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Abstract

We extend the (gauged) Skyrme model to the case in which the global isospin group (which usually
is taken to be SU(N)) is a generic compact connected Lie group G. We analyze the corresponding field
equations in (3+1) dimensions from a group theory point of view. Several solutions can be constructed
analytically and are determined by the embeddings of three dimensional simple Lie groups into G, in a
generic irreducible representation. These solutions represent the so-called nuclear pasta state configurations
of nuclear matter at low energy. We employ the Dynkin explicit classification of all three dimensional Lie
subgroups of exceptional Lie group to classify all such solutions in the case G is an exceptional simple
Lie group, and give all ingredients to construct them explicitly. As an example, we construct the explicit
solutions for G = G,. We then extend our ansatz to include the minimal coupling of the Skyrme field to
a U(1) gauge field. We extend the definition of the topological charge to this case and then concentrate
our attention to the electromagnetic case. After imposing a “free force condition” on the gauge field, the
complete set of coupled field equations corresponding to the gauged Skyrme model minimally coupled to
an Abelian gauge field is reduced to just one linear ODE keeping alive the topological charge. We discuss
the cases in which such ODE belongs to the (Whittaker-)Hill and Mathieu types.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Nuclear pasta is a phase of matter that appears organized in some ordered structures when a
large number of Baryons is confined in a finite volume [1], [2], [3], [4], [5], [6]. These config-
urations appear, for instance, in the crust of neutron stars. Such aggregations of Baryons may
take the form of tubular structures, called Spaghetti states, or layers having a finite width, called
Lasagna states, or even globular shape, the gnocchi. Until very recently, it was always tacitly
assumed that nuclear pasta phase is the prototypical situation in which it is impossible to reach
a good analytic grasp. This is related to the fact that such structures appear in the low energy
limit of Quantum Chromodynamics (QCD) in which perturbation theory does not work and, at a
first glance, the strong non-linear interactions prevent any attempt to find exact solutions. Now,
the low energy limit of QCD is described by the Skyrme model [7] at the leading order in the 't
Hooft expansion (see [8], [9], [10], [11], [12], [13], as well as [14], [15] and references therein).
Unsurprisingly, the highly non-linear character of the Skyrme field equations discouraged any
mathematical description of this kind of structures. Consequently, as the above references show,
numerical methods (which, computationally, are quite demanding) are dominating in this regime.
The situation is even worse when one wants to analyze the electromagnetic field generated in the
nuclear pasta phase as, when the minimal coupling with the U (1) gauge field is taken into ac-
count; even the available numerical methods are not effective.

On the other hand, one may ask: is the mathematical dream of an analytic description of
nuclear pasta structure really out of reach? Analytical methods to infer the general dependence
of the nuclear pasta phase on relevant physical parameters (such as the Baryon density) not only
would greatly improve our understanding of the nuclear pasta phase itself, but they could also
shed considerable light on the interactions of dense nuclear matter with the electromagnetic field.

From the mathematical viewpoint, the problem is very deep and yet simple to state: can we
find analytic solutions of the (gauged) Skyrme model able to describe typical configurations of
the nuclear pasta phase? Despite the fact that this model has been introduced in the early sixties,
for several years only numerical solutions had been available (the only exceptions being [16], in
which the authors constructed analytic solutions of the Skyrme field equations in a suitable fixed
curved background). Nevertheless, the mathematical beauty of the Skyrme model attracted the
attention of many leading mathematicians and physicists. In particular, in [17], [18], [19], [20]
and [21], the authors were able to disclose the geometrical structures of configurations with two
Skyrmions, to analyze the interaction energy of well separated solitons, to establish necessary
conditions for the existence of Skyrmionic crystals and so on. All these remarkable results have
been obtained without the availability of analytic solutions of the Skyrme field equations. These
efforts (together with the comparison with Yang-Mills theory in which explicit solutions repre-
senting instantons and non-Abelian monopoles shed considerable light on the mathematical and
physical properties of Yang-Mills theory itself) show very clearly the importance to search for
new analytic tools to analyze the gauged Skyrme model in sectors with high Baryonic charge.

Quite recently, new methods have been introduced that allowed the construction of explicit
analytical solutions of the Skyrme field equations. Such solutions are suitable to describe nuclear
Lasagna and Spaghetti states, see [22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], and
[33]. Let us recall that the Skyrme model is a non-linear field theory for a scalar field U taking
values in the SU (N) Lie group, where N is the flavor number. This theory possesses a conserved
topological charge (the third homotopy class) which physically is interpreted as the Baryonic
charge of the configuration.
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Most of the solutions found so far have been constructed by employing ad hoc ansitze adapted
to the properties of the SU (2) group, but soon it has been realized that particular group struc-
tures seem to be at the root of the solvability of the Skyrme field equations. For example, the
exponentiation of certain linear functions taking value in the Lie algebra lead to Spaghetti-like
configurations, while Euler parameterization of the field U, with suitable linear exponents, lead
to Lasagna-like solutions. In all these cases, the solutions are also topologically non-trivial with
arbitrary Baryonic charge. A proper mathematical understanding and generalization of the strat-
egy devised in [22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32] and [33], offers the
unique opportunity to disclose the deep connections of the nuclear pasta phase with the the-
ory of Lie groups; two topics which (until very recently) could have been considered extremely
far from each other. The present paper is devoted to this opportunity: to provide nuclear pasta
configurations of Lasagna and Spaghetti types with the mathematical basis of Lie group the-
ory.

A first step in this direction was to link certain properties of the semi-simple Lie group to the
possibility of getting explicit solutions of the Skyrme equations in the Lasagna configurations for
the case of SU(N) groups with arbitrary N [33]. More in general, using the methods developed
in [26], [27], [28], [30], [31], [33], with the generalization of the Euler angles to SU (N) of [34],
[35], [36], it has been possible to construct non-embedded multi-Baryonic solutions of nuclear
Spaghetti and nuclear Lasagna, at least for the case for the SU (N) groups, see [37].

A fundamental ingredient in the theory of Lie groups with relevant applications in the Skyrme
model is the concept of non-embedded solutions introduced in [11] and [12]. These are solutions
of the SU (N)-Skyrme model which cannot be written as trivial embeddings of SU (2) in SU (N).
However, the techniques used to get such results, for example in [33], where quite specific of the
group SU(N). In fact, as we will show in the present manuscript, there is a very interesting
relation between Lie group theory and such families of solutions, which allows to generalize the
above results in a much more general setting and to classify the solutions: this is exactly the main
goal of the present paper.

1.1. Resume of the results

Firstly, we will prove that, having fixed a compact connected Lie group G with a given
irreducible representation (irrep), the solutions are determined in general by deformations of
embeddings of three dimensional Lie groups into G.

Secondly, we will prove that inequivalent families of solutions correspond to inequivalent
embeddings (not related by conjugation in G). The problem of determine all possible three di-
mensional subgroups of a simple Lie group has been solved by E. B. Dynkin in [38]. In particular,
in that paper, all possible three dimensional subalgebras of the exceptional Lie algebras are writ-
ten down.

Thirdly, we will show that such classification also classifies the Spaghetti and Lasagna so-
lutions determined via group theory methods. The difference between Spaghetti and Lasagna
depends on the realization of the subgroup element of G: if it is generated by the exponentiation
of a linear combination of the generators of a three-dimensional subalgebra of g = Lie(G), then
we get Spaghetti-like solutions, while if the realization is through Euler parameterization we get
Lasagna-like solutions. Then, we will compute explicitly relevant quantities such as the energy
of these configurations.

Fourthly, we will extend this classification to the case of the gauged Skyrme model minimally
coupled to Maxwell theory. In particular, we will extend the definition of topological (Baryonic)
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charge to this case. We will reduce the complete set of coupled field equations both in the gauged
Lasagna case and in the gauged Spaghetti case to a single linear equation and we will analyze
the integrable cases which correspond to Whittaker-Hill and Mathieu types linear differential
equations.

1.2. Main tools employed in the analysis

In the present work, we will employ abstract techniques and general properties of semi-simple
Lie groups in order to investigate their relation with solvability of the Skyrme equations. This
allows to extend all the results found in [33] for the special unitary groups to an arbitrary semi-
simple compact Lie group. Indeed, all results will be based on the properties of the roots and
weights of the associated Lie algebras, while a generalized Euler parameterization of the Skyrme
field U, taking values in G, will lead in general to Lasagna configurations. Similarly, the direct
exponentiation of the algebra, as discussed above, will lead us to Spaghetti structures extending
the results of [37]. In any case, we will compute the energy of such configurations and will
show that they have always a non-trivial Baryon (topological) charge. Interestingly enough, a
strategy for constructing non-trivial non-SU (2) solutions in the sense of [11] and [12] will result
to be strictly related to the classification of all three dimensional groups in any given simple Lie
group, provided by Dynkin in his PhD thesis work, see [38]. As an application of our general
analysis, we will show how to construct all non-trivial Lasagna and Spaghetti configurations in
any exceptional Lie group, making very explicit the case of G = G».

The generalization of our ansétze which allows to include the minimal coupling of the model
to a U (1) electromagnetic field will be introduced as follows. As usual, the gauge field will work
as a connection making all derivative covariant under the action of the U (1) gauge field, while
their dynamics is expressed by the usual Maxwell action (although our methods also work in
the Yang-Mills case). The covariant derivatives break the topological nature of the original term
expressing the Baryonic charge. Therefore, generalizing the result in [8], we will deform the
Baryonic density expression in order to recover topological invariance.

The introduction of the electromagnetic field makes the field equations of the gauged Skyrme
model minimally coupled to Maxwell theory extremely more complicated than in the Skyrme
case. Nevertheless, quite surprisingly, the equations will be separable (in a suitable sense) and
once again solvable, after imposing the free force conditions on the gauge field. This condi-
tion appears quite naturally in Plasma physics (see [39], [40], [41], [42], [43] and references
therein). Quite interestingly, such condition implies that the gauge field disappears from the
gauged Skyrme field equations (without being a trivial gauge field, of course) and therefore,
in this way the gauged Skyrme field equations can be solved as in the ungauged case. It is a very
non-trivial result that the remaining field equations (which correspond to the Maxwell equations
with the source term arising from the gauged Skyrme model) reduce just to one linear equation
for a suitable component of the gauge field in which the Skyrmion act as a source-like term. We
will analyze the integrable cases in which this last remaining equation takes the form of a Hill
equation for the case of Lasagna states, while a Schrédinger equation with a bi-periodic potential
of finite type in the Spaghetti case.

Interestingly enough, for the Lasagna case another nice coincidence shows up here: the rele-
vant solutions we need are exactly the periodic solutions whose existence has been investigated
in [44], and which explicit form for the case of a Whittaker-Hill equation has been determined
in [45].
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It is a truly remarkable result that such a complicated phase such as the nuclear pasta phase
of the low energy limit of QCD (even taking into account the minimal coupling with Maxwell
theory) can be understood so cleanly in terms of the theory of Lie group.

1.3. Notations and conventions

Our conventions are as follows. The action of the Skyrme model in (3 4 1) dimensions is

/‘d4x«/_|: Tr(ﬁ LH +8GWG““>} (1.1)
L£,=U"'3,U, Guv =1Ly, Ly], U(x)eG,

where K and X are positive coupling constants and g is the metric determinant. The Skyrme field
U is a map

U:R'Z—G
where G is semi-simple compact Lie group, so that
dim(G)

> LT
i=1

where {T;} is a basis for the Lie algebra g = Lie(G).
The system is confined in a box of finite volume with a flat metric. For Lasagna states we will
use a metric of the form

ds*=—dt* + Lydr* + L} dy* + Lyd¢’, (1.2)
where the adimensional spatial coordinates have the ranges
0<r<2n, 0<y<2m, 0=<¢<2m, (1.3)

so that the solitons are confined in a box of volume V = (2n)3LrLyL¢.
For nuclear Spaghetti we will use the metric ansatz

ds® = —dt* + L}dr* + L3d0* + Ljd¢”, (1.4)
with adimensional coordinates ranging in
0<r<2m, 0<6=<m O0=<¢=<2m, (1.5)

and a total volume V = 4713L,L9 L.
The energy-momentum tensor associated to the Skyrme field is given by

K 1 A 1
T = _ETr<’CM’CV - Eg,wﬁaﬁa + Z(g“ﬂG,mGuﬁ - ZgquaﬂGaﬂ)> . (1.6)

The topological charge is defined by (see Proposition 3)

1
= San2 Tr(LALAL), 1.7
1%

where V is the spatial region spanned by the coordinates at any fixed time #, £ = U~ 'dU and Tr
is the trace over the matrix indices.
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2. Lasagna groups

In [46] it has been shown how Lasagna configurations can be determined as solutions of the
Skyrme equations realized as Euler parameterizations of three dimensional cycles in SU(N).
Indeed, these cycles result to be suitable deformations of different non-trivial embeddings of
SU(2) into SU(N). Here we want to prove that such construction can be easily extended to any
simple Lie group (at least for the case of the undeformed embedding). Recall that in the case of
SU(N) the embedding was defined [33] by the generalized Euler map

Ut,r,y,¢) = e(ﬁ“ﬁ)”eﬂ”em“, Q.1

where o is a constant, m is an integer, ¥ a suitable matrix in SU(N) and h(r) results to be a
linear function of r with values in the Cartan algebra H. Indeed, the main trick was to determine a
suitable matrix « able to make everything easily computable and to grant periodicity of ¢”*. The
convenient strategy has been composed in two steps: first we have taken a basis of eigenmatrices
of the simple roots, A, j =1,...,r, where r = N — 1 is the rank of the group, and defined the
matrix

.
K :Z(Cj)‘j —cjkj), (2.2)
Jj=1

where  means hermitian conjugate and c; are complex constants. The second step consisted
in determining the allowed values for the ¢;. We want to do the same with a generic simple
Lie group G replacing SU(N). The first problem we ran into is the following. If A € g¢ is an
eigenmatrix of a root « of the Lie algebra g of G (so it belongs to the complexification g¢ of g),
in general A" doesn’t belong to g¢ if G # SU(N) for some N. So in general « defined above is
not a matrix of g.

In order to overcome this problem, we notice that a compact simple Lie group G always contain a
split maximal subgroup [47], which is a maximal subgroup K with the property that 2dim(K) +
r =dim(G) and that there exists a Cartan subalgebra H of g all contained in p, the orthogonal
complement of the Lie algebra ¢ of K in g (w.r.t. the Killing product):

g=tPp. (2.3)
Of course £ is a subalgebra of g, while p is not, since
[t.E]CE, [t,p] Cp, [p.p] CE, 2.4

which says that p is a representation space for G and K is an isotropy group for p. One can easily
show that a root matrix A, associated to a root o, must have the form

A=k+ip, ket pep, p#0. 2.5)

Then, kK — ip also is a root matrix, corresponding to the root —c. We replace the hermitian
conjugation with the ~ conjugation defined by

k+ip=(k+ip)” =k—ip. 2.6)
This way, if A;, j =1, ..., r are matrix roots corresponding to the simple roots of g, then
r
K=Z(cj,\j+c;fij) €g. 2.7)
j=1
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Notice that for G = SU(N) we have r=-am

If we choose normalizations as in Appendix A, we can use the matrices J; to decompose
h(z) = Z;: 1Yj(z)Jj. The properties of the roots can be inferred case by case from the lists
in Appendix A. Exactly the same calculations as in [46] show that the field equations for the
Skyrme field are equivalent to the system

Am 2 N—1
h”—i——Za,(h )ejl?J; =0, (2.8)
Z (a J () = o (h)? =i (ot (h") — ak(h”))) cjcr(ejlag)rg+a = 0. (2.9)

j<k
The first equation has solution 4" = 0, as a consequence of the strict positivity of the Cartan
matrix for each simple group. The second system, using that the Aq+«, are independent, reduces
to the set of equations

aj(W) —oap(W)* =0,  j<k, st (ajlax)#0. (2.10)

Since (o |otx) # 0 if and only if or; and oy are linked and since there are r — 1 links in a connected
Dynkin diagram, these are exactly » — 1 equations. These are independent and assuming a =
a1(h) # 0 have the general solution

aj(hy=€ja, j=2,...,r, @2.11)

where €; are signs. As in [46], we can solve it by writing

r

Wi
We=aS 2%, (2.12)
; (ojlaj) ™’
Applying oy to both hands and defining €] = 1 we get
r r
G
=y 2 ol ])ozk(J] =Y w;C%. (2.13)
j=1 j=1

where CC is the Cartan matrix associated to G. The Cartan matrix is positive definite and is
therefore always invertible, so that

,
Wi =Ze,-(c0);,1. (2.14)
j=I
Therefore, we have proven the following generalization of Proposition 2 in [46].

Proposition 1. All local solutions of the Skyrme field equations of the form determined by the
ansatz (2.1), (2.7), with metric

ds® = —dr* + L}dr* + L3dy* + Ljd¢’, (2.15)
are given by
h(r) =arve, (2.16)
_ 2
ve=_(Cjej o 2 @.17)
J.k
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where a is a real constant and € are signs, with €; = 1.

Now we have to discuss which choices of the coefficients c; are allowed. To this hand, we have
that the solution must cover a topological cycle entirely. First, we notice that as a consequence
of our normalizations, if we want to get it with r varying in [0, 27], we must take

1

a=z,
2
see [46], Proposition 3.
The second step is to grant periodicity of e”*. This is the difficult part and determines the al-
lowed values for the c;. Notice that « is diagonalizable (over C). Indeed, since G is compact,
in the adjoint representation « results to be antihermitian and then diagonalizable with imagi-
nary eigenvalues. It follows that it is diagonalizable in any representation with purely imaginary
eigenvalues. If NV is the dimension of the representation, then the eigenvalues i1, ..., ity must
be in rational ratios, which means that for any w, # 0 it must exist integers n, # 0 such that

(2.18)

Halth = UpNg, (2.19)

or, equivalently, that it exists a non-vanishing real number y and N integers n, € Z, such that

Ma = [Mg. (2.20)

This condition in general will depend on N, G and the constants c;. In [46] this problem has
been shown to have a set of solutions for the particular case of G = SU(N) in the fundamental
representation. Here we have to generalize that procedure without exploiting a very explicit real-
ization. Indeed, we can prove that there are solutions with all ¢; different from zero by following
a strategy developed by Dynkin in [38], that we will recall in the next section. Let us choose f
in the Cartan subalgebra, such that «j( f) = b, a positive constant independent on j, so that
[fiAjl=ibAj, [fiAj]l=—ibA;. (2.21)

We can easily determine it as follows. If h; = i[A;, A;], then set f = Y ;_; pchi. Thus, the
above condition is equivalent to

r r r 2
laxll” ¢
bzkz_lpkij(hk)ZkE_l Pk(Olj|Olk)=kE_l Pe——Cyj- (2.22)

from which we immediately get
2 r
pj=b—— Z(CG),;jl. (2.23)
llojll= 4=
By the properties of the Cartan matrix it follows that p; are all positive. Finally, we set
: b

cjze”ﬂf,/ipj. (2.24)

Then, we have the following proposition:

Proposition 2. If « is constructed with the above choice of ¢, then e“* is periodic with period
n 27” where n may be 1 or 2 depending on the representation, n = 1 for the adjoint representation.

8
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Proof. We first show that periodicity is independent on the phases of c;. If ¢“* is periodic, then,
for any fixed g € G, ge*?g~! is also periodic with the same period. Since the simple roots o j are
linearly independent, for any fixed j we can find an element % ; of the Cartan algebra such that
ap(hj) =20 Letusset g = eVhi. Then,

r r
gKg—l — Z(Ckewhj)\,ke_whj + C;{kel//hjike—whj) — Z(Ckeiwak(hj))"k + C;:E_i]//ak(hj)ik)
k=1 k=1

=Y (crhe +che +cjeV g+ cre TV R), (2.25)
k#j

which shows that gkg~! differs from « only by the phase of ¢ j. This proves our assert. So, it
is sufficient to prove the proposition for ¥; = 0. In this case, T3 := f, T1 :=« and T, = %[f, K]
form an A; subalgebra of g, and « is conjugate to f in G. Indeed, [T, T;] = be;j; Ty, from which

T =er 257302, (2.26)
Therefore, as before, the periodicity of e“? is equivalent to the periodicity of ¢/2. But

efhje I =h;, (2.27)
and

el hge i =y, (2.28)

Now, any given root « is
a:anaj, (2.29)
j

with the n; all non-negative or all non-positive integers. Therefore,
U7 = ol bz, (2.30)

All these exponentials are therefore periodic, with the longest period determined by the simple
roots, for which €/*(/)Z = %2 which has period T =2m/b. But

e Tage ™ IT =g (2.31)

for any root « implies that g = e/ is in the center of the group. Since the center of a simple
compact group is finite, this means that g = I is the unit matrix for some integer n. Now, since
k is not in the Cartan subalgebra, it follows from [48], Section VII, Theorem 8.5 (see also [47])
that n = 1 or n =2 depending on the specific representation. 0O

This shows that there exist always at least a set of solutions with all non- vanishing c;,
parametrized by a torus of phases. In [46] it has been shown that indeed, for the case of SU (N) in
the smallest irreducible representation, there is a further set of deformations that has been called
amoduli space. This is a very difficult task to be investigated in general and we will not consider
it here.
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2.1. On the physical meaning of the time-dependence in the ansatz

It is worth to discuss the physical meaning of the time-dependent ansatz in Eq. (2.1) for the
Lasagna-type configurations as well as the one in Eqgs. (3.1), (3.2) and (3.3) for the spaghetti-
type configurations. First of all, despite the time-dependence of the ansatz of the U field, the
energy-momentum tensor is still stationary (so that it describes a static distribution of energy
and momentum). This approach is inspired by the usual time-dependent ansatz that is used for
Bosons stars [58,59] (and generalize it to arbitrary Lie group) in which the U (1) charged scalar
field depends on time in such a way to avoid the Derrick theorem (see [60]). Secondly, the
peculiar time-dependence is chosen in order to simplify as much as possible the field equations
without loosing the topological charge (as, until very recently, the Skyrme field equations have
always been considered a very hard nut to crack from the analytic viewpoint). Thirdly (as it will
be discussed in the next sections on the minimal coupling with Maxwell), the present ansatz
(both for lasagna and spaghetti type configurations) produces U (1) currents associated to the
minimal coupling with Maxwell with a manifest superconducting current. Indeed (as it is clear
from Egs. (6.69) and (6.130)), the present U (1) current always has the form

Ty = Q0,P—24,), (2.32)

where 2 depends on either the Lasagna or the spaghetti profiles (see Eqgs. (6.69) and (6.130))
while @ is a field which is defined modulo 2. Consequently, the following observations are
important.
1) The current does not vanish even when the electromagnetic potential vanishes (A, = 0).
2) Such a “left over”

7O =1, =Q, D, (2.33)

| 4,=0

is maximal where €2 is maximal (and this corresponds to the local maxima of the energy density:
see Egs. (6.69) and (6.70).

3) Joyu cannot be turned off continuously. One can try to eliminate J(p), either deforming
the profiles appearing in 2 integer multiples of 7 (but this is impossible as such a deformation
would kill the topological charge as well) or deforming ® to a constant (but also this deformation
cannot be achieved for the same reason). Moreover, as it is the case in [57], ® is only defined
modulo 27r. Consequently, J(o), defined in Eq. (2.33) is a superconducting current supported by
the present gauged configurations.

These are the three of the main physical reasons to choose this peculiar time-dependent ansatz.
On the other hand, it is worth to emphasize that the peculiar time-dependence we have chosen
(for the reasons explained above) prevents one from using the usual techniques (see, for instance,
[13]) to “quantize” the present topologically non-trivial solutions. In particular, the typical hy-
pothesis of a static SU (N)-valued field U is violated in our case (since, as it has been already
emphasize, the requirement to have a static T},, which describes a stationary distribution of en-
ergy and momentum does not imply that U itself is static). Therefore, to estimate the “classical
isospin” of the present configurations we will proceed in a different manner in the next sections.

2.2. Energy and Baryon number

The energy of these solutions can be easily computed by means of Proposition 6 in Ap-
pendix B. We get

10
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o2 uel> o2

Ly el L3L?

K
E= L,LyL¢||g||23n3 |:16

2 2 r

m A Vel

(24 5+ 5 D llej1Pe;1*
L%( 8L L(,%ngnZ(j:1 Y

+Z|c,»|2|ck|2<aj|ak><2ejek+<aj|ak>(1—e,q)))) : (2.34)
j<k
with
lvell® = —TrvZ, (2.35)
r
lel® =" le; %, (2.36)
j=l1

and where o depends on the representation and has to be chosen so that the solution correctly
covers a cycle when m = 1 and ¢ varies from 0 to 2. To specify it, let us investigate the
Baryon number integral. To this hand, let us look better at Proposition 2. The fact that n = 1 or
2 obviously distinguishes the SO (3)-type solutions from the SU (2)-type ones (see [46]), since
only in the first case the period remains invariant when passing to the adjoint representation. The
right ranges are then understood by considering the correct Euler parameterizations for SO (3)
and for SU (2). If we write it generically as

Ux,y,z)=eBerT1e s, (2.37)

one finds that, if T is the period of the exponential functions, in both cases z must vary in a period
and y in a range of 7' /4. The difference is in x, which has to vary in a period for SO (3) and half
a period for SU (2), for example, see Appendix C in [40]. If we set x =0¢, y =r and z =my
and we want to normalize the ranges of the coordinates ¢, r, y, so that all vary in [0, 2], we see
that we always have to require

n

b=n, o=5 (2.38)
where n is an integer. With these conventions we can state the following proposition.
Proposition 3. The Baryonic topological charge is

=5 eRTr(L; £ L) /8 drdydp = mn|c|?, (2.39)

where L; =U~19;U.
The proof is exactly the same as in Appendix F of [46], so we omit it.
The energy per Baryon g = E /B is therefore
K o2 el o
=L,LyLy—m| 16—
g§=LrLyLys —m [ + L2

2 272 2
L2 lePL? 2

2 2 r
m A rO

ta— 24 5 + 55 D llejlPles1t
L%( 812 L§,||c||2(. leejl7les]
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+> |cj|2|ck|2(aj|ak><2e,-ek + (ol (1 — ejek)))ﬂ. (2.40)

Jj<k
3. Spaghetti groups

Another kind of configurations is obtained by starting from a different ansatz, which leads to
Spaghetti like solutions. Spaghetti can be parameterized by the following ansatz:

U(t,r,0,¢)=exp(x(r)t1), 3.D
where 71 =7 - T =n Ty +naTs + n3Ts is defined by
T = (Th, T, T3), 71 = (sin ® cos @, sin O sin P, cos O) 3.2)

t
®=q0, <I>=p(L——¢), g=2v+1, p,veN, p#0. 3.3)
¢

In the ansatz, T; are matrices of a given representation of the Lie algebra of G and are required
to define a three dimensional subalgebra that we can choose to normalize so that

[ij Tr] = Ejkm T, 3.4
and satisfy
Tr(T;Ty) = =216, 50 ji, (3.5)

where I, is the Dynkin index of su(2) in G (see [38]), that is the coefficient relating the trace
product in the representation p of Lie(G) to the Killing product of su(2). We also define

Ty = 0071, (3.6)
1

= 0 . 3.7

B=_glen 3.7

Together with 71, they satisfy

[Tj, ] = €jkmTm- (3.8)
With these rules, we get for £, = Ul 0,U:

L, =11 x'(r). 3.9

For the other terms, set « = ®, ® and using

1

U™ '9,U = /g*"x“agne"x“, (3.10)
0
e P XT e XM = cos(o x) T2 — sin(o x) 13, 3.11)
e XM 37 XM =gin(o x) 15 + cos(o x) T3, (3.12)
we get
Lo =siny 75 — (1 —cos x) 3, (3.13)
Lo =sinO(sin x 73 + (1 —cos x) 1), (3.14)

12
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and
L, = %cq,, (3.15)
Ly=qLe, (3.16)
£¢ = —pﬁcp. (3.17)

This shows that the expression of the £, is universal (depend only on the algebra of the 7;), so
the field equations are always the same for any choice of the group. These are

4" (r) (qu sin2 (%) n Lg) — ¢%siny (4L§ - AX’Z) —0. (3.18)

What is expected to change is just the topological charge and the energy. Given this universality
property, we see immediately that, for any given group G, these kinds of solutions are classified
by all possible ways of finding a three dimensional simple subalgebra of the lie algebra g. Luck-
ily, we don’t need to tackle such a program, since has already been solved by E. B. Dynkin in
[38], chapter III. This work as follows.

First, it is convenient to complexify the algebra, recombine and normalize the generators
f, e, e_ of the subgroup so that

e, e_]=—if, [f,ex]==2ies. (3.19)

Each complex three dimensional simple algebra is isomorphic to this. However, we must consider
as equivalent only the ones which are isomorphic through an automorphism of the group. Let o,
j=1,...,r be simple roots defined from a cartan subalgebra containing f. Then, it results that
(aj| f) must be integer numbers that can assume only the values 0,1,2. The set of numbers d; =
a;(f) are called the Dynkin characteristic of the subgroup. The main result of [38] is that the
three dimensional simple subalgebras A are in one to one correspondence with the characteristics
and one can indeed classify the characteristics. A subalgebra is said to be regular if its roots are
indeed roots of g. The subalgebra A is said to be integral if the projection of the roots of g along
the direction of the roots of A are integer multiples of the simple root o4 of A. Since w4 (f) =2,
we see that the dual of a4 in the Cartan subalgebra H is

h = 2
D
From this it follows immediately that A is integral if and only if all the numbers of the Dynkin
characteristic x4 = (di, ..., d;) of A are even (so are 0 and 2). All inequivalent characteristics
for the exceptional Lie groups are listed in [38]. Furthermore, given such a characteristic x =

(dy,...,d;), there it is explained how to construct explicitly the associated subalgebra. First, if
Jj is the dual of o; in H, write

f. (3.20)

.
1= pis 62D
j=1
and choose p; so that o (f) = d;. This gives
PR Sy el g 39
./—Zpk(akm/)—z 3 Pkl (3.22)
k=1 k=1

From this we get

13
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2
llek I

,
pr=y_di(C%7
Jj=1

(3.23)

As usual, CY is the Cartan matrix. In general, the construction of the remaining generators is
non-trivial. To do it, one has to consider the subset of the root system X defined by

% =o€ Sla(f) =2} (3.24)

Then, all roots are positive. If A, are the corresponding eigenmatrices (normalized so that
Tr(AqAy) = —1), one then has to look for real coefficients k, such that, setting

ey =Y koha (3.25)
aEEXG

=Y koha (3.26)
aeEXG

then [ey,e_] = —if. If xg is an admissible characteristic, then in general there are infinite

solutions, but we know that are all equivalent so it is sufficient to choose one, all the other ones
being related to it by conjugation with elements of the group. Notice that the resulting equations
are in general

D kakplha. Agl =0, (3.27)
aABET
Y kgngj=pj, (3.28)
ﬁeEXG

where we used that any positive root can be written as

B=7 nsja, (3.29)
j=1
with ng ; non-negative integers, and
r
[hp. Agl=iY npjJj. (3.30)
j=1

In the particular case when d; =2 for all j, X, consists of all simple roots and the solution is
easily obtained as

ey =Y JPikj.  e-=)_ JPjkj. (3.31)

j=l j=I
Finally, we can go back to our real case by taking
1 1 1
T == 2), Th=—(etr—e-), Tz=—f. 332
1=5lerte), h=z(ey—e) T3 2f (3.32)
Notice that this is the same construction we used to get a periodic generator « for the Lasagna

configurations. This also shows that indeed we can construct a ¥ matrix for each three dimen-
sional subalgebra.

14
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3.1. Energy density and Baryon charge

Let us determine the energy density and the Baryon charge. The energy density is defined by

the T;; component of the energy-momentum tensor

K 1 Y . . 1 .
T = =5 Te(T,T)) [z:;q — 8wl Ly + <gpaG;pG4(, - ZngGpﬁzGéa>:| .

A direct computation gives

Ty =216, [0 +2sin% ()1 ]

Y
4L§)LrLg

with
L2 X X
£0 =7¢ |:4qu2 SiI'l2 (E) + <L5 + qz)" Sil’l2 (E) >X/2]’

p1=p sin’ (g) |:4L%<L§ +q2)» sin’ (%) >+L§AX/2] .

(3.33)

(3.34)

(3.35)

(3.36)

I, is the Dynkin index and can be computed as follows. First, observe that a generic root has

the form

BUHY=Y ngje;(f)=) np;d;.

j=1 j=1
By using (3.22), (3.28) and the definition of X,, we get

r r r r 2
loce |
Te(ff) == ) pipklelay) == % ——p;mCy]
J=1k=I j=1k=1

r

(3.37)

== pidi=—)_ > kgnpjdi=— Y kB(H=-2 ) kj
j=1

j=1BeSy,; BESy

Tr(eye )=— Y  kj

ﬁeExG
Therefore,

8ij 2

ﬁe):XG

and so

k2

B

IG,p = Z Z
ﬁe}:m

The Baryon charge can be written as

15
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B=— | psyadrdids, (3.42)

in which pp is the Baryonic density charge
pp = €IXTr(Li L Ly). (3.43)
Recalling the ranges (1.5) for the coordinates and that ¢ = 2v + 1 and x (0) =0, we get

2
B= ?plc,px(zn). (3.44)

The boundary conditions on x (r) depend on the periodicity of tj, which corresponds to the
periodicity of T3 (T3 = 71(® = )). We must have x (27) =nnTg, ,, so that

B =2anG,pTG,p, (3.45)

where T , = 1 for representations with even dimension and 7, , = 2 for representations with
odd dimension.

3.2. On the “classical” isospin of these configurations

We have shown in previous sections that the inclusion of a suitable time-dependence in the
ansétze, both for lasagna and spaghetti phases (see Egs. (2.1) and (3.1)), is one of the key ingre-
dients that allows the field equations to be considerably reduced, leading to a single integrable
ODE equation for the profiles. This time-dependence offers a nice short-cut to estimate the “clas-
sical Isospin” of the configurations analyzed in the present paper (a relevant question is whether
or not the classical Isospin is large when the Baryonic charge is large). In particular, one may
evaluate the “cost” of removing such time-dependence. Such a cost is related to the internal
Isospin symmetry of the theory. This is like trying to estimate the angular momentum of a spin-
ning top by evaluating the cost to make the spinning top to stop spinning. In the present case, the
time-dependence of the configurations can be removed from the ansétze by introducing a Isospin
chemical potential; then the isospin chemical potential needed to remove such time-dependence
is a measure of the classical Isospin of the present configurations. We will see how this works for
the simplest SU (2) case, where the generators are T; = io, being o; the Pauli matrices (general
group G behave in a similar way).

As it is well known, the effects of the Isospin chemical potential can be taken into account by
using the following covariant derivative

Vu—> Dy =V, +ulTs, 18,0 - (3.46)

Now, we will use exactly the same ansatz as before in the spaghetti SU (2) case, but this time
without the time dependence:

U=eX®@ET)

i = (sin®sin ®, sin ® cos ®, cos O) ,
where

x=x), ©=q6, P=p¢,

1
q=§(2v+1), p,veN, p#0,

16
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together with the introduction of the Isospin chemical potential in Eq. (3.46) in the theory. One
can check directly that the complete set of Skyrme equations can still be reduced to the same
ODE for the profile x (r) in the case of the spaghetti phase in Eq. (3.18) only provided the
Isospin chemical potential for the spaghetti phase is given by

s =2
S L¢.

(3.47)
In other word, the cost to eliminate the time-dependence is to introduce an Isospin chemical
potential which is large when the Baryonic charge of the spaghetti is large. Something similar
happens in the case of the lasagna phase. Let us consider the ansatz in terms of the Euler angles
but without the time-dependence for the SU (2) case:

Up = e®T3eHT2,OTs

)

where

S=pp, H=h(r), O=mb, p,meN .

Let us introduce the Isospin chemical potential, demanding that the profile 4(r) should be the
same as before. Then, as in the spaghetti case, the Skyrme field equations with chemical potential
can still be satisfied by the very same profile i (r) provided we fix the Isospin chemical potential
as

_ pm

L=— "> — . (3.48)
(p2L¢ +m2Ly)?

At this point it is important to remember that in the SU (2) case the lasagna and spaghetti type
solutions have the following values for the topological charges

Bsznp, BL:Wlp7

see [25] and [26] for more details. These arguments show that the “classical Isospin” of config-
urations with high Baryonic charge is large. Finally, it is important to point out that the large
Isospin case corresponds to either neutron rich or proton rich matter and due to Coulomb effects
(not taken into account in this model), the neutron rich solution is preferred. This fact is very
convenient as far as the physics of neutron stars is concerned.

4. Examples: exceptional pasta

As an example we can consider the “basic exceptional Skyrmions”, that are solutions in lowest
dimensional representation when G is one of the exceptional Lie groups. There are five cases that
we now recall according to the dimension of the group. For each of them we know all inequivalent
three dimensional subalgebras, each one determined by the Dynkin characteristic x;(dy, ..., d;),
where I is the Dynkin index and d; are the coefficients of the characteristic, ordered as the simple
root listed in Appendix A.

The smallest exceptional group is G, a 14 dimensional group of rank 2 whose smallest irrep
is 7 dimensional. There are four different three dimensional subalgebras. It contains four 3D
subalgebras, having characteristics

x1=0,1, x3=(1,0), xa=1(0,2), x8=(272).

17
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x1 and x» are regular but not integral, while x4 and g are not regular but are integral. In
particular, the minimal regular subalgebra containing x4 is x1 @ x3, while y»g is maximal so that
the smallest regular subalgebra containing it is G, itself.

The next group is F4, a 52 dimensional group of rank 4. Its smallest irrep is 26 dimensional.
It contains 15 su(2) type subalgebras, whose characteristics are

x1=(1,0,0,0); x2=1(0,0,0,1); x3=1(0,1,0,0); x4=1(2,0,0,0);
x6=1(0,0,1,0); x3=1(0,0,0,2); x9=1(0,1,0,1); x10=1(2,0,0,1);
x11=(1,0,1,0); x12=1(0,2,0,0); x28=1(2,2,0,0); x35=(1,0,1,2);
x36=10,2,0,2);  x60=1(2,2,0,2); xi56=1(2,2,2,2).

The regular subalgebras are x; and x>, which are not integral. The integral subalgebras are y4,
X8> X12, X28, X36> X60 and x1se. In particular, x1s¢ is maximal.

The third group is Eg, a 78 dimensional group of rank 6. Its smallest irrep is 27 dimensional.
It contains 20 su(2) type subalgebras, whose characteristics are

x1=1(0,1,0,0,0,0);
x4=1(0,2,0,0,0,0);
x8=12,0,0,0,0,2);
x11=1(0,1,1,0, 1, 0);
x21=(1,1,1,0,1, 1);
x35=2,1,1,0,1,2);

x84 =(2,2,2,0,2,2);

x2=1(1,0,0,0,0, 1);
x5=1(1,1,0,0,0, 1);
x9o=1(1,0,0,1,0,1);
x12=1(0,0,0,2,0,0);
x28 =(0,2,0,2,0,0);
x36=(2,0,0,2,0,2);
X156 = (2,2,2,2,2,2).

x3=1(0,0,0,1,0,0);
x6 =(0,0,1,0,1,0);
x10=(1,2,0,0,0, 1);
x20=2,2,0,0,0,2);
x30=(1,2,1,0,1,1);
x60 = (2,2,0,2,0,2);

The only regular subalgebra is x;, which is not integral. The integral subalgebras are
X4s X85 X125 X205 X28, X36> X60 and x156. The last one is also maximal.

The third group is E7, a 133 dimensional group of rank 7. Its smallest irrep is 58 dimensional.
It contains 44 su(2) type subalgebras, whose characteristics are

x1=1(1,0,0,0,0,0,0);
x3» =(0,0,0,0,0,0,2);

x5s=1(1,0,0,0,0,1,0);

xs=1(0,0,0,0,0,2,0);
x1r =(1,0,0,1,0,0,0);
x12» =(1,0,0,0,1,0,1);
x15=1(0,0,0,0,2,0,0)
x24 =(0,0,0,2,0,0,0);
x30=1(2,0,0,1,0,1,0);
X357 =(2,0,0,0,0,2,2);
x38=1(0,1,1,0,1,0,2);
x60 =(0,0,2,0,0,2,0);
x63=1(2,0,0,2,0,0,2);

x2=10,0,0,0,0,1,0);
xa =1(2,0,0,0,0,0,0);
x6=10,0,0,1,0,0,0);
x9=1(0,0,1,0,0,1,0);
x117 =1(2,0,0,0,0,0, 2);
x13=1(0,1,1,0,0,0, 1);
x20=1(2,0,0,0,0,2,0);
x28 =1(2,0,2,0,0,0,0);
x31=1(2,0,0,0,2,0,0);
x3¢ =(0,0,2,0,0,2,0);
x39=1(0,0,0,2,0,0,2);
x61=(2,1,1,0,1,1,0)
x84 =1(2,0,0,2,0,2,0);

18

x3y =1(0,0,1,0,0,0,0);
x4 =(0,1,0,0,0,0, 1);
x7=1(0,2,0,0,0,0,0);
x10=(2,0,0,0,0,1,0);
x12 =1(0,0,2,0,0,0,0)
x14 =(0,0,0,1,0,1,0);
x21=1(1,0,0,1,0,1,0);
x20=(2,1,1,0,0,0, 1);
x3y =(1,0,0,1,0,2,0);
x3¢ = (1,0,0,1,0,1,2);
x56 = (0,0,0,2,0,2,0);
x62=2,1,1,0,1,0,2);
x110=2,1,1,0,1,2,2);
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x111=2,0,0,2,0,2,2);
x231=2,2,2,0,2,2,2)

x156 =(2,0,2,2,0,2,0);
X399 =(2,2,2,2,2,2,2).

X159 =1(2,2,2,0,2,0,2);

The only regular subalgebra is yj, which is not integral. The integral subalgebras are
X375 X4 XT5 X8> X117 X12/» X155 X205 X24»> X285 X315 X35> X36'> X395 X56> X605 X63> X84> X1115> X156
X159, X231 and x399. The last one is also maximal.

The third group is Eg, a 248 dimensional group of rank 8. Its smallest irrep is 248 dimensional.
It contains 70 su(2) type subalgebras, whose characteristics are

x1=1(0,0,0,0,0,0,0, 1);
x4+ =1(0,1,0,0,0,0,0,0);
x6=10,0,0,0,0,1,0,0);
x90=1(1,0,0,0,0,0,1,0);
x11=1(0,0,0,0,0,1,0, 1);
x13=1(0,1,0,0,0,0, 1, 0);
x16 =(0,2,0,0,0,0,0,0);
x21=1(1,0,0,0,0,1,0, 1);
x25=1(0,0,1,0,0,1,0,0);
x30 =(1,0,0,0,0,1,0,2);
x32=10,2,0,0,0,0,0,2);
x3¢ =(1,0,0,1,0,0,0, 1);
x38=1(0,1,1,0,0,0, 1, 0);
x56 =1(2,0,0,0,0,2,0,0);
x61 =1(1,0,0,0,1,0,1,2);
x64=1(0,0,0,0,2,0,0,2);
x84 =(2,0,0,0,0,2,0,2);
x110=12,1,1,0,0,0, 1, 2);
x120 =(0,0,0,2,0,0,2,0);
x150 =1(0,1,1,0,1,0, 2, 2);
x12=102,1,1,0,1,1,0, 1);
x232=1(2,0,0,2,0,0,2,2);
X400 =(2,0,0,2,0,2,2,2);
X1240 = (2,2,2,2,2,2,2,2).

x2=1(1,0,0,0,0,0,0,0);
x4 =(0,0,0,0,0,0,0,2);
x7=10,0,1,0,0,0,0,0);
x10 =(2,0,0,0,0,0,0, 1);
x12 =(0,0,0,0,0,0,2,0);
x14=1(1,0,0,0,0,1,0,0);
x20 =(1,0,0,0,1,0,0,0);
x22=1(0,1,0,0,0,0,0, 1);
x28 =(0,0,0,0,0,0,2,2);
x30r =(0,0,0,1,0,0,1,0);
x34=1(0,0,1,0,0,1,0, 1);
X367 = (2,0,0,0,0,0,2,0);
x39=1(0,0,0,1,0,1,0,0);
x57=1(1,0,0,1,0,1,0,0);
x62 =(0,1,1,0,0,0, 1, 2);
x70=1(1,0,0,1,0,1,0, 1);
xs5=(1,0,0,1,0,1,0,2);
x111=(,0,0,1,0,1,0,2);
X156 = (2,0,0,0,0,2,2,2);
x160 = (0,0,0,2,0,0,2,2);
x184 =(2,0,0,2,0,0,2,0);
x280 =(2,0,0,2,0,2,0,2);
x520=(2,2,2,0,2,0,2,2);

x3=1(0,0,0,0,0,0,1,0);
x5s=1(1,0,0,0,0,0,0, 1);
x8=1(2,0,0,0,0,0,0,0);
x10r =(0,0,0,0,1,0,0,0);
x122=1(0,0,1,0,0,0,0, 1);
x15=1(0,0,0,1,0,0,0,0);
x20n =(2,0,0,0,0,0,0,2);
x24=1(0,0,0,0,0,2,0,0);
x20=1(0,1,0,0,0,0, 1, 2);
x31=1(0,0,0,1,0,0,0,2);
x35=1(2,0,0,0,0,1,0, 1);
x37=1(1,0,0,0,1,0,1,0);
x40 =1(0,0,0,0,2,0,0,0);
x60=1(2,0,0,0,0,0,2,2);
x63=1(0,0,0,1,0,1,0,2);
xs =(1,0,0,1,0,1, 1, 0);
x88 =1(0,0,0,2,0,0,0,2);
x112=1(2,0,0,0,2,0,0,2);
x157=1(1,0,0,1,0,1,2,2);
x166 =(1,0,1,1,0,0,2,2);
x231=1(2,1,1,0,1,0,2,2);
x399=1(2,1,1,0,1,1,2,2);
x760 = (2,2,2,0,2,2,2,2);

The only regular subalgebra is xi, which is not integral. The integral subalgebras are x47, xs,
X125 X165 X207> X245, X285 X32> X36"5 X40> X565 X60> X64> X84”» X1125 X120, X156> X160, X184> X232,
X280, X400, X520, X760 and x1240. The last one is also maximal.

As an example, we will finally construct the explicit solutions for G,, which we can call “G»
exceptional pasta”.

19



S.L. Cacciatori, F. Canfora, M. Lagos et al. Nuclear Physics B 976 (2022) 115693

4.1. G, exceptional Spaghetti

Here we consider explicit solutions case by case. Our deduction will be quite general and
independent on the specific realization in terms of matrices, but just on the chosen representa-
tion. Nevertheless, for sake of completeness, in Appendix D we will provide an explicit matrix
realization of the subalgebras in the lowest fundamental representation.

4.1.1. x1-Spaghetti
Since x1 = (0, 1), we get p = (p1, p2) = (6,4). The only root satisfying a(f) =2 is wg =
31 4 2. Therefore, e = kAg and equation (3.27) is trivial, while (3.28) gives

k=/2. “.1)
Therefore, the Spaghetti solution is determined by the matrices

N

Tl(l) = T()\.ﬁ + )\.6), (42)
N

Tz(l) = —— (A6 — A¢), (4.3)
2i

TV =371 + 2. 44)

Notice that up to now this is independent on the choice of the irrep. The choice of the represen-
tation allows to further specify the type of solution. The fundamental representations of G, are
the 7, with maximal weight o4, whose seven weight are on the small hexagon given by +o,
a =1, 3,4, plus one vanishing weight, and the 14 which is the adjoint representation, with max-
imal weight og and with all roots as weight. The action of £ag on the small hexagon shows that
if we choose to work with the 7, then R” decomposes as2 @2 ® 1@ 1 @1 under y, so that is
an SU (2) type solution.

For 14, we see that the action of o decomposes R%into39292020201® 1@ 1, which
is again an SU (2) type solution.

4.1.2. x3-Spaghetti
Since x3 = (1,0), we get p = (p1, p2) = (12, 6). The only root satisfying a(f) =2 is ag =
2u1 + ag. Therefore, ey = kA4 and equation (3.27) is trivial, while (3.28) gives

k=~6. (4.5)
Therefore, the Spaghetti solution is determined by the matrices
V6 -
1 = 2 (s + ). (4.6)
V6 -
T2(3) = Z_i(M — A4), 4.7)
T =6J; +3.0. (4.8)

The action of Fa on the small hexagon shows that if we choose to work with the 7, then R’
decomposes as 3 @2 @ 2 under 3, so thatis an SU (2) type solution.

For 14, we see that the action of a4 decomposes R%into4®4®3®1®161, whichis again
an SU (2) type solution, since it contains even dimensional subrepresentations.
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4.1.3. xa-Spaghetti

Since x4 = (0,2), we get p = (p1, p2) = (12, 8). This time there are four roots satisfying
the condition «(f) = 2, which are ay, o3, ¢4 and «s. Thus, we can put ey = Z?:z kjX; and
e_ = Z§=2 kjA;. Using the results of Appendix D, we see that equations (3.27) and (3.28)
become

1 2 1
—koks + \/jk3k4 + —kyks =0, 4.9)
V2 3 N
k3 +2k3 = 3k2 = 12, (4.10)
k3 + K3+ kF+k2=8. (4.11)

There are several solutions of this system, but we know that we just need to find one. A very
simple choice is

k3 =kq4 =0, ky =ks =2. 4.12)
Therefore, the Spaghetti solution is determined by the matrices

T\ =2a 430+ 45 + s, @.13)

T = —i(ha — %o + A5 — ks), (4.14)

T3(4) = 6J1 +4J>. (4.15)

To understand the type of solution, we notice that the action of 77 and 7> leave invariant the
subspaces (A3, A 1 5»4) and (5\3, A1, A4), so that in the representation 7, R decomposes as 3 @
3@ 1. We see that it is a SO (3)-type solution.

Starting from the adjoint, we see that the action A, + A5 applied repeatedly to A¢ generates a
combination of A, and As, then an element of H, then a combination of Ag and A5, and finally
X6. This shows that working with 14, R4 decomposes as 5®3 @3 ®3 @ 1. Again, it is an SO(3)
type solution.

4.1.4. xo8-Spaghetti
This is the principal case, with x28 = (2, 2). Therefore p = (p1, p2) = (36, 20). We already
know the solution in this case. The Spaghetti solution is

T =30 + A1) + V50 + 1), (4.16)
T\ = —i300 — A1) — iv/5(ha — 1), 4.17)
T(28) 1871 + 105. (4.18)

Because of Proposition 2, we already know that working in the adjoint the solution is of SO (3)-
type. In the representation 7, it is sufficient to verify that for 7_ = 31| ++/542, and v the maximal
vector of 7, then the vectors ,0§(T,)(v), k=0,...,6areall linearly independent. Here p7 : G» —
End(R") is the representation map of the algebra. This is proved in Appendix D and proves that
R7 is irreducible under x»g. Since it is odd dimensional, it is of SO (3)-type.

4.2. G exceptional Lasagna

For the exceptional Lasagna we can use Proposition 2. Since we already know that n = b must
be equal to 1, we get that (p1, p2) = (18, 10), and, if we fix v/; = 0 for simplicity, then
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k=T =300 +41) + V500 + 12). (4.19)
Moreover, from Proposition 1 we get
Z
h(z) = ET;B). (4.20)

This defines the simplest exceptional G, Lasagna.
5. Extended ansatz

In order to allow for further generalizations, it is convenient to employ the Euler parameteri-
zation in a more general ansatz, after fixing the matrices « and f. Let us consider the Skyrmionic
field!

Ut,r,¢,y) = e<D(l,r,¢,V)Kex(l,r,¢,y)fe®(t,r,¢,y)lc’ (5.1)

where k is specified in (2.2), and f has the same properties as in (2.21). One of the aims of
this generalization is to provide a description of different pasta states without specifying them
a priori. This could lead to a comprehensive description of Skyrmions in a finite volume and
to an analytical definition of other possible states (such as gnocchi states) and the transitions
between them. In this work, we did not analyze all these possibilities and all the limits of these
models, but we outline the main properties which characterize them, namely the wave equations,
the topological charge and the energy density. If we define

a:%(@—(b) and S:%(@—i—@), (5.2)
then

Ut 1, ) = e~ *@r® 0K EUTS VK X (5.7 W10 1)K (9.7 (5.3)
This gives

Ly=e e 5 [dualic — &) + 8.k + &) + dux f] e e™, (5.4)
where we introduced the matrix function

K =e et (5.5)
Since

tr(ja) =0,  tr(hjAk) = =8, (5.6)
we have

w(e®) = @) = =2, (5.7)

and f can be normalized so that

tr(f2) = tr(c?). (5.8)

This leads to the condition (2.24) and, in particular, |c; |2 = %’ pj. Using these conventions we

can now write the Skyrme equation explicitly.

1 1n this section we will use the coordinates {t,r, ¢, vy}, however the results are applicable for both the lasagna and the
spaghetti phases.
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5.1. Non-linear wave equations

We call wave equations to the field equations for the functions «, & and x. These result to be

b b
9,0 x {1 + b [Buaa“a sin’ (%) + 8,£0"E cos? <7X>i“
. bh, | ;
—bsin(by) |1 — Taﬂxa x ) (dyd’e —0,0"E)

— b asin(by) cos(hy) [auaaﬂaavga”s - (aﬂaaﬂg)z]
) sin? (22X o, 0t as,a0” 2 (225 area,e0v
— sin > ) Ou ad,ad” x + cos EWAG £0,£0" x
s 2 bX nw v nw v
+ sin > [aﬂaa (avaa x)—auxa (81,0(3 oe)]

+ cos’ <%X> [0.60" (3,60 x) — 3 x 9" (3,€0"¢)] ]

b3r
— 2= sin0) | (0" x)” = (8,60"x)* ] =o.

bx bx b2
4 cos <7> {COS (7> {allaua [1 + TavXaVXi|

2
- 1% (0,0 x0ux0"e + B0 (300" @) — 8,00 (3,x0"x) ]}

b b*A
—sin (%) {7 sin(bx)9, 0 ad,d"&

2
— bT)\ sin(by) [9,0"£9,00"a + 8,£0" (3,09 @) — B d" (3,00"8)]

+ b hcos(by) [Bx 0" ad,od s — 3, x 9" EDy0d o] + bauxaﬂg] }

. (bx . (bx b*x
+ 4sin <7> {sm (7) {Bﬂal‘é |:1 + Tauxa‘)x:|

b2

= T [00" 009" + 8,09 (8,x9"8) — 60" (3,x0"x)]
2

— cos (%‘) {b% sin(by)9,0"£d,00"E

2
— bT)\ sin(bx) [0,0" 3,50 + 90" (3,50") — 9,50 (3,00"€)]

+ b3 hcos(by) [8,x3"Ed,ad"E — 3, x 3,60 ] — bdu x 8“0{} } —0,
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b b b1
4sm( ZX) icos( ZX) {8 M [1+Tav)(8”)(]

2
_ b—[aﬂaﬂxavxa o+ B 0" (3, x0") — Bcd™ (3,x0" )]}

b b2
+ sin (7") {7 sin(by)d,, 0" dy 0

2
- bTA sin(by) [a,taﬂgauaa“a +9,80" (8,)058”0{) — 9 000M (BUO(BVE)]

+ b3 xcos(by) [aﬂxa“aavaa”g — aﬂxaﬂsavaa”a] + bauxa"é}}

b b b
—4cos (7)() {sm( 2X> {B,LZ)“E |:1 + T8vxavxi|

b2
- T[aﬂa X0 XD"E + 0 (8,x9°8) — 0,60" (0,x0"x)]}

b)( b2
+cos (X {Tsm(bx)aua"éavaaé

2
- bT’\ sin(bx) [8,,0"d,£9"¢ + 9,00" (3,63"€) — 9,E" (3,09"€)]

+ b3 cos(by) [0, x0"E0,a0"E — 8, x0"ad,£9°E] — b, x 8“04” —0.
5.2. Energy density

The energy-momentum tensor takes the form

Ty :E||c|| 8| 0, adyasin 2 + 0, Eaécos 2 +20,x0v X

b b
— g4 [apaapa sin’ (7)() +0,£0°¢ cos? (%)} — g,wapxapx}

K
+ —||c||2(2b2x){ [aﬂsavsapaapa + 9,00,00,E07E

LD E + 0,E0,a) D, aapg] sin(by)

- (0

bx
|: 9,0y sin < > >+8 &0, Scos ( > ):|8anPX
|:3 adPa sin® < > >+8 £0P& cos? (bzx)]auxaux

by
—sin? ( 2 ) (auozavx + Buxava) 9,000° x
b
— cos? <7X) (BuE00x + X DuE) apgapx}
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K
— S lel?b g { [apgapgagaa”a - (apaapg)z] sin2(by)

b b
+ [apaapa sin’ <7X> +0,50°¢ cos? (7)()] 05 x0° x
— (Bpoza X) sin > +(8p$8 X) cos > 0 X907 X ¢. (5.12)

From this, we can obtain the energy density as pg = Ty;.

5.3. Baryon charge

The Baryon charge is
= drdydg, 5.13
24712/03 rdyd¢ (5.13)
with
B =—12|cl?e"*8;ad; &) cos(by). (5.14)

Up to now we have just written local expressions, but in order to compute the Baryonic charge
it is necessary to define the ranges of «, £ and . Proposition 2 tells us that the period of e8“ is
T, = nn%”, where n = 1, 2 depending on the representation, while n € Z. Following [46], the
ranges must be
2 b4 2w
0<a=<non—, 0<x=<-— and 0<&=<nm—, (5.15)
b b b
where 0 = 1 for odd-dimensional representations and % for even-dimensional representations
and m, n are both integer. The integration of the density charge leads to

Pp— (5.16)
=2mnon”= 5. .
We can compute the ratio ”‘“ in the following way. From (5.8), we get
r
=2llel> =Tr(f2) =) _ p;Tr(hj f). (5.17)

j=1

where the definition f = }"_; p;h; has been used. Now, we can replace the coefficients p;
with (2.23) and Tr(h; f) = aj(f) =ib to get

r r b2 r
lel>=>"pTrthj )= T D €9 (5.18)
j=1 k=1

j=1

The Baryon charge takes the form

1
B= 2mnon22 ”2( Y- (5.19)
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5.4. Example: the Lasagna case

Let us now compare the results obtained in this section with the previous ones. Our quantities
can be written in terms of the Lasagna ansatz as follows

ot ¢ Y ot ¢ 14
=—— = d =——0—= =. 5.20
“=—gp, togtmy  ad o E=gp om0y tmy ©.20)
Moreover, the profile function depends only on the parameter r (x = x(r)). This leads to the

following relations

duxdta=09,x3"E=0, 9,0"a=109,0"6 =0
1
dud o = 8,E01E = 0,00 = ret

With these choices the equations (5.10) and (5.11) are automatically satisfied. The equation (5.9)
becomes

v 1+ b2\ _, (5.21)
X r 4L]2/ - £ .

which leads to the solution

x(r) = zr—b (5.22)

where the boundary conditions x (0) =0 and x(27) = % have been used. Now, it is easy to
compute the energy density, which results

S o] (B B (R (AT S

The integration over the volume of the box gives the total energy of the Lasagna

E—=A4LyL, L, K”C”{ + 7 ! + L GO DAL } (5.24)
- o Lr V b2 L2 4b2L2 4L}2/ SLéL}Z, : :

6. Coupling with U (1) gauge field

By employing the generalization presented in the previous section, it is now easy to couple
the Skyrmion field to an electromagnetic field A,,. To this aim we introduce the action

A= /d4x¢_ Tr|: <L LM 42 G,“,G’“’) —~ %FMUF’“’] (6.1)
where

Fiy=0,A, —0,A, (6.2)
and the hat stands for the replacement of the partial derivative with a covariant derivative

Dy =09, —AuIT, ], (6.3)

which means that
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Ly=U"'DU=U (U - AuIT.UY)  and  Gu=Lu L], (6.4)

Here T is any element of the Lie algebra of the group G, representing the direction of the U (1)
gauge field. Later, we will identify T with the generator 73. The action (6.1) is now invariant
under gauge transformation

U—e PTuefT, A, — A+ 3,8 (6.5)
The gauge invariance appears also in the fact that the theory depends on A, through the quantity
dy o — Ay, which is invariant for gauge transformations.

6.1. Covariant Baryonic charge

As in [49], in order to determine a topological invariant, one is tempted to start directly gen-
eralizing (1.7) to the expression

~ 1 ~ ~ ~
B=—— [ THLALALL
2472
%

which, however, is not a topological invariant if the field-strength F is non-vanishing. Neverthe-
less, a topological invariant can be constructed after a simple subtraction, even for a non-Abelian
gauge field. Indeed, we have:

Proposition 4. Let S be a three dimensional closed compact manifold,
U:S—G (6.6)

a differentiable map from S to the Lie group G, [AZ,L = U_IDMU, ﬁﬂ = DMUU_I, with a non
necessarily Abelian connection w, and Q2 the curvature of w,

DuU =8,U +[w, U, 6.7)
1
Q=dw+ E[a),a)]. (6.8)
Hence
~ 1 ~ ~ N ~ ~
B:WfTr[ﬁ/\L/\E—SE/\Q—MQ/\Q], (6.9)
S

is a topological invariant. Moreover, if Hy(S) = 0 and A is Abelian, then B=B.

Proof. In order to prove the proposition, we have to prove that the first variation of Bwrt. U
and w (independently) vanishes at any functional point, that is independently if U and w are
constrained by some equations of motion. Notice that in taking variations, dw is a well defined
1-form on S despite w could not be. To keep notation compact we will use bold round brackets
to indicate a trace (M) = Tr(M). Moreover, we first recall the following properties. If a;, j =
1,..., k are Lie algebra valued 1-forms then

(@A Nag_1 Nay) = (—l)k_l(ak Adp A ANag_1). (CyCliCity (c) (6.10)

If [, ] indicates the Lie product (commutator) of matrix valued forms and a, b, c are three differ-
ential forms of degree k, kj; and k. respectively, then
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[a,b Ac]l=][a,b]lAc+ (=D p Ala,c]. (graded algebraic derivative (gad))

(6.11)
Since
([a,b]) =0, (6.12)
in particular, we have that, if a is a 1-form, then
([a,bI1Ac) =(— l)kb (b Ala,c)), (algebraic integration by parts (aip)) (6.13)
and
(Db) = (db). (algebraic trivialization (at)). (6.14)

Using these properties, taking a variation §U of U we can write
1 A oA oA A A A A A A A oA
§8U(£A£A£)=(8U£A£A£)=(—U*18U£/\£/\£+U’1D8U/\£/\£)
=(—UTYSULALANL+DWUSUYANLAL DU HSU AL AL)
=(DWU'SUYAL A L) (6.15)

where we used D(U ') = —U~!' DUU ! and cyclicity in the last term of the second line. Hence,

g<SU(£ ALALY=(DIUT'SgL ALY — (U SUIUT'D(DUYAL — L AUT'D(DU)))

=d(U "sgL ALYy —(U'SUIUT QUIAL =L AUTQ, U,
(6.16)

where we used (at) in the first term and D(DU) = [$2, U] in the other ones. Now, let us consider
SU@AL)=—(QAUTSUL) +(Q AUT'DSU)
=—UU N DQU™Y +(DIQUTSUY + (2 A LUT'SU)
=—(ULAQU ™Y +dQUTSU) +(Q A LUT'SU), (6.17)
where again we used (c) and (at). In the same way
SUQAR)=— (U 'QAR) +d@UUT'Q) + BUUT'R A Q). (6.18)
Subtracting (6.17) and (6.18) to (6.16), and multiplying times 3, we get

SULALAL=3LAQ—-3RAQ) =3d(U SULAL—-QU sy —QsUUY).
(6.19)

Since the r.h.s. is the differential of a globally well defined 2-form and S is a smooth closed
compact manifold, it follows from Stokes theorem that the first variation of B under variation of
U vanishes.

As a second step, let us consider a variation w of w. The strategy is the same as above. For

1 ~ A 4 A N
E§(£A£A£—3£AQ—3'RAQ) (6.20)
we get
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St =(U 8w, UIANL ALY — (U 8w, U1 A Q) — (L A (dSw + [, o))
—([bw, UIU" A Q) — (R A (dbw + [0, Sw]))
=(U 8w, UIALAL) — (U 8w, Ul A Q) +d(L ASw) — (DL A Sw)
—([60, UIU ' A Q) + d(R A $w) — (DR A Sw). 6.21)
Now,
DL=dU'DU)+[w, U 'DUl=-L AL+ U d[w, U]+ [0, [0, U]l — o AdU)
=—LAL+UTQ, U, 6.22)
and similarly
DR=RAR+I[Q,UIU". 6.23)
Finally, noticing that
U s, UINLAL) =@ ARAR) — Bw AL AL (6.24)
and putting all together, we get
S =d((L + R A sw)), (6.25)

which, as above, it proves invariance also under variations of the connection. Thus, Bis topolog-
ical invariant.

Now, we have to prove the second part. To this end it is convenient to introduce some further
notation. After fixing a basis {7}, of Lie(G), with structure constants f ‘;7 . defined by2

[Ty, Tl = f.Ta, (6.26)
it is convenient to define

T,:=U"'T,U, (6.27)

1, =T, — T, (6.28)

Ty =T, + Ty, (6.29)

so that, writing w = w%1,, we have

~

L=L—-wT, (6.30)
and also

(LAQ)+(RAQ)=QA(LE). 6.31)
Therefore,

LALAL) =3((L+R)AQ)
=(LALAL —30% AT LAL) 430" A A (Tt L)
— 0% AP Ao (Ta1pT) — 39 A (LT + 392 A (). (6.32)

By the Maurer-Cartan equation d£ = — % [L, L], and we can write,

2 We use the Einstein’s convention on sums.
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1
— 0% AT LA L) — QA (L) = 0 A(TadL) — do® A (LT,) — 5 f4.0" At A(LT,)
1 ,
= 0 A(T2dL) — d[o* A (LE)] — 0 Ad(LE) — 5 [ A A (LT,
(6.33)
which, using

0% A(12dL) — 0 Ad(LE,) = — 20" A(T,dL) — o AL AdT,)
=— 20" A(T,dL) — o AL A (=L, T,]) =0, (6.34)

because of the Maurer-Cartan equations, becomes
1
—w* AT LAL) — QAN (LT,) = —d[ow® A (LT)] — Ef?wwb Ao A(LTY). (6.35)
Next, we rewrite

0 Ao? A (Tt L) =0 A 0" AT THL) + 0 A’ AT, THL) — 0 A b AT, THL)

— o A AT, THL)
=%a)“ Ao” ATy, TH1L) + %a)“ A& ATy, TyL)
— o NP A((T,, Ty1L)
= S0 AP AT + 30" AP A (f54T0)
— 0 A&’ A(Tu[ Ty, L])
=%fﬁ,bw“ AP AEL) — 0 Ao A(T,dTy)
=% Fop@* Ao AEL) = dlw A o” A(T,Ty)]
+ d[w® A "1 A (T, Tp)
=%fzbw“ A" A(EL) = dlo Ao’ AT Ty)]
+do® Ao AT Ty — T,Ty). (6.36)
Since (T, Tp) = (T, Tp), we also have
Q4 A P (tpta) = —Q° A (T Ty — T, T)). (6.37)
Finally, using also (T, Ty T.) = (T, TpT.),
0 A @ A 0 (ta1pTe) =30 A0 A (T, Ty T, — Ty Ty T.)

3 - -
=50 A6 A (Ta, TyITe = [T, Ty1Te)
_3 a b c pd T T 6 38
_Ea) AN N [ (TyTe — TyTe). (6.38)
After replacing (6.35), (6.36), (6.37) and (6.38) in (6.32) we get
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LALAL) =3((L+R)AQ =(LALAL) —3d[e A(LE) + 0 Ao A(T,TH)].
(6.39)

In particular, if the connection is Abelian,
LALAL)=3(L+R)AQD=(LALAL)—3d[o A(LL)]. (6.40)

In this case Q2 = dw and, if H>(S) =0 so that HZ(S) =0, then  is exact and w is well defined
everywhere on S. Thereiore, 3d[w® A (LT,)] is an exact form and Stokes theorem ensures that
under these hypotheses B=B. O

Notice that with our conventions in (6.4), we have to make the identifications

1
w=—A, Q=-F, F=dA—§[A,A]. (6.41)
From (6.39) we then see that
B= a7 / pp drdyde, (6.42)
S
with
p5 = pp + 3V QAT Li(Ta + U TLU)) — AJALTH(T, U T,U)), (6.43)

where, according to the conventions in [46], the orientation of the coordinates is such that &” Ve —
1. In our case S is a closed three dimensional manifold in a semisimple compact Lie group G.
Since in this case Hy(G, Q) = 0, we get that the correction to the density does not contribute to
the integral and we expect B=B always.

It is worth to mention that in the construction of the solutions of the Skyrme equations, however,
S isreplaced by V that is compact but it is not a closed smooth manifold but a hyperrectangle with
boundary. Therefore, the above integral does not define a topological invariant unless we impose
suitable boundary conditions. To understand which are the most suitable ones, let us first analyze
the case A = 0. In this case the map U maps the hyperrectangle in a closed smooth submanifold
of G, so L is the pull-back of a 1-form well defined on a closed compact manifold (indeed, the
left-invariant Maurer-Cartan form) and this is the reason we get a topological invariant. This
suggests the boundary conditions we are looking for. They have to be imposed so that also A is
the pull-back of a well defined 1-form over G (or the image of the hyperrectangle in G).

Under these conditions, the quantities A, are not independent, due to the fact that ®, ® and x
defines a map M : R3*! 1 R3. Locally, the embedding takes the form A = Apd® + Apd® +
A, dy, equivalent to

Ay=A00, P+ A00,0+ A0, x. (6.44)
6.2. Example: Lasagna states coupled to an electromagnetic field

To be explicit, we now work out the example of Lasagna states. For this case we choose
T = k. The covariant derivative determines the coupling of the gauge field to the Skyrmions,
which appears in the definition of £,

A

Ly=e e 5 [(dua — Ap) (K —R) + 8k +R) + dux [ e e™. (6.45)
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Notice that the introduction of the gauge field in the direction « causes a shift in £,, given by
opa — dya — Ay, . Itresults that all the quantities we computed in the previous section are shifted
by this quantity when the Skyrmions are coupled to a Maxwell field and it is really easy to convert
the uncoupled theory with the coupled one. The covariant Baryon density charge now becomes

P = pp + 3670 [A;Tr(Li(c + U™k U))]

= pp + 3R Tr [ (Bkar(k — &) + &k + &) + dex f) (k +8)]. (6.46)
Using that
Tr[(k — &) (k 4+ &)) = Tr[ f (k +£)] =0, (6.47)
and
Trl(k — &) (k + &)] = 2(1 + cos(by))Trx? = —4||c||>(1 + cos(b)), (6.48)
P = pp — 12]/c|*e7*9; [Aj0k& (1 + cos(bx))]. (6.49)

where pp is the uncoupled density. The correction to pp is a total derivative, so it depends only
on the boundary conditions, as discussed above. Differently from [49], our system lives in a box,
s0, the electromagnetic field is not constrained to zero at the boundaries. Therefore, the Baryonic
charge is not necessarily a topological invariant and not even expected to be an integer. As we
said above, we can fix this problem by requiring for A to be the pull-back of a well defined
potential over the homology cycle of G selected by the map U. This is easily accomplished by
looking at the form of the ansatz for the Lasagna states. As ¢ is irrelevant, we fix ¢ = 0 to simplify
the expressions:

Ur,y,¢)= e_‘»b‘”(e)((r)fem)”( — e“PUKemV’?(r)eX(’)f' (6.50)

Since by (27) =, we see that £ (0) = —k (27) = «, so that, if, for a generic fixed r, U (r, y, ¢)
defines a two dimensional surface in G, for r = 0, 27 it collapses down to one dimensional
circles:

U, y,¢) =" 0% =, (6.51)
UQn,y,¢) = e~ My o) ,x Q) f _ —ak x2r)f (6.52)

This degeneration means that well defined 1-forms on the whole manifold must have components
only along the direction on the degeneration submanifolds, which in our case means

Aq(r=0)=0, (6.53)
Ag(r=2m) =0, (6.54)
which in the original coordinates becomes
1 1

—A,(r=0)4+—A4@r =0)=0, 6.55
2m y =0+ 20 ?(r=0) (6.55)

1 1
%Ay(r =2r)— gAd,(r =2m) =0. (6.56)

Also, one between ¢ and y has to be identified periodically, while the other one is periodic or
“antiperiodic”3 according to the cases if the cycle is of SO (3) or SU (2), respectively. Therefore,

3 The antiperiodicity is not exact and in general some matrix components are periodic and other are antiperiodic.
However, what happens is that points are identified in the image, in such a way to respect orientation, so the corresponding
differential forms are periodically identified.
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in any case, the 1-forms in the image of the embedding have to be periodically identified so that
the integrals at the “boundaries” ¢ = 0 and ¢ = 27 cancel out and the same happens for the
boundaries at y =0 and y = 27. So, the only boundaries that may contribute are the ones at
r =0 and r = 27, which we collectively call 8" B. Therefore, the Baryonic charge results

P ||c||2 /
— —— | (1 4+cos(by))A ANdE
2
_B+&f(l+cos(bx))(oA +mAgy)dy Ndp
"B
2
_B- ”;_! f (0 Ay (0, 7.9) +mA4s(0, v, $))dyd¢ = B (6.57)

[0,27]x[0,27]

because of the above boundary conditions, and we used that A, =0 A, +mAy.
6.3. Decoupling of Skyrme equations and free-force conditions

To the Skyrmion equation coupled to a Maxwell field, obtained by shifting 0,0 — 9,00 — A,
in (5.9), (5.10) and (5.11), we have to add the Maxwell equations, which are given by

K [, Ala =2
v, FY" — Ty { 5D <R“ +3 [Rv, G“”])} —0. (6.58)
In the generic Euler parameterization, they become
30" Ay — 0, (3,0"a) — £|Ic||2 (dp — Ay)|8sin? 1+ 4 a’s avxa” (6.59)
2 2 4
+2a°x sinz(a)()a\,éa”é] —2a* 1[0, Byt — A)DVE + B x (dye — Au)avx]} =0.

To look for explicit solutions, we aim to decouple the Skyrme equations from the Maxwell field.
Since A, appears in the products (du—A,)(0%a— A"), (du0—A,)d"E and
(8o — Ay) 3" x and in the derivative 9, ("o — A*), we can separate the Skyrme equations
from the rest by looking for solutions where these terms are a priori fixed functions
(Opo — Ayp) (0% — A*) = f(1,1,0,9), 8, (0"a— A*)=g(t,r,0,9), (6.60)
(Opor — Ap) 0" = p(1,1,60, ), (Opr — Ap) 3" x =q(t,r,0,8).

Recall that, the quantity 8,0 — A, is gauge invariant.
6.3.1. Free-force conditions

Due to gauge invariance, we can introduce the new gauge field A u = A, — 0,0. Imposing the
conditions

ft,r,0,0)=g(t,r,0,¢)=p(t,r,0,0)=q(t,r,0,¢)=0 and A"3,A, =0, (6.61)

the so called free-force conditions are satisfied [27], namely

Fund’ =0, J' =V, Fr, (6.62)
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where F wv 1s the field-strength of A u- The wave equations become

2

by b=A
BMaMX [1 +b2xavga écos < > >:| + bsin(by) < — Tauxaux> 0,E0VE
b
- bZA{ cos’ (%) 0,0"£0,60" x

b
+ cos? (%) [0,£0" (8,60" ) — 0, x0" (0,£9"¢)] ]

b3
+ = sin(bx) (0,£0" x)* =0, (6.63)

2 -

by by b2
4bcos< : )auxaﬂs 4sm< : ){auaﬂg L+ a0

b
- [0,,0" x 0y x 0"E + 0, x 0" (0yx9"E) — 9,E0" (0yx D" x)]} =0, (6.64)

b b*A ]
4bsin<7x> X IME — 4cos( >|a Mg 1+Tavxavx

b*x
- [0,,0" x 0y x 0"E + 0 x 0" (0yx3"E) — 0, 80" (avxavx)]] =0. (6.65)

The last two equations imply that

dux e =0, (6.66)
SO

9, 0M& [1+ I)?T)La.,xa”x} =0 (6.67)

gives 9,0"& = 0. With these solutions, the Eq. (6.63) takes the simpler form

5 by b) )
0,0 x | 1 +b°20,80" £ cos® > +bsin(by) (1 — Taﬂxé)“)( 0,60V =0.
(6.68)

We can also apply them to the Maxwell equations

K b b2
9,0 Ay — 80 (3,9") + el (3 = AM)[S sin? (%) <1 + szau) (6.69)
b2 sinz(bx)auéa"é] —0.

In particular, the energy density is

- b b b
. :4K||c||2[ [A,Z sin? (TX) 1 (8,6)? cos? (%)] <1 - Tapxaﬂx>

bz)‘ 12 P ain
+ = AT0,E0°E sin® (by) (6.70)

2 2 (bx\7 @0)?
+|:1—b L0,E3°& cos <7)i| 1
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8t 5 [ bx bh 8t
_ 81y £gr 2XV (14220, 50 ) = 570, 4 a° }
zpé ECOS<2)<+4 > x 07 X g oox 97X

6.4. Example: Lasagna, again

We can use the results of this section in order to study the behavior of Lasagna when coupled
to the U (1) gauge field. To simplify the results, we use the free-force conditions

(Opo — Ay) (0% — AM) =0, Iy (0 — A%) =0,

(O — Ay) 9%E =0, (O — Ap) 9 x =0, (6.71)
and for the gauge field we make the ansatz

Au=(Ai(r),0,A,(r), Ag(r)). (6.72)

If we simply shift the gauge field, we can write

A AF =0, 3 A" =0, A, 0" =0, At x =0. (6.73)
These conditions are easily solved by using (5.20) (which also apply to A ) together with (6.72).
This leads to the solution A; = —é—z and Ay =0(A, = 75); so, only one gauge field results to be
independent, for instance we can take Ay. Thus, the wave equations and the Maxwell equation
become

40 PO L2 Y L inby) (1 AN (6.74)
= ——cos” [ = ——sin - — =0, .
rz| Ta 2 412 ar2”*

Ay K- b b1 b1

¢ 2 .2 (DX 7) ) _

ot S lel A¢[8s1n <7> (1 APTEL ) + 77 (bx)] —0. (6.75)

The first equation can be rewritten as
d | x" b1 b 1 b

iy 1+ —= cos® 2N - — cos’ i | G 0, (6.76)

dr | 2L? 4L)2/ 2 2L)2/ 2
so that

1 2 (bx
» o M + ﬂ Cos (T)
x (r)=L; (6.77)

»a o2 (bx)’
1+4L%cos (2

where M is an integration constant. This determines the boundary values of x’ from the ones
of x

M+ 51>
(U (6.78)
tra
x*Qr)=L>M. (6.79)

Vice versa, we can write M in terms of x’(0)
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2] 2
0 b\ 1
MZXLE)(H—m)_m’ (650)
r Y Y
so that
b L?
We can put this result into the Maxwell equations, getting
A// K - . bX
ﬁ + —IIcII Agpsin > Vu(x) =0, (6.82)
where
1 2 ( bx
bz)\. 5 bX 5 M + ECOS (T)
Vm(x) =8 |1+ —5cos™| - | | +2b7A > : (6.83)
4Ly 2 1+ fT)z‘ cos? (bTX)
Y

From (6.78) we can locally write r in terms of x as

Y ERE: 4L2 % cos? (%X) A
r(X)ZiL_/ d (6.84)
r

NN
o M+ﬂcos (7)

which leads to a definition of A(p in terms of x, let us call B(x) = A¢, (r(x)). This way, equation
(6.82) can be entirely written in terms of x

. b2 — M + Di(x)
B (x) — 16LzB(X)S (bx)m
2 2
+ K|lc|2b2AB(x) sin® (bx) b0 +Dy0o _ (6.85)
2 Dy (%)

where a prime indicates derivative with respect to y, and the following quantities have been
introduced

M:MI)ZT)\, D, —a+%cos <b2X) (6.86)
Replacing
[ b ~ M+ DIR) .
B(X)=C(X)exp0/ 32L2 sin(by )de, (6.87)
in (6.85), we get
C"(0) + Wy (x)C(x) =0, (6.88)

with
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b2 1— M+ Di(%)
Wi (X)) =575 | cosbx) ———
X 32L)2,|: Di()D (%)
L b i (o) 1 1+1—M b+1+1—1f4
—F= SIn
812 pe D D
M
by \ 2D*(x) + Dy
+ Kl 2bA sin? (—X> 100+ Dy G0 (6.89)
2 Dy (x)
We can use
1 o1& p bx\ |
D—Z_Z[_4 77 cos’ (7)] : ©50)
a an=0 aly
and
o e S
cos™ (x) =2 (m)2+22 ) cos 262 —)x] ¢ (6.91)
’ s=0

to rewrite the potential (6.89) in series of cos(kby ), where k runs on all integers, and recognize
(6.88) as a Hill equation. Notice that putting

x=by/2, (6.92)

we have that x must vary in the interval [0, 77 /2]. Also, we have seen that for the Lasagna states
such interval must be one quarter of the period over the cycle, which means that the solution
we are looking for must be periodic with period 27 as a function of x. Therefore, it is worth
mentioning the following result [44] (see also [50]):

Proposition 5. Let y{(x) and y>(x) be the solutions of the Hill equation

y'+ fx)y=0, (6.93)

where f(x) is an even function of the form

oo x
fO)=2)" facos@nx), Y |fal <oo, (6.94)
n=1 n=1
with Cauchy conditions
y1(0) =1, y1(0) =0, (6.95)
¥2(0) =0, ¥5(0) =0. (6.96)

Then, equation (6.93) has:

. an even solution of period 7t if and only if y| (7 /2) = 0;

. an odd solution of period w if and only if y2(w/2) =0;

. an even solution of period 2w if and only if y;(/2) =0;
. an odd solution of period 21 if and only if y (7 /2) =0.

B W N =
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Now, the boundary conditions for our Hill equation (6.82) are

Ap(0) = —m, (6.97)
Ag(2m) =0. (6.98)

Therefore, if we call y(j), j =1, ..., 4 the solutions corresponding to the four points of the above
proposition, if they exist, we get that the solutions of interest for us have the general form

Ag(r) = B(x) = —my)(x) + kye) (x), (6.99)

for « an arbitrary constant. The question on the existence of such solutions is investigated in [44].
For example, the existence of solution y(y) is granted if and only if w takes values for which the
determinant of the infinite dimensional matrix

Ja—b— favo

Map = 8ap + =0 2230 a,b=1,2,3,..., (6.100)
w

—da

vanishes.* However, for any practical purposes, such a way is impracticable for looking for
explicit solutions in this very general case. Therefore, in place of pursuing this very general
analysis, we move now to a particular but more tractable case.

6.4.1. Linear solution of the Skyrme equations

In the particular case when M = %, we can find a very simple solution:
2(r) 2L; = (r ==+ 2L; (6.101)
r)= r)= r, .
X b2h X b2
2 A
paying the price of fixing % (which corresponds to M = 1). Indeed, the boundary conditions on
2
x give x2Q2n) = iﬁ; 4% = 7b’—22. The Maxwell equation takes the form
Al 2 2
) 5~ b A (r) b
— + K A 34— ) —3cos(=)— —=cosr| =0, 6.102
12+ Kllel ¢[< *ug) 3) =iz (6.102)

which is a Whittaker-Hill equation [51,45], see also [52]. It is convenient to introduce the variable
change 7 = er’ so 7 hasrange 0 <7 < % This way, equation (6.102) takes the canonical form

Bl + 16K L?||c|? b 5 _ D2 ?) | By =
p Zlell 34 sz~ 3cos (2r) ~ 3z cos(4r) | By =0. (6.103)
Y Y

We can therefore determine the solutions y(2) and y3), following [45]. Using the same notations
of that paper, we can identify

b
w=4«/KALr||c||L—, (6.104)
Y
n =48K L?||c||?, (6.105)
p=— 12,/£L,L flell (6.106)
A Vb

4 We use the notation fa—p=0ifa—b<0.
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In particular, n = —wp. For the function ¢3) we have to take (see [45])

$3)(x) = Re [67%wcos(2x>1ﬂ<3)(x)] , (6.107)
where
o0
Y3 () =Y AyBycos(2n + 1)x), (6.108)
n=0
with
n
Ag =1, An=[]w+2jid. j>o0. (6.109)

Jj=l
and B,, solves the recursion relations

1
(2 —n)Bo — —(1* + 4w?) B; =0, (6.110)
w

1
—®B, +2[2n + 1)* — n]By41 — ;[n2 +4(n+1)*1Byy2 =0, n>1. (6.111)

To find the periodic solution of period 27, @ and n must be constrained by the following trascen-
dental equation, expressed in terms of a continued fraction (see [45], formula (5.1))

1 3% 4407 § (0 + 1607) (7 + 3607)

1—= ., 6.112
F T T 112
which then gives the solution
By, o P4+ D% P+ 40+ s — 1) -
— o ceey n =
B,.1 @n+12-n @n+3)2—n— 2n+2s — 12 —n—
(6.113)
Finally, By is fixed by the condition ¢3)(0) = 1.
As what concerns the solution k¢(2)(x), we have to consider
K@) (x) = Re [ 7276, (1)], (6.114)
where
o0
Yoy (x) = Z C, D, sin(2nx), (6.115)
n=1
with
n—1
Ci=1, Cn=1—[(p+(2j+1)i), j=>1 (6.116)
j=1
and D, solves the recursion relations
1
(4 =Dy = 2~ (r +90%) Dy =0, (6.117)
1
—wDp_1 4 2[4n> — 91Dy — —[n* + 2n + 1)*1Dpy1 =0, n > 2. (6.118)
w
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To find the periodic solution of period 7, w and n must be constrained by the following trascen-
dental equation, expressed in terms of a continued fraction (see [45], formula (5.3))

10?4907 L +2507) L(n? +490?)

4—n= . 6.119
T="16—n—  36-n—  64—n— (©.119)
which then gives the solution
D, j0 g+ Qn+ DX I+ Qn+25 — 1)) -
— PP RN n > 2.
Dy_y  4n2—n 4(n+1)2—n-— dn+s—1)2—n—
(6.120)

Since « is arbitrary, no normalization is required for Dj. However, notice that k¢2)(x) can be
considered only if equation (6.119) has common solutions with (6.112).

6.5. Example: Spaghetti states coupled to an electromagnetic field

In the case of Spaghetti, we do not use a parameterization of Euler type but the exponential
parameterization of Section 3. Still, the analysis can be easily extended to this case. Following
[53], the gauge field is described by

AST, = A, Ts. 6.121)

Also in this case, the free-force conditions decouples the Skyrme equations from the Maxwell
field. In particular, we take

A AR =0, A =0 A, dte =0, A,"e=0. (6.122)
A reasonable explicit form of a gauge field with these properties is given by

Aut,r,0,¢0) =(A(r,0),0,0, —LyA;(r,0)). (6.123)
From (6.121) we see that the equations of motion for the Skyrme field are

A A A

D" <E,L + Z%) =0, (6.124)
where /3# is given by (6.4) with T = T3, and

G, = [,c [ﬁu, év]] . (6.125)
Conditions (6.122) lead to

A

" (ﬁﬂ + Z%) =0, (6.126)

which are the uncoupled Skyrme equations. Notice that from (3.18) we get

d

= [2;(2 (qusinz (%) +L5) +4q2L3cosX] —0, (6.127)
r

which means that

252 (qu sin? (%) + Lg) +4g2L2cosy =22, (6.128)
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where Z is a constant, which is equivalent to

Z —2q*L2 +4¢°L2sin* (%)

n”

(r)= - (6.129)
X L2 + rg?%sin® (%)

The Maxwell equations for A? = —LyA; are
1 5 1
— ¢~ 92,9
12 0 A% + Lg A
” 4 2
2K g psin*(g0)sin® (5 ) (42 = L) | 14+ 25 + =Losin? (£) | =0, (6.130
+ G,p SIn“(g0) sin 2 Li + L% + Lg sin > ( )

This is a stationary Schrodinger equation with a double periodic potential of finite type. In par-
ticular, here one is interested in the zero eigenvalue case. Both the direct and inverse problem
for this kind of equation is well studied and much more involuted than the one dimensional case
(already highly non-trivial). Here we simply defer the reader to the literature (see [54] and refer-
ence therein), and limit ourselves to discuss the boundary conditions.

As we discussed in the previous sections, the boundary conditions on A, are outlined by the
behavior of the Skyrme field in the edges of the box, namely (once again, we fix t = 0)

U©,0,¢9)=1, (6.131)
U@nr.0,¢)=e"", (6.132)
U(r,0,¢) =eXD, (6.133)
U(r,m,¢) = eXDs. (6.134)

This requires the following constraints
Ap(0,0) =Ap(r,0) =Ap(r,m) =0. (6.135)

The contribution of the gauge field to the Baryonic density can be always computed from (6.43).
This gives

B =B + 30 [A¢Tr (,cr <T3 + U—1T3U))] — 39, [A¢Tr <£9 (T3 + U—1T3U))] ,

(6.136)
where L, and Ly are specified in (3.9) and (3.16). We easily find
U'TU =T + sin(gf)ty — sin(gH) cos x 7o + sin(gh) sin x t3. (6.137)
This leads to
Tr(LoTs) = Tr(LeU ™' T3U) = I, »q sin x sin(q0), (6.138)
Te(L, T3) = Te (L, U ' T3U) = —1G.px' cos(qb). (6.139)
Thus, we can check that the contribution to the Baryon charge becomes
2
B=B+ ;G—,;p (Ap(r, ) + Ag(r,0)) x'dr = B, (6.140)
0

according to the boundary conditions specified above, and the general results following Proposi-
tion 4.
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Appendix A. Roots of simple algebras
Here we list the roots of all simple algebras.
Al Ay

The corresponding complex algebra is s[(N + 1), while the compact form is su(N + 1). If e,,
a=1,...,N + 1, is the canonical basis’ of R¥*!, then the real linear space generated by the
roots is isomorphic to a hyperplane in RN*! in which all non-vanishing roots are represented by
the vectors oj y =e; — e, j # k. The simple roots are «j =ej —ejy1, j=1,...,N.If A; are
the root matrices corresponding to the simple roots, then

A, M]=0 if j—k#=£l (A.1)
The split subalgebra is so(N + 1).

A.2. By

The corresponding compact form is so(2N + 1). The real linear space generated by the roots

is isomorphic to RN, If eq,a=1,..., N, is the canonical basis of R¥, then all non-vanishing
roots are represented by the vectors e; — ey, j # k, =(ej +ei), j < k, £e;. The simple roots are
aj=ej—ejy1,j=1,...,N—1and ay =ep.If A; are the root matrices corresponding to the

simple roots, then
(Aj, A]=0 if j—k#=xIl (A2)
The split subalgebra is so(N) @ so(N + 1).

5 Inthe literature, the canonical basis e, is also commonly denoted as L.
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A.3. Cn

The corresponding compact form is us, (2NV), the compact symplectic algebra. The real linear
space generated by the roots is isomorphic to RN.Ifes,a=1,..., N, is the canonical basis of
R¥, then all non-vanishing roots are represented by the vectors e i—ek, ] Fk,x(ej+er), j <k,
+2e;. The simple roots are j =ej —ejy1, j=1,...,N — 1 and any = 2ey. If X ; are the root
matrices corresponding to the simple roots, then

A, M]=0 if j—k#=£l (A.3)
The split subalgebra is u(N).

A4. Dy

The corresponding compact form is so(2N). The real linear space generated by the roots is
isomorphic to RN.Ife;, a=1,...,N, is the canonical basis of RV, then all non-vanishing
roots are represented by the vectors e; — e, j # k, £(ej + ex), j < k. The simple roots are
aj=ej—eji1,j=1,...,N—landay =ey_1+epn.If A; are the root matrices corresponding
to the simple roots, the relevant non-vanishing commutators are

The split subalgebra is so(N) @ so(N).

A.5. Gy

The corresponding compact form is g». The real linear space generated by the roots is isomor-
phic to a hyperplane in R3.1f eqs,a=1,...,3,1sthe canonical basis of R3, then all non-vanishing
roots are represented by the vectors e; — ey, j # k, and =(ey + e2 + e3 — 3e;), s=1,2,3. The sim-
ple roots are o} = e —e3 and o = €1 —2ep +e3. If A are the root matrices corresponding to the
simple roots, the relevant non-vanishing commutator is [A1, Az]. The split subalgebra is s0(4).

A6. Fy

The corresponding compact form is f4. The real linear space generated by the roots is iso-
morphic to R* Ife,,a=1,...,4, is the canonical basis of R*, then all non-vanishing roots are
represented by the vectors e; — e, j #k, £(ej +ex), j <k, *ej, %(:I:el + ey & e3 +e4). The
simple roots are o] = ey — €3, ] = €3 — €4, ®3 = e4, and oy = %(el —ey—e3—ey). If & are
the root matrices corresponding to the simple roots, the relevant non-vanishing commutators are

(A, Aj1l- (A.5)

The split subalgebra is usy (6) @ us,(2).
A.7. Eg

The corresponding compact form is eg. The real linear space generated by the roots is iso-
morphic to RO. If eqs,a=1,...,6,1is the canonical basis of RO, then all non-vanishing roots are

represented by the vectors =(e; —ex), j <k <6, =(ej +ex), j <k <6,
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1
to{ker e ke ke des + 6 eg),

where in the parenthesis only an even number of minus signs can appear. The simple roots are

1
o] =§{€1 —er—e3—eq—es+ /6 el ay=ej+ey, Qp = €x—1 — €f—2,
k=3,...,6.

If A ; are the root matrices corresponding to the simple roots, the relevant non-vanishing commu-
tators are

(A, Ajl, J#1,2, [A1, 23], [A2, A4 (A.6)
The split subalgebra is usy (8).

A8 E;

The corresponding compact form is ¢7. The real linear space generated by the roots is iso-
morphic to R7.Ife,,a=1,...,7, is the canonical basis of R7, then all non-vanishing roots are
represented by the vectors =(e; —ex), j <k <7, x(ej +ex), j <k <7, +2 e7,

1
:|:§{:|:el +epyteytestes :I:e6+\/§e7},

where in the parenthesis only an odd number of minus signs can appear. The simple roots are

1
o :E{el —62—63—64—65—€6+\/§e7}9 oy =ej tep, Of = €k—1 — €k—2,
k=3,...,7.

If A ; are the root matrices corresponding to the simple roots, the relevant non-vanishing commu-
tators are

[Aj, Aj+1l, J#1,2, [A1, 23], [A2, A4l (A7)
The split subalgebra is su(8).

A.9. Eg

The corresponding compact form is eg. The real linear space generated by the roots is iso-
morphic to RS If eq.,a=1,...,8, is the canonical basis of RS, then all non-vanishing roots are
represented by the vectors =(e; —ex), j <k, £(ej +ex), j <k,

1
E{iel terytesteqstestegter = oegl,
where in the parenthesis all signs can appear. The simple roots are

1
oe1=§{el—62—63—64—65—66—e7+es}, ay =ej+ey, o) =ej—1 — ex_2,
k=3,...,8.

If X ; are the root matrices corresponding to the simple roots, the relevant non-vanishing commu-
tators are
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(hjsAjil J#1,2, (A1, 23], [A2, A4l (A.8)
The split subalgebra is s0(16).

A.10. Resuming

In conclusion, we see that the commutators we need are strictly related to the Dynkin diagram
of the algebra: a commutator between eigenmatrices of two simple roots is non zero only if the
roots are linked, that is if the scalar product is not zero. This is simply related to the fact that, with
obvious notation, the commutators [A; , Aaj] or is an eigenmatrix for o; + «, or it vanishes. We
also recall here some very well known facts. The fact that Dynkin diagrams have no loops allows
to choose the normalization of the matrices A ; so that

[Aa;s Aoy ] = sign(k — j) Gk (ajloj) — (ojlou)) daj+ay (A.9)

t.i. [Aaj Al = —(a; |ak)kaj+ak if j < k and with the opposite sign if we change j and k. Here
(]) is the scalar product in the space of roots. Notice that also

et o ] = sign(k — j) (8 (etjler) — (etjlor)) ha 4oy (A.10)

Remember that the trace product is proportional to the Killing product and that the only non-
Killing orthogonal root spaces are the ones corresponding to opposite roots. This allows to fix a
global normalization so that

Tr(hjAx) = —8 k. (A.11)
We also have, for the simple roots o,
[Aj, A = —i8id}, (A.12)

where J; are in a Cartan algebra. From the fact that the simple roots are linearly independent,
it easily follows that the J;, j =1,...,r, are a basis for the Cartan subalgebra. This is also
sufficient to fix the scalar product in the space of roots so that

(o) =t (), (A.13)
if the roots are defined as

[, Al =ia;j(h)Aj, (A.14)
for any & € H. In particular, using ad invariance of the trace product we get

Tr(J;Jk) = iTr([Aj, Aj1Jk) = iTr(h 1A, Je]) = @ (J) Tr(h A ),

so that
Tr(J; Ji) = —(ajlak). (A.15)
Finally, recall that any given simple Lie algebra is characterized by the r x r Cartan matrix
ajlo
G = (o). (A.16)
(ajlaj)

With this we can rewrite the normalization conditions as
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Tr(hjAk) = =8, (A.17)
(ajlay)
Tr(JjJi) = —Cfj ’2 12

The Cartan matrices of simple Lie groups can be found, for example, in [55], Table 6.

(A.18)

Appendix B. A proposition

Proposition 6. Let k = Z;’:l (cjrj+ c;f):j), and h € H a matrix such that o j(h) = ¢ ja, where

gjisasign, j=1,...,r, and set x := e Mkt 7 € R. Then
Tri? = —2||c||%, (B.1)
Tr([h, ][k, k1) = Te([h, x1[h, x]) = —2a%||c||%, (B.2)
and

Tr([x, k][x, k])

,
= —4sin*(az) | Y llojIPlej1* + > lejPlerl* (e lew) 2 jex + (etjlen) (1 — £ )]

j=1 j<k
(B.3)
Proof. Let us start with
r r
Tr? = Z Z{cjckTr(xjxk) + e Tr(hjAe) + e Tr(jha) + i Tr(h A}
j=lk=1
r r r
=Y D At (=8 +cjcf (=8 ==2) lcj I, (B.4)
j=1k=1 j=1
where we used the normalization in the previous section. This proves (B.1).
For (B.2), we first note that
[h,x]=[h, e ke ] = e [h, ke, (B.5)
Thus,
Tr([h, x1[h, x]) = Tr(e " [h, k1[h, k1e") = Tr((h, €][h, k]). (B.6)
Now, we can use
r r
[h, k1= (cjlh, Ajl+ Sl A =i Y _aj(h)(cihj — c5h)). (B.7)

J=1 j=1
to get

Te((h, kllh. k1) = —Tr [ Y Goj(Wjc; —iaj(h)cki;) Y G (h)heer — g (h)ckig)

j=1 k=1

.
=23 a;j(h)’c;c; = —2d%|c|%, (B.8)
j=1
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where we used that ozj(h’)2 = (esja)2 = a2, and that the only non-vanishing traces are

Tr()N\mkn) = —&mn. This proves (B.2).
For (B.3), we use that

r r
X = Z(Cje—hzkjehz + Cje—hzijehz) — Z(Cje_aj(h)z)‘j + ijeotj(h)zij)

Jj=1 Jj=1
r
_ . —lgiazy . * igiazy .
—Z(cje J kj+cje TN,
Jj=1

Therefore,

[x,k]= Z (cjckef"gf“z[kj, A+ c}‘fc,i‘eigf"z[ij, M)+ cjcre % g, A

J-k
+ c;fckeisf"z[ij, kk]).
Using (A.9), (A.10) and (A.12), it can be rewritten as
[x,kl==>" (cj-czc(wj|041<)(e_"8"“Z e Y
j<k

+ e (ajlog) (€9 — e"s"“)iaﬁak)
r
—i Z |cj|2(e7i£_,~az _ eisjaz)‘]j
j=1

_ X X —ig;az —igraz
== " (ejereylon) €9 — e TN g,
j<k
+ he @ lan) (€97 — )T L )
.
—23 "lcjl*sin(ejaz) J;.
j=1

With our normalization for the scalar products we get

. . 2
Tr(lx, k]lx, k1) = =2 ;1P |exl*|(erjlo) | |09 — e ieres
j<k
,
4 2 .2
—4> "lej|*la;|* sin* (e jaz)
j=1
2 2 . .
— 8 "lejPlek P () low) sin(e jar) sin(eraz).
Jj<k
Next, we use

—igja —iega
e1€jaT _ p—iekaz

gji—¢
= 4sin? (az J 5 k> =2sin*(az)(1 — €j€k),
where we used that (¢; — &¢)/2 =0, £1. Finally, using
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sin(ejaz) sin(ggaz) = sinz(az)ajsk, (B.14)

we get (B.3). O
Appendix C. Connection between Lasagna and Spaghetti

It is interesting to compare the results obtained from Lasagna and Spaghetti parameterization.
We can do this by determining the relation between the two parameterizations via de identifica-
tion

U= ex(sin@cos<I>T1+sin®sin<I>T2+cos®T3) — eW(x,@,CD)TleH(x,@,CI>)T3eF(X,®,<I>)T1. (C.1)

A priori one could expect this parameterization to be dependent on the representation the T are
belonging to, since of course the exponentials do. Nevertheless, in both cases the left invariant
current £, =U ’18MU for fixed coordinates is independent on the representation but depends
only on the normalizations. If we normalize the matrices as in the previous sections, after writing
U-ldu lExp =U “lqu | Eu1 We get the differential equation relating the exponential coordinates
to the Euler ones. These are easily obtained, but writing them is not helpful since it would be
quite difficult to solve them by brute force. Instead, we can find a solution without knowing
them. The shown independence on the representation suggests to write down (C.1) in the lowest
representation. This is achieved by choosing

1/0 i 1/0 -1 1/i 0
T T R
With this choice (C.1) becomes

cos% H2+2sin§sin®cos© T +25in§sin®sin<l> T2+Zsin§c0s® T3

" I + 2cos 2L si L tosinZan Y=Ly
=C0S — COS cos — sin sin — sin
2 2 2 : 2 2 ?
+2sin L cos Y=L (C.3)
sin — cos . .
2 2
This gives
H =2 arcsin(sin %\/ 1 + sin® ®), (C4)
W + I" = 2 arctan(tan % sin © cos D), (C.5)
U — " =2 arctan(tan ® sin @), (C.6)
and the inverse
H VS
X = 2arccos(cos — cos ), (C.7
2 2
® | g £ T 1 sin? 3L cH
= arctan | tan e .
tan? % sin? %
& — arctan [ tan 2L ST (C.9)
= arctan | tan — . .
2 sin %
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For example, the Lasagna solutions have the form

V=— —¢, C.10

L, ¢ (C.10)
H =ar, (C.11)
I'=mb, (C.12)

so that in the exponential form they take the very complicated form

t—L -0
x(t,r,0,¢)=2arccos <cos % cos %)) , (C.13)
. 2 1—Lg(¢p—0)
t—Ly(p+0) 1 Sin 2L,
O(t,r,6,¢) =arctan | tan T 1 T 3Lt | (C.14)
2 sin® —7 ——
t—Lgy(p+0)
qr SiD ;’T
cD(t,}",Q,(P) — arctan tan7 m (CIS)
sSin T

Appendix D. Some technical details about G,

There are different ways of constructing a convenient basis for the Lie algebra of G,. We will
refer to [56]. In that notation a basis is Cy, J = 1, ..., 14. The only maximal regular subgroup is
SO(4) generated by Cr, L =1,2,3,8,9, 10. The remaining matrices generate p. A convenient
Cartan subspace is thus

H = (Cs, C11)R. (D.1)

As a basis, we take h1 = Cy; and sy = Cs. One can easily diagonalize the action of ad(H). If
we set
1

r=ki+ip = ﬁ(ﬁcg ~Cy) FizCn, (D.2)
M =ky+ipy= %(Q +C2 —+/3Co — V/3C10) + l%(Cs +C7++/3C13 —V3C),
(D.3)
then, they satisfy Tr(x;A;) = —3;; and
[h1, 241 =i%x1, [h2, 341 =0, (D4)
[h1, Al =—iv3%2, [h2, ko]l =ik (D.5)

To keep contact with our conventions we have to redefine the basis for H as J; and J;, defined
by (notice that A ; is simply the complex conjugate of A ;)

~ 1
Ji = —i[A1, Al = ———=C11, D.6
1 [A1, A1l Wi 11 (D.6)
- V3 1
Jr=—i[A2, Mo] = TCH - ZCS- (D.7)
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This gives us the geometry of roots, so that

1
(arlay) = =Tr(J1J)) = 3 (D.8)
(z2]az) = =Tr(J2 o) =1, (D.9)
1
(ailag) = =Tr(J1J2) = —3 (D.10)

We can represent this vectors in the canonical euclidean R? as the vectors

1 31
O(lE(ﬁ,O), (XZE(—%,E) (Dll)

The corresponding Cartan matrix is

¢_(2 -3
CY = (_1 Nk (D.12)
with inverse
Gi—1_ (2 3
c*) —(] 2>. (D.13)

It is also useful to determine the basis for all eigenspaces, in a convenient way, normalized so
that Tr(AqAy) = —1 for any root. After setting

a3 =01 +op, o4=20+0oy, o5=30+oy, og=2301+ 207, (D.14)

we can state the following proposition.

Proposition 7. A suitable choice of the eigenmatrices associated to the roots oj, j =3,4,5,6,
is given by

3
A3 =V20A00) A= \/;[M,M], As =201 4], A6 =+2[A3,24].  (D.15)
Moreover, X j is the complex conjugate of ;.

Proof. We know from the general theory that if A, and A, are eigenmatrices of the roots «,
and oy respectively, and if o, + «; is also root, than the eigenmatrices of «, + o have the
form w[A4, Ap] for any given constant w. Since A1 and A, are eigenmatrices for the fundamental
roots o1 and «p, we have that the matrices A; specified above are surely eigenmatrices for the
corresponding roots o, j = 3,4, 5, 6. We have only to explain the choices of the constant factors.
These are chosen to be real and such that Tr(A ; x j) = —1. To prove it, first notice that necessarily
[Xi, ij] are eigenmatrices for —a; — @, so we can identify 5»3 = \/E[)Nq,):z] and so on. The
last part of the proposition then follows from the fact that it is true for A1 and A, and that all
the coefficient we chosen for defining the remaining A ; is real. Then, using ad-invariance of
the trace product, that is Tr([A, B]C) =Tr(A, [B, C]), and the Jacobi identity [A, [B, C]] =
[[A, B],C]1+[B,[A, C]], we have

Tr(A3x3) =Tr(2[A1, A21[A1, A2]) = 2Tr(A[A2, [A1, A2]1)
=2Tr(A1 ([[A2, 211, A2l + [A1, [A2, A211)). (D.16)
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Since 1 and o) are simple roots, we have [)\%, 5\1] = 0. From (D.6) we see that [A), ):2] =iJy
and since [Jo, A1] = —ia; (Jo)A = —i(ailaz)r; = 51, we get

Tr(A3h3) = Tr(a i) = —1. (D.17)

Next, consider
Tr(Aas) =Tr(%[m A3l As)) = —%Tr(xa[m, (A1, A31])
=-— %Tr(xs[[xl Ml As]) — %Tr(xs[il, (A1, A31D)
=— %Tr(xg[m, 23]) — %Tr([il, A31[A1. A3])

3 - 3 - -
=-— Ei(—ia3(J1))Tr()\3k3) - ETY([M, Azl[A1, A3])

3 3 - -
=§(Ot3|0l1) - ETT([M,/\zl[/\l,M])- (D.18)

Since a3 = o1 + a2, we have

1
3

(a3lay) = (a1lay) + (azlar) = (D.19)

N =

On the other hand

(A1, 23] = V2[A1, 1, 220l = V2[00, A1, A2l = iv2[J1, Al = iV 2(—i@a (1) Aa,
(D.20)

where we used again that [Af, Xz] =0, and, therefore,
Tr([h1, A31[A1, A3]) = 2(@2(J1))*Tr(Aha) = —2(—1/2)%, (D.21)

and putting all together we get Tr(Agrg) = —1.
The remaining two cases are proved exactly in the same way. 0O

D.1. The fundamental irreps of G,

G has 12 non null roots forming two concentric hexagons in H*, plus two vanishing roots,
like in Fig. 1.

ai, ..., oe are the positive roots. To each of them, o, it corresponds an eigenmatrix A ; and
to each negative root —a; it corresponds )Ij. To the vanishing roots one associates the matrices
h, :i[ka,xa], a =1,2. The 14 matrices hg, A | +ij, i(Aj —)2.,‘), a=1,2,j=1,...,6 forma
basis for the adjoint representation 14, with maximal weight ©| = a.
The second fundamental irreducible representation has maximal weight ©y = o4. The weights
of such representation are 0, £y, b = 1, 3, 4, each one with multiplicity 1, so that it is a seven
dimensional representation, 7. It is depicted in Fig. 2.

The matrices in this representation are p7(hy), p7(A;) + m(ij), i(p7(Aj) — ,o7()~»j)), a=1,2,
j=1,...,6,and can be understood by noticing that p7 (i ;) shifts the weights by o, giving zero
if and only if the result is not a weight, and similar for X Iz
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Fig. 1. The twelve roots of G, two of which are zero. o and « are the simple roots. g and 4 are the fundamental
weights.

A

vs

Fig. 2. The irrep 7 of G,. To each weight it corresponds a vector of the basis defining a 7 dimensional vector space.

D.2. Irreducibility of xag in representation 7
Let us consider p7(T_) = 3p7(A1) + /50 (X2) acting on the maximal vector vy of 7. Since

a4 — o is not a weight of 7, while aq4 — o1 = a3 is, we have that p7(7T-)v; = 3,0():1)1)1 =kyvo,
with® ks = 0. In the same way we have the chain of relations:

6 We could compute it explicitly, but it is not necessary for our purposes.

52



S.L. Cacciatori, F. Canfora, M. Lagos et al. Nuclear Physics B 976 (2022) 115693

p1(T-)vy =507 (2)v2 = k3vs,

p1(T-)v3 =3p7(h1)v3 = kava,

p1(T-)va =3p7(k1)vs = ksvs,

p1(T-)vs = N/Sp7(32)vs = keve,

p1(T-)v6 = 3p7(h1)v6 = k7v7,

p1(T-)v7 =0,
with all k; different from zero. Therefore, g is a representation of spin 3 and 7 is irreducible
under xg.

D.3. Explicit matrix realizations

Here we present the explicit matrix representation of the three dimensional subalgebras in the
irrep 7 of G3. These are

00 0 000 O
00 -2 000 o0
05 0 000 0
rW={o 0 o 000 o, (D.22)
00 0 000 O
00 0 000 —3
00 0 00311 0
00000 0 O
00000 0 -1
00000 -4 0
,"={o 0o 000 0o o, (D.23)
00000 O O
00 400 0 0
0 000 0 0
00 000O0 O
0 0 0004 0
00 0000 —%
"=]lo 0o 000 0 0|, (D.24)
00 000O0 O
0 -3 0000 0
0 0 2000 O
0110 0 0 0
-1 00 0 0 0 0
w 1|00 0 0 00
W=——10 00 0 0 -1 1], (D.25)
Y220 00 0 0 2 2
0 00 1 -2 0 0
0 00 -1 -2 0 0
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0 0 0 0 —2v6 -5 5
0 0 0 -5 0 V6 0
oo 0 0 V5 0 0 6
T2(28)=5 0 V5 V5 0 0 o o[, (D.32)
2V6 0 0 0 0 0 0
Vi V6 0 0 0 0 0
-5 0 V6 o0 0 0 0
0 0 020 0
0 0 000 5 1
o o 000 -1 -5
T®=--1-2 0 000 0 0 (D.33)
3 2
0 0 000 O O
0 -5 100 0 0
0 -1 500 0 0
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