1c s and u ~1y s, namely ~pc € ~y.

Consider now processes s, f in Figure 4.13. We have s Zr . In fact, if we consider the failure
pair f = a{b, c} and the resolution Z; for s corresponding to its rightmost a-branch, we get
Pr(FC(zs,f)) = 1. However, whichever resolution of nondeterminism Z; we select for t we
get that Pr(FC(z,f)) = 0.5. Next we notice that s ~s . The only meaningful tests for s and
t are those testing the traces a, ab and ac. Moreover, the structure of the two processes
guarantees that for each test o we have Resmax o (s, 0) # @ if and only if Respay « (£, 0) # @ for
any «a € {a, ab, ac}. It is then clear that the success probabilities assigned to this traces by the
interaction systems of the two processes with the tests are always the same. Thus, we have
obtained that

* SEptand s~ [, namely Ep C Eyegy.

The remaining strict inclusions ~p € ~p and ~p € ~1y follow from the analogous relations
in the fully nondeterministic spectrum [159]. <

Example 4.16. We show only the strictness of the relations involving bisimilarity. The others
trivially follow by the same arguments used in Example 4.15 on the corresponding preorders.
To this aim, consider processes s, ¢ in Figure 4.12. We have already argued in Example 4.15
that s ~wg £, s ~g t and s ~1yg . Moreover, we showed that s and ¢ cannot simulate each
other, thus implying that s # . Therefore, we can immediately conclude that:

* s# tand s ~yr £, namely ~ € ~qp;

* $# tand s ~g £, namely ~ c ~g;
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R 1 1
S1 S2 5] 01
b e b N |b
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Figure 4.14: Processes s, t are such that s Ziegt t and s ~1c t.

* §# tand s ~7R £, namely ~ € ~pR.

<«

Example 4.17. Consider first processes s, ¢ in Figure 4.10. Clearly, it holds that s C ¢, but, as
shown in Example 4.13, we have that s Z f and moreover it holds that s Z1,¢ ¢, s g t and
s Znr t. These immediately follow by noticing that the trace a = a is a completed trace for
s but not for ¢ and thus also the ready pair (resp. trace) a® distinguishes them. Consider
now processes s, t in Figure 4.12. As shown in Example 4.15, we have that sZ trand t Z s
whereas it holds that s ~s £ and s ~ ¢ for x € {TrC, TrF, R, TrR}. These, together with the
already established relations in the spectrum, allow us to conclude that

* E and Cyeq¢ are incomparable;
* E and C, are incomparable for x € {TrC, F, TrF, R, TrR}.

<

Example 4.18. Consider processes s, ¢ in Figure 4.13. In Example 4.15 we showed that
s ~test L. However we have that s #1¢ t. In fact, if we consider the completed trace a = a, the
resolution corresponding to the rightmost a-branch of s assigns probability 1 to it, whereas
all the resolutions for ¢ assign at most probability 0.5 to a. Finally, consider processes s, ¢
in Figure 4.14. Clearly, we have that s ~;c t. However, we also have that s s £. If we
consider the interaction systems of processes s, t with the test o in the same Figure, we
get that Respmay o (S, 0) # @ and Resmay «(f, 0) = @, from which we can directly conclude that
S #test . Therefore we can conclude that

* ~1rc and ~egt, are incomparable.

<

The major difference between our spectrum and the linear time - branching time spec-
trum of [159] is in the isolation of the two readiness semantics, as already pointed out in [29)].
This distinction is mainly due to the close interaction of nondeterminism and probability
typical of the PTS model. In the fully-nondeterministic case it holds that E%R c ;g [159], the
intuition being that whenever there is a sequence of processes reachable from a process s

such that s admits the ready trace a; R; ... a,R,, then we are automatically guaranteed that s
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Figure 4.15: Processes s, t are such that s #1r t and s ~g t, whereas u, v are such that u #g v
and u ~tR V.
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Figure 4.16: The four processes show the isolation of the readies semantics with respect to the
other decorated traces semantics and testing semantics.

admits the ready pair a; ... a, R, as well as any process ¢ such that s E%R t will do. When also
probability is taken into account this relation between the two readiness semantics does not
hold anymore, since as shown in the following Example 4.19, from the comparison of the
probabilities of all the ready traces related to the trace a; ... a, and a ready set R,;, we cannot
derive any information on the result of the comparison of the probabilities assigned to the
ready pair a; ... a, R, in which the probabilities of the aforementioned ready traces maybe
summed up or not depending on nondeterminism. Analogously, the coexistence of non-
determinism and probability isolates the two readiness semantics for the other decorated
trace semantics in the spectrum.

Example 4.19. Consider first processes s, t in Figure 4.15. We have that s #g t. If we
consider the ready trace R = a{b, c}c{e} we have that s has a resolution executing it with
probability 1, whereas ¢ cannot execute it. However, we have that s ~y t as for the ready
pair semantics a trace is executed and the ready set is checked only at the end of it. More
precisely, we have that both processes have resolutions assigning probability 1 to the ready
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pairs t; = aib,c}, v2 = aic,d}, v3 = acle} and v4 = ac{f}. Consider now processes u, v in
the same Figure. We have that u #y v. If we consider the ready pair v = ab{f} we have
that u has a resolution assigning probability 1 to it, whereas the resolutions for v assign at
most probability 0.5 to it. However, we have that u ~1g v since the presence of action ¢
allows us to distinguish the b-move performed by u; from the b-move performed by u,. In
particular we have that the probability assigned to the ready trace R; = a{b, c}b{f} is 0.5 in
both processes and the probability assigned to the ready trace R, = a{b}b{f} is 0.5 in both
processes. Summarizing, we have obtained that

* ~7r and ~gy are incomparable.

Next, consider processes s, ¢ in Figure 4.16. We have that neither s ~pg  nor s ~g £. In
fact if we consider the ready trace R = a{b, c} (resp. the ready pair v = a{b, c}) then there
is a resolution for ¢ assigning probability 1 to it, whereas all the resolutions for s assign
probability 0 to it. However, it is immediate to verify that s ~p;p £. Finally, consider processes
u, v in the same figure. We notice that u #1; v. If we consider the trace a = ab we have
that there is a resolution for u assigning probability 1 to @, whereas the resolutions for v
assign at most probability 0.5 to it. However we have u ~1yg v and u ~g v. This is due to the
presence of action d, which allows us to distinguish the b-move performed by u; from the
one performed by u,. In conclusion, from these considerations and the already established
relations in the spectrum, we get

* ~1rr and ~ are incomparable for x € {Tr, test, TrC, F, TrF};

* ~pg and ~, are incomparable for x € {Tr, test, TrC, F, TrF}.

4.7 CONCLUDING REMARKS

We have proposed a spectrum of behavioral distances on the PTS model (upper part of Fig-
ure 4.1), considering the bisimilarity metric [64,72,157] and novel notions of (hemi)metrics
capturing the ready similarity, similarity, testing and (decorated) trace semantics.

We remark that ours is the first proposal of a quantitative analogue to the ready simula-
tion, testing and decorated traces semantics. Moreover, our trace metric is novel with respect
to existing ones [14,43,53,59, 148] and its kernel, i.e. our probabilistic trace equivalence,
satisfies several desirable properties as compositionality, full backward compatibility with
the fully nondeterministic and the fully probabilistic cases and the compatibility with the
(bi)simulation semantics. The same good properties hold also for our decorated trace and
testing equivalence and, in fact, we have also shown that when we consider the kernels of the
discussed (hemi)metrics, we obtain a probabilistic analogous of the linear time-branching
time spectrum of [159] (lower part of Figure 4.1).

Ours is the first proposal of a spectrum for distances on PTSs.
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In [77] a spectrum of distances defined as the generalization of a chosen trace distance is
proposed. It is obtained by applying to LTSs the theory of quantitative Ehrenfeucht-Fraissé
games. However we remark that our results on PTSs cannot be obtained from the ones
in [77] since the metric semantics considered are quite different and, moreover, the well-
behavedness property assumed for the metrics in [77] does not hold for distances on PTSs.

In [59] distances for trace, simulation and bisimulation semantics on Metric Transition
Systems (MTSs) have been proposed and ordered in a spectrum. Differently from PTSs, MTSs
consist of a process-to-process transition relation and a set of atomic propositions which are
evaluated on processes. Hence, all metrics in [59] are defined on a ground distance, called
propositional distance, which quantifies the maximal distance on processes with respect to
the evaluation of atomic propositions at them. Thus, this propositional distance depends
on the metric that has been designed to measure the differences in the evaluation of atomic
propositions. We also notice that, although our trace metric is technically different from the
linear distances of [59], defined as the asymmetric Hausdorff distance on the propositional
distance on traces, the idea behind their definition is quite similar. Moreover, it is worth
noticing that by exploiting some properties of the (asymmetric) Hausdorff metric we can
prove that it coincides with the (asymmetric) total variation distance (see [43] for a proof of
this fact) by means of which we have defined our trace (hemi)metric.

In [14, 53] trace metrics on Markov Chains (MCs) are defined as total variation distances
on the cones generated by traces. Our definition can be seen as a generalization of theirs:
in MCs the transition probability function depends only on the current process and not on
its nondeterministic properties. Thus, our quantification over resolutions would become
trivial on MCs, resulting in a total variation distance over traces.

For what concerns the probabilistic relations, we have already compared them with the
ones in [29-31] and the related spectra.

We recall that in [69] probabilistic similarity is shown to be equivalent to probabilistic
may testing, in which the supremum success probabilities with respect to all resolutions of
nondeterminism and to all tests are compared. Here, we have obtained an opposite result as
we have proved that the two semantics are incomparable. This discrepancy is mainly due to
the disparity between our testing semantics and the may testing of [69]. Although in both
cases the suprema success probabilities are compared, in our semantics these are related
to the execution of a single trace per time. Moreover, we have to deal with the additional
requirements guaranteeing the full backward compatibility with the fully-nondeterministic
case, which are too demanding for the simulation semantics.
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The moat exciting, phrase to-hear in acience, the
one that heralds the moat discoveries, is not
"Cureka! 1 found it!", but " That's funny....”

Isaac Asimov

CHAPTER

1egical Characterization of Branching Metrica

/7~ Te aim of this Chapter is to propose a novel approach for the logical characterization
b of both behavioral distances and behavioral relations. In particular, we will focus on the
branching part of the spectrum presented in Chapter 4, that is on (bi)similarity metrics and
relations. Our targets are the following: 1. We aim to provide a characterization technique
that can be easily generalized to other behavioral metrics and relations proposed in Chap-
ter 4 and in the literature. This will be obtained by identifying for each process a special
formula, called mimicking formula, expressing the relevant properties of it with respect
to the considered semantics. Then, we transform the modal logic into a metric space by
defining a syntactical distance on formulae. Finally, we define a logical distance on processes
as the distance between their mimicking formulae: this logical distance characterizes the
considered metric semantics. 2. We aim to use a simple boolean-valued modal logic to char-
acterize both the behavioral relations and the (hemi)metrics related to them. Boolean-logics
are preferable to the real-valued ones as they will allow for an easy generalization of our
characterization technique. 3. We aim to establish whether two processes are related by a
given behavioral relation by inspecting only a finite number of formulae. To this purpose,
we will show how by comparing the mimicking formulae of two processes s and ¢ for a
particular semantics, one can infer whether s and ¢ are related by the behavioral relation for
that semantics.

Technically, in order to deal with (possibly) infinite execution sequences of processes,
we follow the approach of [4,120, 143], known as equational p1-calculus. Informally, a chosen
class of formulae is enriched with recursion, namely a set of variables which allow for a
recursive specification of modal properties. Then, an appropriate interpretation to each
variable (called model in [120]) is provided as the solution of a system of equations defined
using endodeclarations, namely functions mapping each variable into an arbitrary formula
of the logic. More specifically, we will use endodeclarations to implicitly define a system of
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Chapter 5. Logical characterization of branching metrics

equations of the from
yX)=[EX) ]y (5.1)

whose solution will correspond to the proper variable interpretation for the formula: the
interpretation v is a solution for the system (5.1) if the semantics of X under y corresponds
to the interpretation of the formula assigned to X by the endodeclaration &.

For our purposes, we will consider the boolean-valued modal logic L£s obtained by
extending the logic £, introduced in Chapter 2.4, with a family of variables, one for each
process in the set S.

In [4] the equational p-calculus is used as a general framework for the construction of
characteristic formulae for behavioral equivalences and preorders in the non probabilistic
setting. More precisely, it is proved that whenever a behavioral relation is obtained as the
fixed point (equally greatest or least) of a monotone endofunction over the complete lattice
of binary relations over processes, then the greatest interpretation of an endodeclaration
expressing that endofunction can be viewed as the characteristic formula for its fixed-point
(Theorem 2.16 [4]). In [143] this technique is applied in the probabilistic setting to obtain
characteristic formulae for some behavioral relations on probabilistic automata. Here we
use the equational u-calculus to define a proper semantics for formulae in Lg, but we
propose a different approach to obtain the characterization results.

In the case of the bisimilarity metric, the idea is the following: 1. For a process s we
consider its mimicking formula, which captures the ability and the inability of s to execute
any action and describes also its probabilistic behavior. Mimicking formulae will be defined
as the images of the variables corresponding to processes through a particular endodeclara-
tion M on Lg, called mimicking endodeclaration. 2. Then, we transform the modal logic
into a metric space by introducing a notion of syntactical distance on formulae. This is a
1-bounded pseudometric assigning to each pair of formulae a suitable quantitative ana-
logue of their syntactic disparities. In particular, we define the distance between distribution
formulae as the Kantorovich lifting of the distance on the state formulae in their supports
and the distance between conjunctions as the Hausdorff lifting of the distance on the state
formulae in the two conjunctions. 3. We conclude by defining a logical bisimulation distance
on processes corresponding to the distance between their mimicking formulae and proving
that this logical distance characterizes the considered metric semantics.

Up to our knowledge, this is the first characterization of bisimilarity metric given by
means of a boolean-valued logic and of a distance on the logic. Moreover, notice that the
distance between two processes can be obtained by simply looking at their mimicking
formulae, without analyzing any other formula in the logic.

Our results go even further. Along with mimicking formulae we introduce the simulation
characteristic formulae of processes , namely the negation-free version of their mimicking
formulae, defined through a proper endodeclaration C on Lg, called simulation endodec-
laration. Then we show that by slightly modifying the notion of distance on Lg, we can
characterize also the branching hemimetrics introduced in Chapter 4, namely the ready
simulation metric and the simulation metric. More precisely, firstly we relax the distance
on conjunctions to the asymmetric version of the Hausdorff lifting. Secondly, we define
the logical ready simulation distance on processes as the modified distance between their
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mimicking formulae and we define the logical simulation distance on processes as the
modified distance between their simulation characteristic formulae. Through these, we
characterize the branching hemimetrics: the logical (ready) simulation distance coincides
with the (ready) similarity metric. Being ready similarity metric new, ours is the first charac-
terization for it. Moreover, to the best of our knowledge, this is the first characterization of
similarity metric given by means of a boolean-valued logic and of a distance on the logic.
Our approach can be easily extended to other notions of behavioral (hemi)metrics by tun-
ing the notion of distance on formulae on a proper class of formulae. This will be further
investigated in Chapter 6.

To strengthen our results, we show that the logic Ls is weak expressive for probabilistic
bisimilarity, meaning that two processes are probabilistic bisimilar if and only if their mim-
icking formulae are equivalent under a proper definition of structural equivalence over Ls.
We cannot refer to this characterization of probabilistic bisimilarity as to an expressive one
since the single mimicking formula of a process is not powerful enough to capture the whole
equivalence class of the process, namely it is not its characteristic formula for probabilistic
bisimilarity. We remark that the fully expressive characterization of bisimulation of [68]
requires a logic much richer than Ls (see Section 5.7 for a comparison). Finally, we show
that the logic Ls is expressive for probabilistic ready similarity, meaning that the mimicking
formula of a process is its characteristic formula for this preorder, and that Ls is expressive
also for probabilistic similarity, meaning that the simulation characteristic formula of a
process is its characteristic formula for probabilistic similarity. Up to our knowledge, this
is the first paper in which a single logic is used to characterize both (bi)simulation metrics
and classic notions of equivalence and preorders. As we will discuss in detail in Section 5.6,
this is a great advantage since a modification in the expression of the considered behavioral
metric would not affect the characterization of its kernel. Roughly speaking, there is no need
of modifying the characterizing class of formulae, as conversely it would happen in the case
of real-valued logics, but only the metric defined on it.

Summarizing, by means of our mimicking formulae for processes and logical distances
on them we get:

1. Characterization of bisimilarity metric: we define a distance on formulae and we prove
that the bisimulation distance between two processes equals the distance between
their mimicking formulae (Theorem 5.24).

2. Characterization of (ready) similarity metric: by slightly relaxing the distance on
formulae, we prove that the ready simulation distance between two processes equals
the modified distance between their mimicking formulae (Theorem 5.33) and that
the simulation distance between two processes equals the distance between their
simulation characteristic formulae (Theorem 5.37).

3. Weak expressive characterization of probabilistic bisimilarity: we establish whether
two processes are probabilistic bisimilar by simply comparing their mimicking formu-
lae (Theorem 5.13).
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4. Expressive characterization of ready probabilistic similarity by means of mimicking
formulae (Theorem 5.14) and probabilistic similarity by means of simulation charac-
teristic formulae (Theorem 5.17).

ORGANIZATION OF CONTENTS

In Section 5.1 we introduce the class of J-indexed logics L5, which includes Lgs, and we
proceed with some preliminary results on endodeclarations and on the equivalence of
formulae (Section 5.2). In Section 5.3 we present mimicking formulae of processes and in
Section 5.4 we use them for the characterization of probabilistic bisimilarity and (ready)
similarity. In Section 5.5 we introduce the distance on Lgs through which we obtain the
characterization of the bisimilarity metric which is then adapted in Section 5.6 to derive
the characterizations of the ready similarity and similarity metrics. We end with some
conclusions in Section 5.7.

A preliminary version of this chapter dealing with these characterizations of bisimulation
metrics, probabilistic bisimilarity and (ready) similarity on finite processes, i.e. image finite
process with finite execution sequences, can be found as [41].

5.1 THE MODAL LOGIC

In this Section we present the modal logic that we will use to characterize the (bi)simulation
metrics and their kernels on image finite processes, for which we allow for infinite execution
sequences, in a PTS (S, A4, —).

We extend the modal logic £ introduced in Chapter 2, which allows one to characterize
probabilistic bisimilarity [66] and bisimilarity metric for finite processes [41], to the modal
J-indexed logic L5, which considers also an J-indexed family of variables {X; | i € J} allowing
for a recursive specification of formulae.

Definition 5.1 (Modal J-indexed logic £5). Let J be a set of at most countable many identi-
fiers. The classes of modal J-indexed state formulae L3 and of modal J-indexed distribution

formulae L’% over A are defined by the following BNF-like grammar:

S .
/Cj.

TIXilal N\ ol @y
jeJ
£3: vy w= Prig;

iel

where: 1.1€7J; 2. a€ A; 3. J is an at most countable set of indexes; 4. for each j € 7 it
holds ¢; # Aiez @i for any set of indexes Z with |Z| > 1 and ¢; # X; foranyie J;5. ['isa
finite set of indexes, r; € (0,1] forallie Tand } ;¢;r;i =1.

We note that the constraints in item (4) may be avoided by using a more complicated
grammar. For sake of simplicity and readability, we opted for this formulation.

We shall write ¢ A @ for A\ je 7 @ with J ={1,2}, rip1 @ ra@ for @ rip; with I =1{1,2},
and (a)g for (a) P;c;rip; with I = {i}, r; =1 and ¢; = ¢. Notice that instead of using T we
could use A\ 4. We decided to use T to improve readability.
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5.1. The modal logic

As usual, the semantics of a state (resp. distribution) formula is embodied in the set
of processes (resp. distributions) which satisfy it. However, formulae in £5 may contain
variables which could be satisfied potentially by any process. Thus the meaning of formulae
in L5 is subject to variable interpretations, namely functions of the form y : J — P(S)
mapping each identifier i € J into the set of processes which are presumed to satisfy the
variable X;. Since each variable is univocally determined by an identifier in J, to improve
readability we abuse of notation and write y(X;) in place of y(i). In what follows, we let I'5
be the set of variable interpretations defined from J to P(S). The elements of I'; can be
ordered by means of the ordering < induced by set inclusion, namely y; <y, if and only if
Y1(Xi) € y2(X;) forallieJ.

Lemma 5.1. The set (I'y, <) of variable interpretations is a complete lattice.

Proof. The proof follows by applying the same arguments used in the proof of Lemma
2.9(2) in [4]. |

Since the ordering over I'5 is defined by means of set inclusion over P(S), we have that
the join is defined by means of set union, namely (Llne Y1) (X)) = Upen yn(Xi), forallie J.
Similarly, the meet is given by set intersection, that is ([ ,,c ; Yr) (X)) = Nren Yr(Xy), for all
iedJ.

Next, we introduce the relation =, which asserts when a process s (resp. distribution )
satisfies the state formula ¢ (resp. distribution formula ) under a given variable interpreta-
tion .

Definition 5.2 (Satisfiability). Assume a PTS (S,.4,—). For each variable interpretation
y € I'y, the satisfaction relation =< (S x E;) U (A(S) x E(ji) is defined recursively as:

* s|=, T always;

* s =y Xiiff s € y(Xi);

* slzydiffséz;

* sl=y N\ @jiff sl=y @ forall jeJ;

jeJ
* sy (@yyiffs 2, 7 for a distribution 7 € A(S) such that 7 Ey v;

* =y EB rig;iff = Z rim; for a family {7 ;};e; < A(S) of distribution such that, for all
iel iel
i € I, whenever s € supp(7;) then s |- @;.

Example 5.1. Assume y € I'5. Consider a process s € S with der(s,a) = {n}, where 7 =
%6 st %5 s,- Assume that, for the chosen variable interpretation, it holds that

S1 |:y <b>T S1 |:y a $ |:y <b>T $2 |:Y <a>T’

Consider the formula ¢ € £ defined, for a given indexi€ J, as

0= <a>(§Xi ® %((a)"l’ A <b>T)).
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Chapter 5. Logical characterization of branching metrics

We have that s |=y ¢ if and only if {s1, s2} < y(X;). In fact we have that s; is the only process in
the support of 7 that satisfies the formula (a) T, thus implying that to have s |-, ¢ we need
the convex combination

23 1 1
T = 5(1631 + 71632) + 5652
such that
* for each process s’ in the support of %5 o + 105, itholds that s = X;;
* for each process s’ in the support of §, it holds that s’ =) (@) T A(b) T.

Therefore, to guarantee that s |=, ¢ we should guarantee that for each process s’ in the union
of the supports of §;, and J, it holds that s’ =y X, that is it must be the case that both
s1 Fy Xj and s; =y Xj, namely {51, 5o} < y(Xj). <

The meaning of a state (resp. distribution) formula is represented by the set of processes
(resp. probability distributions) satisfying it.
Definition 5.3 (Semantics of L5). For each state formula ¢ in L3 we define [¢]: Ty — P(S)
by

[oly ={seSIsky ¢}

and for each distribution formula v in Eg we define [y ]: T'5 — P(A(S)) by
lyly=neAS) |Ink=, vl
Notice that, in particular, for all y € I'; we have

* [T]y=3S;

»*

[Xi]y =y(X;) for each i€ J;

* [Njegojly =Njeglejly:

* Kayw]y = Urey]yS€S1s < 7t

The following result, which proves the monotonicity of the mapping [ | w.r.t. variable

interpretations in I'y, has been adapted from [4] to fit the probabilistic framework.

Proposition 5.2. For any ¢ € L, the mapping[¢]: T'5 — P(S) is monotone. Analogously, for
anyw € L4, the mapping [w]: Ty — P(A(S)) is monotone.

Proof. Let 1,72 € I'y be two variable interpretations such that y; < y,. We prove that
[¢]y1 < [¢]r2 by structural induction over ¢ € £5 U L3. We show only the inductive step of
the diamond modality, which is the only one that differs from the proof of Lemma 2.9(1)
in [4]. Consider ¢ = (a)y, with ¢ = @;c;ri@;. We have

Kayy]r
={seS|sky, @y}

:{seSlsinandnlzylw}
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5.1. The modal logic

={seS|sSa = Z r;m; and for each s’ € supp(r;), s’ Fy, @i}
iel

ciseS|sSm = Z r;m; and for each s’ € supp(r;), s’ Fy, @i}
iel

:{seSlsinandnlzww}

={seS| sy, @y}

= [Kayy]y2

where the inclusion holds by structural induction. Notice that this case includes also the
proof for distribution formulae. |

As a final remark to this Section, we notice that monotonicity of [] is guaranteed since
no variable can occur in the scope of negation (see Section 5.7 for a further discussion on
this issue and our choice on negation).

INTERPRETATION THROUGH DECLARATIONS

Definition 5.3 states that formulae in £5 can be interpreted only with respect to a given
variable interpretation. Thus, our next task is to establish a criterion to obtains suitable
interpretations for variables. To this aim, we follow the equational p-calculus approach
(4,120, 143], in which the desired interpretation is provided as the solution of a system of
equations defined using endodeclarations. Informally speaking, an endodeclaration is a
function ascribing a state formula to each identifier, and consequently to each variable.

Definition 5.4 (Endodeclaration). An endodeclaration on Ly is a mapping £: J — L3.

As for variable interpretations, for sake of readability we abuse of notation and write
£(X) in place of £(i). Moreover, we remark that since variables belong to the syntactic class
of state formulae, then also the formulae assigned to them by endodeclarations are required
to be state formulae.

The meaning of an endodeclaration is a mapping from variable interpretations to vari-
able interpretations.

Definition 5.5 (Semantics of endodeclarations). For an endodeclaration £: J — £§, we
define (£)): I'y — I';y as the mapping such that, for all i € J and y € I'5, we have

WUENY (XD = [ECD ]y

In order to duly interpreting variables, we consider the interpretations of the formulae
assigned to them by the endodeclaration. More specifically, we will use endodeclarations to
implicitly define a system of equations

y(X) =[E(X) ]y forieT (5.2)

whose solution will correspond to the proper variable interpretation for the formula: y € I'y
is a solution for the system (5.2) if the semantics of X; under y (namely [X; ]y, which, by
definition, is y(Xj)) corresponds to the interpretation of the formula £(X;).
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Chapter 5. Logical characterization of branching metrics

Notice that a variable interpretation y € I'y being fixed point of (£)) guarantees that

[Xi]y =[EX ]y

for alli € J, and is therefore a good candidate to be used as variable interpretation.

It is now necessary that the set of fixed points of ((£)) is not empty. We show that (&)) is
monotone, then, since (I'5, <) is a complete lattice (Lemma 5.1), we will conclude that (&))
has the least and greatest fixed points.

Proposition 5.3. The function (£)) is monotone and thus it has the least and greatest fixed
point.

Proof. The proof follows by applying the same arguments used in the proof of Lemma
2.12in [4]. [ |

The variable interpretation that we will use to interpret formulae is the greatest fixed
point of (£)), denoted by v¢.

Next, we propose an alternative inductive characterization of v¢, which will be useful to
prove some of the results in the following sections.

As first step, we show that the function ((£)) is Scott-co-continuous (see Remark 2.1).
Proposition 5.4. The function (&)) is Scott-co-continuous.

Proof. Let H be an arbitrary set of, at most, countably many indexes. Let {y} ey be a
descending chain on I'y. We aim to show that

«EN [ Jrn=1«EMyn
heH heH

which by the definitions of (£)) (Definition 5.5) and [ | over I'; is equivalent to

foreachieJ: [E(X)] |_| yin= () [EXD)]yn (5.3)
heH heH

To prove Equation 5.3 we proceed by structural induction over £(X;). Here we present only
the case for the diamond operator, since the proofs for the other cases are immediate from
the definition of [].

Let £(X;) = (a)@;crriei. We proceed by showing the two inclusions separately. By the
monotonicity of [] (Proposition 5.2) we can immediately infer that

Kay@ripil [ |yns N (@@ rivilya (5.4)

iel heH heH iel

Let us show now that

N K@ rigilynckay@rivil [ |rn (5.5)

heH i€l iel heH

Consider any s € Npeg[{@) Dicr ri@i | yn, namely s € [(a) P;c;rig;]yn for each h e H. This
implies that for each h € H there exists a probability distribution 7}, such that s 2 npand
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5.1. The modal logic

Th=Yicl rin? for some th.’ € A(S) such that for each r € supp(ﬂ?) it holds that 7 € [@; ]yn.
Since H is a countable set and der(s, a) is finite, we can infer that there is a probability
distribution 7 € der(s, a) which satisfies the formula @;¢; r;¢; w.r.t. Y5, for countably many
indexes h € H. Moreover, considering that 7 has finite support, we have that for each i € I
we can define the set S; = {t € supp(n) | ¢ € [@; ]y for countably many h € H}. As {yp}hen
is a descending chain on I'; we obtain that ¢ € [¢;]y) for countably many h € H implies
t€[g;]ynforall he H, thatis t € Npeg[@i]yn for each t € S;. By structural induction over
the ¢;, this implies that each ¢ € S; is such that ¢ € [¢; ][ |,y Yr- Hence, to conclude we
need to show that we can rewrite 7 as }_;c; r;7; where the support of each distribution 7; is
given by the related set S;. This can be easily derived by defining the family of probability
distributions {r;};c; satistying m =) ;c; r;m; and 7;(¢) > 0 implies f |= ¢; as the solution of
the following linear system of equations, for each i € I:

mi(t)=0 iftgS;
(1) . . ..
wi(t) = ifreS;andt¢g Sjforeach jel,j#i
Ti
1
(1) = 7(ﬂ(t)— Y rjmj(t)) otherwise.

i jel,j#i

By construction [ is finite, so let C; be the cardinality of I, analogously supp(r) is finite and
let C; be its cardinality. Notice that the system above has C, equations for each i € I, and
therefore we have a total of C; - C, equations. We have that the number of unknowns in our
system is also C; - C,. In fact for each i € I we need to establish the value of 7;(#) for each
t € supp(m). Finally, notice that we can rewrite all equations of the system in the general

1
form 7; (1) = —(n(t) - Z rjﬂj(t)). Then our system is correct since for each t € supp (i)
r:

i jelj#i
we have
1
Yorimit) =) ri-—(m@®) - Y, rjmj)
il ier i jeLj#i
=2 (m- 3 rjmi(0)
iel Jel,j#i
=C1-(0) = (C1—1)-)_rimi(1)
iel

from which we gather C; - )_ rim;(¢) = Cy - (1), thus giving

iel
Y rimi(6) = m(2).
iel

Moreover, for each i € I we have supp(;) = S; and thus whenever ¢ € supp(r;) then ¢ €
@il 1,e gy Yn- We can therefore conclude that 7 € [@;c;ri@i ][ |, ¥r and thus that s €
[<@)@®icr7i9i ][ 1 Y n- Since s is arbitrary, Equation (5.5) follows.

Equation (5.4) and Equation (5.5) taken together give the thesis. |
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Chapter 5. Logical characterization of branching metrics

Consider now ¥ as the top element of the complete lattice '3, namely ¥ is the variable
interpretation assigning the whole set of processes S as interpretation to each variable. For
n € N, we define the variable interpretation v, as follows:

n-—

EN7=7 ifn=0
(EN"Y = UENYn-1 ifn>0.

Moreover, we define y, :=[ |, ey $ENT =1 1,,en Vir-
Notice that {y;},en is the descending Kleene chain of (&£)). It follows that v, is the
greatest fixed point of (£)), namely vy, = vg.

Proposition 5.5. y,, is the greatest fixed point of (£)), namely vg =,.

Proof. Since (&) is Scott-co-continuous (Proposition 5.4), we can apply the Kleene
fixed-point Theorem to the descending Kleene chain {y;,} en. |

5.2 AN EQUIVALENCE RELATION ON FORMULAE

In this Section we introduce a structural equivalence on formulae in L5 defined as the
greatest fixed point of a monotone function over relations on formulae. Equivalence on
formulae can be defined either in terms of their semantics or in terms of their syntax.
As we will see, structural equivalence of formulae will imply their semantic equivalence
(Theorem 5.11), which is defined in the classic way.

Definition 5.6 (Semantic equivalence). Given an endodeclaration £, we say that the state
formulae ¢, ¢' € L3 are semantically equivalent if [p]ve = [¢']ve, and the distribution

formulae v, y’ € Eg are semantically equivalent if [y |ve = [y ]ve.

Given some index i € J, we say that the variable X; is guarded in a formula ¢ € L3, (resp.
Ve £‘31) if all occurrences of X; appear in ¢ (resp. y) in the scope of the diamond modality.
An endodeclaration £ is then said to be guarded if it maps variables into formulae in which
the occurring variables are all guarded. From now on, all the considered endodeclarations £
are guarded, if not differently specified.

Moreover, we recall that we are considering only processes that are image finite. For this
reason the J-indexed logic L5 is too rich to characterize them. In particular, we can simply
consider an image finite version of the conjunction operator.

Definition 5.7 (Image finiteness). We say that a state formula of the form ¢ = Aje7¢; is
image finite if the number of the state formulae ¢ ; of the form ¢ ; = (a)y , for some y; € Eg,
occurring in ¢ is finite for each a € A.

Then, we say that an endodeclaration £ is image finite if for each i € J the variable X; is
mapped by £ into an image finite formula.

Henceforth we consider only endodeclarations that are image finite, if not differently
specified.
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5.2. An equivalence relation on formulae

Definition 5.8. Let £: J — L3 be a guarded endodeclaration on the logic £3. We define
Fe: P(L3 x L3) — P(L3 x L3) as the function such that for all relations R € P (L3 x £3) we
have that F¢('R) is the greatest relation satisfying:

1. p Fe(R) @;

2. @2 Fe(R) @1 iff o1 Fe(R) ¢2;

3. X; Fe(R) @iff £(X;) Fe(R) @, for any i€ J;
4

. /\ @;j Fe(R) . A\ (p'j forsomeZ # ¢,7 c J iff
jed je(I\D)

* foreach je J\Z wehave ¢; F¢(R) (p’j,
* foreachieZ wehave ¢; F¢(R) (p'ji for some j; € J\Z;

5. N\ ¢j Fe(R) )\ i iff thereis a bijection f: J —Z with ¢; Fe¢(R) ¢y j forall j € J;
jeJ i€l

6. (ayy Fe(R) (ayy iff y RT vy

Example 5.2. Assume the relation R < L3 x L3 given by R = {(¢1,¢2), (¢1,93), (92, p4)}.
Then the distribution formulae vy, = %(pl ® %(pg and v, = i(pg ® i(pg ® %(p4 are such that
(/81 RY ¥,. Therefore we can infer that

1 1 1 1 1
<a>(5<p1®§<pz) Fe(R) <a>(1<pz®;1<p3®§<p4-

Lemma 5.6. The function F¢ is monotone with respect to inclusion.

Proof. We need to show that R, < R, implies Fg(R1) < Fg(R») for arbitrary relations
R1,R2 € P(L5 x L3). Hence, we assume ¢ F¢(R1) ¢’ for arbitrary ¢, ¢’ € L3 and prove
@ Fe(R2) ¢'. To infer ¢ Fe(Rq) ¢', we apply the rules (1)-(6) in Definition 5.8 n times, for
some 1 = 1. We prove ¢ F¢(R>) ¢’ by induction over n.

The base case n = 1 has two subcases, namely either we infer ¢ F¢(R) ¢’ by applying
rule (1) or by applying rule (6). In the former case we have ¢’ = ¢, which immediately gives
¢ Fe(R2) ¢’ by the same rule (1). In the latter case we have ¢ = (a)w and ¢’ = (a)y’ with
wR1 Ty, By the monotonicity of operator _T we get R, Ty’. Then, by applying rule (6) we
getp Fe(R2) ¢'.

Consider now the inductive step n > 1. The last rule in Definition 5.8 applied to infer
¢ Fe(R1) ¢ is one of the rules in the set (2)—(5). Let (r) be that rule. To apply such a rule (r)
it is necessary to have a set of pairs of formulae that are already in F¢(R;), namely we need
aset R < F¢('Rq1) such that each pair of formulae (¢, 2) € R is such that (¢, Fg(R1) ¢2) is
derived by applying the rules (1)-(6) in Definition 5.8 at most n — 1 times. By the inductive
hypothesis we infer that (¢, Fg(R2) ¢2) for all (¢1,¢2) € R, namely R < F¢(R,), which then
gives ¢ Fc(R32) ¢’ by rule (r). [
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Since F¢ is monotone over the complete lattice (P (L x £3), S), by the Knaster-Tarski
fixed point Theorem it admits the least and the greatest fixed point.

Definition 5.9 (L5-equivalence under &). The L5-equivalence under an endodeclaration £
is the greatest fixed point of F¢ and will be denoted with =¢.

We devote the remaining of this section to an alternative inductive definition of =¢ . First
we show that if the endodeclaration £ is guarded and image finite, then the function F¢ is
Scott-co-continuous.

Proposition 5.7. For a guarded and image finite endodeclaration £ the function Fg is Scott-
CO-continuous.

Proof.  We have to show that for each descending chain of subsets Ry, R1,... of
P(L3 x L3) it holds that Fe(Npen Ru) = NuenFe(Ry). More precisely, we need to show
that for arbitrary ¢, ¢’ we have

@ Fe([) Rn) ¢ ifand onlyifp () Fe(Rp) ¢
neN neN
Assume first ¢ Fg(Npeny Rn) ¢'. By the monotonicity of F¢ (Lemma 5.6) we get
@ Fe(Ry) ¢ forall neN, which gives ¢ NyenFe(Ry) @'

Assume now @ Nuen Fe(Ry) @, namely ¢ Fe(R,) ¢ for all n e N. We aim to show

¢ Fe(Rp) @' forall neNimplies ¢ Fe([ ) Rn) ¢'.
neN
This is proved by structural induction over ¢. The interesting cases are the base case for the
diamond operator and the non-trivial inductive step related to conjunction.

* Base case ¢ = (a) @ ri@;. By Definition 5.8, ¢ Fe¢(R,) ¢’ for each n € N requires
that ¢’ = Apey(a)wy, with ¥, (R,)T@;e rig; for all h € H. We consider only the
case of |H| = 1, since the general case for || > 1 directly follows from it. Hence,
¢'=(a)Dje;rjp;. Then from (a) Djc;ripi Fe(Ry) ¢ for each n € N, we obtain by
Proposition 2.5 that ¢’ = (a) G}h_igin rZi(pZi with 3y, r;zl_ =r;and p; R, (pZi for all

h; € Hl” As ] is finite, for each i € I there is a set of indexes J; € J s.t. ¢; R, ¢, for
countably many n € N, for each j; € J;. In particular, for each i € I there is an N; e N
s.t. for all n = Nj; it holds that ¢; R, ¢;, for each j; € J;. Let N = max;e; N;. Then,
¢'=(a) @ Ljgj whereLj=r} for h; € HYs.t. h; = j;. We remark that by the
i€l jie];

choice of N, we have that HlN = J;. Therefore, from (a) @;c; rip; Fe(Rn) ¢’ we obtain
that }_;.cj, Lj; = ri and moreover, by construction of J; it holds that ¢; R, ¢, for all
ji € Ji, for each n = N. Furthermore, { R }nen is a descending chain on P (L3 x £3)
and thus ¢; R, ¢, holds also for all n» < N. Hence we can conclude that ¢; R, ¢,
for all j; € J;, for all n € N thus implying ¢; Nyen Ry @j; from which we gather that
(@y®icrripi Fe(Mnen Rn) ¢'. We have therefore obtained that

(@@ripi (Fe(Rn) @' = (ay@ripi Fe([) Rn) (@) P rj,9j,-

i€l neN iel neN iel
Ji€li
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* Inductive step ¢ = A je 7 ¢, with ¢ F¢(R,) ¢’ for all n € N given by Definition 5.8.(5).
Notice that ¢’ € £, is fixed and it is of the form ¢’ = A ;e7 ¢; for some set of indexes Z.
Then, Ajes ¢ Fe(Ry) ¢' for all n € Nimplies that for each n € N there is a bijection
" T —=Iwith¢'=Njeg@pjand @; Fe(Ry) @ forall j € J. Intuitively, each
bijection f" can be seen as a simple reordering of the state formulae in ¢’ in order
to match the corresponding formulae in Aje7 ;. By definition of the functional
Fe (Def. 5.8) whenever ¢; is of the form ¢; = T or ¢; = G, for some a € A, then
@i Fe(Ry) @pnjyiff @ pnijy = Anep @ j for some set of indexes H. Moreover whenever
@j=(ayy;jthen ¢; Fe(Ry) @ pnyiff @ pnjy = (@y pn(j) with v RI Y fn(j). Since we
are considering image finite formulae only, we can infer that for each ¢, for j € 7,
there is a formula ¢;, for some i € Z, s.t. ¢; = @ gn(;) for countably many » € N. In fact,
by definition of image finiteness (Def. 5.7), there is only a finite number of formulae
in ¢’ that can be related to each formula ¢;. In particular, for each j € J there is
an N; eNs.t. f"'(j) = fNi(j) for all n = Nj. Let N = supc 7 Nj. Then we have that
@i Fe(Rn) @ NG for all n = N. Furthermore, {R,},en is @ descending chain on
P(L5 x £3) and F¢ is monotone (Lemma 5.6), and thus f% is a bijection such that
@j Fe(Rn) @pn(j alsoforall n < N. We have therefore obtained that there exist a bijec-
tion f: T —ZTst @jFe(Ry) @pforallneN, je J, thatis ¢; Npen Fe(Rn) Q1)
forall j € 7. By induction, this implies that ¢ ; F¢(Npen Rin) @ () forall j € 7, thus
giving A je7 @ Fe(nen Ru) Niez @i Therefore, we can conclude that

N e N FeRn) Noi = N\ oj Fe() Rn) N\ @i

jeJ neN i€l jeJ neN i€l

Definition 5.10 (Approximated L5-equivalence). Let £ be an endodeclaration on the logic
L. We define the family of relations = g c L; X E%, for n e N, as follows:

_n_ L5 x L3 forn=0
€ fg(Eg_l) for n>0.

Notice that {=¢} ey is defined as the descending Kleene chain of F¢. By the Scott-co-
continuity property of the function F it follows that = coincides with the greatest fixed
point of ¢, namely =¢.

Proposition 5.8. For any guarded and image finite endodeclaration &, =¢ is the greatest fixed
point of Fg, namely =& ==¢.

Proof. Since function Fg¢ is Scott-co-continuous (Proposition 5.7), we can apply the
Kleene fixed-point Theorem to the descending Kleene chain {= g b nen- [ |

Now we show that all =¢ and =, are equivalence relations.
Proposition 5.9. All =¢ with neN and = are equivalence relations.

Proof. By Definition 5.8.(1) and Definition 5.8.(2) we can immediately infer that =
is reflexive and symmetric for each n € N. Hence, we only have to prove the transitivity
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Chapter 5. Logical characterization of branching metrics

property, namely that whenever ¢; =¢ ¢, and ¢, =¢ @3 we have ¢; =¢ @3, to conclude that
all =¢ are equivalences.
To this aim, we proceed by induction over n € N.

(I) The base case n =0 is immediate since by definition Eg = L3 x L3,

(II) Consider now the inductive step n > 0. We proceed by structural induction over ¢;.
The interesting cases are those of conjunction and of the diamond modality.

* Inductive step @1 = A je7 ¢ j. We distinguish two cases.
a. @1 =¢ @y for @3 of the form A je(7\7) (p’] with ¢; =2 (p’ for some j; € 7\Z
forallieZand ¢; = ¢ i forall je 7\Z. We distingulsh two cases.

I. @2 =¢ @3 for @3 of the form /\]e(j\I)\H(P with ¢}, (p for some

jne€ (j\I)\’HforallheHand(p =7 (p” forall] € (j\I)\H Then we
have

/_n

p3= N &}

JEWT\ZUH)
and by structural induction we obtain that for each ke ZUH ¢y =¢ @'} i
for some ji € J\ (ZUH). Therefore we can conclude that ¢, =¢ @3 as
requlred.

il @2 =% @3 for (p3 of the form Agex (p’,é and there exists a bijection f: (J '\

7) — K with (p = @ ) forall j € (J \Z). Therefore we can rewrite
(p3 — /\ (pll ..
JEWUN\D) )

Moreover, by structural induction we obtain that for each i € Z we have
that ¢; =¢ (p;i(ji) and for each j € J\Z we have that ¢; =¢ (p'}l(j). There-
fore, we can conclude that ¢; =¢ ¢3 as required.
b. ¢1 =¢ @, for ¢, of the form Ajez ¢; and there exists a bijection f: J — 7
with @pj= g @ forall je J. We distinguish three cases.
. @2 =% @3 for @3 of the form Aje\x) @’ with ¢y, = = (pk for some kj, €
T\Hforall he H and ¢; =¢ ¢’ forall i e Z\H. Since f is a bijection we
obtain
Y3 = /\ D10
FHHOeT\fFHH)
and by structural induction we obtain that ¢ p-1() =¢ (p;ch forallheH
and @ p-1(;) =2 ¢’ for all i € 7\ H thus giving ¢, =¢ (3 as required.
il. @2 =% @3 for @3 of the form Agex ¢k and there exists a bijection g: 7 —
K with ; =2 @g(;) forall i € Z. Since f is a bijection, the last relation
can be rewritten as @ r(j) =¢ @g(r(jy for all j € J. Thus, by structural in-
duction over each triple @ j, ¢ r(j), Pg(f(j)), We obtain that @ j =& @e(r(j)
for each j € J. Moreover, h: J — K defined by h(j) = g(f(j)), for j € J,
is a bijection as composition of bijections. Therefore, we can conclude
that Aje7 ¢ =¢ Akek @k, namely @1 =2 @s.
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5.2. An equivalence relation on formulae

* Inductive step @1 = (a)@Dcrri@i. By definition @1 =% ¢, if it is of the form
@2 = Njeg(a)y; with wj(Eg_l)TEBiE] rip; for all j € 7. However we consider
only the case of | 7| = 1, since the general case for | 7| > 1 directly follows from it.
Hence let us consider ¢; = (a) @jig rj;@j; whereforeachiel,} jcj rj, =riand

A 1
_n-1 . _ . . _
@j; =g @; for all j; € J;. Moreover, ¢» =c @3 ifpsifps=(a)y®P j,l-gi Tn;, Pn;,
hjieHji
where Y., epr;, Ty, = 1j; and ¢y, =¢71 @, forall hj, € Hj,. Therefore, we gather

a. ri= Zjiefi rji = Z ji€; rhj,';
hfiEHfi
b. from ¢; =}~ ¢ forall j; € Jand ¢, =271 ¢, forall hj, € Hj,, the induc-
tive hypothesis gives ¢; =2~! ¢, forall hj, € Hj, ji € J;.

From items (i) and (ii) we obtain ¢; =¢ @3 as required.

Finally, since the intersection of equivalence relations is indeed an equivalence relation we
conclude that also =¢ is an equivalence. |

It follows that also =¢ is an equivalence relation.

Corollary 5.10. For any guarded and image finite endodeclaration £ the Ly-equivalence
under £ =¢ is an equivalence relation.

Proof. By Proposition 5.8 and Proposition 5.9. |

Structural equivalence of formulae implies their semantic equivalence, as formalized
in the following Theorem. We also notice that the converse implication does not hold in
general. In fact, as a trivial counterexample, we can consider the formulae ¢ = (a)T A a@ and
¢’ =(b)T A b. Clearly, for any endodeclaration £ we have [¢]ve = [¢']ve = @ but ¢ Z¢ ¢’
Theorem 5.11. [p]ve = [¢'|ve for all formulae ¢, ¢’ € L5 such that ¢ =¢ ¢'.

Proof. We proceed by structural induction over .

* Base case ¢ = T. By definition ¢ =¢ ¢’ if ¢’ is of the form Ajes T, namely ¢’ is
a conjunction of an arbitrary number of formulae T. Then, by definition we have
[Tlve=Sand [Ajes T]ve =Njes[T]ve =Njes S =S, thus giving the thesis.

* Base case ¢ = a for some a € A. By definition ¢ =¢ ¢’ if ¢’ is of the form Ajc 7 a,
namely ¢’ is a conjunction of an arbitrary number of formulae a. Let Sz < S be the
subset of processes that do not perform an a move. Then, by definition we have
[a]ve =Saand [Ajesa]ve =Njesla]ve =Njes Sa = Sa thus giving the thesis.

* ¢ = \jes@j. We can distinguish two cases.

1. ¢ =g @' with ¢’ = \je(n\1) <p'j with ¢; =¢ (p’ji for some j; € J\Z foreachieZ
and ¢; =¢ (p’j for each j € J \Z. We have that

[N eilve= N le;lve

jeJ jeJ
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= [ lejlve n Nleilve

Je(J\D) i€l
= (] [[‘PIJ']]VS N leilve (by induction over ¢ )
VEWAYA i€
= N l¢iIve n N, Dve (by induction on ¢;)
Jje(I\D) ieT
= N l¢ilven N ¢ Dve
JEWAYS JieI\T
= [ [#)]ve
VEWAYA !
=[ A #}lve
je(g\1)

2. ¢ =¢ ¢' with ¢’ = \je7 @; and there is a bijection f: J — Z with ¢; =¢ ¢ (;), for
all j € 7. We have that
[A eilve= MNg;lve
jeJg jeJg
B oy lve (by structural induction)
jeJg

[N\ eriplve
jeJT

* Inductive step ¢ = (a)@;¢;ri@;. By definition ¢; =¢ ¢- if it is of the form ¢, =
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Njeglayy;withy(=¢ ) @, ri; forall j € 7. However we consider only the case of
|J| =1, since the general case for | 7| > 1 directly follows from it. Hence let us consider
¢ =(a) @ rj.j; with Z ri;=riand @, =¢ @; forall j; € J;.

iel, jie]; Ji€Ji
From s =, ¢, we infer that s L nfora probability distribution 7 € A(S) with 7 |5,
@ic17ipi, namely there are some distributions 7; € A(S) such that w =} ;c; r;7m; and,
forallie I, s' =y, ¢; for all states s’ with 7;(s") > 0.

By structural induction, s" |=,, ¢; implies that s’ |-, ¢ for each ¢ =¢ ¢;. In particular,
this implies that s’ |-, ¢, for each j; € J;. Moreover,

=Y rmi=) () rpmi=) () rpm) =) () 1)

iel iel jie]; iel jie]; iel jie];
where 7, = m; forall j; € J;.

Hence, we have obtained that there is a probability distribution 7 € der(s, a) such
that 7 =} ;c1 ) j,ey, Tj; 7 j;» for some distributions 7 j;, and moreover for each seS
such that 7 j, (s") > 0 we have s’ Fve @j;- We can then conclude that 7 |-, Ele:g_ Tii@Pji

1 i

namely s =, ¢'.

Inductive step ¢ = X;, for some i € J. By definition, X; =¢ £(X;). Moreover, s € [ X;]ve
if and only if s € v¢(Xj) and, by definition of v¢, ve(X;) = [E(X;) |ve. Therefore, the
thesis follows from the previous cases.



5.3. Mimicking formulae of processes

5.3 MIMICKING FORMULAE OF PROCESSES

In this Section we introduce the notion of mimicking formula of a process which will allow
us to obtain the characterizations of probabilistic bisimilarity, ready similarity and similarity
(Section 5.4) and those of their quantitative versions (Sections 5.5 and 5.6).

We consider the logic Ls, which allows us to associate a variable X to each process s € S.
Then we introduce the notion of mimicking formula of a process s € S as a formula capturing
the branching and probabilistic features of s, and we define the mimicking endodeclaration
M on Lg such that M (Xj;) is the mimicking formula of s.

Definition 5.11 (Mimicking formula). For a process s € S, the mimicking formula of s is
denoted with ¢; and is defined by

ps= N (@ @ ashHXen N b

(s,a,me— s'esupp() b¢init(s)
Then the mimicking endodeclaration M: S — L7 is defined for all processes s € S by
M(X;) = @s.

Intuitively, ¢ characterizes the branching structure of s by specifying which transitions
are enabled for s as well as all the actions that it cannot perform. Moreover, as states evolve
to distributions, the mimicking formula of s captures the probabilistic behavior of s by
associating to each process s’ in the support of 7, for each 7 € der(s, a), its own mimicking
formula ¢ ¢ weighted by 7(s’).

Remark 5.1. Notice that all the variables occurring in the mimicking formulae are guarded,
so that the mimicking endodeclaration M is guarded. Moreover, since the processes in
S are image finite, we infer that all mimicking formulae are image finite and so is the
mimicking endodeclaration M. Furthermore, we remark that to simplify reading and
presentation we have written the mimicking formulae as a nested conjunction of state
formulae, although non allowed in Ls (see Definition 5.1). However, mimicking formulae
can always be expressed without nested conjunctions, as showed in Example 5.3.

Example 5.3. Assume A = {a, b, c}. Let us consider the process s € S represented in Fig-
ure 5.1. Then the mimicking formula of s is obtained by the following assignments:

M(Xy) = (a)(é—iXsl ® }LXSZ ® %X53) AaylXs, AbAE
M(Xs,) =(a)1 X5, AbA
M(X,,) = (ay1 Xnit A )1 Xpit A b
M(Xg,) =) 1 XpuAanc
M(Xs,) =(c)1 X5, AGAD
M(Xpi) =a@nbAC.
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S
(a/_\a)
L < s o
ﬁSI 82 83 84(
G b
([ o O

Figure 5.1: An arbitrary image finite process.

As expected, each process s satisfies its own mimicking formula ¢;.
Theorem 5.12. For any process S€ S, s € v\ (Xs).

Proof. By Proposition 5.5 we have v = y,,, where, by definition, y, = |,,cn ¥ n, for the
variable interpretations y, defined as

)y ifn=0
T = MY ynes B0 >0

where 7 is the top element of the complete lattice I's, namely the variable interpretation
assigning S as meaning to each variable. Since v ((X;) = v, (Xs) = MNpen Yn(Xs), to prove
the thesis we show that

forallneN, sey,(X). (5.6)

We prove Equation (5.6) by induction over n.
Consider the base case n = 0. Then s € y,(X;) follows immediately by yo(X;) = S.
Consider now the inductive step n > 0: we assume that for each # € S it holds ¢ € y;_1 (X;)
and we show that under this assumption we have s € y,(X;), for each s € S. We have

Yn(Xs) = («M»Yn—l)(Xs) = [[M(Xs)]h/n—l = [[(Ps]]Yn—l

and by definition of mimicking formula (Definition 5.11) we have

ps= N (@ @ ahHXyen N b

(s,a,me— s'esupp(r) bginit(s)

Hence, we need to prove that s € [¢;]y,-1, namely

sy, N\ @ @ #ashXen AN Db (5.7)

(s,a,m)e— s'esupp () bginit(s)

It is immediate to see that for all action types b such that s 7174 we have s|=,, , b.
Thus to complete the proof of Equation (5.7), we need to show that for each distribution
7 € A(S) we have
s 5 7 implies s Eyo (@ @ #s)Xy. (5.8)

s'esupp(r)
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To prove Equation (5.8) it is enough to prove that for each distribution 7 € A(S) we have

s — 7 implies 7 vy EB (s Xy (5.9)

s'esupp(r)

Wehavenr= )  7(s)8y and moreover by inductive hypothesis s’ € y,_1(Xy) for each
s'esupp(m)
s’ € supp(m), which gives 7 [=y,_; @yesupp(r) () X and, then, Equation (5.9). |

5.4 ﬁg-CHARACTERIZATION OF PROBABILISTIC RELATIONS

In this Section we present our characterizations of probabilistic bisimilarity, probabilistic
ready similarity and probabilistic similarity.

By means of mimicking formulae we are able to characterize probabilistic bisimilarity
in a weak expressive fashion: two processes are probabilistic bisimilar if and only if their
mimicking formulae are £s-equivalent under M (Theorem 5.13). Moreover, we will prove
that the mimicking formula of a process coincides with the characteristic formula of that
process with respect to ready similarity thus allowing for an expressive characterization of
that preorder: a process ¢ satisfies the mimicking formula of process s, that is t € v, (Xj),
if and only if # ready simulates s (Theorem 5.14). Finally, we define the simulation endo-
declaration C on Ls from which we obtain the characteristic formulae for simulation from
the negation free subformulae of the mimicking formulae, thus obtaining an expressive
characterization of similarity: a process ¢ satisfies the simulation characteristic formula of
process s, thatis f € v¢(Xj), if and only if # simulates s (Theorem 5.17).

,CS-CHARACTERIZATION OF PROBABILISTIC BISIMILARITY

We obtain the characterization of probabilistic bisimilarity through the comparison of
mimicking formulae of processes. Informally, we exploit £s-equivalence: two processes are
bisimilar if and only if their mimicking formulae are £s-equivalent under M.

Theorem 5.13. Given any processes s,t € S, X =y Xy ifand only if s ~ t.

Proof. («). Assume first that s ~ r. We have to show that X; =5, X;. To this aim, we
prove a stronger result, namely that

forallneN s~, timplies Xy =7, X;. (5.10)

Since processes are image finite, the thesis will then follow from Equation (5.10) by ~=
Mnen ~n and =1 =Npen 57\4 . We prove Equation (5.10) by induction over n € N.
The base case n = 0 is immediate since by Definition 5.10 we have E?\/t = L3 x L.
Consider now the inductive step n > 0. Let s ~, t. By Definition 5.10 we have X = 7\4 X
iff M (X;) 57\4 M(Xy), i.e. @s 57\4 ¢+, where by Definition 5.11 we have

ps= N @ @D w6 Xon A Db

(s,a,m5)e— s'esupp(ms) b¢init(s)
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pi= N (@ @ mhXen N b

(t,a,m)e— t'esupp(y) bginit(t)

From the assumption s ~;, ¢t with n > 0, it follows init(s) = init(#), thus giving that there is
a bijection f: init(s)¢ — init(#)¢ (which is actually given by the identity function) such that
given any b ¢ init(s) we have that b = i (b) is obtained by applying Definition 5.8.(1).

To prove that ¢ =/} ¢, it remains to show that for each a € init(s) there is a bijection
8a: der(s,a) — der(t, a) such that

(@ P #HXg=h @ P gam))Xy. (5.11)

s'esupp(rs) t'esupp(gq(ms))

Consider an arbitrary transition s 2 7. Since s ~,, t, there exists a probability distribution
7, such that t = 7, and 7 ~L_1 7;. By Definition 2.17 we have 7 ~7;l_1 7, iff whenever
Ts=ier pi0s; thenm, =3 ;e;pidy, and s; ~,_1 ¢; for all i € I. By the inductive hypothesis,
$i ~p-1 t; implies that X, =/t ! X;.. Therefore,

D " Xy=PpiXs =iV Prixn= P mHXe

s'esupp(ms) iel iel t'esupp(my)

from which we get (by Definition 5.8.(6))

(@ D #6Xe =@ D m)Xe (5.12)

s'esupp(rs) t'esupp(my)

Analogously, for any ¢ - 7, there is a transition s — 7 such that Equation (5.12) holds.
Hence by combining Definition 5.8.(4) and Definition 5.8.(5) we obtain the bijection g, we
were looking for. Briefly, whenever a distribution 75 € der(s, a) is related to more than one
distribution in der(¢, a), we can use Definition 5.8.(4) to add to ¢ as many occurrences of
the formula (a) @ sesupp(rs) T s(s") Xy as the number of distributions in der(t, a) to which 7
is related. By applying this reasoning to all distributions in der(s, a) and der(¢, a), we obtain
the bijection g, satisfying Equation (5.11) as n; = g,4() if and only if 7 ~L_1 7. Then
®s =\, ¢ is obtained from Definition 5.8.(5) and the transitivity of =/, .

(=). Assume now that X; =, X;. We aim to show that s ~ ¢. To this aim, it is enough to
prove that there is a probabilistic bisimulation relating s and ¢. To this purpose, we prove
that the relation

R :={(s, 0| Xs =pm Xy}

is a probabilistic bisimulation relation. Let s’R t. We aim to prove that
whenever s % 7 s there is a transition ¢ LN 7, with g RT . (5.13)

Consider any transition s L. By definition, we have X; =, X, if and only if M (X;) =
M(Xy), namely @5 = ¢,. Moreover, from Theorem 5.12 s =, ,, ¢ and ¢ |=y ,, ¢, where,
by definition of mimicking formula (Definition 5.11), we have

ps= N @ @D #mEXen A Db

(s,a,ms)e— s'esupp(my) b¢init(s)
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Figure 5.2: Processes s, t are not probabilistic bisimilar but s € v p(Xy).

o= N (@ @ n (XA N b.

(t,a,m)e— t'esupp(y) bginit(t)

From ¢ =01 @;and s L s we get that there is a distribution 7, with ¢ N mrand (@)Y, =pm
(@)W, where ¥y = Byesuppiry Ts(8) Xy and ¥y, = D yesuppir,) 71 (t) Xy, To derive Equa-
tion (5.13) it is enough to prove that 7 Al e From (a@)y,, =pm (@)W, we derive ¥, (= m
)Tt//nt, which by Definition 2.15 implies that

ify,, =@rigi, theny,, = @ rjpjwith Y rj=r;and ¢; =p @j,. (5.14)

iel i€l, ji€]; Ji€Ji

Moreover, we notice that by definition of mimicking formula (Definition 5.11), forall i € I
and j; € J; the formulae ¢; and ¢, in Equation (5.14) have to be the S-indexed variables for
some appropriate processes s; € supp(7s) and ¢, € supp(7,), namely

@i =X, forallie Iand ¢, :thi forall j;€ J;and i€ I

Therefore, from ¢; = ¢, we infer X, =4 Xy, - By definition of R, from X, = Xy, we
get s; R t;,. Hence we have (i) 75 =} ics rji5sz'? (i) si R tj, forall i € I and j € J;; (iii) 7, =

Ji€li

Y er le-5tj. , thus giving 7 ¢ RYn, as required.
Ji€li !

Summarizing, we have shown that the transition s — 7, is matched by a transition
t = 7, such that Equation (5.13) holds. With the same argument it can be shown that

a . .. a .
whenever t — 7, there is a transition s — 7 with n,;RT TTs.

Therefore we can conclude that R is a probabilistic bisimulation as required. |

A consequence of Theorem 5.13 is that it is enough to inspect two formulae to establish
whether two processes are equivalent. This is a weak form of expressive characterization
since, as discussed in Chapter 2.4, the classic expressive characterization result states that to
check whether two processes are equivalent with respect to a given behavioral relation it is
enough to verify that one of the two satisfies the characteristic formula of the other process
(see for example [68, 133, 149]). This is due to the fact that mimicking formulae are slightly
less expressive than characteristic formulae, as shown in the following example.

Example 5.4. Let A = {a, b} and consider processes s and ¢ in Figure 5.2. We have
M(X5) =(ayXs Alay(@nb) A b
M(X,) =(a)X; A Db.

Clearly s € vp((X;), but s # ¢ since nil, reached by s via the rightmost a transition, cannot
simulate t. <
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,CS-CHARACTERIZATION OF PROBABILISTIC READY SIMULATION

Mimicking formulae capture all possible resolutions of nondeterminism of processes as
well as their inability to perform a specific action. Consequently, they give us enough power
to expressively characterize ready similarity: the mimicking formula of a process s is the
characteristic formula of s with respect to ready similarity.

Theorem 5.14. Given any processes s,t €S, t € v (Xs) ifand only if s, t.

Proof. (<) Assume first that s =, . We have to show that ¢ € v ((X;). We recall that
by Proposition 5.5 we have v = y,, where, by definition, y, =[], .y Yn, for the variable
interpretations y, defined as

neN

7 iftn=0
T = MY ynes B0 >0

where 7 is the top element of the complete lattice I's, namely the variable interpretation
assigning S as meaning to each variable. Since processes are image finite, we have v ,((X;) =
Yo (Xs) =MNnen Yn(Xs) and Er=N,en EY,- Therefore, to prove the thesis it is sufficient to show
the stronger property that

forallneN s ), rimplies € y,(Xy). (5.15)

We prove Equation (5.15) by induction over n € N.

The base case n = 0 is immediate since by definition we have that y,(X;) = S.

Consider now the inductive step n > 0. Since s ), ¢, by Definition 2.17 we have that
whenever s % 7, for some action a € A and probability distribution 75 € A(S), then there
exists a probability distribution 7, such that ¢ SN nyand g €}, 7, This implies (i) 75 =
Y sesuppiry) s (8)0¢; (ii) for each s’ € supp(ny) there is a ¢’ € supp(nr,) such that s’ =} _, ;
(iii) T[[ = Zs’esupp(ns) JIS(S,)(st/.

By the inductive hypothesis, s' ! _, ¢ implies ¢’ € y,,_1(Xy), namely ¢’ |=,, | ¢y. Hence,
we have that 71, = ¥ yesupp(r,) 7s(s)0  for some processes ¢’ with ' |=y,_, Xy. By Definition
5.2 this gives that 7, =y, , @yesuppry 7s(s") Xy and thus that =y, | (@) Bscouppir,) s () Xy
Since a and 7 are arbitrary, we can conclude that

tEy, (@ @@ 75Xy foreach (s,a,m;) e—. (5.16)

s'esupp(rs)

Moreover from s ), t, by Definition 2.17 we have that init(s) = init(¢). Hence we can
immediately infer that
t Fy,_, bfor each b ¢ init(s). (5.17)

From Equations (5.16) and (5.17) we obtain that

thy, N @ @ wsHXen N b

(s,a,m)e— s'esupp(ms) b¢init(s)

namely 7 |-y, M(Xy), thatis r € [IM(X) [y n-1=CMNYn-1(Xs) = yn(Xs), thus concluding
this part of the proof.
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(=) Assume now that € v, (X;). We have to show that s =, ¢. To this aim, it is enough
to prove that there is a ready probabilistic simulation relating s and ¢. Hence, we will prove
that the relation

R:={(s0]tevpy(Xs)}

is a ready probabilistic simulation. Let sR ¢. We aim to prove that

whenever s % 7 s there is a transition ¢ Lo ¢ with 7 SRT Ty (5.18)

whenever s 7174 we have ¢ 7174. (5.19)

Consider any transition s — 7. From the hypothesis we have that ¢ € v \((Xj), thus im-
plying t =y ,, M(X;), namely ¢ |=,, ¢, where, by definition of mimicking formula for s
(Definition 5.11), we have

ps= N (@ @ #wHXen N b

(s,a,m)e— s'esupp(rs) bginit(s)

Hence, for any transition s — 7 we have that ¢ |=, (@) Dyesuppr,) Ts(8) Xy By definition
of relation |=, ,, (Definition 5.2), this implies that there exists a distribution 7; such that
t % 7 and 7, v Dsesuppiry) Ts(s) Xy To derive Equation (5.18) it is now enough to prove
that 7, is such that 7, R 7;. From 7, Fv i Psesuppiry) 75(s") ¢ and the definition of relation
Fv ., (Definition 5.2) it follows that for all s’ € supp(7,) there is some distribution 7y such
that 1, = ¥ yesupp(r,) s () g and for each ¢’ € supp () it holds that ¢’ |-, , Xy, thus giving
s'R t'. From Proposition 2.3 it follows that § ¢ R’ & and, by the same Proposition 2.3, we
gather 6y Ry for all s’ € supp(rs) and thus that Y. #4(s)6sR" Y my(sHmy,

s'esupp(ms) s'esupp(ms)
namely 7, R 7, which completes the proof of Equation (5.18).
Consider now Equation (5.19). From the hypothesis ¢ |-y, X, namely ¢ |=,,, ¢ and by
definition of mimicking formula for s (Definition 5.11)

ps= N (@ @ #HXen A\ b

(s,a,me— s'esupp(y) beinit(s)

it follows that whenever s 7174 we have 1 |=y, , b. By definition of relation |= ,, (Definition 5.2)

this implies # -, which gives Equation (5.19).
Hence both Equations (5.18) and (5.19) have been proved and the proof is complete. ll

,CS-CHARACTERIZATION OF PROBABILISTIC SIMULATION

We notice that whenever a process ¢ satisfies the mimicking formula ¢; of process s, we are
guaranteed that all transitions performed by s are mimicked by transitions by ¢. Thus, the
following soundness results with respect to similarity is natural.

Theorem 5.15. Given any processes s,t €S, if t e v\ (X) then sC t.

171
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Proof. It is enough to prove that there is a probabilistic simulation relating s and ¢.
Hence, we will prove that the relation

R:={(s,0) | t€vp(X)}
is a probabilistic simulation. Let s’R . We need to prove that
whenever s - 7T there is a transition ¢ N 7, with g cf Ty (5.20)

Equation (5.20) can be proved as done for Equation (5.18) in the proof of Theorem 5.14. W

The distinguishing power of mimicking formulae is too strong to obtain completeness:
a process s with init(s) = @ is simulated by any process ¢, but the mimicking formula of s,
¢s = NaeA G, is satisfied only by those ¢ with init(#) = @. However, if we consider the negation
free subformula of a mimicking formula then we obtain the simulation characteristic formula
of a process (Theorem 5.17).

Definition 5.12 (Simulation characteristic formula). For a process s € S, the simulation
characteristic formula of s is denoted with 9 and is defined by

95:= N\ @ @ nHXy.

(s,a,me— s'esupp(m)
Then the simulation endodeclarationC: S — L% is defined for all processes s € S by
C(X;) =s.

As expected, each process s satisfies its own simulation characteristic formula 9;.
Theorem 5.16. For any process s€ S, s € vo(Xj).
Proof. The same reasoning used in the proof of Theorem 5.12 applies. |

Theorem 5.17. Given any processes s,t € S, t € ve(X;) ifand only if sE t.

Proof. (<) Assume first that s = . We have to show that € v¢(X;). We recall that
by Proposition 5.5 we have v¢ =y, where, by definition, y, =[ |,y ¥ for the variable
interpretations y, defined as

)y iftn=0
Y=y ifn>0

where 7 is the top element of the complete lattice I's, namely the variable interpretation
assigning S as meaning to each variable. Since processes are image finite, v (Xs) =y (Xs) =
NnenYn(Xs) and E= (N en Ep, to prove the thesis we show the stronger property that

forallneN s =, timplies t € y,(Xj). (5.21)

Equation (5.21) is then proved by induction over n € N with the same arguments used to
prove Equation (5.15) in the proof of Theorem 5.14.
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5.5. Ls-characterization of bisimilarity metric

(=) Assume now that ¢ € v¢(X;). We have to prove that s = ¢. To this aim, it is enough to
prove that there is a probabilistic simulation relating s and ¢. Hence, we will prove that the
relation

R: ={s1]|teve(Xs)}

is a probabilistic simulation. Let s’R t. We need to prove that
whenever s -2 7T there is a transition ¢ N 7, with g cf Ty (5.22)

Equation (5.22) can be proved as done for Equation (5.18) in the proof of Theorem 5.14. &

As a final remark to this Section, we notice that our characterizations of probabilistic
ready similarity and similarity are not simple consequences of the results in [143]. In fact
the examples of characterizations presented in [143] are built on a two-sorted modal logic
which is quite different from Ls. Their logic allows for the occurrence of conjunctions of
distribution formulae in the scope of the diamond modality and moreover the quantitative
properties of processes are not captured through the probabilistic operator € but by means
of an alternative version of the quantitative diamond modality in [123]: they say that a
probability distribution 7 satisfies the distribution formula L,¢ if and only if the total
probability weight that 7 assigns to processes satisfying ¢ is at least p.

5.5 ES-CHARACTERIZATION OF BISIMILARITY METRIC

In this section we present the logical characterization of bisimilarity metric. To this aim, we
introduce a suitable notion of distance between formulae in the S-indexed logic Ls. Our
distance is defined inductively over the structure of formulae and will allow us to capture the
syntactic and probabilistic disparities between formulae. Then, we characterize bisimilarity
metric as the distance between the mimicking formulae of processes (Theorem 5.24).

DISTANCE ON L5

We take a generic logic £5 and an image finite and guarded endodeclaration £. Then we
propose a notion of up-to-k distance under £ for formulae for each k € N, and we define the
distance under £ as the limit of the up-to-k-distances.

Definition 5.13 (Up-to-k distance under £). Given an image finite and guarded endodecla-
ration £ on Ly, the up-to-k distance under £ for k € N is defined over state formulae as the
mapping D,lg : E% X £% — [0, 1] such that

1. 0/12((,01,(,02) =0 forall ¢y, € L3,
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Chapter 5. Logical characterization of branching metrics

0 ifop,=T=@prorp=a=¢>

A'@Ag(UIlﬂl/z) if 1 =(a@)w; and ¢, = (@) >

HO L Upjlje ThipilieIh) ifgr= /\ gjandgz= N ¢;
2. 05 (@1, 902) =S jeJg i€l

EHE D), 2) if 1 = X; for someieJ

0A§+1 (p1,E(X7) if o = X; forsomeieJ

1 otherwise

and on distribution formulae as the mapping © (’é : ,Cg X L’g — [0,1] such that

* D281, w2) =K@15) 1, v2).

Notice that since distribution formulae are probability distributions over state formulae,
the Kantorovich metric is well defined on them. Moreover, we recall that the Hausdorff
metric is used in the definition of bisimulation metrics to capture nondeterministic choices
(Definition 2.7). Here, we use it to quantify the distance between conjunctions of formulae,
which is natural since in mimicking formulae the conjunction is used to capture nondeter-
minism. The close relation between our distance on £5 and the Hausdorff and Kantorovich
metrics will be crucial in the characterization of bisimilarity metric (Theorem 5.24).

Example 5.5. Let us consider the state formulae
1 1 1 2 3
91 = @[3 TeT) ot = (@B T ¢i=b
1 3 5 1
9= (@[3 Xi0 (O] =@ mTe T 3=Dh
and, for for 7 =1{1,2,3} =7, define

1= N\ ol and @2= /¢
jeJg i€l

We aim to evaluate ? Ag((pl, @>) for all k € N and any guarded endodeclaration £ on L.
For k = 0, Definition 5.13 directly gives Dlg((pl, p2) =0.
Let us consider now the case k = 1. It is immediate to see that 0, é((pi’, (pg) =0 and that

0k (@, 5 =1fori#3and D;L}g((p{,q)g) = 1 for j # 3. Next, we aim to evaluate 0, (¢}, ;).
By Definition 5.13 we have

1 1 1 3
REWPLYY = A-Dig (T e (@T, 2 X0 2(T)

_ 0,(1 1ot lxe3
—/I-K(D;Lg)(z(b)"reaZ(c)T,4X1€B4<C)T)
=0

where the last equality follows from the definition of Ag. Analogously we obtain d ;Lé (@], 93) =
015 (@F, 3) =03 : (9, 93) = 0. Then we have

k@1, 02) = HO L (! | j € T, {gh | i € T})
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5.5. Ls-characterization of bisimilarity metric

- inf 2,1 (¢p], 03), sup inf 031 (¢7,
s sup a0 s0p o 00l

= max{0,0}=0
where the second equality follows since for each j € J (resp. i € 7) there is at leastone i € Z
(resp. j € J) such that Dﬂé((p{,(pé) =0.
Let us deal with the case k =2. As in case k = 1 we have
0 ifi=3
1 otherwise

0 ifj=3

and, analogously, 0,2 J p3) =
8 ¥ 0291, 92) 1 otherwise.

022(p3, ¢h) = {

Next, we evaluate 9,2 (¢}, ¢3). To this aim, let ¢} = ()T @ 3(c) T and y3 = 2D T & () T.
Then we have
012(p1,93) = A- K@) (W1, 93)

=A-  min Y w(p, d) 025 (¢h, ). (5.23)
weWW W2 pesupp(yl),¢'esupp?)

As supp(u/%) ={b)T,{(c)T} = supp(w%), forall¢p e supp(w}) and ¢’ € supp(u/%) we have

0 ifgp=¢'

1 otherwise.

e, ¢ = {
It is not hard to see that the matching tv € Qﬁ(w%,w%) defined as

- 1 . - 1 . 1
(b)T,(b)T) = > (b)) T,(c)T)=0, w(a)T,(c)T) = 5 (o) T,(byT) = 3
realizes the minimum in Equation (5.23). More precisely, we gather

1 1 1
(5.23)=A- (5 NeUBYT BT+ Eméucw, (©)T)+ gaA};«cw, <b>T))
2 6 3 3

We have obtained that Dlé((p}, (p%) = A/3. In a similar fashion we obtain Oaé(gpf, (pg) =A/6.
To conclude we need to evaluate 0 ,1?5 (<p%, (p%) and 0 ,1?5 ((p%, (pé). These values will depend on
the endodeclaration £. In fact, if we denote w; = ;llXi & %(C)T we have

022(p1,3) = A- K@) (1, y3)

=A-  min Y w(p, d) 025 (¢p, ). (5.24)
mem(wl'wz)gbesupp(u/%),qb’esupp(u/%)

We have supp(y3) = {X;, () T} and each optimal matching tv € 2 (y],3) with respect to

Equation (5.24) should be such that tv({c) T, (c)T) = 1/2, thus implying to({c) T, X;) = 0 and
therefore to((b) T, X;) = 1/4. Consequently, we obtain 1o ((b) T,{c) T) = 1/4. Then we have

1 1 1
(5.24) = A- (5 01T, (00T + Zm;«bw, (©)T)+ 1%(“’”’ Xi))
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N R T U
_/1-(5-0+ Z-1+Zoﬁg(<b>T,Xl))
A 1
= 2 (vt T x0)
A
- Z(l +0,) ((b)T,é'(Xi))).
We have therefore obtained that

if £(X;) =¢ Anen(b)yy forany vy € E%
otherwise.

NN

0z (@1, 903) = {

In a similar fashion we obtain that

34 i E(X) =¢ Anen(byyy for any vy, € £9

012(02% o}y =
2E P P2) {A otherwise.

To conclude, if £(Xi) =¢ Apen(bYyy, forany vy, € £4 then we have

0/12((,01, P2)
=HO2) g | jeThiphlieT)

= i fD 2 j; l ) i fa 2 j’ :
max{ilelg jop Ae (P12 Sp 0 22 75|

= max{max {012 (@1, 93),01% (@3, 03)} , max{0,% (@], 93), 012 (0], 93) }}

wx{max {3 5 mas{ 351

If, conversely, £(Xi) Zs Anen(b)wy, forany v, € £4 then

0/1?5((/)1,(.02)
=H@2) (@] | je Thiphlie}

= sz j;ir faz j’i
max{sup iofoisto] o sup fof o1z o] )

= max{max{0,%(@],93), 012 (@], ¢3)} , max {023 (¢1,93), 017 (@3, p3)}}

s 1.1

A
>

Finally, let us deal with the case k = 3. First of all we notice that if £(Xj) Z¢ Anen (b)Y

for any y € ,Cd, then 0,1(];((,01,([)2) = a/’l?j((Plx(PZ) = % for all k = 3. Ifg(Xi) =¢ /\hEH(bﬂph for
any v, € L3, we obtain that 0,3 (@1, 92) = 022 (¢1,92) = 4, with 0,2 (p1,92) = 0% (@1, 92),
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if £(X;) =¢ (b)T, and 0,1%((,01,4)2) > 0,1?5((,01,<p2), otherwise. Then we have Olg(q)l,qog) =
0 A%((pl, @>) for all k > 3. For instance, consider the evaluation of 0 ,12 (<p%, (pé). From previous
considerations we gather

022(p1,93) = A- K@) (W1, 93)
=1- min Y (¢, d) 022 (¢p, )

wEWWLY) pesupp(yl), ¢’esupp(w;)
A( %«cﬁ (©T)+~ %«bw (©T)+— mg«bw o)
=1 ( +— 14— olgubw bo)
A
=20 +0Ag(<b>T,Xa)
/1 2
~ Z(l +0,2((T,E00)) (5.25)

where
0 lfg(XJ =¢ <b>T
0135 (DT, EX)) =< A ifEX) Ze BT and E(X) =¢ Anen(b)wn
1 otherwise.

Therefore we obtain that
ifE(X;) =¢ (b)T

(1+A) fEX) Ze (b)T and £(Xi) =¢ Anen(bwn
otherwise.

02 (@1, 93) =

TN NSNS

In particular this implies that for £(X;) Z¢ (b)T and £(X;) =¢ Apey (b)w), we have

A
02200}, 90) = —<—(1+ﬂt) 0131, 3.

Finally we notice that if £(X;) Z¢ (b)T and £(X;) =¢ Anen (b)Y, then D,@((b)T, EX)) =21
independently from the structure of the distribution formula v, thus giving 0 § (b)T,E(X)) =
A for all k = 2. Therefore we can conclude that 9, (@1, ¢3) =012 (¢},¢}) forallk>3. <

We show now that each mapping 9, (’; is actually a pseudometric bounded by 1.
Proposition 5.18. All mappings 0, § with k € N are 1-bounded pseudometrics.

Proof. We prove first that each 0, (Ié is a pseudometric, namely that we have:
1. %g((p, ) =0,forallpe L3,
2. Dkg((ﬂwpz) = 0/1(15((,02«,01), for all ¢y, ¢, € L2,

3. 0251, 92) <025 (@1, 93) + 025 (@3, o) for all 1, 2, 3 € L5,
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The proofs of the three properties are by induction over k € N and over the structure of
formulae. The interesting case is property 3, where the base case k = 0 of the inductive
reasoning follows immediately by 0 ;tg((pi, @;)=0foralli,je€{1,2,3}, and the proof of the
inductive step k > 0 is by structural induction over ¢;. In particular we notice that the proof
for the case of the distance on conjunctions of formulae follows from its definition through
the Hausdorff functional and Proposition 2.2. Similarly, the proof for the case of the distance
between diamond operators follows from the definition of the distance on distribution
formulae in terms of the Kantorovich functional and Proposition 2.1.

To conclude, we need to show that for all k € N the pseudometric 0 ;L(’; is 1-bounded,
namely 0, "; (¢, ") < 1. This can be done through a simple induction over k € N and over the
structure of formulae. |

As expected, (0 Ag (@, ") en is a non decreasing sequence of distances.
Proposition 5.19. For all k e N and ¢, ¢’ € L, we have D;L’g,“ (p, 9" = DA(’;((p, ¢).

Proof. The proofis by induction over k € N and over the structure of formulae. |

Being all 0 Af 1-bounded, the sequence (0, § (@, 9")) keny has a limit in [0, 1].
Proposition 5.20. Forall ¢, ¢' € L3, limk_,oob,lfé((p, @) €[0,1].

Proof. Since 0 ,1"; is a 1-bounded pseudometric (Proposition 5.18), for all k € N we

have D;Lé((p,(p’) < 1. Then, by Proposition 5.19 we have D,lg((P, ¢ < D&”((p,(p’). Hence

0, (’; (¢, ¢") ken is a 1-bounded non decreasing sequence. This ensures that limy_.o, 0 A(’é (@, ¢
exists and 1imkqoob,1§(<ﬂ, ¢ €[0,1]. [ |

Hence we can define the distance under £ between formuale as the limit of their up-to-k
distances under £.

Definition 5.14 (Distance under £). Given an image finite and guarded endodeclaration £ on
L7, the distance under £ is defined over state formulae as the mapping 0, P Csj X Esj —[0,1]
such that

el @) = ]glrgoaat’é(w,w’).

By Proposition 5.20 we are guaranteed that 9, . is well defined. Now we show that 9, ¢ is
a 1-bounded pseudometric.

Proposition 5.21. The mapping?, ¢ is a 1-bounded pseudometric.

Proof. By Proposition 5.20 we already know that 9 . (¢, ¢) < 1 for all ¢ € L3. To prove
that 0, is a pseudometric we need to show the following properties:

1. 0ac(p,) =0, forallp e L3,
2. 0o (1, 92) =04 (@2, 91), for all @1, ¢z € L3,

3. (1, 92) <02 (1, 93) + 014 (3, 92) for all 1, 2, p3 € L3,
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5.5. Ls-characterization of bisimilarity metric

Since by definition 9 . (¢, ¢") = limj_., 0 1(’; (@, "), the three properties follow by Proposi-
tion 5.18 and the linearity of the limit. ]

We show now that the kernel of the distance 0, . is given by the £5-equivalence under £,
namely =¢.
Proposition 5.22. Given ¢, ¢’ € L3, we haved, . (p,¢') = 0 ifand only if p =¢ ¢'.

Proof. (=). Assume first 93 . (¢, ¢') =0. To prove ¢ =¢ ¢’ we can proceed by structural
induction over ¢. The interesting cases are the inductive steps of conjunction and diamond
operator.

* Inductive step ¢ = A je 7 ¢ ;. Consider ¢’ = Aje7 ¢;. Then

0 =0c(p,¢)
=01:(A 0, Ao
jeJ i€l
= max{sup inf 0 -(@:,@;), sup inf 01-(@i, i)}
jeg i€l ebp i iejl,') jeJ &Py
iff supinfo ;) =0and sup inf 0 i) =0
jeg inf A1 @], i) ie;lr)jej 1@, i)

iff forall j € J thereis an i; € 7 such that D,lg((pj,(pij) =0
and for all i € 7 there is a j; € J such that 0, (¢j;, ¢;) = 0.

By structural induction on ¢; and ¢j;, this implies that ¢; =¢ ¢;; and ¢, =¢ ¢;.
Hence, if we define a function f: J — Z as f(j) = ij and a function g: Z — J as g(i) =
Ji then we obtain that ¢ ; =¢ @y(j), forall j € 7, and ¢; =¢ @g(;), forall i € Z. Next, we
note that if f is not injective then we can reduce .7 modulo L3-equivalence under £
in order to make it so. In detail, assume that there are two indexes ji, j» € J such that
f() = f(j2), from which we draw @, =¢ @) = Q) and @, =¢ Pr(jy) = Prjy)-
Hence, by transitivity of =¢, we obtain ¢ ;, =¢ ¢;,. Thus, we can consider the formula
Nje\ijph ®j =¢ Njeg ¢ (by Definition 5.9). We can repeat this way of reasoning until
we obtain a set of indexes J' € J such that ¢ =¢ Ajes ¢;jand f: J' — I is injective.
With an analogous reasoning, we obtain that there exists a set of indexes Z' = 7 such
that ¢’ =¢ Ajer @i and g: 7' — 7 is injective. Moreover, we note that given j € 7',
by construction, we have f(j) = i;, which implies 9,0 (¢},9;;) = 0. Thus, j = j;; that
is j = g(i;). Furthermore, if we restrict the co-domain of f to Z’, by construction we
have that i; is unique modulo =¢ and forall i € 7' thereis a j in ' such that i = f(j).
Hence we gather that f: J' — 7' is also surjective. Since a similar argument holds for
g, we can conclude that f is a bijective function with g as inverse. Therefore, we have
that there is a bijective function f: J' — 7' such that ¢ ; =¢ ¢(;) forall j € J'. Hence

we have
N o= N\ o; (by construction of 7"
jeJ jeJ’
=c N\ ¢i (by the choice of f and Definition 5.9)
VA
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= N\ ¢i (by construction of Z').
i€l

* Inductive step ¢ = (a) @;e; ri¢;. By definition, 0, . (p,¢") < 1onlyif¢’ =¢ (@)D je;7j@;.
Letyy=@icrripi and vy =@ je;rj;. We have

0= 01y D ripi (@ Prig))

iel jeJ
=1-D1:Prigi,Prip)
iel jeJ

=1 min (P, Q)0 (@i, @i).
mEQUWW“ww”ieg;E] b¥j e Y]

Foreach i € I and j € J we can distinguish two cases:

* either w(p;,¢;) =0,
* ort(p;,¢;) >0, implying 0,0, 9j) =0. By induction we get ¢; =¢ ¢;.

For each i, let J; be the set of indexes j; for which to(¢;,¢;;) >0 and, symmetrically,
for each j let I; be the set of indexes i; for which m((pij,(pj) > 0. So we have

¢ =c (@@P () @, 9))p;

jej iel

=c (@ () wlp),9i))e;
jeJ el

=¢ (@) P (@, i)
jehijel

=@ D we;.e)e;
je]JjeLj%ej J !

=c(a) P wlp;,e)ej
i€l, jie]

=c (P (Y wip;, 00

iel ji€]

=c (ay@P (D (), ¢))pi
i€l jeJ

=¢ Q.

(«<). Assume now that ¢ =¢ ¢'. To prove Oac (g, ¢') = 0 we can proceed by structural
induction over ¢. The interesting case is that of the diamond operator.

Consider the inductive step ¢ = (a) P;c; ri@;. By definition, ¢’ =¢ (a) P, ri@; would
imply ¢’ = Njeg(a)y ; for an arbitrary set of indexes J # @ so that v ;(=¢ ) Dicrrip; forall
j € J. We consider only the case of | 7| = 1, since the general case for | 7| > 1 directly follows
from it. Hence let us consider ¢’ = (a) @jig ri@j; with ) ;. ey rj, =riand @, =¢ @; for all

Ji€Ji-Letyy=Djerrip;and ¥y = @]lg 7j:¢j;- Then

gay@rigiay D rje;)

iel i€l, jie];
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=AD:@Privi, B 1)

iel i€l, jie];

=1 min >, W(@i9j,) 0 @i 0j,)
YWY ]h AS D n
WEW W, ¥y jer, jpe

<A )Y 0@nLe) 0 (@Le;),)

iEI,jhEJh

=AY Tiagleing;)
i€l jie];

=1 ) 10 (by structural induction over ¢;)
iEI,jiEJi

=0

where the inequality follows by observing that function to defined by

I‘j. ifh=i

1

@, Q)=
@i @) {0 otherwise

is a matching in 20 (v, ¥). |

LOGICAL DISTANCE BETWEEN PROCESSES

Let us focus now on Ls and on the mimicking endodeclaration M. By exploiting the
distance between formulae under M and the close relation between processes and their
own mimicking formulae, we define a distance between processes. All distances between
probabilistic processes proposed so far take into account the disparities in their branching
structures as well as the differences between the probabilistic choices, in order to conciliate
behavioral equivalence with quantitative properties. By construction, each mimicking
formula is univocally determined by the process and in turn the branching and probabilistic
structure of the process are univocally captured by the mimicking formula. Hence, we define
the logical distance on processes as the distance between their mimicking formulae.

Definition 5.15 (Logical bisimulation distance). Let A € (0,1]. For any k € N, the up-to-k
logical bisimulation distance over processes Z/’{ :S xS —[0,1] is defined, for all s, € S, by

0550 =0, (X6, X))

Then the logical bisimulation distance over processes ¢, : S xS — [0, 1] is defined, for all
s, teS, by
008, 1) =0 (X, Xp).

Notice that both ¢ ’j and ¢, are well-defined since M is image finite and guarded.
Notice also that £, (s, t) =limj_o, ¢ ﬁ(s, 1) (see Definition 5.14).
We give now the characterization result for up-to- k-bisimilarity metric.

Theorem 5.23. For all k € N and for all processes s, t € S we have

s, 1) =di(s, ).
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Proof. We proceed by induction over k.

The base case k = 0 is immediate, since both ,1(/)\/1 and d(/{ equal the zero function 0.

Consider now the inductive step k > 0. To simplify reasoning we exploit the nesting of
conjunctions in the definition of mimicking formulae. However, we remark that the proof
can be written without nesting the conjunctions but the presentation of results and general
reasoning would turn out to be technically heavier.

For any process s, we define

dps= N @ P #ssHXy and 6= N b

(s,a,m5)e— s'esupp(ms) bginit(s)

so that the mimicking formula of s can be rewritten as ¢ = ¢ A 0. Hence, for any pair of
processes s, t € S we have

R (X5, X0 = 080 (s 00)
= D)ch\jl—l((ps NOgs,pr N Oy)
ax{ min{%k“(cbs, $1), Oxk“((/’s’ 1)} }

rmn{mk“((?s, b0, %k”(@s, )}

= max mln{b,lk”(c/)s, by, D,{kﬂ(es, ¢}
ax mmmk“«ps, ), aak“(es, 0,

min{a/lk+l((/)5) (Pt)) 1}
max min{l, 0,1]”1(93, 0:)}

= maxq . mm{mk“(cps,cpt), 1)
min{l, m"“(es, 0,)}

= max {0, (¢s, 1), 0201 05,01}
where the second last equality follows by

it @s0 t)—a;t’““( AN @ @ #HXe, A 15')

(s,a,ms)e— s'esupp(ry) b'¢init(z)
sup inf Oﬂﬁjl ((a> P #ssHXy, B’)
(S a 7T5)€—’ b anlt(t) S'ESUPP(T[S)

sup inf D,lf\jll((a) P n(s’)Xs/,B’)

b'¢init(t) ($@Ts)E~ s'esupp(ms)

= max

:max{ sup inf {1}, sup inf {1}}:1

(s,a,7ms)e— b'€init(?) b'ginit(z) ($@Ts)€E—

and, analogously, D;Lk“ CIDER
Summarizing, we need to show that

d5* (s, ) = max{@ K5 (s, ), 02551 (05,01 (5.26)
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5.5. Ls-characterization of bisimilarity metric

To prove Equation (5.26) we distinguish two cases: either init(s) # init(#) or init(s) =
init(#). Consider the case init(s) # init(¢). Assume wlog. that b € init(s) \ init(z). The case
b € init(#) \ init(s) is analogous. Under this assumption, we have

mf\;l(es,et)—max{ sup inf D;Lkﬂ(b b), sup inf leﬂ(b b}

b¢init(s) b'#init(z) b'ginit(¢) bEinit(s)
>max{ sup _inf 0,5'(b,b), inf ,5\1(b, )
beinit(s) b'€init(?) bginit(s)

=max{ sup _inf NN (D, D), 1}1=1
beinit(s) P'€init(1)

where the second last equality follows from b € init(s). Hence Equation (5.26) instantiates as
di* (s, 1) = max@ K5 (s, 00, 02541 05,00} = max(@ 5 (@5, 40, 11 = 1

which holds by init(s) # init(#) and the following result from [92] (Proposition 2.16): Let
s, t € S be two processes with init(s) # init(¢). Then, for all k > 0 it holds that d’j(s, 1) =1.

The second case is init(s) = init(f). We prove first that 0 ,1’”1(93,60 = 0. From init(s) =

init(#) it follows that for each b € A we have s 74 ifand only if ¢ 74». Hence we have
k“(Bs,Bt) = max{ sup inf D;Lk“(b b), sup inf D,Ik“(b b}

binit(s) ' ¢init(?) D' ¢init(¢) bginit(s)
k+1 7. k+1,7 1
< max{ sup 0jj, (b,b), sup 024 (0,0}
bginit(s) b'¢init(1)

=max{ sup 0, sup 0}=
bginit(s)  b'init(r)

Therefore, Equation (5.26) becomes
di (s, 0 = 0,50 (s, 1) (5.27)

which follows by

3K (s )
=0k A @ B X, A @ @ mx

(s,a,ms5)e— s'esupp(rs) (t,a,m)E— t'esupp(my)
sup inf D;Lk“ ((a) EB (s Xy, {(a) @ nt(t')Xﬂ)
= max- (sams)e— (hATIE= s'esupp(7s) t'esupp(ry)
sup inf D;Lk“ ((a) EB (s Xy, {(a) @ nt(t')Xﬂ)
(tam)e— (Sam)eE— s'esupp(ry) t'esupp(my)
sup sup inf /1@/15\4( @ (s Xy, @ nt(t')Xﬂ)
= max< acA (s,ang)e— (Lam)e— s'esupp(r) t'esupp(my)
sup sup inf A@Af\/l( @ ms(sh Xy, @ nt(t')Xt/)
acA (tam)e— (SATIE~ s'esupp(ry) t'esupp(my)
sup sup inf A min Y w(Xy, Xﬂ)DAM(Xy Xy)
— max acA (s,amg)e— (LAT)E=  WeWWry,Wr,) s t'eS
T sup sup inf A min Z m(XS/,Xﬂ)D;L’jM(Xs,,Xﬂ)
acA (t,am)e— Sans)e—  weWWrg,Yr,) S 1eS

183



Chapter 5. Logical characterization of branching metrics

-

sup sup inf- A min > m(Xs,,Xﬂ)mf\A(M(s'),M(z"))

acA (s,amg)e— (Lan)e— WeWWr,¥r,) g ecs

sup sup inf A min Y m(Xs/,Xt/)D,lf\/l(/\/l(s'),/\/l(t’))

acA (t,a,m;)eE— (s,a,ms)e— mEQB(u/ns,illnt) s t'eS

sup sup inf- A _min Z m(Xs/,Xﬂ)a,lfM((psupﬂ)
acA (samge— (Lam)e— WeWWrg,Yr,) g fes

sup sup inf A min Y WXy, XAk 9y, 00

ac A (t,a,m)e— (s,a,ms)e— mew(wnerHt) s 'eS

sup sup inf A _min Y Xy, Xndi(s, 1)
aeA (s,amg)e— (HaTIE—  WEWWrWn,) g e s
sup sup inf- A min Y m(XS/,Xt/)d/’{(s', t
acA (tam)e— Ham)€—  WEWWrg,Yn,) g e s

sup sup inf A min Y w(s,Hdi, 1)
acA (s,a,m5)e— (t,a,m)e— e (ms,my) s t'eS
sup sup inf - A min ) (), t')dl/{(s’, t

ac A (t,a,m;)e— (s,a,m)e— we(mg,my) s t'eS

sup sup inf )lK(df{) (w5, 70¢)
acA (s,a,m5)e— (LAT)E—
sup sup inf )LK(d/’{) (75,70 ¢)

acA (t,a,m)e— (s,a,ms)e—

=d¥*(s, 1)

where

*

*
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Vi, = Oy esupping Ts () Xy;

VY, = Oresuppiry Te(t) Xy

the fifth equality follows by Definition 5.13;

the sixth equality follows by definition of the mimicking endodeclaration M;
the seventh equality follows by the inductive hypothesis;

the eight equality holds since each matching tv for mimicking distribution formulae
VY, W, is indeed a matching in 2 (75, 7). In fact the functions to x L% x L% — [0, 1]
and ' x S x § — [0,1] with (g, @) =0'(s',t') for all ', ¢ € S, are such that v €
W (Y, vy, if and only if w’ € W(x, 7,), which is equivalent to have both

Y wipy,¢) =n(s) ifand onlyif Y w'(s', 1) =74(s)

peLy r'eS
Y wip, @) =n.(t") ifand onlyif Y w'(s', ") =m.(t)
peLsy s'eS



5.6. Ls-characterizations of branching hemimetrics

which follow immediately from to (@, @) =w'(s', ') forall s, t' € S.

From the characterization result for the up-to-k-bisimilarity metrics we derive that for
the bisimilarity metric.

Theorem 5.24. For all processes s, t € S we have
O)(s, 1) =dy (s, 1).

Proof. By definition ¢, (s, ) = DAM(XS,X,;) =04 (Qs, 1) = limk_,oob;tf\/l((ps,(p,;) and
dy(s, 0) =limy_o d’j (s, t). Moreover, by Theorem 5.23 for each k € Nit holds thatd 15\4 (s, ) =
d/’{(s, t). Then the thesis follows by the uniqueness of the limit. [ |

We infer that two processes are bisimilar if and only if they are at logical bisimulation
distance 0.

Corollary 5.25. For all processes s, t € S we have
s~tifandonlyifl,(s,t)=0.
Proof.

s~tiffdy(s,1)=0 (by Proposition 2.7)
iff £,(s,6)=0 (by Theorem 5.24).

Moreover, the mimicking formulae of two processes are Lgs-equivalent under M if and
only if those processes are at logical bisimulation distance 0.

Corollary 5.26. For all processes s, t € S, we have
Xs =pm Xeifandonly if€,(s,t) = 0.
Proof.

Xs=m Xpiff s~ ¢ (by Theorem 5.13)
iff £(s,1) =0 (by Corollary 5.25).

5.6 ﬁg-CHARACTERIZATIONS OF BRANCHING HEMIMETRICS

We have defined the metrics 0) . and D¢ as the exact transposition of the Hausdorff and
Kantorovich lifting functionals over the elements of £ and Eg, respectively. This is one of the
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Chapter 5. Logical characterization of branching metrics

key features that allowed us to obtain the characterization of bisimulation metric. However,
we need to answer to the natural question that may arise: what happens if we change one or
both lifting functionals in the definition of bisimilarity metric (Definition 2.18)? In this case,
the metric of Definition 5.13 would not be useful for the characterization result. However the
ideas exceeding the technical definition would be still valid, thus confirming the robustness
of our approach: to obtain the logical characterization, we have to define the logical distance
between processes as a suitable distance between the mimicking formulae. Hence, if in
the definition of bisimulation metric the Kantorovich lifting functional K is substituted
by another lifting functional P, then we should modify the distance between distribution
formulae as © ) (’é (w1,p2) =P Af) (w1,v¥7). If conversely the Hausdorff lifting functional H
is changed with another lifting functional, then we would have to modify the definition of
02 ’g, on the boolean operator /\ accordingly.

Notice that no change would need to be done on the class of formulae characterizing the
kernel of the metric. This means that the logical characterization obtained for the kernel of
the metric would be still valid. In this case of real-valued logics, a variation in the definition
of the metric would imply syntactic and semantic modifications to the class of formulae and
thus the characterization of the kernel would have to be proven again.

As an example, we consider the two branching distances for probabilistic ready similarity
and probabilistic similarity introduced in Chapter 4, and we characterize them using the
same approach of previous Section 5.5.

ﬁS-CHARACTERIZATION OF READY SIMILARITY METRIC

We exploit the logical characterization of ready similarity obtained in Section 5.4 and we
slightly modify the distance on formulae defined in Section 5.5 to obtain a logical distance
on processes characterizing the ready similarity metric. More precisely, given a generic logic
Ly and an endodeclaration £ on L3, for each k € N, the up-to-k ready simulation distance
under £ is the mapping D;'fg : L5 x L3 —[0,1] obtained from 0, § by modifying the distance
on conjunction as follows

0k (A @5 \ @) = sup inf o5 (g, ).
“jeg ez jeg i€l ™

The up-to-k ready simulation distance under £ over Eg is then the mapping Qikg : E‘jl x E% —
[0,1] defined by

DY w1, w2) = KOG (W, v2).
Proposition 5.27. All mappings bflkg and @;kg with k € N, are 1-bounded hemimetrics.

Proof. The proof follows by applying the same arguments used in the proof of Proposi-
tion 5.18 and noticing that since Dikg is asymmetric on conjunction, then neither Dzkg nor

r,k .
£y Le can be symmetric. [ |
We define the ready simulation distance under £ over L5, notation 03 o as the limit of

the up-to-k ready simulation distances under £. As in previous Section 5.5, the existence of
such a limit is guaranteed by the monotonicity and 1-boundedness of the distances.
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5.6. Ls-characterizations of branching hemimetrics

Proposition 5.28. For k € N and ¢, ¢’ € L2, we have Df{,k;l (@, ¢") = Dflkg (@, 9.

Proof. The proof follows by applying the same arguments used in the proof of Proposi-
tion 5.19. u

Proposition 5.29. For all ¢, ¢’ € L3, limk_,oobfl"kg((p, ¢ elo,1].

Proof. The proof follows by applying the same arguments used in the proof of Proposi-
tion 5.20. u

Hence we can define the ready simulation distance under £ between formulae as the
limit of their up-to-k counterparts.

Definition 5.16 (Ready simulation distance under £). Given an image finite and guarded en-
dodeclaration £ on L3, the ready simulation distance under £ is defined over state formulae
as the mapping 0}, .: L3 x L3 — [0, 1] such that

T

V) el 9) = klglgo 0 A’ykg (@, 0.

By Proposition 5.29 we are guaranteed that ?’, . is well defined. Now we show it is a
1-bounded hemimetric on L.

Proposition 5.30. The mapping 051, ¢ is a I-bounded hemimetric on L.

Proof. The proof follows by applying the same arguments used in the proof of Proposi-
tion 5.18. u

We can now lift the ready simulation distance on formulae to a logical ready simulation
distance over processes.

Definition 5.17 (Logical ready simulation distance). Let A € (0, 1]. For any k € N, the up-to-k
logical ready simulation distance over processes ¢ f E SxS8 —[0,1]isdefined forall s, €S
by

05 (5,0 =055 (X6, X))

Then, the logical ready simulation distance over processes ¢; y: S xS — [0,1] is defined for
alls,teS as
lra(s, 1) = DfLM(XS,Xt).

Notice that both ¢ f , and ¢, are well defined since M is image finite and guarded.
Notice also that £, 5 (s, 1) = limj_. Zfﬂ(s, 1).

Proposition 5.31. 1. Forany k € N the mapping ¢ f ) is a 1-bounded hemimetric.

2. The mapping ¥,  is a 1-bounded hemimetric.
Proof.

1. Directly by Proposition 5.27.

2. Directly by Proposition 5.30.
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We can now formalize the characterization result for the up-to- k ready simulation metric.
Theorem 5.32. For all k € N and processes s, t € S we have Zf/l(s, 1) = df/l(s, 1).

Proof. The proof follows by applying the same arguments used in the proof of Theo-
rem 5.23. u

From the characterization result for the up-to-k ready similarity metrics we derive that
for ready similarity metric.

Theorem 5.33. For all processes s, t € S we have
[r,/l(s, t) - dr’A(S, t).

Proof. By definition [r,ﬂt (s, 1) = DBL,M (Xs, X¢) = afl,./\/l ((Ps» (Pt) = lin'1k—>oo Di{,lj\/t (‘Ps» (Pt) and
d; (s, 0) =limg_oo df ,(s, 1) (by Proposition 4.1). Moreover, by Theorem 5.32 for each k € N it
holds that oflli\/t (s, ) = d/’{(s, t). Then the thesis follows by the uniqueness of the limit. H

As an immediate consequence of Theorem 5.33 we obtain that ready similarity is the
kernel of the logical ready similarity distance.

Corollary 5.34. For all s, t € S we have that s, t ifand only if €, (s, t) = 0.
Proof.

scrtiffdip(s,0)=0 (by Theorem 4.3)
iff £, 2(s,0)=0 (by Theorem 5.33).

L 5-CHARACTERIZATION OF SIMILARITY METRIC

We exploit the logical characterization of similarity obtained in Section 5.4 and the ready
simulation distance on formulae to obtain a logical distance on processes characterizing
the similarity metric. More precisely, as distance on formulae we consider exactly the ready
simulation distance under an endodeclaration. Then the logical simulation distance is
obtained by choosing the proper endodeclaration: the simulation endodeclaration C.

Definition 5.18 (Logical simulation distance). Let A € (0, 1]. For any k € N, the up-to-k logical
simulation distance over processes 46/1: S xS —1[0,1] is defined for all s, € S by

(5,0 =041 (X, X)),
Then, the logical simulation distance over processes £5,: S xS — [0,1] is defined for all

s,t€S as
[s,/l(s» 1) = Oflyc (Xs, X¢).
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Notice that £, 5 (s, 1) =limy_. ¢ f 108, 0).

Proposition 5.35. 1. Forany k € N the mapping ¢ f ) is a 1-bounded hemimetric.

2. The mapping ) is a 1-bounded hemimetric.
Proof.

1. Directly by Proposition 5.27.

2. Directly by Proposition 5.30.
|

We can now formalize the characterization result for the similarity metric. We start from
the characterization of the up-to-k similarity metrics.

Theorem 5.36. For all k € N and processes s, t € S we have (f/l(s, 1= df/l(s, 1.

Proof. The proof follows by applying the same arguments used in the proof of Theo-
rem 5.23. |

We are now ready to derive the characterization result for the similarity metric.

Theorem 5.37. For all processes s, t € S we have
[S,/I(S) t) = ds,/l(sy t)

Proof. By definition €5,(s,1) = 0} »(Xs, Xp) = 0% (05, 9) = limy_.0o 035 (95, 9,) and
ds 2 (s, 1) =limy_. df A(s, t) (by Proposition 4.1). Moreover, by Theorem 5.36 for each k € N it
holds that Di’é (s, 0 = df ,(s, ). Then the thesis follows by the uniqueness of the limit. M

As an immediate consequence of Theorem 5.37 we obtain that similarity is the kernel of
the logical similarity distance.

Corollary 5.38. For all processes s, t € S we have sC t ifand only if €5 (s, t) = 0.
Proof.

sctiffdgp(s,0)=0 (by Theorem 4.5)
iff £52(s,0) =0 (by Theorem 5.37).

5.7 CONCLUDING REMARKS

In this Chapter we have proposed modal characterizations of branching (hemi)metrics, as
bisimilarity and (ready) similarity metric, on image finite nondeterministic probabilistic
processes. To obtain them, we have introduced the novel notions of mimicking formula
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of a process and distance on a class of formulae. More precisely, we have proved that the
bisimilarity (resp. (ready) similarity) metric coincides with the logical bisimulation (resp.
(ready) simulation) distance on processes, that is the bisimilarity (resp. (ready) similarity)
distance between two processes is equal to the bisimulation (resp. (ready) simulation) dis-
tance between their mimicking formulae defined on the S-indexed logic Ls. This modal
logic has been obtained by extending the probabilistic version of HML from [66] with a
family of variables, one for each process in S, allowing for the recursive specification of
formulae. Following the equational u-calculus approach of [4, 120, 143] we have provided an
appropriate interpretation to each variable as the solution of a system of equations defined
using endodeclarations, namely functions £ mapping each variable into an arbitrary for-
mula of the logic. As solution we have considered the variable interpretation corresponding
to the greatest fixed point of the system. The mimicking formula of a process s is defined as
the image of the variable corresponding to s through a particular endodeclaration M on Lg,
called mimicking endodeclaration, and it captures all possible resolutions of nondetermin-
ism for the process by also exactly specifying the reached probability distributions. These
properties allowed also for a weak expressive characterization of probabilistic bisimilarity:
two processes are bisimilar if and only if their mimicking formulae are £s-equivalent under
M. Moreover, we have proved that the mimicking formula of a process s coincides with
the characteristic formula of s with respect to probabilistic ready similarity, thus obtaining
an expressive characterization of this preorder. Finally, we have showed how to derive the
characteristic formula of a process with respect to probabilistic similarity by means of an en-
dodeclaration C mapping each variable into the negation free subformula of the mimicking
formula of the process.

In [4,143] the equational u-calculus has been employed to provide a general framework
for the definition of characteristic formulae for a wide class of behavioral equivalences
and preorders. However the S-indexed logic Ls is not powerful enough to allow for the
construction of characteristic formulae for probabilistic bisimilarity. For instance, in [68]
expressive characterizations of strong and weak probabilistic (bi)simulations for image-
finite processes are provided by constructing the characteristic formulae of processes by
means of the probabilistic p-calculus, which is reacher than Lgs since it allows arbitrary
formulae to occur in the scope of the diamond modality. The extension of Ls with that
feature would have certainly allowed for an expressive characterization of probabilistic
bisimilarity. Nevertheless, this would have implied a much more technical definition of our
distance between formulae, which we recall is defined on the structure of formulae, thus
making the characterization of the bisimilarity metric more complex.

Another difference with respect to [68] relies on negation. In [68], to guarantee the
monotonicity of the function [, variables are allowed to occur only in the scope of an even
number of negations. We could have applied the same idea to £s. However, as we have
shown, to characterize the chosen probabilistic relations and the bisimilarity metric the
negation expressed as formulae a is sufficient. Hence, we decided to consider only this form
of negation, thus also simplifying to some extent the presentation of some technical results.

The one proposed in this Chapter is not the first logical characterization of a behavioral
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metric over processes, but it is indeed the first one based on a boolean-valued logic and
a proper distance on formulae. Characterizations of bisimilarity metric based on real-
valued logics are given in [14,58,61,72,75,155,157]. In detail, in [72] the authors define
a metric between labeled Markov processes (LMP) by giving a real-valued semantics to a
probabilistic modal logic. Roughly speaking, boolean and modal operators are translated
into functional expressions and the satisfaction relation is interpreted as integration. Then,
the distance between two processes is defined as the maximal disparity between functionals
distinguishing them, obtaining that probabilistic bisimilar processes are the ones at distance
0. Later, in [156, 157] the authors proved that the logic in [72] coincides with the bisimilarity
metric based on the Kantorovich lifting and defined co-inductively.

With a similar approach, in [58] the characterization of two classes of behavioral metrics
is proposed. They consider Metric Transition Systems (MTS), namely transition systems in
which the atomic propositions, at each state, take values in a bounded metric space. They
define four metrics characterizing as much system relations: an asymmetric linear distance
generalizing trace inclusion and its symmetric version for trace equivalence; simulation
is characterized by asymmetric branching distance whereas bisimulation is the kernel of
the symmetric branching distance. Then, they exploit the Quantitative pi-calculus of [60] to
characterize the branching distances. The same logic is used in [61], for stochastic game
structures, to characterize their a priori metric, defined as the distance between the expected
payoffs of the players.

Finally, in [75] a real-valued logic is proposed for the characterization of a state-based
bisimulation metric which coincides with the one of [64] and of a distribution-based bisim-
ulation metric which is directly defined over distributions without using any lifting func-
tional [67,79,103]. Many metrics for distribution-based bisimulations have been recently
proposed along with some logical characterizations for them (see for instance [78, 165] and
the references therein). However, they all follow the (standard) approach of [75]: the consid-
ered logic is real-valued and the metric is characterized as the total-variation distance on the
values of formulae. Notice that our approach can be easily modified to capture also the case
of distribution-based bisimulations. It would suffices to lift the transition relation and the
semantics of formulae on distributions, as in [69, 128, 137]. By applying our characterization
method to this Kleisli-like construction we obtain the characterization of the metrics for
distribution-based bisimulations.

The originality of our notion of distance on Lg relies on the fact that it is not defined
in terms of any ground distance between processes. As a matter of fact, our distance on
formulae is independent from the metric properties of the process space. A first proposal
of a distance between formulae can be found in [122], related to the study of approximate
reasoning principles for both discrete-time (DMPs) and continuous-time Markov processes
(CMPs) with continuous state space. The authors provide their solution to the problem of
relating the behavior of approximations to the limit behavior of the system itself. Roughly
speaking, given a sequence of processes {si} ey approximating a given system s, one wishes
to know whether it is possible to infer that the limit of such a sequence meets the specifica-
tion of s and, viceversa, whether one can infer that the specification of s agrees with the limit
specification of the approximants. To this aim they introduce the property of dynamical
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continuity for a pseudometric: a metric is dynamically continuous if it allows to identify con-
vergent sequences of processes or formulae. Then, they define a metric space for the Discrete
Markovian Logic (DML) and the Continuous Markovian Logic (CML) [129] by considering
as distance between formulae the Hausdorff distance on the sets of processes satisfying
them. In this way, they are able to topologically characterize the logical properties induced
by a dynamically continuous metric for both DMPs and CMPs. Moreover, the identify the
requirements necessary to guarantee that parallel sequences of formulae and processes
converge to give satisfaction in the limit.

We have already argued that we defined the distance between formulae with the exact
purpose of simulating the Hausdorff and Kantorovich lifting functionals on which the
bisimilarity metric is defined. Despite this kind of reasoning may seem too restrictive at
first glance, we believe that having a distance between formulae instead of a real-valued
semantics for the logic turns out to be an advantage in case one wishes to modify the lifting
functionals in the definition of (bi)similarity metric (cf. first part of Section 5.6).

Finally, to prove the robustness of our approach, in the next Chapter we apply it to obtain
logical characterization of the (decorated) trace metrics, testing metric and their kernels
introduced in Chapter 4.
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Tet’s think the unthinkable,

let's do the undoable.

et wa prepare to-grapple with the ineffable
itaelf, and aee if we may, not eff it ajter all.

Douglas Adams,
Dirk Gently’s Holistic Detective Agency

CHAPTER

1ogical Characterization of linear Melrica

T his Chapter generalizes the characterization method proposed in previous Chapter 5
b to the linear semantics. In detail, we provide a logical characterization of (decorated)
trace and testing metrics as well as of their kernels. These characterizations are defined on
modal logics consisting in two classes of formulae, the linear formulae expressing traces
and the decorations on them, and the probabilistic formulae associating a probability to
each linear formula. The main difference with respect to Chapter 5 is in the expressive
power of mimicking formulae of processes. Probabilistic linear semantics are based on
the comparison of the probabilities of semantic-specific events to occur during process
execution. Thus, mimicking formulae of processes for these semantics will capture such
probabilities rather than the ability or impossibility of a process to perform a particular
computation step. By means of these mimicking formulae we obtain weak expressive
characterizations of the kernels of the considered linear metrics, in the sense of Chapter 5:
to establish whether two processes are related we simply need to compare their mimicking
formulae. Due to the simpler structure of the modal operators in the considered classes, in
place of the structural equivalence of formulae, we introduce an ordering over probabilistic
formulae obtained by comparing the probabilities assigned to the same linear formulae.
This ordering will allow us to compare the mimicking formulae of processes.

Our characterization method is mainly based on two ingredients, the mimicking for-
mulae and the metric over a proper class of formulae, by means of which we can define a
logical distance on processes. The characterizations of behavioral metrics obtained with
this approach state that our logical distances are as expressive as the corresponding behav-
ioral distance. Therefore, the logical distances measure the disparities in the behavior of
processes with respect to the chosen probabilistic semantics and moreover they are defined
solely in terms of a modal logic. Consequently, these logical distances could be used to
capture the desired quantitative semantics of processes in place of behavioral metrics. Thus,
we order them in a spectrum of logical distances on processes with the purpose of empha-
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sizing the differences in their distinguishing power, so that one can choose the most suitable
logical distance with respect to the intended application context. As ordering relation we
consider the same used in Chapter 4 to define the spectrum of behavioral metrics, namely
the relation ‘makes processes further than'. Interestingly, this spectrum is obtained directly
by combining the logical characterizations of branching metrics, investigated in Chapter 5,
and the ones on linear metrics, that we will present in this Chapter, with the Theorems
and technical results in Chapter 4 that allowed for the construction of the spectrum on
behavioral metrics. We remark that ours is the first example of a spectrum of metrics on
processes obtained solely from modal logics.

As briefly outlined in Chapter 5, our characterization approach differs from the ones
proposed in the literature in that, in general, logics equipped with a real-valued semantics
are used for the characterization, which is then expressed as

d(s, t) =sup|l@l(s) — [p](D)] (6.1)
@eL

where d is the behavioral metric of interest, L is the considered logic and [¢](s) denotes the
value of the formula ¢ at process s accordingly to the real-valued semantics [59,61,72,73,75].
However, we notice that with this approach to obtain a spectrum of logical distances similar
to ours, one would be forced to prove the semantic inclusion of the considered classes of
modal formulae, to guarantee the suprema of the distances on these classes to be ordered.
With our approach these inclusions, which furthermore are not true in general, are not
needed: each class of formulae expresses the proper semantic properties of processes and
the logical distances, capturing the disparities in the satisfaction of such properties, are then
ordered in terms of their distinguishing power.
The contributions of this Chapter can be summarized as follows:

1. We provide a logical characterization of linear metrics such as a. trace (hemi)metric;
b. completed trace (hemi)metric; c. failure (hemi)metric; d. failure trace (hemi)metric;
e. readiness (hemi)metric; f. ready trace (hemi)metric; g. testing (pre)metric.

2. We provide a weak expressive characterization of the kernels of linear metrics such
as a. trace preorder and equivalence; b. completed trace preorder and equivalence;
c. failure preorder and equivalence; d. failure trace preorder and equivalence; e. readi-
ness preorder and equivalence; f. ready trace preorder ad equivalence; g. testing
preorder and equivalence.

3. By combining the characterization results from Chapter 5 with those in this Chapter,
we obtain the first example of a spectrum of metrics on processes obtained solely from
modal logics that comprehends:

. logical bisimulation distance (¢ ));

a
b. logical ready simulation distance (¢ );

o

logical simulation distance (¢ ));

o

logical ready trace pre-distance (€c; 1);
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logical ready trace distance ({1ig 2);
logical readiness pre-distance (€ 3);

logical readiness distance (¢ 3);

= ® - 0

logical failure trace pre-distance (= 2);

logical failure trace distance ({1 ));

J. logical failure pre-distance (¢, »);

k. logical failure distance (v 3);

| logical completed trace pre-distance ({ =, 1);
m. logical completed trace distance ({1cc,));

n. logical trace pre-distance (fc., 1);

0. logical trace distance ({1y,));

p. logical testing pre-distance ((c 1);

q. logical testing distance (est,2).

ORGANIZATION OF CONTENTS

In Section 6.1 we introduce the modal logic expressing the (decorated) trace semantics whose
characterization is then proposed in Section 6.2. In Section 6.4 we present the analogous
results for testing semantics based on the modal logic defined in Section 6.3. Section 6.5
contains the spectrum of logical distance obtained by combining the characterizations
proposed in this Chapter and those in Chapter 5. We conclude with the discussion of related
work in Section 6.6.

6.1 A MODAL LOGIC FOR DECORATED TRACES

In this Section we present the modal logic £ that will allow us to characterize the trace metric
as well as its decorated versions and their kernels. Interestingly, we can use a single logic to
characterize all these semantics because of the expressing power of mimicking formulae.
They identify, and isolate, the properties characterizing the particular semantics to which
they are related and thus we do not need to distinguish different classes of formulae for
different semantics.

The logic £ can be seen either as a simplified version of the modal logic £ presented in
Chapter 2.4, or more naturally as a probabilistic version of the general class of formulae of
which the logics characterizing (decorated) trace semantics in the fully nondeterministic
case are subclasses (cf. [33]). More precisely, £ consists of two classes of formulae: the class
¢! of linear formulae, which are constituted by (finite) sequences of diamond operators
and that will be used to represent traces and the decorations on them, and the class £P of
probabilistic formulae, which will be used to capture the quantitative properties of processes.
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Definition 6.1 (Modal logic £). The classes of linear formulae £' and of probabilistic formu-
lae £P over A are defined by the following BNF-like grammar:

e ou= T A ar®l A@pTa®| (@)@
jeg jeg

£hr W= ro| A\
i€l

where: (i) @, ®; range over 2l i) v, ¥ ; range over £P, (iii) a,a i€ A; (iv) Z,J are at most
countable sets of indexes, (v) in the formula A jeg dj N, the a; are pairwise distinct for all
j€J and @ # Ajer d; A for any set of indexes Z with |Z| = 1 and for all ®' € £!, (vi) in the
formula Njegap)T A, the a; are pairwise distinct for all j € 7 and ® # \;ez(a;) T A @' for
any set of indexes Z with |Z| = 1 and for all ®' € 2l (vii) r € [0, 1], (viii) for each i € Z it holds
Vi # N\jeg ¥ for any set of indexes J with || > 1.

We shall write /\ d;j and /\ (a;)T asashorthand forresp. A\ @jATand )\ (a;)TAT.
jeJ jeJ jeJd jeJd
Moreover, we recall that T stands for Ag.
The notion of depth of formulae is standard and expresses the length of the longest

sequence of diamond operators in the formulae.
Definition 6.2 (Depth). The depth of probabilistic formulae in £P is defined as

* dpt(r®) = dpt(®) and

* dpt(/\ ¥;) =supdpt(¥;)
i€l A

where the depth of linear formulaein £' is defined by induction on their structure as
* dpt(T) =0;

* dpt( /\ dj A®) =max{l,dpt(®)};
jeJ

* dpt( /\ (a;)T A ®) = max{l,dpt(®)};
jeJg

* dpt({a)®) = 1+ dpt(D).

Formulae are interpreted over PTSs.

Definition 6.3 (Semantics of £!). Given any process s € S, the satisfaction relation =< S x £!
is defined by structural induction over linear formulae in £' by

* s|=T always;

* sE N\ d]-/\QDiffsijL»foralljejandslzq);
jeJ

* S|= /\(a]-)'l'/\d)iffsﬂ»foralljejandsI:d);
jeJg
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* skE(a)Diff s 2, 7 for some 7 such that s’ I= @ for some s’ € supp (7).

We say that a computation c¢ from process s is compatible with the linear formula @,
notation c € C'(s, @), if |c| = dpt(®) and s = @ is obtained by verifying |= on the processes
reached by s through c. Moreover, given any resolution Z; for process s we say that z |= @ if
and only if corrz_(z) = ®.

Definition 6.4 (Semantics of £P). The satisfaction relation |=< S x £P is defined by
* s = r® if and only if there is a resolution Z € Res(s) such that Pr(C'(z;, ®)) = r.

* sk /\ ¥;ifand onlyif s|= ¥; forall i € 7.
i€l

A DISTANCE ON £

To obtain the logical characterization of metric semantics we need to transform the modal
logic into a metric space. For this reason, we propose a syntactical distance on formulae in £.
To obtain it, we introduce an auxiliary distance, denoted by Kj, that acts like the Kronecker
delta function on formulae of the form @ and (a) T.

Definition 6.5. Let A denote the set of formulae {@ | a € A} and (A) denote the set of formu-
lae {(a)T | a € A}. The function Ks: (A x A) U ((A) x (A)) — {0,1} is defined for all a, b € A
as follows:

1 ifa#b
0 otherwise.

1 ifa#b

Ks(a,b) =
0 { 0 otherwise.

Ks(a)T,<b)T) = {

Moreover, to correctly quantify the distances on conjunctions of linear formulae we
need to consider them up-to reordering. This means that, in what follows, we subsume that
whenever @ is of the form A;ez(a;) T A\ je 7 dj A ®, with ® not containing any conjunction,
then @, is considered up-to reordering, namely ®; = A je 7 ;i A Njez{ai) T A ®.

We are now ready to formally introduce a distance on £.

Definition 6.6 (Distance on £). Let A € (0,1]. The function D': £!x ¢! — [0,1] is defined by
structural induction over £! as follows:

0 if®, =0, =T
H(K 7.1 7€ J{a; A=A ,
ax 1( slUajljeTJhla;liel}) if®, = /\ dj/\(D,l
D' (D), D)) ieJ
and @, = \ a; A @)
ieZ

DDy, D,) = dTIjeTha)Tli :
(@1, D7) <max{ H(Ks)(apT 1 je T} Ka)T i€} } ity = A (apT D,

D@, @)

jeJ
and @, = A\ (a;))T A D)
iel
DY@, D)) if @) = (@)@} and ®; = (@)D},
1 otherwise.
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The function Di: £P x £P — [0,1] is defined over £P as follows:

D (r1®@1, 1, ®,) =
AVITD T2 otherwise

{max{O, AIPUPD=1 ()l i DDy, Dy) = 0
DYUAY, \ ¥))= sup inf DY (¥;, ¥ ).
i€l jeg ieT JeJ
Notice that since dpt(A je 7 dj) = dpt(A je7{a;)T) =1, the choice of the exponent for the
discount factor follows from the same arguments used in Chapter 4.3.
Proposition 6.1. The function D' is a 1-bounded metric over £'.

Proof. The proof follows by an easy induction over the structure of linear formulae. W

Proposition 6.2. The function Di is a 1-bounded hemimetric over £P.

Proof. The proof follows by an easy induction over the structure of probabilistic formu-
lae. In particular, the base case ¥ = r® follows by applying the same arguments used in the
proof of Theorem 4.6. u

We now present the kernel of Di which can be characterized in terms of an ordering
relation < over formulae in £P. For the linear formulae ®;,®, € £' we write ®; = @, if
they are syntactically indistinguishable, with the equality of conjunctions considered up-to
reordering. Then we introduce the relation of ordering on formulae < as follows.

Definition 6.7 (Ordering of formulae in £P). The relation <: £P x £P is defined inductively
over the structure of probabilistic formulae as follows

* (r1®y,r®y) e<ifand only if ®; =, and r; < r».
* (A\¥: /\ ¥)) e<ifand onlyif for each i € 7 thereis a j € J such that (¥;,¥;) €<.
i€l jeJg

To simplify notation, we write ¥, < ¥, in place of (¥, ¥») €<. As for linear formulae,
the equality of conjunctions is intended up-to reordering. More precisely, we have that
YV, =¥, ifand onlyif ¥; < ¥, and ¥, < ¥;. Notice that due to the syntactical simplicity of
the class of probabilistic formulae, their equality defined as a symmetric ordering relation
coincides with their structural equivalence.

Finally, we prove that the kernel of DE coincides with the relation < over formulae in £P.

Proposition 6.3. For all ¥, ¥, € £P, we have thatDi(‘Ifl, V,) =0 ifand only if ¥, < ¥».
Proof. The proof follows by an easy induction over the structure of ¥, € £P. |

6.2 LOGICAL CHARACTERIZATIONS OF (DECORATED) TRACE SEMANTICS

In this section we apply the same technique proposed in previous Chapter 5 for the char-
acterizations of branching relations and metrics to obtain original characterizations of the
(decorated) trace relations (Theorem 6.5) and metrics (Theorem 6.8) defined in Chapter 4.
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£2-CHARACTERIZATIONS OF (DECORATED) TRACE RELATIONS

We start by studying the characterizations of (decorated) trace relations. To this aim we need
to introduce the mimicking formulae of processes for these semantics. Each mimicking
formula has to express the properties of the process that are relevant for the considered
semantics, namely the probabilities assigned to traces and their decorated versions. Hence,
we need to identify the linear formulae capturing these traces and decorations.

Definition 6.8 (Trace formula). Given any trace a € A* we define the trace formula of a,
notation @, € £}, inductively on the structure of a as follows:

® - T ifa=ce
“ (ay®y ifa=aad,a’ € A*.

Definition 6.9 (Completed trace formula). Given any trace a € A* we define the completed
trace formula of a, notation ®¢ € £, inductively on the structure of « as follows:

Na ifa=e
(Dg =< acA
(a)CDg, ifa=aad,a' e A*.

Definition 6.10 (Failure formula). Given any failure pair f € A* x P (A) we define the failure
formula of §, notation o5 € ol inductively on the structure of § as follows:

N\Db  iff=eF
(Df: beF
(@)@ iff=af,f € A* xP(A).

Definition 6.11 (Failure trace formula). Given any failure trace § € (A x P(A)* U (e x P(A))
we define the failure trace formula of §, notation @z € ¢!, inductively on the structure of §
as follows:

N\ Db if§ =¢F
beF B
Dz =4 (@ \b if § = aF
beF _
(@(\ bA®y) ifF=aFF,§ € (AxPA)* U xPA).
beF

Definition 6.12 (Ready formula). Given any ready pair vt € A* x P(A) we define the ready
formula of ¢, notation ®, € fv inductively on the structure of v as follows:

N(@T ifr=¢R
@, =< beR
(ay®y iftr=at/,v' e A* xP(A).
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Definition 6.13 (Ready trace formula). Given any ready trace R € (A x P(A))* U (e x P(A))
we define the ready trace formula of R, notation ®x € £}, inductively on the structure of %R
as follows:

N\ DT if R=eR
beR
Doy = <a>A<b>T if R =aR
(@(N\ DT AQx) ifR=aRR, R e (AxPA)* U xPA).
beR

We are now ready to extend our concept of mimicking formula of a process to capture
the (decorated) trace semantics.

Definition 6.14 (Mimicking formulae for decorated trace semantics). Let s€ S.

* The mimicking formula for trace equivalence of s is denoted by W' and defined by

W=\

ae A*

sup Pr(C(zs, a))
ZseRes(s)

Qg

where for each trace a € A*, ®, is the trace formula of a.

* The mimicking formula for completed trace equivalence of s is denoted by W' and
defined by

PIC=gwlr A A ( sup Pr(CC(zs a)) | @S

acA* \ Zs€Res(s)

where W' is the mimicking formula for trace equivalence for s and for each trace
a € A*, @S is the completed trace formula of a.

* The mimicking formula for failure equivalence of s is denoted by Wt and defined by

pl =

N

sup Pr(FC(zs,f))
ZseRes(s)

D5
feA*xP(A)

where for each failure pair f € A* x P(A), ®j is the failure formula of f.

* The mimicking formula for failure trace equivalence of s is denoted by W™ and
defined by

W _ ( sup Pr(FC(zs %))
Fe(AXPAN*UlexP(A) | ZseRes(s)

where for each failure trace § € (A x P(A))* U (e x P(A)), @y is the failure trace formula
of §.

* The mimicking formula for readiness equivalence of s is denoted by W and defined by

Q5

wh = sup Pr(RC(zs,1))

reA* xP(A) \ Zs€Res(s)

where for each ready pair t € A* x P(A), @, is the ready formula of .
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* The mimicking formula for ready trace equivalence of s is denoted by W™ and defined
by

\I,"SFrR: /\ sup Pr(RC(zs,R)) | P
Re(AxP(A)*U(exP(A)) \ ZseRes(s)

where for each ready trace R € (A x P(A))* U (e x P(A)), Dsy, is the ready trace formula
of fR.

Clearly, each process satisfies its own mimicking formula for the desired semantics.
Theorem 6.4. Let x € {Tr, TrC, F, TrF, R, TtR}. For each s € S, it holds that s |= V5.
Proof. The proof is immediate by Definition 6.14. |

By means of mimicking formulae we obtain the £-characterizations of (decorated) trace
semantics for image finite processes. Given x € {Tr, TrC, F, TrF, R, TrR}, we have that s = ¢ if
and only if the mimicking formulae of s and ¢ for the semantics x are related by the relation
of inequality of formulae. When equivalences are considered, the characterizations are
derived from the equality of mimicking formulae.

Theorem 6.5 (£-characterizations of (decorated) trace relations). Let x € {Tr, TrC,F, TrF, R, TrR}.
1. Foralls,t€S wehavethatsSy t ifand only if ¥ < V7.
2. Foralls,t€S we havethats ~y t ifand only if V3 = V7.

Proof. By Theorems 4.20 and 4.26 we have that s £ ¢ if and only if dc_, (s, ) =0 and
s~y tifand onlyifd, 4 (s, t) = 0. Therefore, the thesis follows by Definition 6.15, Theorem 6.8
and Proposition 6.3. |

£-CHARACTERIZATIONS OF (DECORATED) TRACE METRICS

In this section we present the logical characterization of (decorated) trace metrics (The-
orem 6.8). We obtain it by lifting the distance on £ defined in Section 6.1 to a distance
on processes by exploiting the mimicking formulae introduced in Section 6.2: the logical
distance on processes is defined as the syntactical distance on their mimicking formulae.

Definition 6.15 (Logical decorated trace distances). Let A € (0, 1].

* The logical trace pre-distance on processes {c, 1: S xS — [0,1] is defined, for all
s, teS, by

N

[ETr,/l (s,t)= ’Di’(\PTr, \I’?)

The logical trace distance on processes ¢y, : S xS — [0,1] is defined, forall s,z € S, by

[Tr,/l(s» t) = max{[ETr,/l (Sy t)) [ETr,l(ty S)}
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The logical completed trace pre-distance on processes {c; . 1: S xS — [0,1] is defined,
forall s, 7€ S, by
lepen(s, ) = 'Di (\P?C, T;rc).

The logical completed trace distance on processes ¢1;c,3: S xS — [0,1] is defined, for
all s,r€ S, by
éTrC,/l (s, 1) = maX{gETrc,/l (s, 1), ZETrc,A(tr s)h

The logical failure pre-distance on processes . 5: S xS — [0,1] is defined, for all
s, teS, by
COcp (s, 1) = DY (W5, W),

The logical failure distance on processes ¢z 1 : S xS — [0,1] is defined, for all 5, f € S,

by
[F,/l (S’ t) = maX{[;F,/'L(S, t))[EF,l(I) S)}

The logical failure trace pre-distance on processes {c, . 1: S xS — [0,1] is defined, for
all S! t € S, by
O (s, 0) = DY (P, W),

The logical failure trace distance on processes ¢ 2 : S x S — [0,1] is defined, for all
s, teS, by
O (S, 1) =max{lc, . A (S, 1), Oepp a1 (£, S)).

The logical readiness pre-distance on processes ¢, 1: S xS — [0, 1] is defined, for all
s, teS, by
Cepals, 1) = DLW, W),

The logical readiness distance on processes £ 3 : S xS — [0,1] is defined, forall s, £ € S,
by
ZR,A(& t) = maX{ng,/l(s, t)’ [ER,/I(ty S)}

The logical ready trace pre-distance on processes . 1: S xS — [0,1] is defined, for
alls,t€ S, by
Cepp (8, 0) = Di (\P?R, ‘I’?R)_

The logical ready trace distance on processes {tig 1 : S xS — [0,1] is defined, for all
s, teS, by
Orra (s, 1) =max{lc ;1 (S, 1), Oy (F, 9}

Our logical (pre) distances are well-defined (hemimetrics) pseudometrics on S, as for-

malized in the following Proposition.
Proposition 6.6. Let x € {Tr, TrC, F, TrF, R, TrR} and A € (0, 1].

1. The mapping () is al-bounded hemimetricon S.

2. The mapping ¥ ) is a 1-bounded pseudometricon S.
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1. The proof follows immediately by Proposition 6.2.
2. The proof follows immediately by Proposition 6.6.1.

From our £-characterization of decorated trace relations (Theorem 6.5) we obtain the
following characterization of the kernels of our logical (pre) distances.

Theorem 6.7. Let x € {Tr, TrC, F, TrF, R, TrR} and A € (0, 11. For all processes s, t € S we have
1. lc_a(s,0)=0ifandonlyif st t.
2. lya(s,t)=0ifandonlyifs~ t.

Proof. We present only the proof for trace preorder and trace equivalence, namely the
case of x =Tr. All remaining cases follow by the same arguments.

1.
ST tiff P <@t (by Theorem 6.5.1)
iff Di(‘l’?, ‘I’?) =0 (by Proposition 6.3)
iff £, 2(s, 1) = 0.
2.

s~ tiff sCptand tCpy s
iff £ A(s,0) =0and = A (f,8) =0 (by Theorem 6.7.1)
iff max{€-,, (s, 1), e, A(t,8)} =0
iff {1 2 (s, 1) =0.

Finally, we obtain the logical characterization of the decorated trace (hemi)metrics.

Theorem 6.8 (£-characterization of (decorated) trace (hemi)metrics). Let x € {Tr, TrC, F, TrF, R, TrR}
and A€ (0,1]. Forall s, t € S we have

1. d;xﬂ(s, t) = [Exy/'[(s, t).
2. dya(s, 1) =0y p(s,0).

Proof. We present only the proof for trace preorder and trace equivalence, namely the
case of x = Tr. All remaining cases follow by the same arguments.
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1. First of all, we notice that whenever D'(®;,®,) = 0, then
max{0, AP"®V () — 1)} < 1 forall 1,72 € [0, 1]. (6.2)
This is due to the fact that A <1 and ry, r» € [0, 1]. Therefore, we have
Cepls, ) =D, W

=D A [ sup PrClz,a))@e, A ( sup PrClz, o

ac A* " ZseRes(s) BeA* Z,€Res(1)

sup inf DP sup Pr(C(zs,a))|®y, | sup Pr(C(z;, B))|®
oce/ll)* peA* A((ZseRg.(s) ) ) ¢ (ZteR(?s(t) vh ) d

sup max O,Adpt@a)‘l( sup Pr(Clzs,@))— sup Pr(C(zt,a)))
aeA* ZseRes(s) Z€eRes(1)

sup max 0,1'“"1( sup Pr(C(zs;,@)— sup Pr(C(zt,a)))
aeA* ZeRes(s) Z€Res(1)

= supd? ,(s,1)
aedx

= dETM(s, 1)

where the fourth step follows by Equation (6.2).

dyr,p (s, ) = maxid_, o (s, 1), d (2, 9)}

max{l, 1 (8, 1), {cp 2 (2, 8)} (by Theorem 6.8.1)
=Ll (S, D).

Notice that differently from the total-variation approach used in the literature, which
requires to evaluate the disparities of processes in the evaluation of every single formula
in the considered logic, our approach considers only mimicking formulae that capture all
the relevant semantic properties of processes and thus the ones necessary to measure their
behavioral distances.

6.3 A MODAL LOGIC FOR TESTING

We introduce the modal logic £,, which refines £ to deal with tests. More precisely, we refine
the class £! to the class of linear formulae £! , by adding two particular modalities capturing

v
the successful process and termination without success.
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6.3. A modal logic for testing

1

Definition 6.16 (Modal logic £, ). The classes of linear formulae £ y

p
v

and probabilistic for-

mulae £, over A are defined by the following BNF-like grammar:

el @un= VILI(ay®

v
SI\)/: Vi=ro| \VY;
i€l

where: (i) ® ranges over £l¢, (i) ¥ ranges over 23, (iii) a € A, (iv) r € (0,1], (v) Z is an at most
countable set of indexes, (vi) for each i € 7 it holds ¥; # A jeg ¥ for any set of indexes J
with | J] > 1.

The notion of depth of formulae can be naturally derived from Definition 6.2 by adding
the two following cases:

* dpt(y/) =0 * dpt(L) =0.

Since we work with finite tests, it is enough to consider linear formulae of finite depth.
Given © € Sl\/ we say that last(®) = / (resp. last(®) = 1) if ® = (ay)...{an)y/ (resp. ® =
(a1)...{ay)l) for some n e N.

Formulae in £, are interpreted over PTSs and the semantics of SI:/ and El\/ naturally
follow from, respectively, Definition 6.4 and Definition 6.3 in which we add the following
constraints for the satisfaction of the novel diamond modalities:

* sl=y/iffs=4/.
* sl= Liff s#+/and init(s) = @.

A DISTANCE ON 2¢

We introduce a syntactical distance on £,, that we will use to characterize the testing
(hemi)metric. The distance on linear formulae simply measure the disparities in the labels
of diamond operators.

The distance on probabilistic formulae is technically more complicated. As discussed in
Chapter 4.3, when considering testing semantics, processes can be distinguished by both
their probability to reach success and the possibility of failure. This discriminating power
has to be transferred to the formulae expressing this semantics. Therefore, accordingly to
the trace-by-trace approach we have applied to testing, the distance between probabilistic
formulae r; @, and r,®; should depend on: 1. the distance between ®; and @, 2. the last
modality occurring in the two linear formulae, 3. the comparison of the weights 1 and r».
Firstly, we need to compare the behavior of processes on the same trace and thus if the
distance between ®@; and @, is not 0 then the distance between r; ®; and r,®, can be directly
set to 1. Conversely, if @; and @, express the same trace, and thus their distance is 0, then we
need to investigate whether this trace leads to success or not. If the answer is positive, namely
we have that last(®;) = last(®;) = 1/, then the distance between r;®, and r,®, should follow
from the comparison of r; and r», that is by setting it to r; — r» if this difference is positive
and to 0 otherwise. In the opposite case having last(®;) = last(®,) = L the valueof r; — 1, >0
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Chapter 6. Logical characterization of linear metrics

is significant only if r, = 0. This is due to the fact that to guarantee the compatibility with
testing semantics in the fully-nondeterministic case, a positive probability of failure has to
be matched by a positive probability of failure (cf. Chapter 4.3). Let us consider now the
mixed cases. If last(®;) = L and last(®;) = /, then there is no need to compare r; and r, and
the distance is set to 0 (Lemma 4.8 in Chapter 4.3 and the upcoming definition of mimicking
formula for testing Definition 6.21 ensure that a comparison of two such formulae may
occur only if r; = 0). Symmetrically, if last(®;) = v/ and last(®;) = L then the distance is set
to r; since the “success probability” of @, is 0.
The following Definition formalize the intuitions discussed above.

Definition 6.17 (Distance on S\/). Let A € (0,1]. The function D! ¢! x ¢l

vXE [0,1] is defined

by structural induction over £, as follows:

v
0 if dpt(®;) = dpt(P2) =0
D' (@), @) =1 DY@}, @) if ®; = (@)@ and ©, = (@) D),
1 otherwise.

The function IDE : SE{’/ x 2{’/ — [0,1] is defined over SE{’/ as follows:

0 if D!(®;,®,) = 0 and last(®;) = L, last(®y) = v/
or last(®;) =last(®,) =L and r, >0

DY (11 1y = | max {0, AP V=17 — )b if DY@, @y) = 0 and last(®;) = last(®y) = /

Adpt@1) if last(®;) =last(®,)=Land r, =0
AdpU@D=1 4 if DY(®;, ®,) = 0 and last(®;) = v/, last(®,) = L
1 otherwise
DY(A Wi, A\ ¥j) =sup inf DY (¥;,¥)).
eI jeJ ieZ J€J

p
v
Proof. The proof follows by an easy induction over the structure of probabilistic formu-

lae. In particular, the base case ¥ = r® follows by applying the same arguments used in the
proof of Theorem 4.9. u

Proposition 6.9. The function I]J>1/D1 is a 1-bounded premetric over £

Also in this case, we can characterize the kernel of the distance on formulae in terms of
an ordering relation < over formulae in £,,.

Definition 6.18 (Ordering of formulae in £1¢). The relation <: 21\/ x £l¢ is defined inductively
over the structure of probabilistic formulae as follows

* (L,V)Es;
* ((a)®y,{a)®,) e< if and only if (®1, D,) €<;

* (O,D)e<forall®e Qlw
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6.4. Logical characterization of testing semantics

To simplify notation, we write ®; < @, in place of (®;,P,) €<. Relation < coincides with
the kernel of D'.

Proposition 6.10. For all ®,,®, € £l we have that D'(®;,®,) =0 ifand only if ®; < ®,.

Proof. The proof follows a simple induction analysis over the structure of ®; € 21\/ [ ]

The ordering relation on linear formulae can be exploited to define that on probabilistic
formulae.

Definition 6.19 (Ordering of formulae in SI\)/). Therelation <: SI:/ x SI\)/ is defined inductively
over the structure of probabilistic formulae as follows

* (11D, r2®P2) €< if and only ifq)l <dy and

* either last(®;) = last(®,) = v/ and r; < ry;
% orlast(®;) =last(®,) = 1L and r» > 0;
* orlast(®;) = L and last(®,) = +/.
* (\¥: /\ ¥;) esifand onlyif for each i € 7 thereis a j € J such that (¥;,¥;) €<.
ieZ jeJ
To simplify notation, we write ¥; < ¥, in place of (¥, ¥2) €<. As for linear formulae,
the equality of conjunctions is intended up-to reordering. More precisely, we have that
YV, =V, ifand onlyif ¥, < ¥, and ¥, < V;.
Finally, we prove that the kernel of [Di coincides with the relation < over formulae in 2‘\)/.

Proposition 6.11. Forall¥V,,¥, € 2P we have that IDE(‘I’I, Vy) =0 ifand only if V1 < ¥».

Proof. The proof follows a simple induction analysis over the structure of ¥; € 2{’/. |

6.4 LOGICAL CHARACTERIZATION OF TESTING SEMANTICS

In this Section we propose our characterizations of testing equivalence and metric obtained
on the logic £,,.

2\/-CHARACTERIZATION OF TESTING EQUIVALENCE

The characterization of probabilistic testing preorder and equivalence is obtained from the
mimicking formulae for testing. First of all we introduce the notions of (un)successful trace
formulae expressing trace formulae ending with the (un)success formula.

Definition 6.20 (Trace formulae in 21\/). Consider any trace a € A* and let x € {,/, L}. We

define the formula @, , € el inductively on the structure of a as follows:

X ifa=c¢e
Dy x=1 (@)x ifa=a
(a)Dy  fa=ad.
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Chapter 6. Logical characterization of linear metrics

Then the formula @, , is called the successful trace formula of a. Analogously, the formula
®, | is called the unsuccessful trace formula of «.

In the testing equivalence and metric defined in Chapter 4, the success probabilities
are evaluated on the interaction systems of processes with tests. Thus, in place of the
mimicking formula of a process for testing semantics, we introduce mimicking formulae of
interaction systems. They are defined by following the trace-by-trace approach and moreover
they exploit the normalization introduced to define the testing metric. The reason why we
need normalization is the same discussed in Chapter 4.3: ensuring the comparability of
the upcoming logical testing distance with the logical distances proposed do far. Besides
normalization, the definition of the mimicking formulae for testing is built on the same
intuitions that led us to the definition of testing metric. Briefly, consider a process s, a test
o and a trace a. Assume first that «a is successful for (s,0). Then the mimicking formula
on « for (s, 0) will be defined as the probabilistic formula assigning to the successful trace
formula of a the (normalized) supremal probability of (s, 0) to reach success by executing
a, with respect to all resolutions of nondeterminism. Notice that a is successful for (s, 0)
if and only if it is successful for o and there is a computation from s that is compatible
with it. Conversely, if a is not successful for (s,0) then the mimicking formula will be
defined as the probabilistic formula assigning to the unsuccessful trace formula of a the
(normalized) supremal probability of (s, 0) of executing a maximal computation compatible
with a. This case corresponds to the second case of Definition 4.16 and it captures the
maximal probability of the interaction system to fail by executing the trace a.

Definition 6.21 (Mimicking formula for testing). Assume a PTS P = (S, A,—) and an NPT

0=(0,A,—0). Let se Sand o € O. For each a € A* we define the mimicking formula on a
for (s,0) as

sup Pr(SC(zs,0, )

Z5,0€Resmax, (5,0)

() if su Pr(SC(zs,0,a)) >0
sup PI(SC (2o, @) @V ZsyoeResmszya(s,o) 0
\Pa _ < Z,€Resmax,qa (0)
s,0 sup Pr(Cmax(Zs,o» a))

Z5,0€Resmax,a (5,0)

@ therwise.
sup  Pr(C(zy, ) a, L Otherwise

Z,€Resmax(0)

Then we define the mimicking formula for testing of the interaction system (s, 0), notation
Vo€ EI\)/, as the probabilistic formula

Yio= N Y5,
aeA*

We remark that the construction of the mimicking formula on a trace, guarantees that for
each trace a € A* in the mimicking formula for the interaction system s || o occurs either the
successful trace formula of a or its unsuccessful version. This property will be fundamental
for the characterization result. Moreover, mimicking formulae satisfy the following feature.

Lemma 6.12. Foranys€ S,0€ O,a € A* we have \I"S’fo =0D, | iff Resmax,a(S,0) = D.
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6.4. Logical characterization of testing semantics

Proof. (=) From the assumption ¥¢, = 09, ; and Definition 6.21 we can infer that

sup Pr(SC(zs,0,)) =0 sup Pr(Crmax(zs,0, @) = 0.

Zs 0€EResmax,a (5,0) Zs 0€EResSmax,a (5,0)

Therefore, we can conclude that there is no maximal computation from (s, 0) which is
compatible with the trace a, that is Respyax o (s, 0) = @.

(<) As Resmax o (S, 0) = @ implies that no maximal computation from (s, 0) is compatible
with @, we can immediately infer that

sup Pr(SC(zs,0,a)) =0 sup Pr(Crmax(2s,0,@)) =0
Zs,0€Resmax,a ($,0) Zs,0€ReSmax,q ($,0)
thus giving (by Definition 6.21) that ¥§ , = 0D, | . |

By means of mimicking formulae we obtain the £ /-characterizations of testing seman-
tics. We obtain that s T ¢ if and only if for all tests o the mimicking formulae of the
interaction systems of s and ¢ with o, ¥, and ¥ ,, are related by the relation of ordering
of formulae. When testing equivalence is considered, the characterization is derived from
pointwise equality of mimicking formulae with respect to all tests.

Theorem 6.13. Assume a PTS P = (S, A,—) and an NPT O = (0, A,—0).
1. Foralls,te€S we have that s Cieg t if and only if for allo € O we have W, < ¥ .
2. Foralls,t €S we have that s ~s; t ifand only if for all o € O we have W, =V ,.

Proof. By Theorem 4.40 we have that s T ¢ if and only if dEtest 2(s,0=0 and § ~est £ if
and only if diest 2 (S, 1) = 0. Therefore, the thesis follows by Definition 6.22, Theorem 6.16 and
Proposition 6.11. |

S\/-CHARACTERIZATION OF TESTING METRIC

To obtain the characterization of testing metric, we lift the distance on formulae to a distance
on processes.

Definition 6.22. Let A € (0,1]. Assume a PTS P = (S, A,—) and an NPT O = (O, A,—(). The
logical testing pre-distance on processes £, 1: S xS — [0,1] is defined, for all 5, € S, by

ggtestv/l(s’ t) = Sup DE(\IIS,OJ \Pt,o)-
0eQ

The logical testing distance on processes £t 1 : S xS — [0, 1] is defined, for all 5, £ € S, by
[teSt,A(S7 t) = maX{[';test,/l (S! t)} ggtest,ﬂ,(t} S)}'

Our logical (pre) distance is a well-defined (premetric) semimetric on S, as formalized
in the following Proposition.

Proposition 6.14. Let A € (0,1].
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1. The mapping (. 1 is al-bounded premetricon S.

2. The mapping Cies,) is a 1-bounded semimetricon S.
Proof.

1. The proof follows immediately by Proposition 6.9.

2. The proof follows immediately by Proposition 6.14.1.
|

From our 2\/—Characterization of testing equivalence (Theorem 6.13) we obtain the
following result.

Theorem 6.15. Let A € (0,1]. For all processes s, t € S we have
1. b A(s,0) =0ifand only if s Siest L.

2. liestA(5, 1) =0ifand only if s ~ et 1.

Proof.
1.
SCiest tiff VOEO W< ¥y (by Theorem 6.13.1)
iff Vo€ O DY (Ws0,¥10) =0 (by Proposition 6.11)
iff sup DY (W0, ¥1,0) =0
0e®
iff 0, 1(s,0)=0
2.

S ~test L 1ff § Crest £ aNd £ Crest S
iff 0 a(s,8)=0and lc  A(F,5)=0 (by Theorem 6.15.1)
iff max{lc, (S, 1), e (1,8} =0
iff Ciesia (s, 1) = 0.

Finally, we obtain the characterization of the testing metric.

Theorem 6.16 (£\/—characterization of testing (pre)metric). Let AL € (0,1]. Foralls,t € S we
have

1. dEtestvﬂ(s’ t) = ggtest,/l (S; t)

2. dtest,}t(sy 1) = [test,ﬂt(sy £).
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Proof.
1. First of all we notice that for all ® € 21\/
max{0, AP =1 — )} <1 forany r1, 7, € [0,1] (6.3)
A9PUP=1 0 < 1 forany ry € [0, 1]
A4pU®) r1 <1foranyr €[0,1].

This is due to the fact that A <1 and ry, 5 € [0, 1]. Therefore, we have

[':test /1(5’ t) = sup IDp (\PS 0 \Pt 0)

0eO

=supDh( A ¥¢, A \I’go)
0eO ae A* PeA*

= sup sup inf I]])ID(\I’?O,\I"6 )
0€O aeA* PE

= sup sup D) (W&, 9T )
0€0 aeA*

where the last step follows by Equation (6.3). To prove the thesis we will prove that for
all s, ¢ € S it holds that

leeer(ss)=dc  ,(s,1) (6.4)
d 250l (s D). 6.5)

Proof of Equation (6.4).

By definition of supremum we have that for each € > 0 there are a test o, and a trace
ag such that £ A(s, 1) < |]J>p (P De? ffj)g) + €. Hence, to prove Equation (6.4) we need
to show that for all € > 0 we have

DY (W55, Wis ) <dc _(s,1), (6.6)

Let € > 0 and, for simplicity of notation, let 0 = o, and a = a,. We proceed by a case
analysis to prove Equation (6.6).

a. Assume first that Respayx o (5, 0) = @. Then we have 0 = I]ZDp (pe 500 ? o) = d;tesb 105, 0).
In fact by Lemma 6.12, Respay, a(s, 0) = @ implies that pa s0=0Dq 1, and thus
W¢, < ¥7, whichever the structure of W, is. Hence, by Proposition 6.11 we can
conclude that DY (w¢,, ¥¢,) =0.

b. Assume now that Respmax o(S,0) # @. Accordingly to Definition 6.21, we can
distinguish two cases:

i ¢, = (SUPZS,oeResmax,a(s,o) Pr(SC (25,0, @)/ SUP 2, eRes . o (0) PLSC (20, a))) D, /-
Then we can distinguish two cases:
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* Resmaxa(f,0) = @. In this case, we have that

sup Pr(SC(zs,0,)) =0

Z; 0€EResmaxa (1,0)

\P(;io = OQQ,J_.

Therefore we have

sup Pr(SC(zs,0, @)

Zs 0€Resmax « ($,0)
DP (P2 ,\Pa =pP . .
/1( s,0 t.O) A sup PI‘(SC(ZO,“))

Zo€Resmax,a (0)

sup  Pr(SC(zg0, @)

Zs 0€Resmax,a (5,0)

sup  Pr(SC(zy, @)

Zy€ReSmax,q (0)

q)a,\/r Oq)oc,J_

_ 1dpt(@q, )1

Notice that dpt(®,, V) =lal. If |a| = dpt(o) then we have

o,a
d';test,/l (S’ t)

sup Pr(SC(zs,0, @) — sup Pr(SC(z4,, @)
_ /’Ldpt(o) -1 Zs 0€Resmax,a (5,0) Z 0€EResmax,a (£,0)
sup  Pr(SC(z, @)
Zy€ReSmay,q (0)

sup Pr(SC(zs,0, @)
— 1dpt(0)-1 Z5,0€ReSmayx,a (5,0)

sup  Pr(SC(zy, @)

Zo€Resmax,a (0)

by which Equation (6.6) directly follows. Conversely, if || < dpt(o) then
let o’ be the test obtained from o by eliminating all transitions that make
dpt(o) > |a|. Then we have

sup Pr(SC(zs,, @) = sup Pr(SC(zs,, )
Z5,0€Resmax,a (5,0) Zs,a’ €Resmax,a (5,0
sup Pr(SC(zy, @) = sup Pr(SC(zy, @)
Z€ReSmax,q (0) Z 1€ReSmay,a (0')

and thus

dogty::tv/l (S, t)
sup Pr(SC(zs,0, @) — sup Pr(SC(z,, @)
Z¢ o €ReSmax,a($,0) Z, o/ €ReSmay, (£,0")
sup Pr(SC(z,, a))
Z r€Resmax,a (0")
sup Pr(SC(zg o, a))

r€Resmax,a ($,0")

sup Pr(SC(z,, @))

Z1€ReSmax, (0"

— Adpt(o’)—l

_ Adpt(o’)—l Z50
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= DE(W(SI,O’\P%O

by which Equation (6.6) follows as well.

* Resmax,a(f,0) # @. By Lemma 4.8, accordingly to the structure of ¥§ ,

this implies that supz, cges._. . (r,0) PT(SC (21,0, @) > 0 and thus

sup Pr(SC(zs,,a))

Z 0€ReSmax,a (£,0)

D, .
sup Pr(SC(zy, ) @y

Zp€ReSmax,a (0)

a _
\Pt,o -

Then, we have

d(s, t,o,a
D (¥, ¥¥,) = maxy 0, A%P@ay)"! ( :
) ) sup Pr(SC(zy, @))
Z€Resmax,q (0)

and, by reasoning as in the previous item, if || = dpt(o) then

d%® (s, £) = max{ 0, \9PLO-1 d(s, t,o0,a)
Etesty A sup PI‘(SC(Z(), a))
Z€ReSmax,q (0)

by which Equation (6.6) directly follows, whereas if |a| < dpt(o) then we
choose o’ as above for which

sup Pr(SC(zs,,a)) = sup Pr(SC(z; o, a))

Zs 0€Resmax,a (5,0) ZS,D/EResmax,a(s,o’)
sup Pr(SC(z,0,a)) = sup Pr(SC(z;,y,a))

Z 0€Resmax,a (1,0) ZI‘OIEReSmaX‘a(t,OI)
sup  Pr(SC(z,,a)) = sup Pr(SC(z,, @)

Z,€Resmax,a (0) Z 1€ReSmay,a (0')
and thus
d(s,t,0',a)

dg"a /1(5’ t,) = max O’ A/dpt(o’)_l ;
Ctest, Sup Pr(SC(ZO, a))

Z 1€Resmay,a (0')

= Dﬁ(wgo,\yg()).

Thus, Equation (6.6) follows as well.

i W, = (SUP 2, cRespua (5,0 PTCmax (260 @)/ SUP 3, sy ) PPC(Zo0, @) O 1.
Then we can distinguish two cases:
* Resmaxa(t,0) = @. In this case, we have that

sup  Pr(Cmax(zs,0, @) =0

Zt 0€ResSmax,a
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\IJ?,O = OQQ'J_.

Therefore we have

sup Pr(Cmax(zs,0, @))
Zs 0€Resmax,a (5,0)

DY (W, Wi, =Dh Do, 1,0Pq,1

sup  Pr(C(zo, @)

Z,eResmax(0)

sup Pr(Cmax(2s,0, @)
1) Z5,0€Resmax, (5,0)

- /"/dpt(q)a
sup  Pr(C(z,,))

Z,eResmax(0)

Notice that dpt(®,, ;) = |a|. Moreover, since the testing distance is de-
termined by the compatibility with the fully-nondeterministic case,
we have that dpt(o) = || + 1. Hence, if the equality holds, namely
dpt(o) = |a| + 1 then it is enough to consider

sup Pr(cmax(zs,m a))
Adpt(o)—l Zs,0€Resmax,a (8,0)
Sup Pr(C(ZO) a))

Z,€Resmax(0)

o _
dEtestyl (s,0) =

for which Equation (6.6) holds. Otherwise, let o’ be the test obtained
from o by deleting all the transitions that make dpt(o) > |a| + 1. Then we

have
sup Pr(Cmax(zs,0, @) = sup Pr(Cmax(zs,0/, @)
Zs,0€Resmax,a ($,0) Zs,o’ €Resmax,« (5,0')
sup Pr(Cmax (21,0, @) = sup Pr(Cmax(2s,0/, @)
Zt0€EReSmax,a (1,0) ZI,O/EReSmaX,a(t,O’)
sup Pr(C(z,, ) = sup Pr(C(zy,a))
Zy€ReSmax,a (0) Z€Resmax,a (0")
and thus
sup Pr(cmax(zs,o’y a))

5,0/ ER€Smax,a (5,0)

4% (s, 1) = A%
Etest, A Sup Pr(C(ZO/, a))

Z 1€Resmax(0')

for which Equation (6.6) holds.

* Resmaxa(f,0) # @. By Lemma 4.8, accordingly to the structure of ‘I’? o
this implies that SUpz, cpes,... ,(t,0) PT(SC (2,0, @) = 0 and thus

sup Pr(Crmax (2,0, @)
Z[,DEReSmax,a ( tro)

sup  Pr(C(z,,a))

Z,€Resmax(0)

a  _
\Ilt,o — (Da,J_.
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Then, by Definition 6.17 we have
DY (WS, Wi, =0
for which Equation (6.6) holds.

Proof of Equation (6.5).

By definition of supremum we have that for each € > 0 there are a test o, and a trace a,
such that dgtesb 150 < d";ftezf L TE Moreover we notice that in this case, for each € > 0,
0, is guaranteed to give the supremal testing distance with respect to a.. This implies
that either dpt(o;) = |a¢|, for d;iezf /1(5’ t) defined as in the first case of Definition 4.16,
or dpt(og) = |ag| + 1, for do.;i::fg(s’ t) defined as in the second case of Definition 4.16.
Hence, to prove to prove Equation (6.5) we need to show that for all € > 0 we have

A2 (5,0 < DR (WSS, Vi) (6.7)

Equation (6.6) follows by the same case analysis used to prove Equation (6.6).

dies A (s, ) = maxid_ (s, 1), d_ (2, 9)}
= max{lc, (s 1), e (L, 8)} (by Theorem 6.16.1)
= ztest,/l(s» r).

6.5 A SPECTRUM OF LOGICAL DISTANCES

In this Chapter and in previous Chapter 5 we have proposed a novel method for the logical
characterization of behavioral metrics. Briefly, we have considered boolean logics and for
each process we have identified a special formula, called mimicking, expressing all the
properties of the given process that are relevant with respect to the considered semantics.
Then we have transformed the logic into a metric space by defining a distance on formulae
measuring their syntactical disparities. Finally, we have proved that the distance between
the mimicking formulae of two processes equals the distance of the two processes with
respect to the considered semantics.

Interestingly, this kind of characterization gives that the distance on formulae is as
expressive as the behavioral metric. As a further evidence of this fact, in this Section we
combine the logical characterizations of branching metrics presented in Chapter 5 with
those of this Chapter to obtain the first example of a spectrum of behavioral distances on
processes obtained solely by means of modal logics. More precisely, we order our logical
distances, obtained as the distance on the mimicking formulae of processes, by the relation
‘malke processes farther than'

This is formalized in the following Theorem.
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Figure 6.1: The spectrum of logical distances. An arrow ¢ — ¢’ between two logical distances
stands for €(s, t) = 0'(s, t) for all processes s, t, and € (s, t) > 0'(s, t) for some processes s, t.

Theorem 6.17. Let A € (0,1]. Foreach s, t € S it holds that:

1.

© N O &6 ~x LN

f,l >€r,/1 >€s,)l-

[r,l >[ETrF,7L > (;F,,l >€;test,1 > gEn,/l'
[‘;F,A > [;Trcyjt > [;TI,A.

gs,/l >€;TD;L.

gr,/l >[.;TIR,,1 andﬂm > f;R,,l.

O > lrip,p > Cp 0 > Crestd > Cr, -

lp > lrca > O

[,1 >€TrR,7L and[;L > [R,A-

Proof. Each relation follows from the corresponding one in Theorem 4.10 and from the
proper logical characterization ¢, 5 = d, j given in Chapters 5 and 6. [ |

6.6

CONCLUDING REMARKS

In this Chapter we have extended the logical characterization method of branching met-
rics proposed in Chapter 5 to the linear metrics defined in Chapter 4. In detail, we have
considered the probabilistic version of the class of formulae characterizing the (decorated)
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trace relations in the fully-nondeterministic case [33] and a minimal boolean logic, ob-
tained by extending the class of formulae characterizing trace equivalence in the fully-
nondeterministic case with special modalities capturing the successful process and failure,
to characterize testing metrics and relations. The presence of the modality capturing failure
is fundamental to preserve the full backward compatibility of our testing relations with
the fully-nondeterministic case. The formulae in this classes express the semantic-specific
events and thus the mimicking formulae of processes for the considered semantics specify
the supremal probabilities of semantic-specific events to be performed by the related pro-
cess. We remark that there was no need to introduce recursion in this logic since (decorated)
trace semantics are defined in terms of (decorated) traces of finite length. Thus the logical
characterization of linear metrics results technically simpler in this Chapter but equally
effective to that in Chapter 5.

We have already noticed that our characterization method differs from the total-variation
distance approach considered in the literature [59,61,72,73,75]. However, we notice that the
disparity in the two characterization techniques diminishes if we consider trace metric only.
In fact, due to the simple syntactic structure of formulae in £, our logical trace distance can
be easily translated into a total-variation distance on a real-valued version of the subclass of
21

glnd=T | (ayo.

We can define the real-valued semantics of a formula ® in £!; in process s as

[@](s) := sup Pr(C'(zs, ).
ZseRes(s)

Then our logical trace distance would become

O (s, 1) := sup | [D](s) — [@](7) |.
(I)E»glt

A similar approach would hold for the other decorated trace metrics. Nevertheless, notice
that our approach is more general and it allowed for the construction of the spectrum of
logical distances on processes. Moreover, we remark that while the total-variation approach
requires to evaluate the disparities of processes in the evaluation of every single formula
in the considered logic, our approach considers only mimicking formulae that capture all
the relevant semantic properties of processes and thus the ones necessary to measure their
behavioral distances. Admittedly, this does not hold for the testing semantics for which we
have a mimicking formula for each interaction of the process with a test.

In [59] the authors consider Metric Transition Systems (MTS), namely transition systems
in which the atomic propositions, at each state, take values in a bounded metric space. They
define an asymmetric linear distance generalizing trace inclusion and its symmetric version
for trace equivalence and they show that by means of the Quantitative Linear-Time Temporal
Logic (QLTL), it is possible to characterize those distances. Linear-time properties are also
studied in [13], in order to capture approximate reasoning on Stochastic Markov Models
(SMMs). SMMs are a generalization of CTMCs in the sense that exit-time probabilities
follow generic distributions on the positive real line. Then, for the specification of SMMs
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properties, they proposed the Metric Temporal Logic (MTL), built on implication and the
temporal operators next and until. The authors defined several equivalent distances on
SMMs, one of which was the MTL-variation pseudometric, defined as the total variation
distance on the probability measure on the measurable space of timed paths. As this
variation pseudometric is neither computable nor can be approximated (see also [53] for
a discussion on the approximation of total variation distances), an over approximation is
proposed which is obtained as a convex combination of the total variation distance on the
exit-time probabilities and the Kantorovich distance on transition probability functions. In
[14] it is proved that the trace metric on Markov Chains (MCs) can be characterized in terms
of the probabilistic LTL-model checking problem. Roughly speaking, a characterization as
in (6.1) is obtained from the boolean logic LTL by assigning a real-valued semantics to it,
defined by exploiting the probabilistic properties of the MC: the value of a formula ¢ € LTL
at state s is given by the probability of s to execute a run satisfying ¢.
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God's final message to-ita creation:
“We apologize for the inconwenience.

Douglas Adams,
So Long and Thank for All the Fish

CHAPTER

§

CJH this thesis we have discussed new techniques to study and compare the semantics of
processes with nondeterminism and probability, as in Segala’s PTS model [145], in terms
of both classic behavioral relations and the more recent behavioral metrics.

In detail we have provided a method for decomposing modal formulae equipped with
a probabilistic choice operator that allowed us to derive the compositional properties of
probabilistic strong branching relations. To obtain the decomposition method we have in-
troduced an SOS-like machinery specifying the behavior of distribution terms as probability
distributions over process terms.

Then we focused on behavioral metrics: we have proposed original notions of metrics
measuring the disparities in the behavior of processes with respect to (decorated) trace and
testing semantics. To capture the differences in the expressive power of the novel metrics
and the ones for probabilistic (bi)simulations we have ordered them by the relation ‘makes
processes further than'. Thus we have obtained the first spectrum of behavioral metrics on
processes in the PTS model. Interestingly, from this spectrum we derived an analogous one
for the kernels of the considered metrics, which have been ordered by the relation ‘make
strictly less identification than'. Our spectrum of probabilistic relations is the probabilistic
generalization of the linear time - branching time spectrum of [159].

Finally we have introduced a novel technique for the logical characterization of both
behavioral metrics and their kernels, based on the notions of mimicking formula and dis-
tance on formulae. In the case of behavioral metrics, the idea is the following: 1. Once
we have chosen a class L of modal boolean-valued formulae suitable for the considered
semantics, for a process s we identify a special formula expressing the relevant properties of
s with respect to the considered semantics, called mimicking formula of s. This is a formula
in L that captures the nondeterministic and probabilistic behavior of the process that is
relevant for the considered semantics. 2. Then, we transform the modal logic L into a metric
space by introducing a notion of syntactical distance on formulae. This is a 1-bounded
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Chapter 7. Conclusions

pseudometric assigning to each pair of formulae a suitable quantitative analogue of their
syntactic disparities. 3. We conclude by defining a logical distance on processes correspond-
ing to the distance between their mimicking formulae and proving that this logical distance
characterizes the considered metric semantics. This kind of characterization allowed us to
obtain the first example of a spectrum of behavioral distances on processes obtain directly
from modal logics. Moreover, we have showed that the kernels of the considered metrics
can be characterized by simply comparing the mimicking formulae of processes.

We conclude by proposing some directions for future work related to the topics addressed
in this dissertation.

Modal decomposition We will investigate the application of our decomposition method
to the classes of modal formulae characterizing different behavioral semantics for nonde-
terministic probabilistic processes, as convex (bi)similarity semantics [146]. We will also
consider the weak semantics [10, 126, 127], and we will derive robust (pre)congruence for-
mats for them from their modal characterizations, as done in the non probabilistic setting.
Our claim is that in the case of weak (bi)simulations the congruence results can be obtained
by simply combining the formats in [33, 80,82, 84, 85] and our method of decomposing the
probabilistic modalities. A sketch on how we can achieve this purpose has been presented
in Chapter 3.5.

Moreover, it would be interesting to combine our decomposition method with the general
rules and ruloids recently introduced in [82] and the characterizations of behavioral metrics
that we have provided in Chapters 5 and 6. Inspired by those result, we aim to start a new
research line, that is deriving the compositional properties of behavioral metrics from the
modal decomposition of formulae characterizing them. As the metric semantics provide
notions of distance on processes, the formats for them guarantee that a small variance in
the behavior of the subprocesses leads to a bounded small variance in the behavior of the
composed processes (uniform continuity [91,92,94]). Then, we aim to use the decomposition
method to re-obtain the formats for bisimilarity metric proposed in [94] and to automatically
derive original formats for the (ready) simulation, trace and testing semantics presented in
Chapter 4, as well as for weak metric semantics [73, 115] and metric variants of branching
bisimulation equivalence [10, 126, 127].

Logical characterizations We have already argued in Chapter 5 that we defined the dis-
tance between formulae with the exact purpose of simulating the Hausdorff and Kantorovich
lifting functionals on which the bisimilarity metric is defined. Despite this kind of reasoning
may seem too restrictive at first glance, we believe that having a distance between formulae
instead of a real-valued semantics for the logic turns out to be an advantage in case one
wishes to modify the lifting functionals in the definition of (bi)similarity metric (cf. first
part of Chapter 5.6). Thus, we aim to extend our results to other lifting functionals, like the
generalized Kantorovich lifting functional Ky [44].

Moreover, we will apply our characterization approach to various behavioral metrics as
convex (bi)simulation metrics [146] and weak (bi)simulation metrics [73]. We aim also to ap-
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ply the approach to the notion of e-bisimulation |7, 8, 74], for which a modal decomposition
of formulae characterizing the compositional results in [152, 153] can be given.

Further, it would be interesting to extend our results to the decorated trace and testing
distribution equivalences defined in (29, 144, 145] and to the metrics capturing them. A
first attempt in this direction has been done in [43] where we have proposed a logical
characterization of a revised version of the trace metric from [148] by means of the notions
of mimicking formula and logical distance.

Behavioral metrics We aim to investigate the behavior of the metrics defined in Chapter 4
and related kernels in the interaction with other types of schedulers, like the randomized
ones from [144], the probabilistic ones from [51] and also their balanced versions, in terms
of distinguishing power, from [95, 164]. Furthermore, we aim to extend the spectrum of
metrics to distribution-based distances, like the trace metric in [148], and to compare the
derived spectrum of kernels with its analogous from [30].

Following [92,94], we are also interested in studying the compositional properties of
the behavioral metrics introduced in Chapter 4, like non-extensiveness, non-expansiveness
and (Lipschitz) continuity. Furthermore, we aim to define uniform continuity specification
formats for them.

Finally, we would like to investigate novel applications for the metric semantics and
their logical characterizations. For instance, we can study a quantitative analogue to the
probabilistic barbed bisimulation from [65]. Barbed bisimulation was introduced in [132] to
uniformly describe the observable behavior of process calculi equipped with a reduction
semantics. Thus, barbed bisimulation metric could be exploited to equip process calculi for
wireless sensor networks, mobile ad hoc networks and cyber-physical systems with a robust
semantics.

Another possible application of behavioral metrics is related to biological systems mod-
eling. Many process algebras have been introduced to model these systems (see for in-
stance [19, 20,22, 23, 38,48, 49]) and recently also some probabilistic algebras have been
proposed [15,18,21,24]. Metric semantics could be used in this setting to strengthen the
expressive power of these models, thus obtaining more effective representations.

We would also study efficient ways to express and verify privacy properties in concurrent
and interactive settings. To this purpose we will consider the bisimulation distance for
differential-privacy [76]. We will study efficient ways to compute such distance by consider-
ing the formulation of the Kantorovich lifting in terms of the transportation problem, and
we will exploit the fact that differential-privacy has strong separation properties to reduce
the space of possibility in the minimization process. We will also explore a logic for charac-
terizing the bisimulation distance for differential-privacy, in the style of the probabilistic
Hennessy-Milner logic £ [66].
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