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Abstract

We propose a level set method to reconstruct unknown surfaces from point clouds, without
assuming that the connections between points are known. We consider a variational formu-
lation with a curvature constraint that minimizes the surface area weighted by the distance of
the surface from the point cloud. More precisely we solve an equivalent advection—diffusion
equation that governs the evolution of an initial surface described implicitly by a level set
function. Among all the possible representations, we aim to compute the signed distance
function at least in the vicinity of the reconstructed surface. The numerical method for the
approximation of the solution is based on a semi-Lagrangian scheme coupled with a local
interpolator. In particular, we resort to a multi-linear interpolator and to a Weighted Essen-
tially Non-oscillatory one, to improve the accuracy of the reconstruction. An analysis of the
parameters employed in the model is given, focusing in particular on the effect of the cur-
vature regularization, and on the presence of noisy data. Special attention has been paid to
the localization of the method and to the development of fast algorithms that run in parallel,
resulting in faster reconstruction and thus the opportunity to easily improve the resolution.
Numerical tests in two and three dimensions are presented to evaluate the quality of the
reconstruction and the efficiency of the algorithm in terms of computational time.

Keywords Curvature regularized surface reconstruction - Point cloud - Level set methods
Semi-Lagrangian schemes - WENO interpolation

1 Introduction

The problem of acquiring, creating and processing 3d digital models of real objects has
gained importance in numerous applications across diverse industries and areas of research
including physics, computer graphics, medical imaging, urban planning and cultural heritage.
Especially in the latter, real artistic manufacts usually present complicated geometries and
topologies and they are not built from precise (e.g. CAD) drawings. Therefore, their shape

B Silvia Preda
silvia.preda@uninsubria.it

Matteo Semplice
matteo.semplice @uninsubria.it

Dipartimento di Scienza e Alta Tecnologia, Universita dell’ Insubria, Via Valleggio 11, 22100 Como,
Ttaly

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-025-02843-y&domain=pdf
http://orcid.org/0009-0003-8405-2245
http://orcid.org/0000-0002-2398-0828

38 Page2of32 Journal of Scientific Computing (2025) 103:38

must be acquired from the real object itself, e.g. via 3d laser scanning or photogrammetry
[43, 44, 50].

In the field of cultural heritage, predictive mathematical models for the deterioration like
[3, 18, 19] require the solution of reaction-diffusion Partial Differential Equations (PDEs) on
acomputational domain having the exact shape of a work of art. Applications in this sense like
the workflow from point cloud to PDE solution presented in [20, 22] are the main goal of the
present work. In particular, our main interest is to produce high fidelity level set descriptions
of complex objects, which can be later used as domain definition in PDE computations via
ghost-cell methods [21, 28, 39]. To this end we will employ high order methods and grids
finer than the resolution of the point cloud, so that the reconstructed object can then be reliably
represented on the extremely fine grids required by the PDE model.

In many cases, the only information available for the reconstruction of the original shape is
a set of unorganized and non-uniformly spaced points that does not contain any information
about the ordering or the connection between them. This makes surface reconstruction from
point clouds complex and time-consuming. Additionally, as an infinite number of surfaces
may pass through or near the data points, this problem turns out to be ill-posed, with no
unique solution. The challenge is thus to get a good approximation of the data set that should
have some smoothness properties while being able to retain as many details and features of
the real object as possible. Moreover, the reconstruction should be also useful for dynamic
operations and not only for static representations.

In general, there are two approaches for representing a surface: the explicit one and the
implicit one. The former includes mesh-based techniques, such as Delaunay triagulations
and Voronoi diagrams [2, 16, 25] and parametric techniques, e.g. NURBS [29, 41]. Although
they represent some of the most explored techniques in this topic, the main problem with this
approach is to ensure a watertight reconstruction in cases when an evolution of the surface
occurs. Recent works, for example [24], propose to overcome this difficulty by considering
an additional mesh adjustment in order to control the quality of the mesh during the evolution.
However, the state of the art agrees that explicit reconstructions are difficult to handle when
dealing with moving boundaries or complex and changing topologies.

On the other hand, using an implicit approach, one has the advantage of better handling
topological flexibility, while having a very simple data structure that also allows very simple
Boolean operations on the detected surface. Among implicit methods, traditional ones enclose
interpolation techniques to approximate the desired implicit function as a combination of
some smooth basis functions. The problem here is obviously related to the large linear
systems that need to be solved, resulting in high computational costs and, even worse, in
ill-conditioned matrices when the number of interpolated points is very large. Radial Basis
Functions (RBF) with global and local support have found many applications along this line
[14, 15, 51] and some least-square-based methods [17] belong to this family too. Other
methods use local estimators to associate an oriented plane to each point in the cloud and
thus approximate the signed distance function representing the surface [33]. A different and
widespread approach for the processing of point cloud data is constituted by the application
of the Level Set Method (LSM) [40]. This last line of research constitutes the focus of this
work.

For a broader overview about the reconstruction of real objects starting from point clouds,
the reader can refer to [6, 7]. In these surveys various algorithms have been compared and
classified according to their ability to handle imperfections in the point clouds, their input
requirements, the class of shape that they are able to recover and the type and the quality of
the final reconstruction. Significant advancements in surface reconstruction are also being
driven by the integration of machine learning techniques, especially deep learning models,
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which have shown remarkable results in learning implicit surface representations directly
from unorganized point clouds [37, 46, 48].

Since its introduction in [40], the LSM has emerged as a powerful and versatile tool in a
wide range of applications [39, 45, 49] including image processing and surface reconstruction
[38, 54]. The central idea is to represent both an n-dimensional object = and its boundary
by a so called level set function ¢ : R” — R such that & = {X¥ € R" : ¢(¥) < 0} and
its boundary I" is the zero isocontour of ¢. & and I" can be then evolved in time using
PDEs for ¢, driving the deformation of an initial surface. Following this approach, one can
formulate the reconstruction problem as an evolutive problem and easily handle noisy and
incomplete point clouds, since the level set function evolves smoothly and naturally adapts
to the input data, enjoying all the geometrical and topological advantages of working with
implicit representations.

Our work thus delves into the approximation of the solution of the level set evolution
PDE presented in [54] that leads the evolution of an initial guess to get the final, steady-state
shape. The model is based on the minimization of the energy functional

E,(I') = (/de()?)ds)l/p, 1 <p<oo,

where d(X) is the distance of X from the point cloud. The curvature term present in the cor-
responding evolutive PDE for the level set function allows us to trade off the exact vanishing
of the level set function on the points of the cloud for a control on the maximum curvature
of the resulting zero level set surface. This curvature term is also expected to be especially
useful in counteracting noise in the data.

The model introduced in [54] has been first improved in [53] and more recently adopted
in [12, 30, 32, 35]. In particular, in [30, 35] the authors present a second order explicit finite
difference scheme and change the original d (X) factor in front of the curvature regularization
into a constant tunable parameter. In [32] two approaches based respectively on a Semi-
Implicit Method and an Augmented Lagrangian Method, discretized with spectral methods
but adding stabilizing diffusion terms, are explored. Finally, in [12] a semi-Lagrangian (SL)
scheme is adopted with the aim of overcoming the prohibitive time-step constraint imposed
by the diffusive term.

In fact, first introduced in [23] for first-order systems of linear equations, SL schemes have
been then extended to Hamilton-Jacobi (HJ) equations and to the treatment of parabolic terms
with the main purpose of obtaining methods which are unconditionally stable with respect
to the choice of the time step (see [27] for a comprehensive explanation). The possibility to
overcome the parabolic-type CFL restriction is useful in the LSM context since this method
usually focuses just on what is happening in the vicinity of the zero level set of ¢, and
one could thus employ very fine grids there, including Adaptive Mesh Refinement (AMR)
techniques. While the CFL condition will frustrate the adaptive approach when a general
explicit scheme is employed, this will not be such an issue in the SL framework where
one is allowed to work at large Courant numbers with a hyperbolic CFL restriction of type
At = O(Ax). In the context of LSM, a first application of SL schemes can be found in [47].

Motivated by the reasons above, here we apply the SL scheme of [ 12], first presented in [26]
for curvature-related equations, but we use a local interpolator for space reconstructions. We
employ both a multilinear interpolation and a third order accurate Weighted Essentially Non-
oscillatory (WENO) reconstruction [13]. We find that both are faster than the RBF approach
of [12], with the second one yielding more satisfactory results. Of course, we employ a
constrained reinitialization scheme [31] to compute a signed distance function and we employ
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distributed memory parallelization and localization strategies to reduce the computational
cost.

With respect to previous works based on the aforementioned energy functional, here we
adopt the recommended value of p = 2 [54], we study how to handle noise in the data and
we perform a thorough study of the errors committed by the methods, measuring them in
various metrics.

The paper is organized as follows. In Sect. 2 we briefly recall the mathematical model
[54] and the level set formulation [40] that lays behind our governing PDE. In Sect. 3 all the
numerical schemes used in the algorithm are detailed, together with our strategies to save
computational costs. In Sect. 4 two- and three-dimensional tests of increasing complexity
are presented. Finally Sect. 5 draws some conclusions and highlights future perspectives.

2 Mathematical Model

Let us assume that we are given a set of points S = {Q1, ..., O} in a bounded region of
R" and let us define d(X) = minges |X — Q] to be the distance function to S. Our model for
surface reconstruction from point clouds is based on the minimization of the surface energy

E,(I') = (/rd”()?) ds>l/p, 1<p<oo, )

where I is a closed surface of co-dimension one in R”.

To achieve the minimum and get the final shape, we continuously deform an initial surface
I'Y following the gradient descent of the energy functional(1). In this process, the evolving
surface I"(¢) is represented implicitly using a level set function to capture the moving inter-
face (see [54] for full details).

Let Z (¢) be the region enclosed by I (¢). The LSM, first introduced by Osher and Sethian
[40], considers a level set function ¢ (X, t) associated with Z (¢) such that
¢(x,1) <0 inside E(1),
¢, 1)=0 on I'(r), 2)
¢(x,t) >0 outside E(1).

In terms of the level set function, the energy functional (1) can be rewritten as

1/p
Ep(9) = ( / ”|d(z>|P8(¢>|V¢|d£> 3

where § denotes the Dirac-delta function. Following [54], we minimize the energy (3) by
computing the solution of the following evolutionary problem

p—1 -
- - [N Vo (x,1) -
] <Vd(x)-V¢(x,t)+;d(x)V- (m)|v¢(%l‘)|),

d(X)
Ep(9)
P(x,0) = ¢ (@),

¢ (X, 1) :[

(4)

where ¢° (%) is a suitable initial data such that I'0 = {¥ € R" : ¢°(X) = 0}.
In the above equation, the term Vd (X) - V¢ (X, t) drives the surface towards the dataset S,
while the second term tempers the maximal curvature of I”". Changing the balance between
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them can lead to surfaces closer to the point cloud but with sharper edges or to more rounded
surfaces that are a little further away from S.

The parameter p controls the relative influence of the curvature term and of the global
d(x)
ones closer to S, especially when the zero level set ¢ is close to the data set. We point out

that, except for the degenerate case, E,(¢) evolves towards a non-zero local minimum. On
the other hand, for p > 1, this term slows down the entire evolution when the functional is
large; this can be an issue when the initial surface is very far from the cloud.

In [35], a model similar to (4) is employed, wherein the factor d (x) in front of the curvature
term is replaced by a constant i € [0, 1] to control the balance between the two terms. While
we prefer to keep the d (X) factor in the diffusion term which will slow down the evolution in
the vicinity of the point cloud, we also introduce an additional parameter ;& > 0 multiplying
d(X) in the curvature term. Our final formulation then reads

O G L S SN 4 /TN .
Gr(x, 1) = |:Ep(¢ﬁi| <Vd(x) Vo (x,t) + ;d(x)V : <m> Vo (x, f)|>,

¢ (F,0) = (X).

. -1 .. . .
scaling factor [ ]p which makes the most remote points move more quickly than the

(%)
In this way our numerical algorithm can be used in both regimes. If we set i = 0, the model
becomes purely convective and leads quickly to a reconstructed surface close to a piecewise
linear approximation. In contrast, the case with ;. = 1 corresponds to the original formulation
which contains a weighted curvature regularization effect, is more computationally expensive,
but leads to a smoother reconstructed surface. Higher values of  are also useful in the case
of noisy data.

Finally, we observe that for visualization purposes it is often sufficient to compute a
function ¢ such that its zero level set is close to the data set S. Equation (5) is apt for this
purpose, but its transport term tends to produce high gradients in the computed function ¢.
However, for computing normals of the reconstructed surface or to use the level set function
as a mathematical description of a domain into which a PDE solver has to be applied, it is
more robust to compute a level set function with moderate gradients. In particular, a level
set function with |V¢| = 1 is called a signed-distance function and our algorithm will be
designed to ensure that the computed solution is a signed distance at least in the vicinity of
the point cloud.

3 Numerical Scheme

The numerical evolution of (5) is computed following the semi-Lagrangian approach pre-
sented in [12]. As such, the scheme is explicit, but not constrained by a parabolic-type CFL
condition. However, the interpolation operator proposed in [12] involves the solution of a
large linear system at each timestep. For this reason, we will propose the use of a local
interpolant, which is more efficient, especially in view of a parallel implementation.

The scheme considers a background Cartesian mesh G with uniform mesh width Ax on
a bounded region of R? or R3, containing the point cloud S. Let ¥ j € G be a point in the
Cartesian mesh and let us denote by qb;? the approximate value of ¢ at X; and time #".

The semi-Lagrangian scheme will be recalled in Sect. 3.1 and the interpolation operator
will be described in Sect. 3.2. The later subsections will describe the other algorithms used in
our method: the computation of the distance function d (x) from the point cloud, the evaluation
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Algorithm 1 Computing the levelset ¢ from a point cloud S

1. Create a Cartesian grid G encompassing all of S

2. Compute the distance function d(X) at all grid points, see §3.4
3. Set initial data {¢>5.)};jeg asin §3.6

4. Loop:

(a) Choose computational subgrid § C Gasin§3.8
(b) Compute the energy functional (3) with one of the methods of §3.5

(c) Compute {¢?H'l };( & using (6) or (8) from §3.1 and the interpolator (11) or (16) from §3.2
y J

(d) Reinitialize {¢;’+1 }j g & in §3.7 and cut with (29)

of the energy functional £, (¢), the choice of the initial data ¢Y, the reinitialization procedure
and the use of cut-off functions to reduce the computational effort. The complete algorithm
is summarized in Algorithm 1. Unless otherwise specified, all numerical gradients needed in
the algorithms are computed by centered finite differences.

3.1 Semi-Lagrangian Scheme
The scheme follows a SL approach both for the advection and for the diffusion term. In

particular, the diffusion term is discretized by averaging the data in a region of size /At
around the foot of the characteristic of the advection term, as first proposed in [8, 9].

2d Case
We compute the update of q);.’ as

o) = ;il[cb”] (%)

i=1

L ; 2C" wd(3p)ar
B =R+ CAIVA() + | —— 5k,

d(y)
E, ()

(©)

where A; ranges over {—1, +1} and C;‘ is the scale factor [ ]p_l . The operator I[®"](xX)
denotes an interpolation at point X of the data ®" = {¢;’ : Xj € G}. This operator will be
specified later. 8}’ denotes the unit vector tangent to the level sets of ¢: it is thus orthogonal

to the gradient of the level set function and is given by

~n __ L 82¢
7T el <— a@)' @

In equation (6), the interpolation points are obtained by adding two terms: the first is the
foot of the characteristic pertaining to the advection term in (5), while the second is a further
displacement that generates a diffusion along the tangent space of the level sets, thus dis-
cretizing the curvature term in (5). This discretization of the second order operator has been
described in [10, 26].
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3d Case

Similarly to the previous case, the update of ¢;’ is computed as
=
n+l __ =%
oitl = 1D 119" (’%i) :
i=1

L 3 2C" pd(ipAr
B =+ CANVAG)) + || —— = Tk,

where again we treat the scale factor C;? as a constant. In the above equation, 2;’ =

®)

[\)](Vq&’/?), vz(qu;’)] is a 3 x 2 matrix whose columns span the 2d space orthogonal to

V¢ and the column vector Xi ranges over {(£1, £1)7}, so that ¥ ;’Xl represents four points
in the local tangent plane.

In order to avoid numerical singularities, one regularizes the two orthonormal eigenvectors
of the projection onto the plane tangent to the level sets of ¢ as

- g if v/ (314)? + (33¢)% # 0
(1,0,00"  otherwise
by — ) if v/ (316)? + (33¢)% # 0
0,0, DT otherwise
with Dy denoting the exact eigenvectors, which are given by
—03¢ —01¢ D¢
A (319)24(33¢)2 A/ (31¢)2+(336)*
v = 0 , = L V(@19)? + (339)* | - )
Vo
019 —02¢ 93¢
A (319)24(3¢)2 A/ (31¢)2+(336)?

Because of the factor in front of 6" in (7), respectively in front of ¥, in (9), the numerical
schemes (6) and (8) would be singular in cases where |V¢;.'| is close to zero. Thus, when
|V¢7| < D At“, the schemes are replaced by

pri= L > Ie"E) (10)
! |j\fj| )?[E./\fj

where N is the set of the first neighbours of X in the Cartesian grid G and |\ | represents
its cardinality. In all computations presented in this work, we set D = 1072 and @ = 1.

In order to fully detail the numerical algorithm, a suitable interpolation operator has to be
specified.

3.2 Interpolation

An important issue for the accuracy and the efficiency of the numerical scheme is clearly
represented by the choice of the interpolation operator I[®"]. In [12], the authors employ a
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Fig. 1 Stencils of the two-dimensional Q1 and WENO reconstructions. The red hatched region represents the
cell £2 in which we compute the reconstruction. The multi-linear interpolator only requires the vertices of the
cell £2, enclosed by the blue square on the left. On the right, the WENO interpolator involves the cell vertices
and their first neighbours, enclosed in the orange square (Color figure online)

global RBF interpolation of the data on G defined as

Ipgr[®"1(¥) = co(®") +E(@") - ¥ + Y &(@HY (X — %),

;,'Gg

where the function ¥ : Rt — R provides the radial term. The coefficients ¢y € R, ¢ € R”
and &; of the RBF interpolator are computed by imposing interpolation conditions at all (or
a subset of) points of the grid (I[®](Xy) = ¢ for all X; € G) and the additional conditions

Zi,-eg & =0, chieg Exi =0, Z)?[eg &vi =0, Zi,-eg & z; = 0. The interpolation is thus
computed by solving, at each time step, a linear system with matrix of the form [ fT ol
where Bisan N x N block (N = |G|) and P is N x 4 in the 3d case (resp. N x 3 in the 2d
case).

However, the computation of the RBF interpolator then becomes a bottleneck of the algo-
rithm due to the solution of the linear system involved. Furthermore, the global linear term
co(P") 4+ (P - X, i.e. the blocks P and PT in the system, forms a strong coupling of all the
equations which is difficult to handle for parallel runs as it requires a lot of inter-processor
communications.

Here instead we resort to two different types of local interpolator with the aim of making
the algorithm faster and practical for surface reconstructions on a finer grid, using parallel
computing. The first one is a multilinear interpolator, while the second is a WENO interpolator.
The stencils involved in the reconstruction procedures for the 2d case are shown in Fig. 1.

In this way, we can guarantee that the only communications in the SL scheme occur when
the two (resp. four) interpolation points needed for the update (6) (respectively (8)) belong
to a different processor than the one owning the point X; (see Sect. 3.3) and not during the
reconstruction procedure itself.

Multilinear Interpolator
This interpolator is simply the Q1 Finite Element interpolation on the grid G. Let {9}z, g
be the shape functions that are, in each cell, a tensor product of degree 1 polynomials in each

space direction and such that ¢;(Xx) = &; . Then, for any function v(X), we consider the
interpolator
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In[IE) = ) vje; () (11

}ng

where v; denotes the point value of the function v at the point X ;.

We remark that, once the voxel of the grid containing X is located, the summation above
in the 2d case (respectively in the 3d case) involves only four (resp. eight) terms and can be
locally computed.

We expect that this kind of interpolator will be computationally very cheap, but that it
might lead to less accurate reconstructed surfaces since it is piecewise linear and cannot
faithfully represent the curvature of the surface, thus all its detailed features. On the other
hand, considering multiquadric or multicubic operators, while trying to improve the quality
of the reconstruction, could pose serious stability issues in non-smooth regions. This is why
we completely avoided to investigate these techniques and moved to ENO interpolators which
are apt to prevent spurious oscillations by introducing a non-linear dependency from the data.

WENO Interpolator

In order to have a more accurate interpolation operator, we resort to higher order polynomials;
the larger stencils involved, however, expose to the risk of introducing oscillations due to
the presence of corner points in the data. We thus choose WENO techniques. With respect
to classical WENO reconstructions employed in conservation laws, here the reconstruction
point is arbitrary and not necessarily on a face of the grid.

The procedure for the construction of a high-order WENO interpolator follows the one
described in [13]. For practical purposes, here we will give some details of this pro-
cedure focusing on the case of a third-order one-dimensional reconstruction in the cell
£2; = [xj,xj41], on a uniform Cartesian mesh of width Ax. Additionally, the descrip-
tion will be limited to the one-dimensional case, since, in the multi-dimensional case, one
only needs to iterate this procedure by dimension.

When constructing a WENO interpolator on the interval [x;, x;11], one searches for a
convex combination of low-degree polynomials, designed in such a way that a high-order
reconstruction is computed in regions associated to smooth data, while non-oscillatory prop-
erties are guaranteed in presence of a discontinuity. The selection or blending of such
polynomials P is performed in a non-linear way relying on oscillation indicators OSC[ P],
which are in general scalar quantities associated to a polynomial P, designed in such a way
that OSC[P] — 0 under grid refinement, if P is associated to smooth data, and OSC[P] < 1
(i.e., the indicator is asymptotically a non-zero constant), in presence of a discontinuity within
the stencil of P.

More in details, to construct a WENO interpolation of degree 2r — 1 on the inter-
val [x;, x;11], we start considering the Lagrange polynomial built on the stencil § =
{xj—r+1, ..., xjqr}, written in the form

0(x) =Y Ci(x) Pr(x), (12)

k=1

where the Cj are polynomials of degree r — 1 and the Pj are polynomials of degree r

interpolating the point values v; of a function v on the stencil Sy = {x; 1, ..., Xj1x},
k=1, ...,r. Then, to compute the reconstruction in a point X € [x;, xj41], we proceed as
follows:
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1. compute suitable regularity indicators

OSC, =OSC[P;], k=1,...,r; (13)
2. define the coefficients ~
Ci(x)
ap=-———-, (14)
(OSCy + €)?

where € = Ax? prevents small denominators;
3. compute the nonlinear weights {wy};_, as

Ok

Wi = : (15)
2
4. finally, define the reconstruction polynomial as
v](%) = Z wi Py (2). (16)
Differently from [13], we consider regularity indicators defined as
2

Xj+1 (4B p
0SCy = OSC[P] = Y Ax*3 / ) dx. (17)

= . dxP

We point out that the above is the classical definition of the oscillation indicators for the
WENO reconstruction as given in [34], except that the first derivative is not included in the
sum. This choice is justified by the fact that the function that we want to interpolate can be
at worst continuous with kinks.

In fact, let us consider a generic polynomial Py of degree r — 1 having a discontinuity in
its first derivative in the stencil Sx. When we consider its B-derivative, for § > 2, we get a
polynomial of degree r — 8 — 1 whose coefficients of degree m = 0, ..., r — B — 1 are given
by the Newton divided differences with m 4 g + 1 points that scale as O(Ax'~"=F), due
to the discontinuity. Now, computing the integral in (17), we get a sum of terms, each one
scaling at the same rate, given by O(Ax3728). It is thus clear that the exponent 28 — 3 is
apt to get OSC[ Px] =< 1 in this non-regular case. In case of smoothness, instead, the Newton
divided differences would be O(1) and OSC[P;] — 0 as expected.

Now, turning back to our specific case, we need to find a proper expression for the linear
weights Cy in a one-dimensional framework and considering r = 2 to get, at least in the
best case, a third-order reconstruction. Since r = 2, the whole stencil is given by § =
{xj—1,xj,xj41,xj42} and the only two substencils to consider are S; = {x;_1, xj, xj+1}
and Sg = {xj, xj41, xj42}. Since the polynomials P; and Pp interpolate the function v
respectively on Sy, and Sg, each Cy should vanishes outside Sx, namely Cy (x;12) = 0 and
Cgr(xj—1) = 0, and the condition Zk:L_R Ci(x;) = 1 must hold for every node x; € S.
Thus, we have two conditions for each polynomial Cj, which, in our case leads to a unique
definition of these one degree polynomials that we can write in the form

_ xk
Ax

Crx) = (18)

where k = L, R and x; € S\ Sk.
To get the coefficients y; and yg we start considering the first node of the stencil x;_1,
on which we have Cp(x;—1) = 1 and Cg(x;—1) = 0, so that

Oxj—1)=Cr(xj—)Pr(xj—1) =Cr(xj-1)vj1, (19)
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thus inferring that Cy (x;_1) = 1 and therefore, using (18) with xx = x40,

1
YL=-3 (20)

Analogously, we can proceed considering the node x; for which we must have Cp (x;) +
Cr(x;) = 1. Since the expression for Cy, is known, we can compute

2 1
Crlxj)=1-Crx)=1-%=7 @1
3 3
and therefore, from % = yYrl(x; —xj—1)/Ax] in (18), we get
! (22)
YR = 3
Summarizing, we have the following expressions:
Xj42 — X X —Xj—1
C == - c = —. 23
£(x) 3 Ax R(X) A Ax (23)

It only remains to find a proper expression of the regularity indicators OSC;, and OSCp
for the two degree polynomials P, and Pg. Let us consider a polynomial of degree at most
two written in the form P(x) = 21-2:0 a;[(x —xj)/Ax]". Its indicator is a quadratic form of
its coefficients and is given by

1 2
OSC[P] = A—x24a2
or equivalently, denoting by V' the vector of data (v;_1, vj, vj41, v j+2)T, since the coeffi-
cients of the polynomial linearly depends on V, we can express the regularity indicators as
a quadratic form of the data being interpolated. For our specific case we obtain

1
OSC[P ] = — VT AV (k=L,R),
Ax?

with
1 =210 00 0 0
24 20 01 -2 1
AL=1 1 5 1 o] ™ Ar=|g_5 4
00 00 01 -2 1

Finally, we illustrate in some details the two-dimensional reconstruction. Let (X, y) be the
reconstruction point, located in the cell [x;, x;+1] X [y;, ¥;+1]. One first performs four one-
dimensional WENO interpolations to compute auxiliary data w; 1, w;, wj+1, w;t+2. Each wy
is the interpolation in the y direction of the data vy j_i, ..., vk j4+2 evaluated at . Finally
a WENO interpolation in the x direction of w;_j, w;, w;41, w;47 evaluated at X will be the
reconstructed value. The three-dimensional case can be treated analogously.

Note that, due to the dimensional splitting employed in the two and three dimensional
procedures, the WENO interpolator, as the RBF and the Q1 ones, is globally continuous on
the edges of the cell in which the reconstruction is performed. Moreover, it is more local than
RBF and it is expected to represent curved surfaces more faithfully than Q1.

3.3 Domain Decomposition for Parallel Runs

Especially three-dimensional computations suggest the use of parallel computing for reducing
the execution time. Here we recall how the computational grid has been organized for parallel
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implementation and what are the main communications between workers that might occur
during the execution.

As usual for Cartesian grids, in our parallel implementation, each rank m owns a rectan-
gular portion G, of the computational grid G such that G = U,,G,,, and is responsible to
update the solution on it. Since the computation of the reconstruction and of the time update
might require knowledge of the solution at the previous time step in a neighbourhood of G,,,
each rank also keeps a local copy of the data in a halo region 5,” of at least one ghost point per
direction around G,. The width of this halo region depends on which information are needed
to perform all the computations in the algorithm. The halo data in G have to be synchronized
between workers during the computations through inter-process communications.

In the case of a SL scheme, the main sources of communication arise from: first, the
interpolation of " at feet of the characteristics emanating backwards from the nodes X ; and
specified in equations (6) and (8); second, the stencil width required for the computation of
the interpolant. This latter is mitigated by our choice of local interpolation techniques with
very small stencils, like those of Sect. 3.2: in both cases we are able to run with one ghost-cell
per direction for the Q1 reconstruction and two ghosts per direction in the WENO case.

The former task is facilitated by the Cartesian structure of the grid and of its partitioning
scheme. Consider any of the points )?;‘l appearing in (6) or (8) associated to a node X ; owned
by the processor m. First )?jl is located on the grid partition and let m* be the processor
owning the cell into which it falls. If m* = m, the interpolation I[d?”]()?;."i) is computed
without the need of any communication. Otherwise, a request to the processor m™ is sent,
communicating the point )?jl and receiving in response the value of / [<I>"]()?}k’i). Of course
all these communications are gathered in a single push.

In our implementation also the point cloud S is distributed among the workers. Some
more communications are needed in the auxiliary routines described in the next sections and
will be highlighted therein.

3.4 Distance Function

In the SL schemes (6) and (8) one needs to evaluate the distance d(X) = minges ¥ — 0]
from the dataset S at every grid point. We remark that a direct computation would have
computational complexity proportional to N x |S|, where N is the number of points in the
computational grid and |S| the size of the point cloud. It would also require an overwhelming
amount of communications in parallel runs, when both the grid and the point cloud are
distributed among different workers.

However, one acknowledges that accurate values of the distance function are needed only
close to the object surface to which S belongs. In practice we initially set d(X) to the exact
distance from S on all nodes of G that are in a box of 4 x 4 or 4 x 4 x 4 grid points around
each point Q € S. Then, we apply the fast sweeping method of [52] to compute approximate
values for d(X) at all other grid points in G. These approximate values are still good enough
to drive the evolution of the surface I" towards S, while the final stages of the evolution will
be guided by the exact values of the distance set in the neighbourhood of the points in S.

3.5 Energy Functional
Applying the schemes (6) and (8) with p > 1 also requires to approximate, at each time

step, the value of the energy functional E,(¢) defined in (3). We approximate the Dirac §
function by restricting the integration domain to the subset Gy composed by the cells in G
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where, at a specific time step, the front is located. Further, we assume that the function ¢ is,
at least locally around Gy, a signed distance so that |V¢| = 1. This latter point is ensured by
the reinitialization procedure described in Sect. 3.7. We thus compute the energy as

1/p

Ey¢)~| Y. / ld(@)PdX | . (24)

To detect the cells in Gy, we check the values of ¢ on their vertexes and consider only the
cells across which the function ¢ changes sign. Once the front is located in a cell §2, different
strategies can be considered to compute (24).

— In two space dimensions, we identify two points intercepted by the front of ¢ on the cell
boundary, by the linear interpolation of ¢ on the edges. Then the trapezoidal rule is used
to approximate the integral over the segment connecting them. This approach would be
much more involved in the three-dimensional case since one would need to identify the
(two-dimensional) intersection of the zero level set surface with the cube §2 and this
could be placed in a general position.

— Inthree space dimensions, to avoid the aforementioned complications, we further approx-
imate the Dirac § function within a single volume §2 € Gy by considering a local
refinement of the grid element with Ax” = Ax /R to detect the smaller subcells £2’ € G,
containing the front, and consider the approximation

1/p
E,@) ~ | Y 1d@)r@ax |, (25)
2'eg),
where d(X') is the interpolated value of the distance function at the center of the subcell

£2'. Instead of detecting the subcells in G, by interpolating ¢ on the vertices, we avoid
the huge amount of evaluations checking if

NG
2
where x” and Ax’ are the center and the edge length of the subcell £2’, respectively. We

employ this approach with R = 5.

lp(3| < —-Ax, (26)

3.6 Initial Data

The initial data should be chosen as an approximation of the signed distance function from
the data set S. Obviously, the better the initial data, the more efficient the method will be,
but one has to take into account also the computational effort spent in the computation of the
initial datum itself. In practice, we compute ¢° from the distance function, similarly to [54],
to obtain a signed distance function whose zero level surface encompasses the point cloud
and is as close as possible to it.

In particular we start by the approximate distance function computed as in Sect. 3.4. First,
the cells on the outer boundary of G are marked as external. Then, moving inwards from all
boundaries in all Cartesian directions, we propagate the external point marking to nearby
cells until we find a point for which d (¥ ) < ¥s, where ys is a suitable threshold related to
the resolution of the point cloud.

After external regions have been so identified, ¢0 is provisionally set to d (¥ j) — Yson
external points and to an artificially high value otherwise. Next, the fast sweeping method
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Fig.2 Illustration of marking external points in parallel run with a 2 x 2 domain decomposition (grey lines).
Left: initial state. Center: after the first sweep. Right: after the second sweep

of [52] is applied to ¢°, recomputing its values at internal points; finally, the sign of ¢° is
reversed on internal points.

We point out that in parallel runs the procedure for initial marking of external points is
similar to the serial run, but is iterated more times and interleaved with communications of
point marking in the halo regions. This is illustrated in Fig. 2. The top-left processor, in the
first run (middle panel), expands the marking in the right and bottom direction from the outer
border of the computational grid and is thus unable to mark the small area under the hook. In
the second sweep (right panel), the external marking is propagated from the marking done
by the top-right processor. A number of iterations of at least half the number of processors
per direction in the decomposition ensures that the initial marking obtained is the same that
would have been computed in a serial run.

The one described above, is a good strategy to find an initial data and start the evolution
having only the information carried by the point cloud. As a matter of fact, one could also
choose to evolve a less accurate initial guess until steady-state on a coarse grid and then use
this final level set function as the initial data for a finer evolution.

3.7 Reinitialization

One of the nice feature of using a signed distance function to capture interfaces is that some
geometric quantities, such as normals and curvatures, are easier to compute in terms of ¢. In
particular this is of paramount importance when the level set is used in ghost-fluid algorithms
for the discretization of PDEs. The evolution determined by (5) will push the solution towards
the data set, but will create sharp gradients in the level set function ¢ around it. To keep |V¢|
close to 1, we employ a reinitialization procedure, first introduced in [49], which consists in
evolving until steady-state the equation

¢r +sign(@) (Vo] —1) =0 @7
P (3, 0) = ¢(X)
where the initial value ¢ corresponds to the solution of (5) at a fixed time step and 7 is a
pseudo-time.

The delicate issue with the reinitialization is to guarantee that the interface of ¢ is displaced
as little as possible, ideally not at all, while the level set function is modified to ensure that
[V¢| = 1. To this aim, we have followed the constrained reinitialization (CR) scheme
introduced by Hartmann et al. [31] which consists in a modification of the first scheme
by Sussman et al. [40] aiming to locally preserve the location of the interface during the
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reinitialization procedure. The scheme proposed in [31] has been demonstrated to perform
better than the previous ones and we prefer to adopt it in order to prevent the zero level set
to be modified when solving (27).

With this approach a one step procedure is performed to reinitialize the level set function
in the first neighbours of the interface, which can be easily detected from the change of sign
of ¢. After that, an iterative procedure is performed to reinitialize the values of ¢ in a proper
tube around the already reinitialized region; to this end a first-order spatial discretization and
forward Euler integration in pseudo-time 7 is used to approximate the solution of the original
equation (27). In parallel runs, each step of this algorithm also requires an update of the ¢
data in the halo region.

3.8 Localizing the Computational Effort

A typical approach when dealing with level set methods is to localize the evolution only in
a narrow band around the zero level set of ¢. Since it is not important to update ¢ far away
from that, at each time step we choose a subgrid

G=1{Xjeg:¢] <y}Cd, (28)

with y = 4Ax, which, according to [42], is apt for the spatial reconstructions employed in
this work (multilinear and third-order WENO), and update ¢! only therein. Outside G we
simply cut our level set function as

Y if ¢(X) >y,
P(X) =) if |p(X)] <y, (29)
-y if ¢(X) < —y.

To prevent numerical oscillations at the boundary of G, we also update the solution involv-
ing an additional cut-off function c(¢), the same described in [42], which is given by

| if [p| < B,
c(@) =3 (ol —»)?Qlpl+y —3B)/(y — B)° if B<lpl <y, (30)
0 if |p| > v,

with 8 = 2Ax ([42]), thus considering the modified equation

. d@ 1" (o o B (VG D) .
¢i(x, 1) C(¢)[Ep(¢)} <Vd(X) Vo (x, 1) + pd(X)V <|V¢(5€>’ [)|> Vo (x, t)l)
and properly modifying the semi-Lagrangian schemes (6) and (8) to incorporate the additional

factor c(¢).

Finally, the reinitialization procedure is performed on a different narrow band G obtained
by considering G and its first neighbours. The fact that G D G is essential if one starts
the algorithm with an initial data so far from the point cloud that the initial computational
band (28) does not contain S. In such a case, without the enlarged reinitialization band, the
evolution of ¢ would remain confined to the first computational band GO, while with this
choice, the successive bands C?” will be able to move contextually with the zero level set of
¢". For more clarity, the bands involved in the different parts of the scheme are depicted in a
2d case in Fig. 3 and a typical evolution of a front of the level set function in 1d is depicted
in Fig. 4.
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Fig. 3 On the left, the mask computed to detect the computational subgrid G. Active nodes are depicted in
green, their first neighbours are depicted in light blue (they are inactive during the update, while they are active
during the reinitialization step) and remaining inactive nodes are depicted in blue. On the right, the mask
computed to detect the computational subgrid G of the reinitialization. Colors are used in the same way, with
in addition red nodes representing the nodes immediately close to the interface on which the signed distance
function is computed explicitly with the one step procedure (Color figure online)

Fig. 4 Typical evolution of a front in 1d. Starting from the green line, the update makes the front move
towards the data resulting in the blue line, sharper than the green one. Reinitialization (pink line) makes the
computational narrow band move contextually with the front, fixing the zero level set. The dotted black line
represents the last cutting step necessary to obtain the final update (Color figure online)

4 Numerical Experiments

In this section we present some representative numerical results obtained with the algorithm
described in the previous sections. In order to compare easily the different S, we have rescaled
all the point clouds in the box [—1, 1]".
As we are looking for a minimum of the energy functional (1), we will consider the same
stopping criterion used in [32]: at time n, the algorithm stops if
Sk Sk
n = m“éike"l <107, where & :% > Eaeh) (31
n i=n—k+1

n
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Table 1 Standard values for p

and p in each run r of d P -
2 2 0.05
>3 2 1

or after a maximum of 100 iterations. Note that in (31), the energy functional (1) is computed
with p = 2. This condition is in practice a way to detect stationary points or flat areas of the
energy functional. In all the tests we set k = min(n, 10) and forced the algorithm to do at
least 10 iterations.

We point out that some other stopping criteria can be considered. In [54] the author
propose to stop the evolution either all data points are close enough to the zero level set,
ie. [¢(Q)| < tol for any Q € S or |¢| is small enough, meaning that we are close to
an equilibrium state. Alternatively, the mean of squared differences of two subsequent time
steps is tested in [30] is order to get a right choice of the number of time steps for the model
creation.

4.1 Quantitative Evaluation

In order to get a quantitative insight into the quality of the reconstruction achieved with our
scheme and compare it with already existent methods, different quantities are considered. In
all the tests we compute, alongside (31), the normalized L'-norm of the update between two
successive iterates, namely 1
Zg 97! — 97
=" (32)
Y 1

x;jeg

as in [12], and and the L!'-norm of the error, when the exact signed distance function ¢* is
given.
Furthermore, we compute the average of the error on the points of the cloud

> [@"1(Q)|

S
Errg = ges 5 ,

(33)
to make some considerations on the role of the curvature regularization and to evaluate how
much the final reconstruction is attached to the data set.

4.2 Choice of Parameters

It only remains now to detail the choices for the parameters p and u and for the spatial and
temporal discretization.

In [12], the authors consider the case with p = 1, which grants for a faster evolution of the
initial data towards the cloud and also does not require to compute the factor [d(X)/E p]P_] ,
while in [54] the authors suggest to set p = 2, which is more effective in reaching a steady
state for the evolution. Also, setting ;« = 0 simplifies the update formulas (6) and (8) since
all )?;‘ ; coincide. Furthermore, disregarding the curvature effect, it prevents from loosing too
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much details, especially on coarse grids. On the other hand, increasing values of © > 0 will
smoothen the solution and will help handling changes of topology, at the price of having a
zero level set slightly off from the cloud S.

Our goal is to compute a levelset with p = 2 on a fine grid. In order to save computational
time, we combine different choices of the parameters in more than one run of Algorithm 1,
gradually increasing the resolution of the grid.

Let r represent the number of the run of Algorithm 1, Table 1 summarizes the usual
approach. We point out that i = 0.05 is chosen accordingly to the analysis made in [30] and
also with the aim of better handling possible changes in topology, while u = 1 is chosen
in order to reproduce the original model. On the other hand, we will see that the choice
> 1 might be useful when the dataset is affected by noise in order to further smoothen the
solution.

Regarding the spatial and temporal discretization we set
Ax® = 8%, A0 A0
X = rhs 1" = Ax", (34)
where r is the number of the current run, 4 s is specified below, and, unless otherwise specified,
Cax = 1. The above spatio temporal discretization clearly states the advantages of using the
SL approach since in (34) we set At = O(Ax), not being prohibitively constrained by the
parabolic term. In the usual procedure three runs of Algorithm 1 are performed.

In (34) hs represents an estimate of the resolution of the cloud S; its value is approximated
by randomly choosing a sample made up of the 10% of the points in S and then computing
the average of the distances between each of these points and their nearest neighbour in S.

In the first and coarsest run (r = 1), we compute the initial data as described in subsection
3.6. The required threshold is set as ys = Kshs with Kgs set to 2.0, unless otherwise
specified. The role of Ks is relevant when the points in S are not evenly distributed on the
sampled surface. It is in fact common, especially in 3d, due to the supports used for the
object during laser scanning, to find data sets that have piggy bank-like shapes, which have
fake holes that could distort the result. In such cases, the good practice consists in choosing
a larger K s, to start with level set that is further away from the data, but encloses the point
cloud without entering in the fake cavities. For the later runs (» > 1), we use as initial data
the final solution computed by the previous run and interpolated on the current grid.

All the codes have been written in C++ language with the support of the MPI and of the
PETSc library [4, 5]. In particular, the communications in the SL step 4¢ of Algorithm 1 have
been performed with the help of a DMSWARM object. The tests have been performed on
the Galileo100 cluster hosted at CINECA..!

4.3 2d Data Sets
4.3.1 Circle Test

We first consider a data set S made up of 64 points uniformly chosen on a circle of radius 1,
thus having a cloud size approximately equal to 9.81 x 1072,

The main steps of the reconstruction of the circle are depicted in Fig 5, while Fig 6 collects
significant graphs to evaluate the accuracy of the method. The three runs of the algorithm
required respectively 18, 20 and 12 iterations using the Q1 reconstruction, while 20, 13 and

1 https://www.hpc.cineca.it/systems/hardware/galileo 100/
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Fig.5 Steps of the algorithm for the 2d circle case: on the left, the distance function is represented; the central
panel shows the initial data and its zero level set (black line); the final data and its contour (black line) are
represented on the right. Data represented here has been obtained with WENO reconstruction
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Fig. 6 Significant quantities computed for the circle test using WENO interpolator. In the top-left panel the
energy functional is depicted: the drop between two successive runs is due to the change of the grid size and
the consequent new computation of the distance function. In the top-right panel the error computed on the
cloud is shown: as expected, its profile is not monotone since during the evolution the interface can even pass
the cloud and then come back. The bottom-left panel represents the running average of the energy functional:
note that in the first 10 iterations of each run the moving average is still forming up. The bottom-right panel
represents the normalized L'-norm of the update between two successive iterates
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Table 2 Errors and energy computed for the circle test at the end of each run. To better appreciate the results
Algorithm 1 has been performed five times, fixing the parameters according to Table 1. Note that, the better
results on WENO, especially in terms of the error computed on the cloud S, are linked to a greater ability to
be faithful to the data set and to capture details

Q1 WENO
r Grid L'-err Energy Error on & L'err Energy Erroron S

42 x 42 8.0le —02  1.76e — 01 1.29¢ — 02  7.49¢—02 1.57¢—01 1.20e — 02
58 x 58 9.74e — 03 1.19¢e —01  3.10e —03  1.0le—02 1.15¢—01  3.86¢ — 03
99 x 99 1.71e — 03 1.04¢ — 01  6.43¢ —04  1.48¢ —03 1.0le =01  5.05¢ — 04
181 x 181  6.80e —04  1.04e —01 5.06e —04 629¢—04 1.03¢e —01 4.6le —04
344 x 344 2.73e —04  1.04e — 01 377e —04  2.48e¢—04  1.04e —01 3.19¢ — 04

[ N R

p=1 u=>5 w =10 w =15

L err=9.79¢ — 03 L err=9.68¢ — 03 Llerr= 9.93¢ — 03 Ll err= 1.15¢ — 02
w=20 w=25 w =30 w=35

Ll err=1.52¢ — 02 Ll err=2.16e — 02 Ll err= 3.68¢ — 02 Ll err=1.28 — 01

Fig. 7 Reconstructions form noisy data. A 10% of normally distributed noise is added to S and increasing
values of u in the final run are considered. The solution keeps smoothing, until it degenerates (i« = 35)

33 iterations are required in the WENO case, with an amount of computational time equal to
9.40e — 02 and 1.31e — 01 seconds, respectively.

Looking at Fig. 6 note how the zero level set approaches the cloud: as expected, the
normalized L'-norm of the update does not show a monotone profile and the error on the
cloud ErrY is not vanishing due to the finite grid size and to the curvature term. During the
first run, the interface quickly moves towards the data, it can even pass through the cloud,
and then stabilizes. During the successive runs the reconstruction becomes more accurate:
the energy gets closer to the exact value of the energy computed for a circle, represented by
the dashed orange line (= 7.10 x 1072), and the error made on the cloud decreases. In this
case, the exact signed distance function from the circle is known and we can compute the
L!'-norm of the error (see Table 2).

Finally, we perform the circle test adding a normally distributed noise to the data (10%).
Figure 7 shows the WENO reconstructions corresponding to increasing values of u in the last
run: for s = 5 we have the best result in term of L' error, while for larger values of 1 we
get a smoother solution, but a larger L' error due to the shrinking of the level sets, until, for
= 35, the zero level set completely degenerates.
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Fig.8 From left to right: a comparison between the curves reconstructed with Q1 (blue line) and WENO (red
line) interpolators at each run (Color figure online)
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Fig.9 Energy and error on cloud computed for the square test using WENO interpolator

4.3.2 Square Test

In the second test we consider a cloud made up of 24 points representing a square rotated by
45 degrees with respect to the Cartesian axis. The reconstruction takes respectively 23, 26,
14 iterations and 1.08¢ — 01 seconds in the Q1 case, and 24, 34, 29 iterations and 1.50e — 01
seconds in the WENO case. The final curves of each run are depicted in Fig. 8. Graphs of
the energy functional and of the error on the cloud are reported in Fig. 9, exclusively for the
WENO case. It is worth highlighting the role of u: the curvature regularization in the last
run penalizes the sharp corners, thus providing a final contour with a controlled maximum
curvature, which, although the higher resolution of the grid, is not passing exactly through
the corresponding points of the cloud.

Table 3 shows the errors computed with respect to the exact data. We point out that in this
test the WENO based algorithm leads to significantly lower errors, due to the differences near
the corners.

4.4 Synthetic 3d Data Sets
In this subsection we present numerical tests for the reconstruction of 3d shapes. Here the

data sets are synthetic and are made up by sampling points on simple geometrical forms for
which the exact signed distance function is known.

@ Springer



38 Page22o0f32 Journal of Scientific Computing (2025) 103:38

Table 3 Errors and energy computed for the square test at the end of each run. To better appreciate the results,
Algorithm 1 has been performed five times

Q1 WENO
r Grid Llerr Energy Error on S Llerr Energy Error on S
30 x 30 1.01e+00 3.76e —01  9.44e —02 9.09¢ —01 3.33¢—01 8.07¢ — 02
34 x 34 1.18¢ —01  2.65¢—01 3.08¢—02 7.7le—02 2.96e —01  1.69¢ —02
51 x 51 127¢ —02  239¢—01 47le—03 9.69¢ —03 232¢—01 3.43¢—03

85 x 85 4.30e —03 238¢—01 7.10e —03 3.0le—03 237¢—01 4.37¢—-02
153 x 153 1.45¢—-03 2.42¢—01 595¢—02 1.04e—03 2.42¢—-01 4.16e — 02

[ N S

Fig. 10 Reconstruction steps of a sphere for the WENO case. In the first row the point cloud and the final
zero surface with and without the point cloud are depicted for the unperturbed case. In the second row the
same figures are produced adding a 10% of noise to the dataset and setting « = 10 in the last run in order to
smoothen the solution

4.4.1 Sphere

The first 3d test has been performed on a point cloud made up of 2562 points chosen on a
sphere of radius 1. The reconstruction procedure is illustrated in Fig. 10 for the WENO case
with the original data set (first row) and a perturbed one (second row, adding 10% of normally
distributed noise). In this simple case it is worth emphasizing that the role of the curvature
regularization is to provide a smoother final surface than the ones provided by the previous
two runs. In fact, setting © = 10 in the last run of the noisy case, we aimed at smoothing
the final surface that would have been sensibly rough with the usual setting of the parameter.
Looking a Table 4 one can also compare the results obtained with different interpolators and
observe the better performance of the WENO interpolator.

4.4.2 Cube & Spheres

The second test concerns a three-dimensional domain composed by a cube joined with three
spheres, sampled by 2346 points. The cube edge length was 0.8, the first sphere has radius
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Table 4 Errors and energy computed for the sphere at the end of each run

Q1 WENO
r Ll-err Energy Error on S Ll-err Energy Error on S
5.56e — 02 2.12¢ — 01 4.60e — 03 4.97e — 02 1.90e — 01 4.05¢ — 03
2 9.02¢ — 03 1.74e — 01 1.81e — 03 8.73e — 03 1.71e — 01 1.93¢ — 03
3 3.65¢ — 03 1.61le — 01 1.56e — 03 3.27e — 03 1.57e — 01 1.37¢ — 03

Fig. 11 The reconstructed surfaces of the “Cube&Spheres”. On the left, the result obtained with the QI
interpolant, while on the right, the result obtained using the WENO interpolant

Table 5 Errors and energy computed for the Cube&Spheres at the end of each run

Q1 WENO
r Ll-err Energy Error on S L'-err Energy Error on S

9.86e — 02 1.82¢ — 01 1.05¢ — 02 9.34e — 02 1.66e — 01 8.92¢ — 03
2 2.90e — 02 1.55¢ — 01 4.64e — 03 2.85¢ — 02 1.53¢ — 01 4.18¢ — 03
3 1.34¢ — 03 1.46e — 01 4.91e — 03 1.30e — 02 1.42¢ — 01 3.95¢ — 03

0.25 and centre at the middle of an edge of the cube, while the other two had radius 0.15 and
were centred onto the two vertices of the opposite edge of the cube. The geometrical object
was rotated in such a way that no face nor edge were aligned with the background Cartesian
grid.

Results are shown in Fig. 11 and in Table 5. As for the 2d case of the square, the curvature
regularization provides rounded edges and corners in the final reconstruction, especially in
the Q1 case. Here too the WENO reconstruction shows better performances according to all
three measures and especially to the error on the point cloud. Plot of the energy functional
and of the error on the cloud are shown in Fig. 12 for the WENO case. Note in particular
that the minimum of the error on S is reached at the end of the second run and is about
4.64e — 03, while at the end of the third run the error is about 4.91e¢ — 03, which is an effect
of the curvature regularization.

4.4.3 Mechanical Part and Knot

In the following tests we consider two point clouds that have been tested also in reference
works as [33, 54].
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Fig. 12 Energy and error on cloud computed for the “Cube&Spheres” using WENO interpolator

Fig. 13 Mechanical part: the dataset, and the zero level set obtained with Q1 (center) and WENO (right)
interpolator

The first one is made up of 4102 points representing a mechanical part which presents both
rounded and sharp features. The results are depicted in Fig. 13 where one can notice how the
WENO reconstruction fits more faithfully the dataset; in fact, the final errors computed on S
are equal to 7.59¢ — 03 and 3.74e — 03, respectively for the Q1 interpolator and the WENO
one.

The second dataset consists of 10000 points and represents a knot. Motivated by its intrigu-
ing topological features, we explored the capability of our method to accurately reconstruct
its shape, even when we start from an initial data with a completely different topology. If
Fig. 14 we show the initial and final data of the reconstruction procedure using the WENO
interpolator setting C o, = 2: in the first row the initial data is computed as usual, choosing
Ks = 10, while in the second row the initial data is chosen to be an ellipsoid encompassing
the dataset (the maximum number of iterations in this latter case has been set to 200). Of
course, we observe a difference in the number of iterations: the first case requires 61, 23 and
10 iterations, while the second one requires 120, 24 and 14. The computational times are
reported in Tab. 9.
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Fig. 14 The reconstruction procedure for the knot point cloud, using WENO interpolator. First row: usual
initial guess obtained as a proper isocontour of the distance function from S. Second row: ellipsoidal initial
guess

4.5 Data Sets From Laser Scans

Here we test our method using data sets coming from laser-scanning of real objects. These
point clouds are made available in the Digital Shape WorkBench of the AIM@SHAPE and
VISIONAIR projects [1] or in the 3D Scanning Repository of the Stanford University [36].

4.5.1 The “Frog” and the “Bunny”

We first consider a point cloud named “Frog” [1] and one named “Bunny” [36], made up of
2512 and 35947 points, respectively. The results are shown in Fig. 15 and in Tables 6, 7 and
we point out that for the “Bunny” we set C4, = 2. In both these two cases the data sets have
holes in the bottom and that’s why we had to increase the threshold ys for the initial data
computation, thus we set Ks = 10. This obviously produced an enlarged initial contour and
therefore more iterations were needed during the first run, but this simple strategy secured
us from getting distorted results deriving from a bad initial data. Of course, alternatively,
one could also fill these holes in an ad-hoc preprocessing stage by adding some points to the
cloud.

Note in particular, from Fig. 15, that the high order interpolator provides a more faithful
reconstruction, which can be also visually appreciated from some details of the dataset where
the cross section of the point cloud it’s comparable with its resolution.

4.5.2 A Teapot with Tiny Details

In the next test we focus our attention on the ability of our algorithm to capture tiny details
of an object. A point cloud named “Teapot” [1] has been considered for this aim since it
presents a more complex topology and parts whose cross section is more or less comparable
with the size of the cloud. In Fig. 16, the reconstructions obtained with the WENO interpolator,
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Fig. 15 The reconstructed surfaces of the “Frog" and the “Bunny", respectively on the first and on the second
row. On the left, the result obtained with the Q1 interpolant, while on the right, the result obtained using the
WENO interpolant. One can appreciate how the WENO recostruction better recovers the details of the paws,
in the “Frog" case, and of the ear, in the “Bunny" case

Table 6 Errors and enefgy Q1 WENO

computed for the “Frog” at the

end of each run r Energy Error on & Energy Erroron &

2.70e — 01 3.97¢ — 03 2.64¢ — 01 3.54¢ — 03

2 2.77e¢ — 01 3.17¢ — 03 2.75¢ — 01 2.55¢ — 03
3 2.82¢ — 01 3.33¢ — 03 2.82¢ — 01 2.34e — 03

Table 7 Errors and energZ Q1 WENO

computed for the “Bunny” at the

end of each run r Energy Error on & Energy Error on &

1 9.80e — 02 3.63¢ — 03 8.78¢ — 02 3.16e — 03
2 8.00e — 02 1.38¢ — 03 7.62e — 02 1.18¢ — 03
3 7.23e — 02 1.09¢ — 03 7.08¢ — 02 8.09¢ — 04

choosing respectively Ca, = 0.5 and Cax = 0.25, are depicted. We point out that in is this
test we force ;« = 0 in the first two runs in order to retain as much details as possible. In fact,
higher values of u expose to the risk of loosing important details of the shape. The higher
resolution of the grid of course requires a great computational effort: the finer reconstruction
took approximately six times as long as the first (see Table 9).
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Fig. 16 Final reconstructions of the “Teapot” with WENO interpolator. The left panel collects the result obtained
with Cx, = 0.5, while on the right C, = 0.25. The first setting fails in recovering the spout, while the
second one succeeds

Fig. 17 Final reconstructions of the “Happy Buddha” and the “Dragon” using WENO interpolator

4.5.3 Complex Shapes and Topology: the “Happy Buddha” and the “Dragon”

Finally we have done some tests on very complex point clouds present in the Stanford
3D Scanning Repository [36]. We considered two data sets, named “Happy Buddha” and
“Dragon” respectively, because they present some nice features like free holes, small bridges
due to the carving and many details to be recovered. The results of our reconstructions are
depicted in Fig. 17 and have been obtained setting Ks = 10 in the computation of the initial
data, and C o, = 4 in order to limit the huge amount of grid points.

On the “Happy Buddha” test, we point out that the reconstructed surface recovered equally
well both the very flat surfaces of the base and the tiny details on the sides, on the belly and
on the drapery. Also all the holes of the highly nontrivial topology were correctly recovered,
including the small ones on the sides: we point out that the initial data had detected the two
big holes at the top but missed the two tiny ones at the sides which were recovered during
the surface evolution, confirming the ability of the method to deal with topological changes
of the surface.

On the “Dragon” test, we point out that the scales on the skin are still well approximated
despite the curvature regularization. Also, we stress how the level set has been pushed inside
the mouth during its evolution and how the sharp teeth shapes have been well approximated.
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Table 8 Dimensions of the Cartesian grid involved for each 3d test at each progressive run

Point cloud Grid
r=1 r=2 r=3

Sphere 54 x 54 x 54 78 x 78 x 78 135 x 135 x 135
Cube&Spheres 55 x 62 x 55 81 x 94 x 81 141 x 166 x 141
Frog 89 x 75 x 87 116 x 89 x 113 211 x 157 x 204
Bunny 109 x 108 x 92 177 x 175 x 142 332 x 329 x 262
Knot 105 x 106 x 67 169 x 171 x 93 317 x 321 x 165
Knot (ellipse) 105 x 106 x 67 169 x 171 x 93 317 x 321 x 165
Mechanical part 77 x 77 x 148 92 x 92 x 234 163 x 163 x 446

Teapot 119 x 81 x 102 176 x 101 x 143 330 x 181 x 264
Teapot (finer) 184 x 109 x 151 330 x 181 x 264 638 x 340 x 506
Happy Buddha 152 x 331 x 152 272 x 631 x 272 522 x 1241 x 522
Dragon 263 x 193 x 132 494 x 354 x 233 966 x 687 x 444

Table 9 Computational times

(min) of the algorithm Point cloud Ranks Total CPU time
Q1 WENO
Sphere 16 0.03 0.05
Cube&Spheres 16 0.03 0.05
Frog 16 0.08 0.11
Bunny 16 0.28 0.34
Knot 16 0.27 0.42
Knot (ellipse) 16 0.32 0.68
Mechanical part 16 0.11 0.36
Teapot 32 0.43 0.58
Teapot (finer) 32 2.15 3.58
Happy Buddha 32 1.35 2.00
Dragon 32 1.48 2.15

4.6 Scalability of the Algorithm

Our algorithm, thanks to the localization of the computational effort on a band around the
evolving zero level set, which is a codimension 1 variety of R”, has a cost that scales as
O(1/Ax""") under grid refinement. This is confirmed by comparing the two “Teapot”
experiments (Table 8 and 9). The memory footprint of our implementation scales instead
as O(1/Ax™), due to the data attached to the full grid G. This has suggested to consider a
distributed memory parallel implementation based on the MPI paradigm.

In this last subsection we have collected some scalability results to evaluate the efficiency of
the algorithm. The test depicted in Fig. 18 has been performed using the “Dragon” point cloud
(setting C o, = 2) progressively increasing the number of nodes, while keeping constant the
number of processors per node.

Computing the parallel efficiency of a run with M cores as € = %, where Ty is
the computational time, we obtain 84%, 63%, 58%, respectively for 80, 120 and 160 cores.
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Fig. 18 Scalability results for the “Dragon” reconstruction. The blue marks report the CPU times in seconds
required using a fixed number of ranks per node (40) and gradually increasing the number of nodes, from
lto4

This can be ascribed to the interplay between the Cartesian grid partitioning for G and the
localization techniques of Sect. 3.8. In fact, when the number of cores is increased, also the
chance of having cores with no (or small) intersection with the active computational band is
also increased, with a negative impact on load balancing.

5 Conclusions

We presented a complete workflow for the reconstruction of surfaces starting from unor-
ganized point cloud data, without assuming any information about the connection between
points. We used the LSM to detect and evolve these surfaces in an implicit way. In particular,
we used the signed distance function as level set function to preserve numerical accuracy
and to get some nice geometrical features for free. The numerical method is based on a SL
scheme with a local Q1 interpolator or a WENO one and thus it works locally and on fixed
rectangular grids. The code runs in parallel and it turned out to be quite efficient despite the
very fine resolution of the grids employed and the high amount of grid points involved in the
computations. We presented several numerical tests in two and three dimensions measuring
the error in terms of distance of the reconstructed surface from the cloud and distance from
the exact signed distance function. The tests suggest that the workflow illustrated here is quite
promising, especially using WENO techniques, which shows better results with respect to the
simple Q1 interpolator. Future research will be directed towards improving the efficiency
of the algorithm involving quadree and octree adaptive meshes to solve the load balancing
issues highlighted in Sect. 4.6, focusing all the computational effort in the regions close to
the data. Interesting directions of research would be also the replacement of the current SL
scheme with its monotone version (see [11]) to achieve a monotone decrease of the error and
of the energy functional.
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