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Abstract
We derive explicit closed-form expressions for the eigenvalues and eigenvectors of
the matrices resulting from isogeometric Galerkin discretizations based on outlier-
free spline subspaces for the Laplace operator, under different types of homogeneous
boundary conditions on bounded intervals. For optimal spline subspaces and spe-
cific reduced spline spaces, represented in terms of B-spline-like bases, we show
that the corresponding mass and stiffness matrices exhibit a Toeplitz-minus-Hankel
or Toeplitz-plus-Hankel structure. Such matrix structure holds for any degree p and
implies that the eigenvalues are an explicitly known sampling of the spectral symbol
of the Toeplitz part. Moreover, by employing tensor-product arguments, we extend
the closed-form property of the eigenvalues and eigenvectors to a d-dimensional box.
As a side result, we have an algebraic confirmation that the considered optimal and
reduced spline spaces are indeed outlier-free.

Mathematics Subject Classification 34L16 · 41A15 · 65D07 · 65F15 · 65L15 · 65L60

1 Introduction

Isogeometric analysis (IGA) is awell-establishedparadigm for the numerical treatment
of differential problems, introduced in [29], with the aim of unifying computer aided
design (CAD) and finite element analysis (FEA). The leading idea in IGA is to use the
same representation tools for the design as well as for the analysis (in an isoparametric
environment), providing a true design-through-analysis methodology [8, 29]. In its
original form, IGA adopts the core functions of CAD systems, i.e., B-splines and
their rational counterpart (NURBS), to approximate the solution of the considered
differential problems. The isogeometric approach shows important advantages over
classical C0 FEA. In particular, the inherently high smoothness of B-splines and
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NURBS allows for a higher accuracy per degree of freedom; see [6, 34, 35] and
references therein.

Spectral analysis typically provides a global picture of the eigenvalues and eigen-
functions of a given (discretized) differential operator. The study of the spectral error is
of major interest in applications because, in practice, computations are not performed
in the limit of mesh refinement, and for a large class of boundary and initial-value
problems the total discretization error on a given mesh can be recovered from its
spectral error; see, e.g., [30]. Primarily second order eigenvalue problems have been
addressed and related IGA discretizations have been investigated by several authors;
see [9, 27, 32] and references therein.

The explicit error estimates given in [34, 35] for spline spaces of different smooth-
ness show that discretizations in spline spaces of maximal smoothness on uniform
grids are preferable. This theoretical finding totally agrees with the numerical obser-
vations: maximally smooth spline discretizations of degree p on uniform grids lead
to a prime discrete spectrum, which almost entirely converges to the continuous one
for increasing p and does not present the well-known artifacts of high-order C0 FEA,
the so-called optical branches. From a spectral and matrix theoretical point of view
[2, 26, 27], it is clearly understood that the number of optical branches amounts to
(p − k)d − 1, with k being the imposed smoothness and d the dimensionality of the
differential problem. The previous formula indicates that these spectral artifacts dis-
appear only in the case of maximal smoothness, i.e., k = p − 1, while in all other
cases their number is exponential in the dimensionality d.

Notwithstandingmaximally smooth spline spaces on uniform grids are an excellent
choice for addressing eigenvalue problems, they are not completely satisfactory: a
very small portion of the eigenvalues are poorly approximated and the corresponding
computed values aremuch larger than the exact ones. These spurious values are usually
referred to as outliers [9]. The number of outliers increases with the degree p and, for
fixed p, it is independent of the degrees of freedom for univariate problems, while a
“thin layer” of outliers appears in the multivariate setting. Discretization techniques
that remove those outliers are often called outlier-free discretizations.Accurate outlier-
free discretizations are important both for their superior description of the spectrum of
the continuous operator and for their beneficial effects in various applicative contexts
such as (explicit) dynamics.

A solid analytical answer to the problem of outlier removal from isogeometric
Galerkin discretizations of second order eigenvalue problems has been recently given
in [32] by considering subspaces of maximally smooth splines of any degree that are
optimal spaces in the sense of L2 Kolmogorov n-widths for certain function classes
related to the considered eigenvalue problems [19, 20]. These optimal spline subspaces
are simply identified by additional homogeneous boundary conditions and by knots
that are uniform (or shifted uniform) and are equipped with a B-spline-like basis. For
any degree, they give rise to a complete removal of the outliers without loss of accuracy
in the approximation of all eigenfunctions.

The fact that outliers are related to the treatment of boundary conditions has been
observed already for a long time. Interesting empirical procedures for outlier removal
based on this intuition have been presented in [12, 28], where the authors exploit the
imposition of suitable homogeneous additional boundary conditions in a similar (but
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slightly different) manner to the above mentioned optimal spline subspaces. More
precisely, in [12] a penalization of specific high-order derivatives near the boundary is
proposed, while in [28] the same high-order derivatives at the boundary are strongly
set equal to zero, by using suitable reduced spline spaces as trial spaces; see also [38,
39]. Although there is a clear numerical evidence that the strong imposition of the
considered additional boundary conditions removes the outliers without affecting the
accuracy of the approximation for the global spectrum, a proper theoretical foundation
of the whole process is missing.

The knowledge of the spectrum of matrices arising from a given discretization
technique for partial differential equations, not necessarily confined to eigenvalue
differential problems, plays also an important role in designing efficient and robust
solvers for the resulting linear systems. It is the foundation for the convergence anal-
ysis of (preconditioned) Krylov methods and for the theoretical analysis of effective
preconditioners and fast multigrid/multi-iterative solvers.

The spectral behavior of matrices arising from isogeometric Galerkin methods
based on standard B-splines and NURBS, with boundary conditions in strong or weak
form, has been analyzed in a series of recent papers; see, e.g., [22, 23] and references
therein. The analysis typically exploits the theory of generalized locally Toeplitz (GLT)
sequences [24, 25] as well as properties of the bases used to represent the discretization
spaces. More precisely, it has been shown that sequences of such matrices correspond-
ing to different levels of mesh refinement admit an eigenvalue distribution, which can
be compactly described by a function called (GLT) symbol. This symbol has a canon-
ical structure incorporating the approximation technique, the geometry of the domain,
and the coefficients of the principal terms of the differential problem. The eigenvalues
of the considered matrices can be approximated by a uniform sampling of the symbol
and, when the size of the matrices increases, such an approximation converges to the
true spectrum, up to few outliers. As application, the spectral information obtained
from the symbol has been utilized to design efficient preconditioners and multigrid
solvers [17], but the presence of the outliers dirties and weakens the elegant symbol
information.

We want to emphasize that none of the above results provides closed-form expres-
sions of the discrete eigenvalues and the corresponding eigenvectors for the considered
(full or reduced) spline discretization spaces, unless in few specific cases of low degree
[18]. However, it has been observed in [11] that the discretization matrices for the
standard full spline spaces are almost Toeplitz-minus-Hankel or Toeplitz-plus-Hankel
matrices and that, if theywould have exactly this structure, explicit closed-formexpres-
sions for the corresponding eigenpairs could be realized. Such structured matrices
belong to certain τ matrix algebras, which have been widely studied in the literature;
see, e.g., [3, 5, 14] and references therein.

In this paper, we continue the spectral study of isogeometric Galerkin discretiza-
tions in optimal spline subspaces for the Laplace operator, under different types of
boundary conditions, and we assume that the considered subspaces are represented in
terms of the B-spline-like basis from [32] (see also [15]). We derive explicit closed-
form expressions for the eigenvalues and eigenvectors of the corresponding mass and
stiffness matrices, for any degree. These expressions show that the eigenvalues are a
simple sampling of the GLT symbol [21], with no outliers. Moreover, when fixing the
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type of boundary conditions, both the mass and the stiffness matrix exhibit the same
Toeplitz-minus-Hankel or Toeplitz-plus-Hankel structure, and thus they belong to the
same τ matrix algebra [5]. This allows us to deduce also explicit closed-form expres-
sions for the approximated spectrum of the Laplace operator, under the addressed
boundary conditions. In this way, we get an algebraic confirmation that optimal spline
subspaces lead to outlier-free discretizations.

Furthermore, we extend our analysis to isogeometric Galerkin discretizations based
on the reduced spline spaces considered in [28] (see also [38, 39]) and represented in
terms of the B-spline-like basis from [32]. It turns out that the corresponding stiffness
and mass matrices exhibit again a Toeplitz-minus/plus-Hankel structure. This gives
rise to explicit closed-form expressions for their eigenvalues and eigenvectors. As a
consequence, we can conclude that such spaces are outlier-free as well.

1.1 Main results

The eigenvalues of a squarematrix A of size n are denoted byλ j (A), j = 1, . . . , n, and
the corresponding eigenvectors by u j (A) with components ui, j (A), i, j = 1, . . . , n.
For θ ∈ [0, π ], r ∈ {0, 1}, and p ≥ 1, we define

grp(θ) = (−1)rN (2r)
2p+1(p + 1) + 2(−1)r

p∑

k=1

N (2r)
2p+1(p + 1 − k) cos(kθ),

whereNp is the cardinal B-spline of degree p ∈ N, given by (16) and (17). Then, our
main results can be summarized as follows.

1. We derive explicit closed-form expressions for the eigenvalues and eigenvectors
of the mass matrix Mp,b

n and the stiffness matrix K p,b
n when considering the B-

spline-like basis of the univariate optimal spline subspaces from [32] of dimension
n, for any degree p ≥ 1 and three different types of boundary conditions, indicated
with the index b = 0, 1, 2.

• Dirichlet boundary conditions (2), indicated with b = 0: The matrices Mp,0
n

and K p,0
n are symmetric and centrosymmetric. Under the assumption n ≥

max
{
p + 1, p + ⌊ p

2

⌋− 1
}
, Theorem 11 and Corollary 13 reveal that for j =

1, . . . , n,

λ j

(
Mp,0

n

)
= (n + 1)−1 g0p

(
jπ

n + 1

)
, λ j

(
K p,0
n

)
= (n + 1) g1p

(
jπ

n + 1

)
,

and for i, j = 1, . . . , n,

ui, j
(
Mp,0

n

)
= ui, j

(
K p,0
n

)
=
√

2

n + 1
sin

(
i jπ

n + 1

)
.

• Neumann boundary conditions (3), indicated with b = 1: The matrices Mp,1
n

and K p,1
n are symmetric and centrosymmetric. Under the assumption n ≥
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max
{
2p − ⌊ p

2

⌋
, 2p − 2

⌊ p
2

⌋+ 1
}
, Theorem 17 and Corollary 18 reveal that

for j = 1, . . . , n,

λ j

(
Mp,1

n

)
= n−1 g0p

(
( j − 1)π

n

)
, λ j

(
K p,1
n

)
= n g1p

(
( j − 1)π

n

)
,

and for i, j = 1, . . . , n,

ui, j
(
Mp,1

n

)
= ui, j

(
K p,1
n

)
=
√
2

n
c j cos

(
( j − 1)π

n

(
i − 1

2

))
,

c j =
{

1√
2
, j = 1,

1, j ≥ 2.

• Mixed boundary conditions (4), indicated with b = 2: The matrices Mp,2
n and

K p,2
n are only symmetric. Under the assumption n ≥ max

{
p + 1, p + ⌊ p

2

⌋}
,

Theorem 23 and Corollary 24 reveal that for j = 1, . . . , n,

λ j

(
Mp,2

n

)
=
(
2n + 1

2

)−1

g0p

(
(2 j − 1)π

2n + 1

)
,

λ j

(
K p,2
n

)
=
(
2n + 1

2

)
g1p

(
(2 j − 1)π

2n + 1

)
,

and for i, j = 1, . . . , n,

ui, j
(
Mp,2

n

)
= ui, j

(
K p,2
n

)
=
√

4

2n + 1
sin

(
i(2 j − 1)π

2n + 1

)
.

We also identify a new Hankel matrix for which we derive the explicit eigen-
values and eigenvectors in Theorem 21.

2. The above results for optimal spline subspaces are expanded to other outlier-free
spline spaces. For simplicity of presentation,we concentrate exclusively onDirich-
let boundary conditions but similar results hold for other boundary conditions as
well.

• We derive explicit closed-form expressions for the eigenvalues and eigenvec-

tors of the mass matrix M
p,0
n and the stiffness matrix K

p,0
n , when considering

the B-spline-like basis of the univariate reduced spline spaces from [32] of
dimension n, for any even degree p ≥ 1 and Dirichlet boundary conditions.

The matrices M
p,0
n and K

p,0
n are symmetric and centrosymmetric. Under

the assumption n ≥ p + p
2 , Theorem 28 and Corollary 29 reveal that for

j = 1, . . . , n,

λ j

(
M

p,0
n

)
= n−1 g0p

(
jπ

n

)
, λ j

(
K

p,0
n

)
= n g1p

(
jπ

n

)
,

123



1402 N. Lamsahel et al.

and for i, j = 1, . . . , n,

ui, j
(
M

p,0
n

)
= ui, j

(
K

p,0
n

)
=
√
2

n
c j sin

(
jπ

n

(
i − 1

2

))
,

c j =
{

1√
2
, j = n,

1, j ≤ n − 1.

For other degrees p and other boundary conditions, the reduced spline spaces
from [28] are either optimal spline subspaces, and hence covered by item 1, or
the analysis is similar.

• We extend the closed-form property of the eigenvalues and eigenvectors to the
multivariate tensor-product setting on a d-dimensional box; see Theorem 33.

In all cases, explicit closed-form expressions for the resulting approximations of the
spectrum of the Laplace operator, under the addressed boundary conditions, can be
immediately deduced; see Corollaries 14, 19, 25, and 30. Our main results confirm
that the optimal spline subspaces from [32] and the reduced spline spaces from [28]
are indeed outlier-free; see Remarks 16, 20, 26, and 31. Moreover, it follows that, for
degree p = 3 (resp., p = 2) and under Dirichlet (resp., Neumann) boundary condi-
tions, the penalization technique in [12], when the penalty parameter goes to infinity,
exactly corresponds to the first (resp., second) optimal spline subspace discretization.
Finally, it is also evident that the GLT symbols of the optimal spline subspaces and
the above reduced spline spaces are identical and they are equal to the symbol of the
related full spline space of the same degree.

1.2 Outline of the paper

In Sect. 2, we provide the necessary notations, definitions, and preliminary results
crucial for our analysis. We start by introducing the eigenvalue problems of interest
and by providing a brief overview of optimal spline subspaces designed for three
classical types of boundary conditions (Dirichlet/Neumann/mixed) along with the
construction of the corresponding B-spline-like bases. Afterwards, we collect from
the literature some results about the closed form of the eigenvalues and eigenvectors
for structured matrices of Toeplitz-minus-Hankel or Toeplitz-plus-Hankel form. In
Sect. 3, we delve into thematrices resulting from isogeometricGalerkin discretizations
based on optimal spline subspaces. This section is organized into three subsections,
each dedicated to a specific type of boundary conditions. Adopting a coherent format
across these subsections, we initiate the discussion by introducing a matrix notation
designed to handle bothmass and stiffnessmatrices simultaneously. Upon establishing
the Toeplitz-minus-Hankel or Toeplitz-plus-Hankel structure of thismatrix, we deduce
a closed-form expression for its eigenvalues and eigenvectors. For mixed boundary
conditions, a new class of Hankel matrices is identified and the expression for the
associated eigenvalues and eigenvectors is derived. To enhance readability, the detailed
proofs of the main results presented in this section are collected in Appendix A. In
Sect. 4, our focus shifts to other outlier-free spline spaces. Firstly, we consider specific
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reduced spline spaces, similar to the optimal spline subspaces. Following a parallel
approach to that in Sect. 3, we derive closed-form expressions for the eigenvalues
and eigenvectors of the corresponding mass and stiffness matrices, which allows us
to conclude that these spaces are truly outlier-free. Then, we extend the closed-form
expressions to spline discretizations defined on a bounded box of Rd , d ≥ 1. Finally,
Sect. 5 summarizes the results, provides some further comments, and discusses some
future work.

2 Model problems and preliminaries

In this section, we describe our eigenvalue problems of interest, considering three
classical types of boundary conditions and for each of them we define a family of
optimal spline subspaces. In [32], it was shown that these optimal spline subspaces
lead to outlier-free discretizations and a B-spline-like basis was constructed, which we
summarize here. As we will show later in the paper, the corresponding discretization
matrices possess a Toeplitz-minus-Hankel or Toeplitz-plus-Hankel structure. There-
fore, we present some known results about the closed form of the eigenvalues and
eigenvectors of such matrices here as well.

2.1 Eigenvalue problems

We consider three one-dimensional eigenvalue problems, each corresponding to the
Laplace operator, of the form

{
−u′′ = λu, in (0, 1),

BC.
(1)

Here, BC serves as an abbreviation for boundary conditions and represents one of the
following.

• Dirichlet boundary conditions:

u(0) = u(1) = 0; (2)

• Neumann boundary conditions:

u′(0) = u′(1) = 0; (3)

• Mixed boundary conditions:

u(0) = u′(1) = 0. (4)
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It is well established that the families of non-trivial exact solutions (λk, uk) of (1)
subject to the boundary conditions (2)–(4) are given by, respectively,

{(
(kπ)2 , sin(kπ ·)

)
, k = 1, 2, . . .

}
, (5)

{(
((k − 1)π)2 , cos((k − 1)π ·)

)
, k = 1, 2, . . .

}
, (6)

{((
(2k − 1)π

2

)2

, sin

(
(2k − 1)π

2
·
))

, k = 1, 2, . . .

}
. (7)

In [18, Section 3], it was illustrated how a closed-form expression for the approx-
imate eigenvalues and eigenvectors can be achieved for Galerkin discretizations in
standard full spline spaces related to the Dirichlet boundary conditions (2). However,
the proposed approach is restricted to p = 1, 2. When p is greater than or equal to 3,
the mass and stiffness matrices are not in the same matrix algebra anymore, making
the approach unfeasible. More recently, in [12, Section 5], it was analytically shown
that a closed-form expression for the approximate eigenvalues and eigenvectors can
be derived using another isogeometric discretization method, namely the penalization
technique. Similar to the limitation in [18], the exact expression is confined to spe-
cific scenarios, namely p = 3 for Dirichlet boundary conditions (2) and p = 2 for
Neumann boundary conditions (3).

One of the main objectives of this paper is to derive an explicit closed-form expres-
sion for the approximate eigenvalues and eigenvectors of the pairs in (5)–(7) when
an optimal spline subspace (or other types of outlier-free spline spaces) is used as a
Galerkin discretization space, for any degree p ≥ 1.

Remark 1 Other classical boundary conditions for the eigenvalue problem (1) are peri-
odic boundary conditions. In this case, the discretization based on classical periodic
B-splines on uniform grids gives rise to a circulant structure both for the stiffness and
the mass matrix, and thus results in a full (explicit) knowledge of their spectrum; see,
e.g., [39].

2.2 Optimal spline subspaces

Weprovide a concise overview of the optimal spline discretizations associatedwith (1)
and presented in [32]. We start by defining the optimal spline subspaces, followed by
the corresponding variational formulation of the discrete systems. Lastly, we describe
the construction of a B-spline-like basis for each subspace in terms of cardinal B-
splines. For more details on these spaces, we refer the reader to [32] and references
therein.

Let p, nel ∈ N
�. Following [32] and using the same notation, we consider the vector

of strictly increasing breakpoints

τ = (τ0 = 0, τ1, . . . , τnel−1, τnel = 1), (8)
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where nel is the number of intervals of [0, 1]. We then introduce the standard spline
space of maximal smoothness

Sp,τ =
{
s ∈ C p−1([0, 1]) : s|[τi , τi+1)

∈ Pp, i = 0, . . . , nel − 1
}

,

wherePp is the spaceof polynomials of degree less thanor equal to p.A comprehensive
exposition of the space Sp,τ and its B-spline basis can be found in [10, 31, 36].

Now, let us fix an integer number � ∈ {0, . . . , p}. In the following, we will focus
on specific subspaces of Sp,τ designed to selectively capture elements with certain
vanishing derivatives at the boundary, precisely up to order �:

S
�
p,τ ,0 =

{
s ∈ Sp,τ : s(β)(0) = s(β)(1) = 0, 0 ≤ β ≤ �, β even

}
, (9)

S
�
p,τ ,1 =

{
s ∈ Sp,τ : s(β)(0) = s(β)(1) = 0, 0 ≤ β ≤ �, β odd

}
, (10)

S
�
p,τ ,2 =

{
s ∈ Sp,τ : s(β0)(0) = s(β1)(1) = 0, 0 ≤ β0, β1 ≤ �, β0 even, β1 odd

}
.

(11)

It can be easily verified that the eigenfunctions in (5)–(7) of the problems (1) satisfy
the boundary conditions in the spaces S�

p,τ ,b for b = 0, 1, 2, respectively. The optimal
spline subspaces of dimension n (n ∈ N

�) associated with the boundary conditions
(2)–(4) are obtained by taking � = p and specific breakpoints. More precisely,

S
opt
p,n,b = S

p

p,τ opt
p,n,b,b

, b = 0, 1, 2, (12)

where the breakpoints τ
opt
p,n,b, b = 0, 1, 2 are specified as

τ
opt
p,n,0 =

⎧
⎨

⎩

(
0, 1

n+1 ,
2

n+1 , . . . ,
n

n+1 , 1
)

, p odd,(
0, 1/2

n+1 ,
3/2
n+1 , . . . ,

n+1/2
n+1 , 1

)
, p even,

τ
opt
p,n,1 =

⎧
⎨

⎩

(
0, 1/2

n ,
3/2
n , . . . ,

n−1/2
n , 1

)
, p odd,

(
0, 1

n , 2
n , . . . , n−1

n , 1
)
, p even,

τ
opt
p,n,2 =

⎧
⎪⎨

⎪⎩

(
0, 2

2n+1 ,
4

2n+1 , . . . ,
2n

2n+1 , 1
)

, p odd,
(
0, 1

2n+1 ,
3

2n+1 , . . . ,
2n−1
2n+1 , 1

)
, p even.

In the Galerkin method, the approximate solutions of (1) with (2)–(4) are computed
as follows:

Find (λk,h, uk,h) ∈ R × S
opt
p,n,b such that

K (uk,h, v) = λk,hM(uk,h, v), ∀v ∈ S
opt
p,n,b,

(13)
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where

M(uk,h, v) =
∫ 1

0
uk,h(x)v(x) dx,

K (uk,h, v) =
∫ 1

0
u′
k,h(x)v

′(x) dx .

For well-posedness of the problem, the convergence of (13), and the outlier-free prop-
erty of the spaces (12), we refer the reader to [32, Section 4].

Given a fixed b ∈ {0, 1, 2}, we have dim
(
S
opt
p,n,b

)
= n. Let B p

b =
{
N p
1,b, N

p
2,b, . . . ,

N p
n,b

}
denote a basis of the space Soptp,n,b (our basis of interest will be specified later in

Sects. 2.2.1–2.2.3). The problem described by (13) can be reformulated as a discrete
eigenvalue problem,

(
Mp,b

n

)−1
K p,b
n uk,h = λk,huk,h, (14)

where uk,h represents the coefficient vector of uk,h in terms of the basis B p
b . Thematri-

ces Mp,b
n and K p,b

n are called the mass matrix and the stiffness matrix, respectively,
and are defined by

Mp,b
n =

[∫ 1

0
N p
i,b(x)N

p
j,b(x) dx

]n

i, j=1
,

K p,b
n =

[∫ 1

0
(N p

i,b)
′(x)(N p

j,b)
′(x) dx

]n

i, j=1
.

(15)

We will conclude our summary of the optimal spline subspaces presented in [32]
by introducing a B-spline-like basis for each space. To this end, we need to define
the cardinal B-splines and their properties; see, e.g., [10, 31] for more details. Let
Np : R −→ R be the cardinal B-spline of degree p recursively defined as

N0(t) =
{
1, t ∈ [0, 1),
0, otherwise,

(16)

and

Np(t) = t

p
Np−1(t) + p + 1 − t

p
Np−1(t − 1), t ∈ R, p ≥ 1. (17)

The function class
(Np

)
p≥0 possesses the following properties.

• Smoothness and local support:

Np ∈ C p−1(R), supp
(Np

) = [0, p + 1]. (18)
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• Symmetry:

N (r)
p

(
p + 1

2
+ t

)
= (−1)rN (r)

p

(
p + 1

2
− t

)
, r ≤ p. (19)

• The L2 inner products:

∫

R

N (r1)
p1 (t)N (r2)

p2 (t + ρ) dt = (−1)r1N (r1+r2)
p1+p2+1(p1 + 1 + ρ)

= (−1)r2N (r1+r2)
p1+p2+1(p2 + 1 − ρ),

(20)

for every ρ ∈ R and every r1 ≤ p1 and r2 ≤ p2.

We are now ready to discuss the construction of the B-spline-like basis B p
b correspond-

ing to S
opt
p,n,b for b = 0, 1, 2 in the following subsections. For each basis we present

its extraction formula from cardinal B-splines. For a more in-depth understanding, we
refer the reader to [15, 32].

2.2.1 Dirichlet boundary conditions

Let us consider the first optimal spline subspace Soptp,n,0 corresponding to the boundary
condition (2) of our eigenvalue problem (1). The B-spline-like basis of this space is

denoted by B p
0 =

{
N p
i,0, i = 1, . . . , n

}
and its definition depends on the parity of p

as follows.
Let m = 2n + 2. In the case p odd, the basis is computed as

⎡

⎢⎢⎢⎣

N p
1,0

N p
2,0
...

N p
n,0

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎢⎣

p+1
2︷ ︸︸ ︷

· · ·
∣∣∣∣L

0
(n,m)

∣∣∣∣L
0
(n,m)

∣∣∣∣ In

p+1
2︷ ︸︸ ︷∣∣∣∣R

0
(n,m)

∣∣∣∣R
0
(n,m)

∣∣∣∣ · · ·
︸ ︷︷ ︸

n+p+1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (21)

where the set
{
N p
i , i = −p, . . . , n

}
is derived from the cardinal B-splineNp in (17)

as

N p
i (x) = Np ((n + 1)x − i) , i = −p, . . . , n, (22)

and the matrices L0
(n,m) and R0

(n,m) are composed of the identity matrix In of size n,
the exchange matrix Jn of size n, and the zero column vector O(n,1) of length n as

L0
(n,m) =

[
In

∣∣∣∣O(n,1)

∣∣∣∣− Jn

∣∣∣∣O(n,1)

]
, R0

(n,m) =
[
O(n,1)

∣∣∣∣− Jn

∣∣∣∣O(n,1)

∣∣∣∣In
]

.
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In the case p even, the basis is computed as

⎡

⎢⎢⎢⎣

N p
1,0

N p
2,0
...

N p
n,0

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

p
2 +1

︷ ︸︸ ︷
· · ·
∣∣∣∣L

0
(n,m)

∣∣∣∣L
0
(n,m)

∣∣∣∣ In

p
2 +1

︷ ︸︸ ︷∣∣∣∣R
0
(n,m)

∣∣∣∣R
0
(n,m)

∣∣∣∣ · · ·
︸ ︷︷ ︸

n+p+2

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n+1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (23)

where the set
{
N p
i , i = −p, . . . , n + 1

}
is defined by

N p
i (x) = Np

(
(n + 1)x −

(
i − 1

2

))
, i = −p, . . . , n + 1. (24)

2.2.2 Neumann boundary conditions

Now, we turn our attention to the second optimal spline subspace S
opt
p,n,1, which is

associated with the boundary condition (3). The B-spline-like basis of this space is

denoted by B p
1 =

{
N p
i,1, i = 1, . . . , n

}
and determined as follows, with a dependence

on the parity of p.
In the case p odd, the basis is computed as

⎡

⎢⎢⎢⎣

N p
1,1

N p
2,1
...

N p
n,1

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎢⎣

p+1
2︷ ︸︸ ︷

· · ·
∣∣∣∣Jn
∣∣∣∣In
∣∣∣∣Jn
∣∣∣∣ In

p+1
2︷ ︸︸ ︷∣∣∣∣Jn

∣∣∣∣In
∣∣∣∣Jn
∣∣∣∣ · · ·

︸ ︷︷ ︸
n+p+1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (25)

where the set
{
N p
i , i = −p, . . . , n

}
is given by

N p
i (x) = Np

(
nx −

(
i − 1

2

))
, i = −p, . . . , n. (26)

In the case p even, the basis is computed as

⎡

⎢⎢⎢⎣

N p
1,1

N p
2,1
...

N p
n,1

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

p
2︷ ︸︸ ︷

· · ·
∣∣∣∣Jn
∣∣∣∣In
∣∣∣∣Jn
∣∣∣∣ In

p
2︷ ︸︸ ︷∣∣∣∣Jn

∣∣∣∣In
∣∣∣∣Jn
∣∣∣∣ · · ·

︸ ︷︷ ︸
n+p

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (27)
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where the set
{
N p
i , i = −p, . . . , n − 1

}
is defined by

N p
i (x) = Np (nx − i) , i = −p, . . . , n − 1. (28)

2.2.3 Mixed boundary conditions

Finally, let us consider the last optimal spline subspace Soptp,n,2. The B-spline-like basis

of this space is denoted by B p
2 =

{
N p
i,2, i = 1, . . . , n

}
and determined as follows;

there is again a dependence on the parity of p.
Let m = 2n + 1. In the case p odd, the basis is computed as

⎡

⎢⎢⎢⎢⎣

N p
1,2

N p
2,2
...

N p
n,2

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

p+1
2︷ ︸︸ ︷

· · ·
∣∣∣∣L

2
(n,m)

∣∣∣∣− L2(n,m)

∣∣∣∣L
2
(n,m)

∣∣∣∣ In

p+1
2︷ ︸︸ ︷∣∣∣∣R

2
(n,m)

∣∣∣∣− R2
(n,m)

∣∣∣∣R
2
(n,m)

∣∣∣∣ · · ·
︸ ︷︷ ︸

n+p+1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(29)

where the set
{
N p
i , i = −p, . . . , n

}
is defined by

N p
i (x) = Np

(
2n + 1

2
x − i

)
, i = −p, . . . , n, (30)

and the matrices L2
(n,m) and R2

(n,m) are defined by

L2
(n,m) =

[
−In

∣∣∣∣− Jn

∣∣∣∣O(n,1)

]
, R2

(n,m) =
[
Jn

∣∣∣∣O(n,1)

∣∣∣∣− In

]
.

In the case p even, the basis is computed as

⎡

⎢⎢⎢⎢⎣

N p
1,2

N p
2,2
...

N p
n,2

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

p
2 +1

︷ ︸︸ ︷

· · ·
∣∣∣∣L

2
(n,m)

∣∣∣∣− L2(n,m)

∣∣∣∣L
2
(n,m)

∣∣∣∣ In

p
2︷ ︸︸ ︷∣∣∣∣R

2
(n,m)

∣∣∣∣− R2
(n,m)

∣∣∣∣R
2
(n,m)

∣∣∣∣ · · ·
︸ ︷︷ ︸

n+p+1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p

...

N p
0

N p
1
...

N p
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(31)

where the set
{
N p
i , i = −p, . . . , n

}
is given by

N p
i (x) = Np

(
2n + 1

2
x −

(
i − 1

2

))
, i = −p, . . . , n. (32)
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2.3 Structuredmatrices of Toeplitz-minus-Hankel or Toeplitz-plus-Hankel form

We describe three known results regarding closed-form expressions for eigenvalues
and eigenvectors of structured matrices of Toeplitz-minus-Hankel or Toeplitz-plus-
Hankel form. Further details and other types of matrices can be found in [11] (see
also [4, Table 1.2]). All theorems presented here are taken from [11], adjusted to align
more effectively with the notation of the GLT symbol presented in [24]. Additionally,
various matrix algebras can be found in [3, 5, 14], illustrating the connections between
these fields.

Suppose a given integer number n ∈ N
� and a given function a belonging to the

Lebesgue space L1([−π, π ]). The Toeplitz matrix of size n generated by a is defined
by

Tn(a) = [
ai− j

]n
i, j=1 =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 a−1 a−2 · · · · · · a−(n−1)

a1
. . .

. . .
. . .

...

a2
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . . a−2
...

. . .
. . .

. . . a−1
an−1 · · · · · · a2 a1 a0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where ak represents the k-th Fourier coefficient of a, given by

ak = 1

2π

∫ π

−π

a(θ)e−ikθ dθ, k ∈ Z,

with i2 = −1.
Let p be a positive integer such that n ≥ p + 1. Given the vector α =

(α0, α1, . . . , αp) ∈ R
p+1, we define the symmetric Toeplitz matrix of size n asso-

ciated with α as follows

T α
n =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α0 α1 · · · αp 0
α1 α0 α1 · · · αp
... α1 α0 α1 · · · αp

αp · · · α1 α0 α1 · · · αp

0
. . .

. . .
. . .

. . .
. . . 0

αp · · · α1 α0 α1 · · · αp

αp · · · α1 α0 α1
...

αp · · · α1 α0 α1
0 αp · · · α1 α0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)
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Through straightforward calculations, we can deduce the function that generates this
matrix. More precisely, we have

T α
n = Tn(g

α
p),

where

gα
p(θ) = α0 + 2

p∑

k=1

αk cos(kθ), ∀θ ∈ [0, π ]. (34)

Before delving into the results, it is essential to introduce two distinct types of
Hankel matrices of size n that are directly linked to the vector α:

Hα,1
n =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1 α2 α3 · · · αp 0
α2 α3 · · · αp
α3 · · · αp
... ⋰

αp 0
0 αp

⋰

...

αp · · · α3
αp · · · α3 α2

0 αp · · · α3 α2 α1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Hα,2
n =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α2 α3 α4 · · · αp 0
α3 α4 · · · αp
α4 · · · αp
... ⋰

αp 0
0 αp

⋰

...

αp · · · α4
αp · · · α4 α3

0 αp · · · α4 α3 α2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(35)

Note that the initial element of the Hankel matrix Hα,1
n corresponds to the second

element of the Toeplitz matrix (33). Similarly, the Hankel matrix Hα,2
n begins with

the third element of the same Toeplitz matrix.
Now we have the necessary background to introduce the following theorems; their

proofs can be found in [11].

Theorem 2 Let n, p ∈ N
� such that n ≥ p + 1. Then, for j = 1, . . . , n, the j-th

eigenpair of the matrix T α
n − Hα,2

n can be expressed as

λ j

(
T α
n − Hα,2

n

)
= gα

p

(
jπ

n + 1

)
,

and

ui, j
(
T α
n − Hα,2

n

)
=
√

2

n + 1
sin

(
i jπ

n + 1

)
,

with i = 1, . . . , n. The function gα
p is defined in (34).
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Theorem 3 Let n, p ∈ N
� such that n ≥ p + 1. Then, for j = 1, . . . , n, the j-th

eigenpair of the matrix T α
n + Hα,1

n can be expressed as

λ j

(
T α
n + Hα,1

n

)
= gα

p

(
( j − 1)π

n

)
,

and

ui, j
(
T α
n + Hα,1

n

)
=
√
2

n
c j cos

(
( j − 1)π

n

(
i − 1

2

))
, c j =

{
1√
2
, j = 1,

1, j ≥ 2,

with i = 1, . . . , n. The function gα
p is defined in (34).

Theorem 4 Let n, p ∈ N
� such that n ≥ p + 1. Then, for j = 1, . . . , n, the j-th

eigenpair of the matrix T α
n − Hα,1

n can be expressed as

λ j

(
T α
n − Hα,1

n

)
= gα

p

(
jπ

n

)
,

and

ui, j
(
T α
n − Hα,1

n

)
=
√
2

n
c j sin

(
jπ

n

(
i − 1

2

))
, c j =

{
1√
2
, j = n,

1, j ≤ n − 1,

with i = 1, . . . , n. The function gα
p is defined in (34).

Remark 5 Theorems 2, 3, and 4 precisely mirror those in [11, Theorems 2.1, 2.4,
and 2.2], differing only in the normalization of the eigenvectors. Furthermore, an
alternative version of Theorem 2 can be found in [3, Proposition 2.2], wherein the
eigenvalues are provided implicitly.

Remark 6 From Appendix B, it is clear that the matrices in Theorems 2, 3, and 4
belong to certain matrix algebras, namely

T α
n − Hα,2

n ∈ τn(0, 0), T α
n + Hα,1

n ∈ τn(1, 1), T α
n − Hα,1

n ∈ τn(−1,−1).

3 Eigenpairs of the optimal spline discretizationmatrices

Our objective is to establish closed-form expressions for the eigenvalues and eigen-
vectors of the matrices Mp,b

n and K p,b
n , b = 0, 1, 2, defined in (15) and arising from

the discretization in the spaces Soptp,n,b related to the boundary conditions (2)–(4). For

the sake of unification, we introduce a general matrix X p,r ,b as follows.

Definition 7 Let p, n ∈ N
� and r ∈ N such that r ≤ p. Let B p

b ={
N p
i,b, i = 1, . . . , n

}
be the basis constructed in Sections 2.2.1–2.2.3 for b = 0, 1, 2,
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respectively. We consider the matrix X p,r ,b =
[
X p,r ,b
i, j

]n
i, j=1

, whose elements are

given by

X p,r ,b
i, j =

∫ 1

0
(N p

i,b)
(r)(x)(N p

j,b)
(r)(x) dx, i, j = 1, . . . , n,

for b = 0, 1, 2. In particular, in the cases r = 0, 1, we have X p,0,b = Mp,b
n and

X p,1,b = K p,b
n .

In this section, by leveraging the properties (18)–(20) of cardinal B-splines, we
show that the matrices in Definition 7 exhibit a Toeplitz-minus-Hankel or Toeplitz-
plus-Hankel structure, for all the values of p. Then, the results from Section 2.3
lead to closed-form expressions for the eigenvalues and eigenvectors of our matrices
of interest. The section is divided into three subsections, each corresponding to one
of the boundary conditions (2)–(4). Since all three boundary cases can be treated
using the same technique, we primarily detail the Dirichlet case. However, to enhance
readability, we delegate the technical proofs to Appendix A. As a side result, for the
mixed boundary conditions (4), we identify a new Hankel structure, not covered in
[11].

3.1 The Dirichlet case

Let us consider the discretization of the eigenvalue problem (1) in the space S
opt
p,n,0

defined in (12) and related to the boundary conditions (2). We aim to show that the
matrix X p,r ,0 in Definition 7 has a Toeplitz-minus-Hankel form. Before going to the
main result, two essential lemmas are in order. The first lemma is a key ingredient in
the proof and the second one contributes to its reduction.

Lemma 8 Let a, b, ρ ∈ R, p ∈ N
�, and r ∈ N such that r ≤ p. Then,

∫ b

a
N (r)

p (t)N (r)
p (t + ρ) dt =

∫ p+1−a−ρ

p+1−b−ρ

N (r)
p (t)N (r)

p (t + ρ) dt .

Proof Fix a, b, ρ ∈ R. By the symmetry property of cardinal B-splines (19) we have

N (r)
p (t) = (−1)rN (r)

p (p + 1 − t),

and

N (r)
p (t + ρ) = (−1)rN (r)

p (p + 1 − t − ρ).

Integrating the product of these functions and using a change of variables (t ← p +
1 − t − ρ) gives the stated result. 
�
Lemma 9 Let p, n ∈ N

� and r ∈ N such that r ≤ p. Then, the matrix X p,r ,0 is both
symmetric and centrosymmetric.
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Proof From Definition 7 it is clear that X p,r ,0 is a symmetric matrix.
Moreover, let

p0 = p − 2
⌊ p
2

⌋
,

and from the properties of cardinal B-splines (18)–(20) we deduce

N p
i (x) = N p

n+1−p0−p−i (1 − x), i = −p, . . . , n + 1 − p0, x ∈ [0, 1],

where N p
i is defined in (22) and (24). Note that p0 allows us to unify the cases of even

and odd degree. Then, from the constructions (21) and (23) it follows

N p
i,0(x) = N p

n+1−i,0(1 − x), i = 1, . . . , n, x ∈ [0, 1],

which implies that X p,r ,0 is a centrosymmetric matrix. 
�
Remark 10 The symmetry and centrosymmetry of the matrix X p,r ,0 hold without any
restriction on the size n. Therefore, the insights given in [7] become particularly valu-
able for studying the eigenvectors, eigenvalues, and the development of fast solvers.

In the next theorem, we establish that the matrix X p,r ,0 takes the form of T α
n −Hα,2

n

for a specific vector α, where T α
n and Hα,2

n are defined in (33) and (35), respectively.
From Theorem 2, it is evident that a closed-form expression for the eigenvalues and
eigenvectors requires at least n ≥ p + 1. However, in our case, we need to assume
n ≥ C(p) ≥ p+ 1 and we aim to determine the smallest possible value for C(p) that
gives us the structure T α

n − Hα,2
n without any perturbation.

Theorem 11 Let p, n ∈ N
� and r ∈ N such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋− 1
}
and

r ≤ p. Then,

X p,r ,0 = (n + 1)2r−1
(
T α
n − Hα,2

n

)
, (36)

where the elements of the vector α are given by

αk = (−1)rN (2r)
2p+1(p + 1 − k), k = 0, . . . , p. (37)

Proof For ease of reading, the detailed proof ismoved to SectionA.1 (seeAppendixA)
and we only sketch the idea here. Assuming n ≥ p + 1, we start by providing a
simplified definition of the basis B p

0 , derived from (21) and (23). This allows us to
obtain explicit expressions for the elements of the matrix X p,r ,0 by leveraging the
properties of cardinal B-splines (18)–(20) and utilizing Lemma 8. We do this in two
steps. In the first step, we show that the central part of the matrix corresponds to a
Toeplitz form,

X p,r ,0
i, j = (n + 1)2r−1(−1)rN (2r)

2p+1(p + 1 + i − j),

i, j =
⌊ p
2

⌋
+ 1, . . . , n −

⌊ p
2

⌋
.
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In the second step, under the stated conditions on n and p, we show that the first block
of size

(⌊ p
2

⌋
, n
)
corresponds to a Toeplitz-minus-Hankel form,

X p,r ,0
i, j = (n + 1)2r−1

(
(−1)rN (2r)

2p+1(p + 1 + i − j) − (−1)rN (2r)
2p+1(p + 1 + i + j)

)
,

i = 1, . . . ,
⌊ p
2

⌋
, j = i, . . . , n.

Exploiting the symmetry and centrosymmetry of X p,r ,0 (see Lemma 9) completes the
proof. 
�
Remark 12 As a generalization of X p,r ,0, one can consider two indices r1, r2 ∈ N

instead of just r in Definition 7. Then, the same analysis can be followed to derive a
more diverse range of Toeplitz-minus/plus-Hankel matrices that depend on the pair
(r1, r2). For brevity, we omit this analysis.

For θ ∈ [0, π ] and 0 ≤ r ≤ p, let us set

grp(θ) = (−1)rN (2r)
2p+1(p + 1) + 2(−1)r

p∑

k=1

N (2r)
2p+1(p + 1 − k) cos(kθ). (38)

The next corollary follows directly from Theorems 2 and 11, taking into account that
the function grp in (38) is equal to g

α
p in (34), with the elements of α specified in (37).

Corollary 13 Let p, n ∈ N
� and r ∈ N such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋− 1
}

and r ≤ p. Then, for j = 1, . . . , n, the j-th eigenpair of the matrix X p,r ,0 can be
expressed as

λ j

(
X p,r ,0

)
= (n + 1)2r−1 grp

(
jπ

n + 1

)
,

and

ui, j
(
X p,r ,0

)
=
√

2

n + 1
sin

(
i jπ

n + 1

)
,

with i = 1, . . . , n. The function grp is defined in (38).

We now state a corollary regarding the closed form of eigenvalues and eigenvectors
of the discretized Laplace operator (14) with the Dirichlet boundary conditions (2).
We recall that the matrices Mp,0

n and K p,0
n defined in (15) represent a particular case

of X p,r ,0 (r = 0, 1).

Corollary 14 Let p, n ∈ N
∗ such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋− 1
}
. Then, for j =

1, . . . , n, the j-th eigenpair of the matrix L p,0
n =

(
Mp,0

n

)−1
K p,0
n can be expressed
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1416 N. Lamsahel et al.

as

λ j

(
L p,0
n

)
= (n + 1)2

g1p
(

jπ
n+1

)

g0p
(

jπ
n+1

) ,

and

ui, j
(
L p,0
n

)
=
√

2

n + 1
sin

(
i jπ

n + 1

)
,

with i = 1, . . . , n. The function grp with r ∈ {0, 1} is defined in (38).

Proof The results follow directly from Corollary 13 by considering the cases r = 0
and r = 1. Additionally, it was shown in [21] that

(
4

π2

)p+1

≤ g0p(θ) ≤ 1, θ ∈ [0, π ],

ensuring the validity of the division by g0p
(

jπ
n+1

)
, j = 1, . . . , n. 
�

Remark 15 The functions g1p and g0p are the so-called (GLT) symbols of the stiffness
and mass matrices resulting from the Galerkin discretization in the full spline space
Sp,τ , where τ corresponds to a uniform grid. These symbols are independent of the
boundary conditions. There is an extensive literature on their construction and on the
analysis of their properties; see, e.g., [16, 18, 21] and references therein. The above
results also show that g1p and g

0
p are the (GLT) symbols of the same matrices when the

discretization is performed in optimal spline subspaces (or in reduced spline spaces;
see Section 4.1) of the same degree.

Remark 16 The explicit closed-form expressions, described in Corollary 14, for the
approximated spectrum of the Laplace operator with Dirichlet boundary conditions
give an algebraic confirmation that the optimal spline subspaces Soptp,n,0 lead to outlier-
free discretizations. Indeed, it was shown in [18, Theorem 1] that a uniform sampling
of the function

ep(θ) = g1p(θ)

g0p(θ)
, θ ∈ [0, π ]

provides an approximation of the foreseen spectrum, with no outliers; see also [27].
In particular, by [18, Lemma 1] we have for p ≥ 1 and θ ∈ [0, π ],

0 ≤ ep(θ) − θ2

θ2
≤ 4π(π − θ)

(2π − θ)2

(
θ

2π − θ

)2p

+ 5

(
θ

2π + θ

)2p

. (39)
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By Corollary 14 and setting θ j = jπ
n+1 , j = 1, . . . , n, we get

λ j

(
L p,0
n

)
− ( jπ)2

( jπ)2
= (n + 1)2

( jπ)2
(ep(θ j ) − (θ j )

2) = ep(θ j ) − (θ j )
2

(θ j )2
.

Thus, for all j = 1, . . . , n, the inequalities in (39) show that λ j

(
L p,0
n

)
is an

approximation of the j-th eigenvalue of the Laplace operator with Dirichlet boundary
conditions, see (5), whose relative error converges to zero as p increases. Thus, the
approximation is outlier-free.

3.2 The Neumann case

After addressing the Dirichlet boundary conditions (2) in Section 3.1, our attention
shifts to the Neumann boundary conditions (3). Although the proof of the main result
and the analysis in this section is similar to the Dirichlet case, we still include it
with the necessary details in Appendix A for two reasons. Firstly, this serves as an
illustration how to handle cases not explicitly covered in this work. Secondly, and
more importantly, the analysis of the reduced spline space proposed in Section 4.1
can be viewed as a small variation of the Neumann scenario. Consequently, the results
obtained here will straightforwardly imply the results of the reduced spline space.

Let us consider the discretization of the eigenvalue problem (1) in the space Soptp,n,1

defined in (12) and related to the boundary conditions (3). The matrix X p,r ,1 in Defi-
nition 7 exhibits the structure of T α

n +Hα,1
n for a specific vector α, where T α

n and Hα,1
n

are given by (33) and (35), respectively. Following a proof akin to that of Lemma 9,
it can be shown that X p,r ,1 is centrosymmetric. This property will be exploited in the
proof of the next theorem, which shows the Toeplitz-plus-Hankel form of X p,r ,1.

Theorem 17 Let p, n ∈ N
� and r ∈N such that n ≥ max{2p−⌊ p

2

⌋
, 2p−2

⌊ p
2

⌋+1}
and r ≤ p. Then,

X p,r ,1 = n2r−1
(
T α
n + Hα,1

n

)
, (40)

where the elements of the vector α are given by (37).

Proof A similar proof strategy can be employed to the one for Theorem 11 in the
Dirichlet case. The detailed steps can be found in Section A.2 (see Appendix A). 
�

By combining Theorems 3 and 17 we directly obtain a closed-form expression for
the eigenvalues and eigenvectors of the matrix X p,r ,1.

Corollary 18 Let p, n ∈ N
� and r ∈ N such that n ≥ max{2p−⌊ p

2

⌋
, 2p−2

⌊ p
2

⌋+1}
and r ≤ p. Then, for j = 1, . . . , n, the j-th eigenpair of the matrix X p,r ,1 can be
expressed as

λ j

(
X p,r ,1

)
= n2r−1 grp

(
( j − 1)π

n

)
,
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and

ui, j
(
X p,r ,1

)
=
√
2

n
c j cos

(
( j − 1)π

n

(
i − 1

2

))
, c j =

{
1√
2
, j = 1,

1, j ≥ 2,

with i = 1, . . . , n. The function grp is defined in (38).

Thanks to Corollary 18 and the definition of X p,r ,1 (r = 0, 1), we conclude with
the following result on the eigenpairs of the system (14) related to the basis B p

1 .

Corollary 19 Let p, n ∈ N
∗ such that n ≥ max

{
2p − ⌊ p

2

⌋
, 2p − 2

⌊ p
2

⌋+ 1
}
. Then,

for j = 1, . . . , n, the j-th eigenpair of the matrix L p,1
n =

(
Mp,1

n

)−1
K p,1
n can be

expressed as

λ j

(
L p,1
n

)
= n2

g1p
(

( j−1)π
n

)

g0p
(

( j−1)π
n

) ,

and

ui, j
(
L p,1
n

)
=
√
2

n
c j cos

(
( j − 1)π

n

(
i − 1

2

))
, c j =

{
1√
2
, j = 1,

1, j ≥ 2,

with i = 1, . . . , n. The function grp with r ∈ {0, 1} is defined in (38).

Proof The argument of the proof is the same as that of Corollary 14. 
�
Remark 20 Corollary 19 gives an algebraic confirmation that the optimal spline sub-
spaces S

opt
p,n,1 lead to outlier-free discretizations for the spectrum of the Laplace

operator with Neumann boundary conditions. This follows from (6) in the same way
as described in Remark 16. In particular, by setting θ j = ( j−1)π

n , j = 2, . . . , n, we
get

λ j

(
L p,1
n

)
− (( j − 1)π)2

(( j − 1)π)2
= n2

(( j − 1)π)2
(ep(θ j ) − (θ j )

2) = ep(θ j ) − (θ j )
2

(θ j )2
.

Moreover, λ1
(
L p,1
n

)
agrees with the exact value of the first eigenvalue in (6) because

g1p(0) = 0.

3.3 Themixed case

The mixed boundary conditions (4) represent a combination of a Dirichlet bound-
ary condition and a Neumann boundary condition. Since, by nature, these boundary
conditions are not symmetric, the mass and stiffness matrices arising from this case
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are not centrosymmetric. However, these matrices can be described by combining the
matrices of the previously studied boundary conditions and this gives rise to a new
class of matrices. We also establish closed-form expressions for the eigenvalues and
eigenvectors of this type of matrices. The same reasoning can be applied if we permute
the mixed boundary conditions.

We define a newHankel matrix, which combines the Hankel matrices of the Dirich-
let case (Hα,2

n ) and the Neumann case (Hα,1
n ):

Hα,2,1
n =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−α2 −α3 −α4 · · · −αp 0
−α3 −α4 · · · −αp

−α4 · · · −αp
... ⋰

−αp 0
0 αp

⋰
...

αp · · · α3
αp · · · α3 α2

0 αp · · · α3 α2 α1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The next theorem is the key to the closed-form expression of the eigenpairs considered
in this section. It can be proved using the same technique as done in [11, Theorem 2.1];
for brevity, we omit the details.

Theorem 21 Let n, p ∈ N
� such that n ≥ p + 1. Then, for j = 1, . . . , n, the j-th

eigenpair of the matrix T α
n + Hα,2,1

n can be expressed as

λ j

(
T α
n + Hα,2,1

n

)
= gα

p

(
(2 j − 1)π

2n + 1

)
,

and

ui, j
(
T α
n + Hα,2,1

n

)
=
√

4

2n + 1
sin

(
i(2 j − 1)π

2n + 1

)
,

with i = 1, . . . , n. The function gα
p is defined in (34).

Remark 22 From Appendix B it is clear that the matrix T α
n + Hα,2,1

n falls within the
matrix algebra τn(0, 1). This algebra is referred to as the algebra � in [14] and initially
introduced in [1].

Now,with all the necessary prerequisites, we present themain result on the Toeplitz-
plus-Hankel form of the matrix X p,r ,2 in Definition 7.

Theorem 23 Let p, n ∈ N
� and r ∈ N such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋}
and

r ≤ p. Then,

X p,r ,2 =
(
2n + 1

2

)2r−1 (
T α
n + Hα,2,1

n

)
,
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where the elements of the vector α are given by (37).

Proof We can again employ a similar proof strategy as in the previous boundary cases
(Theorems 11 and 17). However, due to the lack of centrosymmetry of the matrix
X p,r ,2, we need to do some extra work in our proof. More precisely, we divide the
second step into two parts: the first part is akin to the Dirichlet case, while the second
part resembles the Neumann case. The detailed steps are provided in Section A.3 (see
Appendix A). 
�

Since the structure considered in Theorem 23 is a specific case of Theorem 21, we
directly arrive at the following result.

Corollary 24 Let p, n ∈ N
� and r ∈ N such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋}
and

r ≤ p. Then, for j = 1, . . . , n, the j-th eigenpair of the matrix X p,r ,2 can be
expressed as

λ j

(
X p,r ,2

)
=
(
2n + 1

2

)2r−1

grp

(
(2 j − 1)π

2n + 1

)
,

and

ui, j
(
X p,r ,2

)
=
√

4

2n + 1
sin

(
i(2 j − 1)π

2n + 1

)
,

with i = 1, . . . , n. The function grp is defined in (38).

The closed form of the eigenpairs of the system (14) related to the basis B p
2 follows

from the above corollary, taking r = 0, 1.

Corollary 25 Let p, n ∈ N
∗ such that n ≥ max

{
p + ⌊ p

2

⌋
, p + 1

}
. Then, for j =

1, . . . , n, the j-th eigenpair of the matrix L p,2
n =

(
Mp,2

n

)−1
K p,2
n can be expressed

as

λ j

(
L p,2
n

)
=
(
2n + 1

2

)2 g1p
(

(2 j−1)π
2n+1

)

g0p
(

(2 j−1)π
2n+1

) ,

and

ui, j
(
L p,2
n

)
=
√

4

2n + 1
sin

(
i(2 j − 1)π

2n + 1

)
,

with i = 1, . . . , n. The function grp with r ∈ {0, 1} is defined in (38).

Remark 26 Corollary 25 gives an algebraic confirmation that the optimal spline sub-
spaces S

opt
p,n,2 lead to outlier-free discretizations for the spectrum of the Laplace

operator with mixed boundary conditions. This follows from (7) in the same way
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as described in Remark 16. In particular, by setting θ j = (2 j−1)π
2n+1 , j = 1, . . . , n, we

get

4λ j

(
L p,1
n

)
− ((2 j − 1)π)2

((2 j − 1)π)2
= (2n + 1)2

((2 j − 1)π)2
(ep(θ j ) − (θ j )

2) = ep(θ j ) − (θ j )
2

(θ j )2
.

4 Other outlier-free spline spaces

Upon completing the derivation of closed-form expressions for the eigenpairs of the
discretization matrices in optimal spline subspaces, we now aim to illustrate that a
similar analysis can be seamlessly applied to other (univariate) reduced spline spaces,
known in the outlier-free IGA literature. This reinforces the flexibility and applicability
of our methodology for addressing various scenarios. Furthermore, we expand all our
findings from the univariate to the multivariate tensor-product setting. For simplicity
of presentation, in this section, we concentrate exclusively on Dirichlet boundary
conditions but similar results hold for other boundary conditions as well.

4.1 Reduced spline spaces

Here, we address the reduced spline spaces considered in [28] (see also [32, 38, 39]).
We start by defining these spaces in the Dirichlet case (2) and we recall the B-spline-
like basis from [32]. Subsequently, we present the main result, which directly stems
from the analysis provided for the optimal spline subspace addressed in Section 3.2.

Let us approximate the eigenvalue problem (1) under the Dirichlet boundary con-
ditions (2) using the reduced spline space Sp,n,0, given by

Sp,n,0 = S
p−1
p,τ ,0,

where Sp−1
p,τ ,0 is defined in (9), taking � = p − 1, and τ corresponds to the uniform

grid

τ =
(
0,

1

n
,
2

n
, . . . ,

n − 1

n
, 1

)
.

It has been observed numerically in [28] that these spaces are outlier-free. Here we
confirm these observations theoretically and actually provide closed-form expressions
for the discrete eigenvalues and eigenvectors of the matrices arising from such dis-
cretizations.

We first remark that Sp
p,τ ,0 = S

p−1
p,τ ,0 and Sp,n+1,0 = S

opt
p,n,0 for p odd; see also [32,

Remark 4.1]. Therefore, the results from Section 3.1 are valid here for p odd and it
suffices to restrict the analysis to the case of p even. Hereafter, we assume that p is

even in this section, and we have dim
(
Sp,n,0

)
= n. From [32], the B-spline-like basis
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B
p
0 =

{
N

p
i,0, i = 1, . . . , n

}
is computed as

⎡

⎢⎢⎢⎣

N
p
1,0

N
p
2,0
...

N
p
n,0

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

p
2︷ ︸︸ ︷

· · ·
∣∣∣∣L(n,2n)

∣∣∣∣L(n,2n)

∣∣∣∣ In

p
2︷ ︸︸ ︷∣∣∣∣R(n,2n)

∣∣∣∣R(n,2n)

∣∣∣∣ · · ·
︸ ︷︷ ︸

n+p

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p

...

N p
0

N p
1
...

N p
n−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (41)

where the set
{
N p
i , i = −p, . . . , n − 1

}
is derived from the cardinal B-spline Np in

(17) as

N p
i (x) = Np (nx − i) , i = −p, . . . , n − 1,

and the matrices L(n,2n) and R(n,2n) are defined by

L(n,2n) =
[
In

∣∣∣∣− Jn

]
, R(n,2n) =

[
−Jn

∣∣∣∣In
]

.

Let M
p,0
n and K

p,0
n denote the mass matrix and the stiffness matrix, respectively,

related to the basis B
p
0 . For the sake of unification, similar to Definition 7, we introduce

a general matrix X
p,r ,0

.

Definition 27 Let p, n ∈ N
� and r ∈ N such that p even and r ≤ p. Let

B
p
0 =

{
N

p
i,0, i = 1, . . . , n

}
be the basis constructed in (41). We consider the matrix

X
p,r ,0 =

[
X

p,r ,0
i, j

]n
i, j=1

, whose elements are given by

X
p,r ,0
i, j =

∫ 1

0
(N

p
i,0)

(r)(x)(N
p
j,0)

(r)(x) dx, i, j = 1, . . . , n.

In particular, in the cases r = 0, 1, we have X
p,0,0 = M

p,0
n and X

p,1,0 = K
p,0
n .

Drawing upon the proof of Lemma 9, one can check that the matrix X
p,r ,0

is
centrosymmetricwithout any restriction on the size n. In the next theorem,we establish

that X
p,r ,0

takes the form of T α
n − Hα,1

n , where T α
n and Hα,1

n are defined by (33) and
(35), respectively. Then, by applying Theorem 4, we obtain a closed-form expression
for the eigenvalues and eigenvectors.

Theorem 28 Let p, n ∈ N
� and r ∈ N such that p even, n ≥ p+ p

2 , and r ≤ p. Then,

X
p,r ,0 = n2r−1

(
T α
n − Hα,1

n

)
, (42)
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where the elements of the vector α are given by (37).

Proof Using the assumption n ≥ p + 1, the expression (41) simplifies to

⎡

⎢⎢⎢⎢⎢⎣

N
p
1,0

N
p
2,0

...

N
p
n,0

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎣

p
2︷ ︸︸ ︷

−Jn

∣∣∣∣ In

p
2︷ ︸︸ ︷∣∣∣∣ − Jn

︸ ︷︷ ︸
n+p

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p

...

N p
0

N p
1
...

N p
n−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and we obtain

N
p
i,0 =

⎧
⎪⎨

⎪⎩

−N p
q−i + N p

q+i−1, i ∈ {1, . . . ,−q} ,

N p
q+i−1, i ∈ {−q + 1, . . . , n + q} ,

N p
q+i−1 − N p

q+2n−i , i ∈ {n + q + 1, . . . , n} ,

(43)

where

q =
⌊ p
2

⌋
− p = − p

2
.

Taking into account that p is even and
⌊ p
2

⌋ = p
2 = −q, we observe a strong

similarity between (43) and (57) in the proof of Theorem 17 (see Section A.2). This
similarity implies that we can follow exactly the same proof, with the only difference
that for the reduced spline space we need to replace the general form of the basis
functions in (58) with

N
p
i,0 = N p

q+i−1 − N p
q−ki

.

Therefore, the general form of the elements of X
p,r ,0

is obtained by replacing the sign
‘+’ in the two terms of (59) that have only ki or k j by ‘−’. Then, we can simply follow
the same steps as in the proof of Theorem 17, under the assumption n ≥ p + p

2 , and
we arrive at the identity (42). 
�

By combining Theorems 4 and 28 we directly deduce a closed-form expression for

the eigenvalues and eigenvectors of the matrix X
p,r ,0

.

Corollary 29 Let p, n ∈ N
� and r ∈ N such that p even, n ≥ p+ p

2 , and r ≤ p. Then,

for j = 1, . . . , n, the j-th eigenpair of the matrix X
p,r ,0

can be expressed as

λ j

(
X

p,r ,0
)

= n2r−1grp

(
jπ

n

)
,
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and

ui, j
(
X

p,r ,0
)

=
√
2

n
c j sin

(
jπ

n

(
i − 1

2

))
, c j =

{
1√
2
, j = n,

1, j ≤ n − 1,

with i = 1, . . . , n. The function grp is defined in (38).

A simplified version of Corollary 29 (considering r = 0, 1) reveals the expression
for eigenvalues and eigenvectors of the discretized Laplace eigenvalue problem (1)
with Dirichlet boundary conditions (2).

Corollary 30 Let p, n ∈ N
� such that p even and n ≥ p + p

2 . Then, for j = 1, . . . , n,

the j-th eigenpair of the matrix L
p,0
n =

(
M

p,0
n

)−1
K

p,0
n can be expressed as

λ j

(
L
p,0
n

)
= n2

g1p
(

jπ
n

)

g0p
(

jπ
n

) ,

and

ui, j
(
L
p,0
n

)
=
√
2

n
c j sin

(
jπ

n

(
i − 1

2

))
, c j =

{
1√
2
, j = n,

1, j ≤ n − 1,

with i = 1, . . . , n. The function grp with r ∈ {0, 1} is defined in (38).

Remark 31 The explicit closed-form expressions, described in Corollary 30, for the
approximated spectrum of the Laplace operator with Dirichlet boundary conditions
show that also the reduced spline spaces Sp,n,0 (p even) lead to outlier-free discretiza-
tions. This follows from (5), using the same line of arguments as in Remark 16. Indeed,
by setting θ j = jπ

n , j = 1, . . . , n, we get

λ j

(
L
p,0
n

)
− ( jπ)2

( jπ)2
= n2

( jπ)2
(ep(θ j ) − (θ j )

2) = ep(θ j ) − (θ j )
2

(θ j )2
.

Thus, for all j = 1, . . . , n, from (39) we deduce that the relative error between

λ j

(
L
p,0
n

)
and the j-th eigenvalue of the Laplace operator with Dirichlet boundary

conditions converges to zero as p increases, resulting in an outlier-free approximation.

Remark 32 From Corollaries 30 and 14 we see that, when considering the spaces
Sp,n+1,0 and S

opt
p,n,0 with p even, they both yield n identical eigenvalues for the

discretized Laplace operator – note that the former space has an additional (n + 1)-
st eigenvalue. However, the corresponding eigenvectors differ consistently. For the
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reduced spline space, there is a shift of −1/2 compared to the optimal spline sub-
space. This shift of −1/2 is not introduced in the construction of the basis of the
reduced spline space (41) but is present in the basis of the optimal spline subspace
(23); see in particular (24).

4.2 Multidimensional extension

Now,weexpand the closed-formexpressions for eigenvalues and eigenvectors from the
1-dimensional to thed-dimensional context.We start by introducing thed-dimensional
eigenvalue problem and outline the approximate variational formulation. We focus
on the tensor product of optimal spline subspaces suited for the Dirichlet boundary
conditions (2). Similar results can be obtained for the other previously mentioned
boundary conditions and spaces, including the reduced spline spaces, and we refer the
reader to the general setting presented in [18].

Let d ∈ N
�, we consider the following d-dimensional Laplace eigenvalue problem:

{
−�u = λu, in (0, 1)d ,

u = 0, on ∂
(
(0, 1)d

)
.

(44)

The non-trivial exact solutions (λk, uk) of (44) are given by

λk =
d∑

s=1

(ksπ)2 , uk(x) =
d∏

s=1

sin (ksπxs) ,

for k = (k1, . . . , kd) ∈ (N�)d and x = (x1, . . . , xd) ∈ [0, 1]d .
Given n = (n1, . . . , nd) ∈ (N�)d and p = (p1, . . . , pd) ∈ (N�)d , let us con-

sider the tensor-product space
⊗d

s=1 S
opt
ps ,ns ,0

in the context of the Galerkin method to
discretize (44). From Section 2.2.1, it is clear that

N p
i,0 = N p1

i1,0
⊗ · · · ⊗ N pd

id ,0, i = 1, . . . , n,

forms a basis for this space, where i = (i1, . . . , id) ∈ (N�)d is a multi-index varying
between 1 = (1, . . . , 1) and n = (n1, . . . , nd). The approximate solutions of (44) can
be computed as follows:

Find (λk,h, uk,h) ∈ R ×
d⊗

s=1

S
opt
ps ,ns ,0

such that

K (uk,h, v) = λk,hM(uk,h, v), ∀v ∈
d⊗

s=1

S
opt
ps ,ns ,0

,

(45)
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where

M(uk,h, v) =
∫

(0,1)d
uk,h(x)v(x) dx,

K (uk,h, v) =
∫

(0,1)d
∇uk,h(x) · ∇v(x) dx.

The problem described by (45) can be reformulated as a discrete eigenvalue problem,

(
M p,0

n

)−1
K p,0
n uk,h = λk,huk,h. (46)

The matrices M p,0
n and K p,0

n are called the mass matrix and the stiffness matrix,
respectively, and are defined by

M p,0
n =

[∫

(0,1)d
N p
i,0(x)N p

j ,0(x) dx
]n

i, j=1
,

K p,0
n =

[∫

(0,1)d
∇N p

i,0(x) · ∇N p
j ,0(x) dx

]n

i, j=1
.

Note that

M p,0
n =

d⊗

s=1

Mps ,0
ns , K p,0

n =
d∑

r=1

(
r−1⊗

s=1

Mps ,0
ns

)
⊗ K pr ,0

nr ⊗
(

d⊗

s=r+1

Mps ,0
ns

)
,

(47)

and

L p,0
n =

(
M p,0

n

)−1
K p,0
n =

d∑

r=1

(
r−1⊗

s=1

Ins

)
⊗
((

Mpr ,0
nr

)−1
K pr ,0
nr

)
⊗
(

d⊗

s=r+1

Ins

)
.

(48)

The matrices K pr ,0
nr and Mpr ,0

nr for a fixed r ∈ {1, . . . , d} are precisely those defined in
(15) and studied in detail in Section 3.1. For more details on the above constructions
and arguments of this section, we refer the reader to [18, Section 6.1].

In the next theorem we provide a closed-form expression for the eigenvalues and
eigenvectors of the system (46), which is a direct consequence of Corollary 13.

Theorem 33 Let d ∈ N
� and p, n∈(N�)d such that ns ≥ max{ps +1, ps +⌊ ps

2

⌋−1}
for all s ∈ {1, . . . , d}. Then, for j = 1, . . . , n, the j -th eigenpairs of the matrices
M p,0

n , L p,0
n , and K p,0

n can be expressed as

λ j

(
M p,0

n

)
=

d∏

s=1

(ns + 1)−1
[
g0ps

(
jsπ

ns + 1

)]
,
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λ j

(
L p,0
n

)
=

d∑

r=1

(nr + 1)2
[
g1pr
g0pr

(
jrπ

nr + 1

)]
,

λ j

(
K p,0
n

)
= λ j

(
M p,0

n

)
λ j

(
L p,0
n

)
,

and

u j

(
M p,0

n

)
= u j

(
L p,0
n

)
= u j

(
K p,0
n

)
=

d⊗

s=1

[√
2

ns + 1
sin

(
i jsπ

ns + 1

)]ns

i=1

.

The function grp with r ∈ {0, 1} is defined in (38).

Proof Based on Corollary 13, for any fixed s ∈ {1, . . . , d}, we have

Mps ,0
ns = Qns

(
(ns + 1)−1 diag

j=1,...,ns

[
g0ps

(
jπ

ns + 1

)])
Qns ,

K ps ,0
ns = Qns

(
(ns + 1) diag

j=1,...,ns

[
g1ps

(
jπ

ns + 1

)])
Qns ,

where Qns is a symmetric and orthogonal matrix containing the eigenvectors, given
by

Qns =
√

2

ns + 1

[
sin

(
i jπ

ns + 1

)]ns

i, j=1
.

Then, from (47) and (48), we deduce

M p,0
n =

d⊗

s=1

Mps ,0
ns

=
(

d⊗

s=1

Qns

)(
d⊗

s=1

(
(ns + 1)−1 diag

j=1,...,ns

[
g0ps

(
jπ

ns + 1

)]))( d⊗

s=1

Qns

)
,

and

L p,0
n =

d∑

r=1

(
r−1⊗

s=1

Ins

)
⊗
((

Mpr ,0
nr

)−1
K pr ,0
nr

)
⊗
(

d⊗

s=r+1

Ins

)

=
d∑

r=1

(
r−1⊗

s=1

Ins

)
⊗
{
Qnr

(
(nr + 1)2 diag

j=1,...,nr

[
g1pr
g0pr

(
jπ

nr + 1

)])
Qnr

}

⊗
(

d⊗

s=r+1

Ins

)
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=
(

d⊗

s=1

Qns

){
d∑

r=1

(
r−1⊗

s=1

Ins

)
⊗
(

(nr + 1)2 diag
j=1,...,nr

[
g1pr
g0pr

(
jπ

nr + 1

)])

⊗
(

d⊗

s=r+1

Ins

)}(
d⊗

s=1

Qns

)
.

Finally, we have K p,0
n = M p,0

n L p,0
n , which completes the proof. 
�

5 Conclusions, further comments, and future work

We have provided explicit closed-form expressions for the eigenvalues and eigen-
vectors of the mass and stiffness matrices resulting from isogeometric Galerkin
discretizations in optimal spline subspaces and specific reduced spline spaces that
are outlier-free for the Laplace operator, under different types of boundary conditions.
Our methodology is fully algebraic: it is based on proving that the mass and stiffness
matrices possess a Toeplitz-minus-Hankel or Toeplitz-plus-Hankel structure, for any
degree p. This specific perturbation of Toeplitz matrices results in the elimination of
outliers and allows us to deduce a closed form for eigenvalues and eigenvectors. In all
the studied cases, the eigenvalues of the mass and stiffness matrices are an explicitly
known (uniform) sampling of the spectral symbol of the associated Toeplitz matrices.

The results in Sect. 3 are not confined to the mass and stiffness matrices related
to isogeometric Galerkin discretizations of zeroth and second order problems in the
considered spline subspaces (the cases r = 0, 1). They also hold for higher values of
r , i.e., for isogeometric Galerkin discretizations of polyharmonic problems of order
r (with p ≥ 2r − 1) under the so-called Laplace boundary conditions; see [33, Sec-
tion 2.1]. For these problems, the spaces in (12) turn out to be optimal as well; see [33,
Section 3.1]. Such boundary conditions, however, are of not much practical interest;
they result in solutions that coincide with those for r = 1. Outlier-free discretizations
for polyharmonic problems with more interesting boundary conditions have been pro-
posed in [33] and an algebraic investigation of the spectral properties of the resulting
matrices is a captivating topic for future research.

A natural question is to what extent the proposed outlier-free discretizations can
be fruitfully used for addressing general problems with non-homogeneous boundary
behavior. It is clear that a plain discretization in outlier-free spline subspaces generally
leads to a substantial loss of approximation power compared to the corresponding
full spline space because of the additional homogeneous boundary conditions that
characterize the subspaces of interest. However, for problems identified by sufficiently
smooth data, a suitable data-correction process for the missing boundary derivatives
has been proposed in [32, Section 5], which is analogous to the classical reduction from
non-homogeneous to homogeneous Dirichlet boundary conditions. When coupled
with this boundary data correction, the discretization in outlier-free spline subspaces
achieves full approximation order both in the univariate and in the multivariate tensor-
product case. It is noteworthy that the presented spectral results are highly valuable
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for the development of powerful solvers in that context. For more details and insights,
we direct readers to [18, Remark 1] and references therein.

Lastly, an important aspect is that themachinery used here for the outlier-free theory
could extend to the case of coercive second order operators with variable coefficients.
The key will be the nature of the linear positive operator (see [37], [24, Corollary 6.2,
Section 6.3], [25, Corollary 3.2, Section 3.3] and references therein) of the underlying
matrices and we are convinced that designing outlier-free approximating matrices in
a more general setting is worth to be investigated in future research.

A Proofs of main theorems

To simplify the notation, we define the parameters

q =
⌊ p
2

⌋
− p, p0 = p − 2

⌊ p
2

⌋
,

which help in unifying the different basis constructions for even and odd degree p.
Moreover, in the case p = 1, anymatrix blockwith

⌊ p
2

⌋
rows or columns is considered

to be non-existent.

A.1 Proof of Theorem 11

Fix p, n ∈ N
� and r ∈ N such that n ≥ max

{
p + 1, p + ⌊ p

2

⌋− 1
}
and r ≤ p. From

the construction of the basis in (21) and (23), and using the assumption n ≥ p + 1,
we deduce

⎡

⎢⎢⎢⎢⎢⎣

N p
1,0

N p
2,0

...

N p
n,0

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎣

� p
2 �+1

︷ ︸︸ ︷
L0
(n,� p

2 �+1)

∣∣∣∣ In

� p
2 �+1

︷ ︸︸ ︷∣∣∣∣ R0
(n,� p

2 �+1)
︸ ︷︷ ︸

n+p+2−p0

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p

...

N p
0

N p
1
...

N p
n+1−p0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where

L0
(n,� p

2 �+1)
=
[ −J� p

2 � O(� p
2 �,1)

O(n−� p
2 �,� p

2 �) O(n−� p
2 �,1)

]
,

R0
(n,� p

2 �+1)
=
[
O(n−� p

2 �,1) O(n−� p
2 �,� p

2 �)
O(� p

2 �,1) −J� p
2 �

]
.

We recall that Ik is the identity matrix of size k, Jk the exchange matrix of size k, and
O(k,l) the zero matrix of the indicated size. Through a straightforward computation,
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we arrive at

N p
i,0 =

⎧
⎪⎪⎨

⎪⎪⎩

−N p
q−i + N p

q+i , i ∈ {1, . . . , ⌊ p
2

⌋}
,

N p
q+i , i ∈ {⌊ p

2

⌋+ 1, . . . , n − ⌊ p
2

⌋}
,

N p
q+i − N p

q+2(n+1)−i , i ∈ {n + 1 − ⌊ p
2

⌋
, . . . , n

}
.

(49)

When we assume their restriction to the interval [0, 1], the basis functions in (49) can
be written in the following general form:

N p
i,0 = N p

q+i − N p
q−ki

, i = 1, . . . , n, (50)

where ki represents a certain index depending on the value of i ∈ {1, . . . , n}. Here
we exploit the fact that N p

l has no support on [0, 1] for very large positive or negative
values of index l; see (18).

Now, we proceed to compute the elements of the matrix X p,r ,0; see Definition 7
with b = 0. For fixed i, j ∈ {1, . . . , n}, we have

X p,r ,0
i, j =

∫ 1

0
(N p

i,0)
(r)(x)(N p

j,0)
(r)(x) dx

=
∫ 1

0

[
(N p

q+i )
(r)(x) − (N p

q−ki
)(r)(x)

] [
(N p

q+ j )
(r)(x) − (N p

q−k j
)(r)(x)

]
dx

=
∫ 1

0
(N p

q+i )
(r)(x)(N p

q+ j )
(r)(x) dx +

∫ 1

0
(N p

q−ki
)(r)(x)(N p

q−k j
)(r)(x) dx

−
∫ 1

0
(N p

q+i )
(r)(x)(N p

q−k j
)(r)(x) dx −

∫ 1

0
(N p

q−ki
)(r)(x)(N p

q+ j )
(r)(x) dx,

and using the definitions of N p
i in (22) and (24), we find

X p,r ,0
i, j = (n + 1)2r−1

∫ n+1−i−q+ 1−p0
2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+ (n + 1)2r−1
∫ n+1+k j−q+ 1−p0

2

k j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + ki − k j ) dt

− (n + 1)2r−1
∫ n+1+k j−q+ 1−p0

2

k j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − k j ) dt

− (n + 1)2r−1
∫ n+1+ki−q+ 1−p0

2

ki−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − ki − j) dt .

(51)

As stipulated earlier, the indices ki and k j depend on the value of i and j , respectively.
Thus, to compute X p,r ,0 it is imperative to address all the possible cases in (49). From
Lemma 9 we know that X p,r ,0 is symmetric and centrosymmetric. This observation
reduces the proof of (36) to two main steps.
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Step 1 We show that the block

(
X p,r ,0
i, j

)

� p
2 �+1≤i, j≤n−� p

2 �

is a Toeplitz matrix. Let us fix i, j ∈ {⌊ p
2

⌋+ 1, . . . , n − ⌊ p
2

⌋}
. In this case, the

expression of the matrix element in (51) simplifies to

X p,r ,0
i, j = (n + 1)2r−1

∫ n+1−i−q+ 1−p0
2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt .

By observing that

n + 1 − i − q + 1 − p0
2

≥ p + 1, −i − q + 1 − p0
2

≤ 0,

and by using (18), (20), we obtain

X p,r ,0
i, j = (n + 1)2r−1

∫ p+1

0
N (r)

p (t)N (r)
p (t + i − j) dt

= (n + 1)2r−1(−1)rN (2r)
2p+1(p + 1 + i − j).

This concludes the proof of the first step.

Step 2 We show that the block

(
X p,r ,0
i, j

)
1≤i≤� p

2 �
i≤ j≤n

has a Toeplitz-minus-Hankel form, where the Hankel part starts with the third element
of the associated Toeplitz matrix. More precisely, for the corresponding indices (i, j)
we have

X p,r ,0
i, j = (n + 1)2r−1

(
(−1)rN (2r)

2p+1(p + 1 + i − j) − (−1)rN (2r)
2p+1(p + 1 + i + j)

)
.

(52)

Let us fix i ∈ {1, . . . , ⌊ p
2

⌋}
. In the following, we discuss the three different cases for

j arising from (49).
If j ∈ {

i, . . . ,
⌊ p
2

⌋}
, then we have ki = i and k j = j in (50). In this case, the

expression of the matrix element in (51) reads as
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X p,r ,0
i, j = (n + 1)2r−1

∫ n+1−i−q+ 1−p0
2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+ (n + 1)2r−1
∫ n+1+ j−q+ 1−p0

2

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

− (n + 1)2r−1
∫ n+1+ j−q+ 1−p0

2

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt

− (n + 1)2r−1
∫ n+1+i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt .

(53)

Since n ≥ p + 1, we have

n + 1 ± i − q + 1 − p0
2

≥ p + 1, n + 1 + j − q + 1 − p0
2

≥ p + 1.

Together with (18), this implies that the equality in (53) is still valid if the upper bounds
of the four integration intervals in (53) are replaced by p+1. By leveraging Lemma 8
and the identity

p + 1 + q − 1 − p0
2

= −q + 1 − p0
2

,

we get

∫ p+1

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt =
∫ −i−q+ 1−p0

2

−i+ j
N (r)

p (t)N (r)
p (t + i − j) dt,

(54)

and

∫ p+1

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt =
∫ j−q+ 1−p0

2

i+ j
N (r)

p (t)N (r)
p (t − i − j) dt .

(55)

By substituting (54)–(55) into (53) and by using (18), (20), we arrive at (52).
Now, let us consider j ∈ {⌊ p

2

⌋+ 1, . . . , n − ⌊ p
2

⌋}
. In this case, the expression of

the matrix element in (51) reads as

X p,r ,0
i, j = (n + 1)2r−1

∫ n+1−i−q+ 1−p0
2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

− (n + 1)2r−1
∫ n+1+i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt .
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By following the same reasoning as in the first case and by utilizing the implication

t ≤ ±i − q + 1 − p0
2

�⇒ t ∓ i − j ≤ 0,

we obtain (52).
Lastly, we take j in the range

{
n + 1 − ⌊ p

2

⌋
, . . . , n

}
. In this case, the expression

of the matrix element in (51) reads as

X p,r ,0
i, j = (n + 1)2r−1

∫ n+1−i−q+ 1−p0
2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+(n + 1)2r−1
∫ −(n+1)+ j−q+ 1−p0

2

−2(n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j + 2(n + 1)) dt

−(n + 1)2r−1
∫ −(n+1)+ j−q+ 1−p0

2

−2(n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j + 2(n + 1)) dt

−(n + 1)2r−1
∫ n+1+i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt . (56)

Since n ≥ p + 1, we find

n + 1 ± i − q + 1 − p0
2

≥ p + 1, −2(n + 1) + j − q + 1 − p0
2

≤ 0.

Together with (18), this implies that the equality in (56) is still valid if the upper bounds
of the first and the last integration interval in (56) are replaced by p+1, and the lower
bounds of the second and the third integration interval in (56) are replaced by zero.
Furthermore, from n ≥ p + ⌊ p

2

⌋− 1 we deduce

t ≥ 0 �⇒ t ± i − j + 2(n + 1) ≥ p + 1,

and thus the second and the third integral in (56) are both equal zero. Then, by following
the same reasoning as in the previous two cases, we arrive at (52) again. This concludes
the proof of the second step.

Finally, regrouping both steps and using the symmetry and centrosymmetry of
X p,r ,0, we arrive at (36), and hence the proof of the theorem is complete.

A.2 Proof of Theorem 17

The proof closely mirrors the one of Theorem 11 (see the previous section). Let us fix
p, n ∈ N

� and r ∈ N such that r ≤ p and

n ≥ max
{
2p −

⌊ p
2

⌋
, 2p − 2

⌊ p
2

⌋
+ 1

}
= max

{
p +

⌊ p
2

⌋
+ p0, p + 1 + p0

}
.
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From the construction of the basis in (25) and (27), and using the assumption n ≥
p + 1 + p0, we have

⎡

⎢⎢⎢⎣

N p
1,1

N p
2,1
...

N p
n,1

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

� p
2 �+p0︷ ︸︸ ︷

Jn

∣∣∣∣ In

� p
2 �+p0︷ ︸︸ ︷∣∣∣∣ Jn

︸ ︷︷ ︸
n+p+p0

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n+p0−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Through a straightforward computation, we obtain

N p
i,1 =

⎧
⎪⎪⎨

⎪⎪⎩

N p
−� p

2 �−i
+ N p

−� p
2 �+i−1

, i ∈ {1, . . . ,−q} ,

N p
−� p

2 �+i−1
, i ∈ {−q + 1, . . . , n + q} ,

N p
−� p

2 �+i−1
+ N p

−� p
2 �+2n−i

, i ∈ {n + q + 1, . . . , n} .

(57)

When we assume their restriction to the interval [0, 1], the basis functions in (57) can
be written in the following general form:

N p
i,1 = N p

−� p
2 �+i−1

+ N p
−� p

2 �−ki
, (58)

where ki represents again a certain index depending on the value of i ∈ {1, . . . , n}.
Now, we look into the elements of the matrix X p,r ,1; see Definition 7 with b = 1.

Similar to the derivation of (51) and taking into account the definitions of N p
i in (26)

and (28), we find

X p,r ,1
i, j = n2r−1

∫ n−i+1+� p
2 �+ p0

2

−i+1+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

+ n2r−1
∫ n+k j+� p

2 �+ p0
2

k j+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + ki − k j ) dt

+ n2r−1
∫ n+k j+� p

2 �+ p0
2

k j+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − (i − 1 + k j )) dt

+ n2r−1
∫ n+ki+� p

2 �+ p0
2

ki+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − (ki + j − 1)) dt .

(59)

A key observation in the proof of Theorem 11 was the fact that the matrix X p,r ,0 is
symmetric and centrosymmetric (Lemma 9). In the same way, one can show that the
matrix X p,r ,1 is also symmetric and centrosymmetric. This reduces the proof of (40)
to two main steps.
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Step 1 We show that the block

(
X p,r ,1
i, j

)

−q+1≤i, j≤n+q

is a Toeplitz matrix. Let i, j ∈ {−q + 1, . . . , n+ q}. Then, we can eliminate all terms
corresponding to ki and k j in (59), i.e.,

X p,r ,1
i, j = n2r−1

∫ n−i+1+� p
2 �+ p0

2

−i+1+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt .

By observing that

n − i + 1 +
⌊ p
2

⌋
+ p0

2
≥ p + 1, −i + 1 +

⌊ p
2

⌋
+ p0

2
≤ 0,

and by using (18), (20), we obtain

X p,r ,1
i, j = n2r−1

∫ p+1

0
N (r)

p (t)N (r)
p (t + i − j) dt = n2r−1(−1)rN (2r)

2p+1(p + 1 + i − j).

This concludes the proof of the first step.

Step 2 We show that the block

(
X p,r ,1
i, j

)
1≤i≤−q
i≤ j≤n

has a Toeplitz-plus-Hankel form, where the Hankel part starts with the second element
of the associated Toeplitz matrix. More precisely, for the corresponding indices (i, j)
we have

X p,r ,1
i, j = n2r−1

(
(−1)rN (2r)

2p+1(p + 1 + i − j) + (−1)rN (2r)
2p+1(p + 1 + i + j − 1)

)
.

(60)

Let us fix i ∈ {1, . . . ,−q}. In the following we discuss the three different cases for j
arising from (57).
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In the first case, where we consider j ∈ {i, . . . ,−q}, we have ki = i and k j = j
in (58). Hence, the expression of the matrix element in (59) reads as

X p,r ,1
i, j = n2r−1

∫ n−i+1+� p
2 �+ p0

2

−i+1+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

+ n2r−1
∫ n+ j+� p

2 �+ p0
2

j+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

+ n2r−1
∫ n+ j+� p

2 �+ p0
2

j+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 1) dt

+ n2r−1
∫ n+i+� p

2 �+ p0
2

i+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 1) dt .

(61)

Since n ≥ p + 1 + p0, we have

n ± i +
⌊ p
2

⌋
+ p0

2
≥ p + 1, n + j +

⌊ p
2

⌋
+ p0

2
≥ p + 1.

Together with (18), this implies that the equality in (61) is still valid if the upper bounds
of the four integration intervals in (61) are replaced by p+ 1. By exploiting Lemma 8
and the identity

p −
⌊ p
2

⌋
− p0

2
=
⌊ p
2

⌋
+ p0

2
,

we get

∫ p+1

j+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

=
∫ −i+1+� p

2 �+ p0
2

−i+ j
N (r)

p (t)N (r)
p (t + i − j) dt,

(62)

and

∫ p+1

i+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 1) dt

=
∫ j+� p

2 �+ p0
2

i+ j−1
N (r)

p (t)N (r)
p (t − i − j + 1) dt .

(63)

By substituting (62)–(63) into (61) and by using (18), (20), we infer (60).
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Now, we fix j ∈ {−q + 1, . . . , n + q}. In this case, the expression of the matrix
element in (59) reads as

X p,r ,1
i, j = n2r−1

∫ n−i+1+� p
2 �+ p0

2

−i+1+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

+ n2r−1
∫ n+i+� p

2 �+ p0
2

i+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 1) dt .

By following the same reasoning as in the first case and by utilizing the implication

t ≤ ±i +
⌊ p
2

⌋
+ p0

2
�⇒ t ∓ i − j + 1 ≤ 0,

we obtain (60).
In the last case, where we consider j ∈ {n + q + 1, . . . , n}, the expression of the

matrix element in (59) reads as

X p,r ,1
i, j = n2r−1

∫ n−i+1+� p
2 �+ p0

2

−i+1+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j) dt

+ n2r−1
∫ −n+ j+� p

2 �+ p0
2

j−2n+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t + i − j + 2n) dt

+ n2r−1
∫ −n+ j+� p

2 �+ p0
2

j−2n+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt

+ n2r−1
∫ n+i+� p

2 �+ p0
2

i+� p
2 �+ p0

2

N (r)
p (t)N (r)

p (t − i − j + 1) dt .

(64)

Since n ≥ p + 1 + p0, we find

n ± i +
⌊ p
2

⌋
+ p0

2
≥ p + 1, j − 2n +

⌊ p
2

⌋
+ p0

2
≤ 0.

Together with (18), this implies that the equality in (64) is still valid if the upper bounds
of the first and the last integration interval in (64) are replaced by p+1, and the lower
bounds of the second and the third integration interval in (64) are replaced by zero.
Furthermore, from n ≥ p + ⌊ p

2

⌋+ p0 we deduce

t ≥ 0 �⇒ {t − i − j + 2n + 1, t + i − j + 2n} ≥ p + 1,

and thus the second and the third integral in (64) are both equal zero. Then, by following
the same reasoning as in the previous two cases, we arrive at (60) again. The latter
concludes the proof of the second step and consequently the proof of the theorem is
complete.
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A.3 Proof of Theorem 23

Also here, the proof is similar to the one of Theorem 11 (see Section A.1). Let us fix
p, n ∈ N

� and r ∈ N such that n ≥ max
{
p + 1, p + ⌊ p

2

⌋}
and r ≤ p. From the

construction of the basis in (29) and (31), and using the assumption n ≥ p + 1, we
have

⎡

⎢⎢⎢⎣

N p
1,2

N p
2,2
...

N p
n,2

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

� p
2 �

︷ ︸︸ ︷
−Jn

∣∣∣∣ O(n,1)

∣∣∣∣ In

� p
2 �+p0︷︸︸︷∣∣∣∣ Jn

︸ ︷︷ ︸
n+p+1

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

N p
−p
...

N p
0

N p
1
...

N p
n

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and we can express the basis functions in the following general form:

N p
i,2 = N p

q+i + γi N
p
q−ki

, i = 1, . . . , n,

where

(γi , ki ) =

⎧
⎪⎪⎨

⎪⎪⎩

(−1, i), i ∈ {1, . . . , ⌊ p
2

⌋}
,

(0, ·), i ∈ {⌊ p
2

⌋+ 1, . . . , n + q
}
,

(1, i − (2n + 1)), i ∈ {n + q + 1, . . . , n} .

(65)

Now, we look into the elements of the matrix X p,r ,2; see Definition 7 with b = 2.
Similar to the derivation of (51) and taking into account the definitions of N p

i in (30)
and (32), we find

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+ γiγ j

(
2n + 1

2

)2r−1 ∫ 2n+1
2 +k j−q+ 1−p0

2

k j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + ki − k j ) dt

+ γ j

(
2n + 1

2

)2r−1 ∫ 2n+1
2 +k j−q+ 1−p0

2

k j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − k j ) dt

+ γi

(
2n + 1

2

)2r−1 ∫ 2n+1
2 +ki−q+ 1−p0

2

ki−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − ki − j) dt .

(66)

In the preceding proofs, we relied on both symmetry and centrosymmetry of the
matrices X p,r ,0 and X p,r ,1. However, the matrix X p,r ,2 lacks centrosymmetry and
thus, we can only leverage the symmetry of the matrix to proceed. This introduces an
additional step.
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Step 1 We show that the block

(
X p,r ,2
i, j

)

� p
2 �+1≤i, j≤n+q

is a Toeplitz matrix. Let us fix i, j ∈ {⌊ p
2

⌋+ 1, . . . , n + q
}
. In this case, we have

γi = γ j = 0 and the expression of the matrix element in (66) simplifies to

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt .

By observing that

2n + 1

2
− i − q + 1 − p0

2
≥ p + 1, −i − q + 1 − p0

2
≤ 0,

and by using (18), (20), we deduce

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ p+1

0
N (r)

p (t)N (r)
p (t + i − j) dt

=
(
2n + 1

2

)2r−1

(−1)rN (2r)
2p+1(p + 1 + i − j).

This concludes the proof of the first step.

Step 2 We show that the block

(
X p,r ,2
i, j

)
1≤i≤� p

2 �
i≤ j≤n

has a Toeplitz-minus-Hankel form, where the Hankel part starts with the third element
of the associated Toeplitz matrix. This form is the same as the Dirichlet case. More
precisely, for the corresponding indices (i, j) we have

X p,r ,2
i, j =

(
2n + 1

2

)2r−1

(
(−1)rN (2r)

2p+1(p + 1 + i − j) − (−1)rN (2r)
2p+1(p + 1 + i + j)

)
.

(67)

Let us fix i ∈ {1, . . . , ⌊ p
2

⌋}
. In the following we discuss the three different cases for

j arising from (65).
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Firstly, let us consider j ∈ {
i, . . . ,

⌊ p
2

⌋}
. In this case, we have γi = γ j = −1,

ki = i , and k j = j . Then, the expression of the matrix element in (66) reads as

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+
(
2n + 1

2

)2r−1 ∫ 2n+1
2 + j−q+ 1−p0

2

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

−
(
2n + 1

2

)2r−1 ∫ 2n+1
2 + j−q+ 1−p0

2

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt

−
(
2n + 1

2

)2r−1 ∫ 2n+1
2 +i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt .

(68)

Since n ≥ p + 1, we have

2n + 1

2
± i − q + 1 − p0

2
≥ p + 1,

2n + 1

2
+ j − q + 1 − p0

2
≥ p + 1.

Together with (18), this implies that the equality in (68) is still valid if the upper bounds
of the four integration intervals in (68) are replaced by p + 1. By using Lemma 8 and
the identity

p + 1 + q − 1 − p0
2

= −q + 1 − p0
2

, (69)

we get

∫ p+1

j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt =
∫ −i−q+ 1−p0

2

−i+ j
N (r)

p (t)N (r)
p (t + i − j) dt,

(70)

and

∫ p+1

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − (i + j)) dt =
∫ j−q+ 1−p0

2

i+ j
N (r)

p (t)N (r)
p (t − i − j) dt .

(71)

By substituting (70)–(71) into (68) and by using (18), (20), we arrive at (67).
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Now, let us fix j ∈ {⌊ p
2

⌋+ 1, . . . , n + q
}
and soγ j = 0. In this case, the expression

of the matrix element in (66) reads as

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

−
(
2n + 1

2

)2r−1 ∫ 2n+1
2 +i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt .

By following the same reasoning as in the first case and by using the implication

t ≤ ±i − q + 1 − p0
2

�⇒ t ∓ i − j ≤ 0,

we obtain (67).
The last case addresses j ∈ {n + q + 1, . . . , n}, where we have γ j = 1 and

k j = j − (2n + 1). Then, the expression of the matrix element in (66) reads as

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

−
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 + j−q+ 1−p0

2

−(2n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j + 2n + 1) dt

+
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 + j−q+ 1−p0

2

−(2n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt

−
(
2n + 1

2

)2r−1 ∫ 2n+1
2 +i−q+ 1−p0

2

i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j) dt . (72)

Since n ≥ p + 1, we find

2n + 1

2
± i − q + 1 − p0

2
≥ p + 1, −(2n + 1) + j − q + 1 − p0

2
≤ 0.

Together with (18), this implies that the equality in (72) is still valid if the upper bounds
of the first and the last integration interval in (72) are replaced by p+1, and the lower
bounds of the second and the third integration interval in (72) are replaced by zero.
Furthermore, from n ≥ p + ⌊ p

2

⌋
we deduce

t ≥ 0 �⇒ t ± i − j + 2n + 1 ≥ p + 1,

and thus the second and the third integral in (72) are both equal zero. Then, by following
the same reasoning as in the previous two cases, we infer (67). This concludes the
proof of the second step.

Finally, we observe that the assumption n ≥ p + ⌊ p
2

⌋
employed at the end of the

last case of the second step also implies that for j ≥ n + q + 1, the Hankel part is
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zero, i.e.,

(−1)rN (2r)
2p+1(p + 1 + i + j) = 0, i = 1, . . . ,

⌊ p
2

⌋
, j = n + q + 1, . . . , n.

(73)

Step 3This additional step is necessary by the absence of the centrosymmetry property
of X p,r ,2

i, j . We show that the block

(
X p,r ,2
i, j

)
n+1+q≤i≤n

1≤ j≤n

has a Toeplitz-plus-Hankel form, where the Hankel part starts with the second element
of the associated Toeplitz matrix. This form is the same as the Neumann case. More
precisely, for the corresponding indices (i, j) we have

X p,r ,2
i, j =

(
2n + 1

2

)2r−1

(
(−1)rN (2r)

2p+1(p + 1 + i − j) + (−1)rN (2r)
2p+1(p + 1 − i − j + 2n + 1)

)
.

(74)

As before, we fix i ∈ {n + q + 1, . . . , n} and we discuss the three different cases for
j .
Firstly, we consider j ∈ {n + q + 1, . . . , n}. In this case, we have γi = γ j = 1,

ki = i − (2n+ 1), and k j = j − (2n+ 1). Then, the expression of the matrix element
in (66) reads as

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 + j−q+ 1−p0

2

−(2n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 + j−q+ 1−p0

2

−(2n+1)+ j−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt

+
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 +i−q+ 1−p0

2

−(2n+1)+i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt .

(75)

Taking into account n ≥ p + 1, one can check that

−i − q + 1 − p0
2

≤ 0, −(2n + 1) + j − q + 1 − p0
2

≤ 0,

−(2n + 1) + i − q + 1 − p0
2

≤ 0.
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Together with (18), this implies that the equality in (75) is still valid if the lower bounds
of the four integration intervals in (75) are replaced by zero. By leveraging Lemma 8
and the identity (69), we get

∫ − 2n+1
2 + j−q+ 1−p0

2

0
N (r)

p (t)N (r)
p (t + i − j) dt

=
∫ p+1−i+ j

2n+1
2 −i−q+ 1−p0

2

N (r)
p (t)N (r)

p (t + i − j) dt,

(76)

and

∫ − 2n+1
2 +i−q+ 1−p0

2

0
N (r)

p (t)N (r)
p (t − i − j + 2n + 1) dt

=
∫ p+1−(2n+1)+i+ j

− 2n+1
2 + j−q+ 1−p0

2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt .

(77)

By substituting equations (76)–(77) into (75) and by using (18), (20), we infer (74).
Now, let us consider the case j ∈ {⌊ p

2

⌋+ 1, . . . , n + q
}
, where γ j = 0. Then, the

expression of the matrix element in (66) reads as

X p,r ,2
i, j =

(
2n + 1

2

)2r−1 ∫ 2n+1
2 −i−q+ 1−p0

2

−i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t + i − j) dt

+
(
2n + 1

2

)2r−1 ∫ − 2n+1
2 +i−q+ 1−p0

2

−(2n+1)+i−q+ 1−p0
2

N (r)
p (t)N (r)

p (t − i − j + 2n + 1) dt .

By following the same reasoning as in the first case and by using the implication

t ≥ 2n + 1

2
± i − q + 1 − p0

2
�⇒ t ∓ i − j ≥ p + 1,

we obtain (74).
For the last case, where j ∈ {1, . . . , ⌊ p

2

⌋}
, we exploit the symmetry of the matrix,

the result of Step 2, and the observation in (73), to deduce that

X p,r ,2
i, j =

(
2n + 1

2

)2r−1

(−1)rN (2r)
2p+1(p + 1 + i − j).

Note that, since n ≥ p + ⌊ p
2

⌋
, this expression is equal to (74) for j ≤ ⌊ p

2

⌋
. This

concludes the proof of the third step and consequently the proof of the theorem is
complete.
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BMatrix algebras

In this appendix, we give a compact overview of τ matrix algebras, focusing specif-
ically on those encountered in our analysis. Additional algebras can be found in [5]
and [14].

Following [5] (see also [18]), we consider the following class of real symmetric
matrices

Tn(ε, ϕ) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

ε 1 0 · · · 0

1 0
. . .

. . .
...

0
. . .

. . .
. . . 0

...
. . .

. . . 0 1
0 · · · 0 1 ϕ

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

, ε, ϕ ∈ {−1, 0, 1}.

Then, the matrix algebras generated over R by Tn(ε, ϕ) are defined as

τn(ε, ϕ) =
{
Qn(ε, ϕ)

(
diag

j=1,...,n
[a j ]

)
QT

n (ε, ϕ) : (a j )1≤ j≤n ∈ R
n

}
,

where Qn(ε, ϕ) represents an orthogonal matrix determined through the diagonaliza-
tion of Tn(ε, ϕ):

Tn(ε, ϕ) = Qn(ε, ϕ)�(ε, ϕ)QT
n (ε, ϕ).

It can be observed from our closed-form expressions of eigenvalues and eigenvectors
(see Sects. 3 and 4.1) that our mass and stiffness matrices fall within one of the
following algebras.

• Consider ε = ϕ = 0. Then,

Qn(0, 0) =
√

2

n + 1

[
sin

(
i jπ

n + 1

)]n

i, j=1
,

�(0, 0) = diag
j=1,...,n

[
2 cos

(
jπ

n + 1

)]
.

In this particular case, the matrix Qn(0, 0) is also symmetric.
• Consider ε = ϕ = 1. Then,

Qn(1, 1) =
√
2

n

[
c j cos

(
( j − 1)π

n

(
i − 1

2

))]n

i, j=1
, c j =

{
1√
2
, j = 1,

1, j ≥ 2,

�(1, 1) = diag
j=1,...,n

[
2 cos

(
( j − 1)π

n

)]
.
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• Consider ε = 0 and ϕ = 1. Then,

Qn(0, 1) =
√

4

2n + 1

[
sin

(
i(2 j − 1)π

2n + 1

)]n

i, j=1
,

�(0, 1) = diag
j=1,...,n

[
2 cos

(
(2 j − 1)π

2n + 1

)]
.

• Consider ε = ϕ = −1. Then,

Qn(−1,−1) =
√
2

n

[
c j sin

(
jπ

n

(
i − 1

2

))]n

i, j=1
, c j =

{
1√
2
, j = n,

1, j ≤ n − 1,

�(−1,−1) = diag
j=1,...,n

[
2 cos

(
jπ

n

)]
.

For additional properties of elements within the matrix algebras τn(ε, ϕ) in terms
of sine and cosine transforms, as well as the computational cost of the matrix-vector
product Qn(ε, ϕ)v for a given vector v in a preconditioning setting, we refer the reader
to [13] along with the references cited therein.
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