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Abstract

The primary focus of research in this thesis is to address the construction of iter-
ative methods for nonlinear problems coming from different disciplines. The present
manuscript sheds light on the development of iterative schemes for scalar nonlinear
equations, for computing the generalized inverse of a matrix, for general classes of sys-
tems of nonlinear equations and specific systems of nonlinear equations associated with
ordinary and partial differential equations. Our treatment of the considered iterative
schemes consists of two parts: in the first called the ’construction part’ we define the
solution method; in the second part we establish the proof of local convergence and we
derive convergence-order, by using symbolic algebra tools. The quantitative measure in
terms of floating-point operations and the quality of the computed solution, when real
nonlinear problems are considered, provide the efficiency comparison among the pro-
posed and the existing iterative schemes. In the case of systems of nonlinear equations,
the multi-step extensions are formed in such a way that very economical iterative meth-
ods are provided, from a computational viewpoint. Especially in the multi-step versions
of an iterative method for systems of nonlinear equations, the Jacobians inverses are
avoided which make the iterative process computationally very fast. When considering
special systems of nonlinear equations associated with ordinary and partial differen-
tial equations, we can use higher-order Frechet derivatives thanks to the special type of
nonlinearity: from a computational viewpoint such an approach has to be avoided in
the case of general systems of nonlinear equations due to the high computational cost.
Aside from nonlinear equations, an efficient matrix iteration method is developed and
implemented for the calculation of weighted Moore-Penrose inverse. Finally, a variety
of nonlinear problems have been numerically tested in order to show the correctness

and the computational efficiency of our developed iterative algorithms.
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Chapter 1

Introduction

Nonlinear problems arise in diverse areas of engineering, mathematics, physics, chem-
istry, biology, etc., when modelling several types of phenomena. In many situations,
the nonlinear problems naturally appear in the form of nonlinear equations or systems
of nonlinear equations. For instance a standard second order centered Finite Difference

discretization of a nonlinear boundary-value problem of the form
Y +y* = cos(x)* +cos(x), y(0)=—1, y(m)=1 (1.1)
produces the following system of nonlinear equations

Viel — 2yi+yio1 +hy? =W (cos(x;)* +cos(x;)), i€ {l,2,---,n}. (1.2)

In real applications, finding the solution of nonlinear equations or systems of equa-
tions has enough motivation for researchers to develop new computationally efficient it-
erative methods. The analytical solution of most types of nonlinear equations or systems
of nonlinear equations is not possible in close form, and the role of numerical methods
becomes crystal clear. For instance, the solution of general quintic equation can not
be expressed algebraically which is demonstrated by Abel’s theorem [1]. In general
it is not always possible to get the analytical solution for linear or nonlinear problems
and hence numerical iterative methods are best suited for the purpose. The work of
Ostrowski [2] and Traub [3] provides the necessary basic treatment of the theory of iter-
ative methods for solving nonlinear equations. Traub [3] divided the numerical iterative
methods into two classes namely one-point iterative methods and multi-point iterative

methods. A further classification divides the aforementioned iterative methods into two

1



Chapter 1. Introduction 2

sub-classes: One-Point iterative methods with and without memory and multi-point it-
erative methods with and without memory. The formal definitions of aforementioned

classification are given in the following.

We can describe the iterative methods with help of iteration functions. For instance

in the Newton method

f(xi)
fx)’

Xipl =Xi—

the iteration function is ¢(x;) = f(x;)/f’(x;). In fact Newton method is a one-pint
method. In general, if x;;; is determined only by the information at x; and no older

information is reused then the iterative method

Xip1 = O(x;),

is called one-point method and ¢ is called one-point iteration function. If x;; | is deter-

mined by some information at x; and reused information at x;_1,x;_2 -+ ,Xj_j 1.€.

Xir1 = O (XisXi1,+ , Xi—n),

then the iterative method is called one-point iterative method with memory. In this
case the iteration function ¢ is an iteration function with memory. The construction
of multipoint iterative methods uses the new information at different points and do not

reuse any old information. symbolically we can describe it as

Xit1 =@ [xia W1 (xi)7 Tt 7a)k(xi)] )

where ¢ is called multipoint iteration function. In similar fashion one can define multi-

point iterative method with memory if we reuse the old information

Xi+1 = (P(Zi;zi—l; e 7Zi7n)7

where z; represent the k + 1 quantities x;, @y (x;),- - , g (x;). Before to proceed further,
we provide the definitions of different types of convergence orders. Let {x,} C RY and
x* € RN, Then

e x, — x* gq-quadratically if x,, — x* and there is K > 0 such that

it =] < Kl — 7|12
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e x, — x* g-superlinearly with g-order & > 1 if  x,, — x* and there is K > 0 such
that

[t = x| < K e — 7|

K
e x, — x* g-superlinearly if ,}1_{210 w =0.

e x, — x* g-linearly with g-order o € (0,1) if |[x,+1 —x*|| < o||x, — x*|| for n

sufficiently large.

The performances of an iterative method are measured principally by its convergence-
order (CO), computational efficiency and radius of convergence, but mainly the first
two issues are addressed, while the third is often very difficult to deal with. Recently
researchers have started to handle the convergence-radius by plotting the dynamics of
iterative methods in the complex plane [4-21]. To clarify the difference between one-
and multi-point iterative methods, we provide some examples. Examples of one-point

iterative methods without-memory of different orders, are:

Xn+1 =Xp—1t1  (2nd order Newton-Raphson method)

Xnt1 =Xy, —t; —tp  (3rd order)

Xpt1 =Xy, —t —tp —t3  (4th order) (1.3)
Xp+1 =Xp—t —tp—t3—1t4 (5thorder)

Xptl =Xp—1 —ty—t3—1t4—1t5 (6th order),

\

where 3 = f"(xa) /211" (xn), €3 = f" (xn) /311 (xn). ca = f"" (xn) /AL f" (31),

cs = " (xn) /5 () t1 = f(5n) [/ (3n), 12 = cat? 13 = (—c3+263)85, ta = (—5cac3 +
563+ calt}, ts = (—cs5+ 3¢5 + 14¢5 — 21c3¢3 + 6¢acq)t) and f(x) = 0 is a nonlinear
equation. Further examples of single-point iterative methods are the Euler method [3,
22]:

L(x,) = S () f" (xa)

- f,(xn)2 9
X | = Xy — 2 f(xn) (1.4)
mt " /12 (x,) [Cn)
the Halley method [23, 24]:
2 X
Xn+1 = Xn — f( n) (1.5)
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the Chebyshev method[3]:

Xp+1 = Xp — (1-1—@) J% (1.6)

One may notice that all the information (function and all its higher order derivatives )

are provided at a single-point x,. The well-know Ostrowski’ method [2]:

I ==

_ _ S () S ()
Xnt1 = Vn = ) Flm)—2fOn)

(1.7)

has convergence-order four and it is an example of multi-point iterative method without-
memory. Clearly the information is distributed among different points. The one-point
iterative method without memory (1.3) uses four functional evaluations to achieve the
fourth-order convergence while iterative method (1.7) requires only three functional
evaluations to attain the same convergence-order. Generally speaking, one-point it-
erative methods can not compete with multi-points iterative method due to their low
convergence-order when they use the same number of functional evaluations. The low
convergence-order is not the only bad feature of one-point iterative methods, but they
also suffer from narrow convergence-region compared with multi-step iterative meth-
ods. A valuable information about multi-points iterative methods for scalar nonlinear

equations can be found in [25—-42] and references therein. The secant-method:

Xn—1—Xn

f(xn—l) _f(xn)

f (), (1.8)

Xn+1 = Xn —

is an example of single-point iterative method with-memory and, in most cases, it shows
better convergence-order than Newton-Raphson method (1.3). Usually the multi-point
iterative methods with-memory are constructed from derivative-free iterative methods

for scalar nonlinear equations [43—54], but some of them are not derivative-free [55-57].
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Alicia Cordero et. al. [43] developed the following iterative method with-memory:

;

Wn = Xn + ¥ (Xn),
N3<t) = NS(t;xn,yn_l,Xn_l,Wn_l),

N4<t> = N4(t;Wn7xn7)’n717Wn71axn71)a

= w7y, (1.9)
_ Ny (wn)

)L" - 2]\2(W,J7
_ f(xn)

W =0 = R A

X _ . f(xn)
\ n+1 Yn SnsYn] A+ (vn—2n) £ X, Wn ]

where N3 and Ny are Newton interpolating polynomials. The convergence-order of
(1.9) is four if we consider it without-memory, but with-memory it shows seventh-order
convergence in the vicinity of a root. The iterative methods without-memory satisfy
a specific criterion for convergence-order. According to Kung-Traub conjecture [58],
if an iterative scheme without-memory uses n-functional evaluations then it achieves
maximum convergence-order 2" !, and we call it optimal convergence-order. For scalar
nonlinear equations, many researchers have proposed optimal-order (in the sense of
Kung-Traub) iterative schemes derivative-free [59—64] and derivative-bases [65—70].
One of the derivative-free optimal sixteenth-order iterative scheme constructed by R.
Thukral [63]:

(

Wn = Xn +f(xn)»
S (xn)

yn =X, — f[men]?

03 = f[xn,wn]f[yn,wn]_l,

an=Yn— 3 fﬁi’?l] )

= (1+2u3) "' (1-?) 7,

. f(zn)
=2 =1 (van,zn}—f[xmyan [szd> ’
0 = 1 +ujup — uyuzu + us + ug + uiug + usus + 3uyud (u3 — u) £ [xn,ya) 1,

_ _ S Dnszalf(an)
Yntl = =0 <fb’man}f[zman]> )

(1.10)

The iterative methods for scalar nonlinear equations also have application in the con-
struction of iterative methods to find generalized inverses. For instance, the Newton

method has a connection with quadratically convergent Schulz iterative method [71] for
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finding the Moore-Penrose inverse that is written as
X1 =X, (21 — AX,), (1.11)

where A is a matrix. Consider f(X) = A — X! then the Newton iterate to find the zero

of f(X) is the following
X1 =Xo— (A= X, 1) X7 = X, (21 — AX,,). (1.12)

Recently considerable researchers got attention to develop matrix iterative methods to
find the generalized inverses [71-103]. A high-order (twelfth-order) stable numerical
method for matrix inversion is presented in [96]. Actually the iterative method (1.12)
for scalar nonlinear equations is used to develop a higher-order iterative method [96]

(1.12) to compute matrix inverse.

;

Yo =Xn— 12 (%)~ £ (),

zn =20 — f'(vn) " f (30),

tn = 20— (20 = X0) " (f (zn) = F(xa))) "1 f (20), (1.13)
8n = ttn — [ (1)~ f (),

Xnp1 = &n— ((8n = un) " (f(8n) = [ (un))) ™" f(gn)-

\

By applying iterative method (1.13) on matrix nonlinear equation AV — I = O, the iter-

ative method (1.14) is constructed.

Yn = AV,

En = 171 + Y (=281 + y,u (221 + yu (=81 + yin))), (1L14)
Kn = Wnn,

Vi1 = agVa&n (481 + i, (— 121 + K3,)).

\

A vast research has been conducted in the area of iterative methods for nonlinear scalar
equations, but the iterative methods to solve systems of nonlinear equations are rela-
tively less explored. Some of the iterative methods that are originally devised for scalar

nonlinear equations are equally valid for systems of nonlinear equations. The well-know



Chapter 1. Introduction 7

Newton-Raphson iterative method for the system of nonlinear equations is:

F'(x,)91 = F(x,),

Xnp1 =X, — @1,

(1.15)

where F(x) = 0 is the system nonlinear equations. The fourth-order Jarratt [104] itera-

tive scheme scalar version can be written for systems of nonlinear equations as:

F'(x,)91 = F(x),
Yu :xn_%¢1>
(3F'(yn) = F'(xn))@2 = 3F'(yu) + F (x1),

| Xns1 =X — 50201

(1.16)

However it is not true that every iterative method for scalar nonlinear equations can
be adopted to solve systems of nonlinear equations. For example in the well-know
Ostrowski method (1.7) the term f(x,)/(f(x,) —2f(y,)) does not make any sense for
systems of nonlinear equations. The notion of optimal convergence-order is not de-
fined for systems of nonlinear equations. The iterative methods that use less number
of functional evaluations, Jacobian evaluations, Jacobian inverses, matrix-matrix mul-
tiplications and matrix-vector multiplications are considered to be computationally ef-
ficient. H. Montazeri et. al. [105] constructed an efficient iterative scheme with four

convergence—order:

F'(x,)91 = F(x),
Yn =% — 391,
F'(x,)T = F'(yn),
0.=T9,,
03="T9¢>,

Xnyl =Xn— 5014302 — 503

(1.17)

\

The iterative scheme (1.17) uses only one functional evaluation, two Jacobian evalu-
ations, one Jacobian inversion (in the sense of LU-decomposition), two matrix-vector
multiplications and four scalar-vector multiplications. The iterative scheme described
above is efficient because it requires only one matrix inversion. An excellent dissertation
about systems of the nonlinear equations can be consulted in [40, 106—134] and refer-

ences therein. The next step in the construction of iterative methods for systems of the
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nonlinear equations is the construction of multi-step methods. The multi-step methods
are much interesting in the case of systems of nonlinear equations but for scalar non-
linear equation case they are not efficient. The multi-step version of Newton-Raphson

iterative method is:

(
Number of steps =m ¢
F'(x,)91 = F (x),
Convergence-order =m+1 | Base-method —
. . Yi=X—¢
Function evaluations =m y i
fori=1:m—1

Jacobian evaluations =
NS = . F'(x,)¢i = F(yi),
LU-decomposition = )
. Multi-step — Yit1 =Yi— @i,
solutions of systems of i
en

linear equations when right

. . Xn+1 = Ym-
\hand side is a vector =m \ )

(1.18)

The iterative method NS is not efficient for scalar nonlinear equations because accord-
ing to Kung-Traub conjecture for each evaluation of a function the enhancement in the
convergence-order is a multiplier of two. In the iterative scheme (1.18) for each eval-
uation, there is an increase in convergence-order by an additive factor of one. But for
systems of nonlinear equations it is efficient as it requires a single Jacobian inversion
(LU-decomposition). H. Montazeri et. al. [105] have already developed the multi-step
version (1.19) of iterative scheme (1.17) which is more efficient than multi-step iterative
scheme (1.18):
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(F'(x,)91 = F(x,),
2
=X, — 5 s
( Number of steps =m>2 }’1, " 3¢,1
F'(x,)T = F'(yn),
Convergence-order =2m
] i Base-method — { ¢> =T,
Function evaluations =m—1
. . 03=T¢,
Jacobian evaluations = 23
N Y2 =X, — 501
LU-decomposition = 9
. (+3¢2— 503
HM = < Solutions of systems ]
) ) fori=1:m—-2
of linear equations when ,
. o Fl(xn) i3
right hand-side is a vector =m—1
. o . =F(yir1),
right hand-side is a matrix =1 )
. L Multi-step — Yit+2 =it
Matrix-vector multiplications =m 5¢ L3 To
| Vector-vector multiplications = 2m A S
end
\ \ Xn+1 = Ym-
(1.19)

The multi-step iterative methods can also be defined for ordinary differential equa-

tions (ODEs) and partial differential equations (PDEs). The idea of quasilinearization
was introduced by R. E. Bellman, and R. E. Kalaba [135] for ODEs and PDEs. The
quasilinearization [135-142] and its multi-step version for ODEs is written as

ODE —

Quasilinearization (CO = 2) —

Multi-step (CO =m+1) —

,

L(x(1)) + f(x(1)) =b =0
L is linear differential operator

f(x(2)) is a nonlinear function of x(r)

L(xn-H) +f/(xn)xn+l - f/(xn)xn _f(xn) +b

or

(L+ f'(x0) X1 = f (x0) X0 — f(x0) + Db

(1.20)

(LA 1" (xn)) 31 = [ (xn)2n — f(x0) +
(L+f'(xn))y2 = f'(1)y1 = f(n1) +b

(LA f'(%0)) Ym = f' m—1)Ym-1 — f (Ym—1) +b.
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Overview of thesis

The introduction is enclosed in the first chapter. The second chapter deals with the con-
struction of an optimal sixteenth-order iterative method for scalar nonlinear equations.
The idea behind the development of an optimal-order iterative method is to use ratio-
nal functions, which usually provide wider convergence-regions. A set of problems
is solved and compared by using newly developed optimal-order scheme. In the ma-
jority of cases, our iterative scheme shows better results compared with other existing
iterative schemes for solving nonlinear equations. In the third chapter, a general class
of multi-step iterative methods to solve systems of nonlinear equations is developed,
and their respective convergence-order proofs are also given. The validity, accuracy
and computational efficiency are tested by solving systems of nonlinear equations. The
numerical experiments show that our proposals also deal efficiently with systems of
nonlinear equations stemming from partial differential equations. The chapter four and
five shed light on the construction of multi-step iterative methods for systems of nonlin-
ear equations associated with ODEs and PDEs. The distinctive idea was to address the
economical usage of higher-order Fréchet derivatives in the multi-step iterative meth-
ods for systems of nonlinear equations extracted from ODEs and PDEs. The multi-step
iterative methods are computationally efficient, because they re-use the Jacobian in-
formation to enhance the convergence-order. In chapter six, we proposed an iterative
scheme for a general class of systems of nonlinear equations which is more efficient
than the work presented in the third chapter. By plotting the convergence-region, we
try to convince that higher-order iterative schemes have narrow convergence-region. Fi-
nally, chapter seven addresses the construction of a matrix iterative method to compute
the weighted Moore-Penrose inverse of a matrix which is obtained using an iterative
method for nonlinear equations. Several numerical tests show the superiority of our

twelve-order convergent matrix iterative scheme.

Our main contribtion in this research is to explore computationally economical
multi-step iterative methods for solving nonlinear problems. The multi-step iterative
methods consist of two parts namely base method and multi-step part. The multi-step
methods are efficients because the inversion information (LU factors) of frozen Jacobian
in base method is used repeadly in the muti-step part. The burdern of computing LU
factors is over base method and in multi-step part we only solve triangular systems
of linear equations. In order to compute Moore-Penrose inverse of a matrix we use

mutipoint iterative method. Actually the matrix version of algorithm is developed from
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the scalar version of multipoint method and detailed analysis shows that the proposed

matrix version of iterative method is correct, accurate and efficient.
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Chapter 2

Four-Point Optimal Sixteenth-Order
Iterative Method for Solving Nonlinear

Equations

We present an iterative method for solving nonlinear equations. The proposed iter-
ative method has optimal order of convergence sixteen in the sense of Kung-Traub
conjecture (Kung and Traub, 1974), since each iteration uses five functional eval-
uations to achieve the order of convergence. More precisely,the proposed iterative
method utilizes one derivative and four function evaluations. Numerical experi-
ments are carried out in order to demonstrate the convergence and the efficiency of

our iterative method.

2.1 Introduction

According to the Kung and Traub conjecture, a multipoint iterative method without
memory could achieve optimal convergence order 2”~! by performing n evaluations of
function or its derivatives [58]. In order to construct an optimal sixteenth-order con-
vergent iterative method for solving nonlinear equations, we require four and eight
optimal-order iterative schemes. Many authors have been developed optimal eighth-
order iterative methods namely Bi-Ren-Wu [143], Bi-Wu-Ren [144], Guem-Kim [145],
Liu-Wang [146], Wang-Liu [147] and F. Soleymani [91, 148, 149]. Some recent ap-
plications of nonlinear equation solvers in matrix inversion for regular or rectangular

matrices have been introduced in [91, 148, 150].

12
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For the proposed iterative method, we developed two new optimal fourth and
eighth order iterative methods to construct optimal sixteenth-order iterative scheme. On
the other hand,it is known that the rational weight functions give a better convergence
radius. By keeping this fact in mind, we introduced rational terms in weight functions

to achieve optimal sixteen order.

For the sake of completeness, we listed some existing optimal sixteenth order con-
vergent methods. Babajee-Thukral [151] suggested 4-point sixteenth-order king family

of iterative methods for solving nonlinear equations (BT):

( _ _ f(xn)
Y =X )
. . 1+Bt flya)
I =Y T 15 (B2t ) (2.1)

W = 20— (804 01 + 02 + 63) 22,

\

N

Xn+1:wn—(90+91+92+93+94+95+96+97)§/(&Z ,

where
f = f(n) 1 = f(zn) 1= f(zn) 1y = f(wn) ts = f(wn) t — J(wn)
f(xn)’ f(xn)’ f()’n)’ f(xn) ’ f(Zn) ’ () ’
2
=1, 6 Lt pru+3/2p1, =1, O3=4n, O4=t5+n11,

T+ B-2u+(32B-D2
05 = 21115+ 4(1 — B)rits + 20013, O = 26+ (1B> — 47 /2B + 14) 131} + (2B — 3)13
+(5-2B)tstt —13, 67 =814+ (—12B +2B> + 12)t5t; — 4511 + (—2B% + 128 —22)
215 + (—10B% +127/2B% — 1058 +46) 1217 .

In 2011, Geum-Kim [152] proposed a family of optimal sixteenth-order multipoint
methods (GK2):

( _ _ f(xn)
Yn = Xn )
_ f()’n)
= Kt i) (2.2)
Sn = Zn _Hf(unyvnywn)]]:/((i';)) )
f(sn)

Xn+1 = Sn — Wf(unavnawn;tn)f/(xn) s
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where
. f(n) _ f(zn) _ f(zn) _ f(sn)
) TR0 T e T
Ky () = 1+ Buy +(—9+5/2B)u2 14 2uy+ (24 0)wy
) = T B+ (—4+B/2)u2 T = I—vatow,
Wf 1+ 2u, +G(unavl’l7wn)7

one of the choice for G(u,,v,,w,) along with B =24/11 and 6 = —2:

G(up,vp,wy) = —6u2vn —244/1 luiwn + 6wﬁ + un(ZV% + 4vf, +w, — 2w2)

nl):

In the same year, Geum-Kim [153] presented a biparametric family of optimally

convergent sixteenth-order multipoint methods (GK1):

f(xn
Yn = Xn () ?
n — —K n f/(yn) )
< £(u )f(xn) (2.3)
Sn = Zn — Hf(um Vn, Wn)j:/((i;)) )
( Xn+l =8n— Wf(unavnawnatn)j]:/((x)y
where
fn) f(zn) f(zn) fsn)
Up = y Vn= , Wp= , In= s
f(xn) f(yn) f(xn) f(zn)
Ky () — 1+ Buy +(—9+5/2B)u2 14+ 2u,+ (24 0)wy
P =T B = 2un+ (=41 B/2)u2 ' = 1—vetow,
B 14+ 2up+ (24 0)vywy
W = o = 2w —tn 21+ 0wy C s W)

one of the choice for G(u,,w,) along with f =2 and o = —2:

G (ttn, wn) = —1/2 [ty wn (6 + 120, + (24 — 11B)u + 1,91 +40)] + dowz,
¢1 = (118% —66B +136), ¢ = (2u,(6*> —206—9) —46 —6).
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2.2 A new method and convergence analysis

The proposed sixteenth-order iterative method is described as follows (MA):

.

o = = I
o 12— fw)
in = Yn —1—6t% 1 f_/(x”)a (24)
W — oy A=ttty f(z)
n = <n 1—3t1+2l3—12 f’(xn) )
|t =wn— (@1 + g2+ g3+ gatgs +46+q7) 0,
where
o= f(yn> . f(Zn) . f(Zn) . f(wn> . f(wn) . f(wn)
1= , = , 3= , lW=—F—, 5= , le= ;
f(xn) f(yn) J(xn) f(xn) f(n) f(zn)
o 1 - 41‘3 o 153
I o+ r o461y BT1C el BT n 208
8t4 215 fe 151113 54t13
= + + , = , =
94 -ty 1—t5 1—t4 i _% a6 1 -7t

Theorem 2.1. Let f : D C R — R be a sufficiently differentiable function, and o € D
is a simple root of f(x) = 0, for an open interval D. If xy is chosen sufficiently close to
Q, then the iterative scheme (2.3) converges to @ and shows an order of convergence at

least equal to sixteen.

1 f%(a)
K f(a)
k=12,3,---. We provided maple based computer assisted proof in Figure 2.1 and got

Proof. Let error at step n be denoted by ¢, = x, — @ and ¢; = f'(a) and ¢, =

the following error equation:

ent1 = —C4C3C% (65C3C% + 2C4czc§ — 20c§ — 51c§c§ + 5220%52l — 2199C3cg + 2c§

—30c4¢305 + 54c403)el0 + 0(el7). (2.5)

]
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2.3 Numerical results

If the convergence order 7 is defined as

timy, 1l _ o) 2.6)
e, N

len]

then the following expression approximates the computational order of convergence
(COC) [10] as follows

Gy —a) /(o — o)

~ 2.7
Il Gon— @)/ (tn1 — 1)) 7

where « is the root of nonlinear equation. Further the efficiency index is pﬁ, where
#E.E. is total number of function and derivative evaluations in single cycle of iterative
method. A set of five nonlinear equations is used for numerical computations in Table
2.1. Three iterations are performed to calculate the absolute error (|x, — ¢|) and compu-
tational order of convergence. Table 2.2 shows absolute error and computational order

of convergence respectively.

Functions Roots

f1(x) = e*sin(x) +log(1+x?) o=0

fx) = (x—=2)(x110) +x41)e ! o=2

f3(x) = sin(x)? — x>+ 1 o = 1.40449
fa(x) = e —cos(x) oa=0

f5(x) = x> +log(x) a = 0.70470949

TABLE 2.1: Set of six nonlinear functions

2.4 Summary

An optimal sixteenth order iterative scheme has been developed for solving nonlinear
equations. A Maple program is provided to calculate error equation, which actually
shows the optimal order of convergence in the sense of the Kung-Traub conjecture. The
computational order of convergence also verifies our claimed order of convergence.
The proposed scheme uses four function and one derivative evaluations per full cycle

which gives 1.741 as the efficiency index. We also have shown the validity of our



Chapter 2. Four-Point Optimal Sixteenth-Order Iterative Method for Solving Nonlinear

Equations

17

(fn(x),x0) Iter/COC MA BT GK1 GK2

f1, 1.0 1 0.00268 0.00183 0.0111 0.00230
2 2.03e-37 1.71e-37  6.35e-24  5.6le-34
3 2.47e-583  3.53e-582 1.37e-363 1.03e-523
cocC 16 16 16 16

f2,2.5 1 0.04086 0.0639 0.0296 0.00866
2 6.16e-9 650.0 5.35e-14  2.53e-21
3 1.50e-121 divergent  4.79e-201  1.89e-317
cocC 16.5 - 15.9 16.0

f3,2.5 1 0.0000326  0.0000303 0.000497  0.0000677
2 4.87e-73 1.70e-72  1.56e-51 1.14e-64
3 3.11e-1158 1.63e- 1.42e-811  4.52e-

1148 1021

cocC 16 16 16 16

f1, 1/6 1 2.79e-7 0.0000864 1.28e-7 0.000167
2 1.00e-109 1.18e-63  2.28e-107  9.28e-57
3 2.80e-1851 1.72e- 2.24e- 7.82e-893

1005 1703

cocC 17 16 16 16

f5,3.0 1 0.0486 0.135 0.0949 0.0133
2 1.95e-22 1.81e-17 1.78e-19 1.11e-35
3 8.46e-349  1.79e-271 6.86e-302 2.61e-563
cocC 16.0 16.0 159 16.0

TABLE 2.2: Numerical comparison of absolute error |x, — @|, number of iterations =3

proposed iterative scheme by comparing it with other existing optimal sixteen-order it-

erative methods. The numerical results demonstrate that the considered iterative scheme

is competitive when compared with other methods taken from the relevant literature.
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* * * * * * * * * *
* * * * * * *
* * * * * * * * *
* * * * * * * *
- * — * - %
- * - * - ¥
- * * - %k * * * - % * * - ¥ * - % * * *
* * * * - * *
* * * * * * * * *
* * * * * * * *
- - * - %k * -
- - * — % * -
- * * * — % * * - % * * * * * - % * * *
- % * * * * * *
* * * * * * * * * *
* * * * * *
- %
* - *
- - %
* - * - -
* * - *
* * - *
* * * * * * * * * *
* * * *
- *
- * * * * * * * * - * - * * * * - * *
* - * * * * *

FIGURE 2.1: Algorithm: The maple code for finding the error equation.



Chapter 3

Numerical Solution of Nonlinear
Systems by a General Class of Iterative
Methods with Application to Nonlinear
PDEs

A general class of multi-step iterative methods for finding approximate real or
complex solutions of nonlinear systems is presented. The well-known technique
of undetermined coefficients is used to construct the first method of the class while,
the higher order schemes will be attained by making use of a frozen Jacobian. The
"point of attraction’ theory will be taken into account to prove the convergence
behavior of the main proposed iterative method. Then, it will be observed that a
m-step method converges with 2m-order. A discussion of the computational effi-
ciency index alongside numerical comparisons with the existing methods will be
given. Finally, we illustrate the application of the new schemes in solving nonlin-

ear partial differential equations.

3.1 Introduction

In this chapter, we introduce a general class of multi-step iterative methods free from
second or higher-order Frechet derivatives for solving the nonlinear system of equations

F(x) =0, where F : D C RY — R¥ is a continuously differentiable mapping. We are

19
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interested in high-order fast methods for which the computational load and efficiency

are reasonable to deal with nonlinear systems.

Let F(x) be differentiable enough and x* be the solution such that F(x*) = 0 and
det(F’(x*)) # 0. Then, according to [3] F(x) has an inverse G : RV — RY, where
x = G(y) defined in a neighborhood of F(x*) = 0. We further consider that x(%) € D is

a starting vector or guess of x* and y(©) = F(x(©)).

By approximating G(x) with its first-order Taylor series around y(®), we have
G(y) ~ G(yo) + G'(yo)(y — y0). As in the scalar case, we can obtain a new approxi-
mation x{!) of G(0) = x* by making

' = G(yp) — G (yo)yo = 0 — F'(xO) =1 F (x). (3.1)
This iteration method leads to the well-known Newton’s method in several variables
XD = 0 _ F T R =0,1,2,- - (3.2)

Another famous and efficient scheme for solving systems of nonlinear equations is

the Jarratt fourth-order method [154] defined as follows

yn) = x(n) — %F’(x(”))_lF(x(”)),
) =y L 3E/ (y)) — B (x()) 7! (3.3)
(BF' () + F' (x))F! (x) 1P (x).

As 1s known, the scheme (3.2) reaches second order using the evaluations F’ (x(”))
and F'(x")), while the scheme (3.3) achieves fourth-order by applying F (x("), F'(x(")
and F’(y")) per computing step.

Such solvers have many applications. For example, Pourjafari et al. in [155] dis-
cussed the application of such methods in optimization and engineering problems. Be-
sides that, Waziri et al. in [156] showed their application in solving integral equations
by proposing an approximation for the Jacobian matrix per computing step in the form
of a diagonal matrix. In this work, we will show the application of such solvers for
nonlinear problems arising in the solution of Partial Differential Equations (PDEs). In-

terested readers may refer to [40], [157], [158], and [159] for further pointers.

In this chapter, in order to improve the convergence behavior of the above well-

known methods and to find an efficient scheme to tackle the nonlinear problems, we
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propose a new one with eighth-order convergence to find both real and complex solu-
tions. The new proposed method only needs first-order Frechet derivative evaluations
and is in fact free from higher-order Frechet derivatives. As a matter of fact, third-
order methods such as Halley’s and Chebyshev’s methods need second-order Frechet

derivative evaluations, which makes the computation process time-consuming [160].

The remaining sections of the chapter are organized in what follows. Section 3.2
provides the construction of a new iteration method. Section 3.6.1 discusses the conver-
gence order of the method using the theory of point of attraction due to [161]. Then in
Section 3.4, we propose a general multi-step nonlinear solver for systems of equations.
Next, Section 3.5 the computational efficiency will be discussed. Numerical results are
included in Section 3.6 to validate the effectiveness of the proposed method in finding
real and complex solutions of nonlinear systems with applications. Ultimately, Section

3.7 draws a conclusion of this study.

3.2 The construction of the method

We here construct a new scheme. Let us first consider the well-known technique of
undetermined coefficients to develop a high order method as follows in the scalar case

(n:071727“')
( _ 2 f(xn)

R —_— - j
=X T 23 ()= ) £ Con) (3.4)
S | ) B |
Wn = Zn q1.f' () +q2f" (vn)’
oot = — —Swn)
| X+l g )+ )|

—~
—

As could be seen, the structure (3.4) includes four steps in which the denominator
of the third and fourth steps are considered to be the same on purpose. To illustrate
further, this assumption leads us to improve the order of convergence from the third
step to the fourth one, while the computational burden in order to solve the involved
linear systems and the Jacobian is low. Once we generalize (3.4) to N dimensions, the
Jacobians F'(x") and F’(y") will be computed once per cycle and the last two sub-steps
will not impose high burdensome load to the technique. Note also that the constructed
method in this way would be different form to the combination of Jarratt method with
the Chord method discussed in [162].
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Now we employ the Computer Algebra System Mathematica [163] to find the un-
known quantities. It should also be remarked that the first two steps of (3.4) is the Jarratt
fourth-order method (3.3). Letus assume e =x—x", u=y—x*, v=z—x"t =w—x%,
ee = Xpew — X, (without the index n) and dfa = f'(x*). Using its Taylor series, the

function can be defined as follows

fle_] := dfax(e + c2%e”2 + c3*e”3

+ cd*xe~4 + chb*e~5 + c6*%e”6 + c7*e~7 + c8*e~8).

Now, according to the first two steps of (3.4), we can write the Taylor expansion in what

follows

e - (2/3)xSeries[fle]l/f’[e]l, {e, 0, 6}] //Simplify;
e - Series[(1/2)*((3xf’[u] + f’[e])/(3%f’ [u]
- f2lel))*(flel/f’[el), {e, 0, 63]1//Simplify.

]
I

<
I

At this time when we obtain fourth-order convergence (the attained error equation

reveals this fact), we keep going to the third step:

t =v - flvl/(qi*xf’[e] + q2*f’[ul) // Simplify.

Let us now have the coefficients of the fourth and fifth terms in the obtained error

equation

a4
ab

Coefficient[t, e~4] // FullSimplify
Coefficient[t, e~5] // FullSimplify.

To attain sixth-order convergence, we now solve a simultaneous linear system of

two equations using a command in Mathematica as follows:
Solve[{a4 == 0, ab == 0}, {ql, g2}] // FullSimplify.

This gives the following results

1 3
G =5 2 (3.5)

Due to the fact that the correcting factors in the third and fourth steps of our struc-
ture (3.4) are equal, thus we have further acceleration in the convergence rate at the end

of the structure (3.4). Implementing again the Taylor expansion, we obtain
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ee =t - f[t]1/((-1/2)*f’[e]l + (3/2)*f’[ul) // Simplify;

Thus, the final asymptotic error constant of our scheme (3.4) can be produced by

applying
a8 = Coefficient[ee, e~8] // FullSimplify

We now propose our high-order method for finding real and complex solutions of

the nonlinear systems in what follows

( y(n) — x(”) — %F/(x(n))_lF(x(n)),
(M) = x(n) _ %(3F/(y(n)) — F'(x(m))~1
(B () + F/ () F/ ()~ F (x0), (3.6)
w) = 20 — (SLF/ (x4 3F/ (y)) =1 F (),
Xt — y(n) (—TIF’(X(")) + %F/(y(”)))—lp(w(”))_

Per computing step, the new method (3.6) requires to compute F' at three different
points and the Jacobians F’ at two points. In order to prove the convergence order
of (3.6), we need to firstly remind some important lemmas in the theory of point of

attraction.

Lemma 3.1. (Perturbation Theory [160]) Suppose that A,C € L(RY), where L(R") is
the space of linear operators from RN to RN. Let A be nonsingular and ||A7"|| < «,
l|JA—C|| < u, au <1, then C is nonsingular and

(04

c < .
I H_l_au

(3.7)

Lemma 3.2. [160] Assume that G : D C RN — RN has a fixed point x* € int(D) and
G(x) is Frechet-differentiable on x* if

p(G'(x") =0 <1, (3.8)

then there exists S = S(x*,8) C D, for any xO) € S. Thus, x* is an attraction point of
xntl) — G(x(”)).

Lemma 3.3. [160] Suppose F : D C RN — RY has a p'* Frechet-derivative and its F ()
be hemi-continuous at each point of a convex set Dy C D, then for any u,v € Dy, if F (p)
is bounded, that is,

IFP) @) < kp, (3.9)
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then, one has

k

u)(v—u)’|| < ITI:HV—MHP. (3.10)

0% 5

1
J!

Lemma 3.4. [164] Suppose that C: D C RY = RN and M : D C RN — RN are func-
tional depending on F with C(x*) = 0 and M(x*) = x* and M and C are Frechet differ-
entiable at a point x* € int(D). Let A : Sy — L(RY) be defined on an open neighborhood
So C D of x* and continuous at x*. Assume further that A(x*) is nonsingular. Then, there

exists a ball

S=5(*8) = {Hx* x| < 5} C So, 8 >0,

on which the mapping
G:S—RN  G(x)=M@x)—A@x)"'C(x), forall ,x €S,
is well-defined; moreover, G is Frechet differentiable at x*, thus
G'(x") =M'(x*")—AX*) 1T (x").

Theorem 3.5. (Attraction Theorem for Newton Method) [160] Let F : D C RN — RN
be twice Frechet-differentiable in an open ball S = S(x*,8) C D, where x* € int(D), and
F"(x) be bounded on S. Assume that F(x*) = 0 and that F'(x*) is non-singular, that

(x*)~Y| = . Then x* is a point of attraction of the iteration defined by Newton

iteration function
N(x) =x—F'(x)"'F(x). (3.11)

That is, N(x) is well defined and satisfies an estimate of the form
INGe) = x| < A el|?, (3.12)

for all x € Sy, on some ball S| = S(x*,8;) C S where e = x — x*.

3.3 Convergence analysis

In this section, we study the convergence behavior of the method (3.6) using point of

attraction theory.
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Theorem 3.6 (Attraction Theorem for the Jarratt Method [161]). Under the conditions
of Theorem 3.5, suppose that F"(x) is bounded and F®)(x) is both bounded and Lip-
schitz continuous. Then x* is a point of attraction of the iteration defined by process
7 = Gy JM(x(")). The iteration function is well defined and satisfies an estimate of
the form

[Gunng () " < Aallell, (3.13)

forall x € S5, on some ball S, = S(x*,5,) C S;.

Note that Gy, and Ggujy, are the fourth and eighth order Jarratt-type methods
(3.3) and (3.6), respectively. Similar notations have been used throughout. We begin

the rest of the work by proving two important lemmas.

Lemma 3.7. Let . 3
AW) = =5 F'(x) + SF'((x)), (3.14)

wherein y(x) = x+ %(N (x) —x). Under the conditions of Theorem 3.6, we have

. 10
[1A(x) = F' ()| < (ks + Aaka)lel|* +

kA

=5 llell’, (3.15)

or all x € Sz, on some ball S3 = S(x*,8;) C Sy. Furthermore A(x)~" exists and
fi ;

o
A~ < —_—, (3.16)
L= [(F70ks +adiks)|le][2 + 257 el ]
whenever o (%k3 +llk2) 532 + akg’ll 533 < 1.
Proof. Since F(x*) =0, we have y(x*) = x* and thus A(x*) = F'(x*). Now
L Xx—x" 2 .
y(x)—x" = 3 +§(N(x)—x ). (3.17)

Let us find the upper bound of ||A(x) — F'(x*)||. By the mean value theorem for inte-

grals, we have

AW -AGY) = 5 ()~ () + 5 (F () F())

1 /1
= =3 F"(x* +t(x —x*))dt (x — x*)
0

+%/01F”(x*+S(y(X) —x"))ds(y(x) —x7)),
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which, using eq. (3.17), simplifies to
A(x) —AX") =W (x —x") + Wr(N(x) —x7), (3.18)

wherein W; = fol fol F"(x*+s(y(x) —x*)) — F"(x* +1(x —x*))dsdt and W, = fol F" (x* +
s(y(x) —x*))ds. Furthermore, using the bounds on F"”, the Schwartz inequality and eq.
(3.17), we have

W = H/// (3 1 (= x%) + w(s(y(x) —x) (3.19)
(" ))xs(y(x)— )~ t(x — x*)dsdrdw)|
< k3/ / s(y(x) = x*) — £ (x — x*)dsdlt| (3.20)

_ k3/ / (/3 —1)(x x)—|—23s(N(x)—x*)dsdt||.

Now, by applying the triangular inequality, one may have

W] < k] x — x*n//\——r\dsdmkgruv *H//—dsdt (3.21)

which reduces to
Hﬂﬁ!\<ik3 Hx X H-+ HPV(X)—-x*H- (3.22)

We also have ||W;|| < k, using the bounds of F”. We further could write using egs.
(3.22) and (3.12):

IA@) = F'G) | < Wl [le—x] [+ Wall | IN ) =] (3.23)
10 k . .
< ka2 P x| NG - (3.24)
RV
and
(% 10 2 k3 3 2
AW = F') < ShallellP+ S allel? +dikallel?. (325)

which proves eq. (3.15). Since ||e|| < & for all x € S3 and ||A(x*)~!|| = ||F/(x*)7!|| =

o, we have

10

[mh+hm&+a3h@<l (3.26)

JAG) I AG) - F/ ()| <
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which satisfies our assumption. By the Perturbation Lemma, A(x) ! exists and its bound

is given by
- lAG) "]
A~ < a . (3.27)
I={IAGH) ] A Gx) — A
o
< . (3.28)
1= (3903 + 0Aaka) el [+ #5% fe]]
The proof is now complete. U

Lemma 3.8. Under the conditions of Theorem 3.6,

10

IF(G(x)) =AX)(Gx) —x7)]| < %IIG(X)—X*HZH(ﬁ’Q
Mlkz)lleHer%AIMP]HG(X)—x*H, (3.29)

forall x € S3 C Sy and G(x) is any iteration function.

Proof. Using eq. (3.10) with v = G(x), u = x* and p =2 in Lemma 3.1 and eq. (3.15),

we have

I1F(G(x)) —Ax)(G(x) —x7)[| = [IF(G(x)) = F'(x)(G(x) —x)
+(F'(x") = A(x))(G(x) —x")
< |IF(G() = F'(x")(G(x) —x7)]| (3.30)

HIAR) = F' ()| [1G(x) —x7||

k 10
< ZUGE) — x|+ [k + ko) el
k3 .
+=5 el PlIG() =27
The proof is ended. ]

Theorem 3.9. Under the conditions of Theorem 3.6, x* is a point of attraction of the
iteration defined by process wi) = Ggin JM(x(”)). Thus, the iteration function is well

defined and satisfies an estimate of the form
|Geonna (6) = x| < A lel®, (3.31)
for all x € S3, on some ball S5 = S(x*,83) C S».

Proof. We have M(x) = Gy, (x) and C(x) = F (G, (x)) which are differentiable

functions at x*. Also, A(x) is continuous at x* for all x € S3. All the conditions of Lemma
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3.4 are satisfied. Therefore Gy, (x*) = 0 since G, (x*) = 0 and p(Gy,, ,,(x")) =
0 < 1. By Ostrowski’s Theorem, it follows that x* is a point of attraction of G 3, (x)

which is well defined in S3. Now, for any x € S3,
| Geongpg = x| < A ™| AG) (G gy (%) = x°) = F(Gngpg)]- (3.32)

Using eqgs. (3.16), (3.13) and (3.29), eq. (3.32) simplifies to

(04
1= (ks + adik)[e] 2 + <52 Je] ]

|Gernypr — X7|| <

ko A2 10 k3 A
[%ﬂ\euu<ﬁzzk3+mzkz>ueu6+%W]:weuﬂ (3.33)
where
(04
A3 = 10 ) 3
1 —[(370ks + adiky)|le]|? + F57[e] |°]
koA o, 10 k312
[T||€|| +(ﬁ7tzk3+/hlzk2)+ 3 e[|

which establish the sixth order convergence. We here note that k, and k3 are upper
bounds on F” and F"” based on eq. (3.9) for their definitions and defining A, as constant
depending on bounds of F” and also the bounds and Lipschitz continuity of F”. This
completes the proof. ]

Theorem 3.10. Under the conditions of Theorem 3.6, x* is a point of attraction of the
iteration defined by process x(ntl) = Ggn gy (x(”)). The iteration function is well defined

and satisfies an estimate of the form
|Gonng (6) = x| < Aallell®, (3.34)

for all x € Sy, on some ball Sy = S(x*,84) C S;.

Proof. We have M(x) = Ggi,(x) and C(x) = F(Ggmny,(x)), which are differentiable
functions at x*. Also, A(x) is continuous at x* for all x € S4. All the conditions of Lemma
3.4 are satisfied. Therefore Gy, (x*) = 0 since G\, (x*) = 0 and p(Gyy, ,,(x*)) =
0 < 1. By Ostrowski’s Theorem, it follows that x* is a point of attraction of Ggn ()

which is well defined in S4. Now, for any x € S4,

| Gingpg — || < JJAG) ] [JAG) (Ggnypg (x) = 5*) = F (G- (3.35)
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Using eqgs. (3.16), (3.31) and (3.29), eq. (3.35) simplifies to
o
||Ggongpg — 7| <
1= [(F ks + @) le] |2+ 2524 ] )
kA3 10 k37L 2
[Tkz”e!l” + (55 haks + adaky)llel |+ =5 el || = Aallel®, (3.30)
where
A o
4 =
1= [(F ks + whiko) e P+ L2 ]
ko A3 10 k3 A A
0 el (2 Aok + A oks) + SNl
2 27
and it establishes the eighth order convergence. ]

When dealing with hard nonlinear systems of equations, the computational effi-

ciency of the considered iterative method is important. In what follows, we first try to

simplify the proposed scheme to be computationally efficient. Simplifying the third and

fourth step of (3.6) results in a same correcting factor for these sub-steps and the same

as the second step, i.e.

[y = x0) = 2R/ (x() 1 (),
7(n) = x(n) _ %(3F/(y(n)) — F/(x(m))~!
(BF'(y) + F/(x))F' ()~ F (x),
W) = 2 2(3F/(y) — F/(x)) = F (20),
xnt1) — ,(n )_2(3F/(y(n)) _F’(x(")))—lF(W("))_

(3.37)

Now the implementation of (3.37) quite depends on the involved linear algebra

problems. Hopefully the linear system F’(x("))V, = F(x")) could be computed once

per step in order to avoid computing the inverse F’ (x(”))_l, and its vector solution will
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be used twice per step as follows

;

y(n) = x(n) — %Vn’

(n) = x(0) _ Lp=1(3F/ (y(W) £ F' (x)),,
) 2 =2 Jua G ) 4 ) .
w(n) = (1) _ 21\/[}1—1]:@("))7

_x(n+1) — W(”) _ 2Mn_1F(W(n)),

\

wherein M,, = 3F’'(y")) — F’(x\")). Another interesting point in the formulation (3.38)
is that the LU decomposition of M,, needs to be done only once, but it could effectively
be used three times per computing step to increase the rate of convergence without
imposing much computational burden and time. A thorough discussion of this would

be given in Section 3.5.

3.4 Further extensions

This section presents a general class of multi-step nonlinear solvers. In fact, the new
scheme (3.38) can simply be improved by considering the Jacobian M,, to be frozen.
In such a way, we are able to propose a general m-step multi-point class of iterative

methods in the following structure:

( 191(n) :x(”) - %Vm
o) = 200 — Lp=1(3F (") + F' (x™))V,,
0" = 0" —2p, 1F ("),

o ) (3.39)
0" = 0" —2p, 1F(9]"),

wherein p, = 3F’ (191('1)

) — F’'(x("). Tt is fascinating to mention that in this structure,
the LU factorization of the Jacobian matrix p, would be computed only once and it
would be consumed m — 2 times through one full cycle (we have m — 2 linear systems
with the same coefficient matrix p, and multiple right hand sides). This fully reduce the

computational load of the linear algebra problems involved in implementing (3.39).

In the iterative process (3.39) each added step will impose one more N-dimensional

function whose cost is N scalar evaluations the convergence order will improved to
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2+ O0(m—1), wherein O(m — 1) is the order of the previous sub-steps. Considering the
well-known Mathematical induction, it would be easy to deduce the following theorem
for (3.39):

Theorem 3.11. The m-step (m > 3) iterative process (3.39) has the local convergence
order 2m using m— 1 evaluations of the function F and two first-order Frechet derivative

F' per full iteration.

Proof. The proof of this theorem is based on Mathematical induction and is straightfor-

ward. Hence, it is omitted. (]

As an example, the six-step twelfth-order method from the new class has the fol-

lowing structure:

( 191(") = x() — %Vm

0" = x0) — Lp=1(3F/ (5" + F/(x™))V,,
oy = 0" —2p, 1 F(0)"),

0y = 0" —2p, 1 F ("),

8" =0\ —2p, ' F(0)"),

[ XD = g1 = ol —2p 1 F(v").

(3.40)

3.5 Comparison on computational efficiency index

When considering the iterative method (3.38), one has to solve a linear system of equa-
tions M,K,, = b;, i = 1,2,3, that is to say, a linear system with three multiple right
hand sides. In such a case, one could compute a factorization of the matrix and use it

repeatedly.

The way that MATHEMATICA 8 allows users to re-use the factorization is really
simple. It is common to save the factorization and use it to solve repeated problems.
Herein, this is done by using a one-argument form of LinearSolve; this returns a

functional that one can apply to different vectors/matrices to obtain the solutions.

We here apply MATHEMATICA 8 due to the fact that it performs faster for large
scale problems. See Figure 3.1 (left and right), in which the comparison among this pro-
gramming package and Maple have been illustrated based on [165] with entries between

1073 and 10° for the test matrices.
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The iterative method (3.38) has the following cost: N evaluations of scalar func-
tions for F(x), N evaluations of scalar functions for F(z), N evaluations of scalar func-
tions for F(w), N? evaluations of scalar functions for the Jacobian F’(x), again N°
evaluations of scalar functions for the Jacobian F’(y) and two LU decompositions for

solving the linear systems involved.

To be more precise, the computing of the LU decomposition by any of the existing
algorithms in the literature normally requires 23l3 flops in the floating point arithmetic,
while the floating point operations for solving the two triangular systems will be 2N?
when the right hand side of the systems is a vector, and 2N?, or roughly N as considered

herein, when the right hand side is a matrix.

In computing, flops (for FLoating-point Operations Per Second) is a measure of
computer performance, especially in fields of scientific calculations that make heavy
use of floating-point calculations. Alternatively, the singular FLOP (or flop) is used as
an abbreviation for "FLoating-point OPeration", and a flop count is a count of these
operations (e.g., required by a given algorithm or computer program). We remind that
in Matlab, the flops for solving the two triangular systems is 1.5N? using High Per-
formance Computing (HPC) challenge instead of 2N?. High Performance Computing
(HPC) aims at providing reasonably fast computing solutions to both scientific and real
life technical problems [166]. The advent of multicore architectures is noteworthy in
the HPC history, because it has brought the underlying concept of multiprocessing into

common consideration and has changed the landscape of standard computing.

There are numerous indices for assessing the computational efficiency of the non-
linear system solvers. We now provide the comparison of efficiency indices for the
method (3.2), the scheme (3.3), the sixth-order method of Cordero et al. (CM) in [154],
which is in fact the first three steps of the algorithm (3.37), the new method (3.38)
and also one method from the general multi-step iteration (3.39), we choose e.g. the
twelfth-order iterative method (3.40). In what follows, we consider two different ap-
proaches for comparing the efficiencies. One is the traditional efficiency index which is
given by E = p%, where p is the order of convergence and c is the number of functional
evaluations and more practically the flops-like efficiency index by E = p%, where C
stands for the total computational cost per iteration in terms of the number of functional
evaluations along with cost of LU decompositions and solving two triangular systems
(based on the flops). So, we considered a same cost for the operations and function
evaluations. It is obvious that the second approach is much more practical in evaluating

the performance of nonlinear equations solvers.
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However, we tried to compare different methods in a same and similar environment
in this work, not in HPC. In fact, herein we consider that the cost of scalar function
evaluation is nearly the same to the cost of doing typical operations in factiorization
of a matrix and they are unity. Note that it is only an assumption and in general the
relation between the cost of scalar function evaluation and the cost of doing operations

are related to the specifications of the computer.

Timings for solving exact linear systems Timings for exact inverse

(213
s
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‘ Mathematcad - Mathematca T |Map\em‘ ‘ Msthematis® - Wiathemaical .Mamem‘

FIGURE 3.1: Timings for solving linear systems of different sizes (left) and Timings
for computing the inverse of integer matrices with different sizes (right).

It is clearly obvious that the new methods (3.38) and (3.40) beat the other schemes
(3.2), (3.3) and (CM), for any N > 2, for both traditional efficiency index and the

flops-like efficiency index. Note that for the tradltlonal efficiency index, we have
1

TEI3,) =28V, TEl;3 3 = 4N+2N2 TEIcyy = 62N+2N2 and for the proposed methods
1

1
TEI335) =83V+28* and T EI(3.40) = 125v+23* . And for the flops-like efficiency indices,

1

1
S T S N S R
we have FEI3 ) = 2N+3N2+ . FEIg, 3) = _ gV I . FElcyy = 62V +%5= and for
1
3 3
the proposed methods FEI(3 33) = 83N+8N2+% and FEI (3 40) = (25NN

The comparison of the traditional efficiency index and the flops-like efficiency
index are given in Figures 3.2 and 3.3, respectively. In these figures, the colors blue,
red, purple, brown and black stand for (3.40), (3.6), (3.3), (CM) and (3.2) respectively.
In Figure 3.3, and based on the practical flops-like efficiency index, there is no clear
winner for low dimensional systems, while for higher dimensions, the scheme (3.40) is
the best one. Clearly, higher order methods from the general class of iterative methods

(3.40), will have much better practical efficiencies.
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3.6 Numerical results and applications

We divide this section into two sub-sections, where the first part only contains pure

academical tests, while the second one focuses on application-oriented problems.

10301\
10251
1020
1015
1010+

1005

FIGURE 3.2: The comparison of the traditional efficiency indices for different methods
(left N =5,...,15) and (right N = 90, ..., 110). The colors blue, red, purple, brown and

10021

1001+

FIGURE 3.3: The comparison of the flops-like efficiency indices for different methods
(left N =15,...,15) and (right N = 90, ..., 110). The colors blue, red, purple, brown and

100014+
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1.00006 -
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black stand for (3.40), (3.38), (3.3), (CM) and (3.2).

L004 -

g\

P R
100 105

black stand for (3.40), (3.38), (3.3), (CM) and (3.2).

We employ here the second order method of Newton (3.2) denoted by NM, the

fourth-order scheme of Jarratt (3.3) denoted by JM, the sixth-order method of Cordero
et al. CM and the proposed eighth-order methods (3.38) denoted by PMS in sub-section
3.6.1, and the twelfth-order method (3.40) denoted by PM12, in the subsection 3.6.2

to compare the numerical results obtained from these methods in solving test nonlinear

systems.
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3.6.1 Academical tests

Experiment 1. As a first problem, we take into account the following system of three

nonlinear equations

3_ 4 —
xp—x5+x3 =0,

X3 —x3x; =0, (3.41)
x%—xlxg =0.
Due to page limitations, we show the solution of each system herein
up to 20 decimal places. In this test problem the solution is the fol-

lowing  vector: x* &~ (1.0000000000000000000, 1.2720196495140689643,
1.6180339887498948482)7 .

Experiment 2. In order to reveal the capability of the suggested method in find-

ing complex solutions, we consider the following nonlinear system:

;

sin(x}) —cos(x3) — x3 +x§ +X% —x% =0,
3x1 +xpx3 — tan(xg) +x2 =0,
3 Xs
B —x —81x% —10=0,
2 3 (3.42)
x1x 4 2x3 —sin(xg) = 0,

xg +exp(xg) =0,

sin(xy) — x> 4+ 10xs —x3 =0,

\

where its complex root is as follows

0.39749982364780502837 +0.26108554547088111068i
—1.9503599303349781065 + 3.5327977271774986368i
. 0.91919518428164788413 —0.30271085317212191688i ' (3.43)
0.13551997536770926739 + 0.28832297358589852369i
0.34902615622431383784 — 1.16057339570295584425i

—0.1638711842606608810 4 1.5509142363607599627i

=
Q
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Experiment 3. We consider the following test problem

(1 —arctan(x;x;) + sin(x3) + exp(sin(xs)) = 0,

x5 —x3 —2sin(xs) =0,

1 —sin(x;) +sin(xq) =0, (3.44)
X} +x3 —xq+xs5 =0,

x}0—x3—10=0,

\

where its complex solution is as follows

1.7823769260571925309 — 0.0009598583894715211i
1.3869672965337494318 +-2.2356662518971732430i
* —1.2859657551711001939 +- 0.6583636453356390906i . (3.45)
—0.022301196074677766935 + 0.000201625720320392369i
6.7939198734625295879 — 0.0125846173983932572i

=
&

In order to have a fair comparison, we let the methods of lower orders perform
a greater number of full cycles. We report the numerical results for solving the Ex-
periments 1-3 in the Tables 3.1,3.2 and 3.3 based on the initial guesses. The residual
norm along with the number of iterations and computational time using the command
AbsoluteTiming[] in MATHEMATICA 8 are reported in Tables 3.1,3.2 and 3.3. An
efficient way to numerically observe the behavior of the order of convergence is to use

the local computational order of convergence (COC) that can be defined by

In([[F (") 1/ 1F ™))

COC ~ , (3.46)
In(||F (x()][]/]|F (x(=D)]])
for the N-dimensional case.
Iterative methods (NM) (JIM) (CM) (PMS)
Number of iterations 17 8 7 6
The residual norm 1.32x 107103 433x 10777 2.56x 107187 59810118
CcOoC 2.00 4.05 6.06 8.19
The elapsed time 0.093 0.070 0.062 0.046

TABLE 3.1: Results of comparisons for different methods in Experiment 1 using x0) =
(14,10, 10)
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Iterative methods (NM) (IM) (CM) (PMB)
Number of iterations  Div. 5 4 4
The residual norm —  1.97x1073 127x107¥ 237x10776
CcoC — 3.98 6.00 7.97
The elapsed time — 0.51 0.46 0.50

TABLE 3.2: Results of comparisons for different methods in Experiment 2 using x0) =
(1,21,1,1,1,3]) and I = /—1

In numerical comparisons, we have chosen the fixed point arithmetics to be 200
using the command SetAccuracy [expr,200] in the written codes. We employ a stop-
ping criterion based on the residual norm of the multi-variate function with tolerance
parameter 1.E — 97, with norm 2. Note that the computer specifications are Microsoft
Windows XP Intel(R), Pentium(R) 4 CPU, 3.20GHz with 4GB of RAM.

Results for Experiment 1 reveals that the proposed method requires less or equal
number of iterations to obtain higher accuracy in contrast to the other methods. Tables
3.2 and 3.3 also reveals the importance of the initial guess. For example, although the
new scheme (3.6) with two corrector steps (the third and fourth steps) per full computing
step is much more better than the schemes NM, JM and CM, a simple line search could
be done in solving nonlinear systems of equations to let the initial guess arrive at the
convergence basin. Robust strategies for providing enough accurate initial guesses have
been discussed in [167] and [168].

Tables 3.1, 3.2 and 3.3 also include the local computational order of convergence
for different methods (by the use of the last three full steps of each scheme) to numer-
ically observe the analytical discussion given in Section on the rate of convergence for
the contributed methods. Note that the elapsed time in this chapter are expressed in

seconds.

We also remind that in case of facing with singular matrices if a badly chosen
initial approximation be chosen, then one might use the generalized outer inverses (see

e.g. [169, 170] and [171] ) instead of the regular inverse without losing the convergence.
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3.6.2 Application-oriented tests

This sub-section reveals the application of the new method in solving a nonlinear prob-
lem arising from the discretization of nonlinear PDEs. Generally speaking, when solv-

ing a nonlinear problem such as nonlinear PDEs, it would be reduced to

Iterative methods (NM) JM) (CM) (PMB)
Number of iterations 10 Div.  Div. 7

The residual norm  5.14 x 1079 — —  7.67x107%
cocC 2.00 — — 8.02
The elapsed time 0.26 — — 0.31

TABLE 3.3: Results of comparisons for different methods in Experiment 3 using x(¥) =
(2.1,1,1.9,—11,2)

solving a system of nonlinear algebraic equations. Another point is that for such
cases, basically numerical results of lower accuracy in terms of the precision are
needed. Hence, we here try to find the solution using finite difference discretization
with the stopping criterion ||F(x)|l» < 1078, In the following tests, we consider
u = u(x,t), which is the exact solution of the nonlinear PDE. The approximate solution
is denoted by w; ;j ~ u(xi,tj) at the node i, j on the considered mesh [172]. Here, we
assume M and N be the number of steps along the space and time, and m = M — 1,
n=N-—1.

Experiment 4. A simplified model of fluid flow is the Burgers’ equation with

Dirichlet boundary conditions and the diffusion coefficient D:

4
Uy + utty = Dutyy,

_ 2Dpmsin(mx)
1(x,0) = B eos(meys 0S¥ <2, (3.47)
u(0,¢) =0, 1 >0,

u(l,t)=0,1t>0.

IN

To solve this PDE, we use the backward finite difference for the first derivative

along the time (the independent variable #): u,(x;,t;) ~ %, where k is the step

size, and the central finite difference for the other involved pieces of the equations, i.e.,
Wit j—Wi—1j Wit j—=2w; j+wi_1 . . .
(i, 17) o =R E=Rand w(x;, 1) o =5k wherein h is the step size

along the space (x). We consider « =5, 3 =4, D =0.05,and T = 1.
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In solving (3.47), the procedure will end in a nonlinear system of algebraic
equations having a large sparse Jacobian matrix, which have been solved and compared
through the tested methods applied in Section 3.6.1. The solution has been plotted
in Figure 3.4. Table 3.4 presents the comparison results for this test. For this test we
have chosen M = N = 21, to obtain a nonlinear system of size 400, with the starting
vector xg = Table[0.6,{i,1,m«*n}| in the Mathematica environment with the machine

precision.

Iterative methods (NM) (M) (CM) (PM12)
Number of iterations 4 2 2 1
The elapsed time 5.03 378 4.39 3.34

TABLE 3.4: Results of comparisons for different methods in Experiment 4

Experiment 5. An interesting category of nonlinear PDEs is comprised of reaction-
diffusion equation. A fundamental example of such a equation is due to the evolutionary
biologist and geneticist R.A. Fisher. The equation was originally derived to model
how genes propagate. In what follows, consider solving the Fisher’s equation with

homogenous Neumann boundary conditions:

( ur = Duyy +u(l —u),

u(x,0) =sin(zmx), 0<x<1,
uy(0,¢) =0,1>0,
u(l,6)=0,1>0.

(3.48)

\

Note that f(u) = u(1 — u), implying that f’(u«) = 1 — 2u. For solving (3.48) using the
same discretizations as in Experiment 4, we will obtain a system of nonlinear equa-
tions. The greatest difficulty in this case is that, unlike the previous case, for Neumann
boundary conditions, two sets of new nonlinear equations at the grid points will be in-
cluded to the system. That is, the following discretization equations must be added:
uy(0,1;) ~ _3W°*j+g;lvl’j 20 and uy(1,t;) =~ _3W'”*2=1+;2V'"*1J—Wm,j. The numerical com-

parison of solving this test have been given in Table 3.5, while the solution has been plot-

ted in Figure 3.5. In this test, we have chosen M = N = 23, to obtain a nonlinear system
of the size 528, which provides a large sparse Jacobian with xg = Table[0.,{i,1,m*n}]

as the starting vector.
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FIGURE 3.4: The approximate solution of Burgers’ equation using Finite Difference
scheme and our novel iterative method PM12.

FIGURE 3.5: The approximate solution of Fisher’s equation using Finite Difference
scheme and our novel iterative method PM12.

3.7 Summary

The contribution of chapter consists in a high-order class of multi-step iterative meth-
ods for finding the solution of nonlinear systems of equations. The construction of
the suggested schemes allow us to achieve high convergence orders using appropriate
computations of the Jacobian and solving few linear systems per full step of the class
(3.39).

We have also supported the proposed iteration by a valid mathematical proof
through the point of attraction theory. This let us to analytically find the eighth order
of convergence for the first method from the proposed class while using mathemati-
cal induction, it will be easy to see the convergence order 2m for an m-step method.

Per computing step, the method is free from second-order Frechet derivative, which is
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Iterative methods (NM) (M) (CM) (PM12)
Number of iterations 4 2 2 1
The elapsed time 776 5.64 6.73 5.28

TABLE 3.5: Results of comparisons for different methods in Experiment 5

also important and does not restrict the applicability of the scheme in solving hard test

problems.

The computational efficiency of the method has been tested by applying two dif-
ferent types of index of efficiencies and Figures 3.2 and 3.3 attested the good efficiency
of the methods. Besides, some different numerical tests have been used to compare the
consistency and stability of the proposed iteration in contrast to the existing methods.
The numerical results obtained in Section 3.6 confirm the theoretical derivations of the

present chapter.

We have also revealed that the method can efficiently be used for complex zeros.
We here also note that per full step of our class (3.39), and so as to avoid computing
inverse of matrices, we solve linear systems using LU factorization because the left
hand-side matrix is fixed and only the right hand-side vector gets numerical updates
as iteration advances. This was done using the powerful command of LinearSolve,

which allow us automatically to work with large scale and sparse nonlinear systems.

The solution of large-scale linear and nonlinear systems of equations constitutes
the most time consuming task in solving many numerical simulation problems arising
in scientific computing. Hence, in order to motivate our methods and test their appli-
cability, we solved two large-scale nonlinear systems with sparse Jacobian matrices,
originating from the discretization of nonlinear PDEs. Experimental results indicated

that our algorithms perform very well also in such cases.

It should also be remarked that like all other iterative methods in this category, the
new ones should be combined with a method such as line search to find a convergence
basin in order to have appropriate initial points for achieving the convergence rate and
few number of iterations. In summary, we can conclude that the novel iterative meth-
ods leads to acceptable performances in solving systems of nonlinear equations with

applications.



Chapter 4

An Efficient Multi-step Iterative
Method for Computing the Numerical

Solution of Systems of Nonlinear
Equations Associated with ODEs

We developed multi-step iterative method for computing the numerical solution
of nonlinear systems, associated with ordinary differential equations (ODEs) of
the form L(x(z)) + f(x(z)) = g(¢): here L(-) is a linear differential operator and
f(+) is a nonlinear smooth function. The proposed iterative scheme only requires
one inversion of Jacobian which is computationally very efficient if either LU-
decomposition or GMRES-type methods are employed. The higher-order Frechet
derivatives of the nonlinear system stemming from the considered ODEs are di-
agonal matrices. We used the higher-order Frechet derivatives to enhance the
convergence-order of the iterative schemes proposed in this chapter and indeed
the use of a multi-step method significantly increases the convergence-order. The
second- order Frechet derivative is used in the first step of an iterative technique
which produced third-order convergence. In a second step we constructed a ma-
trix polynomial to enhance the convergence-order by three. Finally, we freeze the
product of a matrix polynomial by the Jacobian inverse to generate the multi-step
method. Each additional step will increase the convergence-order by three, with
minimal computational effort. The convergence-order (CO) obeys the formula CO
= 3m, where m is the number of steps per full-cycle of the considered iterative

scheme.

42
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4.1 Introduction

In this study, we consider scalar ordinary differential equations of the form:
L(x(t))+ f(x(t)) = g(t) wheret € D, 4.1)

where L(-) is a linear differential operator, f(-) is a differentiable nonlinear function
and D is an interval subset of R. The linear operator and the nonlinear function are well
defined over the domain of problem. Furthermore, we suppose that A is the discrete
approximation of the linear differential operator L over a partition {¢1,,,13,--- ,1,} of

domain D and

x = [x(t1),x(t2), -, x(2,)]" . (4.2)

Then we can write (4.1) as follows

F(x)=Ax+f(x)—g=0, 4.3)
F'(x) = A+diag(f'(x)) under the condition det(F’(x)) # 0, (4.4)

where diag(f'(xx)) is a diagonal matrix whose main diagonal is constructed from
vector f'(x) = [f'(x1)i), f'((2)) - ' (Gan)i)]"s & = [g(t1),8(r2), -+, g(ta)]" and
0=1[0,0,--- ,O]T. The quasi-linearization iterative method was constructed to solve
(4.1) [3, 136, 138, 139]. The original idea is to make the linear approximation of non-
linear function f with respect to solution x(¢). Let x;11(¢) = xx(¢) + €(¢) be the solution
of (4.1):

Lt () + (e () = 800, @)
L(xe(0) +€0)) + F(set) +(0)) = 500, @.6)
L(e)) + L) + £l + L0 e(0) ~ g0), @)
(L+ %”) e(t) ~ —(L(w(0) + £33 (1) ~ 8(0), @)

where ¢ is the independent variable and & is the index for iteration. After elimination of

£(t) from (4.8), we obtain the following iterative method:

L(xgq1) + f ()X = f (o) — f (k) +8(2), (4.9)
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which is a quasi-linear iterative method to solve (4.1) with convergence-order two. Then

(4.9) can be written as:

Axpq1 + diag(f (%) X1 = diag(f' (xe) )Xk — f (%) + & (4.10)
Xept =X — (A+diag(f' (%))~ (Axe — f () +8), (4.11)

The Eqn. (4.11) can be written as:

X1 =Xk — F' () ™' F (xg). (4.12)

This shows that quasi-linearization is equivalent to Newton-Raphson iterative
scheme for systems of nonlinear equations which has quadratic convergence. Multi-
step quasi-linearization methods are constructed in [141, 142], but both methods face
low convergence-order. Many authors [25-28, 34, 64, 107, 173] have investigated the it-
erative methods for nonlinear equations with higher convergence-order. For systems of
nonlinear equations recent advancements are addressed in [37, 40, 109, 154, 174—180].
Recently a multi-step class of iterative methods for nonlinear systems is constructed by
Fazlollah et. al. [37]:

(4.13)

The convergence-order of (4.13) is six and it requires two evaluations of Jacobian
and their inversions at different points. The multi-step version of (4.13) states that the
inclusion of a further step ¢ ¥) — (t%))2F’ (x(K)) =1 F (¢ %)) increases the convergence-rate
by two. The efficiency of (4.13) is hidden in the frozen factor (¢t(*))2F’(x¥))~! which
converts the scheme into an efficient multi-step iterative method. Further improvements
can be achieved by reducing two matrix inversions into one matrix inversion of Jaco-

bian. The previous idea for the enhancement of efficiency has been described in [105].
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The resulting iterative method in [105] is given below:

;

y(k) :x(k) _ %F’(x(k))_lF(x(k)),
t®) = F' (x0T F/ (yk),

70 — x(k) _ <%1 _3k) 4 %t(kﬂ) F/(x) =1 F (x®)), (4.14)

x(k+1) — g0 _ (gl_ %,ac)) F/ (x0T (0.

\

Additional sources of valuable discussions regarding the construction of iterative
methods for systems of nonlinear equations can be found in [109, 174-177]. Most
of the investigated iterative methods are constructed for the general class of systems
of nonlinear equations and they only consider first order Frechet derivatives, because
higher order Frechet derivatives are computationally expensive. There is a classical
method for nonlinear systems, called Chebyshev-Halley’s method [178], which uses

the second-order Frechet derivative and is given by:
1
Xy =X — 1+§[1—aP]—1P (F'(x,)) " 'F (x,), (4.15)

where P = (F')"'F"(F")~'F: for a = 1 the technique in (4.15) is called Chebyshev

method and the second order Frechet derivative is defined as F” (x)v = % agix)v

The computational cost of the second-order Frechet derivative and of the related matrix

inversion is high so from a practical point of view the considered method is not efficient.

The prime goal of the present chapter is to address the computational cost issue of
higher-order Frechet derivatives for a particular class of systems of nonlinear equations
associated with ODEs L(x(z)) 4 f(x(¢)) = g(¢) and use the computed Frechet derivatives
for the construction of iterative methods with better rate of convergence. The efficiency
index is also compared with the general iterative method for systems of nonlinear equa-

tions.
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4.2 The proposed method

The ODE (4.1) can be written as
F(x)=Ax+f(x)—g=0, (4.16)

where the symbols have the same meaning as described in (4.11), f(.) is a sufficient dif-
ferentiable function and A could be the function of independent variable ¢. The higher-

order Frechet derivatives can be calculated as:

F'(x) =A+diag(f'(x)), (4.17)
F"(x) = diag(f" (x)). (4.18)

Clearly F"(x) is a diagonal matrix and the count for function evaluations is same

as in f(x). The proposed iterative method is:

;

o =3~ (F/ ()~ [P + 4P ) (/) Fx)) .
Ti= (F/ ()~ F' (),
Sk =[3-3T + T2 (F'(xx)) !, (4.19)

2k = Yr — SiF (V)

(X1 = 26— SiF (z)-

We just require one matrix inversion of Jacobian. For large systems of linear

equations, the matrix inversion is not efficient so one may use LU-decomposition or
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GMRES-type iterative methods [37]. We can rewrite (4.19) in an efficient way:

/()i = F(x),

F'(x) Wi = F" (x)9i°,

Vi =X — O — 3Wi,

F'(x)@r = F (y),

F'(x) T = F'(yr), (4.20)
Wy =3-3T+ T2,

2k = Y — Wik,

F'(x)Ax = F(21),

X+ 1 =2k — Wik

The convergence-rate of the iteration in (4.20) is nine. We can split (4.20) into
component schemes as follows:

F'(x )i = F(x1),
F'(xi)yi = F" (x1) 1%, (4.21)
Vi =Xk — O — 5V,

and

F' (x) i = F (xr),

F'(x )W = F" (x)9:7,

Vi =Xk — O — 3Wi,

F'(x)@r = F (yi), (4.22)
F'(x0)Ti = F'(y1),

W, = 3—3Tk+Tk2,

(2 =Yk — Wiy

The convergence-rates of the methods given in (4.21) and (4.22) are three and six,

respectively. Our proposal for the multi-step iterative methods is the following:
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;

F'(x)@x = F (xz),
F'(x) Wi = F" (x) 91,
2k =% — Ok — Wi,
Fl(x) Ty = F'(z1),

W =337, + T2,
F'(xi)day = F (z1x),
22k = 21k — Wik,

F'(x) A2k = F (z24),

(4.23)

23k = 22k — WiAak,
F'(x)A3r = F(z31),

24k = 23k — WiA3g,

F' (%) Am—1x = F (Zm—1k)

| Xht1 = Zm—1k — WiAm—1k-

We claim the convergence-order of (4.23) is 3m. It is noticeable that W and the
LU-factors of F'(x;) are fixed for each k, which makes the proposed multi-step iterative

scheme computationally very efficient.

4.3 Convergence analysis

In this section, first we will prove that the local convergence-order of the technique re-
ported in (4.20) is nine and later we will establish a proof for the multi-step iterative
scheme (4.23), by using mathematical induction. We used symbolic non-commutative
algebra package of Mathematica software for the symbolic calculation in the con-

structed proof.

Theorem 4.1. Let F : I' C R" — R” be sufficiently Frechet differentiable on an open
convex neighborhood T of x* € R" with F(x*) = 0 and det(F'(x*)) # 0. Then the

sequence {x;.} generated by the iterative scheme (4.20) converges to x* with local order
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of convergence nine, and produces the following error equation

evr1=Le’ +0(e"), (4.24)

p-times
——N—
where ey = xp —x*, e’ = (ey,ex, - ,ex) and L = (—2CC3CoC3 + 4C2C3C2C5C5 +
12C5C3 — 120C5C; + 240C8 — 24C3C3C5 — 40C2C5C5 + 20C,C3C3C3)e’ is a p— lin-

p-times

ear function i.e. L € £ (R",R",--- ,]R”} and Lei? € R".

Proof. Let F :T" C R" — R" be sufficiently Frechet differentiable function in I'. The gth

g-times
. . . . *
Frechet derivative of F atv € R", g > 1, is the g — linear function F (a) (v) : R"R"---R"
such that F@(v)(uy,ua,--- ,u,) € R" [154]. The Taylor’s series expansion of F(x;)

around x* can be written as:

F(x) =Fx" +x,—x")=F(x"+e), (4.25)
= F(x*)+F'(x")ex + %F"(x*)ekz + %F(” (Ve + -, (4.26)
— F'() e+ %F’(x*)lF”(x*)ekz + %F’(x*)ch)(x*)ef L], @2
=Ci[ex + Crer> + Cre® + -], (4.28)

where C) = F'(x*) and Cs = %F’(x*)_lF(S) (x*) for s > 2. From (4.28), we can calculate

the Frechet derivative of F':

F'(x;) = Cy [I+2Coe1+3Cse,”> +4C3e,” + -], (4.29)
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where [ is the identity matrix. Furthermore, we calculate the inverse of the Jacobian

matrix

F'(x) " = [I—2Cex + (4C3 = 3C3)el + (—8C3 + 6C3Ca + 6C2C5 — 4Cy)e}
+ (= 12C3C5 — 12C3C3 — 12C2C3C5 4 8C4Ca + 9C3 4+ 8C2C4 4 16C5
—5Cs)e} 4 (—16C4C3 — 18C3C,C3 — 18C3C, — 18C>C3 — 16C3C,y
— 16CyC4Cs + 24C5C;3 + 24C3C3Cy + 24C,C3C3 — 32C5 + 10C5C,
+ 12C4C3 4 12C3C4 + 10C2Cs + 24C3C3 — 6Ce )ej 4 (—24C3C4Cs
— 24C3C5Cy — 27C5 — 48C5C3 + 64C5 — 24C4C3Cy — 24C4C>C3
—20C>C5Cs — 24C>C4C3 4 32C4C5 — 24C>C3C4 — 20C3Cs
+36C3C3 + 32C5Cy — 48C3C3C5 4 36C2C3CrC3 — 48C5C3C5
— 48C5C3 — 48CrC3C5 + 36C3C5C3 + 36C3CrC3C + 12C,C
+16C32 + 15C3C5 4 15C5C3 + 12C6C + 36C2C3C 4 32C,C4C3
—7C7 4 36C35C3 +32C5C4C, — 20C5C3)el + -+ | C; ! (4.30)

By multiplying F’ (xk)_1 and F(x;), we obtain @:

Or = er — Cref + (2C3 —2C3)e; + (4C2C3 +3C3C2 — 3C4 — 4C3)el
+ (8C3 — 6C3C3 4 6C3 + 6C2Cy +4C4Cy — 4C5 — 8CIC3 — 6C,C3C1 e,
+ (= 12C3C5C3 — 8CC4Cr — 12C5C4 — 12C,C3 + 12C3C5 — 16C5
—9C3Cy +8C5C5 +9C3C4 + 8C4C3 + 5C5C, — 5Cs — 8C4C3 4 16C3 C
+12C3C3C, + 12C,C5C3)el + - (4.31)

The expression for Yy is the following:

Vi = 2Cse; + (—8C3 +6C3)e; + (26C5 — 18C3C> — 20C,C5 + 12Cy e}
+ (52C2C3C, + 54C3C3 — 32C4C5 — 76C5 + 60C3C3 — 42C5 — 36C,Cy
+20Cs)e; + (120C3C>C3 4 86C2C4Ca + 102C3C, + 116C,C3
— 150C3C5 4 208C5 + 102C2C, — 56C,Cs — T12C3C4 — T2C4C3 — 50C5C,
+30Cs +92C4C5 — 168C5C3 — 142C5C3C, — 146C2C3C3)el 4+ (4.32)
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By using (4.31) and (4.32), we obtain

Ve—X =e — @y — %y/k = (2C3 — C3)e; + (6C3C2 +6CoC3 — 3Cy — 9C3 el
+ (12C4C 4+ 15C3 + 12C2C4 — 6Cs + 30C5 — 22C3C3 — 20C,C3C5
—21C3C3)e] + (—88C5 +20C5Cs 4 28C4C3 + 27C3C4 +20C,Cs — 10Cs
+63C3C5 — 48C3CoC3 — 42C3Cy — 46C2C3 — 39C5C4 — 35C,C4Co
+68C5C3 4 59C3C3C5 4 61C2C3C5 — 38C4C3)el + - - (4.33)

@, and T are computed from (4.30), and thus 7} produces:

Wi = I +2Cae; 4 3Csei + (2C2C3 +4Cy — 12C3 e} + (6C,Cy — 24C3C5
— 12C3C5 + 42C5 4 5C5 — 20C,C3C5 et 4 (—18C3C2C3 — 28CoC4Cs
—40C3Cy — 42C2C3 4 48C3C5 — T2C5 — 18C3C 4 12C,Cs + 6C
— 16C4C3 +72C5C3 + 56C5C5C + 58CoC5C3)es + (—24C3C4C,
—24C3C2C4 — 30C3 — 108C3C5 — 48CS — 24C4C3C; — 24C4CC3
—36C,CsCy — 62C,C4C3 + 64C4C5 — T0C,C3Cy — 60C3Cs 4+ 116C3C3
+102C3Cy — T4C3C3C5 + 112C,C3C2C3 — 38C5C3Cy — 106C5C
— 106C,C3C5 + 66C3C3C3 + 60C3C2C3Co 4 20C>C + 84CH,C3Co
+68C2C4C3 +T7C7 +T8C3C3 4 62C3C4C> — 20C5C3)ed + - - . (4.34)

By combining relations (4.33) and (4.34), we find an expression for z;, namely

% — X" = (C2C3 42005 — 10C3C3 — 2C2C3C3)el + (—204C8 +24C5C5 +3CrC4C3
+3C,C3Cy — 18C3C3 — 3005 Cy + 36C5C3C5 — 24C>C3C2C3 + 60C3 C3Co
+ 117C3C3 +45C,C3C5 — 12C3C3C3 — 6C2C3C — 6CrC4C3 e + (32C4C5
+36C3C>C3C3 + T2C3C5C3C5 4 6C2C5C3 + 144C3C5 C3 4 6C2C3Cs
+9C5(C3) 4 108C3C3Cy + 56C5C4C3 + 1161C5 — 382C5C3C3 + 83C2C4C
+36C3C; 4 215CC3C5C3 4 128C2C3C2C3Ch — 28C3C4C3 — 54C5C3C,
— 60C5Cs — 12C,C3C4Cy — 66C2C3C2Cy — 48CH(C3) — 18CLC4C3C
—46C>C4C2C3 — 12C,C5C3 +236C5C3 — 18C3C2C3 — 36C3C3C, — 18C3CHC3
+ 120C5C4Cs + 192C5C3CC5 + 87C>C3C5 +291C5Cy — 542C5C3Co
—736C5C3 — 16C4C3C3 — 252C5C5 — 330C3C3C5 — 362C,C5C3 el + - - - .

(4.35)
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From (4.30) and (4.35), we have

Ai = (C2C3 +20C5 — 10C3C3 — 2C5C3C3 el + (—20C5C3 — 244C5 + 137C3C5
+40C3C3C5 4 24C3C3 +3C2C4C5 + 3C2C3C4 — 30C5Cy — 24C>C3C5C3
+ 60C5C3C, + 45C,C3C5 — 12C3C5C3 — 6C,C3C) — 6C2C4C3 e
+ (32C4C5 +42C3C2C3C3 + T2C3C3C3C 4 6CrC5C3 + 174C3C5C
+6C2C3Cs +9C5(C) + 120C3C3C, + 68C3C4C3 4 1649C) — 462C5C3C5
+83C2C4C3 4 36C3C5 +239C,C3C5C3 + 128C2C3CoCCy — 34C3C4C5
— 60C3C5Cy — 60C3Cs — 12C5C3C4Cy — 66CrC3CrCy — 48CH(C3) — 18C2C4C5C5
—46C2C4C2C3 — 12C,C5C3 +276C5C3 — 18C3C,C3 — 36C3C3C,y
— 21C3C2C3 + 120C5C4C5 + 240C3C3CoC3 + 87C,C3C3 +351C5Cy
— 662C5C3C; — 1010C5C3 — 16C4C5C3 — 312C3C5 — 420C5C5C5
—410C,C5C3)es 4+ - . (4.36)

Finally, by using (4.34), (4.35) and (4.36), we obtain the error equations reported

below and the proof is completed

eir1 = (—2CC3CoC2 +4C,C3C,C3C3 + 12C3C2 — 120C5C3 4 240C5 — 24C3C3C3
—40C,C5C5 +20C,C5C5C3 el + O(e)). (4.37)

]

Theorem 4.2. The multi-step iterative scheme (4.23) has the local convergence-order
3m, using m evaluations of a sufficiently differentiable function F, two first-order

Frechet derivative F' and one second-order Frechet derivate F" per full-cycle.

Proof. The proof is established from mathematical induction. For m = 1 the multi-
step iterative scheme given in (4.23) corresponds to the iterative scheme in (4.21).
The convergence-order of (4.21) is produced in (4.33) which is three. Similarly for
m = 2, 3 the multi-step scheme (4.23) reduced to the iterative schemes (4.22) and
(4.20), respectively. The convergence-orders are calculated in (4.35) and (4.37) which
are 3m = 32 = 6 and 3m = 33 = 9 respectively. Consequently our claim concerning the

convergence-order 3m is true form =1, 2, 3.
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We assume that our claim is true for m = s > 3, i.e., the convergence-order of (4.23)

is 3s. The sth-step and (s — 1)th-step of iterative scheme(4.23) can be written as:

1

Frozen — factor = Wi F'(x;) ", (4.38)
Zs—1k = Zs—2k — (Frozen — factor)F (zs—2x), (4.39)
Zsk = Zs—1k — (Frozen — factor)F (zs—1y), (4.40)

where Frozen — factor is the product of W and F’ (xk)f1 which are calculated just
once in one full-cycle of iterative method. The enhancement in the convergence-order
of (4.23) from (s — 1)th-step to sth-step is 3s—3(s— 1) =3 . Now we write the (s+ 1)th-
step of (4.23):

Zs+1k = Zsk — (Frozen — factor)F (zsy). (4.41)

The increment in the convergence-order of (4.23), due to (s + 1)th-step, is ex-
actly three, because the use of the Frozen — factor adds an additive constant in the
convergence-order[ 15]. Finally the convergence-order after the addition of the (s+ 1)th-
step is 3s+3 = 3(s+ 1), which completes the proof. [

4.4 Efficiency index

For the purpose of comparison we write the multi-step extensions of iterative schemes
(4.13) and (4.14) as follows:

ylk) = x(k) % F'(x" N ~1F (x5,
10 = 1G3F (W) = F'(x0) =1 3F (y0) + F'(x 1)),
z(k) — x(k) — t(k)F/(x(k))le(x(k)), (442)

wb) =z 0 — )2 (xK)) =1 (),
xk+1) — (k) (t(k))2pf(x(k))—1F(W(k)),

\

and
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(ol k) _ 250 (k)Y 1 (ol
y( ) :x( )_§F (x( ))* F(x( )),

(4.43)

Both multi-step iterative schemes (4.42) and (4.43) have convergence-order

eight. Further steps can be added with the inclusion of the frozen factors § (k)
t®)2F (x )1 F (W) and £*) — (gl— 30 ) F/(x0) =1 F(E W) in (4.42) and (4.43),

respectively, in order to increase the convergence-order. Let us discuss the compu-
tational cost of the considered multi-step iterative schemes. It is well-know that the
LU-decomposition requires 23i3 flops and 2n* flops are needed to solve the two result-
ing triangular systems, when the right-hand side is a vector. If the right-hand side is
a matrix then 2n>, or approximately n> flops (as taken in this chapter) are required to
solve two triangular systems. The scalar function evaluations in F(x), F'(x) and F" (x)
are n, because, in our setting, the Frechet derivatives are diagonal matrices of order n.
In Table 4.1, we depicted the computational cost and efficiency index of different multi-
step methods. The flops-like efficiency indices of the considered multi-steps methods
are shown in Figure 4.1. Clearly our proposed multi-step method has better flops-like

efficiency index [37] in comparison with others.

Iterative methods 42) (43) (23)
Number of steps (m) 4 4 3
Rate of convergence 8 8 9
Number of functional evaluations S5n S5n 6n
The classical efficiency index 21/(n) 21/(5n) 21/(6n)
Number of LU factorizations 2 1 1

.. 3 3 3
Cost of LU factorizations an” 2n 2n”

3 3 3
. 3 3 3
Cost of linear systems I+ 6n° M+ 6n? 2+ 8n?

Flops-like efficiency index g1/ +6r2+5n)  gl/(S+6m+5n) g1/ (% +8n7+6n)

TABLE 4.1: Comparison of efficiency indices for different for multi-step methods
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FIGURE 4.1: Flops-like efficiency indices for different multi-step methods

4.5 Numerical testing

In order to check the validity and efficiency of the proposed multi-step method (4.23),
we select two boundary value and one initial value problem. The first is the Bratu-

problem
(1) + oe') =0, (4.44)

with boundary conditions given by x(0) = 0, x(1) = 0. The second is the Frank-

Kamenetzkii-problem
" K x(t) _
x'(t)+ P (1) +ae') =0, (4.45)

with boundary conditions given by x’(0) = 0, x(1) = 0. The closed form solution of
(4.44) [181] and (4.45) for k = 1 [182] are

x(t) = —2log [%] ;
cosh | &

0 =2 cosh (%) ,

;

(4.46)
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and

(20+¢112)2

€= lOg |:2(4 - OC) +4 2(2 - a)i| ) x(f) = log [_16661 ] ’
4—a424/2(2— .
¢y = log [“T(“)] ,x(1) = log [(Hég+22ﬂ)2] 7

(4.47)

respectively. More discussion about Bratu and Frank-Kamenetzkii can be found in [5,

6]. The last one is Lene-Emden problem

2
K (1) + ;x’(t) +xP(1) =0, 0<x< oo, (4.48)

with initial conditions x(0) = 1 and x’'(0) = 0. The closed form solution of (4.48) for

3\ —1/2
X
x(1) = (1 + ?> . (4.49)

We use the Chebyshev pseudo-spectral collocation method [142] for the approxi-

p=>5is

mation of the boundary-value problems (4.44),(4.45) and (4.48). For the verification of
convergence-order, we use the following definition for the computational convergence-
order (COC):

log [Max(|xy12 —x"[) /Max(xgs1 —x*|)]

COC ~ )
log[Max(xi 1 —x°|)/Max(fx, —x°])]

(4.50)

where Max(|x.1» —x*|) is maximum absolute error.

t

t

FIGURE 4.2: solution-curve of the Bratu-problem for @ = 1 (left), solution-curve of
the Frank-Kamenetzkii-problem for o = 1, k = 1 (right)
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FIGURE 4.4: Convergence behavior of iterative method (4.23) for the Lene-Emden
problem (p = 5, Domain=|0, 9])
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FIGURE 4.5: Convergence behavior of iterative method (4.43) for the Lene-Emden
problem (p = 5, Domain=[0, 9])
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FIGURE 4.6: Absolute error curve for the Lene-Emden problem, left(4.23) and right

(4.43)

Iterative methods 42) (43) (23)

a 1 1 1

Size of problem 150 150 150
Number of steps (m) 4 4 3
Number of iterations 2 2 2
Max absolute error 529¢—117 1.87¢—110 3.77¢—142
Execution time 29.60 20 19.61

a 2 2 2

Size of problem 200 200 200
Number of steps (m) 4 4 3
Number of iterations 2 2 2

Max absolute error 1.66e—109 3.48¢—99 5.33¢—127
Execution time 69.41 46.70 46.39

a 3 3 3

Size of problem 150 150 150
Number of steps (m) 4 4 3
Number of iterations 2 2 2

Max absolute error 1.65¢—46 8.41e—37 5.50e—47
Execution time 29.49 20.76 20.69

TABLE 4.2: Comparison of performances for different multi-step methods in the case

of the Bratu-problem

Iterative methods (43) (23)
Size of problem 200 200
Number of steps (m) 8 5
Theoretical convergence-order 16 15
Computational convergence-order 16.67 15.51
Number of iterations 3 3

Max absolute error 1.078¢ — 198 1.14e— 198
Execution time 97.13 71.80

TABLE 4.3: Comparison of performances for different multi-step methods in the case

of the Frank-Kamenetzkii-problem (¢ =1, k = 1)
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Iterative methods (43) (23)
Size of problem 150 150
Number of steps (m) 3 2
Number of iterations 4 4

1 1.17994 1.49025

2 1.0978 1.23935

3 0.743812 0.0000128682
4 1.38¢—17 2.5¢ —40
Execution time 15.23 15.02

Max absolute error at iter

TABLE 4.4: Comparison of performances for different multi-step methods in the case
of the Lene-Emden problem (p = 5, Domain=[0, 9])

In Table 4.2, we compared the numerical performances of different multi-step iter-
ative schemes in the case of the Bratu-problem, for different values of &. The multi-step
iterative scheme (4.42) is computational expensive with respect to (4.43) and the pro-
posed multi-step iterative scheme (4.23). The simulation execution time for (4.43) and
(4.23) are almost the same for the test cases of Bratu-problem. The maximum abso-
lute error produced in the solution curve for Bratu-problem of the proposed multi-step
iterative scheme (4.23) is comparatively better than the other two, in all the considered

cases, by varying also the size of the grids.

For the Frank-Kamenetzkii-problem, we did not consider the iterative scheme
(4.42) due to its extremely high computational cost. In Table 4.3, we took the grid
size 200: we performed three iterations and used different number of steps to produce
higher convergence-order. The maximum absolute error in the solution curve is approx-
imately the same, but the simulation execution time of our proposed iterative scheme
(4.23) is less than that of the iterative scheme (4.43). The successive iteration of conver-
gence behavior for the Lene-Emden problem are shown in Figure 4.4 and 4.5. Table 4.4
shows the superiority our iterative scheme in the case of Lene-Emden problem. A large
domain for the Lene-Emden initial-value problem is selected to analyze the convergence

behavior of iterative schemes (4.43) and (4.23).

4.6 Summary

Usually higher-order Frechet derivatives are avoided in the construction of iterative

schemes for a general class of systems of nonlinear equations, owing to the resulting
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high computational cost. In this study, we have shown that there are interesting classes
of systems of nonlinear equations associated with ODEs where higher-order Frechet
derivatives are just diagonal matrices (of course this is not the case in general). The
computational cost of diagonal matrices is the same as that related to the Jacobian. The
use of second-order Frechet derivative enhances substantially the convergence-order
and the resulting multi-step iterative scheme (4.23) achieved better performance index.
The numerical simulations for the selected boundary value problems have shown the
validity and accuracy of our proposed iterative scheme, in comparison with general
purpose multi-step iterative schemes. However, we have to stress that our iterative tech-
nique is only efficient when the systems of nonlinear equations associated with ODEs

has the special structure considered in this chapter.



Chapter 5

A Higher Order Multi-step Iterative
Method for Computing the Numerical
Solution of Systems of Nonlinear

Equations Associated with Nonlinear
PDEs and ODEs

The main research focus in this chapter is to address the construction of an efficient
higher order multi-step iterative method to solve systems of nonlinear equations
associated with nonlinear partial differential equations (PDEs) and ordinary differ-
ential equations (ODEs). The construction includes second order Frechet deriva-
tives. The proposed multi-step iterative method uses two Jacobian evaluations at
different points and requires only one inversion (in the sense of LU-factorization)
of the Jacobian. The enhancement of convergence-order (CO) is hidden in the
formation of a proper matrix polynomial. Since the cost of matrix vector multipli-
cation is expensive computationally, we developed a matrix polynomial of degree
two for the base method and of degree one to perform the subsequent steps, so
we need just one matrix vector multiplication to perform each further step. The
base method has convergence order four and each additional step enhances the CO
by three. The general formula for CO is 35 —2 for s > 2 and 2 for s = 1 where
s is the step number. The number of function evaluations including Jacobian are
s 42 and the number of matrix vectors multiplications are s. Regarding the s-step
iterative method, we solve s upper and lower triangular systems, when the right

hand side is a vector, and a single pair of triangular systems, when the right hand

61
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side is a matrix. When considering systems of nonlinear equations stemming from
the approximation of specific PDEs and ODEs, it is shown that the computational
cost is almost the same if we compare the Jacobian and the second order Frechet
derivative. The accuracy and validity of proposed multi-step iterative method is

numerically checked with different examples of PDEs and ODEs.

5.1 Introduction

We are interested in higher order multi-step solvers for systems of nonlinear equations.
Since high order Frechet derivatives can be naturally involved in these methods, we
face a critical computational problem (see [154] for a valuable discussion concerning
Frechet derivatives): here for high order Frechet derivative we mean a Frechet derivative
of order larger or equal to three. However in the following we will show how to avoid
the use of high order Frechet derivatives in the construction of iterative methods for
general systems of nonlinear equations: in particular, for specific classes of systems of
nonlinear equations associated with ODEs and PDEs, we will show that the cost of the
second order Frechet derivative is still acceptable, from a computational viewpoint. To

make things simpler, consider a system of three nonlinear equations

F) =[A0),,0),:0)]" =0, (5.1)

wherey = [y1, y2, y3]T. The first order Frechet derivative (Jacobian) of (5.1) is

0 J J
a—fi a—Q a—Q fir fiz fis
of df, df
F'(y) = 3‘—)’3 a—ﬁ a_ﬁ =1/ f2 3 (5.2)

ofs s 9f
. J s 31 fxn /33
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Next we proceed for the calculation of second-order Frechet derivative. Suppose h =

[h1, hy, h3]" is a constant vector.

hy fir +hafi2 + b3 fi3
F'0)h= |hfor +hafor+h3fos | .F"' (y)h* =
|1 f31 +haf3 4 hs f3

, [l fin Fhafior +hafisi hifia+hafin +hafiza hfirs +hafios +hsfiss | [ B
F”(}’)h = [mpu+hfor+hifn hbiothfon+hifp hbit+hfn+hfs]| (b,
|3 +hofoi+hsfar hifsinthafin+hifizn hifais+hofos+hafss| [ b

3 fint + hiha fiar + hihs fi31+ hiho fia + 13 fiz + hohs fizo -+ i fiis + hahs fios + b3 fi33
= | i far1 + hiho fao1 + hihs fos1 + hiho faro + 13 fazo + hohs frza + hihs fais + hohs fo3 + B fos3 |
|15 it +hiho i1+ hihs st +hiho 312+ 13 f3oo + hohs f332 ++ hihs fa13 + hahs frs -+ 13 333 |

—h%fm +h3 fi22 + 13 fi33 + o (fian + fi12) + s (fisn + fi13) + hahs(fiz2 + fi23) |

= W} for1 + B3 fora + B} fozz + Mo (foo1 + fo12) + hihs(foz1 + fo13) + hahs(foso + fo23) |

_h%f311 +h3 fyoo +h3 fi33 + hiha(f5o1 + fo12) + hihs(f331 + f313) + hals (f3z + f323) |
B2 finn + B3 fioa + B3 fi33 + 2hiha fio1 + 2k hs fiis + 2hahs fi23

= |} far1 + 13 fanz + 13 foz3 + 2hiha for2 + 2hi ha fors + 2hohs (foza + fao3)

_h%f311 +h3 f320 + h3 f333 + 2o f312 + 201 s 13 + 2hahs (f33 + f323)

d(F'(y)h) n
d(y1,y2,y3)

(5.3)
Finally, we get the expression for F” (y)h?
fin fiz fizs] |13 fizr fiz fiz| [l
F'O = |fo1 for foss R +2 |12 fus fosl| |mhs| - (5.4)
fHu i Bl |1 f3rz f313 f323| |h2hs

Clearly, the computational cost for second-order Frechet derivative is high in the
case of general systems of nonlinear equations. Many systems of nonlinear equations

associated with PDEs and ODEs can be written as

F(y)=L(y)+f(y)+w=0,
F(y) =Ay+f(y)+w=0,

(5.5)

where A is the discrete approximation to linear differential operator L(-) and f(-) is the

nonlinear function. If we write down the second-order Frechet derivative of (5.5) by
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using (5.4) we get

") 0 0 | |k
') 0 0 | |h

F'(yh*=| 0 0 f'(yd) -+ 0 h3 (5.6)
0 0 0 - fow)]| |12

and hence the related second-order Frechet derivative is easy to handle from a compu-
tational viewpoint. Now, for the further analysis , we introduce suitable notation. Let
a=la, ay, , - ,a,)" and b = [by, by, ,---,b,]" be two vectors, the we define the

diagonal of a vector and the point-wise product between two vectors as

(@, 0 0 - 0]

0 a 0 0 .
diag(a) = | ,a®b=diag(a) b= [a\by, axby,--- ,anb,)" .

0O 0 O a,

(5.7)

For the motivation of readers we list some famous nonlinear ODEs and PDEs and
their first- and second-order derivatives in scalar and vectorial forms (Frechet deriva-
tives). Let D, and D; be the discrete approximations of differential operators in spatial
and temporal dimensions and let u be the function of spatial variables (in some cases
temporal variable is also considered). We also introduce a function /4 which is indepen-
dent from u, while the symbols I; and I, denote the identity matrices size equal to the

number of nodes in temporal and spatial dimensions, respectively.
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5.1.1 Bratu problem

The Bratu problem is discussed in [183] and it is stated as

7

fw)y=u"4+21e"=0, u(0)=u(1)=0,
af

M py— " 4 Levh,

QU

2f("‘) h2 — leuhZ

du?

F(u) =D>u+Ae* =0,

(5.8)
F'h=D2h+ Ae* Oh,

F'=D2+ A diag(e"),

kF”h2 = Ae* Oh?.

The closed form solution of Bratu problem can be written as

u(x) = —2log (COShggih(%g)s(g.)Se))> ,

0 = V2Acosh(0.256).

(5.9)

The critical value of A satisfies 4 = \/4A.sinh(0.256,). The Bratu problem has two
solutions, unique solution and no solution if A < A., A = A, and A > A, respectively.
The critical value A. = 3.51383071912516.

5.1.2 Frank-Kamenetzkii problem

The Frank-Kamenetzkii problem [182] is written as

(W + L/ + A" =0, w'(0) =u(1) =0,
F(u)=Du+y©Du+re* =0,
F'h=Dh+ODh+Ae*Oh, (5.10)

F' = D2 +diag (}c) D+ A diag(e),

|F/R2 = L o 1.
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The Frank-Kamenetzkii problem has no solution (A > 2), (A = 2) and two solutions

(A < 2). The closed form solution of (5.10) is given as

;

ci1=log|2(4—1)+4 2(2—&)),

4—Q)4+2+/2(2—A

(5.11)
u(x) = log mf—llxz)z) )

16¢¢
M(X) = lOg (l+22,2‘712x2)2> .

\

5.1.3 Lane-Emden equation

The Lane-Emden equation is a classical equation [184] which has been introduced in
1870 by Lane and further investigated by Emden in (1907). Lane-Emden equation
deals with mass density distribution inside a spherical star when it is in hydrostatic

equilibrium. The lane-Emden equation for index n = 5 can be written as

'u”+%u/+u5:0, u(0) =1, u'(0) =0,
Fu)=Du+'oDu+u’,
F'h=Dh+L1oDh+5u*Oh, (5.12)

F'=D? +diag (%) Dy +5 diag(u*),

|F"h* =20 u’> © h?.

The closed form solution of (5.12) can be written as

2 7%
u(x)z(l—l—%) . (5.13)
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5.14 Klein-Gordan equation

Klein-Gordan equation is discussed and solved in [185].

(

Uy — e+ f(u) = p, —o0 < x < oo, t >0
F(u) = (D} —c*Dy)u+ f(u) - p,
{ F'h = (D? — *D>)h + f'(u) Oh, (5.14)

F' =D} — D5 +diag(f'(w)),
F//hz — f”(u) @hZ7

where f(u) is the odd function of u and initial conditions are

u(x,0) = g1(x),
u,(X, O) = g2(x>'

(5.15)

We have calculated the second-order Frechet derivatives of four different nonlinear
ODEs and PDEs. Clearly the computational costs of second-order Frechet derivatives
are not higher than first-order Frechet derivatives or Jacobians. So we insist that the
second-order Frechet derivatives for particular class of ODEs and PDEs are not expen-
sive as they are in the case of general systems of nonlinear equations. The main source
of information about iterative methods is the manuscript written by J. F. Traub [3] in
1964. Recently many researchers have contributed in the area of iterative method for
systems of nonlinear equations [104, 109, 142, 186, 187, 187-191]. The major part of
work is devoted to the construction of iterative methods for single variable nonlinear
equations[103]. According to Traub’s conjecture if we use n function evaluations, then
the maximum CO is 2"~! in the case of single variable nonlinear equations but for multi-
variable case we do not have such claim. In the case of systems of nonlinear equations
the multi-steps iterative methods are interesting because with minimum computational
cost we are allowed to construct higher-order convergence iterative methods. For the
better understanding we can divide multi-steps iterative methods in two parts : one is
called base method, the other is called multi-steps. In the base method we construct
an iterative method in way that it provides maximum enhancement in the convergence-

order with minimum computational cost when we perform multi-steps. Malik et. al.
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[192] proposed the following multi-step iterative method (MZ;) :

Number of steps

Cco

Function evaluations
Inverses

MZ, Matrix vector multiplications
Number of solutions of systems

of linear equations

when right hand side is matrix

\ When right hand side is vector

=m—1

Base-Method —

(m —2)-steps —

F'(x)¢) =F(x)
yi=x—3¢
W=3(3F0)-Fw)
WT =3F'(y;) + F'(x)

y2=x—3T¢,
Fors=1m—-2
W1 =F(ysi1),
V42 =Yst1 = Psi1,
End

X=Ym-

In [37] E. Soleymani and co-researchers constructed an other multi-step iterative

method (F'S):

(Number of steps
Cco
Function evaluations
Inverses
F§ = < Matrix vector multiplications
Number of solutions of systems

of linear equations

when right hand side is matrix

when right hand side is vector

=m>2
=2m
=m+1
=2
=2m-3

=1

=m-—1

Base-Method —

(m — 2)-steps —

F'(x)¢1 =F(x)
yi=x—3¢
W=1(3F 00 -F)
WT =3F'(y1) +F'(x)
=x-T¢
Fors=1,m—2
F'(x)9s11 =F(yst1),

Vs+2 =Ys+1 — T2¢x+17

End
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H. Montazeri et. al. [105] developed the more efficient multi-step iterative methods

(HM):

HM =

( Number of steps

Cco

Function evaluations

Inverses

Matrix vector multiplications
Number of solutions of systems
of linear equations

when right hand side is matrix

when right hand side is vector

=m-—1

F'(x)¢, =F(x)
yi=x—3¢

Base-Method — F'(x)T =F'(y,)

Yy =x— (28313T+ §T2>¢l
Fors=1m—2
F'(x)¢s1 =F(ysi1),

Ys+2 = Ys+1—

(m —2)-steps —
3=3T |9,

End

X =Ym-

5.2 The proposed new multi-step iterative method

We now propose a new multi-step iterative method (MZ25):

MZ, =

Matrix vector

multiplications =m
Number of solutions

of systems of linear

equations when

right hand side is matrix =1

L right hand side is vector =m

( Number of steps =m>2
CO =3m-2
Function evaluations =m+2
Inverses =1

Base-Method —

(m — 2)-steps —

F'(x)¢, =F (x)

F'(x)¢p> =F" (x— 3¢1)¢?

yi=x— <¢1 + %‘Pz)

F'(x)T =F'(y1)

_ 7 772
Y2=x— (21—6T+2T )

(4’1 + §¢2>

Fors=1m—-2

F'(x)¢s2 =F (y511),

Ys42 = Yst1 — (21* T)¢s+2=
End
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We claim that the convergence-order of our proposed multi-step iterative method is

2 m=1,
CO = (5.16)
3m—2 m>2,

where m is the number of steps of MZ,. The computational costs of MZ; and F'S are
high because both methods use two inversions of matrices and hence we will not con-
sider MZ, and FS methods in our subsequent analysis and discussion. The multi-step
iterative method HM use only one inversion of Jacobian and hence is a good candidate
for the performance comparison. We presented comparison between MZ,; and HM in
Table 5.1 and 5.2. If the number of function evaluations and the number of solutions
of the system of linear equations are equal, then the performance of MZ; in terms of
convergence-order is better than HM, when the number of steps of MZ, is grater or
equal to four (see Table 5.1). When the convergence-orders of both iterative methods
are equal then, from Table 5.2, we can see that the computational effort of HM is always
higher than that of MZ, for m > 2.

The performance index to measure the efficiency of an iterative method to solve

systems of nonlinear equation is defined as
1
p =CO7Tors (5.17)

In Table 5.3 we provided the (multiplicative) computational cost of different matrix and
matrix-vector operations and Table 5.4 shows the performance index as defined in (5.20)
for a particular case, when HM and MZ; have the same convergence-order. Clearly the

performance index of MZ, is better than that of HM.

MZ, HM MZ, HM MZ, HM Difference
m>2) m>2) m=2) m=3) m=my) m=m+1) MZ,—HM

Number of steps m m 2 3 my my+1 1
Convergence-order 3m—2 2m 4 6 3my —2 2(mp+1) m;—4
Function evaluations m+2 m+1 4 4 m;+2 my+2 0

Solution of system

of linear equations when

right hand side is vector m m—1 2 2 my m 0
Solution of system

of linear equations when

right hand side is matrix 1 1 1 1 1 1 0
Matrix vector
multiplications m m 2 3 my mp+1 —1

TABLE 5.1: Comparison between multi-steps iterative method MZ, and HM if number
of function evaluations and solutions of system of linear equations are equal.
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MZ, HM Difference
m>1) m>1) HM-MZ,
Number of steps 2m 3m—1 m—1
Convergence-order bm—2 6m—2
Function evaluations 2m+2 3m m—2
Solution of system
of linear equations when
right hand side is vector 2m 3m m
Solution of system
of linear equations when
right hand side is matrix 1 1 0
Matrix vector
multiplications 2m 3m—1 m—1
TABLE 5.2: Comparison between multi-steps iterative method MZ, and HM if con-
vergence orders are equal.
LU decomposition
Multiplications | Divisions | Total cost
n(n—1)(2n—1) n(n—1) n(n—1)(2n—1) n(n—1)
6 2 6 375
Two triangular systems (if right hand side is a vector)
Multiplications | Divisions | Total cost
nin—1) n n(n—1)+3n
Two triangular systems (if right hand side is a matrix)
Multiplications | Divisions | Total cost
n’(n—1) n? n?(n—1)+3n?
Matrix vector multiplication
2
n
TABLE 5.3: Computational cost of different operations (the computational cost of a
division is three times to multiplication).
Iterative methods HM M7,
Number of steps 5 4
Rate of convergence 10 10
Number of functional
evaluations 6n 6n
The classical efficiency
index 21/(6n) o1/(6n)
Number of Lu
factorizations 1 1
Cost of Lu
factorizations n(nfl)()(anl) +3 n(n;l) n(n71)6(2n71) +3 n(n;l)
Cost of linear systems 4n(n—1)+3n)+n*(n—1)+3n*>  4(n(n—1)+3n)+n*(n—1)+3n?
Matrix vector multiplications 5n? 4n?

Flops-like efficiency

. a3 2,38 an’ 2,38
index 101/( 1202+ %) 101/( 21102+ 3n)

TABLE 5.4: Comparison of performance index between multi-steps iterative methods
MZ, and HM.
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5.3 Convergence analysis

In this section, we will prove that the local convergence-order of MZ, is seven for
m = 3. Later we will establish a proof for the convergence-order of the multi-step

iterative scheme MZ,, by using mathematical induction.

Theorem 5.1. Let F : I C R" — R" be sufficiently Frechet differentiable on an open
convex neighborhood T of x* € R" with F(x*) = 0 and det(F'(x*)) # 0. Then the
sequence {x;} generated by the iterative scheme MZ, converges to x* with local order

of convergence seven, and produces the following error equation

ec1 =Ly’ +0(e®), (5.18)
p-times
—N—
where e, = xx — x*, e = (er.er,---,e;) and L = —206OCS — 618C3C§ +
260C5C4(1/9) +26C3C2C4(1/3) — 30C3C2C3Chr — 6C3C5C3 — 100C53C3Co — 20C5C s
p-times

o N

a p-linear function i.e. L € L(R"R"--- /R") and Ley? € R".

Proof. Let F :T" C R" — R" be sufficiently Frechet differentiable function inI'. The gth

g-times
——
Frechet derivative of F atv € R", ¢ > 1, is the g — linear function F (@) (v) : R"R"-.-R"
such that F(9(v)(uy,uz,- - ,u,;) € R" . The Taylor’s series expansion of F(x;) around
x* can be written as:
F(xp) =F(x" +x,—x") =F(x" +e), (5.19)
1 1
=F(x*)+F (x")e; + EF"()c*)ek2 + §F(3) (x)e + - -, (5.20)
1 . 1 .
= F'(x") e + oiF' @) P (x")e + §F’(x*) PO e+, (5.21)
=C [ek + C26k2 +C3ek3 +-- } , (5.22)

where C; = F'(x*) and Cy = %F’(x*)le(S) (x*) for s > 2. From (6.22), we can calculate

the Frechet derivative of F':

F'(x;) = C1[142C2e+ 3C3e,”> +4Cser” + ], (5.23)
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where [ is the identity matrix. Furthermore, we calculate the inverse of the Jacobian

matrix

F'(x) " = [I—2Caex + (4C3 = 3C3)e} + (6C3C1 + 6C1C5 — 8C3 — 4Cy)e}
+ (8C4Cy +9C3 +8C,Cy — 5C5 — 12C3C3 — 12C,C3C, — 12C3C5
+16C3)ef 4 (24C3C5 +24C5 C3 + 24C5C3C, + 24C,C5C5 + 10C5C,
+12C4C3 4 12C3C4 + 10C,Cs5 — 6C — 16C4C5 — 18C3C, — 18C3C2C3
— 16C,C4Cy — 18C,(C3) — 16C3C4 — 32C3)e3 + (32C4C3 + 64CS
—48C3(C3) + 12C2Cs + 16CF + 15C3Cs + 15C5C3 + 12C6C — 24C4CoC3
— 24C4C3C; — 20C3Cs — 24C>C3Cy — 24C2C4C5 + 32C5C4 — 20C,C5Co
+36C3(C3) —20CsC3 + 32C3C4C + 32C,C4C3 +36C,(C3)C,
+36C,C3C2C3 4 36C5C3 — T1C7 — 24C3C2Cy — 27C3 — 24C3C4Co
+36C3C2C3C 4 36C3C5C3 — 48C3C3C5 — 48C5C3Cy — 48C5C5
—48C,C5C3)el +- -] Cy ! (5.24)

By multiplying F’ (xk)_1 and F (x;), we obtain @:

d1 = er — Crei + (2C3 —2C3)e; + (—3C4 — 4C5 +3C3C2 +-4C2C3 ey
+ (—4C5 — 6C3C3 — 6C2C3Cy — 8C3C3 + 8C5 4 4C4Cy + 6C3 + 6CoCy ey
+(—=5Cs 4 12C3C5 + 16C3C3 + 12C5C3C 4 12C,C3C5 — 8C4C5 — 9C3C,
— 12C3C5C3 — 8CLC4Ch — 1205 (C3) — 12C5C4 — 16C5 + 5C5Cy + 8C4Cs
+9C3C4 +8CyCs)ed + -+ - . (5.25)

The expression for @, is the following:

¢ =2Ce; + (—8C3 +10C3(1/3))e; 4 (26C5 — 38C3C2(1/3) — 12C2C5
+100C4(1/27))ef + (—364C2C4(1/27) — 18C2 — 416C4C5(1/27)
+ 116C3C5(1/3) +36C,C3C, + 122C3C3(1/3) +2500Cs(1/729) — 76C3 e
+ (—106C>C3C5 — (1/3)(298C3C3C,) — 344C5C5(1/3) 4+ 1282C3C4(1/27)
+140C,(C3)(1/3) + (1/27)(1106C,C4C2) — 118C3C3 + 1364C4C5(1/27)
— 10664C,Cs(1/729) — 520C3C4(1/27) — 544C4C3(1/27) — 12290C5C5(1/729)
+54C3C, + (1/3)(184C3C2C3) + 6250C6(1/2187) +208C3 )ed - - - . (5.26)
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The expressions for y;, T, y» and y3 in order are

y1—x" = —2Csel + (10C3 — 3C3)e; 4 (—23C4(1/9) — 35C5 + 16C5C,
+ 14C,C3)ef + (—278Cs(1/243) — 55C3C5 — 48C,C3C, — 50C5C3
+ 106C3 + 172C4C5(1/9) +21C3 4 128C>C4(1/9))e; 4 (147C2C3C5
+ 137C5C3C, 4 156C5C3 — 533C3C4(1/9) — 58C5(C3) — (1/9)(481C2C4C5)
+165C3C5 — 610C4C3(1/9) +3388C,Cs(1/243) 4 179C3C4(1/9)
+200C4C3(1/9) 4 4930C5C (1/243) — 72C3C, — 80C3C2C3
+520C6(1/729) —296C3)el + - - . (5.27)

T =1—2Ce; — 3C3es + (6C3Cy — 4Cy + 2003 )e; 4 (12C3C5 4 20C,C5C,
+28C3C3 — 110C3 + 8C4Cs 4 9C3 +26C2C4(1/9) — 5Cs)e} + (—180C3C5
— 156C3C3 — 136C5C3C, — 134C,C3C5 4 18C3C2C3 + (1/9)(200C2C4C)
+24C5(C3) + 68C3C4(1/3) +432C5 + 10C5Ca + 12C4C3 4 12C5Cy
+ 1874C,Cs(1/243) — 6Cs e + (—112C4C5 — 1456CS + 1050C;C5
+9788C>Ce(1/729) + 16C3 4 15C3Cs + 15C5C3 + 12C5Ca — 24C4C3C5
+3028C35Cs(1/243) + 142C,C3C4(1/9) + 184C2C4C3(1/9) — 1474C5C4(1/9)
+ (1/243)(5000C,C5C2) — 164C3(C3) — (1/3)(454C3C4C) — (1/9)(1220C2C4C3)
— 144C5(C3)Cy — 196C,C3C2C3 — 222C3C5 — TC7 +20C3C2C4(1/3)
—26C3C4C(1/3) — 240C3C2C3C, — 258C3C3C3 + 562C3C3C5 4 546C3C3C;
+624C3C5 +690C,C5C5 )el + - - - . (5.28)



Chapter 5. A Higher Order Multi-step Iterative Method for Computing the Numerical
Solution of Systems of Nonlinear Equations Associated with Nonlinear PDEs and
ODEs 75

y2 — X" = (=5C3C; + 13C4(1/9) — 103C5 — C2C3)ef 4 (—104C2C4(1/9)
—21C3(1/2) — 80C4C>(1/9) — 148C3C; — 100C>C3C, — 109C3C5
+937Cs(1/243) 4+ 666C3 e + (869C,C3C3 + 873C3C3C, +954C5C5
— 1133C3C4(1/9) — 124C5(C3) — (1/9)(895C2C4Ca) + 1074C3C5
— 1114C4C3(1/9) — T15C2C5(1/27) — 238C3C4(1/9) — 178C4C3(1/9)
—3575C5C5(1/243) — 75C3C, — 158C5C>C3 4 4894Cs(1/729)
—1990C3)e? + (3632C4C3 (1/3) +420CS — 4958C;5C3 — 30616C,Cs(1/729)
—404C3(1/9) —7343C3Cs(1/162) — 16001C5C3(1/486) — 15620CsC>(1/729)
— 1580C4C2C3(1/9) — 580C4C3C5(1/9) — 18334C5Cs(1/243)
—761C2C3C4(1/9) — 847C2C4C3(1/9) + 1074C5C4 — (1/243)(19556CC5C,)
+1118C3(C3) —35410C5C3(1/243) 4 (1/9)(8924C3C4C,)
+ (1/3)(3038C2C4C3) 4 1040C5(C3)Cs + 1262C,C3C,C5 + 1390C3C3
+63418C7(1/6561) —919C3C>C4(1/9) — 165C;5(1/2) — 589C3C4C5(1/9)
+1331C3C,C3C5 4 1542C3C3C3 — 2678C5C3C5 — 2886C5C3C,
—2881C3C3 —3871C,C3C3)e] + -+ - . (5.29)

y3 —x* = (=2060CS — 618C5C3 +260C5C4(1/9) +26C3C2C4(1/3)
—30C3C2C3C — 6C3C5C3 — 100C3C3C, — 20C5C3)e] 4 -+ - . (5.30)

]

Theorem 5.2. The multi-step iterative scheme MZ, has the local convergence-order
3m —2, using m(> 2) evaluations of a sufficiently differentiable function F, two first-

order Frechet derivatives F' and one second-order Frechet derivate F" per full-cycle.

Proof. The proof is established from mathematical induction. For m = 1, 2, 3 the
convergence-orders are two, four and seven from (5.27), (5.29), and (5.30), respectively.

Consequently our claim concerning the convergence-order 3m — 2 is true for m = 2, 3.
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We assume that our claim is true for m = g > 3, i.e., the convergence-order of MZ,

is 3g — 2. The gth-step and (g — 1)th-step of iterative scheme MZ, can be written as:

Frozen — factor = (21 — T)F'(x)fl, (5.31)
Yg—1 =Yq—2 — (Frozen — factor)F (y,—2), (5.32)
Yq =Yq-1— (Frozen— factor)F (y,_1). (5.33)

The enhancement in the convergence-order of MZ, from (g — 1)th-step to gth-step is
(3¢—2)—(3(¢q—1)—2) =3 . Now we write the (¢ + 1)th-step of MZ;:

Yg+1 =Yq — (Frozen — factor)F (y,). (5.34)

The increment in the convergence-order of MZ,, due to (g + 1)th-step, is exactly three,
because the use of the Frozen — factor adds an additive constant in the convergence-
order[19]. Finally the convergence-order after the addition of the (¢ + 1)th-step is 3¢ —
243=3¢g+1=3(q+1)—2, which completes the proof. [

5.4 Numerical testing

For the verification of convergence-order, we use the following definition for the com-

putational convergence-order (COC):

log [Max([xg.2 —x"|)/Max(bxy1 —x'|)]

COC =~ )
log [Max([xy1 —x°|) [ Max(x; —x'])]

(5.35)

where Max(|x,+2 —x*|) is the maximum absolute error. The number of solutions of
systems of linear equations are same in both iterative methods when right hand side is
a matrix so we will not mention it in comparison tables. The main benefit of multi-step
iterative methods is that we invert Jacobian once and then use it repeatedly in multi-
steps part to get better convergence-order for a single cycle of iterative method. We
have conducted numerical tests for four different problems to show the accuracy and
validity of our proposed multi-step iterative method MZ,. For the purpose of compari-
son we adopt two ways (i) when both iterative methods have same number of function
evaluations and solution of systems of linear equations (ii) when both schemes have
same convergence order. Tables 5.5, 5.7 and 5.8 show that when we number of function

evaluations and solutions of systems of linear equation are equal and the convergence
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order of MZ, is higher than ten then our proposed scheme show better accuracy in less
execution time. On the other hand if convergence-order of MZ; is less than ten then
the performance of HM is relatively better. For the second cases when we equate the
convergence-orders the execution time of MZ; are always less than that of HM because
HM performs more steps to achieve the same convergence-order. Tables 5.6, 5.9 and
5.10 shows that MZ, achieve better or almost equal accuracy with less execution time.
We have also simulated one PDE Klein-Gordon and results are depicted in Table 5.11.
As we have commented if the convergence-order is less ten the performance of HM is
better and it is clearly evident in Table 5.11 but the accuracy of MZ, is comparable with
HM. The numerical error in solution due to MZ, is shown in Figure 5.1 and Figure 5.2
corresponds to numerical solution of Klein-Gordon PDE. In the case of Klein-Gordon
equation by keeping the mesh size fix, if we increase the number of iterations or either

number of steps both iterative method can not improve the accuracy.

Iterative methods M7, HM
Number of iterations 1 1
Size of problem 200 200
Number of steps 32 33
Theoretical convergence-order(CO) 94 66
Number of function evaluations per iteration 34 34
Solutions of system of linear equations per iteration 32 32
Number of matrix vector multiplication per iteration 32 33
A
Max|x, —x*| I 3.62¢—156 7.55¢—110
2 478e—142 2.31e—98
3 391e—50 4.05¢—35

Execution time 23.48 24.0

TABLE 5.5: Comparison of performances for different multi-step methods in the case
of the Bratu problem when number of function evaluations and number of solutions of
systems of linear equations are equal in both iterative methods.

5.5 Summary

The inversion of Jacobian is computationally expensive and multi-step iterative methods
can provide remedy to it, by offering good convergence-order with relatively less com-
putational cost. The best way to construct a multi-step method is to reduce the number
of Jacobian and function evaluations, inversion of Jacobian, matrix-vector and vector-

vector multiplications. Higher-order Frechet derivatives are computationally expensive
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ODEs
Iterative methods MZ, HM
Number of iterations 1 1
Size of problem 250 250
Number of steps 120 179
Theoretical convergence-order(CO) 358 358
Number of function evaluations per iteration 122 180
Solutions of system of linear equations per iteration 120 178
Number of matrix vector multiplication per iteration 120 179
Max|x, —x*|, (A =1) 3.98¢ —235 3.98e —235
Execution time 59.67 70.22

TABLE 5.6: Comparison of performances for different multi-step methods in the case
of the Bratu problem when convergence orders are equal in both itrative methods.

Iterative methods MZ, HM
Number of iterations 3 3
Size of problem 250 250
Number of steps 3 4
Theoretical convergence-order(CO) 7 8
Computational convergence-order(COC) 6.75 7.81
Number of function evaluations per iteration 5 5
Solutions of system of linear equations per iteration 3 3
Number of matrix vector multiplication per iteration 3 4
Max|x, —x*| 8.44e — 150 3.92¢—161
Execution time 63.75 64.66

TABLE 5.7: Comparison of performances for different multi-step methods in the case
of the Bratu problem when number of function evaluations and number of solutions of
systems of linear equations are equal in both iterative methods.

Iterative methods MZ, HM
Number of iterations 3 3
Size of problem 150 150
Number of steps 3 4
Theoretical convergence-order(CO) 7 8
Computational convergence-order(COC) 7.39 8.64
Number of function evaluations per iteration 5 5
Solutions of system of linear equations per iteration 3 3
Number of matrix vector multiplication per iteration 3 4
Max|x, —x*| 421e—126 3.21e—149
Execution time 16.10 16.68

TABLE 5.8: Comparison of performances for different multi-step methods in the case
of the Frank Kamenetzkii problem when number of function evaluations and number
of solutions of systems of linear equations are equal in both iterative methods.
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Iterative methods MZ, HM
Number of iterations 1 |
Size of problem 150 150
Number of steps 80 119
Theoretical convergence-order(CO) 238 238
Number of function evaluations per iteration 82 120
Solutions of system of linear equations per iteration 80 118
Number of matrix vector multiplication per iteration 80 119
Max|x; —x*|, (A =1) 6.46e — 116 3.95¢—99
Execution time 19.89 28.21

TABLE 5.9: Comparison of performances for different multi-step methods in the case
of the Frank Kamenetzkii problem when convergence orders are equal in both iterative

methods.
Iterative methods MZ; HM
Number of iterations 1 1
Size of problem 100 100
Number of steps 30 44
Theoretical convergence-order(CO) 88 88
Number of function evaluations per iteration 32 45
Solutions of system of linear equations per iteration 30 43
Number of matrix vector multiplication per iteration 30 44
Max|x, —x*| 1 1.95¢—34 2.64e—37
Execution time 3.01 3.53

TABLE 5.10: Comparison of performances for different multi-step methods in the case
of the Lane-Emden equation when convergence orders are equal.

when we use them for the solution of general systems of nonlinear equations, but for
a particular type of ODEs and PDEs we could use them because they are just diagonal
matrices. The numerical accuracy in the solution of nonlinear systems enhances as we
increase the number of step in MZ, method. The computational convergence-order of
MZ, is also calculated in some examples and it agrees with the theoretical study of the

convergence-order.
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Iterative methods MZ, HM
Number of iterations 1 1
Size of problem 4420 4420
Number of steps 4 4
Theoretical convergence-order(CO) 10 8
Number of function evaluations per iteration 6 5
Solutions of system of linear equations per iteration 4 3
Number of matrix vector multiplication per iteration 4 4

Steps
Max|x, —x*| 1 324e—1 4.1le—1
2 7.51e—3 2.62¢—3
3 2.70e—5 2.63¢e—5
4 5.59¢—7 4.39¢—7
Execution time 94.13 80.18

TABLE 5.11: Comparison of performances for different multi-step methods in the case
of the Klein Gordon equation , initial guess u(x;,t;) = 0, u(x,t) = dsech(k(x — vt),

K=\/aty 6=1/5c=1Ly=1,v=05k=05n,=170,n, =26, x € [-22, 22},

t €0, 0.5].

x 10

Error

X—axis

t—axis

FIGURE 5.1: Absolute error plot for multi-step method MZ, in the case of the Klein
Gordon equation , initial guess u(x;,7;) =0, u(x,t) = dsech(k(x — vt), kK = \/ﬁ,

§=/3c=1y=1,v=05k=05n=170,n =26,x € [-22, 22],1 €0, 0.5].
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0.8

0.6

numerical

0.4+

u

0.3

x—axis t-axis

FIGURE 5.2: Numerical solution of the Klein Gordon equation , x € [—22, 22|, €
[0, 0.5].



Chapter 6

Higher Order Multi-step Iterative
Method for Computing the Numerical
Solution of Systems of Nonlinear

Equations: Application to Nonlinear
PDEs and ODEs

We consider multi-step iterative method to solve systems of nonlinear equa-
tions. Since, the Jacobian evaluation and its inversion are expensive, in order to
achieve best computational efficiency, we compute the Jacobian and its inverse
only once in a single cycle of the proposed multi-step iterative method. Actu-
ally the involved systems of linear equations are solved by employing the LU-
decomposition, rather than inversion. The primitive iterative method (termed base
method) has convergence-order (CO) five and then we describe a matrix polyno-
mial of degree two to design multi-step method. Each inclusion of singlestep in
the base method will increase the convergence-order by three. The general ex-
pression for CO is 3s — 1, where s is the number of steps of multi-step iterative
method. Computational efficiency is also addressed in comparison with other ex-
isting methods. The claimed convergence-rates proofs are established. The new
contribution in our analysis relies essentially in the increment of CO by three for
each added step, with a comparable computational cost in comparison with exist-
ing multi-steps iterative methods. Numerical assessments which justify the theo-
retical results are made: in particular, some systems of nonlinear equations associ-

ated with the numerical approximation of partial differential equations (PDEs) and

82
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ordinary differential equations (ODESs) are built up and solved.

6.1 Introduction

Iterative methods for approximating the solution of systems of nonlinear equations rep-
resent an important research area, widely investigated in the relevant literature [103—
105, 108, 109, 118, 120, 186, 187, 187-190, 193]. Several systems of nonlinear equa-
tions are originated from the numerical approximation of PDEs and ODEs. For in-
stance, we may consider the Bratu problem, the Frank-Kamenetzkii problem [142], the
Lene-Emden equation [184], the Burgers equation [194], and the Klein-Gordon equa-

tion [185], which are stated in order as

Y'(x)+ e’ =0, y(0)=y(1) =0, 6.1)
Y0+ (W) +2 =0, Y(0)=y(1) =0, (62)
Y0+ 2 W0+ =0, ¥(0)=0,y(0) =1, 63
e (1) u(x, g (x6,1) — Yy (x,8) = 0, u(x,0) = g1 (x),

u(0,1) = g2(t), u(2,1) =g3(1), (6.4)
i (%,1) — e (x,8) + f(u) = p(x,1), —oo<x<oo, >0, (6.5)

where f(u) is odd function of u and u(x,0) = f(x) and u;(x,0) = f>(x). For the dis-
cretization of Equations (6.1), (6.2), (6.3), (6.4), and (6.5) we may use any suitable
method in space and time. In this chapter, we employ the Chebyshev pseudo-spectral

collocation method for temporal and spatial discretization. As a consequence, we obtain
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the following systems of nonlinear equations

F(y) = Diy+e =0, (6.6)
F(y) = D2+dzag (%)Dx y—l—?Ley 0, (6.7)
F(y) = Dz-l—dlag (%)Dx y+7Ly =0, (6.8)
F(u)= ((Ix ®D,> - y(Dﬁ ®I,)>u + diag (Dxu>u —0, 6.9)
Fu) = <<IX®D3) _ (D,%@It))wf(u) —0, (6.10)

where Dy, D; are the differential matrices in spatial and temporal dimension, respec-
tively, y= [ylv Y2, yn]T’ X = [xla X2yt xn]T’ f(y> = [f(y1)7 f(y2>7 ) f(yn)]T

for f(y) = ¢’ or y", diag ch is a diagonal matrix with main diagonal entries of

T

1 1 1 1

x |lx o ’x_n au:[ullaMIZv'“7ulm7 U1, s Udmy "y Unls U2, 5 Unm

T
x1? xp? ]

b

I, and I; are identity matrices of dimensions n and m. We can write the systems of
nonlinear equations (6.6), (6.7), (6.8), (6.9), (6.10) in compact form as

F(z) =Az+h(z) =0, (6.11)
F'(z) = A+diag(l (z)), (6.12)

where Az is a linear part , h(z) is the nonlinear part of F(z) and F’(z) is first or-
der Frechet derivative or Jacobian of F(z). As we are dealing with general systems
of nonlinear equations. Examine F(x) = [f1(x), f2(x), f3(x),---, fu(x)]" =0, with
fix), f2(x), f3(x), -+, fu(x) being coordinate continuously differentiable functions.
Newton-Raphon (NR) is a classical iterative method [3, 191] for systems of nonlinear

equations and it is defined as

Xgr1 =X~ F(x,) 'F(x,), ¢=0,1,2, -, (6.13)
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which is quadratically convergent, under suitable regularity assumptions. The multi-

step version of NR can be written as

(

\

Xg+1 =Ys—1 =Ys-2 _F(xq)ilFO’sz)-

(6.14)

One cycle of (s — 1)-step NR method (6.14) requires one Jacobian, its inversion and

s-function evaluations at the initial point with convergence-order s. However, quite re-

cently, more efficient multi-step iterative methods, with better convergence-order, have

been designed, by using the same number of Jacobian and function evaluations. As an

example, the multi-step version of H. Montazeri et. al. (HM) [195] is written as

» :xq_
y3=y2—
Y4 =Yy3—

\

Br-3w+ §W2> F'(x,)"'F(x,),

Yi=Xx4— %F/(xq)_]F(xq),
W =F'(xg) 'F'(y1),

w Fl(xq>_1F(y2),

W | F'(xg) ' F(y3),

X1 =Ys =Ys—1— (%I— %W) F/(xq)ilF(ys_l).

(6.15)

A single cycle of HM s-step iterative method requires (s — 1) functions evaluations,

two Jacobian at different points, one inversion of Jacobian at initial guess and its
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convergence-order is 2s for s > 2 and for s = 1, CO = 1. A further multi-step itera-

tive method was developed by F. Soleymani et. al. (FS) [37]

(

Y1 xq— %F/(xq)_lF(xQ)7

-1
W= %(3F’(y1) —F’(xq)> (3F'(y1) + F'(x)),
< Y2 =Xy —WF’(xq)_lF(xq)7

y3 =y2—W2F'(x,) " 'F(y2),

(6.16)

\xq—Q—l =Ys =Ys—-1 _WzF/(xq)ilF()’s—l)-

The s-step iterative method (FS) has CO = 2s and computationally needs (s — 1) func-
tion evaluations, two Jacobian at different points, two inversion (solution of two sys-
tems of linear equations). Clearly the multi-step FS iterative method is better than the
multi-step NS method , even if the multi-step HM method is computationally more ef-
ficient than both. In [192] M. Zaka and his co-workers proposed an iterative method
to solve systems of nonlinear equations, but computational efficiency is not better than
HM method, because of two Jacobian inversions at different points. In the next section,
we propose our new multi-step iterative method which has better convergence order

than the HM multi-step iterative method, with comparable computational cost.

6.2 New multi-step iterative method

Let us consider a general system of nonlinear equations F (x) = 0, with the assumption

that F(x) is sufficiently differentiable. Our proposal for the new multi-step iterative
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method (MZ) is the following

i :xq_F/(xq)_lF(xq)>
V=(F(x))'F'(n),

Y2=y1— %1— %V+?¢V2 F'(xg)"'F(y1),

yi=y2— | 3 =4V +3V2 | Fl(x)) ' F(y2), (6.17)

V2 F/(xq)le(%)a

[NS]{8]

ya=y3s—|51—4V+

Xgr1 =Ys = Y51 — | LI —4V+3V2 | F'(x,) 7 F (y5-1)-

The new MZ procedure uses s function evaluations, two Jacobian and one inversion

of Jacobian. We claim that the convergence-order of MZ is

CO=3s—1, (6.18)

where s is step number. The multi-step HM iterative method is the best candidate

for comparison, since it requires only a unique Jacobian inversion. For s = 2 the

MZ HM M7 HM MZ HM Difference
(s>2) (>22) (s5=2) (=3) (s=s1) (=s51+1) MZ-HM

Number of steps K K 2 3 K3t s1+1 1
Convergence-order 35— 1 2s 5 6 351 — 1 2(s1+1) s1—3
Function evaluations K s—1 2 2 S1 S1 0

Solution of system

of linear equations when

right hand side is vector K s—1 2 2 K3t K 0
Solution of system

of linear equations when

right hand side is matrix 1 1 1 1 1 1 0
Jacobian evaluations 2 2 2 2 2 2 0
Matrix vector

multiplications 2(s—1) s 2 3 2(s1 —1) s1+1 s1—3

TABLE 6.1: Comparison between multi-steps iterative method MZ and HM if number
of function evaluations and solutions of system of nonlinear equations are equal.

convergence-orders of HM and MZ are 5 and 4, respectively, and the number of matrix
vector multiplications are equal: however, with MZ, we have one more solution of sys-
tem of linear equations and function evaluation, when compared with the HM method.
The HM(s = 2, 3) is better than MZ(s = 2) because HM(s = 3) uses the same number
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of function evaluations and solution of system of linear equations as that of MZ(s = 2)
with better convergence-order, even though HM(s = 3) requires one more matrix vector
multiplication than MZ(s = 2). The computational cost of one matrix vector multipli-
cation is negligible versus an increment in convergence-order. The multi-step iterative
methods MZ(s = 3) and HM(s = 4) have the same convergence order with same num-
ber of function evaluations, solution of system of linear equations and number of matrix
vector multiplications and this can be seen in the last column of Table 6.1. If in Table
6.1 51 > 3 then the convergence-order of MZ is better than HM but in the case of MZ we
have to perform s; — 3 more matrix vector multiplication. Nevertheless, the enhance-
ment in the convergence-order is also s; — 3, by keeping fixed the number of function
evaluations and solution of systems of linear equations. Table 6.2 shows that, if the
convergence-order is equal for MZ and HM, then we have to perform m steps more for
HM which means we require m — 1 more function evaluations and solution of system of
linear equations, but m — 1 less matrix vector multiplications. The computational cost
of m — 1 matrix vector multiplication is not higher than m — 1 function evaluations and
solutions of systems of linear equations. We conclude that our proposal for multi-steps
iterative method MZ is better than existing multi-steps iterative methods in our literature

review.

MZ HM Difference
m>1) m>1) HM-—-MZ

Number of steps 2m+1 3m+1 m
Convergence-order om+2 6m-+2
Function evaluations 2m+1 3m m—1

Solution of system

of linear equations when

right hand side is vector  2m+ 1 3m m—1
Solution of system

of linear equations when

right hand side is matrix 1 1 0
Jacobian evaluations 2 2 0
Matrix vector

multiplications 4m 3m+1 —m+1

TABLE 6.2: Comparison between multi-steps iterative method MZ and HM if number
convergence-orders are equal.
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If n is the size of system of nonlinear equations and we adopt the definition of

performance index as
1
p =CO7Tlops | (6.19)

then Table 6.3 shows the performance index in terms of floating-point operations per
second for different number of steps. In Figure 6.1, we compare the performance index
between MZ and HM multi-steps iterative methods. The curve of performance index
related to MZ is better than that associated with the method HM.

Iterative methods HM MZ HM MZ
Number of steps 4 3 5 4
Rate of convergence 8 8 10 11
Number of functional

evaluations 3n+2n? 3n+2n? 4n+2n? 4n+2n°
The classical efficiency

index 21/(3n+2n2) 21/(3n+2n2) 21/(4n+2n2) 21/(4n+2n2)
Number of Lu

factorizations 1 1 1 1
Cost of Lu

factorizations % % % %
Cost of linear systems % + 6n% % +6n? % + 8n? 5%3 + 812
Matrix vector multiplications 4n? 4n? 5n? 6n>

Flops-like efficiency

index QU/(E 4120243n) g/ 41202 43n)  ol/(H 15w ) 1/ (3L 1602 14n)

TABLE 6.3: Comparison of performance index between multi-steps iterative methods
MZ and HM.

1.0008; 1.0001
—— HM(s=5)
MZ(s=4) 1.0001
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1.0006 ] 100011
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FIGURE 6.1: Comparison between performance index of MZ and HM multi-steps
iterative methods.

6.3 Convergence analysis

In this section, we will prove that the local convergence-order of the technique reported

in (6.17) is eight for s = 3 and later we will establish a proof for the multi-step iterative
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scheme (6.17), by using mathematical induction.

Theorem 6.1. Let F : I' C R" — R" be sufficiently Frechet differentiable on an open
convex neighborhood T of x* € R" with F(x*) = 0 and det(F'(x*)) # 0. Then the
sequence {x,} generated by the iterative scheme (6.17) converges to x* with local order

of convergence eight, and produces the following error equation

esi1=Le+0(e,”), (6.20)

p-times
—N—
where e, = x4 —x*, e, = (eg.eq, - ,e4) and L = (280C; + (1/2)(C2C3C2C3C,) —
(1/2)BG(C)(G)) — 42G(C) — 30GG(C5) + (1/2)9GGG(C3)) +
14C,C5(C5) + 10C5C3C, — (1/2)(3C5(C3)C5Ca)) is a  p-linear  function i.e.

p-times
7\
yoe

~

LeL(R"R" .- ,R")and Le,’ € R".

Proof. Let F :T" C R" — R” be sufficiently Frechet differentiable function in I". The ith

.
1-times

Frechet derivative of F at v € R", i > 1, is the i — linear function F(9) (v) : R"R"...R"
such that F)(v)(uy,ua,--- ,u;) € R [154]. The Taylor’s series expansion of F(x,)

around x* can be written as:

Fxy) =Fx"+x,—x")=F(x" +e,), (6.21)
= F(x*) +F'(x")e, + ZF”(x Je > + 5F(3>(x Je,j -, (6.22)

* 1 s\ —1 * 1 xy—1 *
= F'(x*)[eg+ i F ) F Je >+ o) FOE e +--], (6.23)
=Cileg+Cre,” +Crey” ++ ], (6.24)

where C; = F'(x*) and Cs = %F’(x*)_lF(“) (x*) for s > 2. From (6.21), we can compute

the Frechet derivative of F':

F'(xg) = C1 [l +2Cre, +3Ce,”> +4Cse,” + -], (6.25)
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where [ is the identity matrix. Furthermore, we calculate the inverse of the Jacobian

matrix

F'(x,) ' = [I—2Cse,+ (4C3 —3C3)e2 + (—8C3 +6C3Cs +6C2Cs — 4Cy e’
+ (—12G3C3 — 12C5C3 — 12C,C3C5 + 8C4Ch + 9C5 + 8CoCy + 16C, — 5Cs e
+ (= 16C4C5 — 18C3C2C3 — 18C3C, — 18C2C2 — 16C3Cy — 16C,C4Cy + 24C5C5
+24C3C3C; + 24C,C5C3 — 32C5 + 10C5C, + 12C4C + 12C3C4 4 10C2Cs
+24C3C5 — 6Co)e;, + (—24C3C4Cy — 24C3C2Cy — 27C3 — 48C3C;5 + 64C5 — 24C4C35C,
— 24C4CoC3 — 20C,C5Cy — 24C,CyCs + 32C4C5 — 24CC3Cy — 20C5Cs 4+ 36C5C3
+32C3Cy — 48C3C3C3 +36C2C3CoC3 — 48C5C3Cy — 48C5 C3 — 48C,C5C5
+36C3C3C3 +36C3C,C3C + 12C,C6 + 16C7 + 15C3Cs + 15C5C3 + 12C5Co

+36C2C3Ca + 32C2C4C5 — TC7 + 36C5C5 + 32C5C4C, — 20CsC3 el + -+ | Cr !
(6.26)

By multiplying F’ (ch)_1 and F(x,), we obtain:

1

F'(xy)" F(x,) = e, —Cae; + (2C5 — 2C3)e) + (4C2C3 4 3C3C, — 3C4 — 4C5)e
+(8C3 — 6C3C5 + 6C5 + 6C2Cs +4C4Cr — 4Cs — 8C3C3 — 6C2C3C e
+ (= 12C3CC3 — 8CLC4Cy — 12C5C4 — 12C,C2 + 12C3C5 — 16C5
—9C3Cs 4 8C2Cs + 9C3Cy + 8C4C;3 + 5C5Cy — 5Cs — 8C4C5 + 16C5C3
+12C5C3C, + 12C,C5C5 )€l + - (6.27)
From (6.27) we have

y1 —x" = Coe, + (—2C5 +2C3)e, + (3C4 +4C5 — 3C3C, — 4C2C3)ey + (4Cs
+6C3(C3) +8C5C3 + 6C,C3C, — 8C; — 4C4Ch — 6C; — 6C2Cy)e,
+ (5Cs + 8C4(C3) + 12C3C2C3 4 9C3Cs + 12C5 (CF) + 12C3C4 4+ 8CrC4Cy
— 16C5C3 — 12C5C3C, — 12C,C5(C3) — 12C3(C3) + 16C5 — 5C5Co
—8C4C3 —9C3C4 — 8CoCs)el + -+ (6.28)
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The expression for V is

V =1-2Ce,+ (6C; —3C3)e;) + (—16C3 + 10C2C3 + 6C3C, — 4Cs)e,
+ (—=5C5 +8C4Cs + 14C2Cy — 18CHC3C 4 9C3 4 40C5 — 15C3(C3)
—28C5C3)ey + (—6Cs + 10CsCy + 12C4C3 + 12C3C4 + 18C2Cs
— 24C3C5C3 — 24C5C4C + T2C5C3 + 48C3C3Cy + 42C2C3(C3)
+36C3(C3) — 96C; —24C4(C3) — 12C3C; — 30C,(C3) — 40C5Cy)e)
+ (=52C3Cs — 42C,C3C4 — 40C2C4C3 — 30C,C5Ca — 15C3C4C;
—33C3C2Cy — 15C3 + 224C8 — 24C4C3C5 — 40C4CrC3 — 176C5C3
— 120C3C3C; — 108C5C3(C3) — 96C,C3(C3) + 68C4(C3) — 84C3(C3)
+22C,C + 16C7 4 15C3Cs + 15C5C5 + 12C4C, + 24C3(C3)
+60C3(C3)C3 +33C3C2C3C; + 64C3C4Cy — TC7 4 104C5Cy
+ 84C3(C3) +42C5(C3)Cy 4 T2C2C3CoC3 + 64CCy (C3)
—30C5(C3))e5+ -+ . (6.29)

Finally, we provide the expression for y; —x* and y3 —x*, by skipping some steps:

y2—x" = (=3C3(C3)(1/2) + (1/2)(C2G3C2) + 14C3 e, + (CrC4Ca + Co(C3)
—9C3C,(1/4) —3C3C2C3 + 55C3(C3)(1/2) +19C,C3(C3) + (1/2)(41C3C3C5)
+28C3C3 —2C4(C3) — 140C3)eS + - . (6.30)

y3 —x* = (280C) + (1/2)(C2C3C2C3C,) — (1/2)(3Co(C3)(C3)) — 42C3(C3)
—30C5C3(C3) + (1/2)(9C3C2C3(C3)) + 14C2C3(C3) + 10C5 C3C,
—(1/2)(3G3(C5)C3Ca) e + -+ (6.31)

]

Theorem 6.2. The multi-step iterative scheme (6.17) has the local convergence-order
3s— 1, using s(> 1) evaluations of a sufficiently differentiable function F and two first-

order Frechet derivatives F' per full-cycle.

Proof. The proof is established via mathematical induction. For s = 1, 2, 3 the
convergence-orders are two, five and eight from (6.28), (6.30), and (6.31), respectively.

Consequently our claim concerning the convergence-order 3s — 1 is true for s = 2, 3.
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We assume that our claim is true for s =m > 3, i.e., the convergence-order of (6.17)

is 3m — 1. The mth-step and (m — 1)th-step of iterative scheme(6.17) can be written as:

7 3
Frozen — factor = (EI —4V + §V2> (F'(x,)"", (6.32)
Ym—1=Ym—2 — (Frozen — factor)F (yu—2), (6.33)
Ym =Ym—1— (Frozen — factor)F (ym—1). (6.34)

The enhancement in the convergence-order of (6.17) from the (m — 1)th-step to the
mth-step is (3m —1) — (3(m—1) — 1) = 3 . Now we write the (m+ 1)th-step of (6.17):

Ym+1 =Ym — (Frozen — factor)F (yp,). (6.35)

The increment in the convergence-order of (6.17), due to (m + 1)th-step, is ex-
actly three, because the use of the Frozen — factor adds an additive constant in the
convergence-order [37]. Finally, after the addition of the (m + 1)th-step, we observe

that the convergence-order is 3m — 1 + 3 = 3m + 2, which completes the proof. ]

6.4 Dynamics of multi-steps iterative methods

Here we analyze the dynamics of classical and newly developed multi-step iterative
methods. Actually dynamics of iterative solvers for nonlinear problems shows the re-
gion of convergence and divergence. In order to draw the convergence and divergence

regions, we select two simple systems of nonlinear equations

2
et =1

p=21°" 4 (6.36)
y—4sin(x) =0,
y—x>—1=0

P, = (6.37)
y+x2—1=0.

The P; problem has six roots and P, has only two roots. Regarding the dynamics plots,
we start with an initial guess and iterates it with a given iterative method. If iterations
show convergence to a root we assign a specific color (different from black) to that ini-
tial guess. Otherwise, in case of divergence, we employ the black color. Notice that

the nonlinear curves of P; and P, are also plotted in black color in all figures which
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has no connection with divergence. In Figures 6.2, 6.3, 6.4, we plotted the convergence
and divergence regions of classical Newton Raphson iterative methods, with different
convergence orders for problem P;. The multi-step iterative method MZ dynamics is
shown in Figures 6.5, 6.6 for problem P; and in Figures 6.7, 6.8 for problem P,. As
we increase the convergence-order of an iterative method, the figures clearly show that
its region of convergence around the roots shrink. Generally specking all higher order
methods are sensitive to initial guess because of their narrow convergence regions. Fig-
ure 6.6 corresponds to multi-step iterative method MZ(s = 3, CO = 8) and has more
dark region than that in Figure 6.2. It means that, as expected, our multi-step iterative

method is more sensitive to the initial guess than classical Newton Raphson.

FIGURE 6.2: Newton Raphon with CO = 2, Domain= [—11, 11] x [—11, 11], Grid=
700 x 700.

6.5 Numerical tests

For the verification of convergence-order, we use the following definition for the com-

putational convergence-order (COC):

log [Max(x; 2 —x'[) /Max(jxy 1 —x'])]

COoC ~ )
log[Max(|xg41 —x*|)/Max(|x; —x*|)]

(6.38)
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FIGURE 6.3: Multi-step Newton Raphon with CO = 3, Domain= [—11, 11] x
[—11, 11], Grid= 700 x 700.

FIGURE 6.4: Multi-step Newton Raphon with CO = 4, Domain= [—11, 11] x
[—11, 11], Grid= 700 x 700.
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FIGURE 6.5: Multi-step iterative method MZ with CO = 5, Domain= [—11, 11] x
[—11, 11], Grid= 700 x 700.

FIGURE 6.6: Multi-step iterative method MZ with CO = 8, Domain= [—11, 11] x
[—11, 11], Grid= 700 x 700.
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FIGURE 6.7: Multi-step iterative method MZ with CO = 5, Domain= [—3, 3] X
[—3, 3], Grid= 300 x 300.

FIGURE 6.8: Multi-step iterative method MZ with CO = 8, Domain= [—3, 3] X
[~3, 3], Grid= 300 x 300.
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where Max(|x,1> —x*|) is the maximum absolute error. In the introduction section
we have listed three ODEs and two PDEs problem. The analytical solution of (6.1),
(6.2), (6.3), (6.5) can be found in [154], [183], [184], [185], respectively. The close
form solution of (6.4) is not known: in this case we can check the norm of F(x). The
proposed iterative methods are designed for general systems of nonlinear equations.
Hence we choose a small system of nonlinear equations for checking the computational

order of convergence and accuracy of multi-step MZ method:

(
Xx3 + x4(x2 +x3)

Y

=0
x1x3 +x4(x1 +x3) =0, (6.39)
=0

xX1X2 4 x4(x1 +x2)

)

[ X1 +x1x3+x0x3—1=0.

For the purpose of testing accuracy, we give here thirty digits accurate solution of (6.39)

(xl =0.577350269189625764509148780502,

x2 = 0.577350269189625764509148780502, (6.40)

x3 =0.577350269189625764509148780502,

| x4 = —0.288675134594812882254574390251.

The initial and boundary conditions for PDEs (6.4) and (6.5) can be found in the
caption of Tables 6.9 and 6.10. For the purpose of comparison we adopted two ways:
either (i) both multi-step iterative methods MZ and HM use the same number of func-
tion evaluations or (ii) the convergence-order is forced to be equal. In some cases we
just perform one iteration and increase the number of steps. Otherwise, we perform
more iterations with different number of steps. When we perform a single iteration of
multi-steps methods, by increasing the number of steps to achieve better accuracy, we
pay minimum computational cost because, in this case, we have to perform just one
LU-factorization of a single Jacobian and have to reuse the factors for the solution of
system of linear equations. The first problem which we try to solve is the Bratu prob-
lem (6.1). In Table 6.4, we use 200 grid points to discretize the domain of the problem
[0, 1] and each grid point corresponds to a nonlinear equation. In this we way the sys-
tem of nonlinear equations has size 200. We performed one iteration and select 32,

33 steps for MZ and HM method so that both methods have same number of function
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evaluations and solutions of systems of linear equations. For different values of the pa-
rameter A for Bratu problem in Table 6.4, results shows that MZ performs better than
HM in terms of execution time and achieved accuracy. In Table 6.4 we solved Bratu
problem for different values of parameter A for fix number of steps. One may observe
that if we increase the value of A there is degradation in accuracy for fixed number of
steps. Actually for different values of parameter Bratu problem has different solutions
and we solve all the problem with same initial guess and achieve different accuracies
in the numerical solutions for fixed number of multi-steps. The dynamics of iterative
method for different problems is different so same initial guess for all problems may
provide different accuracy. For the better comparison of execution time of the methods
MZ and HM, we select different number of steps such that both methods have the same
convergence-order. Table 6.5 depicts the execution time of MZ, which is less than that
of the HM method. The reason why is that the HM procedure requires a larger number
of steps to achieve equal convergence-order as MZ and for each step we solve one sys-
tem of linear equations and one function evaluation. It is true that MZ uses more matrix
vector multiplications than HM, but more function evaluations and solutions of systems
of linear equations are performed by the HM solver. The successive iterations of MZ
method for Bratu problem is given in Figure 6.9 and the analytical solution is plotted
in Figure 6.10. The successive iterations and solution of Frank Kamenetzkii problem is
shown in Figures 6.11, 6.12. In Table 6.6 we also calculated the COCs for both MZ and
HM methods and they verify the claimed theoretical convergence-orders. The results
of Table 6.7 also confirm the fast convergence of the MZ method. The first two prob-
lems were boundary value problems, while the third one is the initial value problem
Lene-Emden, having infinite. For numerical experimentation we select a reasonable
closed interval [0, 8] to integrate the problem. In Table 6.8 we execute two iterations by
fixing the function evaluations and solution of system of linear equations. The results
show that the execution time is more or less the same, but the resulting accuracy of the
MZ method is better than that of the HM method. Figure 6.13 and 6.14 present the
numerical treatment of Lene-Emden equation. For the numerical solution of Burgers
equations we select n, = 40 grid points in spatial dimension and n; = 40 in the tempo-
ral dimension so that the size of the resulting system of nonlinear equations becomes
1600. Table 6.9 tells that MZ achieved O(10~'4) in the 2—norm of F(x) of Burgers
equations, while HM got the same accuracy in three iterates and consumed more time.
Error in the ||F(x)||2 of Burgers equation and approximated numerical solution can be
visualized in Figures 6.15 and 6.16. The largest system of nonlinear equations is con-

structed for the Klein-Gordon equations. In Table 6.10 we iterate MZ and HM methods
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one single time and both consume almost the same execution time: however the MZ
procedure got better maximum absolute error than HM. The absolute error plot related
to the analytical solution of Klien-Gordon can be seen in Figures 6.17 and 6.18. Since
we have mentioned that our proposed multi-step iterative method is designed for gen-
eral systems of nonlinear equations, in (6.39) we picked a general system of nonlinear
equations and in (6.40) a thirty digits accurate solution of it is also supplied. The results
of Table 6.11 confirms the COCs for both methods and because the convergence-order
of MZ is higher than HM, by using the same number of function evaluations, the result-

ing accuracy is also better than HM. Table 6.12 shows the successive iterations for both

methods.
Iterative methods MZ HM
Number of iterations 1 1
Size of problem 200 200
Number of steps 32 33
Theoretical convergence-order(CO) 95 66
Number of function evaluations per iteration 32 32
Solutions of system of linear equations per iteration 32 32
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 62 33
A
Max|x, —x*| 1 4.66e—161 7.55¢—110
2 224e—140 2.31e—98
3 8.4le—48 4.05¢—35
Execution timeAd = 1) 23.72 22.31

TABLE 6.4: Comparison of performances for different multi-step methods in the case
of the Bratu problem (6.1) when number of function evaluations and number of solu-
tions of systems of linear equations are equal.
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FIGURE 6.9: successive iterations of multi-step method MZ in the case of the Bratu
problem (6.1), A =3, iter = 3, step = 2, size of problem = 40.
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FIGURE 6.10: Analytical solution of Bratu problem (6.1), A = 3, iter = 3, step = 2,
size of problem = 40.
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FIGURE 6.11: successive iterations of multi-step method MZ in the case of the Frank
Kamenetzkii problem (6.1), iter = 3, step = 2, size of problem = 50.
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FIGURE 6.12: Analytical solution of Frank Kamenetzkii problem (6.1), iter = 3,
step = 2, size of problem = 50.
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Iterative methods MZ HM
Number of iterations 1 1
Size of problem 250 250
Number of steps 121 181
Theoretical convergence-order(CO) 362 362
Number of function evaluations per iteration 121 180
Solutions of system of linear equations per iteration 121 180
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 240 181
Max|x, —x*|, (A =1) 3.98¢ —235 3.98e —235
Execution time 65.51 71.00

TABLE 6.5: Comparison of performances for different multi-step methods in the case
of the Bratu problem (6.1) when convergence orders are equal.

Iterative methods MZ HM
Number of iterations 3 3
Size of problem 150 150
Number of steps 3 4
Theoretical convergence-order(CO) 8 8
Computational convergence-order(COC) 7.77 8.65
Number of function evaluations per iteration 3 3
Solutions of system of linear equations per iteration 3 3
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 4 4
Max|x, —x*| 5.12¢—149 3.21e—149
Execution time 16.44 16.81

TABLE 6.6: Comparison of performances for different multi-step methods in the case
of the Frank Kamenetzkii problem (6.2) when convergence orders, number of function
evaluations, number of solutions of systems of linear equuations are equal.
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Iterative methods MZ HM
Number of iterations 1 1
Size of problem 150 150
Number of steps 121 181
Theoretical convergence-order(CO) 362 362
Number of function evaluations per iteration 121 180
Solutions of system of linear equations per iteration 121 180
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 240 181
Max|x, —x*|, (A =1) 6.46¢ — 148 3.95¢— 149
Execution time 30.15 35.45

TABLE 6.7: Comparison of performances for different multi-step methods in the case
of the Frank Kamenetzkii problem (6.2) when convergence orders are equal.

Iterative methods MZ HM
Number of iterations 2 2
Size of problem 150 150
Number of steps 7 8
Theoretical convergence-order(CO) 20 16
Number of function evaluations per iteration 7 7
Solutions of system of linear equations per iteration 7 7
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 12 8
Iter
Max|x, — x| 1 0.50 0.68

2 471le—32 1.18e—17

Execution time 13.33 13.12

TABLE 6.8: Comparison of performances for different multi-step methods in the case
of the Lene-Emden equation (6.3)
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FIGURE 6.13: successive iterations of multi-step method MZ in the case of the Lene-
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FIGURE 6.14: Analytical solution of Lene-Emden equation (6.3), x € [0, 8].
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Iterative methods MZ HM
Number of iterations 2 3
Size of problem 1600 1600
Number of steps 4 5
Theoretical convergence-order(CO) 11 10
Number of function evaluations per iteration 4 4
Solutions of system of linear equations per iteration 4 4
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 6 5

Iter
[|F(x)]]2 1 0.47 2.19
2  7.86e—14 3.50e—11
3 1.02¢ — 13
Execution time 0.14 0.19

TABLE 6.9: Comparison of performances for different multi-step methods in the case
of the Burgers equation (6.4), initial guess u(x;,t;) = 0, u(x,0) = %’ u(0,1) =

u(2,1) =0, a =15, f = 14, y=0.2, n, =40, n, = 40, x € [0, 2], 1 € [0, 100].
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FIGURE 6.15: Comparison of performances for different multi-step methods in the

case of the Burgers equation (6.4), initial guess u(x;,z;) = 0, u(x,0) = %,

w(0,0) =u(2,1) =0, =15, f = 14, y=0.2, n, =40, n, =40, x € [0, 2], ¢ € [0, 100]
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FIGURE 6.16: Comparison of performances for different multi-step methods in the

case of the Burgers equation (6.4), initial guess u(x;,7;) = 0, u(x,0) = %,

u(0,1) =u(2,1) =0, o0 = 15, B = 14, y=0.2, ny = 40, n, = 40, x € [0, 2], ¢ € [0, 100].
Iterative methods MZ HM
Number of iterations 1 1
Size of problem 4420 4420
Number of steps 3 4
Theoretical convergence-order(CO) 8 8
Number of function evaluations per iteration 3 3
Solutions of system of linear equations per iteration 3 3
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 4 4

Max|x, —x*|

Execution time

Steps
1

2
3
4

11.76e -2 4.11le—1

3.0le—4
7.92¢ -7
71.69

2.62¢ -3

2.63¢e—5

4.39¢ —7
71.79

TABLE 6.10: Comparison of performances for different multi-step methods in the case
of the Klien Gordon equation (6.5), initial guess u(x;,;) =0, u(x,t) = dsech(k(x—vr),

k=2 8= /% c=1,y=1,v=05k=0.5,n,=170,n, =26, x € [-22, 22],

t €10, 0.5].
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Absolute error

FIGURE 6.17: Absolute error plot for multi-step method MZ in the case of the

Klien Gordon equation (6.5), initial guess u(x;,7;) = 0, u(x,t) = Ssech(x(x — vt),

K=1/2r2.8= /% c=1,7y=1,v=05k=0.5,n,=170,n,=26,x€ [-22, 22],
t €10, 0.5].

Analytical solution u(x,t)

FIGURE 6.18: Analytical solution of the Klien Gordon equation (6.5), x € [—22, 22],
t €0, 0.5].
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Iterative methods MZ HM
Number of iterations 3 3
Size of problem 4 4
Number of steps 7 8
Theoretical convergence-order(CO) 20 16
Computational convergence-order(COC) 20.1 16.1
Number of function evaluations per iteration 7 7
Solutions of system of linear equations per iteration 7 7
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 12 8

Iter
Max|x, —x*| 1 8.51e— 142 7.13¢e — 1

2 3.56e—277 5.6le— 190
3  3.32¢—5569 1.93e¢—3057
Execution time 0.02 0.03

TABLE 6.11: Comparison of performances for different multi-step methods in the case
of general systems of nonlinear equations (6.39), the initial guess for both of methods
is [0.5, 0.5, 0.5, —0.2].
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Iterative methods MZ HM
Number of iterations 1 1
Size of problem 4 4
Number of steps 30 31
Theoretical convergence-order(CO) 89 62
Number of function evaluations per iteration 30 30
Solutions of system of linear equations per iteration 30 30
Number of Jacobian evaluations per iteration 2 2
Number of Jacobian LU-factorizations per iteration 1 1
Number of matrix vector multiplication per iteration 58 30

Steps
Max|x, —x*| 1 0.01 0.02
2 1.9le—4 6.77e—4
3 3.05e—6 3.67¢e—5
5 5.603—-10 8.43¢—8
10 1.363—19 1.26e—14
15 2463—-29 1.44e-21
20 3.93¢—39 1.46e—28
25 5.88¢—49 1.40e—35
30 8.44e—59 1.29¢—42
31 5.0le—44
Execution time 0.02 0.02

TABLE 6.12: Comparison of performances for different multi-step methods in the case
of general systems of nonlinear equations (6.39), the initial guess for both of methods

is [0.5, 0.5, 0.5, —0.2].

It is worth mentioning that when we solve 1-D problem, we always use high prce-

sion floating point arithmetic but for 2-D problems we use double precision. In 2-D

problems, It is hard to achieve accuracy higher than double.

6.6 Summary

The main benefit of multi-steps methods is to provide computationally efficient itera-

tive methods, which use a minimal number of Jacobian evaluations and related inver-

sions. The single iteration of a good multi-step iterative methods uses only one inversion

(in terms of LU-factorization) of the Jacobian, which is computationally efficient: the

multi-step idea is employed for enhancing the convergence order. The key fact related

to better performances of the MZ method is hidden in the increment of convergence-

order by three, for each step, and obeys the formula 3s — 1 where s is the step number.
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Three ODEs, two PDEs and one small general system of nonlinear equations are pre-
sented and numerical results confirm the convergence-order, accuracy and validity of
MZ multi-step iterative method. We also found that spectral collocation methods offer
a good accuracy, which helped us to verify our claimed convergence-orders, when using

our MZ multi-step iterative method.



Chapter 7

An Efficient Matrix Iteration for
Computing Weighted Moore-Penrose

Inverse

The goal of this study is threefold. In order to calculate the weighted Moore-
Penrose inverse, we first derive a new matrix iteration for computing the inverse
of non-singular square matrices. We then analytically extend the obtained results
in order to compute the Moore-Penrose generalized inverse of a non-square ma-
trix. Subsequently, these results will again be theoretically extended to find the
weighted Moore-Penrose inverse. The computational efficiency of the presented
scheme is rigourously studied and compared with the existing matrix iterations, to

show its computational efficiency. Some applications are given as well.

7.1 Introduction

The introduction and importance of weighted Moore-Penrose inverse for an arbitrary
matrix has been made in [196], [197], and [198]. For an arbitrary matrix A € C"™*", and
two Hermitian positive definite matrices M and N of orders m and n, respectively, there

is a unique matrix X satisfying the relations

I)AXA=A, II)XAX =X, III) (MAX)" = MAX, IV) (NXA)" =NXA. (7.1)

112
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The matrix X € C" is known as the weighted Moore-Penrose inverse of A, de-
noted by ALN and the relation (7.1) is called as weighted Penrose equations. In partic-
ular, when M = I,,,«,, and N = I,,,,, the matrix X is called the Moore-Penrose inverse
or the generalized pseudo-inverse and is denoted by A, while (7.1) reduced to the well-

known Penrose equations originally attributed to [199] in what follows

i) AXA=A, ii) XAX =X, iii) (AX)" =AX, iv) (XA)" = XA. (7.2)

Algorithms for computing the (weighted) Moore-Penrose inverse of a matrix are
a subject of current research (see, e.g., [200], [201] and [85]). Greville’s partition-
ing method for numerical computation of generalized inverses was introduced in [202].
Wang in [203] generalized Greville’s method to the weighted Moore-Penrose inverse.
Many numerical algorithms for computing the (weighted) Moore-Penrose inverse lack
of numerical stability. The Greville’s algorithm requires more operations and conse-
quently it accumulates more rounding errors. Furthermore, it is widely known that the
Moore-Penrose inverse is not necessarily a continuous function of the elements of the
matrix. The existence of this discontinuity provides more efforts in its computation
[196].

It is therefore clear that cumulative round-off errors should be totally eliminated,
which is possible only by means of the symbolic implementation. In this case, variables
are stored in the "exact" form or can be left "unassigned", resulting in no loss of accuracy
during the calculation. Anyway, by increasing the dimension of the input matrix, the
computation of its (weighted) Moore-Penrose inverse by the symbolic implementation
will take too much time, This made some numerical analysts to suggest and rely on

numerically stable matrix methods.

The fundamental method for finding the weighted Moore-Penrose inverse is based
on the weighted singular value decomposition (WSVD) discussed originally in [204]
given in what follows. Assume that A € C"™*" and rank(A) = r. There exist U € C"™*"
and V € C™", satisfying U*MU = I, and V*N-V =I,.,, such that

(D o) .
A=U V*. (7.3)
0 0
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Then, the weighted Moore-Penrose inverse ALN could be expressed by

Al =Nly < bt 0 > UM (7.4)
MN — 0 0 ) .

where D = diag(oy,03,...,0,), 01 > 02 > ... > 0, >0, and O'i2 is the nonzero eigen-
value of N"1A*MA. Furthermore,

1
Ay = o1, || AL v = = (7.5)
r

We denote throughout this chapter A* = N~!A*M as the weighted conjugate transpose

matrix of A.

The restrictions of computing the weighted Moore-Penrose inverse using the
WSVD encouraged some researchers to develop iteration methods for this purpose. In
2006, Huang and Zhang in [205] developed the quadratically Schulz iterative method

[71] (sometimes called as Hotelling inverse-finder [206]) as follows
Xir1 =X (21 —AXy), k=0,1,2,---, (7.6)

for finding the weighted Moore-Penrose inverse.

This scheme has interesting features of being based exclusively on matrix-matrix
operations, which is quite fast in parallel machines. The Schulz iteration has poly-
logarithmic complexity and is numerically stable [78]. Note that though (7.6) was first
suggested to find the inverse of square matrices, it had successfully discussed in [207]

that it is also so interesting in finding the Moore-Penrose inverse.

The idea of matrix iterations (Schulz-type iterative methods) was then developed
by Sen and Prabhu in [208] to present matrix iterations of arbitrary orders of conver-

gence for finding the pseudo-inverse.

The perception and reason of constructing higher order matrix iterations is that
the low order ones, such as (7.6) are too slow at the beginning of the process and it
might take many cycles to arrive at the convergence phase. That is, the scheme (7.6)
is even linearly convergent at the beginning of the process. Soderstrom and Stewart in
[78] indicated that (7.6) requires almost the following number of iterations in machine
precision to converge

s~ 2log, Kz (A), (7.7)
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where k> (A), is the condition number of the input matrix A in || - ||,.

This made the construction of higher order matrix iterations (only the efficient
ones) meaningful as will be discussed further in Section 7.3. For example, the cubically
Chebyshev’s method [209] could be presented by

Xis1 = Xe(3I — AX (3] —AXy)), k=0,1,2, -+, (7.8)

while a high-order method [209] to reach the convergence order nine can be deduced

as
Xir1 = X (U + YT+ YT+ Y (I + V(I + (I + (I + Y (I+X)))))))), k=0,1,2,---, (7.9)

where ¥, =1 — AX;.

It must be noted that in such constructions and as also discussed in [210], the

convergence order p could be attained using p times of matrix-matrix products.

Generally speaking, the construction of different iterative methods for matrix in-
version is based on applying a nonlinear equation solver (see e.g. [211]) on the matrix
equation

AX =1, (7.10)

wherein [ is the identity matrix of the appropriate dimension.

In this chapter, we seek for a new matrix iteration at which, we obtain a high con-
vergence order p with less number of matrix-by-matrix products than p. This would
make the method quite efficient in contrast to the existing iterative methods of the same
type for this purpose. Toward this aim, we first in Section 7.2, derive a new method
and discuss under which condition, it could converge for non-singular square matrices.
Then, in Section 7.3 we infer that the new method is computationally economic. Next,
Section 7.4 contains the proof of converegence Moore-Penrose inverse. The main con-
tribution will then be presented by extending the novel method for finding the weighted
Moore-Penrose inverse in Section 7.5. Section 7.6 is devoted to the application of the
new method to some numerical tests. The chapter ends in Section 7.7, wherein a con-

clusion will be drawn.
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7.2 Derivation

In this section, we contribute and construct a new iterative method for matrix inversion.
In fact, we construct a high order method whereas the number of matrix-matrix products
is lower than that of the corresponding method (here the scheme (7.9)) produced by the
general ways of [210] and [209]. To this purpose, we apply the following new rational

iteration function

S () <2+ f//(xk)f(xk)>’

Yk = Xk — 27 0x0) F(x0)2
26 =y — H, (7.11)

I LR TAEN 4 f(w) _
e T ( i) )<1 5f<yk>)’ k=012,

on equation f(x) = 0. The iterative method (7.11) solves nonlinear equation of sin-
gle variable and it has local ninth order of convergence for finding the simple ze-
ros of nonlinear equation. In fact, it reads the following error equation: e, =
— 5= (4¢3 — 25¢3) (2¢3 —C3)3eg + O0(el?), wherein ¢; = %Cﬁfz—%), Jj>2and a is the
simple zero of a nonlinear equation.

The equivalent version of iterative method (7.11) for (7.10) could be obtained

Xir1 = — 3 X (31 +AXy (=31 +AXy)) (=791 + AX (31 + AXi (—31 +AXy.) ) (871
+AXy (31 + AXy (=31 +AXy) ) (=371 + 4AX; (3T + AXy (=31 + AX;)))))
= 2 Xk (2371 — 1020AX; + 2644 (AX;)? — 4626(AX;)® + 5814(AX;)*
—5460(AX; )’ +3924(AX; )¢ — 2169(AX;)” +901(AX; )8 — 264(AX;)°
+48(AX;) 10 —4(AX )", k=0,1,2,---.

We now re-write the obtained iteration as efficiently as possible to reduce the number

of matrix-matrix multiplications in what follows

( Y = AX,
G = 31+ yi (=314 y),
(7.12)
U = Wik,
X1 = —%Xka(—79I+ k(871 + V(=371 +4v;))), k=0,1,2,--- .

The iterative method (7.12) falls within the domain of Schulz-type methods for ma-

trix inversion. It requires an initial matrix to start the process and can rapidly converge,
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which is an advantage over the existing methods. Below, we first give a mathematical

analysis to observe that under what condition, (7.12) converges.

Theorem 7.1. Let A = [a; j|nxn be a nonsingular complex square matrix. If the initial
approximation Xy satisfies
Il —AXo|| < 1, (7.13)

then, the iterative method (7.12) converges with ninth order to AL

Proof. We assume that (7.13) is true and the matrix Ey = I — AXj, is the initial residual
matrix. Also let that £y = I — AX; = I — y;. We obtain

Expr = [-AXn

= 1 —A(— 35X (31 + Y (=31 + o)) (=791 + i (31 + Y (=31 + 1)) (871
W 31+ Wi (=31 + yi) ) (=371 + 4y (31 + Wi (=31 + y&)))))

= 1—55[237y; — 1020y? + 2644y — 4626y + 5814y — 5460yf
+3924y] — 2169y} + 901y —264y0 + 48yl — 4y?]

= 35 (—I+ ) (=251 + 4y (31 + wi(—31 + i)

= —5(I—w)° (=21 — 41 + 12y — 12y +4y7})

= =)’ QU4 —y)?)

= %E)(2UI+4E}).

Subsequently, one has

1
Eeir = g[21E,? +4E. (7.14)

Taking a generic matrix operator norm from both sides of (7.14), we obtain
1
Bkl < o RUIE + 41 Eel| ). (7.15)

In addition, since ||Ep|| < 1 (due to (7.13)), by relation (7.15) and using mathematical
induction, we attain .
1B || < 5521 Eol|” + 4[| Eol ] < 1. (7.16)

Now, if we take into consideration ||E;|| < 1, then

| =

1Bt ]l < <2211 Ex]® + 41 Exl|™) < || Ex])°. (7.17)

[\

5
Besides, we get that

9k+ 1

Bl < |El® < - < Bl < 1. (7.18)
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That is I —AX; — 0, when k — oo, and thus Xz — A~!, as k — . Now, one part of
the proof is remained. We must manifest that the ninth order of convergence can be

obtained for the sequence {Xk}lljjf. To this end, we take into consideration that
g=A"1-X. (7.19)

is the error matrix in the iterative procedure (7.12). Moreover, Ag, = I —AXy, = E}. This

implies
1 1
A =Epy = E[ZIE,? +4E% = 5[21(Agk)9 +4(Ag)"). (7.20)

One has now that
1
Eril = g[21.9,((Aek)8 +4g(Ag)M]. (7.21)

By taking a generic matrix operator norm, we obtain
1
[ &k1]l < (g[21||A||8+4||A||” lex ] el (7.22)

That is, by considering & = (%[21 |A|1® +4[|A| " ||&]]®]), the error inequality, which

reveals at least local ninth convergence order is

st || < Eellex]l®. (7.23)

The proof is finished. [

In the above analysis, we have investigated that the new scheme (7.12) is conver-
gent for nonsingular square complex matrices provided that a good initial approxima-
tion is available. Hence, it is of great importance to achieve the convergence by a valid

initial value Xj.

Pan and Schreiber in [207] considered that the approximations Xj share singular
vectors with A*, and both the largest (0;,,) and the smallest singular values (G,,;;) of A

are available, then for a general matrix A, one can choose

2
Xo= A", (7.24)
O 62, + 02

min

This is reported as the best general initial choice for Xy, which is also called as the

optimal initial choice.
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Another interesting initial matrix was introduced and developed by Ben-Israel and

Greville in [196] as follows

Xo = aA™, (7.25)
where 0 < a < W. Because of the fact that, the computation of matrix norm || - |2,
2
is difficult for large matrices, an alternative bound for o could be considered in what
follows
0<a<—5—, (7.26)

max
where 0, can be computed by the Arnoldi algorithm. We refer the reader to [212] for

observing more interesting initial choices.

7.3 Efficiency challenge

The performance of an algorithm depends on many aspects. In matrix iterations for
finding the inverses, some important aspects are in focus to rate the efficiency of an al-
gorithm by considering the fact that the Schulz-type methods are asymptotically stable.
These factors are the local convergence order, number of matrix by matrix multiplica-
tions, the stopping criterion, etc. Here, we try to answer that: "is the computational

complexity of the new inverse-finder (7.12) reasonable?"

As discussed in Section 7.1, the most general ways for producing higher-order
inverse-finders construct the matrix iterations of local convergence order p using p
times of matrix-matrix products, while the method (7.12) possesses ninth order of con-
vergence using only seven matrix-matrix multiplications. Traub in the Appendix C of
[3] proposed an index, named as the computational efficiency index, by considering all

the imposing costs of an algorithm as follows:
CEI = p?, (7.27)

whereas % stands for the total computational cost of an algorithm.

It is clear that the governing cost per cycle of each Schulz-type method is the
matrix-matrix products. Let us assume that this cost is unity. On the other hand, and
similar to (7.7) in the same environment, an iteration method of order p will almost

require the following number of iterations to converge [84]

s~ 2log, k> (A). (7.28)
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Therefore, the computational efficiency index of a p-th order matrix iteration with

N times of matrix-matrix products per cycle, is

1

CEIQPW- (7.29)

The index tries to make a balance between some important factors of an iteration
process to give an output indicating the efficiency of an algorithm. Using (7.29) the
iterative methods (7.6), (7.8), (7.9) and (7.12), which are denoted throughout this work
by "Schulz", "Chebyshev", "KMS" and "PM", respectively, are compared in Figure 7.1
in terms of the computational efficiency index. Figure 7.1, reveals that by increasing
the condition number and under the same conditions, the new matrix iteration is more
economic than the other competitors in the literature, since the convergence order 9 is
attainable using 7 matrix-matrix products. Figure 7.2 also reveals the estimate number

of iterates by increasing the condition number for different methods.

Up to now, we have derived a new iteration for matrix inversion when the complex
matrices are square and nonsingular, and we have analytically found that it is economic
in terms of the computational efficiency index to tackle matrix inversion problems. By
considering this as the first contribution of this work, we extend the obtained results for
finding the Moore-Penrose and the weighted Moore-Penrose inverses in the forthcoming

Sections 7.4 and 7.5, respectively.

7.4 Moore-Penrose inverse

Let us now extend the contributed method (7.12) for calculating the generalized pseudo-
inverse A". That is, we must analytically reveal that the sequence {Xk}llijf generated
by the iterative Schulz-type method (7.12), for any k > 0, tends to the Moore-Penrose
inverse as well.

Using mathematical induction, it would be easy to check that the iterates produced

at each cycle of (7.12) satisfies the following relation:

(AXp)* =AXy, (XA)" = XA, X AAT =X, ATAX) = X;. (7.30)

The forthcoming theorem best addresses convergence conditions for the high-order

iteration (7.12), when dealing with Moore-Penrose inverse.
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Theorem 7.2. For the complex matrix A € C™*", and the sequence {Xk}’,gjf gener-
ated by (7.12), for any k > 0, using the initial approximation (7.25), the sequence is

converged to the pseudo-inverse A" with at least ninth order of convergence.

Proof. Considering E; = X, — A", as the error matrix for finding the Moore-

Penrose inverse. We have

AEri1 = AXpy —AAT
= AXp —I+1—AAT
—Ej 1 +1—AAT (7.31)
= —5[21E) +4E?]+1—AAT
= 55 (21(AE,)° — 4(AEy)'),

wherein the following identities have been used
(I—AATY = (I—AAT), teN, (7.32)

and
(I—AAT)AE = 0. (7.33)

Clearly, we have [|AE; || < 55 (21||AE; | +4||AE||'?). Let us now denote P = AA,
and S = 71— AXy. Then, P? = P and

PS = AAT(I—AXp)
= AAT—AATAX,
= AAT—AX,
= AAT—AX)AAT

(I —AXp)AAT
= SP.

(7.34)

On the other hand, Stanimirovi¢ and Cvetkovié-1li¢ in [213] showed that for P € C"*"
and S € C"*" such that P = P? and PS = SP, one has

p(PS) <p(S). (7.35)
Consequently, using (7.34) and (7.35), we attain

p(AXo—AT)) = p (A (aA* —AT)) < p(I— aAA") = max |1 — Li(aAA")|, (7.36)

1<i<r
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wherein r denotes the number of singular values. Now, by using an appropriate value

for o as given in (7.26) (e.g. o = G%), we conclude that

max

max |1 —A;(0AA™)| < 1. (7.37)

1<i<r
It is also known that there exists a positive constant € and a matrix norm || - ||, such that
1A(Xo — AT < p (A(XO —A*)) te<l. (7.38)

(7.38) implies that ||AEg|| < 1, and by a similar reasoning as in (16)-(19), one may

obtain

1
[ABx 1| < o2 UIABK + 4JAB) < B < JAIPIE.  (739)

We now find the error inequality of the new scheme (7.12), when finding the

Moore-Penrose inverse, as follows:
X1 — AT = |ATAX 1 —ATAAT|| < [|AT|[|AXk st — AAT|| = [JAT]||[ABg41 || (7.40)
And subsequently using (7.39) and (7.40), we have
Bl < IATIAIP [ (7.41)

Thus, ||X; —AT|| — 0, i.e. the obtained sequence of (7.12) converges to the Moore-

Penrose inverse as k — +oo. This ends the proof. [

Note that we used the proof of the square nonsingular case in the proof of the
Moore-Penrose inverse. Hence, it would be more appropriate to do the generalization
step by step instead of expressing the most general case and then deducing the simple

cases.

It must be remarked that the order of convergence and the matrix-matrix products
are not the only factors to govern the efficiency of an algorithm in matrix iterations.
Generally speaking, the stopping criterion (or in other words the number of full steps)
could be reported as one of the important factors, which could indirectly affect the
computational time of an algorithm in implementations, specially when trying to find

the (weighted) Moore-Penrose inverse.
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To be more precise, in the floating point arithmetic, the following stopping criterion

might be used
max{||[AXzA — Al|o, || XkAX; — Xi||o, [|(AXk)" — AXk|o, || (XRA)" — XpAllo} < €, (7.42)

where || - ||o, denotes the appropriate norm of a matrix. This is a safe strategy to tackle
Moore-Penrose inverse numerically, because it guarantees that the prescribed tolerance

(€) of the user has been achieved.

This shows the importance of reduction in the number of iterations as well. Since,
the computation of (7.42) is too much burdensome due to further matrix multiplications
and matrix norms per computing steps, which makes the method of lower orders with
large number of iterations, to be not economic in terms of the computational time, while
the higher order methods such as (7.12) would be better, since fewer number of itera-
tions must be computed to achieve the prescribed tolerance, and consequently fewer

matrix-matrix products.

Note that an alternative remedy could be the following stop termination, which is

somewhat unsafe, though it significantly has lower burden than that of (7.42):

HXk-H _Xk||o S E. (743)

7.5 Weighted Moore-Penrose inverse

This section contains the third contribution of the present study by showing that how
the new method (7.12) and under what conditions it could be applied for finding the

weighted Moore-Penrose inverse A;{,IN.

The most important change when applying the new iterative method (7.12) for the
weighted Moore-Penrose inverse is related to the the initial matrix. Here, the initial ma-
trix Xo plays a very crucial significance to provide convergence, since it must be chosen
as if the convergence to the weighted Moore-Penrose inverse happens. Accordingly, we

must apply the following initial matrix

Xo = BA*, (7.44)
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where A* = N~1A*M is the weighted conjugate transpose matrix of A and

B = S (7.45)

5
i
The reason of selection 8 in this way will be proven in Theorem 7.5. Here, o; stands

for the largest eigenvalue of the matrix N~ 'A*MA.

In order to validate the applicability of the new scheme for the weighted Moore-
Penrose inverse, we now first show that how the iterates produced by (7.12) satisfy some

certain equations and then show a relation between (7.12) and (7.4).

Lemma 7.3. For the sequence {Xk}’,ijo generated by (7.12) with the initial matrix
(7.44), for any k > 0, it holds that

(MAX,)* = MAX,, (NXA)* = NXA, X AAL = Xi, Al yAX =X, (7.46)

Proof. We will prove the conclusion by induction on k. For k = 0 and Xp, as in
(7.44), the first two equations can be verified easily, and we only give a verification to
the last two equations using the facts that (A}, )* = AA}  and (A},yA)* = A} LA, in

what follows

XOAA;’IN - BA#AAITVI - BA#MAI/IN)# = BA#(AILN)#A# = B(AALNA)# = ﬁA# = Xo,
(7.47)
AlnAXo = BAJ AT = B (AT A) A% = B(AF (A}, )FA%) = B(A(A]yA)" = BAT = X,
(7.48)
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Assume now that the conclusion holds for some k > 0. We now show that it continues
to hold for £+ 1. Using the iterative method (7.12), one has

(MAXji1)* = (MA(— 55X (31 + Wi =31 + i) ) (=791 + Wi (31 + wie(—31 + wi ) ) (871

FY (BT + Wi (=31 4 i) ) (=371 + 4y (31 + yi (=31 + W)

= 22 [237(Myp)* — 1020(My?)* +2644(My})* —4626(My;)* + 5814(Myy)*
—5460(MyP)* +3924(My])* —2169(My)* +901(My)* —264(Myl0)*
+48(My )" —4(My?))

= 5=[237TMy — 1020y i M* + 2644y >y M — 4626y yi M
+58 14y yi M — 5460y wi M + 3924wy M — 2169y wi M

= 32 [237TMy; — 1020M y} + 2644My} — 4626M y} + 5814My — 5460M y?
+3924My] —2169My +901 My — 264M y 0 +48M y!! — AM 2]

= MA(— 35X (31 + Wi (=31 + i) (=791 + w31 + wi (=31 + ) ) (871
T (31 + i (=31 + W) ) (=371 + 4y (31 + (=31 + W)

= MAXj+1,

which uses the fact that (M y;)* = My, M is Hermitian positive definite (M* = M), and
also e.g. (My)* = (Myiywn)* = v (Myi)* = wi (M) = wiM*y, = (M) v =
Myy, =M l//,f. Thus, the first equality in (7.46) holds for k+ 1, and the second equality
can be proved in a similar way. For the third equality in (7.46), using the assumption

that XkAALN = X}, and the iterative method (7.12), we could write down

X 1ALy = = Xi (237 — 1020y + 26447 — 4626y + 5814y} — 5460y

+3924y0 —2169y] + 901y — 264y, +48y0 —dy!AAL,

= L (237X,AA ]y — 1020Xc WiAA Ly +2644X, Wl iAA Ly
—4626X, Y Wi AA}y + S814X, W yAAL — S460X, W wiAAL
+3924X, P WAA] Ly — 2169X, WO WAAT L + 901X, ] wiAAT
264X, W WAAT L 48X W WAA L — 4X w0y AALL)

= 2 (237X, — 1020X, i + 2644X, il i — 4626 X, W2 i
+5814X, w7 i — 5S460X, it wi + 3924 X,y wi — 2169X, y y
+901Xe Yy Wi — 264X, Wi Wi + 48X, v — 4 Xy Oy )

= 2 Xk(237 — 1020y + 2644 y7 — 4626y + 5814y} — 5460y
+3924y° —2169y] + 901y — 264y, +48y0 —4yll)

= Xit1-

Consequently, the third equality in (7.46) holds for k + 1. The fourth equality can

similarly be proved, and the desired result follows. [J
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Lemma 7.4. Considering the condition of Lemma 5.1, it holds that

VINX MU = ( f)" g ) : (7.49)

where Ty is diagonal, and U € C™", V € C"", U*MU = Ly, V*N=IYV =L, and

D 0
A=U V*=UXV*.
0 0

Proof. Let Ty = BD, where D = diag(oy,07,...,0,), 01 > 0y > ... > 0, > 0, and

o7 is the nonzero eigenvalue of N~ 'A*MA. Hence
1
Tiepr := (Ti) = 5 Ti(2371 1020DT;, 4-2644(DTy,)* — 4626(DTy,)* +5814(DT)* — 5460(DTy)°

+3924(DT;)® — 2169(DT;)” +901(DT;.)® — 264(DT;)° 4 48(DT;,) ' — 4(DT;) ).
(7.50)

We now prove this lemma using mathematical induction. For the initial case, we have

VIN XM Ur) =p(vINAF M ()T
=BV 'N)N'A* (MmN (U)

D 0
=B(V NNV UMMt (unh
0 0
B BD 0
0 0/
Moreover, if (7.53) is satisfied, then by (7.12), we have

(VN Xt (M1 (U)7) = =551V 1N)Xk( U OIGIHA[(VIN) XM (U))]
1
)"

(=31+A[(VTIN) X (M~ (U*) " ]) (=791

HA[(VIN)X (M- (U) D] BT+ A[(VIN) X (M~ (UF)~h] (=31

HA[(VIN) X (M- (U)D)D))BTI+A[(VIN) X (M- (U)~)] (31

HA[(VTIN) X (M~ (U) D (=31 A[(VTIN) X (M~ H(U) = )) (=371
1 1

HA((VIN)X (M U)TD]GIHA[(VIN) X (M (U) D) (=31
HA[(VIN) X (M1 (UF))))))-
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And now, by considering

D 0
A :U*MU< 0 0 )V*NV, (7.51)
we obtain
(V_]N)Xk+1(M_](U*)_]) = ( (P(gk) 8 ) , (7.52)

which establishes that (7.50) is diagonal. The proof is ended. [J

Theorem 7.5. Assume that A is an m X n matrix whose weighted singular value decom-
position is given by (7.4). Let furthermore that the initial matrix could be constructed
by (7.44). Define the sequence of matrices X1, Xa, ..., using (7.12). Then, this sequence

of iterates converges to A;{,[N.

Proof. In view of (7.4), to establish this result, we only now need to verify that

: -1 N D' 0
lim (V™ 'N)X (M~ (U*) 1) = . (7.53)
koo 0 0
It follows from Lemmas 7.3 and 7.4 that {7}.} = diag(fl(k) , Tz(k), e el ), where
)= Boa;, (7.54)
and
= L34 61 (<314 o)) (—701
+a, P31+ 020 (=31 + 67 (871 755,
+ot Y31+ 6,10 (=31 + ;7)) (=371 '
+40;T (k)(3l+c7, W31+ 6,2))))).

Now, the sequence generated by the above formula is the result for applying (7.12)

! I with the initial value Ti(o).

(0)

It is seen that this iteration converge to Gi_] provided 0 < 7;

for computing the zero 6, of the function ¢(7) = 6; — 7~
< %, which results the
condition on f3 (so the choice in formula (7.45) has been proved). Thus, {7} — 1
and the relation (7.53) is satisfied. Clearly, {Xk} —0 Al yn» When k — oo, The proof is

complete. [
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7.6 Applications

This section addresses issues related to the numerical precision of the matrix inverse
finders, using Mathematica 8 built-in precision, [214]. For numerical comparisons in
this section, we have used the methods (7.6) denoted by "Schulz", (7.8) denoted by
"Chebyshev", (7.9) denoted by "KSM", and (7.12) denoted by "PM". As the programs
were running, we measured the running time using the command AbsoluteTiming][| to
report the elapsed CPU time (in second) for the experiments. The computer specifica-
tions are Microsoft Windows XP Intel(R), Pentium(R) 4, CPU 3.20GHz, with 4GB of
RAM.

We present three different types of tests. Test 1 dedicates to the application of
such methods in providing approximate inverse preconditioners for square matrices.
Test 2 is devoted to compare the schemes for finding the Moore-Penrose inverse of
some randomly generated large sparse matrices. And Test 3 gives some comparison
for finding the weighted Moore-Penrose inverse of some randomly generated dense

matrices.

Test 1. In order to compare the preconditioners obtained from the new
method with the preconditioners of the literature resulted from Incomplete LU
factorizations [215], we pay heed of solving the linear sparse systems Ax = b,
of the dimension 841 using GMRES. The matrix A has been chosen from Ma-
trixMarket database as A = ExampleData| "Matrix”,”YOUNG1C”|, while the right
hand side vector is b = (1,1,....1)T.  The solution would then be (—0.0177027 —
0.006931711,...,—0.0228083 — 0.005891761). Figure 7.3 denotes the plot of the ma-

trix A (note that this matrix is not tridiagonal).

The left preconditioned system using X5 of (7.6), X, of (7.8), and X; of (7.9) and
(7.12), along with the well-known preconditioned techniques ILUT and ILUTP have
been tested, while the initial vector has been chosen for all the cases automatically by
the command of LinearSolve|| in Mathematica 8. The results of time comparisons
for different tolerances (residual norms) have been listed in Figure 7.4. The numerical
results reveal that by increasing the tolerance the consuming time increase, however the
preconditioner X; attained from the method (7.12) has mostly the best feedbacks. For

this test, we used the initial matrix due to Grosz [216] as follows

Xo =diag(1/ay,1/axp, -, 1/an), (7.56)
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where q;; is the ith diagonal entry of A.

Remark 1. Note that after a few iterations, the computed preconditioner of the
Schulz-type methods may be dense. We must choose a strategy to control the spar-
sity of the preconditioner. This here can be done by setting the Mathematica command
Chop|[V;,107°], at the end of each cycle for these matrices. Also notice that for high or-
der methods such as (7.12), mostly one full cycle is enough to be used as an approximate

inverse preconditioner.

The most important application of Schulz-type methods is in finding the (pseudo-
)inverse of large sparse matrices which possess sparse inverses, [217]. This is the con-

tent of the next test problem.

Test 2. This experiment evaluates the applicability of the new method for finding Moore-
Penrose inverse of 15 random sparse complex matrices (possessing sparse pseudo-

inverses) of the size m x n = 2200 x 2500 as follows:

m = 2200; n = 2500; number = 15; SeedRandom[123456] ;

Table[A[1] = SparseArray[{Band[{400, 1}, {m, n}] -> Random[] - I,
Band[{1, 400}, {m, n}] -> {3.1, -Random[]},
Band[{-60, 1000}] -> -0.02, Band[{-100, 50}] -> +1.},
{m, n}, 0.1;, {1, number}];

threshold = 107-10;

To save memory space and obtain acceptable computational times, there is no need in
full saving of the matrix entries, and we must apply the command SparseArray||, when

working with sparse matrices. Note that herein I = +/—1.

In this example, the initial  approximate for the  Moore-
Penrose inverse is constructed by Xo = Conjugate Transpose
[A[3]] * (1./((SingularValueList[A[j],1][[1]])?)) in our written Mathematica codes,
i.e. using (7.26), for each random test matrix. We also defined the identity matrix by
Id = SparseArray[{{i_,i_}— > 1.}, {m,m},0.]. We consider the stopping criterion
Xk 1 — Xil|lo < 10719, and a threshold to keep the sparsity features of the output
inverses using the command Chop|exp, threshold], in our written codes. Figure 7.5
gives the plots of the sparsity pattern of these test random matrices and the approximate

Moore-Penrose inverses.
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The results are compared in Figure 7.6 in terms of the number of iterations and
Figure 7.7 in terms of the computational time. They show a clear advantage of the new

scheme in finding their Moore-Penrose inverse.

Test 3. In this test, we compute the weighted Moore-penrose inverse of 10 ran-

domly generated dense m x n = 200 x 210 matrices as follows

m = 200; n
Table[A[1]

210; number = 10; SeedRandom[12];
RandomReal[{1}, {m, n}];, {1, number}];

where the 10 different Hermitian positive definite matrices M and N (which have also

been constructed randomly) are in what follows

Table[MM[1] = RandomReal[{2}, {m, m}];, {1, number}];
Table[MM[1] = Transpose[MM[1]].MM[1];, {1, number}];
Table[NN[1] = RandomReal[{3}, {n, n}];, {1, number}];
Table[NN[1] = Transpose[NN[1]].NN[1];, {1, number}];

The results of comparisons using the stopping criterion ||Xj . — X/l < 10710
are reported in Table 1, wherein IT stands for the number of iterations. Although the
methods perform slightly the same in terms of the computational time, the proposed

method (7.12) is mostly again superior to its competitors.

Using a different stop termination as ||Xj,; — Xi||> < 10719, we report the results
of comparisons for the test matrices of Test 3, in Table 2. The results fully show that

the new method is superior than its competitors.

7.7 Summary

In this chapter, we have presented a new method for matrix inversion. We have also
discussed how the proposed method could converge for Moore-Penrose inverse and

extended the attained results for finding the weighted Moore-Penrose inverse.

We have also theoretically discussed the computational efficiency of the method.
The new scheme reaches a local convergence order equal to nine, by using only seven

matrix-matrix products, which makes it efficient in finding the generalized inverses.
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Some numerical experiments have also been carried out for showing the efficacy
of the contribution for three different types of tests. The numerical results upheld the

theoretical conclusions.
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Table 1. Results of comparisons for Test 3 using the stopping criterion ||[X; 1 — X||. < 10719,

Matrices Schulz Chebyshev KMS PM
#1 IT 68 43 22 22
Time 1.093 1.031 1.281 1.031
#2 IT 69 44 23 22
Time 1.109 1.046 1.343 1.015
#3 IT 67 43 22 22
Time 1.062 1.015 1.265 1.015
#4 IT 71 46 24 23
Time 1.140 1.093 1.390 1.062
#5 IT 72 46 24 23
Time 1.140 1.093 1.406 1.078
#6 IT 72 46 24 23
Time 1.140 1.093 1.390 1.062
#7 IT 66 42 22 21
Time 1.062 1.000 1.281 0.968
#8 IT 78 50 26 25
Time 1.234 1.171 1.500 1.140
#9 IT 64 41 21 21
Time 1.015  0.968 1.218 0.964
#10 IT 69 44 23 22
Time 1.109 1.046 1.328 1.015

Table 2. Results of comparisons for Test 3 using the stopping criterion |[X; 1 — X||2 < 10710,
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Matrices Schulz Chebyshev KMS PM
#1 IT 68 43 22 22
Time 2.546 1.984 1.734  1.609
#2 IT 69 44 23 22
Time 2.484 1.937 1.953 1.468
#3 IT 67 43 22 22
Time 2.359 1.890 1.906 1.609
#4 IT 71 46 24 23
Time 2.578 2.062 1.875 1.546
#5 IT 72 46 24 23
Time 2.609  2.000 2.031 1.671
#6 IT 72 46 24 23
Time 2.593 2.015 2.031 1.531
#7 IT 66 42 23 21
Time 2.406 2.015 1.734 1.531
#8 IT 78 50 26 25
Time 2.799 2.218 2.187 1.656
#9 IT 63 41 21 21
Time 2.140 1.718 1.796 1.640
#10 IT 69 44 23 22
Time 2.515  2.000 1.812 1.468




8. Conclusions and Future Work

Higher-order iterative methods to solve nonlinear problems play a significant role in the
solution of complex problems. The iterative schemes for a scalar nonlinear equation
could help to construct the matrix iterative scheme to compute pseudo-inverses, for ex-
ample Moore-Penrose inverse and weighted Moore-Penrose inverse of a matrix. Not all
but some nonlinear iterative schemes have a natural generalization to construct iterative
methods for the systems of nonlinear equations, but it is not always true that they are

efficient too.

The multi-step iterative methods are computationally efficient because the LU fac-
tors of Jacobian at the initial guess are used in the multi-step part to solve system of
linear equations. The multi-step iterative methods are not only computationally effi-
cient, but they also enhance the rate of convergence that in turn offer fast convergence
towards a root of a system of nonlinear equations. Usually, higher order Frechet deriva-
tives are prohibited for a general class of systems of nonlinear equations, but there exist
some particular cases where we can use them efficiently. The systems of nonlinear
equations stemming from ODEs and PDEs have higher-order Frechet derivatives that
show the same computational cost as for the Jacobian, owing to the specific structure
of the problem. Thus we use higher-order Frechet derivatives to construct higher-order
multi-step iterative methods. In the last published article, we achieved a higher order
multi-step iterative method for a general class of systems of nonlinear equations that is
very efficient. In our future work, we would like to construct iterative methods for sys-
tems of nonlinear equations associated with ODEs and PDEs, showing discontinuous
nonlinearities. The derivative-free iterative methods with-memory for systems of non-

linear equations represent in our opinion good candidates for these future researches.
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