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Quantum Monte Carlo investigation of small 4He clusters
with a 3He impurity
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Small helium (4He) clusters containing the lighter isotope3He are studied by means of quantum
Monte Carlo methods. Accurate ground state energies and structural properties are obtained using
accurate trial wave functions and the Tang–Tonnies–Yiu~TTY! helium–helium pair potential. The
dimer 4He–3He is not bound; as well as the trimer4He3He2. The smallest cluster containing3He is
4He2

3He with a nonrigid structure having a marked linear contribution. Interestingly, this weakly
bound system, with an energy one order of magnitude less than the4He3 trimer, is able to bind
another3He atom, forming the tetramer4He2

3He2, which shows the odd feature of having five out
of six unbound pairs. In general, the substitution of a single4He atom in a pure cluster with a3He
atom leads to an energetic destabilization, as the pair4He–3He is not bound. The isotopic impurity
is found to perturb only weakly the distributions of the remaining4He atoms, which retain the high
floppiness already found in the pure clusters. As the number of atoms increases the isotopic impurity
has the marked tendency to stay on the surface of the cluster. This behavior is consistent with the
formation of the so-called ‘‘Andreev states’’ of a single3He in liquid 4He helium and droplets,
where the impurity tends to form single-particle states on the surface of the pure4He. © 2000
American Institute of Physics.@S0021-9606~00!30802-9#
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I. INTRODUCTION

In recent years weakly bound atomic and molecular cl
ters have attracted the attention of a growing number of
perimentalists and theoreticians. They offer the unique
portunity to study how matter properties change as a func
of the number of atomic and molecular species in the clus
bridging the gap between isolated gas phase species and
matter limit.1 Clusters containing an impurity can be use
to study at the microscopic level the effect of the solvent
the solute. From the experimental side, the availability
techniques for synthesizing clusters of variable size
opened up new directions of research. Clusters of the des
size are now produced by free jet expansion of the co
sponding gases. Since the expansion cools the gas below
condensation temperature, by adjusting the pressure it is
sible to stop the condensation when the clusters reach
desired size. These clusters can, eventually, pick up an
purity, and then be probed using a variety of spectrosco
techniques. From the theoretical side, the main obstacle t
accurate first-principle study comes from the failure of t
harmonic approximation and normal mode analysis. van
Waals clusters are not rigid structures that vibrate around
equilibrium configuration; rather, they show large-amplitu
motions, and even the intuitive notion of equilibrium stru

a!Electronic mail: dario@fis.unico.it
b!Electronic mail: Massimo.Mella@unimi.it
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ture becomes ill defined. Recent efforts have been direc
towards the development of methods that treat all
coupled internal degrees of freedom and towards the de
mination of accurate two-body potentials from which o
can build an approximate, but hopefully rather accura
many-body potential. The question of how important a
three- and many-body effects in the description of the clus
is still an active field of research.

The combination of the extremely weak interaction b
tween helium atoms and the small atomic mass makes
lium clusters very weakly bound and by far the most intrig
ing van der Waals clusters with highly quantum features2–5

The most interesting feature is with no doubt the possibi
to attain a superfluid state with a relatively small number
4He atoms.6–8 The superfluidity in helium clusters and th
low temperature can be fruitfully exploited to perform hig
resolution vibrational and rotational spectroscopy on impu
ties and to study molecular reaction dynamics of chem
reactions. In a recent experiment, for example, the electro
spectra of the aminoacids tryptophan and tyrosine9 were sim-
plified by cooling their vibrational motion inside an helium
droplet, allowing an easier interpretation of the experimen
results.

It is also possible to use an atom or a molecule a
probe to study the local environment of the clusters: to t
end a great variety of atoms and molecules has been inclu
in the clusters.

The systems formed by the two helium isotopes, ev
© 2000 American Institute of Physics
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tually doped with an atomic or molecular impurity, are
particular interest. Since the helium–helium interaction p
tential does not distinguish between the two isotopic spec
it is possible to study effects entirely due to the zero-po
motion of the species and to the different obeying statist
A great deal of work has been devoted to the study
4He/3He liquid mixtures and to the investigation of a sing
fermionic helium in liquid4He.10–13 In the liquid phase, be-
low the tricritical point temperature, increasing the conce
tration of 3He results in the separation of the mixture in tw
phases; a4He- and a3He-rich phase. ForT→0 the3He solu-
bility in 4He reaches a finite value. The3He atom, being
lighter, tends to move in regions of low4He density. For
systems with a free surface, the fermionic atoms have
tendency to move to the surface, where they experienc
effective potential and form the so called Andreev states14

With the availability of modern diffraction technique
from a transmission grating, the study of mixed4He/3He
droplets has received a major impetus, both theoretical
experimental.5,15–19

Theoretical studies of mixed4He/3He droplets, using
density functional15 or variational Monte Carlo techniques,16

predicted the formation of Andreev states on the surface
medium size droplets. They also showed that the bind
energy of the3He surface states approaches the binding
ergy of 3He atoms on a planar4He surface, as the number o
atoms is increased.

Surprisingly, while there has been a large theoretical
fort in the accurate study of pure4He and3He small clusters,
very little has been done towards the investigation of sm
mixed 4HeN

3HeM clusters. With the exception of the studie
on the trimers4He3,

4He2
3He, and4He3He2,

20–26 results for
other small systems are scattered27,28 and, to our knowledge
there are no accurate investigations using one of the mo
helium–helium interaction potentials.

In this work we study the energetics and structure of
ground state of the4HeN

3He clusters using quantum Mont
Carlo ~QMC! techniques. In the past decade, QMC metho
have been invaluable in providing a clear picture of high
quantum clusters of hydrogen and helium, both pure
doped with an impurity.2–5,29–39Here we use QMC method
to understand the structure of these systems, by compu
various distributions of the two helium isotopes.

The rest of the paper is organized as follows: Sec
gives a brief description of the theoretical approach and
computational methods used. Section III contains a disc
sion of our results, while Sec. IV reports our conclusions a
possible future directions of this study.

II. COMPUTATIONAL METHODS

It has become clear in the last few years that the o
methods able to accurately estimate the properties of hig
quantum clusters are the quantum Monte Carlo metho
They have been successfully employed in the past in
study of pure and doped helium clusters and are well
scribed in the literature. For this reason we summarize h
only the main points of the methods that are relevant to
discussion of this work, while we redirect the reader to
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vast literature on the subject for more technical details a
for a review of the applications of these methods.40–43

In atomic units, the Hamiltonian operator for the mixe
4HeN

3HeM cluster is

Ĥ52
1

2 S (
i 51

N
¹2

m4
1(

i 51

M
¹2

m3
D 1V~R!, ~1!

whereV(R) is the interaction potential between the heliu
atoms andR is a point in configuration space that represe
the position of all the species. For the atomic masses we u
m457296.12 amu andm355497.88 amu. Here we assume
potential of the form,

V~R!5(
i , j

VHe–He~r i j !, ~2!

where r i j is the distance between two helium atoms a
VHe–He(r ) is the two body interaction potential. We explic
itly exclude three-body terms which are believed to be u
important for small helium clusters. We use the recently
veloped Tang–Tonnies–Yiu potential44 ~TTY! for the pair
interaction. This potential, which is not based on any kind
empirical information, has been used recently by Leweren32

in his study of small pure4He clusters. We chose it in orde
to more easily check our computer code by comparing
results for pure clusters with those published. This poten
is known to give a slightly weaker binding, in compariso
with the less recent and more commonly used HFD-B~He!
potential,45 likely owing to the stronger repulsion term
These small differences should not affect the results of
work. Notice that the interaction potential between two h
lium atoms is the same regardless the masses, so any e
on the energetics and structure of the mixed clust
4HeN

3HeM , as long asM,3, should be ascribed only to th
different zero-point motion of the two species. ForM>3
effects due to the different obeying statistics become imp
tant.

We approximate the ground state wave function of
cluster4HeN

3He with the pair-product form

CT~R!5)
i , j

N

w~r i j !)
k

N

f~r k!, ~3!

wherer i j is the distances between two4He atoms whiler k is
the distance between the3He impurity and a4He atom. For
the pure cluster we simply omit the impurity product. Bo
the w(r ) andf(r ) functions have the same analytical form

w~r !5f~r !5expS 2
p5

r 52
p2

r 22p0 ln~r !2p1r D , ~4!

which has been used with success for the description of s
helium clusters by several workers.32,39,46We found unnec-
essary to include one-body functions; as a result the t
wave function is translationally invariant and this guarante
that we are not introducing any spurious kinetic energy
the center of mass. The chosen form for the trial wave fu
tion makes impossible to compute analytically the mat
element of the Hamiltonian operator, so a numerical meth
must be used to estimate the variational energy and o
properties for a given choice of the eight parameters.
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integration method well suited for high dimensional space
the Monte Carlo method. Its practical application to the co
putation of the variational energy of a given trial wave fun
tion is called variational Monte Carlo40,41,43 ~VMC!. The
VMC approach is a very powerful technique that estima
the energy and all the desired properties of a given trial w
function without any need to compute analytically the mat
elements. For this reason, it poses no restrictions on the f
tional form of the trial wave function, requiring only th
evaluation of the wave function value, its gradient, and
Laplacian, and these are easily computed. Although
VMC approach, with a proper choice of the trial wave fun
tion, can give very good results by itself, in this work it h
been mainly used to optimize a good trial function to
subsequently employed in a diffusion Monte Carlo~DMC!
simulation which is able to estimate the exact ground s
energy of the cluster.

All the mean values are computed by using the form

^O&5
* f ~R!Oloc~R!dR

* f ~R!dR
, ~5!

where

Oloc~R!5
OCT~R!

CT~R!
~6!

and f (R)5CT
2(R) for VMC while f (R)5CT(R)C0(R) for

DMC, C0(R) being the exact ground state wave function
The optimization is performed using the standardfixed

sample sigma minimizationalgorithm, introduced by Frost47

and Conroy48 and recently described by Umrigar, Wilso
and Wilkins.49 This is the standard way to optimize tria
wave functions using VMC. Briefly, the mean square dev
tion of the local energyHC/C is minimized, rather than the
energy itself, since this leads to a numerically more sta
process. The fluctuation of the local energys2(H)5^H2&
2^H&2 is computed using an ensemble of points~or walkers!
distributed in configuration space. After the optimization h
produced a new function, a VMC simulation is performed
estimate the new trial energy and to generate a new ense
of walkers, to be used eventually in a new optimizatio
Usually convergence is achieved in three or four steps.

III. RESULTS AND DISCUSSION

In order to check our computer code, we have reco
puted the energies of pure helium clusters forN52 – 7 using
the wave functions optimized by Rick, Lynch, and Doll4 and
recently used by Lewerenz.32 The DMC energies are in op
timal agreement with those obtained by Lewerenz, our
sults have a smaller error bar as a result of longer sim
tions. We also optimized the wave functions for4He11 and
4He20 in order to compare these slightly larger pure clust
with those containing an impurity. As to the clusters conta
ing an impurity, their wave functions have been optimiz
starting from the wave functions of the corresponding p
clusters. A minimum of 5000 configurations has been u
during the optimization steps and for the VMC and DM
simulations. A time step of 200 hartree21 has been employed
for all the DMC simulations and we checked that the tim
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-
-

s
e

c-

s
e

-

te

a

-

le

s

ble
.

-

-
a-

s
-

e
d

step bias was within the statistical error of the calculatio
by performing a few simulations with a smaller time ste
The trial wave functions employed in this work are only
approximation to the exact ground state wave functions,
give only approximate estimations of the true properties
these clusters. In order to project out the remaining exc
states contributions we used the DMC method to sample
distribution f (R)5CT(R)C0(R) which, using Eq.~5!, al-
lows the estimation of the exact ground state energy. In
DMC method, the mixed estimator does not give the ex
values for operators that do not commute with the Ham
tonian, but only an approximation, albeit more accurate th
the VMC estimate. For these properties, namely radial d
tributions, we give a more correct estimation using the
called ‘‘second order estimation’’~SOE!,

^O&SOE52^O&DMC2^O&VMC . ~7!

This gives an estimate of^O& that is second order on the erro
of the trial wave function.

The energy estimates of the DMC simulations of t
pure clusters, and the VMC and DMC results of the mix
clusters are shown in Table I. The differences between
VMC and DMC values are a manifestation of the deficie
cies of the trial wave functions and the optimization proce
On one hand the trial wave functions were not optimized
give the best energy, but instead to give a lows(H), and we
do not know which is the best energy for a given trial wa
function. It is well known that the optimization of the energ
within a VMC simulation is numerically a very unstable pr
cess and so we are forced to optimize the sigma. On the o
hand the contributions of three- and many-body terms in
wave functions might be important and the description of
wave function in the repulsive part of the potential should
improved. A major hint that there is a need for a better tr
wave function form comes also from the fact that, as alrea
noticed in previous works, it is very difficult to optimiz
these functions. It was especially hard to optimize the trim
wave function and this might explain why the relative ener
recovered on going from VMC to DMC appears to be larg
than for the other clusters. Work is under way in our labo
tory to develop more accurate, but nevertheless still comp
wave functions for helium clusters.

Figure 1 shows that both the total energies for the p
and the doped clusters follow a quadratic relation with ve
good approximation. This can be rationalized qualitative
for the pure clusters by considering that, in absence of th

TABLE I. DMC and VMC energies~cm21! for HeN and 4HeN21
3He

clusters.

N DMC 4HeN VMC 4HeN21
3He DMC4HeN21

3He

2 20.00089~1!
3 20.08784~7! 20.00666~2! 20.00984~5!
4 20.3886~1! 20.19199~2! 20.2062~1!
5 20.9015~3! 20.57484~6! 20.6326~2!
6 21.6077~4! 21.1505~2! 21.2626~4!
7 22.4805~7! 21.8595~2! 22.0718~5!

11 27.286~1! 25.975~3! 26.679~4!
20 223.04~1! 219.98~1! 222.234~9!
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body terms in the potential, the energy is roughly prop
tional to the number of pairs present. If in a4HeN cluster we
substitute a4He with a 3He the energy is perturbed by
factor linear in the number of particles, since now there
N21 3He–4He unbound pairs. As a result, the quadra
character of the energy trend is not changed.

To avoid cluttering the equations too much, we indica
with the symbol E(N,M ) the energy of the system
4HeN

3HeM , where in this workM can be either 0 or 1.
From the total energies, it is possible to define so

related quantities that can give more insight into the ener
ics of these systems,

Ebind~N!5E~N,1!2E~N,0!,

Eex~N!5E~N,0!2E~N21,1!,
~8!

Egrow

4He ~N!5E~N,0!2E~N21,0!,

Egrow

3He ~N!5E~N,1!2E~N21,1!,

whereEbind(N) represents the binding energy of the impur
3He to a pure cluster of4He atoms,Eex(N) represents the
energy released by exchanging a boson atom with a ferm

atom, and finallyEgrow

4He (N) and Egrow

3He (N) represents the en
ergy released by adding a4He atom to an already forme
4HeN21 or 4HeN21

3He, respectively. Of course, these qua
tities are not all independent, as for example,

Egrow

3He ~N!2Eex~N!5Ebind~N!,
~9!

Egrow

4He ~N!2Eex~N!5Ebind~N21!.

These quantities are shown in Fig. 2. Since the total ener
scale quadratically, it is not surprising that both the grow
energies follow an almost linear relationship, since the q
dratic component due to the4He–4He interactions is sub
tracted out. For the same reason, the binding energy for t
small clusters must follow a linear law.

Previous studies with other small impurities like H2

~Ref. 50! and H2 ~Ref. 29! had shown that the energies
those systems are dominated by the presence of the impu

FIG. 1. DMC energies for the4HeN and4HeN21
3He clusters, forN<7.
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This is unlike what we have found here and the reason
again to be ascribed to the lack of bonding between the
helium isotopes.

The hypothetical dimers4He3He and 3He3He are not
known and are believed to be unbound, so is not comple
surprising that the trimer4He3He2 is unstable~although the
possibility of borromean binding51 could not be excludeda
priori !. In fact we have not been able to find a stable grou
state for this system, and the DMC simulations showed
the constituent particles to go away from each other. T
confirms the findings of other previous works.22,23,28The tri-
mer 4He2

3He instead is a stable entity, albeit very weak
bound. Its total energy is one order of magnitude sma
than the pure trimer4He3. Nevertheless it is possible to add
second3He atom and form the stable species4He2

3He2. We
were able to optimize a trial wave function with a VM
energy of 20.0595~1! cm21 and a DMC energy of
20.071~1! cm21. This tetramer has the odd feature of havi
five out of six unbound pairs. Notice also that it has a to
energy smaller than the4He3 trimer. Work is underway in
our laboratory to characterize the structural properties of
weakly bound tetramer.

During the simulations, many distribution function
were gathered in order to gain insight on the structural pr
erties of these systems. In particular the radial distributio
R(r ) of the two isotopic species with respect to the center
mass,

RCM5
m4( i

4He atomsr i1m3r3He

( i

4He atomsm41m3

~10!

have been gathered during the VMC and DMC simulatio
From these, a second order estimation of the exact ra
distribution functions has been obtained. We found the S
radial distribution functions almost identical to those co
puted with DMC for the smallest clusters, but slightly diffe
ent for the biggest clusters.

The distributions obtained for the4He component,
shown in Fig. 3, are very similar to those obtained
Lewerenz32 showing that the fermionic impurity does no
destroy the structure of the remaining bosonic atoms. In
the radial distribution of3He with respect to the geometri

FIG. 2. Energetic quantities defined in Eq.~8!.
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center shows~see Fig. 4! that the fermionic atom is pushe
far away from the center of the cluster, as the number
atoms increases. A feature in the distribution of the clus
4He3 already noticed several times in the past is the lo
maximum forr→0. It was interpreted as a tendency of t
trimer to be in a linear configuration. The same tendenc
present in the4He2

3He trimer distribution, where the fermi
onic helium has a finite probability to be found in the cen
of mass of the two other atoms. Forr→` the tail of the
distribution decays more slowly than the other distributio
showing the more diffuse nature of the trimer.

As the number of4He atoms increases, the density
3He at r 50 decreases, while the maximum of the distrib
tion moves to larger values. Even for such a small numbe
atoms, it is already apparent the tendency of the3He atom to
move to the surface of the system where, for largeN, it will
form Andreev states.14

FIG. 3. 4He distribution with respect the center of mass in the4HeN
3He

clusters reported in Table I. The density forr 50 decreases monotonicall
on going fromN53 to N519. The distribution of the trimer4He2

3He,
which behaves differently, is indicated with the dashed line.

FIG. 4. 3He distribution with respect the center of mass in the4HeN
3He

clusters reported in Table I. The maximum of the distribution moves
larger r on going from N53 to N519. The distribution of the trimer
4He2

3He, which shows a marked local maximum forr 50, is indicated with
a dashed line.
f
r
l

is

r

,

-
of

The pair distribution functionsP(r ) of 4He–4He and
4He–3He are shown in Figs. 5 and 6, respectively. The
distributions are normalized such that*0

`P(r )r 2dr5S,
whereS is the number of atoms of a given species. Aga
the distributions for the trimer are somewhat different th
the other curves, due to the peculiar characteristics of
cluster. Upon increasingN the maximum of the distributions
does not change, as already noticed in the pure clusters
N519 Figs. 5 and 6 clearly show a marked shoulder in
distribution, a sign of a appearance of a second near
neighbor coordination shell. It is interesting to notice that t
pair functions between3He and4He are slightly broader than
those between4He and4He. This is due to the larger zer
point motion of the fermionic impurity. For the same reas
in the largest clusters the shoulder of the fermionic distrib
tion is more marked and diffused than that of the4He atoms.

IV. CONCLUSIONS

In this work we studied the small clusters4HeN
3He by

means of quantum Monte Carlo methods obtaining accu

o

FIG. 5. 4He–4He pair function in the4HeN
3He clusters reported in Table I

FIG. 6. 4He–3He pair function in the4HeN
3He clusters reported in Table I

The inset shows the details around the maxima. The value of the maxim
increases fromN52 to N54 and then decreases. The tail of the trim
distribution falls off less rapidly than the other systems.
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ground state energies and structural information. The sub
tution of a single4He atom in a pure cluster with a3He atom
leads to an energetic destabilization, due to the presenc
the unbound4He–3He pairs. The isotopic impurity is found
to weakly perturb the distributions of the remaining4He at-
oms, which retain the high floppiness already found in
pure clusters. The simulations show that the isotopic im
rity has the tendency to move on the surface of the clus
This behavior is consistent with the formation of the s
called ‘‘Andreev states’’ of a single3He in liquid 4He helium
and droplets, where the impurity tends to form single-parti
states on the surface of the pure4He.

We confirm that the trimer4He3He2 is not bound, while
the fragile4He2 dimer is able to attract a3He atom and form
a trimer. As already found for the pure clusters, this trime
somewhat different than the other clusters, and it can als
found in a linear configuration.

This weakly bound trimer is able to bind an addition
3He. Although there are two fermionic atoms, the grou
state wave function is positive since the two fermions form
singlet state. The addition of a third3He introduces a node in
the ground state wave function and we plan to determine
minimum number of4He atoms able to bind three3He atoms
in a future work.
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