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Abstract
We study quantitative aspects and concentration phenomena for ground states of the
following nonlocal Schrédinger equation

(=AY u+Ve@u=u>"1°in RV,

where € > 0,5 € (0, 1), 2} = % and N > 4s, as we deal with finite energy solu-

tions. We show that the ground state u. blows up and precisely with the following rate

luellpoomny ~ €~ % ,as € — 0T. We also localize the concentration points and, in the
case of radial potentials V, we prove local uniqueness of sequences of ground states which
exhibit a concentrating behavior.

Keywords Nonlocal equations - Fractional Laplacian - Blow-up phenomena - Ground
states - Critical growth

Mathematics Subject Classification (2010) 35A15 - 35J60 - 35B40

1 Introduction

In this paper we consider the following class of nonlocal equations

(=AY u+Ve@u=u>"1¢in RV, (1.1)

4 Daniele Cassani
daniele.cassani @uninsubria.it

Youjun Wang
scyjwang @scut.edu.cn

Dip. di Scienza e Alta Tecnologia, Universitd degli Studi dell’Insubria, Varese, Italy
2 RISM-Riemann International School of Mathematics, via G.B. Vico 46 — 21100 Varese, Italy

Department of Mathematics, South China University of Technology, Guangzhou 510640,
People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11118-021-09959-4&domain=pdf
mailto: daniele.cassani@uninsubria.it
mailto: scyjwang@scut.edu.cn

D. Cassani, Y. Wang

where € — 07,5 € (0, 1), 2¥ = %, N >4s,V:RYN > Ris a potential function and

u(x) —u(y)
n |x _ y|N+2s

(=AY u(x) = CNYSPV/
R

is the fractional Laplacian. Here, cy ; is a normalizing constant, PV stands for the Cauchy
principal value. As we are going to see, the restriction on the dimension is due to the fact
that we look for finite Z?-energy solutions.

For fixed € € (0,2} — 2), under suitable conditions on V(x), it is known that equa-
tion (1.1) admits a positive ground state u., see for instance [2, 21-23]. Moreover, if
V(x) = 1, then u. is spherically symmetric, see [12, 18]. However, when € = 0 it fol-
lows from a Pohozaev type identity that (1.1) has no solutions in H*(RY) N L>®®RN) if
Vix)+ %x - VV(x) > 0 (and # 0), see Theorem 9 or [10] in the special case V (x) = 1.

Therefore, it is natural to wonder what happens to the ground state u. as € — 0F. The
main motivation of this paper is to achieve a better understanding of this phenomenon.
This type of problems for semilinear equations, with the so-called nearly critical growth,
were first studied in the unit ball of R3 by Atkinson and Peletier in [3] and then extended
to spherical domains by Brezis and Peletier in [6] and non-spherical domains by Han in

[25]. Indeed, they proved the solution u. blows up in the sense that [[uc || foogry) ~ e_%
as € — 07. More recently, their results were extended to nonlocal problems in bounded
domains in [13]. Precisely, the authors in [13] study the following nonlocal problem

Agu=uE"1"¢ in Q,

u>0 in Q, (1.2)

u=20 on 0€2,
where A, denotes the fractional Laplace operator (—A)* in Q defined in terms of the spec-
trum of the Laplacian subject to Dirichlet boundary conditions. They proved that if u. is a
solution to (1.2) satisfying

1
f |A2u|?dx
LAY —

2
llue ”2}«

where S is the best Sobolev constant in the embedding H® — L* *, then

lim
e—0

: 2
lim 5||ue||L00(Q) = by s|T(x0)l,
e—0

where b, ; is a normalizing constant and xo € €2 is a critical point of the Robin function
7(x). Besides, in [27] the authors study the asymptotic behavior of solutions to the nonlocal
nonlinear problem

— Sy — |u|Ps—2—€ i
(=Ap)'u = |ul u %n NSZ, (13)
u=0 in RY\ Q,
where p; = NIXI; <> N > ps, p > 1. They prove that ground state solutions concentrate at a

single point in  and analyze the asymptotic behavior for sequences of solutions at higher
energy levels as € — 0. In particular, in the semi-linear case p = 2, they prove that for
smooth domains the concentration point cannot lie on the boundary, and identify its location
in the case of annular domains. Regarding the nonlocal problem (1.3) for p = 2, we also
refer to [29] for a profile decomposition approach and to [30] for I"-convergence methods.

The purpose of this paper is twofold: on one side, under suitable conditions on V (x), we
give a complete description of the blow up behavior of the ground states of (1.1); on the
other side, we identify the location of the concentration points and then we establish local
uniqueness of ground states.
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Asymptotic Behavior and Local Uniqueness

Before stating our main results, let us make a few assumptions on V (x). Throughout this
paper, we assume that V (x) satisfies the following conditions:
V1) VeC:ho<Vy<V&) < Vs := sup V(x) = liminf V(x) < 4o0;
xeRN |x|—=+00

(V2)  The function x - VV (x) stays bounded in RN,
We consider here the fractional Sobolev space

lu(x) — u(y)|?

s Ny .__ 2mN . 2.
Hy (RY) = {u e L*(R™, V(x)dx) : [ul; .—A‘% P

dxdy < oo}

N« RN
endowed with the norm
1

llulls,v := ([M]f +/ V()c)uzabc)2 )
RN

Notice that under (V;), H*(RV) which corresponds to the choice V = 1 and Hy, @) (RM)
turn out to be equivalent in terms of norms as well as of elements. Denote by D*(RY) the

closure of C3° (RM) with respect to the norm [u]s. As usual || - ||, denotes | - || ;» ) for
1 <p<=<oo
Let
laelI3 , 2. 2ime
Sox_e 1= in S = inf  {|lulls : lully_ = 1}). (1.4)
ST LeHS RN )\(0) ||u||§*_5 ueHs[®RN) s Z—e

By Lions’ concentration compactness, minimizers for S»:_. always exist and one may
assume they do not change sign, [18, 23]. Moreover, they are radially symmetric, see [24].
Here, we will consider only positive minimizers.
Recall also the Sobolev constant
¢ [u]?

= inf s (1.5)
ueD @¥\(O) [lu3

For each fixed € € (0,2} — 2), let w, be a positive minimizer for
\% _ . 2 . 2¥—e B
Sy e = };y(fRN){Ilulls,v lullzs_e =13, (1.6)

or equivalently,

Sy .= inf  I.(u), (1.7)
N ueH‘S,(]RN)\{O}

where

Our main results are the following:

Theorem 1 Assume (V1), (V2), N > 4s and that u. is a ground state of (1.1), namely
satisfying (1.7), which has a maximum point x. such that xc — xq as € — OV, Then,

H \4 — q.
i spo=s
@

4

s 1
lim €lluclloc™ = An.s [V(XO) + —xo- VV(XO)]
e—>0t 2s
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where

N

2s

RN+ N2 5 (N54s)

A =
N.s (N —25)2T(N — 2s)

In particular we have

Corollary 1 Assume N > 4s and that u. is a minimizer for (1.4). Then, we have:
(1) lim S»_ =S;

e—~0t
@)

4s
lim ellucllos™ = Ans -
e—~>0t

Notice that in Theorem 1, we assume that the maximum point x. does converge. How-
ever, under conditions (V1) and (V2), one of the main difficulties is that x, may actually
escape to infinity as € — O%. In what follows, we prove that if N > 6s, then the max-
imum point x. must be bounded, and therefore converging, up to a subsequence, to a
global minimum point of V (x) provided inf, cgv V(x) < V. More precisely, we have the
following

Theorem 2 Assume (V1), (Vo) withinf gy V(x) < Vo, N > 65 and that u. is a ground
state of (1.1) (in the sense of (1.7)) which has a maximum point x.. Then, there exists a
subsequence {x¢;} of {x¢} such that:

(1) lim x; = xo, where xq is a global minimum point of 'V (x);

/—)OO
. Vo _ e
@ jlgr;o Sz?_ff =5
3)

4s
lim € luc;lldo > = An.sV(x0).
J—>00

What stated in Theorem 3 opens a natural question: is there more than one blow-up
ground state sequence such that the maxima concentrate at the same point?

We do not have a full answer, however let us consider a special case. Assume V (x) is
radial and that there exist two radial ground state sequences uéj and ugj of (1.1) such that
I lloo = (). i = 1,2. Set i, = |l oo >
uniqueness result.

,i = 1,2. We have the following local

Theorem 3 Assume (Vy), (Va), that V(x) = V(|x|) is radial, N > 4s and there exist two
radial ground state sequences ulj and ugj of (1.1) satisfying ||u; loo = u’J 0),i=1,2, (1),
(2) and (3) of Theorem 3. Then, there exists €y > 0 such that for any €; € (0, €9), we have
uij = uz/., provided u} = M? More precisely, up to rescaling, we have the following local

uniqueness result

@ Springer



Asymptotic Behavior and Local Uniqueness

or equivalently
2§ —2—¢;

) 2l | | (102l =
4G = e |\l *
€j 1100 € 1100

Remark 1 In Theorems 4 we assume that IIME- loo = u’] (0), i = 1,2. Indeed, the results

are still true if ||M§~||oo = u;(xj) for some x; € R and limj_, o x; = xo. Let wi.(x) =
uii(x + x;), then wj. satisfies
(=AY wh + V(x + xpwh = wH> 179 in RV,
Define
2s
. 2?,2,6. . .
Vi) =py o w ().
Then 0 < v%(x) < 1, v%(0) = 1, and satisfies
(—A)sv3~ + (MS‘)Z‘YV(X,;‘ + ;Li-x)v§ = (vé)zt*“‘f in RV,
1.1 Overview

The asymptotic behavior of ground states to nonlocal problems has attracted remarkable
attention in recent years. In [22], the authors studied the singularly perturbed fractional
Schrodinger equation

* (=AY u+V@u =u’ in RY, (1.8)
where 1 < p < 2¥ — 1. They proved that concentration points turn out to be critical points
for V. Moreover, they proved that if the potential V is coercive and has a unique global
minimum, then ground states concentrate at that minimum point as € — 0.In [16], by means
of a Lyapunov-Schmidt reduction method, the authors proved the existence of various type
of concentrating solutions, such as multiple spikes and clusters, such that each of the local
maxima converge to a critical point of V as € — 0, see also [1, 20]. In [5], the authors
considered the nonlocal scalar field equation

(=AY u +eu = |ul?u — |u|?%u in RV, (1.9)

where 2 < p < g. For € small, they proved the existence and qualitative properties of
positive solutions when p is subcritical, supercritical or critical Sobolev exponent. For the
existence of positive solutions of nonlocal equations with a small parameter see also [7, 19].

Loosely speaking, all the results mentioned above were concerned with the characteri-
zation of concentration of ground states. The purpose of this paper is quite different as we
focus on quantitative aspects of concentrating solutions . Let us emphasize that Theorem 3
can be seen as a nonlocal analog of the results in [31, 40]. In [31], the authors studied the
behavior of the ground states of equation

—Au+Kx)u=ur"1"¢ in RV, (1.10)

Under some geometric assumptions on K (x), they proved the existence of ground states ..

Moreover, the maximum point x. of u, is bounded and [|u| oo Ny ~ e_Nsz ase — 0.
In [40], the author further identified the location of the blow-up point. In the present paper,
though conditions (Vi) and (V;) guarantee the existence of the ground state solution ., it
is not true in general that the maximum point x, of u stays bounded as € — 07 and this
yields a major difficulty.
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The paper is organized as follows: existence of minimizers, local boundedness estimates
of solutions and a Pohozaev type identity are established in the preliminary Section 2. In
Section 3, we study the asymptotic behavior of ground states, including a uniform bound
up to rescaling. Section 4 is devoted to identify the location of blow-up points, whence in
Section 5 we prove the local uniqueness of ground states.

Throughout this paper, C will denote a positive constant which may vary from line to
line.

2 Preliminaries

Here for the convenience of the reader we prove some auxiliary results. Consider first the
following constrained minimization:

Voo 2 . 20—e _
Sp_e = lp(fRN){Ilulls,v Slullgi_e = 1) 2.1)

In the special case V(x) = I, minimizers for S»x_. always exist and do not change sign,
see e.g. [18, 23], Moreover, they are radially symmetric, see [24].

Theorem 4 Assume (V1) holds. Then, 52‘2, . is achieved at some w, € Hy, (RM).

Proof We assume that V (x) # Vo, otherwise the result is obvious. Let {w,} be a minimiz-
ing sequence for SZV,_G. Since |w,| € H‘S, RN)Y and [Jwy|]s < [wnls, We may assume that
s

. . . . 2~
wy, is nonnegative. Clearly, {w,} is bounded in H\s, (RM) and lwy, ||2i_§ = 1. Therefore, up
)
to subsequences if necessary, there exists w € H“) (RM) such that w, — w in H‘s, (RN) as

—€

2*
n — +oo. Let £ = ||lw]l5_,,
s

Indeed, let

then 0 < £ < 1. We next claim that actually ¢ = 1.

S = inf {lul . ulE T =1).
s MEH‘S/:)O( N) ? s

Then minimizer « for S3;7__ exists and does not change sign, see e.g. [18, 23]. Without loss

of generality, we assume u is positive. Using this u as a test function we can show that if

V (x) is not identically equal to Vo, then S%ii e < S% ..

Set v, = w, — w, then v, — 0in H‘S,(]RN) and v, — Oin LIZOC(RN) asn — +oo and
by Bresiz-Lieb lemma, we have

. 2¥—e€ . 2¥—e€ 2¥—e€
nilr}rloo ||vn||2§f_E EToo ”wn”zg«_e - ||w||2§<_€
2%—¢
= 1 —llwlly_; (2.2)

=1-4
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Asymptotic Behavior and Local Uniqueness

On the one hand we have

lim fwal?y = Lm |val? w]?
Jm w2y =t 3y + IRy

n(x) = va M)W (x) —w())

+2 lim
n—+00 JpN RN x — y|N+2s
RN xR lx =yl 23)
+ lim V(x)vawdx
n—400 RN
. 2 2
= timjully + 1wl
On the other hand, by (V1) and v, — 0 in leoc (RM) as n — 400, we have
lim f [V(x) — Voolw2dx = 0.
n—-4o00 RN
Thus, we have
. 2 Y 2
Jim o}y = Hm ]y 24)
For 0 < £ < 1, by the definitions of Sz‘i_ . and S%e_ <> We have
2
Il v e = €57 Sy 2.5)
and by (2.2), we get
2
. 2 . 2 s
LT N R N Y S GO R 2.6)
Therefore, by (2.3), (2.4), (2.5) and (2.6), we have
Sz* €>ET5 €S2* e—i—(l—Z)Zs ESZ* c 2.7)
which gives
2 2
1 —£%-< > (1—4£)%-c, 2.8)

Thus, from (2.8), we deduce that £ = O or £ = 1. If £ = 0, then from (2.7), we get
S;\_e > 85, which is a contradiction. Thus, £ = 1, that is, lwll2:—e = 1 and thus w is a

minimizer of Szv* e O
s

Remark 2 Notice that in the proof of Theorem 6, condition 52 < S5 . plays an
important role. This is guaranteed by condition (V) with V (x) # VOo
By the Lagrange multiplier rule, there exists some A, > 0 such that w, is a solution of
the following equation
(=AY u + V(@u = reu 7€ in RV, 2.9)

By the maximum principle we > 0. In fact, we > 0, and if there exists some x( such that
we (xg) = 0, then

0 < (—AYwe(x0) + V(@)we (x0) = ey sPV / —uY) o0 @10

R [xo — y|N+2s

thus a contradiction.

Remark 3 If V(x) is radial, by means of symmetric rearrangement techniques, we may
assume that wy, is radially symmetric (cf. [32]). Thus, the minimizer w is radial.
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Next we proof a Pohozaev type identity for the nonlocal equation
(=A)*u = f(x,u) in RV, 2.11)

The argument is similar to [4, 33, 34], where the Pohozaev identity for autonomous nonlocal
equations was established, hence we just stress the differences.

Theorem 5 (Pohozaev identity) Letu € H*(RYN)NL®RY) be a positive solution to (2.11)
and F(x,t) € L! (RN)Y, where F(x,1) = fotf(x, s)ds. Then we have

N —2s
2

/ f(x, u)udx = f INF(x,u)+ (x - Ve F(x,u))]dx. (2.12)
RN RN

Proof Let u be a bounded weak nontrivial solution. Suppose that w is the harmonic
extension of u, see e.g. [9]. Then, w satisfies

—div(y"">Vw)=0 in RV

2.13
{ 8 = f((,0), w(,0) in RN x {y =0} =

Forr > 0, let
B, :={(x,y) e RN 1 |(x, y)| < 7}
and
B =B, NRY, 0, =BFU®B NERY x {0}).

Let ¢ € CPRN*T!) with0 < ¢ < 1,¢ = 1in By and ¢ = 0 in BS, |[Vé| < 2. For
R > 0, let

Pr(x,y) =¢ <(x}ey)>,

where ¢ 1= ¢lpn+1.
+

Then, multiplying (2.13) by ((x, y) - Vw)¢g and integrating in RY*', we have,

f div(y! "> Vw)[((x, y) - Vw)grldxdy = 0. (2.14)
Qo
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Asymptotic Behavior and Local Uniqueness

From (2.14), by integrating by parts, we get

/ Y TEVwV((x, y) - Vw)grldxdy
Q2r

= / YITEVw - m[((x, y) - Vw)grldS
002,

Jw
- llm y1—2s7
Y= 0t J By (RN x{y}) dy

3
= k;lf (x - Vow)gp o dx
BarN(RN x{0}) v

= k;‘/ (x - Vew)og f (x, w)dx
BarN(RY x{0))

[((x,y) - Vw)grldx

= k;lf (x - VF(x,u))prdx — k;lf (x - Vi F(x, u))prdx
BryrN(RN x{0}) BrrN(RN x{0})

—Nks_1 / F(x,u)ppdx — ks_1 / F(x,u)(x - Vypr)dx
ByrN(RN x{0}) BorN(RN x{0})

—k;! / (x - Vo F(x, u))prdx.
BarN(RN x{0})

(2.15)
For the second integral in the last equality in (2.15), we have

F(x,u)(x - Vypp)dx < C/ F(x, u)liR'dx

/;?2R0(RN x{0}) (Bar\BR)N(RN x {0})

SC/ F(x,u)dx—0, as R— +0o0
(B2r\Br)NRYN x{0})

(2.16)
since F(x, 1) € L'(RN). Asa consequence, from (2.15) we have
lim YTEVWYI((x, y) - Vw)grldxdy
k=00 J 0y, 2.17)

= —k! fN [NF(x,u) 4 (x - Vi F(x, u)]dx.
R

On the other hand, similar to the proof of Theorem A.1 in [4], we have

. 1—2s 2s — N
lim Y TEVwVI((r, y) - Vw)grldxdy =

1-2s 2
Vwl|“dxdy.
R—+0c0 0y 2 /I‘KIX“ y | U)| xay

(2.18)
Thanks to (2.17) and (2.18), we have

N —2s
2

/N ylfz“|Vw|2dxdy:k;‘/ [NF(x,u) + (x - Vi F(x,u)]dx. (2.19)
RYH! RN
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Multiply (3.26) by wepr and integrate by parts to get

/ YV (wer)dxdy = / Y72 (Vw - m)werdS
Qo 302,

Jw
BarN(RN x{0}) 9V°

= k! / fx, wugrdx
BorN(RN x{0})

Proceed now as above to get
1-2s 2 _ -1
/ y |Vw|“dxdy = k; / f(x, u)udx. (2.20)
RYH RN

Combining (2.18) and (2.20), we deduce that
N —2s
2

/ f(x, u)udx =/ [NF(x,u)+ (x - Vo F(x,u))]dx.
RN RN
O

Finally, we prove a crucial local estimate. This type of estimate has been studied in
Proposition 3.1 and Proposition 2.4 in [38, 39]. Their methods relies on a localization
method introduced by Caffarelli and Silvestre in [9, 36] and the standard Moser iteration.
However, these estimates contain the extension local domain Q g, which has no clear inter-
pretation in terms of the original problem in R¥ that is our context. We now give another
version of this estimate based on a more direct test function method and Moser’s iteration.

Theorem 6 Assume a(x) € Lfac (RN)for somet > % and that u > 0 satisfies

(=A)u <a(x)u, x e RN .

Then

1
. 27
maxu(x) < C (f |u|2sdx) , 0<r <R, (2.21)
B, Bg

)

where the constant C > O depends only on N, s, R, t and ||a(x) ||L; (RN)-

Proof For § > 1 and T > 0, define the function

0 if 7<0,
ot) = th if 0<r<T, (2.22)
BTl —-T)+TF if t>T.

Notice that ¢(¢) is a convex and differentiable function and thus
(=A)’ou) < ¢'w)(—A) u. (2.23)

Let n(x) = n(]x]) be a smooth cut-off function satisfying n(x) = 1in B,, 0 < n(x) <1,

n(x) = 0in By and In'| < é for some constant C > 0, where 0 < r < R has to be

determined. For simplicity, in the following, we denote by ¢ := ¢(u(x)) and ¢’ := ¢, (x).
Choose as test function ¢ (x) = n%¢¢’ to obtain

/RN 209 (x)(—A)udx < /RN n’o¢ audx. (2.24)
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However, by (2.23), we have
/ 1e(~0) gdx < / 120 (—A) udx. (2.25)
RN RN

Using (2.24) and (2.25), the fact up’ < By, by Sobolev embedding theorem and Cauchy
inequality, we get

S, $)lngll3 < /R mo(=A)' [ngldx

g 1 In(x) — n(y|*
=/ n°p(—A) godx-i-f/ 7N+y%qo(x)w(y)dxdy
RV 2 JrVxgry X — y|NEH

2
< 2,24 / [n(x) —n(yl 20xdy.
= ﬂ/RN“" PAXT Jonan fx — ypvazs POV D

(2.26)

28
In what follows, we assume u € L = (RM) where 8 has to be chosen later on.
Froma(x) € L! (RV)and ¢(t) < t#, we have

loc

t—1

1 =1
/ antu®Pdx < [/ (na)’dx]l [/ (nuzﬁ)ft'dxi| L 2.27)
RN RN RN
Set

) —nmE\'
Lo (L ey

- () — P\ @) —nmP,\ | (2.28)
- /P‘\SR <AN Wdy> et flxlzR (/]RN Wdy> a

=L+ D

We obtain
C! ( 1 d
I < —— / 7dy> dx
(R—1r)? Jiyj<r \Jjy—xi<r |x — y|N+272

] t
Lt / ( / %dy> dx (2.29)
l|<R \Jjy—x|=Rr |x — y|NF2s

_@e-29)7'C

(R — r)zt (NCL)N_])H%RN‘I’(Z*QS)I + (23)7ICI(NQ)N_])H>1RN72-W

and

() — M, \
I = / (/ @) = nNIE ;0\ 4
=k \Jjyj<r X — Y|V

In(x) — n(y)I? ) / (/ In() — n(y)I? )
= ———dy | dx + —————dy | dx
/Rf\x\sZR (/|y|§R [x — y|N+2s xi=2R \Jyi<r |x — y[NF2s

=L+ 1
(2.30)
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The estimate of /3 is similar to the one for /;. Finally,

l t
Iy < / </ 7(@) dx
=28 \Jjyj<r (|x] — RYN*2
= (NwN,l)fRW—Uf/ (x| — R)~(N+29)1 g (2.31)
[x|>2R
< CRN-(+29)

By combining (2.25)-(2.31), we obtain

) =i\ C
/RN (fRN [ — YN dy) W= R

1
InG) = nGI2 o / @ —nP N f y e\
-/RNx]RN |x — y|N+2s w0 dxdy = RN |x — y|N+2s dy|) dx RN'? ui=Tdx .

(2.32)

Hence

Set

1 t %
o Y In(x) — n(y)I?
C = (/RN(na(x)) dx) +|:[RN </RN 7|x—y|N+2S dy) dx] .

Combining (2.26), (2.27), (2.30) and (2.32), we get

=1
t

S )l = s )2/3</ (nuw),ldx> | (2.33)

Now let T — 400, to obtain

e 1 =1
(/ uﬂz}‘dx>ﬁ2“' - [(Rcﬁ)z]” (/ uZﬂﬁg) s 2.34)
r _r BR

S(t 1))1 .

Since ¢ > Z’ we set B = ( =1,2,---,ri=ro+ 2% By iterating, we get

] 1 mo . 1
RV B I Mol ERX L < \F
/ u,Bmzs dx S [‘3()} (/ u de) A (2.35)
B 2t Br

Let m — oo to have

m

€

* 25
maxu(x) < C ( / u® dx) ) (2.36)
By, Br

3 Asymptotic Behavior of Ground States

Let we be a positive minimizer for S;{L . obtained in Theorem 6. Then, by the Lagrange
S
multiplier rule, there exists A > 0 such that w, is a solution to the equation

(—=A)Yu+ V(@)u = rcu®17¢ in RV, (3.1)
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Asymptotic Behavior and Local Uniqueness

By multiplying both sides of equation (3.1) by w, and then integrating, we get A, = SZV*_ .
The energy associated with equation (3.1) is given by

1 1 0% _
Jew) = Slulfy = Sy cllully: . (32
s

Thus, on the one hand we have
2% —e —

S

1 2
Je(we) = EHwEHS,V - W

V s
*7—652?76”106”2?76 = Sz* . (33)

2S
On the other hand, if v is a nontrivial solution of (3.1), then it satisfies ||v||f v =

1% 2% —¢
SZ?_E||UI|2§_€ and thus

_ 2 Vv
Je(v) = 5||U||5,V - ﬁszg_gnvuzzf_e
' (3.4)
2k —e—2
= 2025 —¢) 2;75”1)”2?_6-
Besides, we have
Vv s €
||U||2V S2*—e||v”2*—e —e—2
SV < o) = — >V = EE AT gl s (35)
‘ vll3: Ivll:

which yields that ||v|l2s— > 1. Thus, we have Jc(v) > 2(2* 6) S; by (3.4). This fact
together with (3.3) implies that w, is a ground state of equation (3.1). Funhermore if we set

Vv _1—2*+e
Ue = (Sz;*—e> ST We

then, u, is a ground state of equation (1.1). Observe that I (u.) = Sz‘{;—e

For each fixed € € (0, 2§ — 2), by means of the mountain-pass theorem, (1.1) admits a
positive ground state (see e.g. Theorem 1.4 in [23]). However, we don’t know whether the
mountain-pass solution and the minimal solution u, obtained above do agree since unique-
ness is not known. Anyway, in what follows, we will focus on the minimal solution u.. We
remark that in the special case V (x) = 1, the ground state is unique and radially symmetric,
see [24].

Lemma 1 For any fixed € € (0, 2} — 2), any nontrivial u of (1.1) satisfies

.
252
luelloo = Vo* ~. (3.6)
Proof Since u. enjoys (1.1), we have
2 2 2
luells. vy = lluells,y = luellz_

. . 2%— .
which yields Vy|lue ||§ < ||u€||2‘;7i, that is,
252~
/ u (Vo —ue’ 6)d)c <0.
RN

232

1
Thus, we get ||ue]loo > VOK > V' ", and the result follows. O
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We next need the following result proved in [14].
Lemma 2 [14] The infimum in (1.5) is attained, that is
(]}

=5

where -

Tx) =k’ +x—x)7 7, xeRY
withk € R\ {0}, u > O and xo € RY fixed constant. Equivalently, the function u defined
byu(x) := is such that

u
el

S = lnf {[u] llullzy =13 (3.7

ueD
Furthermore, the function
—f a— L
u (x) :=u (S 2sx> , xeRY
is a solution of
*
(—Aw)u = [u>"%u, in RN
satisfying the property

2% N
lull3s = S

Proposition1 lim SQVL =5
e—>0t 7

Proof Choose ¢ € CSO(RN), ¢ > 0 such that o inzf 5 lPll2x—e > 0O, to get
<e<2¥— N

v Ipll3
0<Sy  <———— < +o0. (3.8)

: 2
inf
O0<e<2¥-2 I ”2?_6

This means that {S, . .} is uniformly bounded with respect to €. Next, we further prove that

lim SY, =35.
e—>0t Zi—e

Let w € Hy, (R") be such that [|w]|2:—e = 1 and ||w||f’v = S2V§—e~ Then,

1
lwi3 < wll§ < max{l, 70} lwi}y =: CSye_. 3.9)
By Holder’s inequality we have
2¢ 23 @Qf-2-0 . 252k —2-¢)

= wl3Z8 < lwly iy, ™7 < (€85 )% 2wl ¥ (3.10)

Thanks to (3.8) and (3.10), we get
1 < liminf [|w]|o*. (3.11)

e—>0t ;

On the other hand, by (1.5), we have

2 |4
[wly _ Iy _ S 3.12)

- 2 — 2
”w”2>§k ”wHZ? ”w”zt
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Asymptotic Behavior and Local Uniqueness

Thanks to (3.11) and (3.12), we have

S <liminfSy,_, . (3.13)
e—~>0t 7
Next we prove that
limsup ), . < S. (3.14)
e—0t ’
Once (3.14) is proved, the result follows from (3.13).

Let
2s—N
Ue(x) =€ 7 u*(x/e),
where u* is defined in Lemma 12. Furthermore, let n(x) € C3° (RM) be such that 0 <
n(x) <1inRM, n(x) =1in By and n(x) = 0in BY. Set ue(x) := n(x)Uc(x), x € RN
Then, as € — 01 we have

[l < S5 + 0N 2), (3.15)
/ V() |ue(x))Pdx = Cye® 4+ 0(eN™%), if N > 4s (3.16)
]RN
and
2% N N
lue(X)llyx = S + O(™), (3.17)

for some positive constant Cs depending only on s, see Propositions 21 and 22 in [35] or
Lemma 2.4 in [20]. By Taylor’s expansion we get

e ()3 = lue@13: + O(e). (3.18)
Hence, we deduce from (3.15)—(3.18) that

lluell?

limsup Sy, . < limsup <, (3.19)

e—>0t e—0t ”“e”%;«,g
which implies (3.14). O

Recalling that u, is a solution to (1.1) and that u, attains Sz‘i_e, we get
s

2 25— 2 14 2
lelZy = Nuel3iZs and fucly = S5 el .. (3.20
So, we have
2% —¢ 1
Vv 202 2—¢) Vv 2F o
el = (S5_) 77 and el = ()77 @2D

These facts together with Lemma 13 imply the following

Lemma 3

N-2s
s

N
lim |luells,y =S4,  Hm [uelloz—e =S4 (3.22)
e—~>07t e—>0t s

Now let us prove that ||u¢||o blows up as € — 07, namely

Lemma 4 lim,_, o+ ||ttc|lco = +00.

Proof Suppose by contradiction the claim does not hold true. Then, there exists a sequence
€ — 0" such that |Ju. ;oo stays bounded. Let x¢; be a maximum point of u;. Define
We; (X) = te; (x + x¢;), then llwe; [l oo is bounded as well and

1—6,‘

2% — .
(=AY we; = =V (x + x¢; )we; + we; in RV.
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Now, since V € C2(RY) N L®(RY), we have that [[(—A)* We, [l oo is uniformly bounded
with respect to €;. As a consequence of this fact and of standard regularity results (see
e.g. Lemma 4.4 in [8]), we deduce that [|we; [| ¢2.« is uniformly bounded with respect to €,
for some « € (0, 1).
By (3.22), [we; s = [ue; s and llwe, ll2 = llue, ||2 are bounded. Thus, {wej} is bounded in
Hy, (RM). Up to extracting a subsequence, which we still denote by {we; }, one has we; —
2,0

wo in Hy, (RM), We; — wo a.€. in RN and We; — WO inCj,. (RM). Moreover, by (3.6) one
1
has wo(0) > Vosz2 > 0.
Let us now distinguish two cases:
Case 1. {x¢;}; is bounded. Up to a subsequence, we may assume that xe;, — xo. Then,
wo is a nonnegative classical solution of

1

(=AY'wo = —V(x +xo)wo + wp' | in RV, (3.23)

It follows from the maximum principle that wo > 0. Thus, by Lemma 14 we have

[wol? 22 . 2%_2
> < llwolly: ™ <liminf w52~ =S, (3.24)
”wO”Q’\’j s J=>00 ¥

which is a contradiction.
Case 2. {x,}; is unbounded. Up to a subsequence, we may assume that x.; — co. Then,
by (3.20) and the dominated convergence theorem, we have

IA

2% .
[wol; < —Vollwoll3 + llwoll: + Jll)rr;o /RN(V(x) — V(x + x¢;))we; wodx

(3.25)

IA

2 23
—Vollwolly + llwollx,

which yields [wo]f < ||wo||§ and similarly to the proof of (3.24), we get a contradiction.
O

As e — ¢ € (0, 2?T_Q), we have that {u.} is uniformly bounded with respect to €, as
established in the following

Lemma S There exists K > 0, which does not depend on €, such that any solutions u. of
(1.1) satisfies ||uclloo < K as € — €.

Proof The claim can be achieved via Moser’s iteration. Indeed, let w, be the harmonic
extension of uc, see e.g. [9]. Then, w, satisfies

—div(y' "> Vwe) = 0 in  RYTL 326
We — _VOwe(-,0)+we' (0 in RV x {y =0}, '
where , : ;
wf =—— lim y!™ We (x, y).
avs ks y—0+t ay
and kg = %
Following Corollary 2.1 in [1], for each L > 0, we set
_welx,y) if welx,y) <L, _
We,(x,y) = { I if we(x,y)> L, e, (x) = we,1(x, 0), (3.27)
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Asymptotic Behavior and Local Uniqueness

and Ve = wz(ﬁ D

get

we, where > 1 to be determined later on. By testing with ¥ 1, we

f YTV Yy dxdy = k! / [~V @ue@) +uz ' (@0)e,1 (x, 0)dx.
R++1 RN

(3.28)
Thus,

f Y EVwe vl ])we)dxdysks_lf us e ) V. (3.29)
RN+1 ]R
Note that

2(8-1) 2 .
2(p-1) 2B —Dw.; “(x,»IVwe|” if we(x,y) <L,
Vw.V 3.30
weV(wep “we) = { L2851 g, 2 it weryy > R0

Thus, from (3.29), Sobolev imbedding (see e.g. (2.9) in [13]) and Holder’s inequality,
2
—1 * 2? _ 9 —1
(/ uf ue|2~vdx> < C(N, s)/ VIV WE ] woPdxdy
RN RYH! '
< pes) [l as
RN

2% —2—¢
* 2F _ 22%
< BC(N,s) (/N Mzsdx> (/N(uf’Llue)zTedx>
R R

2+e
2*

(3.31)
Since [|ue |2+ is bounded, from (3.31) we get
22 L
—1 -1 2 %
||uf,L u5||%§ < BC(N,s) (/sz(uf’L Ue) ¥ dx) . (3.32)
22}*/3
Asu. € L=« (RVM), by using the fact that we 1 < we, we get
2+e
fo1 258 2%
lul, uell3. < BC(N, s) / uldx| . (3.33)
, ¥ RN
Let L — 400 and apply Fatou’s lemma to get
11
luell3ep < BPCF (N, 9)lluellSs - (3.34)
Tre
The claim now follows by iteration: let ; = (2#)", i=1,2,---,then
1 m . 24€\—i
2+€ 2 i i(55°) i
et 2781 < ( 5 ) CHILEE N, 5) ue - (3.35)
Passing to the limit as m — 400 in (3.35), we have
luelloo < Clluellaz.
which concludes the proof. O

Lemma 6 Let €y > 0, then lim sup Sz‘i _ < Szv* —e
€e—€
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lelEy
—€) 2
len% .,

Proof Let ¢ > 0 be such that SZV* . Then,

[P ax = [ 0Pk e [ 0RO g ax, (336)
RN RN RN

where ¢ € (0, 1). Since [¢%In¢| < C foranyo > 0as¢ — 0T andIng < 1 +¢pas¢ > 1,
recalling that ||¢ ||~ is bounded by Lemma 16, we get

/ 1%~ dx = / 6> ~0dx + O(e — o). (3.37)
RN RN
Now, by (3.37) and the definition of Sz‘ff_ » we have
Za e
lim sup (SZV*_E < limsup%
€—€ i e—€) ||¢||2i_50
2 e
, lpllyy N
= lim sup e = (Sz*_eo
evey [@ll2r—ey + O(€ — €0)]= s
(3.38)
The proof of Lemma 17 is complete. O
Let x. be the global maximum point of u#, and let i > O be such that
__ 2
2F2—¢
ue(xe) = lluelloo = pe ™
Clearly, from Lemma 15 . — O as € — 0t. Set
2s
2}‘—2—6
Ve (X) = e Ue(Xe + [eX).
Then 0 < ve(x) < 1, ve(0) = 1 and v, satisfies the following
(=AY Ve + uBV (e + pex)ve = ve' € in RV, (3.39)

We have that || (—A)*ve || 1s uniformly bounded with respect to €. As a consequence of this
fact and regularity results, we deduce that also ||ve || 2.« is uniformly bounded with respect
to €, for some « € (0, 1). Similarly to the proof of Lemma 15, there exists a sequence €, still

denoted by v, such that v — U in Cﬁ;g‘ (RM), where U is the positive solution of equation

(—=AYu =u®"" in RV (3.40)
and U(0) = ||U||co = 1. From Theorem 1.2 in [11],
1
25N N+2s )\ 2
Ux) = A here A =2 F< 23) (3.41)
X) = )\2 , ‘where = r (N—Zs) . B
2
Since
(U2 22 2-3%
S=-—S =|Ulx " =l *,
13, 8 '

we conclude that
2*
IUl3: =015 =
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Asymptotic Behavior and Local Uniqueness

By Lemma 14, we have

Q _ 2 . 2
S§z = [U]; < liminflve];
e—0t

< limsup[v]?
e—0t
. Ve (x) — ve ()] / 2 }
< limsu —— —dxdy + V(xe + pex)vidx
e%O*p |:»A;N |x — y|N+2S Y RN (% + pex) ¢
G0 Jue() = ue () -
. 5 ¢ Ue(X) — U Y 2
= limsup u* > [/ —<7 <7 dxd +/ V(x)u dx]
e—>o+pMe RV |x — y|NF2 YT J (e
. Jue (x) — ue () / 2 ]
< limsu ————dxdy + V(x)uzdx
€~>O+p [[;&N |x — Y|N+2S Y RN ) €
N
= S,

Finally, form Lemma 14 and (3.42), we obtain the following convergences
Lemma 7 [ve — Ul; — 0, [lve — Ull2r — 0, [ve]g — S%, and pué — lase — Ot

Proposition 2 If x. — xo, as € — 0F. Then
e > (x) = SH8(x —xp), €0

in the sense of distributions.

Proof For any ¢ € C{° RM), we get

_ _eN(N-2s) "
lim lue|* ¢pdx = lim [u B f |ve|2:¢>(xg+uex)dx]
e—~>0t JRN e—>0t RN
— $(x0) f U dx (3.43)
RN
N
= ¢(x0)S>.

O

Notice that up to now we do not know wether the global maximum point x, turns out to
be bounded or unbounded.

Lemma 8 Suppose that {x} is bounded. Then,
sup f uz?dx — 0as R — +o0. (3.44)
ce(0.252) Tz
Proof Assume by contradiction that Eq. 3.44 does not hold. Then, there exist two sequences

€j — €p and R; — +o00 such that

/ uidx >, (3.45)
[x|>R;
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forsome § > Oand j =1, 2, - - -. We distinguish two cases:

Case 1. &g > 0. By (3.22), {u¢} is bounded in Hj, (RM), passing to a subsequence {ug‘/.}
if necessary, we may assume Ue; = U, in Hy, (RM). On the other hand, from Lemma 16,
we know that ||ug; [|oc is bounded and by regularity we deduce that |lu¢, || 2« is uniformly
bounded with respect to €, for some o € (0, 1) Up to extracting again a subsequence, still
denoted by {u;}, we have ue; — ug, in c* Toc “(@RN). Thus, U, is a classical nonnegative
solution of the equation

(=AYu+ Ve)u =u®"17% in RV, (3.46)

By (3.6), we get ue, (x) # 0. Moreover, if there is xg € R¥ such that Uey(x0) = 0, then
from (3.46), (—A)*u(xp) = 0. However, by the very definition

s _ —u(y)
(=A)’u(xo) = cn sPV /H;N md}’ <0,

which is a contradiction. Thus, u,(x) > O forall x € RN,
Now, by (3.21) and Lemma 17, observe that

2 4
S ”uEO ”S,V _ ToF T —€0
2i—ey = 72 ||uso||
||”eo||2*,€0
4
—€0

IA

hjmlnf||uéj ||A v 5

(3.47)
= liminf SZ* ¢
j—)

IA

lim sup Sz* e
e—€o

sy,

s €0"

IA

Therefore, we get

lim Sz* —¢ —Sz*
]—)OO

(3.48)

—eo’
Similarly to the proof of Lemma 17, from (3.48) we get ||luc; ||ls,v — lluglls,v as j — +00
and hence u¢; — ug, in L% (RV) as j — +o0. This contradicts (3.45).

Case 2. &g = 0. Thanks to Lemma 18, we obtain a contradiction from (3.45). Indeed, we

have
2s 2?

* N— Y *
§ < / u?jdx = Ue¢; B2 / vgzj (x)dx
x> R; I, e X[ R;
N(N-2) (3.49)
< (M61)4: Ne +25€ / R 7|X6 | vej (x)dx
[x]= 7}
— Qas j — oo,
. €j ij\xgj\ . 2% N .
since fe; — I’T — +ooandv€j — Uin L (RY) as j — oo.
€j
The proof is now complete. O
Lemma 9 Suppose that {x.} is unbounded. Then, for any fixed R > 0,
lim sup / uldx = 0. (3.50)
e—=0t Jlx—xc|>R
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Proof The proof is similar to Lemma 20. Suppose that the claim is not true. Then there exist
a sequence €; —> € such that

/ uidx >, (3.51)
|X_xe_,~ =R

forsomed >0and j =1,2,---.
The proof of the case €y > 0 is similar to Lemma 20. For ¢y = 0, we have

2.&'2}‘
2 Vg %
s < uéjdx = Ue; Ve; (x)dx
lx—xe; IR Il e
N(N=2) (3.52)
€i\ T Ne Tasc 2% .
= (Me]-)zh Nejtoe / Ve (x)dx
J R J
|X|Zﬁ
— 0, as j — oo,
. €] . * .
since ;Leji -1, % — +ooand ve; — U in L% (RN) as j — oo. O
. ; .

The following lemmas will play an important role in our analysis.

Lemma 10 Assume that {x.} stays bounded. Then, there exist constants C,R > 0
independent of €, such that

C
lue(x)| < Wv for |x| > R. (3.53)
Proof We observe that
(_A)Sue =< u% 7276“6 .
Since ugs e e L! (RY) for some t > %, from Theorem 10 we have
1
* 2
maxue(x)§C</ |u€|2fdx> , VyeRN, 0<r <R, (3.54)
By (y) Br(y)

where C is independent of €. Thus, we conclude from (3.44) and (3.54) that
sup  u(y) — 0, as|y| - +oo. (3.55)
ee((), 2‘*2—72)
This fact together with Lemma C.2 in [24] imply
(o
lue(x)| < W (3.56)

Actually, we first fix € > 0 to applying Lemma C.2 in [24], and then we take the supremum
with respect to €. Finally, from Lemmas 17 and 14, we get (3.56). See also [22]. O

Lemma 11 Suppose that {xc} is unbounded. Then there exists a constant C > 0
independent of € such that for small € > 0,
lue(x)| < ma Jor |x — x| = R, (3.57)

forany R > 0.
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Proof From (3.50), for any §, R > 0, there exists a small g > O such thatif 0 < € < €p
and |y — x¢| > R, then

ue(y) < 6. (3.58)

_L
Let we(x) = ue(y), y = V,, * x. Then we (x) enjoys the following

2F—1—€
€ .

(=AY we +V(»)Vy 'we = Vy 'w (3.59)

Furthermore, by condition (V}), if we choose 6 > 0 sufficiently small and Ry > 0 large
enough, we have

(—A) we + we = fe(x) i= [1 - V(y)vofl] we() + Vo wl T T ) <0 (3.60)
1

for small € > 0, [x| > Ry and [V, *x — x¢| > R.
Borrowing some results from [23], we also have

we(x) = K # fo(x) = /R K@= 0y, 3.61)

where /C is the Bessel kernel and which enjoys the following properties:
(K1) K is positive, radially symmetric and smooth in RN\ {0};
(K2) Thereis Cy, C > 0 such that
Ci .
’C(x) S W, lf |x| Z 1 (3.62)

and
c
Kx) < |X|N72_2s if x| < 1. (3.63)

From (3.60) and (3.61) we have
we(x) < / 1 K(x = y) fe(y»)dy +/ K@ —y) fe(y)dy (3.64)
{IVy * y—xe|<R.|y|=Ri} {Iy|<Ry}

_1 1 1
Note that [V, *y —x¢| > R & |y — V® xe| > V;” R. Since {x,} is unbounded, then there

exists 0 < €1 < € such that |x.]| > R + R for 0 < € < €. Thus, for |y| < R, we get
|y — Xxe| > |xe|l — |y] = R. So, from (3.59) and (3.60), we obtain

[ ke-wroaysc [ Ka-ya. (3.65)
{ly|<R1} {lyl<R:1}
By (3.62) and (3.63), we have

/ Kx —ydy = / Kx —y)dy +/ Kx —y)dy
{lyl<R1) {Ilyl<R1.lx—yl<1} {Iyl<R1,lx—yl=1}

Noy-1Cy

+ CoNwy-1RY.
2s

(3.66)
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1 1 1 1
Besides, for Ry > R, |x — V7 x¢| > V;° Ry and |y — Vi xe| < V* R, we get [x — y| >

1
%Ix — V" x| and thus

/ » e — ) fuly)dy
{1V

By x |<R,|y|>R}

<c /{ o Kx = pu ™" (dy

Vo 2 y—xel<R.lyl=R1}

N—-2s

2 —e IN—(N-25)e 2N—(N-25)¢

= Clluclly:—, ) K-y~ v dy
8 {IVy % y=xe|<R.IyI=R1)

(3.67)

c

_L :
[Vy = x — xe|[N+2s
_L
Combining (3.64)- (3.67), for |V, 3 x — x¢| > Rp and small € > 0, we have

|we (x)| <

1

|V0 2sx _ x5|N+2S
That is,

lue ()| < X —x N |x —xel > Ra.

Since R is arbitrary, as well as R, is arbitrary, the proof is complete. O

Remark 4 By using standard comparison arguments as in [23], we can prove results similar
to (3.44) and (3.50). However, the constant C obtained there may depend on €.

Lemma 12 There exists a positive constant C independent of €, such that

ve(x) < CU((x), x e RV, (3.68)

Proof Note that we do not assume that {x.} is bounded or unbounded. From the definition
of ve and U, v (0) = U(0) = 1, and since ve (x) € C22, by choosing some large C, (3.68)
holds in a neighborhood of zero. Therefore, it is enough to establish (3.68) ifor |x| bounded
away from zero. For this purpose, let ®,(x) be the Kelvin transform of v, namely

e (x) = lez"’st< a ) (3.69)

|x|2

Then, ®, satisfies

(=8 @ + 2 x| ™0V (xe heT ) e = [x|FVQETT i RY. (370)

x[?
Now, we aim at proving that {®.} is uniformly bounded with respect to € in a neighborhood
of zero, and this will imply (3.68) by (3.69).

From (3.70), we obtain

1—e

(A’ @ < |3 VP T iz a@) @, a) = 1P VOE T (3

Claim: a(x) € L} (RN) with some t > %
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Assume for the moment the claim holds true and let us complete the proof. By Theorem
10, for any compact set K, we have

2 \¥ U
max &.(x) <C | D] dx <C [ve|™s dx
K K RN

| (3.72)
< C(ut 2*(2*1\/772—5) %d 5
= Cue) s N luel™dx <C.

The last inequality follows from the facts w¢ — 1 and |luell2r < Clluells,vy — CS% as
e —> 0t.
Thus, it remains to prove the claim. On the one hand, for r > 0 we get

[ atrax s epe o [ e
u2<lx|<r un2<|x|<r

) o (3.73)
205-Nytj g (1= BT 2 B
= (ME) @5=N) |By| % / & dx <C,

since € — 1as e — 0" and & — U in L= (RV), where U (x) = |x|* MU (ﬁ)
On the other hand, if {x.} is bounded and |x| < Rfirxe\’ or if {x.} is unbounded and
|x| < £¢, by Lemmas 22 and 23, we have

_ X
D (x) = x[* Vo (5
Ix|
2s

e _ X
= Mezs ’ |x|2S Nue Xe + e —5 (3.74)
|x]

2s
e —(N+2s)
sci%z ]MW-

Thus, we have

[#2— -v+20|@i—2-ex

/ a(x)'dx < Cpuk / x| @ 2=+ =Nl g, < ¢
lx|<p2 |x|<pu2

(3.75)
and the proof is complete. O

Proposition 3 Assume N > 4s and suppose that xc — xo as € — 07. Then,
4s

s 1
lim ellucllds” = An.s [V(xo) + —xo0- VV(XO)] ,
e—>0t 2s

where
2N+ N2 5 (N54s)

(N — 25)2T(N — 25)

N

AN,s =
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Asymptotic Behavior and Local Uniqueness

Proof By Pohozaev identity (2.12), we have

1 1 *_
( — —) / uzs ‘dx
2? — € 2? RN

= f |:V(x) + ix . VV(x)i| uzdx
RN 2s

(3.76)
1
= Miv /]RN I:V()CE + pex) + g(xs + pex) - VVixe + Nex)] uz(xe + pex)dx

N—ot— 1
=pe *7 ANPWa+mm+§;&+uayVW&+uaﬂﬁm.

Since N > 4s, by Lemma 25 and the Lebesgue dominated convergence theorem, we get

e—0t

1
lim N[Vue+ud>+5;h44km-vvue+udﬁv&u
R

| 3.77)
= [V(xo)+—xo~w(xo)] / UZdx.
2S RN
By direct calculations, we deduce that
/ Uldx = AZN[ (1+ xH)> Ndx
RN RN
o0
_ AzNwN/ (1 4 P25V V=g,
0
1 oy © 2s—N —1+%
= -\ a)N/ (1 + )5 Ng=H745
2 L (3.78)
7z N N
__ 42N 7TN B<—,——2s>
r'(3) 22
— 92N

N

N+2s N—4s

[T r)
t

u) (N —2s)
2

Finally, combine (3.76)—(3.78) to have as € — 0

2N \? 1
en® = V(x0) + —x0 - VV(x0) S—%/ U%dx + o(1)
€ N —2s 2s RN

2N+ N2 5 (N54s) r (N-i2-2s)
T (N =2)2I(N =2 N-2
( $)°T°( s) r (TS)
+o(1).

1
[vuw-%—ﬂn-vvwm]S*%
2s
(3.79)
This concludes the proof of Lemma 26. O
Remark 5 From the proof of Proposition 26, assuming N > 4s, no matter x. stays bounded
or not, we still have

€= 0(ud).

Proof of Theorem 1. The conclusions (1) and (2) in Theorem 1 follow from Propositions
13 and 26. Clearly, Corollary 2 is a particular case of Theorem 1.
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4 Localizing Blow up Points
We next recall for convenience of the reader a few basic facts on fractional Sobolev spaces.
Let 8 > 0and p € [1, 00),
WHEP@RN) = (u e LPRY) : Z7(1 + |£1P)a) e LP(RY))
endowed with the norm
lullyys.p@yy = 1.7 1A + 1E1P)alll, -
We refer to [23] for the following results.

Proposition 4 The following properties hold true:

<q < NL—ﬂ’ then

(I If0<B<1l,1<p<gq= NIX[/;,, <oocorp =1and]l
Wh-P(RN) is continuously embedded in L1 (RN).

(2) Assume that0 < B <2and B > % Ifﬂ—% >land0<pu<pB—1- % then
WhH:-P(RN) is continuously embedded in C'-*(RN). Ifﬂ—% <land0 < p < ,8—%,

then WP-P(RN) is continuously embedded in C 0.1 (RN,

For p € [1, +00) and B > 0, consider the Bessel potential space
CPP@RY) = fu e LP@RY) : F7 (1 + ) Fa) € LP@RY)).

Then, £A-?(RN) = WE-P(RN), see Theorem 3.1 in [23]. On the other hand, from Theorem
5 in Chapter V of [37], for p € [2,00) and 0 < 8 < 1, one has WA P(RN) ¢ whPRN),
where W#?(R¥) is the usual fractional Sobolev space defined by

|u(x) — u(y)l"dxdy} .

WEP@RY) = Ju e LP(RY) :
D {u D RN xRN |x — y|" AP

Our next target is to identify the location of the blow up points. For this purpose we adapt
the method developed in [28], where the basic idea is to get an asymptotic expansion of
the ground state energy and then to compare it with an upper bound of Sz* _c- This method
has been used to deal with the localization of blow-up points of ground states to semilinear

problems in [40].
Let us begin with establishing an upper bound for Sz‘i e

Theorem 7 Assume N > 4s and that Ue; isa ground state of (1.1) satisfying (1.6) which
has a maximum point x. | which enjoys Xe; = Xo as j — 0. Then

v
st*—éj S S
25N L ~ 2 2 N *
+u {S 5 V(%) /RN U*dy — CysS [(2*)2 InS> — ZS % /]RN U In de“
+0(u, ),
“4.1)

where X is a global minimum point of 'V (x) and

~ 1
Cyns =Yy [V(xo) + 250 VV(xo)] .
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Asymptotic Behavior and Local Uniqueness

Proof Let

$;(x)=U (x_io).
py

J

Then by inspection
9. L, P\
[¢;17 = ) "2 WE = p 5%, 4.2)

and by dominated convergence, we have

/ V@x)p*dx = pf / V(&0 + njy)Udy
RN RN

4.3)
= Ve [ Uy -+ou)
]RN
By (3.79), we also get
&) = Crst® +o(u?). (44
Thus, by using Taylor’s formula, we get
;2/\/ 2*%
T (/ |¢>|2§*Efdx> o
RN
2
- / UE=€idx )™
]RN
_ 2
* * z}k—f‘
= / (U% —€;U% InU)dx + o(e,)] !
N
IR (4.5)

I N 2% 2§Sij
=[S —¢ U“ InUdx +o(e€j)
RN
-SNz_zs n SN2—2s 2 | Szﬂ 2 Sizﬂ /
= s €; s n R — s
I / (21)? 2 R

U% In de) + o(ej)]
N

N-2s 2 N 2 N o
=857 |1+¢ (%T)zlnszv—ﬁs 2 RNUsandx +o(ej) |-

2N

So, by (4.4), ,u]z.if%j = 'ulzivfzs + o(€), we have

2
( / |¢>|2?f*<fdx>
RN

N=2s =2 ~ 2s 2 N 2 —ﬂf
= A S 2 1 C ~ InS2s — — 8§ 2
K [ N <<2z>2 T T fa

U% In de) + o(u?)] .
4.6)
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By the very definition of SZV* we have

—e;
v lla 113
SZ;“—GJ' — 2 ;
”uj”Q:f,ej
¢ o N A
p TSN + V@Eou fox UPdy +o(u))
TS 14 i (B In ST = A5TE [y UX InUdx) +0(u2) |
= [s + 12 STV (o) / Udy + o(u%‘)]
RN
Jr— @y (“2mst - 3S—%/ U% InUdx ) + o) |. @7
S\ (292 2% RN j
This concludes the proof. O

2s
For simplicity, set i; := fie;, Xj := X;. For vj(x) = M;St%
U+ ,u?s w;, then by (3.39) we have

“ujxj +pjx), letv; =

(=AY w; — (2F = DUX2w; + V(x; 4+ p;x)v; = F(w;) in RY, (4.8)

where
Fw) = u; [(U + P w) s - @ = DB U ) - sz’l] .
Define the operator L as follows:
L:=(-A) — 2 —1)U*72,
Then (4.8) can be rewritten as
Lwj+ V(xj+pjx)v; = F(wj).

Proposition 5 Assume N > 6s. Then w; — w in L®@RN) as j — oo, where w is a
bounded solution of

(=AYw— Q2 = DUE 2w+ V@)U + C(N, ) UE ' nU =0 in RN, (4.9)
In order to prove Proposition 30, we need the following result from [17]

Lemma 13 (Nondegeneracy) The solution U is nondegenerate in the sense that all bounded
solutions of equation
(=A)¢p =2 — DU 2¢p in RV
are linear combinations of the functions
N —2s aU

U+x-vU, —,i=1,2,---,N.
8x,~
Let
U oU N —2s
X =spany—, -, —, U+x-VU
8x1 3XN 2

Clearly, X C L?(RY) with %5 < p < 400.For 1 < r < &, define

Y, = {ueU(RN): uvdx =0 for all veX} .

RN
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Asymptotic Behavior and Local Uniqueness

Then L"(RY) = X @ Y,, where ﬁ <r< %

Lemma 14 Suppose N > 4s. Then forany 1 < q < %, there exists a constant C > 0 such
that

lullyysr < C([Lullr 4[| Lullg), (4.10)

forallu € Y, NW"RN) N C2(RY) with Lu € L4(RN), ; -1

Proof 1t is enough to prove

lull, < CAILull; + [[Lullg)-

In fact, by
(=AYu4u=Lu+[l—Q - DU
we get
lullyyasr < IILully + Cllullr < CILull; + || Lullg).

Assume that u # 0. Otherwise, we are done. By homogeneity, we can replace u
by W@Hullr} in (4.10). Thus, assume that there exists a sequence {u,} C Y, N
W2 (RN) N C2(RY) such that

either [lupllc2 =1, llunllr <1, or luxllcz <1, llunllr =1, (4.11)

and
ILunllg + Il Lunll; — O. 4.12)

Then, there exists us, € CZ(RY) such that after passing to a subsequence if necessary,
Up — Uoo in C} (RY) and in particular, u, — us in Li, (RV), r <t < 2F. Let I =
(—A)~* the Riesz potentials defined by

f)

1
I = d
DO =0 v = vz ®

with .
y(s) =1 22%T(s)/T(N/2 — s).
See Chapter V in [37]. Then, we have
uy — I [2F = 1)U 2u,) =1 % Lu,,.
By Hardy-Littlewood-Sobolev inequality [26, 37], we have
11 * Luyll, < CllLupllg — 0

and Hoélder’s inequality yields

1 125 = DUR >ty = )]l

7

=Q2f-1 f |1 % U 2(uy — up)| dx +f |1 % UE"2(uy — up)| dx
Br(0) B(0)

2s
* N
< CIUS 2 (un — um)llLa(8r0) + Clltn — s ( / Uvx dx)
[x|>=R
2
2N N
< Cllup — umllLr Bgy) + Cllun — upmlr UN-2dx ,
[x[>R

(4.13)
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2 _ 1

N — r
Thus, {I*[(2} — 1)U2? “2u,}isa Cauchy sequence in L" (RV) and then {u,} is a Cauchy
sequence in L™ (RY). So, uso € L"(RY), s € ¥ and

1
where =
q

(=A)uoo — (2 = 1DU%2upe =0 in RV, (4.14)

By (4.11), uso € L®RY) and us € X by (4.14). But since uq € Yy, We get uso = 0,

which is a contradiction from (4.11). O
For fixed j = 1,2, -- -, we have

(~A) v+ v = L+ PV + pvy+vr 7 in RY, 4.15)

Note that 0 < v; < L. Thus, v; € W?P(RN) N C>FRN) for p € [2, +00) and w; €
W2 PRNy N C>A(RY) for2 < p < +o0.
Let
N+1

wj=Zaijei+Zj, j=12---,

i=1
where e; = 92,0 = 1,2,--- N, exy1 = 52U +x - VU, z; € Y, N CHFRY),
1 1 _
ity =1

Lemma 15 Assume N > 6s and let M; = max{|ay;|, |laz;|,--- , lav+1);1}. Then M; and
1z lyy2s.r are bounded as j — oo.

Proof We may assume without loss of generality, M; — 400 as j — oo and

1

ﬁ(‘”f"" saw+1) —> (b1, -+ by+1) #0, as j — oo.
J
Then
Zj 262 %j 1
(A =L =@ - DU 2L + —[Fw)) — V(xj + pjx)v;]. (4.16)
Mj s Mj Mj J J J J

Let us now now estimate the three terms in the right hand side of equation (4.16). We
have

WP Fwpl = (U + @3 w)> =17 = 2 = DU 2w; — US|
< UETN - UETG 4128 - DpFUB R w; = (28— 1 —ep)uFUE S w))
+|(U +M§swj)2?7]7€j _ UZ;‘flfej _ (2? N fj)ﬂﬁsU2§727€/Wj|
=nL+Db+5
(4.17)
Hence

L=U%"19 U9 = 1| =U% ", InU + o(e))| < €;URTI(|InU| + 1) (4.18)
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and since v; < CU and ,u?swj =v; — U, we get
L = US| [|2F — DU — (28 — 1 =€)

< cejM§S|w,-|U2?—2—ff(|1nU| +1) (4.19)

IA

Ce;US~1=¢(|InU| + 1).
Set g(t) = (U + tu?swj)zi_l_f-f. Then, we obtain

Iy = |g(1) — g(0) — g'(0)]

< Jorlg" (1 = 0)ldt
< ClytlU + (1 = p¥ w5374 b wldt (4.20)
< Cu¥lwjllv; — Ulfy tU%=3<idt

IA

Cu¥lw,llv; — UIUE 374
Thus, by (4.17)—(4.20) and Remark 27, we get

|F(wj| <C [Uzi‘—l—ff(un Ul+ 1)+ |wjllv; — U|UZ§‘—3—€J‘]. (4.21)
So, by dominated convergence we obtain

IF@plly = CIU5779Am UL+ Dlly + llwjlo; = UIUF 79, ]

IA

ClIUVE =AU+ Dllg + lhwj vy = UUH 4y ] 422

IA

C [+ o w)l,].
Thus, we get

! A 2
o | F@lg = € [o(l) +o(1) H 7

} . 4.23)

Again by dominated convergence we get

1Pl = C[IUET U1+ Dl + wjlo; - V0% =79, ]
(4.24)
< C[1+oMlw;l],
which yields
1 Zj
1 F(w: <C 1 D=L . 4.25
o IF @l < [O(”"()’M,. ] (4.25)
By Lemma 32, for % <q < % with é — % = % (Note that N > 6s is needed), we get
S < STl + 1Vl + TGl + 1)
MjWZW_Mj JE g JEnr J71q J/r
C
= o L+ IF@ g+ IF @] (4.26)

J

IA

c [0(1) +o(l) H;—f
J

]
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Thus, we have

I = o(1). (4.27)
Mj W2s.r
By Proposition 28, we get
. N
S oy, r<t< —1 (4.28)
M; . N — 2sr

By choosing r close to %, t can be arbitrarily large. Besides, from (4.24), we have

IA

Zj 1 * . *
L (1)‘ Co [U+ UBT (I U+ 1) + vy — UUE 27|
‘ M; M; Y

N+1
*_1_e: ¥_9_ e Zj
" [U“ﬂ U+ 1) + U De,»l}ﬂa)\M’,-

< :
i=1
(4.29)
which yields that L (;—f/) € L'(RV). Thus, from (4.28), we get
2j
I8 =o(1). (4.30)
M] W2s,t
By Lemma 28, we have
2 = o(), 4.31)
Mj |l con
for some 0 < u < 1. In particular we have H ;{—” < C and from (4.29), (—A)S% <
J J oo
C. From Lemma 4.4 in [8], | 5[ ,, = €. So. £ — 0in L*®Y) and €L, RY) as
J J

illcz —
J — 0. Since v;(0) = U(0) = 1 and both they achieve their maximum at 0, we get

N+1
0=w;(0) =M, (Z biei (0) +o(1)> :

i=1

N1 (4.32)
0=Vuw;(0) = M; (Z b; Ve; (0) + 0(1)> :
i=1
By direct calculations, it follows (by, by, - - - , by+1) = 0, which is a contradiction.
Similarly, we can prove the remaining part of the Lemma. O

Lemma 16 Assume N > 6s. Then z; — z in CIIOC(RN), where 7 is radial and satisfies

(—A)z— (2F = DU 224+ V(xp)U —C(N, s)U " nU =0 in RY.  (4.33)

Proof By Lemma 33, there exists a subsequence {zjx} such that z;x — z in W**" and

Zjk — zin C}OC(RN), see also [8]. Since ||zl is bounded, from (4.19) and (4.20), we get

L+1
2 “; 3 = o(1) (4.34)

J
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and
L(UQ;‘—I _pE-l-ey = MUTS—‘
2 2s
M K
HPCWN,)InU +o(u?) . | (4.35)
= 2s s
Kj

= C(N, U "InU +o(1).
Thus, z satisfies (4.33).
Since zjx € Y, we get z € Y,. Thus, (4.33) has at most one such solution, and z; — zin
W2 Moreover, since (—A)® is invariant with respect to the action of the orthogonal group
O(n) onRY (see [15]),if T denotes a rotation in RV, since (4.33) is invariant under rotation,

then z(T'x) — z(x) € X. Consequently, z(Tx) = z(x). This proves that z is radial. O
Lemma 17 Assume N > 6s. Then |a;j| — 0,i =1,2,--- , Nanday1); — —ﬁZ(O)
as j — oo.

Proof Note that
N+1

0= Z a;jje;(0) +z;(0),

i=1
Nl (4.36)

0= Y a;Vei(0) + Vz;(0),
i=1
which gives
N —2s
2
N (4.37)
0= bVei(0) + Vz;(0).
i=1

Since Vz(0) = 0, we get the result. O

0=

an+1;j +2;0),

Lemma 18 Assume N > 6s. Then wj — w in L®(RM) as j — 0o, where

_ 2 _ oY =Eyir.vo
YEST N ot 2 ! '

Proof It sufficient to prove z; — z in L®([RN) as j — oo. In fact, by consider L(z; — z),
the proof is analogous to the proof of Lemma 33. O

Theorem 8 Assume N > 6s, ue; is a ground state of (1.1) satisfying (1.6) which has a
maximum point xe; satisfying Xe; — Xp as j — oo. Then

—2s5 2 ~ *
Sy, = S+S” o I /R [2—*CN,SU2: InU + V(xo)U2] dx
n s
(4.38)

o~ 2 N
~UFCNs g SIS +o(u3).
29
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Proof By the very definition of S, we have

—6’

2—6

e 2%—¢
\4 ®-2-¢; __ s —€J
(S2§—€/) ' = /,, vt Tdx
2 2 —€j

1 *
+5 2 -2l - 1—e,-)(U+m§Sw,-)2s—2—€m‘/‘.sw§)dx, 1€, ).

(4.39)
Since vj < CU andvj = U + ,u?swj, then by Lemma 18,
/R U+ fﬂiswj)z;_z_efujswﬁdx
< Clluy s [ 072791y, = Ul
. 2 (4.40)
< Cllw; loon (/ y- o dx) (/ v — U|2.vdx> x
R n
= o(u3).

By (4.39), we get

2F — €j

(Sg/;‘76] 2 - N /

- /n [sz €U% an+2fU2:_1M?wj}dx+0(ej)+0(li35)

UR 4+ (2 - UE T4 R w]}dx +o(u%)

=

A
[

Us — erZ»\* InU + (2% — gj)sz‘l‘fipL?Swj]dx +o(ej) + O(Mis)

=
5

= 5% +M§‘Y/ [—EN,.YUT‘f InU +2:U2§_1w] dx +o(u?‘y)
Rn

4.41)
By (4.15), we get
fn UXElwdx = Rn(—A)Sdex
= Aﬂ(—A)Swde (4.42)
= /Rn[(z*; — DU 2w — V(xo)U — CysUR ' InUUdx.
Thus,
2 -2) / U%wdx = fRn[V(xo)U + Cn US ' InUUdx. (4.43)
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So,

25 —¢;

v \ETS _ gb ey 2
(szy_fj) = SH 42 5 —Cy,U nU+2

P 2* 25 2 2s
=S¥ + CNSU sInU + 2V()C())U dx—}—o(u]- ). (4.44)
RH h

*

<V(X())U2 4+CysUln U)] dx + o(u2)

2%

s

Thus, we have

N
St = S+ FSTTUE [ | 5500 UF U + 525V (U2 | d

(4.45)
—€j (2*)lenS25 +0(,uj ),
which yields
SY = S+ ST U [ [2CnUF U + V(o) U2 dx »
—M?SEN,S(ZS%)ZSIHS% +0(u?“). (440
The proof is complete. O

Theorem 9 Assume (Vi), (Vo) with inf V(x) < sup V(x), N > 6s and let u. be

x€RN YeRN
the ground state of (1.1) which has a maximum point at x.. Then, up to a subsequence,
V(xe;) — min, gy V(x) as€; — 07

Proof By Theorems 29 and 37, it is sufficient to prove that x. remains bounded. We argue
by contradiction. Assume that there exists a sequence x; — oo such that

lim V(x;) = Vo > inf V(x). 4.47)

j—=o0 xeRN

By Remark 27,

€j = Au3 +o(u})

for some A > 0. Analogous to the proof of Theorems 29 and 37 with c ~.s and V(xp)

replaced by A and Vi, we get Voo < g&f V (x), which contradicts (4.47). O
X

Proof of Theorem 3. It follows from Theorems 1, 29, 37 and 38.

5 Local Uniqueness: Proof of Theorem 4

Let us argue by contradiction. Suppose that there exists a sequence €; — 0 and two ground

states far apart, namely u1 = u1 and u = u . Set

2s

Vi) = (W)l (hx), i = 1,2,

Then v — Uin CP ®RY) fori = 1,2as j — oo.
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Assume further that vjl. * vjz.. Set

1 2
V. — U
9; :=v! —vz, Y= g J
S T
Then
(=AY + WHZViov) — WH»V(iov; = @y, in RY, (5.1
where
* T PN
@y =2 —1— e,»)/ [tvj(x) . t)vj(x)] dr. (5.2)
0

Since ||v§||oo = 1,i = 1,2, by standard regularity we have ¥; — ¢ in Clm (RM). By
Lemma 18, we have that {/;} is uniformly bounded in Hy, (RY). Without loss of generality,
we may assume that ¥, — ¥ in Hy, (RV).

From (5.1), we have

fRN(—A)%Wj(—A)%WdX = —(M})z“ S V(pc}x)u}q)dx + (H;)Z‘Y Jrw V(M?X)vjz-wdx
+ [pv Pu¥npdx, Vo € CPRN).

(5.3)
Taking j — oo in (5.3), we get
(=AY = 2F = 1HUE 2y in RV, (5.4)
Note that ||/} [looc = 1 implies ||[¥|lc = 1. By Lemma 31,
oU oU N —2s
¥ € X = span N U+x-VU;.
ax1 x1 0xXN 2
On the other hand, since v; is radially symmetric, ¥ is a radial function as well. Thus,
e il
X)=cC——m———
()\‘2 + |x|2)N 2542

for some constant ¢ € R.
We next actually prove that ¢ = 0. Indeed, otherwise assume for simplicity ¢ = 1. By
Pohozaev’s identity, we have

2 25+1 i P27 € i 2% —¢; . _
f(uj) ‘/R V(/le)|v 12 dx+ (ﬂ,) s _/RN x~VV(,u;x)\v}| dx = W—é/) - |v;-| s~Cdx, i =1,2.
(5.5)

By Remark 27, we get (Mj.)ls ~ ¢;. Thus, from (5.5), we have

Voo 1, .2 2 € o PN i
N o Vi 0 o) = s | | |10} +a—nv?] didx.

(5.6)
Notice that
22— |x|?
_ _ N-—2s

/lin;o . w](v +vj )dx ZfN YyUdx =2\ AN —(A2+ |x|2)N—2s+1dx' 5.7

Direct calculations show that

)\’2 _ |X|2

N de < 0. (58)
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Thus, from (5.7), we obtain

lim ¥j (v} + vHdx < 0. (5.9)
RN

j—oo

On the other hand, we have

lim W'/II:IUI +1- t)vz]zf_l_e'idtdx = / 1//U2?_1 (5.10)
j j i = : )
RN 0 RN

Jj—o0
By a suitable scaling we end up with
+00 (] _ r2)erl

sz:_l'v/ —————dr =0. 5.11
¥ o A+EN Y G40

By combining (5.6)—(5.11), we get a contradiction.
Thus,c =0and ; — 0in 2 CC RN . If we lety; € R¥ such that Vi) =¥l =
1, then y; — 400 as j — oco. However, by Lemma 25, we get vii (x) < CW\,%ZS, i=12

and thus [/ (x)| < C‘xl,éi,z_y, which implies ¥ (x) — 0 as |x| — oo. This is a contradiction

since ¥ (y;) = 1.
The proof of Theorem 4 is now complete.
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