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1 Introduction

The relevance of black holes (BHs) in AdS spaces is known for several reasons. One is of
course the AdS/CFT correspondence and its several applications, for instance to condensed
matter physics (see e.g. [1]), Fermi liquids physics [2], and superconductivity [3], to name
a few. In such frameworks, the coupling to electromagnetic charges and scalar fields is
of utmost importance, at least in order to deal with for realistic physical models; as a
consequence, gauged supergravity models including Abelian gauge fields and coupled to
non-linear sigma models quite naturally acquire a key role. On the other hand, BPS
solutions provide examples in which supersymmetric conformal field theories are defined on
curved backgrounds, the conformal boundaries. However, non-BPS as well as non-extremal
BH solutions turn out to have intriguing applications within the holographic paradigm, such
as, for example, to finite temperature condensed matter systems. Another important and
more recently established framework is the Kerr/CFT correspondence, which offer valuable
insights into the microscopic description and computation of BH entropy (cf. e.g. [4, 5]).
The structure of single-center extremal BPS black holes in N' = 2, D = 4 ungauged
supergravity is well known: they are asymptotically flat solutions to Maxwell-Einstein equa-
tions, preserving eight supersymmetries at spatial infinity (at which, due to the absence
of a gauge potential, scalar fields are unfixed moduli), then breaking all supersymmetry
when radially flowing towards the event horizon, and finally restoring half of the super-
symmetries when the scalar fields, regardless of their asymptotical values, are attracted
to fixed values, purely dependent on the conserved electric and magnetic BH charges, at
the spherically symmetric horizon. This is the celebrated attractor mechanism [6-10]. In
gauged supergravity, the physical scenarios open up to a wide range of possibilities, one of
which will be the object of the present investigation. Recent years witnessed unanticipated
progress in finding BPS, as well as non-BPS and non-extremal, thermal BH solutions in
generally matter coupled ' = 2 gauged supergravity in D = 4 space-time dimensions; see
for instance [11-27]. In presence of gauging (of the isometries of the scalar manifolds), the
supersymmetric BH solutions may be asymptotically AdS4 and preserve all eight supersym-
metries, with the scalars being fixed at critical points (at least local minima) of the gauge
potential itself. In this framework, the near-horizon geometry of extremal BHs is no more
the Bertotti-Robinson conformally-flat AdSs x S? geometry, but rather generalizes to spher-
ical, hyperbolic and also flat configurations (with generally non-vanishing Weyl tensor).
Whereas the aforementioned attractor mechanism and its exploitation in terms of crit-
ical dynamics of an effective black hole potential [10] is well studied in the ungauged theory,



a systematic study of the attractor mechanism and of the corresponding (generalized) ef-
fective BH potential is still missing in gauged supergravity, notwithstanding the wealth of
possibilities of the gauged scenario. Investigation of attractor flows in presence of gauging
started to be carried out in the BPS case in [28] and [29], as well as in [30] and [31] in
the effective black hole potential formalism (in [31] the coupling to hypermultiplets was
considered, t00).

Refs. [30, 31] and [32] provided the construction of an effective BH potential Vog which
depends on the gauge potential V', and moreover generalizes the BH potential Vzp of
the ungauged case (to which it reduces in the limit of zero gauging). At the (unique)
event horizon of extremal BHs, the (at least local minima) critical points of Veg govern the
attractor mechanism; despite scalar fields are not generally all stabilized at the BH horizon
(and thus a moduli space of “flat” directions is present), the non-negative value of Vg at
the BH horizon provides the Bekenstein-Hawking BH entropy! (in units of 7):

S
. effl v q=0 - (1.1)

The present paper concerns the classification of the critical points of Veg and the study
of the corresponding properties of the extremal BH solutions, in N' = 2 D = 4 supergravity
coupled to vector multiplets in presence of a (generally dyonic) U(1) Fayet-Iliopoulos (FI)
gauging. By denoting the number of vector multiplets with n,, and developing on the
findings of [32], we will exploit a manifestly symplectic, Sp(2n, + 2, R)-covariant formalism.
Furthermore, we will use structural identities of the special Kéhler geometry of vector
multiplets’ scalar manifolds in order to completely classify all the possible extremal BH
solutions with spherical or hyperbolic near-geometries. As it will be evident from the
treatment below, our analysis encompasses both BPS and non-BPS configurations, and we
will provide detailed analysis of BPS sub-sectors throughout.

Upon extremizing Veg, two main classes of critical points arise out; namely:

Class I, corresponding to critical points of Veg which are also critical points of both Vpp
and V (all placed at the horizon):

0;Vey = 0; .
"= 0;Veg =0, Vi. 1.2
6@-V = 0; iVeft ! ( )
Class II, corresponding to critical points of Vg which are not critical points of Vg nor
of V, with the gradients of Vg and of V' being proportional:
(QVBHV + k1 —4VpeV — 1)

0;Vey = o2 8Z-V, V. (1.3)

n general, proper extremal BH attractors are defined by (at least local) minima of the effective BH

potential, both in the ungauged and gauged theory. For what concerns the ungauged case, in the symmetric
cosets of special geometry, all critical points of Vgg are characterized by an Hessian matrix with strictly
non-negative eigenvalues (with vanishing eigenvalues corresponding to “flat” directions of Vg itself) [33].
In the gauged framework under consideration, we are assuming the same to hold for the critical points of
Vesr; indeed, the zero Hessian eigenvalues seems to be ubiquitous also in presence of gauging (see e.g. [13]).
We leave a detailed analysis of the Hessian modes at the critical points of Veg for further future work.



For both classes, at least for symmetric scalar manifolds’ geometries, the BH entropy
can be related to suitable (2-)polarizations of a quartic structure, invariant under U-
duality,? and primitive in all cases but for minimal coupling of the vector multiplets [36, 37].
Thus, our analysis provides an extension of the analysis of [38] (subsequently developed
in [39]), in which algebraic BPS equations supported by generally dyonic charge configura-
tion, and with a cubic prepotential function, were solved. Thence, we will recognize some
examples among the currently known solutions as belonging to a corresponding sub-class
of the aforementioned two main classes of critical points of Vig. It should also be remarked
here that an interesting outcome is provided by the explicit construction of a novel static
extremal BH solution in U(1) FI gauged supergravity, supported by both non-BPS and
BPS charge configurations.

All in all, the general structure of this paper splits up into three main parts:

1. In the first part (sections 2—4), we will exploit special Ké&hler geometry and the 2-
polarizations of the quartic invariant structure in symmetric special cosets, in order
to retrieve, and further generalize in various ways, some known results on the entropy
of extremal BH attractors.

2. In the second part (sections 6-11), we consider the effective BH potential Vg in-
troduced in [30, 31, 40] and provide a complete classification of its critical points,
pointing out the existence of various (yet undiscovered) BPS sub-sectors.

3. In the third part (section 12), we will provide some examples of known solutions, and
determine their placement in the classification given in the second part. Furthermore,
we will also present a novel static extremal BH solution to the STU model, in which
the dilaton interpolates between an hyperbolic near-horizon geometry and AdSy at
infinity.

Some final remarks and four appendices conclude the paper.

2 Identities and fluxes in projective special geometry

We start by introducing the symplectic vectors Q and G of electric-magnetic black hole
fluxes resp. U(1) Fayet-Iliopoulos (FI) gaugings of N' = 2, D = 4 Maxwell-Einstein
supergravity , which in the so-called 4D /5D special coordinates’ symplectic frame can be
written as

Q= (po,pi,qO,qi)T; (2.1)

G = <9079i79079i>T, (2.2)

*Here, U-duality is referred to as the “continuous” symmetries of [34]; their discrete versions are the
U-duality non-perturbative string theory symmetries introduced by Hull and Townsend [35], which occur
when the Dirac-Schwinger-Zwanzinger quantization condition is enforced.



where the naught index pertains to the graviphoton, and ¢ = 1,...,n, with n denoting
the number of vector multiplets.> Moreover, « is related to the constant scalar curvature
R = 2k of the (unique) event horizon of the static extremal black hole solution under
consideration. In the following treatment we will consider x = 1 (spherical) or k = —1
(hyperbolic) near-horizon geometry.*

The following identities holds in the projective special Kahler geometry of the vector
multiplets’ scalar manifold® M, (with dim¢ M, = n; cf. e.g. [40-42], and refs. therein):

Q =iZV—iZV +iZW; —iZ'V; (2.3)
G = iLV —iLV +iL'V; —iL'V;, (2.4)
where
Z = <Q,V>, Z,L = D@Z = <Q,V1>,
L:=1(G,V), Li=DL:=(G,V,),

with (-, -) denoting the symplectic product defined in the flat symplectic bundle constructed
over the special Kéhler-Hodge manifold M,. We adopt the notation of [40-42]; see also
appendix C.

By using the results of [43-45], one can prove the following “two-centered” special
Kéhler identities:

% (Q,G) = —Im (zZ) 1 Tm (zizi) = —Im (zZ - zf) : (2.7)
—%QTM (M)G = Re (2Z) +Re (ZL') =Re (2L + ZL') ; (2.8)
%QTM (F) = ~Re (2L) + Re (ZL") = —Re (2L - Z,L'), (2.9)

where £ = g”fj—, and N' = Npy, and F = F,y, respectively are the (complexified) ki-
netic vector matrix and the Hessian matrix of the prepotential F'. The symplectic, real,
symmetric (2n + 2) x (2n + 2) matrix M (N) is defined as

Im (A) + Re (M) Im ™! (A') Re (\) —Rew)lm—%N)), (2.10)

M(N): ( —Im_l(./\/)Re(N) Im_l(./\/)

and M (F) is defined the same way, with Myy, — Fjy. In terms of the covariantly holo-
morphic sections V and of its covariant derivatives V;, such two matrices have the following

3In order to compare our results to Halmagy’s treatment [52], we here only deal with U(1) FI gauging
(namely, only vector multiplets). After [32], it is however possible to straightforwardly include also hyper-
multiplets’ Abelian gaugings, by simply replacing G with P := P?Q® . In this case, no assumptions on the
geometry of the hypermultiplets’ scalar manifold are needed. We leave the detailed treatment of such a
framework to future investigation.

4The case k = 0, corresponding to extremal black holes with flat horizon, deserves a separate treatment,
which we leave for future investigation.

5We will henceforth denote the imaginary unit as i.



expressions (see e.g. [44] and refs. therein):

MWN) =@ (W' + V" v, gV + ViV ) 0 (2.11)
M(F) = (W' + V" =y, g VT — VgVl ) 0 (2.12)
where
Q= (Hn(il _H8+1> (2.13)
is the symplectic metric. Thus:
%QTM (F)G + % (0,G) = —2L + Z,L; (2.14)
—%QTM (N)g—%(Q,@ = ZL+ L. (2.15)
By denoting with
9 = e K2y, (2.16)
9 = e K2y, (2.17)

the holomorphic symplectic sections (such that 9;$ = 0 and 0;$); = 0), using the properties
(cf. e.g. [41, 42])

(9.5) = —ie (2.18)
($90,97) = ie g5, (2.19)
and defining the superpotential VW and “gauging-superpotential” ) respectively as
W= K2z W, =e K2z, (2.20)
Vi=e K20 Y= K2z, (2.21)

Egs. (2.7)—(2.9) can be rewritten as follows:
% (Q,9) = —ie* Im (WD) (8,%) — ie*Tm (W;) (97,8");  (2.22)
—%QTM (V)G = ie?Re (WD) (8,5) — i Re (W) (97,8'); (2.23)
SOTM(F)G = —ieRe (WD) (9,5) — ie? Re (W) (7, 5') . (224)

3 Symmetric very special geometry and quartic 2-polarizations

The above identities hold in the projective special Kéhler geometry of the vector multiplets’
scalar manifold M, regardless of the data specifying such a manifold.

Instead, we will now specialize the treatment by assuming M, to be a symmetric
(homogeneous) coset space, whose (local) geometry is given by a cubic holomorphic pre-

potential
1. X'XiXxk
F(X):

= gdijkTa (3.1)



with the cubic symmetric constant tensor d;j;, satisfying the so-called adjoint identity,

4

di(kl|dj\mn)dijp = géf)kdlmn)’ (32)
or equivalently
—ijp 4
Cz(kl\cﬂmn)c ® = §5€kclmn)’ (33)

where Cjj, is the Kéahler covariantly holomorphic rank-3 symmetric tensor occurring in the
identities

DV = iCy V", (3.4)
Rz = —9i391 — 99k + CikmCp9™

with Rz’jki denoting the Riemann tensor of M,. The d;;;’s and duality structures of the
corresponding M,’s have been classified in [47] and [48].

In this framework, the ring of invariant homogeneous polynomials under the non-
transitive action of the electric-magnetic duality group on its representation space R in
which both the aforementioned symplectic vectors Q (2.1) and G (2.2) sit, is granted to
be one-dimensional, and finitely generated by a primitive® quartic homogeneous polyno-
mial, denoted by Iy and associated to the rank-4 completely symmetric invariant ten-
sor Kynpg [49] (see also [50] and [51]); for instance, considering the symplectic vector
Q (2.1)€ R, one can define

1
1,(9,9,0,9) = iKMNPQQMQNQPQQ. (3.6)

The explicit expression of the rank-4 invariant symmetric tensor Kynpg = Krnpg) 18
given by (D.1) of [55] in the so-called 4D /5D special coordinate symplectic frame [48, 53],
as well as by eq. (5.36) of [56] and by (4.4)-(4.14) of section 4.3 of [57] in a way independent
from the symplectic frame (and manifestly invariant under diffeomorphisms in M,).

For the treatment given in the present paper, we will need to explicitly compute the
2-polarizations of Iy [57-60]:

L(Q+G,Q+G,9+G,Q+G) =Ty +4I; +6Ip +41 1 +1 o, (3.7)
where”
L = 1,(2,0,0,0) = ; KunrgQ" @V 0" 0% (3.8)
= (Pw+r's) + ;qodijkpipjpk - ;podij “qigjan +dijpd"" V0 Q1dm (3.9)
= (I2P-12:P) _ %Im (2C,32'272") — g'CiCyn 2 2 27 2™ (3.10)

6Primitivity of I4, i.e. the fact that the corresponding invariant tensor Ky npg cannot be reduced
in terms of other lower-rank tensors, generally holds for all symmetric M,’s characterized by the cubic
holomorphic prepotential (3.1). However, in a peculiar sub-class of BPS black holes, treated in section 5.3.1,
I, becomes a perfect square (and so are all its non-vanishing 2-polarizations; cf. (5.34)—(5.38)).

"Note that throughout our treatment |Z;|*> and |L;|* are shorthand for ZZ]’:I Z:,Z7;g"7 and

Z?jzl LiL;9%, respectively (unless otherwise specified).



I = 1,(Q,0,0,G)=

I,

1
2

2

1
*KMNPQ QM QN oPge

= -3 {(po) 9090 +p°goq3} 5 (7

Paig; +0'9 045

1 . . . 4
—= (po qop' g +1q09"; + " gop'qi + QOQOPZQZ‘)

1 o o 1 3 3
5 (90dirp P’ +300di10'p'g" ) — ¢ ("0 Gigj a1+ 30" qig;01)

L .
+5did™™ (P g+ 9w

1
2

—élm [(3Z£E+£Zk>
(
1
6
1
6
1
3

3
1

6
= < (121~ 12) (1P

C— zzzﬂ} Z g0, C-_Z* 27 (Z L7+ L Zm)~

uk

p°) g5+ (9°) a6 +4p° 9 q090
() 8+ (o)

1 o o
+5 (g0dinp'V 6" + qodisip'e’ " )

L) +

—%Im [(zzﬂ LZ’“) C 200

6

1
2

wk }

= (12P-12.P) (ZZ+§£—ZFZE—§JZ')

jmn

= 1,(9,9,G,G) = fKMNpQQMQNngQ

{(p 0:) +(9'6) +2 g aig; + 20’ ngi]

(p qog gz+p gop gH-p gog %"’g qop gz+g qog (Jrl-g gop q@>

1 g g
-5 (9"d" qiajg0 +9° 07 09,91

= dijid™ (07 pF 19 + 497 6 a1 + 97 6 @1m )

(Z£+Z£ 2T ?ri)Q

1 .. ey g
— 2 g7CiaCrmm (42’“2% L"+z’“zlcm5"+zmznc’“cl) ;

1
= 11(2,6,6,0) = 5 Kunrq oMgNgPgQ

T2 {(90)2(1090 +p09098] —% (pigjgigj+gigjqigj>

1
2

—5 (P°909'9: + 6°a09' g + 8" 00" 9i + 609" ;)

1 o o 1 g y
5 (B00dijin'g’s" +aodijeg's’s") — ¢ (30°d 7 aigjon + "4 gig;91)

1 . . .
+5did™ (P9 9i9m + 99 a1gm)

= %(|£|2—|£i|2> (zZ+ZL—ZJ‘Zj—§ij)

—élm [(zcﬂ 3£zk)

C L

| - 36 C el €7 (27T + 27

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



1
Io:=14 (g,g,g,g>:§KMNpQgMgNng@ (3.20)

i \2, 2 i g 2 0 4j im j
= (900 +3'5:) +390disng'e’s" ~ 59° 07 gigigi+ dijid™™ 4 9m (3.21)
2 4 _ - . _ e —
= (I£P-1z:?) ~3m (£C7L7L7LR) g 7CCrmn L L LTLT. (3.22)
Notice that

Furthermore, Io, I, Iy, I_; and I_5 form a spin-2 (quintet) representation of the would-be
horizontal symmetry SLj(2,R) acting on the doublet (Q,G)" [58].

4 BPS black hole entropy. ..
In [28], within the assumption of mutual non-locality®

(G, Q) = —k, (4.1)
the general form of the (}-)BPS conditions were obtained to read

Z =1ikSL; (4.2)
Z; = ikSL;,

where S denotes the Bekenstein-Hawking entropy® of the extremal BPS black hole solution.
Note that, by virtue of the identity (2.7), the mutual non-locality condition (4.1) can be
rewritten as

2Im (2L - ZL') = —k. (4.4)

From (4.2)—(4.3), one obtains the following expressions of the Bekenstein-Hawking
entropy S of BPS extremal black holes (no sum on repeated indices)

S = —in% - —iHZ, vj, (4.5)
implying
ZZ ZL iw . . «m(2C)
S= ik = inm=—— (2L -\ 7 4.6
£z = g = e | )= o
and iy
z.7) s o kIm (2, L’
§— it - TR (2,2’ - Z;07) = (]) (4.7)
., 2L,C’ c;r’

8 Actually, [28] only dealt with spherical horizon (x = 1). The derivation of BPS conditions for hyperbolic
horizon (x = —1) was done in [32].
In units of 7, as understood throughout all the treatment.



where no summation on repeated indices is performed. From (4.6) and (4.7), one obtains

LS~ L $ = nim (2L - L") = g (G, Q); (4.8)
T
S (1P = 1ed?) = 5 (6. Q). (4.9)

where we recall that n is the number of vector multiplets (or, equivalently, the complex
dimension of M,), and the identity (2.7) has been used in the last step.

We should here also recall another expression for the BPS entropy in the case k = 1,
obtained in [28] by studying the near-horizon dynamics:

1
- GTM(F)G’

S =2 (|zl-\2 - |Z\2) = ! = 0T M(F)Q (4.10)

2(1if = 1LP)

_ |1EP—1El _ [eIMF)Q
TNl TN Mg (410

where we have recalled the symplectic-invariant quadratic form of projective special Kéhler
geometry defined by the matrix M(F) (see (2.10)—(2.12)). We also observe that (4.9) (with
k =1) and (4.10) consistently imply (4.1) with x = 1, because

implying

1
S (1L = 1£i7) = 51(6.Q) # (6.Q) = —1. (4.12)

By plugging (4.2)—(4.3) into (2.4), one obtains
iQ = kSG + 22V —22"V;, (4.13)

a relation which holds at the event horizon of the BPS extremal black hole.
Within these conventions, we can write the following symplectic products, that will be
useful later,

(V,V)=—i, (ViV5) =igs, (Vi V')=io/, (Ve V7) = —i6], (4.14)
(V)= (Viv)=0, ViVi)=(VeV;) =0,  (V,V)=(V,Vi)=0.  (4.15)

We note that, by using the BPS relation (4.13), the contractions between iQ and the
symplectic sections allow to retrieve again the BPS relations (4.2)—(4.3):

i(V,0)=—-iZ=kSL & Z =1ikSL; (4.16)
i(V;,Q) = —iZ; = kSL; & Z; = ikSL;. (4.17)

Moreover, (1-)BPS conditions (4.2)—(4.3) yield

(Q.0) = —268 (1£]” = L) ; (4.18)
A'TMW)G = Q"M (F)G =0. (4.19)



Note that (4.1) and (4.18) yield the generalization of the last term of the r.h.s. of (4.10) to

k = %1, namely
K K

T2 o ef) MG

(4.20)

Remarkably, in section 8 we will obtain a generalization, given by (8.2), of the first term
in the r.h.s. of (4.10) holding for both cases kK = £1.

5 ... and its relations with quartic 2-polarizations

The BPS conditions and their properties discussed above hold in the projective special Kéh-
ler geometry of the vector multiplets’ scalar manifold M,,, regardless of the data specifying
such a manifold.

Once again, we will now specialize the treatment by assuming M, to be a symmetric
(homogeneous) coset space, associated to the cubic holomorphic prepotential F' (3.1). In
this framework, we are going to determine the relations among the BPS black hole entropy
S and the various 2-polarizations of the quartic invariant introduced in section 3.

In order to do this, we start and consider the contraction of the duality invariant
quartic structure %K MmN pQ Wwith the “algebraic BPS conditions” given by (4.13). To this
aim, from (4.13) we get

QY +ir 5GM =21 (—2V" + 2V}), (5.1)

whose L.h.s. and r.h.s. can then be contracted as follows:

(Q+1ik5G, Q + ik SG) = 0; (5.2)
(@ +ixSGM)" M) (Q + ik SGM) = 0; (5.3)
(@ +ix5GM)" M(F) (Q¥ +ix5GM) = 0, (5.4)
and
%KMNPQ (QM—HF;SQM) (QN—i—inSQN) (Qp—i—inSQP) (QQJFi/fSQQ) (5.5)

-3 % Kunpg (20" +2V) (-2V"+ 20 ) (-2v7+ 207 ) (-2V7+ 207).

Let us start from the Lh.s. of eq. (5.5), which, by recalling the definitions (3.8)—(3.20),
reads

SKaeq (@Y +is 5GM) (QV +ir 5GV) (Q7 +in567) (02 + i 5G9)
= L KunrgQY QYO QY 1 tin§ - L Knrg@ QY 0"GY
65 L K@Y QY67 G2
inS? %KMNPQ QMGNGPGQ + 5. %KMNpQgMgNngQ

=1, — 657+ S'T 5 + 4ix S (T - $°14). (5.6)

~10 -



On the other hand, the r.h.s. of eq. (5.5) reads

8- % wneg (—2V" + 2V ) (=20 + 20V ) (—2V7 4+ 207) (-2 + 20F)

1 —M—N~—P— -1 —M—N~—P—
=824 CKanpeV" VI VIV - 822920 CKaunpgV VI VIV

iz7. 1 DMBN TGPy iy 1 MNP
+482°2'27 - SKunpQV V'V VY - 82227225 CKunpQV V) V) VY
- - 7 7 1 A AP
+82' 212820 QunpVi VI VEVE. (5.7)

The vanishing of each term of the r.h.s. (5.7) of eq. (5.5) can be proved without
performing any computation,'? as follows. Through the expressions (3.8)—(3.22), the five
two-centered invariants I, Iy, Ip, I_; and I_5 are quartic homogeneous polynomials in the
respective variables:

1 _
I, .= - K MoNQPQR =1, (2,2, 2, Z; - .
2 5 MNpPQQT QT QT QO 2(  Ziy Z, ) 20V, Zam(@ V) (5.8)
1
L = S KuvpeQ" QY0 ge
- Il <Za Ziaz>§ia [’,E’L’azazﬂ>’ ; (59)
Z:=(Q,V), Z;:=(Q,Vs), L:=(G,V), Li:=(G,V;)
1
Iy = S KuvpeQMQ¥G7ge
= IO (27 Z’hzy?ﬂ E:'Ciazvzia>’ ; (510)
Z:=(Q,V), Z;:=(Q,Vs), L:=(G,V), Li:=(G,V;)
1
Ly = SKunpQYGYG 69 = Nilz0r zoo,s (5.11)
1
Ly = gKMNPQgMgNQPgQ =DLlzor 20, - (5.12)
Thus, one can proceed and evaluate
1 —M—N—P— 1 _ _
S KarwpV VYV = DKy MyN VPR DL (vv. ) =0 (513)
1 —M—N—P— 1 .
SKavpV VIV = CKynp VN VIVE (29
= Il (Y,Y]’,Y,Yj, XZ',XU,X%X@*,> :0; (514)
1 —M—N—P— 1 .
§KMNPQVMVNV§V? = iKMNPQVMVNViPV]-Q (5:10)
= To (Y, Y4, Y, Vg, Xa, Xak, Xa, Xz ) =0; (5.15)
1 —M—N—P— 1 - .
iKMNpQVMVéV VIV — §KMNPQVMVZ»N yPy@ LD
-1 (Y,YZ,Y,YZ—,Xb,Xbl,XE,XBl—> ‘mxb, v, =00 (316)
1 SMoN—P—Q 1 (5.12)
§KMNPQV5 Vj V;; VZ = iKMNPQViMVJJ‘VVlfVlQ =
-1 (Y,Ym,y,ym)’%xm v =0 (5.17)

10 An explicit computation is presented in appendix A.
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where a = i,j, b =14,j,k, and ¢ = i, j, k,l. Crucially, in the last step of egs. (5.13)—(5.17)
the homogeneity of the (suitable n-polarizations, with'! n = 1,2,3,4, of the) polynomials
I, I, I, I_; and I_5 has been used, implying the vanishing of (5.13)—(5.17), because

Y =V, V) =0; (5.18)
Y i= (V, Up) = 0; (5.19)
Xe = (Us, V) = 0; (5.20)
Xem = (Ue, Up) =0, (5.21)
as a consequence of the identities (4.14)—(4.15).
Then, one can re-consider the equation (5.5),
(5.5) & Tp — 65%Tg + 'L + 4 § (I — S?L1) =0, (5.22)

and obtain two relations between the quartic 2-polarizations and the (square of) BPS
entropy, namely

31 3612 — 4121_2
I — 65T+ ST =0 S2=82 =204 VO (5.23)

+
I, 2I_o

and
2 o I
ILL—-511=0&S5 =1 (5.24)
-1
In turn, the consistency of such two expressions yield a polynomial cubic constraint among
the quartic 2-polarizations for BPS black holes:

I I
/3612 — AL 5 = 21 , (1_11 - i’_;’) ; (5.25)

4
OI21% | — L1215 = (L1 y — 3TI_1)? = P12, + 91212 | — 61, IL_;1_o; (5.26)
T
—ILI% 1 5 =212, — 61, 1T 1 o; (5.27)
111—2750
I,I?, — 6L, ToI_; + I3T_5 = 0. (5.28)

To make contact with literature, by setting I, Iy, —6Iy, —I_; and I_5 respectively equal
to ag, as, a4, ag and ag, formulee (5.23), (5.24) and (5.28) respectively match eqgs. (3.26),
(3.27) and (3.28) of [52], and moreover formulee (3.8)—(3.22) accomplish the task mentioned
below eq. (3.28) therein.

Consequently, for BPS black holes (in models with symmetric vector multiplets’ scalar
manifolds M, ), as far as the evaluation of the 2-polarizations of the quartic duality invariant
14 and their relation with BPS black hole entropy are concerned, three possibilities may
arise:

" Rigorously speaking, only the (1- and)2-polarizations of the quartic structure I are explicitly known.
Nevertheless, this is immaterial for the reasoning made here, because only the homogeneity (of degree 4)
matters.
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5.1 General case
L20%Y1, 20 (5.29)
Both the expressions (5.23) and (5.24) hold true, with the constraint (5.28).

5.2 Vanishing of Is, I_» or I

(5 28) (5 28)

I =0 I,=0"%"T,=0. (5.30)

In this case (5.23) is meaningless, and only the expression (5.24) holds true.

5.3 Vanishing of I; or I_;

(5 24)

L =0 I, =0. (5.31)

In this case (5.24) is meaningless, and only the expression (5.23) holds true.

5.3.1 A noteworthy BPS sub-class

A remarkable sub-class of BPS critical points, satisfying (4.2)—(4.3), is characterized by
the further condition '
Cinl’L' =0, Vi, (5.32)

which implies also
CiinZ 2" = —S*Cin 'L =0, Vi. (5.33)

Thus, when M, is symmetric, at the BPS critical points which further satisfy (5.32)—(5.33),

the 2-polarizations (3.8)—(3.22) of the quartic duality invariant I, read as follows:'?
2 2
= (12 =12:P)" = s* (12l = 1&*) (5.34)
I1 _ (5.35)
1 2\ 2
I = o5 (1~ |Lif) (5.36)
I, =0; (5.37)
2
= (1eP = 1L.P)", (5.38)
yielding the relation
LI
2= 29 2 = 31 = VLI, (5.39)
as well as the simple expression of BPS entropy,
I
st= 2 (5.40)
I

12Even if it does not belong to the class of symmetric manifolds M,,’s with cubic holomorphic prepoten-
tial (3.1), the class of the so-called minimally coupled models of N'= 2, D = 4 supergravity have @n, and
thus symmetric, scalar manifolds [36], and the corresponding quartic structure is non-primitive, because
it is reducible in terms of a quadratic symmetric invariant structure (cf. e.g. [62], as well the treatment of
sections 3 and 4 of [61]). In this class of models the condition (5.32) holds globally (and not only at BPS
attractors) because Cjjr = 0 globally. The BPS sub-class under consideration indeed encompasses all BPS
critical points in such models. For the case n = 1, see section 12.3.
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Interestingly, (5.39) is the very condition of vanishing of the radicand in the square
root in eq. (5.23), which indeed simplifies (removing the inherent “+” branching) down to

I, /3612 — AL,I_ I
s2=3 0T _ 2 (5.41)

I, 21 , Iy

which is nothing but (5.40). In fact, the BPS sub-class under consideration, defined
by (5.39), satisfies (5.31).

6 Effective black hole potential formalism

So far, we have been considering only BPS attractors; a generalization of the whole treat-
ment to encompass all classes of extremal BH attractors, including the non-BPS ones, '3
can be achieved by exploiting the so-called effective black hole potential formalism. Indeed,
regardless of the specific data of the projective special Kihler geometry of the vector multi-
plets’s scalar manifolds as well as from the quaternionic Kéhler geometry of the hypermul-
tiplets’ scalar manifolds, from the treatment of [30], then extended to Abelian gaugings of
hypermultiplets in [31] and made manifestly symplectic-invariant in [32], the near-horizon
attractor dynamics of the equations of motion is known to be governed by an effective black
hole potential function'* Vg, whose critical points can be related to Q’s (2.1) supporting
extremal black hole solutions in the U(1) FI gauging of N' = 2, D = 4 supergravity spec-
ified by G (2.2). As specified at the start of this paper, we will not be considering the
coupling to hypermultiplets. As resulting from egs. (D.19)—(D.20), which we report here
for simplicity’s sake, the Bekenstein-Hawking [64, 65] black hole entropy S (in units of T,
as always understood) is expressed by!®

1-— RV /632 - 4VVBH

Ve = 6.1

x - (6.1)
. _KV—\/KZ2—4VVBH

S = KkVeg= 577 , (6.2)

where the (manifestly symplectic) effective black hole potential Vppy in the ungauged
case [10] and the manifestly symplectic-invariant gauge potential V' [28] are defined by

Von = 121 + 2 = — S QTM(V) & (6.3)

V.

1
—3|LP + L) = 5gTM (F)G—2|L. (6.4)

Note how Vg is non-negative by definition, whereas V can have any sign; in particular,
the critical points of V' (evaluated at spatial infinity) define the cosmological constant A of

13Non-BPS extremal BH solutions in supergravity with U(1) FI gaugings have been discussed in literature,
for instance in [46], in which the attractor mechanism and the scalar flow have been described by a first
order formalism exploiting a suitably defined fake superpotential.

141n the specific example of the magnetic STU model treated in section 12.2 and appendix C, the
introduction of Vg is recalled in appendix D.

5 The evaluation at Veg = 0 (which corresponds to 9;Veg = 0u Vet = 0 Vi, V) is understood throughout.
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the asymptotical geometry of the black hole solution. For k = 1 (spherical horizon), the (at
least) local minima of Vog support extremal black holes, whereas for k = —1 (hyperbolic
horizon) the (at least) local maxima of Vg support extremal black holes. Moreover, we will
see below that for k = —1 the effective potential Vg does not pertain to the entropy itself,
but rather to the entropy density. It is here worth pointing out the consistency condition
for Veg (and thus for 5),

1—-4VpyV 2 0. (6.5)

6.1 k=1

This case has spherical near-horizon geometry S?. The angular integral is finite,

2 s
/ dgo/ sin 0df = 4, (6.6)
0 0
and the Bekenstein-Hawking entropy-area formula holds,
S Age 9
7= 2w == Vetilovie—o- (6.7)

where Age = 4777“%[ is the area of the event horizon surface S2 of radius rz, and Vg| Vg0 >
0 necessarily. Explicitly, it holds that

V < 0;
S 1—I—4VV, ’
Z = V= BH ~ 0 for { or (6.8)
T 2V

V>0:1—4VVgy > 0.

Note that in this case the symplectic vector of charges has magnetic and electric components
defined as (cf. (2.1))

Q = (pA, qA)T, (6.9)

1 1
where p® = 47r/52 FA gy = 477/32 Gy. (6.10)

6.2 K=-1

This case has hyperbolic near-horizon geometry H2. The angular integral [31]

V= sinh 6d6 A dy (6.11)
H2

diverges, and thus, strictly speaking, the black hole entropy S is infinite. However, for

k = —1 one can define the entropy density
S
S = vo eff‘aveffzo, (6.12)

which is finite and positive, and being given by the opposite of the critical value of Vg;
thus, it must necessarily hold that Vgl av.g—o < 0. Explicitly,

11— VI=—4VVs
2V ’

S = —Vig= (6.13)
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which is not consistent for V' > 0, because in this case it would entail a negative entropy

. (1+«/1—4|V\VBH> L -
= — V] < 0. (6.14)

Therefore, for kK = —1 the relation (6.2), or equivalently (6.13), is consistent only for V' < 0,

. (1+ VIT+AV[Van) . o1
= > 0. .
This is in line with the observation below (5.38) of [31]. Note that in this case the symplectic

vector of charges has magnetic and electric components defined as (cf. (2.1))

density:

for which

0:= (M) . (6.16)

where p® and ¢a are actually charge densities, defined by the following expressions (cf.
(3.10)-(3.11) of )

1
A A
= — F: 1
p V e F (6.17)
1
= — . 1
W= 5 Lo G (6.18)

7 General properties of Vg

In N = 2, D = 4 supergravity coupled to vector multiplets and with U(1) FI gauging,

regardless of the specific data of the projective special Kédhler geometry of the vector mul-

tiplets’ scalar manifolds, the attractor flow in the near-horizon limit is governed by the criti-

cal points (respectively minima for x = 1 and maxima for k = —1) of the effective black hole

potential*® Vog (6.1) [30, 31], such that the attractors are critical points of Vg, satisfying [30]
2V2aiVBH — (2VBHV + K\/W — 1) o,V B

81"/; - - 07 v.a 71
ft WS/ — VeV ’ (7.1)

where
0;Vey = 2ZZZ' + iCijk?j?k; (7.2)
o;V = —QZEZ‘ + iCiijjZk. (73)
Note how V.g can have any sign. Indeed, as recalled below (6.3)—(6.4), it holds that

VBH|8VBH:0 = Sungauged > 0; (7.4)
V|8V:0 = A z O,

where Sungauged denotes the Bekenstein-Hawking entropy (in units of 7, as understood
throughout) of the extremal black hole in ungauged N' = 2, D = 4 Maxwell-Einstein

6 Note that, apart from the redefinitions Vey them — % and Vihem — V;S (cf. the last footnote of

appendix D), the Veg defined in [31] is k times the Veg defined by (D.19) or (6.1).
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supergravity. The Bekenstein-Hawking entropy S of static extremal black hole solutions
(with spherical or hyperbolic near-horizon geometry, respectively corresponding to x = 1
and k = —1) in U(1) FI gauged N’ = 2, D = 4 supergravity is given by (6.2), in which we
recall once more that the evaluation at the horizon of the extremal black hole solution under
consideration (corresponding to the evaluation at 0;Veg = 0 (7.1)), will be understood.

Note that the ungauged limit [30]

\yglo VQH|8iVeﬁ:O = VBH|3iVBH:0 = Sungauged (7'6)

exists only for k = 1 [10]. Moreover, from the treatment given at the start of section 6 at
the critical points of V.g the following consistency conditions must hold:

1-4 2 0;
{ VeV 20 (7.7)

V #0.
If such two conditions hold, then
OiVeg = 0 < 2V20,Vy — (ZVBHV + k1 —4VpV — 1) o;V =0, Vi. (7.8)

Let us also notice that the saturation of the consistency bound (6.5) corresponds to

1-4VppgV =0&V =

. 7.9

If such a saturation holds, the Bekenstein-Hawking black hole entropy S of the extremal
black hole reads (manifestly specifying the evaluation at critical points of V) reads

K
5‘174VBHV:0 - W 0; Veg=0 - 2H VBH‘aiVeHZO’ (710)

which however (for £ = 1) is generally not the double of Sungauged = VBH 5,17, ,,—0 (cf. (7.6)),
because for k = 1 in general it holds that

VB o, vg=0 7 VBH|o,vpg=0- (7.11)

8 Generalization of BPS entropy formula (4.10) to k = *+1

The BPS critical points generally satisfy the criticality conditions (7.1) as well as the BPS
conditions (4.2)—(4.3). By virtue of the latter, at BPS critical points it holds that

(6.4) 1
V= BILP L = o (=312 +12:). (8.1)
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Therefore, for kK = £1, by virtue of (6.2) and (6.1), the BPS Bekenstein-Hawking entropy

S satisfies the following equation:!”

w—yf1-& (120 +12) (-3127 +12i)

S=rVesr= :
2 (-312”+|z)
)
2 4
2 (<812PH12) =1 o (127 +122) (~312P +|27):
J
4 2 2)\2 4k 2 12\ _ 4 2 12 2 12) .
1o (BI2ZPHE1) - 2 (BI2P+12l) =1- 5 (2P +12°) (-3121° +12:7);
)
S =2k (|zi|2 - |Z|2) =kQT M(F)Q, (8.2)
with consistency conditions given by
1Z]* = |Zi° s 0 | = L s 0, for k= £1; (8.3)
)
Q'TM(F)IQ=204s GTM(F)G =0, for k = +1. (8.4)

As announced below eq. (4.20), eq. (8.2), which holds true regardless of the specific data

of the projective special Kéhler geometry of the vector multiplets’ scalar manifold M,,

provides the generalization to xk = £1 of the first term in the r.h.s. of (4.10) (which hold

only for k = 1). By collecting eqs. (4.20) and (8.2), one can thus write that for kK = £1 the
BPS entropy reads .

S=2(1Zi]*=|Z]%) = , 8.5

(1z° - 12°) (P~ 1) (8.5)

which thus generalizes (4.10) (obtained in [28] for k = —1) to k = =£1, and still im-

plies (4.11).
Finally, let us remark that, by virtue of the BPS conditions (4.2)-(4.3), at the BPS
critical points of Vg the gradients of Vzy and V become proportional (of a factor —S?),

namely:
0V = 8% (2LL; - iC’iijjZk> — —S29,V; (8.6)
T
S? = —83‘?/}[, Vi (no summation on 7). (8.7)

Again, (8.6) and (8.7) hold for any BPS extremal black hole (with k = £+1) in N' = 2,
D =4 U(1) FI gauged supergravity coupled to vector multiplets, regardless of their scalar
manifold M,,.

'"The eveluation at the BPS conditions (4.2)-(4.3) will be henceforth understood.
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9 Classification of critical points of Vgg

The critical points of Vi pertain to extremal black hole attractors in the ungauged limit,
and by construction of Vpp they are placed at the (unique) event horizon of the extremal
black hole; from (7.2), they satisfy [66]

0iVer =222, +iCin 2’2" = 0, Vi, (9.1)

After [45], the relation between I (3.8)—(3.10) and Vppy (6.3) at the critical points of Vpy
itself reads 39
L= Vi~ 2|2 |20 (9.2

From the treatment of [66] (see also [42] or [41] for a complete list of references), three
classes of critical points of Vg exist, namely:

VeI Z;, = 0 Vi, and Z # 0 (for k = 1, corresponding to the would-be %—BPS critical
points in the ungauged limit), yielding

Ven = |2]%; (9.3)
L = Vg = 2"

Ve Il Z =0, and C’ijkzj§k =0 Vi (for K = 1, corresponding to the would-be non-BPS
Z = 0 critical points in the ungauged limit), yielding

Ven = |Zi|*; (9.5)

I = Vig = |Z[". (9.6)

Ve III Z # 0 and Z; # 0, such that (9.1) holds true (for k = 1, corresponding to the
would-be non-BPS Z # 0 critical points in the ungauged limit), yielding (cfr. sections
4-6 of [54] and refs. therein, and [56])

1Zi* =3|2*+ Az, (9.7)

and thus
Ve = 4|2+ Az; (9.8)
I, = —1613|4+A§—§AZ\212, (9.9)

where Az is defined as'®

DDCan | 2720212k 21
As = _1(2nD @> , (9.10)
4 N3 (2)

where N3 is the cubic form related to the tensor Cjj; of special geometry,

Ns(Z)=N3(2,2,2) = Cijy 2 22", (9.11)

Note that Az = 0 (at least in) in symmetric scalar manifolds (because in those cases
Dmﬁ(géj,;lf) = 0 identically).

8Note that Az (9.10) is generally complex, but at critical points of Vg it is real, and it is such that

VBH|3VBH:O > 0.
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10 Classification of critical points of V'

In an analogous way, one can classify the critical points of the (manifestly symplectic in-
variant) potential V' of the Abelian U(1) FI gauging in N’ = 2, D = 4 supergravity. When
placing the critical points of V' at the spatial asymptotical background of the extremal black
hole solution, they determine the type of flux vacua; in other words, the critical value of V' at
the asymptotical background determines the cosmological constant A. On the other hand,
we will see in section 11 that the critical points of V placed at the event horizon of the ex-
tremal black hole will be relevant for the classification of the class I of critical points of Vg.

From (7.3), the critical points of V' satisfy
OV = —2LL; +iCiL'L" = 0, Vi. (10.1)

From the definition of I_5 (3.20)-(3.22) and V' (6.4), at the critical points of V' it holds
that

Lo=V24 g |0V =V (Vi g1ef) = (<312l + 162) (—5 16F + 1a) . (0:2)
Three classes of critical points of V' exist, namely
V.I L; =0Vi, and £ # 0, yielding
V = =3|L]%; (10.3)

I,=|c*. (10.4)

If placed at spatial infinity, this class would correspond to supersymmetric anti-de
Sitter (AdS4) vacua (A < 0).

V.II £ =0, and Cijy L' L" = 0 Vi, yielding

V=L (10.5)
I, = |Li]*. (10.6)

If placed at spatial infinity, this class would correspond to de Sitter (dS4) vacua
(A>0).

V.III £ # 0and £; # 0, such that (10.1) holds true. It can be proven that (see appendix B)

Li* = 3|L)> + A, (10.7)
and thus
I,=A%+ g L A, (10.9)
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where, analogously to (9.10), A, is defined as'®

DnDCp ) LT L LIk
Ap = _i< ( JZ))(E) , (10.10)
3

where

Ns(L) = N3(L, L, L) == Ci7 L L'L". (10.11)

Note that Az = 0 (at least in) in symmetric scalar manifolds (because in those
cases Dmﬁ(iéj,;l—) = 0 identically). If placed at spatial infinity, this class would
correspond to dS4 vacua, Minkowskis vacua or AdS, vacua depending on whether
A % 0 Ar % 0.

Thus, it should be remarked that, (at least) for symmetric vector multiplets’ scalar
manifolds, each class of flux vacua is associated to only one class of critical points of V'
(placed at the asymptotical background):

supersymmetric AdS, vacua (A < 0) & class V.I,
dS4 vacua (A>0) & class V.II; (10.12)
Minkowskiy vacua (A =0) & class V.IIL

11 Classification of critical points of V g

For k = +1, from (7.8), regardless of M,, only two classes of critical points of Vg exist,
placed at the (unique) event horizon of the extremal black hole; namely:2°

Class I corresponds to critical points of Vg which are critical points of both Vgy and V,
as well:

0:Ver = 0;

OiVeg = 0, Vi. 11.1
o;V =0; } = ft ¢ ( )

Again, the placement of the critical points of Vpy and V' is at the (unique) event
horizon of the extremal black hole. The nine sub-classes of class I will be listed and
discussed below. Note that (11.1) is trivially consistent with (8.6); thus, we anticipate
that the class I of critical points of Vg includes various sub-classes admitting BPS
critical points (namely, sub-classes 1.1, I.5 and 1.9, at which (8.7) is meaningless, of
course; see below).

Class II corresponds to critical points of Veg which are not critical points of Vg nor of
V', with the gradients of Vpy and of V' being proportional:
©.1) (Ver — Ver)

2 1—4 -1
@VerV + 1yl = VeV —1) o 1 60 (Vi —Ver) g 1, gy g v

0;VeH = 5772 7
(11.2)

9Note that Az (10.10) is generally complex, but at critical points of V it is real.

20 A priori, (7.8) would imply that a third class of critical points, characterized by 9;Vem = 0 and 8;V # 0,
but with 2VggV =1— K\/W , might exist. However, this class is not consistent with the equations
of motion; see and eq. (5.35) of [31].
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For what concerns the BPS sector, by exploiting the BPS conditions (4.2)—(4.3)
within this class, and using (6.2), (6.1) and (8.7), one trivially obtains that the
entropy of the BPS extremal black holes of class II satisfies the square of (6.2):

52 (8.7), Vi 78¢VBH (1 —2VegV — k1 — 4VBHV)

‘r2
oV 212 off (113)

11.1 Class 1

The class I of critical points splits into 9 sub-classes, given by the combinatorial product
(denoted by “®”) of classes of critical points of Vg and V:

Veh.1 V.1
VB2 ® V.2 =9 sub-classes of class I of crit. pts of Vg. (11.4)
Veu.3 V.3

crit. pts of Vg crit. pts of V'

I.1. This sub-class is given by “Vpr.1®V .17, and thus it is characterized by all covariant
derivatives of Z and L vanishing,

Z; =0
Vi, ¢ ’ 11.5
i {»Ci 0, (11.5)
yielding
Ve = |Z]* >0, vV =-3|L)* <0;
[if placed at spatial infinity: AdS,]
(11.6)
_ 2 2
S = I{%ff = W 1(5—;_2'22‘2' ‘E‘ > 0
Ungauged limit.
1Z]* (k=1);
—k4+1+6[Z]|L]
lim §— T 1LHOIZTIER (11.7)
|£]=0 6|L| —143|2 2|2
LI (o= ~1);
3|£|2 9

since the limit |£| — 0 corresponds to the limit V' — 07, from (7.6) one can conclude
that only the k = 1 case is allowed (in other words, the K = —1 consistency condition
—1+3|Z]*|£|* > 0 never holds). When M, is symmetric, the 2-polarizations of the
quartic invariant (3.8)—(3.22) respectively read

I, = 2% (11.8)

I, = |Z]°Re (2Z); (11.9)
L2 20 007

I = 5|27 |L] + 3Re (2z); (11.10)

Iy =|L]Re(2L); (11.11)

Io=|C*. (11.12)
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BPS sector. The BPS critical points of this sub-class further enjoy the following rela-

tions:
Ve =S2 L7 >0, V==3|L><0 (11.13)
and
—k4\/1+1252|C*
S = H‘/eﬁ‘ = D) ;
6|L]|
4
121128 (28] + 1) =07 E 7" 5 = —2|’Z|2 = —2x|2?, (11.14)

which is also obtained from (8.2) by using (11.5). This expression is possible only for
k = —1: only extremal black holes with hyperbolic horizon topology can be BPS, within
this sub-class. When M, is symmetric, the 2-polarizations of the quartic invariant (11.8)—
(11.12) respectively read

I, = S*|c|*; (11.15)

I, = 0; (11.16)
SQ

Iy = = 1t (11.17)

I_, = 0; (11.18)

I, =|C* (11.19)

Summary. The sub-class I.1 describes extremal black holes with AdS, asymptotics (at
least in the doubly-extremal case). Both spherical and hyperbolic horizon geometries are
allowed; however, the BPS subsector has only hyperbolic (k = —1) near-horizon geometry.
Thus, BPS doubly-extremal?! black holes with spherical symmetry and AdS, asymptotics
cannot exist, in this sub-class: the comment below (3.17) of [28], explaining the results
of [67-69], is retrieved.

I.2. This sub-class is given by “Vpy.1®V.2” | and thus it is characterized by

| Zi=0;
Vi, { 0 o, (11.20)
- ] l]k = N

This forbids the existence of a BPS subsector, and moreover yields

2 2
VBH:‘Z‘ > 0, V:’Ez’ > 0;
[if placed at spatial infinity: dS,]

S = KVig = © V1-4|2P || -0,

2L

(11.21)

2T the extremal but not doubly-extremal case, namely when the scalars are running, the asymptotics
depends on whether the horizon attractor values of scalars and their values at spatial infinity (i.e., in the
asymptotic background) belong to the same class of critical points of V, or not. In the former case, the
asymptotics is still AdSs and the comment below (3.17) of [28] gets generalized to any extremal (BPS)
black hole; in the latter case; the asymptotics will be Minkowskis or dSy.
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which forbids k = —1 (i.e., hyperbolic near-horizon geometry). The consistency bound for
this sub-class is

1—4|Z)2|1L]* > 0. (11.22)
Saturation of consistency bound (11.22). When
1

21L:17 = ——, 11.23
4 = 5o (11.23)
the bound (11.22) is saturated, and the entropy boils down to
K 2
S 2,20 = —>5 = 2k|Z|7, 11.24
‘1—4|Z| |[£;]%=0 ) |£z|2 ‘ ‘ ( )
which necessarily implies k = 1.
Ungauged limit.
2] (k=1);
—k4+ 14227 |Li
15 Al B (1.2
il 1 —1+|Z1°|L;
i ||£,L-I\2| | (k=—1).
Again, kK = —1 cannot hold in the ungauged limit, because the entropy positivity con-

dition (=1 + |Z|*|£s]?* > 0) is not consistent with (11.22): in the ungauged limit only a
spherical horizon is allowed. When M, is symmetric, the 2-polarizations of the quartic
invariant (3.8)—(3.22) respectively read

L = |Z|*; (11.26)
I, =0; (11.27)
o = 12112 (11.25)
I, =0 (11.29)
I, = |L]*. (11.30)

Summary. The sub-class 1.2 describes non-supersymmetric extremal black holes with
spherical near-horizon geometry and dS; asymptotics (in the doubly-extremal case, or
when the classes of critical points of V' - to which horizon scalars resp. asymptotic scalars
belong - coincide; cf. footnote 17, which will be understood throughout), and characterized
by the bound (11.22).

1.3. This sub-class is given by “Vpy.1®V.3” , and thus it is characterized by

| Z2i=0;
Vi, { L ik (11.31)
Li=5:Cipl L.
This forbids the existence of a BPS subsector, and moreover yields
Ver = |Z|* >0, V =Agr;
= RVeff = 2A£ )
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within the following consistency conditions:

1 .
412>
Ap # 0. (11.34)

Ar < (11.33)

Eq. (11.34) implies that this sub-class does not exist when M, is symmetric (and when-
ever Dmﬁ(iéj,;l-) = 0; cf. discussion in section 10). Moreover, there is no an asymptotic
Minkowski solution in this sub-class.??

Saturation of consistency bound (11.33). When the bound (11.33) is saturated, the

entropy boils down to a very simple expression, valid only for k = 1,
1
S=_——=2|Z] 11.35

which represents a dS4 extremal black hole with spherical symmetry.
Ungauged limit.

2 ’Z|2 (k=1);
. k—1+2|Z|"Ar
lim S = =

— |

(11.36)
K=-1);

in such a limit, the hyperbolic geometry would further constrain the attractor such that

{—1+|Z|2A£>0; o {—1+]2|2A£<0;

11.37
Ar > 0; Ay <0 ( )

however, again, the limit Az — 0 corresponds to the limit V' — 0, and thus, from (7.6),
only the k = 1 case is allowed, and therefore conditions (11.37) never hold. When M, is
symmetric, the 2-polarizations of the quartic invariant (3.8)—(3.22) respectively read

I, = |Z|*; (11.38)

I = |2]°Re (2Z); (11.39)
R P 2 20 9 ( 7).

Io = —5|2[* (21 + Ac) + SRe* (2L); (11.40)

1y =— (2| +Ag)Re (2L); (11.41)

I, =A%+ g IL]> A (11.42)

Summary. The sub-class 1.3 describes asymptotically non-flat and non-supersymmetric
extremal black holes characterized by the bound (11.33), as well as by (11.34). The spatial
asymptotics of the extremal black hole is controlled by the asymptotic, critical value of V:
by assuming that such a value belongs to the class V.3, it corresponds to the asymptotical
value of A,. In turn, the evaluation of A, at the event horizon determines the near-horizon
geometry: when Ay > 0, (11.33) must hold and only x = 1 is allowed; on the other hand,
when A, < 0 (11.33) is automatically satisfied, and no restriction on the horizon geometry
holds.

22This holds in the doubly-extremal case, or when the classes of critical points of V - to which horizon

scalars resp. asymptotic scalars belong - coincide.
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I.4. This sub-class is given by “Vpg.20V .17, and thus it is characterized by

_ FE .
Vi, { i__%’ Cijn2 27 =0; (11.43)
i = 0.
This forbids the existence of a BPS subsector, and moreover yields
Ven = |Zi|* >0, V =-3[L] <0;
[if placed at spatial infinity: AdS,]
(11.44)
_ EARVEE
S = KV = 1511:'24 FIEE S o,
Ungauged limit.
Zif* (r=1);
B 1 Z12(1)2
lim § = A1 OIZILR (11.45)
L]0 6|L] —1+3|Z;*|£[2
+3[Z:|°|£] (k= —1)
3|£|2 9
in this limit, the hyperbolic geometry (k = —1) would further constrain the attractor such

that —143|2;|? |£|* > 0; however, the limit |£] — 0 corresponds to the limit V' — 0™, and
thus, from (7.6), one can conclude that only the xk = 1 case is allowed (in other words, the
k = —1 consistency condition —1 4 3|2;*|£]|* > 0 never holds). When M, is symmetric,
the 2-polarizations of the quartic invariant (3.8)—(3.22) respectively read

L = |Z[*; (11.46)

I, = 0; (11.47)
1

I =—3 |z 1L (11.48)

I_, = 0; (11.49)

I, =|c* (11.50)

Summary. The sub-class 1.4 describes only asymptotically AdS; and non-
supersymmetric extremal black holes, with no restriction on the near-horizon geometry
(the observation done in footnote 18 holds true here, as well).

1.5. This sub-class is given by “Vpg.2Q0V.2” | and thus it is characterized by

[z=0 Ciju2i 2P = 0;
Vi, ’ TR ’ 11.51
Z { L=0,  CyliLk =, (1151
yielding
Ven = |2i|* >0, V=L > 0;
[if placed at spatial infinity: dS,]
(11.52)
212
S = Vg = BoVIZUZLILIT 1;@?5' Ll S,
which does not allow for flat (v = 0) or hyperbolic (k = —1) near-horizon geometry, within
the conditions:
L—4[Z L > 0; (11.53)
1Li])? # 0. (11.54)
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Saturation of consistency bound (11.53). When (11.53) is saturated, the entropy
boils down to a very simple expression, valid only for k = 1,

ad 2
= —— =2k |Z|", 11.55
e = A (11.55)

which represents an extremal black hole with spherical horizon and dS4 asymptotics (the
observation done in footnote 18 holds true here, as well).

Ungauged limit.

1Zi* (k=1);
— 14+ 2|27 |L)?
lim § = "= 1%2l ;' £il” _ (11.56)
[£:]—=0 2L, —1+| 22 |Li 1
—op - =T
Again, the case kK = —1 cannot hold, because the entropy positivity condition (—1 +

|Z|%|£)* = 0) is not consistent with (11.53): in the ungauged limit only spherical horizon
is allowed. When M, is symmetric, the 2-polarizations of the quartic invariant (3.8)—(3.22)
respectively read

L=z (11.57)
{ = 2 () o
I, = % 12 1L + ;Re2 (fo]—) - ggiiciklémzkzlzmcﬁ; (11.59)
Lo I (27 i
Lo =Ll (11.61)

BPS sector. The BPS critical points of this sub-class saturate the consistency condi-
tion (11.53); indeed, they enjoy the following relations:

Ver = S?|Li|* > 0; (11.62)

V = I|L]*>0, (11.63)

which imply (11.55), clearly valid only for a spherical horizon topology. When M, is sym-
metric, the 2-polarizations of the quartic invariant (11.57)—(11.61) can be further simplified

as follows:
I = S* (L% (11.64)
I, = 0; (11.65)
2

I) — 2 (\cir‘ + 3R(£)> : (11.66)
I, =0; (11.67)
I, =L, (11.68)

where R (£) denotes the sectional curvature evaluated on L’s,
R(L)=R(L,L,L,L) = Rl L L, (11.69)

with Rﬁki denoting the Riemann tensor of the vector multiplets’ scalar manifold.
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Summary. The sub-class describes only “large”, asymptotically dS4 extremal black holes
characterized by the bound (11.53), as well as by (11.54), and having only spherical (x = 1)
near horizon geometry. At the horizon, such black holes can be supersymmetric (%—BPS).

1.6. This sub-class is given by “Vpg.20V.3” , and thus it is characterized by

z=0, C3.2'Z" =0,
Vi, A L (11.70)
L= iCijkﬁ L.
This forbids the existence of a BPS subsector, and moreover yields
Ven = |Zi* >0, V=Ag;
(11.71)
S _ I/{,‘/eﬁ‘: K \/12A4|£2'71‘ A£7
within the following conditions:
Ap< 1. (11.72)
Az # 0. (11.73)

Thus, since Ay # 0, this class does not exist when M, is symmetric (and whenever
Dmﬁ@éﬂ;lf) = 0; cf. discussion in section 10). Moreover, there is no an asymptotic
Minkowski solution in this sub-class (the observation done in footnote 18 holds true here,
as well).

Saturation of consistency bound (11.72). When the bound (11.33) is saturated, the
entropy boils down to a very simple expression, valid only for k = 1,

K
= =21z 11.74
S 5A, | 23], (11.74)

which represents an extremal black hole with spherical horizon and dS4 asymptotics (again,
the observation done in footnote 18 holds true here, as well).

Ungauged limit.

Zi* (k=1);
—1+2|1ZA
Jim 5=~ J;A| " Az _ (11.75)
L= L —1+|Z%A
7|A£| £ (k=-1).
A priori, the hyperbolic geometry further constrains the attractor such that
—1+|Z2]*Az > 0; —14|2)? Az <0;
HIZFAL =00 + |27 AL <05 (11.76)
Ap >0 Ap <0;

however, the limit Az — 0 corresponds to the limit V' — 0, and thus, from (7.6), one can
conclude that the k = 1 case is allowed (in other words, the x = —1 consistency condition
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12
%ﬂ“ > 0 never holds). When M, is symmetric, the 2-polarizations of the quartic

invariant (3.8)—(3.22) respectively read

L = |z (11.77)
L = |Z[ Re(27L;); (11.78)
I = —§|zi|2\£|2—§72(§,z,2,£ +§Re2 (272;) +1m? (27L;) ; (11.79)
1y = — (4] +Az) Re (27Z;) ~Tm (£N3 (£,£,2)) ~Re (R (L, 2,L,£) )5 (11.80)
I, = A%-ﬁ-g IL° A, (11.81)
where

R (ZZ,Z, L) = R 2 2L L (11.82)
R(L,2,L.L) = Ryl 2L (11.83)

are suitable polarizations of the sectional curvature (11.69), and
N3 (L. L, 2) = C L L2, (11.84)

Summary. The sub-class 1.6 describes only “large”, asymptotically non-flat and non-
supersymmetric extremal black holes characterized by the bound (11.72), as well as
by (11.73). The spatial asymptotics of the extremal black hole is controlled by the asymp-
totic, critical value of V: by assuming that such a value belongs to the class V.3, it
corresponds to the asymptotical value of Az, In turn, the evaluation of A, at the event
horizon determines the near-horizon geometry: when Az > 0, (11.72) must hold and only
k = 1 is allowed; on the other hand, when A, < 0 (11.72) is automatically satisfied, and
no restriction on the horizon geometry holds.

I.7. This sub-class is given by “Vpg.3®V.1” | and thus it is characterized by

i FIFER
vi, 4 21T TazlinE 2 (11.85)
L;=0.
This forbids the existence of a BPS subsector, and moreover yields
Ven =4|Z> + Az > 0, V =-3|L <0;
[if placed at spatial infinity: AdS,]
(11.86)
_ 2 2
S = wVig = n+\/1+126(|4£\|f| +Az)|L| >0
Ungauged limit.
41ZP+ Az (k=1 ;
—i+ 146 (4|27 + Az) | 2+ 2z (s =1)
S — i _ (11.87)
|£]=0 6|L] —1+3(4|2)°+Az)|£)

5127 (k=-1).

~ 99 —



The hyperbolic geometry would further constrain the attractor such that —1 +
3 (4 12> + Az) |£]? > 0; however, the limit |£| — 0 corresponds to the limit V' — 0~, and
thus, from (7.6), one can conclude that only the xk = 1 case is allowed (in other words, the
k = —1 consistency condition —1 + 3 (4 1Z> + Ag) |£|* > 0 never holds). When M, is
symmetric, the 2-polarizations of the quartic invariant (3.8)—(3.22) respectively read

L = -16]|2|* + AL - §AZ 1Z)?; (11.88)
Az Az
L::—z(zy+ )rm(zz)+203|+-3 )RﬂZﬁﬁ (11.89)
_ 1 2 2 2 (27) .
I =3 (2127 +Az) 1L + gRe (2z); (11.90)
I, = |£[°Re (2Z); (11.91)
I, =|C*. (11.92)

Summary. The sub-class 1.7 describes asymptotically AdS; and non-supersymmetric
extremal black holes, with no restrictions on the near-horizon geometry (the observation
done in footnote 18 holds true here, as well).

1.8. This sub-class is given by “Vpg.3QV.2” | and thus it is characterized by

Z; = CZ 'z
Vi, J’“J (11.93)
L£L=0, kaﬁ ' =o.

This forbids the existence of a BPS subsector, and moreover yields

VBH:4’Z’2+AZ>0, VZ’ﬁi’2>0;
[if placed at spatial infinity: dS,]

(11.94)

k—/1-4(4] 2] —I—Ag)|L|

§=rVest = 2L,

>0,

which does not allow for flat or hyperbolic near-horizon geometry, within the condition
1-4 (412 +Az) 1L > 0. (11.95)

Saturation of consistency bound (11.95). When (11.95) is saturated, the entropy
boils down to a very simple expression, valid only for k = 1,

= =242+ Az), 11.96
SET (4127 + Az) (11.96)

which represents an extremal black hole with spherical horizon and dS4 asymptotics (the
observation done in footnote 18 holds true here, as well).
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Ungauged limit.

41ZP+ Az (k=1);

|£i|=0 21L;? —14+(4Z212+A2) |12
| l| ( | ||£z|2 Z)‘ 2 (’%: _1)'

(11.97)

Again, the hyperbolic geometry would further constrain the attractor such that —1 +
(4 1Z> + Ag) |Li|*> > 0; however, the limit |£;] — 0 corresponds to the limit V' — 0,
and thus, from (7.6), one can conclude that only the kK = 1 case is allowed (in other words,
the k = —1 consistency condition —1 + (4 1Z|? + Az) |£5]* > 0 never holds). When M, is
symmetric, the 2-polarizations of the quartic invariant (3.8)—(3.22) respectively read

L = -16|2|"+ A% - gAg 1Z%; (11.98)
I = — (4 121% + AZ) Re (z’Zz) ~ Re (R (Z L, Z, z)) + 2Re (ZQZE) © (11.99)
I, = —% 1L (4 12 + Ag) - gn (ZZ,Z, c) - §Im2 (z’Zz) : (11.100)
11 = |Li" Re (27L;) (11.101)
I, =L (11.102)

Summary. The sub-class 1.8 describes asymptotically dS4, non-supersymmetric ex-
tremal black holes characterized by the bound (11.95), and having only spherical (k = 1)
near-horizon geometry (the observation done in footnote 18 holds true here, as well).

1.9. This sub-class is given by “Vpr.3®V.3” , and thus it is characterized by
2z, =10, 22"
i, d ez (11.103)
L= icijkﬁ L,
yielding
VBH:4’Z’2+A2>0, V:AL;

m—\/1—4<4|2|2+Ag> Ar (11.104)

0
9N, >

S = kVegg =

with the following conditions:

14 (412 +Az) Az > 0; (11.105)

Ap # 0. (11.106)

Thus, since Az # 0, this class does not exist when M, is symmetric (and whenever
DmE@Uﬂ;l—) = 0; cf. discussion in section 10). Moreover, there is no an asymptotic

Minkowski solution in this sub-class (the observation done in footnote 18 holds true here,
as well).
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Saturation of consistency bound (11.105). When (11.105) is saturated, the entropy
boils down to a very simple expression, valid only for k = 1,

_ 1t _ 2
S_E_2(4\zy +Az), (11.107)

which represents an extremal black hole with spherical horizon and dS, asymptotics (again,
the observation done in footnote 18 holds true here, as well).

Ungauged limit.

4122+ A =1);
k=1+2(4]2 +Az) A 2"+ Az (k=1);
lim S = — (11.108)
Ar—0 2A, —1+(4|ZP+A5) A,
s (k=-1).

As in previous cases, the hyperbolic geometry would further constrains the attractor such
—1+(4|2]P+Az)A
that “FUEHAz)A
L

thus, from (7.6), one can conclude that only the k = 1 case is allowed (in other words, the

. .. —1+H(4ZP+Az)A . .
k = —1 consistency condition (4 Lj z)Ac > 0 never holds). When M, is symmetric,

> 0; however, the limit Az — 0 corresponds to the limit V' — 0, and

the 2-polarizations of the quartic invariant (3.8)—(3.22) respectively read

8
I, = 162"+ A% — JAz 1Z?; (11.109)

L= (|Z|2 + A;) (22+ZL- 2L, 2'L)) +
+§Re (32207Z;+ 2L (3212 + Az) )| —412°Re (2L);  (11.110)

10_3<2|Z| +5 )(2\£\ +25)+

—gRe 2 (2L - Z:7)| +

—é |67CCsmdZ" 27 L) + %Re (Zezr'); (11.111)
L= (leP + A;) (22+ZL- 272, 2'L)) +

—%Re (32072 + 2L (3|12 + Ag) )| — 4ILPRe (22);  (11.112)
I,=A%+ g L] A (11.113)

BPS sector. At the BPS critical points of this sub-class, (4.3) and the definitions (9.10)
and (10.10) yield

Az = S%Ag, (11.114)
and thus
Vi = S (41£]° + Ac) >0, (11.115)
which in turn implies
K 2
S = =26 (2|2 + Az), (11.116)
2(212]” + Ar) ( )
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which can be obtained by plugging (9.7) and (10.7) into (8.2). The expression (11.116)

constrains the near-horizon geometry, depending on sgn(Az) uliM)sgn(A r). For Az >0,
only k = 1 is allowed; for Az < 0, the bound (11.105) yields
2 2 1
41 Z" >4|1ZI"+ Az > —, (11.117)
4A

which in principle admits both signs of 2|Z|* + Az: when 2|Z|* + Az > 0, once
again only spherical (k = 1) near-horizon geometry is allowed; on the other hand, when
2|Z|* + Az < 0, only hyperbolic (x = —1) near-horizon geometry is allowed. When M,
is symmetric, the 2-polarizations of the quartic invariant (11.109)-(11.113) can be further
simplified as follows:

I = —16|Z|'+ A% — gAZ 1Z)?; (11.118)
I = f§g|2i|21m22; (11.119)
Iy = # (2\212 + A;’)Q - 2 |?2’2Re22 + ?3‘22‘2‘2 (11.120)
I, = %Sﬂ&ﬁlmz% (11.121)
I, = %A% + % 1Z]* Az, (11.122)

Summary. The sub-class I.9 describes asymptotically non-flat extremal black holes char-
acterized by the bound (11.105), as well as by (11.106). The spatial asymptotics of the
extremal black hole is controlled by the asymptotic, critical value of V: by assuming that
such a value belongs to the class V.3, it corresponds to the asymptotical value of Ay. In
turn, the evaluation of A, at the event horizon determines the near-horizon geometry:
when Az > 0, (11.105) must hold and only x = 1 is allowed; on the other hand, when
Ay < 0 (11.105) is automatically satisfied, and no restriction on the horizon geometry
holds. Such black holes can be supersymmetric (i—BPS), a priori admitting both spherical
and hyperbolic horizons, once again depending on sgn(Az) =sgn(Ar): when Az > 0, only
k = 1 is allowed, whereas when A, < 0, only x = —1 is allowed.

11.2 Class 11

The class II of critical points of Vig is such that both 0;Vpr # 0 and 0;V # 0, but nev-
ertheless 0;Vog = 0, because 0;Vpy and 0;V are suitably proportional, as given by (11.2).
Note that the ungauged limit is ill-defined in this class, since it would imply Veg — Vg
(cfr. eq. (7.6)), but 0;Veg = 0 — 0;Vpy # 0. As we will see below, the class IT of critical
points of Vg splits into 15 sub-classes.

11.2.1 Q-sector

Since (cfr. (9.1))
OiVpr = 222, +iCyj 2 2", (11.123)
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one can compute23
0. Veu|? = ¢90;Veud;Ven = 2|Zi* +4|Z*|Zi|* + R (Z) — 4Im (ZNg(ZZ?))
16 - —
= L+ Viy — 5 m (2N3(2,2,2)) > 0. (11.124)

From section 9, we recall that Z; = 0 is a sufficient condition for 9;Vgy = 0; thus, the
critical points of Vg of class II will be characterized by the condition

Z; # 0 for at least some i’s. (11.125)

Thus, for a non-vanishing Q, in the Q-sector (flux sector) we can then recognize three
sub-classes of critical points of Vg of class II:

0.1 Im(ZNg(Z Zé)) =0
Q.2 IQ = 0;
0.3 generic, with non-vanishing Iy and Im (ZNg (2,2, ?))

11.2.2 L-sector

Since (cfr. (10.1)) ,

one can compute24
OV = gP0V OV = 2|Lif* + 4[LP L + R (L) + 4Im (LN3(L, L, D))
= T o+ V2ri16|L* -8V |L]* + glm (CNg(Z,Z,Z)) >0, (11.127)

From section 10, we recall that £; = 0 is a sufficient condition for 9;V = 0; thus, the critical
points of Veg of class IT will be characterized by the condition

L; # 0 for at least some i’s. (11.128)

Thus, for a non-vanishing £, in the L-sector (gauging sector) we can then recognize five
sub-classes of critical points of Vg of class II:

£1 n(LNs(L,L,2)) = 0;

L2 1 5=0;
L3V =0;
L4 L=0;

L.5 generic, with non-vanishing I_5, V', £ and Im(ENg(Z, L, Z))

ZNote that, since M, has not been specified to be symmetric, the I» in the second line of (11.124)
may also depend on scalar fields coordinatizing M, (which in (11.124) as well as in conditions Q.1-Q.3 are
understood to be stabilized at the critical points of Veg).

% Note that, since M, has not been specified to be symmetric, the I_» in the second line of (11.127)
may also depend on scalar fields coordinatizing M, (which in (11.127) as well as in conditions £.1-£.3 are
understood to be stabilized at the critical points of Veg).
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11.2.3 General properties
On the other hand, from (11.2), at the class IT of critical points of Vg it holds that

(Ver — Verr)

0iVBH = v

oV, Vi, (11.129)

and thus?®

(Vr — Ver)?
V2

Further equivalent expressions, involving Io, I_5, Vg and V can be obtained by plug-

ging (11.124) and (11.127) into (11.130).

MOI’GOVGI', one can compute:

EAZY: 8,V [%. (11.130)

§70VendV = 2 (Z,L7) — ALZZL - %LN; (L.2,2)
~2(ZN3(2,L,L)+ R (Z,L,Z.£), (11.131)

where N3 (Z, Z, 7) and R (?,E,?, E) denote suitable polarizations of the cubic form
associated to Cjji and of the sectional curvature (11.69), respectively,

Ny (Z,Z?) = Cul 22" (11.132)
R (Z LZ, /:) = R, 2 2L (11.133)

While (11.124) and (11.127) are manifestly real, (11.131) seems a complex quantity, but
actually, it is a real one. Indeed, from (11.129), it follows that

(VBr — Verr)

970 Vo,V = v

18,V %, (11.134)
which is a manifestly real quantity, thus implying that

0=Im (giﬂ'aiVBHajV)

2 (Zﬁ)Q ~ALZZT - ALN; (L.2.2)
_9ZN5(Z,L,L)+ R (Z LZ, E)

= Im

(11.135)

Recalling that, from (6.2), the critical values of kVeg determine the Bekenstein-Hawking
entropy S (in units of 7), the relations (11.129) allows to obtain S at critical points of kVeg
(or, equivalently, of Vig) of the class II, also in the non-supersymmetric case. Indeed,
from (11.129) one obtains that (Vi, no Einstein summation on dummy indices)

0iVBu

SZHVBH—HV &‘V .

(11.136)

25Eq. (11.130) holds Vi, and thus a fortiori when summed over i (namely, when |3;Vzr|* and |9;V|* are
given by (11.124) resp. (11.127)).
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In order to relate S to the quantities |8;Vag|* (11.124) and |8;V|* (11.127), one can observe
that (11.130) entails an inhomogeneous quadratic equation®® in S,

EAZT I

Vi — 2Veu Ve + Vi — V2 Ve " 0, (11.137)

whose solution reads

1 2 2 ALY {%
KVei+ = St =kVpg £ 3 AVE, —4 (VR —v2IBBHL

EAdE

0 Vpu|? Ve l*
= kVpi £, vz"a%':fevmﬁw W. (11.138)

The sign of the first term in the r.h.s. of (11.138) is x, whereas the sign of the second
term is +. In order to maximize the entropy, the “+” branch should be chosen. By
recalling (11.124) and (11.127), one thus obtains the following expression for the entropy
S at the critical points of Vg of class II (regardless of their BPS properties and of the
symmetricity?” of M,):

212" + 4|2 |Z[° + R (2) - 4Im (Z2N3(Z, 2, Z))
S = kVpy + |V| - — — (11.139)
2(Li|* + 4 1L [Li + R (L) + 4m (LN, (L, L, L))
—Iy + V3, — ¥8Im (ZN;3(Z, Z, 2)
= KVph + |V = <2 ., (11.140)
—L,+ V2416[L]* = 8V [£]* + §Im (LNs(Z, L, D))

which can thus be evaluated in the various sub-classes of class II (see below).

We should also observe that, for what concerns the BPS sector, one obtains nothing
new. Indeed, the BPS conditions (4.2)—(4.3) plugged into (11.123) and (11.126) allow to
elaborate (11.136) for the BPS entropy as follows:

S = kVpy +KkVS? & kVS? — S+ KkVgy = 0. (11.141)

Such inhomogeneous quadratic equation in S is consistent with S = kVeg (namely, (6.2) at
the BPS critical points of Vg) by suitably choosing the “+” branching (in the determination
of the roots of (11.141)) and the value of x such that +x = —1.

From previous treatment, it follows that the class II of critical points of Vg splits into
15 sub-classes, given by the combinatorial product (denoted by “®”) of the possibilities in

2Eqgs. (11.137) and (11.138) hold Vi, and also when [9;Vpx|® and [9;V|* are given by (11.124)
resp. (11.127).

27 Again, since M, has not been specified to be symmetric, the Iy and I_» in the second line of (11.140) may
also depend on scalar fields coordinatizing M, (which in (11.140) as well as in section 11.2 are understood
to be stabilized at the critical points of Veg).
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the Q- and £- sectors (namely, inthe flux sector and in the gauging sector):

L4:L=0;
L.5 : none of Im (ﬁNg(Z, LC, Z)) ,I1_5,V and L vanishing,

G-sector

with the generic sub-class being given by the case®® “3®5”.
I1.1. This sub-class is given by “Q.1®L.1” , and thus it is characterized by
Im (2N5(Z,2,2)) =0 =Tm (LN;(Z, L, L)) ;

therefore, from (11.140), its entropy reads

I+ V24+16[L]" -8V |L]*
11.2. This sub-class is given by “Q.1®/L.2” | and thus it is characterized by

SZKJVBH—F‘V’\/

{ Tm (ZNg(Z Z, ?)) —0:;
I,Q = 0;

therefore, from (11.140), its entropy reads

—L+ Vi
V2 16]£[" — 8V [£]” + §Im (LN3(Z, L, Z))

S:HVBH+‘V’$

I1.3. This sub-class is given by “Q.1®/L.3” , and thus it is characterized by
{ m (ZNg(Z Z, ?)) =0;
V =0;
therefore, from (11.140), its entropy reads
S = kVpmu,

(11.142)

(11.143)

(11.144)

(11.145)

(11.146)

(11.147)

(11.148)

which is meaningful only for k = 1, i.e. for spherical horizon. Despite the (assumed)

non-vanishingness of the gauging vector G, the extremal black holes of this sub-class have,

formally, the same entropy and the same asymptotical behaviour of their counterparts in the

ungauged limit; of course, such a similarity is only formal, because in general V|4, a=0 7

VBH| gy, —0> thus their entropy will generally be different.

Z8Throughout the present treatment, the first number denotes the sub-class in the Q-sector, whereas the

second number denotes the sub-class in the L£-sector.
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II.4. This sub-class is given by “Q.1®L.4” | and thus it is characterized by
Tm (ZNg(Z Z, ?)) = 0;
L=0;

therefore, from (11.140), its entropy reads

—L + Vi, — ¥im (2N3(Z, 2, Z)
GICCmnl L LT LT '
I1.5. This sub-class is given by “Q.1®L.5” , and thus it is characterized by
Im (2N3(Z, 2, Z)) = 0;
{ none of Im (ENg(Z, L, Z)) ,I_9,V and £ vanishing;

S =xVey + ‘ﬁz‘g

therefore, from (11.140), its entropy reads

—L+ Viy

S:/{VBH+|V|J

No BPS sector is allowed in this sub-class.

I1.6. This sub-class is given by “Q.2®/L.1” | and thus it is characterized by

IQ = O;
{ Im (LN3(Z, 2, L)) = 0;

therefore, from (11.140), its entropy reads

Va3 — ¥1m (2N3(2,2,2))
I, +V2+16|L* -8V |L]*
I1.7. This sub-class is given by “Q.2®/L.2”, and thus it is characterized by

I, =0
I,Q = 0;

therefore, from (11.140), its entropy reads

S:HVBH+|V‘\J

S =kVpy +1|V]|

V3 - %m (2Ny(Z, 2, 2))
V2+16]L[* = 8V [£]” + §Im (LN3(Z, L, L))
I1.8. This sub-class is given by “Q.2®/L.3” | and thus it is characterized by

I, =0;
V=0,
therefore, from (11.140), its entropy reads
S = KVBH,

I+ V2416 (L] — 8V [£]* + SIm (ENs(Z,Z, Z)) '

(11.149)

(11.150)

(11.151)

(11.152)

(11.153)

(11.154)

(11.155)

(11.156)

(11.157)

(11.158)

which is meaningful only for x = 1, i.e. for spherical horizon. Considerations analogous to

the ones made for the sub-class I1.3, hold here, as well.
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I1.9. This sub-class is given by “Q.2®L£.4” | and thus it is characterized by

IQZO;
L=0;

therefore, from (11.140), its entropy reads

S = kVeH + ‘ﬁifz

Va3, — ¥im (2Ny(Z, 2, 2))
GICCmnl L LTLT

I1.10. This sub-class is given by “Q.2®L.5” | and thus it is characterized by

I,=0
{ none of Im <£N3(Z, L, Z)) ,I_5,V and L vanishing;

therefore, from (11.140), its entropy reads

S:KJVBH—F‘V’ ; —.
—I_2+V2+16\£\ — 8V |£]* + §Im (LNs(Z, 2, 1))

No BPS sector is allowed in this sub-class.

I1.11. This sub-class is given by “9Q.3®L.1” , and thus it is characterized by

Im
Im

therefore, from (11.140), its entropy reads

ZN3(Z,Z é)) £0, Io £0
LN3(L,Z, L)) = 0;

~T+ V3, — ¥Im (2N3(Z, 2, 2))
1, +V24+16|L)" -8V L)

S =kVpa +|V| J
No BPS sector is allowed in this sub-class.
I1.12. This sub-class is given by “Q.3®/L.2” | and thus it is characterized by

{Im (ZNg(Z Z, ?)) £0, I, £0
I_2 = 0;

therefore, from (11.140), its entropy reads

~I + V3, — BIm (2N3(Z, 2, 2)
V24 16]L[* = 8V [£]” + §Im (LN3(Z, L, L))

S =kVey + |V’

No BPS sector is allowed in this sub-class.
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(11.160)

(11.161)

(11.162)

(11.163)

(11.164)
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I1.13. This sub-class is given by “Q.3®L.3” , and thus it is characterized by

Tm (ZNg(ZZ z)) £0, I, £0 11.16)
V =0;
therefore, from (11.140), its entropy reads
S = KVBH, (11.168)

which is meaningful only for x = 1, i.e. for spherical horizon. Similarly to sub-classes
I1.3 and I1.8, despite the (assumed) non-vanishing of the gauging vector G, the extremal
black holes of this sub-class have, formally, the same entropy and the same asymptotical be-
haviour of their counterparts in the ungauged limit, Again, since Veg| OVug—0 7 VB | Py —
their entropy will generally be different.

II.14. This sub-class is given by “Q.3®L.4” | and thus it is characterized by

m (ZNS(Zzz)) £0, I, £0 (11.169)
L=0;
therefore, from (11.140), its entropy reads
—I, + V3, — ¥Im (ZN3(Z, Z, 2)
S = kVg + |Li]2 b — 1 ) (11.170)

§1CCmnl L LT LT
No BPS sector is allowed in this sub-class.

I1.15. This sub-class is given by “Q.3®L.5” , and thus it corresponds to the generic case,
in which none of Im(ZN;;(?, Z, ?)), 1o, Im(ﬁNg(Z, L, Z)), I_5, V and L is vanishing.
The entropy is thus given by the general expression (11.140).

12 Taxonomy

By way of example, in this section, we report the main features of some known solutions of
static and extremal BHs to N' = 2, D = 4 supergravity coupled to vector multiplets (in the
STU model, in the axion-dilaton @Hnodel, and in the 7° model), with U(1) FI gaugings.?’
It is here worth remarking that a complete taxonomy of all known solutions goes beyond
the aim of the present paper. Since the classification of each known solution requires a
detailed treatment and a good deal of computations, we will report on it in a future work.

12.1 Electric STU

We start and take under consideration the electric STU model [28], defined by the holo-

morphic prepotential

X1X2X3
X0

29Tn such a framework, non-extremal solutions have been discussed e.g. in [77, 78] and [46].

F = (12.1)
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Introducing the usual coordinates

Xl X2 Xl
Szzﬁv t::ﬁa U::ﬁv

the symplectic vector V can be written as
Y = K72 (1, s, t, u, —stu, tu, su, st)T,
and the Kahler potential and the target space metric are
K =—log(—8ImsImtImu),

gss = — 9t = —

(s 57 (t—1°

We make the following choices for the charges (i = 1,2, 3)
G=1(0,¢' 90,07,  Q2=(p°0,0,¢)",
with ¢' = g and ¢; = ¢; then, the central charges and their derivatives are

Z = -2 [q(s+t+u)+postu} ;
L

= " [—go + g (tu + su + st)];
z, = ¢ Ostu| — eK/2 Otu) ;
s = o 4t u) Hpstul —e (a+ptu);
. K/2 .
1€
j. A 0 _ K/2 0 .
f STt _q(s+t+u)+pstu_ e (q—{—psu),
. K/2 .
1€
Z, = ~ i | (s+t+u) —i—postu_ — K72 (q—i—post) :
L, = ieK/z[ + g (tu + su+ st)] + ge'/? (u+ 1)
s — 2Im5 gqo gltu SU S ge u 5
Lo = et g (bt sut st)] & e (s 4 u)
t — QImt go gltu SU S ge S u),
L, = ieK/z[ + g (tu+ su+ st)] + ge'/2 (s + 1)
u = olmu 90 gltu SU S ge S .

We now calculate the derivatives of the symplectic vector V:

_ i K/2 _ T
Vo= gr—Ve (0, 1,0, 0, —tu, 0, u, t) :
_ i K/2 _ T
Ve= gV e (0,0, 1,0, —su, u, 0, 5)
_ ; K/2 B T
Vu=gr—V+e (0, 0,0, 1, —st, t, s, 0) :
DV, = iVS;
Ims
i i i T
DV, = _ K/2 B ) .
uVs QIHI’U,VS T 2Ims <Vu QImuV) te (O> 07 07 07 t, 07 y 0) )

: : . .
DV, = —V + — (Vt— ! V>+eK/2(0,0,0,0,—u,0,0,1).

2Imt 2Ims 2Imt
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(12.3)

(12.4)

(12.14)
(12.15)
(12.16)
(12.17)

(12.18)
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Taking the symplectic products of these derivatives we can calculate the only non-zero
element of Cjjy,
Vi, DuVs) = Cspu = —1, (12.20)

then the solution belongs to Class I1.15: = Q. 3®L.5.
Next, we take all scalar fields equal s =t = u = —iy and this yields to

1 1
K =—log(8y%), "?=—=, = p"=—(-1+3g9), (12.21)
8y 90

while for the central charges we have

1
Z =il (3q +—(1—3gq)y ) L= —e""(go+ 39y°). (12.22)
90
Then, the non-vanishing 2-polarizations of the quartic invariant are given by the following
expressions
1
L=—4p'¢,  Lo=dgg’,  To=—c(1-1299+249°), (12.23)

and the entropy of extremal (3-)BPS black holes reads

J 31 \/3610 415 \/1 +2(1 — 4gq)/1 — 16gq + 48g2¢% — 3(1 — 4gq)?
2I_, 9og®

I 2

)

(12.24)
corresponding to (5.23) with the choice of the branch “+” (for entropy maximization).
From the discussion in section 5, one can immediately observe that the BPS extremal
black holes of this example satisfy the condition (5.31).

12.2 Magnetic STU

In the previous section, we have considered the electric STU model in the symplectic frame
defined by (12.1), in which the quartic invariant reads (cf. (3.8)—(3.9))

L = I4(Q) = —(0°q0 + 'q:)* + 4qop'p°p® — 4p° 014203 + 4(p' P’ 12 + ' PP 0103 + P* P’ 42g3).

(12.25)
By performing a symplectic transformation defined by the following matrix [28]:

-10000 0 0 O
00000 -1 0 O
00000 O —-10
00000 O 0 —1

S=|0000-10 0 0], (12.26)
01000 0 0 O
00100 O O O
00010 O 0 O
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one can switch to the so-called magnetic symplectic frame defined by’

Fsry := —2ivXOX1X2X3, (12.27)
and
4 T \T
S(p"p'a0.a) = (=0 —ai,—a0.9') (12.28)
T T
S (1, s, t, u, —stu, tu, su, st) = — (1, tu, su, st, —stu, —s, —t, —u) , (12.29)

and in which the quartic invariant reads

1,2 3

I, = —(p°q0 — P'¢:)? + 4g0q1 9203 + 4p°p' p*p® + 4(p'P* 0142 + ' PP 0143 + P*PPq2q3). (12.30)

Now, we present a new non-BPS solution (with hyperbolic horizon) to this prepotential
(I =1,2,3). For details, see appendix C; note that only the scalar 7 is running, whereas
79 and 73 are frozen at their asymptotical values, which are critical points for V itself:

dr?

2 _ 2 2 A2 2 12 2\ .
ds* = —Ar)de* + s+ (r? = A2) (d6? + sinb® 9dg? ) ; (12.31)
(64)%a® + G (VG + 4 (r* — A?) (-A%G + Gr? - 8))

A(r) = - 12.32
") ( 32G (12 — A?) ’ (12.32)
= gogi - (r Ty = 9092, - 90937 (12.33)

9293 9133 9193
r—A
= 12.34
T(r) = X (12.34)
(r+A)
go(r—A)
ab (r+A) a
Fl = (&)= | 9478 | dt Adr + (£)1— sinh 0.d0 A dg. (12.35)
64(r? — A?) | 2 g1
g2(r+4)
(r—A
g3(r+A4A)

This solution represents a non-extremal black hole in AdS4 with electric and magnetic

charges
a
G= 64+/90919293, g1 > 0, p[ = (ﬂ:)[;, qr = (:l:)]bg[, (IIO sum on [), (12.36)

where (£); is a vector in which in each component one can choose between the values
+ = {+1,—1}. When the extremality condition

(64)2a%G? + b*°G* < 64 G? (12.37)

is saturated, the unique event horizon is located at

1
=A%+ o (12.38)

30This symplectic frame can be obtained from the N = 2 truncation of the SO(8) gauged N' = 8
supergravity [34, 71].
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The Bekenstein-Hawking entropy reads

s_4_ (%—(6’4)2@2 — bGP+ 64 4> (g—1), (12.39)

T 4 2G G

where we compactified to a Riemann surface of genus g. The entropy in the non-BPS
(and non-extremal) case still does not depend on the values of the scalars, but only on the
values of the charges. This might seem quite unexpected, since the attractor mechanism
in the non-extremal case would not work. In fact, there is no attractor mechanism, and
the non-extremal (non-BPS) BH entropy would depend also on the asymptotical values of
scalar fields, which however are stabilized in terms of the gauging parameters and of the
BH charges in the asymptotical background (as critical points, actually local minima) of
the gauge potential. Thus, the non-extremal BH entropy may be recast in an explicit form
depending only on the BH charges and gauging parameters supporting the solution under
consideration. The potentials read

64a®>  GbB2\ [ 1+ |7|? 1 (64a> GbB*\ (721
Vpn = 0-Veg = = ;o (12.40
B ( G 64)( Rer )0 OVon=5("G "o )\ ez )i 1240

G 1+ |72 G [1-72
_ Gy V=2 (12T, 12.41
v 16 ( + Rer ’ oV 32 \ Re2r ( )
0.,V =0, 9.,V =0, (12.42)

while the effettive potential is defined by (D.19) with x = —1.
Focusing on the extremal case, we can take the branch which allows the limit b = 0
which is supersymmetric, namely

1

= —V64 — b?G?; 12.43
a= o , (12.43)
the entropy density reduces to the supersymmetric value (cf. (6.12))
S 4 1
S (12.44)

VG 161/90919293

At the unique event horizon, we have the following values

é - ‘ /9091 VAIG +4 - AG
G’ i 9293 VA2G 4+ 4+ AG’
4

0 Vgl = 0, (12.46)

Bly = (12.45)

%H‘H = G,
and we see that these configurations are extremizing the effective potential. It is here worth
remarking that (12.44) yields

_ 16 9.Vl
@ oV

consistent with the result (8.7) for BPS critical points of Vog. Since 0, Vpm|g # 0 and
0+ Vg # 0, one concludes that such BPS critical points of Vg belong to class II1.15 ,
discussed in section 11.2.

S2 (12.47)
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It is here worth remarking a curious fact: by varying the value of the parameter A,
one can switch between class I1.15 and class 1.1 of critical points of Vg, respectively
discussed in sections 11.1 and 11.2. In fact, a (continuous) deformation of one into the
other can be achieved by suitably choosing the parametric dependence of the scalar fields
7r’s. By setting

A =0, (12.48)
one obtains
T=1; (12.49)
01Vee =0, (12.50)
orvV =0, (12.51)

thus corresponding to the sub-class 1.I:= Vpy.1®V.1, since for the extremal solution at
the horizon holds that

2 G

Van = |27 = 5 V=-3|L=-3_. 12.52
o =121 = 2., o = -3 (12:52)
By considering the entropy formula (11.14), one consistently obtains the result (recall that

k=-1)
S=—2k|Z|*= %,

for any extremal black hole. This is a very interesting phenomenon, whose investigation

(12.53)

in detail is left to future work; here, we confine ourselves to observe that the transition
from A # 0 to A = 0 as specified by (12.48) corresponds to a transition among different
classes of critical points of Vg which, in a symmetric model like the STU model, should
correspond to a transition among different duality orbits in the representation spaces Q
and G. Namely, we have transited from class I1.15 to class I.1 by imposing (12.48); this
cannot be achieved by a U-duality transformation, but rather through a symplectic finite
transformation belonging to the pseudo-Riemannian coset Sp(8,R)/SL(2, R)3.
With the choices .

ol = 55" qr =0, (12.54)
the extremal critical point becomes (%—)BPS, and the corresponding BPS entropy enjoys the
expression (5.41), thus belonging to the noteworthy BPS sub-class discussed in section 5.3.1.
One can thus conclude that the BPS extremal black hole supported by (12.48) and (12.54),
belonging to the BPS sub-sector of class I.1 of critical points of Vg, is characterized
by (5.32), and provides an example in which (5.31), and thus (5.39), is satisfied.

Finally, by performing the further identifications

Qo

90,91 — go/2 92,93 = §2/2, =

we get the static solution to the axion-dilaton model [13, 63] F = —iX°X! presented in
the next section.
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12.3 CP"

Starting from the STU model, in order to obtain the minimally coupled model of N' = 2,
D = 4 supergravity with CP' vector multiplet’s scalar manifold in the symplectic frame
defined by

F = —iXX", (12.55)

one needs to identify the contravariant symplectic sections as follows:

X% = X°/V2, (12.56)
X% = x9//2, (12.57)
X' = X1/V2, (12.58)
X3 = X'/V2, (12.59)

thus getting that the quartic invariant boils down to be the square of a quadratic invariant:

I, = (qoq +p°p")% (12.60)

We now present the investigation of the attractor dynamics of the complex scalar field
(axion-dilaton) within a subclass of extremal solutions previously found in [13] and [63], in
presence of U(1) FI gauging. These correspond to the choices (4 =0,1)

G=(0,94)", Q= (wp",0)". (12.61)

The symplectic section can be parametrised in terms of the complex scalar field 7 by
choosing X? =1, X! = 7, so that the holomorphic symplectic section reads (cf. (2.16))

5= (1,7 —ir, —i)T, (12.62)

where T coordinatizes M, = CP'. The Kahler potential and the non-vanishing components
of the metric of the scalar manifold are respectively

e ® =4Rer  g;z = g7r = 0,0; K = (2Rer) 2. (12.63)

By recalling (2.16), the Kéhler-covariantly holomorphic symplectic section reads

1
2V Rer

Its derivative and the central charges respectively read

V:

9. (12.64)

j— 6K/2 . . T
DY =V, = Ty (—1, T, i, —1) ; (12.65)
Z:=(Q,V) = —ie" 2k (p° + p'), (12.66)
L:=(G,V) = —4gog1e"*(p° + p"), (12.67)

and the derivative of the central charges is
K /2

D, Z=(Q,V,) = im?(pl —p°7). (12.68)
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Since also this model is symmetric, one can compute the 2-polarizations of the quartic
structure that, by virtue of (12.60), is non-primitive (namely, the square of a quadratic
invariant structure; see footnotes 5 and 11):

L = (pp')?, (12.69)

I, =0, (12.70)
1

Ip = 20" g001, (12.71)

I, =0, (12.72)

I, = (gog1)> (12.73)

In this noteworthy subclass, as discussed in section 5.3.1, from (5.41) the BPS extremal

(5.39) pl
\/7 \/ \/ 9091 (12.74)

We should recall that in [13] and [63] the following identifications were made:

black hole entropy reads

1 1

0 1

D , p . 12.75
490 4g1 ( )
resulting into the entropy (12.74) to simplify down to

1
49091 '

(12.76)

When the solution presents an hyperbolic horizon, S denotes the entropy density, and one
can compactify to a Riemannian surface of genus g, and the identification with the above
formalism is trivial, since

V = dn(g - 1). (12.77)

12.4 T3

Finally, we consider the solution in [72] for the model with prepotential

(xh)?
with non vanishing FI U(1) gauging parameters go = g&o and g' = g¢!'. The BH solution
has one magnetic charge p® and one electric charge ¢;. The charges and the constants of

the solution are

o_ 1 8(g&*1)? 1 (3 8(gs'B)?
= ( = ) L m=E g (8 - 3> : (12.79)
1 3 32
/BO = 55517 a’ = j:47€0’ a1 = :F47§17 c=1- 3(95161)2. (12.80)
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Then, the central charges and their derivatives read

3 8 1\2 1 8 1\2
5 —3(bug’) s +3(b1g
Z = —K/2 (33(8 (9?) —32<8 (09?) : (12.81)
n 90
L= el? (39132 - go) , (12.82)
§ 55" s+ 589"
D2 = —iez K2 ((8 > ) e (545 ) : (12.83)
2Ims a1 9o
DL = 572391 s% — gp), (12.84)

where s is the only scalar field and K is the Kéahler potential as usual. The I, quartic
invariants read

L = —4p,  I_5=4go(¢g")>

Thus, £, I_5 and Iy are non-vanishing, and exploiting the above results it is straightforward
to show that also Im (L',Ng (L, L, Z)) and Im (ZN3 (Z,Z, Z)) do not vanish, implying that
this solution belongs to the class I1.15: = Q.3RL.5.

13 Conclusion

In this paper, we have considered N/ = 2, D = 4 supergravity coupled to Abelian vector
multiplets with U(1) Fayet-Iliopoulos gaugings.

By exploiting the identities determining the structure of projective special Kéahler ge-
ometry endowing the vector multiplets’ scalar manifold in presence of electric and magnetic
BH charges as well as of (generally dyonic) gauging parameters, we retrieved, extended and
generalized various results on the expression of Bekenstein-Hawking entropy of asymptot-
ically AdS4 BPS BHs in gauged supergravity. In doing this, we made use of the quartic
structure (and 2-polarizations thereof) characterizing the U-duality groups of type E7 corre-
sponding to symmetric scalar manifolds. Then, we have presented a complete classification
of the critical points of the effective black hole potential Veg which governs the attractor
mechanism at the horizon of extremal BHs, relating - when possible - the resulting attrac-
tors to the critical points of the gauge potential V' as well as of the effective black hole
potential in the ungauged case, Vppy. In all cases, we have analyzed the existence of BPS
sub-sectors and studied their features. Finally, we have inserted explicit known examples
of asymptotically AdS, static extremal (BPS) BH in gauged supergravity in the aforemen-
tioned classification, and, as a by-product of our treatment, we also have provided a novel,
static extremal BH solution to the STU model, with the dilaton interpolating between a
hyperbolic horizon and AdS4 at infinity.

The classification of the critical points of Vg which we have provided in the present
work will hopefully be instrumental in order to discover and explore new solutions of
Maxwell-Einstein supergravity with non-vanishing gauge potential. Some directions for
possible further developments also concern the extension to the planar case (k = 0), the
coupling of hypermultiplets (cf. e.g. [32, 73]), and the generalization to stationary solutions.
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It is finally worth remarking that an almost uncharted territory is provided by non-Abelian
gaugings of N' = 2 D = 4 supergravity, which just a few works (see e.g. [74-76]) have
hitherto dared to investigate; the question whether in presence of non-Abelian gaugings
an effective black hole potential formalism for the (covariant) attractor mechanism can be
established, still remains unanswered.

Finally, it is worth mentioning that the few examples discussed in section 12 belong
to two classes only. A quick procedure for the identification of a given solution into one
class of our classification is not currently available; actually, a considerable deal of work
and computations is needed in order to do so. While this is of course not an impossible
task, it would nevertheless be helpful to develop some characterization theorems in order
to simplify such an identification. Interestingly, such a characterization would likely also
provide a strategy for the construction of explicit solutions in any given class, or, possibly
otherwise, prove the emptiness of some classes.

A Computation of the r.h.s. of eq. (5.7)

In special Kiahler geometry based on the cubic holomorphic prepotential (3.1), named very
special geometry, the cubic form is defined as (cfr. e.g. [53, 54])

1 Xk X! xm
= — —dgdm [ o ) T [ 2 ) I (S Al
\% B!dklmm<X0> m<X0> m(XO), (A.1)

and the scalar manifold of the corresponding minimal supergravity theory in D = 5 is
defined as the hypersurface at V = 1. In order to compute the contractions in the r.h.s.
of (5.7), we have to recall some basic formule of very special Kédhler geometry. From e.g.
the treatment of [53], choosing the so-called 4D/5D special coordinates’ symplectic frame
and fixing the Kéhler gauge such that X° = 1, with ))g—é = 2l =gt —{V 1/3)\ (such that
%dijkﬁiﬂjj\k = 1, which is a way to rewrite (A.1)), one can define

"%ij = dijk:\k, /%z = dijkj\jj\k, k= dwk&zj\‘yj\k = 6; (AQ)

hij := dijkxk, h; = dijkxja:k, h = dijkxixjazk. (A.3)

Then, the symplectic sections read

X0 1

X 2t
PM _. K2 _ K/2 A4
e I R (A4)

OF

Fi X1

where

K2 = Ly (A.5)

2v/2 ’
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and

F= %dijkzizjzk = %dijk (2 = iVY/ERT) (@7 — V130T (o — iV1/3RE)
= %dijka:ixjxk — %Vl/gdijkxixj:\k — %ngdzjkxi;\j:\k + %Vdijkxij\jj\k
= % - %Vz‘/%xi + iV;/S (—hX 4 2v2/2)
= % - %VQ/%MXW I (—hya'al +2V2/%) (A.6)
and
Fi = g; = %dijkzﬂ‘z’f = %dijk (27 =iV (aF — iVH/RE)
= %dijkxjxk — VY32 NP — %W/i”dijkﬁjﬂk =
- %hi - %VW% —iVY3h; N = %hi - %VQ/% — VY3707, (A.7)
such that

2= (QV) =" (g + 2'qi — p"Fy — 'F) = I (qo + 2qi + 0°F — p'F)) . (A8)

On the other hand, the Kahler-covariant derivatives of the symplectic sections read

D;X°
D; X7
M _ M _ K/2 i
M =D, = - , A9
V; 1% e D, Fy (A.9)
D;F}
D; = 0K + 9;, (A.10)
where
DiX° = —iV*l/%i; (A.11)
DiX7 = o - iv—l/% (a7 —iV1/33) 5 (A.12)
- hi 1 1 ,
DiFO = —5 + ZV 1/3/%2' + g/%i/%jkx']mk
i3 ( Ly =20, 4 ke — Shikgad ) Al
+i o1 Ri+ Rija? — SRikja? ) (A.13)
- 1. (1 . . 1 1/,
DZFJ = hij — Z:‘%/ﬁijkxk +1 <8V1/3Hi/€j - Vl/gﬁij — gV Uglﬁhj) s (A.14)
such that
Z,i=D;Z =(Q,V;) = /2 (quiXO +¢;Di X7 — p°DiFy — ijZ-Fj) . (A.15)
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Thus, from (5.7) and recalling the identity (3.2), one can proceed and compute

fQMNpQVMVNVPVQ

(3.8)-(3.9)

—  —i— 2— —i—j—k 2
= (X Fot+X F) +5Fodij X xX'x"

—gfodijkfifjfk—kdijkdilmfjfkﬁfm
2
— 1 o 2__ o
—(—F+dijkz1zﬂzk> —ngijﬁzﬂzk
-5 d”kdzlmdjnpdkm? T d kA I Ay d s P EIEES

= AF —AF —AF +12F =0. (A.16)

QMNPQVMVNVPW

.7.17 e 0 —o\m2] Lk i ke [ i\
(@113 12’_2[()(0) (D;FO)F0+XO(D;X0)F(2J}—2{XkaXJD;Fj—i-Xka(D;X])Fj}
1 {XOFOXJ DiF;+X Fo( DX’ ) Fi+ X (DiFo) X' Fy (DX ) Fo X' T |
1 ey e 11 SO\ e g e
+2 |(DiFo)dju X' X X' +3Fod;u X' X" DiX| - (DX )M F Py F i 8X M F FoDi T
a1 i aN— —
+idnjkd"lijXkFngFmﬁ-idnjkd”lij (DiXk>FlFm
M pFNF(DXOF L 2 F. 2 D.F. 45 F. (D-X ) La. 24
=3 [~ (OF) F+(D:X")F’| - [z F# DiF+3 Fi (DX ) 5djuz's
S A 1/ —on— .
— —FE]D;Fj—§F<DgXJ)dJmnEm "y (D Fo)z d]mnzmz"—z(DZX(J)Fz]djmnzmz"]

+= _(Dgfo)djklzjz’czl%Fdezjz’“DgY }

S
= g(D;X())djkldﬂ,mdkpqdmz e 3k, drpaZEEP D, Fl}

1 . _ 1 ,

gk d""FZ iy T2 DF 2 »kd"lmzf (DX ) digsdri 727272
1, 1 —

:i(D;FO)F—i(DgX )F —§F % D.Fj— ( ) Z 7
e 1

+5F# DiF 4+ F (DX’ )djmnzm*”—fF D:Fo)+ %( X' P

+F(D;FO)—§FdeEJE’“D;Xk

F (DJO) —Fz"D;F,,

+2Fz" D, +Fdy k2" 2 (DZY'“)

=0. (A.17)

Analogously, one can check that

1 _
e_ZKEQMNpQVMV VIve —o. (A.18)
1 _
e QuivpaV" V; VS VE =0, (A.19)
e 2K QMNPQvavaPvQ 0. (A.20)
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B Proof of (10.7)

At the class V.III of critical points of V' (cf. section 10), it holds that

£i= O l'T (B.1)
which implies
VL = — iy CihC O LT LPLT, (B.2)
and . . _
Li* = S=Na(L) = — 5 Na(D) = — 5 Na(L), (B.3)

where we have defined (cf. (10.11))
Ns(L) = N3(L, L, L) := Cij LL'L". (B.4)

By using the special geometry identity (3.1.1.2.12) of [41], one obtains

Fro— ) — AN pipipkpl
2LLi = 5 LiNa (L) = 5 (DDl LLLEL (B.5)
Therefore, (B.3) and (B.5) yield to
= 1LY e i 5.7\ g kol
< -3 )\cj\ = i (DD Crpy) L L LI LR L, (B.6)
)
, 1., (DuDCp )T gy (DD Oy ) E COLRL
IL]" = 2 |Li]" = — 3 = L . (B.7)
3 24L |5 12N3(L)
)
50\ F" ikl
s s (DmDGCyp ) L LTLILRL
|Li|" = 3|L]" — — , (B.8)
AN3(L)

which, by definition (10.10), gives eq. (10.7) B

C Details on the magnetic STU

We use the conventions of [12]. We consider N' = 2, D = 4 gauged supergravity
coupled to n Abelian vector multiplets. Apart from the vierbein ej;, the bosonic field
content includes the vectors Aﬁ enumerated by I = 0,...,n, and the complex scalars
z% where o = 1,...,n. These scalars parametrize a special Kdhler manifold M, i.e. an
n-dimensional Hodge-Kéahler manifold that is the base of a symplectic bundle, with the
covariantly holomorphic sections

X! 1
Y = , DsV =05V — ~(0:K)V =0, (C.1)
Fy 2

where K is the Kéahler potential and D denotes the Kéhler-covariant derivative. V obeys
the symplectic constraint
WV =X'F; - ;X =i. (C.2)
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To solve this condition, one defines
Y = 25 (2), (C.3)

where $)(z) is a holomorphic symplectic vector,

I A
5(:) = ( ) (z)> . )

ox1

where F' is an holomorphic function homogeneous of degree two, called the prepotential,
whose existence is assumed in order to obtain the last expression. The Kéhler potential
is then (cf. (2.18))

e K2 =6, H). (C.5)

The matrix N7; determining the coupling between the scalars 2% and the vectors A{L is
defined by the relations

Fr=NpX’,  DaFr=NiDsX’. (C.6)
The bosonic action reads
e Lpos = %R - i(ImN)UF/fVFJ“” - é(ReN)U A W
—000u 0"~V (C.7)
with the scalar potential

V = —2¢%&5[(mN) " 48X X7, (C.8)

that results from U(1) FI gauging. Here, g denotes the gauge coupling and the &; are
FI gauging parameters. In what follows, we define g; = ¢g£;. The Einstein’s equations of
motion from (C.7) are given by

G,uz/ = Luv =0 T,uu +(1) T,ul/ - g,u,uva (CQ)
(O)TW = anﬁ-@(uzo‘(?l,)fﬁ — gw,gagaazo‘ﬁa?g, (C.10)
W, = —(ImN) 1 FLF]7 + guyi(Im./\/')] I F7P, (C.11)

where we have made explicit the contribution form the spin 0 and the spin 1 part. We
can rewrite the full system as

2 1
Ry = —(ImN) s Fiy F A 4 29,50(,2°0,)% + g [4(ImN)UFp{,FJW +V], (C.12)

1
0=V, |ImN) F/" — §(ReN)1J e_le“””UFPj]U} : (C.13)
16(T 16(R Y
0= 4% FLpim S(S:X)U 1B E), g 2100
5 OV
+9,5VaV'2" — S (C.14)

which hold independently from the existence and the choice of a prepotential F(X).
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Defining the tensor
- ~ 1
GIIW = R[JFLIW + I[JFM,, , F[L]V = 5\/—g€w,ngJpa. (0.15)

then eq. (C.13), the Bianchi identities and the charges can be written as

FI 1 F! p!
wpogy (oo ) Zg 7/ —. : C.16
‘ a <G1pa> A Js.. <G1> <CH> ( )

For the magnetic STU model, the prepotential is given by (12.27), and the symplectic
section can be parametrised in terms of three complex scalar fields 7, 70 and 73 by choosing
X0 = 1, X! = ToT3, X? = 173, X3 = T1T2, SO that

T
H= (1, T9T3, T1T3, T1T2, —iT1T2T3, —iT1, —iTo, —173) ) (C.17)

where 7,’s coordinatize M,. The Kéhler potential and the non-vanishing components of

the metric on the scalar manifold are respectively
e K = 8Rer RemRers, Joa = Jaa = 0a0aK = (To +7a) 2. (C.18)
In particular, we notice the relations

F F
Fr = oo SR (C.19)

between the prepotential and the period matrix.
We have

r= |2y = [P (pr) vig(r)), m= PR = [RB (a0
9293 9293 9193 g192

The symplectic section X! and the period matrix N7 in terms of these scalar fields boil

down to
1 gt 0 0 0
Tgol 0 g7 0 0
1/ 1 L 64 1
xI =2, /= \971\ , Nyy=—-i=| 0 0 £ 0|, (C.21)
8V 8 v/Rer @ G 0 0 (T)é
Tgal

and Rer > 0, in order to guarantee the positive definiteness of the spin-1 kinetic terms
of the action, namely the fact that ImN7; is negative definite. Explicitly, the real and
imaginary parts read

64
Ny = I1y = — 5 diag (98Rer, giRer, G317, G317 ) ; (C.22)

64 .
ReN7j = Ryj = Edlag (g%ImT, g3Imr _Q%Iﬁ; , —ggl‘f—'g) : (C.23)
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Now, we employ the two following Ansdtze for the metric and the electromagnetic field

ds* = —A(r)dt* + A(r) " dr? + B(r)d93, (C.24)
—11J
Fj = (Imlj;[()r) ((RGN)JSPS - QJ) ; Fgl¢ = p! f.(0), (C.25)

where dQ = df? + f2(0)d¢? is the metric on the two-dimensional surfaces ¥ = {S?, H*}
of constant scalar curvature R = 2k, with k = %1, and (cf. e.g. (5.10) of [31] and refs.

therein)
1 sinf k=1
w(0) = —=si 0) = ’ C.26
Ix(6) \/Esm(\/ﬁ) {sinh@ k=—1. ( )
The stress tensor for the spin-1 part Tﬁ) can be computed as
1
0780 7} = 073 = 078 =~ Ly cm
one can also check that
Sl pllee T pl sl — C.28
4 9z0 B 8 02 B2 920’ ( )
where we defined the so-called black hole (BH) potential [10, 43]
1
VB = —§QTM(N)Q. (C.29)
One also have for gy > 0
G L+ |7 G [1-7
= — — 4 T = — . .
v 16< + Rer ’ oV 32 \ Re?r (C-30)

The field Maxwell and Bianchi field equations (C.16) are satisfied, while the Einsteins
equations of motion and the scalar field equation read?!

A A
jr— (A"™B%+ A'B'B+2AB"B~ AB®) = — Vg + Ly 1T (C.32)
" T 2AB? AB2 BHT 4" ToRe?r
1 1
Rggz—f (A/B/—FAB”)—I—H:EVBH—FBV; (0-33)
1 (BA7T ) 72
a Vg +0.V — + C.34
BH B 4Re*r 4ARe*r ( )
The system can be rewritten as
(2B"B-B? 17
B2 ~ Re? 7’ (C-35)
A"B — AB" = 4% — 2k; (C.36)
(AB)" = —ABV + 2k; (C.37)
1 1 (BA7" 72
= —0, Vg + 0,V — = + . C.38
p2°T A B 4Re’r ARe3T (C.38)

31The priming denotes differentiation with respect to the radial coordinate.
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Assuming B := r? — A? and hyperbolic symmetry x = —1, equation (C.35) is solved by

r—A

flr)= A g(r) =0. (C.39)

With such a position, the equation (C.36) reads
(A% +72) ((64)%a® + b2G?)

2 2 " _
(r2 - A%) A"(r) - 24(r) - SCO7— A7) —2=0, (C.40)
and the part of solution which is consistent with the remaining equations of motion is
(64)2%a? + b*G? 9 9 r?
Alr) = —————— —A%) — — 41
(r) 32G (r2 — A2) +a (T ) A2’ (C.41)

where ¢; is a constant, that can be fixed using the remaining equations (C.37) and (C.38).
In fact, those equations are satisfied if we require the following condition,

—8c1A? + A*G +8=0. (C.42)

D Near-horizon limit and V g

By considering the treatment of the magnetic STU model given in section 12.2 as well as in
appendix C, we recall here the near-horizon limit of the equations of motion, which yields
to the definition of the effective black hole potential Vg in gauged supergravity . We start
with the metric Ansatz

1
ds? = —A(r)dt? + A0 dr® 4+ B(r)dQ?, (D.1)
where
d0? = do* + 2 (0) dy? (D.2)
is the metric on the two-dimensional surface S2 for k = 1 or H? for k = —1. Such a surface

has constant scalar curvature R = 2k, and f; (6) is defined by (C.26). In the near-horizon
limit, it must hold that
2

T 2’r‘H 2
A(r) — T—g = A(r) — o A'(r) — =y (D.3)
A A A
B(r) = r% = B'(r) = 0, B"(r) = 0. (D.4)
Thus:
1. the near-horizon limit of eq. (C.31) reads
A A
— (A"B+ A'B'Y = ==Vgy — AV: D.5
2B ( + ) Bz 'BH ; (D.5)
J
2 2 2
T 2 574 T 1 1
Sl = Vi BV & = Vi -V D.
27",247"%{ 1”,24 H 7“1247“}1{ BH 7‘31 < 7‘124 rj%{ BH ’ (D.6)
which matches eq. (2.17) of [30], or eq. (5.33) of [31] (by setting VBy them — Vé’;);s

and Vthem — VSS)
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2. the near-horizon limit of eq. (C.32) reads

1 1 1 7
— A"B*+ AB'B+2AB"B—AB"”)=———Vgg+—-V+—; (D.7
s (A B+ + ) =g Vet Y omer @7
I
17y 1 21}, 4 2 11
—— S =——V) Ve —5=—Vea—V, D.8
2r% rh Y BH -+ 2 ry Ty B (D-8)
again matching eq. (2.17) of [30], or eq. (5.33) of [31].
3. the near-horizon limit of eq. (C.33) reads
1 1
—5 (A,B/ + AB”) + K= EVBH + BV, (D.Q)
4
1 9 K 1
"H T TH

which generalizes to kK = £1 eq. (2.16) of [30] (to which it reduces by setting x = 1),
or eq. (5.34)%? of [31].

4. the near-horizon limit of eq. (C.34) reads

1 1 (BA7) (7)?
0=—0,Van + 0,V — — T A : D.11
2 B4(Rer)? ' 4(Rer)? (D-11)
(8
1 1
0= —50:Veg +0;V & 0= —10:Vy + 0;V, (D.12)
B? i

which - by trivial extension to the generic case with many scalars - matches eq. (2.18)
of [30], or eq. (5.35) of [31].

Thus, by solving (D.10), one obtains

K 1 K VK2 —4VVBH
— = —V] VeVib—my+Veg=0ery, =—+2" 22 (D13
On the other hand, from (D.6) or (D.8) one obtains
1 1 (D.13) 1 K 9 1 T%[i
- = Veg—V '& —=-2V4+—5— & ry, = = ’ , (D.14
7“124 r%yi BH 7“?4 r%{’i A+ —Té‘i -2V k- QVT%{,i ( )
such that
2 i i
rA,i = : = F - (D15)

K — 2‘/7“125{7jE VK2 —4VVgy'

where in the last step the result

Eq. (D.13) & k — 2Vry . = FVK2 — 4V Vg (D.16)

321et us remark that (D.10) fixes a typo in eq. (5.34) of [31].
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has been used. Since % > 0, only %4 _ and r% _ make sense:

KR — \/KZQ —4VVBH.

2
= D1
TH o (D.17)
2 Th (D.18)
AT k2 —aVVay ‘
Thus, one can define®?
1-— R\ K:Q — 4VVBH
= D.1
VI%ﬂC 2V ’ ( 9)
such that for k = £1 it holds that
S = K %ﬁ‘a%ﬁzo . (DQO)
In fact,
OiVest = 0 (D.21)
¥
9 (/12 — 2K2VBHV — H\/m)
k“0;VeH + 2772 o,V
(D.:19) 0iVea + /sze%fé)iV =0;Vpu + T%@iv =0, (D.22)

which is satisfied by virtue of the trivial generalization of (D.12) to the generic case of
many scalars, namely

0:Vau + 10,V = 0= 0;Vpu + ryd;V =0, Vi. (D.23)
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